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Kirszbraun’s theorem
D.H.FREMLIN

University of Essex, Colchester, England

Wikipedia gives a statement of this theorem and an outline of its history, but no online source
for the proof. It’s so pretty that I write one out here.

1 The essential ideas

1A The context I'll come to the actual statement of the theorem, taken from http://en.wikipedia.org/
wiki/Kirszbraun_theorem, in 1G below. This will be in the standard full-generality form concerning
Lipschitz maps between (real) Hilbert spaces H; and Hy. If you aren’t familiar with ‘Hilbert spaces’
(http://en.wikipedia.org/wiki/Hilbert _space), then you will probably prefer to start by taking both
H, and Hs to be a Euclidean space R”, with the inner product

(zly) = w.y =30, &imi
ife=(&,...,&) and y = (m1,... ,m,) belong to R™, and the norm

lzll = v/ (zlz) = V32 &,

so that
lz —yll = /22121 (& — mi)?

is the Euclidean distance from z to y calculated with the n-dimensional version of Pythagoras’ theorem.
In fact all the really interesting ideas of the proof, in 1B-1F below, are needed for the two-dimensional
case n = 2. (The case n = 1 is much easier, as noted in Wikipedia.) I do have to warn you, however,
that ordinary proofs of Kirszbraun’s theorem involve ‘Tychonoff’s theorem’ (see 2B below), and unless the
words ‘topology’, ‘compact set’ and ‘continuous function’ mean something to you, you are going to have a
good deal of work to do to understand the ‘first proof’ offered in §2. There is an alternative method using
‘filters’ which I will describe in §3, but this also demands some highly abstract reasoning on top of basic
real analysis.

1B The miraculous bit: Lemma Let H; and H> be Hilbert spaces. Suppose that J is a non-empty
finite subset of Hy, and ¢ : J — Hz a function such that ||g(z) — g(y)|| < ||l — y|| and ||g(x)| > ||z|| for all
x,y € J. Then 0 does not belong to the convex hull I'(g[J]) of g[J] = {g(z) : x € J}.

proof Note first that, for any z, y € J,
1
(ly) = 5l l* + lyl* = ll= = ylI*)

<3 Ug@) 2 + lg@)I? = lg@) = 9@)I?) = (9(x)lg(v))

because ||z|| < |lg(@)|l, vl < llg(v)] and ||z — y|| > [lg(z) — g(y)||. Now suppose that w € I'(g[J]). Then

there is a family (A\;)zcs of non-negative real numbers such that > . A, =1and w =} ;A;9(z). So

lw)l? = (whw) = (3~ Aeg(@) Y Xg®) = Y Aey(9(2)lg(y)

xeJ yeJ z,ycJ
> Z Az Ay(z]y)
z,y€J
(because (g(x)|g(y)) > (z|y), therefore Az A, (g(x)|g(y)) > Az Ay (z|y), for all z, y € J, and there is at least
one z € J such that A, > 0, so that A\, A, (g(z)|g(x)) > Az Az (x]2))
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= (D" ezl DAy = 11D dez]® 2 0,

xeJ yeJ xeJ

and w # 0.

1C Basic facts about Hilbert spaces: Lemma Let H be a Hilbert space.
(a)(i) For any =, y € H, [(z]y)| < [lz|[[[y]-
(ii) For any = € H, ||z|| = max{(x|c) : c € H, ||c|| < 1}.

(b) For any z, y € H, [lz+yl? + | — g = 2]zl + 2]

(¢) If C C H is a non-empty closed convex set, and b € H, then there is a b’ € C such that (z —b|y' —b) >
|t/ — b]|? for every z € C.

(d) If f: H — R is a linear functional and v = sup{|f(z)| : * € H, ||z| < 1} is finite, there is a unique
¢ € H such that f(z) = (z|c) for every x € H.

(e) If I C H is finite, then I'(I) is compact for the norm topology on H.

Remark As I said in 1A, if you don’t know what a Hilbert space is, just take H to be R™ for some n — in
fact, the case n = 2 is already enough to use every idea here.

proof (a)(i) (This is the ‘Cauchy-Schwarz inequality’.) If either = or y is zero then we have 0 on both sides.
Otherwise, set o = ||z|| and 8 = ||y|| and consider

0 < Bz — ay||* = (Bz — ay|Br — ay)
= 32|z - 2aB(zly) + *[ly]|* = 20*8* — 2aB([y);
dividing by 2a8 > 0, 0 < af — (z|y) and (z|ly) < of = ||z||||ly||. Similarly,
—(zly) = (==ly) <[ = [yl = l=[llyll,
so [(zly)| < l[[[lyll-
(ii) In particular, if ||c|] < 1, then (z|c) < ||z||. In the other direction, if z = 0 then |z| = 0 = (z|0),

while otherwise we can set ¢ = LHm and see that ||| = 1 and (z|c) = ”71”||33H2 = ||z

[l
(b)

lz +yl* + lle = yI* = (= + yle +y) + (2 —ylz —y)
= ll2ll* +2(2ly) + Iyll* + N2l* — 2ly) + llyl* = 2[l=]* + 2]lylI*.
(c)(i) The set {||z —b|| : =z € C} C R is non-empty and has a lower bound, so it has a greatest lower

bound « say. For each n € N, set C,, = {z:2€ C, ||z =b|| <a+47"}. Then ||z — 2| < 27"/8a + 4 for
all z, 2/ € C,,. To see this, note that because C' is convex, w = 3(z + 2’) belongs to C, so ||w —b|| > o. Now

4a® = ||2w — 2b]* = || (21 = b) + (22 = b)||
=221 = blf* + 2[|22 — ]|* — [|(21 — b) — (22 = B)|”
(by (b) just above)
<4(a+47")2 — [z - 2%,

S0
21 — 22]]? < 4((@+47")2 —a?) =8a - 4™ +4-472" < 47" (8 + 4)
and ||z1 — 22| < 27"/8a + 4.

(ii) Since every (), is non-empty, we can choose a sequence (zn)nen in H such that z, € C, for every
n € N. In this case, ||zm — 2| < 27™v/8a + 4 whenever m < n, because in this case both z,, and z, belong
to Cpy. So (2, )nen is a Cauchy sequence and has a limit &’ in H.> Because every z, belongs to C, and C is
closed, i/ € C; and now

IThis is where we need to know that H is a Hilbert space, rather than just an inner product space.
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& < = b = limyoc 120 — Bl <
so ||t/ = 0| = a.
(iii) Next, for z € C, we know that dz + (1 — §)b’ € C for every § € |0,1], because C is convex. But
this means that
16" = b]I* < [z + (1 = )" = bI* = [|6(2 — b) + (1 — 6)(V' - b)|?
= 67|z = b||> +26(1 — §)(z — bb' — b) + (1 — 8)*[|b/ — b
subtracting ||’ — b||? from both sides,
0 < 62|z — b||> +25(1 — &) (2 — b|p' —b) — 25| — b]|% + 82| — b||%;
dividing by 2§ > 0,

0.< g0llz = bl + (1= 8)(z = bly —b) — [} — 0]} + Z[ly’ —b|[*
rearranging the terms,

1" = b2 = (2 = blK — b) < 26(5 |2 — b1 = 2(2 = bIp' = b) + [[b' = b]]?);
letting ¢ | 0,

o) = b]|> — (2 — bJb' — b) <0,
that is,

(z = bl = b) > [|b — b||?.

(d)(i) I'll start by checking that there can be at most one ¢ with this property. If f(z) = (z|c) = (z|c)
for every = € H, then

le— |2 = (e~ le—¢) = (e~ dle) ~ (e~ ¢|) = fle — &) — fle—¢) =0,

and ¢ — ¢ =0, that is, c = .
So I just have to show that there is some ¢ which will serve.

(ii) If f(x) = 0 for every x € H, we can, and must, take ¢ = 0. So from now on I will suppose that we
have a b € H such that f(b) # 0.

(iii) Set C = {x : f(x) = 0}. Then C is a linear subspace of H (because f(0) = 0, so 0 € C, and
ifx,y € C and a, B € R then f(azx+ By) = af(z) + Bf(y) =0, so ax + By € C). In particular, C is a
non-empty convex set.

It will help to know that |f(z)] < v|jz|| for every x € H; this is certainly true if 2 = 0, since then
1 1 1
()] el = 1, so that L {f(@)] = [f Gy
()] < 7||z|]. In particular, v||b]| > |f(b)] > 0 and v > 0.

= 0 = 7|/z|; and for non-zero x we have || z)| < v and

f
f
(iv) Next, C' is closed. For if z is any point of H \ C, and ||y — z| < %|f(:r)\, then

F(w) = F@) =1y — o) <lly — 2] < 51 (@)] < |F()

and f(y) # 0, that is, y ¢ C. Thus any point of H \ C is the centre of a non-trivial ball included in H \ C,
and H \ C is open, that is, C' is closed.

(v) We can therefore appeal to (c) just above to find a b’ € C such that (z — b|b’ — b) > ||’ — b||? for
every z € C. In this case

(z=VH —b)=((z—b)— (V = b)Y —b) = (z— b —b) — (V/ — b/ — )
= (2 = bt —b) — || = b]* > 0

for every z € C. In fact, if z € C, then
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([t =)= ((z+¥) =V —b) >0
because z + o' € C. Consequently we also have
—(z|t/ =b) = (=2 =b) >0

for every z € C, because then —z also belongs to C. Thus (2|0’ — b) = 0 for every z € C. In particular,
' —b) =0, so

(Blp —b) = (b= b —b) = —(b — bJp/ — b) = —[|b — b||2.

(vi) Since f(b) #0, b # Y, [ —b| >0, § = —ﬁ is defined and we can try ¢ = A(b' — b). In this
case,
(blc) = B(bJY" —b) = —B|b" —b]|* = f(b),
while

(zle) = B(z|t) = b) =0

whenever z € C.

(vii) Finally, given x € H, consider 2’ =z — %b. We have

AN f(@) _
fla') = fl@) = Z fb) = 0.
so ' € C and
(wle) = (2 = #/l) + (@/]¢) = (Fgble) +0 = F ble) = fz).

Thus we have found a suitable c.

(e) The hypercube [0,1]7 is compact, and the simplex

S={(Aa)zer : Az =0foreveryx €1, A, =1},

xel

being a closed subset of [0,1]7, is also compact; now the function (Az)zer + Y. ,c; Ae® is a continuous
surjection from S onto K, so K also is compact.

1D The key to the door: Lemma Let H; and Hs be Hilbert spaces, I C H; a finite set, f : I — Ho
a function such that || f(z) — f(y)|| < || —y|| for all z, y € I, and a any point of Hy. Then there is a b € Hy
such that ||b — f(2)|| < ||la — z|| for every = € I.

proof (a) If I = () we can set b = 0; if a € I we can set b = f(a). So let us suppose from now on that I is
not empty and a ¢ I.

(b) Set K = I'(f[I]). Then K is a non-empty convex subset of Hy. Also K is compact for the norm
llz—f (=)

I from
lla—z||

K to [0,00] are continuous. Again because I is finite, the function h : K — [0, 00[ defined by saying that

topology of Hy, by Lemma 1Ca. For each x € I, the functions z — |z — f(z)| and z —

h(z) = maxmejM is continuous. So h attains its infimum; let b € K be such that h(b) < h(z) for

lla—z]|

every z € K. Set

lla—z|l

Of course J is a non-empty subset of I.

(c) We find that b has to belong to I'( f[J]). To see this, argue by contradiction: suppose that b ¢ T'(f[.J]).
Now I'(f[J]) is a compact convex subset of Hy, by Lemma 1Ca again. By Lemma 1Cb, there is a b’ € T'(f[J])
such that (2 — bt/ —b) > ||b' — b||? for every z € T'(f[J]); in particular, (f(z)—b|b’ —b) > ||b' — b||? for every
zeJ.

Now consider bs = (1 — )b+ b’ = b+ §(b' — b) for small 6 > 0. We always have bs € K because b and v/
belong to the convex set K. If x € J, then
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(f(x) = blbs —b) = 0.f (x) — bb" — b > 8][b" — b|?,
1 (@) = bsl* = [I(f(x) = b) = (bs = O)*

= |1f (@) = bl|* — 2(f () — blbs — b) + [[bs — b
< [If (@) = blI* = 261" = BII* + 6|1 — bII* < || f(x) — bI|?

xT

~ ~—

xT

whenever 0 < § < 1. So

I () =bsll . If(x)=bll _

lla—=|| lz—all
whenever 0 < § < 1. On the other hand, for x € I\ J, we know that
Ilf(z)—=bs|l _ [[f(z)—bl

lz—all llz—all

gl

limg 10 <,

o 15 @=bl
o=l

d > 0 such that § <4, for every z € I\ J. But we shall now have
II.f (z)=bs]| <~

llz—all

so there is a §, > 0 such tha < v whenever 0 < § < d,. Because I\ J is finite, we can now find a

for every x € I, so that h(bs) < v = h(b). And we chose b to minimise h, so this ought to be impossible.
(d) Thus b € T'(f[J]). We can therefore apply Lemma 1B, as follows. Set J' = {z —a : 2 € J}. Define
g:J' — Hs by setting g(z) = f(z +a) — b for z € J'. Note that if z, y € J’, then

l9(z) = gl = [(f(z +a) =b) = (f(y + @) = V)| = [If(z + a) = fly +a)|
<tz +a) = (y+a)l = llz -yl

lg@@)|l = [[f(z +a) = bl = [Ib = f(z + a)| = 7]l

Because b belongs to I'(f[J]), we can express it as > .;A.f(x) where A, > 0 for every x € J and
> wes Az = 1. In this case

Z /\:v-‘rag(x) = Z )\w—l-a(f(x + a) - b) = Z )‘w(f(x) - b)

xzeJ’ xeJ’ zeJ
=3 Xf(@) =Y Ab=b-b=0,
xzeJ zeJ

while of course Ayy, > 0 for every x € J" and > _; Apra = D ,c; A = 1. So 0 € I'(g[J']). By Lemma
1B, there must be an = € J' such that ||z|| > |lg(z)]] = ~|z|; that is, there is an & € J sucy that
|z — a]| > v||lx — al|]. But we decided long ago, in (a) above, that we were looking only at the case in which
a¢l, sothat z —a#0and v <1.

(e) Finally, returning to the definition of v in (b), we see that h(b) < 1, that is, || f(x) — || < ||z — al| for
every x € I, so that we have the point we need.

1E Corollary Let H; and Hy be Hilbert spaces, I C H; a finite set, v € [0,00[ a non-negative real
number, f: I — Hy a function such that || f(z) — f(y)|| < ~v|lz —y|| for all z, y € I, and @ any point of Hj.
Then there is a b € Hy such that ||b— f(z)|| < ~|a — x| for every z € I.

proof If v = 0 then f must be constant and we can take b to be the constant value of f (or 0 if I is empty).
Otherwise, set g(z) = %f(m) for z € I. Then

lo() = 9w)ll = 21 (@) = F@)] < llz — o]
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for © € I. By Lemma 1E, there is a by € Hy such that ||b; — g(z)|| < ||la — z|| for every x € I. Set b = ~yby;
then b — £(z)]| =11b1 — g(@)l| < ylla — 2| for every = & I.

1F Corollary Let H; and Hs be Hilbert spaces, I, J C H; finite sets, v € [0,00[ and f : [ — Hs a
function such that || f(z) — f(y)|| < 7vllxz — y|| for all z, y € I. Then there is a function g : I UJ — Hj such
that g(z) = f(x) for every z € I and ||g(x) — g(y)|| < 7|z —y|| for all z, y € T U J.

proof Induce on the number #(.J) of elements of J. For the base step, when #(J) = 0, we have J = ()
and we can take g = f. For the inductive step to #(J) = n + 1 where n € N, take any a € J, and set
J' = J\{a}. Then #(J') = n, so the inductive hypothesis tells us that there is a function f; : TUJ" — Hy
such that fi(x) = f(z) for every x € I and || f1(x) — f1(y)|| < 7|z — y|| whenever z, y € TUJ'. Ifa € TUJ’
then 7TUJ = IUJ" and we can take g = f;. Otherwise, Lemma 1E, applied to f1, tells us that there is a
b € Hj such that || fi(z) — b|| < ~||lz — al| for every x € TU J'. So if we define g : I UJ — Hy by setting

g(z)= fi(z)ifz e TUJ,
=bif z =a,
then we shall have

g(x) = f1(x) = f(x) for every z € I,

lg(x) =gl = Ifr(2) = AW < Allz =yl if 2,y € TUT,
= lfi(@) = bl <9llz —all =7llz —yll if # € TUJ" and y = a,

= b= AN = [If1(y) = bl <Ally —all = [z =yl
ifr=acandyeclUJ,
=b=b|=0=7x|x—z| if x =a and y = a.

So g has the required property and the induction continues.

1G Kirszbraun’s Theorem Let H; and Hy be Hilbert spaces, A C Hy aset and f : A — Hs a
function. Suppose that v > 0 is such that ||f(z) — f(y)|]| < 7|z — y|| for all =, y € A. Then there is a
function g : H; — Hj such that g(z) = f(x) for every z € A and ||g(z) — g(y)|| < v||lz —y]| for all z, y € Hj.

1H Miracles and keys I'll come to actual proofs of this theorem in §§2-3 below. But I ought to explain
why I've labelled the paragraphs in the way that I have. 1G is a ‘theorem’ because it’s the target of this
whole note; it’s a striking, useful and non-obvious fact, which makes it a prize to grasp and hold. 1C is a
list of ‘basic facts’ because if you have done anything with Hilbert spaces you should know most of them,
and if you hope to do anything with Hilbert spaces (even the finite-dimensional ones) you should put them
all in your tool-box. 1E and 1F are ‘corollaries’ because I think there is a chance that they will be pretty
well obvious; 1E is just a re-scaling of 1D, and 1F is a natural induction. (Of course when I say ‘natural’,
I don’t mean that anyone is born with an instinct to do this sort of thing, in the way that a baby is born
with instincts to grasp and suckle. I mean that after you have had a bit of training, the word ‘finite set’ will
trigger an impulse to look in succession at the cases of sets with 0, 1 and 2 elements, and try to see if one
will help with the next.)

Now between 1B and 1D I make a further distinction. When I say that 1D is the ‘key’, what I mean
is, that an experienced pure mathematician (for whom at least one of §2 or §3 below should be essentially
obvious) will see at once that it has got to be true (if the target theorem is true at all) and that with this
established, the rest ought to be mopping up. Furthermore, the idea in part (a) of the proof, picking b to
minimize max;er %, may not come instantly to mind, but is easy to remember and is the kind of
trick which often works. But even with these hints, the proof of Lemma 1D can present real difficulties if
you do not have a friend or a book to point you to a version of the idea in 1B. And 1B doesn’t remind me
of anything I have seen anywhere else. That is why I call it a ‘miracle’. Of course it is no more miraculous
than Pythagoras’ theorem. But it does stand by itself; it is a fact about the geometry of Euclidean space
for which I do not have a picture to show me why it works.
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2 First proof

In 1H, I said that with Lemma 1D and its corollary 1F in hand the rest of the proof of Kirszbraun’s
theorem is mopping up. Essentially there is just one way of doing this, but it can be expressed in more than
one way. If you have done a conventional first course in functional analysis, with Tychonoff’s theorem and
the Banach-Alaoglu theorem, the following is likely to be the most natural approach. If not, you may find
that the technique in §3 below is more directly accessible,

2A Weak topologies Let H be a Hilbert space. Then H has a weak topology for which all the
functionals z — (z]y), for y € H, are continuous, and every ball B = {x : ||z|| < a}, for a > 0, is compact.

Remark This is really a special case of the Banach-Alaoglu theorem, because if we identify H with its own
dual space (using Lemma 1Cd) then its weak topology is just its weak* topology. If this remark doesn’t
make much sense to you, then note that if H = R"™, as considered in 1A above, then you just have to know
that the functionals z — (z|y) = .y are continuous in the usual sense, and the balls {x : ||z — b|| < a} are
compact in the sense of the n-dimensional Heine-Borel and Bolzano-Weierstrass theorems.

2B Tychonoff’s theorem (http://en.wikipedia.org/wiki/Tychonoff’s_theorem) Suppose that we
are given any family (X;);cr of compact spaces. Let X = J],.; X; be the set of functions g defined on
I such that g(i) € X; for every ¢ € I. Then X has a product topology for which all the functions
g g(i) : X = X, are continuous and X is compact.

I'm afraid that we are going to want this theorem with I = H;. So there are no real short cuts, and
even if you are willing to take the theorem on trust for the moment, you are going to have to think about
continuous functions and compact sets in non-trivial topological spaces.

2C Proof of 1G I repeat the target:

Kirszbraun’s Theorem Let H; and Hy be Hilbert spaces, A C H; a set and f : A — Hs a function.
Suppose that v > 0 is such that ||f(z) — f(y)|| < v|]Jx — y|| for all z, y € A. Then there is a function
g : Hy — Hj such that g(z) = f(z) for every x € A and ||g(x) — g(v)|| < v|lz — y|| for all =, y € H;.

proof (a) If A = () then we can just set g(x) = 0 for every x € H;. So let us suppose from now on that A
has at least one member; fix a € A.

(b) For each z € Hy, let B, C Hs be the ball

{y - llyll < lF (@)l + yllz —all}

so that B, is a compact subset of Hy when given its weak topology. By Tychonoff’s theorem, X =[] . i, Bs
is compact in its product topology. Now, for any finite set I C H, set

Fr={g:9€ X, g(x) = f(x) for every z € IN A,
lg(x) — gl < yllx —yl| for every x, y € T}.

(c) We have to check that all these sets F; are non-empty. To see this, note that by Corollary 1F there
is a function g : I — Hj such that go(x) = f(x) for every z € (IU{a})NA and ||go(z) — go(y)|| < vl|x — ¥l
for every z, y € I U {a}. Now

lgo(@)Il = 11 £(a) + (9(z) = Fla)[l < [f(@)] + [lg(x) = f(a)]
= [I7(@)]l + llgo(x) = go(@)|| < I F (@) +~llx = al],

s0 go(x) € By, for every x € I. If we now set

g(x) = go(x) for x € I,
= 0 for other z € H,,

we shall have g € X and therefore g € FJ.
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(d) We have to check that all the sets F; are closed. To see this, note that for each x € I N A the
map g — g(z) : X — B, is continuous and the set {f(z)} is a closed set, so {g : g € X, g(x) = f(x)} is
closed. At the same time, for x, y € I, the maps g — g(x) and g — g(y) from X to Hy are continuous
when Hs is given its weak topology; while the function z — (z|c) : Ha — R is continuous for every ¢ € Hy.
So g — (g(x)|c), g — (g9(y)lc) and g — (g(x) — g(y)|c) from X to R are all continuous; consequently
{g:(g(z) —g(¥)|c) <7llz —y||} is closed in X. Now by Lemma 1Ca,

{g:llg(@) =gl <Allz = yll} = Nyey<ais : (9(2) —9@)le) <Al —yl}

is an intersection of closed subsets of X, so is closed. Finally,

Fr = MNyernalo 1 9(@) = f(@)} NN, yerlg s lo(@) — gl < vllz -y}

is in turn an intersection of closed sets, so is closed.

(e) Set &€ = {F;:IC H, is finite}. Then we have just seen that £ is a family of closed sets. Also it has
the finite intersection property. For if Iy, ... , I, C H; are finite sets containing a, then I = Uign I; is finite,
and

ﬂignFIi QFI#Q)

(f) Thus we have a compact space X and a family & of closed subsets of X with the finite intersection
property. There is therefore a ¢ € X which belongs to every member of £, that is, g € F; whenever I C H;
is finite and contains a. In particular, if x € A, then g € Fi, 4} so g(x) = f(x), while if z, y € Hy, then
9 € Fazyy 50 [lg(x) — g(y)|| <7llz —y|. But this means that g is a function with the properties we need.

3 Second proof

The argument in 2C above took a variety of topological concepts and manipulations for granted. Even
if you are interested only in the case H; = Hy = R? (so that all the sets B, are just disks), and have some
idea of what a compact set in the plane looks like, and are willing to take Tychonoff’s theorem on trust,
the proof may have gone rather briskly. I will therefore describe an alternative route. It will take longer
because I will not call explicitly on either the Banach-Alaoglu theorem or Tychonoff’s theorem, and in fact I
will incorporate what amount to proofs of these theorems. In a sense, therefore, this is a more ‘elementary’
proof, and may be more accessible if you have done no functional analysis. Even if you have done enough to
make §2 reasonably straightforward, the techniques here are an essential part of general topology, and are
worth studying for that reason.

3A Filters: three definitions (a) If X is a set, a filter on X is a family F of subsets of X such that
X e F;
¢ F;
if Ae Fand AC B C X then B € F;
if A, Be Fthen ANB € F.

(b) If X is a set, an ultrafilter on X is a filter G on X such that
for every A C X, either A€ Gor X\ Ae€g.

(c) If X is a set, a filter base on X is a family &£ of subsets of X such that
£ is not empty;
0¢é&;
if A, B € £ thereis a C € & such that C C AN B.

(d) If you have never seen these words before, don’t worry; I will try to explain everything fully. But
you will need to watch very closely, because we shall be completely dependent on the logic of set theory,
and every word of the definitions above is vital. Perhaps I should point out at once that if F is a filter on
X then X cannot be empty, because X € F and () ¢ F.

(e) We can get a bit more practice with the following: if X is a set and £ is a filter base on X, there is
a filter F on X which includes €. In fact there is an easy formula for one. Try

F ={A:AC X and there is some E € £ such that £ C A}.
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Working through the definition of ‘filter’, we have

—— every member of F is a subset of X because that’s written into the formula for F;

—— 0 ¢ F because the only subset of () is itself, and 0 ¢ &;

—— X € F because £ is not empty, and if A € £ then A C X C X;

—ifAe Fand AC B C X, thereis an F € £ such that £ C A, and now E C B, so B € F;

—— if A, B € F then there are E, F € £ such that E C A and F' C B; now thereisa C € £

such that C C ENF,sowehave CCANBC X and ANB e F.

So all the clauses of the definition in (a) are satisfied, mostly because they match the clauses of the definition
in (c).

3B Limits along filters The most important reason for thinking about filters is the following. Suppose
that X is a set, F is a filter on X, ¢ : X — R is a function, and o € R. Then we say that ¢ converges to
a along F if for every € > 0 the set {t:t € X, |¢(t) — a| < €} belongs to F.

I think this is the first € in this note. We got through the whole of the first proof of Kirszbraun’s theorem
without a single ¢, though I have a limit in part (c-iii) of the proof of Lemma 1C, and all the ideas on
continuity in 2A-2C depend, at bottom, on es and ds.

We now have some more practice on elementary properties of filters. These ought to remind you of limits
of sequences.

3C Proposition Let X be a set and F a filter on X.

(a) If ¢ : X — R is a function, there can be at most one o € R such that ¢ converges to «a along F. We
can therefore write

lim;, 7 (t) = «

to mean that this happens.

(b) Suppose that ¢ : X — R is a function and lim;—, x ¢(t) = «. Then lim;—, r B¢(t) = Ba for every
B eR.

(c)If¢: X - Rand 1 : X — R are such that lim;_, 7 ¢(¢) = « and limy_, 7 9(t) = 3, then lim;_, 7 ¢(t) +

W(t) = a+ B
proof (a) If ¢ converges along F to both o and o, then for any € > 0 the sets

A={t:teX, |¢>(t)—oz|§%e}7 A ={t:teX, |q§(t)—a’|§%e}

both belong to F. So ANA’ € F and AN A’ is not empty, by the fourth and second clauses in the definition
of ‘filter’. Take any t € AN A’; then

1 1
o — /| < fla = B(0)] +16(t) — '] < 2e + e =

So |a— /| < e for every € > 0 and a = /.

(b) Let € > 0. Then the set

A={t:te X, |¢(t) —al < 1+6|B\}

belongs to F. Now if t € A,

186(£) — Ba| = |Bll¢(t) — o] < DL < ¢

1+8|
So{t:te X, |B¢(t) — Ba| < e} includes A and belongs to F. As € is arbitrary, lim;_, » 8¢(t) = S

(c) Let € > 0. Then the sets

A={t:teX,|o(t) —al < A:{t:teX,|w(t)—ﬁ|§§}

£
27
belong to F. Now if t € AN B,

[6(t) + ¥(1) — = Bl < [é(t) —a + [¥(t) = B < +5 =

D.H.FREMLIN
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So{t:te X, |(o(t)+v(t)) — (a+ )| < €} includes AN B and belongs to F. As € is arbitrary, lim;—,  ¢(t) +
P(t) =a+p.

Remark You will see that the definition of ‘filter’ is almost exactly what is needed to make this proposition
work. (I haven’t used the clause ‘X € F’, but everything else is called on.)

Not everyone who teaches the elementary theory of convergence of sequences is careful to point out
that a sequence can have at most one limit. But I hope you can see that the grammar of the sentences
dimy, o0 tn = &, ‘limy_, 7 ¢(t) = o’ insists on this being true. Of course not all sequences have limits, and
to have a limit along a filter is also the exception rather than the rule — any appearance to the contrary is
because we don’t trouble to mention the cases when there is no limit.

3D Now for something which doesn’t correspond directly to anything you will have seen for limits of
sequences.

Proposition Let X be a set, G an ultrafilter on X and ¢ : X — R a function such that B = {t : t € X,
|p(t)| <~} belongs to G for some v > 0. Then lim;_,g ¢(¢) is defined and belongs to [—~,7].

proof For a € R, set
Ay ={t:te X, ¢(t) > a}.
Consider C = {a:a € R, A, € G}.
We have
A_,D2Beg

so —y € C.

If « € C then A,NB € G and A, N B # 0. There is therefore a ¢t € X such that ¢(¢) > « and |¢(t)| < ;
in which case o < ¢(t) <. Thus + is an upper bound for C.

Putting these together, C' is a non-empty subset of R with an upper bound in R, and has a supremum [
say, with —y < g <.

If € >0, then S+ ¢ ¢ C, so that Agy. ¢ G. But G is supposed to be an ultrafilter, so X \ Agi. € G. At
the same time, 5 — € is not an upper bound for C, so there is an o € C such that 8 — ¢ < a, and A, € G.
Putting these together,

Aa\ABJre :Aam(X\ABJrE) €.
But if t € A, \ Agte, then
B-e<a<o(t)<PB+e

and |¢(t) — 8] < e Thus {t:t € X, |¢p(t) — 8| < €} includes A, \ Apte and must belong to G. As ¢ is
arbitrary, lim;_,g ¢(t) = B is defined and belongs to [—~,~].

3E The Ultrafilter Lemma Whenever F is a filter on a set X, there is an ultrafilter G on X including
F.

Remark I will make no attempt to prove this, for reasons which I will try to explain in §4. For the moment,
I will ask you to take it as a theorem of more or less the same kind as Tychonoft’s theorem (2B above). See
http://en.wikipedia.org/wiki/Ultrafilter_lemma.

3F Proof of 1G Once again, I repeat the target:

Kirszbraun’s Theorem Let H; and Hy be Hilbert spaces, A C H; a set and f : A — Hs a function.
Suppose that v > 0 is such that ||f(x) — f(y)|| < vlJz — y|| for all z, y € A. Then there is a function
g* : H — H such that g*(x) = f(z) for every x € A and ||g*(z) — ¢*(v)|| < ||z — y|| for all z, y € H;.

proof I begin by setting up just the same structure as that used in 2C.

(a) If A =0 then we can set g(x) = 0 for every z € H;. So let us suppose from now on that A has at
least one member; fix a € A.
For each x € Hy, let B, C Hs be the ball
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{v: vl < 1f @)l + vllz — all}-
Now, for any finite set I C Hq, set
Fr={g9:9€ X, g(z) = f(z) for every x € IN A,
lg(x) =g < ~llz =yl for every z, y € I}.

(b) We have to check that all these sets F; are non-empty. To see this, note that by Corollary 1F there
is a function g : I — Hj such that go(z) = f(x) for every z € (IU{a})N A and ||go(z) — go(y)]| < ¥l|z —y]|
for every z, y € I U {a}. Now

lgo(@)Il = 11 £(a) + (9(z) = fla)[l < [f(@)] + [lg(x) — f(a)]
= [lF (@)l + llgo(2) = go(a) | < [[f(@)]| + ]|z = all,

so go(z) € By, for every z € I. If we now set

g(z) = go(x) for z € I,
= 0 for other z € Hy,
we shall have g € X and therefore g € FJ.

(c) Now we start to diverge from the line in 2C. If I, J C H; are finite sets then I U J is a finite subset
of Hy and Fryy C FrNFy. So &= {Fy: I C H; is finite} is a filter base on X. There are therefore a filter
F on X including &, by 3Ae above, and an ultrafilter G on X including F, by the Ultrafilter Lemma.

(d) Suppose that « € H; and z € Hy. Then

[(F@)[2)] < [1f @)=
(Lemma 3(a-i))

< (If (@)l +vllz = alD =]

for every f € X. By Proposition 3D, lim;_,g(f(z)|2) is defined; call it ¢,(z). We also have |¢,(2)] <
(F (@)l +~llz = al)=]-

(e) Fix x € H; for the moment. Then we have a functional ¢, : Ho — R. This is linear, because by
Lemma 3Cc and 3Cd,

62(02) = i (f@)lo2) = lim a(J@)]2)
= O‘fh_{%(f(x)lz) = O‘¢m(2)’
ba(w + 2) = }gﬁlg(f(w)|w +2) = }Lﬂlg(f(f)|w) + (f(@)l2)

= N (f(2)lw) + lim (f(2)[2) = du(w) + ¢a(2)

for all w, z € Hy and a € R. We have already seen, at the end of (d) just above, that for any x € Hy there
is a constant v, = || f(a)|| + v||z — al|| such that |¢.(2)| < v, whenever z € Hy and ||z|| < 1. So Lemma 1Cd
tells us that there is a unique member of Hs, which we can call g*(z), such that ¢,(z) = (¢*(x)|z) for every
z € Hy.

(f) This defines a function ¢g* from H; to Hs. Now consider its properties. Suppose that © € A. Then
Frpy € EC FCG,and g(x) = f(x) for every g € Fipy. If 2 € Hy and € > 0, then {g: [(g(7)]2) — ¢2(2)| <
€} € G, 50 Fizy N{g : |[(9(z)]z) — #2(2)| < €} belongs to G and is not empty; take g € Fy,y such that
[(9(2)]2) — ¢2(2)| < €. Then

[(f(z) = g"(@)|2)] = |(f(z)|2) = (9" (2)|2)| = [(9(2)]2) — ¢ (2)| < €.

As e is arbitrary, (f(z) — ¢*(z)|z) = 0. This is true for every z € Ha, so f(z) = g*(x).

D.H.FREMLIN
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(g) Now suppose that x, y € Hy. Then Fi, 3 € £ C G, and [|g(z) —g(y)|| < vllz—yl| for every g € Fy, 4.
Again, take any z € Hy and € > 0. We know that

limg g (9(2)[2) = ¢x(2), limgg(9(y)[2) = dy(2),

SO

Jim (9(z) — 9(y)l2) = lim (g(=)[2) — (9(v)lz) = lim(g(x)|2) — lim (g(y)|2)

(using 3Cb and 3Cc again)

Accordingly

{9:1(g(z) —9(W)l2) — (9" (x) = g"(W)|2)| < €}
belongs to G and must meet Fy, 3. Take g € Fy, 3 such that |(g(z) —g(y)|2) — (9" (z) — g*(y)|2)| < € then

(g™ (@) = g"(W)[2)| < e+ [(g(x) — g(¥)]2)] < e+ lg(x) — gl
(1C(a-1) again)
< etz =yl

As e is arbitrary, |(g*(z) — g* (y)]2)| < vllz —ylll|z|; as z is arbitrary, [|g* () — g*(y)|| < vllz—yl, by 1C(a-ii).
(h) Putting (f) and (g) together, we see that g* has the required properties, and the proof is complete.

4 The magic of choice

In the proofs above, I have mentioned three major results: a special case of the Banach-Alaoglu theorem
(2A), Tychonoff’s theorem (2B) and the Ultrafilter Lemma (3E). All three can be proved if we are willing to
use the Axiom of Choice (http://en.wikipedia.org/wiki/Axiom of choice). Here I should like to offer
some thoughts on what we should make of this.

4A Miracles and magic (a) I called 1B a ‘miracle’. This is pitching it strong, but conveys the notion
that there is something singular about it. In distinction to this, I would call the Ultrafilter Lemma ‘magic’.
We intone the spell ‘let G be an ultrafilter including F’ and a door opens. But G is indescribable and
uncontrolled. T didn’t offer any actual examples of ultrafilters because without a special axiom of some kind
there are very few of them, and all those which can be described explicitly in the ordinary language of
mathematics are quite useless. An ultrafilter is generally a jinn which we have called into our service. If we
call at the right moment, we can get very good service. But is this black magic or white magic?

(b) The Axiom of Choice can be stated in various ways, but the one which seems most natural in the

context here is

(AC) If (X;)icr is any family of non-empty sets, then [];.; X; is not empty, that is, there

is a function g defined on the set I such that g(i) € X; for every i € I.

Put like this, AC seems an entirely natural principle. For finite sets I, in fact, it is easily proved by induction
on #(I). T actually used a simple version of it in the proof of Lemma 1C above. In part (c-ii) of that proof,
I wrote ‘since every C), is non-empty, we can choose a sequence (z,)nen such that z, € C, for every n’,
that is, (zn)nen € [],eny Cn- I do not think I have ever had a student who noticed that anything special
was being done in such cases (I am sure I did not notice myself, until it was pointed out to me).

The proofs that AC implies the Ultrafilter Lemma and Tychonoff’s theorem are not natural in the way
that choosing a sequence is, but are undoubtedly part of ordinary abstract pure mathematics. It is fair to
say that the great majority of pure mathematicians use AC and its consequences without scruple whenever
they come in handy.

(c) T myself believe that it is better to be conscious of the occasions on which one is relying on it. Partly
I think that one of the things mathematics is for is to raise our consciousness of what we are really doing.
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Partly I feel that proofs not using choice (when available) are more illuminating than the alternatives,
even when they are longer and more effort. And partly I believe that there are rival axioms, actually
contradicting AC, which are well worth exploring (the most interesting, at the moment, being the ‘Axiom
of Determinacy’, http://en.wikipedia.org/wiki/Axiom_of _determinacy). You will be quite unable to
join in this exploration if you are not aware which of your favourite theorems may have vanished in the new
landscape.

(d) So we are led naturally to the question: do we really need AC to prove Kirszbraun’s theorem?
Especially we should ask: do we really need AC to prove Kirszbraun’s theorem when both Hilbert spaces
are finite-dimensional Euclidean spaces, starting with R2? because such strong magic, whether black or
white, should not be needed if we can see what we are doing.

4B First things first (a) As I noted in 4Ab, I did use AC, in a very simple form, during the
proof of 1Cc. In fact it is not really necessary here. The key to avoiding it is to use the correct def-
inition of ‘Hilbert space’. Now everyone agrees that a Hilbert space is a complete inner product space
(http://en.wikipedia.org/wiki/Hilbert_space). But not everyone uses the correct definition of ‘com-
plete’. The standard definition (http://en.wikipedia.org/wiki/Complete metric_space) declares that
a metric space (X, p) is complete if every Cauchy sequence in X is convergent. Working from this, you won’t
be able to prove further properties of X without getting hold of a Cauchy sequence, which is what I do in
part (c-ii) of the proof of 1C. And to get an actual sequence you are likely to have to choose all its terms
simultaneously — or, what demands a slightly stronger use of AC, one at a time in an inductive process. So
I myself use a different definition of ‘complete metric space’. I say that a metric space (X, p) is complete if
every Cauchy filter converges. I see that I have to give you two more definitions. First, if (X, p) is a metric
space, a filter F on X converges to a point z € X if {y: y € X, p(z,y) < €} belongs to F for every € > 0.
(This is like 3B, but without the function ¢ — or, if you like, replacing ¢ with the identity function from X
to itself.) Second, a filter F on X is a Cauchy filter if for every ¢ > 0 there is a set A € F with diameter
at most €, that is, such that p(z,y) < e for all z, y € A.

(b) If you will follow me this far, and agree that a Hilbert space is an inner product space in which every
Cauchy filter converges, then the proof of 1Cc can be rewritten with no choosing of sequences. For the sets
Cn={2:2€0C, ||z—0b|| <a+4"} are defined by a formula. I'm not asking a jinn to tell me what to
do here. Next, Cy,, N Cy, = C,, whenever m < n, so & = {C,, : n € N} is a filter base. There is therefore a
filter F on H including &, by 3Ae (which also gives an explicit formula for F). Next, the diameter of C,, is
at most 27"/8a + 4 (part (c-i) of the proof of 1C). Since lim,, o, 27™"/8a + 4 = 0, and every C,, belongs
to F, F is a Cauchy filter. F therefore converges to some b’ € H. Of course we need to check that because
C € F and C is closed, b’ € C, and also that ||b’ — b|| < «, which takes a little manoeuvre of the same kind
as those in parts (f) and (g) of the proof in 3F. But now we can repeat the argument of part (c-iii) of the
proof of 1C.

(c) Obviously this won’t do unless the Hilbert spaces we know and love, and also those which turn up
in other parts of mathematics (either pure or applied), are complete in the Cauchy-filter sense. But they
all are. For instance, there is a proof that a Cauchy filter on R is convergent which essentially follows the
line of Proposition 3D above. We just have to find a different reason for concluding that if Agi. ¢ F then
X \ Agtoc € F. (Look at where a set of diameter at most ¢ which belongs to F must be.) And now we
can get to finite-dimensional Euclidean spaces, and even ¢2, by looking at coordinates in the same way as
we do for Cauchy-sequence completeness. We need slightly more refined techniques, but the hardest part of
the exercise is getting used to handling filters at all. It is trickier to get one’s mind around the idea of filter
than the idea of sequence. But, in return, we can write down our own formulae for filters in contexts where
we have to ask for magical help in building sequences.

4C The heavy lifting All the rest of §1 goes through with no call for AC. By the time we have reached
1F, we are a little short of explicit formulae, but we are claiming the existence of only one function g at
a time, and that function defined only on a finite set I U J. (If we wanted to talk about a whole family
(917)1,7CH, are finite, Of course, we should then need some form of AC.) Moreover, if (as I have repeatedly
said) we care mostly about the finite-dimensional case, then there is no problem in 2A; when H = R™,
the weak topology is actually the norm topology, and we have direct proofs to show that closed balls are
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compact. (I must say I think these are easier and cleaner if you use filters, but you don’t have to. You're
allowed to induce on n, if you find it helps. Just make sure that you aren’t choosing sequences without
giving formulae for them.)

However, even if H; = R and H, = R?, the argument of 2C demands that we look at an uncountably
infinite product X =[], . i, Bz- And this really does seem to involve us with Tychonoft’s theorem, by no
means in its full strength (because all the compact sets B, are simple ones, by the standards of general
topology), but certainly in a form which isn’t consistent with the Axiom of Determinacy, for instance.

I have not figured out just how much of the Ultrafilter Lemma we need for Kirszbraun’s theorem in the
full generality stated. (We don’t need the whole of AC; it’s known that it’s possible for AC to be false but
the Ultrafilter Lemma true — see HALPERN & LEvVY 71.) However, for separable Hy and Hs (including
Euclidean spaces and £2, and the great majority of Hilbert spaces required in ordinary applications), there
is a way round, necessarily harder work with no jinn to help us, but a good example of technique.

4D Clearing the way I had better make it clear what I mean by saying that a Hilbert space H is
‘separable’; I mean that there is a countable set which is dense for the norm. Since a countable set is, by
definition, either finite or equipollent with N, and since H is not empty, there will be a sequence (x,)nen in
H such that {z,, : n € N} is dense.

4E Next, it will be helpful to have the notion of ‘limit superior’ along filters.
Definition If X is a set, F is a filter on X and ¢ : X — R is a function, then I will write

limsup, , » ¢(t) = inf ac 7 sup;c 4 ¢(1).

In this formula, I am willing to allow sup,c 4 ¢(t) = oo if ¢ is not bounded above on A, limsup,_, » ¢(t) = oo
if ¢ is unbounded above on every A € F, and limsup,_, » ¢(t) = —oo if {sup,c 4 #(t) : A € F} is unbounded
below.

4F Proposition Let X be a set and F a filter on X. Suppose that ¢ : X — R is a function such that for
every € > 0 there is a function ¢ : X — R such that («) lim;—, #1(t) is defined in R (8) there is an A € F
such that |¢p(t) — 1 (t)| < e for every t € A. Then lim;_, » ¢(t) is defined in R.

proof (a) There are a By € F and a ¢y : X — R such that Sy = lim;_, x 1o (t) is defined and |¢(t) —1)(t)| < 1
for every t € By. Next, there is a By € F such that |¢g(t)—Fo| < 1 for every t € B;. In this case, ByNB; € F
and |¢(t) — Bo| < 2 for every t € By N By. It follows at once that

limsup,_,  ¢(t) < sup,epynp, ¢(t) < Bo +2;
at the same time, if A is any member of F, there is a tg € AN By N By, so

supse a4 #(t) > ¢(to) > Bo — 2;
putting these together, o = limsup,_, » ¢(¢) lies between Sy — 2 and Sy + 2, and is finite.

(b) Let € > 0. Then there is an Ay € F such that sup;c 4, ¢(t) < o + ¢; there are a ¢ : X — R and an
A € F such that 8 = limy_, 7 ¢(t) is defined and |$(t) —1)(t)| < Le for every t € Ay; and there is an Ay € F
such that [1(t) — 8] < Le for every t € A;. As A= Ay N A; N Ay belongs to F, sup,c 4 #(t) > a, and there

is a t; € A such that ¢(t1) > o — ée; in which case

B> w(t) — te > d(tr) — 2e > a— e
5 5 5
Now, for any ¢t € A,
ate=gt)>p(t)—ze>f-2e>a—e

that is, |¢(t) — | < €. As € is arbitrary, lim;_, x ¢(¢) = « is defined.

4G Lemma (a) Let (X, p) be a complete separable metric space, and F C X a closed subset. Then F
is separable.
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(b) Let (X, p) be a metric space, (Y,0) a complete metric space, A a subset of X, and f: A - Y a
function such that o(f(z), f(z')) < vp(w,2’) for all z, 2" € A. Then there is a unique function g : A—Y
such that g(x) = f(z) for every x € A and o(g(x), g(z")) < yp(z,2’) for all z, 2’ € A.

proof (a) If X is empty, this is trivial. Otherwise, let D be a countable dense subset of X and (x,)nen a
sequence running over D. Set K = {(n,k) :n, k € N, U(x,,,27%)NF # 0}, where U(z,¢) = {2’ : p(a’,x) < €}
for x € X and € > 0. For (n,k) € K, define (zn;)ien inductively by saying that

Znk0 = Tn;

given that U(zuki, 2% ) NF # 0, 2 ki+1 = T, where m is the least member of N such that

U(znkis 275N U (2, 275N F # 0.
(To see that there always is such an m, note that there is an 2’ € F N U(zpxs,27%7), and now there must
be an m such that p(z/,x,,) < 27%7171)) In this case, p(zn k.it1, Znki) < 27871 + 277771 for every i, so
(Znki)ien is a Cauchy sequence and has a limit 2/, in X, because X is complete. Now p(z/,,, znk;) < 27F7i+1
for every i, so U(x!,,27%7+2) D U(2,4,27%7%) meets F, for every i; because F is closed, z/, € F.
Now D' = {z, : (n,k) € K} is a countable subset of F. To see that it is dense in F, take any 2’ € F' and

k € N. Then there is an n € N such that p(z,,2’) < 27% and (n,k) € K. Next, p(z),1, Tn) = p(2],1., 2nko) <
27k+ 5o p(2/,2!,) < 27%F2 As 2 and k are arbitrary, D’ is dense in F and F is separable.

(b) If A is empty, so is A, and g = f is the empty function. Otherwise, for each x € A4,
Fy={B:BCY, thereis a § > 0 such that B D f[ANU(z,9)]}

is a Cauchy filter on Y, because diam(f[A N U(x,0)]) < 276 for every § > 0. If x € A then f(z) belongs to
every member of F, so g(z) = f(x). Next, if z, 2’ € A and € > 0, there are z1, 2| € A such that p(z,z1),
p(a',x}), o(g(x), f(x1)) and o(g(z’), f(2])) are all at most €; now

o(g(x), g(2)) < 2e+ o(f(21), f(21)) < 26+ yp(a1, 27) < 2€ +7(2e + p(, 27)).

This shows that o(g(x),g(z")) < vp(x, ') for all , 2’ € A. Of course g is unique because it is continuous

and agrees with f on a dense subset of A.

Remark In the hypothesis of part (a), when I wrote that ‘X is complete’, of course I meant that every
Cauchy filter on X is convergent; but it follows easily that every Cauchy sequence converges.

The filters F, in part (b) of the proof belong to the standard proof that a uniformly continuous function
into a complete Hausdorff uniform space has a uniformly continuous extension; but if you have seen this result
only for metric spaces, then it may have been done with Cauchy sequences instead, which are problematic
here.

4H Kirszbraun’s theorem without AC We now have the following.

Kirszbraun’s Theorem Let H; be a separable Hilbert space, Ho a Hilbert space, A C H; a set and
f+ A — Hs a function. Suppose that v > 0 is such that ||f(z) — f(v)|| < vllz — y|| for all 2, y € A. Then
there is a function ¢* : H; — Hs such that ¢g*(z) = f(x) for every € A and | g*(z) — ¢*(v)|| < v|lz — y|
for all z, y € H;.

proof (a) For most of the proof (down to the end of (e) below) I will suppose that Hs also is separable. In
this case, we can follow the argument of 3F down to the last sentence of part (c) there. We suppose that
a € A, that B, = {y :y € Ha, |yl < ||f(a)]| +v|lz — al|} for every x € Hs, that X =[] B, and that
F is a filter on X containing

xeH,

Fr={g:9€ X, g(x) = f(x) for every z € I N A,
llg(z) — gl < vllz — yl| for every x, y € I'}

for every finite set I C H;. Note that the constant function with value 0 belongs to X, so X is not empty.
(Of course this is included in the demonstration, in part (b) of the proof in 3F, that Fy # 0.)

(b) We no longer expect there to be an ultrafilter including 7. But we can build something good enough
for our purposes, as follows. Let Dy C Hy, Dy C Hs be countable dense sets. Then D; x Dy is countable,
so there is a sequence ((z, 2, ))nen running over Dy X Dy. Now define a sequence (G, )nen of filters on X,
as follows. Start with Gg = F. Given G,, note that
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[(9(@n)lzn)| < llg(@n)lllznll < [If (@) + llzn — alll[za]]
for every g € X, so
an = limsup, g (9(xn)|2n)
is finite. Set
gn+1 = Ucegmoo{B :BC X, cn {g : |an - (g(xn)|zn)| < 6} - B}'
It is easy to see that BN B’ € G,,11 whenever B, B’ € G,,+1 and that 0 ¢ G, 11, so that G, is a filter on
X including G,,. Continue. At the end of the induction, set G = UneN G,; then G also is a filter on X.

(c) The formula for G, 11 ensures that limy_.g, ., (g(xn)|2n) = an; it follows that limgy_,g(g(zn)|2n) = an
for every n, and lim,_,g(g(x)|z) is defined for every x € Dy and z € Ds.

(d) It follows that lim,_,g(g(z)|2) is defined for every z € Hy and z € Hy. To see this, I appeal to
Proposition 4F. Take any € > 0. Set

§ = min(1, < > 0.
min(l e e (e—al e+

Then there are 2’ € D1, 2’ € Dy such that ||z — 2’| <6 and ||z — 2| < 4. In this case, for any g € Fy, 1y,

[(g(2)2) = (9(&")|2)] < [(9(2)]2) = (9(2)12)] + (g(2)[2") — (9(«")|2)]
= |(g(2)|z = 2) + [(g(x) — g(z)|2)]
< llg@)llllz = 2l + llg(x) — g()II[|="]
< (I @l +7vllz = al)d + yllz = 2|2l + Iz = 2II)
< (If (@)l +llz = al)d +~d(|[z] + 1) < e.

But F(, .1 € G and limy_,g(g(2')|2’) is defined. Thus the condition of 4F is satisfied and we have a limit
limg g (g(2)|2).

(e) We have reached the same position as at the beginning of part (e) of the proof in 3F, and can find
an extension of f as before.

(f) This proves the theorem when Hs is separable. For the general case, I use Lemma 4G, as follows.
First, by 4Gb, we have an extension of f to a function f; : A — Hy such that || fi(z) — fi(z')| < yllz — 2/
for all z, 2’ € A. Next, by 4Ga, A has a countable dense subset Dy say. In this case, the set Do of rational
linear combinations of elements of f[Dy] is countable, and D is a closed linear subspace of Hs, so is a
Hilbert space in its own right. Now (a)-(e) tell us that there is a suitable extension of f; to a function from
H1 to EQ g HQ.

41 Remarks (a) The method in 4H will work whenever H; is provided with a ‘well-orderable’ dense set
Dy, rather than just a countable one; here I say that D is well-orderable if there is a well-ordering on D,
that is, if there is an ordinal equipollent with D. The point is that (having well-ordered D;) we can use this
in the argument of 1Ib to get a well-ordered dense subset Dy of A, from which we can build well-orderings
of Dy and Dy x Ds. The last of these will give us an order in which to take pairs (z,z) in an inductive
construction of G, as in part (b) of the proof above.

(b) Note that the argument there includes a useful general fact:

If X is a set, Gy is a filter on X, and ¢ : X — R is a function such that limsup,_,g, ¢(t) is finite,
then there is a filter G; on X, including Gy, such that lim;_,g, ¢(t) is defined in R.

But it would have done us no good to write this out as a preparatory lemma. For it is not enough, in 4H,
just to know that we shall always be able to extend a filter G, suitably. We have to have a definite recipe
for the extension, so that we nowhere have to make infinitely many choices.

5 Isometries

MEASURE THEORY
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Kirszbraun’s theorem is about Lipschitz functions. It is generally stated in terms of an arbitrary Lipschitz
constant v > 0, but it is very easy to see that it is enough to consider the case v =1, as indeed I do in the
foundations 1B and 1D of the proofs above. If however we have the very much stronger hypothesis

1f(x) = fW)ll = llz =yl for all z, y € A,

that is, f is an isometry, in place of ‘|| f(z) — f(y)|| < ||z — y|| for all z, y € A’, we get a correspondingly
more powerful extension theorem (5D below), which I do not find wholly obvious. So I set it out here.

5A Lemma Let H be a Hilbert space, z, y, z points of H, and o € R. Then
Iz = (1 = )z + ay)lI* = (0 — a)llz — y[* + (1 = )|z — z[* + oz — y]I*.

proof

11— a)(z— =)+ a(z—y)|I
(1—a)?lz —z|” + |z — ylI* + 2a(1 — @) (z — 2|z — )
(1—a)?|lz — | + o?(|z — y|I?
+al—a)(lz—z>+ |lz—yl* = Iz —2) = (z—»)II*)
— (1 )2l — al]? + 02z — y?
+a(l—a)(|z—z|>+ |z —yl* = Iz — y|*)
=(1=a)llz—a|>+allz—y* + (& — a)|lz — y|*.

Iz = (1= a)a — ayl®

Remark The actual formula here is of no significance. All that matters is that ||z — ((1 — a)z + ay)|| can be
calculated from «, ||z — y||, ||z — z|| and ||z — y||; and this is because in Hilbert space, as in two-dimensional
Euclidean space, triangles are determined up to congruence by the lengths of their sides.

5B Lemma Let H; and Hy be Hilbert spaces, A C H; a set and f : A — Hy an isometry. Suppose that
z,y € A and a € R are such that z = (1 — a)x + ay belongs to A. Then f(z) = (1 — a)f(z) + af(y).

proof

1£(2) = (1 = @) f(z) + af(y))]?

= (@® = a)|f(2) = FWI* + A = )| f(2) = F@)II* + all f(2) = fW)II
(by Lemma 5A)

= (@ =)z —yl* + 1 - )z - z[* + oz — y|?
(because f is an isometry)

=z = (1 - )z +ay)|?
(by Lemma 5A again, or otherwise)

=0.

So f(z) = (1 —a)f(x) + af(y)) = 0 and f(2) = (1 — ) f(z) + af(y)-

5C Lemma Let H; and Hsy be Hilbert spaces, A C H; a set and f : A — Hy an isometry. Suppose
that w € H; is expressible as (1 — )z + ay where z, y € A and a € R. Then there is a unique isometry
g: AU{w} — H; extending f.

proof If w € A then we must take g = f. Otherwise, we can define g : AU{w} — Hj by setting g(z) = f(z)
for z € A and g(w) = (1 — a)f(z) + af(y). If z € A, then

lg(2) = g(w)I* = [1f(2) = (1 = @) f(z) + af ()|
= (@ = a)lf(z) = fWIP + (1 = ) f(2) = f@)* + all f(2) = fF)]?
(by Lemma 5A)
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=(0® = a)lz) —y|* + A = )llz — z|* + aflz = y[* = ||z — w]]®

so ||g(z) — g(w)]| = ||z — w]||. Now if z, 2’ € AU {w},
— either z, 2" € A and [|g(2) — g(2')[| = [|f(2) — f(z)] = [l = ',
——orzeAand # = wand [|g(z) — 9(=)] = [l9(2) — g(w)]| = [}z — w] = [l — /|,
——orz=wand 2’ € Aand [|g(z) — g(z)|| = lg(z) — g(w)|| = [z —wl| =[]z = '],
—orz=2 =wand [lg(z) - g(")] = 0 = |l — /|.
Thus g is an isometry. To see that it is unique, let h : AU {w} — Hs be another isometry extending f;
then Lemma 5B tells us that

h(w) = (1 = a)h(z) + ah(y) = (1 — o) f(z) + af (y) = g(w),
soh=g.

5D Theorem Let H; and Hy be Hilbert spaces, A C H; a set and f: A — Hy an isometry. Let K be
the closed affine subspace of H; generated by A. Then f has a unique extension to an isometry from K to
Hs.

proof (a) I will say that a string (zo,...,2,) in H; is a determining chain if for every ¢ < n there are
z,y € AU{z; : j < i} and o € R such that z; = (1 — a)z + ay. In this case we have a unique isometry
g: AU{z; : i < n} — Hy extending f. To see this, induce on n. If n = 0, then 2 is expressible as
(1 — a)x + ay where z, y € A. By Lemma 5C, there is a unique isometry from A U {zp} to Hy extending
f. For the inductive step to n > 0, the inductive hypothesis tells us that there is a unique isometry
go : AU{z; : i <n} — Hj extending f, and now we can apply Lemma 5C to go to see that there is a unique
isometry g : AU{z; : i <n} — H; extending go. Now if h: AU{z; : i <n} — Hs is an isometry extending
fy hTAU{z; : i < n} is also an isometry extending f, so is equal to gg, and h extends gg, so must be equal
to g. Thus g is the only isometry from AU {z; : i < n} to Hz extending f, and the induction continues.

(b) Write K for the set of those z € H; such that there is a determining chain (zo,... ,z,) with z, = z.
Observe that Ky O A, because if z € A then (z) is a determining chain. If z, 2’ € Ky and « € R then
w = (1 — a)z + az’ belongs to Ky. For we have determining chains (2o, ... ,2y,) and (z{,... , z,,) such that
zm = z and z), = 2/, and now (2o, ... , Zm, 20, - - - » 24, W) is a determining chain, so w € Kj.

»~n

(c)Ifz € Ko, (20,.-- ,2m) and (2{, ... , z},) are determining chains such that z,, = 2], = z, and g : AU{z; :
i <m} — Ha, g : AU{z] : i < n} — Hy are isometries extending f, then g(z) = ¢,. For, just as in (b),
(205 -+ s Zmy 2y - - -, 20) 18 & determining chain, so there is an isometry §: AU{zo,... ,2Zm, 20, , 25} — Ha

rn

extending f; we must have glAU{zo,... ,2m} =g and glAU{2],... 2.} = ¢, so
9(2) = 9(zm) = 9(2) = 9(z,) = ¢'(2).

(d) We can therefore define a function h : Ky — Hy by saying that h(z) = g(z,,) whenever (2q,... ,2p)

is a determining chain with z, = z and g : AU {zp,...,2,} — Hz is an isometry. Now h is an isom-
etry. For if z, 2/ € Ko and (20,...,2m), (20,...,2),) are determining chains with z = z,, and 2/ = 2z,
(205 -+ s Zms 2y - -+ 5 2)) 18 & determining chain, so hf AU {zo,... , Zm, 2}, - .. , 2, } 1S an isometry, and

17.(2) = R(Z)| = [|P(zm) = h(z)Il = llzm = 2]l = [z = 2.

(e) In fact h is the only isometry from Ky — Hs extending f. For if b’ : Ky — Hos is an isometry from
Ky to Hy and z € K, there is a determining chain (zo,... ,2,) with z = z,, and now z; € Kj for every
i<m,sohlAU{z0,...,2,} and K'JAU{z0,... , z,} are both isometries extending f; by (a) they are equal
and ' (z) = W (z,) = h(zn) = h(2).

(f) Being an isometry, h is surely uniformly continuous, while Hs is complete. So h has an extension
to a uniformly continuous function % from the norm-closure K of Kq to Hy. The set {(z,2') : z, 2’ € K,
[|h(z) — h(z')|| = ||z — #||} is closed in K x K and includes the dense subset Ky x K so is the whole of
K x K, and h is an isometry.

Similarly, if @ € R, the set {(z,2') : 2z, 2 € K, (1 — )z + a7 € K} is closed in K x K and includes
Ky x Ky (by (b) above), so is the whole of K x K. This shows that K is an affine subspace of Hy, and of

course it is closed and includes A.
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(g) If K’ is any other closed affine subspace of Hj including A, then K’ must include Ky, so K’ 2 K.
Thus K is the smallest closed affine subspace of H; including A, that is, it is the closed affine subspace of
H, generated by A.

(h) Finally, if n : K — Hy is any other isometry extending f, Zl/ [ Ky extends f, so is equal to h. Now
{z:2 € K, h'(z) = h(2)} is a closed subset of K (because h’ and h are both continuous) and includes Ky
(by (e)), so is equal to K, and h/ = h. Thus h is the only isometry extending f to K, and the theorem is
proved.

5E Remarks Most of the work in 5A-5D is just algebra of inner product spaces. The point is that the
affine operation (z,y,a) — (1 — a)x + ay is determined by the metric structure; z = (1 — @)x + ay iff
(02 — a)lle — yl2 + (1 — a)l|z — 2 + aflz — y[2 = 0.

I have spelt the proof of 5D out carefully, with ‘determining chains’, to show that it does not depend on
any form of the axiom of choice. When we come to the final stage (parts (f)-(h) of the proof of 5D) we
ought of course to check that our favourite theorems about uniform continuity don’t depend on being able to
choose sequences. This will mean that, as in 4B, we need to use the Cauchy-filter definition of completeness
in Ho (it doesn’t matter whether H; is complete or not). Actually the statement of the theorem, claiming
that the extension is unique, is a strong hint that there ought to be a proof which does not depend on
magical assistance; if any jinn would lead us to the same place, we shouldn’t need their help.
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