
Version of 7.8.15

Errata and addenda for Volume 3, 2002 printing

I collect here known errors and omissions, with their discoverers, in my book Measure Theory (http://
www1.essex.ac.uk/maths/people/fremlin/mt.htm).

p 16 l 21 (311G) Add new part:

(d) Note that a set C ⊆ A is a partition of unity iff C ∪ {0} is a maximal disjoint set.
If A ⊆ A is any disjoint set, there is a partition of unity including A.

311Gd is now 311Ge.

p 16 l 22 (311Gd, now 311Ge): for ‘cd = d’ read ‘cd = c’.

p 17 l 36 (Proposition 311J): for ‘subring of PZ’ read ‘subring of PX’. (T.D.Austin.)

p 20 l 15 (Exercise 311Xf): for

‘a ∪ (b ∩ c) = (a ∩ b) ∪ (a ∩ c), a ∪ (b ∩ c) = (a ∩ b) ∪ (a ∩ c)’

read

‘a ∪ (b ∩ c) = (a ∪ b) ∩ (a ∪ c), a ∩ (b ∪ c) = (a ∩ b) ∪ (a ∩ c)’.

(S.Bianchini.)

p 21 l 34 (311Y) Add new exercises:

(c) Let (A,∨,′ ) be such that (i) (A,∨) is a non-empty commutative semigroup (ii) ′ : A → A

is a function (iii) ((a ∨ b)′ ∨ (a ∨ b′)′)′ = a for all a, b ∈ A. Show that there is a Boolean algebra
structure on A for which ∨ = ∪ and ′ is complementation.

(d) Let P be a distributive lattice, and Z the set of surjective lattice homomorphisms from P
to {0, 1}. Show that there is a sublattice of PZ isomorphic to P .

p 22 l 27 (proof of 312E): for ‘b ∩ a = a’ read ‘b ∩ a = b’. (J.Miller)

p 23 l 18-19 ((iii)⇒(ii) of the proof of 312H): exchange ∪ , ∩ throughout. (T.D.A.)

p 23 l 34 Add new paragraph:

312K Fixed-point subalgebras If A is a Boolean algebra and π : A → A is a Boolean
homomorphism, then {a : a ∈ A, πa = a} is a subalgebra of A (put 312A and 312F together); I
will call it the fixed-point subalgebra of π.

312K-312S are now 312L-312T.

p 25 l 33 (part (b) of the proof of 312N, now 312O): for ‘(πa ∩ v) ∪ (πb \ c)’ read ‘(πa ∩ v) ∪ (πb \ v)’.
(T.D.A.)

p 26 l 7 (part (b) of the proof of 312N, now 312O): for ‘π1((a
′ ∩ v) ∪ (b′ \ v))’ read ‘π1((a

′ ∩ c) ∪ (b′ \ c))’.

p 29 l 15 (312X) Add new exercises:

(l) Let A be a Boolean algebra, and A ⊆ A a set, closed under ∪ and ∩ , such that 0, 1 ∈ A.
Let B be the set of elements of A expressible as a \ a′ where a, a′ ∈ A, and C the set of elements
of A expressible as b0 ∪ . . . ∪ bn where b0, . . . , bn ∈ B are disjoint. Show that C is a subalgebra
of A.

(m) Let A, B be Boolean algebras, and A ⊆ A a set, closed under ∪ and ∩ , such that 0A,
1A ∈ A; let C be the subalgebra of A generated by A. Let π : A → B be such that π0A = 0B
and π1A = 1B, and π(a ∪ a′) = πa ∪ πa′, π(a ∩ a′) = πa ∩ πa′ for all a, a′ ∈ A. Show that π has
a unique extension to a Boolean homomorphism from C to B.
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2 Volume 3 313L

p 35 l 41 Add new part to Proposition 313L:

(d) If π is bijective, it is order-continuous.

p 37 l 8 (Definition 313N): Add

It will be useful to be able to say ‘B can be regularly embedded in A’ to mean that there is
an injective order-continuous Boolean homomorphism from B to A; that is, that B is isomorphic
to a regularly embedded subalgebra of A. In this form it is obvious that if C can be regularly
embedded in B, and B can be regularly embedded in A, then C can be regularly embedded in A.

p 38 l 3 (proof of 313R): for ‘
⋃
a∈A

â’ read ‘
⋃
a∈A â’. (J.M.)

p 39 l 19 (313X) Add new exercises:

(o) Let A be a Boolean algebra and π : A → A a Boolean homomorphism with fixed-point
subalgebra C (312K). (i) Show that if π is sequentially order-continuous then C is a σ-subalgebra
of A. (ii) Show that if π is order-continuous then C is order-closed.

(r) Let A and B be Boolean algebras, π : A → B an injective Boolean homomorphism and C

a Boolean subalgebra of A. Suppose that a ∈ A is such that c = upr(a,C) is defined. Show that
πc = upr(πa, π[C]).

(s) Let A and B be Boolean algebras, π : A → B a Boolean homomorphism and D an
order-dense subset of A containing 0. Show that π is injective iff π↾D is injective.

(t) Let A be a Boolean algebra and A0, . . . , An subsets of A such that supAi is defined for
each i ≤ n. Set B = {a0 ∩ . . . ∩ an : ai ∈ Ai for each i}. Show that supB is defined and equal to
infi<n supAi.

313Xo-313Xp are now 313Xp-313Xq.

p 39 l 45 (313Y) Add new exercises:

(d) Let P and Q be lattices, and f : P → Q a bijective lattice homomorphism. Show that f
is order-continuous.

(h) Let A be a Boolean algebra and C a Boolean subalgebra. Let I be the set of those a ∈ A

such that the upper envelope upr(a,C) is zero. (i) Show that I is an ideal in A. (ii) Show that C
is regularly embedded in A iff I = {0}. (iii) Let π : A → A/I be the canonical map. Show that
π↾C is injective and order-continuous.

313Yb is now 313Ye, 313Yc-313Yd are now 313Yb-313Yc, 313Ye-313Yf are now 313Yf-313Yg.

p 42 l 41 (part (a-ii) of the proof of 314F): for ‘π(a ∩ a0) = πa ∩ πa0 = πa’ read ‘π(a ∩ a0) = πa ∩ πa0 =
πa0’.

p 43 l 1 314Gb is now 314H, 314H is now 314G, and 314Ga is absorbed into 314Ga.

p 43 l 17 314Ia is now 314Ib and 314Ib is now 314Ia.

p 44 l 25 (part (b) of the proof of 314K): for ‘a′ ∈ A’ read ‘a′ ∈ A1’.

p 46 l 31 (part (e) of the proof of 314P): for ‘G = int
⋂H’ read ‘G = int

⋂H’.

p 47 l 22 (Lemma 314R) Add new part:

(b) Let X be a topological space.
(i) If U ⊆ X is open, then G 7→ G ∩ U is a surjective order-continuous Boolean homomor-

phism from RO(X) onto RO(U).
(ii) If U ∈ RO(X) then RO(U) is the principal ideal of RO(X) generated by U .

p 48 l 21 (Theorem 314T): for ‘open-and-closed subset of A’ read ‘open-and-closed subset of Z’.
(T.D.A.)

p 49 l 15 (Dedekind completions.) The former exercise 314Xf has been brought into the main text as
follows.

314Ub If C is a Dedekind complete Boolean algebra and A is an order-dense subalgebra of C,

then the embedding A ⊂→ C induces an isomorphism from Â to C.
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p 49 l 16 Upper envelopes (314V) have been moved to 313S.

p 49 l 20 (Definition 314Va, now 313Sa): add ‘upr(a,C) is sometimes called the projection of a on C’.

p 50 l 5 Following the transfer of Exercise 314Xf to 314Ub, the exercises 314X have been rearranged:
314Xc is now 314Xg, 314Xd is now 314Xc, 314Xe is now 314Xi, 314Xg is now 314Xe, 314Xh is now 314Xf.

p 50 l 12 (314X) Add new exercises:

(d) Let A be a Dedekind complete Boolean algebra, B a Boolean algebra and π : A → B a
surjective order-continuous Boolean homomorphism. (i) Show that the kernel of π is a principal
ideal in A. (ii) Show that B is isomorphic to the complementary principal ideal in A, and in
particular is Dedekind complete.

(h) Let X and Y be extremally disconnected compact Hausdorff spaces, A and B their regular
open algebras, and φ : X → Y a continuous surjection. Show that the following are equiveridical:
(i) the Boolean homomorphism V 7→ φ−1[V ] from B to A (312Q, 314S) is order-continuous; (ii)
φ[U ] is open-and-closed in Y for every open-and-closed set U ⊆ X; (iii) φ[G] is open in Y for
every open set G ⊆ X.

(j) Let B be a Dedekind complete Boolean algebra, and A a Boolean algebra which can be
regularly embedded in B. Show that the Dedekind completion of A can be regularly embedded
in B.

(k) Let X be a topological space and Y a dense subset of X. Show that G 7→ G ∩ Y is a
Boolean isomorphism from RO(X) to RO(Y ).

(l) Let A be a Dedekind complete Boolean algebra, B an order-closed subalgebra of A, c
a member of A and C the subalgebra of A generated by B ∪ {c}. Show that if a ∈ C, then
c ∩ a = c ∩ upr(c ∩ a,B).

p 50 l 32 (Exercise 314Ye): the note on Borel σ-algebras has been moved from 4A2Wd to 4A3E.

p 53 l 17 Add new result:

315H Proposition Let X be a topological space, and U a disjoint family of open subsets of
X with union dense in X. Then the regular open algebra RO(X) is isomorphic to the simple
product

∏
U∈U RO(U).

315H-315P are now 315I-315Q.

p 55 l 9 (proof of 315K, now 315L): for ‘ε′i : A → Bk’ read ‘ε′i : Ai → Bk’. (J.M.)

p 55 l 14 (proof of 315K)(also line 17): for ‘ǫ’ read ‘ε’. (T.D.A.)

p 57 l 8 I have added two paragraphs on projective and inductive limits of Boolean algebras, and another
on simple products of regular open algebras, as follows:

315R Proposition Let 〈Ai〉i∈I be a family of Boolean algebras, and R a subset of I × I;
suppose that πji : Ai → Aj is a Boolean homomorphism for each (i, j) ∈ R.

(a) There are a Boolean algebra C and a family 〈πi〉i∈I such that

πi : C → Ai is a Boolean homomorphism for each i ∈ I,
πj = πjiπi whenever (i, j) ∈ R,

and whenever B, 〈φi〉i∈I are such that

B is a Boolean algebra,
φi : B → Ai is a Boolean homomorphism for each i ∈ I,
φj = πjiφi whenever (i, j) ∈ R,

then there is a unique Boolean homomorphism φ : B → C such that πiφ = φi for every i ∈ I.
(b) There are a Boolean algebra C and a family 〈πi〉i∈I such that

πi : Ai → C is a Boolean homomorphism for each i ∈ I,
πi = πjπji whenever (i, j) ∈ R,

and whenever B, 〈φi〉i∈I are such that

B is a Boolean algebra,
φi : Ai → B is a Boolean homomorphism for each i ∈ I,
φi = φjπji whenever (i, j) ∈ R,

D.H.Fremlin
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then there is a unique Boolean homomorphism φ : C → B such that φπi = φi for every i ∈ I.

*315S Definitions In 315Ra, we call A, together with 〈πi〉i∈I , ‘the’ projective limit of
(〈Ai〉i∈I , 〈πji〉(i,j)∈R); in 315Rb, we call A, together with 〈πi〉i∈I , ‘the’ inductive limit of
(〈Ai〉i∈I , 〈πji〉(i,j)∈R).

p 57 l 14 (315X) Add new exercises:

(b) Let 〈Ai〉i∈I be a family of Boolean algebras with simple product A =
∏
i∈I Ai. (i) Show

that A is Dedekind complete iff every Ai is Dedekind complete. (ii) Show that A is Dedekind
σ-complete iff every Ai is Dedekind σ-complete.

(c) Let 〈Ai〉i∈I be a family of Boolean algebras with simple product A =
∏
i∈I Ai. Suppose

that for every i ∈ I we are given a subalgebra Bi of Ai. (i) Show that the simple product
B =

∏
i∈I Bi is a subalgebra of A. (ii) Show that B is order-closed in A iff Bi is order-closed in

Ai for every i ∈ I.

p 57 l 32 Part (ii) of Exercise 315Xe (now 315Xg) is now covered by 315H.
315Xb-315Xq are now 315Xd-315Xs.

p 58 l 44 (315Y) Add new exercise:

(h) Let 〈Ai〉i∈I be a family of Boolean algebras, and R a subset of I × I; suppose that
πji : Ai → Aj is a Boolean homomorphism for each (i, j) ∈ R. For each i ∈ I, let Zi be the
Stone space of Ai; for (i, j) ∈ R, let fji : Zj → Zi be the continuous function corresponding to
πji (312Q). Show that the Stone space of the inductive limit of the system (〈Ai〉i∈I , 〈πji〉(i,j)∈R)
can be identified with {z : z ∈ ∏

i∈I Zi, fji(z(j)) = z(i) whenever (i, j) ∈ R}.

p 61 l 26 Paragraphs 316H and 316J have been re-organized into a new 316H, as follows:

Proposition Let A be a Boolean algebra. Then the following are equiveridical:
(i) A is weakly (σ,∞)-distributive;
(ii) whenever 〈An〉n∈N is a sequence of partitions of unity in A, there is a partition of unity B

in A such that {a : a ∈ An, a ∩ b 6= 0} is finite for every n ∈ N and b ∈ B;
(iii) whenever 〈An〉n∈N is a sequence of upwards-directed subsets of A, each with a supremum

cn = supAn, and

B = {b : b ∈ A, for every n ∈ N there is an a ∈ An such that b ⊆ a},
then inf{cn \ b : n ∈ N, b ∈ B} = 0;

(iv) whenever 〈An〉n∈N is a sequence of upwards-directed subsets of A, each with a supremum
cn = supAn, and infn∈N cn = c is defined, then c = supB, where

B = {b : b ∈ A, for every n ∈ N there is an a ∈ An such that b ⊆ a}.
Consequently 316K, 316L and 316M are now 316J-316L.

p 63 l 23 The following results have been added:

316M Proposition (formerly 393F) Let B be the algebra of open-and-closed subsets of
{0, 1}N. Then a Boolean algebra A is isomorphic to B iff it is atomless, countable and not {0}.

316N Definition (formerly 331M) A Boolean algebra A is homogeneous if every non-trivial
principal ideal of A is isomorphic to A.

316O Lemma Let A be a Dedekind complete Boolean algebra such that

D = {d : d ∈ A, A is isomorphic to the principal ideal Ad}
is order-dense in A. Then A is homogeneous.

316P Proposition Let A be a homogeneous Boolean algebra. Then its Dedekind completion

Â is homogeneous.

316Q Proposition The free product of any family of homogeneous Boolean algebras is ho-
mogeneous.
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*316R Proposition Let A be a Boolean algebra, and B a subalgebra of A which is regularly
embedded in A.

(a) Every atom of A is included in an atom of B.
(b) If B is atomless, so is A.

p 63 l 24 The exercises to §316 have been thoroughly re-arranged, with additions, as follows:

316Xg Show that a homogeneous Boolean algebra is either atomless or {0, 1}.
(l) Let A and B be Boolean algebras, neither {0}, and A⊗B their free product. (i) Show that

if A⊗B is ccc, then A and B are both ccc. (ii) Show that if A⊗B is weakly (σ,∞)-distributive,
then A and B are both weakly (σ,∞)-distributive. (iii) Show that A⊗B is atomless iff either A
or B is atomless. (iv) Show that A⊗B is purely atomic iff A and B are both purely atomic.

(m) Let A be a Boolean algebra and Aa a principal ideal of A. Show that if A is homogeneous,
then Aa is homogeneous.

(r) Show that the algebra of open-and-closed subsets of {0, 1}N, with its usual topology, is
homogeneous.

(s) Show that the regular open algebra of R is homogeneous.
316Yf Let A be a Dedekind σ-complete Boolean algebra with the Egorov property and I a

σ-ideal of A. Show that A/I has the Egorov property.
(p) Let 〈Ai〉i∈I be a family of Boolean algebras, none of them {0}, and A their simple product.

Show that A is homogeneous iff (i) Ai is isomorphic to Aj for all i, j ∈ I (ii) for every i ∈ I there
is a partition of unity A ⊆ Ai \ {0} with #(A) = #(I).

(q) Let A be a Boolean algebra such that {d : d ∈ A, Ad ∼= A} is order-dense in A. Show that

the Dedekind completion Â is homogeneous.
(r) Write [N]<ω for the ideal of PN consisting of the finite subsets of N. Show that the

Dedekind completion of PN/[N]<ω is homogeneous.
(s) Show that the regular open algebra of {0, 1}I is homogeneous for any infinite set I.
(t) Suppose that A is a weakly (σ,∞)-distributive Boolean algebra, and that 〈An〉n∈N is a

sequence of upwards-directed subsets of A. Set

B =
⋂
n∈N{b : b ∈ A, there is an a ∈ An such that b ∩ a′ ⊆ b ∩ a for every a′ ∈ An}.

Show that B is upwards-directed and supB = 1.

316Xa is now 316Xh, 316Xb is now part of 316Xm, 316Xc is now part of 316Xn, 316Xd is now 316Xo,
316Xe is now split between 316Xp and 316Xs, 316Xf is now part of 316Xj, 316Xg is now 316Xa, 316Xh
is now 316Xc, 316Xi is now 316Xb, 316Xj is now 316Xd, 316Xk is now part of 316Xm, 316Xl is now part
of 316Xn, 316Xm is now part of 316Xi, 316Xn has been dropped, 316Xo is now 316Xj, 316Xp has been
dropped, 316Xq is now part of 316Xr, 316Xr-316Xs are now parts of 316Xi, 316Xt is now 316Xf, 316Xu
has been dropped, 316Xv is now part of 316Xm, 316Xw is now part of 316Xn, 316Xx is now part of 316Xk,
316Xy has been dropped.

316Yb is now 316Yj, 316Yc-316Ye are now 316Yb-316Yd, 316Yf is now 316Yg, 316Yg is now 316Ye,
316Yh-316Yl are now 316Yh-316Ym, 316Ym is now 316M, 316Yn is now 316Yo, 316Yo has been dropped,
316Yp is now 316Yr, 316Yq is now 316Yn.

p 71 l 16 (last line of 321K): for ‘322M’ read ‘322O’.

p 71 l 23 (Exercise 321Ya): for ‘(A, µ̄)’ read ‘(A/I, µ̄)’. (T.D.A.)

p 73 l 3 (part (e-i) of the proof of 322B): for ‘E• ⊆ F • = 0’ read ‘E• \ F • = 0’. (T.D.A.)

p 73 l 35 (proof of 322D): read G• for F •. (T.D.A.)

p 75 l 3 (proof of 322F): for ‘infa∈An
µ(b ∩ an) = 0’ read ‘infa∈An

µ(b ∩ a) = 0’. (T.D.A.)

p 76 l 1 Add new paragraph:

322K Indefinite-integral measures: Proposition Let (X,Σ, µ) be a measure space and
ν an indefinite-integral measure over µ. Then the measure algebra of ν can be identified, as
Boolean algebra, with a principal ideal of the measure algebra of µ.

322K-322Q have been moved to 322L-322R.
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p 76 l 16 (322K, now 322L) Add new part:

(d) Let (A, µ̄) be a measure algebra, and 〈ei〉i∈I a countable partition of unity in A. Then
(A, µ̄) is isomorphic to the product

∏
i∈I(Aei , µ̄↾Aei) of the corresponding principal ideals.

322Kd is now 322Le.

p 79 l 5 (proof of 322O, now 322P): for ‘{A : a ∈ A, a ⊆ c}’ read ‘A = {a : a ∈ A, a ⊆ c}’.
p 80 l 5 (Exercise 322Xa) The definition of I∞ must be amended to include the zero element; e.g., ‘let

I∞ be the set of those a ∈ A which are either 0 or purely infinite, that is, µ̄b = ∞ for every non-zero b ⊆ a’.

p 80 l 19 Exercise 322Xf has been moved to 322K. Consequently 322Xg-322Xi are now 322Xf-322Xh.

p 80 l 27 (Exercise 322Xh, now 322Xg): for ‘let B be an order-closed subalgebra of A’ read ‘let B be a
regularly embedded σ-subalgebra of A’.

p 81 l 1 (Exercise 322Ye): (A, µ̄) must be semi-finite. (T.D.A.)

p 82 l 20 Parts (d) and (e) of 323A are now

(d) On the ideal Af we have an actual metric ρ defined by saying that ρ(a, b) = µ̄(a△ b) for
a, b ∈ A

f ; the is the measure metric or Fréchet-Nikodým metric. I will call the topology it
generates the strong measure-algebra topology on A

f .
When µ̄ is totally finite, that is, Af = A, ρ = ρ1 defines the measure-algebra topology and

uniformity of A.

p 82 l 26 (323B) Add new part:

(b) Af is dense in A.

p 83 l 3 (part (c) of the proof of 323C): for ‘|µ̄(a△ b)− µ̄(a△ c)| ≤ ρa(b, c)’ read ‘|µ̄(a ∩ b)− µ̄(a ∩ c)| ≤
ρa(b, c)’. (S.Bianchini.)

p 83 l 31 (part (a-ii) of the proof of 323D): for ‘µ̄(a ∩ b0) ≥ µ̄(a ∩ e)− ǫ’ read ‘µ̄(a ∩ b) ≥ µ̄(a ∩ e)− ǫ’.
(T.D.A.)

p 87 l 14 (proof of 323L): for ‘τj(b(j), c(j))’ read ‘τj(b, c)’ (twice).

p 88 l 17 Add new result:

323M Proposition Let (A, µ̄) be a measure algebra, and give A
f its measure metric.

(a) The Boolean operations △ , ∩ , ∪ and \ on Af are uniformly continuous.
(b) µ̄↾Af : Af → [0,∞[ is 1-Lipschitz, therefore uniformly continuous.
(c) Af is complete.

p 87 l 17 The exercises 323X have been rearranged; 323Xa-323Xe are now 323Xc-323Xg, 323Xf is now
323Xa, 323Xg is now 323Xb.

A new exercise has been added:

(h) Let (A, µ̄) be a measure algebra. Show that its localization (322P) can be identified with
its completion under its measure-algebra uniformity.

p 87 l 35 (Exercise 323Xg, now 323Xb): in ‘(Af , µ̄) is a complete metric space’, read ‘rho’ for ‘µ̄’.

p 88 l 9 Problem 323Z has now been solved: there is indeed a localizable measure algebra with a σ-
subalgebra which is not sequentially closed for the measure-algebra topology. The construction may be
found in Fremlin D.H., de Pagter B. & Ricker W.J. ‘Sequential closedness of Boolean algebras of projections
in Banach spaces’, Studia Math. 167 (2005) 45-62.

p 90 l 40 (part (c) of the proof of 324F): for ‘ρb(1 \ a, 0)’ read ‘ρb(π(1 \ a), 0)’. (T.D.A.)

p 92 l 1 (part (f) of the proof of 324K): for ‘a ∩ b’ read ‘b ∩ πa’ (twice). (T.D.A.)

p 93 l 25 (part (b-ii) of the proof of 324P): for ‘even if C is’ read ‘even if A is’.

p 93 l 43 (Exercise 324Xa) for ‘φ(a•) = φa’ read ‘π(a•) = φa’.
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p 94 l 1 (Exercise 324Xb) for ‘B a σ-subalgebra of A’ read ‘B an order-closed subalgebra of A’.

p 94 l 13 (Exercise 324Ya): for ‘φ(a•) = φa’ read ‘π(a•) = φa’.

p 94 l 35 Exercise 324Yg has been deleted.

p 94 l 39 Exercise 324Yh is now 324Yg; and for ‘f(1)’ read ‘f(0)’. (T.D.A.)

p 95 l 37 (part (a) of the proof of 325A): for ‘A1’ read ‘A’. (T.D.A.)

p 97 l 4 (part (a) of the proof of 325C): for ‘c ∈ A⊗B’ read ‘c ∈ A1 ⊗ A2’. [S.B.]

p 98 l 31 (part (a-iii) of the proof of 325D): for ‘B1’ read ‘A2’. (T.D.A.)

p 99 l 15 (part (b) of the proof of 325F): for ‘a ∩ an = 0’ read ‘a ∩ (an ⊗ an) = 0’. [S.B.]

p 99 l 23 (part (c) of the proof of 325F): for ‘Σ∞
n=0ǫ

2
n <∞’ read‘Σ∞

n=0ǫ
2
n < 1’. (T.D.A.)

p 100 l 12 (statement of Theorem 325I): X is the product
∏
i∈I Xi. (T.D.A.)

p 101 l 5 (part (b) of the proof of 325I) for ‘c ∈ C’ read ‘c ∈ ⊗
i∈I Ai’.

p 102 l 7 Part (b) of Theorem 325M has been elaborated, as follows:

(b)(i) For any c ∈ C, there is a unique smallest Jc ⊆ I such that c ∈ CJc , and this Jc is
countable.

(ii) If c, d ∈ C and c ⊆ d, then there is an e ∈ CJc∩Jd such that c ⊆ e ⊆ d.

p 102 l 15 (part (a) of the proof of 325M) for ‘〈ψφi〉i∈I ’ read ‘〈ψφi〉i∈J ’.
p 102 l 40 (325X) Add new exercise:

(c) Let (A, µ̄) and (B, ν̄) be semi-finite measure algebras with localizations (Â, µ̃) and (B̂, ν̃).

Show that the localizable measure algebra free products (A, µ̄)⊗̂loc(B, ν̄) and (Â, µ̃)⊗̂loc(B̂, ν̃)
are isomorphic.

Exercises 325Xc and 325Xe-325Xg are now 325Xd and 325Xf-325Xh. Exercises 325Xd and 325Xh have been
re-written, and are now

(e) Let 〈(Ai, µ̄i)〉i∈I and 〈(A′
i, µ̄

′
i)〉i∈I be two families of probability algebras, and (C, λ̄, 〈ψi〉i∈I),

(C′, λ̄′, 〈ψ′
i〉i∈I) their probability algebra free products. Suppose that for each i ∈ I we are given a

measure-preserving Boolean homomorphism πi : Ai → A
′
i. Show that there is a unique measure-

preserving Boolean homomorphism π : C → C′ such that πψi = ψ′
iπi for every i ∈ I.

(i) Let 〈(Ai, µ̄i)〉i∈I be a family of probability algebras with probability algebra free product
(C, λ̄, 〈ψi〉i∈I). For J ⊆ I let CJ be the closed subalgebra of C generated by

⋃
i∈J ψi[Ai]. Show

that for any J , K ⊆ I and c ∈ C, the upper envelope upr(c,CJ∩K) is equal to upr(upr(c,CJ ),CK).

p 103 l 2 (325Xe, now 325Xf): for ‘infi∈j aj ’ read ‘infi∈J ai’.

p 103 l 18 (325Y) Add new exercise:

(b) Let (A1, µ̄1), (A2, µ̄2), (A
′
1, µ̄

′
1) and (A′

2, µ̄
′
2) be semi-finite measure algebras with localizable

measure algebra free products (C, λ̄, ψ1, ψ2) and (C′, λ̄′, ψ′
1, ψ

′
2). Suppose that π1 : A1 → A

′
1 and

π2 : A2 → A
′
2 are measure-preserving Boolean homomorphisms. Show that there is a measure-

preserving Boolean homomorphism π : C → C′ such that πψi = ψ′
iπi for both i, but that π is not

necessarily unique.

325Yb-325Yf are now 325Yc-325Yg.

p 103 l 19 (Exercise 325Yb, now 325Yc): we must add a hypothesis ‘µa > 0 for every a 6= 0’.

p 106 l 17 New results have been added:

326F Definition Let A be a Boolean algebra, and ν a finitely additive functional on A. I will
say that ν is properly atomless if for every ǫ > 0 there is a finite partition 〈ai〉i∈I of unity in
A such that |νa| ≤ ǫ whenever i ∈ I and a ⊆ ai.

326G Lemma Let A be a Boolean algebra.

D.H.Fremlin
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(a)(i) If ν, ν′ : A → R are properly atomless finitely additive functionals and α ∈ R, then αν
and ν + ν′ are properly atomless additive functionals.

(ii) If ν : A → R is a properly atomless finitely additive functional, then ν is bounded and
ν can be expressed as the difference of two non-negative properly atomless additive functionals.

(b) Suppose that A is Dedekind σ-complete and that 〈νi〉i∈I is a family of non-negative additive
functionals on A such that for every a ∈ A there are an α ∈ [ 13 ,

2
3 ] and an a′ ⊆ a such that

νia
′ = ανia for every i ∈ I. Then for any a ∈ A there is a non-decreasing family 〈at〉t∈[0,1] in A

such that a0 = 0, a1 = a and νiat = tνia for every t ∈ [0, 1] and i ∈ I.
(c) Suppose that A is Dedekind σ-complete and that ν0, . . . , νn : A → [0,∞[ are properly

atomless additive functionals such that νia ≤ ν0a for every i ≤ n and a ∈ A. Then for any a ∈ A

there is a non-decreasing family 〈at〉t∈[0,1] in A such that a0 = 0, a1 = a and νiat = tνia for every
t ∈ [0, 1] and i ≤ n.

326H Liapounoff’s convexity theorem Let A be a Dedekind σ-complete Boolean algebra,
and r ≥ 1 an integer. Suppose that ν : A → Rr is additive in the sense that ν(a ∪ b) = νa + νb
whenever a ∩ b = 0, and properly atomless in the sense that for every ǫ > 0 there is a finite
partition 〈aj〉j∈J of unity in A such that ‖νa‖ ≤ ǫ whenever j ∈ J and a ⊆ aj . Then {νa : a ∈ A}
is a convex set in Rr.

326E-326P are now 326I-326T, 326Q is now 326E.

p 109 l 10 (326Ke, now 326Oe): for ‘|νb| ≤ ǫ whenever b ⊆ a′’ read ‘|νb| ≤ ǫ whenever b ⊆ a’.
(T.D.A.)

p 111 l 9-10 (proof of 326O, now 326S): for ‘c’ read ‘c0’. (T.D.A.)

p 112 l 24 (326X) Add new exercises:

(b) Let A be a Boolean algebra. (i) Show that a finitely additive functional ν is properly
atomless iff there is a properly atomless additive functional ν′ such that |νa| ≤ ν′a for every
a ∈ A. (ii) Show that a non-negative finitely additive functional ν on A is properly atomless iff
whenever ν ′ is a non-zero finitely additive functional such that 0 ≤ ν ′a ≤ νa for every a ∈ A

there is an a ∈ A such that ν ′a and ν ′(1 \ a) are both non-zero.
(c) (i) Suppose that A is a Dedekind σ-complete Boolean algebra and ν : A → R is countably

additive. Show that I = {a : νb = 0 for every b ⊆ a} is an ideal of A. Show that the following
are equiveridical: (α) ν is properly atomless; (β) whenever νa 6= 0 there is a b ⊆ a such that
νb /∈ {0, νa}; (γ) the quotient algebra A/I is atomless. (ii) Find an atomless Dedekind complete
Boolean algebra A and a finitely additive ν : A → [0, 1] such that νa > 0 for every non-zero a ∈ A

but ν is not properly atomless.
(i) Let A be an atomless Boolean algebra. Show that every completely additive functional on

A is properly atomless.

Other exercises have been renamed: 326Xb-326Xf are now 326Xd-326Xh, 326Xg-326Xi are now 326Xj-326Xl.

p 113 l 10 Exercises 326Ya-326Ye (Liapounoff’s convexity theorem) have been moved into the main text
as 326F-326H. Note that I have decided to use the phrase ‘properly atomless’ for the property of 326Ya,
rather than ‘atomless’. New exercises are

(i) Let A be a Dedekind σ-complete Boolean algebra and ν : A → R a countably additive
functional. Show that ν[A] is a compact subset of R.

(j) Let G be the regular open algebra of R (314P). Find a properly atomless finitely additive
ν : G → R such that ν[G] is not closed.

(k) Let A be a Dedekind σ-complete Boolean algebra and r ≥ 1 an integer. (i) Let C ⊆ Rr

be a non-empty bounded convex set, and for z ∈ Rr set Hz = {x : x .z = supy∈C y .z}. Suppose
that Hz ∩ C ⊆ C for every z ∈ Rr \ {0}. Show that C is closed. (ii) Suppose that ν : A → Rr is
countably additive in the sense that all its coordinates are countably additive functionals. Show
that ν[A] is compact.

Other exercises have been rearranged: 326Yf is now 326Yh, 326Yg-326Yk are now 326Ya-326Ye, 326Yt-
326Yu are now 326Yf-326Yg.
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p 117 l 3 (proof of (c)(i)⇒(ii) in 327B): we are supposed only to be assuming that ν is continuous at 0.
However, if you look at the proof of (a), you will see that only ‘continuous at 0’ is needed.

p 118 l 31 (part (a) of the proof of 327D): for ‘νE = νE•’ read ‘νE = ν̄E•’. (J.M.)

p 120 l 37 (327X) Some exercises have been rearranged: 327Xa is now 327Xc, 327Xb-327Xc are now
327Xa-327Xb.

p 122 l 15 There is a new section §328, ‘Reduced products and other constructions’.

p 127 l 26 (331I): for ‘{bη : η ≤ ξ}’ read ‘{bη : η < ξ}’.
p 129 l 43 Add new results:

331O Proposition Let (A, µ̄) be a measure algebra with countable Maharam type. Then A

is separable in its measure-algebra topology.
331P Proposition Let (A, µ̄) be an atomless probability algebra of countable Maharam type.

Then it is isomorphic to the measure algebras of the usual measure on {0, 1}N and of Lebesgue
measure on [0, 1].

p 130 l 21 (331X) Add new exercises:

(k) Show that a homogeneous semi-finite measure algebra is σ-finite.
(l) Let (X,Σ, µ) be a measure space, and A a subset of X which has a measurable envelope.

Show that the Maharam type of the subspace measure on A is less than or equal to the Maharam
type of µ.

(m) Let A be a Boolean algebra, and B an order-dense subalgebra of A. Show that τ(A) ≤
τ(B).

(n) Let (X,Σ, µ) be a semi-finite measure space, and µ̃ the c.l.d. version of µ. Show that the
Maharam type of µ̃ is at most the Maharam type of µ.

(o) Let X be a set and 〈µi〉i∈I a non-empty countable family of σ-finite measures on X all
with the same domain; let µ be the sum measure

∑
i∈I µi. Writing τ(µ), τ(µi) for the Maharam

types of the measures, show that supi∈I τ(µi) ≤ τ(µ) ≤ max(ω, supi∈I τ(µi)).

p 130 l 38 (331Ye) For ‘localizable’ read ‘semi-finite’.

p 131 l 1 (331Y) Exercises 331Yg-331Yi have been deleted; 331Yj is now 331Yg. Add new exercises:

(h) Let κ be an infinite cardinal, νκ the usual measure on {0, 1}κ and (Bκ, ν̄κ) its measure
algebra. Suppose that (A, µ̄) is a totally finite measure algebra and such that τ(A) < κ, and
π : Bκ → A a Boolean homomorphism. Show that (i) for every ǫ > 0 there is a b ∈ Bκ such that
ν̄κb ≥ 1− ǫ and µ̄(πb) ≤ ǫ (ii) π is not injective.

(i) Give an example of a semi-finite measure space (X,Σ, µ) such that the Maharam type of
µ is greater than the Maharam type of its c.l.d. version.

(j) Let (A, µ̄) be a semi-finite measure algebra which is separable when given its measure-
algebra topology. Show that it has countable Maharam type.

(k) Let 〈(Ai, µ̄i)〉i∈I be a non-empty family of homogeneous probability algebras, and F an
ultrafilter on I. Show that the probability algebra reduced product

∏
i∈I(Ai, µ̄i)|F is homoge-

neous.

p 136 l 47 (proof of 332O): for ‘supκ′≥κ fκ = f∗v ’ read ‘supκ′≥κ fκ ⊆ f∗v ’.

p 138 l 1 (part (b-γ) of the proof of 332P): for ‘µ̄(eκ0
\ cπ)’ read ‘µ̄(eκ0

\ cπ̃)’.

p 140 l 42 (Exercise 332Xk): the max-flow min-cut theorem is now in 4A4N, not 4A3M.

p 144 l 10 (part (b-i-α) of the proof of 333C): for ‘D′
ξ = φξ[Cξ]’ read ‘D′

ξ = φξ[C
′
ξ]’.

p 144 l 16 (part (b-i-β) of the proof of 333C): for ‘the closed subalgebra of B generated by D ∪ {bη :
η ≤ ξ} ∪ {b′η : η < ξ}’ read ‘the closed subalgebra of B generated by D ∪ {bη : η ≤ ξ} ∪ {b′η : η ≤ ξ}’.

p 146 l 26 (statement of part (a) of Corollary 333G): we must assume that C 6= {0}.

D.H.Fremlin
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p 150 l 29 (part (c) of the proof of 333K): in the formula {κ : κ ≥ ω, ∃ a ∈ A, τCa
(Aa) = κ}, I should

have said that A was the set of those a ∈ A which are relatively Maharam-type-homogeneous over C.

p 154 l 19 (proof of 333Q): the proof assumes that (C, µ̄0) is a probability algebra. Of course the general
result announced follows immediately from the special case.

p 154 l 28 (proof of 333Q): for ‘Take any ǫ > 0’ read ‘Take any ǫ ∈
]
0, 14

]
’.

p 156 l 37 (333X) Add new exercise:

(b) In Lemma 333J, show that every relative atom in A over C belongs to the closed subalgebra
of A generated by C ∪ {an : n ∈ N}.

Exercises 333Xb-333Xc are now 333Xc-333Xd.

p 156 l 38 (Exercise 333Xb, now 333Xc): to make this work, we need to assume that I is countable.

p 167 l 14 (part (A-c) of the proof of 341I): for ‘Aζ(n) ⊆ Aξ for every ξ’ read ‘Aζ(n) ⊆ Aξ for every n’.
(J.M.)

p 172 l 35 (341X) Add new exercise:

(c) Let A be a Boolean algebra, I an ideal of A, and B a countable subalgebra of the quotient
algebra A/I. Show that there is a Boolean homomorphism θ : B → A such that (θb)• = b for
every b ∈ B.

Other exercises have been rearranged: 341Xc-341Xe are now 341Xd-341Xf,

p 173 l 22 The former exercise 341Ye is now 341Xg. Add new exercises:

(e) Give an example of a complete probability space (X,Σ, µ), a subalgebra T of Σ, and a
partial lower density φ : T → Σ which has no extension to a lower density for µ.

(f) Let A be a Dedekind σ-complete Boolean algebra and 〈ai〉i∈I a family in A. Let BaI be
the Baire σ-algebra of Y = {0, 1}I , that is, the σ-algebra of subsets of Y generated by the family
{Ei : i ∈ I} where Ei = {y : y ∈ Y , y(i) = 1} for i ∈ I. Show that there is a unique sequentially
order-continuous Boolean homomorphism φ : BaI → A such that φEi = ai for every i ∈ I, and
that φ[BaI ] is the σ-subalgebra of A generated by {ai : i ∈ I}.

p 172 l 36 (Exercise 341Xc, now 341Xd): for ‘if θ ∈ P and a ∈ A’ read ‘if θ ∈ P and a ∈ A \ {0}’.
p 172 l 5 (part (b-i) of the proof of 341P): for ‘132Ed’ read ‘132Ee’.

p 179 l 25 (part (a) of the proof of 342M): for ‘A = {α : α ∈ R, {x : x ∈ X, f(x) ≤ r}’ read
‘A = {α : α ∈ R, {x : x ∈ X, f(x) ≤ α}’. (J.M.)

p 179 l 30 (part (a) of the proof of 342M): for ‘{x : f(x) > γ−k2 }’ read ‘{x : f(x) > γ + 2−k}’.
(J.M.)

p 181 l 27 (342X) Add new part to Exercise 342Xn:

(x) a sum of perfect measures is perfect.

p 181 l 35 (342Y) Add new exercises:

(a) Let U be a Banach space such that there is a linear operator T : U∗∗ → U , of norm at
most 1, such that T û = u for every u ∈ U , writing û for the member of U∗∗ corresponding to u.
Show that the family of closed balls in U is a compact class.

(b) Give an example of a compact class K of subsets of N such that there is no compact
Hausdorff topology on N for which every member of K is closed.

Exercises 342Ya-342Yb are now 342Yc-342Yd.

p 183 l 7 (343Ac): for ‘f−1[E] is negligible’ read ‘f−1[G] is negligible’. (J.M.)

p 184 l 39 (part (g-α) of the proof of 343B): for ‘the family of sets K ⊆ E’ read ‘the family of sets
K ⊆ X’.

p 185 l 35 (343C) Add new part:

(d) In the other direction, if (X,Σ, µ) is a compact probability space with Maharam type at
most κ ≥ ω, then there is an inverse-measure-preserving function from {0, 1}κ to X.

Re-name the former 343Cd as 343Ce.
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p 189 l 6 (343X) Add new exercises:

(f) Let (X,Σ, µ) be a semi-finite countably separated measure space. (i) Show that µ is point-
supported iff it is complete, strictly localizable and purely atomic. (ii) Show that µ is atomless
iff µ{x} = 0 for every x ∈ X.

(j) Let (X,Σ, µ) be a complete compact measure space, Y a set and f : Y → X a surjection;
set

T = {F : F ⊆ Y , f [F ] ∈ Σ, µ(f [F ] ∩ f [Y \ F ]) = 0}, νF = µf [F ] for F ∈ T.

so that ν is a measure on Y and f is inverse-measure-preserving (234Ye). Show that ν is a
compact measure.

Other exercises have been re-arranged: 343Xf-343Xh are now 343Xg-343Xi.

p 189 l 25 Part (i) of Exercise 343Yb is wrong, and should read

(i) Show that a countably separated semi-finite measure space has magnitude and Maharam
type at most 2c.

I have added another part to this exercise:

Show that a countably separated perfect measure space has countable Maharam type.

p 188 l 25 (Example 343M): for ‘132Ed’ read ‘132Ee’.

p 192 l 42 (part (a) of the proof of 344E, when choosing the Fφi) Of course we take Fιi = Ei for every i.

p 194 l 15 (part (b-iv) of the proof of 344E): for ’x /∈ Hθψ,φ ∪ Hφθ,ψ ∪ Hθ,φ ∪ Hψ,φ ∪ h−1
φψ[Vz]’ read

‘x /∈ Hθψ,φ ∪Hψ,φθ ∪Hθ,φ ∪Hψ,φ ∪ h−1
φψ[Vz]’.

p 195 l 7 (part (b-vii-(γ) of the proof of 344E): for ‘g̃φg̃ψ(x) = hφhψ(x) = hψφ(x) = gψφ(x)’ read
‘g̃φg̃ψ(x) = hφhψ(x) = hψφ(x) = g̃ψφ(x)’.

p 195 l 14 (part (b-viii) of the proof of 344E): for ‘q[Ei ∩H] = Ei’ read ‘q[Ei] = Ei ∩H’.

p 196 l 11 (part (d) of the proof of 344E): for ‘fφ,ξfψ,ξ = fφψ,ξ’ read ‘fφ,ξfψ,ξ = fψφ,ξ’.

p 196 l 28 344H has been strengthened, and now reads

344H Lemma Let (X,Σ, µ) be a perfect semi-finite measure space. If H ∈ Σ is a non-
negligible set which includes no atom, there is a negligible subset of H with cardinal c.

p 198 l 2 Theorem 344L has been rewritten, as follows:

Theorem Let I be an infinite set, and νI the usual measure on {0, 1}I . If E ⊆ {0, 1}I is a
measurable set of non-zero measure, the subspace measure on E is isomorphic to (νIE)νI .

p 198 l 37 (exercise 344Xf): for ‘every automorphism of A’ read ‘every measure-preserving automorphism
of A’.

p 198 l 38 Exercise 344Xg has been deleted (now being covered by 344L).

p 199 l 15 (exercise 344Yd): for ‘let I be an ω1-saturated ideal of Ba’ read ‘let I be an ω1-saturated
σ-ideal of BaI ’.

Similarly, in 344Ye, we need σ-ideals again.

p 203 l 20 (part (c-vi) of the proof of 345C): for ‘VE△E’ read ‘V△E’.

p 203 l 39 (part (c-viii) of the proof of 345C): for ‘{y : g′n(y) ≤ α}’ read ‘{y : g′n(y) ≥ α}’.
p 205 l 10 The statement of lemma 345E has been slightly strengthened, and now reads

Give X = {0, 1}N its usual measure νN, and let E ⊆ X be any non-negligible measurable set.
Then there is an n ∈ N such that for every k ≥ n there are x, x′ ∈ E which differ at k and
nowhere else.

p 207 l 40 (Exercise 345Xf): for ‘φG ⊆ G’ read ‘φG ⊇ G’.

p 208 l 19 (Exercise 345Yb): for ‘231C’ read ‘223C’.
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p 209 l 21 Proposition 346B has been revised, and now reads

Lemma (a) Let (X,Σ, µ) be a measure space with a lifting φ : Σ → Σ. Suppose that Y is a
set and f : X → Y a surjective function such that whenever E ∈ Σ is such that f−1[f [E]] = E,
then f−1[f [φE]] = φE. Then we have a lifting ψ for the image measure µf−1 defined by the
formula

f−1[ψF ] = φ(f−1[F ]) whenever F ⊆ Y and f−1[F ] ∈ Σ.

(b) Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces, with product (Z,Λ, λ). For J ⊆ I
let (ZJ ,ΛJ , λJ ) be the product of 〈(Xi,Σi, µi)〉i∈J , and πJ : Z → ZJ the canonical map. Let
φ : Λ → Λ be a lifting. If J ⊆ I is such that φW is determined by coordinates in J whenever
W ∈ Λ is determined by coordinates in J , then φ induces a lifting φJ : ΛJ → ΛJ defined by the
formula

π−1
J [φJE] = φ(π−1

J [E]) for every E ∈ ΛJ .

p 209 l 33 (proof of 346C): for ‘E + y = y’ read ‘E + y = E’. (J.M.)

p 217 l 16 (Exercise 346Xe, now 346Xg): I do not know whether the result declared in this exercise is
true, but it looks rather optimistic, and the hint is certainly inadequate. So I have changed the exercise to

Let φ be lower Lebesgue density on R, and φ a translation-invariant lifting for Lebesgue
measure on R such that φE ⊇ φE for every measurable set E. Show that φ is consistent.

I have added a new exercise:

(e) Describe the connections between 346B, 346D and 346F.

Other exercises have been re-arranged: 346Xa is now 346Xd, 346Xb is now 346Xc, 346Xc-346Xd are now
346Xa-346Xb, 346Xe-346Xf are now 346Xg-346Xh, 346Xg is now 346Xf.

p 218 l 1 Exercise 346Ye has been deleted.
Other exercises have been re-arranged: 346Ya-346Yb are now 346Yc-346Yd, 346Yc is now 346Ya, 346Yd is
now 346Ye, 346Yf is now 346Yb.

p 222 l 20 (351I): for ‘
⋃
u∈U [−u, u]’ read ‘

⋃
u∈A[−u, u]’. (T.D.A.)

p 225 l 34 Exercises 351Yc-351Yd have been exchanged, and are now 351Yd-351Yc.

p 225 l 39 (351Y) Add new exercise:

(e) Show that a reduced power RX |F , as described in 351M, is Archimedean iff
⋂
n∈N Fn ∈ F

whenever 〈Fn〉n∈N is a sequence in F .

p 227 l 16 (352D) For

|u+ v| = (u+ v) ∧ ((−u) + (−v)) ≤ (|u|+ |v|) ∧ (|u|+ |v|) = |u|+ |v|
read

|u+ v| = (u+ v) ∨ ((−u) + (−v)) ≤ (|u|+ |v|) ∨ (|u|+ |v|) = |u|+ |v|.

p 227 l 17 (352D, proof that ||u| − |v|| ≤ |u − v|): for ‘||u| − |v|| = (|u| − |v|) ∧ (|v| − |u|)’ read
‘||u| − |v|| = (|u| − |v|) ∨ (|v| − |u|)’.

p 228 l 3 Add new fragment to 352Fa:

(ii) If v0, . . . , vm, w0, . . . , wn ∈ U+ then
∑m
i=0 vi ∧

∑n
j=0 wj ≤

∑m
i=0

∑n
j=0 vi ∧ wj .

p 230 l 20 (352Jb): for ‘take u ∈ V such that u• = p’ read ‘take u ∈ U such that u• = p’.

p 230 l 33 (proof of 352L): for ‘352Ib’ read ‘352Jb’.

p 236 l 23 Add new exercise:

(d) Let U be a Riesz space. For u, v, w ∈ U set med(u, v, w) = (u ∨ v) ∧ (v ∨ w) ∧ (w ∨ u).
Show that med(αu, αv, αw) = αmed(u, v, w) for all u, v, w ∈ U and all α ∈ R. (Hint : 352M.)

Exercises 352Xd-352Xm have been renamed 352Xe-352Xn.
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p 237 l 8 (352Y) Add new exercises:

(a) Find an f -algebra with a non-commutative multiplication.
(b) Let U be an f -algebra. Show that the multiplication of U is commutative iff u × v =

(u ∧ v)× (u ∨ v) for all u, v ∈ U .
(c) Let U be an f -algebra. Show that u×med(v1, v2, v3) = med(u×v1, u×v2, u×v3) whenever

u, v1, v2, v3 ∈ U .

p 238 l 35 (proof of 353E) for ‘nv0 ≤ u =⇒ nv0 ≤ v =⇒ (n+1)v0 ≤ v+w = u’ read ‘n(w ∧ v0) ≤ u =⇒
n(w ∧ v0) ≤ v =⇒ (n+ 1)(w ∧ v0) ≤ v + w = u’, and similarly in the next line.

p 239 l 1 Add new result:

353G Proposition Let U be a Riesz space and V an order-dense Riesz subspace of U . If V
is Archimedean, so is U .

353G-353P are now 353H-353Q.

p 239 l 43 (statement of 353J(a-iii), now 353K) for ‘the canonical map from U to V ’ read ‘the canonical
map from U to U/V ’.

p 244 l 38 Exercises 353Yd-353Ye have been exchanged. 353Ye (now 353Yd) is wrong as written; it
should be

(d) Let U be an Archimedean Riesz space. Show that the following are equiveridical: (i) U
has the countable sup property; (ii) for every A ⊆ U with an upper bound there is a countable
B ⊆ A such that A and B have the same upper bounds; (iii) every order-bounded disjoint subset
of U+ is countable.

p 245 l 4 Exercise 353Yf is out of place, and has been moved to 354Yj. Consequently 353Yg-353Yh are
now 353Yf-353Yg.

p 254 l 12 The former exercise 353Yf has been moved to 354Yj. Consequently 354Yj-354Yl are now
354Yk-354Ym.

p 258 l 32 Theorem 355F can be strengthened, as follows:

Theorem Let U and V be Riesz spaces, U0 ⊆ U a Riesz subspace and T0 : U0 → V a positive
linear operator such that Su = sup{T0w : w ∈ U0, 0 ≤ w ≤ u} is defined in V for every u ∈ U+.
Suppose either that U0 is order-dense and that T0 is order-continuous or that U0 is solid.

(a) There is a unique positive linear operator T : U → V , extending T0, which agrees with S
on U+.

(b) If T0 is a Riesz homomorphism so is T .
(c) If T0 is order-continuous so is T .
(d) If U0 is order-dense and T0 is an injective Riesz homomorphism, then T is injective.
(e) If U0 is order-dense and T0 is order-continuous then T is the only order-continuous positive

linear operator from U to V extending T0.

p 261 l 46 (Exercise 355Xe) For ‘show that a matrix represents a Riesz homomorphism’ read ‘show that
a positive matrix represents a Riesz homomorphism’.

p 263 l 15 (Notes to §355): for ‘335Ea’ read ‘355Ea’.

p 265 l 7 (part (a-ii) of the proof of 356D): for ‘if f , g ∈ U∗’ read ‘if f ∈ U∼, g ∈ U∗’.

p 266 l 10 (part (c) of the proof of 356F): for ‘356D’ read ‘356E’.

p 266 l 16 (proof of 356G): for ‘f(v) ≤ |f |(v) ≤ 1
n
|f |(u)’ read ‘|f(v)| ≤ |f |(v) ≤ 1

n
|f |(u)’.

p 273 l 5 Exercise 356Yd is wrong, and should be deleted. Consequently 356Ye-356Yh should be renamed
356Yd-356Yg.

p 273 l 22 (356Y) Add new exercise:

(h) Let U be a perfect Banach lattice. Show that the family of closed balls in U is a compact
class.
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p 278 l 30 (part (b) of the proof of 361E): for ‘
∑k
j=0 γijχbj ’ read ‘

∑m
j=0 γijχbj ’.

p 278 l 33 (part (b) of the proof of 361E): for ‘j ≤ k’ read ‘j ≤ m’.

p 279 l 5 (part (f) of the proof of 361E): for ‘
∑m
j=0 βjbj ’ read ‘

∑m
j=0 βjχbj ’.

p 280 l 1 (part (a) of the proof of 361F): for ‘
∑m
j=0

∑n
i=0 αiγijνbi’ read ‘

∑m
j=0

∑n
i=0 αiγijνbj ’.

p 282 l 10 (part (b) of the proof of 361H): for

|Tv| = |∑n
i=0 αiχai| ≤

∑n
i=0 |αi||νai| ≤ α

∑n
i=0 |νai| = αθa

read

|Tv| = |∑n
i=0 αiνai| ≤

∑n
i=0 |αi||νai| ≤ α

∑n
i=0 |νai| ≤ αθa.

p 282 l 32 (part (b-ii) of the proof of 361I): for ‘γi =
∑m
j=0 δij , γ

′
j =

∑n
i=0 δij ’ read ‘γi =

∑n
j=0 δij ,

γ′j =
∑m
i=0 δij ’.

p 284 l 19 (part (g) of the proof of 361J): for ‘TφT (χa)’ read ‘TφTπ(χa)’.

p 284 l 30 (part (b) of the proof of 361K): for ‘Va + V1\a = U ’ read ‘Va + V1\a = S’.

p 286 l 15 (361X) Add new exercise:

(h) Let A be a Boolean algebra, π : A → A a Boolean homomorphism and Tπ : S(A) → S(A)
the associated Riesz homomorphism. Set C = {a : πa = a}. Show that S(C) may be identified
with the linear subspace of S(A) generated by {χc : c ∈ C}, and that this is {u : u ∈ S(A),
Tπu = u}.

p 286 l 15 The exercises for §361 have been rearranged: 361Xh-361Xj are now 361Xi-361Xk, 361Yb-
361Ye are now 361Yc-361Yf, 361Yf is now 361Yb.

p 286 l 20 (Exercise 361Xj, now 361Xk): for ‘CX ’ read ‘CZ ’.

p 286 l 22 (361X) Add new exercise:

(l) Let A be a Boolean algebra, U a partially ordered linear space and ν : A → U a non-negative
additive function. (i) Show that ν is order-continuous iff ν1 = supJ⊆I is finite

∑
i∈J νai whenever

〈ai〉i∈I is a partition of unity in U . (i) Show that ν is order-continuous iff ν1 = supn∈N

∑n
i=0 νai

whenever 〈ai〉i∈N is a partition of unity in U .

p 292 l 34 (part (f-i-(γ) ⇒ (α)) of the proof of 362B): for ‘limk→∞ µck = 0’ read ‘limk→∞ |µ|ck = 0’;
two lines later, read ’limk→∞ |µ|(ck \ b) = 0’ for ’limk→∞ µ(ck \ b) = 0’.

p 293 l 14 (part (f-i-(γ) ⇒ (α)) of the proof of 362B): for ‘〈ck〉k∈N is a non-decreasing sequence’ read
‘〈ck〉k∈N is a non-increasing sequence’.

p 293 l 33 (362B) Add

Remark The L-space norm ‖ ‖ on M , described in (a) above, is the total variation norm.

p 296 l 8 Exercise 362Xe has been rewritten, and is now

Let A be a Boolean algebra, and M the space of bounded additive functionals on A. Let
us say that a non-zero finitely additive functional ν : A → R is atomic if whenever a, b ∈ A

and a ∩ b = 0 then at least one of νa, νb is zero. (i) Show that for a non-zero finitely additive
functional ν on A the following are equiveridical: (α) ν is atomic; (β) ν ∈ M and |ν| is atomic;
(γ) ν ∈M and the corresponding linear functional f|ν| = |fν | ∈ S(A)∼ is a Riesz homomorphism;
(δ) there are a multiplicative linear functional f : S(A) → R and an α ∈ R such that νa = αf(χa)
for every a ∈ A; (ǫ) ν ∈ M the band in M generated by ν is the set of multiples of ν. (ii) Show
that a completely additive functional ν : A → R is atomic iff there are a ∈ A and α ∈ R \ {0}
such that a is an atom in A and νb = α when a ⊆ b, 0 when a ∩ b = 0.

p 297 l 6 (Exercise 362Yd): for ‘whenever 〈un〉n∈N is a non-increasing sequence in U+ and limn→∞ f(un) =
0’ read ‘whenever 〈un〉n∈N is a non-increasing sequence in U+ and limn→∞ |f |(un) = 0’.
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p 297 l 40 (362Y) Add new exercise:

(k) Let A be a Boolean algebra andM the L-space of bounded additive real-valued functionals
on A. Suppose that M0 is a norm-closed linear subspace of M and that a 7→ ν(a ∩ c) : A → R

belongs to M0 whenever ν ∈M0 and c ∈ A. Show that M0 is a band in M . (Hint : 436L.)

p 298 l 25 (notes to §362): for ‘416P’ read ‘416Q’.

p 303 l 13 (part (b-ii) of the proof of 363H): for ‘h = −α1 ∨ (f ∧ 1)’ read ‘h = med(−αχX, f, αχX)’.

p 305 l 34 (part (f) of 363L): interpolate ‘or even
∫
g(x)ν(dx)’ after ‘in such cases I may write

∫
g dν’.

p 306 l 10 (part (a-i) of the proof of 363M): for ‘I’ read ‘M’.

p 312 l 24 Exercise 363Xj has been moved to 366Xl.

p 312 l 35 The exercises 363Y have been rearranged: 363Yd is now 363Yi, 363Ye is now 363Yd, 363Yf-
363Yi are now 363Ye-363Yh, 363Yj is now 366Ym.

p 315 l 8 The remarks in 364B have been incorporated into 364A as parts (b)-(g), with a new subpara-
graph:

*(f) Indeed, we have the option of declaring L0(A) to be the set of functions α 7→ [[u > α]] :
Q → A such that

(α′′) [[u > q]] = supq′∈Q,q′>q [[u > q′]] for every q ∈ Q,

(β′) infn∈N [[u > n]] = 0,
(γ′) supn∈N [[u > −n]] = 1.

364C-364L are now 364C-364K.

p 321 l 16 364M-364N have been merged into 364L. 364O-364R are now 364M-364P.

p 321 l 36 (part (b-i) of the proof of 364M, now part (a-ii-α) of the proof of 364L): for ‘supu∈A [[u > q]] =
cα’ read ‘supu∈A [[u > α]] = cα’.

p 323 l 14 (proof of 364P, now 364N): for ‘π{z : |f(z)| > 0} = [[Sf > 0]] = 1’ read ‘π{z : |f(z)| > 0} =
[[S|f | > 0]] = 1’.

p 323 l 28 (proof of 364Q, now 364O): for ‘V1 + V1\a’ read ‘Va + V1\a’.

p 325 l 25 I have brought the former 364Xr and 372H together in the following form:

364Q Proposition Let X and Y be sets, Σ, T σ-algebras of subsets of X, Y respectively,
and I, J σ-ideals of Σ, T. Set A = Σ/I and B = T/J . Suppose that φ : X → Y is a function
such that φ−1[F ] ∈ Σ for every F ∈ T and φ−1[F ] ∈ I for every F ∈ J .

(a) There is a sequentially order-continuous Boolean homomorphism π : B → A defined by
saying that πF • = φ−1[F ]• for every F ∈ T.

(b) Let Tπ : L0(B) → L0(A) be the Riesz homomorphism corresponding to π, as defined in
364P. If we identify L0(B) with L

0
T/WJ and L0(A) with L

0
Σ/WI in the manner of 364B-364C,

then Tπ(g
•) = (gφ)• for every g ∈ L

0
T.

(c) Let Z be a third set, Υ a σ-algebra of subsets of Z, K a σ-ideal of Υ, and ψ : Y → Z
a function such that ψ−1[G] ∈ T for every G ∈ Υ and ψ−1[G] ∈ J for every F ∈ K. Let
θ : C → B and Tθ : L0(C) → L0(B) be the homomorphisms corresponding to ψ as in (a)-(b).
Then πθ : C → A and TπTθ : L

0(C) → L0(A) correspond to ψφ : X → Y in the same way.
(d) Now suppose that µ and ν are measures with domains Σ, T and null ideals N (µ), N (ν)

respectively, and that I = Σ ∩ N (µ) and J = T ∩ N (ν). In this case, identifying L0(A), L0(B)
with L0(µ) and L0(ν) as in 364Ic, we have gφ ∈ L

0(µ) and Tπ(g
•) = (gφ)• for every g ∈ L

0(ν).

364S-364W are now 364R-364V.

p 325 l 34 (proof of 364S, now 364R): for ‘[[Tu > α]]’ and ‘[[Tv > α]]’ read ‘[[u > α]]’ and ‘[[v > α]]’, and
again in the next line.

p 327 l 16 (part (b) of the proof of 364U, now 364T): for ‘supβ>α φf (α)’ read ‘supβ>α φf (β)’.
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p 327 l 19 (part (b) of the proof of 364U, now 364T): for ‘G1 ∩ int {x : f(x) > γ} = ∅’ read ‘G1 ∩
int {x : f(x) > β} = ∅’.

p 329 l 22 (part (i) of the proof of 364U, now 364T): for ‘counting inf ∅ as −∞’ read ‘counting sup ∅ as
−∞’.

p 332 l 15 (364X) Add new exercise:

(j) Let A be a Dedekind σ-complete Boolean algebra and ν : A → R a non-negative finitely
additive functional. Let ∫ : L∞(A) → R be the corresponding linear functional, as in 363L. Write
U for the set of those u ∈ L0(A) such that sup{∫ v : v ∈ L∞(A), v ≤ |u|} is finite. Show that ∫
has an extension to a non-negative linear functional on U .

364Xr is now part of 364Q. Other exercises have been re-arranged: 364Xj-364Xq are now 364Xk-364Xr.

p 332 l 19 Exercise 364Xk (now 364Xl) is wrong; in both parts, the result is true for open sets E, but
false for Borel sets in general.

p 333 l 5 (364X) Add new exercises:

(s) Let (A, µ̄) and (B, ν̄) be probability algebras, and π : A → B a measure-preserving Boolean
homomorphism; let T : L0(A) → L0(B) be the corresponding Riesz homomorphism. Show
that if 〈ui〉i∈I is a family in L0(A), it is stochastically independent iff 〈Tui〉i∈I is stochastically
independent.

(t) Let A be a Dedekind σ-complete Boolean algebra and B a σ-subalgebra of A. Show that
L0(B) can be identified with the sequentially order-closed Riesz subspace of L0(A) generated by
{χb : b ∈ B}.

(u) Let A be a Dedekind σ-complete Boolean algebra and π : A → A a sequentially order-
continuous Boolean homomorphism; let Tπ : L0(A) → L0(A) be the corresponding Riesz homo-
morphism. Let C be the fixed-point subalgebra of π. Show that {u : u ∈ L0(A), Tπu = u} can
be identified with L0(C).

364Xs is now 364Xv.

p 333 l 7 Exercise 364Ya has been extended, as follows:

(a) (i) Show directly, without using the Loomis-Sikorski theorem or the Stone representation,
that if A is any Dedekind σ-complete Boolean algebra then the formulae of 364D define a group
operation + on L0(A), and generally an f -algebra structure. (ii) Defining χ : A → L0(A) by
the formula in 364Jc, show that S(A) and L∞(A) can be identified with the linear span of
{χa : a ∈ A} and the solid linear subspace of L0(A) generated by e = χ1. (iii) Still without using
the Loomis-Sikorski theorem, explain how to define h̄ : L0(A) → L0(A) for continuous functions
h : R → R. (iv) Check that these ideas are sufficient to yield 364L-364R, except that in 364Pd
we may not be able to handle all Borel functions h.

364Yb is now 364Ye, 364Yc-364Ye are now 364Yb-364Yd.

p 333 l 26 (364Y) Add new exercise:

(g) Let A and B be Dedekind σ-complete Boolean algebras and π : A → B a sequentially
order-continuous ring homomorphism. (i) Show that we have a multiplicative sequentially order-
continuous Riesz homomorphism Tπ : L0(A) → L0(B) defined by the formula

[[Tπu > α]] = π[[u > α]]

whenever u ∈ L0(A) and α > 0. (ii) Show that Tπ is order-continuous iff π is order-continuous,
injective iff π is injective, and surjective iff π is surjective. (iii) Show that if C is another Dedekind
σ-complete Boolean algebra and θ : B → C another sequentially order-continuous ring homomor-
phism then Tθπ = TθTπ : L0(A) → L0(C).

364Yg-364Ym are now 364Yh-364Yn and 364Yn has been moved to 366M and 366Yj-366Yl.

p 336 l 28 (365Da) Add remarks:

Note that if a ∈ A and µ̄a <∞, then
∫
χa =

∫∞

0
µ̄[[χa > α]]dα =

∫ 1

0
µ̄a dα = µ̄a,
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so that if µ̄ is totally finite then the integral here agrees with that of 363L on L∞(A). I will
sometimes write

∫
u dµ̄ if it seems helpful to indicate the measure.

p 337 l 36 (part (b-α) of the proof of 365E, definition of ũ+d ): for ‘= 1 if α ≤ 0’ read ‘= 1 if α < 0’.

p 339 l 9 (part (a) of the statement of Theorem 365H): for ‘
∫
u dµ̄’ read ‘

∫
a
u dµ̄’.

p 339 l 20 (part (a) of the proof of 365H): for ‘365C’ read ‘365Df’.

p 339 l 29 The rest of the section has been reorganised; 365I-365K are now 365K-365M, 365L is now
365I, 365M has been dropped, 365N is now 365J, 365O-365T are now 365N-365S.

p 342 l 36 (part (c-ii) of the proof of 365N, now 365J): for ‘χ is a lattice homomorphism’ read ‘ν is a
lattice homomorphism’.

p 343 l 3 (part (e) of the statement of 365O, now 365N): for ‘Boolean homomorphism’ read ‘ring
homomorphism’.

p 346 l 40 (part (b) of the proof of 365R, now 365Q): for ‘
∫
hq(u)’ read ‘

∫
h̄q(u)’.

p 348 l 13 Add new result:

365T Theorem Let (A, µ̄) be a measure algebra. Set L1 = L1(A, µ̄).
(a) For a non-empty subset A of L1, the following are equiveridical:

(i) A is uniformly integrable in the sense of 354P;
(ii) for every ǫ > 0 there are an a ∈ A

f and an M ≥ 0 such that |
∫
(u −Mχa)+ ≤ ǫ for

every u ∈ A;
(iii)(α) supu∈A |

∫
a
u| is finite for every atom a ∈ A,

(β) for every ǫ > 0 there are c ∈ A
f and δ > 0 such that |

∫
a
u| ≤ ǫ whenever u ∈ A, a ∈ A

and µ̄(a ∩ c) ≤ δ;
(iv)(α) supu∈A |

∫
a
u| is finite for every atom a ∈ A,

(β) limn→∞ supu∈A |
∫
an
u| = 0 for every disjoint sequence 〈an〉n∈N in A;

(iv) A is relatively weakly compact in L1.
(b) If (A, µ̄) is a probability algebra and A ⊆ L1 is uniformly integrable, then there is a solid

convex norm-closed uniformly integrable set C ⊇ A such that P [C] ⊆ C whenever P : L1 → L1

is the conditional expectation operator associated with a closed subalgebra of A.

p 349 l 33 (365X) Add new exercises:

(f) Let (A, µ̄) be a measure algebra and u, v ∈ L0(A)+. Show that
∫
u×v dµ̄ =

∫∞

0
(
∫
[[u>α]]

v dµ̄)dα.

(n) Let (A, µ̄) and (B, ν̄) be probability algebras, π : A → B a measure-preserving Boolean
homomorphism, and T : L0(A) → L0(B) the corresponding Riesz homomorphism. Let C be a
closed subalgebra of A and P : L1(A, µ̄) → L1(C, µ̄↾C) ⊆ L1(A, µ̄), Q : L1(B, ν̄) → L1(B, ν̄) the
conditional expectation operators defined from C ⊂→ A and π[C] ⊂→ B. Show that TP = QT .

Other exercises have been rearranged; 365Xf-365Xl are now 365Xg-365Xm, 365Xm-365Xp are now 365Xo-
365Xr.

p 348 l 30 (statement (iii) of Exercise 365Xf, now 325Xg): for ‘νa ≤ ǫ whenever a ⊆ c and µ̄a ≤ δ’ read
‘|νa| ≤ ǫ whenever a ⊆ c and µ̄a ≤ δ’.

p 352 l 19-20 (part (c) of the proof of 366D: for ‘(w−)p’ read ‘(w−)q’ (four times).

p 353 l 34-36 (part (d) of the proof of 366G): for ‘u′’ read ‘v’ (nine times).

p 354 l 6 (Theorem 366H, statement of (b-ii)): for ‘u ∈M0
ν̄ ’ read ‘u ∈M0

µ̄’.

p 354 l 15 (Theorem 366H, statement of (d-ii)): for the second ‘M1,0
ν̄ ’, read ‘M1,0

µ̄ ’.

p 355 l 3 (part (a-iii) of the proof of 366H): for ‘0 < χπa ≤ T |u|’ read ‘0 < αχπa ≤ T |u|’.
p 355 l 11 (part (a-iv-β) of the proof of 366H): for ‘χa ≤ |u| so χ(πa) ≤ |Tu|’ read ‘αχa ≤ |u| so

αχ(πa) ≤ |Tu|’.
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p 355 l 14 (part (a-iv-γ) of the proof of 366H): for ‘Tun ≤ Tu’ read ‘Tun ≤ T |u| = |Tu|’.

p 356 l 1 (part (b-i-β) of the proof of 366H): for ‘infn≥1 cn ≤ infn≥1
2

n

∫
(v0− n

2χ1B)
+’ read ‘infn≥1 µ̄cn ≤

infn≥1
2

n

∫
(v0 − n

2χ1B)
+’.

p 359 l 13 (Exercise 366Ya): for ‘is atomless’ read ‘has no atom of finite measure’.

p 359 l 33 (366Y) Add new exercise:

(i) Let (A, µ̄) be a measure algebra, and π : Af → Af a measure-preserving Boolean homomor-
phism, with associated linear operator Tπ :M0

µ̄ →M0
µ̄. Show that the following are equiveridical:

(i) there is some p ∈ [1,∞[ such that {Tnπ ↾Lpµ̄ : n ∈ N} is relatively compact in B(Lpµ̄;L
p
µ̄ for

the strong operator topology; (ii) for every p ∈ [1,∞[, {Tnπ ↾Lpµ̄ : n ∈ N} is relatively compact in

B(Lpµ̄;L
p
µ̄ for the strong operator topology; (iii) {πna : n ∈ N} is relatively compact in A

f , for

the strong measure-algebra topology, for every a ∈ A
f .

p 361 l 9 (part (e) of the statement of 367B): for ‘sup{q : ∃n ∈ N, q ≥ pi ∀ i ≥ n}’ read ‘sup{q : ∃n ∈
N, q ≤ pi ∀ i ≥ n}’.

p 362 l 37 (part (a-ii-γ) of the proof of 367C: for ‘−w′′ ≤ u ≤ w′’ read ‘−w′′ ≤ u ≤ −w′’.

p 364 l 23 To make room for the new 367Q, 367D and 367E have been brought together as parts (a)
and (b) of 367D; 367F-367Q are now 367E-367P.

p 365 l 30 (part (a) of the proof of 367G, now 367F): for ‘\H ∈ I’ read ‘X \H ∈ I’.
p 368 l 4 Proposition 367O (now 367N) should be elaborated, as follows.

Proposition Let (A, µ̄) be a measure algebra and give L0 = L0(A) its topology of convergence
in measure.

(a) If A ⊆ L0 is a non-empty, downwards-directed set with infimum 0, then for every neigh-
bourhood G of 0 in L0 there is a u ∈ A such that v ∈ G whenever |v| ≤ u.

(b) If U ⊆ L0 is an order-dense Riesz subspace, it is topologically dense.
(c) In particular, S(A) and L∞(A) are topologically dense.

p 368 l 14 (proof of 367P, now 367O): for ‘
∑∞
n=0 ‖un − u‖ <∞’ read ‘

∑∞
n=0 n‖un − u‖ <∞’.

p 368 l 23 Add new result:

367Q Theorem Let (A, µ̄) be a probability algebra; for each closed subalgebra B of A, let
PB : L1 = L1(A, µ̄) → L1 ∩ L0(B) be the conditional expectation operator.

(a) If B is a non-empty downwards-directed family of closed subalgebras of A with intersection
C, then for every u ∈ L1, PCu is the ‖ ‖1-limit of PB as B decreases through B, in the sense that

for every ǫ > 0 there is a B0 ∈ B such that ‖PBu− PCu‖1 ≤ ǫ whenever B ∈ B

and B ⊆ B0.

(b) If B is a non-empty upwards-directed family of closed subalgebras of A and C is the closed
subalgebra generated by

⋃
B, then for every u ∈ L1, PCu is the ‖ ‖1-limit of PB as B increases

through B, in the sense that

for every ǫ > 0 there is a B0 ∈ B such that ‖PBu− PCu‖1 ≤ ǫ whenever B ∈ B

and B ⊇ B0.

(c) Suppose that B is a non-empty upwards-directed family of closed subalgebras of A, and
〈uB〉B∈B is a ‖ ‖1-bounded family in L1 such that uB = PBuC whenever B, C ∈ B and B ⊆ C.
Then there is a u ∈ L1 which is the limit limB→F(B↑) uB for the topology of convergence in
measure, where F(B↑) is the filter on B generated by {{C : B ⊆ C ∈ B} : B ∈ B}.

p 368 l 26 (367R) Add new parts:

(b) If A has countable Maharam type, then L0 is separable.
(c) Suppose that B is a subalgebra of A which is closed for the measure-algebra topology.

Then L0(B) is closed in L0(A).
(d) A non-empty setA ⊆ L0 is bounded in the linear topological space sense iff infk∈N supu∈A µ̄(a ∩ [[|u| > k]]) =

0 for every a ∈ Af .
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p 368 l 34 The proof of 367S is flawed; the measure of F must enter the definition of the En. A corrected
version is:

Express (A, µ̄) as the measure algebra of a measure space (X,Σ, µ). Take any u ∈ QE , any
a ∈ A such that µ̄a < ∞, and any ǫ > 0. Express u as f• where f : X → R is a measurable
function, and a as F • where F ∈ Σ. Then f(x) ∈ E a.e.(x). Set η = ǫ(2 + µF ). For each n ∈ N,
write En for

{t : t ∈ E, |h(s)− h(t)| ≤ η whenever s ∈ E and |s− t| ≤ 2−n}.
Then 〈En〉n∈N is a non-decreasing sequence of Borel sets with union E, so there is an n such that
µ{x : x ∈ F , f(x) /∈ En} ≤ η.

Now suppose that v ∈ QE is such that
∫
|v−u|∧χa ≤ 2−nη. Express v as g• where g : X → R

is a measurable function. Then g(x) ∈ E for almost every x, and∫
F
min(1, |g(x)− f(x)|)µ(dx) ≤ 2−nη,

so µ{x : x ∈ F, |f(x)− g(x)| > 2−n} ≤ η, and

{x : x ∈ F, |h(g(x))− h(f(x))| > η}
⊆ {x : x ∈ F, f(x) /∈ En} ∪ {x : g(x) /∈ E}

∪ {x : x ∈ F, |f(x)− g(x)| > 2−n}

has measure at most 2η. But this means that∫
|h̄(v)− h̄(u)| ∧ χa =

∫
F
min(1, |hg(x)− hf(x)|)µ(dx) ≤ 2η + ηµF = ǫ.

As u, a and ǫ are arbitrary, h̄ is continuous.

p 371 l 26 Add new paragraph:

367W Independence Let (A, µ̄) be a probability algebra. Then a family 〈ui〉i∈I in L0(A)
is (stochastically) independent if µ̄(infi∈J [[ui > αi]]) =

∏
i∈J µ̄[[ui > αi]] whenever J ⊆ I is a

non-empty finite set and αi ∈ R for every i ∈ I.

Proposition Let (A, µ̄) be a probability algebra, and I any set. Give L0 = L0(A) its topology
of convergence in measure. Then the collection of independent families 〈ui〉i∈I is a closed set in
(L0)I .

p 372 ll 24-28 Exercise 367Xo should be renamed 367Xp, and vice versa.

p 373 l 13 (367X) Add new exercises:

(t) Let (A, µ̄) be a measure algebra, and give L0 = L0(A) its topology of convergence in
measure. Show that a set A ⊆ L0 is bounded in the sense of 3A5N iff for every a ∈ Af and ǫ > 0
there is an n ∈ N such that µ̄(a ∩ [[|u| > n]]) ≤ ǫ for every u ∈ A.

(z) Let (A, µ̄) be the measure algebra of Lebesgue measure on [0, 1]. Show that there are a
sequence 〈un〉n∈N in L1 = L1

µ̄ and u, v ∈ L1 such that un and v are independent for every n,
〈un〉n∈N converges weakly to u, but u and v are not independent.

p 373 ll 17-23 Exercise 367Yb is quite wrong, and ought to read ‘give an example of a distributive
lattice P with p, q ∈ P and a sequence 〈pn〉n∈N, order*-convergent to p, such that 〈pn ∧ q〉n∈N is not order*-
convergent to p ∧ q.’ In addition, 367Yb and 367Yc have been exchanged, so that they are now 367Yc and
367Yb.

p 373 l 28 Exercise 367Ye has been deleted, so 367Yf-367Yt should be renamed 367Ye-367Ys.

p 374 l 28 (367Y) Add new exercise:

(q) In 367Qc, show that u = limB→F(B↑) uB for the norm topology of L1 iff {uB : B ∈ B} is
uniformly integrable, and that in this case uB = PBu for every B ∈ B.

p 374 l 39 (notes on §367): for ‘357J’ read ‘367J’.
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p 377 l 20 (part (c-ii) of the proof of 368E): for ‘e ∧ (u− infβ>α e)
+’ read ‘e ∧ (u− infβ>α βe)

+’.

p 381 l 36 (part (c) of the proof of 368M): for ‘Tv ≥ T0 = u’ read ‘Tv ≥ T0u = u’.

p 382 l 36 (part (b) of the proof of 368P: the letter u is being used for two things at once. In the phrases
‘there are a u > 0 in U ’ (line 36), ‘supn∈N un = u’ (line 37), ‘0 < v ≤ u’ (line 38) and ‘v = v ∧ u’ (p 383 l 3)
we need a different symbol, e.g., u∗.

p 384 l 20 (368X) Add new exercise:

(b) Let U be a linear space, A a Dedekind complete Boolean algebra, and p : U → L0 = L0(A)
a function such that p(u + v) ≤ p(u) + p(v) and p(αu) = αp(u) whenever u, v ∈ U and α ≥ 0.
Suppose that U0 ⊆ U is a linear subspace and T0 : U0 → L0 is a linear operator such that
T0u ≤ p(u) for every u ∈ U0. Show that there is a linear operator T : U → L0, extending T0,
such that Tu ≤ p(u) for every u ∈ U .

Exercises 368Xb-368Xf are now 368Xc-368Xg.

p 389 l 19 (statement of Proposition 369G): for ‘(frakA, µ̄)’ read ‘A’.

p 393 l 26 (part (b) of the proof of 369O): for ‘‖v‖1,∞ ≤ 1’ read ‘‖v‖∞,1 ≤ 1’; and again on line 31, in
part (b-i).

p 398 l 13 (369Xb) for ‘φ(αx+(1−α)y) ≥ αφ(x)+(1−α)φ(y)’ read ‘φ(αx+(1−α)y) ≤ αφ(x)+(1−α)φ(y)’.
p 398 l 14 For ‘x, y ∈ I’ read ‘x, y ∈ R’; similarly, on the next line, it should be ‘for every y ∈ R’.

p 399 l 3 The exercises for §369 have been rearranged; 369Xh-369Xk are now 369Xj-369Xm, 369Xl-
369Xm are now 369Xh-369Xi, 369Yc-369Yf are now 369Yd-369Yg, 369Yg is now 369Yc.

p 399 l 9 (369Xj, now 369Xl) To show that ‖ ‖1,∞ cannot be represented as an Orlicz norm, we need a
further hypothesis on the measure algebra (A, µ̄); e.g., that A is atomless and µ̄ is not totally finite.

p 400 l 15 Exercise 369Ye, now 369Yf, is wrong as stated; it now reads

(f) Let (A, µ̄) be a semi-finite measure algebra and φ : [0,∞[ → [0,∞[ be a strictly increasing
Young’s function such that supt>0 φ(2t)/φ(t) is finite. Show that if F is a filter on Lτφ , then
F → u ∈ Lτφ for the norm τφ iff (i) F → u for the topology of convergence in measure (ii)
lim supv→F τφ(v) ≤ τφ(u).

p 400 l 19 Exercise 369Yf, now 369Yg, has been elaborated, and now reads

(g) Give examples of extended Fatou norms τ on measure spaces L0(A), where (A, µ̄) is a semi-
finite measure algebra, such that (α) τ↾Lτ is order-continuous (β) there is a sequence 〈un〉n∈N

in Lτ , converging in measure to u ∈ Lτ , such that limn→∞ τ(un) = τ(u) but 〈un〉n∈N does not
converge to u for the norm on Lτ . Do this (i) with τ an Orlicz norm (ii) with (A, µ̄) the measure
algebra of Lebesgue measure on R.

p 401 l 10 (notes to §369): for ‘369Q’ read ‘369R’.

p 406 l 5 (371X) Exercises 371Xb (on weakly compact linear operators) and 371Ya (on compact linear
operators) have been exchanged.

p 407 l 26 (proof of 372A): for ‘h(un) = u’ read ‘h(un) = h(u)’.

p 410 l 10 372E (the second form of the Ergodic Theorem) and Corollary 372F have been exchanged.

p 411 l 1 Lemma 372H is now 364Qd. 372I-372O are now 372H-372N.

p 414 l 34 (part (b) of the proof of 372N, now 372M): for ‘ν is inverse-measure-preserving.’ read ‘φ is
inverse-measure-preserving.’.

p 416 l 14 I have changed the definition of ‘ergodic Boolean homomorphism’ in 372P, and now say

(a)(i) Let A be a Boolean algebra. Then a Boolean homomorphism π : A → A is ergodic if
whenever a, b ∈ A \ {0} there are m, n ∈ N such that πma ∩ πnb 6= 0.

To relate this to the previous definition, I interpolate a new paragraph:
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372P Proposition Let A be a Boolean algebra and π : A → A a Boolean homomorphism,
with fixed-point subalgebra C.

(a) If π is ergodic, then C = {0, 1}.
(b) If π is an automorphism, then π is ergodic iff supn∈Z π

na = 1 for every a ∈ A \ {0}.
(c) If π is an automorphism and A is Dedekind σ-complete, then π is ergodic iff C = {0, 1}.

The remarks in 372Pc are now in 372R, and 372R is now 372S.
In addition there are new definitions in 372P:

(a)(iii) Let (A, µ̄) be a probability algebra and π : A → A a measure-preserving Boolean

homomorphism. Then π is weakly mixing if limn→∞
1

n

∑n−1
i=0 |µ̄(πna ∩ b) − µ̄a · µ̄b| = 0 for all

a, b ∈ A.

*(b)(iii) φ is weakly mixing if limn→∞
1

n

∑n−1
i=0 |µ(F ∩ φ−n[E])− µE · µF | = 0 for all E,

F ∈ Σ.

p 416 l 30 372Q(a-i) is now

(i) If π is mixing, it is weakly mixing.
(ii) If π is weakly mixing, it is ergodic.

372Q(a-ii) is now 372Q(a-iii). Two more fragments have been added to 372Qa:

(iv) The following are equiveridical: (α) π is mixing; (β) limn→∞(Tnu|v) =
∫
u
∫
v for all u,

v ∈ L2(A, µ̄).

(v) The following are equiveridical: (α) π is weakly mixing; (β) limn→∞
1

n

∑n−1
k=0 |(T ku|v) −∫

u
∫
v| = 0 for all u, v ∈ L2(A, µ̄).

Similarly, 372Q(b-ii) now reads

(ii) φ is mixing iff π is, and in this case φ is weakly mixing.
(iii) φ is weakly mixing iff π is, and in this case φ is ergodic.

p 417 l 18 (part (b-ii)(α) ⇒ (β) of the proof of 372Q): for ‘372L’ read ‘372I’.

p 418 l 38 The exercises to §372 have been rearranged, as follows: 372Xh is now 372Xi, 372Xi is now
372Xj, 372Xj is now 372Xl, 372Xk-372Xo are now 372Xn-372Xr, 372Xp and 372Xq have been collected
into 372Xs, 372Xr-372Xv are now 372Xt-372Xx, 372Xw is now 372Xm, 372Yd is now 372Ye, 372Ye is now
372Yg, 372Yf is now 372Yh, 372Yg is now 372Yo, 372Yh-372Yk are now 372Yj-372Ym.

p 418 l 38 (Exercise 372Xh, now 372Xi): for ‘1, 2, 1, 2, . . . ’ read ‘1, 2, 2, 2, . . . ’.

p 419 l 4 (Exercise 372Xj, now 372Xl): for ‘|x−rn(x)| ≤ 1/qn(x)
2kn(x)’ read ‘|x−rn(x)| ≤ 1/qn(x)

2kn+1(x)’.

p 419 l 10 Exercise 372Xl (now 372Xo) has been changed to

(o) Let (A, µ̄) be a probability algebra, and π : A → A a measure-preserving Boolean homo-
morphism. (i) Show that if n ≥ 1 then π is mixing iff πn is mixing. (ii) Show that if n ≥ 1 then
π is weakly mixing iff πn is weakly mixing. (iii) Show that if n ≥ 1 and πn is ergodic then π is
ergodic. (iv) Show that if π is an automorphism then it is ergodic, or mixing, or weakly mixing,
iff π−1 is.

p 419 l 22 Part (v) of exercise 372Xo (now 372Xr) has been changed to ‘Show that φ is not weakly
mixing’.

p 420 l 10 (372X) Add new exercises:

(k) Set x = (
√
5− 1)/2. Show that, in the notation of 372L, kn(x) = 1 and qn(x) = pn−1(x)

for every n ≥ 1 and that 〈pn(x)〉n∈N is the Fibonacci sequence.
(y)(i) Let A be a Boolean algebra, π : A → A a Boolean homomorphism, and φ : A → A a

Boolean automorphism. Show that if π is ergodic then φπφ−1 is ergodic. (ii) Let (A, µ̄) be a
probability algebra, π : A → A a measure-preserving Boolean homomorphism, and φ : A → A a
measure-preserving Boolean automorphism. Show that if π is mixing, or weakly mixing, then so
is φπφ−1.

D.H.Fremlin



22 Volume 3 372Y

p 421 l 1 Exercise 372Yh (now 372Yj) has an extra part

(iii) Show that if every φi is weakly mixing so is φ.

p 421 l 12 (372Y) Add new exercises:

(d) Let U be a Banach space, (A, µ̄) a semi-finite measure algebra and 〈Tn〉n∈N a sequence of
continuous linear operators from U to L0 = L0(A) with its topology of convergence in measure.
Suppose that supn∈N Tnu is defined in L0 for every u ∈ U . Show that {u : u ∈ U , 〈Tnu〉n∈N is
order*-convergent in L0} is a norm-closed linear subspace of U .

(f) Let (X,Σ, µ) be a measure space with measure algebra (A, µ̄). Let Φ be a family of inverse-
measure-preserving functions from X to itself, and for φ ∈ Φ let πφ : A → A be the associated
homomorphism. Set C = {c : c ∈ A, πφc = c for every φ ∈ Φ}, T = {E : E ∈ Σ, φ−1[E]△E is
negligible for every φ ∈ Φ} and T0 = {E : E ∈ Σ, φ−1[E] = E for every φ ∈ Φ}. Show that (i) T
and T0 are σ-subalgebras of Σ (ii) T0 ⊆ T (iii) T = {E : E ∈ Σ, E• ∈ C} (iv) if Φ is countable
and φψ = ψφ for all φ, ψ ∈ Φ, then C = {E• : E ∈ T0}.

(i)(i) Let (X,Σ, µ) and (Y,T, ν) be probability spaces, with c.l.d. product (X × Y,Λ, λ).
Suppose that φ : X → X is a weakly mixing inverse-measure-preserving function and ψ : Y →
Y is an ergodic inverse-measure-preserving function. Define θ : X × Y → X × Y by setting
θ(x, y) = (φ(x), ψ(y)) for all x, y. Show that θ is an ergodic inverse-measure-preserving function.
(ii) Let (A, µ̄) and (B, ν̄) be probability algebras, with probability algebra free product (C, λ̄).
Suppose that φ : A → A is a weakly mixing measure-preserving Boolean homomorphism and
ψ : B → B is an ergodic measure-preserving Boolean homomorphism. Let θ : C → C be the
measure-preserving Boolean homomorphism such that θ(a⊗ b) = φa⊗ψb for all a ∈ A and b ∈ B

(325Xe). Show that θ is ergodic. (β) Show that if ψ is weakly mixing then θ is weakly mixing.
(γ) Show that if φ and ψ are mixing then θ is mixing.

(n) (i) Let (A, µ̄) be a probability algebra, π : A → A a weakly mixing measure-preserving
Boolean homomorphism, and T = Tπ : L1

µ̄ → L1
µ̄ the corresponding linear operator (365N).

Show that if u ∈ L1
µ̄ is such that {Tnu : n ∈ N} is relatively compact for the norm topology,

then u = αχ1 for some α. (ii) Let µ be Lebesgue measure on [0, 1[, (A, µ̄) its measure algebra,
α ∈ [0, 1[ an irrational number, φ(x) = x+1 α for x ∈ [0, 1[ (as in 372Xr), and T : L1(µ) → L1(µ)
the linear operator defined by setting Tg• = (gφ)• for g ∈ L

1(µ). Show that {Tnu : n ∈ Z} is
relatively compact, for the norm topology, for every u ∈ L1(µ).

(p) (i) Show that there are a Boolean algebra A and a Boolean automorphism π : A → A

which is not ergodic, but has fixed-point algebra {0, 1}. (ii) Show that there are a σ-finite measure
algebra (A, µ̄) and a measure-preserving Boolean homomorphism π : A → A which is not ergodic,
but has fixed-point algebra {0, 1}.

(q) For a Boolean algebra A and a Boolean homomorphism π : A → A, write Tπ for the
corresponding operator from L∞ = L∞(A) to itself, as defined in 363F. (i) Suppose that A is
a Boolean algebra, π : A → A is a Boolean homomorphism, u ∈ L∞ and Tπu = u. Show that
if either π is ergodic or A is Dedekind σ-complete and the fixed-point subalgebra of π is {0, 1},
then u must be a multiple of χ1. (ii) Find a Boolean algebra A, an automorphism π : A → A

with fixed-point algebra {0, 1}, and a u ∈ L∞, not a multiple of χ1, such that Tπu = u.

(r) Set Fd = {I : I ⊆ N, limn→∞
1

n

#(I ∩ n) = 1}. (i) Show that Fd is a filter on N. (ii) Show

that for a bounded sequence 〈αn〉n∈N in R, the following are equiveridical: (α) limn→Fd
αn = 0;

(β) limn→∞
1

n+1

∑n
k=0 |αk| = 0; (γ) limn→∞

1

n+1

∑n
k=0 α

2
k = 0. (Fd is called the (asymptotic)

density filter.)

p 427 l 10 Part (b-iv) of the proof of 373F) should be replaced by the following:

By (a),

‖u∗‖∞,1 = max(|u∗‖∞, ‖u∗‖1) = max(|u‖∞, ‖u‖1) = ‖u‖∞,1

whenever any of these is finite.

p 429 l 35 (proof of 373L): for ‘supc∈Bf ,c⊆1\e(−Su)’ read ‘supc∈Bf ,c⊆1\e

∫
c
(−Su)’.
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p 430 l 35 (part (c) of the proof of 373O): for ‘u 4 u∗’ read ‘u∗ 4 u’.

p 432 l 24 (part (g) of the proof of 373O): for ‘βi =
∑i
j=1 µ̄aj for each j’ read ‘βi =

∑i
j=1 µ̄aj for each

i’.

p 434 ll 31-33 (proof of 373Q): for ‘Tµ̄,µ̄’ read ‘Tµ̄,ν̄ ’ (three times).

p 435 l 31 (proof of 373R): for ‘355F(iii)’ read ‘355J’.

p 436 l 14 (part (c) of the proof of 373S): for ‘Tµ̄,µ̄’ read ‘Tµ̄,ν̄ ’.

p 436 l 37 (proof of 373T): for ‘v ∈M1,0
ν̄ ’ read ‘v0 ∈M1,0

ν̄ ’,

p 437 l 35 Exercise 373Xg: for ‘g ∈ L
1(µ) + L

∞(µ)’ read ‘f ∈ L
1(µ) ∪ L

∞(µ)’.

p 438 ll 4-6 Exercise 373Xk should be renamed 373Xl, and vice versa.

p 441 l 24 (part (d) of the proof of 374B): for ‘v ∈M0,∞
µ̄ ’ read ‘v ∈M1,∞

µ̄ ’.

p 442 l 6 (part (a-i) of the proof of 374C): for ‘w ∈M1,∞
µ̄ ’ read ‘w ∈M1,∞

µ̄L
’.

p 442 l 14 (part (a-i) of the proof of 374C): for ‘sup{
∫
|u × Tw| : T ∈ Tµ̄L,µ̄L

}’ read ‘sup{
∫
|u × Tw| :

T ∈ Tµ̄L,µ̄}’.
p 446 l 25 The proof of 374L has serious errors, starting with the claim ‘2nγ ≤ µ̄[[u ≥ αn]]’ (p 446 l 28);

the following is I hope correct.

proof I take three cases separately.
(a) Suppose that A is purely atomic; then u, v ∈ L∞(A) and u∗, v∗ ∈ L∞(AL), so neither u∗

nor v∗ can belong to L1
µ̄L

and neither u nor v can belong to L1
µ̄. Let γ be the common measure

of the atoms of A. For each n ∈ N, set

αn = inf{α : α ≥ 0, µ̄[[u > α]] ≤ 3nγ}, ãn = [[u > 1
2αn]].

Then µ̄[[u > αn]] ≤ 3nγ; also αn > 0, since otherwise u would belong to L1
µ̄, so µ̄ãn ≥ 3nγ. We

can therefore choose 〈a′n〉n∈N inductively such that a′n ⊆ ãn and µ̄a′n = 3nγ for each n (using

374Ib). For each n ≥ 1, set a′′n = a′n \ supi<n a
′
i; then µ̄a′′n ≥ 1

2
· 3−nγ, so we can choose an

an ⊆ a′′n such that µ̄an = 3n−1γ.
Also, of course, 〈αn〉n∈N is non-increasing. We now see that

〈an〉n≥1 is disjoint, u ≥ 1

2
αnχan for every n ≥ 1,

u∗ ≤ ‖u‖∞χ [0, γ[
• ∨ supn∈N αnχ

[
3nγ, 3n+1γ

[•
.

Similarly, there are a non-increasing sequence 〈βn〉n∈N in [0,∞[ and a disjoint sequence 〈bn〉n≥1

in A such that

µ̄bn = 3n−1γ, v ≥ 1

2
βnχbn for every n ≥ 1,

v∗ ≤ ‖v‖∞χ [0, γ[
• ∨ supn∈N βnχ

[
3nγ, 3n+1γ

[•
.

We are supposing that

∞ =

∫
u∗ × v∗ = γ‖u‖∞‖v‖∞ +

∞∑

n=0

2 · 3nγαnβn

= γ‖u‖∞‖v‖∞ + 2γα0β0 + 2γ

∞∑

n=0

32n+1(α2n+1β2n+1 + 3α2n+2β2n+2)

≤ γ‖u‖∞‖v‖∞ + 2γα0β0 + 24

∞∑

n=0

32nγα2n+1β2n+1,
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so
∑∞
n=0 3

2nα2n+1β2n+1 = ∞.

At this point, recall that we are dealing with a purely atomic algebra in which every atom
has measure γ. Let An, Bn be the sets of atoms included in an, bn for each n ≥ 1, and A =⋃
n≥1An ∪Bn. Then #(An) = #(Bn) = 3n−1 for each n ≥ 1. We therefore have a permutation

φ : A → A such that φ[B2n+1] = A2n+1 for every n. (The point is that A \ ⋃
n∈NA2n+1 and

A \⋃n∈NB2n+1 are both countably infinite.) Define π : A → A by setting

πc = (c \ supA) ∪ supa∈A,a⊆c φa

for c ∈ A. Then π is well-defined (because A is countable), and it is easy to check that it is a
measure-preserving Boolean automorphism (because it is just a permutation of the atoms); and
πb2n+1 = a2n+1 for every n. Consequently

∫
u× Tπv ≥ ∑∞

n=0
1

4
α2n+1β2n+1µ̄a2n+1 =

1

4
γ
∑∞
n=0 3

2nα2n+1β2n+1 = ∞.

So we have found a suitable automorphism.

(b) Next, consider the case in which (A, µ̄) is atomless and of finite magnitude γ. Of course
γ > 0. For each n ∈ N set

αn = inf{α : α ≥ 0, µ̄[[u > α]] ≤ 3−nγ}, ãn = [[u >
1

2
αn]].

Then 〈αn〉n∈N is non-decreasing and

u∗ ≤ supn∈N αn+1χ
[
3−n−1γ, 3−nγ

[•
.

This time, µ̄ãn ≥ 3−nγ, and we are in an atomless measure algebra, so we can choose a′n ⊆ ãn

such that µ̄a′n = 3−nγ; taking a′′n = a′n \ supi>n a
′
i, µ̄a

′′
n ≥ 1

2
· 3−nγ, and we can choose an ⊆ a′′n

such that µ̄an = 3−n−1γ for every n. As before, u ≥ 1

2
αnχan for every n, and 〈an〉n∈N is disjoint.

In the same way, we can find 〈βn〉n∈N, 〈bn〉n∈N such that 〈bn〉n∈N is disjoint,

v∗ ≤ supn∈N βn+1χ
[
3−n−1γ, 3−nγ

[•
, v ≥ supn∈N

1

2
βnχbn

and µ̄bn = 3−n−1γ for each n. In this case, we have

∞ =
∫
u∗ × v∗ ≤ ∑∞

n=0 2 · 3−n−1γαn+1βn+1,

and
∑∞
n=0 3

−nαnβn is infinite.

Now all the principal ideals Aan , Abn are homogeneous and of the same Maharam type, so
there are measure-preserving isomorphisms πn : Abn → Aan ; similarly, setting ã = 1 \ supn∈N an
and b̃ = 1 \ supn∈N bn, there is a measure-preserving isomorphism π̃ : Ab̃ → Aã. Define π : A → A

by setting

πc = π̃(c ∩ b̃) ∪ supn∈N πn(c ∩ an)

for every c ∈ A; then π is a measure-preserving automorphism of A, and πbn = an for each n. In
this case,

∫
u× Tπv ≥ 1

4

∑∞
n=0 3

−n−1γαnβn = ∞,

and again we have a suitable automorphism.

(c) Thirdly, consider the case in which A is atomless and not totally finite; take κ to be the
common Maharam type of all the principal ideals Aa where 0 < µ̄a <∞. In this case, set

αn = inf{α : µ̄[[u > α]] ≤ 3n}, βn = inf{α : µ̄[[v > α]] ≤ 3n}
for each n ∈ Z. This time

u∗ ≤ supn∈Z αnχ
[
3n, 3n+1

[•
, v∗ ≤ supn∈Z βnχ

[
3n, 3n+1

[•
,

so

Measure Theory (abridged version)



375Y May 2002 25

∞ =
∫
u∗ × v∗ = 2

∑∞
n=−∞ 3nαnβn ≤ 8

∑∞
n=−∞ 32nα2nβ2n.

For each n ∈ Z, 3n ≤ µ̄[[u > 1
2αn]], so there is an a′′n such that

a′′n ⊆ [[u > 1
2αn]], µ̄a′′n = 3n.

Set a′n = a′′n \ sup−∞<i<n a
′′
i ; then µ̄a

′
n ≥ 1

2
·3n for each n; choose an ⊆ a′n such that µ̄an = 3n−1.

Then 〈an〉n∈N is disjoint and u ≥ 1

2
αnχan for each n.

Similarly, there is a disjoint sequence 〈bn〉n∈N such that

µ̄bn = 3n−1, v ≥ 1

2
βnχbn

for each n ∈ N.
Set d∗ = supn∈Z an ∪ supn∈Z bn. Then

ã = d∗ \ supn∈Z a2n, b̃ = d∗ \ supn∈Z b2n

both have magnitude ω and Maharam type κ. So there is a measure-preserving isomorphism π̃ :
Ab̃ → Aã (332J). At the same time, for each n ∈ Z there is a measure-preserving isomorphism πn :
Ab2n → Aa2n . So once again we can assemble these to form a measure-preserving automorphism
π : A → A, defined by the formula

πc = (c \ d∗) ∪ π̃(c ∩ b̃) ∪ supn∈Z πn(c ∩ b2n).

Just as in (a) and (b) above,
∫
u× Tπv ≥ ∑∞

n=−∞
1

4
· 32n−1α2nβ2n = ∞.

Thus we have a suitable π in any of the cases allowed by 374H.

p 449 l 16 Part (ii) of Exercise 374Xh is wrong, and should be deleted.

p 452 l 7 Add new result:

375E Theorem Let (A, µ̄) be a semi-finite measure algebra, (B, ν̄) any measure algebra, and
T : L0(A) → L0(B) an order-continuous positive linear operator. Then T is continuous for the
topologies of convergence in measure.

375E-375K are now 375F-375L.

p 455 l 7 (part (e) of the proof of 375I, now 375J): for ‘d 7→ φ(d ∩ a•)’ read ‘d 7→ b ∩ φ(d ∩ a•)’.

p 456 l 14 (375X) Add new exercises:

(h) Let A and B be Dedekind σ-complete Boolean algebras, and T : L0(A) → L0(B) a
Riesz homomorphism. Show that there are a sequentially order-continuous ring homomorphism
π : A → B and a w ∈ L0(A)+ such that Tu = w× Tπu for every u ∈ L0(A), where Tπ : L0(A) →
L0(B) is defined as in 364Yg.

p 456 l 15 Exercise 375Yd is wrong, and has been replaced by the reverse exercise:

(d) Let A be the measure algebra of Lebesgue measure on [0, 1], and set L0 = L0(A). Show
that there is a positive linear operator T : L0 → L0 such that T [L0] is not order-closed in L0.

Add new exercises:

(a) Let A and B be Dedekind σ-complete Boolean algebras, and T : L0(A) → L0(B) a linear
operator. (i) Show that if T is order-bounded, then 〈Tun〉n∈N order*-converges to 0 in L0(B)
whenever 〈un〉n∈N order*-converges to 0 in L0(A). (ii) Show that if B is ccc and weakly (σ,∞)-
distributive and 〈Tun〉n∈N order*-converges to 0 in L0(B) whenever 〈un〉n∈N order*-converges to
0 in L0(A), then T is order-bounded.

(d) Show that the following are equiveridical: (i) there is a probability space (X,Σ, µ) such
that Σ = PX and µ{x} = 0 for every x ∈ X; (ii) there are localizable measure algebras (A, µ̄)
and (B, ν̄) and a positive linear operator T : L0(A) → L0(B) which is not order-continuous.
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(f) Let A, B be Dedekind σ-complete Boolean algebras of which B is weakly σ-distributive.
Let φ : A → B be a σ-subhomomorphism such that πa 6= 0 whenever a ∈ A \ {0}. Show that A
is weakly σ-distributive.

375Ya-375Yb are now 375Yb-375Yc, 375Yc is now 375Yf, 375Ye-375Yf are now 375Yh-375Yi.

p 467 l 20 In Lemma 376L, the proof as written assumes that U is a Banach lattice, and the simplest
fix is to put this into the hypothesis.

p 469 l 28 (part (b) of the proof of 376P): for ‘by 368Pc, V is weakly (σ,∞)-distributive’ read ‘by 368Pc,
U× is weakly (σ,∞)-distributive’.

p 472 l 9 (part (d) of the proof of 376S): for ‘132Ed’ read ‘132Ee’.

p 473 l 43 Exercise 376Xn (now 376Xo) is in a muddle, and should read

(o) Suppose, in 376Xk (formerly 376Xj), that U = Lτ for some extended Fatou norm on L0(µ)
and that V = L1(ν), so that V # = L∞(ν). Set ky(x) = k(x, y) whenever this is defined, wy = k•

y

whenever ky ∈ L
0(µ). Show that wy ∈ Lτ

′

for almost every y ∈ Y , and that the norm of T in
B(Lτ ;L∞) is ess supy τ

′(wy).

p 474 l 31 Oops! Exercise 376Yg should end ‘Show that T satisfies the conditions (ii) and (iii) of 376J
but does not belong to L

×(L∞(µ);L∞(ν))’.

p 474 l 35 Exercise 376Yi adds nothing to 376Ma, and 376Yk is wrong; these have been deleted. 376Yn
has been moved to 376Xi. Other exercises have been renamed: 376Xi-376Xn are now 376Xj-376Xo, 376Yl
is now 376Yk and 376Ym is now 376Yi.

pp 477-566 Chapter 38 has been entirely rewritten. The new version may be found at http://

www1.essex.ac.uk/maths/people/fremlin/cont38.htm. The most important change has been the ex-
pansion of §381 to cover B.Miller’s proof of V.V.Ryzhikov’s theorem that any automorphism of a Dedekind
complete Boolean algebra can be expressed as the product of at most three involutions; together with the
other results in the old §381, this now takes up §§381-382. The sections §§382-387 have consequently, with
some minor modifications, become §§383-388. In the notes here I give only corrections of errors in the old
Chapter 38.

p 484 l 17 (proof of 381R): for ‘with support B’ read ‘with support b’.

p 486 l 25 (Exercise 381Xf): the subgroup G must be assumed to be full.

p 487 l 15 Problem 381Z should be deleted.

p 489 l 3 (part (b) of the statement of Lemma 382G, now 383G): for ‘every element of A’ read ‘every
non-zero element of A’.

p 491 l 19 Exercise 382Xg (now 383Xj) should be rewritten, as follows:

Let (A, µ̄) be an atomless localizable measure algebra which is not σ-finite, and suppose that
τ(Aa) = τ(Ab) whenever a, b ∈ A and 0 < µ̄a ≤ µ̄b <∞. Let κ be the magnitude of A. (i) Show
that the lattice H of normal subgroups of Autµ̄ A is well-ordered, with least member {ι} and one
member Hζ for each infinite cardinal ζ less than or equal to κ+, setting

Hζ = {π : π ∈ Autµ̄ A, mag(suppπ) < ζ},
where mag a is the magnitude of a. (ii) Show that the lattice H′ of normal subgroups of AutA
is well-ordered, with least member {ι} and one member H ′

ζ for each uncountable cardinal ζ less

than or equal to κ+, setting

H ′
ζ = {π : π ∈ AutA, mag(suppπ) < ζ}.

p 491 l 30 (Exercise 382Yb, now 383Yb): the last clauses should read ‘three if #(X) = 3 or 5 ≤ #(X) <
ω, four if #(X) = 4 or #(X) = ω, five if #(X) = ω1’.

p 493 l 10 (part (a) of the proof of 383D, now 384D): for Uφ read Uπ.
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p 510 l 31 (Remark 384Sb, now 385Sb): add

It follows that if (A, µ̄) is an atomless homogeneous probability algebra it has a two-sided
Bernouilli shift.

p 514 l 10 (Exercise 384Xl, now 385Xn): I find myself unable to confirm that every automorphism which
is conjgate to its inverse is expressible as a product of at most two involutions.

p 514 l 30 (Exercise 384Xq, now 385Xf): the lattice operation ∧ is not in general continuous for the
entropy metric.

p 516 l 1 (385A) I now count a homomorphism as ‘periodic with period 1’ only if it is the identity on a
non-trivial Boolean algebra; so the phrase ‘and as periodic with period 1’ (line 4) should be deleted.

p 517 l 5 (proof of 385D): for ‘πc = supn≥1 π
n’ read ‘πc = supn≥1 π

na’.

p 523 l 22 (proof of 385M, now 386J) for ‘ρ(ci, Bk)’ read ‘ρ(cj , Bk)’.

p 526 l 14 (part (c) of the proof of 385P, now 386M) for ‘ρ(cb,C)’ read ‘ρ(b,C)’.

p 525 l 28 (part (c) of the proof of 385O, now 386L): for ‘µ̄b′′i = min(µ̄ai, µ̄b
′′
i )’ read ‘µ̄b′′i = min(µ̄ai, µ̄b

′
i)’.

p 527 l 14 Exercise 385Xc is wrong, and should be deleted.

p 527 l 36 Exercise 385Yd is wrong, and should be deleted.

p 531 l 19 (part (c) of the proof of 386C, now 387C): for ‘Dk+1(A, π) = πk[A] ∧ Dk(A, π)’ read
‘Dk+1(A, π) = πk[A] ∨Dk(A, π)’.

p 533 l 5 (part (e) of the proof of 386C): for ‘infj<n bi,i(j)’ read ‘infj<n bj,i(j)’.

p 533 l 8 (part (e) of the proof of 386C, now 387C): for ‘µ̄(supB) ≥ 1− 2δ’ read ‘µ̄(supB′) ≥ 1− 2δ’.

p 534 l 16 (part (h) of the proof of 386C): for ‘(d) above’ read ‘(e) above’.

p 534 l 29 (part (i) of the proof of 386C), now 387C): for

This means that there must be some b ∈ B and d′ ∈ Dn(C, π) such that d ∩ f(d) ∩ b ∩ f(d′) 6= 0
and #(Ibd′) ≥ n(1 − β − 4δ); of course b = f(d) and d′ = d (because f is injective), so that
#(If(d),d) must be at least n(1− β − 4δ)

read

This means that there must be some b ∈ B and d′ ∈ Dn(C, π) such that d ∩ f(d) ∩ b ∩ d′ 6= 0
and #(Ibd′) ≥ n(1 − β − 4δ); of course d′ = d and b = f(d), so that #(If(d),d) must be at least
n(1− β − 4δ).

p 538 l 21 (part (c) of the proof of 386F, now 387G): for ‘sup|j|≤n π
−jai = e’ read ‘sup|j|≤n π

−ja = e’.

p 540 l 11 (part (e) of the proof of 386F): for ‘B∗
k’ read ‘B∗’.

p 545 ll 23, 25 (part (f) of the proof of 386F): for ‘B∗
r ’ read ‘B∗’.

p 541 l 21 (part (h) of the proof of 386F): for ‘b and c both belong to E’ read ‘b and ci both belong to
E’.

p 542 l 1 (part (a) of the proof of 386G, now 387H): for ‘η ∈ ]0, π]’ read ‘η ∈ ]0, ǫ]’.

p 548 l 13 (part (c) of the proof of 386K, now 387L): for ‘bn∅ = 1’ read ‘b0∅ = 1’.

p 549 l 1 (part (d) of the proof of 386K): for ‘µ̄(infj≤k bm,σ(j))’ read ‘µ̄(infj≤k bn,σ(j)).

p 550 ll 9, 10 (part (h) of the proof of 386K): for ‘µ̄(bmσ, bσ)’ and ‘µ̄(bnσ, bn+1,σ)’ read ‘µ̄(bmσ △ bσ)’
and ‘µ̄(bnσ △ bn+1,σ)’.

p 556 l 27 (remark at end of 387H, now 388E) The exercise 445Xq (concerning the operation +2adic on
{0, 1}N) has been moved to 445Xp.

p 565 l 9 Exercise 387Xf (now 388Xg) is wrong in part, and should read

(e) Let A be a Boolean algebra and π : A → A a von Neumann automorphism. (i) Show
that π2 is not ergodic. (ii) Show that π2 is relatively von Neumann. (iii) Show that πn is von
Neumann for every odd n ∈ Z. (iv) Show that if A is a probability algebra (when endowed with
a suitable measure), π is ergodic.
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p 565 l 17 (exercise 387Ya, now 381Yb): for ‘full semigroup generated by φ’ read ‘full semigroup
generated by π’.

p 567 l 1 Since the original publication of this volume, there have been some remarkable advances in the
topic of Chapter 39, notably the characterizations of Maharam algebras by B.Balcar, T.Jech and others, and
M.Talagrand’s solution to the Control Measure Problem. Accordingly this chapter has been substantially
revised, with new sections on Maharam algebras (§393) and Talagrand’s example (§394); §§394-395 have
become §§395-396. The notes following are restricted to corrections, without attempting to describe the new
material.

p 569 l 22 (391E): for ‘
∑
i∈I φai ≤

∑
i∈I νai’ read ‘

∑
i∈I φai ≥

∑
i∈I νai.

p 570 l 1 Theorem 391F is sloppily written, and ought to read

Let A be a Boolean algebra, not {0}, and ψ : A→ [0, 1] a functional, where A ⊆ A. Then the
following are equiveridical:

(i) there is a non-negative finitely additive functional ν : A → [0, 1] such that ν1 = 1 and
νa ≥ ψa for every a ∈ A;

(ii) whenever 〈ai〉i∈I is a finite indexed family in A, there is a set J ⊆ I such that #(J) ≥∑
i∈I ψai and infi∈J ai 6= 0.

The proof still works if we define the functional φ by the formula

φa = 1− ψ(1 \ a) if a ∈ A and 1 \ a ∈ A,

= 1 for other a ∈ A.

(J.M.)

p l Add new result:

391L Proposition (a) If A is a measurable algebra, all its principal ideals and σ-subalgebras
are, in themselves, measurable algebras.

(b) The simple product of countably many measurable algebras is a measurable algebra.
(c) If A is a measurable algebra, B is a Boolean algebra and π : A → B is a surjective

order-continuous Boolean homomorphism, then B is a measurable algebra.

p 573 l 34 (391Xi, now 391Xj): for ‘δ(A) = sup{δ(I) : I is a non-empty finite subset of A}’ read
‘δ(A) = inf{δ(I) : I is a non-empty finite subset of A}’.

p 574 l 22 (Problem 391Z): Talagrand’s example solves this problem; there is a Dedekind complete
σ-linked weakly (σ,∞)-distributive Boolean algebra which is not measurable.

p 575 l 22 In the statement of part (c) of Proposition 392C, read ’non-negative additive functional’ for
’positive linear functional’.

p 578 l 23 (statement of Proposition 392I, now 393C): add ‘and ν is order-continuous’ at the end.

p 580 l 31 (part (a)-(b) of the proof of 393B, now 392H): for ‘(b ∗ c)△ (b′ ∗ c′) ⊆ (b△ b′) ∗ (c△ c′)’ read
‘(b ∗ c)△ (b′ ∗ c′) ⊆ (b△ b′) ∪ (c△ c′)’.

p 583 l 2 (proof of 393F, now 316M): for ‘every n ∈ N, b ∈ Bn’ read ‘every n ∈ N, b ∈ Bn \ {0}’.
p 591 l 17 (part (b) of 393T): for ‘every point of x’ read ‘every point of Xn’.

p 595 l 3 (Notes to §393): for ‘cannot depend on any of the special axioms’ read ‘cannot depend on most
of the special axioms’. (I.Farah.)

p 598 l 12 The last sentence of 394E (now 395E) should read ‘Note that if G is fully non-paradoxical,
and H is a subgroup of AutA such that H ⊆ G, then H is also fully non-paradoxical’. (I.F.)

p 600 l 6 (part (a) of the proof of 394I, now 395I) The definition of cn should read ‘cn = sup{c : c ∈ C,
a ∩ c 4τG b′n}’. (I.F.)

p 606 l 22 (part (h) of the proof of 394N, now 395N): for ‘u− θbζθ(a \ bζ)’ read ‘θa− u ≤ θ(a \ bζ)’.
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p 608 l 1 (394Q, now 395Q) I regret to say that I mis-stated Kawada’s theorem. Rather than

Let A be a Dedekind complete Boolean algebra such that AutA is ergodic and fully non-
paradoxical. Then A is measurable.

it should read

Let A be a Dedekind complete Boolean algebra such that AutA has a subgroup which is ergodic
and fully non-paradoxical. Then A is measurable.

(The result as stated is of course true.)

p 608 l 19 (Exercise 394Xc, now 395Xc): for ‘full local semigroup generated by G’ read ‘full subgroup
generated by G’.

p 608 l 32 (Exercise 394Xg, now 395Xg): part (iii) is wrong as stated, and should be deleted.

p 608 l 42 Exercises 394Yb and 394Yc have been put together, with a new third part, as follows:

(c) Let A be a Dedekind complete Boolean algebra and G a fully non-paradoxical subgroup
of AutA with fixed-point subalgebra C. (i) Show that A is ccc iff C is ccc. (Hint : if C is ccc,
L∞(C) has the countable sup property (363Yb).) (ii) Show that A is weakly (σ,∞)-distributive
iff C is. (iii) Show that A is a Maharam algebra iff C is.

Exercise 394Ye is now 395Yb.

p 609 l 3 (Exercise 394Yd, now 395Yd): for ‘ergodic subgroup of A’ read ‘ergodic subgroup of AutA’.

p 609 l 9 (394Z, now 395Z): for ‘π′a0’ read π
′
0a0’. (T.D.A.)

p 609 l 26 (Notes to §394, now 395): for ‘449I’ (proof of Tarski’s theorem) read ‘449L’.

p 618 l 31 (3A3A) Add definition: ‘X is T1 if singleton subsets of X are closed’.

p 619 l 18 (3A3B) Add new part:

(h) Any subspace of a Hausdorff space is Hausdorff.

p 620 l 32 (3A3Fb) Add definition: ‘A subset of X is comeager if its complement is meager’.

p 620 l 38 Baire’s theorem: add ‘consequently, every comeager subset of X is dense’.

p 622 l 27 Add new paragraph:

3A3P Topologies defined from a sequential convergence (a) Let X be a set and →∗ a
relation between XN and X such that whenever 〈xn〉n∈N →∗ x and 〈x′n〉n∈N is a subsequence of
〈xn〉n∈N then 〈x′n〉n∈N →∗ x. Then there is a unique topology onX for which a set F ⊆ X is closed
iff x ∈ F whenever 〈xn〉n∈N is a sequence in F and 〈xn〉n∈N →∗ x. Moreover, if 〈xn〉n∈N →∗ x
then 〈xn〉n∈N converges to x for this topology.

(b) Let X and Y be sets, and suppose that →∗
X⊆ XN × X, →∗

Y⊆ Y N × Y are relations
with the subsequence property described in (a). Give X and Y the corresponding topologies. If
f : X → Y is a function such that 〈f(xn)〉n∈N →∗

Y f(x) in Y whenever 〈xn〉n∈N →∗ x, then f is
continuous.

p 622 l 27 The old 3A3P should be re-named 3A3Q. A further definition should be added to those now
in 3A3Qa:

A subset E of a topological space is a Gδ set if it is expressible as the intersection of a sequence
of open sets.

p 623 l 27 (3A4C, uniform continuity) Add new parts:

(e) Two metrics ρ, σ on a set X are uniformly equivalent if they give rise to the same
uniformity

(f) If U and V are linear topological spaces, and T : U → V is a continuous linear operator,
then T is uniformly continuous for the uniformities associated with the topologies of U and V .

p 627 l 7 Add new paragraph:

3A5I Strong operator topology If U and V are normed spaces, the strong operator
topology on B(U ;V ) is that defined by the seminorms T 7→ ‖Tu‖ as u runs over U . If U is a
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Banach space, V is a normed space and A ⊆ B(U ;V ), then A is relatively compact for the strong
operator topology iff {Tu : T ∈ A} is relatively compact in V for every u ∈ U .

Consequently 3A5I-3A5L are now 3A5J-3A5M.

p 627 l 38 Add new paragraph:

3A5N Bounded sets in linear topological spaces Let U be a linear topological space

over R

C
.

(a) A set A ⊆ U is bounded if for every neighbourhood G of 0 there is an n ∈ N such that
A ⊆ nG.

(b) If A ⊆ U is bounded, then
(i) every subset of A is bounded;
(ii) the closure of A is bounded;

(iii) αA is bounded for every α ∈ R

C
;

(iv) A ∪B and A+B are bounded for every bounded B ⊆ U ;
(v) if V is another linear topological space, and T : U → V is a continuous linear operator,

then T [A] is bounded.
(c) If A ⊆ U is relatively compact, it is bounded.
(d) If U is a normed space, and A ⊆ U , then the following are equiveridical:

(i) A is bounded in the sense of (a) above for the norm topology of U ;
(ii) A is bounded in the sense of 2A4C, that is, {‖u‖ : u ∈ A} is bounded above in R;
(iii) A is bounded for the weak topology of U .
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