Version of 31.10.17
Chapter 65
Applications

At long last I turn again to some of the results for which the theory outlined in this volume was developed.
I start with some relatively elementary ideas using nothing more advanced than §624, showing that locally
jump-free virtual local martingales are associated with ‘exponential’ processes of the same kind (651C).
These in turn are associated with identities for integral equations (651G, 651K) and change-of-law results
(6511). Ideas at the same level take us to Lévy’s characterization of Brownian motion (653F); going deeper,
and using the time-changes of §635, we can represent many locally jump-free local martingales in terms of
Brownian motion (653G).

The exponential processes of §651 can be thought of as solutions of a particularly simple kind of stochastic
differential equation. Working very much harder, we find that we have versions of Picard’s theorem, for
integral equations with a Lipschitz condition on the integrand, for both the Riemann-sum integral (654G)
and the S-integral (654L). A twist in the theory of exponential processes, with a refinement inspired by the
theory of financial markets, leads us to the famous Black-Scholes equation (655D).

Version of 11.9.23

651 Exponential processes

Associated with any jump-free integrator is an ‘exponential process’ (651B); if the integrator is a mar-
tingale, the exponential process may be a uniformly integrable martingale (651D-651E). This gives us an
important class of non-negative martingales which we can use in change-of-law results (651J).

651A Notation As always, (i, T, (2:)ier, T, (2, )re7) is a stochastic integration structure. LY =
L°(2A); if h : R — R is a Borel measurable function, I write h for either of the corresponding operators
on members of L (612Ac) and on processes in LY (612B). Limits in L° will be taken with respect to the
topology of convergence in measure (613B). For a fully adapted process ¥ = (uy)ses, U} = limy s u, is its
starting value if this is defined (613Bk). For local integrators v and w, ['vT'w] is their covariation and v* is
the quadratic variation of v (617H).

E = Ej; is integration with respect to fi as in §§365 and 613, and L}, = L'(2, i) is the corresponding
L-space, while (w) = E(Jw| A x1) for w € L° (613Ba). For 7 € T, P, : L}, — Lj; N L°(2;) is the conditional
expectation operator associated with the closed subalgebra 2. For z € L}L, Pz is the martingale (Prz),c7.
For y € L°(A), y1 is the constant process on {7 : y € L°(2,)} with value y (612De).

651B Theorem Let S be a non-empty sublattice of 7. Suppose that v is a locally jump-free local
integrator, and u a locally moderately oscillatory process, both with domain S. Set z = exp(v —v;1 — %v*)
Then z is a locally jump-free local integrator, z = 1414, (2) and ii,(u) = ii, (u x 2). If v is in fact a jump-free
integrator and 4 a moderately oscillatory process, then z is a jump-free integrator

proof (a) Suppose, to begin with, that v = (v, ),es is a jump-free integrator and w is moderately oscillatory.

(i) By 616Ib and 615Gb, v, is defined. By 617H-6171, v* is defined everywhere on S and is an integrator;
by 618T, it is jump-free; by 618Ga, w = v — vy 1 — 1v* and z = exp(w) are jump-free, therefore moderately
oscillatory.

Express v*, w and 2z as (v})scs, (Wo)oes and (z5)secs. We have wy = lim, s v} =0 (617J(b-i)).
Because v and v* are integrators, so is w; by 616N, z is an integrator. Now v 1 + %’v* is a jump-free
integrator of bounded variation, so
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2 Applications 651B

w* =v* —2jul+ o'+ (01 + Jv*)* = v
by 624C.
(ii) We have

/Sudz:/sud(@('w))

:/ux%(w)dw—i—l/ux%(w)dw*
s 2Js

:/uxzdw—kl/uxzdv*
S 2 Js

:/uxzd(m—kml—k%v*)
s

(619C, because exp’ = exp” = exp)
(because w* = v*)

([su x zd(v,1) = 0 because v, Al is the zero interval function)

:/uxzdv.
S

(b) In the general case, in which v is a locally jump-free local integrator and u is locally moderately
oscillatory, then for any 7 € § we see that 2[S A 7 is a jump-free integrator and fSATudz = fSM u X zdv.
So z is a locally jump-free local integrator and ii,(u) = ii,(u X 2). Now

z=2z1+ii,(1) =1+ iiy(2)
because

2 = &p(w,) = 3p(0) = yL.

651C Corollary Let S be a non-empty sublattice of T, and v a locally jump-free virtually local mar-
tingale with domain S. Then z = exp(v —v;1 — %v*) is a locally jump-free virtually local martingale.

proof By 623Kd, v is a local integrator, so 651B tells us that z is a locally jump-free local integrator
(therefore locally moderately oscillatory) and z = 1 + #i,(2). By 6230, ii,(z) and therefore z are virtually
local martingales.

651D It is useful to know when exp(v — v} 1 — 1v*) is actually a martingale. The following criterion
gives us a sufficient condition.

Theorem Let S be a non-empty finitely full sublattice of 7 and v = (v,)ses a locally jump-free virtually
local martingale with quadratic variation v* = (v})ses. Let 2 = exp(v — v;1 — $v*) be the associated
exponential process, as in 651B-651C. If 8 = sup,csE(exp(5(v, — vy))) is finite, then z is a uniformly
integrable martingale.

proof (a) Since v — v;1 is a locally jump-free virtually local martingale (using 623Kg) with quadratic
variation v*, it is enough to consider the case v, = 0, so that z = exp(v — %v*) Being a virtually
local martingale (651C) and non-negative, z is a || ||;-bounded supermartingale (627Da) and, setting z, =

exp(vy — %v(’;),
ll2oll1 = E(z5) <E(2) =1

for every 0 € S. As S is finitely full, z is an approximately local martingale (623K(b-iii)), so w = lim,ts 2o
is defined (623La), and E(w) = ||w|j; <1 (613Bc).

(b) The next thing to observe is that v is || ||;-bounded. I Again because S is finitely full, v also is an
approximately local martingale. Take 7 € § and € > 0. Then there is a non-empty downwards-directed
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651D Exponential processes 3

subset A C S such that sup,c 4 fifp < 7] < € and Ra(v), as defined in 623B, is a martingale. Express it as
(Vas)oes. Then lim, sva, = vy = 0 (623B(c-i)). By 622Ed, 0 is the || ||;-limit lim, sva, (622Ed) and
E(var) =limy, s E(vas) = 0. It follows that

lvarlly =E(vi,) +E(vs,) = 2E(vy,) = 2[lvk, 1.

By definition, va; = lim,| 4 v7np, SO ’UXT = limp 4 vi,\p (since z — xF : LY — LY is continuous), while
zt < 2exp(3z) for any z € L° because max(a,0) < 2exp(3a) for every o € R. So

[vFaplls = E(vin,) < 2E(exp(5vrnp) < 28
for every p € A and
[varlle = 2|k, [l < 2sup,ea [vinolh < 48,
while
(v —var) < pfvr £var] < A(Sup e 4 [vr # vrpo]) < A(Sup e 4 [p<7]) <e

As € is arbitrary, ||v,||1 < 48; as 7 is arbitrary. v is || [|1-bounded. Q
By 623La again, it follows that we have a limit v = lim,4sv,. In this case, @(%v) = lim,4s %(%vg)
(613Bb), so

B(exp(b0) < liminfoys E@xp(bo,)) < B
(613Bc once more).

(c) For0<a <1ando €S set zao = exp(av, — 3a?v}). If ¢ = ﬁ, then ¢ > 1 and

E(zgg) < 6(2—2a)/(2—a) .

e 1 2. %\ _ == 1 a
28, = exp(qavy, — 5q0°v}) = exp(5=5 Vs — 5Ga) v¥)

= exp(595 Vs — ﬁ“;) X @(;:—gvg)

so, by Holder’s inequality (244EDb),

E(z,) < exp(325 00 — 5525V )l e-a)/allexp(575 00l 2-a)/2-20)
= s\ @/ (2—a) m— (2—20)/(2—a)
= (E(exp(vs — 3v;))) (E(exp(377)))
—_— 2—2a)/(2—« —2a —a
< (B(Ep(}0,))) 72V < gm0, q
It follows that {zn, : 0 € S} is uniformly integrable (621Be). But aw is a locally jump-free virtually local
martingale with quadratic variation a?v*, starting from 0, 50 (240 )ses is a virtually local martingale, by

651C; as S is finitely full, it is an approximately local martingale (623K (b-iii) again); by 623Nb, it is in fact
a martingale, and wo = limy4s 2o is defined, with

E(wq) = limys E(2as) = limy s E(2a0) = E(limy s 2a0) = 1.

(d) For each o €]0,1[ and ¢ € S,
Zao = explav, — 2a?v}) = exp(a?v, — $a%v%) x exp(a(l — a)v,)
= 2" x &p(a(l - a)u,);
taking the limit as o 1T S,
Wo = w* X exp(a(l — a)v)
(because multiplication and the operations u s |u|®, u s exp(a(1 — a)u) from L to itself are continuous

for the topology of convergence in measure). By Holder’s inequality again,

D.H.FREMLIN



4 Applications 651D

1=E(wa) < [ |l1/a2 [xp(a(l — a)v)]l1/0-a2)
— (Ew))” (E(@p(a(l — a)v))/ 00D~
— (Bw))" (E(@p(Lv))%/0+e))' =,
Taking the limit as a 1T 1, we get
lwlls = E(w) > 1> sup,es |12
by (a).

(e) By 623N(b-iii), it follows that z is a uniformly integrable martingale.

651E Corollary Let S be a non-empty sublattice of 7 and v a locally jump-free virtually local martingale
with domain S. Let z = exp(v — v, 1 — $v*) be the associated exponential process.

a) If exp(2v*) is || ||i-bounded, then z is a uniformly integrable martingale.
2
(b) If v* is an L°°-process, then z is a martingale.

proof (a) As in 651D, it is enough to consider the case in which vy = 0.

(i) Suppose to begin with that S is finitely full. Express v, v* and z as (v, )ses, (Vi)ses and (zy)ocs.
For any non-negative u, v € L,

E(vVu x0))? < [[Vul3 [[Voll5 = E(w) E(v).

Now for any o € S we have exp(v,) = z, X exp(3v}), so
(E@D(L0,)))? < E(z) E(exp(Los) < Bexp(3ez))
because z is a supermartingale starting at x1, as in part (a) of the proof of 651D. Accordingly
suD,es B(Exp(1vs)) < \/sup,es BExp(30s))

is finite, and z is a uniformly integrable martingale, by 651D.

(ii) For the general case, let S be the finitely-covered envelope of S, and & = (i) 0" and 2 the

TES)’
fully adapted extensions of v, v* and z to Sf. Then 9™ is the quadratic variation of ¥ (617N), the starting
value of 9 is 0 (615H) and 2 = exp(v—19") (612Qb). Also &" is non-decreasing, so exp(39”) is non-decreasing
(614If). Since S is cofinal with Sy (611Pe), SUp g,
us that z is a uniformly integrable martingale and therefore z = 2[S is a uniformly integrable martingale,
as claimed.

E(exp(10,)) = sup,cs E(exp(3v,)) is finite. So (i) tells

(b) This is immediate from (a).

651F Corollary If w is Brownian motion (6127T), then exp(w — 3¢)[7; is a martingale.

proof As observed in 624F, w* can be identified with the identity process ¢ on 7, and therefore lies in L
on Ty, so we can apply 651Eb to w[7, A T for each 7 € Ty,

651G Theorem Let S be a non-empty sublattice of 7, and v, w locally jump-free local integrators with
domain 8. Set z = exp(v — v} 1 — 5v*) and y = w — [vjw]. Then

Ty xz (W) = Tiy (U X 2) + iiy(u X Y X 2)
for any locally moderately oscillatory process u with domain S.

proof We know that y and z are locally jump-free local integrators (618T, 6171, 616N again), so y x z also
is (618Ga, 616Qa), and u X y and u x z are locally moderately oscillatory (616Ib again, 615F(b-iii)). Setting
2 = iiy(2), we know that 2’ — z is constant (651B). If 7 € S, then
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651J Exponential processes 5

/ ud(yxz):/ uxzdy+/ uxydz+/ u dydz
SAT SAT SAT SAT
(613M)

:/ u X zdw — u X zd[v]w]
SAT SAT

—|—/ uxyxzdv—i—/ udz'dy
SAT SAT

(651B, and because the interval functions Az and Az’ are equal, so Ay x Az = Az’ x Ay and [g, ...dydz =
Jsnr - d2'dy)

:/ u X zdw — u X z dvdw
SAT SAT

+/ uxyxzd’u+/ u X z dvdy
SAT SAT

:/ u X 2dw — uxzdvdw+/ u Xy Xxzdv
SAT SAT

SAT

+/ uxzdwdv—/ u X z dvdfw | v]
SAT SAT

(because Av x Ay = Aw x Av — Alw [v] x Av)

:/ uxzdw—i—/ uxyxzdv—/ ux zdp|[w]v]]
SAT SAT SAT

:/ uxzdw—l—/ uXyXxzdv
SAT SAT

by 624C again, because v is locally jump-free and ['wT'v} is locally of bounded variation, so ['UT ['wT'v]] =0.

(6171 once more, 617Q)

651H Corollary Let S be a non-empty sublattice of 7, and v, w locally jump-free virtually local
martingales. Set z = exp(v —v;1 — 4v*) and y = w — [w [v]. Then y x 2 is a virtually local martingale.

proof Since v* and [wTv} both start from 0, y x 2z starts from a value w; with finite expectation (623Kg).
By 623Kd again, v and w are local integrators. Now
Y X2 — w1 =diyy, (1) = tiy(2) + iy (y X 2)

is a virtually local martingale by 6230 again, so y X z also is.

6511 Proposition Let S be a non-empty sublattice of T and v = (v, )ses, W = (Wy)oes locally jump-
free virtually local martingales such that z = exp(v — v} 1 — %'v*) is a uniformly integrable martingale and
v = limy1s(ve — $v7) is defined in L, where v* = (v%)es. Set y =w — [wT'v]. Then there is a change of
law on 2 rendering y a virtually local martingale.

*

proof Because z is a uniformly integrable martingale, it must be Pz[S, where

*

z = limgts exp(ve — v, — 30%) = exp(v/ — v})
belongs to L, (622J); note that [z > 0] = 1. Now 651H tells us that y x Pz = g x z is a virtually local
p-martingale. Set v = E;(z) and va = %Eﬁ(z x xa) for a € A. Then (A, 7) is a probability algebra and y
is a virtually local 7-martingale, by 625C.

651J Corollary Let S be a non-empty sublattice of T, 4 = (u,)scs a locally moderately oscillatory
process such that v = ||u|| is finite, and w = (wy)secs a locally jump-free virtually local martingale with
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6 Applications 651J
quadratic variation w* such that exp(3v?w*) is a || [|1-bounded process. Set y = w + iiy~(u). Then there is
a change of law on 2l rendering y a virtually local martingale.

proof Set v = —iiy(u); note that its starting value is 0. By 618R and 6230 once more, v is a locally
jump-free virtually local martingale. Express the quadratic variations v*, w* as (v¥),ecs and (wk),cs. By
617Q(a-iii),

vk = fs/\a(—u)2 dw* < 'yzfs/\a dw* < 2w}

*)) is finite. By 651Ea, z = exp(v — 3v*) is a uniformly integrable martingale.

and sup, s E(exp(3v
On the other hand,

i (U) = gy 1) (u X 1) = [ (1) | diay (1)]

(617Q(a-ii))

= —Pjw—wl] = ~[v]u]

by 624C once more. So y is equal to w — ['wT'v] and can be made into a virtually local martingale by a
change of law, by 6511.

Remark Of course the leading application is to the case in which w is Brownian motion and S is bounded
above in Ty, so that sup, s E(exp(37%w})) is finite for every 7.
651K S-integrals It is easy to find re-formulations of 651B and 651G in terms of S-integrals, as follows.

Theorem Suppose that (;)er is right-continuous, and that S is a non-empty order-convex sublattice
of T. Let v = (vs)ses be a jump-free integrator, and z an S-integrable process with domain S. Set
z=exp(v—uv1— Jv*).
(a)
fsxdz = fox x zdv.
(b) Suppose that w is another jump-free integrator with domain S. Set y = w — [va]. Then
foxdly xz) = fox xzdw+ fox xy x zdv.

proof (a) We know that z is jump-free (651B). So z x 1) = z_ (6410) and 2z and x x z are S-integrable
(645F, 645Ka, 645Pb). Next,

Siiy(2) = Siiy(z x 1))
(646KD)
= Siiy(2<) = tiy(2)
(646Kc)
=z—-1

(651B). So 646R tells us that
fsx xzdv = foxd(Siiy(2)) = foxd(z—1) = fxdz — foxdl = f.xdz.
(b) Similarly,

%Smxzdw—k }‘(Szxyxzdv: j(smd(Siiw(z))—k fmd(Siiv(yxz))

s
(because y and y x z are jump-free)
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652A Lévy processes 7

= f wdliin(e) + § 2dlislyx )

s
(again because y x z is jump-free)

- j{zd(n‘w(z) + iy (Y X 2)).
S

But setting u = 1(5) in 651G, we have
iy (2) + i (Y X 2) = tiyxz(15)) =y x 2 — w15

where w, is the common starting value of w, y and y x 2. So

fxxzdw—k }(zxyxzdv: fa:d(yxz)— j{xd(wﬂ(s))
s s s s
= f:l:d(yxz)7
s

as claimed.

651X Basic exercises (a) Let S be a non-empty sublattice of 7. Suppose that v = (v,)secs is a locally
jump-free local integrator, and y € [, cs L%(2L,). Set v, = lim,sv, and z = yexp(v — v} 1 — %v*) Show
that z = y1 + iy (2).

651 Notes and comments We are trying to combine the fundamental result 6230, which tells us we
have a virtually local martingale, with 625B, which will demand a true martingale if we are to identify our
exponential process z = exp(v — v;1 — %v*) with Pz for a Radon-Nikodym derivative z. So a good deal
of work has been done on this, of which I offer a sample in 651D-651E. In this context Brownian motion
(651F) is more than the leading example; it is the archetype of a locally jump-free martingale, in a sense
which I hope to make clear in §653.

Note that z can also be regarded as a solution of the stochastic integral equation

Zr :Xl—i—fSMzd'v

(651B). The correction term f%v* in the formula for z vanishes if v is of bounded variation, leaving us with
the solution z; = exp(v;) corresponding to the solution of the integral equation

z(t) =1+ fot z(s)v'(s)ds

when v(0) = 0. For martingales v we need the term in v* here just as we need it in Ité’s Lemma. I will
return to integral equations in §654.

Version of 7.1.23/18.2.23

652 Lévy processes

When defining the Poisson process in 612U, I referred to 455P in Volume 4. §455 is hard work; it is the
longest section in the whole treatise and bristles with technical difficulties. Some of these are exacerbated
by the generality which seemed natural at that point — for instance, it is meant to support the treatment
of multidimensional Brownian motion in Chapter 47. The processes described in the last quarter of §455
take values in Polish groups which need not even be abelian. But these processes have always been the
standard-bearers for the theory of stochastic processes I have set out to describe in the present volume, and
the time has come to link the approaches.

652A Notation If (2, i, T, (A)ier, T, (A )re7) is a stochastic integration structure, I write £ for the
constant stopping time at ¢, for each t € T, T for the sublattice {f: ¢ € T} of T, and Ty, Tr € T for the
ideals of bounded and finite-valued stopping times. py will be Lebesgue measure on R. For any measure pu,

(©) 2018 D. H. Fremlin
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8 Applications 652A

N (u) will be the ideal of u-negligible sets. For a topological space 2, B(Q2) will be the Borel og-algebra of
Q. If S is a sublattice of T, Z(S) will be the set of finite sublattices of S, and §*' will be {(o,7) : 0, T € S,
o<t}

652B Independence (a) Since Chapter 27 I have given the fundamental concept of ‘stochastic inde-
pendence’ rather cavalier treatment. So perhaps I should run through the definitions in the forms I will
use here. If (2, ) is a probability algebra, two subalgebras B, € of 2 are (stochastically) independent if
fa(bne) = b fic whenever b € B and ¢ € €; more generally, a family (28;);cs of subalgebras of 2 is indepen-
dent if fi(inf;c s b;) = [[;c; ibs whenever J C I is finite and b; € B; for every i € J (325L, 458La). Turning
to families in L® = LY(A), (u;)ies is independent if (B;);c; is independent where B; = {[u; € E] : E C R
is Borel} is the closed subalgebra generated by u; for each i € I. u € L° is independent of an algebra € C A
if B and € are independent where B is the closed subalgebra generated by u. More elaborately, a family
(ui)ier in LY is independent of €, where € is a subalgebra of 2, if B and € are independent, where 9B is the
smallest closed subalgebra of 2 including all the subalgebras generated by the u;.

(b) Using the Monotone Class Theorem in the form 313Ge, we see that if B, C' C 2 are such that both
B and C are closed under n and fi(bn¢) = b - fic for all b € B and ¢ € C, then the closed subalgebras B,
¢ generated by B, C respectively are independent. (Show first that (bnc¢) = b fic for b € B and c € €.)

(c) If B is a closed subalgebra of 2, the set C' = {u : u € L%, u is independent of B} is closed for the
topology of convergence in measure. I Take v € C. a € R and € > 0. Write d for [v > a]. Then there are
a ¢ > 0 such that f(d\ [v > a+2J]) <e and a u € C such that O(v — u) < ed. Consider ¢ = Ju > a + J].
Then ¢\ d C Ju—v > §] and

d\eC (d\Jv>a+25))u(Jv>a+20]\c)
C(@d\[v>a+20])ufv—u>d],
S0
plead) < p(d\Jv>a+2]) + afjlu —v| > 8] < 2e.
Now if b € ‘B,

la(bnd) — b - pd| < |a(bnd) — p(bne)| + ablpd — ficl + [p(bne) — ab - fic|
< 2a(dAe)+0
(because u is independent of B)
< A4e.

Ase >0, p(bnd) = pb- id; as « and b are arbitrary, u is independent of 9B; as u is arbitrary, C is closed. Q

652C Definition Let (2, i, [0, 00[, (As)¢>0, T, (Ar)re7) be a right-continuous real-time stochastic in-
tegration structure. I will say that a fully adapted process (vs),c7; is a Lévy process if it is locally
near-simple and

whenever s, t > 0, v(s44)- — vs is independent of %, and has the same distribution (364Gbt) as
Vi.

Examples (i) The identity process is a Lévy process. (By 613Ea, it is locally near-simple. And in the
notation of 612F, ¢; = tx1 for every ¢t > 0.)

(ii) Brownian motion, as described in 612T, is a Lévy process (477D(c-ii)).
(iii) The standard Poisson process, as described in 612U, is a Lévy process (455P-455R).

(iv) The Cauchy process, to be described in 652M-6520 below, is a Lévy process.

TFormerly 364Xd.
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652F Lévy processes 9

652D Lemma If (2, i, [0, 0o, (At )e>0, T, (Ar)re7) is a right-continuous real-time stochastic integration
structure and v = (vy)se7; @ Lévy process, then v = lim o v; = 0.

proof vy has the same distribution as v5 — vy, so must be 0. And 0 = infy~#in 7 (611Ce), so limy 50,00 v =
vy by 632E.

652E Proposition Let (2, i, [0, 00[, (A4 )1>0, T, (Ar)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (v;),e7;, W = (Wr)re7; two Lévy processes. If v; = w; for every ¢ > 0, then
v=w.

proof Note that v |7y is locally near-simple, just because v[ 7, AT = v[T; AT is near-simple for every 7 € Tp.
Similarly, w| 7, is near-simple. Now {f : t > 0} separates T;, (633Da) and is cofinal with Tp, so v| T, = w|Tp
by 633F. As T; is the covered envelope of Ty, v = w (612Qa).

652F Classical Lévy processes I have already used the phrase ‘Lévy process’ in §455 to describe a
class of processes of the form (X;);>o (455Q). In one sense these are very much more general than the
processes of this section, because they deal with U-valued random variables where U can be any separable
metrizable topological group. But there is a crucial difference in that the whole analysis is based on a prior
notion of what the distributions \; of the X; are to be. In particular, both the measure ji and the filtration

(f]t>t20 (455T) are defined from the joint distribution of (X;);>¢ (454K), while in the present section I am
dealing with processes in which the underlying probability algebra (2, fi) and the filtration (2(;);>0 need not
be describable from the process (vi)i>o.

To bridge the gap, I offer the following.

Proposition Let Cq; be the space of cadlag real-valued functions on [0, 00, endowed with its topology
of pointwise convergence. Let (A¢)t>o be a family of distributions (that is, Radon probability measures on
R) such that the convolution Ag * A¢ (257A) is equal to Asq¢ for all s, ¢ > 0, and lims o \:G = 1 for every
open subset G' of R containing 0. Let ji be the completion regular quasi-Radon probability measure on Cqig
defined by saying that

f{w : w € Cqig, w(s0) € Ep, w(s;) —w(si—1) € E; for 1 <i <n}

= 5OE0 . H ASi*Si—lEi (*)
i=1
whenever 0 = 59 < ... < 8, in [0,00[ and Ey,...,E, C R are Borel sets (here dy is the Dirac measure

concentrated at 0), and 3 its domain. For ¢ > 0, set

¥, = {F:Fe¢ ¥, w' € F whenever w € F, w' € Caig and W'[[0,t] = w[[0, 1]},

S ={FAA:F e, Ac N(ji)}

so that <§Jt>t20 is a right-continuous filtration of o-subalgebras of 3 (455T). Let (€, fi) be the measure algebra
of (Caig, %, ji) and set ¢, = {E* : E € %} for t > 0, so that (€, ji, [0,00[, (€)+>0) is a right-continuous
stochastic integration structure (632K) with associated set T of stopping times and family (€, ),c7 of
closed subalgebras. Setting X;(w) = w(t) for w € Q and ¢ > 0, (X;);>0 is progressively measurable and gives
rise to a locally near-simple process u = (u,)se7; such that if o € T is represented by a stopping time
h: Caig — [0,00[ (in the sense of 455L or 612Gb) adapted to (X;)+>0, and Xp,(w) = Xp(w)(w) for w € Cqyg,
then u, = X} in L°(u) (612H, 631D). Now u is a Lévy process as defined in 652C, and the distribution of
ug is A\ for every ¢t > 0.

proof (a) For the existence of such a measure ji, see 455Pc and 455K. I did not discuss the question of
uniqueness there, but as ji is complete and completion regular it must be the completion of its restriction
fi|Ba(Caig) to the Baire g-algebra of Caiy. Now Ba(Cayg) is the subspace o-algebra on Cgiz induced by

Ba(RO>l = @[o,oo[B(R) (4A3N), so Ba(Cayg) is the o-algebra of subsets of Cqiy generated by the coordinate
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functionals w +— w(s) for s > 0, and by the Monotone Class Theorem (136C) [i] Ba(Cqig) is determined by
the values specified in (*) above.

(b) Theorem 455U tells us that if i : Cqig — [0, 00] is a stopping time adapted to <it>t20 and we define
én : Caig X Calg — Caig by setting

(w0, ) (1) = ' (t — h{w)) + w(h(w)) if ¢ > hlw),
= w(t) otherwise,
then ¢y, is inverse-measure-preserving for ji x ji and ji.
(¢) Turning to the conditions in 652C, set Xi(w) = w(t) for w € Cqig and t > 0. For t > 0, X, is

continuous, so is $-measurable, and now X; is 3;-measurable. By 631D, (X;):>0 is progressively measurable
so u is well-defined and locally near-simple (631D).

If s, > 0 then the distribution of u(,4)- —us is the distribution of the random variable w + w(s+t)—w(s).
But now take h to be the constant stopping time with value s and consider ¢, : Cqig X Cqig = Caig. We
have

On(w,w)(s+1t) — dp(w,w)(s) = op(w,w)(s+1t) —w(s) = '(¢).
Because ¢, is inverse-measure-preserving, the distribution of w — w(s + ¢) — w(s) is the same as the
distribution of (w,w’) = ¢p(w,w’)(s +t) — dp(w,w’)(s) = w'(¢t), which is the same as the distribution of
w' = W' (t) and uy.

Finally, if s < ¢, F € Eg and F' C R is Borel, then take h once again to be the constant stopping time
with value s, and let E' € ¥; be such that ji(EAE’) = 0. Then

WEN{w:w(t) —w(s) € F}
=B N{w:w(t) —w(s) e F}
= 2 {(0,0) : fn( ) € 'y dn(w,)(1) — () (5) € F)
=jf{w:weE} ji{w W (t—s) € F}
=j{w:we E} ji{w W' (t) —'(s) € F}.
Translating this into terms of (&, ji, [0, 00, (€;)1>0) and u,
ji(an u; —us € F]) = jia - jiJu; — us € F]

for every a € €5 and Borel set F' C R; that is, u; — u; is independent of €,. So u satisfies all the clauses of
652C.

652G Sums of stopping times Let (2, fi, [0, 00[, (Ai)i>0, T, (A )reT) be a real-time stochastic inte-
gration structure.
(a) If 7 € T and s > 0 we have an element 7 + § of T defined by saying that

[T+s>t]=[r>t—s]if s <t,
=1ifs>t.

(b)(i) 7V § < 7+ § whenever 7 € T and s > 0.
i

)
(i) IfreT and s, s >0then 7+ (s+ ') = (7 +3) + 5.
(iii) 7+ 0 =7 for every 7 € T.
(iv) If s, 8 >0then §+ 3 = (s+ ).

(v)Ifr, 77 €T and s >0 then [r <7 C[r+3 <7 +3].

(vi) For any 7 € T, {T + & : s > 0} separates T V 7.

(vii) Suppose that (2;)¢>¢ is right-continuous. If A C 7, s > 0 and we write A+ 3 for {o+35:0 € A},
then inf(A + 8) = (inf A) + 3.

proof (a) Setting
ar=[r>t—s]if s <t, 1 otherwise,
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we see that a; belongs to 2A;_, C 2l; in the first case and to 2l; in either case. If 0 < ¢ < ¢, then

ar=[r>t—s]|o[r>t'—s)=av if s <t,
=1o[r>t —s|=ap ift <s<t,
=1=ay ift' < s,

so a; D ap in all cases. And

supay = limay =lim[r >t —s]=[r>t—s] =a; if s <4,
t,>€ ¢ t' |t ¢ t'u[[ ]] [[ ]] t -

= lim ay =1 = a; otherwise.
b <s

Thus (at);>0 satisfies the conditions of 611A(b-i) and defines a stopping time which we may call 7 + .
(b) (i) For any t > 0,

[rvs>tl=[r>tjuls>tjcr>t—s]=[r+3>1t]ifs<t,
Cl=[r+s5>t]if s>t

(ii)
[(T+3)+8>t=[r+5>t—5]=[r>t—(s+ )]
=[r+(s+s)]if s+ <t,

[+ (4]
ift<sors<tandt—s<y¢'.

(iii) The formula in (a) tells us that [7 +0 > t] = [r >t — 0] = [r > t] for every t.
(iv) For t > 0,

[5+8>t]=[s>t—5]=0=[(s+5) >t]if s+ <t
ie,s <tands<t-—s,
=[E>t-s)=1=[(s+s) >t]if s’ <t<s+5,
ie,s <tandt—s <s,

=1=[(s+s) >t]ift<s'.

(V) FO<t<sthen [r'+3>¢] =1. If s <t then
[r<7Inr+si>tl=r<t)nlr>t—s]cr'>t—s]=[r"+3>1].

So [t + 8> t]\[r' + 3§ > t] does not meet [t < 7] for any t >0, [t < 7']n[r' + 3 <7+ 3] =0 (see 611D)
and [Tt < 7] Ccr+3 <7 +3].

(vi) Suppose that 7/, 7 € TV 7 and 0 # a C [7' <7”]. Then there are a ¢ > 0 such that b =
an[r” > t]\ [’ > t] is non-zero, and a t’ > ¢ such that ¢ = b\ [’ > t] is non-zero. For i € Nset s; = i(t'—t).
Then there is certainly an ¢ such that i(¢' — ¢) > ¢, in which case [T+ §; > t] = 1, so there is a first n € N
such that d = ¢ [{ < 7+ §,] is non-zero. Since [7 + 5o > t] C [7/ > {] is disjoint from ¢, n > 1.

Now cC [r' <{fJand d C [t < T+ 5,],s0d C [t7' <7+ 5,]. At the same time,

cClr+sua <ilclr+35,<7]
by (ii) and (v) above, and as c is also included in [£' < 7"], we have ¢ C [r + &, < 7"] and
an[r <7t+35,]n[r+35, <7"]2d#£0.

As a is arbitrary, [7" < 7] € sup,so([7' <7+ 35]n[r+5 < 7"]). As 7/ and 7" are arbitrary, we have the
result.
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12 Applications 652G
(vii) Write 7 for inf A, 7/ for inf(A + 3). If A is empty, so is A+ §, so maxT =7 =7 =7+ 3.
Otherwise. if 0 <t < s then
[r+5>t]=1=[5s>t] =[r" > 1]
because § is a lower bound for A+ §so § < 7'. If A+# () and s <t then

"'>t] = f t
[7" > 1] su];zaég+s[[a> d

(632C(a-i))

sup inf o+ § > t'] =sup inf o > ¢ — 5]

t'>t €A t'>t 9€A
= sup inf [o>t]=[r>t—4]
t'>t—s €A
(632C(a-1) again)
=[r+35>1].

Thus [7/ > t] =[r+3§>t] forall t > 0 and 7/ = 7 + 3, as claimed.

652H Proposition Let (2, , [0, 00[, (As)1>0, T, (A+)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (vy)se7; @ Lévy process.

(a) For any s > 0 and 7 € Ty, v-45 — v, is independent of 2. and has the same distribution as v;.

(b) For any 7 € T, (Vr45 — vr)s>0 is independent of 2, and has the same distribution as (vs)s>o0.

proof (a)(i) Write D for the set of those 7 € Ty such that v,;4; — v, is independent of 2, and has the same
distribution as vz. By the definition in 652C, T is included in D.

(ii) D is full. P Suppose that 7 € T and sup,cp [T = 0] = 1. Then 7 € Ty by 611N(e-i), and there is
a sequence (0;);en in D such that 1 = sup,cya;, where a; = [7 = o] for i € N. Set b, = a; \ sup; ; a; for
i €N; as a; € A NA,, for every i, b; € A, and therefore b; € A,, (611H(c-iii)).
Now if a € 2, and « € R,

M8

planvres —v- >a]) =) pland;nvrts —vr > a])

~.
Il
=]

M il

ﬂ(a‘ nb;N [[UUiJré — Vg > OZH)
b-v))

planb;) - filve,+5 — vo, > af

@
I
<

(because b; C v, = vg] N[+ § = g; + 3], by 652

<.
(=)

I

(because anb; € Ay, and 0; € D, S0 Vg, +5 — Uy, 18 independent of Ay,)

Z (anb;) - @lvs > af

=0
(because vy, 5 — Uy, has the same distribution as vs)
= ga - iafvs > af.
Taking a = 1, this shows that v,1 s — v, has the same distribution as vs. So in fact we see that
lan[vrys — v > a]) = fia - oz —vr > af

whenever a € 2, and o € R, and (using the Monotone Class Theorem) that v, 1z — v, is independent of 2.
Thus 7 € D. As 7 was an arbitrary member of the covered envelope of D, D is full. Q

(iii) If A C D is non-empty and downwards-directed, then inf A € D. I Write 7 for inf A. As Ty is
anideal of T, 7€ T;. A+ 3= {0+ 35:0 € A} is downwards-directed (652G (b-v)) and inf(A+3) =743
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(652G(b-vii)). Since (;):>0 is right-continuous and v is locally near-simple, v, = limy 4 v5 (632F), v,15 =
limyy A Voys and vrq5 — v = liMg 4 Voys — Vo

Since vy45 — v, has the same distribution as vz for every o € A, v, 45 — v, also has the same distribition
as vz, by 454Ve?. Since v, 15 — v, is independent of 2, and therefore of the smaller algebra 2. for every
o € A, v-15 — v, is independent of -, by 652Bc. So 7 € D, as claimed. Q

(iv) D = T;. P We saw in (ii) that D is a full sublattice of T;. As T separates 7; (633Ea) and is
included in D, D separates T;. If 7 € T, then A; = {o : 7 < ¢ € D} is non-empty and downwards-directed
and has infimum 7 (633Eb); by (iii) just above, 7 € D. Thus D D Ty: as D is full, D = T; (611N(e-ii)). Q

(b) For C' C [0, co[ write B¢ for the closed subalgebra generated by {v,,; — v, : t € C}.

(i) If C C [0,00] is finite then B and A, are independent. I Induce on #(C). If C is empty then
Be = {0,1} and the result is trivial. For the inductive step to #(C) = n > 1 enumerate C' in ascending
order as (t1,... ,t,) and set to = 0. Then B is the closed subalgebra generated by {v. ¢, , —v,44, 1 <n}.
Suppose that ag, ... ,a,—1 € Rand a € 2. Setting ap = a and a;+1 = a; N [[vﬂrglerl —V,yq, > g fori < n,
we see that a; € 2, g, while v 7 = — V5 = Vrii)t(tisa—t;) — Urti, 1S independent of 2, ; by (a)
above, so that fia; 11 = fia; - fv, 14, , — vr4q, > ;). Consequently

_ . _ -1 -
Aan inficn [or4q,,, — vrs, > i) = fia- T ilvr sy, — vris, > ol
In particular,

/. -1 _
/’[’(lnfi<7l IIUT+fi+1 - UT+£¢ > 0&1]]) = H?:O I’LIIUT+fi+1 - ’UT+Ei > Oéi]]

SO
ﬂ(a’ n infi<n [[’UT+E-;+1 - UT+£i > al]]) = laa’ : Ia(infi<n [[U7+fi+1 - UT+fi > al]])
As a and ayg, ... ,a,_1 are arbitrary, 2. and B¢ are independent (apply 313Gb to the subsets
{inf; <, [[UT+gi+1 — Vg, > 0] g, ... 0,1 € RY,
{d: pland) = fia - id for every a € A, }
of A). Q

(ii) Now € = [J{B¢ : C C [0,00] is finite} is a subalgebra of By | and fi(ane) = fia - fie whenever
a€U,ande€ & As n :AxA— Aand f: A — [0,1] are continuous for the measure-algebra topology
(323Ba, 323Ca), fi(and) = fia - pd whenever a € 2. and d belongs to the topological closure of &, which is
the closed subalgebra generated by € (323J), that is, B0,00[- Lhus (Vr45 — Ur)s>0 is independent of 2.

(iii) As for the distribution of (v;45 — v;)s>0, we saw in (i) of the argument above that

|
—

n

ﬂ(ligfl II/UT-‘rirH,l - UT-‘rfi > al]]) = lj‘[[v‘l'-‘rfi+1 - UT-‘rii > az]]

3 .
ol
- O

/”_L H:U(ti+1 —ti)” > ai]]

©
I
=3

(using the other clause in (a))

i
L

alvg,,, — v, > ai]

~
Il
=]

whenever 0 <ty <...<t,. So (Ury5 — Vr)s>0 has the same distribution as (vs)s>o0.

6521 Theorem Let (2, fi, [0, c0[, (As)¢>0, T, (Ar)re7) be a right-continuous real-time stochastic integra-
tion structure, and v = (v)ser; a Lévy process such that Osclln(v[[0,7]) € L>(2) for every 7 € T,. Then
v[ Ty is an L'-process.

2Later editions only.
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14 Applications 6521

proof Take 7* € Tp; I need to show that v« € L}L.

(a) Take t* > 0 such that 7% < {*. Since v is locally near-simple, v| 7 A £* is near-simple. Set § = § and
apply the construction of 615M to v[7 A t* and § to obtain families (D})ien, (yi)ien and (¢, )ien.oeTri-
as in 615M. Set 7; = inf Df; then 7y € D} and vy = y; (631Q), while y5 = vy = 0 and ¢, = 1 for every
o €T AT

Since 7{ € D}, the formula in 615Ma tells us that [r{ < *] € [Jv,; — 0] > 1]; so if 7{ = 0 this must be
because t* =0, 7* =0, v, =0 € L}] and we’re done. So suppose from now on that 7| # 0. In this case
there is an integer m > 1 such that 7 € |0, ¢*] such that a = [r{ > 7] is non-zero, where n = % fo<s<ny
and we set 0 = § A 71, then

a=[ri>n\[E>nl c[5<r]clo<m]=co\ci Clvo] < 3]
(615M(d-v))
< [los| < 3Julr < 3]

so in fact a C [|vs| < 1].

(b) Now re-apply 615M to v|7T A £*, this time with § = 1, to get (D;);en, (¥i)ien and (Cio)ieN ceTni*
Set 7; = inf D; for i € N; this time we have 7; € D; so0 ¢ = [1; < o] for i € N and o < £*.

For i € N, set a; = info<s<y [|Vr,4+5 — vr,| < é]], so that fiap > fia is non-zero. Since (V415 — Ur;)s>0
has the same distribution as (vs)s>0 (652Hb), fia; = fap for every i > n; write v for this common value.
Since (vr,4+5 — Ur;)s>0 is independent of 2, for each 4, fi(a; nb) = yab for every ¢ € N and b € 2,; as also
a; € Ay, for every i, (a;)ien is independent.

(c) The point is that a; N [r41 < £*] € [ + 9 < 7i11] for every i € N. P We know that {r; + §: s > 0}
separates T V 7; (652G(b-vi)), so A = {r; + 3§ : 0 < s < n} separates T N [1;,7; + 7] (633C(b-iii)). Now
a; C [|ve — vr,| < %] whenever o € A. If o belongs to the covered envelope A of A, then

=32
< 5]

@; = SUPpeq @i N IIO— = P]] n [H’U,O — V| < %]] < [HUU — Ur;

Now consider 7 = (7; +7) A7y, and A, = {0 : 7 < 0 € A}. Then A, is downwards-directed and its infimum
is 7, by 633ED, so v, =lim, 4 v, (632F),

: 1
|vr — v, | X xa; = llmUMT |vo — v, | X xa; < 5x0a;

and a; C [|v; — vr,| < 1]. On the other hand, [r;41 < #*] C [Jvr,, — vr| > 1] so

a; 0 [ri1 <) n[ri <7+ 0] € [lor —vr| < 510 [lory, —vn| 2 10 [1i41 = 7]
C [lvr —vrl < %]] nllor —vr| 21] =0
and a; N [ri <] [ +1<7111] Q
(d) If I C n € N then infier a; n [r, < ] € [(n#(I))” < 7,]. P Induce on n. For n = 0 this is trivial.
For the inductive step ton+1,if I Cn+ 1 and n ¢ I then I C n and

1r€1§ a;N [ty <] C 11615 a;n [, < ]

[(#(1)” < 7l € [(n#(1))" < Tnpa].

N

If nelset J=1\{n}; then

inf a; N [rp41 < ] = ap 0 [rne1 < &) 0 inf a; 0 |7, < ]
i€l ieJ

C [+ 0 < mapal n[(n#(J))” < 7]
(by (c) above and the inductive hypothesis)
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C [(n#(T)" + 1 < Tnyal
(652G (b-v))

= [(n#(1))” < 7]

by 652G(b-iv). Thus the induction continues. Q
(e) Now fifr, < 7*] <n™(1 —~)"~™ for every n > m. P If I Cn and #(I) > m, then

[rn < 7*] N 115 a; C [mn <] n irelﬁ a;

c [(n#1)” < ] nr <]
(by (c))
=0

because n#(I) > t*. So
[t < 7*] =sup([r, < 7*]ninfa; n inf 1\a;)
ICn i€l ien\I

c sup inf 1\a;)

ICn,#(1)<m i€n\]

has measure at most n™(1 — )"~ ™, since the a; are independent and fi(1\ a;) = 1 — v for every 4, by (b).

Q

(f) Everything I have said so far applies to any Lévy process. But now consider the hypothesis on the
oscillations of [ [0, 7] for 7 € Ty. Let 8 > 0 be such that Osclln(v[[0,7*]) < Bx1. Then |y 1 —vi| < (B+1)x1
for every i € N (618N), so |yn| < n(8 + 1)x1 for every n € N, and

[7* < 7] =sup[r < 7]\ [rit1 < 7°] = sup cir= \ 1,7+ € sup [loqe —yi| < 1]

<n <n <n

(615Md)
C [lvr <n(B+1);

since also
[7* = 7] € [vre = ynl € [lvr < n(B+1)],

[lvr« > n(B 4+ 1)] C [t < 7*] has measure at most n™(1 — ~)"~™ for n > m. But v = fiag is greater than
0, so

oo

L < 3B+ Dillor-| > n(8+1)]

n=0

[V

(365A)

oo

Sm+DB+D)+ Y, amA—y)m

n=m-+1

is finite, and v« € L}i, as required.

652J Proposition Let (2, i, [0, 00[, (As)1>0, T, (Ar)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (v, )se7; a Lévy process such that v[7,, is an L'-process. Then there is an
a € R such that v — au is a local martingale.

proof (a) Consider first the case in which E(vz) = 0 for every ¢ > 0.
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(1) If 0 < s < t, then vy — v; is independent of 2, and has zero expectation; so E(xb x (v — vs) =
b - E(vy — vg) = 0 for every b € 2. Writing Ps for the conditional expectation associated with the closed
subalgebra 2z = s, Ps(v; — vs) = 0 and Ps(v;) = Ps(vs) = vg. Thus v] [0,00[ " is a martingale.

(ii) Now there is a local martingale w with domain 7; extending [ [0, 00[” (6220b), and w is locally
near-simple (632I). Because v and w are both locally near-simple and agree on [0, co[ 7, they are equal (633F
again). So v is a local martingale.

(b) (i) For the general case, set f(t) = E(vg) for t > 0. Then f(s+t) = f(s)+ f(¢) for all s, t > 0, because
f(s+1t) = f(t) = E(vs4¢)” = v) and v(s44 = vy has the same distribution as vs and therefore has the same
expectation. As f(%) = %f(l) for every integer n > 1, and vy = 0, f(q) = ¢f(1) for every rational ¢ > 0.

(ii) f : [0,00[ — R is Borel measurable.  For M, ¢t > 0, set fas(t) = E(med(—Mx1, vy, Mx1)). We
know that lim, o v; = 0 for the topology of convergence in measure (652D), so

limy ¢ vy — v5 = limy s vy — vs = limy, V(=g =0
for every s > 0; similarly,
limys vp — vs = — limyps v5 — vy = — limyps Vg =0
for every s > 0. Thus t +— v; : [0,00[ — L° is continuous, and it follows that ¢ — med(—M x1,v;, M x1) is
continuous for the topology of convergence in measure. But this agrees with the norm topology of L}L on the

uniformly integrable set [—M x1, M x1], so t — med(—Mx1, v;, Mx1) is || ||1-continuous and fys : [0,00] = R
is continuous. Now f(t) = lim, oo frn(t) for every ¢, so f is Borel measurable. Q

(iii) Consequently there is a d > 0 such that f is bounded on [0, 6]. B There is a compact set K C [0, oo],
of non-zero Lebesgue measure, such that f[K is continuous, therefore bounded. Now f[(K — K) N0, 00[ is
bounded and K — K includes [, d] for some § > 0 (443Dc), so 1[0, d] is bounded. Q

(iv) limgyo f(t) = 0. B Set M = supycpo 5 [ f(?)]- If n € Nand 0 <t <2770, M > |f(2"t)| = 2"[f(¢)
and |f(t)] <27"M. Q Since |f(s) — f(t)] = |f(]s — t])| for all s, ¢ > 0, f is continuous. Now f(q) = ¢f(1)
for every rational ¢ > 0, so f(t) = tf(1) for every t > 0.

(v) Now consider w = v — f(1)¢. Because both v and ¢ are locally near-simple with domain 7; (631Ea),
so is w. Express w as (wy)oe7;. If 5, ¢ > 0, the distribution of w14 — ws = V(s — vs +1f(1)x1
is the same as that of w;, and w(s1+) — ws is independent of XA, so w is a Lévy process. For o € Ty,

g € L) C L}, so wy € LL; while E(ws) = f(s) — f(1)s = 0 for every s > 0. By (a), w is a local

martingale, and we have an expression of the right form for v.

652K Theorem Let (2, fi, [0, 00[, (Ae)i>0, T, (Ar)reT) be a right-continuous real-time stochastic inte-
gration structure, and v = (vs),ec7; a Lévy process. Then v is a semi-martingale, therefore a local integrator.

proof (a) Set (o, 7) = med(—x1,v, — v,,x1) for (o,7) € 7}%. Applying 633M(b-i) to ¥ [(T A 7)%" for
T € Tf, we see that ¢ is a strictly adapted interval function. By 633Mc,
w=iiy(1) = ([, dd)rer;

is defined everywhere in 7¢; by 633Mg, w is locally near-simple; by 633Me, Osclln(w|[7T A7) < x1 for every
7 € Ty. By 633Md, v — w is locally of bounded variation.

(b) The point is that w is a Lévy process. P Set 1)y = ¥[([0,00[")?". Since v[ [0,00[" is moderately
oscillatory, wg = iy, (1) is defined everywhere on [0,00[ ", and by 633N (applied to %[ (T A )2 for ¢t > 0)
wo = w| [0,00[".

Express w as (wy)oe7;- If 8, > 0, then (v(444)-vs)s>0 is independent of 2, (652Hb) and has the same
distribution as (vy)>0. Set

YT =((s+1)7, (s +1)7)) = med(—x1, V(s — sty > X1)
= med(—=x1, (V(st1) — vs) = (V41 — v5),x1)
for 0 <t < t'; then 9’ and 1o have the same distribution, that is,

MEASURE THEORY
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f(infi<y [¥' (i, 1) > u]) = Alinficn [vo(ts, 1) > ai])
whenever 0 < t; <t; and o; € R for i < n (454Vd3). At the same time, ¢ is independent of 2, that is,
filan infi<, [¥' (£, ) > ai]) = pa - ainfi<, [¥'(8, ) > i)
whenever a € A, and 0 < t; <t/ and a; € R for i < n. It follows that I — S;(¢’,1) : [0,00[** — L% and
I — S;(%o,1) have the same distribution, that is,

A(infi<, [S1 (¢, 1) > ai]) = Alinfi<n [S1, (o, 1) > as])

whenever Iy, ... , I, are finite subsets of {f : t > 0} and «; € R for i < n, while I — S;(¢’, 1) is independent
of . Now this means that if ¢ > 0 then the limits

[ —
f[O’OO[v/\tV dy' = f[O,oo[Vﬂ[é,(s+t)“) A = W(syty — Ws
and
\/n[O,oo[’/\f dl/}o =W

have the same distribution (454Ve again), while w4+ — ws is independent of A, (652Bc). As s and ¢ are
arbitrary, w is a Lévy process. Q

(c) Since Osclln(w|T A7) < x1 for every 7 € Ty, w|T, is an L'-process (6521) and there is an o € R
such that w — ae is a local martingale (652J). But now our original process

v=w-w)+a+ (w—a)

is expressible as the sum of a locally order-bounded process and a local martingale, so is a semi-martingale,
that is, is a local integrator (627Q).

652L Proposition Let (A, fi, [0, 00[, (A¢)i>0, T, (A )re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (vs)sc7; @ Lévy process. Then its quadratic variation v* is a Lévy process.

proof Since v is a local integrator (652K), its quadratic variation is defined everywhere in Tp. Express v*
as (v7)reTs-

(a) By 631Jb, v* is locally near-simple.

(b) We know that T separates 75 (633Da), so if t > 0 then T Af = {5: 0 < s < t} separates T A f

{3
(633D (b-i)) and contains both min(7; Af) = 0 and max (T, Af) = £. Also v|T Af is an integrator (616P (b-ii)).
By 633Ph, v* extends the quadratic variation of v|7T A £; in particular,

Ui = [par(d0)? = limp e S1(L, (dv)?).

(c) Now if s, t > 0 and I € Z(T A ) = (T A)<¥, then Sr. (1, (dv)?) is independent of 2, and has
the same distribution as Sy(1, (dv)?). P If #(I) < 1, then Syy:(1, (dv)?) and S;(1, (dv)?) are both zero.
Otherwise, let (s;)i<n be the increasing enumeration of I; then (v(s4s,)-)i<n is independent of 2, and has

the same distribution as (vs,)i<n, by 652Hb, 50 Sr5(1, (dv)2) = 310 (V(stss41) — V(sts:))? is independent
of 2, and has the same distribution as Z;:Ol (Vs,, — v5,)% = Sr435(1, (dv)?). Q

(d) Consequently

Ve — V5 = / (dv)? / (dv)? = / (d)?
TA(s+t) TA3 TN[3,(s+1)7]

= lim Si(1, (dw)?) = lim Srys(1,(dv)?)
ITZ(TN[3,(s+t)7]) ITZ(TAE)

is independent of A, by 652Bc, and has the same distribution as fT/\i(d'v)z = v} by 454Ve. Thus v* satisfies
the conditions of 652C and is a Lévy process.

3Later editions only.
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18 Applications 652M

652M The Cauchy process I mentioned the Cauchy distribution in the exercises to §285, but I wish
now to go rather more deeply into its properties, so I run over the basic facts from the beginning.

(a) If t > 0, then

f_oo t d¢ = lf_oooo dig arctan(l + %)d& =1,

oo (t2+£2) ™

so we have a distribution A; on R with density function £ — m (271H), the Cauchy distribution
with centre 0 and scale parameter t.

(b)(i) For ¢t > 0 and n € R,

—t€ _ oo te . te __t
fo e % cosnédE = t2+77 fo dg(ne sinné — te™* cosné)d¢ =

t2+772'
So
0 o—ing o—tlg — —tlg
f_ooe m e ‘ ‘dé' = f_ | |COb77§d§ — t2+7’)2’

i —tle] 2 : - o2t
the Fourier transform of £ — e isn— Vo) and the inverse Fourier transform of n — NI
is € — e~ ¢l (283]), that is,

—tlE] — [0 i€ 23
€ - ffoc e ) t2+77 - f et n/\t d?’]

for € € R (235K), and the characteristic function of \; is & — el (285Aa).

(ii) The argument gives us another integral: fooo 1_C§sndn = g P For any t > 0,
n

0 cosn d 1 poo e d T 4
=z =—e
fo t2+772 n 2f_oo t2+n2 77 2t

and
oo 1 1 poo 1 s
fo t2+n2dn_?f0 1+n2d77_ﬂ'

Because cosn <1, sinnp <n, 1 —cosn < %nz and 0 < 1_;% < min(; —) for every n > 0, fo

1— cosnd

defined in R and equal to

oo 1—cos?n

limtw fO e d’l7 = limuo %(1 — e—t) = g Q

(c) If s, t > 0 the characteristic function of \g * \; is & > e *I€le el = e=(sTIEl (285R), that is, it is
equal to the characteristic function of As1+, and Ag % A\ = Agy+ (285Ma).

We can therefore apply the construction of 652F with the family (A¢);>0 to obtain a probability space
(Caig, ¥, j1), a stochastic integration structure (€, i, [0,00[, (€;);>0) and a classical Lévy process u, the
Cauchy process.

(d) Writing C([0,00[) € Cqig for the set of continuous functions from [0, 00 to R, jiC([0,00[) = 0. P
Writing Xy (w) = w(t) for w € Cqig and t > 0 as usual,
. t
o X)) <ep=1-2[" (t2+£2 e ksl —;L @dg_ -
whenever 0 < t < e. Soifn > 1 isan integer and we set F,(e) = {w : [Xy,,, (w) =X, (w)| < € for every i < n}
where t; = % for i < n,
iFa(e) = jife | X | < e} < (1 - -Lyn < e/

nme

because the X;
now

— X;, are independent with the same distribution as X;, and In(1 — -1-) < —-1. But

it+1 nmwe’/ — nme
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C([O’ OOD g UmEN mnzm Fn(e)

has measure at most liminf,, . jiF},(€) < e~/ As € is arbitrary, C(]0, oc[) is negligible. Q

652N Alternative description of the Cauchy process (a) Let po be the indefinite-integral measure
over p, corresponding to the function £ — 7%2 : R\ {0} — [0, 00[ (234J), p1 the subspace measure on [0, co|
induced by pr, and g = pg x pq the c.l.d. product measure on S =R X [0, co[ (251F). We see that

u is atomless (234Nf, 251Xt),
p({&} x [0,00[) = (R x {t}) = 0 whenever £ € R and ¢ > 0,

w({&: 1€l >} x [0,t]) = % is finite whenever 6 > 0 and ¢ € [0, oo,
([0, 6] X [, B]) = u([—0,0] X [ar, B]) = oo whenever § > 0 and 0 < a < 3.

(b) Let v be the Poisson point process on (S, ) with intensity 1 (495E*), so that v is a probability
measure on ) = PS, and ¥ its domain. Then for v-almost every w C S,

E#0, €] #|¢'| and s # s’ whenever (&, ), (¢/,8) € w are distinct
(applying 495H° to (£, 5) — [€] and (&, s) = s),
wn{(§s): & >3, s <t} is finite whenever 6 > 0 and ¢ € [0, 0o are rational,

N ([0, 9] x [, B]) and w N ([—4,0] X [a, B]) are infinite

whenever 6 > 0 and 0 < a < 8 and «, 8 and § are rational.

Write g for the set of w C S with these properties. Note that if w € €y then in fact
wN{(&s):|£] >0, s <t} is finite whenever 6 > 0 and ¢ € [0, co],

@ N ([0, 4] x [a, B]) and w N ([—6,0] x [a, B]) are infinite
whenever § > 0 and 0 < a < .

(c) For t > 0 set
Yy,={HAA:HeX, H={w:wCS,wnN(Rx[0,t]) € H}, Aec N(n)}.

Then (X;);>0 is a filtration of o-subalgebras of 3. Moreover, it is right-continuous. I Take any ¢ > 0, and
set s, = t+ 27" for n € N. Setting Sop = R x [0,¢], S = Rx |t +1,00[ and S, = R X |sp,_2, $5,—1] for
n > 2, we have an isomorphism v : PS — [], oy PSn where ¢(w) = (@w N Sy)nen for w C S, and ¢ is a
measure space isomorphism between v and the product measure \ = I1,.cn Vn, where each v, is the Poisson
point process with intensity 1 on S, endowed with the subspace measure induced by p (495F). Suppose
that H € (,., s and consider ¢[H]. For each n € N, there is an H,, € ¥ such that H,, = {w : @ C S,
wN(Rx[0,s,]) € H,} and HAH,, is v-negligible. Setting H), =(),,~, Hm, we see that H), = {w : w C 5,
@ N (R x [0,s,]) € H,} and HAH], is negligible for each n. Now each ¥/[H},] C [], e PSn is determined
by coordinates in {0,n 4+ 2,n +3,...}, 50 (\,,en Y[H;,] = \yh>n ®[H],] is determined by coordinates in
{0,n+2,n+3,...} for each n, and there is therefore a W C HngN ‘PS,, determined by the single coordinate
{0} such that WA, cy¥[H,,] is A-negligible, by 254Rd. But now HA#)~![W] is v-negligible, while
PIW] ={w: @ C S, wNRx[0,t]) € v 1[W]}. So H € ¥;. Ast and H are arbitrary, (3;);>¢ is
right-continuous. Q

(d) Suppose that we have an m > 0 and family (E,)o<a<1 of Borel subsets of [—1, 1] x [0,m] such that
E, C Eg whenever 0 <a < g8 <1,

4In earlier editions I used the word ‘density’.
5Later editions only.
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if0<a<1land (£t) € E, then (=¢,t) € E,,

if 0 < a < 1 there is a 6 > 0 such that |£| > ¢ whenever (&,t) € E,.
For 0 < a <1 set

Xo(@)= Y & ifwe,

(&,8)EwNE,
(this is legitimate because w N E,, is finite)
=0 ifweQ\Q.

Then
(i) limg1 Xo(w) is defined in R for almost every w,
(ii) setting h(w) = sup, <1 | Xa(w@)| for @ € Q, ([ hdv)? is defined and is not greater than sup,, ., Je. E2p(d(g, s)).
P@)(a) It '

To={H:HeX H={w:weQ wnNk, € H}},
To={HAA:HET,, Ac N(v)},
T,={H:HeX H={w:w\E, € H}},
T, ={HAA:HeT,, Ac N(v)},

then X, is T,-measurable. We have

S, 1€ln(d(&,9)) < pEa < o0,

[ Xadr = /E (s, )

- / € p(d(E, 5))

(because (&,t) — (—=¢,t) : E, — R, is a p-preserving bijection)
=0.

(4950a6)

If 0 < 8 < «, then
XB(W) - Xa(w) = E(f,s)EwﬁEg\Ea f

for w € Qp. So Xg — X, is T;—measurable By 495F7, T!, and T, are independent, so T; and Ta are
independent. Since [ Xz — Xodv = 0, [; X3 — Xodv = 0 for every H € Ty, so X, is a conditional
expectation of Xz on T,. But this means that (Xa)a<1 is a martingale with respect to the ordering < on
[0,1].

(B) Next, 4950b7 tells us that
2 _ 2 2
[ xew= [ e+ ([ entie
= [ enaesnsm [ Eplag =2
Eq [—1,1]

SFormerly 495L.
"Later editions only.
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for every a € [0,1]. So {X, : 0 < a < 1} is || ||2-bounded, therefore uniformly integrable (621Be). By 622J,
v = limgpy X, is defined in L°(v) for the topology of convergence in measure and infq<1 Sup,< 5 [v - X5l =
0.

(v) If we take any Y-measurable function g :  — R such that ¢* = v and write @ for QN [0, 1], we
know that

infeq Sup, g gsq 90 — Xl = 0in LO(2)
and because @ is countable, this translates directly to
infgeqQ sup,cq >4 19(@) — X (@)| = 0 for v-almost every w C S
if we calculate the suprema and infimum in [0, co]. But now observe that, at least for @ € Qq,
By a 1) = Xig ()] = $uPye .1 19() — X5 ()]

for every ¢ € @, because if ¢ < f < 1 and w € €, thereisa ¢’ € Q such that 5 < ¢’ <1 and wN(Ey\Eg) =0
so that Xg(w) = X (w). And now we see that for v-almost every w € Q,

info <1 8UPa<p<i |9(w) — Xp(w)| =0
and g(w) = limay1 X (@).
(ii) As noted in (i-y) just above, if w € Qp and 0 < o < 1 there is a rational ¢ € [o, 1] such that

Xao(w) = Xy(@), s0 h(w) = sup,cq o<q<1 | Xq(@)] for every @w € Qg. Now 623M tells us that supg<,q | X3
is defined in L°(v) and

(/hdu>2:|| sup (X I1E < | sup 121
qeQ,0<g<
< sup |X2 Hrsup/ Cudes)
0<a<1

by (i-8). Q

(e)(i) For m,neN, a € [0,1] and w € Q set
Epna ={(&5): 27771 <[§] <27, 0<s<am} CS,

Yina(w) = > ¢ if w e,

(¢,s)€wNEmna

= 0 otherwise.

Then

[ entaes)—am [ o
Enmna 138
(where F,, = {n: 27" 1 < |p| <27"})

am 2= "am

=tk =

™

If we set
hinn (@) = $UPaegn(o,if [Ymna(@)[ € [0, 0]
for w € Q, B(hmn) < 277/2 V2, by (d-ii). But this means that
Qo ={w:@w e, > ohmn(w) < o for every m € N}

is v-conegligible. At the same time, for w € s,
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[Yinna(@)| < SUPgeQn(o,1] [Yinng(@)| < hpn (@)
whenever m, n € N and « € [0, 1], just as in (d-i-y) and (d-ii) above.

(ii) For ¢t > 0 and n € N, set
Ew={(&s): 27" <g<2™, 0<s<t} CS,

Y;tn(w) = Z ¢ if w e Q,
(&,8)EwNEy,

= 0 otherwise.
If @ € Q9 then, applying (i) with m = [t + 1] and « = %, we see that Y > ¥y, (w) is defined (as an
unconditional sum) and finite. Since w N (]1,00[ % [0,¢]) and @ N (]—o0, —1[ % [0, ¢]) are finite,

Zi(w) = 302 Yin(w) + Des)emlel>1e<t S
is defined. We see also that, for any m € N,
Zy(w) = limp 00 >3g Yir (@) + Do (es)emlel> 1<t §
uniformly for ¢ € [0,m]. Since the functions
b= Dm0 Yie (@) + Xe syem fef> 1,051 €

are cadlag for every n € N, t — Z;(w) : [0,m] — R is cadlag. Since m is arbitrary, t — Z;(w) : [0,00] = R
is cadlag.

For completeness, T will set Z;(w) = 0 for ¢ > 0 and w € Q \ Qo, so that ¢t — Z;(w) is cadlag for every
w € .

(F) If t > 0, the characteristic function of Z; is i+ e, P For n € N, set
Fp,={(s):27"<|¢] <2", s<t} C S,

9n(&:8) =€ if (€, 5) € Fin,
= 0 for other (§,s) € S,

Zin(@)= > ¢ ifwnF, is finite,
(&,8)EWNFyy,
= 0 for other w C S.

Then Zi(w) = limy, 00 Ztn(w) for every w € Qa. Now the characteristic function of Zy, is
N fps eMZin dy = exp(fs(ei”g" —1)dp)
by 495P8. Next,

on

t  p—2n
ingn _ 13y — e e
/S(ew 1)y /O(/dn L 1)d§+/27n e 1)de)dn

t 2m
= / / g%(e"’5 + e — 2)dgdt
0 —n
2t 2

== %(cos né — 1)d¢
™ Jo-n 3

2
_ 2 )

(1= cos nfé)de.
2—n

™
8Formerly 495M.
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As in (b-ii) of the proof of 652M, [ 5%(1 — cos|nl€)d¢ = |n| [° giz(l — cos &)d¢ is finite, so we can apply

Lebesgue’s Dominated Convergence Theorem again to see that

2m [eS)
; iNGgn _ - _ 1 2t Ly :_ﬁ 14q_
Jin [ (e === i 2 L cosluleas = <2 [T L0 - coslulg)ie
_2l [T _ 2l ™
= ”/o 62(1 cos&)dE = pa

(652M (b-ii))
= —tnl,

and

/ et dy = lim eMZindy = lim exp(/ (€197 —1)dp)
PS S

=exp( lim [ (e"9" —1)du) = exp(—t|n|),

n—oo S

as claimed. Q
By 285Mb, it follows that (for ¢t > 0) the distribution of Z; is the Cauchy distribution \; as defined in
652M.

(g)(@) If s, t > 0, Zs4+ — Zs has the same distribution as Z;. P Setting ¢s(&,t') = (§,s +t') for £ € R
and t' > 0, ¢, is a measure-preserving bijection between (.9, 1) and R X [s, oo[ with its subspace measure, so
@+ ¢; w] : PS — PS is v-inverse-measure-preserving (495F), while (in the notation of (e) above)

Z(g,tl)emew,n\Fw £= Z(f,t’)e¢;1[w]ﬂFm\an 3

for every w € Q. S0 Zsiin — Zon and Zy, — Zyg = Zypy, have the same distribution for each n. Since
(Zyn)nen converges in measure to Zy for every t' > 0, 454U tells us that Z3,, — Z: and Z; have the same
distribution, that is, Zs4¢ — Zs and Z; have the same distribution. Q

(ii) If 5, t > 0 and we take X/, to be
{HAA:HeX, H={w:w CS,wN(R x]s,00[) € H}, A€ N(u)},

then ¥/ and X, as defined in (c), are independent, by 495F again, while Z,; — Z is X.-measurable. So
Zs+t — Zs is independent of ¥;.

(h) Accordingly we have a second representation of the Cauchy process based on (€2, v) rather than on
(Caig, ft). We saw in (e-ii) that ¢ — Zy(w) is cadlag for every w € Q. Taking ; to be {E* : E € ¥;}
for t > 0, 631D tells us that in the stochastic integration structure (2, 7, [0, 0o[, (2A:)i>0) we have a locally
near-simple process 2 = (25)se7; such that z; = Z; for every t > 0. Because (X;);>¢ is right continuous
((c) above), so is (A;)1>0. Thus z is a Lévy process as defined in 652B.

(i) We can use this new representation to get some information about typical sample paths in the process
described in 652Mec.

If w € Q and t > 0 we have a canonical enumeration ((&,;(@), 3,/(w)))nen of the countably infinite
set @ N (R x [0,1]) such that |£,414(w)| < [€ne(w)] for every n € N. Now we find that for any ¢ > 0, the
conditional sum

2o sgnt (@) = limp 00 35 éit(w)
9Later editions only.
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is defined in R and equal to Z;(w) for almost every w. I For 0 < a < 1, set B, = ([-1,—14+a]U[1l —
a, 1]) x [0, ¢]. By (d-i),

Qu =A{w: @ € Qo, limat1 D¢ y)ewnp, § I8 defined in R}

is v-conegligible. Now if @ € 01, N2 and € > 0, @w N ((J—o0, —1[U]1, 00[) x [0,¢] is finite, so there is a first
m € N such that |&,¢|(w) < 1, Next, there is a 5 € [0, 1] such that

€= |Z(f,s)€wﬂEa, £ — Z(f,s)ewﬁEa £l = |Z(§,s)ewﬁ(Ea/\Ea) 3
whenever § < a < o/ < 1. Taking k > m such that |£kt(w)\ < B, we see that if kK < n <n' then
|Z?:o git(w) - Z?:o gzt(w” = |Z(§,s)€wﬂ(Ea/\E0) f[<e

where o = 1 — |£nt| and o/ =1— \fnrt\. As € is arbitrary, lim, o0 Y i ét(w) is defined.
At the same time,

Zi@)=lm 3 g= > f+lm Y ¢

n—oo

(§,8)€w,s<t (§,5)€w,&>1 (§,8)€w,s<t
\§\>27" 27"<\f\§1
n
- Y il Y =Y die) @
(§,5)€w,E>1 (§,s)€w,s<t 1=0
1—a<¢<1

(§) By (e-ii), we have a function ¢ : Q — Cqig defined by saying that
d(w)(t) = Zy(w) if w € Qo,
= 0 otherwise.

Now ¢ is inverse-measure-preserving for v and the measure ji defined in 652Mc. PP If 0 = s9 < ... < s, in
[0,00[ and «; € R for i < n, then

vo~Hw:w € Cayg, w(s0) < ap, w(si) —w(si—1) < a; for 1 <i < n}
=v{w:w e, Zsy(w) < ag, Zs,(w) — Zs,_,(w) < a; for 1 <i < n}

=0if ag <0,
= H V{w : ZSl(w) - Zsi—l(w) < ai}
1<i<n
(by (g-ii))
= H @ : Zs,—s,_, (@) < ai}
1<i<n
(by (g-1))
= H As;—s;_, |—00, ;] otherwise
1<i<n

(by (f)), and in either case is equal to
i{w:w(so) < ap, w(s;) —w(si—1) < a; for 1 <i < n}.

Since H = {H : H € ¥, v¢~'[H] is defined and equal to jiH} is a Dynkin class, it contains all sets of
the form {w : w € Cayg, w(so) € Eoy, w(s;) —w(si—1) € E;for 1 < i < n} where n € Nand E; C R is
Borel for every i < n, and therefore the o-algebra generated by these, which contains all sets of the form
{w:w € Cayg, w(s;) € E; for i < n} where n € N and F; C R is Borel for every ¢ < n, and therefore is the
subspace o-algebra defined by the Baire o-algebra of Rl Since ji is a completion regular quasi-Radon
probability measure, every H € 3 is expressible as HyAA where Hy € H and A is included in a ji-negligible
member of H; because v is complete, $C ‘H, that is, ¢ is inverse-measure-preserving. Q
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(k) If w € Qg and ¢ > 0, then
P(w)(t) — 1sigl¢(W)(8) =¢if (§t) € w,
= 0 if there is no £ such that (¢,t) € @.

P Take m € N such that ¢ < m, and € > 0. Let k € N be such that > >, hmn(w@) < €, where Ay, is defined
as in (e-1) above. For s > 0 set f(s) = > (¢ o)ew j¢|>2-+,5<s & 88 @ € (o, this is a finite sum. Then

[p(@)(s) — f(s)| = [Zs(@) — f(s)] <€
for every s < m, while
£(8) ~lim f(s) =€ if (6.1) € =,
= 0 if there is no & such that (¢,t) € w.

Now

lim sup |¢(w@)(t) — & — d(w)(s)]

st
< lp(@)(t) — f(t)] + liHSlTStUp |f(t) — f(s) =&+ lin;TStup |f(s) — d(w)(s)]
< 2?2 lp(w)(s) — f(s)] < 2

if (&,t) € w, and
lim sup i, [¢(@)(t) — d(w@)(s)] < 2¢
if there is no £ such that (§,¢) € w. As e is arbitrary, we have the result. Q

(1) If w € Cqig, I will write Jump(w) for

{(&,t) : £ e R\ {0}, t > 0, w(t) = limgy, w(s) + &}

Observe that @ = Jump(¢(w)) for every w € g, by (k).
For £ C S, set

A(E) = {w: ENJump(w) # 0}.
If B € B(S), Ai(E) € £. P Since (w,t) = w(t) : Caig x [0,00[ = R is E@B([0, oo[)-measurable (631D),
{(w, &) Jw(t) —w(s) = ¢l <277}
belongs to L®B(S x [0, 00]) for every n € N,
{(W, &1, (snhnen) : (61) € Byt = 27" < sp <t
and |w(t) — w(sp) — & < 27" for every n € N}

belongs to

SRB(S x [0,00[")
and its projection A1 (F) can be obtained by Souslin’s operation from members of ) (4230), so belongs to
> (431A again). Q Now (k) tells us that

AL (B) = vé ™ [A1(E)] = v(Q2 N ¢ [A1(E)])
=v{w:w e, ENnw # (I}
=1—e "Fif uE is finite,
=1if pFE = oc.
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(m) Observe now that p is atomless and (S, i) is a countably separated measure space (343D), while
it is complete. So Jump : Cqig — PS leads us to a complete image measure jiJump ! which agrees with
v on sets of the form {S: SN E # 0} where uE < oo, and therefore extends v (4951'°); that is, Jump is
inverse-measure-preserving for ji and v. We can therefore refer to (b) above to see that, for ji-almost every
w € Caig,

E#0, €| # €] and s # s whenever (&, ), (¢/,s") € Jump(w) are distinct,

Jump(w) N {(&,s) : €] > ¢, s <t} is finite whenever 6 > 0 and ¢ € [0, c0],

Jump(w) N ([0, 6] X [«, 8]) and @ N ([—4,0] X [«, B]) are infinite
whenever § > 0 and 0 < o < 3,

so that for ji-almost every w we have, for every ¢ > 0, a canonical enumeration ((&,:(w), $nt(w)))nen of
the countably infinite set Jump(w) N (R x [0,¢]) such that |[€,4+1+(w)] < [€ne(w)] for every n € N; we take
Ent (W) = Ent (Jump(w)), spi(w) = Gy (Jump(w)) whenever Jump(w) € Qy and n € N.

If w € Qy, then w = Jump(d(w)), 50 &nt(d(w)) = Ene(w) and sy (d(w)) = () for all t > 0 and
n € N. For any particular ¢ > 0, Q5 N Q1 is conegligible and

Sonto ént(9(@)) = oo bni(@) = Zi(@) = d(w)(2).
So w(t) = 320°  €nt(w) whenever w € @[ N Q). On the other hand, w ~ &t (w) = & (Jump(w)) is
>-measurable for each n because Jump is ..(E,E)—measurable and &,; is X-measurable. But this implies

that {w : w(t) = 307 & (w)} belongs to 3; as it includes the set ¢[Q N Qy] of full outer measure, it is
conegligible. So we see that w(t) = Y.~ ) & (w) for ji-almost every w € Cyjg.

6520 Third construction for the Cauchy process (a)(i) Write uw = pwo for two-dimensional
Wiener measure on the space = C([0,00[;R?)y of continuous functions from [0,00] to R? starting at
zero. Recall that Q can be identified with C([0,00[)3 and pw with p#,,, where uw; is one-dimensional
Wiener measure on C([0,00[)g. For w € Q, I will write wg, wy for its coordinates in C([0, c0[)g, so that
w(t) = (wo(t),w1(t)) for ¢ > 0. Write ¥ for the domain of uy . For ¢ > 0, let ¥; be the o-algebra of sets
F € ¥ such that w’ € F whenever w € F, ' € Q and w'[[0,¢] = w[[0, ].

(ii) For ¢t > 0, let h; be the Brownian hitting time to the closed set [t, 00 x R (477I), so that hy(w) =
inf{s : wo(s) > t}, counting inf( as oo, and wy(ht(w)) = t if hy(w) is finite. Evidently ¢ — h(w) is
non-decreasing. Set

Q) = {w: w e C([[0,00[)o, wo[[0, 00[] =R}, Q" = x C([[0, 0[)o;

then Qf is pw1-conegligible in C([[0, 00[)o (478Ma), so Q' is up-conegligible in Q. For w € /, hi(w) < oo
and w(h(w)) =t for every t > 0. Of course hg(w) = 0 for every w € Q.
Ift > 0 and a > 0, then

pwiw:w e hy(w) <a} = pwfw:w e Q maxwy(s) > t}
= nwi{wo : wo € C([0,00[)o, maxwo(s) > t}

(identifying pw with u?,,)

by 477J. Accordingly the distribution of h; is absolutely continuous and has a Radon-Nikodym derivative,
with respect to Lebesgue measure,

d 2 00 2 2 t 2 t 2
o= ——=_ e~ " /2d — eft /2a _ —t%/2a
da 27 ft/\/& " V271 20/ aV2ra
0Formerly 495Xa.
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for o > 0.

(iii) Each h; is a stopping time adapted to (Xs)s>0 (477I(c-iii)), so we can speak of the o-algebra
Yh,={FE:Ec3 En{w: h(w) < s} € X, for every s > 0}, as in 612G.

(b)(i) For t > 0 and w € Q, set

Zy(w) = wy (he(w)) if hy(w) < oo,
= 0 otherwise.

Since (f,s) — f(s) : C([0,00[) x [0,00[ — R is continuous for the topology of uniform convergence on
compact sets (4A2G(g-iii)), (w, s) — wo(s) : 2 x [0, 00[ = R is continuous. Now h; is lower semi-continuous
(4771(c-ii)), therefore Borel measurable (4A3Ce), so Z; : 2 — R is Borel measurable, therefore Y-measurable.

(i) In fact Z; is always ¥p,-measurable. P Take o € R and set F = {w : Z;(w) > a}. If s > 0,
w € E, ht(w) < s and w' € Q are such that w'[[0,s] = w[[0,s], then w{(ht(w)) = wo(ht(w)) = t and
wh(r) = wo(r) < t for r < he(w), so he(w') = he(w) < s,

Zy(w') = wi(he(w)) = wi(he(w)) = Ze(w) > «,
andw’ € E. Thus EN{w : ht(w) < s} € Xs; as s is arbitrary, E € 3, ; as « is arbitrary, Z; is ¥, -measurable.
Q

(iii) For any t > 0, the distribution of Z; is the Cauchy distribution A; of 652M. P Take any a € R,
and set f = x]—00,a]. Then

s Ziw) < ab = [ Fid = [ Fler(u@)w ()

- /Q/ F(wi (he(wo, 0))) i (dev)

(where 0 € C(]0, 00[)o is the constant function with value 0, because h;(w) is calculated from wy)
= [ [ nhaeon, 0w (e )
Q4 JC([0,0])0

(identifying pw with p2,)

67042/2ht(w070)da LW (dwo)

1
B /6 /Rf(a) V/2mhy (wo,0)
(by 271Ic, because wy — w1 (h(wp,0)) is normally distributed with expectation 0 and variance h:(wp,0))

—a®/2he(@0.0) oy 1yt (dwo)

a
= e
oy J oo v/ 27h (wo,0)

—a2/2hﬁ(”0’0)MW1 (dwo)da

a
1
N /_oo / Vo (@00)
_ [ 1 —a?/2h(w0,0)
- [w /' \/We pw (dw)da

(because w — wyg : @ — C([0, 00[)g is inverse-measure-preserving)

a
1 —a? t(w

[ [T st e
_/_OO/O L e 4 da

=L 2 / e Tdvyda
0

2m o oP+t?

(by (a-ii))

a?+t? )
2p8

(substituting v =
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¢ t
:[mmdazkt]—m,a]

As a is arbitrary, we have the result. Q

(c) Suppose that 0 <t <.
(i) By 455U/477G we have a function ¢ : Q x Q —  defined by setting

$w,w')(s) = w(he(w)) +w'(s = he(w)) if 5 > he(w),
w(s) if s < hy(w)

which is inverse-measure-preserving for pyw X uw and py .

(ii) For almost every w, w’ € Q, hi(w) and hy_;(w’) are finite, and for such pairs

hy (p(w,w")) = min{s : p(w,w’)o(s) > t'}
(writing ¢(w, w’)o(s) for the first component of ¢p(w,w’)(s))
=min{s : s > h(w), d(w,w)o(s) >t'}
(because if s < hy(w) then ¢(w,w’)o(s) = wo(s) < t})
=min{s: s> h(w), t + wi(s — he(w)) > ¢'}
= hy(w) + min{s : wj(s) > t' —t} = hy(w) + hy—(W'),
Zy ($(w,w) = dp(w, )1 (he(w) + her—s(w'))
= w1 (he(w)) + wi (hey (W) = Zi(dp(w,w")) + Zy—e(W').

Because ¢ is inverse-measure-preserving, Zy — Z; has the same distribution as
(w,w') = Zp (p(w,w)) = Ze(P(w,w')) = Zp—+(w')
which has the same distribution as Zy _;.

(iii) fw € F € Xp, and w’ € Q is such that w'[[0, ht(w)] = w0, ht(w)], then w’ € E. P If hy(w) = o0
this is trivial. Otherwise, setting s = h;(w), we see that w € EN{® : h(®) < s} € X while w'[[0, s] = w]]0, $]
sow eEN{o:h(@)<s}CE Q

Now ifw € E € &), and w’ € Q then ¢(w,w’) 10, he(w)] = w0, he(w)] so ¢p(w,w’) € E. The same applies
to the complement of E, so we see that ¢~'[E] = E x Q for every E € . And it follows that Z; — Z; is
independent of ¥j,. P If E € ¥, and a € R, set F = {w : (Zy — Z;)(w) > a}; then

pw (ENF) = piy (07 E] N o [F]) = piy (B x Q) N~ [F))
1y (B x Q)N (2 x {o': Zy—y(w') > a}))
(by (i) above)
=1y (Ex Q)N (Qx F)) = pwE - pwF.

As F and « are arbitrary we have the result. Q

(d) From (c), we can easily confirm that (Z;);>¢ here has the same distribution as the process (Z;)¢>o of
652N. But the filtration (X5, )>0 is not right-continuous and the paths (Z;(w));>0 are not cadlag, so to get
a Lévy process as described in 652C there is still some work to do.

() H0<s<t, FeXy, and r >0, then
En{w:hw)<r}=(EN{w: hs(w) <r})N{w: h(w) <r}

is the intersection of two members of ¥, and belongs to ¥,; so £ € ¥,. Thus ¥;, C 3p,.
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(ii) For ¢t > 0, set

T, = {EAA ke ﬂ5>t Zhs, Ae N(Mw)}
Then (T});>o is a filtration of o-subalgebras of ¥, and is right-continuous. P If ¢ > 0 and E € )
then for each n € N there is an A,, € N (uw) such that EAA, € N

see that F' = (), .y EAA, € )
every t, by (i).

s>t Ts’
s>t42-n 2h,; using (i) just above, we

s>t Dh, and EAF C |, oy An is negligible. Q Note also that ¥, C Ty for

(iii) For ¢t > 0 and w € Q, set izt(w) = infyo; he(w) = limgy, hs(w). Because hy < hy whenever ¢ < s,
hy < hy for every t and ¢ — hy(w) : [0,00[ — [0, oc] is non-decreasing and cadlag for every w. We find also

that hy =, hy for every t > 0. P hy(w) is always lim,,_, oo hyyo-n(w), and

{w: (@) < 0} = Nypen Unenl@ : hrsamn (@) < a+277

has measure

i ~ 2 —&/2qe = 2 [ )2

limy,, 00 limy, o0 \/ﬁf(t-rz—")/\/me d¢ = mﬁ/\/ae d¢

whenever ¢ > 0 and « > 0, by (a-ii) above. So {w : A (w) < a} and {w : ht(w) < a} have the same measure
for every «; as the former is always included in the latter, hy =, h:. Q

(iv) For ¢t > 0 and w € ©, set

Zy(w) = Wl(ilt(w)) if we

= 0 otherwise.

Then Z; =, Z; for every ¢, and (Zt (w))e>0 is cadlag for every w. PP If w ¢ Q' this is trivial. Otherwise,
t = hy(w) : [0,00[ = [0,00][ is cadlag and w; : [0,00[ = R is continuous so t — w; (hy(w)) : [0, 00[ — R is
cadlag. Q

Next, 7, is T,-measurable for everyt > 0. P Zt =ae. limy—oo Zy1o9-n and if s > ¢ then lim,_ oo Zy19-n
is ¥p,,-measurable by (b-ii) above. So in fact limy o Ziyo-—n is ((),5; Xn,)-measurable and Z, is Ty-
measurable. Q

(v) If 0 < t <t then Zy — Z; is independent of T;. P For n € N, Zyyo—n — Zyy9-n is independent
of Ehuzw and therefore of (., X, and of Ty. Now Zy — Z; =a.c. limy 00 Zyryo-n — Zypo-n s0 is in the
closure of {Zy9-n — Zs19-n : n € N} for the topology of convergence in measure; by 652Bc, applied with
B={E*: EeT:}, Zv — Z; is independent of T;. Q

(vi) Putting these together, we see that if (A, ) is the measure algebra of (2,3, uw) and B; =
{E* : E € T;} C A fort > 0, we have a right-continuous real-time stochastic integration structure
(2, iw, [0, 00, (B)1>0); and 613D, applied to (Ty)>o and <Zt>t207 tells us that (ZQQO is progressively
measurable and corresponds to a locally near-simple process (Z,)se7; which is a Lévy process in the sense
of 652C.

652X Basic exercises (a) Suppose that (2, i, [0, 00[, (As)i>0, T, (A )re7) is a right-continuous real-
time stochastic integration structure and v = (v,)se7, a Lévy process. Show that if 7 € Ty and (t,)nen is
a non-decreasing sequence in [0, oo, then (v, 7 , —v-1; Jnen is independent.

(b) Show that the formula in 652Ga can be adapted to describe the sum of any two stopping times, and
explore the properties of this operation. (Hint: 364C.)

(c) Let v = (vg)oe; be a Lévy process such that a = E(vg) is finite. Show that v — au is a local
martingale. (Hint: 632Ma.)

(d) In 652Ni, show that éns is a stopping time adapted to (X;);>¢ for all n € N and s > 0.

(e) In 6520d, show that h; is always the Brownian hitting time to ]¢,00[ X R, so is a stopping time
adapted to the right-continuous filtration (), %,)s>o0-
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(f) Suppose that (2L, &, [0, 00[, (As)e>0, T, (Ar)reT) is a real-time stochastic integration structure. (i)
Show that if s > 0 then 7 +— 7+ 3§ : 7 — T is a lattice homomorphism. (ii) Show that if 7 € T then
t+ 7+1:[0,00] = T is order-continuous.

652Y Further exercises (a) Let ji be the measure on Cqj, corresponding to the Poisson process, as in
612U. Show that it is not a Radon measure for the topology of pointwise convergence on Cyjg.

(b) Let (€, 7,[0,00[, (€t)¢>0, T, (€ )re7) be the real-time stochastic integration structure of 612T, and
w = (w;);c7; Brownian motion. Set 2A; = &y for t > 0, so that (&,7,[0,00[, (As)s>0) is a stochastic
integration structure, and S = {f : ¢ > 0}. Show that with respect to the structure (&, 7, [0,00[, (U:)t>0),
(ws)oes is a fully adapted process but is not a local integrator.

(c) Let f : [0,00[ = R be a cadlag function. For ¢ > 0, write f(t) for limey f(s). For finite sets
I C [0, 00, define oy by saying that ay = 0 and

ar = Y720 f(sinn) = f(si) — med(=1, f(sip1) = f(50), 1)
if #(I) =n > 0 and (s;);<n is the increasing enumeration of I. Take ¢ > 0, and write Q, for (QNI0,¢])U{t}.
Show that
(i) For every € > 0, {s: 0 < s <, |f(s) — f(s7)| > €} is finite;
(i) o =D gcscs f(s) = f(s7) —med(—1, f(s) — f(s7),1) is defined;
(iii) For every € > 0, there is a finite set J C @ such that |a; — a| < € whenever I C [0,¢] is finite and
JCI

(d) Let (©2, %, 1) be a probability space and (X;);>¢ a family of random variables defined everywhere on €2
such that ¢ — Xy (w) : [0,00] — R is cadlag for every w € Q. For w € Q and ¢ > 0 set X;- (w) = limgpy X (w).
For w € Q and ¢ > 0 and non-empty sets I C [0, co], set

Yi(w) = 2pcocs Xs(W) = Xy (W) = med (=1, Xy (w) = X,- (w), 1),

Wy =310 Xy — Xs, — med(—xQ, Xs,,, — Xs,, XQ)

where (s;);<y, is the increasing enumeration of I. for w € €, write V' (w) for the total variation of the function
s+ Yy(w) : [0,¢] — R. Take any ¢ > 0. Show that

(1) Y; : Q@ — R is measurable;

(ii) writing Z; for the set of finite subsets of [0,t], Y;* = lim4z, W} for the topology of convergence in
measure on L°(u);

(iii) V is measurable and finite-valued.

Si41

(e) Let u = (us)oe7; be a a classical Lévy process. For finite sets I C [0, oco[ define wr by saying that
wy = 0 if I is empty and otherwise w; = 2?2—01 us, ., — us, —med(—x1,us, ., —us,, x1) where (s;);<n is the
increasing enumeration of I. For ¢t > 0 let Z; be the set of finite subsets of [0,¢]. Show that

(i) y; = limy4z, wr is defined for every t > 0;

(i1) ¥ = (Yo )oe[o,00 18 locally of bounded variation;
(iii) u; — y; has finite expectation for every ¢ > 0;
(iv) E(uz — y;) = tE(uy — yj) for every ¢ > 0.

6527 Problem Is the Cauchy process, as described in 652Mc, a local martingale?

652 Notes and comments The ‘classical’ Lévy processes of 652F are the natural translation of the (real-
valued) Lévy processes of §455 into the language of this volume. What I call a Lévy process in 652C offers
a generalization. We then find ourselves doing some work in 652G-652H to show that the processes of 652C
have a weak form of the Markov property of 455U. For classical Lévy processes, it is enough to express the
ideas of 633M-633N in terms of cadlag functions (652Yc-652Ye), giving us an easier route to 652I-652K. The
calculations are not trivial, but they are natural once you have come to terms with the fact that we really
do not have continuous sample paths except in very few cases, and consequently have to understand the
jumps X (w) — X,- (w), as in 652Yd; compare 641N.
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However, the step from ‘classical Lévy process’ to ‘Lévy process’, as defined here, is more than a formality.
The point is that the independent-increment property changes from

whenever 0 <ty <...<t, then X3, — Xy,... , Xy, — X are independent (455Q))

n—1
to

vz — v; is independent of (s whenever 0 < s <.
The former version translates into

vy — v; is independent of {vy : 0 < s’ < s} whenever 0 < s < ¢;
it comes to the same thing for classical Lévy processes because in that context, in effect, A is defined as
the closed subalgebra generated by {vs : 0 < s’ < s}. If we want to move to more complex structures (for
instance, in order to look at an interaction between two different Lévy processes, as in multidimensional
Brownian motion) we need to make the distinction. We cannot take it for granted that a general Lévy process
(vr)re7, will copy every feature of the associated classical Lévy process defined from the distributions A; of v;.
The culminating result of §455 was the strong Markov property of classical Lévy processes (Theorem 455U).
Applied to Brownian motion it was the basis of large parts of §§477-479. I have not found a corresponding
property of Lévy processes as defined in 652C.

Lévy processes have been studied intensively, and in this section I have been content to stop at the semi-
martingale property (652K), since this belongs to the basic classification scheme for stochastic processes
which I am following in this volume. But you should be aware that the analysis in 652G-652K amounts
to a few baby steps towards a general description of Lévy processes, the Lévy-Khintchine and Lévy-Ito
decompositions (SATO 13, §8 and §§19-20). As a very special case, I offer a detailed analysis of the Cauchy
distribution (652M-6520). Regarded as a classical Lévy process, as in 652M, this is straightforward enough
to have been an exercise in §455. But the Lévy-It6 decomposition seeks to describe it in terms of its ‘Lévy
measure’ p in 652N, and to reach the final formula

w(t) =307 o &nt(w) for ji-almost every w

in 652Nm I think we must do a good deal more work. Note that the sum here is a conditional sum. We really
do have to take the terms in an appropriate order, biggest jumps first. Nearly always in this volume we take
things as they arrive, in temporal order. But in the present case, if 0 < s < t, w(s) = > " &ns(w) is the
sum of a subsequence of (£,:(w))nen, sSumming those jumps which occurred at or before the time s, not (for
instance) an initial segment. When we look at the whole jump set Jump(w) for a measure-generic w € Cgig,
all its points are isolated, but its closure in [—o0, 00] X [0, 00] is Jump(w) U {(0,t) : ¢ € [0, 00]} U {(cv, 20) :
a € [—00, 0]}, and it has no useful natural enumeration.

I dare say you have learnt how to calculate the integrals of 652Mb by contour integration. I offer the
alternative route through Fourier transforms just because I gave what I hope was a correct and reasonably
complete argument for the Fourier transform inversion theorem in §283, and I have omitted contour inte-
gration entirely from this treatise because of the difficulty of presenting the Jordan Curve Theorem in the
style I have chosen. But if you look at the contours required for the results here you will have no difficulty
in describing approximating polygons and triangulations in elementary geometric terms, so that a more or
less elementary version of the Residue Theorem is adequate.

I go through the details of 6520 partly because they are striking (and include a solution to 478Ym?!!),
but mostly to offer a different view of the jumps in the Cauchy process. I do not think it is obvious from
the formula in 652Ma that the Cauchy process is discontinuous (652Md). In fact the analysis in 652N shows
that it is a ‘pure jump’ process, that is, almost every sample path is expressible as the sum of its jumps
— provided, that is, that we can express the sum in the right way, because it is typically not of bounded
variation, and we do not have a saltus function of the type in 226B. The method of 652N clearly has a
potential for generalization to other probability measures on R x [0, 00[. But in the absence of the general
theory of Lévy processes and Lévy measures, as described in SATO 13, it is bound to look a bit arbitrary,
even though an elementary scaling argument shows that if there is an expression in terms of a Poisson
point process as in 652Nc, then the underlying measure must look like the measure p of 652Na. Also, of
course, this exposition leans rather heavily on §495. On the other hand, once we have worked through
the formulae of 6520, we can see that the jumps in the paths (Zt(w)>t20 there correspond to jumps in
gt(wo) = inf{s : wo(s) > t} for one-dimensional Brownian paths wg. Now we know that almost every wq

HLater editions only.
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is continuous and nowhere differentiable (477K). It follows that it will have many local maxima, and we
can expect it to happen (countably and densely) often that the hitting time to a value ¢ is a strict local
maximum of wy, so that limgy, gs(wo) will be strictly less than g, (wo).

Version of 22.9.20/30.9.23

653 Brownian processes

In 624F, we saw that the quadratic variation of Brownian motion is the identity process. In fact, under
suitable conditions, this characterizes Brownian motion among local martingales (653F). Elaborating on the
argument, we can show that (again under suitable conditions) general locally jump-free local martingales
can be described in terms of Brownian motion and a time-change of the type considered in §635.

653A Notation As always, (2, i, T, () ier, T, {(Ar)re7) will be a stochastic integration structure;
L% = LO(2) will be given its topology of convergence in measure, defined by the F-norm 6 where 6(w) =
E(|w| A x1a) for w € L°. L}, € L° will be the L-space defined by .

Fort € T, t € T will be the constant stopping time at ¢; for 7 € T, P, will be the conditional expectation
associated with .. If S is a sublattice of T, Z(S) will be the set of finite sublattices of S.

I will use the symbols [ for Riemann-sum integrals and f for S-integrals. If S is a sublattice of 7 then
1(5) will be the constant process with domain S and value xly. When 7' = [0, 00|, ¢ = (1;)r¢7, will be the
identity process.

653B Distributions (a) If k > 1 and uy,... ,ux € L, we have a sequentially order-continuous function
E + [(u1,... ,ux) € E] from the Borel o-algebra By, of R¥ to 2 (619E). This leads us to a Borel probability
measure E — fiJu € E] : By, — [0, 1]; the completion of this measure is a Radon probability measure vy on
R* (256C), which I will call the distribution of U = (uy, ... ,ux) (cf. 364Yo).

Note that if (2, z) is the measure algebra of a probability space (2, X, i), and the identification of L°(2A)
with LO(u) represents u; as ff, where f; : O — R is measurable for 1 < i < k, then the distribution v is just
the joint distribution of the sequence (f, ... , fx) of random variables as described in 271B. If h : R¥ — R

is a bounded Borel measurable function, then E(h(U)) = [ hdvy. P Set
W ={h: h is a bounded Borel measurable function,

E(h(U)) and /thU are defined, finite and equal}.

If h = YE where E € By, then h € W by the definitions of i (619Eb) and vy. Since W is a linear space
closed under limits of uniformly bounded monotonic sequences (use 271E and 619Ef), it contains all bounded
Borel measurable functions. Q

(b) We can now speak of the corresponding characteristic function ¢,,, where

Yoy (y) = /Giy'xljU(dﬂj) = /Cos(y.x)uU(dx) Jri/sin(y.:r)l/U(dr)
= E(cos(mur + ... + mrpur)) + iE(sin(nrus + ... + nrur))

for y = (91,...,m) € R¥, and I will call this the characteristic function of U = (u1,... ,us), following
285Ab. If now V € (L°)* has the same characteristic function as U, it must have the same distribution as
U, by 285M.

(c) If uy, ... ,uy are stochastically independent (367W), then the distribution vy of U = (uy,... ,ug) is
the product of the distributions v, of u; (272G).

653C Lemma Let S be a non-empty sublattice of 7 and v = (vs),es a locally jump-free virtually local
martingale such that its quadratic variation v* is an L*-process. Writing v for the starting value of v,

(©) 2014 D. H. Fremlin
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z1 =sin(v — v)19) x exp(Lv*), 2> = cos(v —v,19) x exp(iv*)
are martingales.
proof I follow the line of argument in 651B-651E.

(a) To begin with (down to the end of (c)) I will suppose that S is finitely full. As in 651C, v is a local
integrator; so vy is defined. As in 651B, v* has domain S and is a locally jump-free local integrator (617L).
As in 651D, v — vil(s) is a virtually local martingale with quadratic variation v*, so it will be enough to
deal with the case v| = 0.

(b) (i) We can apply 619K with h(z,y) = sinzexp(3y) and V = (v,v*) to see that

z1 = dipy (119)) = diy(cos(v) x exp(iv*))
+ Sy (SIn(v) x eXp(307))

— Sy (5T (v) x &p(v7))

1. — —_— 1
+ gu(,,*)*(sm(v) X exp(zv*))
= iiy(cos(v) x exp(3v*)) = iiy(22)

*

because ['vT'v*] and (v*)* are both the zero process, by 624C.
(ii) Similarly, taking g(x,y) = cosxexp(%y), the starting value of zo = gV is x1, so
22 = 1) 4 iigy (109)) = 165 — i, (sin(v) x exp(dv*)) = 165 — iy (21).
(c) By 6230, 2z; and 25 are virtually local martingales; because S is finitely full, they are approximately
local martingales (623K(b-iii)). Express v* as (v})scs. If 7 € S, then there is an M > 0 such that

v¥ < M1 so that sup(|z1|[S A 7) and sup(|z2|[S A 7) are both at most ¢M1(5). But this means that
z1|S A7 and 25[S A 7 are uniformly integrable; as 7 is arbitrary, 21 and 2o are martingales (623Na).

(d) Thus the result is true if S is finitely full. In general, write S ¢ for the finitely-covered envelope of S,
and 9, 9, 21 and 2 for the fully additive extensions of v, v*, z; and 22 to Sy. As in (a-ii) of the proof of
651E,

%1 =sin(® — v, 1650)) x exp(19%), 2y = cos(® — v, 1657)) x exp(Lo™),
while <6j>76§f =" is an L>-process because if 7 € Sf there are a 0 € S and an M > 0 such that 7 < o
and v} < M157, in which case 0% < M157. So (a)-(c) tell us that 2, and 22 are martingales, and it follows
at once that z;1 = 21[S and 2o = 22|S are martingales.

653D Lemma Let S be a sublattice of 7 with least element 7 and greatest element 7/, and v = (v, )ses &
locally jump-free virtually local martingale with quadratic variation v* = (v¥)ses. If v, = 0 and v}, = yx1
for some v > 0, then v,/ has a normal distribution with mean 0 and variance v and is independent of 2.

proof (a) Take any non-zero a € 2. Then

E(ya x 51(ur)) = E(xa x Py @0(o,)))
(because a € ;)
— B (xa x P (5(ur) x &B(58)))
= e /?E(xa x sin(v,) X exp(3v?))
(653C)
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and similarly
E(xa x cos(v.)) = e~ /2E(xa x cos(v,)) = e~ /% fia.

2v*, we see that

Applying the same argument to the virtually local martingale v with quadratic variation «
E(xa x sin(av.)) =0, E(ya x cos(avy)) = e 7% /2iq
for any o € R.
(b) Setting a = 1, this means that the characteristic function
o+ E(cos(av,)) + iE(sin(av,))

of the distribution of v, is just a +— e~/ 2, which is the characteristic function of the normal distribution
with mean 0 and variance v (285E); by 285Ma, v, must be normally distributed with mean 0 and variance

.

(c) Next, plan]v~ > 0]) = fa - glvy > 8] whenever a € A, and § € R. P If a = 0 this is trivial.
Otherwise, take 28 to be the principal ideal of 2 generated by a. Set v = %ﬂ[%, and consider w € L°(*B)
defined by saying that [w > o] = an v > o] for every o € R. Now we see that

E, (Sin(aw)) = —

E; (va x sin(av,)) =0,

E, (cos(aw)) = iEﬁ(Xa x Cos(avnr)) = e~ /2

for @ € R. But this means that w and v, have the same characteristic function and the same distribution,
so that

filan v > B]) = fia - v[w > B] = fia - v > B. Q

As f is arbitrary, v+ is independent of 2, as required.

653E Lemma Let S be a sublattice of 7 with least element 7 and greatest element 7/, and v = (v, )ses
a locally jump-free virtually local martingale with quadratic variation v* = (v%),cs, starting from v, = 0.
Ifr=7<..<7inS and o7 =;x1 for j <k, where 0 =0 <y < ... <y, then (Urgs - -+ , U7, ) has a
centered Gaussian distribution with covariance matrix (Ymin(j,1)) i<k (definition: 456A).

proof For j <k, write w; for v,,.

(a) If 0 < j < k and 7v; < 741, wjt1 —w; has a normal distribution with mean 0 and variance vj+1 —7;
and is independent of ... B Write S; for SN[}, 7j11] and set u, = v, —wj for o € S;. Then u = (uy)ses; is
a jump-free local martingale, being the difference of the jump-free local martingale (vy),ecs; and the constant
process (wj)ges,;. Also, defining stopping-time intervals ¢(co, ') as in 611J and the interval function Au as
in 613Cc, we have

(Au)(c(o,0")) = upr — ue = (Av)(c(o,0"))

when o < ¢’ in S, so if we write u* = (u}),cs, for the quadratic variation of u,

o = [ (= [ (@

o e BT CAREEHICY
ATj4+1 NT;

By 653D, wjy1 — wj = ur,,, is normally distributed with mean 0 and variance 7,11 — <; and independent
of 2. Q
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(b) On the other hand, if 0 < j < k and v; = 741, wjy1 = wj, by 624D, so trivially w;11 — w;
is independent of %, , and in the language of §456 has a centered Gaussian distribution with covariance
matrix (0).

(c) Now (wjy1 —wj)j<k is stochastically independent. I® Suppose that o; € R for j < k. Then, for each
7 <k, infj/<j [[’LUjurl - wjr > aj/]] S Q[Tj, SO

a(inf w1 —wjr > ajpr]) = f([wje1 —wj > ag] 0 inf Jwjq —wy > ap])
J'<g 3'<j

= Alwjsr —w; > o)) - ACIE [wjir = wyr > ag]).
Inducing on j, we see that

fiin < [wjrr —wjr > ay]) = I;i; Allwy 1 — wye > o))
for 7 < k, and in particular
A(infjcp [wjpr —w; > o5]) = T o A([wjsr — wy > ay]).
As ag, ... ,ap_1 are arbitrary, (wj;1 — w;) ;< is stochastically independent. Q
(d) It follows that the distribution of (w;11 —w;) <k is the product of the distributions of the w;4+1 —w;

(653Bc), and is a centered Gaussian distribution with covariance matrix (8;;/); j:<k, where 8;; = vyj41 —;
and 3;; = 01if j # j' (see 456Be).

(e) Consequently

— Jj—1
(wi)j<k = (Xjr—o Wir+1 — Wy ) j<k
has a centered Gaussian distribution (456Ba), and its covariance matrix is

j—11-1
<E(wj x wl)>j,l§k = <Z ZE((MJ'+1 —wjr) X (wpy1 — wl’))>j,l§k
§'=01'=0
=1 1-1
= <Z Z 5i’l’>j,l5k
§'=01'=0
min(j,l)—1

= < Z Vi1 — 7j/>j,l§k = <7min(j,l)>j,l§k
J'=0

as claimed.

653F Theorem (‘Lévy’s characterization of Brownian motion’) Let (2, &, [0, 00[, (UAs)t>0, T, (Ar)reT)
be a right-continuous real-time stochastic integration structure and v = (v;)re7; a locally jump-free local
martingale such that

(a) the quadratic variation of v is the identity process,
(8) A is the closed subalgebra of itself defined by {v; : t > 0},
() for each ¢t > 0, 2, is the closed subalgebra of 2 defined by {v; : s < t}.

Then (2, &, [0, 0o[, (As)e>0, T, (A+)reT,v) is isomorphic to Brownian motion as defined in 612T.

proof (a) Let (€,7,(€,),>0, Q,w) be Brownian motion as described in 612T, writing Q for the set of
stopping times associated with the filtration (€,),>9. For ¢ > 0 and o € R, set a;n, = [v; > a] and
Cta = [w; > a]. Then

/j’(infiﬁn atiai) = D(infiﬁn Ctz‘ai)

whenever tg,...,t, > 0 and ag,...,a, € R. P Of course we can suppose that 0 = tg < ... < t,. In this
case, Lemma 653E tells us that (vg,,...,v;, ) has a centered Gaussian distribution with covariance matrix
(min(;,t;))ij<n. But of course this is also the distribution of (wj,,... ,w;, ) (477Db, 456Bb). So

fi(infi<n at,a,) = fi(inficn [v;, > ai]) = a(inficn [wg, > ou]) = v(inficn cra,). Q
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(b) It follows that there is a measure algebra isomorphism ¢ : € — A such that ¢(cto) = ato Whenever
t >0 and a € R. PP Of course (a) tells us that if (s,a) and (¢, ) are such that cso = ¢¢g, then asq = asp.
So (a) can be interpreted as saying that if C' = {c¢;o : 7 > 0, @ € R}, we have a function ¢g : C — 2 defined
by saying that ¢o(cia) = aio for all ¢ and «, and (inf;<, d;) = f(inf;<, ¢od;) for all do,... ,d, € C. By
324P, ¢o has an extension to a measure-preserving Boolean homomorphism ¢ : © — 2, where © is the
closed subalgebra of € generated by {cio : t > 0, @ € R}; but this is € itself, by 612Td. Moreover, ¢[¢] will
be a closed subalgebra of 2 including ¢o[C] = {ain : t > 0, a € R} (324Kb), so is the whole of 2. Thus ¢ is
a surjective measure-preserving Boolean homomorphism; being measure-preserving, it is surely injective, so
is an isomorphism. Q

(c) Let Ty : L°(€) — L°(A) be the f-algebra isomorphism corresponding to ¢ (612Af). Because ¢(cto) =
aio for all t and o, Tyw; = vy for every ¢ > 0.

(d) ¢[¢;] = A for every ¢t > 0. P By 612T(d-ii), €, is the closed subalgebra defined by {w; : s < t}, so
¢[€4] is the closed subalgebra defined by {Tyw; : s <t} = {vs : s <t} and is equal to 2;. Q

Thus ¢ is an isomorphism between (€, 7, (€);>0) and (A, i, (A¢)1>0) and therefore corresponds to an
isomorphism between (&, 7, (€;)¢>0, Q, (€,) peco) and (A, i1, (Ar)e>0, T, (Ar)reT)-

(e) It follows that if we define ¢ : Q — T as in 634B, so that [¢(p) > t] = ¢([p > t]) for p € Qand t > 0,
and set

vy = Tygs(r

for 7 € Ty, then v' = (v} ),e7;, like w, will be locally near-simple. At the same time, (c) tells us that if 7.
is the lattice of constant stopping times, v’ 7. = v[7.. Now 7. is a separating cofinal sublattice of the ideal
Ty of bounded stopping times (633Da), so v'[T, = v [T, (633F); as Ty is the covered envelope of Ty, v/ = v
(612Qa). Thus

vr = Tywga oy for T €Ty, vy, = Tow, for p € Qy,

and ¢ induces an isomorphism between (€, 7, (€4)i>0, Q,w) and (A, &, (At)e>0, T,v).

653G Theorem Suppose that ()7 is right-continuous. Let S be an order-convex sublattice of 7 with
a least member, v = (v;),es a locally jump-free local martingale such that vmins = 0, and v* = (v¥),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € S such that v¥ > nyly. Let
(€, 7,(€)r>0, Q,w) be Brownian motion as described in 612T, again writing Q for the set of stopping times
associated with (&,),>0. Express w as (wy)sco,. Then there are ¢, # and Q' such that
¢ : € — 2 is a measure-preserving Boolean homomorphism,
: Q — T is a right-continuous lattice homomorphism,
Q ={p:pe Qy, w(p) € S} is an ideal in Q including the ideal Q; of bounded stopping
times,
taking Ty : L°(€) — LY(2) to be the f-algebra homomorphism associated with ¢ and (,),c0,
to be the identity process on Qf, vi(,) = Ty(w,) and ”;(p) =Ty (¢p) for every p € Q',
ifu = (u-)res and z = (z,),co are locally moderately oscillatory processes such that Ty(z,) =
Uz(p) for every p € Q', then [5, udv = T¢(fQApz dw) whenever 7 € S and p € Q' are such that

vy =Ty(p)-
proof (a)(i) Because v is jump-free, v* is jump-free (618T). It follows that for every r > 0 thereisa 1t € S
such that v = ryly. P If r = 0 we can take 7 = minS. Otherwise, by hypothesis, there is a 7/ € S such
that v*, > rxly. By 631Rb, applied to the jump-free process v*[S A 7/, there is a 7 € [min S, 7] such that
[[vX|loo < 7 and [uX < 7] € [r = 7]; but this means that [vX < 7] =0 and v =rxly. Q

(ii) For r > 0, set

m =1inf{T: 7 € S, vX > sxly for some s > r};

because S is order-convex and has a least element, m, € S. By 632H, v; > rxly; by (i) just above,

vy < sxly whenever r < s, so v; = rxly for every r > 0. Of course 7, < 7, whenever 0 < r < s, while
7 = infgs, 7 for every r > 0, that is, (m,),>0 is right-continuous in the sense of 635Cd.
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(b)(i) For r > 0 and « € R, set arq = [vr, > @], ¢ra = [wi > @]. Then

f(infi<n ar,a;) = P(infi<y, ¢ra,)

whenever rg,... ,r, > 0 and «q, ... ,a, € R. P Of course we can suppose that rg < ... < r,. In this case,
Lemma 653E tells us that (O,UM07 ..+, Ur, ) has a centered Gaussian distribution with covariance matrix
(min(r;, 7)) —1<i j<n, counting 0 as r_;. But of course this is also the distribution of (0, ws, ... ,ws,). So

ﬂ(infign ariai) = ﬂ(lnflgn [[’Uﬂ—,r,i > al]]) = ﬂ(lnflgn [[’wf1 > Oéi]]) = ﬂ(infign CTiOti)' Q

(ii) It follows that there is a measure-preserving Boolean homomorphism ¢ : € — 2 such that ¢(crq) =
aro whenever 7 > 0 and a € R. P Of course (i) tells us that if (r,«) and (s, ) are such that ¢, = csp,
then a,o = asp. So (i) can be interpreted as saying that if C' = {¢qo : 7 > 0, @ € R}, we have a function
¢o : C — A defined by saying that ¢o(cra) = arq for all r and «, and fi(¢o(inf;<, d;)) = D(inf;<,, ¢o(d;)) for
all dg,...,d, € C. By 324P again, ¢y has an extension to a measure-preserving Boolean homomorphism
¢ : D — A where D is the closed subalgebra of € generated by {c.o : 7 > 0, @ € R}; but this is € itself, by
612Td. Q

Looking at the associated homomorphism T} : LO(€) — L°(21), we see that

[Ts(wr) > a] = ¢([wr > a]) = [vx, > o]
whenever 7 > 0 and a € R, so Ty(wr) = vy, for every r.

(c)(i) Returning to (a-ii), 635B-635C tell us that if we set B, = A, for r > 0, we have a right-continuous
filtration (B,.),¢[o,00[ Of closed subalgebras of 2, and that if R is the lattice of stopping times adapted to
(B)re0,00[, We have a lattice homomorphism 7 : R — 7 such that «(7) = 7, for every » > 0 and 7 is
right-continuous. Note that in the formula ‘wr(7)” here, ¥ must be interpreted as a constant stopping time
in R, which in a formal sense is not the same thing as a constant stopping time in Q, as examined in (b).
Recall that [o = o¢’] € [r(0) = w(¢’)] for all o, ¢’ € R (635Cc).

Note next that m(c) € S for every 0 € Ry. P The set R' = {0 : 0 € R, (o) € S} is an order-convex
sublattice of R (635D (a-i), 635E(h-i)). We know that 7, € S, so # € R’ for every 7 > 0; since minR = 0
belongs to R’, Ry, € R’. Q Moreover,

Ur () = Vm, = Ty (wr)
for every r > 0, by (b-ii). (I see that I am employing the notation 7 in both senses here.)

(ii) If » > 0 then €, is the closed subalgebra of € generated by {csq : s € [0,7], @ € R} (612T(d-ii)).
Consequently ¢[€,] is the closed subalgebra of 2 generated by {asq : s € [0,7], & € R} (314H) and is included
in A, . Being measure-preserving, ¢ is order-continuous and injective. We therefore have an injective lattice
homomorphism ¢ : Q — R associated with ¢ (634B again), which is order-continuous because (€,),co,o0f
is right-continuous (632C(a-i), 634Be). As noted in 634B(c-i) and 634B(b-iii), [¢(p) = ¢(p")] = ¢([p = ¢'])
for all p, p' € Q, and ¢(p) € Ry whenever p € Qy. As in 634Bf, 15 ) = Ty(vp) for p € Q.

(d)(i) Set D ={0:0 € Ry, v,y = to}. Then D =Ry. P If 0 =7, 7(0) = 7 and 1o = rxla, s0 0 € D
by (a-ii). If 0 € Ry and ¢’ € D, then

[V (o) = te] 2[5 (o) = vron] N lte = o] 2 [7(0) = 7(0")[ N[0 =0'] = [0 =0"]

by 635Cc. So if 0 € Ry belongs to the full envelope of D, o0 € D; in particular, as R} is a sublattice of R,
D is finitely full. If A C D is non-empty and downwards-directed and o = inf A, then 7(0) = inf,/c 4 7(0’)
and

*

. . .
Vo) = infyrca Vo) = inforcater =ty

because v* is an order-continuous lattice homomorphism (632H). By 633G, D = R;,. Q
It follows that 7 is injective. I If o, ¢’ are distinct members of R, there is an r > 0 such that o AT # o’ AT;
now

* ok _ B . *
,U’TT(O‘)/\WT - Uﬂ(a/\f) = lonF 7& LN # ’Ufn'(a’)/\ﬂ'r

so (o) Amp # w(o’) Amp and w(o) # w(o’). Q
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(i) Set & = 77413 : Q@ — T. As both c;AS and 7 are injective right-continuous lattice homomorphisms, so
is #. For r > 0, #(#) = m,; in particular, #(min Q) = minS; consequently @' = #~1[S] is an order-convex
sublattice of Qf containing min Q, that is, is an ideal in Q. Also Q, C Q'

Now vz (,y = Ty(w,) for every p € Qp. B This time, set D' = {p: p € Qp, vz = Ty(w,)}. If p € Q
and p’ € D', then

V(o) = To(wp)] 2 [V2(p) = Va(pn] N [Ty(w,) = Ty(w,)]
> [r(d(p)) = 7(¢(p)] N &([w, = wyr])
2 [6(p) = (0] N $([wy = wp]) = &(lp = P
So if p € Qp belongs to the full envelope of D’,
[vip) = To(wp)] 2 supyep (o = p'l) = d(sup,ep [p = p']) = d(1le) = 1
and vi(,)) = Tg(w,), that is, p € D’. In particular, D’ is finitely full. By (d), it contains all constant

stopping times. If A C D’ is non-empty and downwards-directed and has infimum p, then {7 (p’) : p' € A}
is downwards-directed and has infimum 7(p), so

Vi(p) =l ve)

(because v is locally near-simple)

= lim Ty (wy) = Ty (lim wy)

p'LA pLA
(because Ty is continuous for the topologies of convergence in measure on L°(€) and L°(2) (613Bn))
= T¢(wp)

because w is locally near-simple. So inf A € D’. Consequently D' = Q, C D’, by 633G again. Q
(e) We are at last ready to look at some integrals.

(i) Taking u and z as in the last clause of the statement of this theorem, Sz(7j(u,dv) = Ty (S1(2, dw))

for every I € Z(Qp). P Because 7|1 : I — ¢[1] is an injective lattice homomorphism, #[.J] will be a maximal
totally ordered subset of #[I] whenever J is a maximal totally ordered subset of I. So if (p;)i<y linearly
generates the I-cells, (7(p;))i<n will linearly generate the #[I]-cells (see 611L), and

n—1

Sfr[I] (u’ d’U) = Z Uz (p;) X (Ufr(pi+1 Uﬂ'(m Z T¢ sz T¢(wpz+1) T¢(wﬂi ))
=0

= T¢(Z Zp; X (wPH—l - wm)) = T¢(S[(Z,dﬂ))). Q
(ii) Set S’ = #[Q']. Then fS’/\ﬁ'(p)Ud’U = Ty(Jop, 2 dw) for every p € Q. P Because 7 : Q' — S is

an injective lattice homomorphism, 7] Q A p is a lattice isomorphism between QA p = Q' Ap = Qp A p and
S" A7 (p), so

udv = lim Sy(u,dv) = lim Sin(u,dv
/s'm”r(p) JTZ(S A7 (p)) s ) ITZ(QAp) [I]( )
= lim Tuy(S;(z,dw T, lim Sy(z,dw)) =T, zdw). Q
ITZ(QAp) ¢( I( )) ¢(ITI(Q/\P) I( )) ¢(/Q/\p )

(iii) Again suppose that p € Q. Then S’ A 7(p) v-separates S A 7(p)). ¥ Suppose that 7 <
7" < 7t(p) and v; # vr. Then v # v%, by 624E applied to v[[r,7']. So there is an r > 0 such that
[ <r]nfvi >r] # 0. But vy = rxla, so [v; <vi [n[vy >vi] # 0. Since [, < 7] C [vi < vf]
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(614Ib), [r < m,] 2 [vf <k ]; similarly, [m. <7'] 2 [vi <o%]. It follows that, setting 7 = . A 7(p),
[ <7]n[7 <7']#0. And

p) €S A7(p).

T=m- AN7(p) =7 (F A
E ; -separates S A 7 (p)). Q

Thus the conditions of 633Sa are satisfied, and S’ A
Of course S’ contains 7(p), so is Coﬁnal with S A

T¢(fQApzdw) = fS,A%(p)udv = fSAﬁ(p)ud'v.

(iv) Now suppose that we are given p € Qp and 7 € S such that v} = T;(¢,), as in the statement of
the theorem. Then v} = v} ), so v is constant on [T A& (p), 7V 7(p)] (624E) and

fs/\TUdv - fS/\‘r/\‘fr(p) udv = fS/\ udv =T, fQ/\ z dw).

(v) Finally, suppose we are told only that p € @', 7 € S and v} = Ty(t,). Set 7/ = sup, > 7 A7m,. Then

w(p
T and we can use 633Ka to see that

* * * * I
VY, = SUp,>o Uy AUz = Sup,>qU; Arx12 =07,
so v is constant on [7’, 7]. Now

Vipm, = Vi Arxla = Ty(t,) Arxla = Ty(ty Arxle) = Tg(tpns)

for each r, so

/ udv:/ udv = lim u dv
SAT SAT! =00 SATAT,

(because i, (u) is locally jump-free (618R))

= lim T, (/ zdw) = Ty( lim z dw) :T¢(/ zdw).
r—00 QAPAT r—00 onp

OAPAT

This completes the proof.

653H Remarks This theorem has been a strenuous journey through a tangle of technicalities. It is
attempting to say that any locally jump-free local martingale is a kind of time-changed version of Brownian
motion, and that integration with respect to such a martingale can sometimes be reduced to integration
with respect to Brownian motion. The key is in part (b) of the proof. If we pick the stopping times m,
correctly, we can get a process (vr,)r>o which has the same distribution as (w,),>o and can therefore be
thought of as a version of Brownian motion. The measure-preserving homomorphism ¢ is supposed to give
a structural foundation for this thought. Being an injective Boolean homomorphism, it represents € as a
closed subalgebra of 2. We have to check that €, can now be identified with a subalgebra of 2., and we
find that this identifies the bounded stopping times adapted to (€,),c[0,00[ With a v-separating sublattice of
domw, so that the image of w determines v. But here we come to something important. 2l can be a much
larger algebra than €. I do not mean just that it can have arbitrarily large Maharam type, which is what
I usually meant by ‘large’ measure algebra in Volumes 3 and 5. From the point of view of the stochastic
processes it supports, what matters more is that there can be large subalgebras of 20 which are stochastically
independent of the image of €. For instance, 2l may have been set up to model a family of more or less
independent martingales — e.g., Brownian motion in R™ where n > 1 — and there does not have to be any
natural way of simultaneously reducing them to a single copy of one-dimensional Brownian motion.

It is this potential complication which makes the final clause on integration so involved; while ¢, 7 and
@’ all have constructive definitions, there is no straightforward way of getting from u to z or vice versa, and
7 does not have to be 7(p). Given the process u, for instance, we should like to set z, = T, u,,(p) but this
won’t work unless (at least) uz(,) € L°(¢[€,]) for enough p. (See 653Xb.) Or given the process z, there will
be an indeterminacy in w on any interval [r, 7] on which v* (and therefore v) is constant. Moreover7 even
if all these difficulties have been resolved, there is no promise that the required calculations, beginning with
the 7, of part (a) of the proof, will be manageable; and in many important cases, we want to compute an
integral | s, Wdv where 7 is unconnected with ¢[€], and this theorem gives no help at all.
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Nevertheless, it tells us that it will always be worth looking at the possibility of describing a given
jump-free martingale in terms of Brownian motion (see 653Yb), and there are useful special cases in which
simplifications are possible, as in the following.

6531 Corollary Suppose that (2(;);cr is right-continuous. Let S be an order-convex sublattice of T with

a least member, v = (v;),es a locally jump-free local martingale such that vmins = 0, and v* = (v}),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € S such that v¥ > nyly. Let
(€, 7,{€)re[0,00], @, w) be Brownian motion. Then there are ¢ and 7 such that

¢ : € — 2 is a measure-preserving Boolean homomorphism,

:Q — T is a lattice homomorphism,

if f:R? — R is continuous, then, taking Ty : L°(€) —> LO(2A) to be the f-algebra homomor-

phism associated with ¢, fsm( fw,v*)dv =T, (Jon, f(w,t) dw) whenever p € Qp N7~ 1[S].

proof In 653G, set u = f(v,v*), 7 = @(p) and z = f(w]Q',t[Q’), where Q' = {p’ : p' € Q;, 7(p') € S}.
Because f is continuous, these are near-simple, and

T¢ZI’/ - T¢(f(wp/7 Lp’)) - f(T¢wp/, T¢Lp/)
(619Eg)

= F(Va(pr) Va(pry) = Uit(o)

for every p’ € @', so the conditions of 653G are satisfied and we can read the result off.

653J Corollary Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T with
a least member, v = (v;),es a locally jump-free local martingale such that vmins = 0, and v* = (v¥),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € S such that v¥ > nyly. Let
(€, 7,{€)re[0,00], @, w) be Brownian motion. Then there are ¢ and 7 such that
¢ : € — 2 is a measure-preserving Boolean homomorphism,
7 :Q — T is a lattice homomorphism,
if h : R? — R is locally bounded and Borel measurable then, taking T} : LO(Q) —> LO(2)
to be the f-algebra homomorphism associated with ¢, fs/\ﬂ(p) h(v,v*) dv = Ty( fg/\ (w,¢) dw)

whenever p € Q N7~ 1[S].
proof (a) Take ¢, @, Ty, 7 and p as in 653L. Let H be the set of locally bounded Borel measurable
real functions on R2. Because v and w are locally jump-free and start at zero, they are equal to their

previsible versions v~ and w< (6410) and are surely locally S-integrable (directly from the definitions in
645F and 645P) so h(v,v*) and h(w,¢) are locally S-integrable (645J) and the S-integrals f, #(p) h(v, *) dv
and )ﬁg/\ (w,t) dw are defined. Write Hy for the set of those h € H such that JﬁS/\ ﬁ( *) dv

Ty( $op, h(w, ) dw).

(b) If h : R? — R is continuous, then h € Hy. P h(v,v*) and h(w,¢) are locally jump-free (619Gd), so
are equal to h(v,v*)~ and h(w,t)< except perhaps at min S, min Q respectively; that is, in the language of
§645,

(h(0,0")[S A (p) < = (h(v,0)[S A (p)) x 187,
(h(w.0) QA p)< = (hw,0)[Q A p) x 1)
using c-11) to see that the shift to S A 7(p) an A p makes no difference). We theretore have
ing 641G (c-ii hat the shif S AT d Q9 k diffe We therefore h

j( h(v,v*) dv = }[ h(v,v*) < dv = / h(v,v*)dv = T¢(/ h(w, ) dw)
SA#(p) SA#(p) SA#(p) QAp
(by 6531)
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= T¢(j{QA h(w,t) < dw) = TM%QA h(w, ) dw)

and h € Hy. Q

(c) If (hn)nen is a sequence in Hy such that h(a) = lim, o hy(a) for every a € R and sup,,cy |hn| is
locally bounded, then h € Hy. P

<(7Ln('v,'l’*)f5 Aﬁ(p)) X l(g/\ﬁ(p))>n€N

is uniformly previsibly order-bounded, because there is a continuous function g : R — [0, 00[ such that
|hn(a, B)] < g(Jao| + |8]) for all n, o and B (645Cb), and

A (p)) x LENT)
A7 (p))<

for every n. Also (h,(v,v*)[S A #(p))nen is order*-convergent to h(v,v*)[S A 7(p) (642Bd). So

|(hn (0, 07) IS A ft(p)) x TENTED] < (g(Jo] + w™[)]
)

)
fsm(p) h(v,v*) dv = lim,, o0 fS/\fr(p) By (v,0*) dv

by 645T. Similarly,
For, MW, 1) dw = lim, 0 §,  ha(w,e) dw.
Accordingly
Fsrnio) h(v,v%) dv = limy, o0 Ty( $o 0, fon(w,0) dw) = Ty( $, , h(w, 1) dw)
and h € Hy. Q
(d) By 645Cc we see that Hy = H, as required.

653K Brownian processes The lemmas 653D-653E, and Theorem 653F, have a direct simplicity which
has vanished completely in Theorem 653G and its corollaries. In the generality claimed for 653G, with
an arbitrary time-set 1" and a largely arbitrary locally jump-free local martingale v, we have to expect
complications. But suppose (as I am sure many readers are already doing) that 7' = [0, oo, that S contains
all bounded stopping times, and that v* = ¢ is the identity process. In this case 653E already tells us what
the distribution of v is on the lattice of constant stopping times. Working through the proof of 653G in this
case, we see that

e, = Up = 1Xx1la = L5

so that m,. = 7 (here to be interpreted as a member of T) for every r > 0. Consequently B, = 2, for
every r and R = T; moreover, the formula in 635B ensures that w(c) = o for every 0 € R. Accordingly
7, as defined in (d-ii) of the proof of 653G, is just the natural embedding é of Q into T corresponding to
the embedding ¢ : € — 2 as in 634B. Because ¢[€], in the interesting cases, is smaller than 2/, the process
v, defined on an ideal of 7, can be far from isomorphic to the process w. Nevertheless, it has enough in
common to make it seem useful to have a phrase to describe it. I will therefore use the following definition.
Note that (unlike the processes considered in 653G-653J) I do not require these processes to be strongly
unbounded. You will see that the abstraction here corresponds to the difference between ‘Lévy process’ as
defined in 652C and the classical version in 652F.

Definition A Brownian-type process is a locally jump-free virtually local martingale v, defined on a
lattice S of stopping times based on a real-time stochastic integration structure, such that the quadratic
variation of v is ¢[S.

653X Basic exercises (a) In 653F, show that (v) is not a consequence of the other hypotheses.
(b) In 653G, let u = (u,;),es be a near-simple fully adapted process. Show that there is a fully adapted
process z = (z,) e such that Ty(z,) = us(,) for every p € Q iff u,, € L°(¢[€,]) for every r > 0, and in

this case z is near-simple.
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(c) In 653B, show that if (u;);cs is any family in L%, there is an associated sequentially order-continuous
Boolean homomorphism ¢ from the Baire o-algebra Ba(R!) to 2 such that ¢{x : z(i) € E} = [u; € E]
whenever ¢ € I and F is a Borel subset of R, so that we have a corresponding probability measure W +—
(W) : Ba(RY) — [0, 1] (compare 454J).

653Y Further exercises (a) Suppose that (2;):cr is right-continuous, that S is a sublattice of 7 and
v = (Vy)ees is a locally jump-free local martingale. Show that there are
a stochastic integration structure (D, \, T*, (D;)ser~) such that T is an initial segment of T°*
and T \ T is order-isomorphic to [0, oof,
an ideal 8* of the lattice 7* of stopping times adapted to (D)ier+,
a locally jump-free local martingale z = (z;),cs- such that for every r > 0 there is a 7 € S*
such that z* > rxle, where z* is the quadratic variation of z,
and a measure-preserving Boolean homomorphism ¢ : 2l — © such that z.(,) is defined and equal to T (v, )
for every o € S, where for o € T

[r(o) > t] = ¢([o > t]) if t € T,
=0ift e T\ T,

and Ty : LO(A) — LY(D) is the f-algebra homomorphism defined from ¢. Show that this can be done in
such a way that 7[S] z-separates S*.

(b) Use 653Ya and 653G to show that 651F implies 651C.

653 Notes and comments Clearly 653C is just the complex-valued version of 651C expressed in terms of
its real and imaginary parts separated. We could omit this step altogether, and go straight from 651C to
653D, if we re-worked the theory so far with the complex linear space L2 (241J, 366M) in place of the real
linear space L°.

The argument for 653F depends heavily on the fact that we can define an isomorphism of a structure
(2, i, (Ay)e>0, T,v) in terms of a measure-preserving Boolean isomorphism. I have tried to present this
neither too pedantically nor too glibly. The point of the careful elaboration of Chapter 61 is to show how
the processes we are looking at are definable in terms of stochastic integration structures (2, i, T, (¢ )teT)
as described in the notes to §613, so that isomorphisms of these structures will carry faithful copies of the
processes with them.

You will see that the main results of §635 are an attempt to generalize part of the proof of 653G. A
conspicuous difficulty in applying 653G is the requirement that the quadratic variation of the martingale v
should be unbounded in a strong sense. However this is not the real obstacle, since with a different kind of
time-change any martingale has a strongly unbounded end-extension (653Ya).

In 6531-653J 1 look at functions of two variables and processes u = f(v,v*), 2 = f(w,t¢). In fact what
really matters is that w is calculated from v by the same ‘legitimate’ method as z is calculated from w.
Introducing the quadratic variations v* and w* = ¢ is permitted because

v* =v? — 2iiy(v), 1 =w? — 2iiy(w)

and indefinite integration is a legitimate method. But to go farther with this idea we should need a defini-
tion of ‘legitimate method’ which included a way of matching operations in different stochastic integration
structures.

Version of 26.9.24
654 Picard’s theorem

The general theory of solutions of ordinary differential equations begins with a classical existence and
uniqueness theorem: if h is a continuous function of two variables which is Lipschitz in the first variable,
then the differential equation

' (t) = h(z(t),t), =(0) =z,
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or, equivalently, the integral equation
t
x(t) = x4 + fo h(z(s),s)ds

has a unique solution. In this section I present corresponding results for stochastic integral equations of this
type, first for the Riemann-sum integral (654G) and then for the S-integral (654L).

654 A Notation (2, i, T, (As)eer, T, (A ) re7) will be a stochastic integration structure, and E the inte-
gral on LY(2A, i); L%, L%, L> and 6 will be LO(2A), L?(2A, i), L>°(A) and the standard F-norm defining the
topology of convergence in measure on L° (613B).

For a sublattice S of T and 7 € S, I write SAT for {c:0 €S, 0 <7}, SVrfor{o:0€S8, 7 <o} and
Z(S) for the upwards-directed set of finite sublattices of S. 1(5) will be the constant process with domain
S and value 1.

If u = (uy)res is a process, sup [u| = sup,cg |uq| if this is defined in L%, and |ullcc = sup,cs ||to|loos
counting this as oo if any u, does not belong to L. If u = (u,),es is a process and z € L2(AN (N, cs Ao)s
then zu = (2 X Ug)pes. Ifu = (Us)ocs and v = (v,)scs are processes, then [u # v] = sup,cs [uo # vs].

If h : R¥ — R is Borel measurable, then I write h for any of the corresponding functions from (L°)* to
L° and from ((L°)®)* to (L°)® for a set S, as in 619E-619G.

If S is a sublattice of T, M, (S) is the space of order-bounded fully adapted processes with domain
S, M,<(S) the space of near-simple processes with domain S, My,,(S) the space of moderately oscillatory
processes with domain S, and for u € My,0(S) u< is its previsible version (641F). Mpo.1(S) is the solid linear
subspace of M, (S) generated by {u< : u € M,,5(S)}. The ucp topology on M,1,(S) is the linear space
topology defined by the F-norm u — (sup |ul|) as in 615B. MJ,(S) is the closure of {u< : u € M, (S)} in
Mpo1(S) for the S-integration topology (645E-645F), and Ms(S) = {z : € My, (S), z x 1) € M2,(S)}.

S1(u, dv) will denote a Riemann sum (613Fb); [sudv and [ u|dv| will be Riemann-sum integrals (613H),
with associated indefinite integrals iy (u) (6130); and s dv and Siiy(z) will refer to the S-integral and
indefinite S-integral defined in 645P and 646K.

654B Lemma (a) Let S be a non-empty sublattice of 7 such that inf cssup,cs [T < o] = 0, and
u = (uy)ses a fully adapted process.

(a) If u is locally order-bounded, it is order-bounded.

(b) If u is locally moderately oscillatory, it is moderately oscillatory.

(c) If u is locally near-simple, it is near-simple.

proof For 7 € S, set a, = sup,cs [7 < o]. Then a, C a, whenever 7 < 7’ in S, while we are supposing
that inf,csa, =0, so inf, s fia, = 0.

(a) Suppose that u is locally order-bounded. Set A = {u, : 0 € §}. Let € > 0. Then thereisa 7€ S
such that fia, <e. For any o € S,

[[uo' # u(r/\T]] - [[T < U]] car,
80 Uy X X(1\ ar) = tugnr X X(1\ a;). Accordingly
{uxx(1\a;):ue A} c {us x x(1\a,): 0 € SAT}

is order-bounded, because u is locally order-bounded, while fi(1\ a,;) > 1—e. By 613Bp, A is order-bounded
in L9, that is, u is an order-bounded process.

(b) Take € > 0. Let 7 € S be such that fia, <e. Set ' = (u)oecs where u/, = ugpr, for o € S. Then o'
is fully adapted (612Ib). u'|S A 7 is moderately oscillatory because it is equal to u[S A 7, and v/|S V 7 is
moderately oscillatory because it is constant. So u’ is moderately oscillatory (615F(a-v)). If 0 € S,

[u, # uo] = [uonr #us] CloAT < 0] =[r <0] Ca,,
while u is order-bounded by (a) above, so
sup [u —u'| < 2sup |u| X xa,
and O(sup |u — u'|) < fia, < e. As € is arbitrary, u belongs to the topological closure of My,o(S) in Mo (S)
and is moderately oscillatory (615F (a-iv)).
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(c) If u is locally near-simple, then it is locally moderately oascillatory (by 631Ca) and moderately
oscillatory (by (b) above), so is near-simple by 631F (c-ii).

654C Lemma Let S be a sublattice of 7 and & : R* — R a continuous function. Then h(ui,... ,uz) €
Mo, = Moy (S) whenever ug, ... ,uy € My, and h : Mé“_b — M.y, is continuous for the ucp topology on
Moyp.

proof We can repeat the argument of 615Ca. The result is trivial if S is empty; suppose otherwise. Express
u; as (Uiy)oes for each i.

(a) For ¢ € R, set g(¢) = sup{|h(x)| : * € R¥, ||z]|oo < |€|}; then g is continuous, and |h(vy, ... ,vx)| <
g(v) whenever vy, ... ,v5,v € LY and |v;| <wv for 1 <i < k.

Suppose that u; = (uis)ses belongs to Moy for 1 < ¢ < k. Set & = sup;<;<suplu;|. Then
h(Uig, ... s uke)| < g(u) for every o € S, so {h(uis,... ,urs) : 0 € S} is order-bounded in L°, and

I
h(ul, - ,’U,k) € My.y,.

(b) Now take v; = (Vig)oes € Mo, for 1 <i <k and € > 0. Set U = sup,cs1<i<k [Vio|, and let M >0
be such that ji[v > M] < e. Let 6 € ]0,1] be such that |h(z) — h(y)| < € whenever y € [-M — 1, M + 1}k

and ||z — y||oc < d. Then for any w1, ... ,wg, wi,... ,w, € L°,
[[h(w), ... w)) — h(wi, ... ,wg)| > €]
¢ sup [Jwi| > M]u[w; —wi] > d].
1<i<k
Take any uy, ... ,u, € Moy, such that 6(sup [u; — ;) < de for every i. Set @ = sup,cs 1<i< [Uic — Vio
and @ = supyeg |M(Uios -« s Uke) — R(Vig, - -+ ,Vko)|. Then afa > 6] < ke, so
[w>¢] = sug [ (ties - s Uke) — M(Vigs - -+ s Vko)| > €]
oc
c  sup  [lvig| > MJu sup [luis — vie| > 0] = [v > M]u[u > 4]
0€8,1<i<k 0€8,i<k

has measure at most (k + 1)e, and

O(sup |h(u1,. .. ,ug) — h(vy, ... ,v5)]) = 0(w) < (k+ 2)e.

Aswvy,... v, and € are arbitrary, h : Mf_b — Mf_b is continuous.

654D Lemma Let S be a sublattice of T with a greatest element, and define z = (z,),ecs by setting
ze = X[o < max S| for o € S.
(a) Suppose that 4 = (u,)scs is a moderately oscillatory process and v = (v, ),es an integrator. Then

2 X 1iy(U) = 2 X 10y (2 X U) = 2 X liyxy(u)

and [qudv = [gz xudv.

(b) Let w = (w,)yes be a process of bounded variation, and w' = (w!),cs its cumulative variation
(6140). Then [ |d(z x w)| < sup|z x (w' + |w])].

(c) Suppose that S has a least member and that w = (w,)secs is an order-bounded fully adapted process
starting from wmins = 0. Then sup |w| < sup |z X w|+ Osclln(w), where Osclln(w) is the residual oscillation
of w (618B).

(d) Suppose that w = (wey)ses is a fully adapted process and that o > 0 is such that [o < maxS] € [Jw,| < o]
for o € S. Then w is order-bounded, || sup |2 X W||loo < @ and |[w||e < a + || Osclln(w) || oo-

(e) f u € Mpyo(S) then uce = (2 X u)<.

proof (a)(i) I should begin by pointing out that z is the simple process with domain &, breakpoint string
(max S), starting value x1 and value 0 at maxS. So in particular it is of bounded variation (614Q(a-iii),
or otherwise), hence an integrator (616Ra); consequently z x u is an integrator (616Pa, or otherwise) and
moderately oscillatory (616Ib). Thus all the indefinite integrals here have domain S.

Take 0 € §. If I € Z(S A o) then
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Sr(u, dv) X zo = Sp(z X u,dv) X z, = Sr(u,d(z X v)) X z,.

P If ] is empty, this is trivial. Otherwise, take (7g,...,7,) linearly generating the I-cells. Then

n—1

Sr(u, dv) X z5 = Zun X (Vrpyy — Vr,) X 2o
i=0

n—1
= E Ur, X 27, X (Vg — Vg,) X 2o
i=0

(because 7; < 0, s0 [o < maxS] C [r; < max S| and 2z, X z, = %o)

=51(z X u,dv) X z4;

similarly,

n—1
Sr(u,dv) X z, = Zun X (Vryyy X Zryyy — Ur, X 21,) X 2o
=0
= S1(u,d(z xv)) X z,. Q

Taking the limit as I T Z(S A ),
Zg X fma“d” =2, X fSMz Xxudv =z, X fSAaud(z X V).
As o is arbitrary,

2 X diy(U) =2 X 1iy(2 X U) = 2 X (iyxe(U).

(ii) Repeating part of the calculation when o = max S, we see that if 79 < 7 in S, then
[[UTO X (Uﬁ - vTo) 7& O]] < HTO < Tlﬂ c [[TO < maXS]] = [[Z‘ro = X]-]]a

S0, in the language of 613F,

Ac(ry,m) (W, dv) = ury X (V7 — Vg)

= Ury X 27y X (U, = Vry) = De(ry,m) (2 X u, dv).
It follows immediately that S;(u,dv) = Sr(z x u,dv) for every I € Z(S) and [qudv = [42z X udv.

(b) z xw is of bounded variation (614Q(a-ii)), so the integral [q |d(z x w)| is defined. Suppose that oy <
... <o, =maxS and 0; € S for each i < n. Set ag = [0 = maxS] and a; = [0j_1 < g;] n[o; = maxS]

for 1 < j <n. Then (a;);j<n is a partition of unity in 2. Set y = Z?:_ol |Wo, ) X Zoiy, — Wo, X Zg,|. Then
ap C infi<, [2,, = 0] C [y =0]

andif0<j<n

Aj+1 = [[Uj < Uj+1]] n HO’j+1 = maxS]]

C infz, =x1]n inf [z, =0]

N

X 2oy = Woyyy — wdi]]

i

inf [wy, . X 25, —w
i<j[[ Oi41 Oi41 o

N[wo,,, X 26,4 = We; X 20, = —Ws; X Zo,;] N [25; = X1]
n ]irzlin [Wo,,, X 26,4, — Wo, X 25, = 0]

i

N

j—1
ly= Zz:o (‘w0i+1 — W, | + |w0j Tecly< w;r'j + |waj I;
again because a;1 C [2,, = x1],

G501 € [y < (], + [we,|) % 70,1 € [y < sup |2 x (' + [w])].
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As sup;, a; = 1, y <suplz x (w' + |[w|)]; as 0o, ... , 0, are arbitrary, [¢|d(z x w)| < sup |z x (w' + w])|.

(c) Write w for sup |z x w|. Suppose that o € S and that Z € Z(S A o) contains both minS and
o. Then, defining Osclln;(w) as in 618B, |w,| < @ 4 Oscllny(w). P Let (79,...,7,) linearly generate
the I-cells, so that 79 = minS, 7, = ¢ and Osclln;(w) = sup;,, |wr,,, — wr|. Set ag = [ro = o] and
a; = [ri-1 < o] n[r = o] for 1 <4 < n, so that sup;., a; = 1. For 1 <i <n,

N

[[’LUU = sz‘ﬂ n [[27'1:71 = Xl]]
C [lwe| < wr, —wr,_y [+ |wr,_y X 27, ] € [Jws| < Oscllng (w) + w];

a;

also, of course,
ag C [we = Wmins] € [we = 0] C [Jwe| < Oscllng (w) 4+ @].

As sup; <, a; = 1, |w,| < Oscllns(w) +w. Q
So if I € Z(S) contains min S and o,

|we| < Oscllngp, (w) + @ < Oscllng (w) + w;

it follows that |wy| < Oscllnj(w) + @ for every I € S, and taking the infimum over I we have |w,| <
Osclln(w) + w. As o is arbitrary, sup |w| < Osclln(w) + @, as claimed.

(d) If 0 € S then

[o < maxS] C [lwe| < a] C [lwe X 25| < @],

[max S < 0] C [we = Wmaxs] N [26 = 0] C [Jws X 25| < a].

So |we| < axlV |wyaxs| and |w, X z,| < axl; as o is arbitrary, w is order-bounded, sup |z x w| < ax1 and
[[sup |z X w]||c0 < .
Now (c) tells us that

[[sup [wl[oc < [[sup |z x wl[|oc + || Oscln(w)[|oc < a+ || Osclln(w)|oo-

(e) Looking at the definition of u~ in 641E-641F, we see that if u = (uy)ses and z X u = (v )ses then
whenever o € I € Z(S) we have a disjoint family (a,/), er such that

ay C o' <o]|nfurce = uo] N [vice = vo']
< [uor = vl nurco = vl vico = vor] € [ur<o =vr<o]
for every o’ € I, while
1\ supgres aor C [urco = 0] [vr<o = 0] € [ur<o = vr<o].

SO Uj<y = Vi<o; as I is arbitrary, u<, = v<y; as o is arbitrary, u« = (2 X u)<.

654E Lemma Let S be a sublattice of 7. Write MY for the space of moderately oscillatory processes
u = (uy)ses With starting value 0. For an integrator v, write v* for its quadratic variation. Suppose that
U € My, = Myo(S) and that w, w' € M2, are such that w is a virtually local martingale and w’ is of
bounded variation; set v = w +w’. Then

[Isup fiiy ()] ]|z < 2(v/Tw*[[oo + || [ |dw’[[loo) || sup fe -

o

proof (a) To begin with (down to the end of (¢) below), suppose that S is full. For a fully adapted process
u with domain S, let j(u) be the infimum of sums /| sup [z*[[|1 + || [5 |d2/[[|2 where 2z, 2" € M}, z is a
virtually local martingale, 2’ is of bounded variation, and |u| < |z| 4 |2'|, counting j(u) as oo if there are no
such z and 2’. (By 623Kd, we shall be able to speak of the quadratic variation 2z*.)

We find that ||sup |u|||2 < 2j(u) for every u € Mp,,. P If j(u) = oo, this is trivial. Otherwise, let € > 0.

Take z, 2 € MQ such that z is a virtually local martingale, 2’ is of bounded variation, |u| < |z| + |2/| and

Viisup 2l + | [5 |d2/[l2 < j(u) + e. Now, expressing z as (25)ses,
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[ sup [2][|2 < 2 sup ||z |2
ceS
(623M, because z is an approximately local martingale, by 623J)
< 2sup V5]
[<AS
(624H)
< 2/ sup [2*[]1.

On the other side, sup 2’| < [4|d2’| because 2’ starts from 0, so || sup [2|||2 < || [ [d2'|||2. Putting these
together,

Isup [ulll2 < ||sup |z[ + sup [2'[[2 < [|sup [z[[|2 + || sup 2[[|
< 2/ sup [2*[[] + | /S |d2'|[]2 < 2(j(u) +€).

As € is arbitrary, we have the result. Q

(b) Take u, w, w’ and v as in the statement of the lemma. Then j(ii,(u)) < ||sup |u|ll2(v/||w*]c +
| [sldw'|||os). B If w = O then 4iy(u) = 0 and the result is trivial. If u # 0 and either sup |[w*| or [ [dw’|
is not in L°°, the result is again trivial. So suppose that both sup |w*| and fs |dw’| belong to L>°. Setting
Y = iy (u) and y' = iiy (u), iiy(u) =y +y'. Now y is a virtually local martingale (6230), y' is of bounded
variation (614T), and both start from 0.

Next, y* = 7iy- (u?) (617Q(a-iii)), so

[sup [y*[[l = || sup [#ia- (u?)|[1 = || /S |- (w®))[[|1
(because iy« (u?) is non-decreasing and starts from 0)
< |l sup 2| x / |,
(614T) °

< [Isup [u?[[|x H/de*Iloo = [|(sup |u)*[|1 w*[|oo

(because w* is non-decreasing and starts from 0), and

[['sup [y*[lx < || sup [ul[|2]|v/w*||oo.

On the other side,
[, Vi) < sup u] x [ |duw'|
(614T again), so || [ |dy’l||2 < [[sup [u[[|2]| [5 |dw’|||cc. Putting these together,

J(iin(w)) < v/Tsup "] |\1+H/ 1y
< Jlsup [l l2 (/T T + | /S | 0),

as claimed. Q
(¢) Combining this with (a), we see that

Isup [iiy (u)| |2 < 27 iy (w)) < 2(3/Tlw* [[oo + | [ 5 lde’|[loo) | sup fe -

(d) ThlS proves the result when § is full. For the general case, let S be the covered envelope of S and
w, w, w, v, w" the fully adapted extensions of u, w, w’, v, w* to S. Then @, w and @’ belong to MmO(S)
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(615F (a-vi)), while @ is a virtually local martingale (623J), @ and @’ have starting value 0 (615H), @' is
of bounded variation (614Q(a-iv-3)), ® = W + @’ and @" is the quadratic variation of @ (617N). By (a)-(c)
above,

[[sup iig (@)]]|2 < 2(v/T@ oo + || [4 [d@"|[loo) | sup [a]]2-

Now we know that diz(@) is the fully adapted extension of ii,(u) (616Q(c-ii)), so that sup |iig(a)| =
sup iy (u)| (614Ga); at the same time,
[ oo = [[sup [@"[[lsc = || sup [*|[loc = w0

and sup |&| = sup |u|. Finally, [¢ |dd'| = [ |dw’| by 614Q(a-iv-3) again. So
[sup fiiy (u)|l2 < 2(v/Tw*[[oo + || [ 1w’ || o) | sup fu] ]2,

as required.

654F Lemma (The key.) Let S be a sublattice of 7 with a greatest element. Suppose that h : R2 — R
is a continuous function and that K > 0 is such that |h(«, 8) — h(c/, 8)| < K|a— /| for all «, o/, 8 € R; let
w = (Wy)pes, W = (W) ),es be processes with domain S such that w is a virtually local martingale, w’ is of
bounded variation and both start fom 0. Write w* for the quadratic variation of w, w'T for the cumulative
variation of w’, and z for (x[o < maxS]),ecs. Suppose that

2K (\/[[w*[|oo + 2[J2 x w'T||s) < 1. (%)

Set v = w + w’. Then for any u,, ¥y € Mo = Muo(S) there is a unique u € My, such that

U = Uy + iy (h(u,y)).

proof The proof will proceed in three steps, the first two being with a variation on the hypothesis (*).

(a) Suppose that [Jus||co and ||y||eo are both finite, and that instead of the hypothesis (*) we suppose
that

2Ky < 1 where 7 = /[0l + | f do| - (%)

(i) Define a sequence (u,),>1 of processes with domain S by saying that ug = 4, and

Upt1 = Uy + iy (R(Up,y))
for every n € N. Then every u,, belongs to My, (induce on n, using 619Gc¢ and 616J in the inductive step).
Set z,, = up4+1 — uy, for n > 0. Then

Zn+1 = Unp42 — Up41 = ”v(ﬁ(un-i-hy)) - “'U(B(unay))

= tiy (h(Un+1,9) — h(up,y))
for every n. Now 654E tells us that

Isup |2n11lll2 < 291/ sup [A(wn41,9) = Alun, )2 < 2K sup [tn 41— a2
(by the Lipschitz condition on h)
= 2K/ sup [zn][l2

for n € N. At the beginning of the iteration,

[[sup [20[[l2 = [Isup [ur — wlls = [|sup @y (7 (ur, y))|]l2
< 29|[sup [A(ur Y)lll2 < 29([2(us, Y)lloo

is finite because both ||| and ||y« are finite and h is locally bounded. As 2K~ < 1, > || sup |2, ]||2
is finite.
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(ii) Of course

0(u) = E(lul A x1) < flully < [lull2

for every u € L% So >0 6(sup|z,|) < co and (u,)nen is Cauchy for the ucp uniformity. As My, is

complete under the ucp uniformity (615F (a-iv)), u = lim,, oo u, is defined in My,,. Because h is continuous,

h(u,y) = lim,, o A(u,,y) (619H). By 616J, applied to the integrating interval function Awv (616Ic),

Uy + iy (R(8,Y)) = limy 00 Uk + Giy (h(Un,Y)) = limp oo Upt1 = U.

(iii) Thus we have an appropriate u. It will be helpful to know that sup [u| € L?. P Since .77 | sup |z,|||2 <
00, z = Yoo sup|z,| is defined in L% now |u,|+ 2z > sup|u,| for every n € N, so sup |u| < |u.| + 2 is
square-integrable. Q

(b) When we come to prove that our solutions are unique, the following formulation will be useful. As
in (a), assume that (**) is true. Suppose that

li / /
Uix, ul*a Y1, y17 u, ul € Mm07

w1 = ur, + ity (h(us,y1)),  wy = 1w, + iy (A(u],y)));
suppose moreover that sup|u;| € L?, and set a = [ui, #u},Jufyr #y}]. Then [u; #u}] Ca. P Let
€ > 0. Let M > 0 be such that afsup|uj| > M] < € and set o’ = au[sup[uj| > M]. Set uy =
med(—M 165w, M 1)) and @, 1 = w1 + iy (A(tn,y1)) for n € N. Then

Nnayl) - h(ulayl))m?

nayl) - h(ul,yl)|||2 < 2KWH sup |’l~ln —U1|||2

| sup [t,41 —u1ll[2 = || sup |iiy (h(
< 29| sup |h(a

for each n, while ||sup | — u1llle < M + ||sup|uy|||2 is finite. So lim, || sup |, — w1|]]2 = 0 and
) = lim,,—, o @, for the ucp topology.

At the same time, we find that [&, #u)] C @’ for every n. To see this, induce on n. At the start,
[to # u}] = [sup|ui| > M] C a’. For the inductive step,

[n+1 # wi] = [urs + diy (h(8n, y1)) # vl + diy (h(uy, ¥7))]
C [ure # ul ] U [h(@n,y1) # hwy,91)] € av [, # ui] € o,
so the induction proceeds.

It follows that Ju; # u}]\ a@ has measure at most e. As € is arbitrary, [u; # u}] C a. Q

(¢) For the second stage of the existence proof, continue to assume (**), but drop the || ||o-boundedness
conditions on u, and y, and suppose only that u,, y € My,-

(i) In this case, set

Uy, = med(—k1S) 4, k19 yp = med(—k 15y, k1(5)),

ar = [sup |u.| > k] u [sup [y| > k]

for k € N. By (a), there is for each k a uy, € My such that uy =t + iy (h(uk, yi)) and || sup [ugl|l2 < oo.
By (b), [ur # w] C ax for I > k. Since ag = 1 and (aj)ren is a non-increasing sequence with infimum 0,

SUPren X(@k \ X@kt1) X SUpP;<g+1 SUp luj| = supyeysup [ug| = 2

is defined in L° and sup |u —uy| < z x xay, for each k. This shows that 4 = limy_, ., uy, for the ucp topology,
sou € M, and

as in (a-ii), but this time noting that h(u,y) = limg_,o h(u,ys) for the ucp topology.

(ii) To see that u is unique, let uy € My, be such that uy = uy + iy (h(u1,y)). This time, (b) tells us
that Ju; # ug] C ai for each k. So u; = u.

(d) We are now ready to tackle the result under the given hypothesis (*).
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(i) Setting w} = z x w’, we see from 614Q(a-ii), or otherwise, that w) is of bounded variation, and
from 654Db that

| /S |dw! [[|oe < [Isup |2 % (w0 + J'])]lo

= llz x @ + 'l < 2]z x w'lo

because w’ starts from 0. We therefore have

2K (V/w oo + Il [ ldwilloo) < 1,

and if we set v; = w-+w?, (c) tells us that there is a near-simple process u; such that u; = u, +iy, (h(u1,y)).

Set wh = w’ —w) and u = wy + iy (h(u1,7)).
We see that

ZXVU =zZzXWHzXW =2xwtzxzxw =zxw+zxw =2z X,

ZXU=2 XU+ 2 X by (A(U1,Y)) =2 X Uy + 2 X iy, (h(u1,Y))
(654Da)

=2 XU

because z x wh = 0. Note also that

X h(zxu,y) =2xh(zxzxXuzxy)
(619Ge)

=zx h(zxu,zxXy) =2z x h(u,y).

Consequently

z X iy (h(u,y)) = 2 X fizxy(2 X h(u,y))
(654Da again)
=2 X fligxp(2 X (2 X U,Y)) = 2 X Gizxe, (2 X h(2 X u1,7))

=2 X Uiy, (h(u1,y)) = 2 X (U1 —us) = 2 X (U —uy),

that is,
2 % (u—u, —iiy(h(u,y))) = 0.
Expressing u and u, as (Uy)ses and (U, )oes, this means that for any o € S we have
[o < maxS] C [ue = tso + fSM h(u,y)dv].

At the top end, we can calculate

B(Uhy)d’vlJr/ h(uy,y)dw),
S

Umax S = Ux,maxS +

= Ux,maxS T+

o

h(u1,y)dv = Us max s + / 2 % h(uy,y)dv
S

(by the other part of 654Da)

= Ux,max S + z X B(Z X ’U,l,y)d'l)

o

and, unwinding,
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= Uimax S T / 2 X h(z x u,y)dv
s

= Uy max s + / 2 X h(u,y)dv = Uy max s +/ h(u,y)dv.
S S

But this means that, for any o € S,
[o = maxS] C [ue = tio + fSM h(u,y)dv]

and Uy = Usg + [5,, P(u,dy)dv. As o is arbitrary, u = u, + iiy (h(u, dy)).

(ii) To show uniqueness we can run the argument backwards, as follows. Suppose that @ is a near-simple
process such that @ = u, + iiy (h(%,y)). Set &' = u, + iiy, (h(@,y)). Then

)

(h(u,y
=2 XUy + 2 X iiyxy(h(@,Yy)) =2 XU

2 XU =2 XUy +2 X Giyuy, (h(u

so that
2 XU =2 XUy +2 X iy, (h(W,Y)) = 2 X uy + 2 X iiy, (h(z X @,y))
=2 XUy +2 X iy, (h(z x@,Y)) =2 X uy +2 X iiy, (h(@,y)),

while
Ux max S +/ E(ﬂay)dvl = Ux,max S +/ z X E(ﬂay)dvl
S S

= Ux,max S +/ z X E('&/ay)dvl - u*,maxS +/ B(ﬂlvy)dvl-
S S

As in (i) just above, this is enough to show that
~/

U = Uy + iivl (B(,&/’y)),

so that @' = u;, because we know from (c-ii) that we have a unique solution to the equation defining u;.
Consequently

ZXU=2XU 42 X iy (h(u,dy) =2z xu =2 xu;

and once again

(z X @,y)dv

>

Ux,max S +/ B(ﬁ7y)dv = Ux,max S +
S

ﬁ(z X ’lhy)d” = Ux,max S + / h(“’y)d’v7
S

= Ux,max S +

o o

so @ and u agree at max S and are equal. Thus the solution assembled in (i) is unique.
This completes the proof under the hypothesis (*).

654G Theorem Suppose that (;)er is right-continuous. Let S be an order-convex sublattice of T
with a least member. Suppose that h : R? — R is a continuous function and that K > 0 is such that
|h(a, B) — h(d/, )| < K|ao — | for all o, o/, § € R. Let v be a locally near-simple local integrator with
domain §. Then for any locally moderately oscillatory processes u,, y with domain S there is a unique
locally moderately oscillatory process u with domain S such that

U = U, + iy (h(u,y)).

proof (a) Let € > 0 be such that 2K (/e + 3¢) < 1. By the Bichteler-Dellacherie theorem (627J), v is a
semi-martingale; by the Fundamental Theorem of Martingales (643M), we can express it as w + w’ where
w = (W, )ses 18 a local martingale, w' = (W ),cs is locally of bounded variation and Osclln(w[S A7) < ex1
for every 7 € S.
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(b) For the time being (down to the end of (f) below), suppose that S has a greatest member and that w
is a martingale. Then u, and y are moderately oscillatory, v is a near-simple integrator and Osclln(w) < ex1.
Express @, as (Ui )ocs-

We know that w is locally near-simple (632Ia), therefore near-simple, so w’ also is near-simple, and its

cumulative variation w'" = (w/l),cs is near-simple (631K). Let w* = (w*),cs be the quadratic variation of

w; this too is near-simple (631Ja).

(c) By 631Ra, there is a non-decreasing sequence (7, ) nen in S such that 7o = min S, inf,, ey [7, < maxS] =
0 and whenever n € N and o € [, Ty 41],

[l +ws — wfl —w? | > € € [o = sl

(d) For n € N, write S,, = S A 7,. Then we have a sequence (u,),ecn of moderately oscillatory processes
such that

Up = Uy rSTL + ii’"fsn (h(una ) an»
for each n. P Induce on n. The induction starts with uy = u,[Sy where Sy = {minS}. For the inductive
step to n + 1, given 4, = (Uny)oes,, , Set
S~n = [Tny Tn+1]> U, = Uy [Sn + (Unfn - U*‘rn)l(én)a
w=wlS, —w, 16, @ =w'|S, —w, 16, s=w+w.

Then @ and @' are near-simple processes with domain S,, (631Fa), w is a martingale (622Db, 622Ea), w'’
is of bounded variation (614Lc) and both start with value 0 at min S,, = 7,,. The quadratic variation " =
(B}),cq, of Wisw*[S, —w}, 1(5%) (use both halves of 617Kb), and the cumulative variation @' = (W ,es.
of @' is w8, — w1657 (614Pb).
We know that, for o € S,,,
[o < gl € [lwgh —wil | < €] € [0 <€,

s0 654Dd tells us that || sup |z x @'T|||oe < €, where 2 = (x[0 < Tn1]) . Similarly,

UES‘n
lo < mnia] € llws —wr | < c[lwg] <e,

and by the other half of 654Dd,

[0*[|os < €+ || Osclln(@")|| oo = € + || (Osclln(@))? ]|
(618Sh)
= ¢+ || Osclln(w)||%, = € + || Osclln(w]S,,)||%, < €+ || Osclln(w) ||, < e+ €.

Accordingly

2K (V[[o oo + 2]z x @'T||oo) < 2K (Ve + €2+ 2¢) < 2K (/e +3¢) < 1
by the choice of e. We can therefore apply 654F to see that there is a moderately oscillatory process u,, with
domain S,, such that @, = @, + iz (h(@,,7)).

Singe the processes u,, and u, take the same value at 7,, they have a common extension u, U4, to
S, U S, which is a covering sublattice of S,+1 (if 0 € Sp41 = [70, Tn+1] then {o} is covered, in the sense
of 611M, by {o A 7,0 V1,} € S, US,). We therefore have a fully adapted process w,,1 with domain
Spt1 extending u, Ut,. By 615F(a-v), u, Uw,, is moderately oscillatory; by 615F (a~vi), w1 is moderately
oscillatory. Now if ¢ € S, 11, we have

‘/‘(Sn+1/\o')/\7-n }_L(u""rla y>dv = fSnA(O'/\Tn) }_L('U,n, yrsn)d('” rSn) = un7o-/\T’VL - u*7(7/\7—'n,7

L8n+1Aa)Vrn B(un+17y)dv = fgﬂ,/\(d\/n,) B(ﬁn,g)d’ﬁ = ﬂfcr\/Tn — Ux,ovT, — Unt, + User,, «

By 613J(c-i),
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/ h(un+1ay)dv = un,a/\'rn - u*,a/\’rn + aa\/‘rn - u*,a\/Tn - un‘rn + u*‘rn
Sn«}»l/\o'

= Un+1,0A7, T Un+1l,0vr, — Un+l,r, — UkoAr, — Ux,ovr, T Uxr,
= Un+1,0 — Uxo
by 612D(f-i). As o is arbitrary,
Upi1 = Uy [Spy1 + iiv(ﬁ(un—s-l’y))

and the induction continues. Q

(e) At the end of the induction set Soo = U, cpy Sn; @ Uny1 extends u,, for every n, we have a process
Uoo = Upentn with domain Si.. If 0, 0’ € S, there is an n € N such that S, contains both, so u is
fully adapted. It is locally moderately oscillatory because if o € Sy, there is an n € N such that o € S,, and
Uoo [Soo N 0 = Uy, [S, Ao is near-simple. Because 7, € Sy, and

infrensup, s [Tn < o] C infren [r, < maxS] =0,

U is moderately oscillatory (654BDb).

Again because inf, ey [T, < maxS] = 0, Soo covers S, so Soo and S have the same covered envelope, and
Uy has an extension to a process 4 = (uy)y,ecs with domain S (612Qa). Because u|Sy is locally moderately
oscillatory, u is locally moderately oscillatory (615F (b-v)), therefore moderately oscillatory.

Now take any n € N and ¢ € §,,. Then

Ug = lng = Uso + [ Bn, Y)d0 =t + [ h(u,y)dv.

So u agrees with u, + ity (h(u,)) on Suo; as Soo covers S, u = u, + iy (h(u,v)).

(f) Now suppose that v’ = (u.),es is another moderately oscillatory process such that ' = u, +
iiy(h(u',y)). Then u'[S, = u, for every n € N. P Induce on n. If n = 0 then S,, = {minS} and both u’
and u, take the value u, mins at minS. For the inductive step to n 4 1, the inductive hypothesis tells us
that v/ = upr,. Now, for o € S, = [Tn, Tt

U= Uy + h(u',y)dv
Sho

= Uy + / h(u',y)dv + / h(u',y)dv
(SAG)AT, (SAo)VT,

= Usg + Unr, — Usr, + / h(u',y)dv.

Sn Ao
As o is arbitrary,
u F‘gn = Uy rgn + (un-rn - U*Tn)]-gn + iiq)[én (B(u, rgnv Yy rgn))

But 654F assured us that this equation had a unique solution, so 4’| S,, must be identical with @,, as found
in (c), and therefore agrees with 4,41 and with w on Sn. As S, US,, covers Sni1, u' agrees with w on Sy 1.
So the induction continues. Q

Accordingly u’ agrees with u on S, and therefore on its full envelope S. Thus u is uniquely defined.

(g) So we have the result in the special case in which S has a greatest member and w is a martingale.
For the general case, let S’ be a covering ideal of S such that w[S’ is a martingale. Then (b)-(f) tell
us that for every 7 € &’ there is a unique near-simple process u, with domain & A 7 such that u, =
U [SAT +iiysar(h(ur,y[SAT)). If 7 < 7/ in S’ then u,/[S AT satisfies the same equation as u,, so must
be equal to u,. Asin (e), with &’ in place of Sy, there is therefore a fully adapted process u = (uy)secs with
domain S extending every u,, and such that u = u, +ii,(h(u,dy)). Because u[S AT = u, is near-simple for
every 7 € &', u is locally near-simple (631F(b-v)). And as in (e), we see that if 4’ has the same property,
then 4’8, = u, for every 7 € &', so that ' = u.

This completes the proof.
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654H Lemma Suppose that (2;);cr is right-continuous, and that & = [min S, max S| is an interval in
T. Define z = (2,),es by setting z, = x[o < maxS] for o € S. Suppose that £ € Mg ; = Mg;(S), and
that v € M, = M, <(S) is an integrator.

(a) 2 X Siiy(x) = 2 X Stigxy(T).

(b) Siiy(z)< = Stiy(z X T)<.

proof (a) For any o € S,

[fs,,xdv# 5, xd(zxv)] C[WISAcT# (2 x0)[SA0]
(646C)
C [maxS < o] C [x[o < maxS] = 0].

S0 z X (Stiy(x) — Siizxe(z)) = 0 and we have the result.

(b) For 0 € S, set up = fg,, xdv and u,, = f 2z xxdv. Then

[26 X Us # 2o X U] = [26 = x1] N [us # ul]
C e <maxS|nz[SAc # (z2xx)[SAd]

(647J)
C o <max8]n sup [z, =0]
o’€ESNo
=[oc <maxS]n sup [o! =maxS]=0.
o’ESNa

S0 25 X Uy = 2o X uL; as o is arbitrary, z X Sii,(z) = 2 X Siiy(2 x ). Putting this together with 654De,

Siiy ()« = (2 X Siiy(x)) < = (2 X Siiy(z X )« = Siiy(z X ).

6541 Now for an S-integral version of 654E.

Lemma Suppose (;)¢er is right-continuous and that S = [min S, max S] is an interval in 7. Let M?_ be
the space of near-simple processes 4 = (uy)secs Wwith domain S such that umins = 0. For a near-simple
integrator v, write v* for its quadratic variation. Suppose that w, w’ € M0 are such that w is a martingale
and w’ is of bounded variation; set v = w +w'. If £ € M3, = M2,(S), u € Mo = Mno(S) and |z| < uc,
then

Isup [Siiy (@)l < 2(v/Tlw*[loo + || 5 lde’llloo) | sup fsl -

proof (a) Write ~ for 2(y/[Jw*[|o + || [ [dw’|[|so)|| sup [u][|2. If this is infinite, we can stop, so suppose that
v is finite.

The set {u : u € L?, ||ullz < 7} is closed in L° for the topology of convergence in measure (613Bc).
Next, y + sup |y| : Moy, — L° is continuous for the ucp topology on M., = M1, (S) and the topology of
convergence in measure on LY (615C(b-ii)), so {y : ||sup |y|||2 < v} is closed in M,.y, for the ucp topology.

(b) By 6460, Sii, is continuous on A = {z : z € M{;, || <wu.} for the S-integration topology on A and
the ucp topology on M, 4, so

C={x':a' € A, ||sup|Siiy(x')|l]2 <~}
is relatively closed in A for the S-integration topology. We know also that, writing Ay for {u’ : v’ € My,
lu'| <u}, {ul :u’ € A} is dense in A (645La), Siiy(ul) = iiy(u') for every u’ € Ay (646Kc), and that

Isup Jiy (u)]l2 < 2(v/Tw*[loo + || [ lde’l[loo) | sup fo[]]2 <

for every ' € Ay (654E). So u. € C for every v’ € Ap, and C is dense in A. But this means that C is
actually equal to A; consequently € C and || sup |Sii, (2)]||2 < 7, as claimed.
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654J Lemma Suppose that (2;);cr is right-continuous. Let & = [minS,maxS] be an interval in
T. Suppose that h : R? — R is a locally bounded Borel measurable function and that K > 0 is such that
|h(a, B)—h(a/,B)| < Kla—d/| for all a, &/, B € R; let w = (wy)pes, w = (W ),es be near-simple processes
with domain S such that w is a martingale, w’ is of bounded variation and wyins = w;, s = 0. Write
w* for the quadratic variation of w, w'" for the cumulative variation of w’, and z for (x[o < maxS])yes-
Suppose that 2K (1/|[w*][c +2||2 xw'T||s) < 1. Set v = w+w’. Then for any z,,y € Ms; = Mg ;(S) there

is a unique process & € Mg ; such that

x =2z, + Siiy(h(z,y))<.

Remark I ought to say at once that by Sii,(h(z,y))< I mean the previsible version (Siiy(h(z,y)))< of the
indefinite S-integral Sii,(h(z,y)). I think it looks better without the extra brackets.

proof We can follow the same line of argument as in 654F.
(a) Suppose that ||£,||o and [|y||o are both finite, and that 2K~ < 1 where v = \/|Jw* oo +|| [ [dw’|[ .-

(i) Define () nen, (Un)nen by saying that 2y = z, and

Uy = Sl%(h(-’tmy)), Tpt1 =Ts +Up<

for n € N. Then h(z,,y) € Ms.; (645Jb) and u,, belongs to M, s = M, s(S) (646N), so &, 11 € Mg, for
any n > 0.
For n > 0,

h(@n11,Y) = h(@n, )| < Klzpi1 — 0] = K| (un —up—1)<|
(counting u_; as 0)

= |K(u, —un-1)|<

(641Gd), so

Isup |1 = wnlll2 = || sup[Siiy (M(@n+1,y) — M@0, y))|]2
< 29| sup | K (un — un—1)|2
(6541)
= 27K || sup [un — wn_1]]|2
for n € N. At the beginning of the iteration, because h is locally bounded and both z, and y are bounded,
K' = ||h(z+,y)| is finite, |h(z.,y) x 1] < K'1) and

[sup [uo —u—sllla = || sup [Siiy (h (21, y))||l2
= [sup[Siiy (h(z,y) x 1E))[||l2 < 29[ K'x1]|2 = 2Ky
is finite. As 2K~y <1, 307 || sup [tn41 — wp|||2 is finite and || sup |u, |2 < oo for every n.

(i) As in 654F, it follows that (u,)nen is Cauchy for the ucp uniformity, and has a limit w in M.
This time, we need to check that lim,_, || sup |u, — ul||]2 = 0. P For any n,

sup [u —up| <35,y sup | — uial,

Fsupfu —unll2 < 3252, 4 [[sup |w; — i lla = oo

as n — oo. Q In particular, sup |u| is square-integrable.
Setz =z, +uc. Forn >0, —x,11 = (u—1u,)<, so

7@, y) — (@i, y)| < Klu—un<,

|| sup [Siiy (h(2,y))) — tnt|ll2 = || sup [Siiy (h(@,y) — h(Tnt1,9))]ll2
< 2K9| sup lu —un|ll = 0
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as n — 0o. Accordingly, taking limits for the ucp topology,

-2, =Uc = (limp o0 Upn)<« = Sidy(h(z,y))<

and z = z, + Siiy(h(z,y))<.
(b) Once again assume that 2Ky < 1 where ¥ = /|[w*|ls + || [5 |dw’|||oc. Suppose that

Zox, T1x, Yo, Y1, To, T1 € Ms—i

are such that

Ty = Tox + Siiv(ﬁ($07y0))<7 T =14+ SZZ’U(B(xlayl))<
Set

ug = Siiy (h(20,¥0)), w1 = Siiy(h(z1,91)),
and suppose that sup |ug| € L?. Set a = [Zox # Z14] U [yo # y1]- Then [ug #u1] Ca. P Let € > 0. Let
M > 0 be such that afsup |ui| > M] < € and set o’ = au [sup |u1| > M].
Now repeat the inductive construction of (a-i), adjusted as follows. Set @ = med(—M1(5) u;, M1(5))
and

Tpi1 = Tox +Un<,  Upy1 = Sty (A(Znt1,Y0))
for n € N. Then

| Zn11,90) — h(@0,90)| < K|Eny1 — 0| = Kty —uo|<,

|| sup [tn 11 — uolll2 = || sup [Siiy (M(Zn11,90) — h(o,90))|[l2

< 2K~ sup i, — o] |2

for each n, while ||sup|tg — uolll2 < M + || sup |uol||2 is finite. So lim, 0 || Sup |, — uolll2 = 0 and
ug = lim,, .~ %, for the ucp topology.
At the same time, we find that [&, # u1] C @’ for every n. To see this, induce on n. At the start,

[ao # u1] = [sup |u1| > M] C o’. For the inductive step,

[tns1 # ui] = [Sii(R(&n41,%0) — h(@1,91)) # O] € [M(Eni1,90) — h(z1,941) # O]
(647J again)
C[Tni1 #x1]ufyo # y1]
C [rox 21 ] Utne #urJua C [a, #ui]ua

(641G (a-iii))

!
a

N

by the inductive hypothesis, so the induction proceeds.
It follows that Jug # u1] \ @ C @’ \ @ has measure at most e. As € is arbitrary, [ug # u1] C a. Q

(c) For the second stage of the existence proof, continue to assume that 2K~ < 1 where v = \/[|w*||oc +
dw'||| o0, but drop the || ||so-boundedness conditions on z, and y, and suppose only that z,, y € Ms.;.
s

(i) In this case, set

T« = med(_kl(g)ax*a kl(g))7 Y = med<_kj1(§)7ya kl(g))a

ar = [sup |z.| > k] u [sup [y| > k]
for k € N. (Recall that we know from 645Kb that x, and y are order-bounded.) By (a), there is for each k

a up € M, such that sup |u| is square-integrable and, setting 2 = Ti. + U<, Up = Siiy(h(zr,yr)). By
(b), [ur # w] C ay for | > k. Since (ax)ren is a non-increasing sequence with infimum 0,

Z = SUPge SUP [ug| = sup [ug| V supyey X(@x \ X@kt1) X SUP; <k SUP [t5]
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is defined in L° and sup |ur — u;| < z x yap whenever k < [. Accordingly u = limy_, o, uy is defined for the
ucp topology, and u is near-simple (631Ba). Next, setting = z, + u, we have, for any k,

[z # ] € [ze # 2] U fuc # ur<] € ar U fu # ui] = ax,

[ur< # Siiv(h(x,y))<] € [ur # Siiv(h(z,y))] = [Siiv(h(xx, yx)) # Siiv(h(z,y))]
< [A(zr,yx) # h(z.y)] € [ax # 2]V lyr #y] € a
and
[ # z, + Siiy(h(z,y))<] C [z # zr] U [20 # Tp] U [Siin (h(2,y)) < # ur<] C ap.
As k is arbitrary, £ = x, + Siiy (h(z,y))<.

(ii) To see that & is unique, let &' € Mg be such that ' = &, + Siiy(h(2',y))<. This time, (b) tells
us that, setting u’ = Sii, (h(2',y)), [u’ # ur] C ax for each k. So v’ =u and ¢’ = z.

(d) Now turn to the given hypothesis that 2K (\/[[w*[|sc + 2|z x w'T||) < 1.

(i) As in 654F, set w} = z x w' and v1 = w + w}. Then, as before, we have 2K (\/|w*[ +
| s ldw!|lloc) < 1. So (c-i) tells us that there is an S-integrable process £ such that £, = &, +Siiy, (h(x1,))<.
Set wy = w' —w} and & =z + Siiy, (h(x1,y))<. We see that

v +wh=w+w =uv,

& =2, + Siiy, (A(21,Y)) < + Sitwy, (h(21,9)) < = 24 + Sty (h(21,9)) <

ZX T =2XT1+ 2 X Sty (MZ1,Y))< =2 X B1 + 2 X Siizxaw, (M(Z1,Y))<
(654Ha)

=2 XTI

because z x w) = 0. Consequently

Siiy(h(z,y))< = Siiy(z x h(z,y))<
(654Hb))
= Siiy(z x h(z x 2,9)) <
(619Ge again, as in the proof of 654F)
= Siiy(z X h(z x T1,Y))< = Siiy(h(T1,y))<

and x =z, + Siiy(h(z,y))<, as required.

(ii) To show uniqueness we can run the argument backwards, as follows. Suppose that T’ € Mg is
such that ' = z, + Siiy(h(z',y))<. Set &) =z, + Siiy, (h(x',y))<. Then

zZ X _'1;/1 =2 XXy +2X Siizxvl(ﬁ(mlvy))<

=2 X Ty +2 X Stiguy(h(x,y))c =2 x 2’

so that Siiy, (h(z},y))< = Siiy, (h(z',y))< and | = x, + Siiy, (h(z},y))<. But this implies that =} = z1,
by the uniqueness established in (c-ii), and z X £} = z x 1. Now

' = 2 + Sy (h(2',y)) < = T + Sitwy (h(z1,y))<
= 1 + Stiy), (h(z1,9))< ==

Thus the solution offered in (i) is unique.
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654K The key step in the next stage involves re-starting an S-integral, so I separate it out.

Lemma Suppose that (2(;);cr is right-continuous, and that S C 7 is an order-convex sublattice with a least
member. Let i : R? — R be a locally bounded Borel measurable function. Take processes &, ., y € Ms.;(S)
and an integrator v € M, <(S). Set u = Siiy(h(z,y)) and express u as (Uy)ses, U< a8 (U< )oes-

Fix 7 € S. Set

S'=8A71, z==xz§, v=vu§, y=ylS =z =z.]F,
S/IZS\/T, x//:xrsll’ ,U//:,UI*S//’ y//:yrSI/ x‘/k/:x*rs//_’_i*

where 2, = 9<71($”) + (ur iU<T)1(<S//)- _
(a) Siiv/(h(zuy/)) = Siiv(h({c,y)) rS/’ S0 Siivl(h($/7y'))< _ S”v( (:l: y)) [S
(b) .’L‘“ € Ms. l(S//)
(c) =z, + Siiy(h(z,y))< if and only if

x' = + Siiy (h(z',y'))<« and z" =z + Siiy (h(z",y"))<.
proof (a)(i) We should start by noting that h(z,y) is S-integrable, by 645J as usual, so we can talk about

the indefinite S-integral Sii,(h(z,y)). Similarly, because z’, y', £’ and y” are S-integrable (646Hd) and v’,
v’ are near-simple integrators (631F(a-iv), 616P (b-ii)), we have the indefinite S-integrals Sii, (h(2’,y’)) and

Siiy (h(z",y")).
For o € § write S, for S Ao.

(i) If o € S’ then

W&lSs,y1S5) dvSs)

o

h&'1Ssy'1Ss) d('[S,)

o

= f h(z',y') dv’
So

So Siiy (h(x',y')) = Siiy(h(x,y))|S". By 641G (c-ii), it follows that Siiy: (h(z',y')) < = Siie(h(z,y)) ]S,
(b) Here I should point out that &, x 1) = (u,1(5")) - belongs to MY,(S") so ! € Ms.;(S").
(c)(i) For o0 € 8", set u!/ f[fa z,y) dv, so that Siiy (h(z",y")) = (u!)sesr and Siiy (h(z",y"))< =

(ulg)oesr
If 0 € §”, then

j{sa h(z,y) dv

o~

ug:% i_z(m,y)dv:% l_z(m,y)d'v+j{ h(z,y) dv
S S’ [T,0]

o

(646J, because S, A7 =8" and S, V T = [1,0])

=u, + h(z,y) dv = u, + ull.

[7.0]

We know that (u]S")< = (u<]S") x 1E") (641G(c-ii)), so that
[T < o] € [uco =ur + U, ] N [Tso = ur] C [uco = Tuo + 12, ],
where Z, = (Z.s)oes, while
[r =01 € fuco = uerl iy = 0] [Feo = tcr] € <o = g + 1%y
Thus U<y = Fup + UL, ; as o is arbitrary, Siiy(h(z,y))<[S” = &. + Siiy (h(z",y"))<.
(i) Writing u’ for Sii, (7( z',y')) and u” for Siiy (h(z",y")), we know from (a) that u’. = u-|S’" and

from (i) just above that &, +u”. =u[S”. Since S’ US"” covers S, and x and x, + u. are fully adapted,
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=z, +u. <= z|S8 =z,|8 +u S and z|S" =2, 1S" +u|S"
— ' =z, +ul anda” =2,18" + 2. +ul
— o' =2, +u_ andz” =2/ +u”,

that is,

T =z, + Siiy(h(z,y))<
< 2’ =z + Siiy (h(z',y))< and 2" =z + T, + Siiy (h(z",y"))<.

654L With this in hand, we can embark on a full-strength version of Theorem 654G.

Theorem Suppose that (2;)¢cr is right-continuous. Let S be an order-convex sublattice of T with a least
member. Suppose that b : R? — R is a locally bounded Borel measurable function and that K > 0 is such
that |h(a, 8) — (e, B)] < Kla—d/| for all a, o/, B € R. Let v be a locally near-simple local integrator with
domain S. Then for any locally S-integrable processes ., = (Z4s)ses, ¥ With domain S there is a unique
locally S-integrable process & with domain S such that

T =z, + Siiy (h(z,y)) <.

proof (a) Let € > 0 be such that 2K (/e + 3¢) < 1. As in part (a) of the proof of 654G, we can express v as
w+w’ where w = (w,)ses is a local martingale, w’ = (w!),es is of bounded variation and Osclln(w) < ex1.
For the time being (down to the end of (d) below), suppose that that w is a martingale and that S has a
greatest member, so that v is near-simple and z, and y are S-integrable.

We know that w and w’ are near-simple, so the cumulative variation w'T = (w/l),cs of w’ and the
quadratic variation w* = (w}),cs of w are near-simple.

As in part (c) of the proof of 654G, there is a non-decreasing sequence (7, )nen in S such that 7o = min S,
infen [7 < maxS] = 0 and whenever n € N and o € [7,, Tnt1],

[wg +wy —wl —w; > €] € [o=rn4]-

(b) For n € N, write S, = S A7, = [minS,7,]. Then we have a sequence (Z,),ecn of S-integrable
processes such that

T, € MS—i(Sn)7 Ty =Ts [Sn + Siiv{Sn (B(xnayrsn))<
for each n. P Induce on n. As in part (d) of the proof of 654G, the induction starts with £y = z,[{min S}.

For the inductive step to n + 1, given z,,, set u = Siiys, (M(Tn,y[Sn)) and express u as (uy)ocs, ; set

n?

Sn = [Tns Tnt1ls  Tna = T r‘gn + u<m1($n) + (ur, — u<‘rn)1(§")v

W=w[8, —w, 16 @ =w'|8, —w, 16, §=d+@.
Then w and w’ are near-simple processes with domain S,, W is a martingale, @’ is of bounded variation
and both start with value 0 at min S,, = 7,. The quadratic variation w* of w is w*[S,, — winl(sn), and the

cumulative variation @'’ of @' is w'T[S,, — wlnl(gn).
As before, setting 2 = (x[o < Tn11])scg,

2K (/[0 oo + 2]z x @'T]|o0) < 2K (/e + 3€) < 1.

We can therefore apply 654J to see that there is a unique S-integrable process z,, with domain S, such that

Since the processes z,, and Z,, take the same value x,., +u<,, at 7,, we have a fully adapted process Ty 41

with domain S,, 41 extending them both. By 646J again, &,,41 is S-integrable. Now Siiy;s,, (A(€n+1[Sn, Y1Sn)) =
u, and 654Kc tells us that

Tpt+1 = Tk r8n+1 + Siiv[8n+1 (B(mn+17yr8n+1))<7

so the induction continues. Q
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(c) At the end of the induction, as in part (e) of the proof of 654G, we have a process £ = (Z,)ses
extending every x,,. Next, setting

Uy, = Sity (M(&[Sn,y[Sn)) = Sitvys, (M@0, y[Sn)),
for each n, we see that u,, is near-simple (646N again) and w,, = %, 11[S, for each n. Accordingly, just as
in the proof of 654G, there is a near-simple 4 = (u,)scs such that u,, = u[S, for every n.
Now u. is S-integrable (645R(a-1)) so z, + u< is S-integrable. But

S, =2, [Sp + Une =2, [Sn + (U[Sn) <
=2,[Sp +u S, = (T4 +u)[Sn

for every n, by 641G(c-ii) again. Since |J,,oy Sy covers S, = &, +u. is S-integrable. Consequently h(z,y)

is S-integrable (645J again) and we can speak of Sii,(h(z,y))<. Since

€Sy = 2, Sy + Sidy (M@ S5, y1Sn)) <
=x,[S, + (Sii,,(_ (z,y)) rSn)< =2, [Sp + Siiv(ﬁ(m,y))< [Sn

for each n,

x =, + Siiy(h(z,y))<.

(d) If 2’ is another S-integrable process such that &’ = x, + Sii, (h(z’,y))<, then we see that
z’ [Sn =z, ]Sy + Siiv{sn (E(xl ISn,y FSn))<

for each n. Applying 654Kc in the reverse direction to S, = w1 V Tn, we see by induction that z’ 1S,
satisfies the same equation as &,, for each n. By the uniqueness guaranteed in 654J, 2’| S,, = Z,, for each n,
and £’ = . Thus we have both existence and uniqueness in the case in which S has a greatest member.

(e) For the general case, as in part (g) of the proof of 654G, we have a covering ideal &' of S such that
w|S’ is a martingale. For each 7 € &’ we have a partial solution z, with domain & A 7. These have a
common extension to a process £ with domain S, which will be the solution we seek on the whole lattice S.

654X Basic exercises (a) In 654G, suppose that ), y" and u" are other locally moderately oscillatory
processes with domain S such that w' = u/, + i, (h(w',y')). Show that [u’ # u] C [u, #u.]Juy #y].

(b) Suppose that (Ai):er is right-continuous. Let S be an order-convex sublattice of 7 with a least
member. Suppose that h : R? — R is a continuous function such that |h(a,3) — h(c/, B)| < |B|la — o]
for a, o/, B € R. Show that for any locally moderately oscillatory processes u,, y with domain S and any
integrator v € M,,_¢(S) there is a unique u € M, _<(S) such that u = u, + iiy (h(u,y)). (Hint: for K > 0 set
yr = med(—K1) y K1(5)))

(c) In 654G, show that if v and u, are locally jump-free then u is locally jump-free.
(d) Show how 654G can be deduced from 654L.

(e) Suppose that (As)ier is right-continuous. Let S be an order-convex sublattice of T with a least
member. Suppose that & > 1, that h : R¥*! — R is a locally bounded Borel measurable function and
that K > 0 is such that |h(a,B1,...,8k) — h(</,B1,...,Bk))| < Kla — /| for all a, o, B1,...,8; € R.
Let v be a locally near-simple local integrator with domain §. (i) Show that if h is continuous and u,,
Y1,--.,Yx are locally near-simple processes with domain S there is a unique locally near-simple process
u with domain S such that w = u, + iiy(h(u,y1,... ,y%)). (ii) Show that if z,, ¥1,... ,yx are locally S-
integrable processes with domain S there is a unique locally S-integrable process & with domain S such that
x =z, + Siiy(h(x,y1,... ,Yx))<. (iii) Show that if u, is a locally near-simple process with domain S and
Y1,...,Yx are locally S-integrable processes with domain S there is a unique locally near-simple process u

with domain S such that u = u, + Sty (h(u<,y1,... ,Yx))-
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(f) In 654L, show that if v and «, are locally jump-free then « is locally jump-free.

654Y Further exercises (a) Suppose that (2(;):cr is right-continuous, and that S is an order-convex
sublattice of T with a least element. Write M,, s for M, (S). Let Hy, Hy : My« — M, and K > 0 be such
that, for both j, (o) if u, v’ € M5, c € Sand u[S Ao =u'[S Ao then H;(u)[SAo = H;w)[S Ao (5)
sup |H;(u) — H;j(u')| < Ksup|u — /| for all u, ' € M,s. Show that for any near-simple integrator v with
domain S and any u, € M, (S) there is a unique u € M, such that u = u, + Hy (i1, (Hz(u))).

654 Notes and comments Rather against the general tendency of this treatise, I have given a substantial
amount of space to an independent proof of a theorem (654G) which can be regarded as a corollary of a
later result in the same section (654L, 654Xd). We could save a little paper by going straight to 654L. But I
have tried, for once, to make the path gentler, though longer, by introducing those ideas which can be used
in the context of the Riemann-sum integral, before tackling the extra technical difficulties of the S-integral.

There is a switch between the equations u = u, + 4, (h(u,y)) and = x, + Siiy(h(z,y))<. In the first,
we are dealing throughout with (locally) moderately oscillatory processes. In the second, while v remains
a locally near-simple local integrator, the other variables are locally S-integrable. So we need a locally
S-integrable indefinite integral, and the definition in §646 led to a locally near-simple indefinite S-integral,
just as the definition in §613 led to a locally near-simple indefinite Riemann-sum integral. I have therefore
turned to what one might call a previsible indefinite S-integral. (There is an immediate suggestion that we
could look at previsible definite S-integrals, but I shall not pursue this here.) A re-shuffling of the notion is
in 654Xe(iii).

The idea of the proof here is to follow the standard method in elementary courses on ordinary differential
equations, using a contraction mapping on a suitable metric space. The trick is to find an appropriate
metric. In 654E I show that the norm uw — || sup |u|||2 will serve in a special case which turns out to be
adequate. In fact I think that the F-norm j of the proof of that lemma is closer to the heart of the matter,
as its formula carries a hint of the way in which we have to treat martingales and processes of bounded
variation differently.

Of course the method can be adapted to go a great deal farther. I think that we can reach 654Ya without
adding any substantial new ideas to those in the proof of 654G. I note also that the Lipschitz condition can
be significantly relaxed (654Xb, and see PROTTER 05, §V.3).

Version of 13.2.21

655 The Black-Scholes model

This volume is supposed to be an introduction to stochastic integration for a mathematically sophisticated
but otherwise untutored readership. You will find it difficult to persuade anyone else to take your efforts
seriously if you do not have something to say about its most famous applications, starting with BLACK &
ScHOLES 73. I will therefore take the space to give a very short account of the simplest model derived by
their method, even though the mathematical content is no more than direct quotes from the work so far,
and all the interesting ideas relate to the theory of financial markets.

655A Stochastic differential equations In §§651 and 653, I expressed every result in terms of integral
equations; so that Theorem 651B, for instance, reads

fsudz = fsu X z dv.
But the mnemonic for it, in the style of §617, would be

dz ~ z dv,

and some authors are happy to express this in the form Z—j = z. Similarly, where in Theorem 654G I write

u = u, + iy (h(u,y)),
others might write

Umin S = Ux,min S du ~ d’ll,* + B(u,y)d’v
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or perhaps

dﬁ_du*
v~ dv

+ h(u,y).

Umin S = Ux,min S»

I myself prefer to regard these alternative expressions as potentially suggestive abbreviations. For instance,
they erase the distinction between the Riemann-sum integral and the S-integral; as we have seen in 654L,
this can be a helpful stimulus, but does not release us from the obligation to find sufficient conditions on
the inputs v, z,, y and h there.

655B A model of stock prices For the rest of this section, I will suppose that (2, f, [0, oo, (U¢)¢>0,
T,{.)-c7) is a right-continuous real-time stochastic integration structure and S is a non-empty ideal of T,
that is, an order-convex sublattice with least member 0 = min 7. Let ¢ be the identity process (612F) and
w a Brownian-type process on S, that is, a locally jump-free local martingale with domain & and quadratic
variation w* = ¢S (653K). Consider the differential equation

du ~ audL + fudw, uy = u,

or

u = uyl + @ii, () + Biiy(u) = url + iig (u)
where w = au + Sw and u, € L°(2ly). Then w is a locally jump-free local integrator and its quadratic
variation w™ is

[]w] = a?t]e] + 208t jw] + 52 [ww] = 5%
by 624C, because ¢ is locally of bounded variation and both ¢ and w are locally jump-free. So the equation
has solution

u = u, &xp(w — 55%)

(put 651B and 613L(b-ii) together, as in 651Xa), which is a locally jump-free local integrator and is unique
(654G, with h(z,y) = = and u, = u,1).

655C A model for options Now suppose that we have an ‘option’ in a ‘stock’ whose value is accurately
modelled by the process u. Our objective is to find a rational approach leading to a way of determining the
value v of this option. We assume that v depends on the time and the value of w at that time; that is, that
there is a function h such that v = h(u,t¢). (If u and v are represented, in the manner of 631D, by real-valued
processes (U )i>0 and (V;);>¢ with cadlag sample paths, we are supposing that V;(w) = h(U,(w), t) for most
pairs (w,t).) The terms of the option will give us some information about the function h; for instance, a call
option, allowing us to buy a quantity ¢ of the stock for a strike price x; at expiry time ¢y, will then have
value h(z,t1) = cmax(z — x1,0), because we shall be able to buy the stock at price z1 and sell it at price
x; if x < x1, we just do nothing.

We assume also that h is twice continuously differentiable, with partial derivatives hy, he and second
partial derivatives hi1,... ,hos. Then we have

v = h(u,t) = h(u,0) 4 iij ) (1)
T LT LT 1.. T
= h(ty, 0) + iy (h1 (u,2)) + i3, (ha(u,t)) + 3 s (h11(u,t))
by 619K, because u and ¢ are jump-free local integrators, and ¢* = [LTU] = 0. In the differential form, this
becomes
dv ~ hy(u,t)du + he(u,t)de + %Bu(u,l,)du*.

To get an expression for the term diy- (... ), observe that u* = (iig(u))* (617Kc) and we can use 617Q(a-iii)
to see that

digs (h11(u,0)) = dig= (h11(u,t) x u?) = B2, (hq1(u,1) x u?).

So we have
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v = h(us, 0) + iia (b1 (u,0)) + i (ha(w,0) + L 32 X iy (u,1))
or, using the mnemonic for 617Q in the form du* ~ u?dw* ~ B%u?d,

dv ~ hy(u,t)du + (hy(u,t) + %621&2 X hi1(u,¢))de.

655D Hedging and a risk-free portfolio Still supposing that there is such a function h, consider a
hedged version of the option. In addition to the option, we ‘hedge’ by a suitably varying quantity g(u,t¢) in
the stock u to give us a portfolio ¥ = v — 7y (g(u,¢)) in which the (so far unknown) value of v is modified
by the accumulated losses and gains of our hedging strategy. Let me try to explain the intuition behind
this. Actually I should perhaps begin with an explanation of the minus sign. The idea of a ‘hedge’ is that
we can ‘sell the stock short’, that is, sell stock we don’t necessarily possess; in a strictly regulated market,
this will be to some extent controlled by a requirement that we should borrow some stock from a legitimate
holder, and then sell that; but in any case, we take cash now, and promise to buy the stock back soon at the
price then ruling, either because we have to return it to its original owner, or because we never delivered it.
This is not an option, it is a contract. From the point of view of our counterparty, it is just like buying real
stock. Of course they have to trust us, but it is part of the theory of ‘perfect markets’ that the agents do
trust each other. There is a question about who decides the buy-back time, but our counterparty doesn’t
much mind, because they will be able to buy the stock in the market whenever we ask (remember, we shall
be paying the price at that time, and this is a perfect market, so there will always be buyers and sellers at
that price). The idea behind this is that if we possess a call option, we stand to make money if the stock
rises in value, and not if it falls; by going short, we hedge our bet to make our prospects more even.

We allow g to take negative values; this is because we can ‘go long’, that is, buy some stock with the
intention of selling it again if our strategy calls on us to do so. Note that we believe that u is jump-free, so
can imagine adjusting the hedge rapidly compared with changes in u.

We shall have

¥ = h(uy,0) + iy (hy (u,0) — g(u,e)) + ii, (ho(u,t) + %[3211,2 x hi1(u,t))
or
U5 = h(ux,0), do~ (hy(u,t) — g(u,t))du + (ha(u,t) + %5211,2 x hi1(u,t))de.
So if we set g = hy, we get

0 = h(uy,0) + ii, (ho(u,t) + %,E”Qu2 x hi1(u,t)),

dv ~ (ha(u,t) + %62142 x hi1(u,t))de.
Now this is ‘risk-free’; for a short time interval [0, o'],
Vgt — Vg = (ho(ug,0) + %ﬂQi_Ln(ua,o)) x (o' — o)

is well approximated by something calculable from knowledge of the stopping times o, ¢’ and the situation
at the starting time o, but not requiring any foreknowledge of the evolution of u or w. Consequently we
can compare it with other risk-free investments. Suppose that we can be sure of being able to borrow, or
lend, cash, at an interest rate p, with complete safety. We are supposed to be operating in a perfect market,
in which every agent knows just what we know about w and w, and can do the same calculations, so that
the process h(u,t) describes the evolution of the market price, either buying or selling, of the option. We
therefore expect v,» — U, the agreed expected profit from holding the portfolio ¥ from time o to time o’,
to be very close to the expected income over that time period if we sell our option and our holding in the
stock u, and invest the net proceeds in a bond at interest rate p.

At this point I need to remark that these net proceeds will not be the current value v,. The process v
takes past gains and losses into account in the term i, (g(u,¢)). But these are water under the bridge. Our
holding at, and immediately after, the time o is vy — §(us, o) X uy, because if g is positive, that is, we are
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shorting the stock, we shall have to buy it back at once to liquidate our position, while if g is negative, that
is, we are holding some stock, we will sell it. So we expect that

Uyt — Vo = p(vg — hi(Ue,0) X uy) X (¢! — ),
that is,
dv ~ p(v — hy(u,1) x w)de,

and matching the two formulae for dv we get

hao(u,t) + %,82142 X h11(u,t) = p(v —u x hy(u,¢)) = p(h(u,t) —u x hy(u,t)).
To ensure this, we shall have to have
ha(w,1) + 3 822 hui (2,1) = p(h(x, 1) — whi (2, 1))
for all relevant = and ¢, that is,
Oh | lgo 20%h ,  Oh . _
ot T2 T gm Ty, —ph=0

which is the Black-Scholes equation for the evolution of the value h(z,t) of an option in a stock with
price z at time ¢.

655 Notes and comments For obvious reasons, an enormous amount of work has been done on adaptations
and correction terms for the Black-Scholes equation. But I will indulge myself by saying why I think that
most of this effort has been wasted, at least from the point of view of those who have paid for it. Up to the
end of 655C we are enjoying ourselves with some pretty mathematics, and the finance theory of 655D, in the
abstract, offers us some interesting new challenges. But look at the ‘supposes’ and ‘assumes’ there. Why
should we believe that the value of a stock can be described by the formulae of 6565B? Empirical evidence
from stock exchange records shows that many stocks have followed this pattern for years at a time; but
companies do quite often go bankrupt or get taken over, and the model so far has no place for either. Can
we be sure that the value of an option depends only on the time and on the present value of the stock? The
argument I presented above pays no attention to risk-aversion, because if the rest of the theory were sound,
there would be no risk; but even hedge funds are, in practice, risk-averse, and only intermittently do they
have blind faith in the theory. Why should the function h, if it exists, be twice continuously differentiable?
The model T have described assumes that the parameters «, S and p are constant. All of these we can
hope to do something about — but only if we have a convincing account of how they will change in the
future. There are ways of inferring what the majority of currently active traders expect them to do, but
are we supposed to believe that ‘the market’ is always right about such things, when we read daily of gross
blunders, and when interest rates, in particular, are influenced so heavily by government action? I wrote ‘we
can imagine adjusting the hedge rapidly compared with changes in u’. A very large amount of money has
been, and is being, spent on speeding up trading processes to make this true. But what if there is enough
trading in the options on a stock to make the corresponding hedges a significant influence on the price of
the stock?

And then there is all the stuff about perfect markets. One of the greatest advantages claimed for open
markets is that prices give a rapid and trustworthy way for information to percolate through the system:;
but in more than one financial market in 2012-2014, the volume of trading, the bulk of it between rival
pricing models, offered large rewards for fraudulent manipulation of price indices, which duly occurred. On
most trading days, to be sure, and for most stocks and many options, there are active agents and (among
themselves) good information and low transaction costs; but local market failures, when trading in individual
stocks is suspended, are common, and more general failures, in which whole sectors are briefly paralyzed,
occur in most decades.

One of these failures is particularly associated with the Nobel prizewinners Myron Scholes and Robert
Merton, who belonged to the limited partnership Long-Term Capital Management which came spectacularly
to grief in 1998. For an account of the rise and fall of LTCM, see LOWENSTEIN 01. Their business model
amounted to betting when the odds seemed right. Typically they were accepting other peoples’ hedges,
acting as a kind of unregulated insurance company. Of course they could do this only because not everyone
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took exactly the same view of the options involved, and the margins on the bets were necessarily narrow,
so the success of the fund depended on betting very heavily. They reached the level at which their own
transactions were having a substantial effect, and at which quite possibly temporary variations in market
prices were leading to changes in the value of their assets sufficient to alarm not only their investors but
their counterparties and creditors and the Federal Reserve Bank of New York. With hindsight we can see
that they made a string of bad decisions; but a common feature of these was that they assumed too readily
that they could wait for anomalies to evaporate. In particular, they tried to take advantage of a reluctance
on the part of other investors to hold Russian bonds, both private and governmental. This anomaly did
not evaporate, and culminated in defaults. LTCM seem to have been using pricing models which took
inadequate account of such risks.

One would have hoped that the catastrophe would have led to more realistic assessments by financiers.
But that didn’t happen. Lehman Brothers under Richard Fuld were acting for LTCM all through the crisis
of 1998. In 2008 it was Fuld’s turn to destroy his company by obstinately hanging on through warning
signals. Nobody that year was imprudently exposed to Russia. They had found ways of being imprudently
exposed to mortgages.

To put it bluntly: I do not think that this can be fixed by tinkering. Option pricing began because
people had good reasons for wanting to buy options, and Black, Scholes, Merton and others offered formulae
with reasonably plausible justifications, at least in comparison with what had gone before. But the many
mathematical refinements which have been developed since have been no substitute for good judgement.
The enormous structures which have been built on these ideas in some countries are, I believe, cancerous
growths, and should be starved into remission before radical surgery becomes forced.
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