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Chapter 64
The fundamental theorem of martingales and the S-integral

To my mind, the ‘Riemann-sum’ integral of §613 is the natural starting point for a theory of stochastic
integration, and it has a rich assortment of properties. But if you are acquainted with the Lebesgue-Stieltjes
integral, you will have noticed that I have not given results corresponding to the standard convergence
theorems of §123, and if you have taken the trouble to check, you will have noticed that they aren’t true of
the integral as presented so far. If we make the right modifications, however, we do have a kind of sequential
smoothness (644C) which can, with some difficulty, be used as the basis for what I will call the ‘S-integral’
(645P). In fact the S-integral is much closer than the Riemann-sum integral to the standard stochastic
integral developed in PROTTER 05.

To do this we need to know quite a lot more about stochastic processes. In §641 I describe the ‘previsible
version’ of a near-simple process, which corresponds to the caglad function equal except at jump points to
a cadlag function of a real variable. Looking at pointwise limits of sequences of previsible versions, we are
led to the previsible processes of §642, which have the kind of measurability demanded of an integrand in
the S-integral (645I). But the really important fact, if we are going to have the S-integral for martingale
integrators which are not jump-free, is the fundamental theorem of martingales: under certain conditions,
an integrator can be expressed not just as the sum of a virtually local martingale and a process of bounded
variation, as in the Bichteler-Dellacherie theorem (627J), but as such a sum in which the virtually local
martingale has small residual oscillation (643M).

With the S-integral defined, we can look at its properties, which by and large correspond to those of
the Riemann-sum integral as established in chapters 61-63. Many of the details are not trivial, and I work
through them in §646-648, with an S-integral version of It&’s formula (646T).

I end the chapter with a brief note (§649) left over from Chapter 63, on Riemann-sum integrals, in the
classical context of progressively measurable stochastic processes defined on a probability space, which can
be calculated from sample paths, one path at a time; for non-decreasing integrators, we can use a Stieltjes
integral on each path to calculate the S-integral.
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641 Previsible versions

In §618 T introduced ‘jump-free’ processes without going into the question of what the ‘jumps’ were which
they were free of. We now need to look at the structure of processes which are not jump-free. In the standard
model of locally near-simple processes as those representable by processes with cadlag sample paths (631D),
we have direct descriptions of o-algebras ¥;- and random variables X;- defined in terms of observations
taken before a stopping time h, rather than at the stopping time, as in 612H. I present these descriptions
in 642E, following corresponding definitions in the more abstract language I favour in this volume (641B,
641F). Once we have got hold of the previsible version u~ of a near-simple process, we have an expression
for the residual oscillation of u in terms of u — u~ (641Nb, 642Ga). For moderately oscillatory processes
which are not near-simple, we do not have such a direct description of their jumps, but the construction
of the previsible version still works (641L), and we have effective results on indefinite integrals (641Q) and
quadratic variations (641R).

641B The algebras s, (a) Definition If S is a sublattice of 7 and 7 € T, let As<, be the closed
subalgebra of 2 generated by {anfo <7]:0€S,a €A, }. As<r T A T will write A, for Ay ,.
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2 The S-integral 641Bb

(b) Let S be a sublattice of T.
(i) Ifo<7inT then As<, C As<r.
(ii) fc €S, 7€ T and u € L°(2A,), then u x xJo < 7] € LY(™As<,).

(iii) If S’ is a sublattice of T covering S, then As., C Ag/ <, for every 7 € T.
In particular, As<, C s/, whenever S C S’ and 7 € 7.

(iv) Now suppose that S is finitely full and that 7 € S. Then s is the closed subalgebra € generated
by {[oc < 7] :0 € S}

(c) Suppose that 7 € T, I is a non-empty finite sublattice of 7 and (7o, ... ,7,) linearly generates the
I-cells (611L). Let B be the set of those b € A such that

bn[r < 7o) is either [r < 7o) or 0, bn[m <7] €A, ,
for every i < nthereisana € A, such that bn[r; < 7]\ [rip1 < 7] =an[r < 7]\ [rig1 < 7]
Then A;., = B.

(d) Ift e T thenA_; =\ ., As.

e 7 €T then A 1s the closed subalgebra o enerated by
If T then A, is the closed subalgeb f2A g d b
{a: there is a t € T such that a € A, and a C [7 > ¢]}.

641C Theorem Let S be a sublattice of 7, and C' C T a non-empty set with supremum 7.
(a) As<r = \/UEC As<o-
(b) Now suppose that C C S. Set a = inf,c¢ [o < 7]. Then

Voce ™o = {(b\a)u(cna):beA, c € As<r}.

641D Proposition Let S be a sublattice of 7 and v = (v, ),ecs an L-process with a previsible variation
v# = (v7#),cs. Then v¥ € L°(As<,) for every 7 € S.

641E Lemma Let S be a sublattice of T, u = (uy)ses a fully adapted process and I a non-empty finite
sublattice of S.

(a) For any 7 € T there is an element u;-, of L°(2A;.,) defined by saying that [r < minI] C [u;<, = 0]
and

[o < 7]\ supger(fo < o'[nfo’ <7]) C [urcr = uo]
for every o € I.
(b) If (00, ... ,0,) linearly generates the I-cells, then

[r < ool € [ur<r =0], [on <7] C [ur<r = uo,],

lo: < 7]n[r < oig1] C [ur<r = uy,] for every i < n.
(¢) The process (ur<r)re7 is fully adapted.
(d) If J is a maximal totally ordered subset of I, then uj, = uj~, for every 7 € T.
(e) If T € S then ur<r = Urar)<r-
641F Definition Let S be a sublattice of T, and u = (uy)scs a fully adapted process. For 7 € S, set
Ucr = limpz(s) Ur<r
when the limit exists in LO(). If u., is defined for every 7 € S, I will call u~ = (u~,),es the previsible

version of u.

641G Proposition Let S be a sublattice of T.
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641K Previsible versions 3

(a) Let u = (uy)yres be a fully adapted process with a previsible version 4« = (u<,)ses.

(i) ucy € L°(™As<,) for every o € S.
(ii) u< is fully adapted to (Us)ier.
(ifi) [u< # 0] C [u # 0]]-
(iv) If z € LA N, cs Ao), then zu has a previsible version, which is zu..
(v) If S has a least element, then u<pins = 0.
(vi) If 8’ is a sublattice of S which covers S, then u[S’ has a previsible version, which is u[S’.
(vii) Suppose that u is order-bounded.

(a) For any 7 € 8, Jucs| < sup,cs(lus| % xlo < 7]).

(8) For any 7, 7’ € S,

[ucr | x x[r < 7'] < supsesvr(lue| x x[o < 7).

(7) u< is order-bounded and sup |u~| < sup |u|.
(viii) If u is locally order-bounded then u. is locally order-bounded.
(b) Writing 1(%) for the constant process with value y1 and domain S, its previsible version 1) is defined
and equal to (xes)ses, Where e, = sup,cs [0’ < o] for o € S.
(c) Suppose that u = (us)ses is a fully adapted process.
(i) u has a previsible version iff u[S A 7 has a previsible version for every 7 € S.
(ii) In this case, (u[SAT)c =u[S AT and

WISV T)c = (U< [SVT) X (X[T <0])oesvr = (u<ISVT) X 1(gw)

for every 7 € S.

(d) Suppose that k > 1 is an integer, and h : R¥ — R is a continuous function. Take U = (u;);<; where
each u; is a fully adapted process with domain S with a previsible version u;, and set U« = (Wi<)i<k Where
u;< is the previsible version of u; for each i. Define h : (L°)* — L° and hU = hoU as in 619E-619F. Then
hU has a previsible version (AU). = ho(U~) x 1), If h(0,... ,0) = 0, then (hU). = hoU .

(e) Let M be the set of those order-bounded processes u with domain & such that u has a previsible
version ¥ .

(i) M is an f-subalgebra of M,1,(S), and u — u< : M — M, (S) is an f-algebra homomorphism.
(ii) M is closed for the ucp topology on My, (S), and u — u< : M — M, ,(S) is continuous.

641H Lemma Let S be a sublattice of T and S’ a sublattice of S which separates S. If 4 = (uy)oes is
fully adapted and 7 € S is such that u, is defined, then u, = limy7(s/) ur<-.

6411 Proposition Let S be a sublattice of 7 and u = (u,)secs a simple process with breakpoint string
(10, ... ,7Tn) and starting value u.
(a) u<, is defined and

infoes [t <o] Clucr =0], [o<7]n[r<70] C [ucr =uy] for every o € S,

[ri <7]n[r < 7ig1] C [ucr = ur,] forevery i <n, [r, <7] C [ucr = ur,]

for every 7 € S.
(b) Writing u for the previsible version of u,

sup [u] = |ur, |V sup lu].

641J Lemma Let S be a non-empty sublattice of 7, v = (v,)scs a simple process with starting value v
and breakpoint string (79, ... ,7,), and 4 = (uy)ses a fully adapted process which has a previsible version
U = <U<U>O-GS. Then

fSUdv = Ucry X (U, —v}) + Z?:l Ucr, X (Vr; = Vry_y).

641K Lemma Let S be a sublattice of T, u = (us)secs a non-decreasing non-negative fully adapted
process and 7 a member of S.
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4 The S-integral 641K

(a) If I is a non-empty finite sublattice of S then ur<, = sup,¢;(u, x x[p < 7]).
(b)If I, J € Z(S) and I C J then urr < ujcr.

(¢) u<, is defined and equal to sup,cs(u, X x[p < 7]).

641L Theorem Let S be a sublattice of T, and u a fully adapted process with domain S.

(a) If w is non-decreasing and non-negative, it has a previsible version u.; u~ is non-decreasing and
U < u.

(b) If w is (locally) of bounded variation, it has a previsible version which is (locally) of bounded variation.

(c) If w is (locally) moderately oscillatory, it has a previsible version which is (locally) moderately oscil-
latory.

641M Lemma Let S be a sublattice of 7 and u = (u,)secs a locally moderately oscillatory process with
previsible version . = (U<, )ses. Suppose that (7,),en is a non-decreasing sequence in S with supremum
7 (taken in 7) which belongs to S. Set a = inf,,en [7, < 7]. Then a C [u<, = limy, 00 ur, .

641N Proposition Let S be a non-empty sublattice of 7, and u = (uy)ses an order-bounded process
with a previsible version 4« = (U<, )res-

(a) For 7 € S set e; = sup,eg [0 < 7]. Then xe, X |ur — ucr| < Osclln(ulS A 7).

(b) If u is near-simple, then Osclln(u) = sup,cs xer X |ur — u<r|.

6410 Corollary Let S be a non-empty sublattice of 7, and u a locally jump-free process with domain
S. Then ue =u x 1),

641P Corollary Let S be a non-empty sublattice of 7, and 4 = (u,)scs a near-simple process with
starting value u; = 0. Then Osclln(u) = sup,cg |tr — U<r|.

641Q Theorem Let S be a sublattice of 7, u a locally moderately oscillatory process with previsible
version 4, and v a local integrator with previsible version v.. Set w = i, (u). Thenw—w. = u X (v—v.).

641R Corollary Let S be a non-empty sublattice of 7 and v a local integrator with domain S, starting
value 0 and quadratic variation v*. Write v, v% for the previsible versions of v and v*. Then v* —v% =

(v—v)?

641T Proposition Let S be a sublattice of S, 4 a moderately oscillatory process with previsible version
u. and v an integrator. If either v is jump-free or u is jump-free and has starting value 0, then |, sUu<dv =
Jsudv.
s

641U Lemma Suppose that T has no points isolated on the right. Then whenever 7 < 7/ in 7 and € > 0
there is a o € [, 7'] such that [r < o] = [t < 7] and a([r < 7]\ [Jo < 7']) <e.

641V Proposition Suppose that T has no points isolated on the right. Let S be an order-convex
sublattice of T and u = (u,)scs a moderately oscillatory process. Then v = u.

641W Proposition Suppose that 7" has no points isolated on the right. Let & be an order-convex
sublattice of T, 4 = (us)secs & moderately oscillatory process and v = (v,)scs a near-simple integrator.
Then [jucdv = [qudv.

Version of 1.7.24
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642Bc Previsible processes 5

I continue the work of §641 with a description of the previsible version of a process defined in the standard
way from a probability space and a filtration of o-algebras (642E-642G). The other objective of the section
is to make a step towards a general theory of ‘previsible’ processes. The point is that among such processes,
starting with those of the form u., a form of sequential convergence (the order*-convergence of 642B) has
striking connections with stochastic integration. I will come to this in §644. For the moment, I present
a definition of the space M, of previsible processes, with some of its elementary properties (642D) and a
description in terms of suitably measurable processes in the case in which 7' = [0, o[ (642L).

642B Order*-convergence in L° and (L°)° (a) In 367A, I gave a definition of order*-convergent
sequence in arbitrary lattices. For our present purposes, it will be enough to know that a sequence (up)nen
in LO(2A) is order*-convergent to u € LO(A) iff it is order-bounded and

u = inf,eN SUpP; >, Ui = SUP, ey iNfi>p U

Another way of expressing this is to say that (u,),en is order*-convergent to u iff there are a non-decreasing

sequence (Up)nen and a non-increasing sequence (wy,)ney such that sup, cy v, = infpeyw, = v and v, <
uy, < wy, for every n. In this case, u is the limit of (u,),en for the topology of convergence in measure.

Note that (up)nen is order*-convergent to u iff (u,, —u)nen is order*-convergent to 0 (367Cd), and that if
(Un)nen is order-convergent to 0 and |v,| < |u,| for every n, then (vy)nen is order-convergent to 0 (367Cc,
367Bd).

If A is expressed as the measure algebra of a probability space (€2, 3, 1), and each u,, u is represented as
I, f* where the f,,, f are measurable real-valued functions defined on €, then (u,)nen is order*-convergent
to w iff f(w) = lim, 0o frn(w) for almost every w. Hence we see that if (uy)nen is order*-convergent to
uw and (vy)nen is order*-convergent to v, then (u, + vn)nen, (G(un))nen and (u, X v,)nen are order*-
convergent to u + v, g(u) and u X v respectively, for any continuous g : R — R. More generally, if (u;n)nen
is order*-convergent to u; for 1 < i < k, and g : R¥ — R is continuous, then (§(uin,... ,Urn))nen, is
order*-convergent to g(us,... ,u).

(b) Now suppose that we have a sublattice S of 7. Then L°(2)S is isomorphic, as f-algebra, to L°(A%),
where 2 is the simple product. So if (U, )nen = ((Uno)oes)nen i a sequence of processes with domain S,
and 4 = (uy)ses is another process with domain S, then

(U )nen is order*-convergent to u

<= (up)nen is order-bounded and u = inf supu; = sup inf u;
neNj>p neNizn

<= (Uno)nen is order-bounded and u, = inf sup u;, = sup inf u;,
neN i>n neNizn

for every o0 € §

<= (Une)nen Is order*-convergent to u, for every o € S.

Note that if we have an order*-convergent sequence of fully adapted processes, the limit will also be fully
adapted.

(c) A topologically convergent sequence need not be order*-convergent, but if (u,)nen iS a sequence in
LY such that Y2 6(uy) is finite, then (u,)nen is order*-convergent to 0.

(d) The description of order*-convergence in L in terms of pointwise convergence in £° makes it easy
to see that if (h,)nen is a sequence of Borel measurable functions from R” to R, and h(x) = lim, e hn(z)
is defined in R for every 2 € R¥, then (hy,(u1,... ,ur))nen is order*-convergent to h(ui,... ,ux) whenever
UL, ..., u; € L0,

(e) Note that if (z,,)nen is a non-decreasing sequence in L(2() then it is order*-convergent iff it is order-
bounded, and its order*-limit is then sup,, ¢y 2, which is also its topological limit. At the same time, if
(@n)nen is topologically convergent, then its topological limit is an upper bound of {z,, : n € N}, so is again
the order*-limit.
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6 The S-integral 642C

642C Definition Let S be a sublattice of 7. I will say that a process £ with domain S is previsible if
it belongs to the smallest subset of (L°)S which contains u. for every simple process u and is closed under
order*-convergence of sequences in (L°)S.

642D Theorem Let S be a sublattice of T, and M, (S) the space of previsible processes with domain
S.

(a) Mpy(S) is an f-subalgebra of M, (S), and gu € M,,(S) whenever u € My (S) and g : R - Ris a
continuous function such that ¢g(0) = 0.

(b) Mpy(S) N Mo, (S) is closed in M, ,(S) for the ucp topology. u« € My, (S) for every u € M, (S).

(c)If 7 €S, then M (SAT) ={z[SAT:2 € My (S)}.

642E Previsible versions in the standard model of near-simple processes: Proposition Let
(€2,%, 1) be a complete probability space and (¥;);c[0,00] @ right-continuous filtration of o-subalgebras of
¥ all containing every negligible subset of Q. Suppose that we are given a family (U;)¢>o of real-valued
functions on Q such that U; is ¥;-measurable for every ¢ and ¢t — Uy(w) : [0,00[ — R is cadlag for every
w € Q. Let h: Q — [0,00[ be a stopping time, and ;- the o-subalgebra of 3 generated by {E : there is a
t € [0,00[ such that E € 3; and h(w) > t for every w € E}; define Uy- : Q@ — R by setting

Up-(w) = t%}Lr(IL}J) Ui(w) if h(w) > 0,

= 0 otherwise.

Suppose that (2L, fi, (2Ut)te[0,00]) and 4 = (U )oe7, are defined from (2, %, u, (X¢)ie0,001) and (Ut)te[0,00]
as in 612H. Let 7 be the stopping time represented by %, and u« = (u<,)se7, the previsible version of u.
Then

(a) e, = {E* : E€%,-},

(b) uer =Up_ in LO(A).

642F Corollary Suppose that (2,3, ) is a complete probability space, (X;);>o a filtration of o-

subalgebras of ¥ such that every p-negligible set belongs to X, and (U, , [0, o[, (Us)1>0, T, (Ar)re7) the
associated real-time stochastic integration structure.

(a) Suppose that S is a sublattice of 7; containing 0 and that u = (u,),es is a simple process with
breakpoint string (79, ... ,7,) in S starting from 79 = 0. Suppose that hg, ..., h, : Q — [0, co[ are stopping
times representing 7o, . .. , 7, respectively, starting from hg(w) = 0 for every w, and such that hg < ... < h,.
For i < n, let f; : & — R be a measurable function representing u,, € LY(2). If h : Q — [0,00[ is any
stopping time representing a member o of S, and we set

f(w) = fi(w) if i < n and h;(w) < h(w) < hit1(w),
= fu(w) if by (w) < h(w),

then f* = u, in LO(A).
(b) Now suppose that u« = (u<,)ses is the previsible version of w. If h : Q@ — [0, 00[ is any stopping
time representing a member o of S, and we set

fo(w)=0if h(w) =0,
= fi(w) if i <n and h;(w) < h(w) < hip1(w),
= fn(w) if hp(w) < h(w),

then f* = u~, in LO(A).

642G Corollary Suppose that (€2, %, p1, (X¢)seq0,00[)s (&, i, (Ue)tecjo,00))s (Ut)t>0 and u = (ur)re7, are as
in 642E.
(a) If h: Q@ — [0, 00] is a stopping time representing 7 € 7, and
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642L Previsible processes 7

flw)= sup |Ui(w)—limUs(w)|if h(w) >0
0<t<h(w) st

=0 if h(w) =0,

then f* = Osclln(ul[0,7]) in LO(2L).
(b) w is locally jump-free iff w — Uz(w) : [0,00] — R is continuous for almost every w.

642H Previsible o-algebras: Definitions (a) Given a probability space (2,%, ) and a filtration
(X¢)¢>0 of o-subalgebras of X, the previsible o-algebra is the o-algebra Ay, of subsets of [0,00[ x Q
generated by sets |s, 0o[ X E where s > 0 and E € X;.

(b) I will say that a family (X;);>o of real-valued functions on €2 is previsibly measurable if (¢,w) —
Xi(w) : [0,00] x © — R is Ap,-measurable.

6421 Proposition Previsibly measurable processes are progressively measurable.

642J Lemma Let (2, X, 1) be a complete probability space, (¥;);>0 a filtration of o-subalgebras of 3,
Ay the associated previsible o-algebra and W a member of A, .

(a) If h: @ — [0, 00] is a stopping time, then {(¢,w) : h(w) <t} € Apy.

(b) F' = m2[W] belongs to X, where ma(t,w) = w for w € Q and t > 0.

(c¢) Now suppose that every X, contains every negligible set. If F is not negligible there is a stopping
time h : © — [0, 00] such that {w : (¢, h(w)) € W} is not negligible.

642K Proposition Let (2,3, 11, (X4)¢>0, (Ut)t>0) be as in 642E. For w € Q set
U;- (w) = li?tl Us(w) if t >0,
S
=0ift=0.

(a) If we take a stopping time h : 2 — [0, 00[ and define Uy~ as in 642E, we have Uy, (w) = Up(y)- (W)
for every w;
(b) (Us-)e>0 is previsibly measurable.

642L Theorem Let (€2, ¥, 1) be a complete probability space and (X¢);c0,00] @ filtration of o-subalgebras
of 3 all containing every negligible subset of Q. Let Ay, be the corresponding previsible o-algebra. Suppose
that (R, 2, (Us)¢ejo,00) is defined from (2, X, p, (X¢)¢ej0,00[) as in 612H.

(a) Write £Y = LY(A,y) for the f-algebra of Ap,-measurable functions from [0, 00[ x 2 to R. For every
¢ € L9, there is a fully adapted process z, = (Tgpo)oeT; defined by saying that x4, = ¢} whenever
h:Q —[0,00] is a stopping time representing o € Ty, where

= ¢(h(w),w) for other w € Q,

and now x, € My, = My, (7) as defined in 642D.
(b) The map ¢ — x4 : L — M, is a surjective f-algebra homomorphism with kernel

{¢: ¢ € L% and there is a u-conegligible set F
such that ¢(t,w) = 0 whenever w € E and ¢t > 0},

and z,4 = gy for every ¢ € L% and every Borel measurable g : R — R such that g(0) = 0.
(c)(i) If (¢pn)nen is a sequence in £ converging pointwise to ¢ € L, then (24, )nen is order*-convergent
to Typ.
(i) If (@, )nen is a sequence in My, which is order*-convergent to & € My, there is a pointwise
convergent sequence (¢, )nen in L0 such that z,, = ¢,, for every n € N.
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8 The S-integral 642M

642M Proposition Suppose that (;);er is right-continuous. Let S be a finitely full sublattice of T
such that inf A € § whenever A C § is non-empty and bounded below in S. If 4 = (us)secs is moderately
oscillatory, there is a 4’ € M, _¢(S) such that u. = u’_.

642N Corollary Suppose that (2;);cr is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € S whenever A C S is non-empty and bounded below in S. If u = (uy)secs is moderately
oscillatory, u. is a previsible process.

6420 Proposition (a) Let S be a sublattice of T such that there is a countable set A C S which
separates S. Then u. is previsible for every u € M, (S).
(b) If T C R, then for every sublattice S of T there is a countable subset of S which separates S.

Version of 24.7.17/9.6.21

643 The fundamental theorem of martingales

I come at last to one of the most remarkable properties of martingales: under moderately restrictive
conditions, a martingale can be expressed as the sum of a local martingale with small jumps and a process
of locally bounded variation (643M). In fact I express the result in terms of the ‘residual oscillations’
introduced in §618, but these are intimately connected with ‘jumps’ in sample paths, if we use the standard
representation of locally near-simple processes. The proof depends on the notion of ‘accessibility’ of a
stopping time (643C).

643B Theorem Let S be a sublattice of T, u = (u,)secs a locally moderately oscillatory process and C
a non-empty upwards-directed subset of S with supremum 7 € §. Write (u<,)ses for the previsible version
of u and a for inf,cc o < 7].

(a) Set w = limyqc uy. Then

[w=ucr]2a, [w=u]21\a.

(b) Now suppose that u is a martingale. Write Ps. : L}] — L%L for the conditional expectation associated
with As<,. Then a C [uc,; = Ps<ru,].

643C Approachability and accessibility Suppose that 7 € T.
(a) The region of accessibility of 7 is
ace(T) = supgrocrar([sup C = 7]\ sup,ec [0 = 7]).

(b) For o € T, write ¢ < 7 for sup ([0 < p[ n[p < 7]). The region of approachability of 7 is
app(7) = inf,<,(Jo = 1] uo < 7])
so that
1\ app(7) = sup, <, ([o < 7]\ [o < 7]).
(c) acc(r) € app(7).
(d)(Q) If 7 € T then
[supC = 7]\ supyec o =7] = (1\[supC < 7]) n infrec o < 7] € Acr
whenever ) # C C T AT, so acc(T) € Acr.
(ii) If o, p, 7 € T then
[o<plnlp<tl=lo<plnlp<tinlo<r]=[o <pAr]n]p <7] €Acr,
so o < 7] € A<, and app(7) € A-,.
(iii) Note that acc(min7") = 0, while app(min7) = 1.

MEASURE THEORY (abridged version)



6431 The fundamental theorem of martingales 9

643D Proposition For ¢t € T, let f be the constant stopping time at t. Let T,_; be the set of those t € T
which are isolated on the right, and for ¢t € T}.; define £+ € T by saying that

tt = max 7 if t = max T is the greatest element of T,
= § if ¢ is not the greatest element of T'
and s is the least element of T greater than t.

Then app(7r) = 1\ sup,ep . [r =11] for every 7 € T.

643E Proposition Suppose that 7 € 7. For non-empty C C T AT, set
ac = [supC = 7]\ sup,c¢ [o = 7].

(a) ac = infyeo o < 7]\ [sup C < 7] belongs to A, whenever § £ C C T A T; s0 ace(T) € A
(b) For every non-empty C C T A7 there is a non-empty upwards-directed D C T A7 such that ap = ac.

acc(r) = sup{[supC = 7]\ sup Jo = 7] :
oeC

C C T AT is non-empty and upwards-directed}.
(¢c) fv e T, ace(r)nv=r7] =acc(v)nv=r].

643F Lemma Suppose that (¢):er is right-continuous. Take 7 € 7 and € > 0. For I € Z(T A7) and
o < T, set

dor = (app(7) \ acc(r))n o < 7]\ suppel([[o <plnlp<7]), wor=Pyxdsr.

For I € Z(T AT) set w; = Sup, <, WeJ.
(a)(i) dyyr N[00 = 1] = do, 1 0 o0 = 01] whenever I € Z(T A7) and 0¢, 01 < 7.
(ii) For any o < 7, lim4z(7ar) fidor = 0.
(b) For any I € Z(T AT), (Wor)o<~- is fully adapted.
(c)If I CJinZ(T AT), then dyy Ddyy and wys > wyy for every o < 7, and wy > wy.
(d) For I € Z(T A7), set

Ar={o:0 <7, [wsr > €] 2[o < 7]}

(i) [wr > €] = sup, ¢4, [o < 7].
(ii) A is closed under A.
(iii) Set &7 = inf A;. Then
(@) o1 <7
(8) dz,1 is the limit lim,| 4, d,1 for the measure-algebra topology of 2;
(7) ws, 1 is the limit limy | 4, wey for the norm topology of L}L;
(6) [wr > €] € [w,r > €]
(iv) KT CJin Z(T A7) then Ay D Ay and 67 < 7.
(e) There is an I € Z(T A7) such that E(w;) < 3e.

643G Lemma Let S be a sublattice of 7 and v = (v,)secs a non-negative non-decreasing || ||oo-bounded
process. Suppose that for every € > 0 there are an I € Z(S) and a w € L°() such that ||w|; < € and
P,v; — vy < w whenever 0 < 7in 8§ and [o < o] n[o’ < 7] = 0 for every o’ € I. Let v# be the previsible
variation of v. Then v# is jump-free.

643H Lemma Suppose that (;);e7 is right-continuous. Take 71 in 7 and a non-negative v € L°(2L,,) N
L}L. Set v, = v X x[o=m] for 0 € T A7. Then v = (vVo)oeTarn IS & non-negative non-decreasing
submartingale. Let v# = (v#),c7as, be its previsible variation, and v# = (v%,)serar, the previsible
version of v#. If 7 < 71 then app(r) \ acc(r) C [u# = v%,].

6431 Lemma Suppose that (2;).er is right-continuous. Take 7y € 7 and a martingale 4 = (Uug)o<r, -
Suppose that € > 0 is such that [o < 71] C [|lus| < €] for every o < 74. Then there is a martingale & =

(Us)o<r such that Osclln(@) < 2ex1 and u — @ is of bounded variation.

D.H.FREMLIN
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643J Corollary Suppose that (2;);cr is right-continuous. Take an interval S = [r,7'] where 7 < 7/
in 7, and a martingale 4 = (uy)ses. Suppose that € > 0 is such that [o < 7] C [Jus — u,| < €] for every
o € S. Then there is a martingale & = (i, )scs such that Osclln(a) < ex1, @, = 0 and u — @ is of bounded
variation.

643K Lemma Let S be a sublattice of T and (7,)nen a non-decreasing sequence in S such that S C
U,henlm0, 7n]. Suppose that for each n € N we are given a fully adapted process w, = (Uno)sesnir,,rmi]
starting from u,,, = 0.

(a) There is a unique fully adapted process u = (uy),es such that

Uy = Ung + E;L:_Ol Uir, ., whenever 0 € S, n € Nand 7, <0 < 7p41. *)
(b) If every u,, is a martingale, then u is a martingale.
(c) If every u,, is order-bounded, then w is locally order-bounded and Osclln(u[SAT,) = sup;,, Osclln(u;)

for every n € N.

643L Lemma Suppose that (2;)icr is right-continuous. Let S be an order-convex sublattice of T
with a least element and a non-decreasing sequence (7,,)nen such that {7, : n € N} is cofinal with S,
and 4 = (uy)secs a martingale. Then for any € > 0 there is a local martingale &4 = (i, ),es such that
Osclln(a[S A7) < exl for every 7 € S and u — @ is locally of bounded variation.

643M Theorem Suppose that (A;)ier is right-continuous. Let S be an order-convex sublattice of T
with a least element, and v = (v,),ecs a semi-martingale. Then for any € > 0 there is a local martingale
¥ = (U5 )oes such that sup,cs Osclln(v]S A7) < ex1 and v — v is locally of bounded variation.

643N Lemma Suppose that (2;);cr is right-continuous. Let S be a sublattice of T with a greatest
element, and v = (v, ),cs an integrator. Then for every e > 0 there are an L*-martingale ¥ and a process
v’ of bounded variation, both with domain S, such that ffv # 0 +v'] <e.

6430 Lemma Suppose that (2;);cr is right-continuous, and that S is a non-empty finitely full sublattice
of T with a greatest member such that inf A € S for every non-empty A C S. If v is a near-simple integrator
with domain S, there are an L°°-martingale  and a near-simple process v’ of bounded variation, both with
domain S, such that v # v + v'] has measure at most €.

Version of 25.8.20

644 Pointwise convergence

It is a remarkable fact that while the Riemann-sum integral, as defined in §613, is not ‘sequentially
smooth’ in the most natural adaptation of the definition in 436A, a variation on this concept (Theorem
644H) gives us a route to a Daniell-type integral, which I will develop in §645.

644B Definitions (a) Let S be a sublattice of 7. A family A of processes with domain S is uniformly
order-bounded if sup,, ¢ 4 sup |u| is defined in L°.

(b) If S is a sublattice of 7, M, ((S) will be the family of non-negative non-decreasing near-simple
processes with domain S. Any member of M (S) will be order-bounded; being non-decreasing, it will be
an integrator.

644C Lemma Let S be a finitely full sublattice of 7 such that sup D € § whenever D C S is count-
able, non-empty and bounded above in S. Let (un)neny = ({(Uno)oes)nen be a non-increasing sequence
of non-negative moderately oscillatory processes such that inf,cyu,<, taken in (L°)®, is zero. Then
infen [gundv = 0 for every v € M (S).

644D Lemma Let S be a finitely full sublattice of T such that sup D € § whenever D C § is countable,
non-empty and bounded above in S. Let (w,)nen = ({Uno)oes)nen be a uniformly order-bounded sequence
of moderately oscillatory processes such that (u,-)nen is order*-convergent in (L°)S. If v € M (S),
lim, o0 |, 5 Undv is defined in L for the topology of convergence in measure.

MEASURE THEORY (abridged version)
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644E Corollary Let S be a finitely full sublattice of 7 such that supD € S whenever D C S is
countable, non-empty and bounded above in S, and (u,)nen a uniformly order-bounded sequence of mod-
erately oscillatory processes with domain S such that (u,<),en is order*-convergent to 0 in (L°)S. Then
limy, o0 [ undv = 0 for v € M (S).

644F Lemma Let S be a sublattice of 7, A a uniformly order-bounded subset of Myo(S), and v an
integrator with domain S.
) {Jsudv :u e A} is topologically bounded in L°.
(ii) if S is non-empty,

lim 45 SUpPyc 4 H(ISVT udv) = lim, |5 Sup,c4 G(ISAT udv) = 0.

(b) If v is non-decreasing, then { [gudv : u € A} is order-bounded in L°.

644G Lemma Suppose that (2(;):cr is right-continuous, and S is a non-empty order-convex subset of
T. On the space My, = Muo(S) of moderately oscillatory processes, we have a linear space topology &
defined by functionals of the form u — 0( [ [u|dv) where v € M (S). Let v = (vs)ses be a near-simple
integrator. Then u — || sudv: My, — L is uniformly continuous, for the uniformity induced by &, on any
uniformly order-bounded set in Mp,,.

644H Theorem Suppose that (A;)er is right-continuous. Let S be an order-convex sublattice of
T and (u,)nen a uniformly order-bounded sequence of moderately oscillatory processes with domain S
such that (w,<),en is order*-convergent in (L°)S. Then lim, o /. s Undv is defined for every near-simple
integrator v with domain S. If (4, <)nen is order*-convergent to u., where w is moderately oscillatory, then
limy, o0 [gUndv = [qudv.

Version of 29.5.21
645 Construction of the S-integral

We are now in a position to define a sequentially smooth integral which corresponds, in a sense, to
Lebesgue-Stieltjes integrals on the real line. The objective is to integrate bounded previsible processes with
respect to near-simple integrators, and I set this up as a kind of Daniell integral based on ideas in §644.
Since simple and near-simple and mderately oscillatory processes, as I have defined them in this volume,
are often not previsible, we need to deal throughout with their previsible versions; and as our integrals take
values in L° rather than in R or C, we have to calculate with the functional § rather than with a modulus
or norm.

The key to the programme is really Lemma 644G. We saw there that (subject to certain conditions)
integration with respect to an arbitrary near-simple integrator is controlled by integration with respect to
appropriate non-decreasing processes. We can therefore do nearly all the work of the present section with
non-decreasing integrators, which are very much easier to handle, even though our real aim is to understand
integration with respect to martingales. With a non-decreasing integrator, as with an ordinary non-negative
measure, integration is a positive linear operator. This makes it possible to consider upper integrals, which
are what, in effect, we have in Definition 645Bb. Based on the functionals 9# there, we have a linear
space topology Ts.; on a large space M1, of order-bounded processes (645F). As with ordinary integration,
unbounded sequences of integrands can be uncontrollable, so we have to find types of domination — preferably
weaker than simply assuming uniform ||||so-boundedness — which will be adequate to ensure convergence
of sequences of integrals. (See 645G-645L.) These bring us to a definition of what I call the ‘S-integral’ in
645P, in a form which makes it easy to check that it is bilinear in integrand and integrator (645Rb), and
with the tools to show that it is sequentially smooth in the integrand (645T).

645B Definitions Let S be a sublattice of 7T .

(a)(d) I will say that a fully adapted process  with domain S is previsibly order-bounded if there is
a non-negative u € M,(S) such that |z| < uc. Mpyo(S) will be the set of previsibly order-bounded fully
adapted processes x with domain S.
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12 The S-integral 645Ba

(ii) I will say that a set A C Mpob(S) is uniformly previsibly order-bounded if there is a non-
negative u € Mp,,(S) such that |z| < u. for every £ € A. A uniformly previsibly order-bounded set is
uniformly order-bounded.

(b) For & € Mpo1,(S) and v € M. (S), write 67 () for

inf{sup 6( / Uy, dV) : (Up)nen is a uniformly order-bounded non-decreasing sequence
neN S

of non-negative processes in Mp,(S) and || < supu,<}.
neN

(c) If v = (V5)pes, V' = (V. )ses are two fully adapted processes with domain S, I will write v < v’ if
v’ — v is non-decreasing.

In this case, if u is any non-negative fully adapted process with domain S, [udv < [sudv’ if both
integrals are defined.

645C Lemma (a) Let X be a metrizable space. Then the set of Borel measurable real-valued functions
on X is the smallest subset U of R which contains every bounded continuous real-valued function and is
such that lim, o by, € U whenever (h,)nen is a sequence in U which has a limit in R at every point and
which is either non-decreasing or non-increasing.

(b) If k > 1 and h : R¥ — R is a locally bounded function, then there is a continuous non-decreasing
function g : R — [0, 0o such that |h(x)| < g(||z||) for every x € RF.

(c) If k > 1 and U is a set of real-valued functions on R* such that («) every continuous function belongs
to U (B) limy, o0 fr € U whenever (f,)nen is a pointwise convergent sequence in U and sup,, ¢y | f»| is locally
bounded, then every locally bounded Borel measurable function on R* belongs to U.

645D Lemma Let S be a sublattice of 7.
(a)(d) If zo,... ,xk—1 € Mpob = Mpon(S) and h : R* — R is a locally bounded Borel measurable
function, then h(z, ...z, 1) x 1&) € Mpop; and if R(0,...,0) = 0, then h(zg,... ,Tr_1) € Mpop.
(ii) Mpo-b is an f-subalgebra of M,.1,(S).
(iil) u< € Mpo.p for every u € My 1 (S).
(iv) If z € LY(AN(,cs Ao) then zz belongs to My, for every & € M.,
(b) Suppose that v € M, (S). Then 6 is an F-seminorm and if z, &’ € Mpo-b, [z] < |2’| and o € R then
0f (z) < 6f (2') and 67 (az) < max(1, |o)05 (z).
(c) If now we have another v € M] (S) and v < v’ in the sense of 645Bc, gf(a:) < 01,(:1:) for every
T c Mpo_b(S).

645E The topology Ts;: Proposition Let S be a sublattice of T.
(a)(i) We have a linear space topology Ts.; on Mpo., = Mpo(S) defined by the functionals 6 as v runs
over M (S).
(ii) If z € G € Tg.;, there are v € M (S) and a § > 0 such that {2’ : ' € Mo, 0f (x' —z) < 6} C G.
(iii) For any 7 € S, the coordinate projection (z,)ses — 7 : Mpob, — LY is continuous for Tg; and
the topology of convergence in measure on L°.
(iv) ¥s.; is Hausdorff.
(v)(a) For any & € Mpop, the map &’ — &’ X & : Mo, = Mpo.p is continuous.
(B) If A C Mo is uniformly previsibly order-bounded, then (z,2') — x x &’ : A x A — My, is
uniformly continuous.
(vi) If z € LO(AN Noes o) then ' = zx" : My, — Mo is continuous.
(b) Let & be the linear space topology on My, = Muo(S) defined by the F-seminorms u — 6( 5 |u| dv)
as v runs over M/ (S). Then u +— uc : My, — Mo, is continuous for & and Tgi. Consequently
U= U My, = Mpop is continuous for the ucp topology on My, and Tg.;.

645F Definitions Let S be a sublattice of 7.
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(a) I will call the topology Tg.; defined in 645E the S-integration topology on M, (S). As it is a
linear space topology, there is an associated uniformity which I will call the S-integration uniformity.

(b) MQ2,(S) will be the Tg-closure of {u< : u € Muyo(S)} in Mpon(S).

(c) Ms(S) will be the set of fully adapted processes z with domain S such that z x 1) € M2(S).

645G Proposition Let S be a sublattice of T, and Tg; the S-integration topology on M, (S). If
(€n)nen is a uniformly previsibly order-bounded g ;-Cauchy sequence in M,.1,, then it is Tg;-convergent.

645H Theorem Let S be a sublattice of 7. Suppose that (), ¢ is a uniformly previsibly order-bounded
sequence in MY, (S) which is order*-convergent to € (L°)S. Then £ € MY, and (,),en converges to T
for the S-integration topology.

6451 Corollary Let S be a sublattice of 7. If £ € M,1,(S) is a previsible process, then £ € MY ,.

645J Proposition Let S be a sublattice of 7, k > 1 an integer and h : R¥ — R a locally bounded Borel
measurable function. Write MY, Mg for M ,(S), Ms.i(S).

(a) If X € (MQ,)*, then hX x 1) € MQ; if h(0,...,0) = 0, then hX € MY,.

(b) hX € Mg, for every X € Mé“l

645K Proposition Let S be a sublattice of 7, k > 1 an integer, h : R*¥ — R a locally bounded Borel
measurable function and z € LY(2AN (N, cs Ao)-

(a) MY; = MQ,(S) is an f-subalgebra of Mp,1,(S) and zz € MY, for every z € MQ.,.

(b) Ms; = Mgi(S) is an f-subalgebra of M,1,(S) and z& € Mg ; for every x € Mg;.

645L Lemma Let S be a sublattice of 7. Give My, 1(S) its S-integration topology Ts.;. Suppose that
z € MJ,(S).

(a) If u* € Mmo = Muno(S) is such that || < uk, then A = {u : u € My, |[u] < w*} is uniformly
order-bounded and

z€{uc:ue€ A} C{uc:u € My, sup [u| < suplu*|}.

(b) There is a w* € My, such that £ € {u< : v € Msmp(S), Ju| < w*}.

645N Lemma Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of 7. If
u € Myyo(S) and v € M (S), then 67 (uc) = 0( [ [uldv).

6450 Theorem Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
and give My 1(S) its S-integration topology Tsi. If £ € Mg;(S) and v € M,<(S) is an integrator, then
there is a unique z € L such that whenever A C M,,,(S) is uniformly order-bounded and € > 0 there is a
Tg.i-neighbourhood G of £ x 1) such that 6(z — Jsudv) < e whenever u € A and uc € G.

645P Definition Suppose that (;):e7 is right-continuous and that S is an order-convex sublattice of

T.

(a) If z € Mg;(S) and v € M, (S) is an integrator, I will say that the element z of L° defined as in
Theorem 6450 is fsz dv, the S-integral of & with respect to v.

(b) In these circumstances I will say that members of Mg ;(S) are S-integrable.

(d) If z is a fully adapted process with domain &, I will say that it is locally S-integrable if z|SA T €
Mg ;(S A7) for every 7 € S.
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(e) I shall allow myself to write fszd'v for fs(x IS)d(v[S) whenever &, v are fully adapted processes
such that S C doma Ndomw, £|S is S-integrable and v[S is a near-simple integrator.

645R Theorem Suppose that (2;):cr is right-continuous. Let S be an order-convex sublattice of T.
(a) Suppose that u € My,6(S) and v € My, = M,s(S) is an integrator.

(i) ue € MZ;(S) and fsucdv = [sudv.

(ii) If either v is jump-free or T has no points isolated on the right, fs U dv = fs U dv.
(b) If 2, ' € Ms; = Ms(S), v, v' € M, are integrators, and « € R, then

szt dv= fxdv+ o' dv, fsxdv+v)= foxdv+ fzdv,

fsaxdv = foxd(ow) = a fsxdv.

(c)(i) If £ € Mg, v € M (S) and & > 0, then §gxdv > 0;
(i) if £ € Mg and v is a constant process with domain S, then sz dv = 0.

645S Theorem Suppose that (2;);cr is right-continuous and that S is an order-convex sublattice of T.
Give M{; = M$;(S) and L the S-integration topology Ts; and the topology of convergence in measure
respectively, with their associated uniformities. If v € M, <(S) is an integrator, then x — j{sxdv : MY, —
L is uniformly continuous on any uniformly previsibly order-bounded subset of Mé)_i.

645T Theorem Suppose that (;):cr is right-continuous. Let S be an order-convex sublattice of T.
Suppose that (2,,)nen is a sequence in Mg_(S) such that (z,, x 1)), cy is uniformly previsibly order-bounded
and (Z,,)nen is order*-convergent to x in (L°)°. Then z is S-integrable and fs.'z; dv = lim,, _, fs x,, dv for
every integrator v € M, (S).

Version of 21.2.22

646 Basic properties of the S-integral

Having defined the S-integral as an adaptation of the Riemann-sum integral for previsible processes, it is
natural to look for parallels to the properties of the Riemann-sum integral set out in Chapters 61-63. After a
few easy remarks (646B-646D), I embark on the question of splitting a domain S into SA7T and SV 7 (646J).
This leads naturally to an examination of indefinite S-integrals (646K), which I approach through a result on
capped-stake variation sets for martingale integrators (646P). We have a change-of-variable theorem (646R),
a formula for jumps in an indefinite S-integral (646S) and a version of Itd’s formula (6467T).

646B Lemma Let S be a sublattice of 7. If = (z,),es € M2,(S) then z, € L%(As<,) for every
T€eS.

646C Proposition Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
an S-integrable process and v a near-simple integrator, both with domain S. Then [ §5x dv # 0] C [v # 0].

646D Proposition Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
z a member of Mg(S), and v a near-simple integrator with domain S. If z € LO(A N[, cs Ao, then

fszxdv = fsmd(zv) =2z X fsxd'v.

646E Lemma Suppose that (2;)icr is right-continuous, S is an order-convex sublattice of T, and
v e M (S). if x € MY,(S), then 0( fsz dv) < 05 (z).

646F Lemma Let S be a sublattice of 7, and 7 a member of S. Suppose that v’ = (u])sesar and
u” = (u"),esy, are families in L°. Define R(u/,u") € (L°)% by saying that R(u/,u") = (u,),ecs where

o = Ugpr X X[o < 7]+ ugy, X x[1 < 0]
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foro € S.
(a)(i) R(u/, ”)[S AT =1+ 2z, where z = ((u — ul) x x[o = T])sesnr-
(i) (’ u)ISvT=4u".
b) Regarded as an operator from (L°)S"7 x (L%)SV7 to (L°)S, R is linear, positive and order-continuous.
c) If ' and w” are fully adapted, then R(u’,u") is fully adapted.
d) Ifu’ and u” are order- bounded then R(u’,u") is order-bounded and sup |R(u’,u")| < sup |[u'|Vsup |u
e) Suppose that 4’ and u” are moderately oscillatory.
(i) R(u',u") is moderately oscillatory.
(i) u = R(u',u") < [SAT.
(f) If v’ and u” are near-simple, R(u’,u”) is near-simple.
(g) Suppose that w4’ and u” are moderately oscillatory, and that v is an integrator with domain S. Then

fs R/, u")dv = fSM u' dv + IS\/T u” dv.

II‘

(
(
(
(

646G Lemma Let S be a sublattice of 7, and 7 a member of S. Suppose that v/ = (v.)sesnr €
M (SAT)and v = (V) gesyr € M (S V T).

(a) There is a v = (Uy)ses € M (S) such that v/ =v[SV 7.

(b) There is a v = (Vy)pes € M, (S) such that

v =v[SAT, v'=v[SVT.
(c) If w € M] (S), there is a v* € M, (S) such that

*

w=<Kv, vV KvISAT, v ZKv|[SVrT.

646H Lemma Let S be a sublattice of 7, and 7 a member of S. For u = (uy)ses € (L°)S define
R*(u) € (L°)SV™ by saying that

R*(u) = (us X X[T < 0])pesvs = W[SV T) X 168V,

(a)(i) R* : (L) — (L°)SVT is an order-continuous f-algebra homomorphism.
(ii) If w € (L°)® is fully adapted, then R*(u) is fully adapted.
(iii) If w € Moy, (S), then R*(u) € Mo,(S V 7) and sup |R*(u)| < sup |ul.
(iv) f u € Muo(S) then R*(u) € Muyo(S V 7).
(v) Ifz,u € (L°)°, 2[SAT <u[SATand R*(z) <ul[S VT, then z < u.
(b) If u € Mp,o(S), then (ulSV 7)< = R*(u<).
(c) Suppose that & € Mpo(S). Write 2’ for S A T.
(i) £’ € Mpor (SAT) and R*(z) € Mpor, (S V 7).
(ii) If v € M} (S) , and we set v/ =v[S AT and v” = v[S V 7, then

max(60}, (z'), 07, R*(x)) < 0F (x) < 07 (') + 0%, R* ().

s Yt

(d) f £ € Mg i(S) then £]SAT € Mg i(SAT)and ]SV T € Mg;(SV 7).

6461 Lemma Let S be a sublattice of 7 and 7 a member of S. Define R* : (L°)S — (L°)SV7 as in 646H.
Take z € (L%)S.

() Hz[SAT € Mpon(SAT) and R*(x) € Mpon(SV 1), then £ € Myo1(S).

(b) fzISATE M, (SAT)and R*(z) € MJ;(SV T), then z € M2,(S).

(c)fz[SATE Msi(SAT)and ]SV T € Mgi(SVT), then & € Mg;(S).

646J Theorem Suppose that (s);er is right-continuous. Let S be an order-convex sublattice of T,
and 7 a member of S. If £ € (L°)°, then x is an S-integrable process iff £[S A 7 and 2[S V 7 are both
S-integrable, and in this case

fszd'u = fsmxd’v + stvrxdv

for every near-simple integrator v with domain §.
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16 The S-integral 646K

646K Indefinite S-integrals Suppose that (2;);er is right-continuous and that S is an order-convex
sublattice of T .

(a) Suppose that z is a locally S-integrable process and that v is a locally near-simple local integrator,
both with domain S§. Then we can define z, = fSATa:dv for 7 € S. Now the indefinite S-integral of z
with respect to v is Sii, () = (27)res-

(b) It will more than once be useful to note that, in the context of (a) just above, Sidy (x) = Sii, (2 x1S)).

(c) If u is a locally moderately oscillatory process with domain S then Siiy, (u<) = iy (u).

646L Lemma Suppose that (2;);er is right-continuous and that S is an order-convex sublattice of
T. Let v be a near-simple integrator and £ an S-integrable process, both with domain §. For 7 € S,
set z; = $s. T dv. Suppose that u* € Mpy,(S)" is such that |¢| < u*. Then for any e > 0 there is a
Tg.i-neighbourhood G of  such that (z; — [, wdv) < € whenever u € My,,(S), |u| < u*, uc € G and
T€eS.

646M Proposition Suppose that (;);cr is right-continuous and that S is a non-empty order-convex
sublattice of 7. Let v be a near-simple integrator and x an S-integrable process, both with domain S; set
z= $sxdvand z; = f5,_xdv for 7 € S. Then lim4s 2, = z and lim; s 2, = 0.

646N Theorem Suppose that (2;)er is right-continuous and that S is an order-convex sublattice of
T. Let v be a near-simple integrator and & an S-integrable process, both with domain S. Then Sii,(z) is a
near-simple integrator.

6460 Lemma Suppose that (2;):er is right-continuous and that S is an order-convex sublattice of T.
Let v be a near-simple integrator with domain S, and A C MJ(S) a uniformly previsibly order-bounded
set. Then Sii, [ A is uniformly continuous with respect to the S-integration uniformity on A and and the
ucp uniformity on My (S).

646P Lemma Suppose that (2;);er is right-continuous and that S is an order-convex sublattice of T
with a least element. Let v = (v,)scs be a martingale. Then S, = {7 : 7 € S, Qs (dv) is uniformly
integrable} is a covering ideal of S.

646Q Theorem Suppose that (;)¢cr is right-continuous and that S is an order-convex sublattice of T
with a least element. Let v be a near-simple integrator and x an S-integrable process, both with domain S.

(a) If v is a martingale, then Sii,(z) is a local martingale.

(b) If v is jump-free, then Sii,(z) is jump-free.

(¢) If v is of bounded variation, then Sii,(z) is of bounded variation.

646R Theorem Suppose that (;):c7 is right-continuous and that S is an order-convex sublattice of T.
Let v be a near-simple integrator and z, £’ two S-integrable processes, all with domain S; write z for the
indefinite S-integral Siiy(x). Then §sa'dz = foa’' x x dv.

Mnemonic d(Sii, (z)) = x dv.

646S Proposition Suppose that (2;):cr is right-continuous and that S is an order-convex sublattice of
T. Let v be a near-simple integrator and & an S-integrable process, both with domain S. Then Sii,(z) —

Siiy(x)c =2 X (V—v<) X 1(<S).
646T Ito’s Formula, fourth form Suppose that (;):er is right-continuous, and that S is an order-
convex sublattice of T with a least element. Let v be a jump-free integrator with domain S, and v* its

quadratic variation; let h : R — R be a differentiable function such that its derivative A’ is locally Lipschitz.
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647G Changing the filtration I 17

If A : R — R is a locally bounded Borel measurable function Lebesgue-almost-everywhere equal to the
derivative of A/, then

fsxd(fw) = fsm X ﬁ’vdv—i—%fsx x h''v dv*

for every £ € Mg (S).

Version of 29.3.23
647 Changing the filtration II

The answer (647J) to a natural question left over from §646 leads us to a new construction to add to
those in the second half of Chapter 63.

647B Lemma Let S be a sublattice of 7, and ¥ the linear space topology on My, = Mo, (S) defined
by the F-seminorms 6 where v € M (8) is || ||c-bounded. Then T is the S-integration topology on Mpep.

647C Lemma Suppose that D is a closed subalgebra of 2, and b € 2; let B be the closed subalgebra of
2A generated by {b} UD.

(a) If c € B, then bne=bn upr(bne, D).

(b) If u € L°(®B), there are v/, u” € LY(D) such that u = v’ x xb+u" x x(1\b).

647D Construction For most of the rest of this section, b will be a fixed member of . For t € T, let
B; be the subalgebra of 2 generated by {b} U2l;; then 9B, is a closed subalgebra. (B;):cr is a filtration.

647E Notation From now on, we shall have the two filtrations (;):cr and (By)ier, giving stochastic
integration structures A = (2, i, T, (At)ter, Ta, (Ao)oeT,) and B = (A, @, T, (Bi)ter, To, (Br)reT,). For the
various spaces of processes, I write AM$ ;(S), BMyo(S), AMpo1(S) etc. When we come to S-integration, I
talk of F-seminorms Agf , the S-integration topology BTs; and S-integrals Af.

647F Proposition (a)(i) 7 is a sublattice of Tg.
(ii) min 7a = min 7p and max Ty = max Tp.
(b) For any o € Ty, B, is the subalgebra of 2 generated by {b} U2,.
(¢) If o, T € Ta, then [o < 7] and [o = 7] are the same in either structure.
(d) Let S be a sublattice of Ty.
(i) If w is an A-fully adapted process with domain S, it is B-fully adapted.
(if) AMgimp(S) € BMgimp(S).
(iii) AMy1,(S) C BM,1(S), and the ucp topology on AM, ,(S) is the subspace topology induced by
the ucp topology on BM, (S).
(iv) AM,(S) C BM,s(S).
(V) AMbv(S) c IB]\41£)v($)
(vi) AMpo(S) C BMpyo(S).
(e) If w, v are A-fully adapted processes with domain S, and [ s U dv is defined in either of the structures
A, B, then it is defined in the other, with the same value.
(f) If S is a sublattice of T3 and v an A-integrator with domain S, then v is a B-integrator.
(g) If S is a sublattice of Ty and u belongs to AM,o(S) € BMuyo(S), then its previsible version u. is the
same when calculated in either of the structures A, B.

647G Proposition Suppose that (2;);cr is right-continuous.

(a) (Bi)ier is right-continuous.

(b) Ta is an order-closed sublattice of Tg.

(c) If 7 € T, there are o, 0’ € T4 such that b C [t = o] and 1\ b C [t = ¢']. Ta covers Tg.

(©) 2014 D. H. Fremlin
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18 The S-integral 647H

647H Lemma Suppose that (2;):er is right-continuous, and that S is an order-convex sublattice of Ty.
Let v € BM,! ((S) be || ||so-bounded. Then there is a || |oo-bounded w € AM,! (S) such that v < w.

6471 Proposition Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
and S®) the covered envelope of S in Tg.
(a)(i) S® is order-convex in Tg.
(ii) For any A-fully adapted process  with domain S, there is a unique B-fully adapted process & with
domain S®) extending x.
(b)(i) If & € AM,1,(S) then & € BM,,(S®)) and sup |&| = sup |z|.
(i) If v € AM,,4(S) then ¥ € BM,_(S®).
(iii) If v € AMyy(S) then & € BM,, (S®).
(iv) If v is an A-integrator with domain S, then v is a B-integrator.
(v) If u € AMyo(S) then @t € BMy,o(S®)) and the previsible version of 4 is the image of the previsible
version of u.
()(i) If w € AMpo(S), then @ € BMpop,(S®).
(ii) The map w — W : AMpo1,(S) = BMpor,(S®) is continuous for the S-integration topologies A% ;
and BTg ;.
(iii) If £ € AMg.i(S), then Z € BMg(S®).
(d) If £ € AMgi(S), then Bfs ) & do = Afg x dv for every A-integrator v € AM,4(S).

647J Theorem Suppose that (2;)ier is right-continuous and S is an order-convex sublattice of T.
If w is an S-integrable process with domain S, and v is a near-simple integrator with domain &, then

[ fswdv # 0] C [w # 0].

Version of 4.5.20/29.9.23

648 Changing the algebra II

In §634, I looked at questions involving pairs (,2) where 9B is a closed subalgebra of 2, and the
corresponding stochastic integration structures A and B. In particular, we can relate Riemann-sum integrals
calculated in the two structures (634Eg). Unsurprisingly, there is a corresponding result for S-integration
(648G), though it seems to need a good deal more work.

648A Notation As usual, A = (2, i, T, (As)teT, Ta, (Us)oecT,) Will be a stochastic integration structure.
For nearly the whole section, we shall have a closed subalgebra 6 of 20 with the associated structure
B=(B,ulB,T, (B)er, Ts, (Bs)oecT,) as in 634C. As in §634, I will use formulations like ‘@ is A-previsibly-
order-bounded’, ‘v’ € BM,,_5(S’)’, ‘Afs z dv’ to indicate which structure is being considered at any particular
moment.

If E C Ris a Borel set and h : E — R is a Borel measurable function, h is the corresponding function
from {u : u € LORA), [u € E] = 1} to L°(2A) (612Ac). If u is a moderately oscillatory process, u will
denote its previsible version (641F). I use the symbol [ for Riemann-sum integrals (613H, 613L) and § for
S-integrals (645P); E will be the ordinary integral on L} = L' (2, i), and 6 the associated F-norm on L°(2)
(613Ba). The F-seminorms 6% will be those of 645B. S; (u, dv) will be the Riemann sum (613Fb). 1(5) will
be the constant process on S with value 1.

We shall have the usual spaces of processes: My, (fully adapted, 612I), My,, (moderately oscillatory,
615Fa), M, s (near-simple, 631Ba), My, 1, (previsibly order-bounded, 645Ba), M. (non-decreasing non-
negative near-simple, 644Bb), MJ, and Mg; (S-integrable, 645F). If S is a sublattice of T4, Z(S) will be
the directed set of finite sublattices of S.

648B Lemma Let F be a Borel subset of R; write Qg for {u:u € L), [u€ E] =1}. Let h: E - R
be a continuous function. Suppose that S is a finitely full sublattice of T and u = (uy),es a moderately
oscillatory process such that {u, : 0 € §} C Q, the closure being for the topology of convergence in measure
on L°(21). Then hu = (h(u,))ses is a moderately oscillatory process.

(©) 2020 D. H. Fremlin
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649B Pathwise integration 19

648C Lemma Suppose that ()7 is right-continuous. Let S be an order-convex sublattice of Ta, w a
[l [|l2-bounded martingale with domain S, and z a || ||co-bounded S-integrable process with domain S. If w*
is the quadratic variation of w, ||( fs dw)?|, < || §5xdw*||; < occ.

648D Lemma Suppose that (2;)ier is right-continuous. Let B be a closed subalgebra of 20 which is
coordinated with (2)er, and B = (B, @B, T, (Bi)ier, Tn, (Bo)ocT:) the corresponding stochastic inte-
gration structure, where B, = B N2, for t € T. Let S’ be a relatively order-convex sublattice of 7p and S
its order-convex hull in 7. If 2 € AMZ,(S) and ]S’ € L°(B)S', then z|S’ € BMI,(S).

648E Lemma Suppose that (2;);cr is right-continuous. Let 96 be a closed subalgebra of 21 which is
coordinated with () ier, and B = (B, 4B, T, (Bi)ier, T, (Bos)oecT) the corresponding stochastic inte-
gration structure, where B; = B N2, for t € T. Let S’ be a relatively order-convex sublattice of 7g and S
its order-convex hull in 74. If u € AM,(S) and S’ € LO(B)S" then w’' = u|S’ is near-simple in either A
or B.

648F Lemma Suppose that (;);er is right-continuous. Let B be a closed subalgebra of 21 which is
coordinated with (2)er, and B = (B, @B, T, (Bi)ier, Tn, (Bo)oecT:) the corresponding stochastic inte-
gration structure, where B; = BN A; for t € T. Let S’ be a relatively order-convex sublattice of Tg and S
its order-convex hull in 74. Let z € AMS(S), v € AM] (S) be such that 2’ = z[S’" and v’ = v|S’ belong
to LO(B)S". If BOZ (2) = 0 then Af,z dv = 0.

648G Theorem Suppose that (2;)er is right-continuous. Let B be a closed subalgebra of 20 which
is coordinated with (2;)ier, and B = (B, @B, T, (B:)ter, To, (Bo)oeTs) the corresponding stochastic inte-
gration structure, where B; = B NA; for t € T. Let S’ be a relatively order-convex sublattice of Tg and S
its order-convex hull in 7. Let x € AMg;(S) and an A-near-simple A-integrator w with domain S be such
that 2’ = z]S’, w’ = w|S’ belong to L°(B)S". Then Bf, «’'dw’ = Afg x dw.

648Z Problem In 648G, can we drop the hypothesis that ‘B is coordinated with (¢)ier’?

Version of 30.9.14/28.1.20
649 Pathwise integration

The integrals of §613 and §645 are defined in terms of convergence in L°. The most important applications
are associated with processes of the form (X;(w))t>0weq with paths (X;(w))¢>0. It turns out that in the
case of the Riemann-sum integral, we can often, with some effort, define integrals ‘pathwise’. I do not think
that this approach gives a good picture of the theory as a whole, but it is surely worth knowing what can
be done.

The S-integral is rather different; I do not see any way of giving a pathwise description of the S-integral
with respect to Brownian motion, for instance. But for non-decreasing integrators we have an effective
approach through Stieltjes integrals, which I have hinted at in earlier sections. I now give a detailed account
of the method (649H, 649L).

649B Theorem Suppose that S is a sublattice of T with a least element. Let v = (v,),es be an
integrator and u = (u,)scs a near-simple process. Suppose that we have, for each n € N, a non-decreasing
sequence (T, )ien in S such that 7,0 = min S, inf;cy [T, < supS] = 0 and, for each i € N,

lo < 7nita] € Mluo —ur, .| <277] for every o € [Tni, Tnit],

[7n,iv1 <supS] € [lur, .\ — ur, .| >27"].
Then

Zn = limg_ o0 Zi:ol Ur, , X (Vr, 0y — Ur, )
is defined for each n, and (z,)nen is order*-convergent to | sudv.

(©) 2014 D. H. Fremlin
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20 The S-integral 649C

649C Corollary Let (2, %, 1) be a complete probability space and (¥;)¢[o,o0[ @ right-continuous filtration
of o-subalgebras of 3, all containing every negligible subset of Q; suppose that (2, i) and (2;);>0 are the
corresponding measure algebra and filtration of closed subalgebras. Let (U)i>0, (Vi)i>0 be stochastic
processes such that ¢ — Uz(w) : [0, 00 — R is cadlag for every w € Q, and (¢,w) — Vi(w) : [0,00[ x 2 = R
is progressively measurable; let u, v be the corresponding fully adapted processes with domain 7;. Suppose
that v is a local integrator.

Let h : © — [0,00[ be a stopping time, and 7% = h* the corresponding stopping time in 7;. For n € N
and w € Q, define h,;(w), for i € N, by setting h,o(w) = 0 and then

hnit1(w) = inf({R(w)} ULt : T 2 hni(w), [U(w) = Up,,, @) (@)] > 27"})
for ¢ € N.
In this case,
(a) every hy,; is a stopping time adapted to (X¢)¢>0,
(b)
Fa(@) = X552 Un () (Vi () = Vi, (@)
is defined for all n € N and w € §,

(¢) f =lim,_ 00 fr is defined in R almost everywhere in 2, and f* = f[ ]ud'v.

(),‘r*
649D (a) Definition A filter F on N is measure-converging if whenever (§2,%, ) is a probability

space, (Ey)nen is a sequence in ¥, and lim,, oo uFEy, = 1, then 4 7 (,,c 4 En is conegligible.

(b) Suppose that F is a measure-converging filter on N, (2,3, u) is a probability space, and (fy,)nen is
a sequence in £° = £%(u) which converges in measure to f € £°. Then lim, .7 f, =a.. f-

649E Proposition Suppose that F is a measure-converging filter on N. Let (2,X, ) be a complete
probability space, (£;):>0 a right-continuous filtration of o-subalgebras of ¥ all containing every negligible
set; suppose that (2, i), (A:)+>0 are the corresponding probability algebra and filtration of closed subalge-
bras. Let (Uy)i>0, (Vi)i>0 be stochastic processes on €, adapted to (X;);>0, such that the paths t — U(w),
t — Vi(w) are cadlag for every w; let u, v be the corresponding locally near-simple processes defined on
Tr, and suppose that v is a local integrator. Let h, i’ : @ — [0, 00[ be stopping times corresponding to 7,
7' € Ty, with h(w) < b/(w) for every w. Enumerate Q N [0, 00[ as (gn)nen, starting with g = 0, and for
n € N let (gni)i<n be the increasing enumeration of {g; : i < n}. Set

Fo(@) = 300 Uned(h(),gmen (@) (@) (Vined () gn 1117 () (@) = Vined(h(w),qms 1 (w)) (@))

for w € Q. Then f(w) = lim,_,r f,(w) is defined for almost every w, f is X-measurable and f* = f[ u dv.

7,7']

649F Lemma Suppose that (2;);cr is right-continuous. Let S be a sublattice of 7 and u = (uy)secs a
locally near-simple process. Let S be the full ideal of 7 generated by S. Then there is a locally near-simple
process @ with domain S extending u. If u is non-negative and non-decreasing, we can arrange that 4 should
be non-negative and non-decreasing.

649G Lemma Suppose that (2, &, [0, 00[, (Us)1>0, T, (Ar)re7) is a real-time integration structure and S
is a non-empty sublattice of 7. There is a non-decreasing sequence (7, )nen in S such that sup,,cy [7 < 7] =
1 for every 7 € S.

649H Theorem Suppose that (A, i, [0, co[, (A¢)¢>0, T, (Ar)re7) is a right-continuous real-time stochas-
tic integration structure.
(a)(i) There is a complete probability space (€2, %, i) such that (2, i) can be identified with the measure
algebra of (Q, %, u).
(ii) For E € ¥, write E* for the corresponding member of ; for t > 0 set ¥y ={E: E € &, E* € 2;}.
Then (X;);>0 is a right-continuous filtration of o-algebras all containing every negligible subset of .
(iii) Members of T can be represented by stopping times h : Q — [0, 00] as in 612H, with the corre-
sponding identification of the algebras 2L, as in 612H(a-iii).
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(b) Now suppose that u = (u,)ses is a locally near-simple process with non-empty domain S C 7;. Then
there are a progressively measurable stochastic process (U;)¢>0 and a non-decreasing sequence (hy)nen of
finite-valued stopping times, all adapted to (X;);>0, such that

(a) h,, represents a stopping time 7,, € S for every n € N, and sup,,cy [0 < 7,,] = 1 for every
oceSs,

(B) Uy = u, whenever g : Q — [0,00[ is a stopping time representing o € S,

(7) t = Up(w) : [0, hp(w)] — R is cadlag for every w € Q and n € N.

6491 Scholium If, in 649Hb, u is a non-negative non-decreasing process, then we can arrange that
(Ui)¢>0 is non-decreasing.

649J Lemma Let (£2,%, ) be a complete probability space, (X:)¢>¢ a right-continuous filtration of
o-subalgebras of ¥ all containing every negligible set, and (U;);>0 a progressively measurable stochastic
process. Let h : Q@ — [0,00[ be a stopping time such that ¢ — Uy(w) : [0, h(w)] — R is cadlag for every
we Q. Forwe Qandt >0 set

Uct(w) = li%l Us(w) if 0 < t < h(w),
S
= 0 otherwise.

(a) (U<t)t>0 is a previsibly measurable stochastic process, therefore progressively measurable.

(b) Let (A, &, [0,00[, (Ae)e>0, T, (A+)re1) be the real-time stochastic integration structure defined from
(2,2, 1, (X¢)e>0), and 7 € Ty the stopping time represented by h. If u, z are the fully adapted processes
defined from U and U., then w[7T A 7 is near-simple and its previsible version is z[7T A 7.

(c) Now suppose that (V;);>¢ is another progressively measurable stochastic process, this time non-
negative and non-decreasing, such that ¢ — Vi(w) : [0, h(w)] — R is cadlag for every w € Q. Let v be the
process defined by (Vi)¢>o. For w € Q let v, be the Radon measure on [0, h(w)] such that 1,[0,t] = Vi(w)
for every t > 0, and set

e(w) = f[o,h(w)] Uct(w)v,(dt).

Then e : Q — R is ¥j-measurable and e® = fT/\Tud'v.

649K Lemma Let (2, %, 1) be a probability space and (¥;):>0 a filtration of o-subalgebras of ¥. Let
Apy be the corresponding previsible o-algebra and write £ for the smallest subset of RI9:[X2 gych that
constant functions belong to £,
scalar multiples of functions in £ belong to £,
if ¢ € £ and ¢ € RIO®X2 and |¢| A || = 0, then ¢ +1 € £ iff ¢ € L,
X(]s,00[ x E) € £ whenever s > 0 and F € X,
lim,, o ¢, € £ whenever (¢, )nen is a pointwise convergent sequence in L.
Then £ is the set of all Ap,-measurable real-valued functions on [0, co[ x €.

649L Theorem Let (2,3, 1) be a complete probability space, (3;)¢>0 a right-continuous filtration of
o-subalgebras of ¥ all containing every negligible set, (2, fi, [0, 00[, (A¢)i>0, T, (A )re7) the corresponding
real-time stochastic integration structure, (X;);>o a previsibly measurable stochastic process and (V;);>0 a
non-negative non-decreasing stochastic process. Let h : @ — [0, 0o be a stopping time such that ¢ — X;(w)
is bounded on [0, h(w)] and t — Vi(w) : [0,h(w)] — R is cadlag for every w € €, and write 7 for the
corresponding stopping time in 7. Let &, v be the processes defined by (X;)¢>0 and (Vi);>0. For w € € let
v,, be the Radon measure on [0, h(w)] such that v,[0,t] = V;(w) for every t > 0, and set

e(w) = f}o,h(w)] Xi(w)y,(dt).

Then e : Q — R is X-measurable and e®* = fT/\de'v.
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