Version of 21.11.13
Appendix to Volume 5
Useful facts

For this volume, the most substantial ideas demanded are, naturally enough, in set theory. Fragments
of general set theory are in §5A1, with cardinal arithmetic and infinitary combinatorics. §5A2 contains
results from Shelah’s pcf theory, restricted to those which are actually used in this book. §5A3 describes
the language I will use when I discuss forcing constructions; in essence, I follow KUNEN 80, but with some
variations which need to be signalled.

As usual, some bits of general topology are needed; I give these in §5A4, starting with a list of cardinal
functions to complement the definitions in §511. There is a tiny piece of real analysis in §5A5. In §5A6 are
notes on a few undecidable propositions, mostly standard.

Version of 3.9.20

5A1 Set theory

As usual, I begin with set theory, continuing from §§2A1 and 4A1. I start with definitions and elementary
remarks filling some minor gaps in the deliberately sketchy accounts in the earlier volumes (5A1A-5A1E). I
give a relatively solid paragraph on cardinal arithmetic (5A1F), including an account of cofinalities of ideals
[k]S*. BATH-5A1K are devoted to infinitary combinatorics, with the Erdés-Rado theorem and Hajnal’s Free
Set Theorem. 5A1L-5A1P deal with the existence of ‘transversals’ of various kinds in spaces of functions,
that is, large sets of functions which are well separated on some combinatorial criterion. 5A1Q is a fragment
of finite combinatorics, 5A1R-5A1S introduce ‘stationary families’ of sets and 5A1T is a remarkable property
of the ordering of w;.

5A1A Order types (a) If X is a well-ordered set, its order type otp X is the ordinal order-isomorphic
to X (2A1Dg).
If S is a set of ordinals, an ordinal-valued function f with domain S is regressive if f(£) < £ for every

&€ S (cf. 4A1Cc).

(b) The non-stationary ideal on a cardinal k of uncountable cofinality is (cfx)-additive, because the
intersection of fewer than cfx closed cofinal sets is a closed cofinal set (4A1Bd).

(c) If k is a cardinal, A < cfx is an infinite regular cardinal and C' C k is a closed cofinal set, then
S={£: &<k, cf(§NC) = A} is stationary in x. B If C' C & is a closed cofinal set, let (7¢)¢<otp(cncr) be
the increasing enumeration of C NC’. Then otp(C N C’) > cfk > A, so 7, is defined and belongs to SN C’.
Q

(d) If a is an ordinal and C' C « has closure C for the order topology of a, then #(C) = #(C). P If
C is finite this is trivial. Otherwise, for any 8 € C \ {supC} set f(8) = min(C \ B). If B, 3’ € C and
B < B < supC there must be a v € C such that 8 <~ < " and f(B8) < v < f(B') (4A2S(a-ii)); thus f is
injective. So

#(C) = #(C\ {supC}) < #(C) < #(C). Q

(e) If «v is an ordinal, there is a closed cofinal set C' C « such that otp C' = cfa. P If cf« is finite then
« is either 0 or a successor ordinal and the result is trivial. Otherwise, let Cy be a cofinal subset of a with
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2 Appendix 5A1Ae

cardinality cfa. Then its closure C' in the order topology of « is cofinal and #(C') = cfa by (d). Since any
cofinal subset of C' is also cofinal with «,

cfa<cdfC <#(C)=cfa
and C' has cofinality cfa. Q

5A1B Ordinal arithmetic (a) For ordinals &, n their ordinal sum ¢ + 7 is defined inductively by

saying that

g +0= 57

E+n+1)=(E+n)+1,

§+n=sup;., & + ¢ for non-zero limit ordinals 7.
Ordinal addition is associative, and if £ < ¢ < £ + 7 there is a unique ¢’ < 7 such that ( = ¢ + ¢’. (KUNEN
80, 1.7.18; JECH 78, p. 18; JECH 03, 2.18; JusT & WEESE 97, §10.2.) If we identify N with w, then the
ordinal sum of two finite ordinals corresponds to ordinary addition on N.

(b) For ordinals &, n their ordinal product ¢ - 7 is defined inductively by saying
£€-0=0,
&-(n+1) is the ordinal sum & -+ ¢,
§n=sup;, § - ¢ for non-zero limit ordinals n
(KuNEN 80, 1.7.20; JECH 78, p. 19; JECH 03, 2.19). Note that 0-n = 0 and 1 -7 = 7 for every 7, and
that sup.c 4§ - ¢ = £ - (sup A) for every § and every non-empty set A of ordinals. Ordinal multiplication is
associative (KUNEN 80, 1.7.20; JECcH 03, 2.21).

(c) For ordinals &, n the ordinal power £ is defined inductively by saying that
0 =1,
&1 s the ordinal product €7 - €,
§" =sup;., £¢ for non-zero limit ordinals 7
(KUNEN 80, 1.9.5; JECH 03, 2.20). Warning! If £ and n happen to be cardinals, this is quite different from
the ‘cardinal power’ of 5A1F below.
If £, n are ordinals, n # 0 and 7 is greater than or equal to the ordinal product £ - 7, then 7 is at least
the ordinal power £“. TP Note first that as multiplication is associative, we can induce on n to show that
€& = ¢ for every n. Now we are supposing that n > 1 =¢9. If n € N and 7 > €7, then

n>En> &=t
Son > " for every nand n > &Y. Q

5A1C Concatenation It will perhaps be helpful if I describe in detail a semi-standard notation which I
have already used, in special cases, at many points in Volumes 3 and 4. Suppose that o, 7 are two functions
with domains «, 8 respectively which are ordinals (e.g., initial segments of N, if we think of non-negative
integers as finite ordinals). Then we can form their concatenation o™ 7, setting

dom(c"T)=a+p

(the ordinal sum),

(077)(§) =o() if £ <a,
(07 7)(a+n) =7(n) if n <.

The operator ™ is associative, that is, if o, 7, v have ordinal domains, then (¢77)"v = 0™ (7" v), so we
can omit brackets and speak of 0”7~ v. The empty function @ is an identity in the sense that
0co=c"b=0c
whenever dom o is an ordinal.

In this context, it will often be helpful to have a special notation for functions with domain the singleton
set {0} = 1; I will write <t> for the function with domain {0} and value ¢.
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5A1Eb Set theory 3

We can also have infinite concatenations. If (0, ),en is a sequence of functions with ordinal domains, we
can form the concatenations

0401, 0y0 02, 0)0 0403,

to get a sequence of functions each extending its predecessors. The union will be a function with domain
the ordinal sup, cydomog + ...+ domo,. I will generally denote it ¢j o] 05 ... or in some similar form.

5A1D Well-founded sets(a) A partially ordered set P is well-founded if every non-empty A C P
has a minimal element, that is, a p € A such that ¢ £ p for every g € A.

(b) If P is a well-founded partially ordered set, we have a rank function r : P — On defined by saying
that

r(p) =sup{r(q) +1:q <p}
for every p € P (KUNEN &0, IIL.5.7; JECH 78, p. 21; JECH 03, 2.27). The height of P is the least ordinal
¢ such that r(p) < ¢ for every p € P.

(c) A partially ordered set P is well-founded iff there is no sequence (p,)nen in P such that p,+1 < p,
for every n € N. (If A C P is non-empty and has no minimal element, we can choose inductively a strictly
decreasing sequence in A.)

(d) If P is a well-founded partially ordered set with height ¢, #(¢) < #(P). P Let r : P — On be the
rank function of P. Set A¢ = {p : r(p) > &} for ordinals . If A¢ # (), then A¢ has a minimal element p;
now r(q) < £ whenever ¢ < p, so r(p) = £. The height of P is the least ordinal ¢ such that r[P] C {; now

Ag # 0 for £ < ¢, s0 ¢ =r[P]and #(() < #(P). Q

(e) The next result really belongs with the descriptive set theory of Chapter 42, but I had no reason to
call on it in that volume, so I set it out here. If X is a Polish space and < is a well-founded relation on X
such that {(x,y) : © < y} is analytic, then the height of < is countable. (KECHRIS 95, Theorem 31.1. This
is a form of the ‘Kunen-Martin theorem’.)

5A1E Trees In §421 I introduced trees of sequences. For this volume a more abstract approach is useful.

(a) A tree is a partially ordered set T such that {s : s € T, s < t} is well-ordered for every ¢t € T}
alternatively, a well-founded partially ordered set such that {s: s € T, s < t} is totally ordered for every
t € T. In particular, T has a rank function r : T — On defined by saying that

r(t) = otp{s: s <t} = min{¢ : 7(s) < £ whenever s < t}

for every t € T (5A1D). (Try to avoid using this terminology in the same sentence as that of 421Ne and
562A.)

The levels of T are now the sets {t : r(¢t) = &} for £ € On. A branch of T is a maximal totally ordered
subset. A tree is well-pruned if it has at most one minimal element and whenever s, t € T and r(s) < r(t),
there is an s’ > s such that r(s") = r(t). If T is a tree, a subtree of T is a set 77 C T such that s € T”
whenever s <t € T’; in this case, the rank function of 7" is the restriction to T” of the rank function of T.

(b)(i) Let T be a tree in which every level is finite. Then T has a branch meeting every level. P If T
is empty, this is trivial. Otherwise, let r be the rank function of T, and ¢ > 0 the height of T'; let F an
ultrafilter on 7' containing {t : r(t) > £} for every £ < (. Set C = {t : [t,00] € F}. Any two elements of C
are upwards-compatible, so C' is totally ordered, and C' meets every level of T'; so C' is a branch of the kind
we seek. Q

(ii) Let (T, <) be a tree of height wy in which every level is countable. Then there is an ordering < of
w1, included in the usual ordering < of wy, such that (7', <’) is isomorphic to (w1, <). B Let (T¢)e<w, be
the levels of T'. Let §’£ be a well-ordering of T¢ for each £ < wq, and define <’ on T by saying that s <’ ¢ if
either 7(s) < r(t) or r(s) = r(t) = { and s <; t; then <’ is a well-ordering of 7' of order type w;. Now the
order-isomorphism between (T, <) and (wy, <) copies <’ onto a tree ordering of wy, isomorphic to <’, and
included in the usual ordering. Q
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4 Appendix 5A1Ec

(c) An Aronszajn tree is a tree T of height wy in which every branch and every level is countable. An
Aronszajn tree T is special if it is expressible as | J A,, where no two elements of any A,, are comparable,
that is, every A,, is an up-antichain.

neN

(d)(i) A Souslin tree is a tree T' of height w; in which every branch and every up-antichain is countable.
(ii) Every Souslin tree is a non-special Aronszajn tree.
(iii) If T is a Souslin tree, it has a subtree which is a well-pruned Souslin tree. (KUNEN 80, I1.5.11;
JECH 78, p. 218; JECH 03, 9.13.)
(iv) Souslin’s hypothesis is the assertion

(SH) There are no Souslin trees.

5A1F Cardinal arithmetic(a)(i) An infinite cardinal which is not regular (4A1Aa) is singular. A
cardinal k is a successor cardinal if it is of the form AT (2A1Fc, 2A1Kb); otherwise it is a limit cardinal.
k is a strong limit cardinal if it is uncountable and 2* < s for every A < s. It is weakly inaccessible
if it is a regular uncountable limit cardinal; it is strongly inaccessible if moreover it is a strong limit
cardinal.

(ii) If & is a cardinal, define x(+%)| for ordinals £, by setting
K0 =k k(O = supn<§(n(+")+) if £ >0,

that is, K(+9) = weie if K = we.

(b) (i) If (Ki)ier is a family of cardinals, its cardinal sum is #({(4,£) : i € I, £ < Kk;}), which is at most
max(w, #(I), sup;c; Ki)-
(ii) For cardinals k and A, the cardinal product « - A is #(k x ) < max(w, k, A).

(iii) If k and X are cardinals there are two natural interpretations of the formula x*: (i) the set of
functions from A to & (ii) the cardinal of this set. In this volume the latter will be the usual one, but I
will try to signal this by using the phrase cardinal power. Of course 2* is always the cardinal power; the
corresponding set of functions will be denoted by {0,1}*. We could also think of x and X as ordinals, and
look at the ordinal power x* as described in 5A1Bc¢; but I think I do this exactly three times, all at the end
of §539.

(c)(i) The cardinal power £* is at most 2™2x(“%:A) for any cardinals x and A. (The set of functions from
A to k is a subset of P(\ x k).)

(i) = #((({0,11)™)") = #({0, 1}'H) = #({0,1}") = c.

(d) cf2® > k for every infinite cardinal k. (JECH 03, 5.11; JECH 78, p. 46; ERDOS HAINAL MATE &
RADO 84, 6.9; KUNEN 80, 10.41; JusT & WEESE 97, 11.2.24. Compare (e-v) below.)

(e)(i) If k and X are infinite cardinals, then, defining [k]<* as in 3A1J,

f[k]SA =1if A > &,
>krif A<k
(ii) Let x, A and @ be infinite cardinals such that § < A\ < x. Then cf[x]=¢ < max(cf[x]=*, cf[N]=?). P
Let A C [v]* be a cofinal set with cardinal cf[x]* = cf[x]=*. Then [K]=" = U 4 4[A]=’, s0
cf[k]=? < max(#(A), sup s¢ 4 cf[A]=7) < max(cf[s]=*, cf[N='). Q
(iii) Let x and A be infinite cardinals. Then the cardinal power x* is max(2*, cf[x]=*). P £ > 22

because r > 2; kN > #([k]S}) > cf[k]=* because f +— f[)\] is a surjection from the family F of functions
from A to x onto [£]=*\ {@}. In the other direction, if & < X then F' C P(\ x k) so

K = #(F) < 2* = max(2*, cf[x]=H).

MEASURE THEORY



5A1Fh Set theory 5

If A < klet A C [k]=* be a cofinal family with cardinal cf[x]=*; then F = J, 4 A s0

#(F) < max(#(A),sup g4 #(AY)) = max(cf[r]=},2}). Q
Putting this together with (i) and (c-ii) above,

cf[(]=% = max(c, cf[(]5%) = max(2¥, cf[¢(|S¥) = ¥ = ¢.

(iv) If X is an infinite cardinal and A < & < A(F%)| then cf[x]<¥ < max(k, cf[\]=%), with equality if
x> w. P Induce on n to see that cfAF™]=¢ < max(A\+™) cf[\]=%) for every n € N. At the inductive step
ton >0,

A(AFTMI=) = of ([ [€5%) < max(AT™, sup of[¢]<)
g<A(+n) £t

< max(AF™  NFE=D) fN]59) = max(AF™) cf[A]5). Q

If % is uncountable, then cf[x]<* > k, so cf[k]=% = max(k, cf[\]=*). Consequently the cardinal power k* is
max(c, , cf[A\]5¥) = max(k, \Y).

In particular, if w; < Kk < w,, then cf[k]=¥ = k and £* = max(c, ). Similarly, (¢*)* = max(c*,¢) = ¢,
(cHH)e = ot

(v) If K is a singular infinite cardinal, then cf([k]=<!") > k. P Set A = cfr, and let (ke¢)e<n be a
strictly increasing family of cardinals with supremum . If (4,),<, is a family in [k]<*, then for each £ < A

take ag € K\ U, <, Ayiset A={ag: { <A} € []=?; then A € A, for every n < k. Q

(F) If A is a regular uncountable cardinal, § > 2 is a cardinal and k = sups_, 6°, where ¢° is the cardinal
power, then

#([K]<*) = supsy £° = £
P Of course k < #([x]<*) because A > 2, while
#([5]°*) = #(Usn[K]°) < max(X,w, supsx #([5]°)) < supsp #°
because A < sups_, 2° < k. If § < A then, because ) is regular,
KO = (supcy 0°)° = supe 5 (09)° < supey ") < . Q

In particular, if & is strongly inaccessible then x® < k for every § < k. (Take A = x and 6 = 2.)

(g) Let X, Y and Z be sets, with #(X) < 2#(%) and 0 < #(Y) < #(Z). Then there is a function
f: X xZY¥ — Y such that whenever (x,),en is a sequence of distinct elements of X and (y,)nen is
a sequence in Y there is a z € ZN such that f(x,,z) = y, for every n € N. P We can suppose that
X CPZ and Y C Z; moreover, the case of finite X is trivial, so we can suppose that Z is infinite. For each
countably infinite set I C Z, (c-ii) above tells us that there is a surjection g; : IN — (PI)N x IN. Now let
f: X xZN =Y be such that

whenever z € ZV is such that I = 2[N] is infinite, g7(2) = ({(an)nen, (Yn)nen) and x € X is such

that there is just one n for which a,, =z N I, then f(z,2) = y,.
In this case, if (2, )nen is a sequence of distinct members of X and (y)nen is a sequence in Y, let I be a
countably infinite subset of Z containing every y,, and such that x,, NI # x, NI for m < n; let z € I be
such that g;(2) = ((xn N Inen, (Yn)nen); we shall have f(z,,2) = y, for every n. Q

(h) If s is an infinite cardinal, then 2% is at most the cardinal power (sup, ., 2*)"*. P Let {a¢)e<crs be
a family in x with supremum «. Set D = J,_,. Pa; then
#(D) < max(k,sup, ., 2#() = sup, _,. 2*.
Let F be the set of functions from cfx to D; we have an injection A — (A N ag)e<crr from Pk to F, so
2" <#(F). Q
If w < A<k and 22 =2 for A\ <0 < k but 2¢ > 2* then & is regular. B 2% < (2*)°fr = gmax(Acfr) Q

D.H.FREMLIN



6 Appendix 5A1G

5A1G Three fairly simple facts (a) There is a family (a7)rcy of infinite subsets of N such that arNay
is finite whenever I, J C N are distinct.

(b) Let X be a set, f: [X]<* — [X]=* a function, and Y C X. Then there is a Z C X such that Y C Z,
fI) C Z for every I € [Z]<%, and #(Z) < max(w, #(Y)).

(c) Let k > ¢ be a cardinal and A a family of countable subsets of k such that #(A) is less than the
cardinal power k“. Then there is a countably infinite K C k such that I N K is finite for every I € A.

proof (a) For each n € N, set K,, = {i : 2" < i < 2"} and let f, : Pn — K, be a bijection; set
ar = {fn(INn):neN}. (Or apply 5A1Nc below with kK = w.)

(b) Define (Z,,)nen inductively by setting Zo =Y and Z,+1 = Z, UU{f(I) : I € [Z,]<*} for each n.
Then #(Z,,) < max(w, #(Y)) for each n, so setting Z = |, .y Zn we still have #(Z) < max(w, #(Y")), while
f(I) C Z for every I € [Z]<¥.

(c) If #(A) < & this is trivial, as we can take K C x \ [J.A. Otherwise, let A < k be the least cardinal
such that #(A) < A¥. Then cf A = w. P? Otherwise,

A = max(\, supg.y 6“) < #(A). XQ

Let (An)nen be a strictly increasing sequence of cardinals with supremum A, starting from Ay = 0 and
A1 = w (of course A > w because #(A) > ¢). For n € N let ¢, : [n X Ap]<¥ — Apy1 \ An be an injective
function. For f : N — X define Cy C X by setting

Cr={on(fNn(nxA,)):neN}

If f, g € AN are distinct, then there are an i € N such that f(i) # g(i) and an m > i such that both f(i) and
g(@) are less than A, so that fN(n x A,) # gN(n x A,) for every n > m and C; N Cy is finite. It follows
that for any I € A theset By = {f : f € AN, C; N1 is infinite} has cardinal at most ¢. Since ¢ < #(A) < \*,
there must be an f € AN such that Cy N1 is finite for every I € A, and we can set K = C'y.

neN

5A1H Partition calculus (a) The Erd8s-Rado theorem Let k be an infinite cardinal. Set k; = k,
Finp1 =25 forn > 1. If n. > 1, #(B) < k, #(A) > k, and f : [A]® — B is a function, there is a C € [A]""
such that f is constant on [C]". (ERDOs HAINAL MATE & RaADO 84, 16.5; KANAMORI 03, 7.3; JUST &
WEESE 97, 15.13.)

(b) Let & be a cardinal of uncountable cofinality, and @ C [x]?. Then either there is a stationary A C &
such that [A]?> C Q or there is an infinite closed B C & such that [B]>NQ = 0. P (Cf. ERDOS HAJNAL
MATE & RADO 84, 11.3.) Let C' C k be a closed cofinal set with otp(C) = cfx (5A1Ae). Let Sy be
{a: a € C, cfa = w}, so that Sy is stationary (5A1Ac). For each a € Sy let (fo(n))nen be a strictly
increasing sequence in o with supremum «. Set

Io={I:1CanC, [ Tu{a}]?NQ =0, #(IN fa(n)) < n for every n € N}.

Let I, be a maximal member of Z,,. If there is any « such that I, is infinite, we have the second alternative,
witnessed by B = I, U {a}, and we can stop. Otherwise, there is an n € N such that S; = {a : « € Sy,
I, C fo(n)} is stationary. As f,(n) < a for every a € Sy, the Pressing-Down Lemma (4A1Cc) tells us that
there is a v < k such that S2 = {a: @ € S, fo(n) =~} is stationary. Because

#([y N CI=*) < max(w, #(y N C)) < cfr,

there is an I C yN C such that A = {a: o € Sy, I, = I} is stationary.
? Suppose, if possible, that [4]? € Q. Take o, 8 € A such that a < 8 and {«a, 8} ¢ Q. We know that
[T U{a}]? and [I U {B}]? are both disjoint from Q. So [J U {3}]? is disjoint from @, where J = I U {a}. If
m < n,
fo(m) < fa(n) =~ = fa(n) <a,
so #(J N fg(m)) = #(Ig N fg(m)) < m; while if m > n then

So J € Ig; but J properly includes I = Ig, so this is impossible. X
Thus [4]? C @ and we have the first alternative. Q
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5A1Jb Set theory 7

5A1I A-systems and free sets: Proposition Let x and A be infinite cardinals and (I¢)¢<, a family
of sets with cardinal less than A.

(a) If cfx > A, there are a I' € [k]" and a set J of cardinal less than x such that I NI, C J for all distinct
& nel.

(b) If & > X is regular and the cardinal power #° is less than x whenever § < x and 6 < ), then there is
a I € [k]" such that (I¢)eer is a A-system (definition: 4A2A).

(c) If K > X there is a I'"" € [k]" such that n ¢ I¢ for any distinct &, n € I'".

proof (a) ? Otherwise, choose (I'a)a<x and (Ja)a<x as follows. Jo =z, UfEFB Ic. Given J,, letT'y C K
be maximal subject to the requirement that I. N1, C J, for all distinct &, n € I',. Then we see by induction
that #(Ja) < k so #(I'a) < & for every o < A; because cfx > A, |J,., I'a cannot be the whole of x.

Take any € € 5\ UycrTar As #(I¢) < A, there must be an o < A such that Ie N Jy = Ie N Joq1. As
& ¢T,, there is an n € T'y, such that Ic N1,  Jo; but now Ie N1, \ Jo € I N Jag1 \ Jo. X

(b) Let J and T be as in (a). Because cfx > A, there must be some cardinal § < X such that T'; = {¢ :
€T, #(I: N J) < 6} has cardinal k. Now #([J]=%) < max(2,#(J)%) < cfk, so there must be a K C J
such that IV = {¢: £ € 'y, I N J = K} has cardinal ; and (I¢)eer is a A-system with root K.

(c) It is enough to consider the case in which £ € I, for every £ < k.

(i) If cfk > A, take T’ and J from (a). Then we can choose (£s5)s<, inductively so that

&el'\(JU U5<6 I&/ﬂ)
for every § < k; and {&; : § < k} will serve for I".

(ii) If cfk = 0 < A, let (Ka)a<o be a strictly increasing family of regular cardinals with supremum &,
starting from kg > ATT. For each o < 6, (i) tells us that there is an A, € [ko]" such that n ¢ I for any
distinct &, n € A,. Set

Bo = Ao\ U5<a(Bﬁ U UgeAB I£)§

then #(B,) = kq for each o < 0. Choose (Cay)a<or<r+ and ((o)a<o inductively, as follows. Given that
(CBy) g<a,y<r+ is disjoint, then for each { € B, there is a ¢ < AT such that I N U5<a Cpy is empty for
every v > (; because AT < cf kg, there is a {, < AT such that

B!, ={{:£ € By, It N Csy = 0 whenever f < a and (o, <v < AT}

has cardinal k. Let (Cay)y<r+ be a partition of B}, into sets with cardinal 4, and continue.

At the end of the induction, v = sup, 4 (o is less than A*. Set I'' = {J,, .y Cay. Then #(I'") = k. If €,
n are distinct members of I', let a, B < 0 be such that { € Co, and n € Cg,. If a < § then { € A, and
n € Bg son ¢ I:. If a = 3 then both £ and 7 belong to A, so n ¢ I. If § < « then n € Cg, while v > (,
and £ € B, son ¢ Is. SoT" will serve.

Remark (c) above is Hajnal’s Free Set Theorem.

5A1J Remarks (a) I spell out the applications of these results which are used in this volume. Let k be
an infinite cardinal and (I¢)¢<, a family of countable sets.
(i) If cf k > wo, there are a I' € [k]" and a set J with cardinal less than x such that I NI, C J for all
distinct £, n € T,
(ii) If & is regular and the cardinal power A“ is less than x for every A < &, there is a I'' € [K]
that (I¢)eer is a A-system. (Of course x cannot be wq, so we can apply 5A1Ib with A = w;.)
(ili) If kK > wy there is a I € [k]" such that n ¢ I¢ for any distinct &, n € T,

% such

(b) If, in 5A1Ic, we are willing to settle for a weaker result, there is an easier proof which generalizes to
more complex systems. Let A be an infinite cardinal. Then there is a kg such that for every cardinal k > kg,
every n € N and every function f : [k]" — [k]<* there is an A € [x]*" such that £ ¢ f(I) whenever I € [A]"
and £ € A\ I. P By the Erdés-Rado theorem (5A1Ha), there is a ko such that for every k > kg, n > 1 and
function g : []" — N there is an A € [k]*" such that g is constant on [A]". Now, given n € N, & > kg and
f o [R]" — [5]<}, define g : [k]"T! — N by saying that if J = {&o,...,&,} with & < & < ... < &,, then
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g(J)=min({n+1}U{j:j<n, & e fF(J\{]) Let Ae [H])‘+ be such that g is constant on [A]"*1. We
can suppose that A has order type A*. 7 Suppose that the constant value of g in [A]"*! is j < n. Let B
be the set of the first A members of A, Iy the set of the first j members of A and I the set of the first n — j
members of A\ B. Then we have g(Ip U{{} U ;) = j for every £ € B\ Iy, so that B\ Iy C f(Ip U I1); but
#(f(IoU 1)) < A. X So the constant value of g on [A]"*! is n + 1, and A satisfies the required condition.

(c) In the same complex of ideas, we have an elementary fact about the case A < k = w. If n € N and
(K;)ien is a sequence in [N]=", there is an infinite I' C N such that (K;)cr is a A-system. PP Let K C N
be a maximal set such that [ = {i : K C K;} is infinite; then {i : 7 € I, K; N L # 0} is finite for every finite
L C N\ K, so we can choose I inductively by saying that I' = {i : i € I, K; N K; = K whenever j € I'N¢}.
Q

(d) In 5A1Ic, and in (a-iii) here, we have a system (I¢)e<,, of sets and are looking for large sets I'” which
are ‘free’ in the sense that n ¢ I for distinct £, n € I, If we identify (I¢)¢<, with theset R = {(£,n) : € < &,
n € Ic} then we are asking that (£, 7n) should not belong to R for distinct £, n € I'. It will be useful to
apply the same idea to other kinds of relation. In particular, if R C X x X is an equivalence relation on a
set X I will say that a set A C X is R-free if (z,y) ¢ R for all distinct x, y € A, that is, if A meets each
equivalence class for R in at most one point.

(e) Concerning free sets for equivalence relations it will help to have some elementary facts in quotable
form. Let X be a set and R an equivalence relation on X.

(i) For any cardinal x, there is a partition (X¢)ec, of X into R-free sets iff every R-equivalence class
has cardinal at most x. I» Write K for the set of equivalence classes under R. If (X¢)e<y is a partition
of X into R-free sets and K € K, then #(K N X¢) < 1 for every £ < k and #(K) < k. If #(K) < & for
every K € K, then for each K € K choose an injective function hgx : K — &; set h(x) = hg(z) whenever
r € K € K; then (W1 [{¢}])¢< is a partition of X into R-free sets. Q

(ii) If A C X is R-free then R[B] N R[C] = ) whenever B, C C A are disjoint. P? If z € R[B] N R[C]
there are b € B, ¢ € C such that (b,2) € R and (¢,z) € R, so (b,c) € R; but b and ¢ are distinct members
of A, which is supposed to be R-free. XQ

5A1K Lemma Suppose that 6, A\ and x are cardinals, with § < A < cfk, and that S is a stationary
subset of k. Let (I¢)¢es be a family in [A]SP. Then there is a set M C X such that cf(#(M)) < 6 and
{£:€€ 8, I C M} is stationary in k.

proof For M C X, set Sy ={{:£ €S, I C M}. Let M C X be a set of minimal cardinality such that
Sar is stationary in k. Set § = #(M). 7 If cfd > 6, enumerate M as (a,)y<s. For each £ € Sy, set
Be = sup{n : o, € I¢}; because #(I¢) < 0 < cfd, Be < J. Because § < A < cfk, there is a 8 < § such that
S"={¢:¢ € Su, Be = B} is stationary in k (5A1Ab). Consider M’ = {a,, : ) < B}; then #(M') < #(M)
but Sy O 8’ so is stationary in s, contrary to the choice of M. X

Thus M will serve.

5A1L Lemma Let (X;);c; be a non-empty family of infinite sets, with product X. Then there is a set
Y C X, with #(Y) = #(X), such that for every finite L C Y there is an ¢ € I such that z(i) # y(4) for any
distinct =, y € L.

proof Set k= #(X).

(a) We can well-order I in such a way that #(X;) < #(X;) whenever ¢ < j in I. It will therefore be
enough to deal with the case in which I = ¢ is an ordinal and #(X,) < #(Xg) whenever a < 8 < 4. 1
proceed by induction on 4.

(b) If § is finite then kK = max,<s #(Xo) and the result is trivial, since we can take the z¢ to be all
different at a single coordinate.

(c) Suppose there is a v < ¢ such that #(d \ v) < #(6). Then, in particular, the order type of § \ v is

less than the order type of §. Set Iy =, [ =d\yand ¥, = Haelj X, for both j. Then X =Y, x Y7,
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so k = max(#(Yp), #(Y1)); say & = #(Y;). By the inductive hypothesis, there is a family (ye)e<x in Y
such that for any L € [k]<“ there is an « € I; such that £ — ye(a) : L — X, is injective. Taking z¢ to be
any member of X extending ye, for each £ < k, we have a suitable family (z¢)e<, in X, and the induction
proceeds.

(d) Suppose that ¢ is infinite and that #(0\v) = #(J) = A for every v < §. Enumerate [0]<“ as (J¢)c<x,
and choose {a¢)c<x such that
JeCaced\{ay:n<(}
for each a < A. We have
#(Xae) = max(w,supge 5. #(Xp)) = #(Ige s, Xo),

so there is an injective function f : HﬁeJc Xp — Xqo for each ¢ < A. Let (z¢)e<x be any enumeration of
X. Because all the a¢ are distinct, we can find z¢ € X, for each { < &, such that z¢(a¢) = fe(2¢[J¢) for
every ¢. Now if L € [k]<“ there must be a ¢ < X such that z¢[J¢ # 2, [ J for any distinct &, n € L; so that
& — z¢(ac) is injective on L. Thus (z¢)e<, is a suitable family in X and the induction proceeds in this case
also.

5A1M Definitions(a) Let X and Y be sets and Z an ideal of subsets of X. Write Trz(X;Y") for the
transversal number

sup{#(F): F CYX {z: f(z) = g(x)} € T for all distinct f, g € F}.

(b) Let & be a cardinal. Write Tr(k) for
Tri<x (k5 k) = sup{#(F) : F C k", #(f Ng) < & for all distinct f, g € F'}.

5A1N Lemma (a) For any infinite cardinal ,
kT < Tr(k) < 2°.
(b) For any infinite cardinal s,
max(Tr(k), sups,, 2°) > min(2%, ().

(c) If & is such that 2° < & for every § < &, then Tr(x) = 2%, and in fact there is an F' C k" such that
#(F) =2" and #(f Ng) < & for all distinct f, g € F'.

(d) If X and Y are sets and Z is a maximal proper ideal of PX, then there is an F' C Y X such that
#(F)=Trz(X;Y) and {z : f(z) = g(x)} € T for all distinct f, g € F.

proof (a) We can build inductively a family (fo)o<s+ in &7, as follows. Given (fo)a<g, where g < k™, let
6 : B — K be any injection. Now choose f3 : kK = k so that

f8(&) # fo(§) whenever a < 8 and () < €.
This will mean that if o < 3, then

{§: fal§) = f5(8)} S 0(a)

has cardinal less than k. So at the end of the induction, F' = {f, : @ < k*} will witness that Tr(x) > &™.
On the other hand, Tr(x) < #(x") = 2".

(b)? If not, then take A\ = max(Tr(k),sups., 2°) < min(2", x(*%)). For each ¢ < k take an injective
function ¢¢ : P& — X. Because A < 2%, we have an injective function h : AT — Pk. For a < AT set
9o (&) = pe(h(a) NE) for every € < k; then (ga)a<a+ is a family in A such that #(go N gs) < kK whenever
o # B.

Apply 5A1K with S = A*, I, = ga[k] to see that there is a set M C X with cf(#(M)) < k and
S = {a: a < AT, go[s] € M} stationary in A\*. Because A < x(*®) we must have #(M) < k. If
f i+ M — k is any injection, (fga)acs, Will witness that Tr(x) > #(S1) = A™; which is impossible. X

D.H.FREMLIN



10 Appendix 5A1N

(c) For each & < k, let ¢¢ : PE — & be injective. For A C &, define f4 € k" by writing

fa(§) = pe(ANE) for every & < k.
Then F = {f4 : A C k} has the required property, and Tr(x) > 27; by (a), we have equality.

(d) Take any maximal set ' C YX such that {z : f(z) = f'(z)} € Z for all distinct f, f' € F.
Then #(F) = Trz(X;Y). P Of course #(F) < Trz(X;Y). Suppose that G C Y is such that {z :
g(z) = ¢'(z)} € T for all distinct g, ¢ € G. For each g € G, there must be an f, € F such that
{z: g(z) = fq(x)} ¢ Z; because T is maximal, {z : g(z) # fy(z)} € Z. If g, h € G are distinct, then

{z: fo(x) = fa(2)} S{z: fy(x) # g(z)} Uz : g(a) = h(2)} U{z : h(z) # fu(x)}
€l

so fg # fn. Thus we have an injective function from G to F and #(G) < #(F). As G is arbitrary,
Trz(X;Y) < #(F) and we have equality. Q

5A10 Almost-square-sequences: Lemma Let A, k be regular infinite cardinals, with k£ > max(wq, ).
Then we can find a stationary set S C k™ and a family (Cy)aes of sets such that

(i) for each o € S, C,, is a closed cofinal set in « of order type \;

(ii) if @, B € S and 7 is a limit point of both C, and Cp then C, Ny = CgN~.

Remark Compare the axiom [,; of 5A6D below.

proof (a) For each v < k™ fix an injection f, : v — k. Let Sy be the set of ordinals @ < k™ of cofinality ;
then Sy is stationary in kT (5A1Ac). For each a € Sy choose a non-decreasing family (Nys)s<, of subsets
of k* such that

(o) Nyp is a cofinal subset of a with cardinal A;

(8) if § < Kk then

Na,6+1 = U{f'y[Naé] U f;l[(s] Y€ Nozti} Uﬁaé ud

(taking the closure N, in the order topology of x¥);
(7) if § < k is a non-zero limit ordinal then Nos = Uy o5 Nas:-
Then #(Nas) < max(\, #(9)) < k for each 0§ < k (using 5A1Ad). Because & is regular, sup(Nyos NK) < K
for every 0. It follows that {§ : § < k, Nos Nk = 6} is a closed cofinal set in &, and in particular contains
an ordinal of cofinality wy, for every a € Sy. Let § < k be such that c¢fd = wy; and

S1={a:a€ Sy, NosNk =10}

is stationary in x*. For a € Sy, set C = aN Nys; then C7 is a closed cofinal set in o and #(C%) < k so
otp(Cy) < k. Let ¢ < k be such that

S={a:acS, otp(Ck) =(}
is stationary in 7. Observe that as ¢fC* = cfa = X for each a € S, cf ¢ = \.

(b) Take any closed cofinal set C' C ¢ of order type A and for each a € S let C,, be the image of C' in C,
under the order-isomorphism between ¢ and C. Then C, will be a closed cofinal subset of o of order type
A

I claim that if , 8 € S and +y is a common limit point of Cy, Cg then C, Ny = Cg N.

P case 1 Suppose A = w. In this case the only limit point of C, will be « itself, and similarly for 3, so
that in this case we have a = 8 and there is nothing more to do.

case 2 Suppose cfy = w < A. Then 7 is a limit point of C,, € C* C N,s, so there is an increasing
sequence in Nys with supremum ~; as Nos = s o5 Nasr and cfd = wy, this sequence lies entirely within
N, for some &' < 6, and v € Npsr € Nygrq1. Now, for & +1 < € < 8, Nyey1 2 f;l[f] U fy[Nagl;
consequently

Nas Ny = £ [Nas N ] = f51]].

Similarly, Ngs N~y = f;'[6]. Now
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CiNy=Naus rw:mrwzcgrw.
Accordingly the increasing enumerations of C7, and C'z must agree on C; Ny = C5N~, and Co Ny = CzNy.
case 3 Suppose that cfy > w and A > w. Because v = sup(Cy,, N7) = sup(Cz N7),
D ={v":4" < is alimit point of both C,, and Cg, cfy = w}
is cofinal with ~, and
Cony= U,Y,GDCQ Ny =CgNA,

using case 2. Q
Thus S and (Cy)aes have the required properties.

5A1P Corollary Let s, A be regular infinite cardinals with A > max(w1,x). Then we can find a
stationary subset S of AT and a family (g,)aes of functions from x to At such that, for all distinct «,
BeSs,

(1) gal#] € o,

(i1) #(g0 N g5) < 5

(iii) if @ < & is a limit ordinal and ¢,(6) = gz(0) then g, [0 = gg 0.

proof Take (C,)acs from 5A10 and let g, be the increasing enumeration of C,.
5A1Q A fragment of finite combinatorics turns out to be a basis for some interesting measure theory
(5461).
Lemma Let I and J be non-empty finite sets, and R C I x J a relation such that R[I] = J. Set
k = maxge; #(R{x}]), | =minyes #(R[{y}])-

Then there is a K C I such that R[K] = J and #(K) < “52E4(1).

proof (BARTOSZYNSKI & JUDAH 95, 3.3.10) (a) Choose (I;);<k, (J;);<k inductively, as follows. For each
Jj<k,set J;=J\R[U,., L], and if j < k take a maximal set I; C I such that

#(RH{z} N J;) =k =

1<J

for every x € I,
R{z}NR[{z'}InJ; =0

whenever z, 2’ € I; are distinct. At the end of the induction set K = J,_, I

Now #(R[{z}]NJ;) < k —j for every j < k and x € I. P Induce on j. Start with Jo = J and
#(R[{x}]) < k for every z, by the definition of k. For the inductive step to j + 1 <k, if z € I then

(RN Tj0) < R0 L) < k-

by the inductive hypothesis, and if #(R[{z}] N J;) = k — j then there is an 2’ € I; such that R[{z}] N
R[{z'}] N J; is non-empty, so that R[{z}] N J;41 is strictly smaller than R[{z}] N J; and cannot have more

than £ — 7 — 1 members. Q
In particular, R[{z}] N Jy = 0 for every = € I, so

R[] = R[]\ Jx = J \ Ji = RIK].

(b) For each j < k, (R[{z}] N Jj)zer; is a partition of J; \ J;y1 into sets with cardinal k — j, so that
#(J;) — #(Jj41) = (k — j)#(I;). Next, if we set R; = RN (I x J;) we see that
]

#(Ril{2}]) = #(R;[{z}] N J;) <k —j. #(B7 ) = #(R{y}]) = !

whenever z € I and y € J;, so
#(J;) < #(R;) < (k= 5)#(1)
and #(J;) < TJ#(I) Accordingly

D.H.FREMLIN
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#E) < D #0) = 3 = (#0) — #(510))

1 1
=G-1)

) + 3 #(Jo) — #(Jx)

k-1 k-1
1 #(J]) #U) k=j
< pO)+ it < T S i)

j=1

k-1 k
- @(1 +2 k—;—i-l) - @(1 + Zl) = 1+}nk#(1)
Jj=1

as required.

5A1R Stationary families of sets For the sake of a calculation which will be needed in §547, I introduce
a kind of generalization of the idea of ‘stationary’ subset of an ordinal.

Definition If T is a set and A is a family of sets, I will say that A is stationary over I if for every function
f:[I]<% — [I]=* there is an A € A such that f(J) C A for every J € [AN I]<%.

5A1S Elementary remarks (a) If A is stationary over I, then {ANTI: A € A} is stationary over I.

(b) If A is stationary over I, and for every A € A we are given a family B4 which is stationary over A,
then (J 4. 4 Ba is stationary over I.

(c) If ¢ is an ordinal of uncountable cofinality, and S C ( is stationary in the ordinary sense of 4A1C, then
S is stationary over ¢ in the sense of 5AIR. P Let f : [(]<% — [¢(]=* be a function. Consider Cy = {¢ : £ < (,
f(J) C & for every J € [{]<“}. Because cf( > w, Cy is closed and cofinal in ¢ (cf. 4A1B(c-iii)), so meets S.
As f is arbitrary, S is stationary over (. Q

5A1T In §539 we shall need an important property of wi.

Theorem (a) There is a family (e¢)e<w, such that e : £ — N is an injective function for each £ < w; and
enA(egn) is finite whenever n < & < wy.
(b) There is a sequence (<, )nen of partial orders on wy such that
(w1,<,) is a tree of height at most n + 1 for each n € N,
<p C<pqq for every n € N,
Unen <n is the usual well-ordering of w;.

proof’(a) Choose (e¢)¢<., inductively; as well as the obvious inductive hypothesis that e, /\(e¢[n) is finite
whenever 7 < &, we need to ensure that N\ e¢[{] is always infinite.

Start the induction with eg the empty function. For the inductive step to £ + 1, where £ < wy, take
any k € N\ ec[€] and set ec11 = ec U{(&,k)}. For the inductive step to a non-zero limit ordinal { < wy,
choose a strictly increasing sequence (1, )nen of ordinals with supremum ¢ and define (€] )nen, (kn)nen
inductively as follows. Start with e{, = ey, and ky € N\ e,,[no]. Given e}, and ko, ... ,k, € N such that
en M — N\ {ko,... ,kyn} is injective and e, Ae,, is finite, we see that

B;LA(BTMH [7n) C (enAey, ) U (67]%A(e"]n+1 (1))

is finite while e, , is injective and N\ e, ., [n41] is infinite. We therefore have room to adjust e, .,
at finitely many points to obtain an injective function €}, : np41 — N\ {ko,... ,k,}, extending e;,,
such that e], ;Ae,, ., is finite. Because e;, ,Aey, , is finite, N\ €], ;[n,41] is infinite and we can find
kni1 € N\ ({ko,. .. ,kn} Ueg, 1 [nns1]) before continuing this internal induction. Finally set e = |, ¢y €n;

T regret that I cannot recall where I saw this proof.
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then e¢ : & — N\ {k; : i € N} is injective and e,, A(eg[n,) = e, Ael, is finite for every n € N. Now if 7 is
any ordinal less than &, there is an n € N such that n < n,, so that

enegln) C (enAlen, 1)) U (eq, Alegnn))
is finite. Thus the outer induction continues and we get a suitable family (e¢)¢<y,, -
(b) Take a family (e¢)e<w, asin (a). For n € N and £, n < wq, say that n <,, £ iff either n = € or
n<& e(n)<n, e,N(egIn) Cw xn.
We need to check the following.
(1) I ¢ < <pp € then ¢ <, & P If either ¢ = i or n = £ this is trivial. Otherwise, ( < n < £ and
ecAMeel€) € (ecA(en] ) U (endlecn) C wn x .

Of course ¢ < & If ec(¢) = e,(¢), then ec(¢) < n because e,(¢) < n; otherwise, es({) < n because

enMegln) Cwp xn. So ¢ <, & Q
Thus <, is transitive; the definition ensured that it would be reflexive; and it is antisymmetric because
<is.

(ii) If ¢ <, € and i <, € then either ¢ <,, n or n <,, . I We can suppose that ( < n. If { =7 or
7 = & then of course ¢ <, n. If { <n <&, then
ecAenlC) C (ecAlecl()) U (enAlegin)) C n.
If €, () = ec(¢) then e,({) < n because es({) < n; otherwise e,(¢) < n because e, Aes[n) C w1 X n. So
(< Q

(iii) Thus {n : n <,, &} is totally ordered by <, for every £. Moreover, {n:n <, £} C{{}U{n:n<¢,
e¢(n) < n} has at most n + 1 members, because e is injective. So <,, is well-founded and is a tree ordering
with height at most n.

(iv) It is also immediate from the definition that (<,,),en is non-decreasing. Finally, if n < £, there is
an n € N such that e¢(n) < n and e, A(e¢[n) C w1 X n, because e, A(eg[n) is itself finite. So <=, ey <n-

Version of 25.2.21
5A2 Pcf theory

In §542 T call on some results from Shelah’s pcf theory. As I have still not come across an elementary
textbook for this material, I copy out part of the appendix of FREMLIN 93, itself drawn largely from BURKE
& MAGIDOR 90.

5A2A Reduced products We need the following elementary generalization of the construction in 351 M.
Let (P;);er be a family of partially ordered sets with product P.

(a) Let F be a filter on I. We have an equivalence relation =x on P, given by saying that f =z g if
{i: f(@i) =g(i)} € F. I write P|F for the set of equivalence classes under this relation, the partial order
reduced product of (P;);c; modulo F. Now P|F is again a partially ordered set, writing

029 = [f<rg = {i: f(i) <g(i)} e F.
Observe that if every P; is totally ordered and F is an ultrafilter, then P|F is totally ordered.
(b) For any filter F on I we have
minadd P; = add P < sup add P;) = sup minadd P;
iel FeIJ)f (E ) FeIJ)f ieF
< add(P|F),

(©) 2007 D. H. Fremlin
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cf(P|F) < minper cf([[;cp P) < cfP.
P By 511Hg, add(] ], Pi) = min;er add P; for any F' € F, and in particular when F' = I. For p € P|F

choose f, € P such that f; = p. If F € F then p — f,[F is a Tukey function from P|F to [[;cp P,

so P|F <t [[;,cp P and 513Ee tells us that add(]],c» P;) < add(P|F) and cf(P|F) < cf(J],cp Pi). Also
f = fIF is a dual Tukey function from P to [[,.p Pi, so [[,cp Pi <7 P and cf([[,cp P;) < cfP. Q

(c) Note that if F, G are filters on I and F C G, then add(P|F) < add(P|G) and cf(P|F) > cf(P|G). P
If f <z gthen f <g g. So we have a canonical surjective order-preserving map v : P|F — P|G given by
saying that ¥(7x(f)) = mg(f) for every f € P, where mx(f), mg(f) are the equivalence classes of f in P|F
and P|G respectively. By 513E(b-iii), ¢ is a dual Tukey function, so P|G <t P|F and we can use 513Ee
again. Q

5A2B Theorem Let A > 0 be a cardinal and (0¢)¢<x a family of regular infinite cardinals, all greater
than A. Set P = [][,., 0. For any filter F on A, let P|F be the corresponding reduced product and
¢<a ¢
7w : P — P|F the canonical map. For any cardinal ¢ set

s = {F : F is an ultrafilter on A, cf(P|F) = §},

S5 = Ué’z& So3

if § # 0, let Gs be the filter 5. Now
(a) if §} # 0, then add(P|Gs) > d;
(b) for every d there is a set F' € [P]<? such that 7#[F] is cofinal with P|F for every F € §s;
(c) Fetp # 0.

proof The case of finite A is trivial throughout, as then

CfPZmaXC<)\ 94,
§s = {F : there is a { < A such that {{} € F and 0, = 6},
8 ={F:{C:0c =0} € F},

Gs ={G:{C: 020} CGC AL

So henceforth let us take it that A is infinite.
If F is an ultrafilter on A, then P|F is a non-empty totally ordered set with no greatest member, so its
additivity and cofinality are the same; thus

S5 = {F : F is an ultrafilter on \, add(P|F) = 6}
for every §, and
mincep 0 <6 < cf([Teep bc)

whenever F' € F € §s, by 5A2Ab.
Write L = {¢: ( <A, 0¢c = AT}, M = A\ L. If F is an ultrafilter on A and L € F, then cf([],c, 0c) = A*,

because the set of constant functions is cofinal with [[..; 0¢, so cf(P|F) must be A*; otherwise, M € F
and cf(P|F) > AT.
(a) Set ¢ = add(P|Gs).
(i) ¢ is a regular infinite cardinal (513C(a-i)) and
§" > mingey 0 > A

by 5A2Ab again. If § = AT then of course &’ > §; so suppose that § > AT. In this case L ¢ F for any
F e€Fs, s0MeGsand & > mineep 0 > AT

(i) ? If &’ < ¢ then (translating 513C(a-i) into a statement about the pre-order <g,) there is a family
(fa)a<s in P such that f, <g, fs whenever a < § < §’ but there is no f € P such that f, <g, f for every
a < §'. Choose he € P, ag < ¢ inductively, for £ < AT, as follows. hg = fo. Given he, set
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Bfa = {C : C € Ma h{(() > fa(C)}

for each a < ¢'; let ag < ¢’ be such that fo, Zgs he, so that Beo ¢ G5 when ag < a < 4¢’. Choose F¢ €
such that Be o, ¢ F¢. Now, because cf(P|F¢) > 6 > &', there is an hey1 € P such that fo, <z heqy for
every o < 0'; we may take hepq > he.

For non-zero limit ordinals £ < A* take he(C) = sup, ¢ hy(C) for every ¢ < \.

Set a = supgy+ ag < ¢’. Then (Bga)er+ is a non-decreasing family in PA. So there must be a § < AT
such that Be¢o = Bet1,a-

By the choice of h¢t1, Bet1,a € Fe. So Beo € Fe and fo <F, he. Because a > ag, fo, <gs fa, 50

Joe <Fe fo <7 he
and Bg o, € F¢; contrary to the choice of F¢. X

(b)(i) If F5 = 0, we can take F' = (J; so suppose that §s is non-empty. As in (a-i) above, we must have
§ > mincey 6 > A, and the case § = AT is again elementary. I Take F' C P to be the set of constant
functions with values less than A*. If F € §5 then M ¢ F and L € F. So for any h € P we have
o = sup;cyp h(¢) < AT, and there is an f € F such that f(¢) = « for every ¢, in which case h <z f; thus
wr[F] is cofinal with P|F, as required. Q

So suppose from now on that § > AT, so that M € F for every F € 5. Of course §, being the cofinality
of a non-empty totally ordered set with no greatest member, is regular (511He-511Hf, 513C(a-i)). For each
F € §s, choose a family (grs)s<s in P such that {mr(grg): 8 < 0} is cofinal with P|F.

(ii) ? Suppose, if possible, that there is no F' of the required type. In this case, we can find families
<f§a>§<A+,a<5 in P and <]'—§>£<>\+ in §s such that
(@) fna <Fe feo whenever a <6, n <& < \F;
(B) {77 (fea) : o« < J} is cofinal with P|F¢ for every £ < AF;
(7) fya < fea whenever a <6, n <& < AT
(0)if € <At, a < § and cfa = AT then
fea(€) = min{supgcc fep(() : C is a closed cofinal set in o}
for every ¢ € M;
(€) fep <Fe fea whenever £ <A1, < a < 4.
P Construct (fea)e<r+ a<s inductively, taking AT x & with its lexicographic well-ordering (that is, (&, o) <
(n,B) if either £ <nor £ =n and a < B). Given that (f,5)(5,8)<(c,a) satisfies the inductive hypothesis so
far, proceed according to the nature of «, as follows.

Zero If a = 0, then, because #(£ x §) < 4, the counter-hypothesis tells us that there is an F¢ € §5 such
that {7z, (fys) : m <&, B < d} is not cofinal with P|F¢. Accordingly we can find feo € P such that

Jna <F. feo whenever n < € and o < 4,
and because add P > AT > #(£), we can also insist that
fno < feo whenever n < €.
Successor If a = 8+ 1 is a successor ordinal, set

ffa(g) = maX(fgg(C), gf£5(<)7 Sup, ¢ fna(g)) for every ¢ < A;

this is acceptable because cff: > X for every (.
Cofinality AT If cfa = AT, set

f&a(C) = sup fna((:) if ¢ €L,

n<é
= min{sup fep(¢) : C is a closed cofinal set in a} if {( € M.
pecC

This time, note that if ( € M, then fe(¢) < 0 because there is a closed cofinal set in a with cardinal
A< 04.
Otherwise If « is a non-zero limit ordinal and cfa # AT, choose f¢, such that

fna < ffa for every 1 < €v
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fep <Fe fea for every B < o

this is possible because add P and add(P|F¢) are both at least At > max(#(€), #(a)).

Now let us work through the list of conditions to be satisfied.

(«r) is written into the case o = 0 of the induction.

(B) Because gr.a < fe,at1 for every a and {7r, (9r.q) : @ < 0} is cofinal with P|F¢, {77, (fea) : @ < 0}
is cofinal with P|Fe.

() The construction ensures that we shall have f,o({) < fea(€) in all the required cases except possibly
when cfa = AT and ¢ € M. But in this case, taking n < £ and a closed cofinal set C C « such that
fea(C) = supgee fep((), the inductive hypothesis will assure us that

fra(Q) < supgec fr5(C) < supgee fes(C) = feal),

so there is no problem.

(0) is written into the formula for the inductive step when cfa = A™.

(€) We certainly have feo < feat1, 50 fea <Fe feat1, for every a. If cfa = AT, then because the
intersection of fewer than cfa closed cofinal subsets of « is again a closed cofinal set in « (4A1Bd), there
will be a closed cofinal set C' C « such that feo(() = supgec fep(C) for every ¢ € M. So feg <F, fea for
every 3 € C; by the inductive hypothesis, feg <r, fea for every 8 < a. For other limit ordinals «, we have
fep SF. fea for every B < a directly from the choice of f¢q.

So the procedure works. Q

(iii) The next step is to choose a non-decreasing family (h,),<x+ in P and a strictly increasing family
(7(1))y<r+ in 6 such that
v(n) = sup,y <, 7(1') whenever 7 < A* is a limit ordinal (in particular, ¥(0) = 0);
ferem(€) < hy(C) whenever &, n < AT and ¢ € M (choosing hy);
hy <7 fem+1) Whenever £, 7 < AT (choosing v(n + 1)).
Set h(¢) = sup, -+ hy(¢) for ¢ € M, h(¢) = 0 for ¢ € L, a = sup, .y+ (1) < 0 (because § = cfd > AT);
then cfa = AT and {y(n) : n < AT} is a closed cofinal set in . Thus
f&a(o < SUPy, <A+ f&,fy(n) (C) < h(C)
for every € < AT and ¢ € M, by (ii-§). So if we set
Ae={C: (€M, fealC) = h(Q)}
for each £ < AT, we shall have A, C A, whenever n < ¢ < A, by (ii-y).
(iv) As #(M) < X, there must be some & < A" such that A¢ = A¢11. Let C C a be a closed cofinal
set such that
fer1,0(Q) =supgee fer1,5(C)

for every ¢ € M. Set C' = y7![C]. Then C’ is a closed cofinal subset of A*. P It is closed because
v : AT — « is order-continuous, therefore continuous (4A2Ro). Next, v[A*] is closed and cofinal in «, while
cfa = A1 is uncountable, so C N y[AT] is cofinal with a and y[AT] (4A1Bd again), and C’ is cofinal with
AT.Q

For each n € C’ write i’ for the next member of C’ greater than 7; then
by SFen f§+1ﬁ(n+1) SFen fEJrl,“/(n’)’

fea <Feps ferr0 = ferr0)
so there is a (; € M such that

hn(Cn) < f§+1,'y(7]’)(<17)7 ffa(C'r]) < f§+1,'\/(0)(<?7) < ho(Cn) < h(Cn)
Let ¢ € M be such that

B={n:nel, ¢=_(}
is cofinal with A™. Then feq(¢) < h(C) so ¢ ¢ Ae. On the other hand,

fer1,0(C) = supgee fer1,6(C) = sup,ep fer1,,()(C) = sup,ep hy(C) = h(C)
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because (h;), <+ is non-decreasing. So ¢ € Agy1; which is impossible. X
This contradiction completes the proof of (b).

(c)(i) Set A={6:85 #0}, G =Usca Gs. Since G5 C Gsr for 6 < 0" in A, G is a filter on A and there is
an ultrafilter H on A including G. For any § € A, H D Gs, so

cf(P|H) = add(P|H) > add(P|Gs) > § > A,
using 5A2Ac and (a) above. Consequently 0* = cf(P|H) is the greatest element of A.

(ii) For each § < 0* choose a set Fs € [P]<% such that 7x[Fs] is cofinal with P|F for every F € §s
(using (b) above). Set F' = (5. F5 and

G={supl:I€[F]<¥}CP.

Then #(G) < §*. I claim that G is cofinal with P. PP? Suppose otherwise; take h € P such that h £ g for
every g € G. Write

Ag ={C: h(¢) > g(O)}
for each g € G. Because G is upwards-directed, {A, : ¢ € G} is a filter base, and there is an ultrafilter F
on A containing every A,. Now there is a 6 € A such that F € §s, so that mx[F5] is cofinal with P|F, and
there is an f € Fjs such that h <z f. But in this case A = {{: h(¢) < f(¢)} and Ay = A\ A both belong
to F. XQ

(iii) Accordingly c¢f P < #(G) < §*. But also of course §* = cf(P|H) < cf P, so ¢* = cf P. Now we
have H € §s« = Fet p-

5A2C Theorem Let A > 0 be a cardinal and (0¢)¢<x a family of regular infinite cardinals, all greater
than A\. Set P =[[._, 0¢. Let F be an ultrafilter on A and r a regular infinite cardinal with A < x < cf(P|F).
(In the language of 5A2B, F € §}.) Then there is a family (6;)¢c<x of regular infinite cardinals such that
A <0 <0 for every ¢ < A and cf(P'|F) = &, where P' = []._, 0;.

proof (a) If A is finite, there is a ( < A such that {C} € F, cf(P|F;) = 0; and we just have to take 0; = &;
if K = AT we may take 0 = AT for every (; if kK = cf(P|F) we may take 0 = 0¢; so let us assume that
wi < AT <k < cf(P|F). In this case {¢: ¢ < X, 6 = AT} ¢ F, by 5A2Ab, so M = {{ : ¢ < X\, 6 > AT}
belongs to F.

(b) For each ordinal v < & choose a relatively closed cofinal set C, C ~ with otp(C,) = cfy. Choose
families (fa)a<r, (Gary)a,y<x in P inductively, as follows. Given (fg)g<q, where o < &, and v < &, define
Jay € P by setting

Gar(Q) = sup{fs(¢) : B € C,Na} + 1 if this is less than 6,
= 0 otherwise.
Now choose f, € P such that

fﬁg]:favﬁ<av ga'yg]:fav’}/<:‘{;

this is possible because k < cf(P|F). Observe that if « = 5 + 1 then C, = {8} so that goe = fz + 1 and
fo €7 fs. Continue.

c) duppose that for eac < A we are given a set C 0, wit <A en there is an o < kK suc
S hat fi h (¢ <A i S¢ C 0 with #(S¢ A. Th here i h
that

for every h € [[. ) S¢, if fo <7 h then fg <z h for every 8 < k.

P7? If not, then (because « is regular) we can find a family (h¢)e<, in H<<A S¢ and a strictly increasing
family (¢(§))e<x in & such that

foe) SF he <F foesr) for all £ <k,

#(§) = sup, ¢ ¢(n) for limit ordinals § < .
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Set

C={¢: &<k, () =¢},

so that C is a closed cofinal set in x. Let o € C be such that o = sup(CNa) and cfa = AT. Then (because
At > w) CNC, is cofinal with a.
For e CNC, and { < A we have

#(Co N B) < otp(Cy N B) < otp(Ca) = AT < b,

SO
Oc > SUP¢ec,np fe(€) +1=gpal(C)-
Now
9sa <F fo = fop) <F hp <F fopr1) <F I,
where 3’ is the next member of C' N C,, greater than 8. So there is a (3 < A such that
98a(Ca) < hs(Cp) < far(Ca)-
Because A < cf« there is a ¢ < A such that
B={B:8€CNC, {sg=C}
is cofinal with c. But now observe that if 3, v € B and 8’ <~y then 8/ € CNC, N~ so
hs(€) < f5(€) < gya(C) < hy(C).

It follows that

AT =#(B) = #({hs(C) : B € B}) < #(S¢) < A,
which is absurd. X Q

(d) Consequently E = {f2 : @ < k} has a least upper bound in P|F. P? If not, choose a family

(he)e<r+ in P inductively, as follows. Because x < cf(P|F), there is an hg € P such that f, <z hg for
every a < . Given h¢ such that hg = 7r(he) is an upper bound for E in P|F, then hg cannot be the least
upper bound of E, so there is an h¢4q € P such that hg¢. is an upper bound of E strictly less than hg. For
non-zero limit ordinals £ < AT, set

Sec = {hn(C) : m < &} S bc
for each { < A. By (c) above, there is an a¢ < k such that
for every h € [[, .\ Sec either fo, £r hor fo <ph ¥V a <k.
Set
he(C) = min({n : n € Se¢, fae(C) < np U{ho(¢)}) € Sec
for each ¢ < A. Then fo, <7 he (because fo,(C) < he(¢) whenever fo,(¢) < ho(¢)) and he € J[. ) Sec, so
fo <7 h¢ for every a < k and h{ is an upper bound for E. Also, if n < £, then he(¢) < hy(¢) whenever
Jae (€) < hy(C), so he < hy. Continue.
Having got the family (he)eoy+, set

Se¢ = Ugans Sec = {he(Q) : £ < AT} C o,

for each ¢ < A. For each a < k, { < A set
9a(¢) = min({n : fa(C) <n € Sc}U{ho(()}) € S

Then, by the same arguments as above,

fo <F ga <F h¢ for every a < k, £ < AT.

For each o < k there is a non-zero limit ordinal £ < A™ such that g, (¢) € Se¢ for every ¢ < A, because
S, A+ is non-decreasing for each (. Because AT < k there is a non-zero limit ordinal £ < A" such that
§C/E<

A={a:ga(C) € S V ¢ <A}
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is cofinal with x. In particular, there is an o € A such that o > ae. In this case
Jae <F fa <F 9o <F hev1 <F he €7 heta,
so there is a ¢ < A such that
fae(€) £ fa(€) < galQ) < hera(C) < he(Q).
But now observe that
fae(€) < ga(C) € Sec
50 he(Q) < ga(Q) < he((), which is absurd. XQ

(e) Let g € P be such that ¢g* = sup E in P|F and g(¢) > 0 for every ( < A. For each ¢ < X set
0. = cf(g(¢)) < 6¢ and choose a cofinal set D¢ C g(¢) of order type ;. For a < k and ¢ < A set

9a(€) = min{n : fo(C) <n € D¢}
if fa(€) < g(¢), min D¢ otherwise. Then g, <z gs whenever a < 8 < . Alsoif h € @ = [[,, D¢ then
h® < ¢°® so there is an « < & such that h® < f2 < §°. Thus {§2 : @ < k} is a cofinal subset of {h® : h € Q}.

(f) Because each D, is order-isomorphic to ég, we can identify Q with P = H<</\ ég. Now if a < k, then
there is a 8 < k such that g, <z fs while fg11 €5 fs (see (b) above), so Gg+1 €5 go- Because k is regular,

cf(P|F) = cf({h* : h € Q}) = cf({3% : a < k}) = k.
(g) It may be that some of the ég are less than or equal to A. But taking I = {¢ : ég < A}, we have

I¢ F. P? If [ € F, then for each ¢ € I set S¢ = D¢ and for ¢ € A\ I set S¢ = {0}. Then #(S¢) < A for
every ¢ < A. By (c), there is an a < k such that

for every h € HC<>\ SC» if fo <rhthen fs <rhV g <&k.
But as fo41 <r g, and I € F, there must be an h € HC</\ S'C such that f, <z h, and now g <z h because
g° is the least upper bound of E; but h(¢) < g(¢) for every ¢ € I, so this is impossible. XQ
So {¢: 6. > A} € F. But this means that if we set
O = éC when éC > A,
= 6 when §; < X
and P' =[], _, 0¢, then P'|F = P|F so cf(P'|F) = k, as required.

5A2D Definitions (a) Let «, 8, v and ¢ be cardinals. Following SHELAH 92 and SHELAH 94, I write

COVSh(aa ﬁv s 5)

for the least cardinal of any family € C [a]<# such that for every A € [a]<” there is a D € [£]<° with
A CJD. In the trivial cases in which there is no such family £ I write covgy (v, 8,7, d) = oo.

(b) For cardinals «, v write O(«, ) for the supremum of all cofinalities

cf([Te<n 0c)

for families ()¢« such that A < «y is a cardinal, every 6 is a regular infinite cardinal and A < 6, < « for
every ¢ < A. (This carries some of the same information as the cardinal pp,(«) of SHELAH 94, p. 41.)

Remarks (i) Immediately from the definitions, we see that
covsn(a, B',7,0") < covsn(e/, 8,7',6),  O(a,7) < O(,7)
whenever a < o', 3 <, v <+ and § <.

(ii) The definition of © demands a moment’s thought in trivial cases. If v = 0 there is no A < v, so
we are taking the supremum of an empty set of cofinalities, and O(«,0) = 0 for every a. If v > 0 then
we are allowed A = 0 and [[._, 0c = {0}, so ©(a,7) > 1 for every a.. If v > 1 we are allowed A = 1, so

O(a™,v) > «a for every infinite a.
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5A2E Lemma Let «, 3, v, 7/ and ¢ be cardinals.
(a) If vy <+’ < B and § > 2 then

covsn(a, B,7,6) < cf([]<7) < #([a]<7).
(b) If either w < v < cfa or w < cfa < ¢f§ then

COVgh (Oé, /Ba s 5) < max(a, SUPg<q COVSh(ea /67 Vs 5))

proof (a) If £ is a cofinal subset of [a]<7" of cardinal cf([a]<?"), then £ witnesses that covgy(a,v',7’,0) <
cf([o]<7"). Now

covsn(a, ,7,6) < covsn(a, 7,7, 8) < cf([a] <).

(b) Set k = max(«, supg.,, covsn(f, 5,7,9)) and A = cfa. Let ((¢)e<r enumerate a cofinal subset of a.
For each & < A, let & C [¢]<” be a set with cardinal at most x such that for every A € [(¢]<7 there is a
D € []<° such that A C |JD. Set £ = Ug<n &, so that £ C [2] < has cardinal at most x. Take A € [a]<7.

If w <+ < A then sup A < « and there is a £ < X such that A C (. Now thereis a D € [55]<5 C [E]<?
such that A C |JD.

If w < X < cfd, then for each £ < A there is a D¢ € [€]<° such that AN € JDe. Set D = Ug<r Des
because A < cfd, D € []<?, while

A:U§<)\A0CEQUD~

Thus in either case £ witnesses that covgy(a, 8,7,0) < k.

5A2F Lemma Let a, v be cardinals. If o < 27, then O(«, ) < 27.
proof If v < w then ©(a,vy) < max(1,a) <27. If v > w, A <y and 6 <27 for every ¢ < A, then
cA(ITean00) < #(T1ecn bc) < (27)7 = 27.

5A2G Theorem For any cardinals a and -,

COVSh(aa Vs wl) < max(w, Q, @(a’ 7))

proof (a) To begin with (down to the end of (f) below) let us suppose that we have a > v = 73~ > cfa > w,
and set k = max(a, O(«,7)).
Take a family € C [a]<7 such that

(i) € contains all singleton subsets of «;

(ii) £ contains a cofinal subset of «;

(i) T E€&then {€: £+ 1€ E} €&;

(iv) if E € & then there is an F' € £ such that sup(FNE) = £ whenever £ € E and w < cf € < 7p;

(v)if E€e&then {£: £ €FE, cf >y} e

(vi)if B € € and cf([[,cpn) < &, then {g: g € [],cpn, g[E] € £} is cofinal with [], cpn;

(vil) #(E) < r.
To see that this can be done, observe that whenever E € [a]<7 thereis an F' € [a]=? such that sup(FN¢) = &
whenever £ € E and w < cf€ < 4p; thus condition (iv) can be achieved, like conditions (iii) and (v), by
ensuring that € is closed under suitable functions from [a]=70 to itself; while condition (vi) requires that for
each E € £ we have an appropriate family with cardinal at most x included in &.

Write J for the o-ideal of Pa generated by £. Note that if A € J then {£: £+ 1 € A} belongs to J, by
(ii).

(b) ? If covsn(a,v,7,w1) > k, there must be a set in [a]S7° not covered by any sequence from &,
that is, not belonging to J; that is, there is a function f : v9 — « such that f[yo] ¢ J. Accordingly
I ={f"1E]: E € J} is a proper o-ideal of P~,. By condition (a-i), Z contains all singletons in P~y.

Let H be the set of all functions h : 79 — « such that f(§) < h(§) for every & < 7o and h[y] € J.
Because £ contains a cofinal set C' C a (condition (a-ii)), we can find an h € H; just take h : v9 — C such
that f(£) < h(€) for every &.
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(c) Because T is a proper o-ideal, there cannot be any sequence (hy)nen in H such that {£ : h,y1(€) >
hn, (&)} € T for every n € N. Consequently there is an h* € H such that

{&:h(&) > h*(&)} ¢ T for every h € H.

We know that h*[yo] € J; let (E,)nen be a sequence in € covering h*[yo]. For £ < v write 0 = cf(h*(£)),
so that each ¢ is 0 or 1 or a regular infinite cardinal less than a. Set

I={¢: &<, f(§)=h"(&},
I'={&: & <0, f(§) <h*(§), 0 =1},
In = {€: € <0, f(§) <h7(E), w < b <0, h*(£) € En} forn €N,

In ={&: & <0, F(E) <R (E), 10 <b¢, h*(§) € Ep} for n € N.
Note that if 8, = 0 then h*(§) =0 = f(&), so I, I', (In)nen and (J,)nen constitute a cover of 7.

(d) For each n € Nset G, = {n : n € E,, cfn > v} € &; note that h*(§) € G, for £ € J,. Then
cf(I],eq, m < O(a, 7). P Forn € Gy, set 0, = cfn; then 0; is a regular cardinal and #(Gr) <0 <0;, <«
for each n € G,. If for each n € G, we choose a cofinal set C,, C 7 of order type 6;, then

cf(leq, n) = cfl e, Cn) = cfll,cq, 05) < O(a,7)

by the definition of ©(«,v). Q
Consequently, by (a-vi),

{g ‘g€ H’VIEGn m, g[Gn] € 5}

is cofinal with [, . 7.

(e) Define h : 9 — « as follows.
(i) If € € I set h(§) = h*(€).
(i) If € € I' let h(&) be the predecessor of h*(£).
(iii) For each n € N take F,, € &£ such that n = sup(F,, N n) whenever n € E, and w < cfn < 7. If

§€ L\ U, ncn Im, take h(§) € F,, such that f(£) < h(§) < h*(§).
(iv) For each n € N and n € G,, set

g*(n) =sup{f(§) : £ <o, f(§) <h*(§) =n}.

Then g*(n) < n, because yo < cfn. By (d), there is a g, € [, ¢, n such that g,[G,] € € and g*(n) < gn(n)
for every n € G,,. So for £ € Jp \ U,ncp, Jm We may set h(§) = gn(h*(£)) and see that 2*(§) € G, and

f(&) < g"h*(§) < gnh™ (&) = h(§) < h*(E),
while h(&) € g,[Gr].
(f) Now we see that
hlvol € ol U {n:n+ 1€ " [v0]} UlUpen Fn U Upen 9nlGnl € T,
while f(§) < h(€) for every £ < 79, so h € H. Consequently
I={&: () 2 h" ()} ¢ 1.

But also
fUI € Ryl € T,
so I € Z, which is absurd. X

(g) Thus the special case described in (a) is dealt with, and we may return to the general case. I proceed
by induction on « for fixed ~.

(i) To start the induction, observe that if either &« < w or v < w or a < =, then

covsn(a, 7,7, wi) < cf([a]=7) < max(a, w).
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(ii) For the inductive step to o when either cfa > v > w or cfa = w, 5A2ED tells us that
COVSh(O[, Y wl) S max(a, sup COVSh(O/7 Y wl))

o' <o

< max(w, @, sup O(a’,7)) < max(w, o, O(cv, 7))

a'<a
by the inductive hypothesis.
(iii) For the inductive step to a when w < cfaw < v < v, observe that
[a] <7 = Usy [a]=°.

For each cardinal § < v we have a set & C [a]=? such that #(&5) < covsn(a, 6T, 01, w;) and every member
of [a]=% can be covered by a sequence from &. Set £ = J Es; then € C [a]<7 and every member of
[a]<7 can be covered by a sequence from &. So

cfa<lo<y

covsh(a, 7,7, w1) < #(€) <max(y, sup covep(a, 67,67, wi))
cfa<d<y

< max(r.a, sup O(a,6))
cfa<ld<y

(by (a)-(f) above)
< max(a, (e, 7v)).

This completes the proof.

Remark This is taken from SHELAH 94, Theorem I1.5.4, where a stronger result is proved, giving an exact
description of many of the numbers covgy (v, 5,7, d) in terms of cofinalities of reduced products [ cex 0c|F.

5A2H Lemma Let v be an infinite regular cardinal and « > ©(7,~) a cardinal. Then ©(0(a,7v),7) <
O(a, 7).

proof (a) The case v = w is elementary, since O(«a,w) < « for every cardinal a.. So we may suppose that
is uncountable.

(b) ? Suppose, if possible, that ©(«,v) < O(O(«,7),7)-
(1) ©(7,7) < a < O(a,v) so v < a and O(«, ) is infinite.

(ii) There is a family (6;)¢<x of regular infinite cardinals such that A <y, A < 0; < ©(a,~) for every
¢ < Aand cf([[,y 0c) > O(a, 7). As O(a,y) # 0, A # 0. By 5A2Bc, there is an ultrafilter 7 on A such
that cf(J[. ., 0c|F) > ©(a, 7).

(iii) Set L={¢: { < A, 0 < a}; as

H(1) <A <min(r,0), 0 <o
for every ¢ € L,

cf(Tleer 0c) < O(a,y) <cf([Tecp ¢ F)
and L ¢ F (5A2Ab). Set M = A\ L € F. Let 7/ = FN'PM be the induced ultrafilter on M, so that
H4<,\ Oc|F = HCeM 0¢|F', and Cf(ngM 0c|F') > O(a,7).
(iv) For each ( € M, we have 0; < ©O(a,7), so there must be a family (0¢;)n<a, of regular infinite
cardinals with A¢ < v, A¢ < 0¢yy < o for every n < A¢ and 0 < cf(]_LK/\< Ocyn). Again by 5A2Bc, there is an

ultrafilter F¢ on A¢ such that 6. < cf(]] OcnlFe). Because

n<A¢
)‘C <v<a< 90
5A2C tells us that there is a family (0;, )<, of regular infinite cardinals such that A¢ < 07, < 6, for every

n and 94 = Cf(H’Z<)\C 02“]‘2‘)
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(c)(i) Set
I={(¢n):CeM n<Ad,

H={H:HCI,{¢:{n:((,;n) € H} € F¢} € F'},

P = H(CW)EI G/Cn'
Then H is an ultrafilter on I, and cf(P|H) > cf([[;cp 0¢c[F). B Let ' C P be a set with cardinal cf(P|H)
such that {f® : f € F} is cofinal with P|H. For f € P and ¢ € M, define f; € Hn<>\< 0, by setting
fe(m) = f(¢m) for each n < A¢, and let f? be the image of f¢ in Hn<>\g 0¢,|Fe. For each ¢ € M let

(uce)e<p, be a strictly increasing cofinal family in the totally ordered set Hn<>\< 9/47;|}-C~ Now, for f € F,

take a function gy € [].c,, 0c such that f& < w4, for every ¢ € M.
If g e HceM 0¢, then we can find an h € P such that hf = u¢ 4(¢) for each ¢ € M. Let f € F be such
that h <3 f. Then

{C:9(0) <gr(O} 2{C:hg < fE} e F,

so g <y gg. Accordingly {gy : f € F'} is cofinal with [[.c, 0c|F" and cf([[ecp, 0c|F') < #(F) = cf(PH),
as claimed. Q

(ii) Note that as #(M) < X <y, A¢ <~ for every ¢ € M and ~y is uncountable and regular,
#(I) < max(w, #(M),supCEM Ac) < 7.

(d)(i) Putting (c-i) and (b-iii) together, cf(P[H) > O(a, 7). Set J ={(¢,n) : ((,n) € I, O, > ~v}. Since

#(J) < #(I) <v
((c-ii) just above)
<O¢,) < ey <

whenever (¢,n) € J,
Cf(H(C,n)EJ 9217) < @(a77) < Cf(P|H)
and J ¢ H by 5A2ADb once more. It follows that K =T\ J € H. Set M' ={¢: (e M, {n:((,n) e K} €
]:C} eF.
(ii) If ¢ € M, then F' = {n:n < A¢, 0, <7} belongs to F¢. Now

0 = cf( [] 06,1 F) < ef(]] 06) < ©(1,7)

n<A¢ ner
(because #(F') < A¢ < 0, < for every n € F)
<a <l

because ¢ € M. . So in fact 6. = « for ( € M’ and we have
O(a,v) < Cf(ngM Oc|F') < Cf(ngM’ 0c) = Cf(Hg<5 @),
where § = #(M’), while at the same time « is infinite and regular.

(iii) But if « is infinite and regular and 1 <6 < a, cf([[,5 @) = a. Accordingly ©(a,v) < a; which
contradicts (b-1) above. X
This contradiction completes the proof.

5A2I Lemma Let « and v be cardinals. Set 0 = sup,,, ©(c/,7).
(a) If cfa >« then O(«, v) < max(a, 9).
(b) If cfa < v then O(a,v) < max(a, §%), where §¢ is the cardinal power.
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proof Let (6:)c<x be a family of regular infinite cardinals with A < 6. < « for each ¢ and A < 7.

case 1 If o/ = Sup; < 0¢ is less than «, set
I={C:(< A\ 0 <a'},

J={C:C <A\ b =a').
Then
Cf(H(eI 0:) <O(,v) <4, Cf(HCeJ 0c) <max(1,d) < a.
If A =0 then cf(J[. ., 0c) =1 < a3 if A > 0 then o is infinite and

cf([Tecn 0c) < max(w, cf([[oc; 0c), cf([[ee s bc)) < max(a,d).
This is enough to deal with (a).
case 2If o/ =a=0then A =0=14, so
cf([Jecnbe) =1= gete,
So (b) is true if a = 0.
case 3Ifa/ = a > 0 and cfa < v, then A > 0 and « is a supremum of strictly smaller infinite cardinals, so

must be uncountable. Let (c¢)e<cra be a strictly increasing family of cardinals with supremum «, starting
from ap = 0 and a; = w and with ag = sup, ., o, for non-zero limit ordinals { < cfa. Set

Pe = H§<)\,a£§0<<o¢§+1 O¢
for each £ < cfa. Then
of Pe < O(agi1,7) <9

for each £ < cfa, so

cf(ITecn bc) = cf([Tecera Pe) < gofe,
Putting this together with case 1, we have a proof of (b) when a > 0.

Version of 20.5.23
5A3 Forcing

My discussion of forcing is based on KUNEN 80; in particular, I start from pre-ordered sets rather than
Boolean algebras, and the class V' of terms in a forcing language will consist of subsets of VF x P. I find
however that I wish to diverge almost immediately from standard formulations in a technical respect, which
I describe in 5A3A, introducing what I call ‘forcing notions’. I do not refer to generic filters or models
of ZFC, preferring to express all results in terms of the forcing relation (5A3C). I give some space to the
interpretation of names (5A3E, 5A3F) and, in particular, to names for real numbers derived from elements
of L°(RO(P)) (5A3L).

5A3A Forcing notions (a) A forcing notion is a quadruple P = (P, <, 1,1) or P = (P, <, 1,]) where
(P, <) is a pre-ordered set (that is, < is a transitive reflexive relation on P), 1 € P, and
if P=(P,<,1,1) then 1 < p for every p € P,
if P=(P,<,1,]) then p <1 for every p € P.
In this context members of P are commonly called conditions.

(b) I had better try to explain what I am doing here. The problem is the following. Consider two of the
standard examples of pre-ordered set in this context. For a set I, Fn.,,(I;{0,1}) is the set of functions from
finite subsets of I to {0,1}; for a non-trivial Boolean algebra 2, 2" is the set of non-zero elements of . In
each case, we have a relevant direction. In Fn.,,(I;{0,1}), a condition p is stronger than a condition ¢ if p
extends ¢, that is, if p D ¢; in AT, p is stronger than ¢ if p C ¢. So the forcing notions, in the terminology I
have chosen, are
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(FH<W(I; {Oal})agamaT)a (QlJraga]-Qlai)'

Generally, I will say that a forcing notion (P, <, 1,1) is active upwards, while (P, <, 1, ) is active down-
wards.

(c) Of course this is unconventional. It is much more usual to take all forcing notions to be active in the
same direction (usually downwards) and to use local definitions (e.g., saying that ‘p < ¢ if p extends ¢’) to
ensure that this will be appropriate.

However the great majority of forcing notions, like the two examples in (b) above, come with structures
which strongly suggest a natural interpretation of ‘<’; and these structures are not arbitrary, but are essential
to our intuitive conception of the pre- or partial order we are studying. I prefer, therefore, to maintain the
notation I would use for the same objects in any other context, and to indicate separately the orientation
which is relevant when using them to build a forcing language.

(d) This approach demands further changes in the language. It will no longer be helpful to talk about
conditions in P being ‘larger’ or ‘less than’ others. Instead, I will use the word ‘stronger’: if P = (P, <, 1,1),
then p € P will be stronger than ¢ € P if p > ¢; if P = (P, <, 1, ), then p € P will be stronger than ¢ € P
if p < gq. (So p will be stronger than 1 for every p € P.)

Similarly, the words ‘cofinal’ and ‘coinitial’ are now inappropriate, and I will turn to the word ‘dense’,
as favoured by most authors discussing forcing; if P = (P, <,1,%) is a forcing notion, a subset @ of P is
dense if for every p € P there is a ¢ € @ such that ¢ is stronger than p. In the same way, I can say that
two conditions p, ¢ in P are ‘compatible’ if there is an r € P stronger than both. We shall have a standard
topology on P generated by sets of the form {q : ¢ is stronger than p}, and a corresponding regular open
algebra RO(P), as in 514M. An antichain for P will be a set A C P such that any two distinct conditions in
A are incompatible, and P will be ccc if every antichain for P is countable. The ‘saturation’ sat P of P will
be the least cardinal s such that there is no antichain with cardinal «.

5A3B Forcing languages Let P = (P, <, 1,1]) be a forcing notion.

(a) The class of P-names, that is, terms of the forcing language defined by P, is
VE={A:Aisaset and A C VF x P}
(KUNEN 80, VIL.2.5)2. In this context, I will say that the domain of a name A € V¥ is the set dom A C VF

of first members of elements of A.

(b) For any set X, X will be the P-name {(7,1) : z € X} € V¥ (Kunen 80, VI1.2.10).

5A3C The Forcing Relation (KUNEN 80, VII.3.3) Suppose that P = (P, <,1,1) is a forcing notion,
p € P, ¢, 1 are formulae of set theory, and g, ..., 4, € VF.

(@) plFedo = 21 iff
whenever (9, q) € @9 and r € P is stronger than both p and g, there are a (¢/,¢’) € ¢; and an
r’ stronger than both r and ¢’ such that v |Fpy = ¢/,
whenever (9, q) € #; and r € P is stronger than both p and ¢, there are a (¢/,¢’) € ¢ and an
r’ stronger than both r and ¢’ such that ' |Fpy = 7'
Note that p |Fp & = & for every P-name & and every p € P (induce on the rank of ).

(b) plFepdo € @1 iff
whenever ¢ € P is stronger than p there are a (¢,¢’) € #; and an r stronger than both ¢ and
¢ such that r |Fpig = 9.

(C) p ”_]P’ ¢(‘®07 cee ,Z'n) &’l/)(il’o, cee ;xn) iff
p“_]P’ ¢(j:07 s 7xn> and p “_]P’ ¢(5007 e ,Z’n)

2In this section, we need the Axiom of Foundation (‘for any non-empty set A, there is an a € A such that an A = )’); here,
to determine whether a set A belongs to VP, we need to induce on the rank of A.
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(d) plFe (2o, ... ,&,) iff
there is no ¢ stronger than p such that g lkp ¢(Zo,... ,Zn).

(e) p ”_IP 3 x, (b(.]?,jfo’ cee ,l’n) iff
for every ¢ stronger than p there are an r stronger than ¢ and a § € VF
such that r |Fp (9, @0, . .. ,@n).>3

(f) You will see that if p|l-p ¢ and ¢ is stronger than p then q |Fp ¢.

(g) In this context I will write |Fp for 1 |-p.

5A3D The Forcing Theorem If ¢ is any theorem of ZFC, and P is any forcing notion, then |fp ¢.
(KUNEN 80, VII.4.2.)

5A3E Names for functions Let P be a forcing notion, P its set of conditions, and R C VF x VF x P
a set. Consider the P-names

=1 9),p) : (&,9.p) € R},

A={(&,p): (&,9,p) € R}, B={(9,p): (&,9,p) € R}.
(a) The following are equiveridical:
(i) |Fp f is a function;
(ii) whenever (2o, 9o, Po), (1,91, p1) belong to R, p € P is stronger than both pg and p; and p|Fpdo =
@1, then plFpgo = 1.
(b) In this case,
plke (&) =9
whenever (&,9,p) € R,
e dom f = A and f[A] = B,
and the following are equiveridical:
(i) |Fp f is injective;
(ii) whenever (io, §o,p0), (1,91, p1) belong to R, p € P is stronger than both py and p; and p |Fpgo =
1, then p|bp o = 7.

Remark In the formula for f here, brackets take different meanings at different points. In the expression
((#,9),p), the inner brackets must be interpreted in the forcing language, while the outer brackets, like the
brackets in the expression (&,y,p) € R, are interpreted in the ordinary universe; KUNEN 80 might write

f={(op(&,9),p) : (,9,p) € R}.

proof Elementary.

5A3F More notation In 5A3C I took it for granted that every formula of set theory would have a
version in VF. I should perhaps explain some of the versions I have in mind. Let P = (P, <,1,1]) be a
forcing notion.

(a) If 9o, 91 € VF then & = {(o, 1), (11, 1)} € VF, and
IFez = {g0, 91 };

so we have a suitable formal expression for pair sets in V. Similarly, if we think of the formula (x,%) as
being an abbreviation for {{z}, {x,y}}, we get a P-name

3This formulation is appropriate if we wish to explore forcing without using the axiom of choice. Subject to AC, we have
an alternative condition: p |Fp 3z, ¢(x, g0, ... ,@n) iff there is a § € VT such that p |Fp ¢ (3, 20, ... ,n).
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2 ={({@o, D}, 1), ({ (9o, 1), (41, 1)}, 1)}

such that
IFe 2 = (90, 91)-

(b) Now let {&;);er be a family of P-names, and set
f= {((7,44),1) : 4 € I}.
As in 5A3E,
[ f is a function with domain 7,
and
e f(7) = i
for every ¢ € I. For obvious reasons I do not wish to spell this procedure out every time, and I will use the
rather elliptic formula

(#i)ier
to signify the P-name f.
(c) Similarly, 7' = {(d, 1) : i € I} is a P-name such that |Fpi; € T for every i € I, and whenever p € P

and 4 is a P-name such that p|Fp & € T, there are an i € I and a ¢ stronger than p such that ¢ |Fpd = @;;
will write {a; : i € I} for 7.

(d) In the same spirit, if I have a family (&;);c; of P-names for real numbers between 0 and 1, I will allow
myself to write ‘sup,; &’ to signify a P-name such that

e sup;c;d; = sup{d; : i € I},
without taking the trouble to spell out any exact formula to represent the supremum. I will do the same
for limits of sequences; if (Z,)nen is a sequence of P-names for real numbers, and

|Fp (Zn)nen is convergent,
then I will write ‘lim,, oo @,  to mean a P-name & such that
IFe (#n)nen — & € R.
Of course this is tolerable only because it is possible to set out a general rule for devising a suitable name

i € VF from the given sequence (i, )nen. See 5A3L below.

5A3G Boolean truth values Let P be a forcing notion and P its set of conditions.

(a) If ¢ is a formula of set theory, and iy, ... ,&, € VF, then

{p:pepﬂp“_P¢(‘@07"' 71'.771)}
is a regular open set in P (use 514Md); I will denote it [¢(zg, ... ,&n)]-

(b) If ¢ and 1 are formulae of set theory and o, ... , %, € VF, then
[o(io, ... &n) &Y(Zo, ..., 2n)] = [&(Zos- .. s Zn)] N [Y(Z0,. .. s 3n)]

and
[—é(zo, ... ,2n)] = P\ [¢(Z0,- .. ,%n)],
the complement of [¢(o, ... ,2y,)] in RO(P).
(c) If ¢ is a formula of set theory, A is a set, and o, ... , &, are P-names, then

Bz e A, ¢, do,... 0n)] =intUycy [0 do, ... )],
the supremum of {[¢(a, &g,... ,&n] : @ € A} in RO(P). (Use 5A3Ce.)
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5A3H Concerning s (a) The reader is entitled to an attempt at consistency on the following point
of notation, among others. For any set X and any forcing notion P there is a corresponding P-name X
(5A3Bb). We start with () = (). If 1 = {@} is the next von Neumann ordinal, we get a name

I={01)}={01}

and we can check directly from 5A3C that

e 1= {0},

that is, if you like,
”’Pi =1,
where in this formula the first 1 is interpreted in the ordinary universe and the second is interpreted in the
forcing language. Similarly, if we take ‘2’ to be an abbreviation for ‘{0, {#}}’, we have
Fe2 =2,
and so on. Indeed we get

|Fp @ is the first infinite ordinal,

|Fp Q is the set of rational numbers,

so the same convention would lead to
Freo=w,N=N,Q = Q.

(This formula does not depend on which construction of the set of rational numbers we use, provided that
we use the same method both in the ordinary universe and in the forcing language.) Of course it is not the
case (except for forcing notions of particular types) that

[Fp @ is the first uncountable ordinal,  |Fp R is the set of real numbers.

(b) For ‘absolute’ objects, therefore, like w+ 7 or %, appearing in sentences of a forcing language, I shall
have a choice between formulations

(w+7)7 (B)
(working directly from 5A3Bb),

w+7, %

(regarding the phrases ‘w+ 7" and ‘%’ as abbreviations for expressions in set theory which can be evaluated
either in the ordinary universe or in the forcing language), or

o7, 227%7
(regarding w, +, 7, 22 and = as sets to which the rule of 5A3Bb can be applied, and then interpreting the
combination in the forcing language). The least cluttered versions, w+ 7 and 2—72, look better, and these will
ordinarily be my choice. But it means that when you see the symbol Q in a sentence of the forcing language,

it is likely to mean two things at once, a superposition of ‘the set of rational numbers’ and ‘the P-name Q’,
with algebraic operations and relations attached correspondingly.

(c) ‘Absoluteness’ is treated properly in KUNEN 80, §IV.3. I shall not attempt to even sketch the concept
here. But we shall need a couple of basic examples. Let PP be a forcing notion and P its set of conditions.

(i) If A and B are sets, p € P and p|Fp A C B then A C B. P Induce on the rank of B. If a € A then
(a,1) € Aso |Fpa € A and p|pa € B. Now there must be a P-name ¢, a ¢ € P and an r stronger than
both p and ¢ such that (,q) € B and r |Fpa = g; in which case ¢ must be of the form b where b € B, and
7 |Fpa = b. By the inductive hypothesis a = b and a € B. Q

(ii) If a, B € Q and p|Fpa < f then a < 5. P I leave the proof as an exercise, since the details
necessarily depend on the precise construction you use for Q. But they resolve quickly into a handful of
similar statements concerning arithmetic in N, and (i) here, together with 5A3Eb, should be enough to deal
with these. Q
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5A3I Regular open algebras If P = (P, <, 1,1) is a forcing notion with regular open algebra RO(P),
then we have a natural map ¢ : P — RO(PP)™ defined by saying that

t(p) = int {q : ¢ is stronger than p}

for p € P (KUNEN 80, I1.3.3); and (allowing for the possible reversal of the direction of P) ¢ is a dense
embedding of the pre-ordered set (P, <) in the partially ordered set (RO(P)*, C), in the sense of KUNEN
80, §VIL.7. Consequently, taking P to be the forcing notion (RO(P)*, C, P, |), we shall have

|Fe ¢ if and only if |5 ¢

for every sentence ¢ of set theory (KUNEN 80, VII.7.11). It follows that if two forcing notions have isomorphic
regular open algebras, then they force exactly the same theorems of set theory.

5A3J The following technical device will be useful at one point.

Definition Let PP be a forcing notion. I will say that a P-name X is discriminating if whenever (&, p) and
(9, q) are distinct members of X, and r is stronger than both p and g, then r |Fp & # .

5A3K Lemma Let P be a forcing notion, and P its set of conditions. .
(a) For any P-name X, there is a discriminating P-name X; such that I-p X = X.
(b) Let X be a discriminating P-name, and f : X — VP a function. Let g be the P-name

{((&, f(&,p)),p) : (&,p) € X}.*
Then

e ¢ is a function with domain X.

proof (a)(i) Set
Xo = {(&,¢) : there is some p € P such that (i,p) € X and q € P is stronger than p}.

Then ||—]p>X XO P Because X C X, ”—]p X C Xy. In the other direction, if i is a P-name and p is such

that plFpd € Xy, there are an (£1,p1) € X, and a ¢, stronger than both p and py, such that ¢ |Fpi = ;.

Now there is a py such that (1,p3) € X and p; is stronger than p,. In this case, ¢ is stronger than p; and

polFpii € X, s0 q|Fpd =4, € X, while ¢ is stronger than p. As & and p are arbitrary, |Fr Xo C X. Q
Let X 1 C XO be a maximal discriminating name.

(ii) Because X C Xo, |Fe X, C Xo = X. But we also have ||—]pX C X;. P Suppose that & is a
P-name and p € P is such that p|Fp4 € X. Then there must be an (i1,p;) € X and a ¢ stronger than both
p and p; such that ¢ |Fpd = #1. In this case, (1,9) € Xy. By the maximality of X1, there are a (9,4) € X,
and an r stronger than both ¢ and ¢’ such that r |Fp &1 = §. Now r is stronger than p and

’I"”—[px'::bliyEXl.

As & and p are arbitrary, ||—[p>X CX,.Q
So |Fp X1 = X, as required.

(b) Consider
{(&, f(&.p),p) : (£,p) € X} CVEx VF x P.

If (£o,po) and (i1,p1) belong to X, p is stronger than both py and p;, and plFedo = %1, then (&g, po) =
(%1,p1), because X is a discriminating name; so p |Fp f(Z0,p0) = f(£1,p1). By 5A3E,

[Fe g is a function and dom g = X.

5A3L Real numbers in forcing languages Let P be any forcing notion, and P its set of conditions.

4Once again I present a formula in which some ordered pairs are to be interpreted in the ordinary universe, but another is
to be interpreted in the forcing language.
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(a) I have tried to avoid committing myself to any declaration of what a real number actually ‘is’; in fact
I believe that at the deepest level this should be regarded as an undefined concept, and that the descriptions
offered by Weierstrass and Dedekind are essentially artificial. But if we are to make sense of real analysis in
forcing models we must fix on some formulation, so I will say that a real number is the set of strictly smaller
rational numbers. (I leave it to you to decide whether a rational number is an equivalence class of pairs of
integers, or a coprime pair (m,n) where m € Z and n € N\ {0}, or something else altogether, provided only
that you fix on a construction expressible by a formula of set theory.) Observe that this has the desirable
effect that

|Fe & is a real number

for every real number a.

(b) Consider the Dedekind complete Boolean algebra RO(PP) and the corresponding space L° = LO(RO(P))
as defined in 364A.
(i) For every u € L, set
t={(a,p):aeQ,pelu>da]}
Then

|Fp @ is a real number.

P Asw |FpQ=Q, |Fpi@ C Q. If p € P, there are an n € Z and a q stronger than p such that ¢ € Ju > n],
in which case (7,q) € @ and ¢|Fp @ # 0; accordingly |Fp@ # 0. Again, if p € P, there are an n € N and a ¢
stronger than p such that ¢ € [Ju < n], in which case o < n whenever (&,r) € @ and r is stronger than ¢, so
that

g |Fp7 is an upper bound for ;

accordingly |Fp @ is bounded above.
If p € P and & is a P-name such that

p”—pdE’lj,

then for any ¢ stronger than p there are an r stronger than ¢ and an « € Q such that r |Fpd& = & and
r € [u > a]. Now there are a § € Q and an 7’ stronger than r such that 8 > « and v’ € Ju > S]; in which
case r' |Fp& < 0 € 4. As q is arbitrary,

p|Fe & is not the greatest member of «;
as p and ¢ are arbitrary,
|Fp @ has no greatest member.
If pe P and &, 3 are P-names such that
plFrd€Q, a < e,
then for any ¢ stronger than p there are an r stronger than ¢ and «, 8 € Q such that (B, r) € @ and
rlrea=a, 6=45a<p.
In this case, « < 8 (5A3H(c-ii)), r € J[u > 8] C [u > o], (&,7) €4 and 7 |Fpa = & € 4. As ¢ is arbitrary,
plrea € 4
as p, & and ﬂ are arbitrary,

|Fpa € @ whenever o € Q and o < 8 € @, so @ is a real number. Q

(ii) Observe next that [4 > @] = [u > o] for every a € Q. P For p € P,
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pelu>a)] < plra<a

<~ plraed

<= for every ¢ stronger than p there are ¢ € P, 3 € Q
and an r stronger than both ¢ and ¢’
such that (8,¢') € @ and 7 |Fp 3 = @&

<= for every ¢ stronger than p there is an r stronger than ¢
such that (&,r) € @

<= for every ¢ stronger than p there is an r stronger than ¢
such that r € [u > o]

<= pefu>d]

(514Md, because [u > «] is a regular open subset of P). Q

(iii) In the other direction, if we have a P-name 4 for a real number (that is, a P-name such that ||p &
is a real number), then there is a unique u € L° such that |Fpi = @. P For every a € Q we have a Boolean
value [ > @] belonging to RO(P) (5A3G). It is easy to see that

[# > a] = supgeq p>a [d > Al
for every a € Q,
inf,ez [ >n] =0, sup,cz[¢>n]=1.
We therefore have a unique v € L° such that
[u>a] =& >d]
for every a € R (364Ae). Now [4 > &] = [ > @] for every « € Q, that is,
plrei > aiff plFpd > a
for every a € Q and p € P, that is,
plFracdiffplleaca
for every @ € Q and p € P, that is (since both @ and & are P-names for subsets of Q),
Fri=:i Q
(iv) Tt follows that if 4 is a P-name and p € P is such that p|Fp4 € R, then there is a u € LY such
that p|Fp4 = @. (For there is a P-name g such that |Fpy € R and p|p = ¢.)
(v) If o« € R, then (ax1)”=d. P For any 8 € Q and p € P,

[(ax1)” > B] = [axl > B] = 1 if B < a, 0 otherwise
= [& > f] in either case. Q

(c) Suppose that u, v € L°.
() E<d=v—u>0] P

[i<d]=3acQ d<a<i]
=sup [u < & < 7]
acQ
(taking the supremum in RO(PP), 5A3Gc)
= sup([7 > a]\[@ > a)
acQ
(taking the relative complements in RO(PP))
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:2161%([1)>a]]\[[u>a]]):ﬂvfu>0]].Q

(ii) In particular, if u < v in L°, then
Fpi <vin R
since [ < 4] = 0, and [ = @] = [u — v = 0] for any u, v € L°.

(iii) |Fp(u+v)"=u+ 7. P For any o € Q,

[f+0>a]=[3€Q,u>p,0>a-/[]
=sup [d > B, T> & — f]
BeQ

=sup([@ > B n[7> (a—B)])
BeQ

=sup(fu> B nfv>a-70])
BeQ

=[u+v>d]
(364D)
=[(u+v)”">a]. Q

(iv) Fp(uxv)"=av. PIfu,v>0in L° and o > 0 in Q,

[@>a] =[3 F€Q 5> 0, > 5,7 >3]

|

= sup [i>pB,7>%]

B€Q,5>0 B

= sup [@>pF]N[7>(3)]
B€Q,5>0 B

= sup [u>pB[Nv>2]
B€Q,5>0 B

=[uxv>a]

= [(u x v)” > d].

So in this case

e (uxv)"=a
Since we have an appropriate distributive law in L° (364D), it follows from (iii) that the same is true for
general u, v € L°. Q

(v) If a € R, then |Fp (cu)” = ad. (Put (iv) and (b-v) together.)

(d) (i) Suppose that (u;);cs is a non-empty family in L° with supremum u € L°. Then
|Fp i = sup;c@; in R.
P By (cii),
Fpi; <
for every i € 1, so
e sup;e; d; < 4.

In the other direction, ¥ suppose, if possible, that
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JFp @ is the least upper bound of {@; : i € I}.
Then there are a p € P and an « € Q such that
plFp @ < i is an upper bound for {i; : i € I}.
In this case,
p€fi>a]=[u>a]=supy; [u;>a] =intU;,c; [u > ]

(364L(a-ii), 314P). There are therefore a g stronger than p and an i € I such that ¢ € [u; > «]; but in this
case ¢ |Fp@; > &, which is impossible, because p |Fp @; < &. X So

|Fp @ =sup,c; ;. Q

(ii) And if (u;)ier is a non-empty family in L with infimum u € L°, then
|Fpi =inf,c;u; in R

because |Fp (—u)” = —4 (using (c)).

(e) Suppose that (u,)nen is a sequence in L, order*-convergent (in the sense of §367) to v € L. Then
IFp @ = limg, o0 @n.
P By 367Gb,
U = SUpP,,ey infrm>n Um = infyen SUP,,>,, Um
so (d) tells us that
e @ = sup,,cx infrm>n Um = inf o5 SUD,,>,, Um,
that is,

”‘]P’ U= limy, 00 Un. Q

5A3M Forcing with Boolean algebras Suppose that 2 is a Dedekind complete Boolean algebra, not
{0}. As noted in 5A3Ab, P = (AT, C, 19,]) is a forcing notion. We have a natural isomorphism between
RO(P) and 2!, matching each G € RO(P) with sup G € 2 (514Sb); by 514M(d-ii), sup G, taken in (AT, C ),
will belong to G unless G = {). In this context, I will usually identify the two algebras, so that [¢] becomes
sup{a : a € AT, a|Fp ¢}, and we shall have [¢] |p ¢ except when |p ~¢. Note that [~¢] = 1\ [¢] (5A3Gb).

The identification of RO(P) with 2 itself simplifies some of the discussion in 5A3L. We have a P-name @
associated with each u € L°(2l), and the formula

[@ =] = [u—v=0] in RO(P) when u, v € L°(RO(P))
of 5A3L(c-ii) turns into
whenever u, v € LO() and a € AT, u x xya =v X ya < alfpd = 7.

P

alfpti=0 < a€|
<~ a€]

(here thinking of u and v as members of L°(RO(P)))
<= a C Ju— v = 0] interpreted in A

@ = U] interpreted in RO(PP)
u — v = 0] interpreted in RO(P)
(now thinking of u and v as members of L%(21))

— (u—v)xxa=0in LY(A)

<<= uxyxa=vXxya Q
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5A3N Ordinals and cardinals Let P be a forcing notion, and P its set of conditions.

(a) For any ordinal «,
|Fe ¢ is an ordinal;
moreover, if p € P and ¢ is a P-name such that
|Fp & is an ordinal,
there are a ¢ stronger than p and an ordinal « such that
qlFpi=a
(JECH 03, 14.23; see KUNEN 80, I1V.3.14).

(b) If P is cec, then
|Fp % is a cardinal
for every cardinal (that is, initial ordinal) x (KUuNEN 80, VII.5.6; JECH 03, 14.34). In particular,
|Fp 1 is a cardinal, so is the first uncountable cardinal,
and we can write
Fpwi = @1, wa = @2

etc., if we are sure of being understood.

(c) Again suppose that P is ccc, and that we have a set A, a P-name X and a cardinal x such that
ke X C A and #(X) < .
Then there is a set B C A such that #(B) < max(w, k) and
e X C B.
P Let f be a P-name such that
|- f is an injective function with domain X and f[X] C &.
For & < k set
Be ={a:a € A and there is a p € P such that p|-pa € X & f(a) = £}.
For each a € B¢, choose p¢, € P such that
PealFrd € X and f(a) = &
then if a, b € B¢ and ¢ is stronger than both p¢, and pep, we have
qle f(a) = f(B) soa="b
and a = b (5A3Hc). Thus <p§a>a€13§ is an antichain in P and B¢ must be countable; setting B = U§<}€ Be,

B C A and #(B) < max(w, k).
Now suppose that p € P and that & is a P-name such that p|p& € X. Then

pled e Aand f(i) € &,
so there are a g stronger than p, an a € A and a £ < k such that
qlFpi =aand f(i)=¢.
Now a € B¢ C B, so q|Fp# € B. As p and & are arbitrary,
”‘IP’X C B,
as required. Q
(d) If P is cec, then
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e cf[7]= = (cfl]=¥)7

for every set I. P Write & for cf[I]=%. (i) Let K C [I]<“ be a cofinal family with #(K) = k. Then |fp # is
a cardinal, so

IFp K C [1]=% and #(K) = &.
If J is a P-name such that
e J € [,

then by (c) there is a countable set K C I such that |-p.J C K; now there is an L € K such that K C L,
and

e CK CLeKk.
As J is arbitrary,
|Fe K is cofinal with [[]=% and cf[I]=% < .
(i) ? If
e & < cf[I]=,
then there are a p € P and an ordinal § such that
ple cf[I]=% =6 < &.
Now there must be a family (J¢)¢<s of P-names such that
plFp {Je s € <6} is cofinal with [[]=%.
By (c) again, there must be for each £ < & a countable K¢ C I such that p|-p Je C K¢. Because § < cf[I]<%,
there is a K € [I]=% such that K Z K¢ for every £ < 4. In this case,
plFe K € [I]5¢ so there is a & < § such that K C J'g,
and there must be a £ < § and a ¢ stronger than p such that
gl K C Je C Ke.

But this implies that K C K¢, which isn’t so. X
We conclude that

e & < cf[/]S* and & = cf[I]<%. Q

5A30 Iterated forcing (KUNEN 80, VIIL.5.2) If P is a forcing notion and P its set of conditions, and
we have a quadruple Q = (Q, <, 1, ¢) of P-names such that (i, 1p) € Q and
|Fp < is a pre-order on Q, ¢ is a direction of activity and every member of Q is stronger
than 1,

then P % Q is the forcing notion defined by saying that its conditions are objects of the form (p, 4) where
peEP, ¢edom@, plrricq,
and that (p, ¢) is stronger than (p’, ¢’) if p is stronger than p’ and
p|Fp ¢ is stronger than ¢'.

(Strictly speaking, I should add that Ip,o = (1p,1).)5

5A3P Martin’s axiom Let s be a regular uncountable cardinal such that 2* <  for every A < k. Then
there is a ccc forcing notion P such that

”—[{»m:C:R.

5This formulation gives us the freedom to take ¢ to be non-trivial. I do not mean to suggest that it would be reasonable to
take advantage of this.
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(KuNeN 80, VIIL.6.3; JECH 03, 16.13).

5A3Q Countably closed forcings (a) Let P be a forcing notion, and P its set of conditions. P is
countably closed if whenever (p,)nen is a sequence in P such that p,; is stronger than p, for every n,
there is a p € P which is stronger than every p,.

(b) If P is a countably closed forcing notion, then |-z PN = (PN)". I Let P be the set of conditions of
P. If p € P and 4 is a P-name such that p|Fp & C N, choose (p,,)nen inductively in P such that po = p and,
for each n € N, p,,41 is stronger than p,, and either p,y1 |Fp7 € & or ppi1 |Fpnt € ©. Let ¢ € P be stronger
than every p,, and set A= {n: q|Fp#n € &}. Then q|Fpn ¢ @ for every n € N\ A, so q|Fpi = A € (PN)".
As p and @ are arbitrary, |Fp PN C (PN)". For the reverse inequality, we have |- (PX)” C PX for any
forcing notion and set X, so here we have |-p (PN)” C PN = PN. Q

Consequently |FpR = R. P The argument just above shows that |FpPQ = (PQ)”, and now it is easy
to see that

FpR={A:0# ACQ, Ais bounded above and has no greatest element,
q € A whenever ¢ < ¢’ € A}

=R. Q
Similarly, |Fp[0,1] =[0,1].

5A3 Notes and comments In terms of the discussion in KUNEN 80, §VIIL.9, you will see that I follow
an extreme version of the ‘syntactical’ approach to forcing. In the first place, this is due to a philosophical
prejudice; I do not believe in models of ZF. But it seems to me that quite apart from this there is a
fundamental difference between the sentences

and

Fem=c

associated with the fact that the symbols m, ¢ and even = must be reinterpreted in the second version.
I have tried in this section to develop a language which can express and accommodate the difference. It
puts a substantial burden on the reader, especially in such formulae as sup,;; ¢; (5A3F) and ((9, f(¢,p)),p)
(5A3K), where you may have to read quite carefully to determine which parts of the formulae are supposed
to be in the forcing language, and which are in the ordinary language of set theory. There is an additional
complication in 5A3L, where I use the same symbol [ ] for two quite different functions; but here at least
the objects [u > o, [& > @] belong to the same set RO(PP), even if the formulae inside the brackets have to
be parsed by very different rules. I hope that the clue of a superscripted letter & or I or @ will alert you to
the need for thought. Once we have grasped this nettle, however, we are in a position to move between the
two languages, as in 5A3K; and statements of results such as 5A3P can be shortened by taking it for granted
that the preamble ‘2% < k for every A\ < &’ refers to the ground universe, while the conclusion ‘m = ¢ = &’
is to be interpreted in the forcing universe.

Of course a large number of different types of forcing notion have been described and investigated. In
5A3N I mention some basic facts about ccc forcings. Another important class is that of countably closed
forcings (5A3Q).

Version of 20.7.24
5A4 General topology

The principal new topological concepts required in this volume are some of the standard cardinal functions
of topology (5A4A-5A4B). As usual, there are particularly interesting phenomena involving compact spaces
(5A4C). For special purposes in §513, we need to know some non-trivial facts about metrizable spaces
(5A4D). The rest of the section is made up of scraps which are either elementary or standard.
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5A4A Definitions Let (X, %) be a topological space.

(a) The weight of X, w(X), is the least cardinal of any base for %.

(b) The m-weight of X is m(X) = ci(T \ {0}), the smallest cardinal of any m-base for .
(c) The density d(X) of X is the smallest cardinal of any dense subset of X.

(d) The cellularity of X is
o(X) = cHT\ {0}) = sup{#(G) : G C T\ {0} is disjoint}.
The saturation of X is
sat(X) = sat(T \ {0}) = sup{#(G)* : G C T\ {0} is disjoint},

that is, the smallest cardinal x such that there is no disjoint family of £ non-empty open sets.

(e) The tightness of X, t(X), is the smallest cardinal s such that whenever A C X and x € A there is
a B € [A]=" such that z € B. (Recall that [A]<* = {B: B C A, #(B) < k}.)

(f) The Novak number n(X) is the smallest cardinal of any family of nowhere dense subsets of X
covering X; or oo if there is no such family.

(g)(i) The Lindels6f number L(X) is the least cardinal k such that every open cover of X has a subcover
with cardinal at most .
(ii) The hereditary Lindel6f number hL(X) is supyc x L(Y).

(h)(i) If x € X, the character of z in X, x(x, X), is the smallest cardinal of any base of neighbourhoods
of z.
(ii) The character of X is x(X) = sup,cx x(z, X).

(i) The network weight of X, nw(X), is the smallest cardinal of any network for ¥.

Remark Recall that X is called ‘second-countable’ iff w(X) < w, ‘separable’ iff d(X) < w, ‘cec’ iff ¢(X) < w
(that is, sat(X) < w), ‘Lindelof’ if L(X) < w, ‘hereditarily Lindelof’ if hL(X) < w, ‘first-countable’ if
X(X) < w and ‘countably tight’ iff ¢(X) < w.

5A4B Proposition Let (X, T) be a topological space.
(a)
c(X) <d(X) <7(X) <w(X) < #(T) < 22X

HX) < x(X) < w(X) < max(#(X), x(X)).

sat(X) = ¢(X)™T unless sat(X) is weakly inaccessible, in which case sat(X) = ¢(X

(b) If Y is a subspace of X, then w(Y) < w(X), t(Y) < t¢(X), nw(Y) < nw(X and X(y,Y) < x(y, X)
for every y € Y.

(c) If a topological space Y is a continuous image of X, then d(Y) < d(X), ¢(Y) < ¢(X), t(Y) < ¢(X),
L(Y) < L(X) and nw(Y) < nw(X).

(d) If G is a family of open subsets of X, then there is a subfamily H C G such that #(H) < sat(X) and
UH=UG.

(e) Let (X;);cr be a family of non-empty topological spaces with product X, and A a cardinal such that

#(I) < 2*. Then

v

d(X) < max(w, A\, sup;cr d(X;)), o(X) = SUP yCT is finite C(HieJ Xi).

(f) If G is any family of open subsets of X, there is an H C G such that #(H) < hL(X) and JH =UG.
(g) If X is Hausdorff then #(X) < 2max(e(X).x(X)),
(h) Suppose that X is metrizable.

(

i) d(X) = w(X).
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(ii) d(Y) < d(X) for every Y C X. So any discrete subset of X has cardinal at most d(X).
(iii) Let p be a metric on X defining its topology. Then X is separable iff there is no uncountable
A C X such that infy yea z2y p(x,y) > 0.

proof (a) Let D C X be a dense set with cardinal d(X). If G C T\ {0} is disjoint, we have a surjection
from DNYG to G, so #(G) < d(X); as G is arbitrary, ¢(X) < d(X).

Let U be a m-base for T with cardinal 7(X). Then there is a set D C X, with cardinal at most #(U),
meeting every non-empty member of U; now D is dense, so d(X) < #(D) < n(X).

Any base for ¥ is a w-base for T, so m(X) < w(X). Of course w(X) < #(%).

Let £ be a network for ¥ with cardinal nw(X); then T C {{J&: & C &£}, so #(T) < 2#(8) = 2nw(X),

If AC X and x € 4, there are a base V of neighbourhoods of X with # (V) < x(X) and aset B € [A]=X(X)
meeting every member of V, so that z € B. Thus #(X) < x(X).

If U is a base for ¥ with cardinal w(X), and x € X, thenU,, = {U : © € U € U} is a base of neighbourhoods
of z, so x(z,X) < #(U,) <w(X); as x is arbitrary, x(X) < w(X).

If X is finite, every point z of X has a smallest neighbourhood V., and {V, : © € X} is a base for ¥,
so w(X) < #(X). If X is infinite, then for each z € X choose a base U, of neighbourhoods of x with
#(Uy) = x(2,X) < x(X). Set U = {int U : U € |J,cx U, }; then U is a base for T so

w(X) < #U) < max(w, #(X), x(X)) = max(#(X), x(X)).

Taking P to be the partially ordered set (T \ {0},C), ¢(X) = cH(P) and sat(X) = sat*(P), so 513B,
inverted, tells us that sat(X) = ¢(X)™T unless sat(X) is weakly inaccessible, in which case sat(X) = ¢(X).

(b) If U is a base for T, then {UNY : U € U} is a base for the topology of Y, so w(Y) <w(X). fACY
and y € Y belongs to the closure of A in Y it belongs to the closure of A in X so there is a B € [A]St(X)
such that y € B taken either in X or in Y; thus t(Y) < ¢(X). If £ is a network for T, then {ENY : E € £}
is a network for the topology of Y, so nw(Y) < nw(X). If y € Y and V is a base of neighbourhoods of y in
X, then {VNY : V €V} is a base of neighbourhoods of y in Y, so x(v,Y) < x(y, X).

(c) Let f: X — Y be a continuous surjection. If D C X is dense, then f[D] is dense in Y (3A3Eb), and
d(Y) < #(f[D]) < #(D); as D is arbitrary, d(Y) < d(X).

If H is a disjoint family of non-empty open sets in Y, then G = {f~![H] : H € H} is a disjoint family of
non-empty open sets in X, so #(H) = #(9) < ¢(X); as H is arbitrary, ¢(Y) < ¢(X).

If BCY and y € B there is an # € X such that f(z) = y. Now z € f~1[B] C f~1[B] so there is a
C C [f~'[B]]="%) such that « € C and y € f[C] while f[C] € [B]=*X). So ¢(Y) < t(X).

If H is an open cover of Y, then G = {f~'[H] : H € H} is an open cover of X; let Gy € [G]=F(X) be a
subcover; choose Ho C H such that #(Ho) = #(Go) and Gy = {f~[H] : H € Ho}; then Hg covers Y. As
H is arbitrary, L(Y) < L(X).

If A is a network for T, then {f[A] : A € A} is a network for the topology of Y, so nw(Y) < nw(X).

(d) Let V be a maximal disjoint family of non-empty open sets included in members of G. Then #(V) <
sat(X). Let H C G be such that #(H) < #(V) and every member of V is included in a member of H. If
G € G then G\ |JH meets no member of V, so must be empty; so this H serves.

(e)(i) By ENGELKING 89, 2.3.15, d(X) < max(w, A, sup;c; d(X;)).

(ii) Set k = Sup jc 1 is finite ¢([[;c 7 Xi)- All the finite products [ [, ; X; are continuous images of X, so
¢(X) > kK, by (¢). T Suppose, if possible, that ¢(X) > k. Let V be the usual base for the topology of X,
consisting of sets of the form [[,.; G; where G; C X; is open for every i and {i : G; # X;} is finite. Let
(We)e<r+ be a disjoint family of non-empty open sets in X. For each § < & let Wé C W¢ be a non-empty
member of V, so that WEI is determined by a coordinates in a finite subset Iz of I. By the A-system Lemma
(4A1DD) there is a set A C s+, with cardinal kT, such that (I¢)eca is a A-system with root J say. For
& € A express WE/ as Ug N Ve where Uy is determined by coordinates in J and V¢ is determined by coordinates
in I¢ \ J. Now for distinct &, n € A,

0=WinW, =UsNU,NVe NV,

Since Vg and V;, and U¢NU,, are determined by coordinates in the disjoint sets I¢\ J, I,,\ J and J respectively,
one of them must be empty, and this can only be Us NU,,. Thus (Ug)¢ca is disjoint. But now observe that
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each Uy is of the form 7' [H¢] where He C []
x € X. So (He)eca witnesses that c([ ],

Thus ¢(X) = SUP jCT is finite C(HieJ Xi).
(f) This is just because L(|JG) < hL(X).

(g) If X is finite, ¢(X) = #(X) and the result is trivial. Otherwise, set kK = max(c(X), x(X)) and for each
z € X let (Ug(z))e<, run over a base of neighbourhoods of x consisting of open sets. Let f : [X]? — [x]?
be such that whenever z, y € X are distinct then there are §, n € f({z,y}) such that Ue(z) and U, (y) are
disjoint. ? If #(X) > 2" then by the Erdds-Rado theorem (5A1Ha) there is a C' C X such that #(C) > &
and f is constant on [C]?; let {£,n} be the constant value. For z € C set G, = Ug(x) NU,(z); then (Gy)zec
is a disjoint family of non-empty open sets, so ¢(X) > #(C) > k. X

ey Xi is a non-empty open set and 7;(z) = x[J for every
X;) > s, which contradicts the definition of x. X

(h) Fix a metric p on X defining its topology.

(i) If d(X) < w then X is finite and the result is trivial. Otherwise, let D be a dense subset of X
with cardinal d(X); setting U(z,¢) = {y : p(y,z) < €}, {U(z,27™) : x € D, n € N} is a base for T, so
w(X) < max(#(D),w) = d(X). Since we know from (a) above that d(X) < w(X), we have equality.
)

(ii) Put (i) together with (b) above to see that d(Y) < d(X). If Y is discrete, then #(Y) = d(Y) <
d(X).

(iii) (o) If there is an uncountable A C X such that inf, yca oy p(z,y) > 0, then A is not separable
in its subspace topology, so X is not separable, by (ii). (3) If there is no such A, then for each n 6 N let A,
be a maximal subset of X such that p(z,y) > 27" for all distinct z, y € A,,. In this case |, .y An is dense,
so d(X) < max(w,sup, ey #(A4,)) = w and X is separable.

neN

5A4C Compactness Let X be a compact Hausdorff space.

(a)(i) nw(X) = w(X). (ENGELKING 89, 3.1.19.)

(ii) There is a set Y C X, with cardinal at most the cardinal power d(X)“, which meets every non-
empty Gs subset of X. B Let D C X be a dense set with cardinal d(X). For each sequence w € D" choose
a cluster point z,, of (wW(n))nen; set Y = {z, : w € DN}, Then #(Y) < #(DY) = d(X)“. If (Gp)nen
is a sequence of open sets in X with non-empty intersection, take x € (1, .y Gn and choose inductively a
sequence (H,),en of open sets such that » € H,, and H, 1 C H, NG, for every n. Let w € DN be such
that w(n) € H, for every n; then

r, €Y NN
As (Gp)nen is arbitrary, YV is a suitable set. Q

o, N

neN nEN

(b) If X is perfectly normal it is first-countable. (Every singleton set in X is a zero set (4A2Fi), so is a
Gs set; by 4A2Kf, X is first-countable.)

(c) If w(X) < &, X is homeomorphic to a closed subspace of [0,1]". (ENGELKING 89, 3.2.5.)

(d)(i) If Y is a Hausdorff space and f : X — Y is a continuous irreducible surjection, then d(X) = d(Y).
P We know that d(Y) < d(X) (5A4Bc). In the other direction, let D C Y be a dense set with cardinal
d(Y), and C' C X a set with cardinal #(D) such that f[C] = D. If G C X is open and not empty, f[X \ G]
is a closed proper subset of Y (because f is irreducible), so D € f[ X\ G] and C € X \ G. As G is arbitrary,
C' is dense, and witnesses that d(X) < d(Y). Q

(i) ¥ f: X — {0,1}" is a continuous irreducible surjection, where x > w, then x(z,X) > & for
every x € X. P Let V be a base of neighbourhoods of = with cardinal x(z,X). For each £ < k, set
Ge={y:veX, f)) =Ff@)&} For VeV setly ={{:{ <k, V CGe};then f[V] C{z:2€{0,1}",
z[ Iy = f(x)[Iv}; but f[X \ V] is a closed proper subset of {0,1}", so int f[V] is non-empty and Iy is finite.
As V is a base of neighbourhoods of , k = (¢, Iv. As & is infinite, V is infinite, and x < #(V) = x(z, X).
Q
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(iii) So if there is a continuous surjection from a closed subset of X onto {0, 1}", there is a non-empty
closed K C X such that y(z, K) > & for every x € K. P Let f : F — {0,1}" be a continuous surjection,
where F' C X is closed. By 4A2G(i-i), there is a closed K C F such that f[K is an irreducible surjection
onto {0,1}", and we can use (ii). Q

(iv) 'Y and Z are Hausdorff spaces and f: X — Y, g: Y — Z are continuous irreducible surjections
then gf : X — Z is irreducible. (If FF C X is a closed proper subset, then f[F] is a closed proper subset of
Y and glf[F]] # Z.)

(e) If (xn,)nen is a sequence in X with at most one cluster point in X, then (z,),en is convergent. P
Because X is compact, (z,)nen has at least one cluster point; let « be such a point. ? If (z,,),en does not
converge to x, let G be an open set containing z such that J = {n:n € N, x,, ¢ G} is infinite. Then there
must be a point y in (), {=i : ¢ € J \ n}; and now y is a cluster point of (z,)nen in X \ G, so cannot be
equal to z. XQ

(f) Let Y be a Hausdorff space and f : X — Y a continuous function. If £ is a non-empty downwards-
directed family of closed subsets of X, then f[&] = Npee f[F]. P Of course f[E] C Npee fIF]. If
y € Npee [IF), then {F N f~1[{y}] : F € £} is a downwards-directed family of closed subsets of X, so has
non-empty intersection; and any point of the intersection witnesses that y € f[€]. Q

5A4D Vietoris topologies: Proposition Let X be a separable metrizable space and K the set of
compact subsets of X with the topology induced by the Vietoris topology on the set of closed subsets of X
(4A2T).

(a) K is second-countable.

(b) If Y is a topological space and R C Y x X is usco-compact, then y — R[{y}] : ¥ — K is Borel
measurable.

(¢) There is a sequence (f,, )nen of Borel measurable functions from K\ {0} to X such that {f,(K) : n € N}
is a dense subset of K for every K € K\ {0}.

proof (a) Let U be a countable base for the topology of X. Let V be the family of sets of the form
{K:KEIC,KOUi#(Z)fOTZ'<TL,K§U Uz}

where n € N and U; € U for i < n; then V is a countable family of open sets in K and is a base for the
topology of K.

(b) If G C X is open, then

i<n

{y:yeY, R{y}] CG} =Y\ R[X\(]
is open. Also G can be expressed as J,,cy F'n Where every [, is closed, so
{y: RI{yH NG # 0} = Upen B7E
is F, therefore Borel. Thus
W={W:W CK, {y: R[{y}] € W} is Borel}

includes a subbase for the topology of K. It therefore includes a base; because K is second-countable,
therefore hereditarily Lindelof, every open set is a countable union of members of YW and belongs to W, that
is, y — R[{y}] is Borel measurable.

(c)(i) Note first that if G C X is open, then K — K NG : K — K is Borel measurable. P If H C X is
open, then
{K:KNGNH#0}={K:KN(GNH)#0}

is open. Next, we can express H as the union J H,, of a non-decreasing sequence of open sets such that

— neN
H, C H for every n, so

{K:KNGCH} =U,en{K:KNGCHL} =U,en{K: KN (G\ Hy) =0}
is F,, therefore Borel. As in (b), this is enough. Q
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(ii) Let (U, )nen run over a base for the topology of X. For each n € N define g,, : £ — K by setting

gu(K)=KNU, if KNU, #90,

= K otherwise.

Since {K : KNU, # (0} is open, (i) tells us that g, is Borel measurable. Set h,, = g, ... g19o; then h,, also is

Borel measurable, for each n. Now, for each K € K\ {0}, (h,(K))nen is a non-increasing sequence of non-

empty compact sets, so has non-empty intersection. Morover, for each n, h,, (K) is either disjoint from U,, or

included in Us,; s0 (,,en hn(K) has exactly one point; call this point f(K). Of course f(K) € ho(K) C K.
Now f: K\ {0} — X is Borel measurable. P If F' C X is closed, then

FUE] = Myen{K - F 0o (K) # 0}
is a Borel set because every h,, is Borel measurable and {K : F N K = (}} is open. Q
(iii) Set f, = fgn for each n. Then f,(K) € K for every n € N and K € K\ {0}, f, : K\ {0} — X is

Borel measurable for each n, and f,(K) € K N U, whenever K NU,, # 0; so {f»(K) : n € N} is dense in K
for every K € K\ {0}.

5A4E Category and the Baire property Let X be a topological space; write l?(X ) for its Baire-
property algebra (4A3RS).

(a) Suppose that (G;);er is a disjoint family of open sets and (F;);cs is a family of nowhere dense sets.

Then |J;c; Gi N E; is nowhere dense. (Elementary; see (a-i) of the proof of 4A3S7.)

(b) Let Y be another topological space.

(i) If A C X is nowhere dense in X, then A x Y is nowhere dense in X x Y. (AxY = A x Y.) So if
A C X is meager in X, then A X Y is meager in X x Y.

(i) B(X)®B(Y) CB(X xY). PIf E € B(X), let G C X be such that EAG is meager; then
EXY = (GxY)A((EAG) xY) € B(X xY).

Similarly, X x F € B(X x Y) for every F € B(Y). Because B(X x Y) is a o-algebra of sets, it includes
B(X)®B(Y). Q

(iii) If Y is compact, Hausdorff and not empty, then a set A C X is meager in X iff A x Y is meager
in X xY. P We saw in (i) that if A is meager then A x Y is meager. In the other direction, if A x Y is
meager in X XY, let (W,),en be a sequence of dense open subsets of X x Y such that ﬂneN W, is disjoint
from A xY. Choose (V,,)nen inductively, as follows. V5 = X x Y. Given that V;, is an open subset of X x Y
such that m1[V},] is dense in X, where 7 is the projection from X x Y onto X, then m[V,, N W,,] is dense
in X. Set

Vo ={Gx H:GC X isopen, HCY isopen, Gx HCV, NW,}.

Observe that if V € V,, and € m1[V] then 71 [V] x V[{z}] C W,,. Because Y is regular, |J V), is dense in
Vo, N W, and m1[U V] is dense in X. Let V, C V,, be a maximal family such that m1[V] N [V'] is empty
whenever V|, V' € V! are disjoint; because G’ x H € V,, whenever G x H € V,, and G’ is an open subset of
G, m[JV}] is dense in X. Set V41 = JV),, and continue.

If 2 € ey T1[Vals (Val{#}])nen is a non-increasing sequence of non-empty closed subsets of Y, so there

is ay € ,en Val{z}], because Y is compact. For each n, x € m1[V,,41] and there is a V' €V}, such that
xz e m[V], so Vpi[{z}] = V[{z}], y € V[{z}] and (z,y) € W,,. Thus x € mi[(),, ey Wa] and z ¢ A. As x is
arbitrary, A is disjoint from () .y 71[Vs] and is meager. Q

neN

(c) Suppose that X is completely regular and ccc.

SFormerly 4A3Q.
"Later editions only.
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(i) Every nowhere dense subset of X is included in a nowhere dense zero set. B If E C X is nowhere
dense, let G be a maximal disjoint family of cozero sets included in X \ E. Because X is ccc, G is countable,
and G = |J G is a cozero set. Because X is completely regular, X \ (G U E) is nowhere dense and X \ G is
a nowhere dense zero set including F. Q

(ii) Every meager subset of X is included in a meager Baire set. (By (i), it is included in the union of
a sequence of nowhere dense zero sets.)

(iii) Every subset of X with the Baire property is expressible as GAM where G is a cozero set and M
is meager. P If F € g(X), express it as Gy AMy where Gy is open and M is meager. Let H be a maximal
disjoint family of cozero subsets of Go; as X is cce, H is countable and G = |JH is a cozero set; as X is
completely regular, Go C G and Gg \ G is nowhere dense. So M = (G \ G)AMj is meager and E = GAM
is in the required form. Q

5A4F Normal and paracompact spaces (a) For a normal space X and an infinite set I, the following
are equiveridical: (i) there is a continuous surjection from X onto [0, 1]; (ii) there is a continuous surjection
from a closed subset of X onto {0,1}!. P (i)=-(ii) is elementary, as {0,1}! is a closed subset of [0,1]".
So suppose that (ii) is true. The map x — > .. ,27""! is a continuous surjection from {0,1}" onto
[0,1]; there is therefore a continuous surjection from {0, 1}/*N onto [0,1]!; but I is infinite, so {0, 1} is
homeomorphic to {0, 1}1*N. We therefore have a continuous surjection from {0, 1} onto [0, 1}!. Accordingly
there is a continuous surjection f from a closed subset F of X onto [0,1]!. Set fi(z) = f(z)(i) for x € F
and i € I; by Tietze's theorem (4A2F(d-ix)), there is a continuous g; : X — [0,1] extending f;; now
x> (gi(x))ier : X — [0,1] is a continuous surjection, and (i) is true. Q

(b) Suppose that X is a paracompact normal space and G is an open cover of X. Then there is a
continuous pseudometric p : X x X — [0, oo[ such that whenever () # A C X and sup, ,c 4 p(¥,y) < 1 there
isa G € G such that A C G. P If X is empty this is trivial; suppose otherwise. There is a locally finite
open cover H of X refining G. Enumerate H as (He)e<r. By 4A2F(d-vi), there is a family (Ug)e<, of open
sets, covering X, such that Ug C H¢ for every £ < k.

Now for each & < k there is a continuous function f¢ : X — [0,1] such that fe¢(z) = 1 for z € Ug¢ and
fe(z) = 0 for z € X \ He (4A2F(d-)). Set p(z,y) = 23 ., [fe(x) — fe(y)| for z, y € X. Then p is a
pseudometric on X, and is continuous because (f; '110,1] ¢<x is locally finite. If A C X is a non-empty
set such that p(z,y) <1 for all z, y € A, take any o € A. There is a { < k such that o € Ug. If y € A,
1— fe(y) = |fe(z) — fe(y)| < 3 so y € He. Let G € G be such that He C G; then A C G, as required. Q

5A4G Baire o-algebras (a) Let X be a topological space. Write Bay(X) for the set of cozero sets in
X and for ordinals o > 0 set
Bao(X) = {U,en(X \ Ey) : (En)nen is a sequence in (Jz_, Bag(X)}.

Then the Baire o-algebra Ba(X) of X is U, ., Baa(X). P Inducing on o, we see that Ba,(X) is included
in the Baire o-algebra of X for every «; and | Ba,(X) is a o-algebra of sets containing every cozero
set, so includes the Baire o-algebra. Q

a<wi

(b)(3) If (X )¢ is a family of separable metrizable spaces with product X, then #(Ba(X)) < max(c, #(I)).
P By 4A3Na, Ba(X) = @, B(X;), where B(X;) is the Borel o-algebra of X; for each i. By 4A3Fa,
#(B(X;)) < ¢ for each i, so

E={{z:zeX,z()) €E}:icE, EecB(X;)}

has cardinal at most max(c, #(I)) and the o-algebra Ba(X) it generates has cardinal at most max(c, #(I))*¥ =

max(c, #(1)*) (4A10). Q

(ii) If k > 2 is a cardinal, then the set F' of Baire measurable functions from {0,1}" to {0,1}* has
cardinal k. I The map

f {z: f@)(i) = 1})ien : F — Ba({0,1}7)%

is bijective, so
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#(F) = #(Ba({0,1}%))¥ < (max(c, k)*)* = k.
Of course #(Ba({0,1})") > k so #(F) = k. Q

5A4H Proposition If X is a compact metrizable space and (Y, p) a complete separable metric space,
then C(X;Y), with the topology of uniform convergence, is Polish. (ENGELKING 89, 4.3.13 and 4.2.18.)

5A41 Compact-open topologies We shall need a couple of elementary facts concerning some spaces
of continuous functions.

(a) Let X and Y be topological spaces and F a set of functions from X to Y. The compact-open
topology on F is the topology generated by sets of the form {f : f € F, f[K] C H} where K C X is
compact and H CY is open. (Cf. ENGELKING 89, §3.4.)

(b) Let X be a topological space and (Y;);cs a family of regular spaces, with product Y. Set my = y(7)
forie I and y € Y. Then g — (mig)icr : C(X;Y) = [[;c; C(X;Y5) is a homeomorphism for the compact
open topologies on C'(X;Y) and the C(X;Y;). P (a) A function g : X — Y is continuous iff m;g is
continuous for every i € I (3A3Ib), so g — (mig)icr : C(X;Y) — [l;c; C(X;Y;) is a bijection; write
¢ [Lie; C(X3Y:) = C(X;Y) for its inverse. (8) If j € I, K C X is compact and H C Y} is open, then {g :
(mig)[K] CH} ={g:g[K] C 7TJ_1[H]} is open in C(X;Y). By 4A2B(a-ii), g — mjg : C(X;Y) — C(X,Yj)
is continuous. As j is arbitrary, g — (m;g)ics is continuous. () Now suppose that K C X is compact and
W CY is open, and consider U = {g: g € [[,c; C(X;Y3), ¢(g)[K] € W}. Take any h = (h;)ies in U. Set

H= {HHZ : H; CY; is open for every ¢ € I, {i : H; #Y;} is finite,
icl
there is a family (G;);er such that G; is an open subset of Y;
including H; for every i € I and H G; CW}.
iel
Then H is a family of open subsets of Y and because every Y; is regular we have W = | JH. Now ¢(h)[K]

is a compact subset of W so there are H(®) ... H™ € H covering ¢(h)[K]. Set Kj, = K N ¢(h)~ [H®*)]
for k < n; then Ky,... , K, are compact subsets of X with union K.
For each k € K take (Hy;)ier, (Gri)ier such that

H®) = Hie[ Hy;,
Hyi, Gi; are open subsets of Y; and Hy; C Gy; for each i € I,

Jk = {Z : H;“‘ 75 Y;} is ﬁnite, Hie[ Gki g w.
We have

d(h)[Ky]) € H® C [T.c; G,
so m;[¢p(h)[Kg]] C Gy, for every i € I. Consider the set
V = {{gi)ier : (gi)ier € [Lic; C(X;Yi), gi[Kk| € Gr; whenever k <n and i € Jy}.
Then V' is an open subset of [[,.; C(X;Y;) containing h. If g = (g;)ic; belongs to V and k < n, then
H(9)[Kk] € [Lies 9i[Kk] € Iic; Gri ©W

because Gy; = Y; for i € I\ Ji. So ¢(9)[K]| = U,.<,, #(9)[Ki] is included in W and g € U. Thus we have
h € V CU and U is a neighbourhood of h. As h is arbitrary, U is open. As K and W are arbitrary, ¢ is
continuous and g — (m;g)ics is a homeomorphism. Q

(c) Let X be a compact space, and write £ for the algebra of open-and-closed subsets of X. Then
f = f71[{1}] is a bijection between C(X;{0,1}) and &, and the compact-open topology on C(X;{0,1}) is
discrete. P (a) f+— f71[{1}] : {0,1}¥ — PX is a bijection, and a function f : X — {0,1} is continuous
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iff £71[{0}] and f~![{1}] are open, that is, iff f~[{1}] € £. So we have a bijection f ~— f~1[{1}] :
C(X;{0,1}) = &. (B) If g € C(X;{0,1}) then Ko = g '[{0}] and K; = g~ *[{1}] are closed, therefore
compact, and

{9} ={f: f € C(X;{0,1}), f[Ko] € {0}, fIK:] € {1}}
is open; accordingly the compact-open topology on C(X;{0,1}) is discrete. Q

5A4J In §547 we shall need a bound on the uniformities of certain meager ideals.

Proposition Let X be a set and A a family of countable sets which is stationary over X (definition: 5A1R).
Then non M(XY) < max(#(A), non M).

Notation Here X is given its discrete topology and XM the associated product topology. M (XY) is its
meager ideal and non M(X") the corresponding uniformity, the smallest cardinal of any non-meager subset

of XN. M is M(R).

proof (a) We can suppose that ) # A C X for every A € A. For each A € A, let Fiy C AY be a non-meager
set with cardinal at most non M. (If A is a singleton, take F4 = AY; otherwise, non M(AYN) = non M(R) =
non M by 522Wb.) Set F' =] ¢ 4 Fa; then #(F) < max(#(A),non M).

(b) F is non-meager in XN. P Let (G,)nen be a sequence of dense open subsets of X. For each
2 € Upen X* and n € N choose w,, € Uken X* such that z C w,,, and {z : w., C x € X} C G,,. For each
I e [X]<¥set f(I) = J{w:n[N] : 2 € Upen I", n € N}. Let A € A be such that f(I) C A for every finite
ICA.

Take any n € N. If z € |J, oy A, set I = z[domz] € [A]<; then w., € Upey f(1)* € Upen A and
z € G, whenever w,, C z € AY. So G,, N AY is dense in AN. Also, of course, G,, N AN is open in AN. As
this is true for every n € N,

0# FanNuenGn € FNNpen Gn-

As (Gp)nen is arbitrary, F' is non-meager. Q
So F witnesses that non M(X") < max(#(A),non M).

5A4K Irreducible surjections: Lemma (a) Let @) be a topological space and K, L closed subsets of
Qsuchthat K CQ\L, LCQ\Kand KUL=Q. Set Z={(z,1): 2z € K}U{(2,0): z € L} CQx{0,1},
and write ¢ : Z — @ for the first-coordinate map. Then ¢ is an irreducible continuous surjection.
(b) Let € be an ordinal, (Q¢)e<o a family of compact Hausdorff spaces, and (¢y¢)n<e<g @ family such
that ¢p¢ : Q¢ — @, is a continuous surjection whenever n < & < 6. Suppose that
d)cg = (,25(77(;5775 whenever ( <n <€ <0,
the topology of Q¢ is generated by {(b;&l U] :n <& UCQ, is open} for every non-zero limit
ordinal £ < 0,
¢¢.¢41 is irreducible whenever £ +1 < 6. *)
Then ¢, is irreducible whenever nn < ¢ < 6.

proof (a) ¢ is a surjection because K UL = @, and is continuous by the definition of the product topology
on @ x {0,1}. Suppose that W C Z is open and not empty.

If z € K and (x,1) € W, then there is an open set U C @ such that (x,1) € U x {1} C W. In this
case, t e UNK C Q\ L and U \ L is not empty. But ¢[Z \ W] does not meet U \ L. P? Otherwise, take
z € Z\ W such that ¢(z) € U\ L. Then z must be equal to (¢(z),1) and z € U x {1} C W, which is absurd.
XQ So 6]\ W] # Q.

Similarly, ¢[Z\ W] # Q if WN{(y,0):y € L} # (. But as K UL = @, this means that ¢[Z \ W] can
never be Q.

Thus ¢[F] # Q for any closed proper subset F' of Z, and ¢ : Z — Q is irreducible.

(b) Fixing n < 0, induce on {. As ¢, = fm 1 Qn — Qy is surjective, ¢, is the identity map on @,
and the case £ = 7 is trivial. For the inductive step to a successor ordinal £ + 1, ¢y cq1 = Py ebe ¢11 is the

composition of two irreducible continuous surjections, by the inductive hypothesis and (*), so is irreducible
by 5A4C(d-iv). For the inductive step to a limit ordinal £ € |5, 0], take a non-empty open set G C Q¢; then
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there must be 1o, ... ,n, € [,€[ and open sets G; C Q,,,, for i < n, such that () # ﬂign é LG € G. We

n:€
can take it that 19 < ... <ny,. Setting H = (,,, ;7. [Gi] € Q,.,

GyielH] = Nicyy 00 el000, [Gill = Nicyy 07 [Gi]
is a non-empty open subset of G. So

Pne [Qé \ G] = O, [¢%E[Q€ \G]] € o, [an \H] # Qn

because ¢, is irreducible. As G is arbitrary, ¢, is irreducible and the induction continues.

5A4L Old friends (a) The weight of the Stone-Cech compactification AN is ¢. (ENGELKING 89, 3.6.11.)

(b)(i) For any infinite I, there is a continuous surjection from {0,1}! onto [0,1]!. (Immediate from
5A4Fa, or otherwise.)
(ii) There is a continuous surjection from [0, 1] onto [0, 1]. (The Cantor set C' C [0, 1] is homeomorphic
to {0, 1} (4A2Uc), so again 5A4Fa gives the result. Or see 416Yi.)
(iii) For any infinite x, ¢({0,1}") = x. P t({0,1}") < w({0,1}") < k (5A4Ba, 4A2D(a-ii))). In the
other directon, set A = {xI : I € [k]<“}; then xyx € A\ B for every B € [A]<", so k < ¢({0,1}"). Q

(c) If X is a non-empty zero-dimensional compact metrizable space without isolated points, it is homeo-
morphic to {0, 1}N. P Let B be the algebra of open-and-closed subsets of X. By 311J, X is homeomorphic
to the Stone space of B. Because X has no isolated points, 9B is atomless (316Lb). We know that X is
second-countable (4A2P(a-ii)); let U be a countable base for its topology; then every member of 9B is open,
so expressible as a union of members of U, and compact, so expressible as the union of a finite subset of
U. Accordingly B is countable; and as X # 0, B # {0}. By 316M, B is isomorphic to the algebra of
open-and-closed subsets of {0, 1}; by 311J again, X and {0, 1} are homeomorphic. Q

(d) Let X be a non-empty zero-dimensional Polish space in which no non-empty open set is compact.
Then X is homeomorphic to N with its usual topology. I Let p be a complete metric on X defining
its topology. (i) If U C X is a non-empty open set and ¢ > 0, there is a partition (Up,)nen of U into
non-empty open-and-closed sets of diameter at most €. To see this, note that as U is not compact, there
is a sequence (zp)nen in U with no cluster point in U (4A2Le). Let V be the family of subsets of U, of
diameter at most €, which are open-and-closed in X and contain x; for at most finitely many i. Because X
is zero-dimensional, V is a base for the subspace topology of U. Because U is Lindelof (4A2P(a-iii)), there is
a sequence (V;,)nen in V covering U; set V,; = V,, \ |, ,, Vi for each n, so that (V,)nen is a disjoint sequence
in V covering U. Because no V, can contain infinitely many of the x;, I = {n : V,, # (0} is infinite, and we
can re-enumerate (V,;)ner as (Un)nen to get an appropriate sequence. (ii) Now set S = J,,cy N™ and define
(Us)oes inductively in such a way that Uy = X and

(Uy~ <n>)nen is a partition of U, into non-empty open-and-closed sets of diameter at most
27F whenever k € N and ¢ € N*.
For oo € NV, (Uak)ken is a non-increasing sequence of non-empty closed sets and diam Uy < 2-F+1 for
every k > 1, so there is exactly one point in (),cyUarr; let f(a) be this point. This defines a function
f NN - X, (iii) Because (Uy~ps)nen is a partition of U, for every o, f is a bijection. (iv) If G C X is
open, then

J7HG]) = {a : there is some k € N such that U,x C G}
is open, so f is continuous. (v) If H C N is open, then
fIHl| = {Uy:0€ S, {a:0 Caec NV} C H}
is open, so f is a homeomorphism. Q
(e) If X is a non-empty Polish space without isolated points, then it has a dense Gs set which is

homeomorphic to NV with its usual topology. PP Let U be a countable base for the topology of X, and D a
countable dense subset of X; set

Y =X\ (DUUpye, 9U)
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where U = U \ U is the boundary of U. Then Y is a G4 set in X, so is Polish (4A2Qd). Because X has no
isolated points, Y is comeager in X and is dense and not empty. Because {U NY : U € U} is a base for the
topology of Y consisting of relatively open-and-closed sets, Y is zero-dimensional. If V' C Y is a non-empty
relatively open set, let G C X be an open set such that GNY = V; then D N G is non-empty, so there is
a sequence in V converging (in X) to a point in DN G C X \ V, and V cannot be compact. By (d), Y is
homeomorphic to NN, Q

(f) If X is any zero-dimensional Polish space there is a closed subspace of N¥ homeomorphic to X. P
Let p be a complete metric on X defining its topology. For each n € N, V,, = {V : V C X is open-
and-closed, diam(V) < 27"} is an open cover of X; let (Vi,;);en be a sequence in V,, covering X; set
Uni = Vi \ Uj<i Vpj for i € N, so that (Uy;)ien is a partition of X into open-and-closed sets of diameter
at most 27", For n € N and z € U,,;, set f(z)(n) = i; then f is a continuous function from X to NN. If
z,y € X, n € Nand f(z)(n) = f(y)(n) = i, then p(z,y) < diamU,; < 27", so f is injective. Because
{f[ Unil :n, i€ N} = {f[X]n{a: a(n) =i} :n, i € N} is a subbase for the topology of f[X], while {U,; : n,
i € N} is a subbase for the topology of X, f is a homeomorphism between X and f[X]. Finally, to see that
fIX] is a closed subset of NN, take a sequence (2,,)men in X such that (f(z(m)))men — « in NN, For any
n € N there is a & € N such that f(xz(m))(n) = a(n) for every m > k, so that z(m) € Uy, o(,) for m > k,
and p(z(m),xz(k)) < 27" for m > k. Thus (z(m))men is a Cauchy sequence in X with a limit x € X, and
a = f(z) belongs to f[X]. Q

Version of 3.10.13

5A5 Real analysis
For the sake of an argument in §534 I sketch a fragment of theory.

5A5A Entire functions A real function f is real-analytic if its domain is an open subset G of R and
for every a € G there are a § > 0 and a real sequence (c,)nen such that f(z) = > o°  cn(z — a)™ whenever
|x — a|] < 4. It is real-entire if in addition its domain is the whole of R.

We need the following facts: (i) if f and g are real-entire functions so is f — g; (ii) if (cu)nen is a real
sequence such that f(z) = > 7 ¢ 2™ is defined in R for every z € R, then f is real-entire; (iii) if in this
expression not every ¢, is zero, then every point of F = {z : € R, f(z) = 0} is isolated in F, so that F
is countable. If you have done a basic course in complex functions you should recognise this. If either you
missed this out, or you are not sure you understood the proof of Cauchy’s theorem, the following is a sketch
of a real-variable argument.

(i) is elementary. For (ii), observe first that if (¢,z")nen is summable then lim, . c,z™ = 0 so
Yoo o lenlt™ is finite whenever 0 < ¢t < |z|. In the present case, Y . |c,[t" < oo for every ¢ > 0. So
ifa, x € R,

(oo} n n

n—k
Z ‘k;l (n— k)'cnx a | < ZZkl (n— k)l‘c"‘R
n=0 k=0 n=0 k=0

(where R = max(|z|,|a|))

= Jeal2R)"
n=0

We therefore have

! _
fr+a)= ZZO:O cn(T +a)" = ZZO:O ZZ:O k!(gik)!cnxka” b= 220:0 Can”

|
where cqr = Y 00, mcna”_k for each k. Turning this round, f(z) = Y po, car(z — a)* for every z.

This shows that f is real-entire. As for (iii), if not every ¢, is zero, there must be some neighbourhood of 0 in
which the first non-zero term ¢, 2" dominates, so f is not identically zero. (The point is that Y p- , |cx| < oo,
so there is some d > 0 such that Y32 . |cxd* ™| < |¢,6"].) In this case, if @ € R, not every cqx can be
zero, and there must be some neighbourhood of a in which the first non-zero term cq (7 — a)* dominates,
so that there can be no zeroes of f in that neighbourhood except perhaps a itself.
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Version of 13.2.17

5A6 Special axioms

This section contains very brief accounts of some of the undecidable propositions and special axioms
which are used in this volume, with a few of their most basic consequences: the generalized continuum
hypothesis, the axiom of constructibility, Jensen’s Covering Lemma, square principles, Chang’s transfer
principle, Todorcevié¢’s p-ideal dichotomy and the filter dichotomy.

5A6A The generalized continuum hypothesis (a) The generalized continuum hypothesis is the
assertion

(GCH) 2% = k™t for every infinite cardinal &.

(b) If GCH is true, then for infinite cardinals &, A

cf[k]S* = 1if k < A,
=k if A < cfk,
= kT otherwise.
P If k <\, use 5A1F(e-i). If A < & then
cf[k]=* < #([K]5Y) < #(Pr) =27 = Kt
If A < 0 = cfk, then [5]=* = U§<n[ﬂ§)\ SO
cf[k]=* < max(k, SUPg o cf[€]5H) < max(k, Supg ., #OT) =k

and we have equality (using the other part of 5A1F(e-i)). If A = 6 then 5A1F(e-v) tells us that cf[x]” is
greater than r, so must be x¥. If § < A < k then, by 5A1F (e-ii),

K < cf[k]=? < max(cf[r]=*, cf[A]S?) < max(cf[x]S*, A1) < max(cf[k]=*, k),
so again cf[k]** = kt. Q

(c) If GCH is true, then for infinite cardinals x and \, the cardinal power x> is 2% if K < \, x if A < cf &,
kT otherwise. (Put (b) and 5A1F (e-iii) together.)

5A6B L, 0 and Jensen’s Covering Lemma (a)(i) Let L be the class of constructible sets (JECH
03, §13; JECH 78, §12; KANAMORI 03, §3; KUNEN 80, chap. VI). The axiom of constructibility is

(V=L) Every set is constructible.
V=L implies GCH (JECH 03, 13.20; JECH 78, Theorem 34; KUNEN 80, §V1.4).

(ii) I will call on the following three properties of L in the remarks below. To make sense of them
you will of course need to look at the proper definition. Only the third has any real content. Every ordinal
belongs to L; if A, B € L then AN B € L; if k is a cardinal, then #(L N Pk) < k™.

(b) 0%, if it exists, is a set of sentences in a countable formal language (JECH 03, §18; KANAMORI 03,
§9). T will not attempt to explain further; I mention 0f only so that you will be able to explore the literature
for proofs of the assertions below. I will write ‘30%’ for the assertion ‘0f exists’.

Jensen’s Covering Lemma is the assertion

(CL) for every uncountable set A of ordinals, there is a constructible set of the same
cardinality including A.

Now Jensen’s Covering Theorem is
CL iff not-30*
(JECH 03, Theorem 18.30.)

(© 2009 D. H. Fremlin
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(c) The importance to us of 0 is that there are relatively direct proofs that V=L implies not-30% (JECH
03, §18), and that not-30 is true in any set forcing extension of a model of not-30%; see JECH 03, Exercise
18.2 or JECH T8, Exercise 30.2. So CL implies that ||p CL for every forcing notion P of the kind considered
in §5A3.

5A6C Theorem Assume that CL is true.
(a) For infinite cardinals x and A,

cf[k]S* = 1if k < ),
=k if A < cfk,

= k" otherwise.

(b) If x and X are infinite cardinals, then the cardinal power £ is 2* if kK < 2*, K if A < cfk and 2* < &,
and xT otherwise.

proof (a)(i) If w; < A < & then cf[]=* < k*. P By CL, every A € [x ])‘ is included in a B € [L]}; now
k€ Lso BNk € Land AC BNk € [x]). Thus LN[x] is cofinal with [k]* and [x]=*. But #(LNPk) < k*
(5A6B(a-ii)), so cf[x]<* < xt. Q

(ii) It follows that cf[s]=* < k™ for all infinite cardinals x and A\. PP The case \ > k is trivial, so only
the case A = w < Kk remains. But
cf[k]=¥ < max(cf[k]“1, cf[w;]=%) < max(kT,wy) = kT
by 5A1F (e-ii) and (i). Q
(iii) If A < cf s then cf[x]5* < k. P [5]5* = . [6]5, s0

cf[k]=* < max(m,supKHCf[{]SA) < max(k, Supg ., #EON) =k Q
(iv) If cfk < X < k then cf[k]* > k. P Set § = cfx. Then

k < cf[k]=% < max(cf[k] =, cf[A]SY)
< max(cf[x]5*, A7) < max(cf[s]=*, k)

(5A1F(e-v), 5A1F (e-ii), (ii) above), so cf[x]=* > &
Putting this together with 5A1F(e-i), (ii) and (111) we have the result.

(b) As 5A6Ac.

5A6D Square principles (a)(i) Let Sing be the class of non-zero limit ordinals which are not regular
cardinals. Global Square is the statement
there is a family (C¢)¢csing such that
for every £ € Sing, Cg is a closed cofinal set in §;
otp C¢ < £ for every £ € Sing;
if £ € Sing and ¢ > 0 is such that ¢ = sup(¢{ N C¢), then ¢ € Sing and C; = (N Ce.

(ii) For an infinite cardinal «, let O, be the statement
there is a family (C¢)e<,+ of sets such that
for every & < kt, C¢ C € is a closed cofinal set in &;
if cf€ < k then #(C¢) < k;
whenever £ < k1 and ¢ < £ is such that ¢ = sup(¢ N C¢), then C¢ = ¢ N Ck.

(b) V=L implies Global Square (FRIEDMAN & KOEPKE 97). Global Square implies that OJ,; is true for
every infinite cardinal x (DEVLIN 84, VI.6.2). CL implies that O, is true for every singular infinite cardinal
% (DEVLIN 84, V.5.6).
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(c) If k is an uncountable cardinal and (C¢)¢< .+ is a family as in (a-ii), then otp Ce < & for every £ < k.
P If cf§ < k this is immediate from the second clause of .. Otherwise, & is regular, and cfC¢ = k. 7 If
otp C¢ > & then otp C¢ > k + w so there is a ¢ € C¢ such that otp(¢ N C¢) = Kk + w; but now cf( =w < &
and C¢ = ( N C¢ has cardinal &, which is not allowed. X Q

5A6E Lemma Suppose that x is an uncountable cardinal with countable cofinality such that [, is true.
Then there is a family (I¢)¢< .+ of countably infinite subsets of s such that
I¢ N I, is finite whenever n < £ < k™,
{€: ¢ < kT, INI is infinite} is countable for every countable I C k.

proof Let (C¢)ecp+ be a family as in 5A6D(a-ii). Let (kn)nen be a non-decreasing sequence of infinite
cardinals less than x with supremum &. Define (fe)ecno+ in [], oy, as follows. fo(n) = 0 for every n.
Given fe, set fer1(n) = fe(n) + 1 for every n. Given (f,),<¢, where £ < k™ is a non-zero limit ordinal, set

fe(n) = sup{fy(n) :n € C¢, #(n N Ce) < rn}

for each n; because {n: n € C¢, #(n N C¢) < Ky} has cardinal at most Ky, fe(n) < k. Continue.

We find that if n < £ < K+ then {n : fe(n) < f,(n)} is finite. P Induce on &. If £ = 0 there is nothing
to prove. If £ = (+ 1 then {n : fe(n) < fr(n)} = {n: fc(n) < f,(n)} is finite. If £ is a non-zero limit
ordinal, let { € C¢ be such that n < {. Because otp Ce < k (5A6Dc), #(¢ N C¢) < Ky, for some m. Now
fe(n) > fe(n) for every n > m, so {n: fe(n) < fr(n)} SmuU{n: fe(n) < fy(n)} is finite. Q

If I C N x k is countable, then B = {£ : £ < k*, I N fe is infinite} is countable, where in this formula I
am identifying fe with its graph, as usual. PP? Otherwise, let B’ C B be a set with order type w1, and set
E=sup B’ < k™. Set

I'={(n,a): (n,a) € I, a < f,(n) for some n € C¢}.
Because I and I’ are countable, while cf C¢ = cf{ = w1, there is a ( € C¢ such that ¢ = sup(¢ N C¢) and
I'={(n,a): (n,a) € I, a < f,(n) for some n € (N Ce}.

Take n € B’ such that n > ¢, and ¢’ € C¢ such that ¢’ > 7. Then there is an m € N such that #({NC¢) < K,
and fe(n) < fp(n) < fe(n) for every n > m. As n € B, there is an n > m such that (n, f,(n)) € I; as
fa(n) < fer(n), (n, fy(n)) € I' and there is an ' € ( N C¢ such that f,(n) < f,/(n). But now we have
n' € Ce and #(n' N C¢) < #(C¢) < kyn and fe(n) < f(n), contrary to the choice of f.. XQ

Thus if we set I¢ = f¢ for £ < kT we have an appropriate family of sets in N x ™ which can be transferred
to kT by any bijection.

5A6F Chang’s transfer principle (a) If Ao, A1, ko and k1 are cardinals, then (k1,A1) = (Ko, Ao)
means
whenever f : [k1]<¥ — A\; is a function, there is an A € [k1]" such that #(f[[4]<¥]) < Xo.
For the original model-theoretic version of this principle, and the proof that it comes to the same thing, see
KANAMORI 03, 8.1. For various combinatorial consequences, see ‘Chang’s conjecture’ in ERDOS HAINAL
MATE & RADO 84.
In this book, I write CTP(k, A) for the statement

(K, A) = (w1,w).

What is commonly called ‘Chang’s conjecture’ is CTP (w2, w;). For a model of GCH + CTP (w41, w,), see
LEVINSKI MAGIDOR & SHELAH 90.

(b) Suppose that CTP(x, A) is true.

(i) If £ : [k]<% — [A\]=¥ is a function, then there is an uncountable A C & such that J{f(I) : I € [A]<¥}
is countable. P Enumerate NxN as {(k,, M, ))nen in such a way that m,, < n for every n € N. For I € [k]<¥
let (fr(I))ren be a sequence running over f(I)U {0}. (I am passing over the trivial case A = 0.) Now, for
n € N and I € [k]™, enumerate I in ascending order as (§;);<, and set g(I) = fi, ({& : i < my}). There
is an uncountable A C k such that B = {g(I) : I € [A]<“} is countable; we may suppose that A has order
type wi. If J € [A]<¥ and k € N, let n € N be such that k, = k and m,, = #(J); let I € [A]™ be such
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that J consists of the first m,, elements of I; then fx(J) = g(I) belongs to B. As J and k are arbitrary,
U{f(I): I € [A]<¥} C B is countable. Q

(ii) If (A¢)e<r is any family of countable subsets of A, then there is a countable A C X such that
{€: A C A} is uncountable. B In (i), take f(I) = Ugc; Ae for I € [5]°%. Q

(c) CL implies that CTP(k, A) is false except when A < w (KANAMORI 03, 8.3, 21.1 and 21.4).

5A6G Todorcevié’s p-ideal dichotomy (a) Let X be a set and Z an ideal of subsets of X. Then Z
is a p-ideal if for every sequence (I,,),en in Z there is an I € 7 such that I, \ [ is finite for every n € N.
(Compare 538Ab.)

(b) Now Todorcevié’s p-ideal dichotomy is the statement

(TPID) whenever X is a set and Z C [X]=¥ is a p-ideal of countable subsets of X, then
either there is a B € [X]“* such that [B]=¥ C T or X is expressible as | J, . X,, where
INPX, C[X,]<¥ for every n € N.
This is a consequence of the Proper Forcing Axiom, and implies that [, is false for every x > w;
(TODORCEVIC 00).

neN

*5A6H Analytic p-ideals: Theorem Suppose that the Proper Forcing Axiom is true. Take a non-
empty set D C [0, oo[N and set
Z={I:1CN,lim,c0Sup.cp ) iep, 2() =0},

so that Z is an ideal of subsets of N. Let 2 be the quotient Boolean algebra PN/Z. Then for every 7 € Aut 2l
there are sets I, J € Z and a bijection h : N\ I — N\ J representing 7 in the sense that w(A4*) = (h=1[4])*
for every A C N. (FArRAH 00, 3.4.6.)

5A6I u, g and the filter dichotomy: Definitions (a) The ultrafilter number u is the least cardinal
of any filter base generating a free ultrafilter on N, that is, min{ci F : F is a free ultrafilter on N}.

(b)(i) A family A of infinite subsets of N is groupwise dense if
(o) whenever a € A, o/ € [N]¥ and o’ \ a is finite, then o’ € A,
(B) whenever ¢ : N — N is finite-to-one, there is an infinite ¢ C N such that ¢~![c] € A.
(A function f: X — Y is ‘finite-to-one’ if f~1[{y}] is finite for every y € Y.)

(ii) The groupwise density number g is the least cardinal of any collection A of groupwise dense
subsets of [N]* such that (A = 0.

(iii) For a model in which w; = u < g see BLASS & LAFLAMME 89.
(c) For filters F on X and G on Y, say that F <gp G if there is a finite-to-one ¢ : Y — X such that

F = ¢[[G]]. (This is the Rudin-Blass ordering of filters.) Note that F <gp F for every filter F, and if
F <gp G and G <gp H then F <gp H (and F <k G, of course).

(d) The filter dichotomy is the statement

(FD) For every free filter F on N either Fr, <gp F, where Fg, is the Fréchet filter, or
there is an ultrafilter G on N such that G <gg F.

*5A6J Proposition (BLass & LAFLAMME 89) If u < g then the filter dichotomy is true.
proof Let F be a free filter on N such that Fg. €rp F, where Fg, is the Fréchet filter.

(a) For subsets a, b, ¢ of NI will say that b interpolates between a and ¢, and write (a(b)c), if
whenever i € a, k € ¢ and i < k then there is a j € b such that ¢ < j < k. Now if b C N is infinite,

Ay ={a:a€|NJ¥, (a(b)c) for some ¢ € F}
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is groupwise dense. P (a) If a € Ay, o’ € [N]* and o’ \ a is finite, let ¢ € F be such that (a(b)c). Let jo € b
be such that a’ \ a C jo, and set ¢/ =c\ jo € F. Ifi € d/, k € ¢ and i <k, either i < jo and i < jg < k, or
i € a and there is a j € b such that i < j < k; thus (a’(b)c’) and a’ € Ap. (B) If ¢ : N — N is finite-to-one,
we can choose strictly increasing sequences (I, )ren, (Mmy)ren in N such that

ZO € ¢[N]7

given I, m, € b and i < m,. whenever ¢(i) = I,

given m,., l,41 € @[N] and ¢ > m, whenever ¢(i) = l,.41.
Set (i) = #({r : m, < i}) for i € N; then ¢ : N — N is finite-to-one. As F is free, Fp, C ¢[[F]]; as
Frr €rB F, Y¥[[F]] # Fre and there is an infinite set d C N such that d’ = N\ d € ¥[[F]]. Of course we can
suppose that 0 ¢ d.

Ifi € v~ Yd], k € p=1[d] and i <k, then ¢(i) € d, (k) € d’ and ¥(i) < (k) so (i) < ¥(k); setting

r = (i), we have i < m, < k, while m, € b. This shows that (»~1[d](b)1y"1[d']), so that ¢ ~1[d] € A.
Next, setting ¢ = {l, : r € d}, c is infinite; and if i € ¢~ 1[c], we have an r € d such that ¢(i) = [,., in which
case (as r > 0) m,_1 <4 < m, and ¥(i) = r. So ¢~ t[c] C ¥~ [d]; also ¢~ '[c] is infinite (because I, € ¢[N]
for every r), so ¢71[c] € Ay. As ¢ is arbitrary, A, is groupwise dense. Q

(b)(i) Now let G be a non-principal ultrafilter on N which has a filter base B with cardinal u. Because
u < g, thereis an a € [,z Ap. This time, set ¢(i) = #(aN(i+1)) for i € N; as a is infinite, ¢ is finite-to-one.
Set m = mina. If b € B, ¢ C N and (a(b)c), then ¢[c\ m] C ¢[b]. P If k € ¢\ m, set i = max(aN (k +1));
then ¢ < k so there is a j € bsuch that ¢ < j < k,andnowanN(j+1) =an(k+1) =an(i+1) so
o(k) = 6(j) € 0l1]. Q

(ii) It follows that ¢[[G]] C ¢[[F]]. P If G € ¢[[G]] there is a b € B such that b C ¢$~1[G]. Now a € 4,
so there is a ¢ € F such that (a(b)c); in this case, setting m = mina, ¢\ m € F and ¢[c \ m] € ¢[[F]]. By
(i) just above, ¢[c \ m] C ¢[b], while ¢[b] C G. So G € ¢[[F]]. As G is arbitrary, ¢[[G]] C ¢[[F]]- Q

(iii) We supposed that G was an ultrafilter, so ¢[[G]] is an ultrafilter (2A1N) and must be equal to
@[[F]] <rp F. Thus we have the second alternative in the statement of FD. As F is arbitrary, FD is true.
Version of 28.4.23
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