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Chapter 54
Real-valued-measurable cardinals

Of the many questions in measure theory which involve non-trivial set theory, perhaps the first to have
been recognised as fundamental is what I call the ‘Banach-Ulam problem’: is there a non-trivial measure
space in which every set is measurable? In various forms, this question has arisen repeatedly in earlier
volumes of this treatise (232Hc, 363S, 438A). The time has now come for an account of the developments
of the last fifty years.

The measure theory of this chapter will begin in §543; the first two sections deal with generalizations to
wider contexts. If v is a probability measure with domain P X, its null ideal is w;-additive and w;-saturated
in PX. In §541 I look at ideals Z <1 PX such that Z is simultaneously x-additive and k-saturated for some k;
this is already enough to lead us to a version of the Keisler-Tarski theorem on normal ideals (541J), a great
strengthening of Ulam’s theorem on inaccessibility of real-valued-measurable cardinals (541Lc), a form of
Ulam’s dichotomy (541P), and some very striking infinitary combinatorics (541Q-541S). In §542 T specialize
to the case kK = wy, still without calling on the special properties of null ideals, with more combinatorics
(542E, 542I).

I have said many times in the course of this treatise that almost the first thing to ask about any measure
is, what does its measure algebra look like? For an atomless probability measure with domain PX, the
Gitik-Shelah theorem (543E-543F) gives a great deal of information, associated with a tantalizing problem
(543Z). §544 is devoted to the measure-theoretic consequences of assuming that there is some atomlessly-
measurable cardinal, with results on repeated integration (544C, 5441, 544J), the null ideal of a normal
witnessing probability (544E-544F) and regressive functions (544M).

I do not discuss consistency questions in this chapter (I will touch on some of them in Chapter 55). The
ideas of §§541-544 would be in danger of becoming irrelevant if it turned out that there can be no two-
valued-measurable cardinal. I have no real qualms about this. One of my reasons for confidence is the fact
that very much stronger assumptions have been investigated without any hint of catastrophe. Two of these,
the ‘product measure extension axiom’ and the ‘normal measure axiom’ are mentioned in §545.

One way of looking at the Gitik-Shelah theorem is to say that if X is a set and Z is a proper o-ideal of
subsets of X, then PX/Z cannot be an atomless measurable algebra of small Maharam type. We can ask
whether there are further theorems of this kind provable in ZFC. Two such results are in §547: the ‘Gitik-
Shelah theorem for category’ (547F-547G), showing that PX/Z cannot be isomorphic to RO(R), and 547R,
showing that ‘c-measurable’ algebras of moderate complexity also cannot appear as power set o-quotient
algebras. This leads us to a striking fact about free sets for relations with countable equivalence classes
(548C) and thence to disjoint refinements of sequences of sets (548E).

Version of 10.12.12

541 Saturated ideals

If v is a totally finite measure with domain PX and null ideal N (v), then its measure algebra PX/N (v)
is cec, that is to say, sat(PX/N(v)) < wq; while the additivity of N (v) is at least wy. It turns out that an
ideal Z of PX such that sat(PX/Z) < addZ is either trivial or extraordinary. In this section I present a
little of the theory of such ideals. To begin with, the quotient algebra has to be Dedekind complete (541B).
Further elementary ideas are in 541C (based on a method already used in §525) and 541D-541E. In a less
expected direction, we have a useful fact concerning transversal numbers Trz(X;Y") (541F).

The most remarkable properties of saturated ideals arise because of their connexions with ‘normal’ ideals
(541G). These ideals share the properties of non-stationary ideals (541H-541I). If 7 is an (add Z)-saturated
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2 Real-valued-measurable cardinals 8541 intro.

ideal of PX, we have corresponding normal ideals on addZ (541J). Now there can be a k-saturated normal
ideal on k only if there is a great complexity of cardinals below x (541L).

The original expression of these ideas (KEISLER & TARSKI 64) concerned ‘two-valued-measurable’ cardi-
nals, on which we have normal ultrafilters (541M). The dichotomy of ULAM 1930 reappears in the context
of k-saturated normal ideals (541P). For s-saturated ideals, ‘normality’ implies some far-reaching extensions
(541Q). Finally, I include a technical lemma concerning the covering numbers covgy (o, 8,7, 9) (541S).

541A Definition If 2 is a Boolean algebra, I is an ideal of 2 and « is a cardinal, I will say that I is
k-saturated in 2 if x > sat(2/1)

541B Proposition Let 2l be a Dedekind complete Boolean algebra and I an ideal of 2 which is (add I)*-
saturated in 2. Then the quotient algebra 2(/T is Dedekind complete.

541C Proposition Let X be a set, x a regular infinite cardinal, 3 an algebra of subsets of X such that
U& € ¥ whenever £ C ¥ and #(€) < k, and 7 a k-saturated x-additive ideal of 3.

(a) If £ C X there is an £’ € [£]<" such that E\ |J&' € T for every F € £.

(b) If (E¢)e<y is any family in ¥\ Z, and 0 < & is a cardinal, then {z : z € X, #({{ : z € E¢}) > 6}
includes a member of ¥\ Z.

(¢) Suppose that no element of ¥\ Z can be covered by x members of Z. Then & is a precaliber of ¥/7.

541D Lemma Let X be a set, Z an ideal of PX, Y a set of cardinal less than addZ and x a cardinal
such that 7 is (cf k)-saturated in PX. Then for any function f : X — [Y]<"* there is an M € [Y]<" such
that {x: f(x) € M} € T.

541E Corollary Let X be a set, Z an ideal of PX, Y a set of cardinal less than addZ and & a cardinal
such that Z is (cfk)-saturated in PX. Then for any function g : X — Y there is an M € [Y]<" such that
g Y\ M]eZ

541F Lemma Let X and Y be sets, x a regular uncountable cardinal, and Z a proper x-saturated
k-additive ideal of subsets of X. Then Trz(X;Y) is attained, in the sense that there is a set G C YX such
that #(G) = Trz(X;Y) and {z : z € X, g(z) = ¢'(x)} € Z for all distinct g, ¢’ € G.

541G Definition Let s be a regular uncountable cardinal. A normal ideal on k is a proper ideal Z of
Pk, including []<", such that

{£:£<H7£€Un<§‘[ﬁ}
belongs to Z for every family (I¢)e<, in Z.

541H Proposition Let x be a regular uncountable cardinal and Z a proper ideal of Pk including [x]<".
Then the following are equiveridical:

(i) Z is normal;

(ii) Z is k-additive and whenever S € Pk \Z and f : S — k is regressive, then there is an o < k such
that {£:£€ S, f(§) < a} is not in Z;

(iii) whenever S € Pk \Z and f : S — k is regressive, then there is a 8 < & such that {£ : £ € S,
f(&) =pB}isnot in Z.

5411 Lemma Let k be a regular uncountable cardinal.

(a) The family of non-stationary subsets of  is a normal ideal on , and is included in every normal ideal
on K.

(b) If 7 is a normal ideal on r, and (Ik)xe[s<~ is any family in Z, then {£ : £ < k, £ € Ugeg<w 1K}
belongs to Z.
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5418 Saturated ideals 3

541J Theorem Let X be a set and J an ideal of subsets of X. Suppose that add J = k > w and that
J is A-saturated in PX, where A < k. Then there are Y C X and g : Y — & such that {B : B C k,
g~ Y[B] € J} is a A-saturated normal ideal on .

541K Lemma Let x be a regular uncountable cardinal and Z a normal ideal on x which is x’-saturated
in Pk, where k' < k.

(a) If S € Pr\Z and f : S — & is regressive, then there is a set A € [k]<* such that S\ f~![A] € Z;
there is an o < k such that {£:£€ S, f(§) > a} e T.

(b) If A < k, then {£: £ < kK, cfE <A} €.

(c) If for each £ < k we are given a relatively closed set C¢ C & which is cofinal with &, then

C={a:a<k {{:a¢C}ecl}

is a cofinal closed set in k.

541L Theorem Let x be an uncountable cardinal such that there is a proper k-saturated k-additive
ideal of Pk containing singletons.

(a) There is a k-saturated normal ideal on k.

(b) & is weakly inaccessible.

(c) The set of weakly inaccessible cardinals less than & is stationary in &.

541M Definition (a) A regular uncountable cardinal  is two-valued-measurable if there is a proper
k-additive 2-saturated ideal of Pk containing singletons.

(b) An uncountable cardinal  is weakly compact if for every S C [x]? there is a D € [k]" such that
[D]? is either included in S or disjoint from S.

541N Theorem (a) A two-valued-measurable cardinal is weakly compact.
(b) A weakly compact cardinal is strongly inaccessible.

5410 Lemma Let X be a set and Z a proper ideal of subsets of X such that PX/Z is atomless. If 7 is
A-saturated and k-additive, with A\ < &, then x < covZ < sup,_, 2.

541P Theorem Suppose that  is a regular uncountable cardinal with a proper A-saturated x-additive
ideal Z of Pk containing singletons, where A < k. Set 2 = Px/Z. Then

either k < supg., 2% and 2 is atomless

or k is two-valued-measurable and 2 is purely atomic.

541Q Theorem Let k be a regular uncountable cardinal and Z a normal ideal on k. Let 6 < x be a
cardinal of uncountable cofinality such that Z is (cf@)-saturated in P, and f : [5]<% — [k]<? any function.
Then there are C € T and f* : [r \ C]<¥ — [k]<Y such that f(I) Ny C f*(I Nn) whenever I € [\ C]<¥
and n < K.

541R Corollary Let k be a regular uncountable cardinal, Z a normal ideal on &, and 6§ < k a cardinal
of uncountable cofinality such that Z is (cf#)-saturated in Pk.

(a) If Y is a set of cardinal less than & and f : [k]<¥ — [V]<? a function, then there are C' € T and
M € [Y]<% such that f(I) C M for every I € [r\ C]<“.

(b) If Y is any set and g : k — [Y]<? a function, then there are C € T and M € [Y]<Y such that
g(&) Ng(n) C M for all distinct &, n € K\ C.

541S Lemma Let « be a regular uncountable cardinal and Z a normal ideal on x. Suppose that v and
§ are cardinals such that w < v < 6§ < k < 2%, T is d-saturated in P, 2% =27 for v < B < §, but 20 > 27.
Then § is regular and

20 = covgn (27, K, 01, 8) = coven(27, K, 61, w1) = coven (27, K, 0, 2).

D.H.FREMLIN



4 Real-valued-measurable cardinals

Version of 8.7.13

542 Quasi-measurable cardinals

As is to be expected, the results of §541 take especially dramatic forms when we look at wi-saturated
o-ideals. 542B-542C spell out the application of the most important ideas from §541 to this special case. In
addition, we can us Shelah’s pcf theory to give us some remarkable combinatorial results concerning cardinal
arithmetic (542E) and cofinalities of partially ordered sets (5421-542J).

542A Definition A cardinal x is quasi-measurable if k is regular and uncountable and there is an
wy-saturated normal ideal on k.

542B Proposition If X is a set and Z is a proper wp-saturated o-ideal of PX containing singletons,
then add Z is quasi-measurable.

542C Proposition If k is a quasi-measurable cardinal, then k is weakly inaccessible, the set of weakly
inaccessible cardinals less than « is stationary in k, and either k < ¢ or x is two-valued-measurable.

542D Proposition Let x be a quasi-measurable cardinal.

(a) Let (f¢c)c<r be a family such that A < k is a cardinal, every . is a regular infinite cardinal and
A < 0¢ <k for every ¢ <A. Then cf([],_, 0c) <.

(b) If o and «y are cardinals less than s, then O(«, ) is less than &.

(¢) If a, B, v and § are cardinals, with a < k, v < 8 and § > wq, then covgp(a, 8,7, 9) is less than k.

(d) O(k, k) = k.

542E Theorem If x < ¢ is a quasi-measurable cardinal, then
{27 1w <y <K}

is finite.

542F Corollary Let k¥ < ¢ be a quasi-measurable cardinal.

(a) There is a regular infinite cardinal v < & such that 27 = 29 for every cardinal § such that v < § < &;
that is, #([x]|<%) = 27.

(b) Let Z be any proper wi-saturated k-additive ideal of Px containing singletons, and 2 = Px/Z. If ~
is as in (a), then the cardinal power 7(2()? is equal to 2.

542G Corollary Suppose that  is a quasi-measurable cardinal.

(a) Ifr<c< k(1) then 2* < ¢ for every cardinal A < k.

(b) Let Z be any proper wi-saturated s-additive ideal of Pk containing singletons, and 2l = Pxr/Z. If
2* < ¢ for every cardinal A < k, then #(2) = 2~.

542H Lemma Let k be a quasi-measurable cardinal and («;);cr a countable family of ordinals less than
k and of cofinality at least wo. Then there is a set F* C P = Hiel «; such that

(i) F is cofinal with P;

(ii) if (fe)e<w, is a non-decreasing family in F' then sup,_,, fe € F;

(iil) #(F) < k.

5421 Theorem Let s be a quasi-measurable cardinal.

(a) For any cardinal 6, cf[x]<% < k.
(b) For any cardinal A < k, and any 6, cf[A\]<% < k.

542J Corollary Let x be a quasi-measurable cardinal. Let (P¢)¢<x be a family of partially ordered sets
such that A < add P; < cf Pe < & for every ¢ < A. Then cf([[._, %) < k.

MEASURE THEORY (abridged version)



543D The Gitik-Shelah theorem 5

542K Proposition Let x be a quasi-measurable cardinal.

(a) For every cardinal 6 < k there is a family Dy of countable sets, with cardinal less than , which is
stationary over 6.

(b) There is a family A of countable sets, with cardinal at most s, which is stationary over x.

Version of 11.11.13
543 The Gitik-Shelah theorem

I come now to the leading case at the centre of the work of the last two sections. If our w;-saturated
o-ideal of sets is the null ideal of a measure with domain P X, it has some even more striking properties than
those already discussed. I will go farther into these later in the chapter. But I will begin with what is known
about one of the first questions I expect a reader of this book to ask: if (X,PX,u) is a probability space,
what can, or must, its measure algebra be? There can, of course, be a purely atomic part; the interesting
question relates to the atomless part, if any, always remembering that we need a special act of faith to
believe that there can be an atomless case. Here we find that the Maharam type of an atomless probability
defined on a power set must be greater than its additivity (543F), which must itself be ‘large’ (541L).

543A Definitions (a) A real-valued-measurable cardinal is an uncountable cardinal x such that
there is a k-additive probability measure v on k, defined on every subset of x, for which all singletons are
negligible. In this context I will call v a witnessing probability.

(b) If & is a regular uncountable cardinal, a probability measure v on x with domain Pk is normal if its
null ideal N'(v) is normal. In this case, I will say that v is a normal witnessing probability.

(c) An atomlessly-measurable cardinal is a real-valued-measurable cardinal with an atomless wit-
nessing probability.

543B Proposition (a) Let (X, PX, ) be a totally finite measure space in which singletons are negligible
and pX > 0. Then x = add p is real-valued-measurable, and there are a non-negligible Y C X and a function

g : Y — k such that the normalized image measure B — uiyug’l[B] is a normal witnessing probability on
K.
(b) Every real-valued-measurable cardinal is quasi-measurable and has a normal witnessing probability;
in particular, every real-valued-measurable cardinal is uncountable and regular.
(c) If k < ¢ is a real-valued-measurable cardinal, then & is atomlessly-measurable, and every witnessing
probability on x is atomless.
(d) If kK > ¢ is a real-valued-measurable cardinal, then  is two-valued-measurable, and every witnessing
probability on k is purely atomic.
(e) A cardinal X is measure-free iff there is no real-valued-measurable cardinal k < A; ¢ is measure-free iff
there is no atomlessly-measurable cardinal.
(f) Again suppose that (X,PX, u) is a totally finite measure space.
(i) If p is purely atomic, add p is either oo or a two-valued-measurable cardinal.
(ii) If p is not purely atomic, add p is atomlessly-measurable.

543C Theorem Suppose that (Y,PY,v) is a o-finite measure space and that (X, %, %, u) is a o-finite
quasi-Radon measure space with w(X) < addv. Let f: X x Y — [0, 00| be any function. Then

T(J feywldy)) ulde) < [ ([ £, y)ulde))v(dy).

543D Corollary Let « be a real-valued-measurable cardinal, with witnessing probability v, and (X, %, X, i)
a totally finite quasi-Radon measure space with w(X) < k.
(a) If C C X X K then

[vClau(de) < [ p*C—L (€Y v(dg).

D.H.FREMLIN



6 Real-valued-measurable cardinals 543D

(b) If A C X and #(A) < &, then there is a B C A such that #(B) < x and pu*B = p*A.

(c) If (Ce)e<r is a family in PX \ N (u) such that #(U,_,, Ce) < &, then there are distinct &, 7 < x such
that u*(Ce N Cy) > 0.

(d) If we have a family (h¢)e<, of functions such that dom he¢ is a non-negligible subset of X for each ¢
and #(U¢.,, he) < K, then there are distinct &, 7 < x such that

p{z : x € dom(he) Ndom(hy,), he(z) = hy(x)} > 0.

543M Lemma Let < ¢ be a quasi-measurable cardinal and A\ < min(x(**),2%) an infinite cardinal.
Set ¢ = max(\T, k™).

(a) We have an infinite cardinal § < &, a stationary set S C ¢, and a family (g, )aecs of functions from
K to 2% such that g,[x] C a for every a € S and #(ga N gs) < & for distinct o, B € S. Moreover, we can
arrange that

— if A < Tr(k) (definition: 5A1Mb), then g4[k] C k for every o € S;

— if A > Tr(k), then go[v = ggly whenever v < k is a limit ordinal and «, 8 € S are such that
ga(7) = g8(7)-

(b) Now suppose that S; C S is stationary in ¢ and (6,)aecs, is a family of limit ordinals less than .
Then there are a # < k and a set Y € [29]<* such that Sy = {a: @ € S, 0, = 0, go[0] C Y} is stationary

in (.

543E The Gitik-Shelah theorem Let x be an atomlessly-measurable cardinal, with witnessing prob-
ability v. Then the Maharam type of v is at least min(x(++) 2%).

543F Theorem Let (X, PX, 1) be an atomless semi-finite measure space. Write £ = add p. Then the
Maharam type of (X,PX, ) is at least min(x(+),2%), and in particular is greater than x.

543G Corollary Let (X, PX,v) be an atomless probability space, and x = addv. Let (Z,%, u) be a
compact probability space with Maharam type A < min(2", /<;(+“’)) (e.g., Z = {0,1}* with its usual measure).
Then there is an inverse-measure-preserving function f: X — Z.

543H Corollary If « is an atomlessly-measurable cardinal, and (Z, u) is a compact probability space
with Maharam type at most min(2", H(“’)), then there is an extension of y to a k-additive measure defined
on PZ.

5431 Corollary If « is an atomlessly-measurable cardinal, with witnessing probability v, and 2% < &%),
then (k, Pk, v) is Maharam-type-homogeneous, with Maharam type 2*.

543J Proposition Let £ be an atomlessly-measurable cardinal, v a witnessing probability on k, and 2
the measure algebra of v. Then

(a) there is a v < & such that 27 = 2° for every cardinal § such that v < § < ;

(b) the cardinal power 7(2()7 is 2%;

(c) if ¢ < k(H91) | then #(A) = 7(A)~ = 2°~.

543K Proposition Let x be an atomlessly-measurable cardinal. If there is a witnessing probability on

k with Maharam type A, then there is a Maharam-type-homogeneous normal witnessing probability v on &
with Maharam type at most .

543L Proposition Suppose that v is a Maharam-type-homogeneous witnessing probability on an atom-
lessly-measurable cardinal x with Maharam type A. Then there is a Maharam-type-homogeneous witnessing

probability ©’ on x with Maharam type at least Try(,) (%3 A).

5437 Problems Let k be an atomlessly-measurable cardinal.
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544G Measure theory with an atomlessly-measurable cardinal 7

(a) Must every witnessing probability ¥ on x be Maharam-type-homogeneous?

(b) Must every normal witnessing probability v on x be Maharam-type-homogeneous?

Version of 31.12.13

544 Measure theory with an atomlessly-measurable cardinal

As is to be expected, a witnessing measure on a real-valued-measurable cardinal has some striking prop-
erties, especially if it is normal. What is less obvious is that the mere existence of such a cardinal can have
implications for apparently unrelated questions in analysis. In 544J, for instance, we see that if there is any
atomlessly-measurable cardinal then we have a version of Fubini’s theorem, [[ f(z,y)dzdy = [[ f(x,y)dydz,
for many functions f on R? which are not jointly measurable. In this section I explore results of this kind.
We find that, in the presence of an atomlessly-measurable cardinal, the covering number of the Lebesgue
null ideal is large (544B) while its uniformity is small (544G-544H). There is a second inequality on repeated
integrals (544C) to add to the one already given in 543C, and which tells us something about measure-
precalibers (544D); I add a couple of variations (5441-544J). Next, I give a pair of theorems (544E-544F) on
a measure-combinatorial property of the filter of conegligible sets of a normal witnessing measure. Revisiting
the theory of Borel measures on metrizable spaces, discussed in §438 on the assumption that no real-valued-
measurable cardinal was present, we find that there are some non-trivial arguments applicable to spaces
with non-measure-free weight (544K-544L).

In §541 T briefly mentioned ‘weakly compact’ cardinals. Two-valued-measurable cardinals are always
weakly compact; atomlessly-measurable cardinals never are; but atomlessly-measurable cardinals may or
may not have a significant combinatorial property which can be regarded as a form of weak compactness
(544M, 544Yc). Finally, I summarise what is known about the location of an atomlessly-measurable cardinal
on Cichoit’s diagram (544N).

544A Notation I repeat some of my notational conventions. For a measure u, N (u) will be its null
ideal. For any set I, vy will be the usual measure on {0,1}!, N7 = N (vy) its null ideal and (B, ;) its
measure algebra.

544B Proposition Let x be an atomlessly-measurable cardinal. If (X,¥,u) is any locally compact
semi-finite measure space with X > 0, then cov N (u) > &.

544C Theorem Let x be a real-valued-measurable cardinal and v a normal witnessing probability on x;
let (X, ) be a compact probability space and f : X X k — [0, 00 any function. Then

[ ([ £, &w(de)) ulde) < [ ([ £, €)p(de))v(de).

544D Corollary If k is an atomlessly-measurable cardinal and w < A < k, then ) is a measure-precaliber
of every probability algebra.

544E Theorem Let k be a real-valued-measurable cardinal and v a normal witnessing probability on
k. If (X, ) is a quasi-Radon probability space of weight strictly less than s, and f : [x]<“ — N (p) is any
function, then

Nvcwvet Urey<e f(I) € N ().

544F Theorem Let x be a real-valued-measurable cardinal with a normal witnessing probability v. If
(X, i) is a locally compact semi-finite measure space with X > 0 and f : [x]<* — N(u) is a function, then
there is a v-conegligible V' C k such that U{f(I) : I € [V]<¥} # X.

544G Proposition Let s be an atomlessly-measurable cardinal and w; < A < x. If (X, p1) is an atomless
locally compact semi-finite measure space of Maharam type less than &, and pX > 0, then there is a

Sierpinski set A C X with cardinal A.
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8 Real-valued-measurable cardinals 544H

544H Corollary Let x be an atomlessly-measurable cardinal.
(a) non Ny = wy for w < 0 < k.

(b) non Ny < & for § < min(2%, x(+)).

(c) non Ny < 6 for k < 0 < k+),

5441 Proposition Let (X, T, %, 1) be a totally finite quasi-Radon measure space and (Y, PY,v) a prob-
ability space; suppose that w(X) < addv. Let f: X x Y — R be a bounded function such that all the
sections « — f(z,y) : X — R are Y-measurable. Then the repeated integrals [[ f(z,y)v(dy)p(dz) and
[ f(z, y)pu(dz)v(dy) are defined and equal.

544J Proposition Let x be an atomlessly-measurable cardinal and (X, %, %, n), (Y,6,T,r) Radon
probability spaces both of weight less than «; let p X v be the c.l.d. product measure on X x Y, and A its
domain. Let f: X x Y — R be a function such that all its horizontal and vertical sections
x> flzy*): X => R, y— f(z%,y): Y >R

are measurable. Then
(a) if f is bounded, the repeated integrals

[ f,pu(d)v(dy),  [[ flx,y)v(dy)p(dz)
exist and are equal;
(b) in any case, there is a A-measurable function g : X x Y — R such that all the sections {z : g(z,y*) #
@,y Ay g(a*,y) # f(2*,y)} are negligible.

544K Proposition If X is a metrizable space and y is a o-finite Borel measure on X, then add N (p) >
add V.

544L Corollary Let X be a metrizable space.

(a) If Un is the o-ideal of universally negligible subsets of X, then addUn > add N,,.

(b) If ¥, is the o-algebra of universally measurable subsets of X, then | J& € ¥, whenever £ C ¥,
and #(€) < add N,,.

544M Theorem Let k be an atomlessly-measurable cardinal. Then the following are equiveridical:
(i) for every family (fe)e<w of regressive functions defined on « \ {0} there is a family (ag)e<w in & such
that

{k\C:C<RPULST Hagh] - € <k}
has the finite intersection property;
(ii) for every family (fe)e<, in N® there is a family (mg)e<, in N such that

{r\C:¢<mPU{fe [{me}] 1 € <n}
has the finite intersection property;
(iii) cov N, > K;
(iv) cov N (u) > K whenever (X, u) is a locally compact semi-finite measure space and uX > 0.

544N Cichont’s diagram and other cardinals (a) Returning to the concerns of Chapter 52, any
atomlessly-measurable cardinal k is necessarily connected with the structures there. & < cov Ny for every
A; all the cardinals on the bottom line of Cichori’s diagram, and the Martin numbers m, p etc., must be wy,
while all the cardinals on the top line must be at least k. FN(PN) must be at least .

(b) If k is an atomlessly-measurable cardinal, then b < x.
(c) If k is an atomlessly-measurable cardinal, then cfd # &.
(d) cf N, = max(k, cfN,) for any quasi-measurable cardinal k.

MEASURE THEORY (abridged version)
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5447 Problems (a) In 543C, can we replace ‘w(X) < addv’ with ‘() < addv’? More concretely,
suppose that (Z,\) is the Stone space of (B, ), k is an atomlessly-measurable cardinal and v a normal
witnessing probability on k. Let C' C k x Z be such that A\C[{¢}] = 0 for every £ < k. {z:vC71[{z}] > 0}
has inner measure zero. But does it have to be negligible?

(b) Suppose that  is an atomlessly-measurable cardinal. Must there be a Sierpinski set A C {0,1}*
with cardinal k7 (See 552E.)

(c) Suppose that  is an atomlessly-measurable cardinal. Can non N, be greater than wy? What if k = ¢?
(See 552H.)

(d) Can there be an atomlessly-measurable cardinal less than 97 (See the notes to §555.)
(e) Can there be an atomlessly-measurable cardinal less than or equal to shr N,? (See 555Yd.)

(f) Suppose that there is an atomlessly-measurable cardinal. Does it follow that cov N, = ¢?

Version of 10.2.14

545 PMEA and NMA

One of the reasons for supposing that it is consistent to assume that there are measurable cardinals is
that very much stronger axioms have been studied at length without any contradiction appearing. Here I
mention two such axioms which have obvious consequences in measure theory.

545A Theorem The following are equiveridical:

(i) for every cardinal A, there is a probability space (X, PX, u) with 7(u) > A and add o > ¢;

(ii) for every cardinal \, there is an extension of the usual measure vy on {0, 1}* to a c-additive probability
measure with domain P({0,1});

(i) for every semi-finite locally compact measure space (X, X, i), there is an extension of y to a c-additive
measure with domain PX.

545B Definition PMEA (the ‘product measure extension axiom’) is the assertion that the state-
ments (i)-(iii) of 545A are true.

545C Proposition If PMEA is true, then ¢ is atomlessly-measurable.

545D Definition NMA (the ‘normal measure axiom’) is the statement
For every set I there is a c-additive probability measure v on S = [I]<°, with domain PS, such
that
() v{s:i€seS}=1foreveryiel,
(B)it ACS, vA>0and f: A— I is such that f(s) € s for every s € A, then there is an
i € I such that v{s:s€ A, f(s)=1i} > 0.

545E Proposition NMA implies PMEA.

545F Proposition Suppose that NMA is true. Let 2 be a Boolean algebra such that whenever s € [2]<°
there is a subalgebra B C 2, including s, with a strictly positive countably additive functional. Then there
is a strictly positive countably additive functional on 2.

545G Corollary Suppose that NMA is true. Let 2[ be a Boolean algebra such that every s € [A]<° is
included in a subalgebra of 2 which is, in itself, a measurable algebra. Then 2l is a measurable algebra.

(©) 2005 D. H. Fremlin
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Version of 3.2.21

546 Power set o-quotient algebras

One way of interpreting the Gitik-Shelah theorem (543E) is to say that it shows that ‘simple’ atomless
probability algebras cannot be of the form PX /A (u). Similarly, the results of §541-§542 show that any ccc
Boolean algebra expressible as the quotient of a power set by a non-trivial o-ideal involves us in dramatic
complexities, though it is not clear when these must appear in the quotient algebra itself. In the next section
I will present further examples of algebras which cannot appear in this way. To prepare for these I collect
some general facts about quotients of power set algebras.

546A (a) Definition A power set o-quotient algebra is a Boolean algebra which is isomorphic to an
algebra of the form PX/Z where X is a set and Z is a o-ideal of subsets of X.

(b) A normal power set o-quotient algebra is a Boolean algebra which is isomorphic to an algebra
of the form Pr/Z where & is a regular uncountable cardinal and Z is a normal ideal of Px.

(c) Asin §522, T will write non M for the uniformity of the meager ideal of R, non A/ for the uniformity of
the Lebesgue null ideal and cov V for the covering number of the Lebesgue null ideal. If s is a cardinal, v,
will be the usual measure on {0,1}*. N, its null ideal and B, its measure algebra; &, will be the category
algebra of {0,1}*. Note that the covering number and uniformity of A, are cov and non N respectively,
while non M is the uniformity of the meager ideal M, of {0, 1} = {0,1}~.

546B Proposition (a) Any power set o-quotient algebra is Dedekind o-complete.

(b) If 2 is a power set o-quotient algebra, 9B is a Boolean algebra and « : 20 — 9B is a surjective sequentially
order-continuous Boolean homomorphism, then B is a power set o-quotient algebra. In particular, any
principal ideal of a power set o-quotient algebra is a power set o-quotient algebra.

(¢) The simple product of any family of power set o-quotient algebras is a power set o-quotient algebra.

546C Proposition A non-zero principal ideal of a normal power set o-quotient algebra is a normal
power set o-quotient algebra.

546D Lemma Let X be a set, Z a proper o-ideal of subsets of X containing singletons, and 2 the
quotient algebra PX/Z. Write « for add Z.

(a) There are an a € 2\ {0}, a o-subalgebra € of the principal ideal A, and a x-additive ideal J of Pk,
containing singletons, such that € =~ Pr/J.

(b) If 2 is atomless and ccc then x < ¢ is quasi-measurable, € is atomless and we can arrange that J
should be a normal ideal, so that € is a normal power set o-quotient algebra.

546E Proposition The measure algebra of Lebesgue measure on R is not a power set o-quotient algebra.
546F Definition Let 2 be a Boolean algebra. I will say that an e-h family in 2 is a double sequence
(€ij)i,jen in A such that
(e4)jen is disjoint for every i € N
and
SUPjen €i,f(i) = 1

for every f € NN,

546G Lemma Let 2 be a Boolean algebra and (e;;)i jen an e-h family in 2. Then sup;s,, €; s = 1 for
every f € NY and n € N.

546H Free products and completed free products For Boolean algebras 2, B I write A ® B for
their free product and 2A®*B for its Dedekind completion. &, = &,R®®,, for any infinite .

MEASURE THEORY (abridged version)
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5461 Lemma Let X be a set, Z a proper o-ideal of subsets of X, and 2 the quotient algebra PX/ZT.
Write x for add Z.
(a)(i) If 2 has an atomless order-closed subalgebra which is a measurable algebra, then
(o) Kk <nonM,
(8) non N < #(X),
(v) cov N > covZ > k.
(ii) If &, can be regularly embedded in 2, then £ < nonN.
(b) If 2 has a non-trivial principal ideal with an e-h family, then non M < #(X).
(c) Suppose that £ < non M. Then there is an a € A\ {0} such that for every family (agp)e<rn nen in A
there is a family (¢e)men,ces, in 2 such that

infaGSz Cm,r~oc = Cmr, SUPse 8y Cm,rmo = 1
for every 7 € Sy and m € N, and
an inf sup (cmen Inf ag\ sup ag) =0
mGNO‘ESQ( " i<#(”) & 1<# (o) 51)
o(i)=1 o(i)=0

for every £ < k.

(d) Suppose that £ = non A. Then 2 has a countably generated order-closed subalgebra which is not a
measurable algebra.

(e) Suppose that 2 is isomorphic to €&, where € is a ccc Boolean algebra. Then cov N = w.

546J Theorem Let 2 be a Boolean algebra such that 9B,, can be regularly embedded in 2 and 2 = €2,
for some ccc Boolean algebra €. Then 2l is not a power set o-quotient algebra.

546K Corollary If \, s are infinite cardinals then B,&®,. is not a power set o-quotient algebra.

Version of 24.10.20

547 Cohen algebras and o-measurable algebras

I examine the conditions under which two classes of algebra can be power set o-quotient algebras. In
the first, shorter, part of the section (547B-547G) I look at Cohen algebras. I then turn to ‘c-measurable’
algebras (547H-5478S).

547A Notation If I is a set, &; will be the category algebra of {0,1}!. If Z is an ideal of subsets of X
and J an ideal of subsets of Y, then

IxT={W:WCXxY,{z:W[{z}] ¢ J} €T},

IxT={W:WCXxY,{y:W[{y¢I}eT}.

If X is a topological space, M(X) will be its meager ideal, Ba(X) its Borel o-algebra and E(X) its Baire-
property algebra. If 2 is a Boolean algebra, € is a subalgebra of 2 and a € 2, then upr(a,€) = min{c :
a C ¢ € €} if this is defined.

I will write Sy for (J,,cn{0, 1}, ordered by C. For o € Sa, set I, = {z: 0 C z € {0,1}1}; then 0, 7 € S,
are (upwards) incompatible iff neither extends the other iff I, NI, = (), while {I, : o € S2} is a base for the
usual topology of {0, 1}.

547B Lemma Suppose that x is a regular uncountable cardinal and Z is a k-additive ideal of subsets of
k such that Pk/Z is harmless. Then P(k X x)/Z x T is harmless.

547C Proposition Suppose that x is a regular uncountable cardinal and 7 is a k-additive ideal of
subsets of k such that Pk/Z is harmless. Let X be a ccc topological space of w-weight less than x. Then
M(X)XT CM(X)xT.

(©) 2015 D. H. Fremlin
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12 Real-valued-measurable cardinals 547D

547D Corollary Suppose that k is a regular uncountable cardinal and 7 is a proper k-additive ideal of
subsets of k, containing singletons, such that Px/Z is harmless. Let X be a ccc topological space of m-weight
less than «.

(a) Suppose that (A¢)e<, is a non-decreasing family of subsets of X with union A. Then thereis a 6 < x
such that E' N Ay is non-meager whenever £ C X is a set with the Baire property and E N A is not meager.

(b) If (Ag)e<y is a family in PX \ M(X) such that #(U¢., Ae) < K, then there are distinct &, n < &
such that A¢ N A, ¢ M(X).

(c) If we have a family (h¢)e<, of functions such that dom he is a non-meager subset of X for each £ and
#(Ue <, he) < K, then there are distinct £, 7 < x such that {z : h¢(x) and hy(z) are defined and equal} is
non-meager.

547E Lemma Suppose that X, I are sets, Z is a o-ideal of subsets of X and ¢ is a sequentially order-
continuous Boolean homomorphism from &; to PX/Z. Then there is a function f : X — {0, 1} such that
f7YE]* = ¢E* in 2 for every E in the Baire-property algebra B of {0,1}!.

547F The Gitik-Shelah theorem for Cohen algebras: Theorem Let k be a regular uncountable
cardinal and Z a k-additive ideal of subsets of x such that Px/Z is isomorphic to &) for some infinite
cardinal A\. Then A > min(x(+*), 2%).

547G Corollary (a) &, is not a power set o-quotient algebra.
(b) &, is not a power set o-quotient algebra.

547H Definitions Let 2( be a Boolean algebra.

(a) T will say that 2 is c-measurable, with witnessing sequence (B,,) ¢, if 2 is Dedekind complete,
every B, is an order-closed subalgebra of 20 which is, in itself, a measurable algebra, and |J B, is
order-dense in 2.

neN

(b) If 2 is o-measurable algebra, I will say that
To-m () = min{} "~ 7(B,) : (By)nen is a witnessing sequence for A},

where the sums here are cardinal sums.

5471 Examples (a) Every measurable algebra is o-measurable.

(b) If A is Dedekind complete and has countable m-weight, it is o-measurable. In particular, &, is
o-measurable.

(c) If A is a measurable algebra and B is a Boolean algebra with countable m-weight, then the Dedekind
completion € of the free product A ® B is o-measurable, with 7,.,(€) < max(w, 7(A)).

547J Lemma Let 2 be a Boolean algebra, and B a regularly embedded subalgebra of 2f which is a
measurable algebra. Then B, = {bna : b € B} is a measurable algebra, with 7(B,) < 7(B), for every
a €A

547K Proposition Let 2 be a o-measurable Boolean algebra with witnessing sequence (B,,),en-
(a) A satisfies Knaster’s condition, so is ccc.

(b) a = inf, ey upr(a, B,) for every a € 2.

(¢) 7(A) < Toom ().

(d) If a € A then the principal ideal 2(, generated by a is o-measurable, with 7,1, (As) < To-m (2A).
(e) If 2 is actually measurable, then 7,1, () = 7(2).

(1) m(2) < X3 7(Ba).

MEASURE THEORY (abridged version)
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547L Lemma Let 2 be a Dedekind o-complete Boolean algebra and (€,,),,cn a sequence of o-subalgebras
of 2. For each n € N let v, : €, — [0, 00[ be a countably additive functional. Suppose that for every a € 2
there are an n € N and a ¢ € €, such that ¢ C a and v,c > 0. Then 2 is a og-measurable algebra and

To-m () < max(w, sup,, ey 7(Cn /vy, [{0}])).

547M Proposition Let 2 be a Boolean algebra.

(a) If A is ccc and Dedekind complete and is not a measurable algebra, then it has a non-zero principal
ideal which is nowhere measurable.

(b) If 2 is nowhere measurable and Dedekind complete and B is an order-closed subalgebra of 2 which is
a measurable algebra, then for any a € 2 there is a d C a such that upr(d,8) = upr(a\ d,B) = upr(a, B).

(c) Suppose that 2 is nowhere measurable and Dedekind complete, v : 2 — [0, 00 is a submeasure and
B, ..., B, are order-closed subalgebras of 2 which are all measurable algebras. Then for any a € 2 there
is a d C a such that upr(a\ d,B;) = upr(a,B;) for every i < n and vd > 27" lva.

(d) If 2 is nowhere measurable and Dedekind complete and By, ... , B, are order-closed subalgebras of
2 which are all measurable algebras, then there are disjoint ao, ... ,a, € 2 such that upr(a;,B;) = 1 for
every 1 < n.

(e) If A is nowhere measurable and Dedekind complete, By, ... ,%B,, are order-closed subalgebras of 2
which are all measurable algebras and a € 2, then there is a d C a such that upr(d,B;) = upr(a\ d,B;) =
upr(a,B;) for every i < n.

547N Proposition If 2 is a non-trivial nowhere measurable o-measurable algebra, then &, can be
regularly embedded in 2.

5470 Lemma Let (2, i) be a probability algebra. Suppose that (a,)scs, is a family in 2 such that

U = Gg~<0> U lo~<1> = SUPrcg, 700 Ar~<0> NOr~<1>
for every o € Sy. For A C S5 set ca = sup ¢4 Go-
(a) For every k > 1 and € > 0 there is an m € N such that
[(supseffo,1ymir infoer ag) > flag — €.

(b) For A, B C S5 I will say that A L B if o and 7 are incompatible whenever o € A and 7 € B. Now
for any € > 0 there are finite A, B C S such that A L B and fica, ficg are both at least jiag — e.

(c) For any € > 0 there is a sequence (A, )nen of finite subsets of Sy such that f(inf,enca, ) > fap — €
and A,, L A,, whenever m < n in N.

547P Proposition Let 2 be a o-measurable Boolean algebra. If € is an order-closed subalgebra of 2
of countable Maharam type, there is a ¢ € € such that the principal ideal €, has an e-h family and its
complement €. is a measurable algebra.

547Q Lemma Let 2 be a o-measurable algebra. Set A = max(w, 7,.m(2A)) and x = non M(AY), where
in this product A is given its discrete topology. Then there is a family (aen)e<w nen in 2 such that

whenever (dpe)men,ses, 18 a family in 2 such that
dmr C dpy 7~o for every o € So, sup,eg, dmrmo = 1
for every 7 € S and m € N, there is a £ < k such that
sup (dme N inf ag\ sup ag) =1
0'652( " i<#(a) ¢ i<#(o) 51)
o(i)=1 o(i)=0

for every m € N.

547R Theorem Suppose that X is a set and Z is a proper o-ideal of subsets of X such that the quotient
algebra 2l = PX/Z is atomless and o-measurable. Then 7,.,(2) > add Z.

D.H.FREMLIN
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547S Corollary If a non-zero o-measurable algebra 2 is also an atomless power set o-quotient algebra,
then there is a quasi-measurable cardinal less than 7,_, (21).

547Z Problems (a) Can &, be a power set o-quotient algebra?
(b) Can there be a power set o-quotient algebra 2 such that ¢() = w and 7(A) = w,?

(c) Let A be a non-purely-atomic Maharam algebra with countable Maharam type. Can 2 be a power
set o-quotient algebra? What about algebras constructed as in 394B-394M?

(d) Find a o-measurable algebra with an order-closed subalgebra which is not o-measurable.

(e) Is there a o-measurable algebra 2 such that 7(A) < 7.1, (A)?

Version of 30.6.21

548 Selectors and disjoint refinements

We come now to a remarkable result (548C) which is a minor extension of the principal theorem of KUMAR
& SHELAH 17. This leads directly to 548E, which is a corresponding elaboration of the main theorem of
GITIK & SHELAH 01. Both of these results apply to spaces whose Maharam types are not too large, so give
interesting facts about Lebesgue measure not dependent on special axioms (548F). A similar restriction on
shrinking number leads to further results of this kind (548G-548H) which are not necessarily applicable to
Lebesgue measure. If we choose an easier target other methods are available (5481-548K).

548 A Lemma Let X be a set, Z a o-ideal of subsets of X, ((Yy,, Ty, vn))nen a sequence of totally finite
measure spaces and {f,)nen a sequence of functions, each f,, being an injective function from a subset of
X to Y,. Suppose that for every A € PX \ Z there are an n € N and an F' € T, such that v, F > 0 and
F C f,[A]. Then A = PX/T is o-measurable and 7., (A) < max(w,sup, ey 7(Vn))-

548B Lemma Lat (X, X, i) be a probability space and (X;);en a partition of X. Then p can be extended
to a probability measure v measuring every X; and with Maharam type 7(v) < max(w, 7(p)).

548C Theorem Suppose that (X, X, 1) is an atomless o-finite measure space and that there is no quasi-
measurable cardinal less than the Maharam type of u. Let R C X x X be an equivalence relation with
countable equivalence classes. Then there is an R-free set which has full outer measure in X.

548D Lemma Let (X, X 1) be a measure space. Then the following are equiveridical:

(i) whenever (A,,),en is a sequence of subsets of X there is a disjoint sequence (A} ) en of sets such that
Al C A, and p*(A) = p*(Ay) for every n € N;

(ii) whenever (A,),en is a sequence of subsets of X there is a set D C X such that p*(4, N D) =
w*(An \ D) = p*A, for every n € N.

548E Theorem Let (X, X, 1) be an atomless o-finite measure space such that there is no quasi-measur-
able cardinal less than the Maharam type of p. Then for any sequence (A, )nen of subsets of X there is a
disjoint sequence (A’ ),en such that A/, C A, and p*A!, = u* A, for every n € N.

548F Corollary Let u be Lebesgue measure on R.

(a) Let X be a subset of R and ~ an equivalence relation on X with countable equivalence classes. Then
there is a subset of X, with full outer measure for the subspace measure on X, which meets each equivalence
class in at most one point.

(b) Let (A, )nen be any sequence of subsets of R. Then there is a disjoint sequence (A} )nen such that
Al is a subset of A,,, with the same outer measure as A,,, for every n.

(c¢) Let (Ap)nen be any sequence of subsets of R. Then there is a D C R such that p*(4, N D) =
w* (A, \ D) = p* A, for every n € N.

(©) 2016 D. H. Fremlin
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548G Lemma Let (X, 3, 1) be a totally finite measure space in which singleton sets are negligible and
suppose that there is no quasi-measurable cardinal less than or equal to the shrinking number shr N'(u).
Then for any A C X there is a disjoint family (A¢)e<., of subsets of A such that p*A; = p*A for every
§ < Wwi.

548H Proposition Let (X, X, ) be a totally finite measure space. Suppose that for every A C X there
is a partition (Ag)e<,, of A such that p*A; = p*A for every € < wi.

(a) If R is an equivalence relation on X with countable equivalence classes, there is an R-free set with
full outer measure.

(b) For any sequence (A, )nen of subsets of X there is a disjoint sequence (A! ) en such that A C A,
and p*A! = p* A, for every n € N.

(¢) For any sequence (A,,),en of subsets of X, thereis a D C X such that u*(A,ND) = p*(A,\D) = u*A,
for every n € N.

5481 Proposition Let (2, i) be a probability algebra and x a cardinal. Then the following are equiver-
idical:

(i) k < w(™Aq) for every d € AT = A\ {0}, writing A, for the principal ideal generated by d;

(ii) whenever A C A1 and #(A) < k there is a b € 2 such that anb and a \ b are both non-zero for every
ac A

548J Proposition Let (X, X, u) be a strictly localizable measure space with null ideal N (1), and & a
cardinal such that

(*) whenever £ € [X\ N (p)]=" and F € X\ N(u), there is a non-negligible measurable
G C F such that F \ G is non-negligible for every E € £.

Then whenever (A¢)e<, is a family of non-negligible subsets of X, there is a G € ¥ such that A; N G and
A¢ \ G are non-negligible for every £ < k.

548K Corollary Let (X,X,x) be an atomless quasi-Radon measure space and (A¢)ecw, a family of
non-negligible subsets of X. Then there is a D C X such that A¢ N D and A¢ \ D are non-negligible for
every & < wy.

5487 Problems (a) Suppose that (A¢)e<w, is a family of subsets of [0, 1]. Must there be a set D C [0, 1]
such that p*(Ae N D) = p*(Ae \ D) = p*Ag for every € < wq, where p is Lebesgue measure on [0, 1]?

(b) Suppose that there is no quasi-measurable cardinal. Let (X,X, u) be an atomless probability space
and (Ag¢)¢<w, a family of subsets of X. Must there be a disjoint family (A})¢<w, such that Ay C A and
pr Ay = pr A for every § <wy?

(c) (P.Komjath) Suppose that X C R2. Must there be a set A C X, of the same Lebesgue outer measure
as X, such that ||z — y|| ¢ Q whenever x, y € A are distinct? (See 548XDb.)
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