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Chapter 54
Real-valued-measurable cardinals

Of the many questions in measure theory which involve non-trivial set theory, perhaps the first to have
been recognised as fundamental is what I call the ‘Banach-Ulam problem’: is there a non-trivial measure
space in which every set is measurable? In various forms, this question has arisen repeatedly in earlier
volumes of this treatise (232Hc, 363S, 438A). The time has now come for an account of the developments
of the last fifty years.

The measure theory of this chapter will begin in §543; the first two sections deal with generalizations to
wider contexts. If v is a probability measure with domain P X, its null ideal is w;-additive and w;-saturated
in PX. In §541 I look at ideals Z <1 PX such that Z is simultaneously x-additive and k-saturated for some k;
this is already enough to lead us to a version of the Keisler-Tarski theorem on normal ideals (541J), a great
strengthening of Ulam’s theorem on inaccessibility of real-valued-measurable cardinals (541Lc), a form of
Ulam’s dichotomy (541P), and some very striking infinitary combinatorics (541Q-541S). In §542 T specialize
to the case kK = wy, still without calling on the special properties of null ideals, with more combinatorics
(542E, 542I).

I have said many times in the course of this treatise that almost the first thing to ask about any measure
is, what does its measure algebra look like? For an atomless probability measure with domain PX, the
Gitik-Shelah theorem (543E-543F) gives a great deal of information, associated with a tantalizing problem
(543Z). §544 is devoted to the measure-theoretic consequences of assuming that there is some atomlessly-
measurable cardinal, with results on repeated integration (544C, 5441, 544J), the null ideal of a normal
witnessing probability (544E-544F) and regressive functions (544M).

I do not discuss consistency questions in this chapter (I will touch on some of them in Chapter 55). The
ideas of §§541-544 would be in danger of becoming irrelevant if it turned out that there can be no two-
valued-measurable cardinal. I have no real qualms about this. One of my reasons for confidence is the fact
that very much stronger assumptions have been investigated without any hint of catastrophe. Two of these,
the ‘product measure extension axiom’ and the ‘normal measure axiom’ are mentioned in §545.

One way of looking at the Gitik-Shelah theorem is to say that if X is a set and Z is a proper o-ideal of
subsets of X, then PX/Z cannot be an atomless measurable algebra of small Maharam type. We can ask
whether there are further theorems of this kind provable in ZFC. Two such results are in §547: the ‘Gitik-
Shelah theorem for category’ (547F-547G), showing that PX/Z cannot be isomorphic to RO(R), and 547R,
showing that ‘c-measurable’ algebras of moderate complexity also cannot appear as power set o-quotient
algebras. This leads us to a striking fact about free sets for relations with countable equivalence classes
(548C) and thence to disjoint refinements of sequences of sets (548E).

Version of 10.12.12

541 Saturated ideals

If v is a totally finite measure with domain PX and null ideal N (v), then its measure algebra PX/N (v)
is cec, that is to say, sat(PX/N(v)) < wq; while the additivity of N (v) is at least wy. It turns out that an
ideal Z of PX such that sat(PX/Z) < addZ is either trivial or extraordinary. In this section I present a
little of the theory of such ideals. To begin with, the quotient algebra has to be Dedekind complete (541B).
Further elementary ideas are in 541C (based on a method already used in §525) and 541D-541E. In a less
expected direction, we have a useful fact concerning transversal numbers Trz(X;Y") (541F).

The most remarkable properties of saturated ideals arise because of their connexions with ‘normal’ ideals
(541G). These ideals share the properties of non-stationary ideals (541H-541I). If 7 is an (add Z)-saturated
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2 Real-valued-measurable cardinals 8541 intro.

ideal of PX, we have corresponding normal ideals on addZ (541J). Now there can be a k-saturated normal
ideal on k only if there is a great complexity of cardinals below x (541L).

The original expression of these ideas (KEISLER & TARSKI 64) concerned ‘two-valued-measurable’ cardi-
nals, on which we have normal ultrafilters (541M). The dichotomy of ULaM 1930 (438Ce-438Cf) reappears in
the context of k-saturated normal ideals (541P). For k-saturated ideals, ‘normality’ implies some far-reaching
extensions (541Q). Finally, I include a technical lemma concerning the covering numbers covsy(a, 8,7, 0)
(5418).

541 A Definition If 2 is a Boolean algebra, I is an ideal of 2 and & is a cardinal, I will say that I is
k-saturated in A if K > sat(/I); that is, if for every family (a¢)e<, in A\ I there are distinct &, n < &
such that a¢ na, ¢ I.

541B Proposition Let 2 be a Dedekind complete Boolean algebra and I an ideal of 2l which is (add I)™-
saturated in 2. Then the quotient algebra 2[/T is Dedekind complete.

proof Take any B C 2(/I. Let C be the set of those ¢ € /I such that either cnb = 0 for every b € B
or there is a b € B such that ¢ C b. Then C is order-dense in 2[/I, so there is a partition of unity D C C
(313K). Enumerate D as (d¢)e<y, where

k= #(D) <sat(A/I) < (add I)™*.

For each § < &, choose a¢ € 2 such that ag = d¢. Now #(&) < k < addl, so Sup, ¢ ag Na, € I. Set
ag = ag \ SUp, ¢ ay; then ag = ag = de. Set L = {§:§ <k, de Cbfor some b€ B} and a = supgy, G¢ in 2A.
? If be B and b a®, there must be a £ < x such that de 0 (b\ a®) # 0. But d¢ € C, so there must be a
b’ € B such that d¢ C '; accordingly € € L, ¢ C a and d¢ € a®. X Thus a* is an upper bound of B in 2(/I.
7 If there is an upper bound b* of B such that a* ¢ b*, there must be a § < & such that de na®\ b* # 0.
As d¢ Zb*, de ¢ b for every b € B, and £ ¢ L. But this means that a¢ na, = 0 for every n € L, so ae¢na =0
(313Ba) and d¢na* =0. X
Thus a®* = sup B in 2/I; as B is arbitrary, 2/ is Dedekind complete.

541C Proposition Let X be a set, x a regular infinite cardinal, ¥ an algebra of subsets of X such that
UE € ¥ whenever £ C ¥ and #(€) < &, and 7 a s-saturated k-additive ideal of ¥.

(a) If £ C ¥ there is an £’ € [€]<" such that E\ Y& € T for every E € €.

(b) If (E¢)e<s is any family in ¥\ Z, and § < & is a cardinal, then {z : z € X, #({{ : © € E¢}) > 6}
includes a member of ¥\ Z (and, in particular, is not empty).

(¢c) Suppose that no element of ¥\ Z can be covered by x members of Z. Then & is a precaliber of ¥/7.

proof Write 2 for ¥/Z.

(a) Consider A = {E* : E € £} C 2. By 514Db, there is an & € [£]<5**¥) such that {E* : E € &'}
has the same upper bounds as A. Now #(&’) < sat(A) < k, so F' = |J&' belongs to ¥, and F* must be an
upper bound for A, that is, E\ F € T for every E € £.

(b) For a < B < k set Fup = U,<e<p Be € E. Then for every a < k we have a g(a) < x such that
g(a) > a and E¢ \ F, 4oy € T whenever g(a) < & < k, by (a) and the regularity of .
Define (h(a))a<x by setting h(0) = 0, h(a + 1) = g(h(a)) for each a < k, and h(a) = supg, h(B) for
non-zero limit ordinals a < k. Set Go, = Fjy(a),n(a+1) for each a. If 3 < a, then
Ga\ Gp = Un(a)<e<niarn) Be \ Fu) o) €1

because 7 is r-additive. Consequently Go \ (5. G belongs to Z; and Gg 2 Epg) ¢ Z, 50 G =(\5.9Gp €
Y\Z. But if z € G then {¢ : x € E¢} meets [h(B), (8 + 1) for every 8 < 6 and has cardinal at least 6.

(c) Let (ag)e<y be a family of non-zero elements in 2. For each ¢ < , choose E¢ € X such that Eg = a.
Let K be the family of all those finite subsets K of k such that Hgx = ﬂgeK E¢ belongs to Z. Now set
Ee=FE:\U{Hk : K € K, K C¢}; then E; € ¥\ 7T and E¢ = a¢ for each { < k.

Repeat the argument of (b). Once again we get a family (G )<, in 3\Z such that G, \ Gz € Z whenever

B < a < k. Now, applying (a) to (X \ G4)a<k, we have a v < k such that ﬂa<7 Go \ Gg € T for every
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541F Saturated ideals 3

B < k. On the other hand, G, \ G, € T for every a < 7, so in fact G, \ Gg € T for every § < k, while
G, ¢ I. At this point, recall that we are now assuming that G, cannot be covered by U5<K G, \ Gg, and
there is an = € (5, Gg.
As in (b), it follows that I' = {{ : ¢ < K, @ € E¢} has cardinal . If K C T is finite and not empty, take
¢ € T such that K C (. Then
x € EcﬂﬂgeKﬁg - EC N Hg;

it follows that K ¢ K and Hx ¢ Z, that is, that infecx ag # 0 in . So (ag)eer is centered; as (ag)e<y is
arbitrary, x is a precaliber of 2.

541D Lemma Let X be a set, Z an ideal of PX, Y a set of cardinal less than addZ and « a cardinal
such that 7 is (cf k)-saturated in PX. Then for any function f : X — [Y]<" there is an M € [Y]<" such
that {x: f(z) € M} € T.

proof If k > #(Y) this is trivial; suppose that kK < #(Y) < addZ. For cardinals A < k set X = {z :
#(f(x)) = A} T A={X: X\ ¢Z} then 7 is not #(A)-saturated in PX, so #(A) < cfx and § = sup A4 is
less than x. Set X' = {z : #(f(x)) < 0}; then X \ X’ is the union of at most A < addZ members of Z, so
belongs to 7.

For each z € X' let (he(z))e<p run over a set including f(z). For each £ < 0,

Ye={y:he ' [{y}] ¢ T}

has cardinal less than cfx, and because #(Y) < add Z, hgl[Y \Yel €Z. Set M = Ye € [Y]™F. (If xis
regular, M is the union of fewer than x sets with cardinal less than k, so #(M) < k; if k is not regular, then
M is the union of fewer than s sets with cardinal at most cf k, so again #(M) < k.) Because 0 < addZ,

{w: fl2) € M} C (X \X)UUeeq hg 'V \ Ye] €1,

as required.

541E Corollary Let X be a set, Z an ideal of PX, Y a set of cardinal less than addZ and & a cardinal
such that Z is (cf k)-saturated in PX. Then for any function g : X — Y there is an M € [Y]<" such that
g Y\ M]eT.

proof Apply 541D to the function z — {g(z)}. (In the trivial case k =1, Z = PX.)

541F Lemma Let X and Y be sets, x a regular uncountable cardinal, and Z a proper x-saturated
k-additive ideal of subsets of X. Then Trz(X;Y") (definition: 5A1Ma) is attained, in the sense that there is
aset G CY¥ such that #(G) = Trz(X;Y) and {z : z € X, g(x) = ¢/(x)} € Z for all distinct g, ¢’ € G.

proof It is enough to consider the case in which Y = X is a cardinal. Set § = Trz(X; A).

(a) If AT < & then @ < A. P? Suppose, if possible, that we have a family (fe)e<r+ in AX such that
{x: fe(x) = fy(x)} € T whenever n < £ < AT. Then X is surely infinite, so A* is uncountable and regular.
For each x € X there is an a, < AT such that {f¢(z) : § < az} = {fe(z) : £ < AT}, Setting

Fo={z:zeX, ap =0} CU, {2 fr(2) = fa(2)},

we see that F,, € T for each o < AT, But X = J, .+ Fo and AT < &, so this is impossible. XQ
Since we can surely find a family (fe)e<y in AX such that fe(z) # f,(z) whenever z € X and n < £ < A,
we have the result when A\t < k.

(b) We may therefore suppose from now on that A* > k.
If H C A¥ is such that

F={f:feXX {z:f(z) <h(zx)} €T for every h € H} # 0,
then there is an fy € F such that
{z: f(x) < fo(x)} €T for every f € F.
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4 Real-valued-measurable cardinals 541F

P? If not, choose a family (f¢)e<. in F inductively, as follows. fj is to be any member of F'. Given f¢, there
is an f € F such that {z : f(z) < fe(2)} € Z; set feyq1(x) = min(f(z), fe(z)) for every z; then feiq € F.
Given that f, € F for every n < &, where { < £ is a non-zero limit ordinal, set f¢(z) = min, ¢ f,(z) for
each x; then for any h € H we shall have

{z: fe(z) < @)} = Uycefa s fole) < h(x)} €T,

so fe € F and the induction continues.
Now consider

Ee ={x: fera(v) < fe(x)} e PX\T

for £ < k. By 541Cb there is an € X such that A = {£ : © € E¢} is infinite. But if ({(n)),en is any strictly
increasing sequence in A, (fe(n)(2))nen is a strictly decreasing sequence of ordinals, which is impossible. X

Q
(c) Choose a family (g¢)e<s in AX as follows. Given (g,)n<¢, set

Fe={f:feX {z: f(z) <gy(x)} €T for every n < £}

If Fe =0, set 6 = ¢ and stop. If F¢ # () use (b) to find g¢ € F¢ such that {x : f(z) < ge(z)} € T for every
f € Fg, and continue. Note that for £ < min(\, k), {o : ge(z) # &} € Z. PP Induce on £. If £ < min(A, k)
and {x : g,(z) # n} € Z for every n < &, then the constant function with value £ belongs to F¢, so g¢
is defined and {z : g¢(x) > &} € Z. On the other hand, {z : g¢(z) = n} € Z for n < & as { < addZ,
{z:g¢e(x) <&} € Z. Q Accordingly § > min(\, k).

(d) Because g¢ € Fe, {z : g¢(z) = gy(x)} € Z whenever n < § < 0, so #(0) < 6. On the other hand,
suppose that FF C A\ is such that {x : f(z) = f'(x)} € T for all distinct f, f' € F. For each f € F, set

(p=min{{: £ <4, f ¢ Fely

this must be defined because Fs = (. Also Fy = A¥X and Fe = ﬂn<§ F, if £ <6 is a non-zero limit ordinal,
SO C} must be a successor ordinal; let (; be its predecessor. We have f € F;, and

{o: fle) <ge (@)} €T, {z: flx) <gq(x)} ¢,
so that

Ep={z: f(z) =g¢,(x)} ¢ T.
If f, f are distinct members of F and {; = ¢/, then E; N Ey; € Z. So

{ff€F>Cf:<}
must have cardinal less than x for every ¢ < 6.
Ifr=A",#{f:f€F, ¢ =(}) <Aforevery ¢ <4, so #(F) < max(d,\) = . On the other hand,
if Kk < A, then #(F) < max(d,x) = J. As F is arbitrary, § = § and we may take G = {g¢ : { < 6} as our
witness that Trz(X; \) is attained.

541G Definition Let x be a regular uncountable cardinal. A normal ideal on « is a proper ideal Z of
Pk, including []<", such that

{€:8<k, EelU, e In}

belongs to Z for every family (I¢)¢<, in Z. It is easy to check that a proper ideal Z of Pk is normal iff the
dual filter {x\ I : I € 7} is normal in the sense of 4A1lc.

541H Proposition Let « be a regular uncountable cardinal and Z a proper ideal of Pk including [x]<".
Then the following are equiveridical:

(i) Z is normal;

(ii) Z is k-additive and whenever S € Pk \Z and f : S — & is regressive, then there is an a < k such
that {£:£ € S, f(§) < a} isnot in Z;

(iii) whenever S € Px\Z and f : S — & is regressive, then there is a 8 < &k such that {£ : £ € S,
f(&) =B} isnot in Z.
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541J Saturated ideals 5

proof (i)=(ii) Suppose that Z is normal.

(o) (Cf. 4A1J.) Suppose that (I,)n<q is a family in Z, where 0 < a < k, and I = Un<a
INaC{:§ €U, Iy} belongs to T; as a € Z, I € I; as (Iy)y<a is arbitrary, T is x-additive.

(B) Take S and f asin (ii). 2 If I, = {£ : £ € S, f(§) < a} belongs to Z for every «, then
I={:§ <K, §€Uyce Lo} belongs to Z. But if £ € S then f(§) <& and § € Iy), s0 S C 1. X As S and
f are arbitrary, (ii) is true.

I,. Then

(ii)=(iii) Suppose (ii) is true and that S, f are as in (iii). By (ii), there is an a <  such that {£: £ € S,
f(&) <a} ¢ I. As T is k-additive, there is a 8 < o such that {£: £ € S, f(§) =} ¢ Z. As S and [ are
arbitrary, (iii) is true.

(iii)=(i) Now suppose that (iii) is true, and that (I¢)e<, is any family in Z; set S = {£ : £ < &,
IS Un<£ I,}. Then we have a regressive function f : S — & such that § € Iy) for every £ € S. Since
{£:€€8, f(&§) =5} C Iz €T for every < k, (iii) tells us that S € Z. Since we are assuming that Z is a
proper ideal including [k]<", it is normal.

5411 Lemma Let k be a regular uncountable cardinal.

(a) The family of non-stationary subsets of  is a normal ideal on x, and is included in every normal ideal
on k.

(b) If 7 is a normal ideal on £, and (Ik)xe[s)<~ is any family in Z, then {£ : £ <k, £ € Ugeg<w 1K}
belongs to Z.

proof (a) Let Z be the family of non-stationary subsets of &.

(i) Since a subset of & is non-stationary iff it is disjoint from some closed cofinal set (4A1Ca), any
subset of a non-stationary set is non-stationary. Because the intersection of two closed cofinal sets is again a
closed cofinal set (4A1Bd), Z is an ideal. Because &\ £ is a closed cofinal set for any £ < k, and & is regular,
[x]<" C T.

Now suppose that (I¢)¢<, is any family in 7, and that I = {£: § <k, £ € U, ¢ Iy} For each { < x let
F¢ be a closed cofinal subset of x disjoint from I¢, and let F' be the diagonal intersection of (F¢)¢<,; then
F is a closed cofinal set (4A1B(c-ii)), and it is easy to check that F' is disjoint from I, so I € Z. Thus 7 is
normal.

(ii) Let J be any normal ideal on x. If F' C & is a closed cofinal set containing 0, we have a regressive
function f : k \ F' — F defined by setting f(£) = sup(F'N¢E) for every £ € K\ F. If a < k, {£: f(§) < a}
is bounded above by min(F \ «) so belongs to [k]<% C J; by 541H(ii), & \ F must belong to J. This works
for any closed cofinal set containing 0; but as {0} surely belongs to J, k' \ F € J for every closed cofinal set
F, that is, Z C J.

(b) Set Je = Ugeeq1)<w x5 because T is k-additive, Je € 7 for each . Now
{£Z§<l‘i,§€UKE[§]<wIK}:{§:§<K7£6Un<,§‘]’fl}ez

because Z is normal.

541J Theorem (SOLOVAY 71) Let X be a set and J an ideal of subsets of X. Suppose that add J =
k > w and that J is A-saturated in PX, where A < k. Then there are Y C X and ¢ : Y — & such that
{B:BCk, g '[B] € J} is a A-saturated normal ideal on k.

proof (Cf. 4A1K.) Let (J¢)¢<x be a family in J such that Y = U, Je ¢ J. Let F' be the set of functions
f:Y — k such that f~[a] € J for every a < k. Set fo(y) = min{€:y € Je¢} for y € Y; then fo € F. P If
a < K, then f~la] = Ug<a Je belongs to J because J is k-additive. Q

The point is that there is a ¢ € F such that {y : y € Y, f(y) < g(y)} € T for every f € F. P?
Otherwise, choose f¢, for 0 < £ < &, as follows. Given f¢ € F, where { < &, there is an f € F' such that

Ae ={y: f(y) < fe(y)} & T; set fera1(y) = min(f(y), fe(y)) for every y. Then
fehlal = ol u fetfel € T
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6 Real-valued-measurable cardinals 541J

for every oo < K, s0 fer1 € F. Given that f,, € F for every nn < &, where { < k is a non-zero limit ordinal,
set fe(y) = min{ f,(y) : n < &} for each y € Y; then

fllal=Uyee fy Ml €T

for every a < k, because #(§) < kK =add J.

This construction ensures that (fe(y))e<x is non-increasing for every y, and that {y : fex1(y) < fe(y)} =
Ae ¢ J for every £ < k. But as J is k-saturated in PX, there must be a point y belonging to infinitely
many A¢ (541Cb), so that there is a strictly decreasing sequence in {f¢(y) : € < x}, which is impossible. X

Q
Now consider Z = {B : B C k, g '[B] € J}. Because J is A-saturated in PX, Z is A-saturated in

Pr. P If (Be)ecy is a family in Px \ Z, then (g7 [Be])e<y is a family in PX \ 7, so there are distinct &,
n < A such that g~ '[Be N B,] = g7 [Be] N g~ *[B,] does not belong to J, and B¢ N B, does not belong to
Z. Q Next, Z is normal. B Of course x = add J is regular (513C(a-i)), and we are supposing that it is
uncountable. If S € Px\Z and h : S — & is regressive, set f(y) = hg(y) if y € g71[9], g(y) otherwise. Then
{y: fly) <g(y)} =g '[S] ¢ T, so f ¢& F and there is an a <  such that f~'[a] ¢ J. But

el € g7 ol UUgeo 97 R HHBYL:

as a < add J, there is a 8 < a such that g7 '[h"'[{B}]] ¢ J and h™'[{B}] ¢ Z. As h is arbitrary, Z is
normal (541H). Q

541K Lemma Let x be a regular uncountable cardinal and Z a normal ideal on s which is x’-saturated
in Pk, where ' < k.

(a) If S € Pr\Z and f : S — k is regressive, then there is a set A € [k]<" such that S\ f~![A] € Z;
consequently there is an « < x such that {£:£€ S, f(§) > a} € T.

(b) If A < &, then {£: € <k, cf€ <A} €.

(c) If for each £ < k we are given a relatively closed set C¢ C & which is cofinal with &, then

C={a:a<k {{:a¢C} e}

is a cofinal closed set in k.

proof (a) Choose (Sp)n<, and (ay)y<, inductively, as follows. Sy = S. If S, € Z, set v = n and
stop. Otherwise, f[S, is regressive, so (because Z is normal) there is an o, < & such that {£ : { € S,
fl&) = oy} ¢ T (541H(iil)). Set Sy41 = {£ : £ € Sy, f(§) # ay}. Given (S¢)c<y for a non-zero limit
ordinal 7, set S, = (e, Sc. Now (S; \ Spi1)n<y is a disjoint family in Pr \ Z, so #(y) < £’ and
A={a,:n<~}e€ [k, while S\ f71[A] = S, belongs to Z. Setting o =sup A+ 1, a <  (because £ is
regular) and {£: £ € S, f(§) > a} belongs to Z.

(b) 7 Otherwise, set S = {£{: 0 < { < K, cf€ < A} and for £ € S choose a cofinal set A C & with
#(Ae) < A Let (fy)n<r be a family of functions defined on S such that A = {f,(§) : n < A} for each
& € S. By (a), we have for each n < A an o, < k such that B, = {{ : £ € S, f,(§) > ap} € Z. Set
o =sup, ) o, < K;as A <k = addZ (541H), there is a § € S\, .\ By such that £ > a. But now A¢ C
is not cofinal with £&. X

(c) For a < K, 0 < & < Kk set
fa(€) =min(Ce \ a) if £ > a,
= 0 otherwise.

Then f,, is regressive, so by (a) there is a {, <  such that x\ f, *[¢s] € Z, that is, {€: CeN¢y \a =0} € T.
Set C = {a:a <k, (g <aforevery § < a}; then C is cofinal with . If « € C, then

{£:&>a,a¢ Ce} C{: CeNais not cofinal with o}
C{¢:Ceng\ B =0 for some § < a}

is the union of fewer than x members of Z, so belongs to Z, and a € C. Thus C is cofinal with . If « < K
and o = sup(C' N «), then
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541N Saturated ideals 7

{£: &>, a¢ Cet C{E: 5 ¢ Ce for some € CNa}

is again the union of fewer than x members of Z, so « € C. Thus C is closed.

541L Theorem Let x be an uncountable cardinal such that there is a proper k-saturated k-additive
ideal of Pk containing singletons.

(a) There is a k-saturated normal ideal on k.

(b) & is weakly inaccessible.

(c) The set of weakly inaccessible cardinals less than k is stationary in k.

proof (a) Let J be a proper x-saturated k-additive ideal of Px. The additivity of J must be exactly &, so
541J tells us that there is a x-saturated normal ideal Z on k.

(b) Of course xk = add J = add 7 is regular. 7 Suppose, if possible, that k = AT is a successor cardinal.
For each o < k let ¢o : @ = X be an injection. For f < k and £ < A set Age = {a: 8 < a <k, ¢.(B8) =&}
Then ey Age = £\ (B+1) € Z, so there is a {g < A such that Ag¢, ¢ 7. Now there must be an 7 < A
such that B = {f: 8 < k, {g = n} has cardinal x. But in this case (Ag,)gep is a disjoint family in Pk \ Z,
and 7 is not k-saturated in Pr. X

Thus « is a regular uncountable limit cardinal, i.e., is weakly inaccessible.

(c) Write R for the set of regular infinite cardinals less than x and L for the set of limit cardinals less
than k.

(i) k\ R €Z. P? Otherwise, A= (k\ R)\{0,1} ¢ Z. For £ € A, set f(§) = cf& then f: A — Kk is
regressive. Because Z is normal, there must be a § < x such that B = {£: £ < k, ¢f{ = 0} ¢ Z. For each
¢ € B, let (g,(§))n<s enumerate a cofinal subset of {&. If n < §, then g, : B — & is regressive, so by 541Ka
there is a v, < k such that J, = {£: £ € B, g,(§) > 7} € Z. Set v = SUpP, <5 Vn; as K is regular, v < k;
while B\ (v +1) € U, s Jy belongs to Z, which is impossible. XQ

(ii) R\ L € Z. P We have a regressive function f: R\ L — r defined by setting f(AT) = X for every
infinite cardinal A < k. Now f~1[{¢}] is empty or a singleton for every &, so always belongs to Z; because
Zisnormal, R\Le€Z. Q

(iii) Accordingly the set R N L of weakly inaccessible cardinals less than s cannot belong to Z and
must be stationary, by 5411a.

541M Definition (a) A regular uncountable cardinal k is two-valued-measurable (often just mea-
surable) if there is a proper k-additive 2-saturated ideal of Px containing singletons.

Of course a proper ideal Z of Pk is 2-saturated iff it is maximal, that is, the dual filter {k \ [ : I € Z} is
an ultrafilter; thus s is two-valued-measurable iff there is a non-principal k-complete ultrafilter on . From
541J we see also that if x is two-valued-measurable then there is a normal maximal ideal of Pk, that is,
there is a normal ultrafilter on s, as considered in §4A1.

(b) An uncountable cardinal x is weakly compact if for every S C [x]? there is a D € [k]" such that
[D]? is either included in S or disjoint from S.

541N Theorem (a) A two-valued-measurable cardinal is weakly compact.
(b) A weakly compact cardinal is strongly inaccessible.

proof (a) If x is a two-valued-measurable cardinal, there is a non-principal normal ultrafilter on x, so 4A1L
tells us that k is weakly compact.

(b) Let k be a weakly compact cardinal.

(i) Set A = cfx; let A € [5]* be a cofinal subset of k, and (a¢)¢<x the increasing enumeration of A.
For ¢ < k set f(£) = min{¢: & < a¢}; now set S = {I: I € [x]?, f is constant on I'}. If D € [k]", take any
€ € D; then there is an n € D \ ay(g), so f is not constant on {¢,n} and [D]> € S. There must therefore be
a D € [k])? such that [D]? NS = (. But in this case f is injective on D, so A > #(f[D]) = x and cfk = k.
Thus & is regular.
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(ii) ? Suppose, if possible, that s is not strongly inaccessible. Then there is a least cardinal A\ < &
such that 2* > k; let ¢ : K — P be an injective function. Set

S=H{&n} € <n <k, min(¢(§)Ad(n)) € ¢(n)}-

Because x is weakly compact, there is a D € [k]® such that either [D]> C S or [D]? NS = 0. Set
B={¢()Ny:£ €D,y <A} Then

#(B) g #(U7<A ,P’Y) S max()\7sup’y<)\ 27) <K

because k is regular, A < k and 27 < & for every v < A. So there must be an 7 € D such that B = {¢({) Ny :
EeDnmn, v < A}. Take ¢ € D such that ¢ > n, set v = min(¢(n)A¢(¢)) and take £ € D N7 such that
P(§) N (v +1) =o(¢) N (y+1). Now v = min(¢(§) Ag(n)), so

{E&nt el = yeodn) <= v¢6() <= {n. ¢} ¢S5

But this means that [D]? can be neither included in S nor disjoint from S; contrary to the choice of D. X
Thus « is strongly inaccessible.

5410 Lemma Let X be a set and Z a proper ideal of subsets of X such that PX/Z is atomless. If 7 is
A-saturated and s-additive, with A < &, then x < covZ < supg_ 20,

proof We may take it that A = sat(PX/Z). If A > & the result is trivial because Z contains singletons.
So suppose that A < k. For each A € PX \ Z choose A’ C A such that neither A’ nor A\ A’ belongs to Z;
this is possible because PX/Z is atomless. Define (A¢)e< inductively, as follows. Ay = {X}. Given that
A¢ CPX\Z, then set Agp1 ={A": Aec A JU{A\ A" : A € Ac}. For a non-zero limit ordinal £ < A,
set Be =, UAy; for v € Eg set Cp, = ({A:z € A€, Ay} set Ae = {Cp 1 2 € B¢} \ Z, and
continue. Observe that this construction ensures that each A¢ is disjoint, and that if n < { and A € Ag
then there is a B € A, such that A C B.

Ifr e X, then a, = {{: £ < A, z € |JA¢} is an initial segment of A, so is an ordinal less than or equal to
A. In fact a, < A. PP For each { < o, take A¢ € A¢ such that x € A¢, and let B¢ be either A’E or Ag \ A’f
and such that x ¢ Be. Then (Bg)e<q, is a disjoint family in Pk \ Z so has cardinal less than \. Q

Of course each o, is a non-zero limit ordinal, because [J A¢ = |J Ag+1 for each §. Now set A = J,_, Ag;
then #(A) < A. Next, for any x € X, B, = {A: A€ A, x € A} has cardinal less than A and C, = (B,
belongs to Z and contains z. So C = {C, : # € X} has cardinal at most #([A\]<*) = sup,., 2¢ (because
A =sat(PX/Z) is regular, by 514Da), and C C Z covers X, so

k<addZ < covZ < #(C) < supy. 2°.

541P Theorem (TARSKI 1945, SOLOVAY 71) Suppose that x is a regular uncountable cardinal with a
proper A-saturated x-additive ideal Z of Pk containing singletons, where A < k. Set 2 = Px/Z. Then

either k< supy. 27 and 21 is atomless

or k is two-valued-measurable and 2 is purely atomic.

proof (a) Let us begin by noting that Z is A-saturated iff A > sat(2(); so it will be enough to prove the
result when A = sat(2), in which case A is either finite or regular and uncountable (514Da again).

(b) Suppose that 2 is atomless. By 5410, k < supg 29, So in this case we have the first alternative of
the dichotomy.

(c) Before continuing with an analysis of atoms in 2, I draw out some further features of the structure
discussed in the proof of 5410. We find that if 2 is atomless then x is not weakly compact. I* Construct
(Ag)e<r, A and C as in 5410. Consider a* = sup{¢: & <\, A¢ # 0}.

case 1 If o* < K, then #(A) < k, because « is regular and #(A¢) < A < k for every £. In this case
k< #(C) < 2% and & is not strongly inaccessible, therefore not weakly compact, by 541Nb.

case 2 If a* = k, then #(A’) = «, where A" = |J;_, A¢11. Note that each D € A’ has a companion
D* € A’ defined by saying that if D € A¢y; then D* = Dy \ D where Dy is the unique member of A
including D. Consider the relation S = {(D,D’) : D, D' € A’, DN D' = (}. Take any D € [A']*. Then
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[D]? € S, because Z is r-saturated. ? If [D]> NS = ), any two members of D meet. If D; and Dy are
distinct members of D, then they cannot both belong to A¢y; for any &, so one must belong to A, and
the other to A¢y1 where n < &; say Dy € Ayq1 and Dy € Agyi. Now Dy U D3 € A¢ meets Dy and is
therefore included in Dy; so Df N D = 0. Thus {D* : D € D} is a disjoint family in A with cardinal &,
contrary to the hypothesis that 7 is k-saturated. X

Thus if D € [A’]%, [D]? is neither included in nor disjoint from S. Since #(A’) = &, this shows that
cannot be weakly compact. Q

(d) Now suppose that 2 has an atom a. Let A € Px \ Z be such that A* = a. Set T, = {I : I C &,
INA €T}, then Z, is a k-additive maximal ideal of k containing singletons, so  is two-valued-measurable.
It follows that x is weakly compact (541Na).

? Suppose, if possible, that 2 is not purely atomic. Then there is a C' € Px \ T such that Pr/Z¢ is
atomless, where Zo = {I : I C k, INC € T}. Also Z¢ is k-additive and A-saturated. But this is impossible,
by (¢). X Thus 2l is purely atomic, and we have the second alternative of the dichotomy.

541Q Theorem Let k be a regular uncountable cardinal and Z a normal ideal on k. Let 6 < x be a
cardinal of uncountable cofinality such that Z is (cf@)-saturated in Px, and f : [5]<% — [k]<? any function.
Then there are C € T and f* : [x \ C]<¥ — []<% such that f(I)Nn C f*(I Nn) whenever I € [r\ C]<¥
and n < K.

proof (a) I show by induction on n € N that if g : [¢]" — [k]<? is a function then there are A € Z and

g* : [k \ A]=" — [k]<Y such that g(I)Nn C g*(INn) for every I € [k \ A]=" and 1 < k.

D ={&: &<k, cf(§) > 0}

then k \ D € T (541Kb). For £ € D and J € [k]<" set (j¢ = sup(€ N ge(J)) < & Then for each J € [k]<"
the function & — (¢ : D — & is regressive, so there is a (%} < k such that {£ : (je > (¥} € 7 (541Ka). Now
addZ = k, by 541H, so 541D tells us that there is an h(J) € [¢}]< such that {€ : £ N ge(J) € h(J)} € T.
By the inductive hypothesis, there are B € T and h* : [k \ B]<" — [s]<? such that h(J) N7 C h*(J Nn) for
every J € [k \ B]S" and 7 < k.

Try setting

Ay ={8:6Nge(J) € h(J)} for J € [x]=",

A=BU{¢:€eU g Ar)s

g*(I) =g(I)if I € [x\ A",
g(I)UR (1) if I € [r\ A]=".

Then A; always belongs to Z, by the choice of h(J), so A € Z, by 541Ib, while g*(I) € [k]<Y for every
Ie[r\AS". Taken < kand I € [k \ AJS"HL If T C 1y then g(I) Ny C g*(I) = g*(I N'n). Otherwise,
set £ =max] and J =T\ {&}. Thenn < er\ Ay, so

g()Nn=ge(J)NENN S h(J)Nn S h*(JNn) =h*(INn) € g*(I N ).
Thus the induction continues. Q
(b) Now applying (a) to f[[x]<" we obtain sets C,, € Z and functions f} : [\ C,,]=" — [k]<Y such that
f(I)Nn C fr(INn) whenever I € [\ C,]=" and n < k. Set C = J,,cy Cn € Z and f*(I) = Uns s fn(d)

for each I € [k \ C]<. Because cff > w, f(I) € [s]<? for every I. If I € [\ C]<% and n < k, set n = #(I);
then I € [k \ Cp]™ so f(I)Nn C fX(INn) C f*(INn), as required.
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10 Real-valued-measurable cardinals 541R

541R Corollary Let x be a regular uncountable cardinal, Z a normal ideal on &, and 8 < k a cardinal
of uncountable cofinality such that Z is (cf#)-saturated in Pk.

(a) If Y is a set of cardinal less than & and f : [k]<“ — [Y]<? a function, then there are C' € Z and
M € [Y]<% such that f(I) C M for every I € [r\ C]<“.

(b) If Y is any set and g : K — [Y]<? a function, then there are C' € Z and M € [Y]<? such that
9(&) Ng(n) € M for all distinct &, n € '\ C.

proof (a) We may suppose that Y C k. In this case, by 541Q, we have a Cy € Z and an f* : [x \ Co]<* —
[k]<¢ such that f(I)Nn C f*(INn) whenever I C «\ Cj is finite and n < k. Let v < s be such that Y C
and set M =Y N f*(#), C =CoUy. Then M € [Y]<%, C € T and if I € [k \ C]<“ then

f)=fDHnyCcYnfIny)ny=M.

(b) Since U£<Kg(§) has cardinal at most k, we may again suppose that ¥ C k. Apply 541Q with
F{€}) = g(&) for £ < k. Taking C and f* from 541Q, set M =Y N f*(0). Set F = {£: & < &, g(n) C & for
every 1 < {}; then F is a closed cofinal subset of x (because § < x and & is regular), so C' = CU(k\ F) € T
(5411a). If £, n belong to k \ C' = F'\ C and n < &, then

9(&) Ngln) CENg(€) =&n f({E}) € f(En{E}) = (D),
so g(§)Ng(n) € M. Thus C’ serves.

541S Lemma Let x be a regular uncountable cardinal and Z a normal ideal on k. Suppose that v and
§ are cardinals such that w < v < 6 < k < 2%, 7 is d-saturated in Pk, 2% =27 for v < B < §, but 20 > 27.
Then § is regular and

29 = covgn (27, K, 0T, 8) = coven(27, K, 61, wy) = coven (27, K, 0, 2).

proof By 5A1Fh, § is regular. Of course
coven (27, k, 01, 8) < coven(27, K, 6T, w1) < coven(27,k,671,2) < #([27]5%) < 29

(5A2D, 5A2Ea). For the reverse inequality, let £ C [27]<" be a set with cardinal covg, (27, k,7,d) such that
every member of [27]=9 is covered by fewer than § members of £. For each ordinal & < 4 let ¢¢ : PE— 27
be an injective function. For A C ¢ define f4 : § — 27 by

fa(€) = pe(ANE) for every & < 4.

Choose E4 € & such that f*[Ea] is cofinal with §; such must exist because § is regular and fa[d] can be
covered by fewer than § members of .

? If 20 > #(&) then there must be an E € £ and an A C P§ such that #(A) = k and E4 = E for
every A € A. For each pair A, B of distinct members of A set {45 = min(AAB) < §. By 541Ra, there
is a set B C A, with cardinal , such that M = {{ap : A, B € B, A # B} has cardinal less than §. Set
¢ =supM < §. Next, for each A € B, take na > ( such that fa(na) € E. Let n < § be such that
C={A:Ae€ B, ns =n} has cardinal x. Then we have a map

A fa(n) = dp(ANn):C = E
which is injective, because if A, B are distinct members of C then £4p < ( < 1,80 ANn # BNn. So

#(E)>rk;but E€ £ C[27]<". X
As & is arbitrary, covsy (27, K, 0, 8) > 29,

541X Basic exercises (a) Let k be a regular infinite cardinal. Show that Pr/[k]<* is not Dedekind
complete, so [£]<" is not k*-saturated in Pk. (Hint: construct a disjoint family (A¢)e<, in [k]"; show that
if #(A¢ \ A) < k for every & there is a B € [A]" such that #(B N A¢) < k for every &.)

(b) Let 2 be a Boolean algebra and I an ideal of 2. Suppose there is a cardinal k such that I is k-
additive and xT-saturated and 2 is Dedekind xT-complete in the sense that sup A is defined in 2 whenever

A € [2]=%. Show that (/I is Dedekind complete.
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(c) Suppose that X and Y are sets and Z, J ideals of subsets of X, Y respectively. Suppose that x is
an infinite cardinal such that both Z and J are s-saturated and xt-additive. Show that Z x J (definition:
527Ba) is s-saturated and x*-additive.

(d) Simplify the argument of 541D to give a direct proof of 541E in the case in which & is regular.

>(e) Show that there is a two-valued-measurable cardinal iff there are a set I and a non-principal w;-
complete ultrafilter on 1.

>(f) Let k be a two-valued-measurable cardinal and Z a normal maximal proper ideal of Px. (i) Show
that if S C [k]<%, there is a C' € T such that, for each n € N, [s \ C]" is either disjoint from S or included
in it. (ii) Show that if #(Y) < &, and f : [k]<¥ — Y is any function, then there is a C' € T such that f is
constant on [k \ C]" for each n € N. (Hint: 4A1L.)

(g) Let s be a regular uncountable cardinal, Z a s-saturated normal ideal on x and f : [s]* — & a
function. Show that there are a C' € 7 and an f* : kK — & such that whenever n € K\ C and £ € n\ C then

either f({&,n}) >n or f({&n}) < f*(§).

541Y Further exercises (a) Show that if  is a regular uncountable cardinal and S C & is stationary,
then S can be partitioned into r stationary sets. (Hint: reduce to the case in which there is a k-saturated
normal ideal Z of x containing  \ S. Define f : S — k inductively by saying that

F(&) =min(J{x \ f[C] : C C ¢ is relatively closed and cofinal}.

Set S, = f~'[{v}]. Apply 541Kc with C¢ NS, = for £ € S, to show that S., € Z for every 7. Hence show
that S, is stationary for every . See SOLOVAY 71.)

(b) Show that if x is two-valued-measurable and F is a normal ultrafilter on s, then the set of weakly
compact cardinals less than s belongs to F.

541 Notes and comments The ordinary principle of exhaustion (215A) can be regarded as an expression
of wi-saturation (compare 316E and 514Db). In 541B-541E we have versions of results already given in
special cases; but note that 541B, for instance, goes a step farther than the arguments offered in 314C and
316Fa can reach. 541Ca corresponds to 215B(iv); 541Cb-541Cc are associated with 516Q and 525C. In
all this work you will probably find it helpful to use the words ‘negligible’ and ‘conegligible’ and ‘almost
everywhere’, so that the conclusion of 541E becomes ‘g(z) € M a.e.(z)’. I don’t use this language in the
formal exposition because of the obvious danger of confusing a reader who is skimming through without
reading introductions to sections very carefully; but in the principal applications I have in mind, Z will
indeed be a null ideal. The cardinals Trz(X;Y") will appear only occasionally in this book, but are of great
importance in infinitary combinatorics generally. Note that the key step in the proof of 541F (part (b) of
the proof) develops an idea from the proof of 541J.

For the special purposes of §438 I mentioned ‘normal filters’ in §4A1; I have now attempted an introduction
to the general theory of normal filters and ideals. The central observation of KEISLER & TARSKI 64 was
that if k is uncountable then any k-complete non-principal ultrafilter gives rise to a normal ultrafilter on
k. It was noticed very quickly that something similar happens if we have a k-complete filter of conegligible
sets in a totally finite measure space; the extension of the idea to general xk-additive k-saturated ideals is in
SoLovAy 71. In this chapter I speak oftener of ideals than of filters but the ideas are necessarily identical.
Observe that the Pressing-Down Lemma (4A1Cc) is the special case of 541H(iii) when Z is the ideal of
non-stationary sets (541Ia).

541Lb here is a re-working of Ulam’s theorem (438C, Uram 1930). The dramatic further step in 541Lc
derives from KEISLER & TARSKI 64. The proof of 541Lc already makes it plain that much more can be
said; for extensions of these ideas, see FREMLIN 93, LEVY 71 and BAUMGARTNER TAYLOR & WAGON
77. In 541P we have an extension of Ulam’s dichotomy (438C, 543B). ‘Weak compactness’ of a cardinal
corresponds to Ramsey’s theorem (4A1G); the idea was the basis of the proof of 451Q. Here I treat it as a
purely combinatorial concept, but its real importance is in model theory (KANAMORI 03, §4).

D.H.FREMLIN



12 Real-valued-measurable cardinals 541 Notes

541Q is a fairly strong version of one of the typical properties of saturated normal ideals. The simplest
not-quite-trivial case is when we have a function f : [k]?> — x. In this case we find that if we discard an
appropriate negligible set C' then, for the remaining doubletons I € [x \ C]?, f(I) is either greater than
or equal to max [ or in a ‘small’ set determined by min /. In this form, with the appropriate definition of
‘small’, it is enough for the ideal to be k-saturated (541Xg). In the intended applications of 541Q, however,
we shall be looking at functions f : [k]<“ — [k]=* and shall need to start from an w;-saturated ideal to
obtain the full strength of the result.

Shelah’s four-cardinal covering numbers covgy are not immediately digestible; in §5A2 I give the basic
pcf theory linking them to cofinalities of products. 541S is here because it relies on a normal ideal being
saturated.

Perhaps I have not yet sufficiently emphasized that there is a good reason why I have given no examples
of normal ideals other than the non-stationary ideals, and no discussion of the saturation of those beyond
Solovay’s theorem 541Ya. We have in fact come to an area of mathematics which demands further acts of
faith. I will continue, whenever possible, to express ideas as arguments in ordinary ZFC; but in most of
the principal theorems the hypotheses will include assertions which can be satisfied only in rather special
models of set theory. Moreover, these are special in a new sense. By and large, the assumptions used in
the first three chapters of this volume (Martin’s axiom, the continuum hypothesis, and so on) have been
proved to be relatively consistent with ZFC (indeed, with ZF); that is, we know how to convert any proof
in ZFC that ‘m = w;’ into a proof in ZF that ‘0 = 1’. The formal demonstration that this can be done is
of course normally expressed in a framework reducible to Zermelo-Fraenkel set theory; but it is sufficiently
compelling to be itself part of the material which must be encompassed by any formal system claiming to
represent twenty-first century mathematics. In the present chapter, however, we are coming to results like
541P which have no content unless there can be non-trivial x-saturated x-additive ideals. And such objects
are known to be strange in a different way from Souslin lines.

To describe this difference I turn to the simplest of the new propositions. Write Jsic, Fwic for the sentences
‘there is a strongly inaccessible cardinal’, ‘there is a weakly inaccessible cardinal’. Of course Jsic implies
Jwic, while ‘there is a cardinal which is not measure-free’ also implies dwic, by Ulam’s theorem. We have no
such implications in the other direction, but it is easy to adapt Godel’s argument for the relative consistency
of GCH to show that if ZFC + Jwic is consistent so is ZFC + GCH + Jwic, while ZFC + GCH + Jwic
implies dsic. But we find also that there is a proof in ZFC + Fsic that ‘ZFC is consistent’. So if there were
a proof in ZFC that ‘if ZFC is consistent, then ZFC + dsic is consistent’, there would be a proof in ZFC
+ Jsic that ‘ZFC + Jsic is consistent’; by Godel’s incompleteness theorem, this would give us a proof that
ZFC + Jsic was in fact inconsistent (and therefore that ZFC and ZF are inconsistent).

The last paragraph is expressed crudely, in a language which blurs some essential distinctions; for a more
careful account see KUNEN 80, §IV.10. But what I am trying to say is that any theory involving inaccessible
cardinals — and the theory of this chapter involves unthinkably many such cardinals — necessarily leads us
to propositions which are not merely unprovable, but have high ‘consistency strength’; we have long strings
@0, - - - , On of statements such that (i) if ZFC + ¢;11 is consistent, so is ZFC + ¢; (ii) there can be no proof
of the reverse unless ZF is inconsistent.

We do not (and in my view cannot) know for sure that ZF is consistent. It has now survived for a hundred
years or so, which is empirical evidence of a sort. I do not suppose that the century of my own birth was
also the century in which the structure of formal mathematics was determined for eternity; I hope and
trust that mathematicians will come to look on ZFC as we now think of Euclidean geometry, as a glorious
achievement and an enduring source of inspiration but inadequate for the expression of many of our deepest
ideas. But (arguing from the weakest of historical analogies) I suggest that if and when a new paradox
shakes the foundations of mathematics, it will be because some new Cantor has sought to extend apparently
trustworthy methods to a totally new context. And I think that the mathematicians of that generation will
stretch their ingenuity to the utmost to find a resolution of the paradox which is conservative, in that it
retains as much as possible of their predecessors’ ideas, subject perhaps to re-writing a good many proofs
and tut-tutting over the naivety of essays such as this.

I think indeed (I am going a bit farther here) that they will be as reluctant to discard measurable cardinals
as our forebears were to discard Cantor’s cardinals. There is a flourishing theory of large cardinals in which
very much stronger statements than ‘there is a two-valued-measurable cardinal’ have been explored in depth
without catastrophe. (I mention a couple of these in §545; another is the Axiom of Determinacy in §567.)
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Occasionally a proof that there are no measurable cardinals is announced; but the last real fright was in
1976, and most of these arguments have easily been shown not to reach the claimed conclusion. My best
guess is that measurable cardinals are safe. But even if I am wrong, and they are irreconcilable with ZFC
as now formulated, it does not follow that ZFC will be kept and measurable cardinals discarded. It could
equally happen that one of the axioms of ZF will be modified; or, at least, that a modified form will become
a recognized option. This is a partisan view from somebody who has a substantial investment to protect.
But if you wish to prove me wrong, I do not see how you can do so without giving part of your own life to
the topic.

Version of 8.7.13

542 Quasi-measurable cardinals

As is to be expected, the results of §541 take especially dramatic forms when we look at wi-saturated
o-ideals. 542B-542C spell out the application of the most important ideas from §541 to this special case. In
addition, we can us Shelah’s pcf theory to give us some remarkable combinatorial results concerning cardinal
arithmetic (542E) and cofinalities of partially ordered sets (5421-542J).

542A Definition A cardinal x is quasi-measurable if k is regular and uncountable and there is an
wi-saturated normal ideal on k.

542B Proposition If X is a set and Z is a proper wi-saturated o-ideal of PX containing singletons,
then add Z is quasi-measurable.

proof This is immediate from the special case A = wy of 541J.

542C Proposition If k is a quasi-measurable cardinal, then k is weakly inaccessible, the set of weakly
inaccessible cardinals less than « is stationary in k, and either k < ¢ or x is two-valued-measurable.

proof By 541L, « is weakly inaccessible and the set of weakly inaccessible cardinals less than & is stationary
in k. Let Z be an wy-saturated normal ideal on k and A = Pk /Z. Then 541P tells us that either A is atomless
and k < ¢ or 2 is purely atomic and « is two-valued-measurable.

542D Proposition Let x be a quasi-measurable cardinal.

(a) Let (O¢)c<x be a family such that A < k is a cardinal, every . is a regular infinite cardinal and
A < 0¢ <k for every ¢ < A. Then cf([[,_, 0c) <.

(b) If @ and -~y are cardinals less than k, then O(a, ) (definition: 5A2DDb) is less than x.

(¢) If a, B, v and § are cardinals, with o < k, v <  and § > wyq, then covgy(a, 3,7,0) (definition:
5A2Da) is less than k.

(d) O(k, k) = k.

proof Fix an wi-saturated normal ideal Z on k.

(a) ? Suppose, if possible, otherwise. Then A is surely infinite. By 5A2Bc, there is an ultrafilter F on
A such that cf(J[..) 0c) = cf([[;< 6¢c[F), where the reduced product ., 6¢|F is defined in 5A2A; by
5A2C, there is a family (67)c<x of regular cardinals such that A < 0. < 0. for each ¢ and cf([[, ., 0¢|F) = k.
Let (pg)e<w be a cofinal family in P =[]._, 6¢|F. For each { < k we can find g¢ € P such that g¢ £ p, for
any 7 < &; because P is upwards-directed, we can suppose that g¢ > pe, so that {g¢ : £ < Kk} also is cofinal
with P. Choose f¢ € []._, 0; such that f = g¢ for each ¢.

For each ¢ < A, 92 < K, so there is a countable set My C 9’4 such that I = k \ {{ : fe({) € M} belongs
to Z (541E). As

W< A< O =t

we can find g(¢) such that M¢ C g(¢) < 6. Consider g* in [, _, 6¢[F. There is an 1 < x such that g* < p,,
so that fg‘ £ g* for every & > n. On the other hand, n U U<</\ 1; belongs to Z, so there is a £ > n such that
fe(¢) € M¢ for every ¢ < A; in which case f¢ < g, which is impossible. X
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14 Real-valued-measurable cardinals 542D

(b) ? Suppose, if possible, otherwise. Of course we can suppose that -+ is infinite. For each £ < k there
must be a family (0¢¢)c<n, of regular cardinals less than a such that e <, w < A\e < fg¢ for every ¢ < ¢
and cf(H<<)\g Occ) > €. Let X be such that A = {£: & < k, Ae = A} ¢ Z. By 541Ra, applied to the function

T {0cc: €€ ANT, ¢ < Ae}: [K]< = [a]<*", there are C € T and M € [a]=* such that ¢; € M whenever
&€ A\C and ¢ < A\ Let (6;)c<n enumerate {6 : § € M is a regular cardinal, § > A}. By (a), there is
a cofinal set F' C [y, 0c with #(F) < k. Let £ € A\ C be such that § > #(F). For each f € F' define

95 € [¢cn Oec by setting
95(C) = f(¢') whenever f¢ = Oc:.
Then {gyf : f € F'} is cofinal with [, _, f¢c, because if h € []._, O¢¢ there is an f € F' such that
J(¢) Z sup{h(Q) : ¢ <A, Ogc = b0}
for every ¢’ < X', and in this case h < g¢. So
#(F) <& < cf([]ecp Oec) < #(F),
which is absurd. X
(c) This is trivial if any of the cardinals «, 8 or + is finite; let us take it that they are all infinite. Then
covsy (@, 8,7,0) < covsn(a, 7,7, w1) < max(w, a, O(a, 7)) < Kk
by 5A2D, 5A2G and (b) above.

(d) Because  is an uncountable limit cardinal, k < O(k, k). (If w < 0 < &, then cf6t < O(k,k).) On
the other hand, let A < k be an infinite cardinal and (f¢)¢<x a family of infinite regular cardinals such that
A <0 <k for every ¢ < A. Then o = sup, ., 9? < k and

cf(TTecn bc) < O(a, AT) < k.
As (0¢)c<n is arbitrary, ©(k, k) = k.

542E Theorem (GITIK & SHELAH 93) If k < ¢ is a quasi-measurable cardinal, then
{27 w <y <K}
is finite.
proof ? Suppose, if possible, otherwise.
(a) Define a sequence (v, )nen of cardinals by setting
Yo =W, Yni1 =min{y:27 > 27} for n € N.
Then we are supposing that ~,, < k for every n, so by 5415, 5A2D, 5A2G and 5A2F ~,, is regular and

27 = CSO}Y(Q%W’VL-UWI) < CSO}Y(Q'Y"/Y:+1,’Y:+17001)
S max(277L , @(2"/7» , ’y;)tlrl)) S 2')’n+1
for every n € N.

(b) Now ©(27,~) = O(c,7y) whenever n € N and ~ is a regular cardinal with v, < v < k. P Induce
on n. For n = 0 we have ¢ = 27. For the inductive step to n + 1, if v is regular and v,4+1 < v < K, then
¢ > k> 0(y,7) (542Db), so

@(2’YTL+1 , ’Y) = @(@(2ﬂyn, '7;1_.!,.1)7 ’Y)

(by (a))
<0(O(2™,7),7)

(because vy > v,F 41 and © is order-preserving)
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=0(0(¢,7),7)
(by the inductive hypothesis)

(5A2H)

(because 27+t > ¢). Q In particular,
2+t = @(2’)’”37:4-1) = @(cvv;‘;—l)
for every n € N.

(c) For each n € N, let )\, be the least infinite cardinal such that ©(\,,v,}) > ¢. Then (\,)nen is
non-increasing; also A1 < ¢, because

O(c,7) =2 >,

so there are n > 1, A < ¢ such that \,, = X for every m > n. Now for m > n we have

¢ < O\, k) <max(\, (sup O(N, k)
A<

(5A21)
< max(\, ) = 2¢A,
Also we still have A > k > O(v,7,v,5) because O(N,~,1) < k < ¢ for every X < k. Using 5A2H again,
21 = 0(c,77) < OO 7). %) < O %) < 2
consequently
20 < a1 < 2efA
and cf A > ,,. But 5A2la now tells us that
O\, %) < max(A, supy o, ON,%7)) <,

which is absurd. X
This contradiction proves the theorem.

542F Corollary Let « < ¢ be a quasi-measurable cardinal.

(a) There is a regular infinite cardinal v <  such that 27 = 29 for every cardinal § such that v < § < k;
that is, #([x]<") = 27.

(b) Let Z be any proper wy-saturated k-additive ideal of Pk containing singletons, and 2% = Px/Z. If
is as in (a), then the cardinal power 7(2()” is equal to 2.

proof (a) By 542E, there is a first v < x such that 2° = 27 whenever v < § < k. Of course 7 is infinite; by
5A1Fh it is regular. Because & is regular,

(K] = Uec, P& #([8]") = max(k, sup,.,, 29) = sup;.,, 20 = 27.
(b) Of course 7(A) < #(A) < #(Pk), so 7(A)Y < (27)Y = 2", In the other direction, we have an injective
function ¢¢ : P§ — Py for each £ < k. For A C k and n < y set
dag ={§:§<hK, nE (AN} €A
If A, B C & are distinct then there is a ( < &k such that ¢¢(ANE) # ¢ (B NE) for every £ > (¢, that is,
Uncr{€:m € de(ANEAge(BNE} 26\ ¢ 1.

Because Z is k-additive and v < k, there is an n < v such that {{ : n € ¢(ANE)APe(BNE} ¢ I,
that is, dap # dpyp. Thus A — (day)y<y : Pk — A7 is injective, and 2% < #(2)7. But 2 is ccc, so
#(2) < max(4, 7(A)*) (514De) and
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16 Real-valued-measurable cardinals 542G

542G Corollary Suppose that k is a quasi-measurable cardinal.

(a) If & < ¢ < k(91 (notation: 5A1F (a-ii)), then 2* < ¢ for every cardinal A < .

(b) Let Z be any proper w;-saturated x-additive ideal of P« containing singletons, and 2l = Px/Z. If
2* < ¢ for every cardinal A < k, then #(2) = 2~.

proof (a) ? Otherwise, taking 7 as in 542Fa, 27 > ¢. Let 1 <  be the first cardinal such that 27 > ¢;
note that, using 542F and 5A1Fh, we can be sure that 7, is regular. Next,
COVSh(Ha R, 7?7 71) S Cf[ﬁ]<n =K,
by 5A2Ea. So covsn(a, £,7;,71) < a whenever k < a < x(+7) (induce on «, using 5A2Eb). In particular,
covsn(c, k,77,71) < ¢. But 5418 tells us that coven(c, k, 7, 71) =27, X
(b) By 541B, 2 is Dedekind complete; by 515L, #(20) = #(2(); so 542FD tells us that

2" =7(A)Y < #Q) < #(Pr) =27

542H Lemma Let k be a quasi-measurable cardinal and («;);cr a countable family of ordinals less than
k and of cofinality at least wo. Then there is a set F C P = [],.; «; such that

(i) F is cofinal with P;

(ii) if (fe)e<w, 18 a non-decreasing family in F' then sup,_, fe € F;

(iil) #(F) < k.
proof Note that add P = min;e;cfa; > wy (I am passing over the trivial case I = ), so SUDPg <, fe 18
defined in P for every family (f¢)e<w, in P. We have

cf P = cf([];c; cf o) < O(sup;ep(cfas) ™, wi) <k,

by 542Db. So we can find a cofinal set Fy C P of cardinal less than x. Now for 0 < ¢ < wo define F¢ by
saying that

iel

Fey1 = {supgy, fe i (fe)e<w, is a non-decreasing family in F¢},

Fe= Un<< F,, for non-zero limit ordinals ¢ < ws.

Then #(F¢) < k for every ¢. P Induce on ¢. For the inductive step to { + 1, ? suppose, if possible,
that #(F¢) < k but #(F¢41) > k. Then there is a proper w;-saturated x-additive Z <t PF,4 containing
singletons. For each h € Fry; choose a non-decreasing family (fie)ecw, in Fr with supremum h. The
set h[I] of values of h is a countable subset of Y = (J;.; s, and #(Y) < . By 541D, there is a set
H C F¢yy, with cardinal &, such that M = J, .y h[I] is countable. Now, for each h € H, there is a
7(h) < wy such that whenever i € I and 8 € M then h(i) > B iff fj, yn)(i) > 8. If g, h € H and i € I and
g(i) < h(i), then fg 5)(@) < g(i) < fumn)(i), because g(i) € M. Thus h > fj, y) : H — F¢ is injective;
but #(F;) <k =#(H). X

Thus #(Fe41) < k if #(F¢) < k. At limit ordinals ¢ the induction proceeds without difficulty because
cfr>( Q

So #(F,,) < k and we may take F' = F,,,.

5421 Theorem (SHELAH 96) Let x be a quasi-measurable cardinal.
(a) For any cardinal 6, cf[k]< < k.
(b) For any cardinal A < &, and any 6, cf[\]<? < k.

proof (a)(i) Consider first the case 6 = wy. Write Gy for the set of ordinals less than x of cofinality less
than or equal to wy; for 6 € Gy let 15 : cfd — 0 enumerate a cofinal subset of §. Next, write G2 for k \ Gy,
and for every countable set A C G5 let F'(A) C [[,c4 @ be a cofinal set, with cardinal less than &, closed
under suprema of non-decreasing families of length wy; such exists by 542H above.

(ii) It is worth observing at this point that if (A¢)c<y, is any family of countable subsets of Ga,
D =U;,, A¢; and g € [[,cp @, then thereis an f € [[,.p o such that f > g and f[A¢ € F(A¢) for every
¢ <wp. P Let (¢(§))ecw, run over wy with cofinal repetitions. Choose a non-decreasing family (fe)e<o,
in [[,ep @ in such a way that fo = g and fer1[Age) € F(Age)) for every &; this is possible because
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add([[,ep) = w2 and F'(A) is cofinal with [],c, « for every A. Set f = sup,_,, f¢; this works because
every F(A) is closed under suprema of non-decreasing families of length w,. Q

(iii) We can now find a family A of countable subsets of x such that
(o) {a} € A for every a < k;
(8) whenever A, A’ € A and ( < w; then AUA’, ANGy and {94 (§) : « € ANGy, £ < min(¢,cfa)}
all belong to A;
(7) whenever A € AN [G2]=¥ and f € F(A) then f[A] € A;
(0) #(A) < k.

(iv) ? Suppose, if possible, that cf[k]<% > k. Because [r]=* = J, _,[A\|*, there is a cardinal A <
such that cf[A\]S* > k. We can therefore choose inductively a family (a¢)e<, of countable subsets of A such
that

ag € UneAng an

whenever ¢ < k and A € A. By 541D, there is a set W C k, with cardinal k, such that Ugew ag is countable.
Let 6 < k be such that W N 4§ is cofinal with § and of order type ws; then § € G;.

(v) I choose a family (Ax¢)c<w, ken in A as follows. Start by setting Agc = 15[(] for every ¢ < wy; then
Aoc € A by (iil)(a-8). Given (Ak¢)c<wr, set Ajr = Ape N G2 for each ¢ < wi. For a € Dy = Uey, Al
set gr(a) = sup(aN W NJ) < a; choose fi € [[,cp, @ such that g < fx and fi.[ A}, € F(A},) for every ;
this is possible by (ii) above. Set

Ak+1,§ = AkC U fk[A;cc} U {’l/)a(f) RS Akg n Gl, f < min((,cfa)} c A

for each ¢ < w1, and continue. An easy induction on k shows that (Ax¢)c<w, is non-decreasing for every k;
also, every Ay is a subset of d.

(vi) Set Vi = U¢y, Ares b = U{ag : £ € WV} then by is countable and there is a S(k) < w1 such
that by = (U{ac : £ € W N Ap gy} Now Upen Ak, pk) is @ countable subset of 6, so there is a member v of
W N § greater than its supremum. We have

ay € U{ay :n € Ay},
s0 ay Z b, and ~y ¢ V4, for each k.

Set V' = Upen V- We have just seen that W N Z V; set vo = min(W N\ V). Because Vy = s[w] is
cofinal with 6, V'\ 7o # 0; let v be its least member. Then ~; > 9. There must be & € N and ¢ < w; such
that v1 € Agc. Observe that if @ € V' NGy then V N« is cofinal with «; but VN~ C g, so 11 ¢ G1 and
71 € Ay C Di. But now fi(n1) € Apt1,c €V and 7o < gi(71) < fru(y) <71, 80 11 # min(V \ 7). X

(vii) This contradiction shows that cf[k]<% < k. Now consider cf[k]<°, where § < & is an infinite
cardinal. Then

cov(k, 01,8, w) = max(k, sup cov(\, 5,67, wy))
Sh A<k Sh

(5A2EDb again)
<k

by 542Dc. So there is a family B C [k]=%, with cardinal at most #, such that every member of [k]=° is

covered by a sequence in B. But now cf[B]<¥ < k, so there is a family € of countable subsets of B which
is cofinal with [B]=* and with cardinal at most &; setting D = {{JC : C € €}, we have D cofinal with [k]=?
and with cardinal at most k. So cf[k]=? < k.

Finally, of course, [k]< = |J;_4[x]=%, so

cf[k]<? < supggcf[r]=0 < K
whenever 6 < k. For 6§ > k we have cf[k]<? = 1, so cf[k]<? < & for every 0.

(b) If A is cofinal with [x]<? then {ANX: A € A} is cofinal with [A\]<?, so cf[\]<? < cf[x]’ < &, by (a).
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? If cf[\]<? = &, there is a cofinal family (A¢)e<, in [A]<Y such that A¢ € A, for any n < € < k. Of
course w < 0§ < X\ < k = cfk, so we may suppose that every A¢ is infinite. So there is an infinite § < 6 such
that E = {£: £ < K, #(A¢) = ¢} has cardinal x. Next, by 541D applied to a suitable ideal of subsets of E,
there is a set M € [A]<° such that F = {¢: £ € E, Ac C M} has cardinal k. But now there must be an
1 < & such that M C A,, and a £ € F' such that £ > n; which is impossible. X

Thus cf[\]<Y < &, as claimed.

542J Corollary Let x be a quasi-measurable cardinal. Let (P¢)¢<x be a family of partially ordered sets
such that A < add P, < cf Pe < & for every ¢ < A. Then cf([[._, ) < k.

proof For each ( < A let Q¢ be a cofinal subset of P with cardinal less than x. Set P = H§<m P,
Z = Uccx Qc; then #(Z) < k so cf[Z]= < &, by 542Ib. Let A be a cofinal subset of [Z]=* with #(A) < k.
For each A € A choose f4 € P such that f4(¢) is an upper bound for AN P for every (; this is possible
because add Py > #(A). Set F'= {fa: A e A}

If g € P, then there is an h € [[._, Q¢ such that g < h. Now h[)] € [Z]=* so there is an A € A such
that h[A\] C A. In this case h < f4. Accordingly F is cofinal with P and cf P < #(F') < k, as required.

542K For an application in §547 below, it will be useful to have the following variant of 542I.

Proposition Let k be a quasi-measurable cardinal.

(a) For every cardinal 6 < k there is a family Dy of countable sets, with cardinal less than , which is
stationary over 6 in the sense of 5A1R.

(b) There is a family A of countable sets, with cardinal at most &, which is stationary over k.

proof Fix on a proper x-additive wq-saturated ideal Z of subsets of k containing all singleton subsets of .
Write F for {F : F Ck, s\ F € T}.

(a)(i) By 542Ib, there is a cofinal subset C of []=% with cardinal less than . Set
A={U,cu, Ca : (Ca)a<w, is a non-decreasing family in C}.
Note that A C [0]=“1. Now A is stationary over 6. P If f : [0]<* — [0]=* is a function, choose (Cp)a<uw,
in C such that
Co 2Upea Cs WU : T € [Ugeq Cl=}

for « < wy. Then A =J C,, belongs to A and f(I) C A for every I € [A]<¥. As f is arbitrary, A is

stationary over 6. Q

a<wi

(ii) 7 Suppose, if possible, that #(A) > k. Let (A¢)e<w be a family of distinct elements of A. For
each § < k let (Cea)a<w, be a non-decreasing family in C such that A¢ = {J,_,, Cea- By 541D, there is a
set A € [0]=%1 such that D = {€: £ < K, A¢ C A} belongs to F. Let (Ba)a<w, be a non-decreasing family
of countable sets with union A.

(iii) For each v < w; there is a countable set B, such that D, = {£ : §{ € D, A¢ N B, € B, } belongs to
F. P For each £ € D there is a 7¢ < wy such that A¢ N By = Cgy, N Ba. As #(C) < &, there is a countable
set D such that D\ {{: Ce, € D} € Isset B, ={CNB,:CcD}. Q
Set D' = D,; then D' € F.

(iv) Whenever &, n € D’ are distinct there is an a < wy such A¢ N B, # A,y N B,. There is therefore,
for each § € D', a B¢ < wy such that {n:n € D', Ac N Bg, # A, N Bg,} € F. Next, there is a 3 < w; such
that D" = {¢ : £ € D', B¢ < B} belongs to Z. However, because Bg is countable, there is a B € By such
that E = {{:& € D", A N Bg = B} does not belong to Z. But now, if we take any { € E, there must be
an 7 € E such that A¢ N Bg, # A, N Bg,, in which case A¢ N Bg and A, N By are distinct and cannot both
be equal to B. X

Thus #(A) < k.

(v) Finally, observe that for each A € A there is a family of countable sets, with cardinal at most wy,
which is stationary over A. (If A is countable, we can take {A}; otherwise, use 5A1Sc.) Taking the union
of these, we get a family of countable sets, with cardinal less than x, which is stationary over 6 by 5A1Sb.

a<wi
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(b) Because k is a limit cardinal of uncountable cofinality, the set of cardinals less than « is stationary
over k, by 5A1Sc. Putting this together with (a) and 5A1Sb, we see that there is a family of countable sets,
with cardinal at most k, which is stationary over k.

542X Basic exercises (a) Let x be a quasi-measurable cardinal, and 6 a cardinal such that 2 < 0 < k.
Show that cf[x]<? = k.

542Y Further exercises (a) Let X be a hereditarily weakly -refinable topological space such that
there is no quasi-measurable cardinal less than or equal to the weight of X, and p a totally finite Maharam
submeasure on the Borel g-algebra of X. (i) Show that p is 7-subadditive in the sense that if whenever G is
a non-empty upwards-directed family of open sets in X with union H, then infgeg u(H \ G) = 0. (ii) Show
that if X is Hausdorff and K-analytic, then the completion of p is a Radon submeasure on X.

542 Notes and comments The arguments of this section have taken on a certain density, and I ought to
explain what they are for. The cardinal arithmetic of 542E-542G is relevant to one of the most important
questions in this chapter, to be treated in the next section: supposing that there is an extension of Lebesgue
measure to a measure p defined on all subsets of R, what can we say about the Maharam type of u? And
5421-542J will tell us something about the cofinalities of our favourite partially ordered sets under the same
circumstances.

Let me draw your attention to a useful trick, used twice above. If k is a quasi-measurable cardinal, and
X is any set with cardinal at least k, there is a non-trivial w;-saturated o-ideal of subsets of X. This is the
basis of the proof of 542H (taking X = F,41 in the inductive step) and the final step in the proof of 5421
(taking X = F). Exposed like this, the idea seems obvious. In the thickets of an argument it sometimes
demands an imaginative jump.

Version of 11.11.13
543 The Gitik-Shelah theorem

I come now to the leading case at the centre of the work of the last two sections. If our wj-saturated
o-ideal of sets is the null ideal of a measure with domain P X, it has some even more striking properties than
those already discussed. I will go farther into these later in the chapter. But I will begin with what is known
about one of the first questions I expect a reader of this book to ask: if (X,PX,u) is a probability space,
what can, or must, its measure algebra be? There can, of course, be a purely atomic part; the interesting
question relates to the atomless part, if any, always remembering that we need a special act of faith to
believe that there can be an atomless case. Here we find that the Maharam type of an atomless probability
defined on a power set must be greater than its additivity (543F), which must itself be ‘large’ (541L).

543A Definitions (a) A real-valued-measurable cardinal is an uncountable cardinal s such that
there is a k-additive probability measure v on x, defined on every subset of k, for which all singletons are
negligible. In this context I will call v a witnessing probability.

(b) If k is a regular uncountable cardinal, a probability measure v on k with domain Pk is normal if its
null ideal N'(v) is normal. In this case, v must be x-additive (541H, 521Ad) and zero on singletons, so & is
real-valued-measurable, and I will say that v is a normal witnessing probability.

(c) An atomlessly-measurable cardinal is a real-valued-measurable cardinal with an atomless wit-
nessing probability.

543B Collecting ideas which have already appeared, some of them more than once, we have the following.

Proposition (a) Let (X,PX,u) be a totally finite measure space in which singletons are negligible and
uX > 0. Then xk = add p is real-valued-measurable, and there are a non-negligible Y C X and a function

g : Y — K such that the normalized image measure B — L%yug’l[B] is a normal witnessing probability on
K.
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(b) Every real-valued-measurable cardinal is quasi-measurable (definition: 542A) and has a normal wit-
nessing probability; in particular, every real-valued-measurable cardinal is uncountable and regular.
(¢) If k < ¢ is a real-valued-measurable cardinal, then x is atomlessly-measurable, and every witnessing
probability on x is atomless.
(d) If k > ¢ is a real-valued-measurable cardinal, then k is two-valued-measurable, and every witnessing
probability on x is purely atomic.
(e) A cardinal A is measure-free (definition: 438A) iff there is no real-valued-measurable cardinal k < A;
¢ is measure-free iff there is no atomlessly-measurable cardinal.
(f) Again suppose that (X, PX, ) is a totally finite measure space.
(i) If p is purely atomic, add p is either oo or a two-valued-measurable cardinal.
(ii) If p is not purely atomic, add p is atomlessly-measurable.

proof (a) By 521Ad again, & is the additivity of the null ideal N (i) of u; because p is o-finite, N (i) is
wi-saturated; and of course k > wy. By 541J, there are Y C X and g : Y — & such that Z = {B : B C &,

pug~t[B] = 0} is a normal ideal on k. In particular, x ¢ Z and Y is non-negligible. Set vB = Miy,ug_l[B]

for B C k; then v is a probability measure with domain Pk. Its null ideal N'(v) = Z is normal, so it is a
normal measure and witnesses that « is real-valued-measurable.

(b) If k is real-valued-measurable, then (a) tells us that any witnessing probability on x can be used to
define a normal witnessing probability v say. Since x is the additivity of a o-ideal, it must be uncountable
and regular (513C(a-1)); also M (v) is an w;-saturated normal ideal, so & is quasi-measurable.

(c)-(d) Apply 541P. If k is real-valued-measurable, it is a regular uncountable cardinal, and if v is a
witnessing probability on x then A (v) is a proper wi-saturated x-additive ideal of subsets of k. Taking 2
to be the measure algebra of v, then 541P tells us that either 2l is atomless and « < ¢, or 2 is purely atomic
and & is two-valued-measurable, in which case  is surely greater than ¢ (541N). Turning this round, if k < ¢
then 2 and v must be atomless and x is atomlessly-measurable, while if k > ¢ then 2 and v are purely
atomic and « is two-valued-measurable.

(e) If k < X is real-valued-measurable, then any witnessing probability on k extends to a probability
measure with domain P\ which is zero on singletons, so A is not measure-free. If A is not measure-free, let
1 be a probability measure with domain P which is zero on singletons; then (a) tells us that add p is real-
valued-measurable, and add p < A because A = |[JN (p).

If there is an atomlessly-measurable cardinal k, then k is real-valued-measurable and there is an atomless
witnessing probability on &, and k < ¢, by (d). So in this case ¢ is not measure-free. On the other hand, if
¢ is not measure-free, there is a real-valued-measurable cardinal x < ¢, which is atomlessly-measurable, by

().

(£) (i) If p is purely atomic, and add p is not oo, set k£ = add p and let (A¢)e<, be a family of negligible
sets in X with non-negligible union A. Let £ C A be an atom for u. Repeating the construction of (a),
but starting from the subspace (F,PFE,ug), we see that the normalized image measure constructed on
k = add ug can take only the two values 0 and 1, so that its null ideal is 2-saturated and witnesses that s
is two-valued-measurable.

(ii) If p is not purely atomic, let £ be the atomless part of X, so that up is atomless and px\ g is purely
atomic. Singletons in E' must be negligible, so (a) tells us that add pg is a real-valued-measurable cardinal;
also there is an inverse-measure-preserving function from E to [0, pE] (343Cc), so E can be covered by ¢
negligible sets and add g < ¢ is atomlessly-measurable, by (c) here. Now (i) tells us that ¢ < add px\ g, s0
add = min(add g, add px\g) = add pg is atomlessly-measurable.

Remark 543Bc-543Bd are Ulam’s dichotomy.

543C Theorem (see KUNEN N70) Suppose that (Y, PY,v) is a o-finite measure space and that (X, %, %, u)
is a o-finite quasi-Radon measure space with w(X) < addv. Let f: X xY — [0, 00] be any function. Then

T(f feywldy)) ulde) < [ ([ Fx,y)nlde))v(dy).
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proof Because p is o-finite and effectively locally finite, there is a sequence of open sets of finite measure
with conegligible union in X. Since none of the integrals are changed by deleting a negligible subset of
X, and the weight of any subset of X is at most the weight of X, we may suppose that this conegligible
union is X itself, so that u is outer regular with respect to the open sets (412Wb). Set A = w(X) < add v;
let (Ge)e<n enumerate a base for the topology of X. Fix ¢ > 0. Because v is o-finite, we have a function
y— €, : Y —]0,00[ such that [ e,v(dy) < e. Foreachy €Y, let hy : X — [0, 00] be a lower semi-continuous
function such that f(x,y) < hy(x) for every o € X and
fh u(dx) <6y+ff:ny u(dx)
(412Wa). For I C A,z € X and y € Y, set
fr(z,y) =sup({0} U{s: 3 €, x € Ge, hy(z') > sV o' € Ge}).

Then f7 is expressible as supgc; scq+ SX(Ge X Bes), writing QT for the set of non-negative rational numbers
and Be, for {y : hy > sxGe}. So fris (E@PY)—measurable for all countable I, and for such I we shall have

IJ fr(z,y)p = [[ fi(e,y)v(dy)u(dz),
by Fubini’s theorem (252C). Next, for any I C /\, x +— fr(z,y) is lower semi-continuous for each y, and
suprepy<e f1(z,y) = hy(x)
for all x € X and y € Y, because each h, is lower semi-continuous. So
SUPre[a]<w ff[(xay)/u'(dx) = fhy(:c)u(dx
for each y € Y (414Ba). Because A < add v, it follows that
SUPre[n)<w ff fr@, y)u( ffh v(dy)
(521B(d-i)). On the other hand, if we write
= ff](l’,y)l/(dy)
for x € X and finite I C A, then g; also is lower semi-continuous. P Ifx € X,set J ={{:{ € I,z € G¢} and
H = XNy Ge then fi(z,y) < fr(2',y) whenever 2’ € H and y € Y, s0 gr(x) < gr(2') for 2’ € H, while
r € int H. Q So g = sup;e(y<w gr is lower semi-continuous, and [ g(x)u(dr) = supreyj<w [ g1(2)p(dz).
Also

g(z) = supepyy<w ff; x,y)v fh v(dy) > ff(m,y)u(dy)
for every z € X. So we have

[[ s pmtanutan < [owmi) = s [ ot

= s [[ sitm.pwtannta
= sup / i, y)da)(dy)

Ie[A\]<w

// pi(dz)v(dy) <e+//fxy (dx)v(dy).

As ¢ is arbitrary, we have the result.

Remark Compare 5370.

543D Corollary Let x be a real-valued-measurable cardinal, with witnessing probability v, and (X, %, %, u)
a totally finite quasi-Radon measure space with w(X) < k.
(a) If C C X X K then

[vClau(de) < [ p*C—L (€Y v(dg).
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(b) If A C X and #(A) < &, then there is a B C A such that #(B) < x and pu*B = p*A.
¢) If (Ce)ecr is a family in PX \ N (u) such that # C¢) < K, then there are distinct £, n < K such
§/¢ E<k 7§
that p*(Ce N C,yy) > 0.
(d) If we have a family (h¢)e<, of functions such that dom h¢ is a non-negligible subset of X for each &
and #(U§<K he) < w (identifying each he with its graph), then there are distinct &, 7 < & such that

w{z : x € dom(he) Ndom(hy), he(x) = hy(x)} > 0.

proof (a) Apply 543C to xC': X x k — R.
(b)? Suppose, if possible, otherwise. Then surely #(A) = «; let f : kK — A be a bijection. Set
C={(fm), &) :n<E<r}CX xr
Ifze A
vC{a}] ={€: fH(z) <€ <k} =1,
so [vC[{x}\u(dr) = p*A. Tf € < &,
pCHEN = p{f(n) :n < & <prA,
so [ p*C7H{€}v(dE) < p*A. But this contradicts (a). X
(c) Let © be the probability on k x x defined by writing
VA = f vA[{E} v(dE) for every A C k X k.
Then 7 is k-additive, by 521B(d-ii). Set
C ={(z,(&n)) : & n are distinct members of k, z € Cce N C,}
C X x (kX K).
Set
E={z:ze X, v{¢:ze€C} =0}
Because # (U, ., C¢) < k,
{€:ENCe 20} =Ul{e v e Cehrwe ENU, ., Oy}
is v-negligible, and there is a £ < k with C¢ N E = (; thus p*(X \ E) > 0. Now if z € X \ E then
P{(&m) : (@, (&) € C} = (W{g: 2 € Ce})* > 0.

So we have

0< / () : (. (€.1m)) € Cu(d)
< / W (x, (1)) € CYo(d(E, m)

by 543C, and there must be distinct &, n < & such that p*{z : (z, (§,n)) € C} > 0, as required.

(d) Set Y = U, he[X]. Give X x Y the measure fi and topology T’ defined as follows. The domain
of i is to be the family ¥ of subsets H of X x Y for which there are E, E' € ¥ with u(E’ \ E) =0 and
ExY CHCE' xY;and for such H, i is to be uF = pE'. The topology T’ is to be just the family
{GxY :G e %} Tt is easy to check that (X x Y, %', %, 1) is a totally finite quasi-Radon measure space of
weight less than k, and that i*he = p*(dom he) > 0 for each £ < k. So (c) gives the result.

543M Lemma Let k£ < ¢ be a quasi-measurable cardinal and A < min(x(**),2%) an infinite cardinal.
Set ¢ = max(A\T, k™).

(a) We have an infinite cardinal § < k, a stationary set S C ¢, and a family (g.)aecs of functions from
K to 29 such that g,[k] C « for every a € S and #(gn N gg) < & for distinct o, 3 € S. Moreover, we can
arrange that
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— if A < Tr(k) (definition: 5A1Mb), then go[k] C & for every o € S;
— if A > Tr(k), then goly = gglvy whenever 7 < k is a limit ordinal and «, 8 € S are such that

9a(7) = 98(7).
(b) Now suppose that S; C S is stationary in ¢ and (6,)aecs, is a family of limit ordinals less than .
Then there are a § < x and a set Y € [2°]<* such that Sy = {a: a € Sy, 0, = 0, go[0] C Y} is stationary

in (.

proof (a) case 1 If A < Tr(x), then ¢ < Tr(k) (5A1Na); as ¢ is a successor cardinal, there is a family
(ga)a<c of functions from k to k such that #(g, N gs) <  for all distinct «, 8 < {. Set S = (\ k, so that
S is a stationary set in ¢ and gq[x] C a for every a € S. We know that x < ¢; set § = w, so that § < k < 29
and g, is a function from & to 2° for every a.

case 2 Suppose that A > Tr(x). Then
k< Tr(k) < AT = ¢ < min(2%, k(+*)),
SO SUPg. 29 > ¢, by 5A1ND; and as this supremum is attained (542E), there is a cardinal § <  such that
29 > (. Because k < A < k(%) X is regular, and of course A > w;. So 5A1P gives us the functions we need.
(b) Because ¢ = cf( > &, there is a § < k such that
Si={a:a€ S, 0,=0}

is stationary in (, by the Pressing-Down Lemma, and of course 6 is a limit ordinal.

case 1 If A < Tr(x), then g,[f] is a subset of x, and is therefore bounded above in &, for each a. Let
0’ < Kk be such that

So={a:a e S, g.[0] CO}

is stationary in (. As k <c¢ <200 € [25]<”i and we can take Y =6'.

case 2 If A > Tr(k), then g,(f) < o for a € S7; so there is a 8’ < ¢ such that
ST ={a:aeb, g.(0) =0}
is stationary in (. Then g, [0 = ggl0 for all i, B € S{; take Y to be the common value of g,[0] for o € 5.

543E The Gitik-Shelah theorem (GITIK & SHELAH 89, GITIK & SHELAH 93) Let x be an atomlessly-
measurable cardinal, with witnessing probability . Then the Maharam type of v is at least min(k(T+), 2%).

proof (a) To begin with (down to the end of (g) below) let us suppose that v is Maharam-type-homogeneous,
with Maharam type A; of course A is infinite, because v is atomless. Let (2, 7) be the measure algebra of
v, vy the usual measure of {0,1}* and B, the measure algebra of vy; then there is a measure-preserving
isomorphism ¢ : B, — 2. Because vy is a compact measure (342Jd), there is a function f : x — {0,1}*
such that ¢(E*) = f~1[E]* whenever vy measures E (343B).

(b)? Suppose, if possible, that A < min(x(++) 2%).

Of course « is quasi-measurable and at most ¢. So 543Ma tells us that if we set ¢ = max(A*,x™), there
will be an infinite cardinal § < &, a stationary set S C ¢, and a family (go)acs of functions from r to 2°
such that g,[k] C « for every o € S and #(go N gg) < k for distinct v, § € S. Moreover, we can arrange
that

— if A < Tr(k) (definition: 5A1Mb), then g4 [x] C & for every o € S;

— if A > Tr(k), then goly = gglvy whenever 7 < k is a limit ordinal and «, 8 € S are such that

9a(7) = 98 (7)-
(c) Fix an injective function h : 2% — {0,1}°. For a € S, ¢ < 6 set
Uar = {€: £ <k, (hga(§))() =1},
and choose a Baire set H,, C {0,1}* such that ¢~1(U2,) = Hz, in B,. Define g, : {0,1}* — {0,1}% by
setting
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(Ja(2)(t) =1if x € H,,,

= 0 otherwise.

Then

{€:€ <k, Gaf(€) # hga(©)} = €+ (3 f(©)() # (hga(©)(1)}

<0

= | Uasf Ha) € N(v)

<0

because § < k = add N (v). Set V,, = {£ : §uf(§) = hga(£)}, so that vV, = 1, for each a € S.

(d) Because every H,, is a Baire set, there is for each @ € S a set I, C A such that #(I,) < § and
H,, is determined by coordinates in I, for every ¢ < d, that is, o (7) = ja(y) whenever z, y € {0,1}* and
z[l, =yll,. Because A < cf(, there is an M C A such that

Slz{a:aGS,IagM}
is stationary in ¢ and cf(#(M)) < § (5A1K); because A < x(t«) and cf(k) = k > 6, #(M) < x. Set
7p(2) = 2[ M for z € {0,1}*, and fas = marf, so that fas : & — {0,1}M is inverse-measure-preserving for
v and the usual measure va; of {0,1}M. For w € {0,1}* define ¢(w) € {0,1}* by setting
w(§) if £ € M,

= 0 otherwise.

P(w)(E)

If we set
g5 = gatb - {0, 1}M — {0,1}°,

then g is Baire measurable in each coordinate, while gXmy = g, for a € 5.

(e) For each o € Sy, there is a 0, < & such that p},(fam[Va N6a]) = 1. B Apply 543Db to fa[Va] C
{0,1}M. There must be a set B C fy[Va,] such that #(B) < k and pi,B = pi,(fm[Va]); because & is
regular, there is a 6, < k such that B C fu/[V, N6,]. On the other hand, because fj is inverse-measure-

preserving, i, (fam[Va]) > vVa=1. Q
Evidently we may take it that every 6, is a non-zero limit ordinal.

(f) Now 543Mb tells us that there are a § < x and a Y € [29]<* such that
So={a:a€851,0,=0,9,0]CY}
is stationary in (.
(g) For each o € Sy, set
Qo = fu[Va N 0] = frr[Va N ba],
so that u},Qq. =1. If y € Q, take £ € V,, N6 such that fa(§) = y; then
9a W) = gama [(§) = Ga f(§) = hga(§) € AY].

Thus g% Qs C furlf] x h[Y] for every a € Sy, and we can apply 543Dd to X = {0,1}M, = pps and the
family (g% [Qa)acs’, where S’ C Sy is a set with cardinal x, to see that there are distinct «, 8 € Sy such
that ph {y:y € QaNQs, gi(y) = gg(y)} > 0. Now, however, consider

E={y:ye{0,1}M gi(y) = g5(v)}
Then E =),_; E,, where

Eo={y:y {0, 1}, ga()() = g5(») (1)}

is a Baire subset of {0, 1} for each ¢ < 6. Because § < &,
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vid Bl =v(( [ [B)) = inf w(() /' [E))

I <w
1<9 €[]

= inf E,) > iy E > 0.
Iel[g]<qu(g D)2 ek >

Consequently

0 <vfif Bl =v{&: gimmf(€) = ghmmf(€)}
=v{€: Gaf(€) = Gof(€)} = V{€: €€ VNV, §uf(€) = s f (&)}
= v{€ 1 hga(€) = hgs(&)} = v{€ : ga(&) = gs(&)}

(because h is injective). But this is absurd, because in (b) above we chose go, gg in such a way that
{€: 9a(&) = g5(£§)} would be bounded in k. X

(h) Thus the result is true for Maharam-type-homogeneous witnessing probabilities on . In general,
if v is any witnessing probability on , there is a non-negligible A C k such that the subspace measure

on A is Maharam-type-homogeneous; setting v'C' = il/(A N C) for C C k, we obtain a Maharam-type-

homogeneous witnessing probability v’. Now the Maharam type of v is at least as great as the Maharam
type of 1/, so is at least min(2*, x(+*)), as required.

543F Theorem Let (X, PX, 1) be an atomless semi-finite measure space. Write x = add p. Then the
Maharam type of (X, PX, ) is at least min(x(+*),2%), and in particular is greater than x.

proof Let (E¢)e<, be a family in NV(u) such that B = ., B¢ ¢ N(n). Let F C E be a set of non-
zero finite measure. Set f(z) = min{{ : x € E¢} for x € F. Let pup be the subspace measure on F' and
w = (uF)'up the corresponding probability measure; of course dom p/ = PF and p/(F N E¢) = 0 for every
¢ < k. Note also that

addpy’ =addup > addp > &

(521Fc). Let v be the image measure p/f~1, so that domv = Pk and v is k-additive (521Hb). Also
v{¢} < W'Ee =0 for every &, so v witnesses that x is real-valued-measurable. Next, pp is atomless (214Ka),
so u' also is. There is therefore a function g : F — [0,1] which is inverse-measure-preserving for p’ and
Lebesgue measure (343Cb), and F' can be covered by ¢ negligible sets; accordingly add 4’ < ¢ so k < ¢ and
v must be atomless (543Bc).

Let (2, i), (A, ) and (B, 7) be the measure algebras of u, 1’ and v respectively. Then 21’ is isomorphic
to a principal ideal of 2 (3221), so 7(A) > 7(A") (514Ed). Next, f : F — & induces a measure-preserving
Boolean homomorphism from B to 2, so that 7(2’) > 7(B) (332Tbh). Now 543E tells us that

min(x(T¥),2%) < 7(B) < 7(A),

as required.

543G Corollary Let (X,PX,v) be an atomless probability space, and x = addv. Let (Z,%, ) be a
compact probability space with Maharam type A < min(2%, 5(+)) (e.g., Z = {0, 1}* with its usual measure).
Then there is an inverse-measure-preserving function f: X — Z.

proof Let (2, 7z) and 9B, 7) be the measure algebras of p, v respectively. By 543F, the Maharam type of
the subspace measure v¢ is at least A whenever C' C X and vC > 0; that is, every non-zero principal ideal
of B has Maharam type at least A. So there is a measure-preserving Boolean homomorphism from 2 to ‘B
(332P). Because p is compact, this is represented by an inverse-measure-preserving function from X to Z
(343B).

543H Corollary If x is an atomlessly-measurable cardinal, and (Z, 1) is a compact probability space
with Maharam type at most min(2", HHW)), then there is an extension of y to a k-additive measure defined
on PZ.

proof Let v be a witnessing probability on x; by 543G, there is an inverse-measure-preserving function
f:X — Z: now the image measure vf ! extends u to PZ.
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5431 Corollary If « is an atomlessly-measurable cardinal, with witnessing probability v, and 2% < (),
then (k, Pk, v) is Maharam-type-homogeneous, with Maharam type 2*.

proof If C € Px\ N(v), then the Maharam type of the subspace measure on C' is at least 2%, by 543F;
but also it cannot be greater than #(PC) = 2",

543J Proposition Let k be an atomlessly-measurable cardinal, v a witnessing probability on &, and A
the measure algebra of v. Then

(a) there is a v < & such that 27 = 27 for every cardinal § such that v < § < &;

(b) the cardinal power 7(2()7 is 2%;

(c) if ¢ < k(1) then #(A) = 7(A)~ = 2~.

proof Use 542F-542G. Because « is quasi-measurable and k < ¢, 542Fa tells us that there is a v as in (a);
and now 542Fb and 515M tell us that

28 = 7 (A)7

= (T(A)*)7 = #(A)7.
If ¢ < k(t91) | then 542G tells us that #(21) = 2~.

543K Proposition Let x be an atomlessly-measurable cardinal. If there is a witnessing probability on
k with Maharam type A, then there is a Maharam-type-homogeneous normal witnessing probability v on &
with Maharam type at most .

proof Repeat the proof of 543Ba, with X = k and p a witnessing probability on x with Maharam type

1

A. Taking a non-negligible Y C k and g : Y — k such that v = #iy/iyg* is normal, then g induces an

embedding of the measure algebra of v into a principal ideal of the measure algebra of u, so the Maharam
type of v is at most A\. There is now an F € Pr \ N (v) such that the subspace measure vg is Maharam-
type-homogeneous, and setting v’A = v(A N E)/vE for A C k we obtain a Maharam-type-homogeneous
probability measure v with Maharam type less than or equal to A. Now v’ is again normal. I Let (I¢)ecx
be any family in N'(v), and set I = {§ : { <k, £ € U, ¢ Iy} Then It N E € N(v) for every ¢, so
INE ={{:{ <k, €U, IyN E} is v-negligible and I is v"-negligible. Q So we have an appropriate
normal witnessing probability.

543L Proposition Suppose that v is a Maharam-type-homogeneous witnessing probability on an atom-
lessly-measurable cardinal x with Maharam type A. Then there is a Maharam-type-homogeneous witnessing
probability v’ on s with Maharam type at least Trpr,) (k5 A).

proof Let v be the k-additive probability on xk X k given by
1nC = va’[{f}]y(dE) for every C' C K X K.

Set @ = Trpr()(k; A). By 541F there is a family F' C A" such that #(F) = 6 and {¢ : f(§) = g(§)} e N(v)
for all distinct f, g € F. Let (E¢)¢<x be a v-stochastically independent family of subsets of x of v-measure
%. For each f € F set

Cr={(&n):{<kK neE Ly}
Then for any non-empty finite subset I of F', l/(ﬂf€I Eg¢)) = 2-#(I) for y-almost every &, so that

v1(Nyer Cr) = 27#(D),

Thus (Cy)sep is stochastically independent for vy, and the Maharam type of the subspace measure (v1)c
is at least #(F') = 6 whenever 11C > 0. Once again, take 12C = v1(C N D)/v1 D for some D for which
(v1)p is Maharam-type-homogeneous, to obtain a Maharam-type-homogeneous x-additive probability v
with Maharam type at least 6. Finally, of course, v5 can be copied onto a probability v’ on k, as asked for.

543X Basic exercises (a) Let x be an atomlessly-measurable cardinal. Show that the following are
equiveridical: (i) every witnessing probability v on & is Maharam-type-homogeneous (ii) any two witnessing
probabilities on x have the same Maharam type.
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(b) Let x be an atomlessly-measurable cardinal. Show that the following are equiveridical: (i) every
normal witnessing probability v on x is Maharam-type-homogeneous (ii) any two normal witnessing proba-
bilities on x have the same Maharam type.

(¢) Suppose that ¢ is atomlessly-measurable. Show that there is a Maharam-type-homogeneous normal
witnessing probability on ¢ with Maharam type 2°. (Hint: 542Ga, 5A1Nc.)

(d) Let u be Lebesgue measure on R, and 6 = %(u* + p.) the outer measure described in 413Xd. Show
that u is the measure defined from 6 by Carathéodory’s method. (Hint: 438Ym.)

543Y Further exercises (a) Let v be a witnessing probability on an atomlessly-measurable cardinal
with Maharam type A. Let F be the set of all functions f C k X A such that dom f ¢ A (v), and let 6 be

sup{#(Fy) : Fo C F, {{: § € dom f Ndomyg, f(§) = g(§)} € N(v)
for all distinct f, g € Fp}.

Show that there is a witnessing probability v’ on k with Maharam type at least 6.

5437 Problems Let x be an atomlessly-measurable cardinal.
(a) Must every witnessing probability ¥ on x be Maharam-type-homogeneous? (See 555E.)

(b) Must every normal witnessing probability v on k be Maharam-type-homogeneous?

543 Notes and comments The results of 5431-543J leave a tantalizingly narrow gap; it seems possible
that the Maharam type of a witnessing probability on an atomlessly-measurable cardinal x is determined
by k (543Xa, 543Za). If so, there is at least a chance that there is a proof depending on no ideas more
difficult than those above. To find a counter-example, however, we may need not only to make some strong
assumptions about the potential existence of appropriate large cardinals, but also to find a new method of
constructing models with atomlessly-measurable cardinals. Possibly we get a different question if we look at
normal witnessing probabilities (543Zb). A positive answer to either part of 5437 would have implications
for transversal numbers (543L, 543Ya).

Version of 31.12.13

544 Measure theory with an atomlessly-measurable cardinal

As is to be expected, a witnessing measure on a real-valued-measurable cardinal has some striking prop-
erties, especially if it is normal. What is less obvious is that the mere existence of such a cardinal can have
implications for apparently unrelated questions in analysis. In 544J, for instance, we see that if there is any
atomlessly-measurable cardinal then we have a version of Fubini’s theorem, [[ f(z,y)dzdy = [ f(z,y)dydz,
for many functions f on R? which are not jointly measurable. In this section I explore results of this kind.
We find that, in the presence of an atomlessly-measurable cardinal, the covering number of the Lebesgue
null ideal is large (544B) while its uniformity is small (544G-544H). There is a second inequality on repeated
integrals (544C) to add to the one already given in 543C, and which tells us something about measure-
precalibers (544D); I add a couple of variations (5441-544J). Next, I give a pair of theorems (544E-544F) on
a measure-combinatorial property of the filter of conegligible sets of a normal witnessing measure. Revisiting
the theory of Borel measures on metrizable spaces, discussed in §438 on the assumption that no real-valued-
measurable cardinal was present, we find that there are some non-trivial arguments applicable to spaces
with non-measure-free weight (544K-544L).

In §541 T briefly mentioned ‘weakly compact’ cardinals. Two-valued-measurable cardinals are always
weakly compact; atomlessly-measurable cardinals never are; but atomlessly-measurable cardinals may or
may not have a significant combinatorial property which can be regarded as a form of weak compactness
(544M, 544Yc). Finally, I summarise what is known about the location of an atomlessly-measurable cardinal
on Cichoni’s diagram (544N).
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544A Notation I repeat some of my notational conventions. For a measure u, N (u) will be its null
ideal. For any set I, vy will be the usual measure on {0,1}!, N7 = N (vy) its null ideal and (B, ;) its
measure algebra.

544B Proposition Let x be an atomlessly-measurable cardinal. If (X,X,u) is any locally compact
(definition: 342Ad) semi-finite measure space with uX > 0, then cov N () > &.

proof By 521Lb, applied to any Maharam-type-homogeneous subspace of X with non-zero finite measure,
it is enough to show that cov Ny > & for every \; by 523F, we need look only at the case A = . Fix on an
atomless k-additive probability v with domain Px. By 543G there is an inverse-measure-preserving function
f:r—{0,1}". So cov N, > cov N (r) = k, by 521Ha.

544C Theorem (KUNEN N70) Let x be a real-valued-measurable cardinal and v a normal witnessing
probability on k; let (X, ) be a compact probability space and f : X x k — [0, 00[ any function. Then

J ([ 1@ &vag) ptdz) < [ ([ f(z.&)nldn))v(de).

proof 7 Suppose, if possible, otherwise.

(a) We are supposing that there is a p-integrable function g : X — R such that 0 < g(z) < [ f(z,&)v(df)
for every z € X and

[ g(x) u(de) > [ [ fx,&)n(dz)v(de).

We can suppose that ¢ is a simple function; express it as Z?:o t;xF; where (Fy,...,F,) is a partition of X
into measurable sets. For any & < k,

Ji@.nldn) = Ty [z OxFilx)n(da)
(133L). So there must be some ¢ < n such that

tinFy > [ [ f(2, &) xFi(z)p(dz)v(dg).
Set Y = Fy, uy = (uF;) " tu|PF;, t = t;; then (Y, u1) is a compact probability space (451Da) and

//fyfuldy v(de) = //fa:fo p(da)v(de)

<t< it [ F(.ewae)

(1351d)

(b) Let (A, 1) be the measure algebra of (Y, u1). Then there is a cardinal A > & such that (2, fi1) can
be embedded in (B, 7)), the measure algebra of v). Because p; is compact, there is an inverse-measure-

preserving function ¢ : {0,1}* — Y (343B). By 235A, Tf(gb(z),f)u)\(dz) < Tf(y,f)ul(dy) for every &, so

[ [f((2),)va(dz)v(dE) < t.
For each ¢ < K choose a Baire measurable function he : {0,1}* — R such that f(¢(z),€) < he(z) for
every z € {0,1}* and [ he(2)va(dz) ff &)va(dz); we can do this because vy is the completion of its

restriction to the Baire o-algebra Ba({O 1}>‘) (bee 4A30f), so we can apply 133J(a-i) to the Baire measure
valBa({0,1}*). For each &, there is a countable set I¢ C A such that h¢ is determined by coordinates in I¢,
in the sense that he(z) = he(2') whenever z[ I = 2| I¢.

By 541Rb, there are I' C x and a countable set J C A such that vI' = 1 and I NI, C J whenever £, n
are distinct members of T'.

(c) For u € {0,1}” and «’ € {0,1}*\V write u Uu’ for their common extension to a member of {0,1}*.
Set

fi(u, &) = fhg(uUu')z/)\\J(du’)
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for u € {0,1}7 and ¢ < k. Then, applying Fubini’s theorem to {0,1}* 2 {0,1}” x {0,1}*\V, we have

fflufwdu fhg Yva(dz),
so that

I f1(u, &)v s (du)v( fff Hua(dz)v(d§) <t
and
fff1 u, €)v(d€)vy(du) < t
by Theorem 543C. Accordingly there is a u € {0, 1}/ such that [ fi(u,&)v(d€) <t
(d) For each ¢ € T take ve € {0, 13\ such that he(uUwe) < fi(u,€). Let w € {0,1}* be such that
wlJ =u, wllg\J=uvelle\J for every £ € T
such a w exists because if §, n € I" and &£ # 7 then I NI, C J. Now
f(o(w),§) < he(w) = he(uUve) < fi(u,§)
for every £ € T', so
[ F(@(w), &v(de) < [ fr(u,w(de) <t

contradicting the last sentence of (a) above. X
This completes the proof.

544D Corollary If k is an atomlessly-measurable cardinal and w < A < k, then ) is a measure-precaliber
of every probability algebra.

proof If A\ < x this is a corollary of 544B and 525J. If A = &, we can use 544C and 525C. For let (E¢)ecx
be a non-decreasing family in A, with union E. Let v be a normal witnessing probability on k. Set

C={(z,8): (£ <K,z €E} C{0,1}" x k.
Then
JvCHaYva(de) = pB, [ viC~ {€Hw(de) =0,

so 544C, applied to the indicator function of C, tells us that p.FE = 0; now 525Cc tells us that x is a
precaliber of 9B, and therefore a measure-precaliber of every probability algebra, by 525Ia and 525Da.

544E Theorem (KUNEN N70) Let k be a real-valued-measurable cardinal and v a normal witnessing
probability on . If (X, ) is a quasi-Radon probability space of weight strictly less than &, and f : [x]<¥ —
N (u) is any function, then

v erwv=1 Urepy<e f(I) € N(p).
proof Let F be the filter of v-conegligible subsets of «.
(a) I show by induction on n € N that if g : [k]<" — A(u) is any function, then
E(9) = NverUrepnzn 9U) € N ().

P For n = 0 this is trivial; F(g) = g(#) € N (). For the inductive step to n + 1, given g : []S" T — N (p),
then for each £ < k define g : [k]<" — N (u) by setting g¢(I) = g(I U {¢}) for each I € [k]<". By the
inductive hypothesis, F(ge) € N (p). Set

C={(z,8) :x€E(ge)} € X x k.
Then
[ C T {ehv(de) = [ wE(ge)v(de) =0,
so by 543C
JvCHau(da) =0
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and uD = 0, where D = g(0) U {z : vC[{z}] > 0}.
Take any € X \ D and set W =« \ C[{z}] € F. For each £ € W, x ¢ E(g¢), so there is a Ve € F such
that vV = 1 and x ¢ g¢(I) for every I € [Vg]=". Set

V=Wn{{:£eV, for every n < £}

Then V € F. If I € [V]="HL either I = () and = ¢ g(I), or there is a least element ¢ of I; in the latter
case, £ € W and J =T\ {&} C Ve and x ¢ ge(J) = g(I). So z ¢ U{g(1) : I € [V]="F1}. As z is arbitrary,
E(g9) € D € N(p) and the induction proceeeds. Q

(b) Now consider
G =Uen E(fI[K]5") € N(p).
If 2 € X\G then for each n € Nthereisa V,, € F such that x ¢ J{f(1) : I € [Vo]="}. Set V =,y Vo € F;
then z ¢ J{f(I) : I € [V]<*}. As z is arbitrary,
Mverpver Urep<e fF(I) €G € N (),

as required.

544F Theorem (KUNEN N70) Let k be a real-valued-measurable cardinal with a normal witnessing
probability v. If (X, ) is a locally compact semi-finite measure space with X > 0 and f : [x]<¥ — N (1)
is a function, then there is a v-conegligible V' C & such that J{f(I) : I € [V]<¥} # X.

proof (a) Consider first the case (X, u) = ({0,1}",v,). For any L C & let 77, : {0,1}* — {0,1}* be the
restriction map. Let F be the conegligible filter on k.

(i) For each I € [k]<%, there is a countable set g(I) C & such that vy (mg)[f(1)]) = 0 (2540d);

enlarging f(I) if necessary, we may suppose that f(I) = 71';(11) [mg(n[f(1)]]. By 541Q there are a set C' € F

and a function h : [k]<“ — [k]=% such that g(I) N1 C h(I N'7n) whenever I € [C]<¥ and n < k. Set
F'={y:v <k, h(I) C~ for every I € [y]<“};
then I' is a closed cofinal set in &, because cf(x) > w. Let (7,),<x be the increasing enumeration of 'U{0, £ }.

(ii) For n < K, set M(n) = & \ v, and L(n) = yy41 \ Vy; then vy can be identified with the product
measure v,y X Var(y41). Choose u, € {0,1}7, V;) C x inductively, as follows. ug € {0, 1} is the empty
function. Given w,, then for each I € [k]<“ set

fr)={v:ve {0, 1}L00 VM@ iw s u, UvUw € f(I)} > 0},
and

fo(L) = £(I) if vi ) (£ (1)) =0,
=0

otherwise.

By 544E, applied to J — f,(K U J) € N, we can find for each K € [v,41]<“ a set E,x C {0,1}5(M
such that vy, Eyx = 1 and for every v € E,x there is a set V' € F such that v ¢ f,(K U J) for any
J € [V]<¥. Choose v, € ({Eyk : K € [vy41]<“} (using 544B); for K € [y,41]<% choose V, x € F such that
vy & f(KUJ) for any J € [V]<¥. Set V, = ({Vyi : K € [yy41]<¥} € F and uyq1 = uyyUv,y € {0, 13741,
At limit ordinals n with 0 <7 < &, set u,; = U, u¢ € {0,1}77.
(iii) Now consider u = u,, € {0,1}" and
V={¢:{ecC, eV, foreveryn <&} eF.
If I € [V]<¥ then
vmplw s uy Uw € f(I)} =0

for every n < k. PP Induce on 1. For n = 0 this says just that v, f(I) = 0, which was our hypothesis on f.
For the inductive step to n + 1, we have

vmplw s uy Uw € f(I)} =0
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by the inductive hypothesis, so Fubini’s theorem tells us that
v AV Ve iw s uy UvUw € f(I)} > 0} =0,
that is, vy, fy(I) = 0, so that f,(I) = f;(I). Now setting K = I N ~y,;41 and J = I \ 7,11, we see that
J C V,, (because of course i < v,11), therefore J C V, ;¢ and v, ¢ f,(K'UJ) = f;(I); but this says just that
UM iw s uy Uvy Uw € f(I)} =0,
that is, that
VM iw tupri Uw € f(I)} =0,

so that the induction continues.
For the inductive step to a non-zero limit ordinal n < &, there is a non-zero ¢ < 7 such that I N, C ;.
Now

gI) Ny S R(I N yy) = (I Ne) € s
by the choice of I'. As f(I) is determined by coordinates in g(I), this means that
{w:w e {0,1}MO e Uwe f(I)} = {0,137\ x {w:w € {0,1}MM w, Uw € f(I)}.
By the inductive hypothesis,
vmolw :uc Uw e f(I)} =0,
so that
Ummiw tuy Uw € f(I)} =0
and the induction continues. Q
(iv) But now, given I € [V]|<“, there is surely some 1 < & such that g(I) C ~,, and in this case

{w:u, Uw € f(I)} is either @ or {0, 1} As it is vps(,)-negligible it must be empty, and u ¢ f(I).

Thus we have a point u ¢ [J{f(I) : I € [V]<%}, as required.

(b) If (X, u) is a compact probability space, we have a A > k and an inverse-measure-preserving function
¢ :{0,1}* — X. For each I € []<¥ let J; € [\]S% be such that v , 7z, [¢~[f(I)]] = 0, where here 7, is
interpreted as a map from {0,1}* to {0,1}77; set J = kU Urepuy<e J1- Let g = {0, 1}/ — {0,1}* be any
function such that 7 ;q is the identity on {0,1}’, and set ) = ¢q. For any I € [k]<“,

VD] = q o DN € malo T F(D]] € walmy, o, lo~ F D]

is v -negligible because 7r511 (77, [0 [ f(I)]]] is va-neglgible and determined by coordinates in .J.
Because #(J) = k, (a) tells us that there are u € {0,1}” and a conegligible V' C & such that u ¢ ¢ ~1[f(1)]
for every I € [V]|<“; in which case ¢(u) ¢ f(I) for every I € [V]<¥ and J{f(I): I € [V]<¥} # X.

(¢) For the general case, take a subset E of X with non-zero finite measure, and apply (b) to the function

I— EN f(I) and the normalized subspace measure M%VE.

544G Proposition Let k£ be an atomlessly-measurable cardinal and w; < A < k. If (X, ) is an atomless
locally compact semi-finite measure space of Maharam type less than x, and uX > 0, then there is a
Sierpinski set A C X with cardinal \.

proof (a) To begin with, suppose that X = {0,1} and pu = vy where § < k. Let v be an atomless
k-additive probability defined on Px. By 543G there is a function f : k — ({0,1}?)* which is inverse-
measure-preserving for v and the usual measure v, of ({0,1}%)*, which we may think of either as the power
of vy, or as the Radon power of vy, or as a copy of vgx. For £ < k, set

Ae = {f(©)m) :n <A} € {0,1}".
? Suppose, if possible, that for every £ < k there is a set J¢ C X such that #(J¢) = wi but Ee = f(§)[Je]
is vp-negligible. For each & choose a countable set I C 6 such that Eé = 7r1_§1 (71 [Ee] is veo-negligible,
writing 77, (z) = x|l for # € {0,1}?. By 541D, there is a countable I C 6§ such that V = {£ : I C I} is
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v-conegligible. For { € V' set Ef = mr[Ee] € {0,1}, so that viEf = 0. Fix a sequence (U )men running
over the open-and-closed subsets of {0,1}/, and for each £ € V, n € N choose an open set G,¢ C {0,1}/
such that E; C Gre and vi(Gre) < 27" For m,n € N set

For each a < A, set fo (&) = m7(f(€)(a)) € {0,1} for & < k; then the functions f, are all stochastically
independent, in the sense that the o-algebras ¥, = {f;[H] : H C {0,1} is Borel} are independent. P
Suppose that ag, ... ,q, < \ are distinct and Hy, ... , H,, are Borel subsets of {0,1}!. For each i, set

Wi = {u:u e ({0,1}°)*, u(es) € m '[H,]}.
Then
v(() FRHHD) = v ) Wil = v () W3)

i<n i<n i<n
= H vp Wi = H viy!Hi] Q
i<n i<n

By 272Q, there is for each § < k an «(§) € Jg such that ¥, is stochastically independent of the o-algebra
T generated by {Dp;m : n, m € N}. Because A < k and v is k-additive, there is a v < A such that
B ={¢: a(§) =~} has vB > 0. Take n € N such that v(B) > 27", and examine

C= UmeN(Dnm N f'y_l[U’I’TL])'
Then vC = (v x v7)(C) where
CN’ = UmeN(Dnm X Um) C Kk X {O, 1}1

and v x vy is the c.l.d. product measure on x x {0,1}!. P Because T and >, are independent, and vy is the
completion of its restriction to the Borel (or the Baire) o-algebra of {0,1}!, the map & — (&, f,(£)) : K —
k x {0,1} is inverse-measure-preserving for v and (v[T) x vy (cf. 272J). The inverse of C' under this map
is just C, so

vC = ((vIT) xv1)(C) = /(VTT)O%[{UHVI(CZU)
= /I/C’il[{u}]l/[(du) = (v x VI)(C’) Q

But, for each £ < &, the vertical section C[{¢}] is just {Upm : € € Dpm} = G, 50

(vxv)(C) = fVI(Gng)l/(dﬁ) <27m.
Accordingly ¥C' < 27" < vB and there must be a £ € BNV \ C. But in this case f({)(y) € E¢, because
v =a(§) € Jg, so f(§) = m(f(€)(7)) € Ef. On the other hand, f,(§) & Gne, because there is no m such
that fy(§) € Uy, € Gpe; contrary to the choice of Ge. X

So take some & < k such that v} (f(€)[J]) > 0 for every uncountable J C \. Evidently f(£) is countable-
to-one, so A¢ must have cardinal A, and will serve for A.

(b) Now suppose that (X, ) is an atomless compact probability space with Maharam type 6 < k. Then
we have an inverse-measure-preserving map h : {0,1}? — X. Let A C {0,1}? be a Sierpinski set of cardinal
A; then h[A] is a Sierpiriski set with cardinal A in X, by 537B(b-i).

(c) Finally, for the general case as stated, we can apply (b) to a normalized subspace measure, as usual.
544H Corollary Let x be an atomlessly-measurable cardinal.
(a) non Ny = wy for w < 0 < k.

(b) non Ny < & for § < min(2%, x(+)).
(c) non Ny < 6 for k < 0 < k+),

proof (a) Immediate from 544G.
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(b) If v is any witnessing probability on x then we have an inverse-measure-preserving function f : K —
{0,1}? (543G); now f|[k] witnesses that non Ny < k.

(c) Induce on 8, using 523Ib.

Remark There may be more to be said; see 544Zc.

5441 The following is an elementary corollary of Theorem 543C.

Proposition Let (X,%,%, 1) be a totally finite quasi-Radon measure space and (Y, PY,v) a probability
space; suppose that w(X) < addv. Let f : X xY — R be a bounded function such that all the sec-
tions x f(z y) : X — R are X-measurable. Then the repeated integrals [[ f(z,y)v(dy)u(dz) and
[ f(z,y)p(dz)v(dy) are defined and equal.

proof If uX = 0 this is trivial; otherwise, re-scaling p if necessary, we may suppose that uX = 1. By 543C,

Tff(l‘vy)V p(dx) <fffxy = [[ f(z,y)u(dz)v(dy).
Similarly

J [~ y)wldyude) < [f (=l y)u(d)v(dy),

so that
if f@y)w(dy)p(de) > [[ fz,y)u(de)v(dy).

Putting these together we have the result.

544J Proposition (ZAKRZEWSKI 92) Let xk be an atomlessly-measurable cardinal and (X,%, %, p),
(Y, &, T, v) Radon probability spaces both of weight less than x; let p X v be the c.l.d. product measure on
X x Y, and A its domain. Let f: X XY — R be a function such that all its horizontal and vertical sections

z flzy*): X >R, y— f(z%,y): Y - R

are measurable. Then
(a) if f is bounded, the repeated integrals

[J 1@, v)ulde)v(dy),  [[ fz,y)v(dy)p(dz)

exist and are equal;
(b) in any case, there is a A-measurable function g : X x Y — R such that all the sections {z : g(z,y*) #

flx,y")} {y 1 g(@*,y) # f(2*,y)} are negligible.

proof (a) By 543H there is a x-additive measure 7 on Y, with domain PY’, extending v. Now 5441 tells us,
among other things, that the function

z— [ flz,y)v(dy) = [ flz,y)0(dy): X > R
is X-measurable. Similarly, y — [ f(z,y)p(dz) is T-measurable. So returning to 5441 we get

J[ t@wutaontan = [[ reputania)
//f £, (dy)pu(dz) //f 7, y)(dy)p(dz).

(b) (i) Suppose first that f is bounded. By (a ) we can define a measure 6 on X x Y by saying that

0G = [vGl{a}u(dz) = [ pG~'[{y}]v(dy)
whenever G C X x Y is such that G[{z}] € T for almost every z € X and G~![{y}] € ¥ for almost every
y € Y. This 6 extends u x v; so the Radon—NikOdym theorem (232G) tells us that there is a A-measurable
function h : X x Y — R such that [, f(z,y)0(dzdy) = [ h(x,y)0(dzdy) for every G € A.
Let U be a base for the topology ¥, closed under finite 1ntersect10ns, with #(U) < k. For any U € U
consider
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Vo ={y: [, fl@.y)ude) > [ h,y)u(d)}.
The argument of (a) shows that y — [;; f(x,y)p(dx) is T-measurable, so Vi € T, and

/‘/U/Uf(m,y)u(dx)u(dy) :/ f(z,y)0(dzdy)

Ux Vi
B /vaU i, y)b(dzdy) = /VU /Uh(l‘,y)u(dm)y(dy),

so vVy = 0. Similarly

vy : [, Fay)ulde) < [ bz, y)p(de)} = 0.

Because #(U) < k, and no non-negligible measurable set in Y can be covered by fewer than x negligible
sets (544B), we must have

v{y: fU flz,y)u(de) = fU h(z,y)u(dz) for every U e U} = 1.
But because U is a base for the topology of X closed under finite intersections, we see that
v*{y: f(z,y) = h(z,y) for p-almost every z} = 1.

(For each y such that [, f(z,y)u(dz) = [, h(z,y)u(dz) for every U € U, apply 415H(v) to the indefinite-
integral measures over p defined by the functions = — f(z,y), x — h(x,y); these are quasi-Radon by
4150b.) Again using (a), we know that the the repeated integral [[ |f(z,y) —h(z,y)|n(dz)v(dy) exists, and
it must be 0. Thus

{y: f(z,y) = h(x,y) for p-almost every z} = 1.
Similarly,
w{x: f(z,y) = h(x,y) for v-almost every y} = 1.

But now, changing h on a set of the form (F x Y)U (X x F) where uF = vF = 0, we can get a function g,
still A-measurable, such that {(z,y) : f(z,y) # g(x,y)} has all its horizontal and vertical sections negligible.

(ii) This deals with bounded f. But for general f we can look at the truncates (z,y) — med(—n, f(z,y),
n) for each n to get a sequence (g, )nen of functions which will converge at an adequate number of points
to provide a suitable g.

544K Proposition If X is a metrizable space and p is a o-finite Borel measure on X, then add M () >
add NV,.

proof (a) If there is an atomlessly-measurable cardinal then
add NV, < non N, = w;
(544Ha), so the result is immediate. So let us henceforth suppose otherwise.

(b) Because there is a totally finite measure with the same domain and the same null ideal as p (215B(vii)),
we can suppose that p itself is totally finite. Let (2, i) be the measure algebra of p and U a o-disjoint base for
the topology of X (4A2Lg); express U as | J,,cy Un where each U, is disjoint. For V C U, set v,V = u(UV).
Then v, is a totally finite measure with domain PU,,. Because there is no atomlessly-measurable cardinal,
add v, is either oo or a two-valued-measurable cardinal; in either case, v, is c-additive and purely atomic
(438Ce, 543B).

(¢) p has countable Maharam type. I Because v, is purely atomic, there is a sequence (Uy;)ien of
subsets of U, such that for every V C U, there is a J C N such that v, (VA J,c;Uni) = 0. Set Wy = Ui
for each i. Let B be the closed subalgebra of 2 generated by {W}, : n, i € N}.

If G C X isopen, set V, ={U :U € U,, U C G} and G,, =V, for each n. Then we have .J,, C N such
that

0= Vn(VnAUmJn Uni) = M(GHAUieJn Whi),
so Gy, = sup;c; W3, € B. Now G = J

ey Gn 80 G* = sup, ¢y Gy, belongs to B.
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The set ¥ = {E: E C X is Borel, E* € 8} is a o-algebra of subsets of X, and we have just seen that it
contains every open set; so X is the whole Borel o-algebra and 2 = ‘B has countable Maharam type. Q

(d) Next, if (G¢)e<r is a family of open sets where r < ¢, and G = [, G¢, then G* = sup,,, G¢ in 2.
P Look at Ve ={U : U €Uy, U C Ge}, V= U§<R Ve for each n. Because v, is c-additive,

H(U V") = VVTL = SUPJQ{ is finite V(Uge] Vn{)
and there is a countable set J,, C £ such that u(lJVn) = (Ugc 5, UVne). Now

G* = sup,en(UVn)* = suppensupec, (UVne)* € supe., G € G*. Q

(e) Let (E¢)ecy be a family in N(u) where £ < addN,,. Because p is inner regular with respect to
the closed sets (412D), we can find closed sets Fg, C X \ E¢ such that pFe, > pX — 27" for £ < k
and n € N. By 524Mb and (c) above, wdistr(2A) > addN,, so there is a countable C' C 2 such that
Fe, =sup{c:ce C,cCFg} forevery n € Nand € < x (514K). Again because y is inner regular with
respect to the closed sets, there is a sequence(F,,)men of closed sets such that whenever C' C C' is finite
then fi(sup C") = sup{uF,, : m € N, F, C sup C'}. Consequently

pFen = sup{uFy, :m €N, F, C Fg }
for every £ < k and n € N. Set

Hpy = XN W{Fen:n €N, <k, Iy C I}

Applying (d) to {X \ Fg : Fy, C Fg,}, we see that Hy, D Fyy,, that is, Fi, \ Hy is negligible, for each m.

Each H,, is closed; let f,, : X — [0,1] be a continuous function such that H,, = f,,1[{0}]. Set f(x) =
(fm(z))men € [0,1)N for z € X, and let v be the restriction of the image measure pf~! to the Borel o-
algebra of [0,1]N. Then add N (v) > add N, (apply 522W(a-i) to the atomless part of v). For each & < &
and n € N, there is an m € N such that F, C an and pFy, > ple, —27" > pX — 2=+ now H,, C Fey,
is disjoint from E¢ and pH,, > pX — 27" So {z: 2 € [0,1], z(m) > 0} includes f[E¢] and has measure
at most 27"+, Accordingly f[E¢| is v-negligible.

As add N (v) > &, Ue<x flE¢] is v-negligible; as f is inverse-measure-preserving, (J,,, E¢ is p-negligible;
as (Eg)e<y is arbitrary, add N (p) > add NV,.

5441 Corollary Let X be a metrizable space.

(a) If Un is the o-ideal of universally negligible subsets of X, then addUn > add N,,.

(b) If Xy is the o-algebra of universally measurable subsets of X, then |J& € Xy, whenever £ C ¥,
and #(€) < addN,,.

proof (a) Let £ C Un be a set with cardinal less than add AV, and p a Borel probability measure on X
such that u{z} = 0 for every z € X. Then & C N(u); by 544K, |J& € N(u); as p is arbitrary, |JE € Un;
as £ is arbitrary, addUmn > add N,,.

(b) Let u be a totally finite Borel measure on X and /i its completion. By 521Ad and 544K,
add i = add M (i) = add N (p) > add N, > #(E).

Since [ measures every member of &£, it also measures |J& (521Aa); as p is arbitrary, |J€ € Zym.

544M Theorem Let x be an atomlessly-measurable cardinal. Then the following are equiveridical:
(1) for every family (fe)e<w of regressive functions defined on  \ {0} there is a family (ag)e<w in & such
that

{r\C: ¢ <P U{fT Hagh] 1 € < K}
has the finite intersection property;
(ii) for every family (fe)e<, in N* there is a family (me)e<, in N such that

{k\C:C<RPULST {me}] - € < w}

has the finite intersection property;

D.H.FREMLIN



36 Real-valued-measurable cardinals 544M

(iii) cov N, > K;
(iv) cov N (p) > k whenever (X, u) is a locally compact semi-finite measure space and pX > 0.

proof Let v be a normal witnessing probability on k.

(i)=(ii) Given a family (f¢)e<x as in (ii), apply (i) to (f{)e<x where fi(n) = 0if 0 <n <w, fe(n) if
w<n<K.

(ii)=-(iii) Let (A4 )a<x be a family in N,;. For each a < x let (Fn)nen be a disjoint sequence of compact
subsets of {0,1}"\ A, such that v (U, cy Fan) = 1. By 543G there is a function h : kK — {0, 1}" which is
inverse-measure-preserving for v and v,. Set H, = h_l(UnGN F,.); then vH, = 1. Let H be the diagonal
intersection of (Ha)a<k, so that vH = 1. Let (7¢)¢<, be the increasing enumeration of H.

For o, & < K set

foz(g) =nif h(r)/f) € Fon,
=0if Ve ¢ Ha.

Then there is a family (mq)a<, in N such that &€ = {k\ ¢ : ¢ < K} U{f {ma}] : @ < K} has the finite
intersection property. Let F O & be an ultrafilter. For any o < k we have H \ H, C « + 1, so that
{& :7¢ ¢ H,} is bounded above in k and cannot belong to F. Consequently {¢ : h(y¢) € Fom, } € F. But
this implies at once that (Fy m_ )a<x has the finite intersection property; because all the F,,, are compact,
thereis a y € M, Fama, and now y & (J, ... Aa-

Because (Aq)a<k Was arbitrary, cov N, > k.

(iii)=(iv) As in 544B, this follows from 523F and 521Lb.

(iv)=-(i) Let (Z, 7) be the Stone space of the measure algebra A of v; for A C k let A* be the open-and-
closed subset of Z corresponding to the image A* of A in .

Now let (fe)e<, be a family of regressive functions defined on x \ {0}. Because N (v) is normal and ws-
saturated and f is regressive, there is for each § < & a countable set D¢ C & such that ufgl [D¢] =1 (541Ka).
For &, n < Kk set Ag, = fgl[{n}]; then v(U,cp, Aen) = 1 so (because Dy is countable) sup,cp, Az, =1 in
A and (U, ep, 4¢,) = 1. Set Ee = Z\ U, ep, Af, € N (D). By (iv), Z # U, Ee; take z € Z\ U, Ee.
Then for every { < x there must be an o € D¢ such that z € Agyag‘ But this implies that {A*,% 1 €& < K}
is a centered family of open subsets of Z. It follows that {Af ,, :§ < &} is centered in 2. Since v¢ = 0 for
every ¢ <, {Aga, 1§ <k}U{x\(:( <k} must have the finite intersection property, as required.

544N Cichont’s diagram and other cardinals (a) Returning to the concerns of Chapter 52, we see
from the results above that any atomlessly-measurable cardinal  is necessarily connected with the structures
there. By 544B, k < covN, for every \; by 544G, non NV, = wy, so all the cardinals on the bottom line
of Cichot’s diagram (522B), and therefore the Martin numbers m, p etc. (522T), must be wy, while all the
cardinals on the top line must be at least k. From 522Ub we see also that FN(PN) must be at least k.
Concerning b and 0, the position is more complicated.

(b) If  is an atomlessly-measurable cardinal, then b < k. *? Otherwise, we can choose inductively a
family (fe)e<s in NN such that {n : fe(n) < f,(n)} is finite whenever n < ¢ < k. Let v be a witnessing
probability measure on k. For m, i € N set Dy,; = {£: & < K, fe(m) =i}. Then

W={E&n:n<&<rt=J {En): fo(m) < fe(m)}

neNm>n

= U (1 U D x Dy

neENm>ni<j
belongs to Pr@Pk. But also

JvWHENv(de) =0 < 1= [vW ' [{n}]v(dn),
so this contradicts Fubini’s theorem. X Q
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(c) If k is an atomlessly-measurable cardinal, then c¢fd # k. P? Otherwise, let A C NY be a cofinal set
with cardinal 0, and express A as U§<H A¢ where (A¢)e<, is non-decreasing and #(A¢) < 0 for every & < k.
For each £ < k, we have an fe € N¥ such that f¢ £ g for any g € A¢. Let v be a witnessing probability on .
Then for each n € N we have an h(n) € N such that v{¢ : f¢(n) > h(n)} < 27772, This defines a function
h € NN, There must be a g € A such that h < g; let { < x be such that g € Ac. The set {£ : fe < h} has
measure at least %, so there is some & > ( such that

fe<h<geA; C A,
contrary to the choice of f:. XQ

(d) As for the cardinals studied in §523, I have already noted that covNy > & for any atomlessly-
measurable cardinal x and any A, and we can say something about the possibility that cov Ny = & (544M).
Recall that cf[k]<¥ = k (542Ia), so that c¢f N, = max(k, cfN,,) for any quasi-measurable cardinal k.

544X Basic exercises (a) Let x be an atomlessly-measurable cardinal, and v a witnessing probability
on k. Show that there is a set C C {0,1}* x & such that v,C~1[{¢}] = 0 for every & < &, but v} {z :
vC[{z}] =1} =1.

(b) Suppose that x is an atomlessly-measurable cardinal. Show that R* is measure-compact for every
A < k. (Hint: 533J.)

(c) Let k be a two-valued-measurable cardinal, Z a normal maximal ideal of Pk, (X, u) a quasi-Radon
probability space of weight strictly less than x, and f : [x]<* — A(n) a function. Show that there is a
V € T such that J{f(I): I € [x\ V]<¥} is p-negligible. (Hint: 541Xf.)

(d) In 544F, show that if the magnitude of y is less than & and the augmented shrinking number shr (u)
is at most « then there is a v-conegligible V' C  such that p.(U;epy<w (1)) = 0.

(e) Suppose that there is an atomlessly-measurable cardinal. Show that every Radon measure on a
first-countable compact Hausdorff space is uniformly regular. (Hint: 533Hb.)

(f) Suppose that x is an atomlessly-measurable cardinal and that 2% = x(+"+1)_ Show that non NV, < s+,
(Hint: 523I(a-iv).)

(g) Suppose that « is an atomlessly-measurable cardinal and that (X, p) is a metric space. Show that no
subset of X with strong measure zero can have cardinal .

(h) Let (X,X,u) be a o-finite measure space such that every subset of X? is measured by the c.l.d.
product measure p x p. Show that there is a countable subset of X with full outer measure. (Hint: if
singletons are negligible, consider a well-ordering of X as a subset of X?2.)

(i) Let k be an atomlessly-measurable cardinal, and G a group of permutations of x such that #(G) <
k. Show that there is a non-zero strictly localizable atomless G-invariant measure with domain Pk and
magnitude at most #(G). (Hint: start with G countable.)

544Y Further exercises (a) Let k be a real-valued-measurable cardinal with witnessing probability
v. Give k its discrete topology, so that v is a Borel measure and " is metrizable. Let A be the Borel
measure on x\ constructed from v by the method of 434Ym. (i) Show that if  is atomlessly-measurable
then add N'(\) = wy. (ii) Show that if s is two-valued-measurable then add N'()\) = &.

(b) Show that ¢ does not have the property of 544M(ii).

(c) Show that a cardinal k is weakly compact iff it is strongly inaccessible and has the property (i) of
544 M.
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5447 Problems (a) In 543C, can we replace ‘w(X) < addv’ with ‘() < addv’? More concretely,
suppose that (Z,\) is the Stone space of (B, ), k is an atomlessly-measurable cardinal and v a normal
witnessing probability on «, so that

T(\) =w < addv < c=w(Z).

Let C C k x Z be such that AC[{¢}] = 0 for every & < k. By 544C, we know that {z : vC~1[{z}] > 0} has
inner measure zero. But does it have to be negligible?

(b) Suppose that  is an atomlessly-measurable cardinal. Must there be a Sierpinski set A C {0,1}*
with cardinal k7 (See 552E.)

(c) Suppose that & is an atomlessly-measurable cardinal. Can non N, be greater than wy? What if x = ¢?
(See 552H.)

(d) Can there be an atomlessly-measurable cardinal less than 97 (See the notes to §555.)
(e) Can there be an atomlessly-measurable cardinal less than or equal to shr N,? (See 555Yd.)

(f) Suppose that there is an atomlessly-measurable cardinal. Does it follow that covN,, = ¢? (See
552Gc.)

544 Notes and comments The vocabulary of this section (‘locally compact semi-finite measure space’,
‘quasi-Radon probability space of weight less than x’, ‘compact probability space with Maharam type less
than x’) makes significant demands on the reader, especially the reader who really wants to know only what
happens to Lebesgue measure. But the formulations I have chosen are not there just on the off-chance that
someone may wish to apply the results in unexpected contexts. I have tried to use the concepts established
earlier in this treatise to signal the nature of the arguments used at each stage. Thus in 543C we had an
argument which depended on topological ideas, and could work only on a space with a base which was
small compared with the atomlessly-measurable cardinal in hand; in 544C, the argument depends on an
inverse-measure-preserving function from some power {0, 1}*, so requires a compact measure, but then finds
a A-nebula with a countable root-cover J, so that 543C can be applied to the usual measure on {0,1}7,
irrespective of the size of A. Similar, but to my mind rather deeper, ideas lead from 544F to 544F. In both
cases, there is a price to be paid for moving to spaces X of arbitrary complexity; in one, an inequality
J [ < [ [ becomes the weaker [ [ < [ [; in the other, a negligible set turns into a set of inner measure
zero (544Xd).

Another way to classify the results here is to ask which of them depend on the Gitik-Shelah theorem. The
formulae in 544H betray such a dependence; but it seems that the Gitik-Shelah theorem is also needed for
the full strength of 544B, 544G, 544J and 544M as written. Historically this is significant, because the idea
behind 544G was worked out by K.Prikry and R.M.Solovay before it was known for sure that a witnessing
measure on an atomlessly-measurable cardinal could not have countable Maharam type. However 544B and
544J, for instance, can be proved for Lebesgue measure without using the Gitik-Shelah theorem.

In the next chapter I will present a description of measure theory in random real models. Those already
familiar with random real forcing may recognise some of the theorems of this section (544G, 544N) as versions
of characteristic results from this theory (552E, 552C).

544M is something different. It was recognised in the 1960s that some of the ways in which two-valued-
measurable cardinals are astonishing is that they are ‘weakly IT}-indescribable’ (and, moreover, have many
weakly II}-indescribable cardinals below them; see FREMLIN 93, 4K). I do not give the ‘proper’ definition
of weak ITi-indescribability, which relies on concepts from model theory; you may find it in LEVY 71,
BAUMGARTNER TAYLOR & WAGON 77 or FREMLIN 93; for our purposes here, the equivalent combinatorial
definition in 544M(i) will I think suffice. For strongly inaccessible cardinals, it is the same thing as weak
compactness (544Yc). Here I mention it only because it turns out to be related to one of the standard
questions I have been asking in this volume (544M(iii)). Of course the arguments above beg the question,
whether an atomlessly-measurable cardinal can be weakly IT}-indescribable, especially in view of 544Yb; see
FrREMLIN 93, 4R.
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In 544K-544L T look at a question which seems to belong in Chapter 52, or perhaps with the corresponding
result in Hausdorfl measures (534Bb). But unless I am missing something, the facts here depend on the
Gitik-Shelah theorem via 544Ha.

This section has a longer list of problems than most. In the last four sections I have tried to show something
of the richness of the structures associated with any atomlessly-measurable cardinal; I remain quite uncertain
how much more we can hope to glean from the combinatorial and measure-theoretic arguments available.
The problems of this chapter mostly have a special status. They are of course vacuous unless we suppose
that there is an atomlessly-measurable cardinal; but there is something else. There is a well-understood
process, ‘Solovay’s method’, for building models of set theory with atomlessly-measurable cardinals from
models with two-valued-measurable cardinals (§555). In most cases, the problems have been solved for such
models, and perhaps they should be regarded as challenges to develop new forcing techniques.

Version of 10.2.14
545 PMEA and NMA

One of the reasons for supposing that it is consistent to assume that there are measurable cardinals is
that very much stronger axioms have been studied at length without any contradiction appearing. Here I
mention two such axioms which have obvious consequences in measure theory.

545A Theorem The following are equiveridical:

(i) for every cardinal A, there is a probability space (X, PX, u) with 7(x) > X and add p > ¢;

(ii) for every cardinal \, there is an extension of the usual measure vy on {0, 1}* to a c-additive probability
measure with domain P({0,1}*);

(iii) for every semi-finite locally compact measure space (X, X, 1) (definition: 342Ad), there is an extension
of u to a c-additive measure with domain PX.

proof (i)=-(ii) Assume (i). Let A be a cardinal; of course (ii) is surely true for finite A\, so we may take
it that A > w. Let (X,PX,u) be a probability space with Maharam type at least A™ and with add u > «¢.
Taking 2 to be the measure algebra of pu, there is an a € 2 such that the principal ideal 2, it generates
is homogeneous with Maharam type at least A (332S). Let E € PX be such that E* = a, so that the
subspace measure pg is Maharam-type-homogeneous with Maharam type at least A. Setting /A = pA/uFE
for AC E, (E,PE, ) is a Maharam-type-homogeneous probability space with Maharam type at least A,
and add p/ > add pu > ¢. By 343Ca, there is a function f : E — {0,1}* which is inverse-measure-preserving
for y/ and vy. Now the image measure v = p/f~! is a c-additive extension of vy to P({0,1}*).

(ii)=(iii) Assume (ii).

(o) Suppose that (X,%, ) is a compact probability space. Set A = max(w,7(x)). Then there is
an inverse-measure-preserving function f : {0,1}* — X (343Cd). If v is a c-additive extension of vy to
P({0,1}1), then vf~! is a c-additive extension of u to PX.

(B) Let (X,%,p) be any semi-finite locally compact measure space. Set ©/* = {E : E € ¥, 0 <
pE < oo} and let & C ¥/ be maximal subject to E N F being negligible for all distinct E, F € . If
He ¥ and pH < oo, then H = {E : E € &, u(EN H) > 0} is countable and E \ |JH is negligible, so
pH =3 pee n(E N H); because p is semi-finite, uH =) 5o u(E N H) for every H € X.

For each E € &, the subspace measure pg is compact; applying («) to a normalization of ug, we have an
extension pi'y of pp to a c-additive measure with domain PE. Set /A =3 e pp(ANE) for A C X; then
@ PX — [0,00] is a c-additive measure extending p.

(iii)=(ii) and (ii)=-(i) are trivial.

545B Definition PMEA (the ‘product measure extension axiom’) is the assertion that the state-
ments (i)-(iii) of 545A are true.

(©) 2005 D. H. Fremlin
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545C Proposition If PMEA is true, then ¢ is atomlessly-measurable.

proof By 545A(ii) we have an extension of the usual measure on {0,1}* to a c-additive measure p with
domain P({0,1}*). Since p is zero on singletons, add 4 = ¢ exactly, so 543Ba and 543Bc tell us that ¢ is
real-valued-measurable, therefore atomlessly-measurable.

545D Definition NMA (the ‘normal measure axiom’) is the statement
For every set I there is a c-additive probability measure v on S = [I]<¢, with domain PS, such
that
() v{s:i€seS}=1foreveryiel,
(B)it ACS, vA>0and f: A— Iissuch that f(s) € s for every s € A, then there is an
i € I such that v{s:se€ A, f(s)=1i} > 0.

545E Proposition NMA implies PMEA.

proof Assume NMA. Let A be any cardinal. Let x be a regular infinite cardinal greater than the cardinal
power XY, and v a c-additive probability on [k]<¢ as in 545D. For § < & define f¢ : [K]<° — ¢ by setting
fe(s) = otp(s N &) for every s € [k]<°. Then if £ < n < k we have f¢(s) < f,(s) whenever £ € s, that is, for
v-almost every s.

Let g : ¢ = PN be any injection. For { < k and n € N let ag, be the equivalence class {s : n €
9(fe(s))}® in the measure algebra A of v. If £ < 1 < k then g(fe(s)) # g(fy(s)) for v-almost every s, so
SUP,cn Qen A Gy, = 1 in A and there is an n € N such that ag, # ay,. Accordingly #(0)¥ > k > A¥ and
#(2) > A, As #(2) < max(4,7(A)*) (4A10/514De), 7(2A) > A. So v witnesses that 545A(i) is true of A.

545F Proposition Suppose that NMA is true. Let 2 be a Boolean algebra such that whenever s € [2]<*
there is a subalgebra B C 2, including s, with a strictly positive countably additive functional. Then there
is a strictly positive countably additive functional on 2.

Remark For the definition and elementary properties of countably additive functionals on arbitrary Boolean
algebras, see §326.

proof Of course we can suppose that 2 # {0}. Let v be a c-additive probability on S = []<° as in 545D.
For each s € S, let 2B be a subalgebra of 2 including s with a strictly positive countably additive functional
ps. Normalizing jus if necessary, we may suppose that p,1 = 1. Now, for a € 2, set p(a) = [ ps(a)v(ds);
because a € s C B, = dom ps for v-almost every s, the integral is well-defined. Because every pu is additive,
so is p; because every pug is strictly positive, so is p. If (an)nen is a non-increasing sequence in 2 with
infimum 0, then lim,,_, o ps(a,) = 0 whenever s € [A]<° contains every a,, that is, for v-almost every s; so
limy, 00 @, = 0. As {(a,)nen is arbitrary, p is countably additive (326Ka).

545G Corollary Suppose that NMA is true. Let 2 be a Boolean algebra such that every s € [2A]<¢ is
included in a subalgebra of 2 which is, in itself, a measurable algebra. Then 2l is a measurable algebra.

proof (a) Because ¢ is atomlessly-measurable, it is surely greater than wy (419G/438Cd/542C). So a family
in 2\ {0} with cardinal w; lies within some measurable subalgebra of 2 and cannot be disjoint. Thus 2 is
cec.

(b) If A C A, set
Dy ={d:de, dcafor some a € A},

Dy={d:de,dna=0 for every a € A}.

Then D; U Dy is order-dense in 2 so includes a partition D of unity in 2. By (a), D is countable, so lies
within a measurable subalgebra 5 of 2. Now D N D; has a supremum b in ‘B which is disjoint from every
member of D N Dy. But this means that b is the supremum of A in 2. As A is arbitrary, 2 is Dedekind
complete.

(c) By 545F, 2 has a strictly positive countably additive functional u; but now (2, 1) is a totally finite
measure algebra.
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545X Basic exercises (a) Suppose that I is a set, and that v is a c-additive probability measure with
domain P([I]<°) satisfying the conditions of 545D. Suppose that A C [I]<® and f : A — I are such that
f(s) € s for every s € A. Show that there is a countable set D C I such that f(s) € D for v-almost every
s€ A

545Y Further exercises (a) Suppose that I is a set, and that v is a c-additive probability measure
with domain PS, where S = [I|<*, satisfying the conditions of 545D. Suppose that f : [[]<¥ — S is any
function. Show that v{s:s e S, f(J) C s for every J € [s]<“} = 1.

(b) Suppose that NMA is true. Show that O, is false for every A > ¢. (Cf. 555Yf below.)

545 Notes and comments I have given the sketchiest of accounts here. The main interest of PMEA and
NMA has so far been in their remarkable consequences in general topology and (for NMA) its associated
reflection principles; see FREMLIN 93 and the references there. 545G is such a reflection principle. Note
that the measurable subalgebras declared to exist need not be regularly embedded in the given algebra.
For K.Prikry’s theorem that it is consistent to assume NMA if it is consistent to suppose that there is a
supercompact cardinal, see 555N below.

Version of 3.2.21

546 Power set o-quotient algebras

One way of interpreting the Gitik-Shelah theorem (543E) is to say that it shows that ‘simple’ atomless
probability algebras cannot be of the form PX /A (u). Similarly, the results of §541-§542 show that any ccc
Boolean algebra expressible as the quotient of a power set by a non-trivial o-ideal involves us in dramatic
complexities, though it is not clear when these must appear in the quotient algebra itself. In the next section
I will present further examples of algebras which cannot appear in this way. To prepare for these I collect
some general facts about quotients of power set algebras.

546 A (a) Definition A power set o-quotient algebra is a Boolean algebra which is isomorphic to an
algebra of the form PX/Z where X is a set and Z is a o-ideal of subsets of X.

(b) A normal power set o-quotient algebra is a Boolean algebra which is isomorphic to an algebra
of the form Pk /T where k is a regular uncountable cardinal and Z is a normal ideal of Pk.

() I recall some notation which I will use in this section. As in §522, I will write non M for the uniformity
of the meager ideal of R, non N for the uniformity of the Lebesgue null ideal and cov N for the covering
number of the Lebesgue null ideal. If k is a cardinal, v, will be the usual measure on {0,1}*. N, its null
ideal and B, its measure algebra; &, will be the category algebra of {0,1}" (4A3R-4A3S'). Note that we
know that the covering number and uniformity of N, are cov N and non N respectively (522W (a-i)), while
non M is the uniformity of the meager ideal M,, of {0, 1} = {0, 1}.

546B Proposition (a) Any power set o-quotient algebra is Dedekind o-complete.

(b) If 2 is a power set o-quotient algebra, B is a Boolean algebra and m : 20 — B is a surjective sequentially
order-continuous Boolean homomorphism, then ‘B is a power set o-quotient algebra. In particular, any
principal ideal of a power set o-quotient algebra is a power set o-quotient algebra.

(¢) The simple product of any family of power set o-quotient algebras is a power set o-quotient algebra.

proof (a) 314C.

(b) Observe that by 313Qb a Boolean algebra 2 is a power set o-quotient algebra iff there are a set X and
a surjective sequentially order-continuous Boolean homomorphism from PX onto A. It follows immediately
that an image of such an algebra under a sequentially order-continuous homomorphism is again a power set

Formerly 4A3Q-4A3R.
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o-quotient algebra. And of course a principal ideal of 2 is an image of 2l under a homomorphism a — anc
which is actually order-continuous.

(c) If (A;)ier is a family of power set o-quotient algebras, then for each ¢ € I we have a set X; and a
surjective sequentially order-continuous Boolean homomorphism ¢; : PX; — ;. We can arrange that the
X; are disjoint; set X = [J;c; Xi. Now A = (#i(A N X;))ier : PX — [[;c; i is a surjective sequentially
order-continuous Boolean homomorphism, so [[;.; 2l; is a power set o-quotient algebra.

546C Proposition A non-zero principal ideal of a normal power set o-quotient algebra is a normal
power set o-quotient algebra.

proof Let x be a regular uncountable cardinal, Z a normal ideal on x and a a non-zero element of 2f = Pk /Z.
Let A C k be such that A®* = a, and set 7 = ZNPA. Then J is a proper ideal of subsets of A and the
principal ideal 2, is isomorphic to PA/J. Because k is regular and sup A = k, otp A = k and we have an
order-isomorphism h : K — A. If S € PA\ J and f : S — A is regressive, then S € Px \ Z so there is a
B < k such that f~'[{B}] ¢ Z (541H(iii)); now B € A and f~'[{B}] ¢ J. By 541H in the other direction,
J*={h71[J]:J € J} is a normal ideal on &, and

A, = PA/T = Pr)T*

is a normal power set o-quotient algebra.

546D You will observe that I do not claim that an order-closed subalgebra of a power set o-quotient
algebra is a power set o-quotient algebra. See 546Xa. However, our power set o-quotient algebras will often
possess important power set o-quotient subalgebras, as in the following.

Lemma Let X be a set, Z a proper o-ideal of subsets of X containing singletons, and 2 the quotient algebra
PX/I. Write & for add Z.

(a) There are an a € 2\ {0}, a o-subalgebra € of the principal ideal A, and a x-additive ideal J of Pk,
containing singletons, such that € = Pr/J.

(b) If 2 is atomless and ccc then x < ¢ is quasi-measurable, € is atomless and we can arrange that J
should be a normal ideal, so that € is a normal power set og-quotient algebra.

proof (a) Let (Ye)e<,x be a disjoint family in Z with union Y ¢ Z. Define g : Y — & by setting g(z) = ¢
when x € Y. Set

J={B:BCk, g '[B) eI}

Then J is a proper k-additive ideal of subsets of x containing singletons. The map B +— ¢~ 1[B] : Pk — PY
induces an injective sequentially order-continuous Boolean homomorphism from Px/J to the principal ideal
of PX/T generated by a = Y*, so we have a sequentially order-continuous embedding of Pr/J into 2,; of
course a # 0. By 314F(b-i), the image of Px/J is a o-subalgebra of 2.

(b) Of course « is uncountable (because Z is a o-ideal) and not oo (because X = |JZ ¢ T), so « is regular
(513C(a-1)). As 20 is ccc, T is wy-saturated, by the definition in 541A, so k is quasi-measurable (542B); as
2 is atomless, k < ¢ (5410). So € = Pk /J will be atomless, by 541P.

Returning to the argument of (a), as 2 is ccc we have the option of using 541J to give us a function
g:A— ksuch that 7 = {B: B Ck, g~ '[B] € Z} is a normal ideal, and then proceeding as before.

546E Proposition The measure algebra of Lebesgue measure on R is not a power set o-quotient algebra.

proof This is really a very special case of 543E-543F. Let 2 be the measure algebra of Lebesgue measure
on R. Then there is a functional i such that (2, i) is a probability algebra. ? If 2 is a power set o-
quotient algebra, let X, 7 be such that 7 is a o-ideal of PX and there is an isomorphism 7 : PX — 2. Set
uE = a(rE*) for E C X, so that (X,PX, ) is a probability space with null ideal Z and measure algebra
isomorphic to 2. As 2 is atomless, so is u (322Bg). Write & for add p. By 543B(f-ii), x is atomlessly-
measurable. By 543F, the Maharam type 7(u) of u is at least min(x(+*),2%); but 7(u) is defined to be the
Maharam type of 2, which is w (331P2, 331Xd). As there is surely no atomlessly-measurable cardinal less
than w, we have a contradiction. X

2Later editions only.
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546F Definition Let 2 be a Boolean algebra. I will say that an e-h family in 2 is a double sequence
(€ij)i,jen in A such that

(e4)jen is disjoint for every i € N
and
SUP;en €i,f(i) = 1
for every f € NN,

Remark I hope you will find this definition simple enough to be manageable without any particular moti-
vation. It is here for the sake of Lemma 546Ib, and will reappear in 547P. See also 546Xc-546Xd.

546G Lemma Let 2 be a Boolean algebra and (e;;)i jen an e-h family in 2. Then sup,~,, €; sy = 1 for
every f € NY and n € N.

proof 7 Otherwise, take f € N¥ n € N and a € %\ {0} such that an ei, r(i) = 0 for every i > n. Choose
(ai)i<n, (9(i))i<n such that ag = a, g(i) € Nand a;11 = a; \ €; 4(;) is non-zero for every i < n. Set g(i) = f(i)
for i > n; then g € NY and a,, n €i,q(i) = 0 for every 7 € N, which is supposed to be impossible. X

546H Free products and completed free products We shall need the following ideas from Volume
3. For Boolean algebras 2, B I write 2 ® B for their free product (315N) and A®YB for its Dedekind
completion (314U); for a € A and b € B I write a ® b for the intersection of their canonical images in
AR B (315N again). If 2y, By are order-dense subalgebras of 2 and B respectively, then 2y ® B is order-
dense in A ® B (315Kb) and therefore in the Dedekind complete Boolean algebra ARB, so ARV can be
identified with Ao®B¢ (314Ub). Next, if A, B and ¢ are Boolean algebras, then (A®B) ¢ = AR (B ® ¢)
(315L), so (ARVB)DC = AR(B&E). Finally, for any set I, the algebra &£ of open-and-closed subsets of
{0,1}! is order-dense in the regular open algebra &; of {0,1}! (314Uc?), while if I and J are disjoint then
{0, 13797 = {0,1} x {0,1}7, so Eruy = E @ &7 (315]a) and &1y = G006 ;; consequently &, = 6,26,
for any infinite k.

5461 In §544 I discussed the consequences of supposing that a non-trivial measurable algebra is a
power set g-quotient algebra, so that there is an atomlessly-measurable cardinal. Other types of power set
o-quotient algebra also entail facts about the cardinals non M, non N and cov V.

In the following, I will write Z for {0, 1}, S for |, .x{0,1}" and for o0 € Sy I willset [, = {z: 0 C z €
Z}.

Lemma Let X be a set, Z a proper o-ideal of subsets of X, and 2 the quotient algebra PX/Z. Write x for
addZ.

(a)(i

neN

) If 2 has an atomless order-closed subalgebra which is a measurable algebra, then
(@) kK < non M,
(8) non N < #(X),
(7) cov N > covZ > k.
(ii) If &, can be regularly embedded in 2, then £ < non .

(b) If 2 has a non-trivial principal ideal with an e-h family, then non M < #(X).

(c) Suppose that £ < non M. Then there is an a € A\ {0} such that for every family (agn)ecrn nen in A
there is a family (¢mno)men,ces, in 2 such that

inferSz Cm,r~c = Cmr, SUPse8y Cm,rmo = 1
for every 7 € Sy and m € N, and
an inf sup (cmen inf ag\ sup ag) =0
meN UESQ( e i<#(‘7) ¢ 1<#(o) 51)
o(i)=1 o(i)=0

for every £ < k.
(d) Suppose that x = non . Then 2 has a countably generated order-closed subalgebra which is not a
measurable algebra.

D.H.FREMLIN



44 Real-valued-measurable cardinals 5461

(e) Suppose that 2 is isomorphic to €&, where € is a ccc Boolean algebra. Then cov N = w.

proof (a)(i) Any non-trivial atomless measurable algebra includes a closed subalgebra which is isomorphic,
as measure algebra, to 9B, so we have a regular embedding 7 : B, — A. Let (e;);eny be the standard
generating family in B, (525A); for i € I choose E; C X such that me; = E? in . Define f : X — Z by
setting f(z) = (xFi(x))ien for € X. Then the set

{V:V C Zis Borel, f7![V]* =nV"*}
is a o-algebra of sets containing every Fj;, so is the Borel o-algebra of Z.

(a) Fix on a v,-conegligible meager Borel subset V of Z. Let D C Z be any set with cardinal less
than k. For z € D set A, = f~1[z + Vi), where + here is the usual group operation of Z. Because v,
is the Haar probability measure on the compact Hausdorfl group (Z,4) (254Jd, 416U), v,(z + Vo) = 1,
(z+Vp)* =11in B, and A3 = 1 in A, that is, X \ A, € 7. Because #(D) < addZ, |J,.p, X \ A, € Z and
Nep Az #0. Take v € (,cp Az. If z € D then f(z) € 2 + Vo so z € f(x) + Vo; thus D C f(x) + Vo. But
z+— f(x)+2:Z — Z is a homeomorphism so f(z) + Vo, like Vj, is meager, and D is meager. As D is
arbitrary, £ < non M, = non M.

(B) On the other hand, if W C Z is a v,-negligible Borel set, f~1[W]* = 0 and there is an z € X
such that f(z) ¢ W. So f[X] ¢ N, and non N' = non N, < #(X).

(7) T A < covZ and (Hg)e<n is a family of negligible Borel sets in Z, f~![H¢]* = mH = 0 and
J71[H¢] € T for every € < A. There is therefore an z € X such that f(z) ¢ H¢ for every . As (Hg)ec is
arbitrary,

covN =covN, > covZ > addZ > k.

(ii) We can use essentially the same argument as in (i-«). This time, we have a regular embedding
m: 6, =2 Forie Nset H ={z:2¢€ Z, z(i) = 1}, as before, but now take e; to be the equivalence
class H? € ®,; as before, choose E; C X such that me; = E? in 2. Again define f : X — Z by setting
f(x) = (xEi(x))ien for x € X. Once again, f=[V]* = 7V*} for every Borel set V C Z. Now take a
comeager v,,-negligible Borel subset Vjj of Z (e.g., the complement of the set V4 chosen in (i-a)).
Once again, let D C Z be any set with cardinal less than x, and for z € D set A, = f~[z + V{]. As
before, A3 =1 in A for every z € D, so thereisanz € [\, .p A.. Now D C f(x)+ Vb, which is v,-negligible.
As D is arbitrary, non N' = non N, > &.

zeD

(b) Let (e;i;); jen be an e-h family in 2, where a € 2\ {0}. For each i € N let (E;;);en be a disjoint
sequence of subsets of X such that Ef; = e;; for every j € N. For x € X set zz(1) =jif j € Nand z € E;;,
0if 2 € X \U, ey Bij- Then D = {2, : x € X} is a subset of NY. If g € N¥ and E = N, ey Ujsn Ei g(s) then
E* = infpensup;s, € ri) = 1 (546G), so E # (). Take any x € E; then {i: 2,(i) = g(i)} = {i : v € E; 4¢3}
is infinite.

Thus for every g € NN there is an f € D such that f N g is infinite. By 522Sc, non M < #(D) < #(X).

(c) Fix a disjoint family (Ye¢)¢<y in Z such that Y = (J,_, Ye does not belong to Z. Set a = Y* € A\ {0}.
Given a family (a¢pn)¢<r nen, choose for each £ < k and n € N a set A¢, C X such that AEn = agp; for
&€ < K, define fe : X — Z by setting fe(x) = (xAen(2))nen for every x € X.

For z € X, set

B, ={fy(z) :n<&}if & <kandzx ey,
=0

otherwise.

Because k < non M = non My, B, is meager in Z. We can therefore find a sequence (Gpz)men of dense
open subsets of Z such that B, N(,,cn Gme = 0.
For o0 € S and m € N, set

Cma = {LI} : IO’ - Gmw}7 Cmo = C;no'
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inA. Ifr,0€ S and m €N, then I, D I.~,, Cpr C Cpy 1~ and Cpyr C Cpyrnp. 7 € S, m € N
and z € X then there must be a o € Sy such that G, 2 I,~,, because G,,; is dense and open; so
Uses, Cmr~o = X and sup,cg, ¢y 7~ = 1, while inf,es, ¢y 7ng = iz

Now take any § < k, 2 € Y\ |, <Y, and o € S5. Then f¢(z) € B, and there is an m € N such that
fe(x) ¢ Gima. But this means that if 2 € Cp,, then o € fe(z), that is, there is an ¢ < #(o) such that

o(i) # fe(z) (@) = xAei(x), that is,

x ¢ Che N ﬂ A{i \ U A£i~
i<# (o) i<#(o)
o(1)=1 o(1)=0

Thus Y\ U, <, Yy is disjoint from

N U©Cmon ) 4a\ U 4.

meNo€eS, i<#(o) i<#(o)
o(i)=1 o(i)=0

Because every Y, belongs to Z and addZ = r, (Y \ U, <, Y)® = a, so

an inf sup (cmen inf ag\ sup ag) =0,
meNo’GS2( e i<#(o) ¢ 1<#(o) fl)
o(i)=1 o(i)=0

as required.

(d) Take a non-negligible subset of Z of size , and enumerate it as (z¢)¢<,. For each £ <k, let V¢ be a
v-negligible Gs set including {z, : n < £}; express V¢ as (), oy UUELng I,, where L,¢ C Sy for each n; we
can do this in such a way that EO’ELng 2-#(9) < 27" for every n € N.

Again let (Ye)e<n be a disjoint family in 7 such that YV = (J._, Ye does not belong to Z. For n € N
and o € Sy, set Ay = U{Yz : £ < K, 0 € Lp¢}. Let B be the order-closed subalgebra of 2 generated by
{A4:,:neN, o€ Sy}. Of course B is countably generated.

? Suppose, if possible, that 9B is a measurable algebra; let & be such that (8, i) is a probability algebra.
Set X ={F:EC X, E* € B} and uE = gE* for F € X. Then (X,X, ) is a probability space. In the
product space X x Z consider the set

W= mneN Uge5'2 Ann X I{,— Q Y x Z.

Then W is measured by the product measure p X v,,.
f¢<(<randn €N, ze € V so there is a 0 € L,¢ such that z¢ € I,; now {z¢} x Y C I, x App. So
for any £ < &,

W_l[{zﬁ}] = mnEN UUESQ,ZgEIg Apg 2 U£§C<n Yo=Y \ Un<€ Y,

has measure at least Y > 0, because Y* # 0 and (U, Y;)* = 0 in 2. Since {z¢ : £ < k} ¢ N, W
cannot be (u X v, )-negligible and there must be an z € X such that pW[{z}] > 0. As W[{z}] #0, x € Y;
let £ < k be such that « € Y¢. Then

W{z}] = ﬂnGN ersg,meAm I = mnGN UaeLnE Iy =Ve;

but V¢ is v,-negligible. X
So we have a countably generated order-closed subalgebra of 2l which is not measurable, as required.

(e) (see BARTOSZYNSKI & JUDAH 95, 3.3.12) As the regular open algebra & of N is isomorphic to &,
(use 5150a), we have a surjective sequentially order-continuous Boolean homomorphism 7 : PX — ¢R6&
with kernel Z. For each n € N let (H,,;);cn enumerate the open-and-closed subsets of Z of measure at most
27" let (Eni)ien be a partition of X such that 1¢ ® {8: 8 € NY, B(n) =i} € €® & is equal to 7E,; for
each i. For x € X set Hy = (e Ui Hi s, () Where fo(n) =i if 2 € E,;. Then H, € N,. Write S for
Upmen N, and for 7 € S write G, for {#:7 C 8 € NV} € &. Let D C Z be a set with cardinal ws.

? If D+ H, # Z for every x € X, take a, € Z \ (D + H,) for each z. For each d € D, a, +d ¢ H,
for every z, so there is an ng € N such that Ag = {z :a, +d ¢ | H; ¢.(i)} does not belong to Z; let

i2ng
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aq € €\ {0}, 74 € S be such that aq®G,, C mA4. Let n € N;m € N, 7 € N™ be such that D' ={d:d € D,
ng = n, 7¢ C 7} is uncountable. Extending 7 if necessary, we can arrange that m > n. Because € is ccc,
there is an infinite B C D’ such that infge;ag # 0 for every finite I C B (this is trivial if € is finite, and
otherwise follows from 516Ld).

Let k be so large that # < 27™. Let r > m be such that there is a set F' C {d|r : d € B} with

#(F) = k; let I € [B]* be such that F = {d|r : d € I'}. Consider the set

R={(u,v) :u,ve{0,1}", u+veF}
where + here is the group operation on {0,1}" = Z5. Then #(R[{u}]) = #(R™[{v}]) = k for every u,
v e {0,117, By 5A1Q, there is a K C {0,1}" such that R[K] = {0,1}" and #(K) < w < 27=™ Now

vo{z:zlr € K} = 277#(K) < 27™, so there is a j € N such that H,,; = {z: z[r € K}. But this means
that I + H,,j = Z. P If a € Z, o|r € R[K] and there are u € K, v € F such that afr =u+v. Let d € I
be such that v = d[r; then

(a+d)r=(u+v)+v=uec K
soa+dc Hy. Q
By the choice of B, a = infgeraq is non-zero, so a ® {f : B(m) = j} # 0 and A = (Nyc; Ag N Enpyj
does not belong to Z. We therefore have an « € A, and f,(m) = j. In this case, because m > n = ny,
g ¢ d+ Hp, ¢, (m) = d+ Hy,j forevery d € I. But [ + Hpj = Z. X
So there is an x € X such that D+ H, = Z. Asd+ H, € N, for every d € D, w; = covN,, = cov N.

546J Theorem Let 2 be a Boolean algebra such that B, can be regularly embedded in 2 and 2 = €¢2,,
for some ccc Boolean algebra €. Then 2l is not a power set o-quotient algebra.

proof Note first that € ® &, is ccc because € is ccc and &, satisfies Knaster’s condition (516U), so 2
is ccc (514Ee). Also 2 is atomless (316Rb3). ? If 7 is a o-ideal of subsets of X and PX/Z = 2, then
7 is wy-saturated and must contain all singleton subsets of X, so addZ is quasi-measurable (542B again)
and greater than wy (542C), and covZ > w;. Because B, can be regularly embedded in 2, cov N > w;
(546I(a-i-)). But this contradicts 546le. X

546K Corollary (A.Kumar, private communication, January 2016) If A, x are infinite cardinals then
A = B R, is not a power set o-quotient algebra.

proof 9B, can be regularly embedded in B, which can be regularly embedded in 2 (315Kc), so B, can be
regularly embedded in 20 (313N). On the other hand, 2 is ccc (being the Dedekind completion of the free
product of Boolean algebras satisfying Knaster’s condition) and &,; = 6,206, Accordingly

A=Br0G, = B\3(B,06,) = (BrD6,)R6,, = AVS,,
and we can apply 546J.

546X Basic exercises (a) Let 2 be any Dedekind complete ccc Boolean algebra. Show that it can be
regularly embedded in a power set o-quotient algebra. (Hint: 314M.)

(b) Show that the measure algebra of the usual measure on {0, 1}° is not a power set o-quotient algebra.
(Hint: 544N.)

>(c) Show that &, has an e-h family. (Hint: for i, j € Nset E;; = {x : 2 € {0,1}, z(i + k) = 0 for
k<j,a(i+j)=1})

(d) Let 2 be a weakly (o, co)-distributive Boolean algebra, not {0}. Show that there is no e-h family in
2.

3Formerly 316Xi.
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(e) In 5461, show that if K = non M then 2 has a countably generated order-closed subalgebra which is
not isomorphic to &,,,.

546Y Further exercises (a) Let 2 be a Dedekind complete Boolean algebra, and set X = NY. Let P
be the forcing notion (A \ {0},<,1,1) (5A3M). Show that 2 has an e-h family iff

|Fp there is an a € NN such that N 3 is infinite for every § € X.

(b) Suppose that 2 is a Boolean algebra, not {0}, and that x is a cardinal such that for every family
(agn)e<rnen in 2A there is a family (¢pme)men,ses, in A such that

Cmr C Cimr~o fOr €very o € So,  SUP,cg, Cmyrmo = 1

for every T € Sy and m € N, and

inf sup (¢me N Inf ag\ sup ag) =0
mGNgesz( ma i<#(o) ¢ i<#(o) 61)
o(i)=1 o (i)=0

for every £ < k. Let PP be the forcing notion (\ {0}, <, 1,]). Show that |Fp non M > &.

(c) Let 2 be an atomless ccc Dedekind complete Boolean algebra, not {0}. Suppose that every order-
closed subalgebra of 20 with countable Maharam type is purely atomic. (See 539P.) Show that 2 is not a
power set o-quotient algebra.

546 Notes and comments The substantial ideas of this section are all in 5461. The results there were
developed in the process of understanding the forcing universes associated with power set o-quotient algebras;
I have spelt out two of the translations involved in 546Ya-546Yb. I don’t present them in this form in the
main exposition because none of the principal theorems of the present chapter rely on the Forcing Theorem,
and it is therefore not strictly necessary to know anything about forcing to follow the proofs as written. But
it is hard to imagine that anyone would have come to the formulae in 546Ic without having first considered
whether 546Yb could be true. Let me emphasize that the methods of 5461 are very special to quotient
algebras of power sets.

An obvious question arises immediately from the definition in 546Aa. For a given power set o-quotient
algebra 2, how much scope for variation is there in the pairs (X,Z) such that A = PX/Z? In view of 5461,
it seems natural to begin with the cardinals #(X) and addZ. But I do not have even a well-formed problem
to pose here. It may make a difference if we restrict our attention to normal power set o-quotient algebras.
I introduce these because we shall see in the next section that the category algebra &, is not a normal
power set o-quotient algebra (547F), but conceivably is a power set o-quotient algebra.

Version of 24.10.20

547 Cohen algebras and o-measurable algebras

I examine the conditions under which two classes of algebra can be power set o-quotient algebras. In
the first, shorter, part of the section (547B-547G) I look at Cohen algebras. I then turn to ‘c-measurable’
algebras (547H-5478S).

547A Notation If I is a set, &; will be the category algebra of {0,1}!. If Z is an ideal of subsets of X
and J an ideal of subsets of Y, then

IxJ={W:WCXxY,{x:W[{z}] ¢ T} €T},
IxnT={W:WCXxY, {y:W{y}]¢Z}eT}
(©) 2015 D. H. Fremlin
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(527B). If X is a topological space, M(X) will be its meager ideal, Ba(X) its Borel o-algebra and g(X)
its Baire-property algebra. If 2 is a Boolean algebra, € is a subalgebra of 20 and a € 2, then upr(a,€) =
min{c: a C ¢ € €} if this is defined (313S).

I will write S for [J,,c{0,1}", ordered by C. For o € Sy, set I, = {z:0 C z € {0, 1}YY; then o, 7 € S
are (upwards) incompatible iff neither extends the other iff I, N I, = (), while {I, : ¢ € Sa} is a base for the
usual topology of {0, 1}Y.

547B In 527M I introduced ‘harmless’ algebras. Here we need to know a little about harmless power
set o-quotient algebras.

Lemma Suppose that  is a regular uncountable cardinal and 7 is a k-additive ideal of subsets of x such
that Pr/Z is harmless. Then 2 = P(k x k)/Z x Z is harmless.

proof (a) If k = wy then Z is of the form {I : ANT = (}} for some countable A C k. P Set A = {£: & < wy,
{&} ¢ I}. Because Pw; /T is harmless, it is ccc, so A is countable. Set J = ZNP(w; \ 4), so that J is a
o-ideal of subsets of w; \ A containing singletons, and P(w; \ 4)/J can be identified with the principal ideal
of Pwy/Z generated by (w; \ A)*, so is ccc. Since wy is certainly not weakly inaccessible, J is not a proper
ideal, by 541L, and w; \ A € Z. Tt follows that Z = P(w; \ A4), as stated. Q

In this case, 2 = P(A x A) has a countable 7-base and is harmless, by 527Nd. So let us suppose from
now on that k > w;.

(b) By 527Bb, 7 x 7 is k-additive; in particular, it is a o-ideal. Next, it is w;-saturated. I Let (V,)a<w,
be a disjoint family in P(x x k). For each { < &, there is an a¢ < wq such that V,[{£}] € T for every a > a.
Because 7 is wo-additive and wi-saturated, there is an o < w; such that {£ : a¢ > o*} € 7 (541E). But
now V, € Z x 7 for every a > a*. Q

Consequently 2 is Dedekind complete (541B).

(c) Let € be an order-closed subalgebra of 2 with countable Maharam type; let (Cy)nen be a sequence
of subsets of k x k such that € is the order-closed subalgebra of 2 generated by {C;, : n € N}. For each
& < K, let B¢ be the order-closed subalgebra of Px/Z generated by {C,[{{}]* : n € N}. By 527Nb, B, has
countable m-weight; let & be a countable subset of Px such that {E* : E € &} is an order-dense subset
of B¢; let (Eep)nen run over &. We can of course suppose that C,,[{¢}] € & and that E¢ o, = C,[{{}]
for each n. For n € N set E, = {(§,n) : £ < K, 1 € E¢pn}; we have Es, = C,, for each n. Let B be the
order-closed subalgebra of Px/Z generated by {{{ : E¢y, N Egp € I} @ m, n € N}, and F a countable subset
of Pk, containing x and ), such that {F* : F' € F} is an order-dense set in 9B. Let A be the countable set
{MPU{E,N(Fxk):meN, FeF}

(d) If (A,)nen is any sequence in A, there is a sequence (A,),en in A such that sup, .y Az is the
complement of sup,, oy A;, in 2A. P Express A, as E,,,, N (F, x k) where m,, € N and F,, € F for each n. Set
W =U,en An- If§ < k then W[{{}] = UnEN,EGFn E¢rm,, s0 W{{}]* € Be; set Je = {j : W[{E{}NE; € T}.
IfG; ={£:€ <k, je Je} for each j and W = Ujen £5N(Gj x k), W[{£}]* and WI[{¢}]* are complementary
elements of B, for each &, so W* and W* are complementary elements of 2.

Now

Gy ={:WH{EHNEe € I} =N, enl{€ : £ ¢ Iy or Egin,, N Egj € T},

so G5 € B and there is an F; C F such that G5 = suppcr, F*. TaAking (AAn)neN to run over {0} U {E; N
(Fxk):j€N, FeF;}, we get a sequence in A such that sup,,cy A, = W*, as required. Q

(e) It follows that if we take ® to be the set of those a € 2 expressible in the form sup, oy A;, for some
sequence in A, the complement of an element of ® belongs to ©; as ® is certainly closed under countable
suprema, it is a o-subalgebra of 2, therefore order-closed, because 2 is ccc. And {A? : n € N} witnesses
that (D) < w.

As C,, = Ey,N(k x k) € Afor each n, €CD. Sow > (D) > n(€), by 514ED.

As € is an arbitrary countably generated order-closed subalgebra of 2, 2 is harmless, by 527Nb in the
other direction.
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547C 1 wish to follow the lines of the argument in 543C-543E to prove a similar theorem in which
‘measure’ is replaced by ‘category’. The lemma just proved corresponds to the definition of 7 in part (c) of
the proof of 543D. The next result will play the role previously taken by 543C.

Proposition Suppose that « is a regular uncountable cardinal and Z is a k-additive ideal of subsets of k
such that Pr/Z is harmless. Let X be a ccc topological space of m-weight less than k. Then M(X) xZ C
M(X) x T.

proof (a) Take C € M(X)xZ. Set A={¢: ¢ <k, CTH{EH ¢ M(X)}and B={z:2 € X, C[{z}] ¢ T},
so that A € Z and I need to show that B € M(X). For { € K\ A, let (F¢pn)nen be a sequence of nowhere
dense sets in X with union C~![{¢}]; for £ € A set F,, = ) for every n. For each n, set C,, = {(2,£) : £ < &,
r € Fegn} and B, = {x : Cy,[{z}] ¢ T}, so that B = |J,,cy Br and it will be enough to show that every B,
is meager. Fix n € N.

(b) Let (Ga)a<r(x) enumerate a m-base for the topology of X, and for a < 7(X) let D, be the set of
those £ < k such that G, N Fg,, = 0. Then W = Ua<7T(X) G4 X D, is disjoint from C),. For each £ < k, set
Ie ={a:a <m(X), § € Da}; then J, ¢, Ga is dense in X. Because X is ccc, there is a countable Je C I¢
such that (J,¢ ;, Go is dense (5A4Bd). Now I is wi-saturated and m(X) < addZ, so there is a countable
I C w(X) such that A" = {{: & < K, J¢ € I} belongs to Z (541D).

(c) Let B be the order-closed subalgebra of Px/T generated by {Dg, : o € I'}. Because Pr/Z is harmless,
m(B) < w (527Nb again); let (F;);en be a sequence in Pk such that {F;? : i € N} is order-dense in B. Let
€ be the countable subalgebra of Pk generated by {F; : i € N} U{D, : « € I}, and set V = J(ENT), so
that V € Z. Give Y = s\ V the second-countable topology generated by {E\V : E € £}.

If H is a dense open set in Y, then kK \ H € Z. P Setting &' ={E: Ec€ & E\VCH} H=UE&)\V,
so H* = supgee E* in Pr/Z, and H* € B. ? If K\ H ¢ 7, then H* # 1 and there is an ¢ € N such that
F? is non-zero and disjoint from H*. In this case, F; N E € Z for every E € £, so F;\ V is disjoint from H;
but F; \ V is a non-empty open subset of Y. XQ

Consequently M(Y) C 7.

(d) Set Wo = U,er Ga X (Do \ V), so that Wy is an open set in X x Y. Then Wy is dense in X x Y. P?
Otherwise, we have a non-empty open set G C X and a non-empty open set U C Y such that I = I' U ",
where I' ={a:a€l,GNGy=0}and I" ={a:a €I, UN D, = 0}. As U includes some non-empty set
of the form E'\ V where E € £, U ¢ Z. So there must be a £ € U\ A’. In this case, J¢ C I while Uae,g Go
is dense and meets G there is therefore an a € J¢ \ I'. But now o € I¢ so § € D,, while also v € T\ I' C I”,

soUND,=0and £ ¢ D,. XQ

(e) W' = (X xY)\ W is therefore meager in X xY and belongs to M(X) x M(Y), by 527Db. If x € B,,
then C,,[{z}] ¢ Z; but C,,[{z}] \V C W'[{z}], so W[{z}] ¢ Z and W'[{z}] ¢ M(Y). Accordingly

B C {z: Wl{z}] ¢ M(Y)} € M(X),

as required.

547D Corollary Suppose that « is a regular uncountable cardinal and 7 is a proper k-additive ideal of
subsets of k, containing singletons, such that Px/Z is harmless. Let X be a ccc topological space of m-weight
less than «.

(a) Suppose that (A¢)e<, is a non-decreasing family of subsets of X with union A. Then thereisa 6 < x
such that E' N Ay is non-meager whenever ¥ C X is a set with the Baire property and E N A is not meager.

(b) If (A¢)e<y is a family in PX \ M(X) such that #(U,_, A¢) < &, then there are distinct £, n < &
such that A¢ N A, ¢ M(X).

(c) If we have a family (h¢)e<, of functions such that dom h¢ is a non-meager subset of X for each £ and
#(Ug<,, he) < r (identifying each he with its graph), then there are distinct £, n < x such that {z : he(x)
and h,(x) are defined and equal} is non-meager.

proof (a) Let & = B(X)/M(X) be the category algebra of X; for B C X set ¢)(B) = inf{E*: BC E €
B(X)}, as in 514Ie. Because & is ccc (514Ja), there is a sequence (&, )nen in & such that sup, ey ¥(Ae,) =
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supg ., ¥(A¢); setting 6 = sup,, ey &n, we see that 6 < & (because cfrx > w) and that (Ag) C ¥(Ap) for
every £ < K.
? Suppose, if possible, that there is a set E € B(X) such that F N Ay is meager but £ N A is non-meager.
Replacing E by E \ Ay if necessary, we may suppose that E N Ay is empty. If £ < &, then
Y(ENAg) CE*NY(Ag) CEN(X\E) =0,

so BN A¢ is meager.
Define f: ENA — & by setting f(z) = min{¢{ : x € A¢} for € E. Consider the set
C={(z,8): f(z) <E< Kk} C(ENA) X k.
If € < K, then
C N = {2 € B, () < €} C BN Ac € M(X);
thus C € M(X) xZ. By 547C, C € M(X) x Z. As EN A is not meager, there is an z € E N A such that

CHz}) €Z. But C[{z}] ={¢: f(x) <&€<k} ¢I.X
So 0 has the required property.

(b) Write 7 =Z x Z Q P(k x k). By 547B, P(k x k)/J is harmless. Set

W={(z,&n):{&,n<k E#n, xe€A:NAYL
? If AN A, € M(X) for all distinct &, n < k, then W, regarded as a subset of X X (k x k), belongs to
M(X) % J; by 547C, W € M(X) x J. For x € X set C, = {£: € < K, z € A¢}. Then W[{z}] = C2\ A,
where A = {(§,§) : { <r}. SoW[{z}] € Tt C; € Z, and E' = {z : C; ¢ I} is meager. Next, A =J,_, A¢
is supposed to have cardinal less than x, so (J,c 4\ p Co € Z and there is some ¢ € £\ U, 4\ p Co- But in
this case A¢ C E is meager. X So we have the result.

(c)(i) For each & < k, set A¢ = dom h¢ and let He be the regular open set in X such that A\ He is meager
and GN He is empty whenever G is open and GN A¢ is meager (4A3Sat). Set he = helHe and Y = U, Iy
let 1 : Y — X be the first-coordinate projection. Give Y the topology & = {n;}[G] : G € T}, where T is
the topology of X.

(ii) If U is any 7-base for T, then V = {7, *[U] : U € U} is a 7-base for &. P If H C Y is open and not
empty, take G € T such that H = 77 *[G] and a ¢ < & such that HNhi # 0. Then GNHeNAg = GNdom hy
is non-empty; by the choice of He, G N He N A¢ is non-meager. Set U’ = {U : U e U, UNGNHe N A = 0}.
Then |JU’ cannot be dense and there is a non-empty U € Y disjoint from (JU'. But now U NG # 0, so
there is a non-empty U’ € U with U’ C U N G; in which case V = 77 ' [U’] belongs to V, is included in H
and meets h’g, so is not empty. As H is arbitrary, V is a w-base for &. Q

(iii) It follows at once that m(Y) < m(X) < k. We see also that if A C X is nowhere dense, then
{G:Ge%, GNA=0}is a m-base for T,

(r7'G):GeT, GNA=0}={H:He&, Hnry'[4] =0}
is a m-base for & and 7, '[A] is nowhere dense in Y. Accordingly 71 '[A] € M(Y) for every A € M(X).

(iv) If B C Y is nowhere dense in Y then m1[B] is nowhere dense in X. PP If G C X is a non-empty
open set, then either 7, ' [G] is empty and G N7i[B] = 0, or w; *[G] is a non-empty open subset of Y. In the
latter case, 77 '[G] \ B must be of the form 7, *[G’] for some open set G/ C X, and G’ N G is a non-empty
open subset of G disjoint from 7 [B]. Q It follows at once that m1[B] € M(X) whenever B € M(Y).

(v) Since m[hg] = A¢ N He is non-meager in X, h; is non-meager in Y, for every . So (b) here tells
us that there are distinct &, 7 < & such that kg N h; is non-meager in Y. In this case, setting A = {z : h¢()
and he(y) are defined and equal}, 7, *[A] includes hi M hy, so is non-meager, and A is non-meager, by (iii).

547E I separate an elementary fact from the argument of the next theorem.

4Formerly 4A3Ra.
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Lemma Suppose that X, I are sets, Z is a o-ideal of subsets of X and ¢ is a sequentially order-continuous
Boolean homomorphism from &; to PX/Z. Then there is a function f : X — {0,1}! such that f~1[E]* =
®E* in 2 for every E in the Baire-property algebra B of {0,1}!.

proof Write M for the meager ideal of {0,1}7. Fori € I set H; = {y : y € {0,1}!, y(i) = 1} € B and choose
F; C X such that F? = ¢pH? in® = B/M. Set f(z) = (xFi(x))ics for z € X; then f~1[H;]* = Fr = ¢H;? for
every i. Since H — f~1[H]* and H — ¢H* are both sequentially order-continuous Boolean homomorphisms,
they must agree on the o-algebra of subsets of {0, 1}/ generated by {H, : i € I}, which is the Baire o-algebra
Ba of {0, 1} (4A30f). Next, as {0, 1} is completely regular and ccc, M is generated by BaN M (5A4E(c-
ii)) and f~1[H] € T for every H € M. Now if E € B it is of the form GAM where G is a cozero set and M
is meager (5A4E(c-iii)), so

FUB = 17GY & f M) = 0G = 0E",

547F The Gitik-Shelah theorem for Cohen algebras I come now to a companion result to the
Gitik-Shelah Theorem in 543E. I follow the proof I gave before as closely as I can.

Theorem (GITIK & SHELAH 89, GITIK & SHELAH 93) Let x be a regular uncountable cardinal and Z a
r-additive ideal of subsets of x such that 2 = Pr /T is isomorphic to B for some infinite cardinal A. Then
A > min(k(t9) 25).

proof (a) Let ¢ : &), — 2 be an isomorphism. By 547E, we have a function f : k — X such that
fYE]* = ¢E* in A for every E € B(X).

(b)? Suppose, if possible, that A < min(k(++) 2%).

As 2 is atomless, ccc and not {0}, x is quasi-measurable (542B) and at most ¢ (541P). So 543Ma tells us
that if we set ¢ = max(AT,x™), there are an infinite cardinal § < k, a stationary set S C ¢, and a family
(ga)aes of functions from « to 29 such that g,[x] C « for every o € S and # (g N gs) < & for distinct a,
B € S. Moreover, we can arrange that

— if A < Tr(k), then g,[x] C k for every o € S;

— if A > Tr(k), than goly = gglvy whenever v < & is a limit ordinal and «, 8 € S are such that
9a(7) = 98(7)-

(c) Fix an injective function A : 2% — {0,1}°. For a € S and ¢ < § set
Uar = {€: £ <k, (hga(§))(1) =1},
and let H,, € Ba(X) be such that H3, = ¢~ *(Us,) in &y; then Uy, Af 1 [H,,] € T. Define g, : X — {0,1}°
by setting
(Ga(2))(t) =1if x € Hy,,

= 0 otherwise.

Then

{€:€ <k, Gaf (&) # hgal&)} = (J{€: @af(©)) (1) # (hga(€))(1)}
<9
= UM HL) €T
1<8

because 6 < k = addZ. Set V, = {€: go f(§) = hga(€)}, so that k\ V,, € Z, for each a € S.

(d) Because every H,, is determined by coordinates in a countable set, there is for each o € S a set
I, C X such that #(I,) < ¢ and H,, is determined by coordinates in I, for every ¢ < §. By 5A1K there is
an M C X such that S; = {a:a € S, I, C M} is stationary in ¢ and cf(#(M)) < §; because A < x(+«)
and cf(k) = k > §, #(M) < k. Set mpr(2) = 2| M for z € X, and fay = wprf : 5 — {0, 1},

If E C {0,1}™ has the Baire property, then 7,/ [E] has the Baire property in X and m;;'[E] is meager
iff F is (5A4E(b-iii), applied to {0, 1} x {0, 1}"M). So f;;'[E] € T iff E is meager.
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(e) For each « € S, there is a 0, < k such that fu/[V, N 6,] meets every non-empty open subset of
{0,1}™ in a non-meager set. B Apply 547Da to (far[VaN&])e<rk. UZ = K because A is atomless, and x ¢ T
because 2 # {0}; while {0,1}* is certainly ccc, and has 7-weight at most max(w,#(M)) < k. There is
therefore a 6, < & such that E N fas[V, N 6] is non-meager whenever E C {0,1}* has the Baire property
and E N fyr[Va] is non-meager. If G C {0, 1} is a non-empty open set, then

G\ fulVall SR\ Va €T,

so either G\ far[V,] is meager or it does not have the Baire property; in either case, GN fas[V4] is non-meager
so GN fa[Va NB,] is non-meager. Q
Evidently we may take it that every 6, is a non-zero limit ordinal.

(f) By 543Mb, there are a @ < s and a Y € [2°]<* such that Sy = {a: @ € Sy, 0, = 0}, go[0] C Y} is
stationary in (.

(g) For each a € S5, set

Qa = fM[Va ﬁe] = fM[Va ﬂeaL
so that Q,, meets every non-empty open subset of {0,1}* in a non-meager set. Now every H,, is determined
by coordinates in I, C M, so we can express Jo as g7, where g2 : {0, 1} — {0,1}° is Baire measurable
in each coordinate. If y € Q,, take £ € V,, N0 such that fys(£) = y; then
95 ) = 95mm f(§) = o f(§) = hga(§) € R[Y].

Thus ¢%1Qa C fum[f] x h[Y] for every a € Sz, and we may apply 547Dc to {0,1}* and the family
(951Qn)acs, where S* C Sy is a set with cardinal k, to see that there are distinct «, f € Sy such
that {y:y € Qa N Qp, g5(y) = 95 (y)} is non-meager. Now, however, consider

E={y:yc{0,M gi(y) = g5(n)}.

Then E =(),_s E,, where

1<d
E, ={y:y {0, 1}, g2(y) () = g5(y)(1)}
is a Baire subset of {0,1}* for each ¢ < §. Because § < x and Z is k-additive and w;-saturated,

Bl = () fd B = inf fir [E]

L<d
= Lié11f< fz&l[EL]' = f]\7/11[ m B
LeEK
for some countable K C 4. In this case, E' =, .k E. is a Baire set including F, and fa/ [E"\ E] € T; since
E' includes the non-meager set {y : y € Qa N Qp, 95(y) = g5(y)}, £’ is non-meager and i B ¢ Z, by (d)
above; accordingly f;,'[E] ¢ Z.
Consequently

{€:94(8) = 98(&)}* ={¢ : hga(§) = hgs(&)}*
= {5 :£eVyn V,B7 gaf(f) = gﬁf(g)}.
={&:ghmm f(&) = ghmaa f ()} = far [E)* #0

in A. But this is absurd, because in (b) above we chose g, gs in such a way that {£ : go(§) = gs(§)} would
be bounded in k. X
Thus we have the required contradiction, and the theorem is true.

547G Corollary (a) &, is not a power set o-quotient algebra.
(b) &, is not a power set o-quotient algebra.

proof I shall be applying results from the last part of §515, where I spoke of regular open algebras; so we
shall need the fact that ®; is isomorphic to the regular open algebra of {0,1}! for every set I (515Na).
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(a) ? Suppose that &, is a power set o-quotient algebra. By 546Db there are a regular uncountable
cardinal k£ and a normal ideal J on & such that Px/J is isomorphic to an atomless o-subalgebra © of a
principal ideal (&), of &,. By 515Nc and 5150b, (&,,). and D are isomorphic to &,. But by 547F this
is impossible. X

(b) We can argue similarly, but using 515Q in place of 5150b. ? Suppose that &,, is a power set
o-quotient algebra. Then there are a regular uncountable cardinal x and a normal ideal J on x such that
Pr/J is isomorphic to an atomless o-subalgebra © of a principal ideal (&, ). of &,,,. By 515Nc, (&, ). is
isomorphic to &,,. By 515Q, ® is isomorphic to either &,, or &,,, or their simple product. But this means
that at least one of &,,, &,, is isomorphic to a principal ideal of the normal power set o-quotient algebra
®, and is therefore itself a normal power set o-quotient algebra (546C); and both are ruled out by 547F. X

547H Definitions Let 2 be a Boolean algebra.

(a) I will say that 2 is o-measurable, with witnessing sequence (B,,),cn, if 2 is Dedekind complete,
every ‘B, is an order-closed subalgebra of 21 which is, in itself, a measurable algebra in the sense of §391,

and (J,,cy Br is order-dense in A in the sense of 313J.

(b) If 2 is o-measurable algebra, I will say that
To-m () = min{>" 7 7(B,) : (Bn)nen is a witnessing sequence for A},

where the sums here are cardinal sums (5A1F(b-i)).

5471 Examples (a) Every measurable algebra is o-measurable.

(b) If A is Dedekind complete and has countable m-weight, it is o-measurable. (We can take every 9B,
to be of the form {0,b,1\b,1}.) In particular, &, is o-measurable (5150a).

(c) If 21 is a measurable algebra and 9 is a Boolean algebra with countable m-weight, then the Dedekind
completion € of the free product A ® B (3151, 314U) is o-measurable, with 7, (€) < max(w, 7(2A)). P If
B = {0} then € = {0} and the result is trivial. Otherwise, let (e,)nen run over an order-dense subset of
B\ {0}; set ¢, =1® e, € € for each n. For n € N set

D, ={a®ep:acA}={(a®1)nc,:ac A},

B, ={b:be€ bnec, €Dy, b\ e, €{0,1\¢cn}}.

As a — a ® ey, is injective (315K (e-ii)), Dy, regarded as a subalgebra of the principal ideal €. of €, is a
Boolean algebra isomorphic to 2, so is in itself a measurable algebra. Next, a — a®1 is an order-continuous
Boolean homomorphism from 2 to A® B (315Kc) and therefore from 2 to € (314Ta), while ¢ — cn¢, is an
order-continuous Boolean homomorphism from € to €., (313Xi), a — a®e,, is an order-continuous Boolean
surjection from A onto ©,,, and ©,, is order-closed in €., . Next, B,, is isomorphic to the simple product
D, x{0,1\ ¢,}, so again is a measurable algebra; and as ©,, x {0,1\ ¢, } is order-closed in €. x €1\, =,
B,, is order-closed in €.

Thus € is o-measurable. To estimate 7,.,(€) we have only to note that, for each n, 7(9,) = 7(2), and
if D C®,, 7-generates ©,, then DU {c,,} T-generates B,,. So 7(B,,) < 7(A) + 1 and 7, (¢) is at most the
cardinal product w x (7(A) + 1) = max(w, 7(2A)). Q

547J Since we are looking at measurable subalgebras of Boolean algebras, it will be helpful to have an
elementary fact out in the open.

Lemma Let 20 be a Boolean algebra, and B a regularly embedded subalgebra of 20 which is a measurable
algebra. Then B, = {bna: b€ B} is a measurable algebra, with 7(B,) < 7(B), for every a € 2.

proof Because B is regularly embedded, the identity map from 9B to 2 is order-continuous; the map
d— dna: A — A, is an order-continuous Boolean homomorphism; so b — anb : B — B, is an order-
continuous Boolean homomorphism. By 391Lc°, B, is a measurable algebra, isomorphic to a principal ideal
of B; so 7(B,) < 7(B), by 331Hc or 514Ed.

5Later editions only.
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547K 1 give some more or less straightforward properties of o-measurable algebras.

Proposition Let 2 be a o-measurable Boolean algebra with witnessing sequence (8,,)nen.
(a) 2 satisfies Knaster’s condition, so is ccc.
(b) a = inf,, ey upr(a, B,) for every a € A.
(c) T(A) < Toum(A).
(d) If @ € A then the principal ideal 2(, generated by a is o-measurable, with T, (As) < Toom (2A).
(e) If 2 is actually measurable, then 7,1, () = 7(2A).

() m(A) < 302 7(Ban)-

proof (a) Let (a¢)e<w, be a family in 2\ {0}. For each £ < w; choose a non-zero be € |J, e B such that
be C age. Then there is an n € N such that D = {£ : £ < wy, bg € B, } is uncountable. Now B, satisfies
Knaster’s condition (525Tb), so there is an uncountable C' C D such that (b¢)¢cc is linked, in which case
(ag)eec will be linked. As (ag)e<, is arbitrary, 2 satisfies Knaster’s condition and is ccc (511Ef).

(b) 7 Otherwise, inf,cyupr(a,B,) \ a is non-zero and includes a non-zero element b of | J,, . Bn. Let k
be such that b € By; then a C 1\ b € By so upr(a, By) is included in 1\ b and cannot include b. X

(c) We can suppose that (B, )n,en has been chosen such that Y o> (7(B,) = To.m (). For each n € N
let B, C B, be a set with cardinal 7(%8,,) which 7-generates B,. Set B = |J,,cyy Bn- The order-closed
subalgebra of 2 generated by B includes every 9B,,, so is order-dense in 2, and therefore actually equal to
2. Thus

T(A) < H#(B) < 3020 T(Bn) = Tom ().

(d) Again suppose that (B,)n,en was chosen such that > 2 7(B,) = 7o.m(2A). For each n € N set
B, = {bna:be B,}. Then B/, is an order-closed subalgebra of A, (314F(a-i)) and is a measurable
algebra with Maharam type at most T(‘B ) (547]). If ¢ € A, is non-zero, there is a b € | J, .y B such that
0#bCc and now b € |J

neN

nen B, So (B )nen witnesses that 2, is o-measurable and that

Ta—m(ma) < Do T(B7) < 32000 T(Bn) = Toom ().
(e) We already know from (c) that 7(2) < 7,1, (2). But as 2 is itself measurable, (A, {0,1},{0,1},...)
is a witnessing sequence for A 80 T,.p, (A) < 7(A).

(f) For each n € N there is an order-dense subset B,, of B, with #(B,) = n(8,). Now J
order-dense in 2, so

neN n is

m(2A) < #(UneN B,) < Zzozo #(By) = fozo m(B,).

547L It will be useful to have an alternative definition of o-measurable algebra.

Lemma Let 2 be a Dedekind o-complete Boolean algebra and (€, ),en a sequence of o-subalgebras of 2.
For each n € N let v, : €, — [0,00[ be a countably additive functional. Suppose that for every a € 2
there are an n € N and a ¢ € €, such that ¢ C a and v,c > 0. Then 2 is a o-measurable algebra and

To-m(2A) < max(w,sup,,cy T(Cn/V;1 [{0}])).

proof (a) 2 is ccc. P Suppose that A C 2\ {0} is disjoint. For each a € A choose ny € N and ¢, € €,
such that ¢, Ca and v,,¢c, > 0. Forn € Nset A, = {a : a € A, n, = n}. Then{ca:aeA}iba
disjoint family in &, so >, A, VnCa < vy s finite, and A,, must be countable. Accordingly A =
is countable. As A is arb1trary, 2 is ccc. Q

Consequently 2 is Dedekind complete and every &, is order-closed in 2 (316Fb).

nEN

(b) For each n € N, €, is ccc and Dedekind complete, and v, is completely additive (326P). Set ¢, =
sup{c: ¢ € €,, v,c = 0}; then v,¢, = 0. Set B, ={a:a €A, a\c, € €, anc, € {0,¢,}}. Then B, is
an order-closed subalgebra of 2 and the restriction of v, to its principal ideal (88,)1.., is a strictly positive
countably additive functional, so (B,,)1.c, is a measurable algebra. On the other hand, the complementary
principal ideal (B,)., = {0,c¢,} is also a measurable algebra. So B, is measurable. Note also that
(B)1e, =€,/ v, [{0}], so 7(B,) is at most the cardinal sum 7(&,, /v, L[{0}]) + 1.
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(c) If a € A there are an n € N and a ¢ € €, such that ¢ C a and v,,¢ > 0. In this case, ¢\ ¢, € B,, and

0 # c\cp Ca. Thus |,y Bn is order-dense in 2, so 2 is o-measurable, with

Tom (W) < 32070 7(Bn) < max(w, sup,,ey 7(€n /vy [{0}])),

as claimed.

547M Turning to nowhere measurable algebras (391Bc), the facts we need are the following.

Proposition Let 2 be a Boolean algebra.

(a) If A is ccc and Dedekind complete and is not a measurable algebra, then it has a non-zero principal
ideal which is nowhere measurable.

(b) If A is nowhere measurable and Dedekind complete and B is an order-closed subalgebra of 2 which is
a measurable algebra, then for any a €  there is a d C a such that upr(d,B) = upr(a\ d,B) = upr(a, B).

(¢) Suppose that 2 is nowhere measurable and Dedekind complete, v : 2 — [0,00[ is a submeasure
(definition: 392A) and By, ... ,B,, are order-closed subalgebras of 2 which are all measurable algebras.
Then for any a € 2 there is a d C a such that upr(a \ d,B;) = upr(a,B;) for every i < n and vd > 27" lva.

(d) If 2 is nowhere measurable and Dedekind complete and By, ... ,B,, are order-closed subalgebras of
2 which are all measurable algebras, then there are disjoint ag, ... ,a, € 2 such that upr(a;,B;) = 1 for
every ¢ < n.

(e) If 2 is nowhere measurable and Dedekind complete, By, ... ,B,, are order-closed subalgebras of 2

which are all measurable algebras and a € 2, then there is a d C a such that upr(d,B;) = upr(a\ d,B;) =
upr(a, B;) for every i < n.
proof (a) Set A= {a:a €2, 2, is a measurable algebra}. Then A is a o-ideal of 2 so a* = sup A belongs

to A. As 2l is not itself measurable, a* # 1, and 2{;,,+ is a non-zero nowhere measurable principal ideal of
2.

(b) Note first that if ¢ € A\ {0} then B, is a measurable algebra, by 547J, but 2, is not, because we are
supposing that 2 is nowhere measurable. So 2. # B..
Let B be the set of those b € 8 for which there is a d C a such that

upr(d,B) n upr(a\d,B)Db.
Let B’ C B be a maximal disjoint set. 7 If a ¢ sup B, set ¢ = a\ sup B’. Then there is a d C ¢ such that
d is not of the form bne¢ for any b € B. Consider b = upr(d,B) n upr(a\ d,B). By the maximality of B’,
b = 0. But this means that upr(d,B)na\d =0 and d = ¢n upr(d,B). X
Thus a C sup B’. For each b € B’ choose dp, C a such that upr(dy, B) n upr(a\ dp, B) includes b. Set
d = supycp bndy. Then

upr(d,B) = bsu]g) upr(bndy, B) = :u]g) bn upr(dy,B) = fug boa
en’ eB’ eB’

so upr(a,*B) C upr(d,B); as d C a, upr(a,B) = upr(d,B). Similarly

upr(a\d,B) = bseué), upr(bna\ d,B) = bs;ué)/ upr(bna\ dp,B)

(because B’ is disjoint)
= sup bn upr(a\ dy,B) = sup b = upr(a, B).
beB’ beB’

So this d serves.

(c) By (b), there is for each ¢ < n an a; C a such that upr(a;,B;) = upr(a\ a;,B;) = upr(a,B;). For
I Cntlseter =aninfiera;\ sup;<, ;¢ ai- Thena = sup;c,, 4 cr; as v is subadditive, thereisan I C n+1
such that ver > 27" tva. If i < n then one of a;, a\ a; is included in a\ ¢z, so upr(a\ cs,B;) = upr(a, B;).
Accordingly we can take d = ¢;.

(d) If A = {0}, this is trivial; suppose otherwise. For each ¢ < m let f; be such that (9B;,[;) is a
probability algebra; set ifa = fi;(upr(a,®B;)) for a € A. Then i} is a submeasure. P 70 = 0 because
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upr(0,B;) = 0. If a C o’ then upr(a,B;) C upr(a’,B;) so gfa < ffa’. For any a, a’ € A, upr(auad’,B;) =
upr(a, B;) U upr(a’,B;), so af(avad’) < pfa+ pfd. Q
Furthermore, if a € % and b € B;,
fa;a = f;(upr(a,B;) nb) + i;(upr(a,B;) \b)
= pi(upr(anb,B;)) + fi(upr(a\b,B;)) = fi; (anb) + pi* (a\ ).
In addition, if (ax)ren is a non-decreasing sequence in 2 with supremum a, (upr(ag,®B;)))ken i a non-
decreasing sequence in B; with supremum upr(a,B;), so fifa = supycy i k-
Choose (dm)meN, (@mi)men,i<n inductively, as follows. The inductive hypothesis will be that upr(d,,, B;) =
1 for every i < n. Start with dy = 1 and ap; = 0 for every i < n. For the inductive step to m+ 1, take j < n
such that fi%a,,; is minimal. Set ¢ = upr(a,;, B;) and va = fi}(a\ ¢) for a € A. Then v : 2 — [0, 1] is subad-
ditive and vd,, =1 — fie. By (d), there is a dy4+1 C dy, such that upr(dm+1,B;) = upr(dm \ dm+1,B:) =1
for every i <n and v(dy, \ dmy1) > 27" tvd,,; set
am+1’j = am]‘ U ((dm \ dm+1) \ C), am+17i = Qm; fOT 7 75 j

Note that

Riamt1y = A (@mt1,506) + 5 (@m41,5\ €) = Ajam; + i (dm \ dm+1) \ €)
= i+ V(o \ dn 1) 2 iy + 27" v,

n
_ —n— _ _ —n— 1 _
= 2770 ) 2 oy #2770 5 )
1=

because fij¢ = [i7a;,; was minimal.
Continue. At the end of the induction, if we set ~,, = E?:o L] @y for each m, we have
o Ym
Ym+1 Z Ym + 2= 1(1 - T“rl)
and

2—n—1
n+1

n4+1—Ymer < (n+1—9,)(1 -

for every m. As surely ~,, < n+ 1 for every n, lim,, yoo Ym =n + 1.

Set a; = sup,,cy mi for each i. Then fifa; = Sup,, ey fif Gmi for each i, s0 Y i fgfa; >n+1. Aspfl =1
for each 4, we must have ifa; = 1 for each i, that is, upr(a;,8;) = 1 for each 7.

Finally, because (dy,)men is non-increasing and for each m (am+1, \ @mi)i<n is a disjoint family with
SUD; <, Gmt1,i \ @mi € dm \ A1, We have apm; N @y = 0 whenever m € N and ¢ # j. So (a;)i<n is disjoint.
Thus we have found a suitable family.

(e) For i < nset € = (B;)e = {anb: b e B;}, so that € is an order-closed subalgebra of 2, and a
measurable algebra, We need to know that if d C a then
upr(d,€;) =inf{c:ce€ €;,d Cc} =inf{anb:be B,;, dC b}
=aninf{b:b e B;, d C b} = an upr(d,B;).

Of course 2, is nowhere measurable. By (d), we have disjoint ag, ... ,a, in A, such that upr(a;,&;) =a
for each 7. So

a = an upr(a;,B;) C upr(a;, B;) C upr(a,B;)

and upr(a, B;) = upr(a;, B;).
Next, for each ¢ we have a d; C a such that upr(d;,B;) = upr(a; \ d;,B;) = upr(a,B;), by (b). Set
d = sup,<,, d;. Then, for any i <n, d; Cd and a;\d C a\d. So

upr(a, B;) = upr(a;, B;) = upr(d;, B;) € upr(d,B;) € upr(a, B;),

upr(a,B,) = upr(a;, B,) = upr(a; \ dy, B,) € upr(a’d,B;)  upr(a, B,)
and upr(d,B;) = upr(a\ d,B;) = upr(a, B;), as required.
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547N Putting the concepts of o-measurable algebra and nowhere measurable algebra together, we have
the following.

Proposition If 2 is a non-trivial nowhere measurable o-measurable algebra, then &, can be regularly
embedded in 2.

proof (a) Let (B,)neny be a witnessing sequence of subalgebras of 2. Choose (ay)secs, inductively as
follows. Start with ag = 1. Given a, where o € {0,1}", use 547Me to find d C a, such that upr(d,B;) =
upr(a, \ d,B;) = upr(ay, B;) for every i < n; set ay~.os = d and a,~ 1> = a5 \ d.

Observe that upr(a,,B;) = upr(a,,B;) whenever ¢ C 7 in Sy and i < #(0).

(b) Write € for the algebra of open-and-closed subsets of {0,1}. Because ay = 1 and we always have
Gy <0>; Og~<1> disjoint with supremum a,, we have a Boolean homomorphism 7 : £ — 2 defined by
setting 7l, = a, for ¢ € S3. Because a, # 0 for every o, 7 is injective. The point is that 7 is order-
continuous. I Suppose that G C & has supremum 1g = {0, 1}, Then [ JG is a dense open subset of {0, 1}.
? If supgeg 7G # la, there are an n € N and a non-zero b € 9B,, such that bnwG = 0 for every G € G.
Now there is a o € {0,1}" such that bna, # 0. There must be a G € G such that GN I, # ), and a
7 extending ¢ such that I C G. In this case, a, C 7G and bna, = 0. It follows that b is disjoint from
upr(a,,B,) = upr(as, B,) and bna, = 0; contrary to the choice of o. X

Thus sup 7[G] = 1y whenever supG = 1¢. By 313Lb, 7 is order-continuous. Q

(c) Now & is an order-dense subalgebra of the regular open algebra RO({0,1}Y) (314Uc%). Because
2 is Dedekind complete, we have an extension of 7 to an order-continuous Boolean homomorphism from
RO({0, 1} to A (314Tb) which is still injective (313Xs®). Thus RO({0,1}") is regularly embedded in L.
But &, = RO({0,1}Y) (5150a), so &,, is regularly embedded in 2, as claimed.

5470 I come now to some less obvious properties of o-measurable algebras (547P, 547Q).
Lemma Let (2, i) be a probability algebra. Suppose that {as),ecs, is a family in 2 such that

U5 = A5~ <0> Y bg~<1> = SUPrcg, D0 Ar~<0> NAr~<1>

for every 0 € Sy. For A C S5 set ca = sup,¢ 4 Go-
(a) For every k > 1 and € > 0 there is an m € N such that

[(suprepgo,1ymir infoer ag) > fiap — €.

(b) For A, B C S5 I will say that A L B if o and 7 are incompatible whenever o € A and 7 € B. Now
for any € > 0 there are finite A, B C S such that A L B and fica, ficg are both at least fiag — e.

(c) For any € > 0 there is a sequence (A, )nen of finite subsets of Sy such that f(inf,enca,) > fap — €
and A,, L A, whenever m < n in N.

proof (a)(i) Note first that if m € N and o € {0,1}"™, then a, = sup{a, : ¢ C 7 € {0,1}"} for every
n > m. (Induce on n.) So if we set

bon = sup{a, na, : 7, 7" € {0,1}" are different extensions of o},
then b,,, C a, and
bon = sup{a, na, : 7, 7" € {0,1}" are different extensions of o}
= sup{a, Nay : v, v' € {0,1}""! and v|n, v'[n are different extensions of o'}
C sup{a, Na, : v, v’ € {0,111 are different extensions of o'}
= bon+1

for every n € N. As

Qg = SUP A7~ 0> Nlr~c1> = SUP  SUD  Ar~ 0> Narnc1s> © SUPbong,
720 neN 7110 neN
#(T)=n

SLater editions only.
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FL(ZG- = SUDPpeN ﬂbﬂn-
(ii) Induce on k. For k = 1 we can take m = 0. For the inductive step to k + 1 > 2, take [ such that

do = suprepqo,131r infer ar) has measure at least fiap — %6. For each o € {0,1} let m, > [ be such that

ﬂ(bamo) Z ﬂacf - 2_1_26-

Set m = sup,¢(o,1yt Mo Setting di = sup, o1yt bom.,

_ _ 1
N(a(a \dl) < § U(aa \bom) < 56-
ce{0,1}

Next, if we take any atom e of the subalgebra of 2 generated by {a, : 7 € {0,1}™} which is included in
dondy,
A={o:0€{0,1},ecCa,}={0:0€{0,1}}, ena, # 0}
has at least k members, and for each ¢ € A there are distinct 7, 7/ € {0,1}™ extending o such that

enar-Nnar #0and e Ca, Nnarr, so {T:7 € {0,1}™, e C a,} has at least 2k members, and e C inf c;a,
for some I € [{0,1}™]?*. As e is arbitrary,

SUPre[{0,1}m]k+1 infreyar D2dond
has measure at least jiap — €, and the induction continues.
(b) If ap = 0 or € > 1 the result is trivial, so suppose otherwise. Set n = %e > 0. Let £ > 1 be so large
that 27% < 5. By (a), there is an m € N such that jid > fiagp — 7, where
d = sup;e(fo,13mr nfoer ao-

Of course d C ay and fi(ag \ d) < n. Give {0,1}™ its usual probability measure v (254J), so that singleton sets
have measure 27™. Let E be the set of atoms of the subalgebra B of 2 generated by {a, : 0 € {0,1}™};
note that d € B and ¢4 € B for every A C {0,1}™. We see that if e € F and e C d then there is an
I € [{0,1}™]* such that en inf,er a, # 0, in which case

v{A: AC{0,1}™, enca=0}<v{A:ANT=0} <27k <y

SO

/ﬂ(d\cA)z/(dA): Z pe-v{A:ency =0}

ecE,ecd

< > mpe=npd<n
ecFE,ecd

and v{A: i(d\ca) > 2n} < % There is therefore an A C {0, 1} such that, setting B = {0,1}" \ 4, both
a(d\ ca) and i(d\ cp) are at most 27. But now A L B and both ficy and ficp are at least id —2n > fiap —e.

(c)(i) If e > 0 and A C Ss is finite there are finite B, B’ C S5 such that every member of BU B’ extends
a member of A, B 1 B’ and min(ficg, ficg’) > fica — €. B Let Ag be the set of minimal members of A;
because Sy is a tree, every member of A extends a member of Ay, so c4, = ca, while no two members of A
are compatible. For each 7 € Ay, we can apply (b) to (ar~s)ses, t0 see that there are finite B, B, C Sy
such that every member of B, U B, extends 7, B, L B! and

€

min(ficg, , ficp. ) > fia; — 1+#(A)’

that is,

€

I4+#(A)°

max(fi(ar \ g, ), fi(ar \ cpr)) <

Set B =, ca, Brs B' = U,ca, Br; these work. Q
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(ii) Now choose sequences (By)nen, (An)nen of finite subsets of So inductively such that By = {0}
and, for each n € N|

every member of A, U By, extends a member of B,,, A, L Bpi1,

fica, and ficp, ., are both at least ficg, — 27" 2e.

Then for each n > 0

ﬁ(cBn+1 n lnf CAi) > ﬁ(cBn n lnf cAi) - (ﬁcBn - ﬂCBn+1) - (ﬂcBn - ﬂCAn)
i<n <n
> i(ep, n infea,) —27" e,
<n

SO
fi(infien ca;) = fag — 357027 e = fuap — €.

Also an easy induction shows that B, 1 A; whenever i < n in N and therefore that A, 1 A; whenever
1< n.

547P Proposition (see KUMAR & SHELAH 17, 4.2) Let 2 be a o-measurable Boolean algebra. If € is
an order-closed subalgebra of 2 of countable Maharam type, there is a ¢ € € such that the principal ideal
€. has an e-h family (definition: 546F) and its complement €, is a measurable algebra.

proof (a) The result is trivial if A = {0}, so suppose otherwise. Let (B,)nen be a witnessing sequence
of measurable subalgebras of 2. For n € N let fi,, be such that (9, fi,) is a probability algebra. Take a
maximal disjoint set D C €1 such that €4 is measurable for every d € D. Set d* = sup D. By 547Ka, D is
countable; consequently €4+ is a measurable algebra (391C, 391X1). Set ¢ = 1\ d*.

(b) If ¢ = 0 then of course €. = {0} has an e-h family in which every term is zero. So suppose otherwise.
By the maximality of the set D in (a) above, €. has no non-trivial measurable principal ideal; in particular,
it is atomless. Since €. also has countable Maharam type (514Ed), there is a family (¢, )ses, in € such that
cp = ¢, €. is generated by {c, : ¢ € Sp} and

Comn<0> UConcl> = Coy  Conc0> NConcis =0

for every o € Ss.
For A C S set da = sup,c4 ¢o. Then dy ndp = 0 whenever A, B C S; and A L B in the sense of 5470.

(c) Forn € Nand o € Sy set & = upr(cy, By). Then gm =™y for every o € Sy (313Sb).

o~<0> - Yom<1>

Also

5‘(’n) € SUPres, 700 &(rnﬁ)<0> N 6(771)<1>
for every o € Sy. T Otherwise, since sup, 5, E(Twi)<0> N é(:i)<1> € B,,

€= o\ supo, &% o N
is non-zero. If 7 D ¢ and en & C ¢y, then
en E(Tyi)<0> =end™\ 6(rri)<1>
(because e n 6(:1)<0> N ég@<1> =0)
cencr\Crrcis> = ENCraco>

and similarly emé(:i)<1> CeNncr~c1>- So we see by induction on #(7) that end™ = enc; whenever

T2oO.
Now ©¢ = {enb : b € B,} is an order-closed subalgebra of . (314F(a-i) again) containing ené™

whenever o C 7 € S ; similarly, ©; = {en ¢’ : ¢ € €} is the order-closed subalgebra of 2. generated by
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{ene, 7€ St={enc,ne,: 7€ 82} C{enc, :0 C1 €S} U{0}
Clenéd™ :0CreS}U{0}CD

(see 313Mc). But this means that ©; is included in Do and is accordingly an order-closed subalgebra of
®p. Since Dy is the image of the measurable algebra B,, under an order-continuous homomorphism, it is
measurable (391Lc), so @ also is measurable (391La). Finally, ©; must be isomorphic to the principal

ideal of € generated by upr(e, €). So €. has a non-trivial measurable principal ideal, which we know is not
the case. XQ

(d) For n, k € N we can choose a partition (d,i;);jen of unity in €. such that bnd,i; # 0 whenever
beB,,bccand fi,b>2"% P Set

a =1\ upr(l\¢,B,) =sup{b:beB,,bcCc}

For o € So, set ay = anéy”) = upr(ancq,B,) (313Sc). Using (c) we see that

Ag = A5~ <0> Y bg~<1> = SUPreg, 100 Ar~<0> NAr~<1>
for every o € S5. For A C S5 set

da = sup,¢4 Co, dys=an upr(da, Bn) = Sup,ca 55,”)

(313Sb again). By 547Oc, applied in 9B,,, we have a sequence (A;) en of subsets of Sy such that A; 1 A
whenever j # j’ and finda; > fina — 27% for every j € N. Set

dnkj = dA]. fOI'j Z ]_7 dnkO = C\ SuijI dAj QdA(y

Then (dni;)jen is a partition of unity in €. If b € B,,, j € N, b C cand fi,b > 27F then bn upr(an da;,Bn) #
0 so bﬂdnkj 750 Q

(e) €. has an e-h family. B Take (dpi;)n,k jen from (d) above. Suppose that f : Nx N — N is a function
and that e € ¢, is non-zero. Take n € N, b € B,, and k € N such that 0 # b C e and 2% < fi,b. Then
0#bNdy i fnk) C €Nk fnk)- As eis arbitrary, ¢ = sup{d, i fnx) : (7, k) € Nx N}. As f is arbitrary,
({dnkj)jeN)n ken, suitably re-enumerated, is an e-h family in €. Q

547Q Lemma (see KUMAR & SHELAH 17, 5.1) Let 2 be a o-measurable algebra. Set A = max(w, 7o-m (1))
and x = non M(AY), where in this product \ is given its discrete topology. Then there is a family
(agn)e<wnen in A such that

whenever (dyo)men,ses, is a family in 2 such that

dmr C dpy r~q for every o € Sa, sup,cg, dmrro =1

for every 7 € S; and m € N, there is a £ < « such that

sup (dme N inf ag\ sup ag) =1
0'652( " i<#(o) ¢ i<#(o) EZ)
o(i)=1 o(i)=0

for every m € N.

proof (a) Let (B, ),en be a witnessing sequence for 2 with Y07 ( 7(B,) = A. Set X = {0,1}". For i € N,
set By ={z:z e X, z(i)=1}.

For each n € N such that 9B,, # {0} let u, be a Radon probability measure on Y;, = {0, 1}22x(1,7(%n))
with measure algebra isomorphic to B, (524U); when 9B, = {0} take p, to be the zero measure on
Y, = {0, 1}0 = {0}. In either case let fi,, be the associated measure on B,. For n € N and F € dom p,,
write m, E for the corresponding element of B,,. Let £ be the algebra of open-and-closed subsets of ¥ =
[Toen Yo = {0,1}; as A is infinite, #(£) = A. Then we have a Boolean homomorphism 7 : £ — 2 defined
by setting 7({z : z(n) € F'}) = m, F' whenever n € N and F' CY,, is open-and-closed (cf. 315I-315J).

Set Z = C(Y; X) with its compact-open topology (5A4I). Giving & its discrete topology, Z is homeo-
morphic to EY = \N (5A4Ib-5A4lIc), and there is a non-meager family (ge)e<w in Z. Write J for the proper
o-ideal
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{A:ACKk, {ge: £ € A} is meager in Z}
of subsets of k. Set
ag; = (g '[Ei])
for ¢ < k and i € N.
(b) Let (dimo)men,ces, be a family in A such that
dmr C dpy 7~o for every o € Sa,  sup,eg, dmrmo =1
for every 7 € Sy and m € N. For £ < k and m € N, set
eme = Usgé)2 (dmg n i<i#fa) agi \ ifil()o) agi).
o(i)=1 o (i)=0
(¢) We are approaching the heart of the argument. ? Suppose, if possible, that
Doy ={£: & <k, infreneme # 1}
does not belong to J.
(i) There is an m € N such that
Dy ={¢:eme # 1}
does not belong to J. For j € N, set
Cjo = infrefo,115 diprmo

for o € S. Then sup,¢g, ¢jo = 1. P Enumerate {0,1} as (r;)i<x. Take a € A\ {0}. Choose (a;)i<x and
(0:)i<k such that

ap = a, 00:®7

given that i < k, a; € A\ {0} and o; € S2, 0,41 € S is to be an extension of o; such that
aiy1 =a;Nd is non-zero; such an extension exists because sup,¢g, d =1

m,T; Oit1

At the end of the induction,

m,‘ri O'qu g

0#ar Cai1Cd

m, T o1 < m,T; o)
for every i <k, so ai C ¢jo,; as ar, C a, ancjy, # 0. As a is arbitrary, sup,cg, ¢jo = 1. Q

(ii) For £ € Dy choose be € |, e B such that 0 # be € 1\ epe; let n € N and € > 0 be such that
Dy = {€ : £ € Dy, bg € By, inbg > €} does not belong to J. For j € N and o € Sy, write ¢, for

upr(cjs,B,), and choose Hj, € dom p,, such that m,Hjs = ¢js. As sup,cg, ¢jo = 1 in B, |J Hj, is
un-conegligible. Because S is countable, there is a set K C Y,, such that

KcU

oES,

ves, Hjo for every j € N,

KNH;,, K\ Hj, are compact for every j € N and o € Sy,

K >1—e.

As K is compact and Hj, N K is relatively open in K for all j and o, we see that for every j € N there is a
finite set J; C Sy such that K C Uaer Hj,. Again because K N Hj, is relatively open in the compact set

K for each o € J;, we have a partition (Wj(,),,e_]j of Y, into open-and-closed sets such that K N W;, C Hj,
for every o € Jj.

(iii) For j € N, set

Gj={9:9€Z, g(2)(j +1) = o(i) whenever o € J;,
i <#(0), z€Y and z(n) € Wj,}.
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Because every W, is compact, G; is open in Z. Accordingly G = |J ien G is open. Moreover, G is dense
in Z. PP Suppose that U C Z is a non-empty open set. Take h € U. Then there is a 7 € N such that

Uy ={g: g '[Ei] = h '[E] for every i < j}

is an open neighbourhood of h included in U (5A4Ib-5A4lc again). So if we define g € Z by saying that, for
z€Y and i € N,

g(2)(i) = o(i—j)if o € Jj, j <i < j+#(0) and z(n) € W,
= h(2)(¢) otherwise,
we have a member of G;NU; CGNU. Q

(iv) As Dy ¢ T, {g¢ : £ € Dy} cannot be nowhere dense and there is a £ € Dy such that g € G. Let
j € N be such that g¢ € G;. For 7 € {0,1}7, o € S5 set

a, = inf ag\ sup ag, b, = inf agjp\ sup ag ;i
i<j i<j i<#(o) i<#(o)
7(i)=1 7(i)=0 o(i)=1 o (1)=0

T

Because finbe + finmn K > 1, benmp K # 0. Now K C Uaer
b= bg ﬂTl’n[K N Wja] }é 0. Note that b € %n As KN ng - Hja7

Of course sup ¢ 135 ay = 1.
Wjs so there is a o € J; such that

bC mpHjo = Cjo = upr(cjo, By)
and bncj, # 0.
As ge € G, ge(2)(j + i) = o(i) whenever z(n) € Wj, and i < #(0), that is,
whenever i < #(o) and o(i) = 1, ggl[Ej_H»] D {z:2(n) € Wj,} and ag j+i; 2 71 Wijs,
whenever i < # (o) and o(i) = 0, ggl[Ej_H»] N{z:z(n) € Wj,} =0 and ag j+;, N7, Ws =0,
so m,Wie C b and b C bl.. Thus be nb, Ncj, # 0.
We have
eme = Sup (dpmo N inf  ag; | sup  ag;
" UGSQ( " i<#(v) ¢ i<#(v) ¢ )
v(i)=1 v(i)=0
2 sup dy e N ( inf agn inf ag,jﬂ-) \ ( sup ag; U sup a57j+i)
re{0,1} i<J i<#(0) i<j i<#(0))
T()=1 o(i)=1 7(3)=0 o (i)=0
= sup dy,~,na.nb,2> sup cjona,nb, =cj,nb.
re{0,1}7 re{0,1}7
S0 bg Neme # 0. But we chose be to be disjoint from e,,¢e. X
(v) We conclude that Dy € J.

(d) In particular, Dy # k and there is a £ < k such that e, = 1 for every ¢, as required.

547R Theorem Suppose that X is a set and Z is a proper o-ideal of subsets of X such that the quotient
algebra 20 = PX/7 is atomless and o-measurable. Then 7,.,(2) > add Z.

proof (a) Write x for addZ and A for max(w, 7,.m(2)). As & is surely infinite, it will be enough to show
that x < A. For the time being (down to the end of (g) below), suppose that 2 is nowhere measurable and
that there is a disjoint family (Ye)e<, in 7 with union X. Set J = {J : J C &, Uge; Ye € T}; then J is a
proper wi-saturated o-ideal of Pk containing singletons and add J = k. Accordingly x is quasi-measurable.
Set € = {(U&J Ye)* : J C k}; then € is a o-subalgebra of 2, so is order-closed in 2, because 2 is ccc. Also
C=Pkr/J.

(b) £ < nonN. P By 547N, &, can be regularly embedded in 2, so 546I(a-ii) gives the result. Q Tt
follows that € = Pr/J is atomless (541P).

MEASURE THEORY



547S Cohen algebras and o-measurable algebras 63

(c) € has a countably generated order-closed subalgebra © which is not measurable. ¥ Because 2
satisfies Knaster’s condition, so does € (516Sa). By 516V, € has an atomless countably generated order-
closed subalgebra € say. If € is not measurable, we can stop. Otherwise, non A" < x (5461(a-i-3), applied to
k and J). So k = non N and 5461d tells us that € has a countably generated order-closed subalgebra which
is mot measurable. Q

(d) non M < k. P D is a countably generated order-closed subalgebra of 2 which is not measurable. By
547P, there is a non-zero d € ® such that the corresponding principal ideal of © has an e-h family, which is
still an e-h family in the principal ideal €, of €. By 5461Ib, applied to x and J, non M < k. Q

(e) m(2) is uncountable. I* 2 was set up as a power set o-quotient algebra, so cannot be isomorphic to
&, by 547G. But 2 is atomless, Dedekind complete and not {0}, so by 5150a once more it cannot have
countable m-weight. Q

(f) kK <nonM. P Let (B,)nen be a sequence witnessing that 2 is o-measurable. Because 7w(2) > w,
there is an n € N such that 7(8,,) is uncountable (547Kf) and 9B, is not purely atomic; let b € B,, be such
that the corresponding principal ideal is atomless. Now the principal ideal 2, of 2 is o-measurable (547Kd)
and has an order-closed subalgebra 9B, N2, which is atomless and measurable. At the same time, if £ C X
is such that E* = b, 2, 2 PE/I NPE, so 546I(a-i-a) tells us that non M > add(ZNPE) > k. Q

Thus k£ = non M.

(g) ? Suppose, if possible, that A < k. Because k is quasi-measurable, there is a family A of countable

sets which is stationary over A and has cardinal at most A (542K). Set = non M(AY), where A here is
given its discrete topology. By 5A4J,

6 < max(A, non M) = k.

By 547Q), there is a family (a¢pn)e<o nen such that
whenever (dpo)men,ces, 1S a family in 2( such that

dmr C dpy 7~o for every o € So,  sup,eg, dmrmo = 1

for every 7 € Sy and m € N, there is a £ < 6 such that

sup (dmo 1 Juf aei\ sup aei) =1
o(i)=1 o (i)=0
for every m € N.
But this contradicts 5461c, because # < non M. X
Accordingly k < A, as required.

(h) Thus we have the result when X is itself a union of x members of Z and 2 is nowhere measurable.
If 2 is not nowhere measurable, that is, there is an a € 2\ {0} such that A, is measurable, take A C X
such that A* = a, and consider Zy = ZNPA. Then PA/T, = 2, is an atomless measurable algebra. By
the Gitik-Shelah theorem (543E), 7(2,) > add Z4. But now

k<addZy < 7(A) = Toom(Aa) < Toom (A) < A
(547Kd, 547Kc), so k < A in this case.

(i) So we need consider only the case in which 2 is nowhere measurable, but perhaps X is not itself a
union of x members of 7.

Again let (Y¢)e<, be a family in 7 such that Y = (J._, Y does not belong to Z, and set b = Y* € 2.
Then Zy = Z N PY is a proper wi-saturated o-ideal of subsets of Y and addZy = &, while 2 = PY/Zy
is isomorphic to 2. So 2’ is non-trivial, atomless, o-measurable and nowhere measurable with 7,_, (') <
Tom () (547Kd again). But now (a)-(g) tell us that add Zy < 7,.m(2’) so that £ < X in this case also. This
completes the proof.

547S Corollary If a non-zero o-measurable algebra 2 is also an atomless power set o-quotient algebra,
then there is a quasi-measurable cardinal less than 74, ().

proof Let X be a set and Z a o-ideal of subsets of X such that 2 = PX/Z. Then Z must be a proper
wi-saturated ideal (547Ka), so add Z is quasi-measurable (542B); but 547R tells us that addZ < 7, ().
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547X Basic exercises (a) Show that a power set o-quotient algebra with countable m-weight is purely
atomic.

(b) Show that the simple product of a countable family of o-measurable algebras is o-measurable.

(c) Let A be a o-measurable algebra. Show that if a cardinal & is a precaliber of every probability algebra
it is a precaliber of 2.

(d) Let 2 be a o-measurable algebra. Show that 7,.,(2) is at most 7(2).

(e)(i) Show that every o-measurable algebra is chargeable (definition: 391Bb). (ii) Show that a weakly
(0, 00)-distributive o-measurable algebra is measurable.

(f) Let 2 be a Dedekind complete Boolean algebra, and suppose that there is a finite family B of order-
closed subalgebras of 2 such that every member of B is a measurable algebra and (JB is order-dense in 2.
Show that 2[ is a measurable algebra. (Hint: show that 2 is weakly (o, 0o)-distributive.)

(g) Show that a o-measurable Maharam algebra is a measurable algebra.

(h) Suppose that T is a Souslin tree (5A1Ed). Show that its regular open algebra ROT(T) is not o-
measurable.

(i) Let 2 be a o-measurable algebra and 9B an order-closed subalgebra of 2 which is o-measurable. Show
that 7 (B) < 7o-m(A). (Hint: reduce to case in which A is infinite and B is a homogeneous measure
algebra with standard generating family (e¢)e<,; take a witnessing sequence (B,)nen for 2 and for £ <
choose d¢ € | J,,cy Brn with 0 # de C eg; show that #({{ : de € B, }) is at most the topological weight of the
metric space B,,.)

547Y Further exercises (a) Let 2 be a measurable algebra, % a Boolean algebra, € the Dedekind
completion of A ® B, and © an order-closed subalgebra of €. Show that 7(9) < max(w, 7(2), 7(B)).

(b) Let A be a o-measurable algebra. Show that there is a unique a € 2 such that the principal ideal 2,
has an e-h family and every countably generated order-closed subalgebra of ;. is a measurable algebra.

(See 5390.)

(¢) Show that if x is an infinite cardinal less than w,, and we give k its discrete topology, then
non(M (k")) = max(x,non M). (See 5A4J.)

(d) Suppose that X is a set, Z is a proper o-ideal of subsets of X and PX /T is weakly (o, co)-distributive.
(i) Show that addZ # b. (ii) Show that addZ # cfd. (See 544N.)

547Z Problems (a) Can &, be a power set o-quotient algebra?

(b) Can there be a power set o-quotient algebra 2l such that ¢(2) = w and 7(2A) = w1? Note that there
seems to be no obstacle to an atomless ccc power set o-quotient algebra having Maharam type w (555K).
Similarly, it is generally supposed that it is possible for a power set o-quotient algebra to have m-weight w;

(FOREMAN 10, Theorem 7.60).

(c) Let 2 be a non-purely-atomic Maharam algebra with countable Maharam type. Can 2[ be a power
set o-quotient algebra? What about algebras constructed as in 394B-394M?

(d) Find a o-measurable algebra with an order-closed subalgebra which is not o-measurable.
(e) Is there a o-measurable algebra 2 such that 7(2) < 7., (2A)?
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547 Notes and comments The general message of the work here seems to be that ‘standard’ algebras
cannot be power set o-quotient algebras (though see 555K). It is true that the algebras we are most interested
in can be expressed as order-closed subalgebras of power set o-quotient algebras (546Xa), but this is too
easy to be useful. If there are no quasi-measurable cardinals, of course, this section becomes redundant.
The point is that 547G, like 546E, is a theorem of ZFC; and, as I explained in the notes to §541, I think it
worth exploring worlds in which there are quasi-measurable cardinals.

All the results as stated in 543F, 547G and 547R depend on moving from a power set o-quotient algebra
to an order-closed subalgebra which is a normal power set o-quotient algebra. If we start from a measurable
algebra, the subalgebra will again be measurable, with Maharam type no greater than that of the original
algebra; this is why 543E implies 543F. For category algebras this doesn’t work in the same way, because
an order-closed subalgebra of &,,, for instance, can be very different in character. (For examples see
KOPPELBERG & SHELAH 96 and BALCAR JECH & ZAPLETAL 97.) So only 547G can be directly deduced
from 547F.

I have every hope that there is a great deal more to be said about the questions here, but I have to
confess that I have no idea which way to go. The problems in 5477 seem to me natural ones, but I don’t
know whether they will turn out to be useful. Looking at 5461 and the argument of 547R, it seems that
it might be worth asking whether, for our favourite ccc power set o-quotient algebras 2, we can describe
the types — for instance, the combinatorial properties — of quasi-measurable cardinals which can appear as
values of add Z arising in an expression of 20 as PX/Z. (See 547Yd.) Note that as it seems that there can be
a proper class of two-valued-measurable cardinals, and as every two-valued-measurable cardinal corresponds
to a representation of the algebra {0,1} as a normal power set o-quotient algebra, we do not expect any
upper bounds on the complexity of the quasi-measurable cardinals arising in this way.

Version of 30.6.21

548 Selectors and disjoint refinements

We come now to a remarkable result (548C) which is a minor extension of the principal theorem of KUMAR
& SHELAH 17. This leads directly to 548E, which is a corresponding elaboration of the main theorem of
GITIK & SHELAH 01. Both of these results apply to spaces whose Maharam types are not too large, so give
interesting facts about Lebesgue measure not dependent on special axioms (548F). A similar restriction on
shrinking number leads to further results of this kind (548G-548H) which are not necessarily applicable to
Lebesgue measure. If we choose an easier target other methods are available (5481-548K).

Notation will follow that of §§546-547; in particular, I will speak of o-measurable algebras and the
associated cardinal function 7,_, (547H). As usual, T write A/ () for the null ideal of a measure pu.

548 A Lemma Let X be a set, Z a o-ideal of subsets of X, (Y., Th, vn))nen a sequence of totally finite
measure spaces and {f,)nen a sequence of functions, each f,, being an injective function from a subset of
X to Y,. Suppose that for every A € PX \ Z there are an n € N and an F' € T,, such that v, F > 0 and
F C f,[A]. Then A = PX/T is o-measurable and 75, (A) < max(w,sup, ey 7(Vn))-

proof (a) Because Z is a o-ideal of PX, 2 is Dedekind o-complete and the quotient map A +— A* : PX — A
is sequentially order-continuous (313Qb).

(b) For each n € Nset &, = {F : F € T, f,}[F] € Z}. Then &, is closed under countable unions so
there is an F,, € &, such that v, (F \ F},) = 0 for every F € &, (215Ac). Set v, F = v, (F \ F,,) for F € T,
and

¢ ={(f ' [F]): FeT,} C,

so that v/, is a totally finite measure with domain T,, and €, is a o-subalgebra of 2.

The map F ~ (f,}[F])* : T,, — €, is a surjective sequentially order-continuous Boolean homomorphism,
and v}, is zero on its kernel. We therefore have a functional i, : €, — [0, oo defined by saying that ¢ = v, F'
whenever ¢ € €, F € T,, and ¢ = (f, ![F])*, and 7, is o-additive because v/, is.

(©) 2016 D. H. Fremlin

D.H.FREMLIN



66 Real-valued-measurable cardinals 548A

(c) If a € A\ {0}, let A € PX\Z be such that a = A*. Then Ay = A\ U,y f5 ' [F] does not belong to
T, so there are an n € N and an F' € T, such that v, F > 0 and F C f,,[A1]. As f, is injective, f,, 1[F] C Ay;
as FNF, =0, v, F > 0. Consider ¢ = (f,*[F])*. Then ,c = v),F > 0 while

cCA}=A=a.
Thus all the conditions of 547L are satisfied by 2 and ((€,,, ¥, )nen), and 2 is o-measurable, with 7, () <
max(w, sup, ey 7(Cn /7, [{0}]))-

(d) Next, 7(€, /0, 1[{0}]) < 7(v,) for every n € N. PP Write B,, for the measure algebra of v,, and let
B C B, be a T-generating set with cardinal 7(2%,,) = 7(v,). Now we have a set B C T,,, with cardinality
7(vy), such that B = {F* : F € B}. Let T’ be the o-subalgebra of T,, generated by B; then {F*: F € T'}
is a o-subalgebra of B,, including B. Because B, is ccc, {F* : F € T’} is order-closed and is the whole of
B,,. Thus for any F € T,, there is an F’ € T’ such that v, (FAF’) = 0.

Now consider ® = {(f,;}[F])* : F € T'}. This is a o-subalgebra of €,,. If ¢ € €, there is an F € T,, such
that ¢ = (f,,1[F])* and an F’ € T’ such that v,(FAF') = 0. Of course v/,(FAF') = 0 so Dp(cAc) =0
where ¢ = (f;}[F])* € ©. This means that the image of ® in €, /2, 1[{0}] is the whole of &, /7, }[{0}].

Because T’ is the o-subalgebra of itself generated by B, © must be the o-subalgebra of itself generated
by D = (f;1[F])* : F € B}. But now €, /9, 1[{0}] is the o-subalgebra of itself generated by the image of
D, and

(€ /07 [{0}]) < #(D) < #(B) =7(vn). Q
(e) It follows that

Tom () < max(w, sup, ey 7(€n /7 [{0}])) < max(w, sup,en 7(va)),

as claimed.

548B The next argument will go more smoothly if we know the following not-quite-trivial fact.

Lemma Lat (X, 3, 1) be a probability space and (X;);cy a partition of X. Then p can be extended to a
probability measure v measuring every X; and with Maharam type 7(v) < max(w, 7(u)).

proof By 214P, there is a measure A on X, extending , such that A(ENJ,.,, X;) is defined and equal to
(BN, X;) for every E € ¥ and n € N. In particular, |J,., X; is measured by A for every n, so X,
also is. Let v be the restriction of A to the g-algebra T of subsets of X generated by ¥ U {X; : i € N}; then
v is a probability measure extending p and measuring every X;.

Let 21, 98 be the measure algebras of 4 and v, and for E € ¥, F' € T write E*, F° for their images in 2,
B respectively. There is a subset B of the measure algebra 2 of u such that #(B) = 7(u) and B 7-generates
2. Choose B C ¥ such that B = {E* : E € B} and #(B) = #(B), and take T’ to be the o-algebra of subsets
of X generated by BU{X; : i € N}. Then T'NY is a o-subalgebra of ¥ so its image 2’ C 2 is a o-subalgebra
of 2 including B. Because 2 is ccc, 2’ is a closed subalgebra of 2 and must be the whole of 2. But this
means that for every E € X there is an £’ € T N X such that 0 = u(EAE') = v(EAE"). Moving now to
B, we see that B’ = {F° : F € T'} is the o-subalgebra of B generated by {F° : F € B} U{X,” :i € N}.
As B’ contains E° for every E € %, it is in fact the whole of 9B, so

T(v) =7(B) < #(BU{X; :i € N}) < max(w, #(B)) = max(w, 7(1)).

548C Theorem (see KUMAR & SHELAH 17) Suppose that (X,3, ) is an atomless o-finite measure
space and that there is no quasi-measurable cardinal less than the Maharam type 7(u) of p. Let R C X x X
be an equivalence relation with countable equivalence classes. Then there is an R-free set (definition: 5A1Jd)
which has full outer measure in X.

proof (a) If uX = 0 this is trivial, as we can take the empty set; suppose otherwise. As p is atomless,
7(p) is infinite. There is a probability measure on X with the same measurable sets and the same negligible
sets as p (215B); this will have the same quotient algebra /N and the same Maharam type, so we may
take it that p itself is a probability measure. By 5A1J(e-i) there is a partition (X;);en of X into R-free
sets. By 548B there is a probability measure on X extending p, measuring every X; and with the same
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Maharam type; as extending the measure never increases the outer measure of a set, we can suppose that
this extension has been done, and that every X; is measured by u. Completing p does not change the sets
of full outer measure (212Eb) or the measure algebra (322Da), so we may suppose that u is complete.

For each i € N, set f; = RN (X x X;); then f; : R[X;] — X; is a function which is injective on every Xj.

(b) Suppose that we are given Y, A C X such that p*A > 0. Then there is a B C A such that u*B > 0
and p* (Y \ R[B]) = p*Y. P? Otherwise, take v; to be the subspace measure on Y N X; for each ¢ € N, and
set Z={B: B C A, u*B = 0}, the null ideal of the subspace measure on A. Then 7 is a proper o-ideal of
PA. Because p is atomless, Z contains every singleton subset of A.

Take any B € PA\ Z. We are supposing that p*(Y \ R[B]) < p*Y. If G is a measurable envelope of
Y\ R[B], p*(Y \ G) > 0 and there is an i € N such that x*(Y N X;\ G) > 0, in which case F =Y N X, \ G
belongs to the domain of v; and v, F > 0. At the same time, F C R[B] N X;, so if y € F there is an x € B
such that (x,y) € R and f;(z) = y; that is, F' C f;[B].

Accordingly A, Z, ((Y;,vi))ien and (fi[A);en satisfy the conditions of 548A and A = PA/Z is o-
measurable, with

To-m () < max(w, sup;ey 7(v;)) < max(w, () = ().

(For the second inequality, note that as p is a probability measure v; is totally finite and 7(v;) < 7(u) for
every ¢ € N (521Ff).) Also PA/T is atomless, because if C' € PA\ Z the subspace measure on C is totally
finite and atomless (214Q), so there is a C/ C C such that neither C’ nor C'\ C’ is p-negligible. So 547R
tells us that 7,1, (2A) > addZ. But PA/Z, being o-measurable, is ccc, so Z is wi-saturated, and add Z is
quasi-measurable and less than 7(u), contrary to hypothesis. XQ

(c) Now suppose that Y, A C X and A is R-free. Then there is a B C A such that p*B > %,u*A and
w*(Y\R[B]) = u*Y. P? Otherwise, let B be the family of those sets B C A such that p*(Y'\ R[B]) = p*Y,
and choose (Bp)nen, (Yn)nen inductively, as follows. By = ). Given that B,, € B, set vy, = sup{u*B : B,, C
B € B} and choose B,,11 such that B,, C B,+1 € B and p*B,41 > 7, — 27 ™. Continue.

At the end of the induction, set C' = |J,cy Bn- As B, € B, our counter-hypothesis declares that
wB, < %M*A for every n; as (B )nen is non-decreasing, u*C < pu*A. Let E € ¥ be a measurable envelope
of C; then A\ E is non-negligible. Set Y’ =Y \ R[C]. Applying (b) to Y and A\ E, we see that there is a
B C A\ E such that u*B > 0 and p*(Y'\ R[B]) = u*Y’. As A is R-free and BNC =0, R[B]NR[C] =0
(5A1J(e-ii)).

There must be an n € N such that p*B,,4+1 +27" < u*B,, + u*B. Now

W (BaUB) = 1 (Ba UB) N E) + 4" ((Ba UB) \ E)
=u'By+p*B>p*Bpi1 +27" > v,

So B, UB ¢ B and p*(Y \ R[B, U B]) < ¢*Y. Let F' € ¥ be the complement of a measurable envelope of
Y\ R[B,,UB]J, so that Y N F is non-negligible and included in R[B, UB] = R[B,]UR[B]. As R[B,] C R[C],
Y'NF C R[B]. Since p*(Y'\ R[B]) = p*Y’, YN F must be negligible. We are supposing that x is complete,
so F' = F\'Y’ belongs to ¥ and p(Y N F’) > 0. But

Y NF' C (R[By]UR[B]) N R[C] = R[By],
so u*(Y'\ R[By]) < u*Y’; which is not so, because B,, € B. XQ
(d) Fix on a sequence (k,)nen running over N with cofinal repetitions, and choose a sequence (A )nen
of subsets of X inductively, as follows. The inductive hypothesis will be that pu*(X \ R[A,]) = 1 and that

A, is R-free. Start with Ay = (). Given A,,, choose a measurable envelope G for X} N A, and apply (c) to
find a B C Xy, \ (G U R[A4,]) such that 4*B > 24*(Xy, \ (G U R[A,])) and

1 (X \ R[A,]) \ R[B]) = (X \ R[A,]) = 1.
Set A1 = A, UB. As A,, and B C X}, are R-free and B is disjoint from R[A,], A, 41 is R-free, and the

induction continues.

We also see that, whenever k, n € N and k,, = k, there is a measurable envelope G of X N A,, such that
Apii\ An C X\ G and p*(Api1 \ An) > %,u*(Xk \ (GU RI[A,))). So
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P (Anp1 N Xg) = " (Anp1 N X NG) 4+ p" (App1 N Xk \ G)
= 1" (An N Xg) + 1" (Any1 \ An)

> 1% (An 0 X5) + 517 (Xe \ R[4,]) \ G)

x 1
= 1 (An N Xp) + 5 Xy \ G)
(because X \ R[A,] has full outer measure and Xy, \ G is measurable)

* 1 * 1 *
= 1 (An N Xp) + 50Xy — p"(Xe 0 An)) = 5 (X + 17 (An N X))

But since {n : k, = k} is infinite, we see that lim, o, pt* (A, N Xk) = pXk; and this is true for every k € N.

(d) At the end of the induction, A = J,,cy An is the union of an upwards-directed family of R-free sets
so is R-free. Also, because (X )kren is a partition of X into measurable sets,

WA= o (ANXy) =Y rs o limy oo (A N X)) = D00 o u Xk = 1.

So we have found an R-free set of full outer measure.

548D Lemma Let (X, X, 1) be a measure space. Then the following are equiveridical:

(i) whenever (A, )nen is a sequence of subsets of X there is a disjoint sequence (A! ), cn of sets such that
Al C A, and p*(A]) = u*(A,) for every n € N;

(ii) whenever (A,),en is a sequence of subsets of X there is a set D C X such that p*(4, N D) =
w* (A, \ D) = p*A, for every n € N.

proof (a) If (i) is true and (A, )nen is a sequence of subsets of X, set Ba, = Bap41 = A, for every
n € N, and take a disjoint sequence (B])nen of sets such that B], C B, and u*B] = u*B, for every
n. Set D = {J,cn By then p*(A, N D) > p*By, = p*A, and p*(A, \ D) > p*By, 1 = p*Ap, so then
w* (A, N D) = p*(A, \ D) = u*A,, for every n € N.

(b) If (ii) is true and (A, )nen is a sequence of subsets of X, choose (D, )nen inductively so that
M*(Am NnD, \ Ui<n Dl) = p*(Am \ Uign Di) = U*(Am \ Ui<n Dl)

for every m, n € N. Then in fact p*(A, N Dy \ U, Di) = p*Ap for all m and n, so if we set A] =
An N Dy \ U, <, Di for each n, we see that (A )ncn is disjoint and p*A;, = p* A, for every n € N.

548E Theorem (see GITIK & SHELAH 01) Let (X, X, 1) be an atomless o-finite measure space such
that there is no quasi-measurable cardinal less than the Maharam type of u. Then for any sequence (A, )nen
of subsets of X there is a disjoint sequence (A! ), en such that A}, C A, and p*A], = p*A, for every n € N.

proof For each n € N let v, be the subspace measure on A,; set Y = |J,cyAn X {n} and give Y the
o-finite direct sum measure v, so that vE = " v, (E~'[{n}]) whenever E CY is such that E~'[{n}] is
measured by v, for every n. Then the Maharam type of v is at most Y~ 7(v,)) < max(w, 7 (1)) (521G,
521Ff), so there is no quasi-measurable cardinal less than 7(v). Also every v, is atomless (214Q again) so
v is atomless (214Xh).
Let R be the equivalence relation
{((x,m),(z,n)) :m,neN z€A,NA,} Y xY.
By 548C, there is an R-free set A C Y of full outer measure in Y. Set A}, = {x : (x,n) € A} for each n.
Then (A )nen is disjoint and
A =vi AL = v (AN (A, x {n})) =v(A, x {n}) = v, A, = p*A,

for every n, as required.
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548F Corollary Let pu be Lebesgue measure on R.

(a) Let X be a subset of R and ~ an equivalence relation on X with countable equivalence classes. Then
there is a subset of X, with full outer measure for the subspace measure on X, which meets each equivalence
class in at most one point.

(b) Let (A, )nen be any sequence of subsets of R. Then there is a disjoint sequence (A} )nen such that
Al is a subset of A,,, with the same outer measure as A,,, for every n.

(c¢) Let (Ap)nen be any sequence of subsets of R. Then there is a D C R such that p*(4, N D) =
w* (A \ D) = pu*A, for every n € N.

proof For (a)-(b), apply 548C and 548E, noting that the measures here have countable Maharam type and
that there is surely no quasi-measurable cardinal less than w. For (c), use 548D.

548G The point of the formulation of 548C-548E in terms of Maharam types is that we get non-trivial
corollaries which are valid in ZFC, just as we did in 547G. With other hypotheses involving quasi-measurable
cardinals we can get further results, as in the following.

Lemma Let (X,X, 1) be a totally finite measure space in which singleton sets are negligible and suppose
that there is no quasi-measurable cardinal less than or equal to the shrinking number shr N'(u). Then for
any A C X there is a disjoint family (A¢)e<w, of subsets of A such that p*A. = p*A for every £ < ws.

Remark 548C-548E refer to atomless measure spaces rather than those in which singletons are negligible.
Of course singletons are negligible in any atomless totally finite measure space (215E).

proof (a) Let &£ be the set of those F' € ¥ such that uF > 0 and there is a disjoint family (Bg)ecw, of
subsets of F'N A such that p*Be = pF for every £ < wy. Then whenever E € ¥ and p*(E N A) > 0 there is
an F € € included in E. P There is a B C E'N A such that #(B) < shr M (u) and p*B > 0. Consider the
ideal N of negligible subsets of B. This is a o-ideal containing every singleton set; as #(B) is not quasi-
measurable, A/ cannot be w;-saturated and there is a disjoint family (C¢)e<y, of non-negligible subsets of
B. For each { < wi let E¢ C E be a measurable envelope of C¢ and a¢ = E¢ the corresponding element in
the measure algebra 24 of y. For § < wy set be = sup, ¢ ay; then (bg)e<y, is non-increasing. As 24 is ccc,
there is a ¢ < w; such that b = b whenever ¢ < & < w;. Write b for b¢; of course b2 a¢ is non-zero, and
also b C E°.

If £ < wy there is an n¢ < w; such that SUPe<y<pe Oy = be 2 b. Let f : wi — wi be a strictly
increasing function such that f(§ + 1) = 7y for every £ < w;. Consider Be = Uf(£)§n<f(§+1) Cy, Fe =
Use)<n<pesr) En for & < wi. Then (Bg)ecw, is disjoint, F is a measurable envelope of B for each ¢
(132Ed), and F? = supg(¢y<y< f(e41) @y 2 b. So if we take F' € ¥ such that F' C E and F'* = b, (FNBe)ecay
is a disjoint family of subsets of F'N A witnessing that F' € £. Q

(b) Let (Fj)ier be a maximal disjoint family in &; set G = X \ J;c; Fi. Then I is countable and G € X.

By (a), GN A must be negligible. For each ¢ € I, choose a disjoint family (Bj¢)e<w, of subsets of F; N A such
that p* B = pl; for every €. Set A¢ = (J;o; Bie for each . Then (Ag)e<y, is a disjoint family of subsets
of A. Now, for each & < wq,

PWASY pFi=> pBie=Y p(AcNF)=>Y pa(A:NF)
i€l il il icl
(where 14, is the subspace measure on Ag)
SpacAe = ptAe < ptA
and we have p*A = p*Ag, as required.
Remark For cases in which one of the hypotheses

‘there is no quasi-measurable cardinal less than 7(u)’,

)

‘there is no quasi-measurable cardinal less than or equal to shr V()

is satisfied and the other is not, see 548Ya and 555Yg.
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548H Proposition Let (X, X, i) be a totally finite measure space. Suppose that for every A C X there
is a partition (Ag)e<,, of A such that p*As = p*A for every £ < wi.

(a) If R is an equivalence relation on X with countable equivalence classes, there is an R-free set with
full outer measure.

(b) For any sequence (A, )nen of subsets of X there is a disjoint sequence (A} )nen such that A), C A,
and p*A! = u* A, for every n € N.

(¢) For any sequence (A, )nen of subsets of X, thereisa D C X such that u*(A,ND) = p*(A,\D) = u*A,
for every n € N.
proof (a) By 5A1J(e-i), there is a partition (X, )nen of X into R-free sets. Now we can choose inductively
a sequence (Ay)nen of sets such that A, C X, \ U,.,, R[Ai] and p*A,, = p* X, for every n, while p* (X \
Uicn RIA]) = p*X; whenever j > n. P Given (4;);<, write Bj, = X; \ U,., R[Ai] for j € N and
choose a partition (C¢)¢<w, of Byy such that p*Ce = p* By, for every £ < wi; by the inductive hypothesis,
w*Ce = p* X, for every {. Now for any j € N, (R[C¢|)e<w, is disjoint (5A1J(e-ii)), so u*(Bjn\R[C¢]) = p*Bjn
for all but countably many & (5210d). There is therefore a £ < wq such that p*(Bj, \ R[C¢]) = p* B, for
every 7 € N. If j > n, then

15 (X5 \ (R[Ce] U, RIA])) = ¥ (Bjn \ R[C¢]) = p*Bjn = p*X;
by the inductive hypothesis; so if we set A,, = C¢ the induction will continue. Q
At the end of the induction, we see that A,, is R-free and A, NJ,_,, R[A;] = 0 for every n,s0 A = |, ey An
is R-free. And because X = UneN X, and p*A, = p* X, for every n, A has full outer measure. P If F €

and pF' > 0, there is an n € N such that p*(F N X,) > 0; moving to the subspace measure px, on X,
ux, (FNX,)>0so

0< i (FNA)=p"(FNA,)
(214Cd)
SuH(FNA). Q

(b) As in the proof of 548E, we can apply (a) to the direct sum measure v on Y = |J, o An X {n},
though this time we take the measure on A,, to be v, = 27" puy4, in order to ensure that v is totally finite.
Of course we have to check that the hypothesis of this proposition is satisfied by (Y,v), but this is easy.
Now we can use the same equivalence relation R on Y as in 548E, and if A C Y is an R-free set of full outer
measure the last line will read

wrAL=2"pr Al = 2" (AN (4, x {n}) =2"v(4, x {n}) =2"v, A, = A,
for every n.

(c) This now follows from (b) by 548D.

5481 I do not know how far we can hope to extend 548H(b-c) to uncountable families in place of (A, )nen.
If in place of

(A, N D) = p* (A, \ D) = p* A,
we ask rather for

min(p*(A, N D), p* (A, \ D)) >0
we are led to rather different patterns, as follows.

Proposition Let (2, i) be a probability algebra and k a cardinal. Then the following are equiveridical:

(i) k < w(Ay) for every d € AT = A\ {0}, writing 24 for the principal ideal generated by d;

(ii) whenever A C A" and #(A) < k there is a b € 2 such that anb and a \ b are both non-zero for every
a€ A

proof (a) Suppose that (i) is false; that there are a non-zero d € 2 and an order-dense set A C AT such
that #(A) < k. If b e A and bnd = 0 then anb = 0 for every a € A; if bnd # 0 then there is an a € A
such that a C bnd and a\ b= 0. So A witnesses that (ii) is false.
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For the rest of the proof, therefore, I suppose that (i) is true and seek to prove (ii).

71

(b) We need an elementary calculation. Let (¢;);<, be a stochastically independent family in 2 such that

pic; = vy for every i < n, where 0 < v < 1. Suppose that a € A and that
sup,.,, ilan ¢i) < Byiia
where 8 < 1. Then n < (
P In L*(2A, i) set

1-8)2vyia’

ei = /T x(1\ ) — /5 hxe

for each i < n. An easy calculation shows that (e;);<, is orthonormal. Next, for each i,

(eilxa) = \/IM(G \¢i) — ﬁu(a ne;)
> \/I (Ra — Bypia) — \/?ﬂwa

- L (y(jia — Byiia) — (1 — )Bvjia)

Y(1=7)
. 1 _ . _
By 4A4Ji,
fia = |Ixall3 > 32, l(eilxa)* = ny(1 - B)%(fa)?
and

1
< - -
"= 178)2via

as claimed. Q

(c) If 2 has an atom, then x = 0 and there is nothing to prove. So we may suppose henceforth that 2
is atomless. Set A = min{7 () : d € AT }. Then the measure algebra (B, 7)) can be embedded in (2, fz)
(332P). In particular, we can find, for each n, a stochastically independent family (cn¢)e<a of elements of 2

with ficpe = % for every &.

Set g(n) = 4n((2n)! + (2n+1)!) for each n € N, and let (AN, C*, qu)) be the corresponding version of the
M-localization relation as described in 522L. For a € AT let n, € N be such that n,jia > 1 and set

Se ={(n,&) : n > ng, and either fi(ancone) < % or fi{ancant1,e) <

CNxA

Then S, € S/(\q). P If n > n, then (b), with 8 = 1, tells us that

#{6 ilaneane) < ) < 20 < an2n)l

#{E:planconyre) < 2(2511)!}) < 4(2231)! <4n(2n + 1),

s0 #(Su[{n}]) < 4n((2n)!+ 2n+ 1)) =q(n). Q
(d) Now observe that

min{7(2Ay) : d € AT} = 7(B)
(see 524Mc)

= 2(2n+1)!
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= ci(BY) = cov(BT, 2, V) = cov(B}, 2, [BI =)
(512Gf)

= cov(\Y, C*, S))
(where (AN, C* 8y is the ordinary A-localization relation, by 524H and 512Da)

= cov(\Y, C*, Sﬁq))

by 522L.

(e) Let A C 2% be a set with cardinal less than min{r(24) : d € AT}. Then #(A) < cov(AY, g*,S/(\q)),
so there must be an f € AN such that f ¢* S, for any a € A. Set

ban = Con,f(n)s b2n+1 = Con+1,f(n)» b% =by\ SUP;~p b; for n € N,

b = sup,,cy b,
Then anb and a\ b are both non-zero for every a € A. P There is an n > n, such that (n, f(n)) ¢ S,, so
that

_ - pa 1
flanba,) = fi(ancon fn)) > 2(2n)! > I (2n)

na 1
2n+1)! = 2n(2n+1)!"

/j(a N b2n+1) = ﬂ(CL n 02n+1,f(n)) > 2

But

= (@n)! £ @nt1) = 20(2n)!

_ 1 _
/’L(b2n+1 \blzn_H) < m < u(am b2n+1),

soanb2anby, and a\b2anby,,, are both non-zero. Q

(f) As A is arbitrary, (ii) is true.

548J Proposition Let (X, X, ) be a strictly localizable measure space with null ideal N (1), and & a
cardinal such that

(*) whenever £ € [X\ N(p)]=® and F € X\ N(u), there is a non-negligible measurable
G C F such that E \ G is non-negligible for every E € £.

Then whenever (A¢)e<, is a family of non-negligible subsets of X, there is a G € ¥ such that A; N G and
A¢ \ G are non-negligible for every £ < k.

proof (a) Suppose to begin with that X = 1. Let 2 be the measure algebra of p. Then (*) says just that
K < m(Aq) for every d € AT. For each £ < k let E¢ be a measurable envelope of A¢ and set ag = E? in 2
By 5481, there is a b € A such that agnb and a¢ \ b are non-zero for every £ < x. Let G € ¥ be such that
b= G*; then E¢ NG and E¢ \ G are non-negligible for every . But this means that A¢ NG and A¢ \ G are
non-negligible for every €.

(b) If uX = 0 the result is trivial. For other totally finite u, we get the result from (a) if we replace p
by a suitable scalar multiple.

(c) For the general case, let (X;);cr be a decomposition of X and for ¢ € I set J; ={{: £ <k, AeNX;
is not negligible}. By (b), applied to the subspace measure on X;, there is a measurable G; C X; such that
A NGy and A¢ N X; \ Gy are non-negligible for every £ € J;. Set G = |J,;; Gi; this works.
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548K Corollary Let (X,X, ) be an atomless quasi-Radon measure space and (A¢)e<,, a family of
non-negligible subsets of X. Then there is a D C X such that A N D and A¢ \ D are non-negligible for
every £ < wi.

proof (a) Suppose to begin with that p is a Maharam-type-homogeneous probability measure. Let 2 be
the measure algebra of p. If w(2A) > w1 we can use 548J. Otherwise, the m-weight 7(u) of p is wy (524Th);
let (E¢)e<w, be a coinitial family in ¥\ M(x). Then we can choose z¢, and ye,, for &, n < w1, so that

all the x¢,, yey are different,

if A¢ N E, ¢ N(u) then z¢, and yg, belong to A N E,,.
Set D = {xey : &, n < wi}; then p*(Ae N D) = p*Ae for every & PP? Otherwise, let E be a measurable
envelope of As and F' a measurable envelope of A; N D. We have p(E \ F') > 0, so there is an 1 < w; such
that E, C E\ F, in which case

Ten EAgﬂEangF. XQ
Similarly, p*(A¢ \ D) = p*A¢ for every &, and we have a suitable set D.

(b) In general, X has a decomposition into Maharam-type-homogeneous subspaces (as in the proofs of
524J and 524P), so the full result follows as in (b)-(c) of the proof of 548J.

548X Basic exercises (a) Suppose that there is a real-valued-measurable cardinal. Show that there
are an atomless probability space X and an equivalence relation ~ on X with countable equivalence classes
such that no set of full outer measure in X can meet every equivalence class in a finite set.

(b) (KuMAR 13) Write p for Lebesgue measure on R. Show that for any X C R there is an A C X such
that p*A = p*X and |z — y| ¢ Q for any distinct z, y € A.

(¢) (A.Kumar) Let u be Lebesgue measure on R. Show that if A is any partition of R into countable
sets, there are disjoint subsets Ay, A; of A such that | J.Ap and |J.A; both have full outer measure in R.

(d) Suppose that there is an atomlessly-measurable cardinal. Show that there are an atomless probability
space X and a sequence (A4, )nen of subsets of X such that whenever A/, C A, is a set of full outer measure
in A, for each n, (A!),en is not disjoint.

(e) Let (X, 3, u) be a complete semi-finite measure space with the measurable envelope property (defi-
nition: 213X1), and suppose that p is nowhere all-measuring in the sense of 214Yd, that is, that whenever
A C X is not p-negligible there is a subset of A which is not measured by the subspace measure on A. (i)
Show that for any A C X there is a D C A such that p*D = p*(A\ D) = p*A. (ii) Show that when-
ever (A;)ics is a finite family of subsets of X, there is a disjoint family (A});,c; such that A, C A; and
prAl = p*A; for every i € I.

(f) Show that the following are equiveridical: (i) there is no quasi-measurable cardinal; (ii) if (X, 3, u) is
a probability space such that p{z} = 0 for every z € X then there is a disjoint family (D¢)ec., of subsets
of X such that u*Dg =1 for every £ < w;.

(g) Let (X,%, u) be a measure space such that non N'(u) = m(u) = k > w. Show that («) if R is an
equivalence relation on X and all its equivalence classes have size less than x then there is an R-free set of
full outer measure (3) whenever (A¢)e< is a family of subsets of X there is a disjoint family (Af)¢<, such
that A} C A¢ and p*Ap = p* A¢ for every € < k.

(h) Let (E¢)e< be a family of Lebesgue measurable subsets of R. Show that there is a disjoint family
(Ag)e<. of sets such that Ae C E¢ and p*Ae = pEe for every € < ¢, where p is Lebesgue measure on R.
(Hint: 4191.)

(i) (M.R.Burke) Let A be the null ideal of Lebesgue measure z on R. Show that if 2°°*~ = ¢ then there
is a family (Ag¢)e<. of subsets of R such that for every D C R there is some £ < ¢ such that min(u*(Ae N

D), p*(Ag \ D)) < p* Ag.
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(j) Let 2 be a Boolean algebra. (i) Show that the following are equiveridical: (a) 7(2,) > w for every
a € AT, where 2, is the principal ideal generated by a (8) for every sequence (an)nen in AT there is a
disjoint sequence (b, )nen in AT such that b, C a, for every n. (ii) Show that if 2 has the o-interpolation
property then we can add (y) whenever A C 2% is countable, there is a b € 2 such that anb and a \ b are
both non-zero for every a € A.

548Y Further exercises (a) Suppose that there is a quasi-measurable cardinal. Show that there is
a probability space (X, ) such that there is a quasi-measurable cardinal less than shr () but no quasi-
measurable cardinal less than 7(u).

5487 Problems (a) Suppose that (A¢)e<., is a family of subsets of [0, 1]. Must there be a set D C [0, 1]
such that p*(Ae N D) = p*(Ae \ D) = p*Ag for every € < wy, where p is Lebesgue measure on [0, 1]?

(b) Suppose that there is no quasi-measurable cardinal. Let (X,X, u) be an atomless probability space
and (Ag)¢<w, a family of subsets of X. Must there be a disjoint family (A})¢<w, such that Ay C A and
pr Ay = pr A for every § <wy?

(c) (P.Komjath) Suppose that X C R2. Must there be a set A C X, of the same Lebesgue outer measure
as X, such that ||z — y|| ¢ Q whenever z, y € A are distinct? (See 548XDb.)

548 Notes and comments Of course 548F is much the most important case of 548C-548E, with facts
about Lebesgue measure provable in ZFC, whether or not there are quasi-measurable cardinals or special
relationships between the cardinals of §522. As far as I know there is no real simplification available for this
special case if we wish to avoid special axioms. In many models of set theory, of course, there are other
approaches, as in 548G and 548Xg; and I note that it makes a difference that we start with not-necessarily-
measurable sets A,, in 548Fb (548Xh).

The arguments here leave many obvious questions open. The first group concerns possible extensions
of 548Fc or 548E to uncountable families of sets, as in 548Z. I remark that SHELAH 03 describes a model
in which there is a set A € PR\ A such that PANN is wy-saturated in PA, where N is the null ideal
of Lebesgue measure. Elsewhere we can ask, in 548C and 548E, whether the hypotheses involving quasi-
measurable cardinals could be rewritten with atomlessly-measurable cardinals. Only in 548G is it clear that
non-atomlessly-measurable quasi-measurable cardinals are relevant (548Xf).

The questions tackled in this section can be re-phrased as questions about structures (PX/Z,2() where Z is
a o-ideal of subsets of X and 2 is a o-subalgebra of the power set o-quotient algebra PX/Z; a requirement of
the form ‘u*(AND) = p* A’ becomes (in the context of a totally finite measure p) ‘upr(and,2) = upr(a,21)’,
where upr(a,2l) is the upper envelope of a in 2 (313S).

I include 5481-548K to show that if we are less ambitious then there are quite different, and rather easier,
arguments available. The condition (*) of 548J is exact if we are looking for a measurable splitting set G.
But I am not at all sure that 548K is in the right form.
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