Version of 9.1.15
Introduction to Volume 5

For the final volume of this treatise, I have collected results which demand more sophisticated set theory
than elsewhere. The line is not sharp, but typically we are much closer to questions which are undecidable
in ZFC. Only in Chapter 55 are these brought to the forefront of the discussion, but elsewhere much of
the work depends on formulations carefully chosen to express, as arguments in ZFC, ideas which arose in
contexts in which some special axiom — Martin’s axiom, for instance — was being assumed. This has forced
the development of concepts — e.g., cardinal functions of structures — which have taken on vigorous lives of
their own, and which stand outside the territory marked by the techniques of earlier volumes.

In terms of the classification I have used elsewhere, this volume has one preparatory chapter and five
working chapters. There is practically no measure theory in Chapter 51, which is an introduction to some
of the methods which have been devised to make sense of abstract analysis in the vast range of alternative
mathematical worlds which have become open to us in the last fifty years. It is centered on a study of
partially ordered sets, which provide a language in which many of the most important principles can be
expressed. Chapter 52 looks at manifestations of these ideas in measure theory. In Chapter 53 I continue
the work of Volumes 3 and 4, examining questions which arise more or less naturally if we approach the
topics of those volumes with the new techniques.

The Banach-Ulam problem got a mention in Volume 2, a paragraph in Volume 3 and a section in Volume
4; at last, in Chapter 54 of the present volume, I try to give a proper account of the extraordinary ideas
to which it has led. I have regretfully abandoned the idea of describing even a representative sample of the
forcing models which have been devised to show that measure-theoretic propositions are consistent, but in
Chapter 55 I set out some of the basic properties of random real forcing. Finally, in Chapter 56, I look
at what measure theory becomes in ZF alone, with countable or dependent choice, and with the axiom of
determinacy.

While I should like to believe that most of the material of this volume will be accessible to those who
have learnt measure theory from other sources, it has obviously been written with earlier volumes constantly
in mind, and I have to advise you to make sure that Volumes 3 and 4, at least, will be available in case of
need. Apart from these, I do of course assume that readers will be at ease with modern set theory. It is not
so much that I demand a vast amount of knowledge — §§65A1-5A2 have a good many proofs to help cover
any gaps — as that I present arguments without much consideration for the inexperienced, and some of them
may be indigestible at first if you have not cut your teeth on JusT & WEESE 96 or JECH 78. What you
may not need is any prior knowledge of forcing. But of course for Chapter 55 you will have to take a proper
introduction to forcing, e.g., KUNEN 80, in parallel with §5A3, since nothing here will make sense without
an acquaintance with forcing languages and the fundamental theorem of forcing.

Note on second printing

There has been the usual crop of errors (most, but not all, minor) to be corrected, and I have added a
few new results. The most important is P.Larson’s proof that it is relatively consistent with ZFC to suppose
that there is no medial limit. In the process of preparing new editions of Volumes 1-4, I have I hope covered
all the items listed in the old §5A6 (‘Later editions only’), which I have therefore dropped, even though
there are one or two further entries under this heading. As before, these can be found on the Web edition
at http://wwwl.essex.ac.uk/maths/people/fremlin/mtcont.htm. Version of 3.1.15

Chapter 51
Cardinal functions

The primary object of this volume is to explore those topics in measure theory in which questions arise
which are undecided by the ordinary axioms of set theory. We immediately face a new kind of interaction
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2 Cardinal functions Chap. 51 intro.

between the propositions we consider. If two statements are undecidable, we can ask whether either implies
the other. Almost at once we find ourselves trying to make sense of a bewildering tangle of uncoordinated
patterns. The most successful method so far found of listing the multiple connexions present is to reduce as
many arguments as possible to investigations of the relationships between specially defined cardinal numbers.
In any particular model of set theory (so long as we are using the axiom of choice) these numbers must be
in a linear order, so we can at least estimate the number of potential configurations, and focus our attention
on the possibilities which seem most accessible or most interesting. At the very beginning of the theory, for
instance, we can ask whether ¢ = 2% is equal to w1, or wa, or w,,, or 2*. For Lebesgue measure, perhaps
the first question to ask is: if (E¢)e<., is a family of measurable sets, is U§ <w, e necessarily measurable?
If the continuum hypothesis is true, certainly not; but if ¢ > wy, either ‘yes’ or ‘no’ becomes possible. The
way in which it is now customary to express this is to say that ‘w; < addN < ¢, and w; < add N < «,
w1 < addN < ¢ and w; < add N < ¢ are all possible’, where add A is defined as the least cardinal of any
family £ of Lebesgue measurable sets such that | J£ is not measurable. (Actually it is not usually defined
in quite this way, but that is what it comes to.)

At this point I suggest that you turn to 522B, where you will find a classic picture (‘Cichori’s diagram’)
of the relationships between ten cardinals intermediate between w; and ¢, with add AV immediately above
wy. As this diagram already makes clear, one can define rather a lot of cardinal numbers. Furthermore,
the relationships between them are not entirely expressible in terms of the partial order in which we say
that kq < kp if we can prove in ZFC that x, < kp. Even in Cichont’s diagram we have results of the type
add M = min(b, cov.M) in which three cardinals are involved. It is clear that the framework which has
been developed over the last thirty-five years is only a beginning. Nevertheless, I am confident that it will
maintain a leading role as the theory evolves. The point is that at least some of the cardinals (add N, b
and cov. M = Mcountable, f0r instance) describe such important features of such important structures that
they appear repeatedly in arguments relating to diverse topics, and give us a chance to notice unexpected
connexions.

The first step is to list and classify the relevant cardinals. This is the purpose of the present chapter. In
fact the definitions here are mostly of a general type. Associated with any ideal of sets, for instance, we have
four cardinals (‘additivity’, ‘cofinality’, ‘unformity’ and ‘covering number’; see 511F). Most of the cardinals
examined in this volume can be defined by one of a limited number of processes from some more or less
naturally arising structure; thus add \V, already mentioned, is normally defined as the additivity of the ideal
of Lebesgue negligible subsets of R, and cov.M is the covering number of the ideal of meager subsets of R.
Another important type of definition is in terms of whole classes of structure: thus Martin’s cardinal m can
be regarded as the least Martin number (definition: 511Dg) of any ccc Boolean algebra.

6511 lists some of the cardinals associated with partially ordered sets, Boolean algebras, topological spaces
and ideals of sets. Which structures count as ‘naturally arising’ is a matter of taste and experience, but
it turns out that many important ideas can be expressed in terms of cardinals associated with relations,
and some of these are investigated in §512. The core ideas of the chapter are most clearly manifest in
their application to partially ordered sets, which I look at in §513. In §514 I run through the elementary
results connecting the cardinal functions of topological spaces and associated Boolean algebras and partially
ordered sets. §515 is a brief excursion into abstract Boolean algebra. §516 is a discussion of ‘precalibers’.
8517 is an introduction to the theory of ‘Martin numbers’, which (following the principles I have just tried
to explain) I will use as vehicles for the arguments which have been used to make deductions from Martin’s
axiom. §518 gives results on Freese-Nation numbers and tight filtrations of Boolean algebras which can be
expressed in general terms and are relevant to questions in measure theory.

Version of 10.10.13
511 Definitions

A large proportion of the ideas of this volume will be expressed in terms of cardinal numbers associated
with the structures of measure theory. For any measure space (X, 3, u) we have, at least, the structures
(X,%), (X,%,N(n)) (where (i) is the null ideal of u) and the measure algebra 2 = X/ N A (u); each
of these types of structure has a family of cardinal functions associated with it, starting from the obvious
ones #(X), #(2) and #(2). For the measure algebra 2, we quickly find that we have cardinals naturally
associated with its Boolean structure and others naturally associated with the topological structure of its
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511Bf Definitions 3

Stone space; of course the most important ones are those which can be described in both languages. The
actual measure pu : ¥ — [0, 00], and its daughter i : 2 — [0, 0o], will be less conspicuous here; for most of
the questions addressed in this volume, replacing a measure by another with the same measurable sets and
the same negligible sets will make no difference.

In this section I list the definitions on which the rest of the chapter depends, with a handful of elementary
results to give you practice with the definitions.

511A Pre-ordered sets When we come to the theory of forcing in Chapter 55, there will be technical
advantages in using a generalization of the concept of ‘partial order’. A pre-ordered set is a set P together
with a relation < on P such that
if p<gandqg<rthenp<r,
p < p for every p € P;
that is, < is transitive and reflexive but need not be antisymmetric. As with partial orders, I will write
p>gqtomean ¢ < p; [p,q] = {r:p<randr <q};[p,oo[={q:p<q} ]-o0,p| ={¢:q <p} An upper
(resp. lower) bound for a set A C P will be a p € P such that ¢ < p (resp. p < q) for every ¢ € A. If
(Q, <) is another pre-ordered set, I will say that f: P — @ is order-preserving if f(p) < f(p’) whenever
p < p in P. If ((P;,<;))iecs is a family of pre-ordered sets, their product is the pre-ordered set (P, <)
where P = [],c; P; and, for p, g € P, p < q iff p(i) <; q(i) for every i € I (cf. 315C).
If (P, <) is a pre-ordered set, we have an equivalence relation ~ on P defined by saying that p ~ ¢ if
p < q and g < p. Now we have a canonical partial order on the set P of equivalence classes defined by saying
that p* < ¢* iff p < ¢. For all ordinary purposes, (P, <) and (P, <) carry the same structural information,
and the move to the true partial order is natural and convenient. It occasionally happens (see 512Ee below,
for instance, and also the theory of iterated forcing in KUNEN 80, chap. VIII) that it is helpful to have a
language which enables us to dispense with this step, thereby simplifying some basic definitions. However
the extra generality leads to no new ideas, and I expect that most readers will prefer to do nearly all their
thinking in the context of partially ordered sets.

511B Definitions Let (P, <) be any pre-ordered set.

(a) A subset Q of P is cofinal with P if for every p € P there is a ¢ € Q such that p < ¢. The cofinality
of P, cf P, is the least cardinal of any cofinal subset of P.

(b) The additivity of P, add P, is the least cardinal of any subset of P with no upper bound in P. If
there is no such set, write add P = oc.

(c) A subset @ of P is coinitial with P if for every p € P there is a ¢ € @ such that ¢ < p. The
coinitiality of P, ci P, is the least cardinal of any coinitial subset of P.

(d) Two elements p, p’ of P are compatible upwards if [p, oo[N[p’, oo # @, that is, if {p, p’} has an upper
bound in P; otherwise they are incompatible upwards. A subset A of P is an up-antichain if no two
distinct elements of A are compatible upwards. The upwards cellularity of P is c'(P) = sup{#(A) : AC P
is an up-antichain in P}; the upwards saturation of P, sat'(P), is the least cardinal x such that there is
no up-antichain in P with cardinal x. P is called upwards-ccc if it has no uncountable up-antichain, that
is, ¢’(P) < w, that is, sat™(P) < wy.

(e) Two elements p, p’ of P are compatible downwards if |—oo,p] N |—o0,p’] # 0, that is, if {p,p’}
has a lower bound in P; otherwise they are incompatible downwards. A subset A of P is a down-
antichain if no two distinct elements of A are compatible downwards. The downwards cellularity of P
is ct(P) = sup{#(A) : A C P is a down-antichain in P}; the downwards saturation of P, sat*(P), is the
least k such that there is no down-antichain in P with cardinal x. P is called downwards-ccc if it has no
uncountable down-antichain, that is, c+(P) < w, that is, sat*(P) < w;.

(f) If k is a cardinal, a subset A of P is upwards-<x-linked in P if every subset of A of cardinal less

than x is bounded above in P. The upwards <x-linking number of P, linle(P), is the smallest cardinal
of any cover of P by upwards-<x-linked sets.
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4 Cardinal functions 511Bf

A subset A of P is upwards-x-linked in P if it is upwards-<x7T-linked, that is, every member of [A]<*
is bounded above in P. The upwards r-linking number of P, link!(P) = linkl’€ +(P), is the smallest
cardinal of any cover of P by upwards-«-linked sets.

Similarly, a subset A of P is downwards-<s-linked if every member of [A]<* has a lower bound in
P, and downwards-x-linked if it is downwards-<xT-linked; the downwards <k-linking number of
P, link%, (P), is the smallest cardinal of any cover of P by downwards-<r-linked sets, and link}(P) =
link® _, (P).

(g) The most important cases of (f) above are k = 2 and K = w. A subset A of P is upwards-linked if any
two members of A are compatible upwards in P, and upwards-centered if it is upwards-<w-linked, that is,
any finite subset of A has an upper bound in P. The upwards linking number of P, linkT(P) = linkg(P),
is the least cardinal of any cover of P by upwards-linked sets, and the upwards centering number of P,
d?(P) = linkL ,(P), is the least cardinal of any cover of P by upwards-centered sets.

Similarly, A C P is downwards-linked if any two members of A are compatible downwards in P, and
downwards-centered if any finite subset of A has a lower bound in P; the downwards linking number
of P is link*(P) = link}(P), and the downwards centering number of P is d*(P) = link% ,(P).

If link"(P) < w (resp. link*(P) < w) we say that P is o-linked upwards (resp. downwards). If
dT(P) < w (resp. d¥(P) < w) we say that P is o-centered upwards (resp. downwards).

(h) The upwards Martin number m'(P) of P is the smallest cardinal of any family Q of cofinal
subsets of P such that there is some p € P such that no upwards-linked subset of P containing p meets
every member of Q; if there is no such family Q, write m"(P) = occ.

Similarly, the downwards Martin number m*(P) of P is the smallest cardinal of any family Q of
coinitial subsets of P such that there is some p € P such that no downwards-linked subset of P containing
p meets every member of Q, or oo if there is no such Q.

(i) A Freese-Nation function on P is a function f : P — PP such that whenever p < ¢ in P then
[p,q] N f(p) N f(q) is non-empty. The Freese-Nation number of P, FN(P), is the least x such that there
is a Freese-Nation function f : P — [P]<*. The regular Freese-Nation number of P, FN*(P), is the
least regular infinite k such that there is a Freese-Nation function f : P — [P]<". If Q is a subset of P, the
Freese-Nation index of ) in P is the least cardinal s such that cf(QN]—o0,p]) < x and ci(QN[p,0[) < K
for every p € P.

(j) The (principal) bursting number bu P of P is the least cardinal x such that there is a cofinal
subset @ of P such that

#({a:9€Q,qa<p,p£q}) <k
for every p € P.

(k) It will be convenient to have a phrase for the following phenomenon. I will say that P is separative
upwards if whenever p, ¢ € P and p £ ¢ there is a ¢’ > ¢ which is incompatible upwards with p. Similarly, of
course, P is separative downwards if whenever p, ¢ € P and p % ¢ there is a ¢’ < ¢ which is incompatible
downwards with p.

511C On the symbol oo I note that in the definitions above I have introduced expressions of the form
‘add P = oo’. The ‘0o’ here must be rigorously distinguished from the ‘0o’ of ordinary measure theory, which
can be regarded as a top point added to the set of real numbers. The ‘co’ of 511B is rather a top point
added to the class of ordinals. But it is convenient, and fairly safe, to use formulae like ‘add P < add )’ on
the understanding that add P < oo for every pre-ordered set P, while co < add Q only when add QQ = oc.
Of course we have to be careful to distinguish between ‘add P < oo’ (meaning that there is a subset of P
with no upper bound in P) and ‘add P is finite’ (meaning that add P < w).

511D Definitions Let 2 be a Boolean algebra. I write 2™ for the set 2\ {0} of non-zero elements of 2
and A~ for 2\ {1}, so that the partially ordered sets (~,<) and (2",2) are isomorphic.
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511E Definitions 5

(a) The Maharam type 7(2) of 2 is the smallest cardinal of any subset B of 20 which 7-generates 2( in
the sense that the order-closed subalgebra of 2 including B is 2 itself. (See Chapter 33.)

(b) The cellularity of 2 is
c(A) =M (A7) = cHAT) = sup{#(C) : C C AT is disjoint}.
The saturation of 2 is
sat(A) = satT (A7) = satH(AT) = sup{#(C)T : C C AT is disjoint},

that is, the smallest cardinal & such that there is no disjoint family in 2 with cardinal &.

(c) The m-weight or density m(2) of A is cf A~ = ciAT, that is, the smallest cardinal of any order-dense
subset of 2.

(d) Let k be a cardinal. A subset A of AT is <k-linked if it is downwards-<s-linked in 2", that is,
no B € [A]<* has infimum 0, and s-linked if it is <x*-linked, that is, every B € [A]<" has a non-zero
lower bound. The <k-linking number link. () of A is linktK(Qﬁ), the least cardinal of any family of
<#k-linked sets covering 2AT; and the s-linking number link, () of 2 is link_,.+(2), that is, the least
cardinal of any cover of 2T by k-linked sets.

(e) Asin 511Bg, I say that A C 2T is linked if no two members of A are disjoint; the linking number of
2 is link(A) = links (), the least cardinal of any cover of AT by linked sets. Similarly, A C A" is centered
if inf I # 0 for any finite I C A; that is, if A is downwards-centered in 2. The centering number d(2l) of
2is dT(A7) = d*+(AT), that is, the smallest cardinal of any cover of AT by centered sets. 2 is o-m-linked
if link,, () < w; in particular, it is o-linked iff link(A) < w. A is o-centered if d(2A) < w.

(f) If  is any cardinal, 2 is weakly (k, co)-distributive if whenever (A¢)e<, is a family of partitions
of unity in A, there is a partition B of unity such that {a : @ € A¢, anb # 0} is finite for every b € B
and £ < k. Now the weak distributivity wdistr(2l) of 2 is the least cardinal x such that 2 is not weakly
(K, 00)-distributive. (If there is no such cardinal, write wdistr(2) = cc.)

(g) The Martin number m(2) of 2 is the downwards Martin number of A, that is, the smallest
cardinal of any family B of coinitial subsets of 2(* for which there is some a € AT such that no linked subset
of 2 containing a meets every member of B; or oo if there is no such B.

(h) The Freese-Nation number of 2, FN(2), is the Freese-Nation number of the partially ordered set
(A, C). The regular Freese-Nation number FN*(2() of 2 is the regular Freese-Nation number of (2, <),
that is, the smallest regular infinite cardinal greater than or equal to FN(2().

(i) If x is a cardinal, a tight s-filtration of A is a family (a¢)e<c in 2, where ¢ is an ordinal, such
that, writing 2, for the subalgebra of 2 generated by {a¢ : £ < a}, (a) A¢ = A (B) for every a < ¢,
the Freese-Nation index of 2, in 2 is at most . If 2 has a tight s-filtration, I will say that it is tightly
k-filtered.

511E Precalibers (a) Let (P, <) be a pre-ordered set.

(i) T will say that (s, A\, <#) is an upwards precaliber triple of P if k, A and § are cardinals, and
whenever (p¢)¢<, is a family in P then there is a set I' € [x]* such that {p¢ : ¢ € I} has an upper bound in
P for every I € [[']<?.

Similarly, (x, A, <0) is a downwards precaliber triple of P if x, A and 6 are cardinals and whenever
(pe)e<r is a family in P then there is a set I' € [x]* such that {pg : £ € I'} has a lower bound in P for every
I e [r]<’.

(ii) An upwards precaliber pair of P is a pair (k, ) of cardinals such that (x, A, <w) is an upwards
precaliber triple of P, that is, whenever (p¢)e<, is a family in P there is a I € [1]* such that {p¢ : £ € '}
is upwards-centered in P.
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6 Cardinal functions 511E

A downwards precaliber pair of P is a pair (k,A) of cardinals such that (k, A, <w) is a downwards
precaliber triple of P.

(iii) An up- (resp. down-) precaliber of P is a cardinal x such that (k,x) is an upwards (resp.
downwards) precaliber pair of P.

(b) Let (X, %) be a topological space. Then (k, A, <) is a precaliber triple of X if it is a downwards
precaliber triple of T\ {0}; (x,\) is a precaliber pair of X if it is a downwards precaliber pair of T\ {0};
and k is a precaliber of X if it is a down-precaliber of T \ {0}.

(c) Let A be a Boolean algebra. Then (k, A, <6) is a precaliber triple of 2 if it is a downwards
precaliber triple of A*; (k, \) is a precaliber pair of 2l if it is a downwards precaliber pair of 2AT; and & is
a precaliber of 2 if it is a down-precaliber of 2.

(d) If (™A, z) is a measure algebra, then (k, A, <f) is a measure-precaliber triple of (2, i) if whenever
(ag)e<y is a family in 2 such that infe<, fiae > 0, then there is a I' € [k]* such that {a¢ : € € I} has a
non-zero lower bound for every I € [[]<?. Now (k, \) is a measure-precaliber pair of (2, i) if (k, \, <w)
is a measure-precaliber triple, and x is a measure-precaliber of (2, ) if (k, k) is a measure-precaliber
pair.

(e) In this context, I will say that (s, A, #) is a precaliber triple (in any sense) if (x, A, <67) is a precaliber
triple as defined above; and similarly for measure-precaliber triples.

(f) T will say that one of the structures here satisfies Knaster’s condition if it has (wy,w1,2) as a
precaliber triple, that is, if every uncountable set has an uncountable linked subset. (For pre-ordered sets
I will speak of ‘Knaster’s condition upwards’ or ‘Knaster’s condition downwards’.) A structure satisfying
Knaster’s condition must be ccc, because an uncountable set of mutually incompatible elements surely
cannot have an uncountable linked subset.

511F Definitions Let X be a set and Z an ideal of subsets of X.

(a) Taking 7 to be partially ordered by C, we can speak of add Z and cfZ in the sense of 511B. Z is called
r-additive or k-complete if k < addZ, that is, if |JE € Z for every £ € [Z]<".
In addition we have three other cardinals which will be important to us.
(b) The uniformity of Z is
nonZ =min{#(A4) : AC X, A¢ T},
or oo if there is no such set A. (Note the hidden variable X in this notation; if any confusion seems possible,

I will write non(X,Z). Many authors prefer unif Z.)

(c) The shrinking number of Z, shrZ, is the smallest cardinal x such that whenever A € PX \ Z there
is a B € [A]="\ Z. (Again, we need to know X as well as Z to determine shrZ, and if necessary I will write
shr(X,7).) The augmented shrinking number shr' (Z) is the smallest # such that whenever A € PX\Z
there is a B € [A]<" \ T.

(d) The covering number of 7 is

covZ =min{#(€):ECZ, Y& =X},

or oo if there is no such set £. (Once more, X is a hidden variable here, and I may write cov(X,Z).)

511G Definition Let (X, X, u) be a measure space.
(a) If k is a cardinal, p is x-additive if (J€ € ¥ and u(JE) = Y pee uE for every disjoint family
£ € [X]<". The additivity add u of u is the largest cardinal x such that p is k-additive, or oo if p is

k-additive for every k.
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5111a Definitions 7

(b) The m-weight 7(u) of u is the coinitiality of ¥\ M (u), where M (p) is the null ideal of u.

(c) Recall that the Maharam type 7(u) of p is the Maharam type of the measure algebra of i (331Fc).

511H Elementary facts: pre-ordered sets Let P be a pre-ordered set.

(a) If P is the partially ordered set of equivalence classes in P, as described in 511A; all the cardinal
functions defined in 511B have the same values for P and P. (The point is that p is an upper bound for
A C P iff p* is an upper bound for {¢* : ¢ € A} C P.) Similarly, P and P will have the same triple
precalibers, precaliber pairs and precalibers.

(b) Obviously, c'(P) < sat™(P). (In fact c'(P) is determined by sat'(P); see 513Bc below.) If x < \ are
cardinals then
link? . (P) < link, (P) < cf P,

because every upwards-<X-linked set is upwards-<x-linked and every set |—oo, p] is upwards-<A-linked.
¢'(P) < link"(P), because if A C P is an up-antichain then no upwards-linked set can contain more than
one point of A. It follows that

link"(P) = link! ;(P) < linkl (P) = dT(P) < cf P.
Of course cf P < #(P). Similarly,
link? . (P) < link%, (P) < ciP
whenever k < A, and

cH(P) < link"(P) < dY(P) <ciP < #(P), ¢*(P) < sat* P.

(c) P is empty iff cf P = 0 iff ciP = 0 iff add P = 0 iff dT(P) = 0 iff d*(P) = 0 iff link"(P) = 0 iff
link'(P) = 0 iff ¢"(P) = 0 iff c+(P) = 0 iff satT(P) = 1 iff sat(P) = 1 iff FN(P) = 0.

(d) P is upwards-directed iff ¢'(P) < 1 iff sat™(P) < 2 iff link"(P) < 1 iff dT(P) < 1. Similarly, P is
downwards-directed iff ¢*(P) < 1 iff sat*(P) < 2 iff link*(P) < 1 iff d+(P) < 1.
If P is not empty, it is upwards-directed iff add P > 2 iff add P > w.

(e) If P is partially ordered, it has a greatest element iff ¢f P = 1 iff add P = co. Otherwise, add P < cf P,
since no cofinal subset of P can have an upper bound in P.

(f) If P is totally ordered, then cf P < add P. P If A C P has no upper bound in P it must be cofinal
with P. Q

(g) If (P)icr is a non-empty family of non-empty pre-ordered sets with product P, then add P =
min;eyadd P;. P A set A C P lacks an upper bound in P iff there is an ¢ € I such that {p(i) : p € A} is
unbounded above in P;. Q

(h) If P is partially ordered and f : P — PP is a Freese-Nation function then p € f(p) for every p € P,
because [p, p] meets f(p) N f(p).

5111 Elementary facts: Boolean algebras Let 2 be a Boolean algebra.
(a)
link < () < linky () < 7(A)
whenever k < A,
(@) < link(2) < d(2) < 7(2A) < A@), () < sat(2).
In addition, 7(2() < w(2) because any order-dense subset of 2 7-generates 2.

D.H.FREMLIN



8 Cardinal functions 511Ib

(b)(i) A = {0} iff m(A) = 0 iff link(A) = 0 iff d(A) = 0 iff ¢(A) = 0 iff sat(A) = 1.
(ii) 7(A) = 0 iff A is either {0} or {0,1}.

(c) If A is finite, then ¢(A) = link(A) = d(A) = 7(A) is the number of atoms of 2, sat(A) = ¢(~A) + 1 and
#(QA) = 2¢M | while 7(2A) = [log, c(A)], unless A = {0}, in which case 7(2) = 0. If 2 is infinite then ¢(A),
link (L), d(), 7(A), sat(A) and 7(A) are all infinite.

(d) Note that 2 is ‘ccc’ just when ¢(2) < w, that is, sat(A) < w;y. A is weakly (o, 0c0)-distributive, in the
sense of 316G, iff wdistr(2) > w;.

(e)(i) If A is purely atomic, wdistr() = co. IP Suppose that (A¢)e<, is any family of partitions of unity
in 2. Then the set B of atoms of 2 is a partition of unity, and {a : a € A¢, anb # 0} has just one member
for every b € B and & < k. As (Ag)e<, is arbitrary, wdistr(2) = co. Q

(ii) If A is not purely atomic, wdistr(A) < 7(A). PP Let ¢ € 2" be disjoint from every atom of 2, and
D C 2 an order-dense set of size w(2); let D’ be {d:d € D, d C ¢}. For d € D', there is a disjoint sequence
of non-zero elements included in d; let A; be a partition of unity in 2 including such a sequence. If B is
any partition of unity in 2, there are a b € B such that bnec # 0, and a d € D’ such that d C bn¢; now
{a:a€ A4, bna # 0} is infinite. So (Ag)4ep’ witnesses that wdistr() < #(D') < 7 (). Q

(f) m(2A) = oo iff A is purely atomic. I Write B for the family of all coinitial subsets of 2. (i) If A is
purely atomic and a € A, then there is an atom d C a; now d € B for every B € B, so {d,a} is a linked
subset of 2 meeting every member of B. Accordingly m(2) = oco. (ii) If 2 is not purely atomic, let a € 2T
be such that no atom of 2 is included in a. 7 If A is a linked subset of 2 containing a and meeting every
member of B, set B =27\ A. If b € 2T, then either bna = 0 and b € B, or there are non-zero disjoint ¥,
b” € bna and one of ¥, b’ must belong to B. So B € B, which is impossible. X So m(2l) < #(B) < c0. Q

511J Elementary facts: ideals of sets Let X be a set and Z an ideal of subsets of X.
(a) addZ > w, by the definition of ‘ideal of sets’.

(b) shrZ = sup{non(A,ZNPA) : A € PX \ I}, counting sup @ as 0; shrZ < #(X); shrZ < shr* Z <
(shrZ)*; if shrZ is a successor cardinal, shrt Z = (shrZ)™.

(¢) Suppose that Z covers X but does not contain X. Then addZ < covZ < ¢fZ and addZ < nonZ <
shrZ < cfZ. PP Let J be a subset of Z with cardinal covZ covering X; let K be a cofinal subset of Z with
cardinal ¢fZ; let A € PX \ Z be such that #(A) = nonZ. (i) J cannot have an upper bound in Z, so
addZ < #(J) =covZ. (i) UK =UZ = X, so covZ < #(K) = cfZ. (iii) For each z € A we can find an
I, € T containing x; now {I, : x € A} cannot have an upper bound in Z, so addZ < #(A) = nonZ. (iv) By
(b), shrZ > nonZ. (v) Take any B C X such that B ¢ Z. Then for each K € K we can find an 2x € B\ K
now B’ = {zx : K € K} is not included in any member of K, so cannot belong to Z, while B’ C B and
#(B") < #(K) = cfZ. As B is arbitrary, shrZ < cfZ. Q

(d) Suppose that X € Z. Then addZ =nonZ = oo, covZ < 1 (with covZ =0 iff X = @) and shrZ = 0.

(e) Suppose that Z has a greatest member which is not X. Then addZ = covZ = oo and nonZ = shrZ =
cfZ =1.

(f) Suppose that Z has no greatest member and does not cover X. Then addZ < ¢fZ (511He), nonZ =
shrZ =1 and covZ = 0.

(g) Suppose that Y C X, and set Zy = ZNPY, regarded as an ideal of subsets of Y. Then add Zy > add Z,
nonZy > nonZ, shrZy <shrZ, shr™ Zy < shrt Z,covZy <covZ and cfZy < cfZ.

511X Basic exercises (a) Let P be a partially ordered set and xk > 3 a cardinal. Show that add P > &
iff (A, A, \) is an upwards precaliber triple of P for every A < k.

MEASURE THEORY



511 Notes Definitions 9

>(b) Let X be a compact Hausdorff space. Show that a pair (k,\) of cardinals is a precaliber pair of X
iff whenever (G¢)e< is a family of non-empty open subsets of X there is an « € X such that {£ : € G¢}
has cardinal at least A.

(c) Let (X,3, 1) be a measure space. For A C X write 4 for the subspace measure on A, and N (),
N (pa) for the corresponding null ideals. Show that shr(X, N (u)) = sup{non(A, N (ua)) : A € PX\N (1)}

(d) Let (X,X, ) be a measure space, and let [i, i be the completion and c.l.d. version of u. (i) Let
N (1) = N(i2) and N'(f1) be the corresponding null ideals. Show that add N'(u) < add N (i), cov N () >
cov N (fi), non N (1) < non N (f1), shr V(i) > shr N(j1) and shr™ A (p) > shr™ A'(f). (ii) Show that add p <
add i < add fi, 7() = 7() < 7(7) and () = () = (7).

(e) Show that if P is a partially ordered set and ¢'(P) < w then ¢'(P) = link"(P) = d'(P) and
ml(P) = .

(f) Let P be a partially ordered set. Show that w is an up-precaliber of P iff ¢'(P) < w.

>(g)(i) Show that if P is a partially ordered set and x is an up-precaliber of P, then cfx is also an
up-precaliber of P. (ii) Show that if k is a cardinal and c¢fk > cf P then « is an up-precaliber of P.

>(h) Give R, N and Q their usual total orders. Show that FN(N) = FN(Q) = w and that FN(R) = w;.

(i) Show that if P is a partially ordered set and #(P) > 3 then FN(P) < #(P). (Hint: consider
separately the cases P infinite, P finite with no greatest member, and P finite with greatest and least
members.)

(j) Let P be a partially ordered set and Q a family of subsets of P with #(Q) < add P. Show that if
J Q is cofinal with P then one of the members of Q is cofinal with P.

(k) Let U be a Riesz space and « a cardinal. Then U is weakly (x, 00)-distributive if whenever (A¢)e<x
is a family of non-empty downwards-directed subsets of U™, each with infimum 0, and Ug < A¢ has an upper
bound in U, then

{u:u e U, for every { < k there is a v € A¢ such that v < u}
has infimum 0 in U. Show that an Archimedean Riesz space is weakly (x, co)-distributive iff its band algebra

is. (Hint: 368R.)

(1) Let X be a set and Z an ideal of subsets of X. Show that the coinitiality ci(PX \ Z) is at most
#(X)shrI.

511Y Further exercises (a)(i) Show that d'(P) < 2!ink"(P) for every partially ordered set P. (ii) Show
that there is a partially ordered set P such that d'(P) = w but P cannot be covered by countably many
upwards-directed sets.

(b) Let & be an infinite cardinal, with its usual well-ordering. Show that FN(k) = k.

(c)(i) Find a semi-finite measure space (X,3, ) such that cf N () < cf N (fi), where N (p) and N (ji)
are the null ideals of p and its c.l.d. version. (ii) Find a semi-finite measure space (X,X, ) such that

add V(i) > add NV (u) and cf N (2) < cfN ().

d) Show that, for a set I, (wq,w,w) is a precaliber triple of N7 iff T is countable.
( ; s (wi,w, p P

511 Notes and comments Because (P, >) is a pre-ordered set whenever (P, <) is, any cardinal function
on pre-ordered sets is bound to appear in two mirror-image forms. It does not quite follow that we have to
set up a language with a complete set of mirror pairs of definitions, and indeed I have omitted the reflections
of ‘additivity’ and ‘bursting number’; but the naturally arising pre-ordered sets to which we shall want to
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10 Cardinal functions 511 Notes

apply these ideas may appear in either orientation. The most natural conversions to topological spaces
and Boolean algebras use the families of non-empty open sets and non-zero elements, which are ‘active
downwards’, so that we have such formulae as 7(2) = cit and ¢(X) = ¢H(T \ {#}); but we could equally
well say that w(2() = c¢f2~ or that ¢(X) is the upwards-cellularity of the partially ordered set of proper
closed subsets of X.

Most readers, especially those acquainted with Volumes 3 and 4 of this treatise, will be more familiar
with topological spaces and Boolean algebras than with general pre-ordered sets, and will prefer to approach
the concepts here through the formulations in 5A4A and 511D. But even in the present chapter we shall
be looking at questions which demand substantial fragments of the theory of general partially ordered sets,
and I think it is useful to grapple with these immediately. The list of definitions above is a long one, and
the functions here vary widely in importance; but I hope you will come to agree that all are associated with
interesting questions.

I apologise for introducing two cardinal functions to represent the ‘breadth’ of a pre-ordered set (or
topological space or Boolean algebra), its ‘cellularity’ and ‘saturation’. It turns out that the saturation of a
space determines its cellularity (513Bc), which seems to render the concept of ‘cellularity’ unnecessary; but
it is well-established and makes some formulae simpler. This is an example of a standard problem: whenever
we give a name to a supremum, we find ourselves asking whether the supremum is attained. The question
of whether cellularity is attained turns out to be rather interesting (513B again). In the case of shrinking
numbers, the ordinary shrinking number shrZ is the one which has been most studied, but I shall have some
results which are more elegantly expressed in terms of the augmented shrinking number shr Z.

I give very little space here to the functions m() and wdistr() and to precalibers; these are bound to
be a bit mysterious. Later in the chapter I will explore their relations with each other and with other
cardinal functions. You may recognise them as belonging to the general area associated with Martin’s
axiom (FREMLIN 84A, or §517 below). ‘Precaliber pairs’ have a slightly more direct description in the
context of compact Hausdorff spaces (511Xb). ‘Freese-Nation numbers’ relate to quite different aspects of
the structure of ordered sets. As will be made clear in the next two sections, all the other cardinal functions
defined in 511B refer to the cofinal (or coinitial) structure of a partially ordered set; the Freese-Nation
number, by contrast, tells us something about the nature of intervals inside it. We see a difference already
in the formula for the Freese-Nation number of a Boolean algebra, which refers to the whole algebra 2l rather
than to 2. Another signal is the fact that it is not a trivial matter to calculate the Freese-Nation number
of a finite partially ordered set.

The only cardinal functions I have explicitly defined for measure spaces are the additivity and m-weight
of a measure (511G), and even these are, in the most important cases, reducible to the additivity of the
null ideal (521A) and the m-weight of the measure algebra (521Da). I give a pair of warming-up exercises
(511Xc-511Xd), but we shall hardly see ‘measure’ again until Chapter 52. For the questions studied in this
volume, the important cardinals associated with a measure p are those defined from its measure algebra
together with the four cardinals add N (u), cov N (1), non N (p) and c¢f N (p). In particular, the additivity
of Lebesgue measure will have a special position. In the case of a topological measure space, of course, we
can investigate relationships between the cardinal functions of the topology and the cardinal functions of
the measure. I will come to such questions in Chapter 53.

Version of 27.11.13

512 Galois-Tukey connections

One of the most powerful methods of relating the cardinals associated with two partially ordered sets
P and @ is to identify a ‘Tukey function’ from one to the other (513D). It turns out that the idea can be
usefully generalized to other relational structures through the concept of ‘Galois-Tukey connection’ (512A).
In this section I give the elementary theory of these connections and their effect on simple cardinal functions.

512A Definitions (a) A supported relation is a triple (A, R, B) where A and B are sets and R is a
subset of A x B.

It will be convenient, and I think not dangerous, to abuse notation by writing (A, €, B) or (A, C, B) to
mean (A, R, B) where R is {(a,b) :a € A, b€ B, a € b} or {(a,b):a€ A, be B, a Cb}.

(©) 2002 D. H. Fremlin
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512D Galois-Tukey connections 11

(b) If (A, R, B) is a supported relation, its dual is the supported relation (A, R, B)* = (B, S, A) where
S=(BxA)\Rt={(ba):ac A be B, (a,b) ¢ R}.

(c) If (A, R, B) and (C, S, D) are supported relations, a Galois-Tukey connection from (A, R, B) to
(C,S,D) is a pair (¢,) such that ¢ : A — C and ¢ : D — B are functions and (a,(d)) € R whenever
(¢(a),d) € 5.

(d) (VoiTAs 93) If (A, R, B) and (C, S, D) are supported relations, I write (A, R, B) <ar (C, S, D) if
there is a Galois-Tukey connection from (A4, R, B) to (C, S, D), and (A, R, B) =ar (C, S, D) if (A, R, B) <aT
(C,S8,D) and (C, S,D) <a1 (A, R, B).

512B Definitions (a) If (A, R, B) is a supported relation, its covering number cov(A, R, B) (some-
times called norm |[[(A, R, B)||) is the least cardinal of any set C' C B such that A C R![C]; or oo if
A ¢ R7[B]. Tts additivity is add(A, R, B) = cov(4, R, B)*, that is, the smallest cardinal of any subset
C C A such that C ¢ R™[{b}] for any b € B; or oo if there is no such C.

Note that add(A, R, B) = 0 iff B =0, and that add(A, R, B) = 1 iff B # () and cov(4, R, B) = cc.

(b) If (A, R, B) is a supported relation, its saturation sat(A, R, B) is the least cardinal s such that
whenever (ag¢)¢<, is a family in A then there are distinct &, 7 < x and a b € B such that (a¢,b) and (ay,b)
both belong to R; if there is no such « (that is, if cov(A, R, B) = 0o0) I write sat(4, R, B) = oc.

(c) If (A, R, B) is a supported relation and  is a cardinal, say that a subset A’ of A is <k-linked if
for every I € [A']<" there is a b € B such that I C R™'[{b}], and s-linked if it is <xT-linked, that is, for
every I € [A']=" there is a b € B such that I C R7![{b}]. Now the <k-linking number link_ (A, R, B)
of (A, R, B) is the least cardinal of any cover of A by <k-linked sets, if there is such a cover, and otherwise
is 0o; and the k-linking number link, (4, R, B) of (4, R, B) is link_ .+ (A, R, B), that is, the least cardinal
of any cover of A by k-linked sets.

If k < A, then every <A-linked set is <x-linked, so link<, (A, R, B) < link.)(A, R, B). Note also that
link, (4, R, B) is equal to cov(A, R, B) for every k > #(A), so that link<y(A, R, B) < cov(4, R, B) for every
6.

512C There are two things which should be done at once: to plainly state enough of the elementary
theory to show at least that the definitions here lead to a coherent structure; and to give examples. I begin
with the theory, which really is elementary.

Theorem Let (A, R, B), (C,S,D) and (E,T, F) be supported relations.

(a) (A,R,B)** = (A, R, B).

(b) If (¢,%) is a Galois-Tukey connection from (A, R, B) to (C,S,D) and (¢',¢’) is a Galois-Tukey
connection from (C,S,D) to (E,T,F), then (¢'¢,1)") is a Galois-Tukey connection from (A, R, B) to
(E,T,F).

(c) If (¢,%) is a Galois-Tukey connection from (A, R, B) to (C,S,D), then (i,¢) is a Galois-Tukey
connection from (C, S, D)t to (4, R, B)*.

(d) If R" C R then (A, R, B) <aT (A, R/, B).

(e) If (A,R,B) <GT (C, S, D) and (O, S, D) <aT (E,T, F) then (A,R,B) <GT (E,T, F)

(f) =ar is an equivalence relation on the class of supported relations.

(g) If (A,R,B) <ar (C,S,D) then (C,S,D)* <ar (A, R,B)*. So if (4,R,B) =qr (C,S, D) then
(A,R,B)* =gt (C,S,D)*.

proof (a)-(c) are immediate from the definitions. (d) is trivial because the identity functions from A and
B to themselves form a Galois-Tukey connection from (A, R, B) to (A, R, B). (e) follows from (b), and (g)
from (c). (f) is immediate from (d) and (e) and the symmetry of the definition of =¢r.

512D Theorem Let (A, R, B) and (C, S, D) be supported relations such that (A4, R, B) <at (C, S, D).
Then
(a) cov(A, R, B) < cov(C, S, D);
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12 Cardinal functions 512D

(b) add(C, S, D) < add(A4, R, B);
(c) sat(4, R, B) <sat(C, S, D);
(d) link< (4, R, B) < link.(C, S, D) for every cardinal &.

proof Let (¢,1) be a Galois-Tukey connection from (A, R, B) to (C,S,D). If Dy C D is such that
C = S71[Dy], then A = R™[¢)[Dy]]; this shows that cov(A, R, B) < cov(C, S, D). If k = sat(C, S, D) and
(ag)e<y is any family in A, then there are a d € D and distinct £, n < & such that (¢(age),d) € S and
(¢(ay),d) € S, in which case (ag,?(d)) and (ay,¥(d)) both belong to R; so sat(A,R,B) < k. If C is a
cover of C' by <k-linked sets, then {¢~[C'] : C" € C} is a cover of A by <r-linked sets; this shows that
link . (A, R, B) < link<(C, S, D).

Finally, (C, S, D)* <a1 (A, R, B)*, by 512Cc, so

add(C, S, D) = cov(C, S, D)* < cov(A, R, B)* = add(A, R, B).

512E Examples Of course ‘supported relations’ appear everywhere in mathematics. They are important
to us here because covering numbers, saturation and linking numbers, as defined above, correspond to
important cardinal functions as defined in §511, and because surprising Galois-Tukey connections exist, as
we shall see in Chapter 52. The simplest examples are the following.

(a) Let (P, <) be a pre-ordered set. Then (P, <,P) and (P, >, P) are supported relations, with duals
(P,#,P) and (P, %, P). cov(P,<,P) =ctP, cov(P,>,P) =ciP, add(P, <, P) = add P and sat(P, <, P) =

)y —

sat"(P). For any cardinal k, a subset of P is upwards-<s-linked in the sense of 511Bf iff it is <x-linked in
(P,<,P) in the sense of 512Bc. So link!, (P) = link,(P, <, P). In particular, dT(P) = link.,,(P, <, P)
(511Bg).

(b) Let (X,T) be a topological space. Then
m(X) = cov(T\ {0}, 2, T\ {0}),
d(X) = cov(T\ {0},3, X) = add(X, &,T\ {0}),
sat(X) = sat(T\ {0}, D, %\ {0}) = sat(T\ {0},>, X),

n(X) = cov(X, €, N\wd(X)) = cov(X, Nwd(X))

where Awd(X) is the ideal of nowhere dense subsets of X. Note that if M(X) is the ideal of meager subsets
of X, then cov(X, M(X)) = n(X) unless n(X) = w, in which case cov(X, M(X)) = 1.

(c) Let 2A be a Boolean algebra. Write 2" for 20\ {0} and 2~ for A\ {1}. Then
7(A) = cov(™AT, 2, AT) = cov(A~, C, A7),
sat(2) = sat(AT, D, AT) = sat(A~, S, A7),
d(2) = link, (AT, 2, AT) = link, (A, C, A7),
link(2A) = linkg (AT, 2, A") = linky (A, S, A7)
and generally
link < (A) = link,, (AT, 2, AT) = link . (A, S, A7),
link,, (A) = link, (AT,2,A") = link, (A, S, A7)
for every cardinal k.

(d) Let X be a set and Z an ideal of subsets of X. Then the dual of (X, €,7) is (Z,%, X); cov(X, €,7) =
covZ and add(X,€,7) =nonZ.

(e) For a Boolean algebra 2, write Pou(2() for the set of partitions of unity in A. For C, D € Pou(2),
say that C' C* D if every element of D meets only finitely many members of C'. Then C* is a pre-order on
Pou(2(). Translating the definition 511Df into this language, we see that wdistr(2() = add Pou(2l).
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512F 1 now turn to some constructions involving supported relations and Galois-Tukey connections
which will be useful later.

Dominating sets For any supported relation (A, R, B) and any cardinal k, we can form a corresponding
supported relation (A4, R’,[B]<"), where

R' ={(a,I): I € [B]<*, a € R-V[I]}.

The most important cases to us will be Kk = w and kK = wy;. When & is a successor cardinal I will normally
write (4, R’, [B]<*) rather than (A, R, [B]<*").

512G Proposition Let (A, R, B) and (C, S, D) be supported relations and x, A cardinals.
(a) (A, R, B) is isomorphic to (A, R, [B]!).
(b) If (A, R, B) <at (C,S,D) and A < k then (A, R', [B]<") <at (C,S’, [D]<).
(¢) In particular, (4, R', [B]<") <gr (4,R,B) if K > 2.
(d) If cfk > X and (A4, R' [B]<*) <ar (C, S, D) then (A, R',[B]<*) <ar (C,S’,[D]<*).
(e)(i) If cov(A4, R, B) = oo then add(A4, R’, [B]<*) < 1.
(ii) If cov(A, R, B) < oo then add(4, R’,[B]<") >

(f) cov(4, R, B) < max(w, k,cov(A, R',[B]=")); if k > 1 and cov(A, R, B) > max(k,w) then cov(A4, R, B)
= cov(A, R’ [B]=").

proof (a) is trivial.

(b) If (¢,%) is a Galois-Tukey connection from (A4, R, B) to (C,S, D), then (¢,%') is a Galois-Tukey
connection from (A, R’, [B]<*) to (C,S’,[D]<}), where o' (J) = 1[J] for every J € [D]<.

(c) Setting ¢(a) = a for a € A and ¥(b) = {b} for b € B, (¢, ¢) is a Galois-Tukey connection from
(4, R, [B]=%) to (4, R, B).

(d) Let (¢,1) be a Galois-Tukey connection from (A, R, [B]<") to (C, S, D). Set ¢'(I) = U,e; %(d) for
I € [D]<*; then (¢,v') is a Galois-Tukey connection from (A, R’,[B]<*) to (C,S’,[D]<}).

(e)(i) There is an a € A\ R™'[B]; now (a,I) ¢ R’ for any I € [B]<", so add(A, R’,[B]<") < 1.

(ii) For every a € A there is a b, € B such that (a,b,) € R. If A C A and #(A’) < &, then

I={b,:ae A’} belongs to [B]<*, and (a,I) € R’ for every a € A’; as A’ is arbitrary, add(4, R', [B]<*) > k.

(f) If X = cov(A, R',[B]=F) is not oo, let D C [B]=" be a set with cardinal A such that A = (R’)~}[D],
and set D = |JD; then A C R71[D], so cov(A, R, B) < #(D) < max(w, &, \).

If Kk > 1, then cov(A, R',[B]=%) < cov(4,R,B), by (c) and 512Da, so if the latter is greater than
max(k,w) they are equal.

512H Simple products (a) If ((A;, R;, B;))ier is any family of supported relations, its simple product
is ([L;e; As, T, I 1;e; Bi) where T' = {(a,b) : (a(i),b(i)) € R; for every i € I}.

(b) Let ((As, R, Bi))ier and ((Ci, Si, D;))ier be two families of supported relations, with simple products
(A,R,B) and (C,S,D). If (A;, Ri, B;) <t (Ci, Si, D;) for every 4, then (A, R, B) <a1 (C,S,D). P For
each i, let (¢;,1;) be a Galois-Tukey connection from (4;, R;, B;) to (C;, S;, D;). Define ¢ : A — C and
¢+ D — B by setting ¢((ai)icr) = (¢iai))ier, ¥({di)icr) = (i(di))icr for (a;)ic1 € A, (di)ic1 € D; then

((b((ai)ie[), <di>i61) €S — ( ) i) e S; for every ¢ € I
= (a4,%i(d;)) € R; for every i € I
= ((ai)ier, ¥((di)ier)) € R
o (¢,%) is a Galois-Tukey connection and (4, R, B) <c1 (C,S,D). Q
(c) Let ((A;, Ri, B;))ier be a family of supported relations with simple product (A, R, B). Suppose
that no A; is empty. Then add(A, R, B) = min;c; add(4;, R;, B;), interpreting min® as co if I = 0. P
Set k = add(4, R, B) and ' = min;eradd(A;, R;,B;). If I = @ then A = B = {0} and R = {(0,0)}
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14 Cardinal functions 512Hc

so add(A, R,B) = oco. Otherwise, if C C A and #(C) < &/, then, for each i, #({c(i) : ¢ € C}) <
add(A;, R;, B;), so there is a b; € B; such that (c(i),b;) € R; for every ¢ € C; now (c, (b;)icr) € R for every
c € C; as C is arbitrary, k > £’. In the other direction, if i € I and C" € [A;]<", then (because no A; is
empty) there is a C' € [A]<* such that C" = {c(i) : ¢ € C}. Now there is a b € B such that (¢,b) € R for
every ¢ € C, so that (¢/,b(i)) € R; for every ¢ € C’. As i and C' are arbitrary, ' < k. Q

(d) Suppose that (A, R, B) and (C, S, D) are supported relations with simple product (A x C,T, B x D).
Let s be an infinite cardinal and define (A, R’, [B]<%), (C,S’,[D]<*) and (A x C,T’,[B x D]<*) as in 512F.
Then

(A, R',[B]<") x (C,S",[D]<F) =a1 (A x C,T',[B x D]<%).
P Express (A, R',[B]<") x (C,8",[D]<") as (A x C,T,[B]<" x [D]<").
(i) Set ¢(a,c) = (a,c) for all a € A, ¢ € C, and for I € [B x D]<" set
(1) = (mlI], mI]) € [B]=" x [D]=*,
where m1(b,d) = b and ma(b,d) = dfor b€ B,d e D. If a € A, c € C and I € [B x D|<" are such
that (¢(a,c),I) € T', then there must be a (b,d) € I such that ((a,c), (b,d)) € T, that is, (a,b) € R and
(¢c,d) € S; now b € m[I] and d € m[I], so (a,m1[I]) € R’ and (¢, m2[I]) € S’ and
((a,0),9(1)) = ((a,¢), (mi[1], m2[1])) € T.
As a, ¢ and I are arbitrary, (¢,v) is a Galois-Tukey connection and
(A, R, [B]<") x (C,S",[D]<*) <aT (A x C,T',[B x D|<*).
(ii) In the other direction, given (J, K) € [B]<* x [D]<" set ¢'(J, K) = J x K € [B x D]<". (This
is where we need to suppose that x is infinite.) If now (¢(a,c),(J,K)) € T, that is, (a,J) € R’ and

(¢, K) € S, there are b € J and d € K such that (a,b) € R and (¢,d) € S, so that ((a,c),(b,d)) € T and
((a,e),'(J,K)) € T'. As a, ¢, J and K are arbitrary, (¢,’) is a Galois-Tukey connection and

(A X O,T', [B X D]<n) <aT (147]:{17 [B]</q) X (C, S,, [D]<K). Q

(€) If ((P:, <i))ier is a family of pre-ordered sets, with product (P, <) (511A), then (P, <, P) is just
[L;c:(Ps, <i, P;) in the sense here.

5121 Sequential compositions Let (A4, R, B) and (C, S, D) be supported relations. Their sequential
composition (4, R, B) x (C,S,D) is (A x CB,T, B x D), where

T ={((a, f),(b,d)) : (a,b) € R, f € CE, (f(b),d) € S}.
Their dual sequential composition (A4, R, B) x (C, S, D) is (A x C,T, B x D*) where

T ={((a,¢c),(b,9)):ac A, be B,ceC, g D*
and either (a,b) € R or (¢, g(a)) € S}.

512J Proposition Let (A, R, B) and (C, S, D) be supported relations.

(a) (A,R,B) x (C,S,D) = ((A,R,B)* x (C,S,D)*)*.

(b) cov((4, R, B) x (C, S, D)) is the cardinal product cov(A, R, B) - cov(C, S, D) unless B=C = # A,
if we use the interpretations

0-c0o=00-0=0, K-00=00 k=00 00=00 for every cardinal x > 1.
(c) add((A4, R, B) x (C,S,D)) = min(add(A, R, B),add(C, S, D)) unless A x C =0 # B x D.
proof (a) is just a matter of disentangling the definitions.

(b) Define T' C (A x CB) x (B x D) as in 512L.
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512K Galois-Tukey connections 15

(i) Suppose first that neither A nor C is empty, that A C R™![B] and that C C S7}[D]. If By C B
and Dy C D are such that A C R71[Byg] and C C S~![Dy], then for any a € A and f € C? there
are b € By and d € Dy such that (a,b) € R and (f(b),d) € S, so that (a,f) € T '[By x Dgy]. So
cov((A,R,B) x (C,S,D)) <cov(A, R, B) -cov(C, S, D).

On the other hand, if H C B x D is such that A x CP C T~1[H], set By = {b: C C S~H[{b}]]}.
Then #(H[{b}]) > cov(C, S, D) for b € By. Also A C R7![By]. P? Otherwise, take a € A\ R™'[By]. For
b € B\ By, choose f(b) € C'\ STYHH[{b}]]; for b € By, take f(b) to be any member of C. There is supposed
to be a member (b,d) of H such that ((a, f), (b,d)) € T, that is, (a,b) € R and (f(b),d) € S. But now
b ¢ By, by the choice of a, and (f(b),d) ¢ S, by the choice of f; so we have a contradiction. X Q

So #(Bg) > cov(A,R,B) and #(H) > cov(A, R, B) - cov(C, S, D); as H is arbitrary, cov((4, R, B) X
(C,S,D)) > cov(A, R, B) - cov(C, S, D).

(ii) If A = 0 then A x C® = 0 so cov(A, R, B) and cov((A, R, B) x (C,S, D)) are both zero. If
C =0 and B # () then cov(C,S,D) = cov((A,R,B) x (C,S,D)) = 0. If A and C are non-empty and
A ¢ R7YB], then A x CB ¢ T71[B x D], so cov(A, R, B) = cov((4, R, B) x cov(C, S, D)) = oo, while
cov(C,S,D) > 1. If A and C are non-empty and A C R![B] and C ¢ S~![D], then B # 0; if we take
c € C\ S71[D] and any member a of A, and set f(b) = c for every b € B, then (a, f) ¢ T~'[B x D], so
cov((4,R,B) x (C,S,D)) = cov(C,S,D) = oo, while cov(A4, R,B) > 1. So with the single exception of
B =C =0 # A (in which case the empty function belongs to CZ, so that cov((A, R, B) x (C, S, D)) = oo,
while cov(C, S, D) = 0) we have cov((A4, R, B) x (C, S, D)) = cov(A, R, B) - cov(C, S, D).

(c) Assume throughout that either A x C # @ (so that A x CB = (}) or that B x D = .

(i) add((A, R, B)x (C, S, D)) < add(A, R, B). P If add(A, R, B) = oo the result is trivial. If Bx D = ()
then add((A4, R, B) x (C, S, D)) = 0 < add(A4, R, B). Otherwise, our hypothesis ensures that C' is not empty;
take A9 C A such that #(Ag) = add(A, R, B) and Ay € R™'[{b}] for any b € B, take any by € B and
any fo € CPB; then there is no (b,d) € B x D such that ((a, fo(bo)), (b,d)) € T for every a € Ay, so
add((A, R, B) x (C, 8, D)) < #(Ao) = add(A, R, B). Q

(ii) add((A, R, B)x (C, S, D)) < add(C, S, D). P Again, if add(C, S, D) = oo or Bx D = () the result is
immediate. Otherwise, A # (). Take Cy C C such that #(Cy) = add(C, S, D) and there is no d € D such that
Co C S7L[{d}], for ¢ € Cy set f.(b) = c for every b € B, and fix any ag € A; then there is no (b,d) € B x D
such that ((ag, f.), (b,d)) € T for every ¢ € Cy, so add((4, R, B) x (C, S, D)) < #(Cy) = add(C, S, D). Q

(iii) add((4, R, B) x (C,S, D)) > min(add(A, R, B),add(C, S, D)). P If H C A x CB and #(H) is
less than min(add(4, R, B),add(C, S, D)), set Ag = {a : (a,f) € H} and F = {f : (a,f) € H}. Then
there are a b € B such that (a,b) € R for any a € Ag, and a d € D such that (f(b),d) € S for any
f € F, so that ((a, f),(b,d)) € T for any (a,f) € H. As H is arbitrary, add((4, R, B) x (C,S,D)) >
min(add(A4, R, B),add(C, S, D)). Q

512K The following fact will be used in §526.

Lemma Suppose that (4, R, B) and (C, S, D) are supported relations, and P is a partially ordered set.
Suppose that (Ap)pcp is a family of subsets of A such that

(Ap, R, B) <at (C, S, D) for every p € P,

Ap € Ag whenever p<qin P, J,cpAp=4.
Then (A, R, B) <ar (P, <,P) x (C,S,D).

proof If C' = () the result is trivial, since every A, is empty and B can be empty only if D is. So we may
suppose that C' # (). For each p € P, let (¢p,,) be a Galois-Tukey connection from (A,, R, B) to (C, S, D).
For a € A, let r(a) € P be such that a € A, (), and set f,(p) = ¢,(a) whenever p € P and a € Ap; for
other p € P take f,(p) to be any member of C. Set ¢(a) = (r(a), fo) for a € A. For ¢ € P, d € D set
¥(g,d) = ¥q(d) € B. Now (¢,) is a Galois-Tukey connection from (A, R, B) to (P,<,P) x (C,S,D). P
Suppose that a € A and (q,d) € P x D are such that r(a) < g and (fa(q),d) € S. Then a € A,y C Aq 50
fa(q) = ¢4(a). Because (¢, 1,) is a Galois-Tukey connection, (a,¥(q,d)) = (a,14(d)) € R. Q
So we have the result.
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16 Cardinal functions 512X

512X Basic exercises (a)(i) Suppose that A C A’, B’ C B and that R is any relation. Show that
(A,R,B) <agr (A, R,B’). (ii) Show that (0,0,{0}) <er (A, R,B) <ar ({0},0,0) for every supported
relation (4, R, B).

(b) Let (A, R, B) be any supported relation. Show that sat(A, R, B) < (links(A, R, B))™T.

(c) Let (X, T) be a topological space and (Y, Ty ) an open subspace. Show that (Ty \{0}, 2, Ty \{0}) <ar
(T\{0}, 2, T\ {0}).

(d) Let (X, %) and (Y, S) be topological spaces. (i) Show that if Y is a continuous image of X, (& \ {0},
2,Y) <ar (T\{0},>, X). (ii) Show that if X and Y are compact and Hausdorff and there is an irreducible
continuous surjection from X onto Y, then (T\{0},3,X) =qr (6\{0},3,Y) and (T\ {0}, D, T\ {0}) =cr
(G\{0},2,6\ {0}), so d(X) =d(Y) and 7(X) = 7(Y).

(e) Let ((Ai, R, B;))icr be a family of supported relations with simple product (A, R, B). Show that
(A, R, B)* can be naturally identified with the simple product of ((A;, R;, B;)*)icr.

(f) Let (A, R, B) be a supported relation and x > 0 a cardinal. Show that (A, R’, [B]=%) <aT (4, R, B)*,
where (A, R, B) is the simple product of s copies of (4, R, B) and R’ = {(a,J) : a € R71[J]} as usual.

(g) Let (A, R, B) and (C, S, D) be supported relations, and (A x C,T, B x D) their simple product. (i)
Show that if C' # 0, then (A4, R, B) K¢t (AxC, T, Bx D). (ii) Show that (Ax C,T, Bx D) g¢r (4, R, B) X
(C, S, D). (iii) Show that (using the conventions of 512Jb) cov(Ax C, T, Bx D) = cov(A, R, B)-cov(C, S, D).

(h) Let (Ao, Ro,Bo), (A1, R1,B1), (Co,S0,Do) and (Cy,S1,D1) be supported relations such that
(Ao, Ro, By) <art (A1, Ry, By) and (Co, So, Do) <t (C1,51,D1). Show that

(Ao, Ro, Bo) x (Co, S0, Do) <at (A1, Ry, By) x (C1,S1, Dy),

(Ao, Ro, Bo) x (Cy, So, Do) <at (A1, R1, B1) x (C1, S1,D1).

512 Notes and comments Much of this section is cluttered by the repeated names (A, R, B) of ‘supported
relations’. In fact these could probably be dispensed with. While I am reluctant to alter the general
convention I use in this book, that a ‘relation’ is neither more nor less than a class of ordered pairs, it is
clear that in all significant cases our supported relation (A, R, B) will be such that A = {a : (a,b) € R} and
B = {b: (a,b) € R}, so that A and B can be recovered from the set R. But this would make impossible
the very useful convention that (X, €, A)’ is to be interpreted as ‘(X, {(z,4) : A€ A, x € XN A}, A)’, and
since nearly every mathematical argument in this context demands names for the domains and codomains
of the relations, it seems easier to write these in each time.

An important feature of the theory here is that while it is very common for our relations to be reasonably
well-behaved by some criterion (for instance, we may have Polish spaces A and B and a coanalytic set
R C A x B), the functions in a Galois-Tukey connection are not required to have any properties beyond
those declared in the definition. Of course the most important Galois-Tukey connections are those which
are ‘natural’ in some sense, and are constructed in a way which does not involve totally unscrupulous use
of the axiom of choice. I will return to this question in the next section.

Version of 23.2.14

513 Partially ordered sets

In §8511-512 I have given long lists of definitions. It is time I filled in details of the most elementary
relationships between the various concepts introduced. Here I treat some of those which can be expressed in
the language of partially ordered sets. I begin with notes on cofinality and saturation, with the Erdos-Tarski
theorem (513B). In this context, Galois-Tukey connections take on particularly direct forms (513D-513E);

(©) 2004 D. H. Fremlin
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513B Partially ordered sets 17

for directed sets, we have an alternative definition of Tukey equivalence (513F). The majority of the cardinal
functions defined so far on partially ordered sets are determined by their cofinal structure (513G, 513If; see
also 516Ga below).

In the last third of the section (513K-5130), I discuss Tukey functions between directed sets with a
special kind of topological structure, which I call ‘metrizably compactly based’; the point is that for Polish
metrizably compactly based directed sets, if there is any Tukey function between them, there must be one
which is measurable in an appropriate sense (5130).

513A It will help to have an elementary lemma on maximal antichains.

Lemma Let P be a partially ordered set.

(a) If @ C P is cofinal and A C @ is an up-antichain, there is a maximal up-antichain A" in P such that
A C A’ C Q. In particular, @) includes a maximal up-antichain.

(b) If A C P is a maximal up-antichain, @ = quA [q, 00[ is cofinal with P.

proof (a) Let A’ C @ be maximal subject to being an up-antichain in P including A. Then for any
p € P\ A, there are a q € @ such that p < ¢, and an r € A’ such that

0 # [r,00[N [g,00[ C [r, 00[N [p, 0],

so A" U {p} is not an up-antichain. But this means that A’ is a maximal up-antichain in P.
Starting from A = (), we see that @ includes a maximal up-antichain.

(b) If p € P, then either p € A C @, or AU {p} is not an up-antichain, so that there is some ¢ € A such
that

0 # [p,oo[ M [g,00[ € @ N [p, o0,

513B Theorem Let P be a partially ordered set.

(a) buP < cf P < #(P).

(b) satT(P) is either finite or a regular uncountable cardinal.

(c) c¢'(P) is the predecessor of satT(P) if sat™(P) is a successor cardinal, and otherwise is equal to sat™(P).

proof (a) To see that c¢f P < #(P) all we have to note is that P is a cofinal subset of itself. To see that
buP < cf P, set k = cf P and let (p¢)e<, enumerate a cofinal subset of P. Set

A={{: & <R, pe Lpyforany n <&}, Q= {pc:&€ A}

If p € P there is a least £ < x such that p < p¢, and now £ € A; so @ is cofinal with P. If p € P, there is
some § € A such that p < pg, and now {g: ¢ € Q, ¢ <p, p £ ¢} C {p, : 7 < &} has cardinal less than &, so
that @ witnesses that bu P < k.

(b)(i) Set x = sat"(P). For p € P, set 6(p) = sat([p,c[). Note that if p € P and B C P is any
up-antichain, then B, = {q: q € B, [¢,00[N [p,00[ # 0} has less than #(p) members. I For ¢ € B, choose
¢ € [g,00[ N [p,o0[. Because B is an up-antichain, {¢’ : ¢ € B, } is an up-antichain and ¢ — ¢’ is injective;
so #(By) =#({d' : ¢ € By}) < 6(p). Q

If p < ¢ in P, any up-antichain in [g, oo[ is also an up-antichain in [p, co[, so 0(q) < 0(p). It follows that
Q={p:pe P 0(q) = 0(p) for every ¢ > p} is cofinal with P. Let A C @Q be a maximal up-antichain
(513Aa); then #(A) < k.

(ii) ? Suppose, if possible, that Kk = w.

case 1 Suppose there is a p € A such that (p) = w. Then we can choose (Pn)nen, (Gn)nen
inductively, as follows. pg = p. Given that p, € Q and 0(p,) = w, there must be p,11, gn € [pn,00[ such
that [prt1,00[ N [gn, 0] = B; now pp+1 € Q and 0(p,4+1) = w. Continue. At the end of the induction,
{gn : n € N} is an infinite up-antichain in P, which is impossible.

case 2 Suppose that 0(p) < w for every p € A. Thenn =}  ,0(p) is finite. Let B C P be any
up-antichain. For each p € A, set B, = {q: ¢ € B, [g,00[ N [p, 0] # 0}; as noted in (i), #(B,) < O(p) for
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every p € A, so #(U,eca Bp) < n. But B =
As B is arbitrary, satT(P) <n+1<w. X
Thus k # w.

e Bp, because A is a maximal up-antichain, so #(B) <n.

(iii) 7 Suppose, if possible, that « is a singular infinite cardinal. Set A = cfx and let (ke)e<r be a
strictly increasing family of cardinals with supremum k.

case 1 Suppose there is a p € @ such that 8(p) = k. Then, because A < k, there is an up-antichain
B C [p, 00| with cardinal \; enumerate B as (pg)e<r. For each & < X, 0(pe) > ke, so there is an up-antichain
Ce C [pe, oo with cardinal k¢. Now C = UE < C¢ is an up-antichain in P with cardinal «, which is supposed
to be impossible.

case 2 Suppose that 6(p) < k for every p € Q.

case 2a Suppose that sup,c 4 0(p) < k. Then there is an up-antichain C' C P such that #(C) is
greater than max(w, #(A),sup,e 4 0(p)). For each p € A set C, = {q: q € C, [g,00[ N [p, 00 # 0}, so that
#(Cp) < 0(p). It follows that C' # (J,c 4 Cp- But if ¢ € O\, 4 Cp, there is a ¢’ € Q such that ¢’ > ¢, and

now AU {¢'} is an up-antichain in @ strictly including A, which is impossible.

case 2b Suppose that sup,¢ 4 0(p) = £. Then we can choose inductively a family (p¢)e<x in A such
that 0(pg) > max(ke, sup, ¢ 0(py)) for each &; the point being that when we come to choose pe, (0(py))n<e
is a family of fewer than cfx cardinals less than «, so has supremum less than x. Now all the ps must be
distinct. For each &, let Be C [pg, oo[ be an up-antichain with cardinal k¢; then UE < B¢ is an up-antichain
in P with cardinal x, which is impossible. X
Thus k cannot be a singular infinite cardinal.

(c) All we need to know is that c'(P) = sup{x : k < sat™(P)}.

Remark (b) is sometimes called the Erdds-Tarski theorem.

513C Cofinalities of cardinal functions We can say a little about the possible cofinalities of the
cardinals which have appeared so far.

Proposition (a) Let P be a partially ordered set with no greatest member.

(i) If add P is greater than 2 (that is, P is upwards-directed), it is a regular infinite cardinal, and there
is a family (p¢)e<ada p in P such that p, < pe whenever n < { < add P, but {p¢ : £ < add P} has no upper
bound in P.

(ii) If cf P is infinite, its cofinality is at least add P.

(b) Let Z be an ideal of subsets of a set X such that YZ = X ¢ T.

(i) cf(add Z) = add Z < cf(cfT).

(ii) cf(nonZ) > add Z.

(iii) If covZ = cfZ then cf(cfZ) > nonZ.

proof (a)(i) By 511Hd, add P > w; by 511He, add P < oo, so add P is an infinite cardinal. Let (g¢)e<ada P
be a family in P with no upper bound in P. Choose (p¢)¢<add p inductively, as follows. Given pe, where
§ < add P, there is a p; € P such that p; £ pg; let pey1 be an upper bound of {p¢,pg, ge}. For a limit
ordinal ¢ < add P, let p¢ be an upper bound of {p, : n < £}. This will ensure that p,, < ps whenever
& <n < add P and that {p¢ : £ < add P} has no upper bound, since such a bound would have to be a bound
for {ge : £ < add P}.

? If add P is singular, express it as supg.y K¢, where A < add P and k¢ < add P for each £ < A. Then
for each & < A, {p;, : 7 < ke} has an upper bound r¢ in P; but now {r¢ : £ < A} has an upper bound in P,
which is also an upper bound of {p, : n < add P}. X Thus add P is regular.

(ii) 7 If cf(cf P) < add P, express cf P as sup;_ k¢ where A < add P and k¢ < cf P for each { < \.
Let (py)n<cfp enumerate a cofinal subset of P. Then {p, : n < K¢} is never cofinal with P, so there is for
each £ < A a g¢ € P such that g¢ £ p, for every n < k¢. But now there is a ¢ € P which is an upper bound
for {ge : £ < A}, and g £ p, for any n < cfP. X

(b)(i) Because | JZ = X ¢ Z, cfZ and add Z are both infinite, so this is just a special case of (a).
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(ii) 7 If cf(nonZ) < add Z, express nonZ as sup,_, k¢ where A < addZ and ¢ < nonZ for each § < .
Let (25)n<nonz enumerate a subset of X not belonging to Z. Then I = {z, : 7 < K¢} belongs to Z for each
§ < A; but this means that (J;_, I¢ = {z, : n <nonZ} belongs to Z. X

(iii) Set cf(cfZ) = k. Let (A¢)e<k be a family of subsets of Z, all with cardinal less than c¢fZ = covZ,
such that (J;_, A¢ is cofinal with Z. Because #(A¢) < covZ, there is an z¢ € X \ [JA¢ for each § < k.
Now {z¢ : £ < Kk} is not included in any member of A, for any ¢, so cannot belong to Z and witnesses that
nonZ < k.

513D Galois-Tukey connections between partial orders have some distinctive features which make a
special language appropriate.

Definition Let P and @ be pre-ordered sets. A function ¢ : P — @ is a Tukey function if ¢~ ![B] is
bounded above in P whenever B C @) is bounded above in @. A function ¢ : @ — P is a dual Tukey
function (also called ‘cofinal function’, ‘convergent function’) if ¢[B] is cofinal with P whenever B C @ is
cofinal with Q.

If P and Q are pre-ordered sets, I will write ‘P <1 @’ if (P,<,P) <ar (@Q,<,Q), and ‘P =1 @’
if (P,<,P) =¢7 (Q,<,Q); in the latter case I say that P and @ are Tukey equivalent. It follows
immediately from 512C that <7 is reflexive and transitive, and of course P =1 Q iff P <1t Q and Q <1 P.

513E Theorem Let P and Q be pre-ordered sets.
(a) If (¢, ) is a Galois-Tukey connection from (P, <, P) to (@, <,Q) then ¢ : P — @ is a Tukey function
and ¢ : Q — P is a dual Tukey function.
(b)(i) A function ¢ : P — @ is a Tukey function iff there is a function @ : Q@ — P such that (¢,v) is a
Galois-Tukey connection from (P, <, P) to (@, <, Q).
(ii) A function ¥ : Q@ — P is a dual Tukey function iff there is a function ¢ : P — @ such that (¢, )
is a Galois-Tukey connection from (P, <, P) to (@, <,Q).
(iii) If ¢ : Q — P is order-preserving and ¥[Q)] is cofinal with P, then 1 is a dual Tukey function.
(c) The following are equiveridical, that is, if one is true so are the others:
(i) P <t @Q;
(ii) there is a Tukey function ¢ : P — Q;
(iii) there is a dual Tukey function ¥ : Q — P.
d)(i) Let f: P — @ be such that f[P] is cofinal with @ and, for p, p’ € P, f(p) < f(p') iff p < p’. Then
P=r
(ii Suppose that A C P is cofinal with P. Then A =1 P
(iii) For p, g € P say that p = ¢ if p < g and ¢ < p; let P be the partially ordered set of equivalence
classes in P under the equivalence relation = (511A, 511Ha). Then P =t P.
(e) Suppose now that P <t Q. Then
(i) cf P < cf@;
(ii) add P > add @;
(iif) sat’(P) < sat™(Q), ¢'(P) < M(Q);
(
(v

=2 aNas

@\-/

Na2

iv) hnkT (P) <linkl, (Q) for any cardinal &;
) hnkT( ) < link™(Q), d(P) < dT(Q).

(f) If P and Q are Tukey equivalent, then cf P = ¢f @ and add P = add Q.

(g) If (P;)icr and (Q;);er are families of pre-ordered ordered sets such that P; <1 Q; for every 4, then
[Lic: Pi <1 [Lies @i

(h) If 0 < kK < add P then P =1 P*. In particular, if P is upwards-directed then P =1 P x P.
proof (a) To say that (¢,) is a Galois-Tukey connection from (P, <, P) to (Q, <, Q) means just that
p < (q) whenever ¢(p) < q. Now if B C @ has an upper bound ¢, 1(q) is an upper bound for ¢—1[B]; as
B is arbitrary, ¢ is a Tukey function. Similarly, if B C @ is cofinal, then for any p € P thereisa q € B
such that ¢(p) < q and p < 1(q), so ¥[B] is cofinal with P. As B is arbitrary, ¢ is a dual Tukey function.

(b)(3) If ¢ : P — @ is a Tukey function, then for each ¢ € Q@ set A, ={p:p € P, ¢(p) < q}. A, must be
bounded above in P; take 1(¢) to be any upper bound for A, in P. Then we see that p < ¢)(¢) whenever
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o(p) < g, so that (¢,) is a Galois-Tukey connection from (P, <, P) to (@, <,Q). Together with (a), this
proves (i).

(ii) If ¢ : @ — P is a dual Tukey function, then for each p € P set B, = {q : ¢ € Q, ¥(q) # p}.
Then [B,] is not cofinal with P, so B, cannot be cofinal with @, and there must be a ¢(p) € P such
that ¢(p) £ ¢ for any ¢ € B,. Turning this round, if ¢(p) < ¢ then ¢ ¢ B, and p < 9(q); so (¢,¢) is a
Galois-Tukey connection from (P, <, P) to (@, <, Q). Together with (a), this proves (ii).

(iii) Because 9[Q)] is cofinal with P, we have a function ¢ : P — @ such that p < ¢¢(p) for every
p € P. Now, for any p € P and ¢ € Q,

o(p) < q=p < vo(p) < Y(q),

so (¢, %) is a Galois-Tukey connection and 1 is a dual Tukey function.
(c) This follows immediately from (a) and (b).

(d)(i) f is a Tukey function. B If A C P and f[A] is bounded above in @, let ¢ be an upper bound
for f[A]. Because f[P] is cofinal with @, there is a pg € P such that ¢ < f(po). If now p € A, we have
fp) <q < f(po) so p < pp; thus A is bounded above in P. As A is arbitrary, f is a Tukey function. @ So
P <t Q.

f is a dual Tukey function. B If A C P is cofinal with P, and ¢ € @, there are a p € P such that
g < f(p), and a p’ € A such that p < p’; in which case

q< f(p) < f(') € fA].
Thus f[A] is cofinal with @); as A is arbitrary, f is a dual Tukey function. Q So @ <t P and P =1 Q.

(ii) Apply (i) to the identity map from A to P.
(iii) Apply (i) to the canonical map from P to P.

(e) This is just a restatement of the results in 512D, using the identifications listed in 512Ea. The only
omission concerns cellularities, for which I have not set out a formal definition in the context of supported
relations; but if A C P is an up-antichain and ¢ : P — @ is a Tukey function, then {¢(a), ¢(a’)} can have
no upper bound in Q for any distinct a, a’ € A, so ¢[A] is an up-antichain in @ with the same cardinality
as A, and #(A) < c(Q). As A is arbitrary, ¢’ (P) < ¢'(Q) and sat’(P) < sat™(Q).

(f) follows at once from (e).
(g) This is a special case of 512H.

(h) Let @ C P* be the set of constant functions. Because k > 1, @ is isomorphic to P; because k < add P,
Q is cofinal with P*; so P = Q =gt P".

513F Theorem (TUKEY 1940) Suppose that P and @) are upwards-directed partially ordered sets. Then
P and @ are Tukey equivalent iff there is a partially ordered set R such that P and @ are both isomorphic,
as partially ordered sets, to cofinal subsets of R.

proof (a) Suppose that P and @ are Tukey equivalent. Then there are Tukey functions ¢ : P — @ and
P :Q — P.Set S=(Px{0})U(Q x {1}), with a relation < defined by saying that
(p,0) < (q,1) iff («) there is a p’ > p in P such that ¢(p') < ¢ in Q (8) ¢’ < ¢ in Q whenever
¢ € Qand ¢(¢') <pin P,
(¢,1) < (p,0) iff () there is a ¢’ > ¢ in @ such that (¢') < pin P (8) p’ < p in P whenever
p' € Pand ¢(p’) < ¢ in Q,
(¥',0) < (p,0) iff p’ <pin P,
(¢,1) <(q.1)iff ¢ <gin Q.
Of course < is reflexive. To see that it is transitive, observe that if (p,0) < (¢,1) < (p,0) then there
is a p’ > p such that ¢(p’) < ¢, and now p’ < p, so (p,0) < (p,0). Similarly, (¢,1) < (¢,1) whenever
(g,1) < (p,0) < (q,1). The other cases to check are equally easy. It is not necessarily the case that < is
antisymmetric, since it is possible to have (p,0) < (¢,1) < (p,0); but we have an equivalence relation 2 on
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S defined by saying that s 2 ¢ if s <t and ¢t < s, and a natural partial order on the set R of equivalence
classes defined by saying that s* < ¢* iff s < t.

The map p — (p,0)* : P — R is an order-isomorphism between P and its image P C R. Now for any
q € Q there is a p € P such that (¢,1) < (p,0). P Since ¢ is a Tukey function, A = {p’ : ¢(p') < ¢} must
be bounded above in P; let pg be an upper bound for A. Now because P is upwards-directed, there is a
p € P such that py < p and (¢q) < p, and in this case (¢,1) < (p,0). Q This is what we need to see that P
is cofinal with R. Similarly, ) is order-isomorphic to its canonical image in R, and this too is cofinal with
R. So both P and @ are isomorphic to cofinal subsets of R.

(b) Conversely, if P and @ are both isomorphic to cofinal subsets of a partially ordered set R, then P,
R and @ are all Tukey equivalent, by 513Ed.

513G We shall repeatedly want to use some elementary facts about cofinal subsets.

Proposition Let P be a pre-ordered set and @ a cofinal subset of P. Then
(a) add Q = add P;
(b) ¢f@ = cf P;
(c) sat™(Q) = sat"(P), ¢'(Q) = ¢ (P);
(d) link! . (Q) = link! . (P) for any cardinal x; in particular, link'(Q) = link"(P) and d*(Q) = dT(P);
(e) bu@ = buP.

proof All except (e) are consequences of 513Ed and 513Ee. As for bursting numbers, every cofinal subset
of @ is also cofinal with P, so bu P < bu Q. For the reverse inequality, let ()1 be a cofinal subset of P such
that #({q : ¢ € Q1, ¢ < p, p £ q}) < buP for every p € p. Let ¢ : Q1 — Q be any function such that
¢(q) > q for every ¢ € Q1, so that ¢[Q1] is cofinal with Q. If g € @, then

{¢:d €0l ¢ <q,¢£d}tC{e(d"):¢"€Qr,q" <q, 9% 4"}
has cardinal less than bu P, and ¢[Q1] witnesses that bu@ < bu P.

513H Definition Let P be a partially ordered set. Its o-additivity add,, P is the smallest cardinal of
any subset A of P such that A Z {J,cp]—00,¢] for any countable set D C P. If there is no such set, that
is, if ¢f P < w, I write add,, P = cc.

5131 Proposition Let P be a partially ordered set. As in 512F, write p <’ A, for p € P and A C P, if
there is a ¢ € A such that p <gq.
(a) add, P = add(P, <’, [P]=%).
(b) max(wq,add P) < add,,(P).
(c) If add,, P is an infinite cardinal, it is regular.
(d) If 2 < k < add P, then (P, <’ [P]<") =qr (P, <, P). So if add P > w, add,,(P) = add P.

(e) If Q is another partially ordered set and (P, <’,[P]=¥) <a1 (@, <’,[Q]=%) (in particular, if P <1 Q)
then add,, P > add,, Q.

(f) If @ C P is cofinal with P, then add,, @ = add,, P.

(g) If kK < cf P then add(P, <',[P]<*) < c¢f P. So if ¢f P > w then add,, P < cf P.

(h) If cf(cf P) > w then cf(ctf P) > add,, P.

proof (a) All we have to do is to disentangle the definitions in 512Ba, 512F and 513H.
(b) is immediate from the definition of add,,.

(c) T Suppose, if possible, that add, P = k where £ > max(w,cfr). Express x as sup,_, k¢ where
ke < k for every £ < A = cfk. Let A C P be a set with cardinal s such that A ¢ quD]foo,q] for any
countable set D C P. Express A as [J; ) A¢ where #(A¢) = k¢ for each £ < A. For each § < A, there is a
countable set D¢ C P such that A C U cp, J]—00,q]. Set B =J;, D¢; then #(B) < A < &, so there is a
countable set D C P such that B C |J,cp]—00,¢]. But now A C J p]-00,q]. X

(d) By 512Ge, (P, <',[P]<"%) <gr (P,<,P). In the other direction, because k < add P, we have a
function ¢ : [P]<® — P such that I C ]|—o0,v ()] for every I € [P]<"; so if we set ¢(p) = p for p € P, (¢,v)
will be a Galois-Tukey connection from (P, <, P) to (P, <’,[P]<"), and (P, <, P) gar (P, <',[P]<").
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Now if add P > w,
add,, P = add(P, <’,[P]=¥) = add(P, <, P) = add P.

(e) Use (a) with 512Db and 512Gb.
(f) Use (e) and 513Ed.

(g) Let Q@ C P be a cofinal subset of P with cardinal cfP. If A C P is such that every member of
Q is dominated by a member of A, then A also is cofinal, so #(A) > k; thus Q witnesses that add(P, <’
,[P]<") < cf P. Putting k = w; we see that if ¢f P > w then add,, P < cf P.

(h) 2 Ifw < cf(cfP) = XA < add,, P let Q@ C P be a cofinal set with cardinal cf P and express @ as
Ug<x Q¢ where #(Q¢) < cf P and Q¢ C @, whenever { < n < A. For each { < A, Q¢ cannot be cofinal
with P, so there is a p¢ € P such that p¢ £ ¢ for any ¢ € Q¢. Now A = {p¢ : £ < A} has cardinal less
than add,, P, so there is a countable set D C P such that A C J,.]—00,7]. For each r € D there is a
¢r € @ such that r < g,; let {& < A be such that ¢, € Q¢,. Because X is uncountable and regular (being the
cofinality of a cardinal), ¢ = sup,cp &, is less than A, and ¢, € Q. for every r € D. But now there is an
r € D such that p; <r < g, € Q¢, contrary to the choice of p.. X

Remark The point of (b) and (d) here is that there are significant cases in which add P < wy < add,, P.

*513J Cofinalities of products It is easy to find the additivity of a product of partially ordered sets
(511Hg). Calculating the cofinality of a product of partially ordered sets is surprisingly difficult, and there
are some extraordinary results in this area. (See BURKE & MAGIDOR 90; there is a taster in 542J below.)
Here I will give just one special fact which will be useful.

Proposition Suppose that the generalized continuum hypothesis is true. Let (P;);c; be a family of non-
empty partially ordered sets with product P. Set

k=#{i:iel, cfP;>1}), X=sup,c;cfh;.

Then
(i) if x and X are both finite, cf P is the cardinal product [[;; cf P;;
(ii) if A > k and there is some v < A such that ¢cfA > #({i : ¢ € I, cf P, > ~}), then cf P = );
(iii) otherwise, cf P = max(x™, AT).

proof (a) For each i € I, let Q; C P; be a cofinal set with cardinal c¢f P;. Then @ = [],.; Qi is cofinal with
P =Lics Pi, so cf P < #(Q). If A < w, then every @Q; must be just the set of maximal elements of P;, so
Q is the set of maximal elements of P, and cf P = #(Q). This deals with case (i).

(b) cfP >k P Set J={i:iel, cfP, > 1}. If (p;)ies is any family in P, then we can choose
g € P such that ¢(i) £ p;(¢) for every i € J; accordingly {p; : i € J} cannot be cofinal with P. Q So if
max(w, ) < K,

cfP >kt =2°
(because we are assuming the generalized continuum hypothesis)

= 2m N > w(P{(i,q) i€ J, g e Qi) > #(J[ @) = #(@Q)
ied
(because #(Q;) =1fori e I'\ J)
>cf P,

and cf P = kT = max(k™, AT), as required by (iii).

(c) Note that ¢f P > A, because if R C P is cofinal with P then {p(¢) : p € R} is cofinal with P; for each
i. So if k is finite and A is infinite,

A<cfP <#(Q) < maX(WaSUpieJ #(Qi)) = A
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and cf P = A, as required by (ii).

(d) If A is infinite and & < cf X then every function from « to X is bounded above in A. So

A< cf P <#(Q) < #(\)

(where A", for once, denotes the set of functions from x to A)

= #(|J ¢") < max(w, A, sup #(¢%)) < max(w, A, sup 2GRy =,
C<A <A (<A

again using GCH. Thus in this case also we have c¢f P = ), as required by (ii).

(e) So we are left with the case in which cf A =0 < k < A. Let (\,),<¢ be a family of cardinals less than
A with supremum .

(a) Suppose that we are in case (iii), that is, #({i : ¢ € I, cf P, > ~}) > 0 for every v < A. Then
cf P > X. PP We can choose (i(7)),<¢ inductively in I so that cf P;,,) > Ay, and i(n) # i(§) when £ <n < 0.
If (pe)e<n is any family in P, we can find ¢ € P such that ¢(i(n)) £ pe(i(n)) for any n < 6 and £ < A, so
that ¢ £ pe for any £ < A\. As (pe)e<y is arbitrary, cf P > X. Q Now

cf P < #(Q) < #(\F) < 2max(vA) — A+ < ef P,
so cf P = A" = max(xkT, "), as required.

(B) Otherwise, we are in case (ii), and there is a cardinal v < A such that #(K) < 0, where K = {i :
i €1, cfP; > v} Then sup,c cf P; = A, so (d) tells us that cf([[;c Pi) = A. On the other hand,

#<Hi€I\K CfPl) S 2max(’)’7f€) S .

Since we can identify P with the product of [];cx P and J[;cp s Pis cf P < #(A x A) = A. But we noted
in (c) that ¢f P > X, so ¢f P = ), as required. This completes the proof.

*513K I remarked in the notes to §512 that Galois-Tukey correspondences are not required to have
any special properties, and of course the same is true of Tukey functions. But it is also the case that
the ‘natural’ Tukey functions arising in Chapter 52 can in many cases be derived from Borel measurable
functions between Polish spaces. I now present some ideas taken from SOLECKI & TODORCEVIC 04 which
may be regarded as a partial explanation of the phenomenon.

Definition I will say that a metrizably compactly based directed set is a partially ordered set P
endowed with a metrizable topology such that

(i) pV q = sup{p, ¢} is defined for all p, g € P, and V : P x P — P is continuous;

(ii) {p : p < ¢} is compact for every q € P;

(iii) every convergent sequence in P has a subsequence which is bounded above.
In this context, I will say that P is ‘separable’ or ‘analytic’ if it is separable, or analytic, in the topological
sense.

I leave it to you to check that many significant partially ordered sets are compactly based in the sense
defined here (513Xj-513Xn, 513Yg).

*513L Proposition Let P be a metrizably compactly based directed set.

(a) The ordering of P is a closed subset of P x P.

(b) P is Dedekind complete.

(¢)(i) A non-decreasing sequence in P has an upper bound iff it is topologically convergent, and in this
case its supremum is its limit.

(ii) A non-increasing sequence in P converges topologically to its infimum.

(d) If p € P and (p;)ien is a sequence in P, then (p;)ien is topologically convergent to p iff for every
I € [N]” there is a J € [I]“ such that p = inf,ensup;e j\, Di-

(e) Suppose that p € P and a double sequence (pn;)n ien in P are such that lim; ,o pni = pp, is defined
in P and less than or equal to p for each n. Then there is a ¢ € P such that {i : p,; < ¢} is infinite for every
n € N.
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proof Let p be a metric on P inducing its topology.
(a) We have only to observe that {(p,q) : p < q} ={(p,q) : pV q¢=q}.

(b) Suppose that A C P is non-empty and bounded above. Let B be the set of upper bounds of A.
Then £ = {[p,q] : p € A, ¢ € B} is a non-empty family of compact sets with the finite intersection property,
because any non-empty finite subset of A has a least upper bound. So there is a ¢g € (€ and now gy must
be the supremum of A.

(c)(i) Suppose that (p;);en is a non-decreasing sequence in P. («) If it has a topological limit p, then
pVpj =lim; 0o pi Vp; =lim;eopi =p
for each j, so p is an upper bound for {p; : i € N}; while if ¢ is an upper bound for {p; : i € N} then p < ¢
by (a). Thus p = sup;enpi- (8) If {p; : © € N} is bounded above, then it has a least upper bound p, by (b).
Now |—o0, p] is compact, therefore sequentially compact, and every subsequence of (p;);en has a convergent

sub-subsequence; by («), the limit of this sub-subsequence is always its supremum, which must be p; so
(pi)ien itself converges to p.

(ii) Suppose that (p;)ien is a non-increasing sequence in P. Then it lies in the compact set |—o0, pg]
so has a convergent subsequence (p});en with limit p say. As in (i) just above,

pV Py =lmi e p; VP = limie0 pj = pj
for each j, so p is a lower bound for {p} : i € N}; while if ¢ is a lower bound for {p} : i € N} then ¢ < p by

(a). Thus p = inf;en p; = inf;en p;. What this shows is that inf;en p; is the only cluster point of (p;);en and
is therefore its topological limit.

(d)(i) Suppose that p = lim;_,~ p;. Note first that if ¢ € P then
limsup; ., p(q V pi,p) <limio0 p(qV pisq Vp) + plaVp,p) = pla V p,p),

limsup;_, . p(pV ¢V pi,p) < p((pV q) Vp,p) =plgV p,p)

because V is continuous. Now let I C N be infinite. By 513K(iii), there is an infinite I’ C I such that
{p; : i € I'} is bounded above. We can choose inductively a strictly increasing sequence (i, )nen in I’ such
that

P(SUDj< ey Pin ) <277, p(pVsSup,c,<p pi,,p) <277
whenever j < k in N. Set J = {i, : n € N}; then p(sup;c;,<j<i Pj,P) < 2~™ whenever m < k € N and
[m, k] meets J. For each m, ¢ = sup;c \,, pj is defined in P, by (b) above; moreover, (c-i) tells us that

Qm = liMp 00 SUP,jc j < j<k Pj SO
P(@m,p) = limg 00 P(SUDPje 1 <<k PjrP) < 27

But this means that p is the topological limit of the non-increasing sequence (¢, )men and must be inf,,en G .
Thus (p;)ien satisfies the condition proposed.

(if) Now suppose that for every I € [N]“ there is a J € [I|“ such that p = inf,ensup;e j\, pi- Then
any convergent subsequence of (p;);en has limit p. I Suppose the subsequence is (p; Ynen Where (in)nen
is strictly increasing. Set I = {i, : n € N}. Then we must have an infinite J C N such that p =
inf,nen SUPge \m Py, - Now (i) tells us that we also have an infinite K C J such that the limit p’ of (pi, )nen
is infynen SUPge o\ m Pir - SINCE SUPge e\ Pi, < SUDe\m Pip fOr every m, p” < p. On the other hand, we
also have an infinite L C K such that p = inf,,en SUPje [\ m Pir; SO that p < pand p=1p. Q

Since the condition tells us also that every subsequence of (p;);en has a sub-subsequence which is bounded
above, and therefore has a convergent sub-sub-subsequence, p is actually the limit of (p;);en.

(e) Note first that if (g;);en is a sequence in P converging to ¢* € P, and ¢ > 0, there is a ¢/ € P
such that p(¢’,q¢*) < e and {i : ¢; < ¢’} is infinite. P By (d), there is an infinite J C N such that
q" = infrensup;e g, is by (c-ii), we can take q = SUp; e y\n, ¢i for some n. Q

For m, i € N, set ¢mi = DV SUp,,<,, Pni- Then lim; o ¢mi = DV Sup,,<,, Pn = p for each m. We can
therefore find, for each m € N, a ¢, € P such that p(gm,p) < 2°™ andi{i D @mi < @) is infinite. As
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(@m)men — p, there is a ¢ € P such that {m : ¢,, < ¢} is infinite. Now, for any n € N, there is an m > n
such that ¢,, < ¢, so that

is infinite.

*513M Proposition Let P be a separable metrizably compactly based directed set, and give the set C
of closed subsets of P its Vietoris topology. Let K, C C be the family of non-empty compact subsets of P
which are bounded above in P. Then K + sup K : K, — P is Borel measurable.

proof Writing K for the family of non-empty compact subsets of P, we have a sequence (f,)nen of
Borel measurable functions from K to P such that K = {f,(K) :n € N} for every K € K (5A4Dc). Set
gn(K) = sup,,, fi(K) for each K € K and n € N; because P is separable, every g, is Borel measurable (put
418Bd and 418Ac together). For K € Ky, (gn(K))nen is a non-decreasing bounded sequence, so converges
to g(K) € P, by 513L(c-i); now g : K — P is Borel measurable (418Ba). Since {q: ¢ < g(K)} is a closed set
including {f;(K) : i € N}, it includes K, and g(K) is an upper bound for K; because g(K) = sup;cy fi(K),
g(K) =sup K. So we have the result.

*513N Lemma Let P and ) be non-empty metrizably compactly based directed sets of which P is
separable, and ¢ : P — @ a Tukey function. Set

R={(¢,p):pe P qeq, ¢(p) <q}.

Then
(a) R[]—00,¢]] is bounded above in P for every ¢ € @;
(b) R C @ x P is usco-compact.

proof (a) Because P is non-empty, we need consider only the case in which R[]—o0, ¢]] is non-empty. Let
(Pn)nen be a sequence running over a dense subset of R[]—o0, g]]. For each n € N we have sequences (py;)ien
in P and (gni)nen in @ such that ¢(pni) < Gni, iMoo Pri = Pr and lim; o0 gni = ¢n < q. By 513Le, there
isa ¢ € Q such that I,, = {i : g¢n; < ¢’} is infinite for every n € N. Because ¢ is a Tukey function, there is
a p’ € P such that p,; < p’ whenever n € N and ¢ € I,,. But now {p: p < p’} is closed, so it contains every
pn, and p’ is an upper bound for R[]—o0,q]].

(b) In particular, for any ¢ € @, R[{q}] is bounded above in P, therefore relatively compact; since R is
closed, every R[{q}] is closed and therefore compact. Now suppose that F' C P is closed and that (g,)nen
is a sequence in R~![F] converging to ¢ € Q. Then there is a ¢* € Q such that J = {n : ¢, < ¢*} is infinite.
For n € J, let p, € F be such that (g,,p,) € R. Then {p, : n € J} is included in the order-bounded set
R™Y[]—00, ¢*]], so is relatively compact, and (p,)nen has a cluster point p say. Of course p € F; also (¢, p)
is a cluster point of ((¢n, pn))nen, so belongs to R = R, and ¢ € R™![F]. As ¢ is arbitrary, R~![F] is closed;
as F' is arbitrary, R is usco-compact.

*5130 Theorem (SOLECKI & TODORCEVIC 04) Let P and @ be metrizably compactly based directed
sets such that P <1 Q. Let X be the o-algebra of subsets of P generated by the Souslin-F sets.

(a) If P is separable, there is a Borel measurable dual Tukey function ¢ : Q — P.

(b) If P is separable and @ is analytic, there is a Y-measurable Tukey function ¢ : P — Q.

proof If either P or () is empty, so is the other, and the result is trivial; suppose that they are non-empty.

(a) Let ¢9 : P — Q be a Tukey function, and set R = {(¢,p) :p € P, q € Q, ¢po(p) < q}, so that R is
usco-compact (513N). Let C be the set of closed subsets of P with its Vietoris topology; then ¢ — R[{q}] is
Borel measurable (5A4Db). Since @ is an isolated point of C, Qo = {y : R[{y}] # 0} is a Borel set in Q. If
q € Qo, then R[{q}] is a non-empty compact subset of P which is bounded above (513Na), so 513M tells us
that ¢ — sup R[{q}] : Qo — P is Borel measurable. Fix any py € P and set 1(q) = sup R[{q}] if ¢ € Qo, po
if ¢ € Q\ Qo. Then ¢ is Borel measurable. If p € P, ¢ € Q and ¢o(p) < ¢, then (¢,p) € R, p € R[{q}] and
p < 9(q); thus (¢o,v) is a Galois-Tukey connection and ® is a dual Tukey function.
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(b) R C @Q x P is a closed set (422Da) and R[Q)] = P. Because P and @ are separable and metrizable, R
can be obtained by Souslin’s operation from products of closed sets. By the von Neumann-Jankow selection
theorem (423N), there is a Y-measurable ¢ : P — @ such that (¢(p),p) € R for every p € P. If g € @, then
{p:¢(p) < q} C R[]—00,q]] is bounded above in P, so ¢ is a Tukey function.

513P The last result in this section is entirely unconnected with the rest, and is a standard trick; but
it will be useful later and contains an implicit challenge (513Y]j).

Lemma Let P and @ be non-empty partially ordered sets, and suppose that (i) every non-decreasing
sequence in P has an upper bound in P (ii) there is no strictly increasing family (ge¢)e<y, in Q. Let
f:+ P — @ be an order-preserving function. Then there is a p € P such that f(p’) = f(p) whenever p’ € P
and p’ > p.
proof ? Otherwise, we can choose (p¢)e<w, inductively so that

Po € P7

Pet+1 = pe and f(pey1) > f(pe) for every § < wy,
pe is an upper bound for {p, : n < ¢} for every non-zero limit ordinal £ < w;.

But now (f(pe))e<w, is strictly increasing, which is impossible. X

513X Basic exercises (a) Let P be a partially ordered set, and A the family of subsets of P which are
not cofinal with P. Show that (A, %, P) <t (P, <, P). Explain the relation of this fact to 511Xj, 513C(a-ii)
and 513Xb.

(b) Let P be a partially ordered set such that bu P > w. Show that cf(bu P) > add P.

(c) Let P, @ and R be partially ordered sets. (i) Show that if ¢ : P — @ and ¢9 : Q — R are Tukey
functions, then ¢o¢1 : P — R is a Tukey function. (ii) Show that if ¢; : P — @ and %5 : @ — R are dual
Tukey functions, then 991, : P — R is a dual Tukey function.

(d) Let P and @ be partially ordered sets, and g : Q@ — P a function. Show that g is a dual Tukey
function iff for every py € P there is a gy € @ such that g(q) > po for every g > qo.

(e)(i) Show that if P, @ are partially ordered sets, P is Dedekind complete and P <t @, there is an
order-preserving dual Tukey function from @ to P. (ii) Set P = [{0,1,2}]5% and Q = [{0, 1,2}]. Show that
there is no order-preserving Tukey function from P to Q.

(r) Let P be a partially ordered set. Show that if x > cf P and A < add P then P < [k]<.
(f) Suppose that P is a partially ordered set and add P = ¢f P = k > w. Show that P =7 k.
(g) Prove (a)-(d) of 513G directly, without mentioning Tukey functions or Galois-Tukey connections.

>(h)(i) Show that if P and @ are two partially ordered sets such that sat™(P) = #(P)* = #(Q)* =
sat’(Q) then P and @ are Tukey equivalent. (Hint: if B C @ is an up-antichain, any injective function
¢ : P — Bis a Tukey function from P to Q.) (ii) Give an example of such a pair P, @ such that m(P) # m(Q)
and bu P # bu@Q.

(i) Let P, @1, Q2 be partially ordered sets such that (P, <, P) gt (@1, <, Q1) X (Q2, <,Q2) (definition:
512I). Show that add,, P > min(add,, @1, add,, Q2).

(j) Show that N, with its usual ordering and topology, is a metrizably compactly based directed set.

(k) Let X be aset, 1 <p < oo and P the positive cone (/7(X))* of the Banach lattice ¢7(X), with the
topology induced by the norm of ¢7(X). Show that P is a metrizably compactly based directed set.

(1) Let Z be the ideal of subsets of N with asymptotic density zero, with its natural ordering and the
topology induced by the metric (a,b) + sup,,>; %#((a Ab)Nn). Show that Z is a metrizably compactly
based directed set.
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(m) Let X be a metrizable space, and F the set of nowhere dense compact subsets of X. Show that F,
with its natural ordering and its Vietoris topology, is a metrizably compactly based directed set. (Hint: use
a Hausdorff metric.)

(n) Let X be a metrizable space, K the family of compact subsets of X, and Z a o-ideal of subsets of X.
Show that I NZ, with the natural partial order and the Vietoris topology, is a metrizably compactly based
directed set.

(o) Let (P;);cs be a countable family of metrizably compactly based directed sets, with product P. Show
that P is metrizably compactly based.

(p) Let P be a metrizably compactly based directed set. (i) Show that P is a lattice iff it has a least
element. (ii) Show that if we adjoin a least element —oo to P as an isolated point, PU{—oc0} is a metrizably
compactly based directed set.

(q) Let (P;);cr be a family of partially ordered sets, and P their product. (i) Show that cf P is at most
the cardinal product ], ., cf P;, with equality if I is finite. (ii) Show that if P # () then sup,c; cf P; < cf P.
(iii) Show that if P # () and for every i € I there is a j € I such that cf P; < cf P;, then sup;c; cf P; < cf P.

513Y Further exercises (a) Show that for a cardinal k, there is a partially ordered set P such that
c'(P) = sat’(P) = k iff k is weakly inaccessible. (Hint: for such a r, take X to be a product of discrete
spaces, one of each cardinality less than x, and P the family of proper closed subsets of X.)

(b) Show that for any cardinal k > 0 there is a supported relation (A, R, B) such that sat(A, R, B) = &.

(¢) For a non-empty upwards-directed set P, a topological space X and A C X, write clp(A) for the set
of points z € X for which there is a function f : P — A such that = € f[C] for every cofinal set C C P;
equivalently, f[[FT(P)]] — z, where F'(P) is the filter on P generated by sets of the form [p, oo[ as p runs
over P. Now let P and () be upwards-directed sets. Show that P <t Q iff clp(A4) C clg(A) for any subset

A of any topological space.

(d) For partially ordered sets P and @, say that P = @ if there is a partially ordered set R into which both
P and @ can be embedded as cofinal subsets. (i) Show that P ~ @ iff there is a Galois-Tukey connection
(¢, %) from (P, <, P) to (@, <, Q) such that (¢, ¢) is a Galois-Tukey connection from (@, <, Q) to (P, <, P).
(ii) Show that if P, R and R’ are partially ordered sets such that P can be embedded as a cofinal subset into
both R and R’, then R ~ R’. (iii) Show that = is an equivalence relation on the class of partially ordered
sets. (iv) Show that if P is a set of partially ordered sets, and P ~ P’ for all P, P’ € P, then there is a
partially ordered set R such that every member of P can be embedded into R as a cofinal set. (v) Give an
example of partially ordered sets P and ) such that P =1 @ but P % Q.

(e) For a cardinal x and a supported relation (A, R, B) set add<,(A, R, B) = add(4, R’,[B]<"). Which
of the ideas of 5131 can be extended to the general context?

(f) Show that there are two families ((A;, R;, B;))icr and ((C;, Si, D;))ier of supported relations, with
simple products (A, R, B) and (C, S, D) respectively, such that cov(A;, R;, B;) = cov(C;, Si, D;) for each i,
but cov(A4, R, B) # cov(C, S, D). (Hint: examine the proof of 513J.)

(g) Let X be a set and U a solid linear subspace of R* with an order-continuous norm under which it
is a Banach lattice. Show that its positive cone, with its norm topology, is a metrizably compactly based
directed set.

(h) Explore possible definitions of ‘compactly based’ partially ordered set which do not require the
topology to be metrizable.

(i) Let P be an analytic metrizably compactly based directed set. Show that P is Polish. (Hint: SOLECKI
& TODORCEVIC 04.)
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(j) For partially ordered sets P and @, say that QP if for every order-preserving f : P — @ there is a
p € P such that f(p’) = f(p) for every p’ > p. Explore the properties of the relation .

513 Notes and comments Most of the first part of this section consists of elementary verifications; an
exception is the Erdés-Tarski theorem on the cellularity and saturation of a partially ordered set (513Bb-
513Bc), which can equally well be regarded as a theorem about topological spaces or Boolean algebras (see
514Da and 514Nc). As usual, I have presented the ideas of the last two sections in an ahistorical manner;
the original objective of TUKEY 1940 was to classify directed sets from the point of view of net-convergence
(513Y¢).

I have starred 513K-5130 because I do not expect to rely on them in the rest of this work. Nevertheless
I think that they give a useful support to the ideas here, particularly in the context of §526, where these
‘compactly based’ partial orders appear naturally. Note that 513Ld tells us that if a directed set P is
metrizably compactly based, there is a unique witnessing topology; every topological property of P must be
a reflection of a property of the ordering.

Version of 16.5.14
514 Boolean algebras

The cardinal functions of Boolean algebras and topological spaces are intimately entwined; necessarily so,
because we have a functorial connexion between Boolean algebras and zero-dimensional compact Hausdorff
spaces (312Q). In this section I run through the elementary ideas. In 514D-514E I list properties of cardinal
functions of Boolean algebras, corresponding to the relatively familiar results in 5A4B for topological spaces;
Stone spaces (514B), regular open algebras (514H) and category algebras (5141) provide links of different
kinds between the two theories. It turns out that some of the most important features of the cofinal structure
of a pre-ordered set can also be described in terms of its ‘up-topology’ (514L-514M) and the associated regular
open algebra (514N-514S). I conclude with a brief note on finite-support products (514T-514U).

514A 1 put a special property of locally compact spaces into the language of this chapter.

Lemma Let (X, %) be a topological space. Then d(X) > d+(T\{0}). If X is locally compact and Hausdorff,
then d(X) = d+(T\ {0}).

proof If x € X, then {G : z € G € T} is downwards-centered in T\ {0}. So
d¥H(T\ {0}) < cov(T\ {0},,X) = d(X).

Now suppose that X is locally compact and Hausdorff. Set k = d*+(T \ {0}), and let (H¢)e<, be a cover
of T\ {0} by downwards-centered sets. For & < r set Fx = (\{H : H € H¢}, and let D C X be a set with
cardinal at most  such that DN Fe # () whenever { < k and F¢ # (). If G C X is a non-empty open set, then
there is a non-empty relatively compact open set Hy such that Hy C G (recall that X, being locally compact
and Hausdorff, is certainly regular). There is some £ < k such that Hy € H¢; because {H : H € H¢} is
a family of closed sets with the finite intersection property containing the compact set Hy, its intersection
F is not empty. Also Fr € Hy C G, so DN G 2 DN Fg is non-empty. As G is arbitrary, D is dense, and
d(X) < #(D) < k. We know already that x < d(X), so they are equal.

514B Stone spaces Necessarily, any cardinal function ¢ of topological spaces corresponds to a cardinal
function ¢ of Boolean algebras, taking ¢(2) = {(Z) where Z is the Stone space of 2. Working through the
functions described in 5A4A and 511D, we have the following results.

Theorem Let 2 be any Boolean algebra and Z its Stone space. For a € 2 let @ be the corresponding
open-and-closed subset of Z.

(a) #(21) is 2w(%) = 2#(%) if 9l is finite, w(Z) otherwise.

(b) sat(2A) = sat(Z2), c¢(A) = ¢(2).

(c) 7(A) = 7(2).

(©) 2003 D. H. Fremlin
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(d) d(2A) = d(Z).
(e) Let Nwd(Z) be the ideal of nowhere dense subsets of Z. Then wdistr(2) = add Awd(Z).
proof Let £ be the algebra of open-and-closed subsets of Z, so that a — @ is an isomorphism from 2l to £.

The essential fact here is that £\ {0} is coinitial with T\ {#}, where ¥ is the topology of Z, so that (writing
AT for A\ {0}, as usual)

(A7, 2,%%) = (E\ {0}, 2,€\{0}) =cr (T\{0},2,T\{0})
by 513E(d-ii), inverted.
(a) If A is finite, so is Z, and in this case 21 = PZ has cardinal 2#(%). If 2 is infinite, so are Z and w(Z).
Because £ is a base for the topology of Z, w(Z) < #(€) = #(A). On the other hand, let & be a base for

the topology of Z with #(U) = w(Z). Then every member of £ is expressible as the union of a finite subset
of U, so

#(2) = #(E) < #(U~) < max(w, #U)) = w(2).

(b)-(c)
c(A) = c(&) = cHEN{D}) = cH(T\ {0}) = c(2),
sat(2) = sat(€) = satH(€\ {0}) = sat (T \ {0}) = sat(2),

(@) = m(€) = cl(E\{0}) = ci(T\ {0}) = 7(2)
using 513Gb, inverted, to move between & \ {0} and T\ {0}.

(d)

d(@) = d*(@AY) = dH(E\{0}) = dH(T\ {0})
(513Gd, inverted)
= d(Z)

because Z is compact and Hausdorff (514A).

(e) Let (Pou(A),C*) be the pre-ordered set of partitions of unity in 2 as described in 512Ee. For
C € Pou(2), set

f(C) = Z\UCGC/C\'

Then f(C) € Nwd(Z). P? Otherwise, since f(C) is certainly closed, its interior is non-empty, and there
is a non-zero a € 2 such that @ C f(C); but in this case anc = 0 for every ¢ € C and C is not a partition
of unity. XQ

If C, D € Pou() and C C* D then f(C) C f(D). PIfde D, Cy={c:ce C, cnd # 0} is finite and
d C supCp; sod C U.ec, € is disjoint from f(C). Thus Z \ f(D) C Z\ f(C) and f(C) C f(D). Q

If C, D € Pou() and f(C) C f(D) then C T* D. P If d € D then the compact set d is included in the
open set |J o ¢ So there is a finite set Cy € C such that dc Uecec, € and {c:c€ C,dnc# 0} C Cp is
finite. Q

f[Pou(20)] is cofinal with Awd(Z). P If F € Nwd(Z), let C C 2 be a maximal disjoint set such that
FNne=0for every c € C. ? If C is not a partition of unity in 2, let a € A+ be such that anc = 0 for
every ¢ € C. Then @\ F is a non-empty open set, so there is a non-zero b € 2 such that bC a\ F'; in which
case we ought to have added b to C. X So C € Pou(2) and F C f(C). Q

By 513E(d-i), Pou(2l) and Awd(Z) are Tukey equivalent, and

add Mwd(Z) = add Pou(2) = wdistr(2)

as remarked in 512Ee.
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514C I begin the detailed study of cardinal functions of Boolean algebras with two elementary remarks.

Lemma Let 2 be a Boolean algebra.
(a) d(2) is the smallest cardinal s such that 2 is isomorphic, as Boolean algebra, to a subalgebra of Pk.
(b) link(2A) is the smallest cardinal x such that 2[ is isomorphic, as partially ordered set, to a subset of
Pk.

proof (a)(i) If we have an isomorphism 7 from 2 to a subalgebra of Pk, then A = {a : { € ma} is centered
for each § < k, and U, A¢ = AT; s0 d(A) < k.

(ii) Let Z be the Stone space of 2, and for a € 2 let @ C Z be the corresponding open-and-closed set.
There is a dense set D C Z with cardinal d(2() (514Bd), and a — DNa: A — PD is an injective Boolean
homomorphism; so 2 is isomorphic to a subalgebra of PD = P(d()).

(b)(i) & < link(2l). P Let (Ag)ecnink(ay be a family of linked subsets of At covering A*. Set A = {b:
Ja € Ag, bDa}; then each A; is still linked in 2. Define h : % — P by setting h(a) = {§ : a€ AL}
Then h is order-preserving. Now if a, b € A and a ¢ b, there is a { < x such that a\ b € A, in which case
& € h(a) \ h(b). Thus h is an embedding and x < link(2A). Q

(ii) link(2A) < k. I Let h: A — Pk be an order-isomorphism between 2 and a subset of Px. For each
&, set
Ae={a:a e &€ h(a)\ h(1\a)}.

If a, b € A¢ then £ € h(b) \ h(1\a) so bZ 1\ a and anb # 0; thus A¢ is linked. If a € A" then a ¢ 1\ a so
h(a) € h(1\ a) and there is a £ < x such that € € h(a) \ h(1\ a); thus AT = Ue<, Ae and link(2A) < x. Q

514D Theorem Let 2 be a Boolean algebra.
(a)
c(2A) < link(A) < d(A) < w(A) < #(A) < 2 7(A) < 7(A),

sat(2) = ¢(A)T unless sat(2A) is weakly inaccessible, in which case sat(2) = c(2).

(b) If A C A, there is a B € [A]<***() with the same upper bounds as A; similarly, there is a B € [A]<5*¢(3)
with the same lower bounds as A.

(C) linkc(m) (9‘) = hnk<sat(&’l) (Ql) = F(Q[)

(d) If 2 is not purely atomic, wdistr() < min(d(2),2”™) is a regular infinite cardinal.

(e) #() < max(4, supy cgaq(a) 7(20)*), where 7(21)* is the cardinal power.
proof Let Z be the Stone space of 2; for a € 2, let @ C Z be the corresponding open-and-closed set.

(a) This is mostly a repetition of 511Ta. By 514Cb, # () < 2"k By 513Bc, inverted, and the
definitions in 511Db,

sat(2) = sat(AT) = cHAT)T = c(A)+

unless sat(2() is a regular uncountable limit cardinal, that is, is weakly inaccessible, and otherwise sat(2) =
c(20). (See also 5A4Ba.)

(b) By 5A4Bd, applied to {a : a € A}, there is a B € [A]<***®) guch that UbeBg = Uqeca @ Now if c is

an upper bound of B, then ¢ is a closed set including b for every b € B, so it also includes @ for every a € A,
and c is an upper bound of A.

Applying this to {1\ a: a € A} we see that there is a set B’ € [A]<**(%) with the same lower bounds as
A.

(c) Set k& = link e (o) (A). By 511Ia, £ < link,gy(A) < w(2A). On the other hand, if A C AT is < sat(2)-
linked, it has a lower bound in 2. ¥ By (b), there is a set B C A, with the same lower bounds as A,
such that #(B) < sat(2). Now B has a non-zero lower bound because A is < sat(2()-linked, so A also has a
non-zero lower bound. @ We have a cover (A¢)ec, of AT by <sat(A)-linked sets; each A¢ has a non-zero
lower bound a¢ say; and {a¢ : £ < Kk} is a m-base for 2, so 7(A) < k.
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(d)(i) Because wdistr(A) = add NAwd(Z), where NAwd(Z) is the ideal of nowhere dense subsets of Z
(514Be), and is not oo (511le), it must be a regular infinite cardinal (513C(a-i)). (Or argue directly from
511DF.)

(ii) As for the upper bound for wdistr(2), suppose that a € A" includes no atom and that D €
[A]7) 7-generates 2A. Since 2 and 7(A) are surely infinite, the subalgebra B of 2 generated by D U {a} is
still with cardinal 7(2() (331Gc). For B C B set Ep = Z N ﬂbeBE, and set C = {B: B C B, Ep is nowhere
dense}. Then Jgzee Ep 2 a. P Take any z € a. Set B={b:bc B,z ¢ b}. ? If Ep has non-empty
interior, it includes ¢ for some non-zero ¢ C a. But now, for any d € D, either d € Band cC d,or 1\d € B
and ¢cnd = 0. So the order-closed subalgebra {d : either ¢ C d or cnd = 0} includes D and must be the
whole of 2, and ¢ C a is an atom. X Soint Eg =0, B € C and z € Eg. As z is arbitrary, a C Upec EB- Q

By 514Be, with 514Bd,

wdistr(2A) < #(C) < 2#(B) = 27,

At the same time, if Y C Z is any dense set with cardinal d(Z), then {{y} : y € Y Nna} is a family of
nowhere dense sets with no upper bound in the ideal of nowhere dense subsets of Z; so 514Be also tells us
that

wdistr(2) < #(Y Na) < d(Z) = d(2).

(e) (Compare 4A10.) Set Kk = SUpP) gar (2 (RO, If #(A) > 4 then 7(™A) > 2 s0 k > SUP ) <sat(2) 2
and the result is immediate from 511Ic if  is finite. If 2 is infinite, so is sat(2A), while A < & for every
A < sat(2), so sat(A) < k. Let D C A be a set with cardinal 7(2() which 7-generates 2. Define (D¢)ec
inductively by setting

Dy=D, D¢={l\a:ac, a=supC for some C CJ,_, Dy}

n<€
for £ < k. Then #(D¢) < & for every £ < k. PP The point is that, by (b), every member of D is expressible
in the form 1\ sup C for some C' € [J, D=2t But the inductive hypothesis tells us that Uy<¢ Do
has cardinal at most %, so the number of its subsets with cardinal less than sat(2() is also x (5A1Ff, because
sat(2) is regular), and #(D¢) < k. Q

At the end of the induction, set B = U§<sat(21) D¢. Then 1\ (bubd') € B for every b, b/ € B, so B is
a subalgebra of 1. Also it is order-closed. I If B C B has a supremum a € 2, there is a C C B such
that #(C) < sat(2A) and a = sup C. Now there must be some set J C sat(2) such that #(J) < sat(2) and
C C U, e Dy Since sat(A) is regular (513Bb), ¢ = sup J is less than sat(2A). Now 1\ a € D¢11 and a € B.

By the choice of D, B =2, so #(A) = #(B) < k.

514E Subalgebras, homomorphic images, products: Theorem Let 2 be a Boolean algebra.
(a) If B is a subalgebra of 2, then

sat(B) < sat(A), ¢(B) < c(A),

link<,(B) < link.,(2A)
for every x < w, in particular,
d(B) < d(2), link(B) < link(A).
(b) If B is a regularly embedded subalgebra of 2 then, in addition, link.,(B) < link () for k > w,
7(B) < m(A) and wdistr(A) < wdistr(B).
(c) If B is a Boolean algebra and ¢ : 2 — B is a surjective order-continuous Boolean homomorphism,
then

sat(B) <sat(A), c(B) <cA), 7(B)<7A),

link ., (B) < link<, () for every cardinal &,
d(B) < d(2), link(B) < link(A),
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and also
wdistr(2) < wdistr(B), 7(B) < 7(2).
(d) If B is a principal ideal of 2, then
sat(B) <sat(A), c(B) <cRA), 7(B)<w(A),
link <, (B) < link<, () for every &,

d(B) < d(2), link(B) < link(A);
moreover,
wdistr(2) < wdistr(B), 7(B) < 7 ().
(e) If B is an order-dense subalgebra of 2 then
sat(B) = sat(A), c(B)=c), 7(B)=n),
link. . (B) = link. () for every ,

d(B) = d(2), link(B) = link(2),
and finally
wdistr(B) = wdistr(A), 7(A) < 7(B).
(f) If 2 is the simple product of a family (2(;);c; of Boolean algebras, then
7(A) < max(w,sup;e; 7(A;), min{\ : #(I) < 21}),
sat(A) < max(w, #(I)", sup;c; sat(2;)),
c(A) < max(w, #(I),sup;e; c¢(2As)),
m(A) < max(w, #(I), sup;e; m(2;)),
link <, () < max(w, #(I), sup;cy link<.(2;)) for every x,
link (1) < max(w, #(I), sup;¢; link(2;)),

d(A) < max(w, #(I), sup;e; d(2:)),
and

wdistr(2() = min;e; wdistr(2(;).

proof Write Z for the Stone space of 2L.

(a) Any disjoint subset of BT is a disjoint subset of 2T, so sat(B) < sat(A) and ¢(B) < c(A). If x < w
and A is a cover of AT by sets which are downwards <x-linked in 2", then A N%B is downwards <x-linked
in BT for each A € A, so link.,(B) < link.(A).

(b) For each non-zero a € 2, the set B, = {b: b € B, a C b} does not have infimum 0 in 2 so cannot
have infimum 0 in B; let 1)(a) € BT be a lower bound for B,. If now we set ¢(b) = b for b € B, (4,9) is a
Galois-Tukey connection from (B1,2,B1) to (AT,2,2AT). It follows at once that

link (%) = link,,(B+,2, B+) < linko, (A, 2, A) = link- . (A)
for arbitrary & (512Dd), and that
7(B) = cov(BT,2,BT) < cov(AT,2,AT) = m(A)
(512Da).
Now suppose that £ < wdistr(2) and that (Bg)e<y is a family of partitions of unity in 5. Then
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D={d:de®B, {b:be Be, bnd # 0} is finite for every { < k}

is order-dense in B. I Take any non-zero d € B. sup B¢ = 1 in 2, that is, B¢ is still a partition of unity
in A, for each £. So there is a partition A of unity in 2 such that {b: b € Be, bna # 0} is finite for every
¢ <rkanda€ A Let a € Abesuch that dna # 0, and set eg = sup{b: b € Be, bna # 0} for each £ < k.
Then a C e¢ € B for each . This means that {d} U {e¢ : £ < x} has a non-zero lower bound dna in 2; as
B is regularly embedded in 2, there is a non-zero d’ C d which is also a lower bound for {e¢ : { < xk}. But
this means that d’ € D. As d is arbitrary, D is order-dense in B. Q

There is therefore a partition of unity included in D. As (Bg¢)e<, is arbitrary, wdistr(98) > wdistr(2).

(c)(i) For any b € BT there is a 1(b) € A" such that ¢y(b) C b and a = 0 whenever a C 1)(b) and
¢a = 0. P Consider D = {d : d € A, ¢d D b}. This is a non-empty downwards-directed subset of 2 and b
is a non-zero lower bound of ¢[D]. As ¢ is supposed to be order-continuous, D must have a non-zero lower
bound in 2; let ¥(b) be such a lower bound. Since there is a d € 2 such that ¢d = b, and now d € D, we
must have ¢1p(b) C ¢d =b. If a C ¢¥(b) and ¢a = 0, then ¢(1 Ca) =12b, 1\a € D and a C ¥(b) C 1\ a, so
a=0.Q

(ii) If k = sat(A) and (be)e<y is a family in BT, then (¢P(be))e<s is a family in AT and there are
distinct &, n < & such that a = ¢(be) N (by) is non-zero. Now

0 # ¢a C ¢ (bai) N d1p(by) C be Nby.
As (be)e<y is arbitrary, sat(B) < sat(2). By a similar argument, or using 514Da, we see that c(B) < ¢().

(iii) Let A be a coinitial subset of AT of cardinal 7(2). Set B = ¢[A] \ {0}. If b € BT, there is an
a € A such that a C ¥(b), and now ¢a € B and ¢a C ¢(b) C b. So B is cofinal with B+ and

7(B) < #(B) < #(A) = 7 ().

(iv) Let W be the Stone space of B. Write Awd(Z), Nwd(W) for the ideals of nowhere dense subsets
of Z and W, so that add Awd(Z) = wdistr(A) and add Nwd(W) = wdistr(B) (514Be). Corresponding to
¢ : A — B we have an injective continuous function @ : W — Z such that 67'[E] € Nwd(W) for every
E € NMwd(Z) (312Sb, 313R). Also 0[F] € Nwd(Z) for every F € Nwd(W). P? Otherwise, because 0[F]
is compact, therefore closed, there is a non-empty open set G C 0[F]. Now #~1[G] is a non-empty open
set, and is included in F, because @ is injective; but this is impossible. XQ So if Jo € Nwd(W) and
#(Jo) < wdistr(), E = J{0[F] : F € Jo} belongs to Nwd(Z) and |JJo C 6~ L[E] belongs to Nwd(W).
This shows that add Nwd(W) > add Nwd(Z), so that wdistr(B) > wdistr(2).

(v) As for 7(B), we have only to recall that if D C 2 is a 7-generating set with cardinal 7(2(), the
order-closed subalgebra of B generated by ¢[D] includes ¢[] = B (313Mb), and

7(B) < #(¢[D]) < 7(A).

(d) If B is the principal ideal generated by b, then a — anb: A — 9B is an order-continuous surjection,
so we can repeat the list in (c).

(e) (i) Because BT is coinitial with A" we can use 513Gc, inverted, to see that

sat(B) = satH(BF) = sath (A1) = sat(A), c(B) = c(A),
7(B) = ci(BT) = ci(AT) = 7(A),
link . (B) = link% , (B1) = link%, (A1) = link,.(2A).

(ii) From (b) we know that wdistr(8) > wdistr(). For the reverse inequality, suppose that x <
wdistr(8) and that (A¢)e<, is any family of partitions of unity in 2. For each £ < k set B¢ = {b: b€ B, 3
a € Ag, b C a}. Then B is order-dense in B and includes a partition of unity By (313K). Now there is a
partition C' of unity in B such that Di. = {b: b € Bg, bnec # 0} is finite for any { < and c € C. C is still
a partition of unity in 2, and D¢, = {a: a € A¢, anc # 0} is finite for every ¢ € C and < k. (For if a, o’
are distinct elements of D, then {b:b € D¢, bCa} and {b:b€ D, bC a'} are disjoint and not empty.)
As (A¢)e<y is arbitrary, wdistr(B) < wdistr(2).
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(iii) If D C B 7-generates B, then D also 7-generates 2. P Applying 313Mb to the identity map from
B to 2, we see that the order-closed subalgebra ® of 2 generated by D includes 93; but as any member of
2 is the supremum of a subset of B, © =2A. Q So 7(2A) < 7(B).

(f) We can identify each 2(; with the principal ideal of 2 generated by an element a;, where (a;);cr is a
partition of unity in 2 (315E). If £ = max(w, sup;c; 7(2;), min{\ : #(I) < 2*}), then for each i € I choose
(aje)e<w in A such that {ae : £ < K} T-generates 2A;, and let ¢ : I — Pk be injective. For § < &, set

be = sup;cy aje, ce= SUP;cg(e) @i-
Let 9B be the order-closed subalgebra of 2 generated by {b¢ : { < k} U {c¢ : € < k}. Then
a; =inf{ce : £ € p(i)} \ sup{ce : £ € K\ P(i)} € B
for each i. Because {b:b € B, b C a;} is an order-closed subalgebra of 2, containing bs N a; = a;¢ for every

& < K, it is the whole of 2;, so A; C B for every i € I. It follows at once that B = 2, so that 7(2) < k.
The other parts are all elementary.

514F For measure algebras, Maharam type is not only the cardinal function which gives most informa-
tion, but is also, as a rule, easy to calculate. For other Boolean algebras, it may not be obvious what the
Maharam type is. The following result sometimes helps.

Proposition Let 2 be a Dedekind complete Boolean algebra, and (a;;)icr jes @ T-generating family in A
such that

(aij)jes is disjoint for every i € I, sup;c;a;; =1 for every j € J.
Then 7(2A) < max(w, #(I)).
proof (a) We may suppose that J = k is a cardinal. For 4, j € I set
a; =SUPgcy Qig,  bij = SUPecy oy Qin N Aje.
Then
SUPy<¢ Gip = a; \ StueI(bij \sup§<g aje)

whenever ¢ € I and ¢ < k. P (i) If n < ( and j € I, then a;;, C a] and

Qi Nbij = SUD @iy N Qe N Aje = SUP Ay N Gj¢
E<O<k £<n
(because (a;p)g< is disjoint)
C supaye,
§<¢

S0
Sup,<¢ @in € aj \ supje;(bij \ supec aje).
(ii) If 0 # ¢ C af and cna;y = 0 for every n < ¢, there are an n > ¢ such that ¢ = ¢nay, is non-zero, and

a j € I such that ¢” = ¢’ naj¢ is non-zero. In this case ¢’ C b;; \ supg¢ aje, 80 cNbjj\ supe aje # 0.
Accordingly

SUp, < @in 2 af \ sup;e;(bij \ suPec aje). Q

(b) Let B be the order-closed subalgebra of 2 generated by {af : ¢ € I} U{b;; : 4, j € I}. Using
(a) for the inductive step, we see that supe<.a;c € B for every i € I and ¢ < k. Consequently a;c =
SUPg<c Qig \ SUPg¢ ai¢ belongs to B whenever ¢ € I and ¢ < K, and A = B is T-generated by {af 11 €
It U{b;j : 14, j € I}, so has Maharam type at most max(w, #(I)).

514G Order-preserving functions of Boolean algebras (a) Let F' be an ordinal function of Boolean
algebras, that is, a function defined on the class of Boolean algebras, taking ordinal values, and such that
F(A) = F(B) whenever 2 and B are isomorphic. We say that F' is order-preserving if F(8) < F(2)
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whenever B is a principal ideal of 2. It is easy to check that all the cardinal functions defined in 511D
are order-preserving; see 514Ed. Now a Boolean algebra 2 is F-homogeneous if F(8) = F(2l) for every
non-zero principal ideal B of 2. Of course any principal ideal of an F-homogeneous Boolean algebra is again
F-homogeneous.

We have already seen ‘Maharam-type-homogeneous’ algebras in Chapter 33. I mention cellularity-
homogeneous algebras as a class which will be used later. The proof of the Erdés-Tarski theorem in
513Bb is based on the idea of upwards-saturation-homogeneous partially ordered set. Of course all the most
important ordinal functions of Boolean algebras actually take cardinal values.

(b) If F is any order-preserving ordinal function of Boolean algebras, and 2 is a Boolean algebra, then
(writing 2, for the principal ideal generated by a) {a : a € A, U, is F-homogeneous} is order-dense in 2.
P Ifae At set & = min{F(2Ap):0# b C a}, and let b be such that 0 # b C a and F(2,) = &; then 2, is
F-homogeneous. Q So if 2 is a Dedekind complete Boolean algebra, it is isomorphic to a simple product of
F-homogeneous Boolean algebras. (Argue as in the proof of 332B.)

(c) Similarly, if Fy,...,F, are order-preserving ordinal functions of Boolean algebras, and 2l is any
Boolean algebra, then {a : 2, is F;-homogeneous for every ¢ < n} is order-dense in 2; and if 2 is Dedekind
complete, it is isomorphic to a simple product of Boolean algebras all of which are F;-homogeneous for every
1 <n.

(d) Of course any Boolean algebra which is homogeneous in the full sense (316N) is F-homogeneous
for every function F' of Boolean algebras. Maharam’s theorem tells us that a Maharam-type-homogeneous
measurable algebra is homogeneous (331N).

514H Regular open algebras: Proposition Let (X, T) be a topological space and RO(X) its regular
open algebra (3140 et segq.).
(a)(i) (RO(X)™,2,RO(X)") <ar (T\ {0}, 2, T\ {0}).
i) If X is regular, (RO(X)", 2,RO(X)") =c¢r (T\ {0},2,%
(

)

( {0},2,T\{0}).
b)((l) sat(RO(X)) = sat(X), ¢((RO(X)) = ¢(X), 7(RO(X)) <7

(

\
X) and d(RO(X)) < d(X).
i) If X is regular, 7(RO(X)) = 7(X).
iii) If X is locally compact and Hausdorff, d(RO(X)) = d(X).
(c) Let Nwd(X) be the ideal of nowhere dense subsets of X.
(i) If X is regular, wdistr(RO(X)) < add Nwd(X).
(ii) If X is locally compact and Hausdorff, wdistr(RO(X)) = add Nwd(X).
(d) Y C X is dense, then G — GNY is a Boolean isomorphism from RO(X) to RO(Y).

proof (a) For G € T\ {0}, set ¥(G) = intG. If we set ¢(G) = G for G € RO(X)™, then (¢,v) is a
Galois-Tukey connection from (RO(X)*, D, RO(X)™) to (T\ {0},2,%\ {0}).
If X is regular, then RO(X)™" is coinitial with T\ {0}, so 513Ed, inverted, shows that they are equivalent.

(b) (i) Any disjoint family in RO(X)* is a disjoint family of non-empty open subsets of X, so ¢(RO(X)) <
¢(X) and sat(RO(X)) < sat(X). On the other hand, if G is a disjoint family of non-empty open subsets of
X, then (int G)geg is a disjoint family in RO(X)™, so ¢(X) < ¢(RO(X)) and sat(RO(X)) < sat(X).

By (a) and 513Ee, inverted,

#(RO(X)) = ci(RO(X)*) < ci(T\ {0}) = =(X),
ARO(X)) = d*(RO(X)*) < dH(T\ {0} < d(X)
by 514A.

(ii) If X is regular, RO(X)" is coinitial with T\ {0}, so ci(RO(X)T) = ci(T \ {0}) and 7(RO(X)) =
m(X).

(iii) If X is locally compact and Hausdorff it is also regular, so RO(X)™ is coinitial with T\ {0}, and

d(X) = d*(T\ {0})
(514A)
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= d*(RO(X)T) = d(RO(X)).

(c)(i) Let (E¢)e<y be a family of nowhere dense sets in X, where x < wdistr(RO(X)). For each & < &,
set Ge = {G : G € RO(X), GN E¢ = 0}. Then G, is upwards-directed, and |JG¢ = X \ E¢, because any
point of X \Eg belongs to a regular open set with closure disjoint from F¢. But this means that sup Ge = X
in RO(X) (314P), and there is a partition G; of unity included in G¢. Because x < wdistr(RO(X)), there
is a partition H of unity in RO(X) such that {G': G € G;, GN H # 0} is finite for each { and H € H. It
follows that H C (J{G : G € G(} is disjoint from E¢ whenever £ < s and H € H. Accordingly Ug<r Ee is
disjoint from (JH and is nowhere dense. As (E¢)e, is arbitrary, add V\wd(X) > wdistr(RO(X)).

(ii) If X is locally compact and Hausdorff, suppose that k < add Nwd(X) and that (Ge)e<,; is a family
of partitions of unity in RO(X). Then E; = X \ |J G¢ is a nowhere dense closed set for each £ (314P again).
So E = U, E¢ is nowhere dense. Set

U={U:UC X isopen, U C X \ E is compact};

then U is an upwards-directed family with union X \ E, so includes a partition G of unity. But if H € G
and € < k, H is a compact set disjoint from FE¢, so must be included in the union of some finite subfamily
from Ge, and {G : G € G¢, G N H # 0} is finite. As (G¢)ecy is arbitrary, wdistr(RO(X)) > add Awd(X)
and we have equality.

(Y

(d) If Y C X is dense, and we write inty, ) for interior and closure in the subspace topology of Y,

we have

inty GAY") =inty (Y NGAY) = inty (Y NG) =Y Nint G

for every open set G C X. Let f: Y — X be the identity map. Then f is continuous and f~[M] =Y N M
is nowhere dense in Y whenever M C X is nowhere dense in X, so we have a corresponding Boolean
homomorphism 7 : RO(X) — RO(Y) defined by setting

7G =ity f1G] ) =ity GAY ) =Y nintG=GNY

for every G € RO(X) (314Ra). Because Y is dense, 7G # 0 for every non-empty G, and 7 is injective. If
H € RO(Y) \ {0}, then there is an open set G C X such that H = GNY, so that

7(intG) = Y Nint G = inty G N v = H;

thus 7 is surjective and is an isomorphism.

5141 Category algebras For many topological spaces, their regular open algebras can be understood
better through their expressions as quotients of Baire-property algebras. It is time I brought this approach
into the main line of the argument.

(a) Let X be a topological space, and M the o-ideal of meager subsets of X. Recall that the Baire-
property algebra of X is the o-algebra B= {GAA: G C X isopen, A € M}, and that the category algebra
of X is the quotient Boolean algebra & = B/M (4A3R!). Note that if G C X is any open set, then G \ G
and G \ int G are nowhere dense, so

Gr =G = (it G)"
in &.
(b) For G € RO(X), set 7G = G* € &. Then 7 : RO(X) — & is an order-continuous surjective Boolean
homomorphism. P (i) If G, H € RO(X), then
Grrox) H=GNH, X\pox)G=X\G,
(314P), so

TFormerly 4A3Q.
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(GHRO(X) H)y=(GnNnH)=G"nH",

(X\rox) G)* = (X\G) =1\G =1\G".

By 312H(ii), this is enough to show that 7 is a Boolean homomorphism. (ii) If £ € B, let Gy C X be an
open set such that GoAE € M; then G = int Gy belongs to RO(X) and

G =G* =Gy = E°.
Thus 7 is surjective. (iii) There is a regular open set W such that X \ W is meager and every non-empty open

subset of W is non-meager (4A3Sa?); now the kernel of 7 is just {G : G € RO(X), GNW = ()} which has a
largest member int(X \ W). This shows that the kernel of 7 is order-closed, so that 7 is order-continuous

(313P(a-ii)). Q

(c) From the last part of the proof of (b), we see that the kernel of 7 is the principal ideal of RO(X)
generated by X \ W, so that in fact 7 includes an isomorphism between the complementary principal ideal
generated by W and &.

In particular, being isomorphic to a principal ideal in the Dedekind complete Boolean algebra RO(X), &
is Dedekind complete (314Xd, 314Ea).

(d) It is useful to know that if G C X is open, then the category algebra of G can be identified with the
principal ideal of & generated by G*; this is because a subset of GG is nowhere dense regarded as a subset of
G iff it is nowhere dense regarded as a subset of X, so that M N'PG is exactly the ideal of meager subsets
of G for the subspace topology, while the Borel o-algebra of G is {GNE : E C X is Borel} (4A3Ca).

(e) Recall from 431Fa that every A C X has a Baire-property envelope, that is, a set E € B such that
A C E and E \ F is meager whenever F € Band A C F. If (An)nen is any sequence of subsets of X,
and F,, is a Baire-property envelope of A,, for each n, then E = UneN FE,, is a Baire-property envelope of
A=U,cnyAn P Of course AC E ¢ B. 1f A CFe l§, then A, C F for every n, so E, \ F is meager for
every n and E \ F is meager. Q

If A C X, we can define ¢)(A) € & by setting ¢(4) = inf{F* : A C F € g}, because & is Dedekind
complete. Note that ¢(A) = E* for any Baire-property envelope £ of A. It follows that (U, cn An) =
sup, ey ¥ (A,) for any sequence (A, )nen of subsets of X; also ¥(A) =0 in & iff A is meager.

(f) The construction here is most useful when X is a Baire space, so that no non-empty open set is
meager, 7 is injective and is an isomorphism between RO(X) and &.

(g) If X is a zero-dimensional space, then the algebra £ of open-and-closed sets in X is an order-dense
subalgebra of RO(X), so that RO(X) can be identified with the Dedekind completion of £; and if X is a
zero-dimensional compact Hausdorff space, then the category algebra of X can equally be identified with
the Dedekind completion of &£.

(h) Finally, I note that if X is an extremally disconnected compact Hausdorff space, so that its algebra &£
of open-and-closed sets is already Dedekind complete (314S), then £ = RO(X). So if X is the Stone space
of a Dedekind complete Boolean algebra %A, we have a Boolean isomorphism a +— a* from 2 to &, writing a
for the open-and-closed subset of X corresponding to a € 2.

514J Now we have the following.

Proposition Let X be a topological space and € its category algebra.
(a) sat(€) < sat(X), ¢(€) < ¢(X), 7(€) < 7(X) and d(€) < d(X).
(b) If X is a Baire space, sat(€) = sat(X) and ¢(€) = ¢(X).
(c) If X is regular, wdistr(¢) < add Nwd(X), where Nwd(X) is the ideal of nowhere dense subsets of X.

proof All we need to know is that € is isomorphic to a principal ideal of RO(X), which is the whole of
RO(X) if X is a Baire space (514Ic, 514If), and apply 514H and 514Ed.

2Formerly 4A3Ra.
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514K Later in this volume, we shall see that the Lebesgue measure algebra, in particular, can have weak
distributivity large compared with its cellularity and its Maharam type. For such algebras the following
result gives us significant information.

Proposition Let 2l be a Boolean algebra such that sat(2d) < wdistr(2l). Then whenever A C 2 and
#(A) < wdistr(2) there is a set C' C 2 such that #(C) < max(c(2),7()) and a = sup{c: c € C, ¢ C a}
for every a € A.

proof (a) If 2 is finite we can take C' to be the set of atoms of 2; so let us henceforth suppose that 2 is
infinite. Let D C 2 be a 7-generating set of cardinal 7(2), and © the subalgebra of 2 generated by D, so
that (because 2l is infinite) #(D) = 7(2A). For any a € 2, write

Qa)={b:beA, I deD, (and)nb=0},

E(a) = {B : B is a maximal antichain, sup B’ € Q(a) for every finite B’ C B}.

Now the first fact to establish is that £(a) # 0 for any a € 2.

P Set E = {a:&(a) # 0}. Then ® C F, because 1 € Q(d) and {1} € £(d) for every d € D. If a € E,
then Q(1\ a) = Q(a) (because 1\ d € ® for every d € D), so £(1\ a) = £(a) is non-empty, and 1\ a € E. If
F C F is non-empty and has supremum a € 2, then there is a non-empty set Fy C F', still with supremum
a, such that #(Fp) < sat(2() (514Db). For each ¢ € Fy choose B, € £(c). Because #(Fp) < wdistr(2), there
is a maximal antichain B C 2l such that {e : e € B., enb # 0} is finite for every ¢ € Fy. If B’ C B is finite
and ¢ € Fy, then sup B’ C sup B., where B, = {e: e € B, en sup B’ # 0}, so sup B’ € Q(c). Set

D = {b: there are ¥’ € B and ¢ € Fy such that b C ¥\ (a\¢)}.

Because sup Fp =a and sup B =1, supD = 1 and there is a maximal antichain B C D. If B’ C B is finite,
with supremum b*, there are cg, ... ,c, € Fy such that b* is disjoint from a\ sup,,, ¢; also b* € Q(¢;) for
each 7. So we can find d; € ® such that ¢; A d; is disjoint from b* for each i < n; accordingly ¢ A d is disjoint
from b*, where ¢ = sup,«,, ¢; and d = sup,,, d;, and

ardC(arc)u(cad) C(a\c)u(cad) C 1\b*,

while d € ©. This shows that b* € Q(a); as B’ is arbitrary, B € £(a) and a € E.

This shows that F is closed under complements and arbitrary suprema. It is therefore an order-closed
subalgebra of 2 (312B(iii), 313E(a-1)); since it includes D, it is the whole of A, which is what we need to
know. Q

(b) Now turn to the given set A. For each a € A choose B, € £(a). Then there is a maximal antichain
B such that {e : e € By, enb # 0} is finite for every b € B and a € A. Of course #(B) < sat(2). Set
C={dnb:dc®,be B}. Then

#(C) < max(w, #(B), #(D)) < max(c(A), 7(A)).

? Suppose that a € A is not the supremum of C' = {¢c: c € C, ¢ C a}. Let d’ C a be non-zero and disjoint
from every member of C’. Then there is a b € B such that bna’ # 0. As b is covered by finitely many
members of B, it belongs to Q(a), and there is a d € D such that (a A d) nb = 0; which means that

0#£a' nbcanb=dnb,

while dnb e C. Thus dnb € C’; but o’ is supposed to be disjoint from every member of C’. X
Thus C has the properties we need.

514L The regular open algebra of a pre-ordered set Many important features of pre-ordered sets,
at least in those aspects which are of concern to us here, can be related to the regular open algebras of
suitable topologies.

Definitions (a) For any pre-ordered set P, a subset G of P is up-open if [p,co[ C G whenever p € G.
The family of such sets is a topology on P, the up-topology. Similarly, the down-topology of P is the
family of down-open sets H such that p < ¢ € H = p € H. Note that G C P is up-open iff it is closed for
the down-topology, and vice versa. In particular, the intersection of any non-empty family of up-open sets
is again up-open..
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(b) I will write ROT(P) for the regular open algebra of P when P is given its up-topology, and RO¥(P)
for the regular open algebra of P when P is given its down-topology.

514M These up- and down-topologies, entirely unrelated to the usual ‘order topology’ on a totally ordered
set (4A2A) and the ideas of order-convergence considered in Volume 3, take a bit of getting used to. Their
characteristic property is that every point p has a smallest neighbourhood [p, oo[; see 514Xj. I begin with
an elementary lemma for practice.

Lemma Let P be a pre-ordered set endowed with its up-topology.
(a)(i) For any AC P, A= {p: AN |[p,o0] # 0}.
(ii) For any p € P, [p, 00| is the set of elements of P which are compatible upwards with p.

(iii) For any p, g € P, the following are equiveridical: («) ¢ € int [p, oo[; () every member of [g, oo is
compatible upwards with p; (y) ¢ is incompatible upwards with every r € P which is incompatible upwards
with p.

(b) A subset of P is dense iff it is cofinal.

(c) If @ is another pre-ordered set with its up-topology, a function f : P — @ is continuous iff it is
order-preserving.

(d)(i) A subset G of P is a regular open set iff

G ={p:GNlg,o0[ #0 for every ¢ > p}.

(ii) If G is a non-empty family of regular open subsets of P, then ()G is a regular open subset of P,
and is inf G in the regular open algebra ROT(P).
(e) P is separative upwards iff all the sets [p, co[ are regular open sets.
(f) If P is separative upwards and A C P has a supremum p in P, then [p, co[ = inf e 4 [¢, 00[ in ROT(P).

proof (a) For (i), we need only note that [p, oo[ is the smallest open set containing p. Now (ii) amounts to
a restatement of the definition of ‘compatible upwards’. As for (iii),

g € int [p, 00|
,00[ # 0 for every ¢’ > ¢

11
8

(by (1))

< [g,00[N[r,o0] = ) whenever [r,oco[N [p,co][=10

because

P\ [p, 00 = U{[r, 00[ : [r,00[ N [p, o0[ = 0}
(b) U = {[p, o[ : p € P} is a base for the up-topology, so a subset of P is dense iff it meets every member
of U; but this is the same thing as saying that it is cofinal.
(c) If f is order-preserving and H C @ is up-open, then
' 2pe fTIH] = f) > f(p) € H = f(p)) € H,

so f71[H] is up-open; as H is arbitrary, f is continuous. If f is continuous and p < p’ in P, then H =
[f(p), o[ is up-open, so f~![H] is up-open and must contain p’, that is, f(p’) > f(p); as p and p’ are
arbitrary, f is order-preserving.

(d)(i) For any set A C P,
{p:AN|[q,00[ # 0 for every ¢ > p} = {p: [p,00] C A} =int A
(using (a)).

(ii) As noted in 514L, (G is open, so is equal to its interior; but 314P tells us that int ()G is inf G in
RO(P).

(e)
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P is separative upwards
<=V p,q€ P, eitherp<qgor I 7, r>q,[roo[N[p,oo[=0
(511Bk)
<=V p, q € P, either ¢ € [p,00[ or ¢ ¢ int [p, 0]
((a-iii) above)

<=V p€ P, int[p, oo C [p,o0]
<=V p € P, [p,o0[ is a regular open set.

(£) [p, oo[ is actually the intersection (1, 4 [q,00[.

514N Proposition Let (P, <) be a pre-ordered set, and write ' for the up-topology of P and RO'(P)
for the regular open algebra of (P, ZT).
(a) (ROT(P)T,2,ROM(P)*) gar (TT\ {0}, 2,T"\ {0}) =cr (P, <, P). If P is separative upwards, then
(ROT(P)*,2,ROM(P)T) =qr (P, <, P).
(b) 7(ROT(P)) < #n(P,E") = d(P,E") = cf P. If P is separative upwards, then we have equality.
(c) satT(P, <) = sat(P, %) = sat(ROT(P)) and ¢ (P, <) = ¢(P,T") = ¢(ROT(P)).
(d) For any cardinal &,
link(ROT(P)) < linkL (P, <),
with equality if either P is separative upwards or x < w. In particular, we always have
link"(P, <) = link(ROT(P)), dT(P,<) = d(ROT(P)).
(e) If Q C P is cofinal, then ROT(Q) = ROT(P).
(f) If A C P is a maximal up-antichain, then RO"(P) =[] . , RO([a, o0[).
() If P is the partially ordered set of equivalence classes associated with P, then ROT(P) 2= ROT(P).
proof (a) By 514Ha,
(ROT(P)*,2,RON(P)*) <er (T1\ {0},2,T7\ {0}).
Next, observe that U = {[p,o0[ : p € P} is a base for T', so that
(TT\A{0}, 2, T\ {0}) =ar U, 2,U)

by 513Ed (inverted, as usual). If we set ¢(p) = [p,o0[ for p € P, and choose ¥(U) € P such that U =
[(U),o00[ for U € U, then (¢, 1)) is a Galois-Tukey connection from (P, <, P) to (U, D,U), while (¢, ¢) is a
Galois-Tukey connection in the reverse direction; so (P, <) =gt (U, D).

If P is separative upwards, then I/ is included in ROT(P) (514Me) and is coinitial with ROT(P)™, so

(ROT(P)*,D,RON(P)*) =q1 (U, D, U) =cr (P, <, P).

(b) Now

©(ROT(P)) < m(P, ")
(514H(b-1))
=ci(T"\ {0}) = citd = cf P,

defining U as in (a) above. By 514Mb, cf P = d(P,%"). If P is separative upwards, then 7(ROT(P)) = cf P
because (ROT(P)*, 2, ROT(P)*) =gt (P, <, P).

(¢) Similarly, again using 514H(b-i), and with 512Dc at the last step,
sat(ROT(P)) = sat(P, T") = satH(TT\ {0}) = sat+ () = satT(P).
Now we saw in 514Da and 513Bc that cellularity is determined by saturation both for partially ordered sets
and for Boolean algebras, so ¢c(ROT(P)) = ¢ (P). (Of course this is easily shown by a direct argument.)
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(d) Using (a) and 512Dd, we see that

link..(ROT(P)) = link,.(ROT(P)*, 2, ROT(P)™)
< link_ (P, <, P) = link! (P, <),

with equality if P is separative upwards. For other P, if k < w, set A = link<,(ROT(P)) and let (H¢)ex

be a cover of ROT(P)* by <k-linked sets. Set A¢ = {p : int [p,00[ € H¢} for each & < k. Then any Ag is
upwards-<r-linked in P. P2 Otherwise, there is an I € [A¢]<" which has no upper bound in P, that is,

Mper [ o0l = 0. Now

Mperint [p, 0o € Use ([P, o0\ [P, o0])

is an open set covered by finitely many nowhere dense sets and is therefore empty, so we have a finite subset
of He with empty intersection. XQ So (A¢)e<x witnesses that linkL,{(P, <) < X and again we have equality.
In particular,

link(ROT(P)) = link3(ROT(P)) = link! 4(P, <) = link" (P, <),
d(RO™(P)) = link,(ROT(P)) = link® (P, <) = d*(P, <).

(e) Put 514Mb and 514Hd together.

(f) Because A is an up-antichain, ([a, 0o[)qe4 is a disjoint family of open sets in P; because A is maximal,
U,ea [, 00[ is cofinal, therefore dense. So 315H gives the result.

(g) Let Q@ C P be a set meeting each equivalence class in just one point, so that ¢ — ¢* : Q — Pis a
bijection. Then @ is cofinal with P, while with its subspace ordering () is isomorphic to P. So

ROT(P) = RO'(Q) = ROT(P)
by (e).

5140 Of course we very much want to be able to recognise cases in which two partially ordered sets
have isomorphic regular open algebras; and it is also important to know when one ROT(P) can be regularly
embedded in another. The next four results give some of the known sufficient conditions for these.

Proposition Suppose that P and @ are pre-ordered sets and f : P — @) is an order-preserving function
such that f=1[Qo] is cofinal with P for every up-open cofinal Qo C Q. Then there is an order-continuous
Boolean homomorphism 7 : ROT(Q) — ROT(P) defined by setting 7H = int f~![H] (taking the closure and
interior with respect to the up-topology on P) for every H € ROT(Q). If f[P] is cofinal with @ then 7 is

injective, so is a regular embedding of ROT(Q) in ROT(P).

proof By 514Mec, f is continuous for the up-topologies. Moreover, f~![M] is nowhere dense in P whenever
M C Q@ is nowhere dense in Q. P Qo = Q \ M is up-open and dense, therefore cofinal (514Mb), so f~1[Qo]
is up-open and dense, and f~1[M] C P\ f~1[Qo] is nowhere dense. Q

By 314Ra again, there is an order-continuous Boolean homomorphism 7 : ROT(Q) — ROT(P) defined by

setting mH = int f~1[H] for every H € RO™(Q). Now
f[P] is cofinal <= f[P] is dense
— f[P]N H # 0 for every H € ROT(Q) \ {0}
= fUH] # 0 for every H € ROT(Q) \ {0}
= 7H # () for every H € ROT(Q) \ {0} <= = is injective.
So in this case 7 is a regular embedding of ROT(Q) in ROT(P).
514P Corollary Suppose that P and @ are pre-ordered sets, that f : P — @ is an order-preserving

function and whenever p € P, ¢ € Q and f(p) < q, there is a p’ > p such that f(p') > q. If f[P] is either
cofinal with @ or coinitial with @, then ROT(Q) can be regularly embedded in ROT(P).
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proof If Qy C @ is up-open and cofinal, then f~1[Qo] is cofinal with P. P Take any p € P. Then there
are a q € Qg such that ¢ > f(p) and a p’ > p such that f(p’) > ¢; as Qo is up-open, p’ € f~1[Qo]; as p is
arbitrary, f~1[Qo] is cofinal. Q So if f[P] is cofinal with @Q, we can use 5140. On the other hand, if f[P] is
coinitial with @ it is also cofinal with ). I For ¢ € @ there is a p € P such that f(p) < ¢; now our main
hypothesis tells us that there is a p’ € P such that f(p’) > ¢. Q So we have the result in this case also.

514Q Proposition Let P and ) be pre-ordered sets, endowed with their up-topologies, and f: P — @
a function such that
whenever A C P is a maximal up-antichain then f[A is injective and f[A] is a maximal up-
antichain in Q.
Then there is an injective order-continuous Boolean homomorphism 7 : ROT(P) — RO'™(Q) defined by

setting m(int [p, oo[) = int [f(p), oo for every p € P. In particular, ROT(P) can be regularly embedded in
ROT(Q). If f[P] is cofinal with @, then 7 is an isomorphism.

proof (a) For p € P, set H, = int [f(p), oo[ € ROT(Q). If A C P is a maximal up-antichain, ([f(p),o0[)pea
is a disjoint family of up-open subsets of ) with dense union, so (H,,) e 4 is a partition of unity in ROT(Q). It
follows that (H,)pec 4 must be disjoint for every up-antichain A C P. Moreover, if py € P and p; € int [pg, 00]
in P, we have a maximal up-antichain A containing pg, and A" = (A \ {po}) U {p1} is an up-antichain; as
Hp, N Upea pzpo Hp = 0, Hp, must be included in Hp,.

(b) For G € ROT(P), set 7G = sup{H, : p € G}, the supremum being taken in ROT(Q). If G,
G' € ROT(P) are disjoint, then p and p’ are incompatible upwards, so H, and H,s are disjoint, whenever
p € G and p’ € G’'; accordingly 7G and wG’ must be disjoint.

(c) If p € P, then of course H, C w(int [p, oo[). On the other hand, if p’ € int [p, co[, then we saw in (a)
that H, C H,, so that m(int [p, co[) must be exactly H,.

(d) If G € ROT(P) has supremum Gy in ROT(P), 7Gy = supgeg 7G in ROT(Q). P Of course Gy 2 G
for every G € G. Let A be maximal among the up-antichains included in (JG, and extend A to a maximal
up-antichain A’ C P. Then (H,),c is a partition of unity in RO™(Q), so H = sup,ec 4 Hy, and H' =
Sup,eana Hp are complementary elements of RO™(Q). For every p € A there is a G € G with p € G, so
that H,, C 7G; accordingly H C supgeg #G. On the other hand, take any p € Gy. By the maximality of A,
GNIp',oo[ =10 for every p' € A\ A and G € G, so [p,00[ N [p/,00[ C Gy N [p’,00[ = 0 for every p' € A’\ A
and H, N Hy = () for every p’ € A’\ A, that is, H,NH' =0 and H, C H. As p is arbitrary,

7Go € H C supgeg G C Gy
and we have equality. Q
(e) Now we see that
) =0,
TP =Q
(because if we take any maximal up-antichain A C P, 7P includes sup,c 4 H,),

7GN7mH = () whenever G, H € ROT(P) and GN H = ),

7(sup G) = sup n[G] for every G C ROT(P).

By 312H(iv), 7 is a Boolean homomorphism, and by 313L(b-iv) it is order-continuous. Finally, 7G # 0
whenever G € ROT(P) \ {0}, so 7 is injective and is a regular embedding.

(f) If f[P] is cofinal with @, then 7[ROT(P)] is order-dense in ROT(Q). P Let H € ROT(Q) be non-empty.
As f[P] is dense, there is a p € P such that f(p) € H. Now

0 # 7(int [p, oo[) = int [f(p), o[ C int H = H;

as H is arbitrary, we have the result. Q By 314la, 7 is an isomorphism. This completes the proof.
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514R Corollary Let P and @ be pre-ordered sets. Suppose that there is a function f : P — @ such
that f[P] is cofinal with @ and, for p, p’ € P, p and p’ are compatible upwards in P iff f(p) and f(p’) are
compatible upwards in . Then ROT(P) =2 RO™(Q).

proof The point is that f satisfies the condition of 514Q. B Suppose that A C P is a maximal up-
antichain. If p, p’ are distinct elements of A, then p and p’ are incompatible upwards in P, so f(p) and
f(p') are incompatible upwards in Q. This shows simultaneously that f]A is injective and that f[A] is an
up-antichain in Q. If ¢ is any element of @, there is a p € P such that f(p) > ¢; now there must be a
p’ € A such that p’ is compatible upwards with p, in which case f(p') is compatible upwards with f(p) and
therefore with ¢q. So f[A] is maximal; as A is arbitrary, we have the result. Q

So 514Q gives the result.

514S Proposition (a) Let 2 be a Dedekind complete Boolean algebra and P a pre-ordered set. Suppose
that we have a function f : P — A% such that, for p, ¢ € P,

f(p) € f(q) whenever p < g,
f(p)n f(g) = 0 whenever p and ¢ are incompatible downwards in P,

f[P] is order-dense in 2.

Then ROY(P) = 2L

(b) Let 2 be a Dedekind complete Boolean algebra and D C 2 an order-dense set not containing 0. Give
D the ordering ¢, and write RO¥(D) for the regular open algebra of D with its down-topology. Then
RO¥(D) = 2L

(c) Let (X, %) be a topological space and P a pre-ordered set. Suppose we have a function g : P — T\ {(}}
such that, for p, ¢ € P,

g(p) C g(q) whenever p < q,
g9(p) N g(q) = 0 whenever p and ¢ are incompatible downwards in P,

g[P] is a m-base for T.

Then ROY(P) = RO(X).
(d) Let (X, ¥) be a topological space and U a m-base for the topology of X not containing {(}. Give U
the ordering C. Then RO*(U) = RO(X).

proof (a)(i) The key is the following fact: if p € P, a € 2 and an f(p) # 0, then there is a ¢ < p such that
f(q) Ca. P Thereis a gy € P such that f(go) € an f(p). Now g and p cannot be incompatible downwards,
so there is a ¢ € |—00, go] N ]—00, p], and in this case f(q) € f(g) C a. Q

(ii) For G € ROY(P), set 7G = sup f[G] in A. Then 7 : RO¥(P) — 2 is order-preserving. Of course

7(0) = 0.

7(GNH) =7GnnrH for all G, H € ROY(P). P Because 7 is order-preserving, 7(G N H) C nG nwH.
? Ifa=nGnrH\7(GNH) # 0, take p € G such that an f(p) # 0; then there is a p’ < p such that
f(p') € a. Next, there must be a ¢ € H such that f(¢)n f(p’) # 0, and a ¢’ < g such that f(¢’) € f(p').
But now ¢’ € |—o0,p] N]—00,q] €GN H, so f(¢') € 7(G N H); while at the same time f(¢') C a. X Thus
n(GNH)=nGnrH. Q

(P \ G) = 1\ 7G for every G € ROY(P). P (Perhaps I should say that G here is the closure of G for
the down-topology of P.) Set H = P\ G. Then nGnrmH = n(G N H) = 0 by what we have just seen. ?
If a =1\ (G urH) is non-zero, let py € P be such that f(pg) C a. Then |—o0,pg] is a non-empty open set
so must meet one of G, H. But if p € GU H then f(pg) n f(p) =0 so pp and p are incompatible downwards
and, in particular, p £ pg. XQ

So 7 is a Boolean homomorphism, and it is injective because 7G 2 f(p) # 0 whenever p € G € RO*(P).
Finally, 7 is surjective. P If a € A, set G = {p : f(p) € a}. Then G is down-open. If ¢ ¢ G, f(q)\a # 0,
so there is a q; < ¢ such that f(¢g1)na = 0 and ]—o00, ¢1] does not meet G; accordingly |—o00,q] € G and
q ¢ intG. So G € RO*(P). Because f[P] is order-dense, a = sup f[G] = 7G belongs to 7[RO*(P)]. Q
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Thus we have an isomorphism between RO*(P) and 2.
(b) Apply (a) to the identity map from D to 2.

(c) Apply (a) to the map p + int g(p) : P — RO(X).
(d) Apply (c) to the identity function from U to ¥.

514T Finite-support products At many points in this chapter we find ourselves seeking to relate par-
tially ordered sets to Boolean algebras and topological spaces. In 511D and 512Eb I sought to describe the
cardinal functions of topological spaces and Boolean algebras in terms of naturally associated partially or-
dered sets, and in 514L and 514N of this section I described constructions of topologies and Boolean algebras
from partial orders. One of the most important constructions of general topology is that of ‘product’. The
matching construction in Boolean algebra is that of ‘free product’ (315I). I now come to the corresponding
idea for partial orders.

Definition Let (P;);c; be a family of non-empty partially ordered sets. The upwards finite-support
product ®Z€IR of (Pi)icr is the set | J{[[,c, Pi : J € [I]<}, ordered by saying that p < ¢ iff domp C
dom g and p(i) < ¢(i) for every i € domp. Similarly, the downwards finite-support product ®1€I
of (P;)icr is the same set [J{[[;c, P : J € [I]<“}, but ordered by saying that p < ¢ iff dom ¢ € domp and
p(i) < q(i) for every i € domgq.

514U Proposition Let (Pl>ie 1 be a family of non-empty partially ordered sets, with upwards finite-
support product P = ®Z€ .

(a) The regular open algebra ROT(P) is isomorphic to the regular open algebra of P* = [Lic; P when
every P; is given its up-topology.

(b) If I is finite, P* is a cofinal subset of P, and the ordering of P*, regarded as a subset of P, is the
usual product partial order on P*.

(c) If @ C P is cofinal for each 7 € I, then ;¢(yj<w [[;e; Qi is cofinal with P. So cfP is at most
max(w, #(I),sup;c; cf P;).

(d) ¢"(P) = sup epy<e ¢ ([T;e s Pi)-
proof (a) For p € P, set

Gp ={q:q € P*, q(i) > p(i) for every ¢ € dom p}.

Then G, is a non-empty open set in P*. If p < p/ in P, then G, 2 Gp. If p, p’ € P are incompatible
upwards in P, there must be an i € dompNdom p’ such that p(i) and (i ) are incompatible upwards in P;,
in which case G, N G} is empty. If V' C P* is a non-empty open set, take any g € V. There is a finite set
J C I suchthat V D {¢' : ¢’ € P*, ¢'(i) > q(i) for every ¢ € J}. Set p = q[J; then G, C V. Sop+— G,
satisfies the conditions of 514Sc, inverted, and ROT(P) is isomorphic to RO(P*).

(b)-(c) These are immediate from the definition of the ordering of P. For the estimate of the cofinality
of P, just take cofinal sets Q; C P; such that #(Q;) = cf P; for each 4, and estimate #(UJE[I]@ [Tics Qi)

(d) We have

c'(P) = ¢(ROT(P))

(514Nc)

= ¢(ROT(P"))
((a) above))

= c(P*)
(514Hb)

=g

(5A4Be, here taking the product topology on [[,.; P;)
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= sup ([[P)

Jell<e iy

because if J is finite then the up-topology T} on [[;c; Pi is just the product of the up-topologies on the P,

so we can use the identification of ¢(][,c; Pi, ‘ZT]) with "([[;c; Pi)-

514X Basic exercises (a) Let 2 be a Boolean algebra. Show that link.,,(2() = 7 (2() for any x > sat(2).

(b) Let (;);cr be a family of Boolean algebras and 2 their free product. Show that
d(A) < max(w, #(I), sup;c d(2;)),  7(A) < max(w, #(I), sup;; 7(Asi)),

(1) < max(w, sup;; 263)).
(Hint: 4A1Db, 5A1Ha.)

(c) Let 2 be a Boolean algebra and B a chargeable Boolean algebra (definition: 391Bb). Suppose that
A\ {1} <7 B\ {1}. Show that A is chargeable. (Hint: 391J.)

(d) Let k be a cardinal and 2 a Boolean algebra with cardinal at most 2. (i) Show that 2( is a
homomorphic image of a s-centered Boolean algebra. (Hint: if « is infinite, {0,1}?" has density x.) (ii)
Show that if 2( is Dedekind complete it is a homomorphic image of Pk. (Hint: 514Ca, 314K.)

(e) Let 2 be a Boolean algebra and B either a regularly embedded subalgebra of 2 or a quotient /T
where T is an order-closed ideal in 2. Let Pou(2(), Pou(*8) be the pre-ordered sets of partitions of unity in
2A, B respectively (512Ee). Show that Pou(B) <t Pou(2l), and hence that wdistr(8) > wdistr(2l).

(f) Let X be a set. Show that 7(PX) is the least cardinal A such that #(X) < 2*.

(g) Let X be the countable-cocountable algebra of wy. Show that ¥ is an order-dense subalgebra of Pwy,
that 7(X) = wy, and that 7(Pw;) = w.

(h) For a Boolean algebra 2, write he(2) = min{c(B) : B is a non-zero principal ideal of 2}, counting
min () as co. (i) Show that if B is a regularly embedded subalgebra of 2, then hc(8) < he(21). (ii) Show
that if 8 is a Boolean algebra and there is a surjective order-continuous Boolean homomorphism from 2
onto B, then he(B) < he(A). (iii) Show that if B is a principal ideal of 2 then he(B) > he(). (iv) Show
that if 9B is an order-dense subalgebra of 2 then hc(B) = he(A). (v) Show that if 2 is the simple product
of a family (2;);c; of Boolean algebras, then he(2() = min;ey he(21;).

>(i)(i) (SoLOVAY 66) Let I be any set, with its discrete topology, and X = IV with the product topology.
Show that 7(RO(X)) = w. (Hint: take I to be well-ordered; set G;; = {x : z(i) < z(j)} for ¢, j € N; show
that the closed subalgebra of RO(X) generated by the G;; contains {z : z(n) > £} for every n € N and
& € 1.) (ii) Show that the subalgebra B of RO(X) generated by {{z : (n) =i} : n € N, ¢ € I'} is an
order-dense subalgebra of RO(X) and that 7(B) > #(I) if #(I) > 1.

(J) Let (X,%) be a Ty topological space. Show that we have a partial order on X defined by saying that
x <y iff z € {y}. Show that T is the up-topology on X iff the family of T-closed sets is a topology.

(k) Let P be a partially ordered set. Show that a subset of P is a regular open set for the up-topology
iff it is of the form (N c,{p:p € P, [p, 0[N [g,00[ = 0} for some set A C P.

>(1) Rewrite the statement and proof of the Erdds-Tarski theorem (513Bb) (i) in terms of topological
spaces (ii) in terms of Boolean algebras.

(m) Find partially ordered sets P and @ such that the regular open algebras of P and @ for their
up-topologies are isomorphic, but add P # add @ and cf P # cf Q.
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(n) Let P be a non-empty partially ordered set such that its regular open algebra ROT(P) for the up-
topology is atomless, and let Q be a set of the same size as P with the trivial partial order in which g < ¢’
iff ¢ = ¢’. Show that @ and the product partially ordered set P x @ are Tukey equivalent but ROT(P x Q)
is atomless, while ROT(Q) is purely atomic.

(o) Let P be a partially ordered set and  an infinite cardinal. Show that & < wdistr(ROT(P)) iff for
every family (Q¢)e<, of cofinal subsets of P there is a cofinal @ C P such that for every ¢ € Q and £ < k
there is an I € [Q¢]<“ such that for every p > ¢ there is an r € I which is compatible upwards with p.

(p) Suppose that P is a partially ordered set and that A C P is such that

Q={q:qeP,qg=supla:ac A a<q}}
is cofinal with P. Show that if P is separative upwards, then 7(ROT(P)) < #(A).

(q) Let 2 be the measure algebra of Lebesgue measure. Show that the simple products {0,1} x 2 and
PN x 2 are not isomorphic, but that each can be regularly embedded in the other.

(r) Let (X,%T) and (Y, &) be topological spaces. Suppose we have a m-base U for ¥ and a function
f:U — & such that f[U] is a m-base for & and, for U, U’ e U, UNU’' =0 iff f(U)N f(U’) = 0. Show that
RO(X) 2 RO(Y).

(s) Let (P;)ier be a family of non-empty partially ordered sets and (I;);ec; a partition (that is, dis-

4

joint cover) of I. Show that the upwards finite-support product &),.;

0 )
®jeJ ®iefj B

P; can be naturally identified with

514Y Further exercises (a) For a partially ordered set P, its order-dimension is the smallest cardinal
k such that P is isomorphic, as partially ordered set, to a subset of a product HE <r X¢ where every X¢
is a totally ordered set (and the product is given its product partial order, as in 315C). Show that the
order-dimension of a Boolean algebra 2 is link(2().

(b) Show that PN has a subalgebra with uncountable w-weight. (Hint: 515H.)

(c) Let 2 be a Boolean algebra such that c() # 1, and A a subset of 2. Show that there is a B € [A]<¢()
with the same upper and lower bounds as A.

(d) Show that for any cardinal & there are a ccc Boolean algebra 2 and an ideal Z of 2 such that
c(A/)T) = k.

(e) Let A be a Dedekind complete Boolean algebra, not {0}, P the forcing notion (A+,c,1,]) (5A3M),
and k a cardinal. Show that the following are equiveridical: (i) there is an atomless order-closed subalgebra
of 2l with Maharam type at most «; (i) |Fp Pk # (Pk)".

(f) Let A be a Boolean algebra and x a cardinal. T will say that 2 has the <x-interpolation property
if whenever A, B C 2, a € b whenever a € A and b € B, and #(A U B) < k, then there is a ¢ € 2
such that a CcCb for every a € A, b € B. (Thus the o-interpolation property of 466G is the <w;-
interpolation property.) (i) Suppose that 2 has the <k-interpolation property and I is an ideal of 2 such
that k < (add I)*. Show that the quotient 2(/I has the <k-interpolation property. (ii) Suppose that 2 has
the <xk-interpolation property, 25 is a Boolean algebra with cardinal at most k, € is a subalgebra of B and
¢ : € — 2 is a Boolean homomorphism. Show that ¢ has an extension to a Boolean homomorphism from 8
to 2. (Compare 314K.) (iii) Show that if 2 has the <sat(2()-interpolation property it is Dedekind complete.

(g) Let 2A be a ccc Dedekind complete Boolean algebra with Maharam type k. Show that there is a
o-ideal J of the Baire o-algebra Ba({0,1}"*) such that 2 = Ba({0,1}*)/J.
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514 Notes and comments With any mathematical object, the set-theorist’s first concern is simply to
establish its cardinality. There is therefore a natural distinction to make between cardinal invariants which
control the cardinality of a space, as linking number, centering number and w-weight do for Boolean algebras
(514Da), and others, like weak distributivity, which are measures of some kind of complexity not directly
linked with cardinality. Observe that for general Boolean algebras 2l not even the cellularity is controlled
by the Maharam type (514Xi); in fact, of the cardinals here, only wdistr(2() is controlled by 7(2() alone
(514Dd). Maharam type and cellularity together control the size of the algebra (514De), and for measurable
algebras, of course, Maharam type almost completely determines the algebra and even the measure (see
Chapter 33).

I use the language of Galois-Tukey connections in many of the proofs of this section. This is not because
there is any real need for it (there is no depth to any of the results I quote) but because I think that it
shows some common strands running through a rather long list of facts. Also it points up the proofs which
are not reducible to simple applications of ideas in §512; for instance, those relating to weak distributivity.
And, finally, it will provide useful practice for the ideas of Chapter 52.

I have deliberately arranged the lists of cardinal functions of topological spaces and Boolean algebras in
such a way that the cardinals of Boolean algebras and their Stone spaces will naturally correspond. There are
of course important exceptions. The Maharam type of a Boolean algebra, and the tightness of a topological
space, do not seem to have significant natural analogues in the other category. Note that the correspondences
depend to a significant degree on the compactness of Stone spaces. This is perhaps more important than
their zero-dimensionality. The point about the open-and-closed algebra of a zero-dimensional space is that
it is order-dense in the regular open algebra, and that our cardinal functions of Boolean algebras are nearly
all unchanged by Dedekind completion (514Ee). For arbitrary topological spaces, we can still investigate
their regular open algebras, and we find that the cardinal functions of a regular open algebra are much more
closely related to those of the topological space if the space is locally compact (514A, 514H(b)-(c)).

You will not be surprised to recognise some of the results and arguments of this section as direct gener-
alizations of special cases already treated; thus 316B becomes 514Bb, 316E (or 215B(iv)) becomes 514Db,
3161 becomes 514Be and 4A10 becomes 514De.

I have to admit that there are rather more pages than ideas in this section. What it is really here for is to
provide a compendium of useful facts in the language which I wish to use in the rest of the volume. Perhaps
I should say ‘languages’, because much of the space is taken up by repeating results in three forms, as they
apply to partially ordered sets, to Boolean algebras and to topological spaces. The point is of course that
we frequently find that a fact which is obvious in one of its three manifestations is a surprise in another.
And some care is needed in the translations. The theory of finite-support products of partially ordered sets
(514T-514U), for instance, is supposed to mimic the theory of products of topological spaces. But actually it
reflects the theory of m-bases of topologies rather than the theory of spaces-with-points. And while we have
straightforward functors between the categories of Boolean algebras and topological spaces, with Boolean
homomorphisms corresponding to continuous functions (312Q-312S), such results as we have concerning
functions between partially ordered sets and their actions on the corresponding regular open algebras are
partial and delicate (5140-514R).

The Tukey classification (513D) and the regular open algebras of 514N are both attempts to reduce the
multitudinous variety of partially ordered sets to relatively coherent schemes. They carry rather different
information; the Tukey classification tells us about additivity and cofinality (513E) and precalibers (516C
below), while the regular open algebra determines linking numbers (514N). It is easy to find partially ordered
sets with the same regular open algebras but different additivity and cofinality (514Xm), or with the same
Tukey classification but different regular open algebras (514Xn). The regular open algebras studied here are
primarily of interest in relation to the use of partially ordered sets in the theory of forcing; I hope to return
to such questions later in this volume.

Of the cardinal functions of Boolean algebras defined in §511, I have not mentioned Martin numbers or
Freese-Nation numbers. These will be dealt with at length in §§517-518.
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Version of 23.12.15
515 The Balcar-Franék theorem

I interpolate a section to give two basic results on Dedekind complete Boolean algebras: the Balcar-
Franék theorem (515H) on independent sets and the Pierce-Koppelberg theorem (515L) on cardinalities.
The concept of ‘Boolean-independence’ (515A) provides a tool for some useful results on regular open
algebras (515N-515Q).

515A Definition Let 2 be a Boolean algebra, not {0}.

(a) I say that a family (B,;);c; of subalgebras of 2 is Boolean-independent if inf;c; b; # 0 whenever
J C I is finite and b; € B = B, \ {0} for every i € J.

(b) I'say that a family (a;);cr in 2 is Boolean-independent if inf ;¢ y a; \ supy¢cx ax is non-zero whenever
J, K C I are disjoint finite sets. Similarly, a set B C 2l is Boolean-independent if inf J \ sup K # 0 for
any disjoint finite sets J, K C B.

(c) I say that a family (D;);cr of partitions of unity in 2 is Boolean-independent if inf;c;d; # 0
whenever J C [ is finite and d; € D; for every i € J.

(Many authors write ‘independent’ rather than ‘Boolean-independent’, and in the proofs of this section I
may do the same. But in this book as a whole it is more often natural to read ‘independent’ as ‘stochastically
independent’, as in 458L and 525H.)

515B Lemma (Compare 272D.) Let 2 be a Boolean algebra, not {0}.

(a) A family (a;);er in 2 is Boolean-independent iff no a; is 0 or 1 and ({0, a;, 1\ a;, 1})ier is a Boolean-
independent family of subalgebras of 2.

(b) Let {(2B;);cr be a family of subalgebras of 2. Let 9B be the free product of (B;);cr, and €; : B; — B the
canonical homomorphism for each ¢ € I (315I). Then we have a unique Boolean homomorphism ¢ : 8 — 2
such that ¢e;(b) = b whenever i € I and b € B,;, and (B;);cs is Boolean-independent iff ¢ is injective; in
which case B is isomorphic to the subalgebra of 2 generated by (J,;c; B:.

(c) If (B;)icr is a Boolean-independent family of subalgebras of 2, (I;) e is a disjoint family of subsets
of I, and €; is the subalgebra of 2 generated by Uielj B, for each j, then (€;);cs is Boolean-independent.

(d) Suppose that B C 2 is a Boolean-independent set and that (Cj)jes is a disjoint family of subsets of
B. For j € J write €; for the subalgebra of 2 generated by C;. Then (¢;),c; is Boolean-independent.

(e) Suppose that (9;);cs is a Boolean-independent family of subalgebras of 2, and that for each i € T we
have a Boolean-independent subset B; of B;. Then (B;)ics is disjoint and | J;o; B; is Boolean-independent.

(f) Let (D;)ics be a family of partitions of unity in 2, none containing 0. For each i € I let B; be
the order-closed subalgebra of 2 generated by D;. Then (*B;);c; is Boolean-independent iff (D;);er is
Boolean-independent.

proof (a) The point is just that in 515Aa we need consider only b; € 9B, \ {0, 1}, while in 515Ab we have
infjcya;\ suppeg ar = infjeya; N inficx 1\ ag.
(b) 315Jb, applied to the identity maps from the B; to 2, assures us that there is a unique Boolean
homomorphism ¢ : B — 2 such that ¢e;(b) = b for every i € I and b € B;.

(i) By 315K (e-ii), {(£;[B;])ier is a Boolean-independent family of subalgebras of B. So if ¢ is injective,
(B)ier = (milei[Bi]])ier is Boolean-independent in ¢[%B] and therefore in 2[. In this case, because B is the
subalgebra of itself generated by |J;.; :[B:] (315Ka), the subalgebra of 2 generated by |J;.; B; is ¢[B] and
is isomorphic to 8.

iel

(ii) If (B;)ier is Boolean-independent and b € B*, there are a finite J C I and a family (b;)jes €
[es %j such that b2 inf;c;e;(b;) (3156Kb). Now ¢(b) 2 infjesb; is non-zero; as b is arbitrary, ¢ is
injective.

(c) Let L C J be a finite set and suppose that ¢; € Q:;' for each j € L. As observed in (b), the embeddings
B; G ¢; identify €; with the free product of (B;);cr;, so 315Kb tells us that there must be a finite set

(©) 2001 D. H. Fremlin
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515D The Balcar-Franék theorem 49

K; C I; and elements b; € B, for i € K;, such that inf;ck, b; C ¢;. Now infjecr ¢; D inf{b; : i € Ujer K5}
is non-zero. As (c;j)jer is arbitrary, (€;);c s is Boolean-independent. (Compare 315L.)

(d) Set B, ={0,b,1\b,1} for b € B, so that (B,)ep is Boolean-independent, by (a); now apply (c).

(e)(i) If 4, j € I are distinct, b € B; and b’ € Bj, then b € B} and 1\ V' € %;r, sob\b #£0and b#1V'.

(ii) If J, K are disjoint finite subsets of | J;; B;, then J N B; and K N B; are disjoint finite subsets of
B;, so that
b; = inf(J N B;)\ sup(K N B;) € B
for each 7 € I. Let L C I be a finite set such that J U K C UieL B;; then
inf J\ sup K = inf;cp b; # 0.

As J and K are arbitrary, | J;c;

(f) Since D; C B, (D;)ic; must be Boolean-independent if (B;);c; is.

On the other hand, each D; is order-dense in B,. P For d € D;, the set {b:d Cbor dnb = 0} is an
order-closed subalgebra of 2 including D;, so includes B;. If b € %iﬁ then (because sup D; =1 in ) there
must be a d € D; such that bnd # 0, in which case 0 # d C b. As b is arbitrary, D; is order-dense in B;. Q

Now suppose that (D;);cr is Boolean-independent, J C [ is finite and b; € %j‘ for each i € J. Then
we have non-zero d; € D; such that d; C b; for each i. So inf;c;b; D inf;c;d; is non-zero. As (b;);cy is
arbitrary, (98;);cs is Boolean-independent.

B; is Boolean-independent.

515C Proposition Let 2 be a Boolean algebra, not {0}, and  a cardinal.

(a) There is a Boolean-independent subset of 2 with cardinal x iff there is a subalgebra of 2 which is
isomorphic to the algebra of open-and-closed subsets of {0,1}".

(b) If 2 is Dedekind complete, there is a Boolean-independent subset of 2 with cardinal x iff there is a
subalgebra of 2 which is isomorphic to the regular open algebra of {0,1}".

proof Set Z = {0,1}"; write £ for the algebra of open-and-closed subsets of Z and & for the regular open
algebra of Z.

(a) (i) Suppose that 2 has a Boolean-independent subset of cardinal x, enumerated as (ag)e<r. Setting
Ae = {0,ae,1\ ag, 1} for each £, (Ue)e<r is a Boolean-independent family of subalgebras of 2, and the
subalgebra € of 2 generated by |J,_, ¢ can be identified with the free product of (U¢)e<, (515Bb). But
since the Stone space of each 2¢ has just two points, the construction of 3151 makes it plain that the Stone
space of € is homeomorphic to Z, so that € is isomorphic to €.

(ii) In the other direction, the sets Ee = {z : z € Z, 2(£§) = 1} are Boolean-independent in &, so if £
can be embedded in A there must be a Boolean-independent subset of 2 with cardinal &.

(b) Now suppose that 2 is Dedekind complete. £ is an order-dense subalgebra of & (314T). So if 2
has a subalgebra isomorphic to & it certainly has one isomorphic to £. On the other hand, if 2 has a
subalgebra isomorphic to &, so that there is an injective Boolean homomorphism 7 : £ — 2, then (because
2 is Dedekind complete) 7 has an extension to a Boolean homomorphism 71 : & — 2 (314K); because € is
order-dense in ® and 7 is injective, m is injective, so that 7 [®] is a subalgebra of 2 isomorphic to &.

Putting this together with (a), we see that 2 has a Boolean-independent subset with cardinal & iff it has
a subalgebra isomorphic to &.

515D Lemma Let 2 be a Dedekind complete Boolean algebra, not {0}, and 8B an order-closed subal-
gebra of 2 such that 2 is relatively atomless over B. Then there is an a* € 2\ {0,1} such that B and
{0,a*,1\ a*,1} are Boolean-independent subalgebras of 2.

Remark Recall from 331A that a Boolean algebra 2 is ‘relatively atomless’ over an order-closed subalgebra
B if for every a € A" there is a ¢ C a which is not of the form anb for any b € B.

proof Set
C={c:ceA, c#0,BNA ={0}},
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where 2. is the principal ideal of 2 generated by c. Then C is order-dense in A. P If a € 2T, there is a
ceA\{anb:be B} Set by =sup{b:be€ B, bCc};thenc\by Caand c\by € C. Q

For a € A set upr(a,B) = inf{b : a Cb € B}, as in 313S. Set E = {upr(c,B) : ¢ € C}. Then E is
order-dense in B, because if b € BT there is a ¢ € C such that ¢ C b, and now upr(c, B) belongs to E and is
included in b. So there is a partition D of unity in B included in E (313K). For each d € D choose ¢4 € C
such that d = upr(cq,B), and set a* = sup{cy : d € D}. If b € BT, there is a d € D such that bnd # 0,
that is, dZ 1\ b, s0 cq € 1\band bnecg # 0; so bna* # 0. Also, because cq € C,bndZcy =a*nd, so by a*
and bn(1\a*) #0. As b is arbitrary, B and {0,a*,1\ a*, 1} are Boolean-independent.

515E Lemma (BALCAR & VOJTAS 77) Let 2 be a Boolean algebra. Suppose that C' C 2t and that
#(C) < ¢(,) for every ¢ € C, where 2, is the principal ideal of 2 generated by c. Then there is a partition
D of unity in 2 such that every member of C includes a non-zero member of D.

proof Enumerate C' as (cg)e<y. For each § <k, let Be be a disjoint set in 2, with cardinal £, and set
Ace={n:n<k, #{b:be B¢, bne, #0}) <k},

B = Be \U,ea {b: b€ Bg, bney # 0}

Then Bé is a disjoint set in A, #(Bé) = kT, and {b: b € B, bne¢, # 0} is empty if n € A¢ and has
cardinal k1 otherwise. Now define A C x inductively by saying that £ € A iff £ € A,) whenever n € AN,
and set B = (Jgc 4 By

B is disjoint. P If n, { € A, np <&, be By, b’ € B, and b # V', then either = { and bnb" = 0 because
Bé is disjoint, or n < £ and £ € A, and bnd/ Cbnecg =0. Q Also D ={b:b € B, bnce # 0} has cardinal
kT for every € < k. P If £ € A, then D¢ D Bé has cardinal x*. If £ ¢ A there is some n € AN ¢ such that
¢ Ay and De O {b:b € By, bnce # 0} has cardinal k*. Q

We can therefore find an injection £ — b¢ : k — B such that cenbs # 0 for every {. Let D be any
partition of unity including {c¢ Nnbe : & < k}; this works.

515F Lemma Let 2 be a Dedekind complete Boolean algebra such that ¢() = sat(2() and 2 is
cellularity-homogeneous. Then there is a Boolean-independent family (D;);cr of partitions of unity in
2 such that #(I) = sup,;c; #(D;) = c(2A).

proof Write & for ¢(A) = sat(). Choose (Dg¢)¢<, inductively, as follows. Given D, for n < &, let € be the
subalgebra of  generated by (J, . Dy; then #(€) < x. (Recall from 513Bb that x = sat¥ (A1) must be a
regular uncountable cardinal, while of course #(D,) < & for every 7.) By 515E we have a partition D of
unity in 2, not containing {0}, such that every non-zero element of €, includes an element of D. For each
d € D the principal ideal of 2 generated by d has cellularity x > #(§) so there is a disjoint family (ba,)n<e¢
of non-zero elements with supremum d. Set b,y = sup,cp bay, for n < &, and D¢ = {b,, : 7 < {}; then De is a
partition of unity in 2.

The construction ensures that whenever d € D¢ and ¢ € QZ? then dnc # 0. It follows that (Dg¢)e< is
Boolean-independent. PP I show by induction on #(J) that if J C x is finite and d¢ € Dy for each £ € J,
then infeeyde # 0. If J is empty this is trivial. For the inductive step to #(J) =n+ 1, set £ = max J and
J' = &N J. By the inductive hypothesis, ¢ = inf,cj d, is non-zero; but ¢ € €, so, by the construction of
D¢, cnd¢ = inf, ¢y d,; is non-empty. So the induction proceeds. Q

515G Lemma Let (;);c; be a non-empty family of Boolean algebras with simple product 2. Suppose
that for each ¢ € I the algebra 2(; has a Boolean-independent set with cardinal k; > w. Then 2 has a
Boolean-independent set with cardinal x = #([ [;c; #4)-

proof For each i € I let B; be a Boolean-independent set in 2(; with cardinal ;. Let (a¢)e<, be a family
in [[,c; Bi € A such that for every finite J C & there is an ¢ € I such that a¢(i) # a, (i) whenever &, n € J
are distinct (5A1L). Now (a¢)e<x is Boolean-independent in 2(. ¥ Suppose that J, K C & are finite and
disjoint. Then there is an ¢ € I such that a¢(i) # a,(i) whenever £, n € JU K are distinct. But this means
that (a¢(7))eesuk is Boolean-independent in ;, so that, setting a = infeey ag \ supge e ae,
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a(i) = infee s ag(4) \ SUPge g ag(t) # 0,
and a # 0. As J and K are arbitrary, (a¢)e<x is a Boolean-independent family. Q
Accordingly {a¢ : £ < k} is a Boolean-independent set of size k.

515H The Balcar-Franék theorem (BALCAR & FRANEK 82) Let 2 be an infinite Dedekind complete
Boolean algebra. Then there is a Boolean-independent set A C 2 such that #(A) = #(A).

proof Set x = #(2A). For a € 2 write 2, for the principal ideal of 2 generated by a.

(a) Suppose that 2 is purely atomic. Then 2 has an independent set with cardinal x. B Let B be the
set of its atoms; because 2 is infinite, so is B; set A = #(B), so that

2= HbeB 2y =PA

(315F (iii)), and xk = 2*. There is a dense subset D of {0,1}" with #(D) < X (5A4Be); let f : B — D be a
surjection. For £ < k set

ag =sup{b:be B, f(b)(§) =1}.
If J, K C k are disjoint finite sets, the set
G={z:2€{0,1}", z(§)=1VEec J z(n)=0Vne K}

is a non-empty open set, so there is a b € B such that f(b) € G; but this means that infec ; ag \ SUp,c i Gy 2 b
is non-zero. As J and K are arbitrary, {a¢ : £ < k} is an independent subset of 2 with cardinal . Q

(b) Suppose that 2 is Maharam-type-homogeneous, and that 98 is an order-closed subalgebra of 2 with
Maharam type less than 7(2(). Then there is a subalgebra € of 2, Boolean-independent of 9B, such that
¢ has a Boolean-independent subset with cardinal 7(2(). I Let B C B be a set with cardinal less than
7(2A) which 7-generates B. Choose (c¢)e<r ) inductively, as follows. Given (c;),<¢, where £ < 7(2),
let B¢ be the order-closed subalgebra of 2 generated by BU {¢c, : n < ¢}. If a € A", the order-closed
subalgebra ® = {anb : b € B¢} of A, is 7-generated by {anc, : n < £y U{anb : b € B} (314Hb),
so 7(M) < 7(A) = 7(~A,) and ® # A,. Thus A is relatively atomless over Be; by 515D, there is a
ce € A\ {0, 1} such that B, and {0,ce, 1\ c¢, 1} are Boolean-independent. Continue. Now an easy induction
on #(JUK) (as in the last part of the proof of 515F) shows that if J, K are disjoint finite subsets of 7(2),
and b € B is non-zero, bn infee s ce \ sup,c i ¢y # 0. So if we take € to be the subalgebra of 2 generated
by C = {c¢ : £ < 7(A)}, € and B are Boolean-independent and C' C € is a Boolean-independent set with
cardinal 7(2). Q

(c) Suppose that 2 is Maharam-type-homogeneous and that ¢(2) < sat(2). Then 2 has a Boolean-
independent subset with cardinal k. ¥ Because 2 is infinite, ¢(2) is infinite. Let D C AT be a disjoint
set with cardinal ¢(21); adding 1\ sup D if necessary, we may suppose that D is a partition of unity. For
each d € D, 4 has a Boolean-independent set with cardinal 7(2(4) = 7(2() (apply (b) above to 4, with
D = {0,d}). By 315F (iii) again, % = [, p ™a; by 515G, [[;cp Aa has a Boolean-independent subset with
cardinal the cardinal power 7(20)#(P) = 7(2)*®) so A also has. But

K < Sup)\<sat(m) T(Q[)/\ = T(Q{)C(m)

by 514De, so 2 has a Boolean-independent set of cardinal x. Q

(d) Suppose that 2 is cellularity-homogeneous and Maharam-type-homogeneous and c¢(2) = sat(2).
Then 2 has a Boolean-independent subset with cardinal k.

P (i) By 515F, we can find a Boolean-independent family (D;);c; of partitions of unity in 2 such that
#(I) = sup;c; #(D;) = sat(2A). We know that sat() > w1, so we can suppose that all the D; are infinite.
For each i € I, let ®; be the order-closed subalgebra of 2 generated by D;. By (a) above, ©; has a Boolean-
independent subset B; with cardinal 2#(P¢) so that B = U,er Bi has cardinal supy g ) 2*. By 515Df,
(®;)icr is Boolean-independent. By 515De, B is Boolean-independent.

(ii) If #(B) = k, we can stop. Otherwise, let © be the order-closed subalgebra of 2l generated by
D = U;¢; Di. Because
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sup #(B)* = #(B)

A<sat()
(5A1Ff)

<k< sup T(W
A<sat(A)

(514Be), we must have

T(2A) > #(B) = SuPycga() 2% > sat(2A) = #(D) > 7(D).
By (b), we have a subalgebra € of 2, Boolean-independent of ®, such that € has a Boolean-independent
subset C' with cardinal 7(2(). Let (C;);ecr be a disjoint family of subsets of C' all with cardinal 7(20).

For i € I, let €;y be the subalgebra of generated by D; and €;; the subalgebra generated by C;. Let
&, be the subalgebra generated by €;o U €;; and Q‘E its Dedekind completion (314T-314U). In (‘3 we have
the partition of unity D; and the Boolean-independent set C; with cardinal 7(2(). For each b € D;, the
principal ideal (&;), of @, generated by b has a Boolean-independent set {bnc: ¢ € C;} with cardinal 7(20).
Because /Q\EZ is Dedekind complete, it is isomorphic to [],. D7,(@i)bv and has a Boolean-independent subset
with cardinal 7(20)#(P) (515G again).

Because 2 is Dedekind complete, the embedding €; & 2l extends to a Boolean homomorphism ; : @z -2
(314K). Because €; is order-dense in &;, 7; is injective. So & = 7;[&,] is a subalgebra of 2 isomorphic to
¢;, and has a Boolean-independent subset E; with cardinal T(A)#(Pi),

(iii) By 515Df and 515Dd, (€;0);cs and (€;1);c; are both Boolean-independent families; because €;y C
D and €;; C € whenever 4, j € I, and © and € are Boolean-independent, (@ij>i€17j€{0’1} is Boolean-
independent, so (&;);cr is Boolean-independent (515Dc). If J C I is finite, and e; € (€})™ for each i € J,
then there are € € &, such that 0 # e} C e; for each i. Now inf;cye; D inf;cye; # 0. As (e;);cs is arbitrary,

(€7)ier is Boolean-independent. But this means that E' = |J,.; £ is Boolean-independent (515De), while
#(E) = supie; T()#PD) = supy gapa 7(A) 2 k.
Of course #(FE) < #(2() = &, so we have a Boolean-independent set with cardinal  in this case also. Q

(e) If A is atomless it has a Boolean-independent subset with cardinal x. I Because Maharam type
and cellularity are both order-preserving cardinal functions (514Ed), 2 is isomorphic to the product of a
family (2(;);er of Maharam-type-homogeneous cellularity-homogeneous algebras, none of them {0} (514Gc).
Now, for each 7, 2; is an atomless (therefore infinite) Maharam-type-homogeneous cellularity-homogeneous
Dedekind complete Boolean algebra, so by (c)-(d) above has a Boolean-independent set with cardinal #(%;).
By 515G once more, 2 has a Boolean-independent set with cardinal #([[;c;2li) = . Q

(f) Finally, for the general case, let A be the set of atoms of A and set ¢ = sup A, so that the principal
ideal 2, is purely atomic and the principal ideal ;.. is atomless. Because 21 = 2. x 201, is infinite, one
of A, Ay, has cardinal &, and therefore (by (a) or (f)) has a Boolean-independent subset with cardinal &;
which is now a Boolean independent subset of 2 with cardinal k.

This completes the proof.

5151 Corollary If 2 is an infinite Dedekind complete Boolean algebra and k < #(2(), 2 has a subalgebra
isomorphic to the regular open algebra of {0, 1}*.

proof By 515H, 2 has a Boolean-independent family (a¢)e<rx. By 515Cb, 2 has a subalgebra isomorphic
to the regular open algebra of {0,1}".

515J Corollary If 2l is an infinite Dedekind complete Boolean algebra with Stone space Z, then #(7) =
o# ()

proof Since Z may be identified with the set of uniferent ring homomorphisms from 2 to Zs (311E),
#(Z) < 2#M_ On the other hand, writing W = {0, 1}#® we have a subalgebra of 2 isomorphic to the
algebra & of open-and-closed subsets of W (515I). If 7 : £ — 2l is an injective Boolean homomorphism, it
corresponds to a surjective continuous function ¢ : Z — W (312Sa), so that #(Z) > #(W) = 2#®),
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515K I extract part of the proof of the next theorem as a lemma.

Lemma Let 2 be an infinite Boolean algebra with the o-interpolation property.
(a) Let (an)nen be a disjoint sequence in . Then #(A) > #(] ], ey ™Aa, ), writing A4 for the principal
ideal of 2 generated by d, as usual.
(b) Set k = #(2), and let I be the set of those a € A such that #(2,) < k. Then I is an ideal of A, and
either /I is infinite,
or there is a set J C I with cardinal x such that every sequence in J has an upper bound in J,
or #(I,,en ™Aa,,) = & for some sequence (a,)nen in I.

Remark Recall from 466G that 2 has the ‘o-interpolation property’ if whenever A, B C 2l are countable
and a C b for every a € A and b € B, then there is a ¢ € 2 such that a C ¢ C b for every a € A and b € B.
See also 514YT above.

proof (a) The point is that the map a — (anan)nen : A = [],cnNa, is surjective. P If (b,)nen €
[1.cn 2, , there must be an a € 2 such that b, C a C 1\ (ay \ b,) for every n, so that ana, = b, for every
n. Q The result follows at once.

(b) If a, b € I then (¢,d) — cud is a surjection from A, x A, onto A, p, S0 aUb € I; of course b € T
whenever b C a € I, so I is an ideal of 2.

? Suppose, if possible, that all three alternatives are false. Then 2A/I is finite; let vg,... ,v,, be its
atoms. Let cp,...,c, € A be such that ¢} = v; for every i. Observe that 2 is the union of finitely many
sets with cardinal #(I), so I itself must have cardinal s, and there is a sequence (b ),en in I with no
upper bound in I; setting b, = b/, \ sup,,, b}, for each n, we get a disjoint sequence (b,)nen in I with
no upper bound in I. Now there is some k& < m such that (b, Nncg)nen has no upper bound in I. Set
K ={d:dcCcp,dnb, =0 for every n € N}. Then K < 2. If d € K, ¢, \d is an upper bound for
{bn Ncx : n € N}, so does not belong to I; as ¢}, is an atom in /I, d must belong to I. Thus K C I. The
function d — (d N bp)nen : Ae, = [],en Aerrb, is a Boolean homomomorphism with kernel K, so

#(chk/K) < #(HneN Q[Ckﬁbn) <K

(since the third alternative is false, and #([],cn ™epnb,) < & by (a)); as #(Ae, ) = K, #(K) = k. There is
therefore a sequence (d,,)nen in K with no upper bound in K. But there is a d € 2 such that d,, € d C 1\ b,
for every n € N, because 2 has the o-interpolation property; so that dncy € K is an upper bound for
{dn :n e N} X

515L Theorem (KOPPELBERG 75) If 2 is an infinite Boolean algebra with the o-interpolation property,
then #(2) is equal to the cardinal power #(2)%.

proof Induce on k = #(2).
(a) If k < ¢, then (because 2 is infinite) there is a disjoint sequence (a,)nen in AT, so that
¢ < #([LnewHan) < #(2)
by 515Ka, and k = ¢. So k¥ = (2¥)¥ = k.

(b) For the inductive step to k > ¢, set I = {a:a € A, #(2A,) < K}, as in 515Kb. It is easy to see that
every principal ideal of 2 has the o-interpolation property, so that #(21,)* < max(c, #(2l,)) for every a € I.
Now consider the three possibilities of 515Kb.

case 1 If the quotient algebra 20/7 is infinite, then k* = k. I There is a disjoint sequence (u,)nen in
21/I. For each n € N take a,, € 2 such that a}, = u,; now setting a}, = a,, \ sup;,, a; for each n, (a},)nen is
a disjoint sequence in A\ I. So

by 515Ka again. Q

case 2 Suppose that there is a set J C I such that #(J) = « and every sequence in J has an upper
bound in J. Then sk =x. P
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R = #(N) < #(J 24)
acJ
(because every sequence in J is included in 2, for some a € J)

< max(w, #(J),sup #(AY)) < max(x, sup #(Ay)) = &k < . Q
acl aclJ

case 3 Suppose there is a sequence (an)nen in I such that #([[,cy®a,) = . Then x* = k. P Set
L={n:neN, 2, isinfinite}. Then

i = #((J] %)) = #C T 25 < T 28)

neN neN\L nelL
< #(ex H A, ) < max(c, k) = k. Q
neL

Thus in all three cases we have k¥ = k, and the induction proceeds.

515M Corollary (a) If 2 is an infinite ccc Dedekind o-complete Boolean algebra then #(2) = 7(0)«.
(b) If 2l is any infinite Dedekind o-complete Boolean algebra, then #(L°(21)) = #(L>®(2A)) = #(A).

proof (a) Of course 2, being Dedekind o-complete, has the o-interpolation property, as noted in 466G. So
by 515L and 514De,

T < #EA)Y = #&A) < T(A)

(b) ar xa: 2 — L) and u — ([u > q])4e0 : L°(A) — AQ are injective, so
#(A) < F#(L2(A)) < F#(LO(A)) < #(A)Y = #(A).

515N It will be convenient later to know a little more about the regular open algebras of powers of
{0,1}.

Proposition Let I be a set. Write & for the regular open algebra RO({0,1}1).

(a) & is ccc and Dedekind complete and isomorphic to the category algebra of {0,1}!. The algebra of
open-and-closed subsets of {0,1}! is an order-dense subalgebra of &.

(b) Let 2 be a Boolean algebra. Then 2l is isomorphic to & iff it is Dedekind complete and there is a
Boolean-independent family (a;);er in 2 such that the subalgebra generated by {a; : i € I'} is order-dense
in 2.

(c) If T is infinite, & is homogeneous.

proof Write £ for the algebra of open-and-closed subsets of {0, 1} and e; = {z : € {0,1}!, z(i) = 1} for
i € I. Note that the set

{e:e C{0,1}! is determined by coordinates in a finite set}

is an algebra of subsets of {0,1} (254Ma) which contains e; for every i so includes £. We also know that
every member of & is determined by coordinates in a countable subset of I (4A2E(b-i)).

(a) &, being a regular open algebra, is Dedekind complete (314P). By 4A2E(a-iii), {0,1} is ccc; by
514H(b-i), & is ccc. By 514Kg, £ is an order-dense subalgebra of & and & is isomorphic to the category
algebra of {0,1}.

(b) (i) Because {0, 1} is zero-dimensional, £ is order-dense in &. Now (e;);cr is independent and gener-
ates £ (cf. 315Ka). So & has the declared properties.

(ii) If A satisfies the conditions, then, as in (a-i) of the proof of 515C, the subalgebra of 2 generated by
{e; : i € I} is isomorphic to £. Now both 2 and & are Dedekind completions of &€, so they are isomorphic
(3140).
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(c)(i) Suppose first that I is countable, and that a € &*. Then the principal ideal &, is atomless and
Dedekind complete and has countable m-weight (514Eb), so has a countable order-dense subalgebra %B. B is
countable, atomless and not {0}, so is isomorphic to the algebra of open-and-closed subsets of {0, 1} and to
€ (316M). Now any isomorphism between B and &£ extends to an isomorphism between their completions,
which by 314Ub can be identified with &, and &.

(ii) Now suppose that I is uncountable. Again take a € &*. Then a is determined by coordinates
in some countable subset J of I. We can of course suppose that J is infinite. Now we can express a as
b x {0,1}\Y where b is a non-empty open subset of {0,1}”, and in fact is a regular open subset (use the
formulae in 4A2B(g-i) to see that intd x {0,1}/\/ = int@). Let B be the principal ideal of RO({0,1}”)
generated by b. By (i) here, B is isomorphic to RO({0,1}”) and there is an independent family (b;);c, in
B generating an order-dense subalgebra &£; of 9.

Next, we have a independent family (cx)rep s in RO({0,1}/\7) generating an order-dense subalgebra &
of RO({0,1}/\’). Note that, by 4A2B(g-i) again,

Vs b x {0,131\ RO({0,1}) = &, ¢ = {0,1} x ¢ : RO({0,1}/\V — &
are injective Boolean homomorphisms. So if we set
aj =b; x {0,131\ for j € J, a; ={0,1} x ¢, for ke I\ J,

{(a;);er will be an independent family in & and the subalgebra £ it generates will contain b’ x ¢’ for every b € &;
and ¢ € &; as every member of &1, being a non-empty open set in {0,1} =2 {0,1}7 x {0,1}'\’, includes a
product b’ x ¢ where ' € RO({0,1}!)* and ¢ € RO({0,1}/\/)*, £ is order-dense in &,. Accordingly (b)
tells us that &, = &, as required.

Remark Algebras of this kind will appear regularly as the volume proceeds; they are among the basic
building blocks from which Dedekind complete Boolean algebras are constructed. I will occasionally use the
phrase ‘Cohen algebra’ indifferently to mean either the category algebra, or the regular open algebra, of
a set {0, 1} where I is infinite.

5150 We need to know some elementary facts about the algebra RO({0, 1}) which I have not yet spelt
out.

Proposition (a) A Boolean algebra 2l is isomorphic to ® = RO({0, 1}) iff it is Dedekind complete, atomless,
has countable m-weight and is not {0}. In particular, the regular open algebra RO(R) is isomorphic to .
(b) Every atomless order-closed subalgebra of & is isomorphic to &.

proof (a)(i) By 515N, & is Dedekind complete (514Ic) and has w-weight w. As in the proof of 515N, the
algebra £ of open-and-closed subsets of {0,1}" is order-dense in &; as £ is atomless, so is &.

(ii) If A satisfies the conditions, let B be a countable order-dense subset of 2 and B the subalgebra
of 2 generated by B. Then B is countable, atomless and not {0}, so is isomorphic to £ (316M). Now any
isomorphism between % and £ extends to an isomorphism between their completions, which by 314Ub can
be identified with 20 and & respectively.

(iii) All regular open algebras are Dedekind complete. Because R is not empty, RO(R) # {0}. Because
R is Hausdorff and has no isolated points, RO(R) is atomless. Because R has countable m-weight, so has
RO(R) (514H(b-ii)). So RO(R) = & by (ii) here.

(b) All we have to observe is that any atomless order-closed subalgebra of & satisfies the conditions of
(a) (see 514E).

515P There is a more complicated, but still manageable, characterization of RO({0, 1}+1).

Proposition A Boolean algebra 2 is isomorphic to RO({0, 1}+1) iff
(«) it is non-zero, ccc and Dedekind complete,
(8) every non-zero principal ideal of 2( has m-weight wy,
() there is a non-decreasing family (A¢)e<,,, of countable subsets of 2 such that
each A¢ is order-dense in the order-closed subalgebra of 2 which it generates,
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A = Ug < Ag¢ for every non-zero countable limit ordinal ,
Ug<w, Ae is order-dense in 2.

proof Write & for RO({0,1}“1).
(a)(i) We know from 515N that & satisfies the conditions («) and () above.

(i) For £ < wi, let & be the set of open-and-closed subsets of {0,1}** which are determined by
coordinates in £, and &, the set of regular open subsets of {0,1}** which are determined by coordinates
in . Then &; is an order-closed subalgebra of &. I Reviewing the formulae of 3140, we see that the
Boolean operations of & can all be expressed in terms of (arbitrary) unions and intersections, set difference,
closure and interior. Since all of these can be done within the family of subsets of {0,1}** determined by
coordinates in £ (254Ma, 4A2B(g-i)), B¢ is an order-closed subalgebra of &. Q Next, & is a subalgebra
of the algebra £ of open-and-closed subsets of {0,1}*', and is order-dense in &, so &, is the order-closed
subalgebra of & generated by &¢.

Of course (&¢)e<w, is a non-decreasing family of countable subsets of &. If ¢ is a non-zero countable limit
ordinal, then every member of £ is determined by coordinates in a finite subset of (, so £ = Ug <c Ee. And
Ug<w, € = € is order-dense in &. So (&¢)e<w, Witnesses that & satisfies condition (7).

(b) Now suppose that 2 and (A¢)e<., satisfy the conditions (a)-(y). For each { < wy let ¢ be the
order-closed subalgebra generated by Ag.

(i) We need to know that 2 = (J,_,, 2¢. PP Because 2 is ccc and (/Ug)¢<w, is a non-decreasing family of
order-closed subalgebras of 2, [J,_,,, ¢ is an order-closed subalgebra (use 316Fb). But [J,_,,, ¢ includes
the order-dense set (J,_,,, A¢ so is the whole of 2. Q

(ii) Suppose that € is an order-closed subalgebra of € with countable m-weight. Then there is an a € 2
which is independent of € in the sense that cna and ¢\ a are non-zero for every non-zero ¢ € €. I Let
((ai, ¢;)Yier be a maximal family such that (¢;);er is a disjoint family in € and, for each ¢ € I, a; C ¢; is such
that cna; and c\ a; are non-zero for every ¢ € € such that cnc; is non-zero. Set ¢ = 1\ sup;crc;. 7 If
c* # 0, consider the principal ideal 2.« of 2 generated by c¢*. By hypothesis, this must have uncountable 7-
weight, so the countable set €.« cannot be order-dense in 2., and there is a non-zero a’ € 2.+ not including
any non-zero member of €., therefore not including any non-zero member of €. Set ¢’ = upr(a’, €); then
¢ is non-zero and ¢’ C ¢*, so ¢/ n¢; = 0 for every i € I. If ¢ € € is non-zero and meets ¢, then cnc’ Za
so c\a # 0, while a Z '\ ¢ so cna # 0. But this means that we ought to have added (a’,¢’) to the family
((aisci))ier- X

Thus sup;c;¢; = 1. Set a = sup;cya;. If ¢ € €, there is an i € I such that ¢n¢; # 0, in which case
cnadcna; and ¢\ a2 (cn¢)\ a; are both non-zero. Accordingly a is independent of €, as required. Q

(iii) Suppose that € is an order-closed subalgebra of 20 with countable m-weight, and b € 2. Then
there are an an a € 2 and a d € €1 such that a is independent of € and and C b. P By (ii), we have an
a’ € 2 which is independent of €. If there is a non-zero d € € such that d C b we can set a = a’. Otherwise,
set d = upr(b, €) and a =bu (a’\ d). If ¢ € € is non-zero, either cnd # 0 and

cnadendnb#0, c\adend\b#0,
or ¢\ d # 0 and
cnad(c\d)nad #0, c\ad(c\d)\a #0.
So a is independent of €, while of course 0 #and C b. Q

(iv) Suppose that ¢ < w;. Then there are a ¢’ > ¢ and an independent sequence (a;);en in ¢ such
that 2. and the subalgebra B generated by {a; : i € N} are independent and the subalgebra generated by
A UDB is order-dense in &.. I» We need a couple of bookkeeping devices. For each & < wq le (b(€,n))nen
be a sequence running over A \ {0}, and let ((j;, k;))ien be an enumeration of N x N with j; < ¢ for every
1 € N. Now choose sequences ((;)ien in w1, (a;)ien in A and (D;);en inductively so that

¢ =min{{ : ( <&, a; € Ae for every j < i}

(by (i) above, ¢; will always be countable, and ( =y < (1 < ...)
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D, is the subalgebra of 2 generated by 2 U {a; : j < i}
(so that ®; is always an order-closed subalgebra of 2, by 314Ja),
a; is independent of ©; and there is a d € ®; such that 0 # a; nd C b({j,, k;)

(using (iii)). At the end of the induction, set (' = sup,;cy G-

Because a; is always independent of ©;, (a;);en is independent and 9B, the subalgebra generated by
{a; : i € N}, is independent of 2. Next, if a € A/ is non-zero, there is an o’ € Ay such that 0 # o’ C q;
there are a § < (" such that o’ € A¢, a j € N such that { < (; and @’ € A¢;, and an i € N such that j; = j
and a’ = b((j,, k;). There is now a d € ] such that a; nd C a’. Because D; is generated by A U{a; : | < i},
there are ¢ € 2(2“ and J C 7 such that ¢’ = c¢n infjcja; )\ Sup;e; s @i is included in a’. But now a” belongs
to the subalgebra generated by A U*B and is included in a. As a is arbitrary, the subalgebra generated by
2 UB is order-dense in A, as required. Q

v) We can therefore build inductively families <w, and (ag;)e<w, ien such that, for each £ < wy,
W herefore build inductively families ((¢)e<w, and (agi)e<w, h that, f h ¢

(@ni)n<e,ien is independent,

the subalgebra generated by {a¢; : & < &, i € N} is an order-dense subset of .

P Start with {; = 0. For the inductive step to & + 1, where £ < wy, apply (iv) with ¢ = (¢ to choose
(agi)ien and ¢’, and set (41 = ¢'. Ifa € QLZ;H then a includes cnb for some non-zero ¢ € ™A¢ and b in
the algebra generated by {a¢; : i € N}; now c includes ¢’ for some non-zero ¢ in the subalgebra generated
by {ag¢; : § < & i € N}, and we see that ¢’ nb is a non-zero element of the subalgebra generated by
{agri : & <€+1,i€ N} and is included in a.

For the inductive step to a non-zero limit ordinal §{ < w; set (¢ = sup, ;. In this case, if a € Qlég,
there is a non-zero @’ € A, included in a, there is an 7 < & such that a’ € A , and there is a non-zero a”
in the subalgebra generated by {a,; : 7’ < n, i € N} such that a” C a’. So again the subalgebra generated
by {ae; : §' <&, i € N} is order-dense in 24, and the induction proceeds. Q

(vi) At the end of the induction, (ae)e<w, ien is independent, because all its finite subfamilies are
independent. Because ago € ¢, \ A, for every &, ((¢)e<w, is strictly increasing and SUP¢ <, Ce = w1, SO
that 2 = U£<w1 2¢.. Accordingly the subalgebra generated by {ag; : £ < wy, @ € N} will be order-dense in
2. But 515Nc¢ now tells us that 20 =2 &. So the conditions listed are sufficient as well as necessary.

515Q Concerning closed subalgebras, the position with RO({0, 1}**) is nearly as straightforward as with
RO({0,1}*), though the proof is a good deal deeper.

Proposition Let 2 be an atomless order-closed subalgebra of & = RO({0,1}**). Then 2 is isomorphic
either to RO({0,1}*) or to & or to the simple product RO({0,1}¥) x &.

proof (a) We know that there is a non-decreasing family (B¢)e<., of countable subsets of & such that
B¢ is order-dense in &, By = B, for every non-zero countable limit ordinal &, every B¢ is
E<wy € 13 n<é=n §
order-dense in the order-closed subalgebra &, of & which it generates, and & = U5 <, Be-
Consider the set

C ={( : ¢ < wj is a non-zero limit ordinal,

upr(b,A) € & for every b € U Be}.
§<¢
Then C' is a closed cofinal subset of wi, and upr(b,2) € & whenever ( € C and b € ;. Be = B¢. Set
Ac = {upr(b,2) : b € B} for each ¢ € C. Then (A¢)cec is a non-decreasing family of countable subsets
of A and A = UgeCmc A¢ whenever ¢ € C is sup(C' N (). Moreover, if ( € €, A¢ is an order-dense subset
of AN &.. P Surely Ac C 2, and A¢ C & by the definition of C. If a € (AN &,)T, there is a non-zero
b € B¢ such that b C a, and now upr(b,2) € A¢ and 0 # upr(b,A) C a. Q Since AN B¢ is an order-closed
subalgebra of & it is also an order-closed subalgebra of 20 and must be the order-closed subalgebra of 2
generated by A¢.
What this means is that (A¢)cec, suitably re-indexed, witnesses that 2 satisfies condition () of 515P.
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(b) So if A is m-weight-homogeneous with m-weight wy, that is, all its non-zero principal ideals have
m-weight wy, then A = &. P As surely it is non-zero, ccc and Dedekind complete (because & is), it satisfies
all three conditions of 515P. Q

On the other hand, if 7(2) is countable, then 5150 tells us that 2 =2 RO({0,1}*). So let us suppose from
now on that 2 has uncountable m-weight and has a principal ideal which has m-weight different from w;.

(c) Because m-weight is an order-preserving ordinal function of Boolean algebras (514Ed), and 2 is
Dedekind complete, it is isomorphic to a simple product of m-weight-homogeneous principal ideals (514Gc),
all of which are Dedekind complete and have mw-weight at most 7() < 7(®&) = w; (514EDb). Because
c(2) < ¢(®) is countable (514Ea), we are dealing with a countable product. As 7w(2) > w, not all the terms
have countable m-weight, and we are supposing also that not all the terms have m-weight w;.

The terms with m-weight w can be joined together as a single principal ideal B with m-weight w (514Ef),
which must now be isomorphic to RO({0, 1}*). Similarly the terms with m-weight w; can be joined together
as a single m-weight-homogeneous principal ideal € of w-weight w;. So A =B x €.

Express € as 2. where ¢ € 2. Consider the corresponding principal ideal &, of &. This is isomorphic to
® (515Nc) and € is an order-closed subalgebra of &.. So (b) tells us that € = &, and our decomposition of
2 is of the required form.

515X Basic exercises (a) Let 2 be a Boolean algebra, not {0}, and (D;);cr a family of partitions of
unity in 2, none containing 0. Show that the following are equiveridical: (i) (D;);cr is Boolean-independent;
(ii) (MB;)icr is Boolean-independent, where 9; is the subalgebra of 2 generated by D; for each i € I.

(b) Give an example of a Boolean algebra 24 with Boolean-independent subalgebras 9B, € such that the
order-closed subalgebras generated by B and € are not Boolean-independent.

(c) For a Boolean algebra 2, not {0}, write ind(2) for sup{#(A4) : A C 2 is Boolean-independent}. (If
A = {0}, say ind(2A) = 0.) (i) Show that if B is either a subalgebra or a principal ideal or a homomorphic
image of 2 then ind(B) < ind(A). (ii) Show that A is infinite iff ind(2A) is infinite. (iii) Show that if 2 is
finite and not {0} then ind(2A) is the largest n such that 22" < #(21). (iv) Show that if 2 is the finite-cofinite
algebra of subsets of an infinite set X, then ind(A) = w but 2 has no infinite Boolean-independent set. (v)
Show that if 20 and B are Boolean algebras then ind(2 x 9B) is at most the cardinal sum ind(2) + ind(B).
(vi) Show that if  is infinite and has the o-interpolation property then ind(2() > c.

(d) Let Z be an infinite extremally disconnected compact Hausdorff space. Show that there is a continuous
surjection from Z onto {0,1}%(%).

(e) Let 2 be a Boolean algebra with the o-interpolation property. Show that any homomorphic image
of 2 has the o-interpolation property.

(f) Let x be an infinite cardinal. Show that the following are equiveridical: (i) there is a measure algebra
with cardinal ; (ii) there is a measurable algebra with cardinal k; (iii) k* = k.

515Y Further exercises (a)(i) Show that if 2 is any Boolean algebra, other than {0}, with cardinal
at most wy, it is isomorphic to a subalgebra of PN/[N]<%. (ii) Show that an atomless Boolean algebra with
cardinal w; and the o-interpolation property is isomorphic to PN/[N]<“. (This is a version of Parovi¢enko’s
theorem.)

(b) Let 2 be a Dedekind complete Boolean algebra, and x < #(2l) a regular uncountable cardinal. Show
that there is a strictly increasing family (2e¢)¢<, of subalgebras of 2 with union 2. (Compare 494Yk.)

515 Notes and comments The material of this section is taken from KOPPELBERG 89, where you can find
a good deal more. I have picked out the results which are essential to a proper understanding of measure
algebras. Of course there are short cuts, using Maharam’s theorem (332B), if we know that we are dealing
with a localizable measure algebra; but I should not like to leave you with the impression that the theorems
here are restricted to measure algebras.
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Any theorem about Boolean algebras is also a theorem about zero-dimensional compact Hausdorff spaces;
thus 515H and 515Xd have an equal right to be called the Balcar-Franék theorem. 515D and part (b) of the
proof of 515H may be regarded as a simple form of some of the ideas of §331.

Clearly some of the ideas of this section can be expressed in terms of the independence number ind(2A)
(515Xc). But the expression is complicated by the fact that (like cellularity) the independence number may
not be attained (see 515Xc(iv)), while the theorems here mostly need actual Boolean-independent families.
Since ind(A) = #(2) for infinite Dedekind complete Boolean algebras (515H), we shall not have to grapple
with these difficulties.

The results of 5150-515Q give us a good grip on the regular open algebras of {0,1}* and {0,1}** and
their order-closed subalgebras. There are serious obstacles in the way of extending these ideas; order-closed
subalgebras of the category algebra of {0, 1}*2, for instance, can be very different in character. For examples
see KOPPELBERG & SHELAH 96 and BALCAR JECH & ZAPLETAL 97.

Version of 9.10.14
516 Precalibers

In this section I will try to display the elementary connexions between ‘precalibers’; as defined in 511E,
and the cardinal functions we have looked at so far. The first step is to generalize the idea of precaliber
from partially ordered sets to supported relations (516A); the point is that Galois-Tukey connections give us
information on precalibers (516C), and in particular give quick proofs that partially ordered sets, topological
spaces and Boolean algebras related in the canonical ways explored in §514 have many of the same precalibers
(516G, 516H, 516M). Much of the section is taken up with lists of expected facts, but for some results the
hypotheses need to be chosen with care. I end with a fundamental theorem on the saturation of product
spaces (516T).

516A Definition If (A, R, B) is a supported relation, a precaliber triple of (A, R, B) is a triple
(k, A, <0) where k, X and 6 are cardinals and whenever (ag¢)¢<, is a family in A then there is a set T' € [k]*
such that (ag)eer is <f-linked in the sense of 512Bc, that is, for every I € [[]<? there is a b € B such that
(ag,b) € R for every ¢ € I. Similarly, (k, A, 0) is a precaliber triple of (A, R, B) if whenever (a¢)e<x is a
family in A then there is a set I' € [x]* such that (a¢)¢eer is f-linked; that is, if (k, A, <67) is a precaliber
triple.

Now (k, A) is a precaliber pair of (A, R, B) if (k, A\, <w) is a precaliber triple of (A, R, B), and « is a
precaliber of (A, R, B) if (k, k) is a precaliber pair.

516B Elementary remarks I ought perhaps to spell out the following immediate consequences of the
definitions. Let (A, R, B) be a supported relation.

(@) Ik >k N <A 0 <0 and (k, A, <0) is a precaliber triple of (A4, R, B), then (k',\,<#’) is a
precaliber triple of (A, R, B). So if K’ > k, A’ < X and (k,\) is a precaliber pair of (A4, R, B), then (x’,\)
is a precaliber pair of (4, R, B).

(b) If > 0, then (0,0, <6) is a precaliber triple of (A, R, B) iff B # 0. If A = ) then (s, \,<0) is a
precaliber triple of (A4, R, B) whenever x > 1. If A # () and A # R™![B], that is, cov(4, R, B) = oo, then
the only precaliber triples of (A, R, B) are of the form (k,0,<6). If A # () and (k, A, <) is a precaliber
triple of (A, R, B), then A < k. cov(A, R, B) = oo iff 1 is not a precaliber of (A, R, B).

(c) If (k, A, \) is a precaliber triple of (A, R, B) then (k, A, <) is a precaliber triple of (A, R, B) for every
0; in particular, (k, \) is a precaliber pair of (A, R, B).

(d) If (k, K, <0) is a precaliber triple of (A, R, B), so is (cfx,cfk, <0). P If cfx = k there is nothing to
prove. If 2 < k < w and A is empty the result is trivial. If 2 < k < w and A is not empty, then B is not
empty, so if § < 1 the result is trivial. If 2 < k < w and A is not empty and § > 1, then R™![B] = A so
(cfr,ctr,<f) = (1,1, <0) is a precaliber triple of (4, R, B).

If k > cfk is infinite, let (y¢)e<cfr be a strictly increasing family with supremum k. For n < k, set
f(n) =min{{ : n < e} I (ag)e<cry is a family in A, set a;, = ay(,) for each n < k. Then thereis a I' € [x]"
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such that (ap)per is <6-linked. Set IV = {f(n) : n € I'}; then (ag)¢er is <O-linked. Also I' must be cofinal
with k, so I" is cofinal with cfk and #(I") = cfk. As (ag)e<crr is arbitrary, (cfx,cfk, <8) is a precaliber
triple of (A, R, B). Q

In particular, if k is a precaliber of (A, R, B), so is cfk.

516C Theorem Suppose that (A, R, B) and (C, S, D) are supported relations, and that (A, R, B) g1
(C,S,D). Then (k,\,<0) or (k, A, 0) is a precaliber triple of (A, R, B) whenever it is a precaliber triple of
(C, S, D), so (k,A) is a precaliber pair of (A4, R, B) whenever it is a precaliber pair of (C, S, D), and & is a
precaliber of (A4, R, B) whenever it is a precaliber of (C, S, D).

proof Let (¢,1) be a Galois-Tukey connection from (4, R, B) to (C,R,S). If (k, A, <6) is a precaliber
triple of (C, S, D), and (a¢)¢<, is a family in A, then there is a set T’ € [k]* such that whenever I € [[']<?
there is a d € D such that (f(a¢),d) € S for every £ € I, and now (ag,g(d)) € R for every £ € I. Thus
(k, A, <) is a precaliber triple of (A, R, B). The results for precaliber pairs and precalibers follow at once.

516D Corollary If (A, R, B) =ar (C, S, D) then (A, R, B) and (C, S, D) have the same precaliber triples,
the same precaliber pairs and the same precalibers.

516E Remark Because all the definitions in 516A start from precaliber triples (x, A, <), any theorem
about such precaliber triples is likely to lead at once to corresponding results concerning precaliber triples
(K, A, 0), precaliber pairs and precalibers. In the rest of this section I shall not always take the space to spell
these out systematically, and when later I wish to use a fact about precalibers I may direct you, without
comment, to a fact about precaliber triples or pairs from which it may be deduced.

516F The next step is to check the connexion between the definition in 516A and those of §511. But
this is elementary.

Proposition (a) If P is a partially ordered set, (x, A, <) or (k, A, 8) is a precaliber triple of (P, <, P) iff it
is an upwards precaliber triple of P.
(b) If 2 is a Boolean algebra, then 2( and (21,2, 2A") have the same precaliber triples, where A+ = 2\ {0}.
(c) If (X, %) is a topological space, then X and (T \ {0}, 2,T\ {0}) have the same precaliber triples.

proof Read the definitions in 511E and 516A.

516G Corollary Let (P, <) be a partially ordered set.

(a) If @ is a cofinal subset of P, then P and @ have the same upwards precaliber triples.

(b) Let ' be the up-topology of P (definition: 514L). Then (k, A, <#) is an upwards precaliber triple for
(P, <) iff it is a precaliber triple for (P, TT).

proof (a) By 513E(d-ii), (P, <,P) =1 (Q, <, Q).
(b) By 514Na, (P, <, P) =cr (T'\ {0}, 2, %"\ {0}).
516H Corollary Let 2 be a Boolean algebra.

(a) If Z is the Stone space of 2, then 2 and Z have the same precaliber triples.
(b) If B is an order-dense subalgebra of 2, then 2 and B have the same precaliber triples.

proof (a) Write ¥ for the topology of Z and £ for the algebra of open-and-closed sets. Because Z is zero-
dimensional, £ is coinitial with T\ {0}, so (AT,2,A") = (£7,2,€1) and (T \ {0}, 2, \ {#}) have the
same precaliber triples, by 516Ga, inverted.

(b) BT is coinitial with AT, so we can use the same idea.
5161 Corollary Let (X, T) be a topological space.
(a) If Y is an open subspace of X, then every precaliber triple of X is a precaliber triple of Y.

(b) If Y is a dense subspace of X, then every precaliber triple of X is a precaliber triple of Y.
(c) If X is regular and Y is a dense subspace of X, then X and Y have the same precaliber triples.
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(d) Suppose that Y is a topological space, and that there is a continuous surjection f : X — Y such that
int f[G] # 0 whenever G C X is a non-empty open set. Then every precaliber triple of X is a precaliber
triple of Y.

proof (a) Write & for the topology of Y. For H € G\ {0}, set ¢(H) = H; for G € T\ {0}, set ¥(G) = GNY
if this is non-empty, G' otherwise. Then (¢,) is a Galois-Tukey connection from (& \ {0},2,& \ {0}) to
(T\{0},2,%\ {0}), so 516C and 516Fc give the result.

(b) Again write & for the topology of Y. For H € &\{0}, set ¢(H) = X\Y \ H, where the closure is taken
in X; for G € T\ {0}, set ¥(G) = GNY. Then (¢, 1)) is a Galois-Tukey connection from (&\ {0}, 2, &\ {0})
to (T\ {0}, 2, %\ {0}), so again we have the result.

(c) If now X is regular, then for each G € T\ {0} choose Vi € T\ {0} such that Vi C G and set
Y (G) = VgNY. Then (¢, ¢) is a Galois-Tukey connection from (T\ {0}, 2, T\ {0}) to (&\ {0}, 2,6\ {0}),
so every precaliber triple of Y is a precaliber triple of X.

(d) Once more writing & for the topology of Y, set ¢(H) = f~L[H] for every H € & \ {0} and (G) =
int f[G] for every G € T\ {0}; then again (¢,) is a Galois-Tukey connection from (& \ {0}, 2, &\ {0}) to
(T\A{0}, 2,3\ {0}).

Remark For variations on (b) and (d) here, see 516Xh and 5160a.

516J Straightforward counting arguments give us some connexions between precalibers and other car-
dinal functions, as follows.

Proposition Let (A, R, B) be a supported relation.

(a) sat(A4, R, B) is the least cardinal &, if there is one, such that (k,2) is a precaliber pair of (A, R, B);
if there is no such k, sat(A, R, B) = oco. In particular, if kK > 2 is a precaliber of (A, R, B), then x >
sat(A, R, B).

(b) If kK > max(w, A, link<g(A, R, B)) then (r, A", <6) is a precaliber triple of (A, R, B). In particular, if
k > max(w, \,cov(4, R, B)) then (k, AT, <) is a precaliber triple of (A, R, B) for every 6.

(c) If cfk > link<y(A, R, B) then (k, k,<#) is a precaliber triple of (4, R, B).

proof (a) If (k,2) is a precaliber pair of (A, R, B), and (a¢)e<x is any family in A, then there must be a
I' € [k]? such that for every finite I C T' there is a b € B such that (ag,b) € R for every £ € I. But this
means that if I' = {£,n} then &, n are distinct members of x such that, for some b € B, both (a¢,b) and
(ay,b) belong to R. As (ag¢)e<y is arbitrary, sat(A4, R, B) < k.

Conversely, any witness that (x,2) is not a precaliber pair of (A, R, B) will provide a witness that
sat(4, R, B) > k.

Now if k > 2 is a precaliber of (A4, R, B), that is, (k, k) is a precaliber pair, then (&, 2) is a precaliber pair
of (A, R, B), by 516Ba, so k > sat(A, R, B).

(b) Write ¢ for link<y(A, R, B), and let (A,),<s be a cover of A by <f-linked sets. Let (a¢)e<, be any
family in A. For n < 0 set C)) = {{ : a¢ € A, }; then k = Un<5 (', so there must be some 1 < ¢ such that
#(C,) > A. Now if I’ C ), is a set with cardinal A*, {a¢ : £ € T'} is <6-linked in (A, R, B). As (ag)e<s 18
arbitrary, (rk, AT, <#0) is a precaliber triple of (4, R, B).

The special case is now elementary, if we remember that link_y(A, R, B) < cov(A, R, B) for every 6
(512Bc).

(c) If link<g(A, R, B) = 0 then A = () and the result is trivial. Otherwise, cfx > w. Choose § and (Cy,),<s
as in (b) above. Let (a¢)e<, be any family in A. Then there must be some 1 < ¢ such that #(C,) = &, and
{ag : £ € Oy} is <B-linked in (A, R, B). As (ag)¢<, is arbitrary, (k, k, <6) is a precaliber triple of (4, R, B).

516K For partially ordered sets, we have translations of the results above, and a further useful fact.

Proposition Let P be a partially ordered set.
(a) sat(P) is the least cardinal & such that (x,2) is an upwards precaliber pair of P.
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(b) If K > max(w, A, linkla(P)) then (k, A1, <) is an upwards precaliber triple of P. In particular, if £ >
max(w, A, cf P) then (k, AT, <) is an upwards precaliber triple of P for every 6, and if x > max(w, A, dT(P))
then (x,AT) is an upwards precaliber pair of P.

(c) If cfk > cf P then (k, k, <0) is an upwards precaliber triple of P for every 6. If cfx > dT(P) then &
is an up-precaliber of P.

(d) If satT(P) > w, (sat’(P),w) is an upwards precaliber pair of P.

proof (a)-(c) We need only identify cf P with cov(P, <, P) > sup, link4(P, <, P) (512Bc) and d'(P) with
the centering number link, (P, <, P), as in 512Ea.

(d)(i) Set k = sat(P). By 513Bb, k is a regular uncountable cardinal. The first thing to note is that if
(De)e<w is any family in P, then there is a ¢ < & such that {{ : £ < k, pe and p¢ are compatible upwards
in P} has cardinal k. 2 Otherwise, for each ¢ < s there is an a¢ < & such that p; and pe are upwards-
incompatible for every £ > a¢. Set C' = {£ : &£ < k, o, < & for every n < £}. Then #(C) = k and (pe)ecc is
an up-antichain in P, which is impossible. X Q

(ii) Now let (p¢)e<, be a family in P. Choose inductively sets A,, € [k]", ordinals (, € A, and families
(Dne)eca, in P, as follows. Ag = K, poe = pe for each & < k. Given (ppe)eca, , then by (i) thereis a ¢, € 4,
such that

n?

App1 ={§: €€ Ay, € # (p, Pne is compatible upwards with p,, ¢, }

has cardinal k. Now, for £ € A, 11, let pp41¢ be an upper bound of {p, ¢,,pne}; continue.

At the end of the induction, observe that (pn. ¢, )nen is non-decreasing. At the same time, we see that
Pe < pne whenever n € N and £ € A4,,. So {pc, : n € N} is upwards-centered. Also the ¢, are all different,
soI' = {(, : n € N} is infinite. As (p¢)e<, is arbitrary, (sat’(P),w) is an upwards precaliber pair of P.

Remark There will be a stronger form of (d) in 517Fa below.

516L Corollary Let 2 be a Boolean algebra.

(a) sat(2A) is the least cardinal x such that (k,2) is a precaliber pair of 2L.

(b) If K > max(w,\,linkg(A)) then (k,A\T,<0) is a precaliber triple of 2. In particular, if k >
max(w, A\, 7(A)) then (r, AT, <) is a precaliber triple of 2 for every 0, and if x > max(w, A\, d(2()) then
(k,AT) is a precaliber pair of 2.

(c) If cfk > d(2l) then & is a precaliber of 2.

(d) If 2 is infinite, (sat(2),w) is a precaliber pair of 2.

proof Apply 516K, inverted, to A, recalling that w(2) = ci(™AT).

516M When we turn to topological spaces, we can refine the results slightly, using the following ele-
mentary facts.

Lemma Let (X, T) be a topological space and RO(X) its regular open algebra. If k, A and 0 are cardinals,
and 6 < w, then the following are equiveridical:

(i) (K, A, <0) is a precaliber triple of (X, %);

(ii) (K, A, <) is a precaliber triple of (T \ {0}, 3, X);

(iii) (k, A, <0) is a precaliber triple of RO(X).
proof (a)(i)=-(ii) If we set ¢(G) = G and choose a point ¥(G) € G for every non-empty open set G C X,
then (¢, 1) is a Galois-Tukey connection from (T \ {0}, 3, X) to (T\ {0}, 2, T\ {0}), so any precaliber triple
of the latter is a precaliber triple of the former.

(b)(ii)=-(iii) Assume (ii), and let (G¢)e<, be a family in RO(X)*. Then there is a I' € [x]* such
that (e, Ge # 0 for every I € [[]<. But in this case, because [ is finite, Neer Ge is a lower bound for
{Ge: £ €I} in RO(X)T. As (Ge¢)e<y is arbitrary, (k, A, <) is a precaliber triple of RO(X).

(c)(iii)=(i) Assume (iii), and let (G¢)¢<, be a family in T\ {#}. Then there is a I' € [k]* such that
Neer int G¢ # 0 for every I € [[]<?. But in this case, because I is finite, Neer Ge is not empty, and is a
lower bound for {G¢ : £ € I} in T\ {0}. As (G¢)e<, is arbitrary, (k, A, <0) is a precaliber triple of (X, ¥).
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516N Corollary Let X be a topological space.

(a) sat(X) is the least cardinal k such that (k,2) is a precaliber pair of X.
(b) If > max(w, A, d(X)) then (x,AT) is a precaliber pair of X.

(c) If cf k > d(X) then & is a precaliber of X.

(d) If sat(X) is infinite, then (sat(X),w) is a precaliber pair of X.

proof Here we need to know that sat(X) = sat(RO(X)) and d(X) > d(RO(X)) (514H(b-i)).

5160 The idea of 516M leads to further results about precalibers of topological spaces.

Proposition Let (X, %) be a topological space.

(a) I Y is a continuous image of X and 6 < w, then (k, A, <) is a precaliber triple of Y whenever it is a
precaliber triple of X.

(b) Suppose that X is the product of a family (X;);cr of topological spaces. If (k, k, <) is a precaliber
triple of every X; and either I is finite or # < w and & is a regular uncountable cardinal, then (x, k, <6) is
a precaliber triple of X.

proof (a) Let f : X — Y be a continuous surjection. Writing & for the topology of Y, we have a Galois-
Tukey connection (¢, f) from (&\{0},>,Y) to (T\{0}, >, X), if we set ¢p(H) = f~[H] for H € &\ {0}. Now
if # <w and (k, \, <0) is a precaliber triple of (X, T), it is a precaliber triple of (T\ {0}, 3, X), (&\{0},3,Y)
and (Y, &), using 516M and 516C.

(b) If X = () then (x, k, <#) is a precaliber triple of X just because X = X; for some i; so let us suppose
that X # 0.

(i) If I = {0, 1} then (k, k, <0) is a precaliber triple of X. I Let (W¢)¢ <, be a family of non-empty open
sets in X. For each £ < k, let G¢p C Xo and G¢1 C X5 be non-empty open sets such that Geg X Gg1 C We.
Because (k, k, <f) is a precaliber triple of Xj, there is a I" € [k]* such that H;?) = int(ﬂfeK Geo) is non-
empty for every K € [[]<%. Because (k, s, <6) is a precaliber triple of X1, there is a A € [[']* such that
Hg) = int((Neex Ger) is non-empty for every K € [A]<?. Now Neerx We 2 Hg) X Hj((l) has non-empty

interior for every K € [A]<9. As (We)¢<, is arbitrary, (k, k, <) is a precaliber triple of X. Q

(ii) If I is finite, then (k, k, <) is a precaliber triple of X. I Induce on #(I), using (i) for the inductive
step. Q

(iii) Now suppose that I is infinite, s is regular and uncountable and # < w. Then (x,k,<0) is a
precaliber triple of X. PP Let (We)e<, be a family of non-empty open sets in X. Let V be the standard
base for the topology of X consisting of sets of the form H5 < Ue where Ug C X¢ is open for every § and
{& : Ug # X¢} is finite. For each & < & let Wg’ C W¢ be a non-empty member of V, so that Wg’ is determined
by a coordinates in a finite subset Iz of I. By the A-system Lemma (4A1DDb) there is a set A C &, with
cardinal &, such that (I¢)¢ea is a A-system with root J say. For { € A express W/ as Ug N V¢ where U
is determined by coordinates in J and V¢ is determined by coordinates in I¢ \ J. Now U is of the form
77 ' [He] where He C [I;c; Xi is a non-empty open set and 7; : X — [],c, X; is the canonical map. By
(ii), (k,k,<0) is a precaliber triple of [, ; Xi, so there is a I' € [A]" such that (., He is non-empty
whenever K € [[]<?. Now take any K € [[']<?. Then U = F;l[ﬂge i He] is a non-empty set determined
by coordinates in J, while V¢ is a non-empty open set determined by coordinates in I¢ \ J for each ¢ € K;
because the I¢ \ J are disjoint and K is finite, U N (¢ ; Ve is non-empty, and (¢ x We is a non-empty set,
necessarily open because K is finite. As (We)e<, is arbitrary, (k, k, <) is a precaliber triple of X. Q

516P Corollary Let (P;);c; be a family of non-empty partially ordered sets, with upwards finite-support
product P = ®j€ ; Pi (definition: 514T). If (k, K, <0) is an upwards precaliber triple of every P; and either
T is finite or §# < w and & is a regular uncountable cardinal, then (k, &, <#) is an upwards precaliber triple
of P.

proof Suppose first that 6 is countable. By 516Gb and 516M we can identify the relevant upwards
precaliber triples of each P; and P with the precaliber triples of their regular open algebras. But ROT(P) =
RO(J[,¢; Pi) (514Ua), so 5160b gives the result at once.
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For finite I, P* = [[,c; P; is a cofinal subset of P (514Ub), so that it has the same upwards precaliber
triples (516Ga); at the same time, it is easy to see that the up-topology of P* is just the product of the
up-topologies on the P;. So this time we do not need to look at regular open algebras and can use 516Gb
and 5160Db directly.

516Q For locally compact spaces, as usual, we have further results.

Proposition Let X be a locally compact Hausdorff topological space.

(a) (k,A) is a precaliber pair of X iff whenever (G¢)e<, is a family of non-empty open subsets of X, then
there is an € X such that #({{ : z € G¢}) > A

(b) Suppose that & is a regular infinite cardinal. Then & is a precaliber of X iff sat(X) < x and whenever
(Ee)e<rw is a non-decreasing family of nowhere dense subsets of X then UE < ¢ has empty interior.

proof (a)(i) The condition asserts that (x, A, A) is a precaliber triple of (¥ \ {0},3, X). It follows at once
that (k, A) is a precaliber pair of (¥\ {0}, >, X) and therefore of (X, %), by 516M.

(ii) Now suppose that (x, \) is a precaliber pair of X, and that (G¢)¢<, is a family of non-empty open
subsets of X. For each £ < x choose a non-empty relatively compact open set H such that Fg C G¢. Then
there is a T' € [k]* such that {H : £ € T'} is centered. In this case, {H¢ : £ € I'} has the finite intersection
property, so has non-empty intersection. If z is any point of this intersection, then {{ : # € G¢} D T has
cardinal at least .

(b)(i) Suppose that x is a precaliber of X. Then surely sat(X) < s (516Ja). If (E¢)ec, is a non-
decreasing family of nowhere dense subsets of X, take any non-empty open set G C X. For each § < &,
G¢ = G\ E¢ is a non-empty open set, so by (a) there is an x € X such that I' = {{ : x € G¢} has cardinal k.
But as (G¢)e<y is non-increasing, this means that I' = x and x € G \ U, E¢. As G is arbitrary, U, _, E¢
has empty interior.

(ii) Now suppose that the condition is satisfied. Let (G¢)e<,. be a family of non-empty open subsets
of X. For £ < k set He =, ¢ Gy, We = X \ He. By 5A4Bd, there is a set I C x such that #(I) < sat(X)
and

n=§

Uge[ We = U§<n We.
Because #(I) < cfr, ( =sup[ is less than , and He N W = ) for every £ € I, so Hc N W, = () for every
¢ < k, that is, H; C H¢ for every £ < k.
Setting
B¢ = Hc\ He C He \ He

for each &, (F¢)¢<y is a non-decreasing family of nowhere dense sets, and cannot cover He. If x € He \
Ug<y B¢, then z € H for every £ <k, soI'={n: 2z € G,} is cofinal with . Because & is regular, I € [x]",
and ¢y Ge is non-empty for every I € [I']<*. As (Gg)e<x is arbitrary, « is a precaliber of X, by (a).

516R We can use the last proposition to give corresponding characterizations of precaliber pairs of
Boolean algebras in terms of their Stone spaces.

Corollary Let 2 be a Boolean algebra and Z its Stone space.

(a) A pair (k, ) of cardinals is a precaliber pair of 2 iff whenever (G¢)e<, is a family of non-empty open
sets in Z there is a z € Z such that #({{ : z € G¢}) > A

(b) Suppose that k > sat(2l) is a regular infinite cardinal. Then & is a precaliber of 2 iff whenever (E¢)e<y
is a non-decreasing family of nowhere dense subsets of Z then U§ < ¢ has empty interior.

proof Put 516Ha and 516Q together.

516S I collect some further results relating precalibers to the standard constructions involving Boolean
algebras as considered in 514E.

Proposition Let 2 be a Boolean algebra.
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(a) If B is a subalgebra of 2 and (k, A\, <0) is a precaliber triple of 2 such that § < w, then (s, A, <6) is
a precaliber triple of %8. In particular, every precaliber pair of 2 is a precaliber pair of B and B will satisfy
Knaster’s condition if 2 does.

(b) If B is a regularly embedded subalgebra of 2, then every precaliber triple of 2 is a precaliber triple
of B.

(c) If B is a Boolean algebra and ¢ : 20 — B is a surjective order-continuous Boolean homomorphism,
then every precaliber triple of 2 is a precaliber triple of 95.

(d) If B is a principal ideal of 2( then every precaliber triple of 2 is a precaliber triple of 8.

(e) If 2 is the simple product of a family (2;);c; of Boolean algebras, (k, A, <#) is a precaliber triple of
2A; for every ¢ € I and cfk > #(I), then (k, A, <) is a precaliber triple of .

proof (a) The Stone space of B is a continuous image of the Stone space of 2 (312Sa). So all we have to
do is to put 516Ha and 5160a together.

Taking 6 = w we see that a precaliber pair of 2 will be a precaliber pair of 8. Taking A = k = w; and
0 = 3, we see that if 2 satisfies Knaster’s condition so does 8.

(b) Any subset of B with a lower bound in 2" has a lower bound in B, so the identity map from B
to AT is a Tukey function from (B7F,2) to (2AT,2) and we can put 516C together with 516Fb.

(c) If A C AT has no lower bound in 2T, that is, inf A = 0, then inf ¢[A] = 0 and ¢[A] has no lower
bound in B+, Accordingly ¢[2" is a dual Tukey function from (*,2) to (B1,2), (B*,2) <r (A*,2) and
we can proceed as in (c).

(d) As in (b), the identity map from BT to AT is a Tukey function from (BT,2) to (AT,2). (Or put
312T and 516Ia together.)

(e) Let (ag¢)e<y be a family in A+, Then for each £ < « there is an i € I such that ag(é) is non-zero in
;. As cfk > #(I) there is an i € I such that A = {{ : £ < K, ag(i) # 0} has cardinal k. As (#(A), A, <)
is a precaliber triple of 2;, there is a I' € [A]* such that {a¢(i) : £ € I} has a non-zero lower bound in 2; for
every I € [I']<%. But now {ag¢ : £ € I} has a non-zero lower bound in 2 for every I € [[]<, while I' € [x]*.
As (ag)e<x is arbitrary, (k, A, <6) is a precaliber triple of 2.

516T A central problem from the very beginning of set-theoretic topology concerns the saturation of
product spaces. Here I describe one of the principal methods of showing that product spaces have small
saturation, in a form adapted to partially ordered sets.

Theorem (a) Let P and Q be partially ordered sets, and » a cardinal such that (x,sat’(Q), 2) is an upwards
precaliber triple of P. Then sat"(P x Q) < k.

(b) Let (P;);er be a family of non-empty partially ordered sets with upwards finite-support product P.
Suppose that k is a regular uncountable cardinal such that (k, x,2) is an upwards precaliber triple of every
P;. Then sat™(P) < k.

proof (a) 7 Otherwise, there is an up-antichain ((pg,ge))e<y in P x Q. Let T' C k be a set with cardinal
sat’(Q) such that {p¢ : £ € I'} is upwards-linked. Then (g¢)eer must be an up-antichain in @Q; but this is
impossible. X

(b) By 516P, (k,k,2) is an upwards precaliber triple of P. So (k,2,2) and (k,2,<w) also are (516Ba,
516Bc), and sat"(P) < s (516Ka).

516U It will be useful to be able to quote what amounts to a simple special case of the above result.

Corollary Let 2 be a Boolean algebra satisfying Knaster’s condition (511Ef) and B a ccc Boolean algebra.
Then their free product 2 ® B is ccc.

proof By 516Ta, inverted, (A\ {0}) x (B\{0}) is downwards-ccc. But (a,b) — a®b is an order-preserving
bijection between (A\ {0}) x (B\{0}) and an order-dense (that is, coinitial) subset of (A®B)\ {0} (315Kb);
so (A ®B)\ {0} is downwards-ccc (513G, inverted), that is, A ® B is cce.
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516V An elementary, but not quite obvious, fact will turn out to be useful.

Proposition Let 20 be an atomless Boolean algebra which satisfies Knaster’s condition. Then 20 has an
atomless order-closed subalgebra with countable Maharam type.

proof For each a € 2\ {0} choose a’ such that ¢’ C a and o’ ¢ {0,a}. Define (B¢)ecw,, and (Be)ecw,
inductively, as follows. B¢ will be the order-closed subalgebra of 2 generated by Un <t B,; Be will be {b: b
is an atom of B} U{V : bis an atom of B¢}. Because A is ccc (511Ef), every Be will be countable and
every ‘B¢ will be countably 7-generated. Of course (B¢)e<y, is non-decreasing.

? If no B, is atomless, then choose an atom b¢ of B¢ for each § < w;. Because 2 satisfies Knaster’s
condition, there is an uncountable set I' C wy such that bgnb, # 0 for all {, n € I'. If { < 5 in wy, then
be € B, and b, is an atom of B,, so either b, C b or b, nbg = 0. So we see that if { <7 in I, then b, C be.
But we know also that b’5 € B, so be is not an atom of B, and b¢ \ b, # 0.

This means that if we define f : I' — T' by taking f(£§) = min(T'\ ({ +1)) for £ € T', (be \ by(¢))eer will be
a disjoint family in 2\ {0}, which is impossible. X

So one of the B, will serve for 9B.

516X Basic exercises (a) Let (A4, R, B) be a supported relation, and n > 1 an integer. Show that n is
a precaliber of (A, R, B) iff add(A, R, B) > n.

(b) Let P and @ be partially ordered sets, and f : P — @ a surjection such that, for any finite set
I C P, I is bounded above in P iff f[I] is bounded above in Q). Show that P and @ have the same upwards
precaliber pairs.

(c)(i) Show that if P is a partially ordered set and x > cf P is an infinite cardinal such that cfx is an
up-precaliber of P, then x is an up-precaliber of P. (ii) Show that if 2 is a Boolean algebra and s > 7(2l)
is an infinite cardinal such that cfk is a precaliber of 2, then « is a precaliber of 2.

(d) Let P be a partially ordered set and s an infinite cardinal. Show that sat’(P) <  iff (k,w) is an
upwards precaliber pair of P. (Hint: if k = sat"(P) and (p¢)e<y is a family in P, choose &,, g, such that
Pe; < qn for i <n and {£ : g, is compatible upwards with p¢} is always cofinal with &.)

(e) Let (X, %) be a topological space, RO(X) its regular open algebra and & its category algebra (defini-
tion: 514I). (i) Show that any precaliber triple of (X, %) is also a precaliber triple of RO(X), (¥\ {0},3, X)
and . (ii) Show that if (X, %) is regular, then (X,¥) and RO(X) have the same precaliber triples. (iii)
Show that if (X, %) is locally compact and Hausdorff, then (X,T) and & have the same precaliber triples.

(f) Let (P, <) be the totally ordered set w;, T' its up-topology and ROT(P) the regular open algebra of
(P,T"). Show that (wi,w;,w;) is a precaliber triple of ROT(P) but not of (P, <) or (P, T").

(g) Let (A;);er be a family of Boolean algebras and 2 their free product. Show that if (k, s, <0) is a
precaliber triple of every 2; and either I is finite or # < w and k is a regular infinite cardinal, then (k, k, <)
is a precaliber triple of 2.

(h) Suppose that X is a topological space and Y is a dense subset of X and § < w. Show that (k, A, <)
is a precaliber triple of Y iff it is a precaliber triple of X.

(i) Let X be a locally compact Hausdorft space, and « a precaliber of X. Show that whenever (E¢)ecy
is a non-decreasing family of nowhere dense subsets of X then Ug < E¢ has empty interior.

(j) Prove 516Sa-516Sc without mentioning Stone spaces.

(k)(i) Let X and Y be topological spaces, and « a cardinal such that (k,sat(Y),2) is a precaliber triple of
X. Show that sat(X x Y) < k. (ii) Let (X;);cs be a family of topological spaces with product X. Suppose
that x is a regular uncountable cardinal such that (k, k,2) is a precaliber triple of every X;. Show that

sat(X) < k.
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(D (i) Let 2 and B be Boolean algebras, and 2A® B their free product. Suppose that x is a cardinal such
that (k,sat(B8),2) is a precaliber triple of 2. Show that sat( ® B) < k. (ii) Let (2;);er be a family of
Boolean algebras with free product 2(. Suppose that & is a regular uncountable cardinal such that (k, s, 2)
is a precaliber triple of every 2;. Show that sat(2) < k.

(m) Let X and Y be topological spaces. Show that if (k, k', <8) is a precaliber triple of X and (x, A, <6)
is a precaliber triple of Y, then (k, A, <#) is a precaliber triple of X x Y.

(n) Suppose that 2A and 9B are Boolean algebras and that there is a surjective Boolean homomorphism
from A to B. Show that if (k, A, <#) is a precaliber triple of 2 and 6 is countable, then (k, A, <8) is a
precaliber triple of 8.

516Y Further exercises (a) Let 2 be an atomless Boolean algebra such that (k, ,2) is a precaliber
triple of & for every regular uncountable cardinal x. Show that there is a countable B C 2 such that for
every non-zero a € 2 there is a b € B such that a meets both b and 1\ b.

516 Notes and comments ‘Precaliber triples’ are visibly complex. With three cardinals in action, there is
a promise of a powerful method of describing special features of a partially ordered set or Boolean algebra,
but at the same time a threat of alarming demands on our memory. In fact none of the arguments in this
section are deep, and they are here mainly for reference. Some of the results depend in not-quite-obvious
ways on the exact hypotheses, and it will be useful later to have clear statements to hand. In the proofs I
have emphasized Galois-Tukey connections whenever possible; at the cost of possibly tedious repetititions of
such formulae as (T\ {0}, 2,T\ {#}) naming the supported relations involved, they can save us the trouble
of negotiating the quantifiers in the definition

V{ag)e<n € A AT € [kPVIEYIbeEB....

But of course it is a useful exercise to find proofs from first principles, not mentioning supported relations
and not (for instance) using Stone spaces to deal with Boolean algebras.

‘Supported relations’ form a materially more various class of structures than partially ordered sets, topo-
logical spaces or Boolean algebras. But the constructions already developed in this book (Stone spaces,
regular open algebras, up-topologies) give us functorial relations between the last three categories which
mean that from the point of view of this section they are nearly the same. So such results as 516T can be
expected to apply to topological spaces and Boolean algebras as well (516Xk, 516X1). (But note 516Xf.)

Precaliber triples belong with saturation and linking numbers as parameters describing the ‘breadth’ of
a topological space or Boolean algebra; see COMFORT & NEGREPONTIS 82. In the first place, they address
a classic problem: when is the product of ccc topological spaces ccc? (This is the case k = wy of 516Xk.)
But with the exception of saturation, there do not appear to be simple connexions between precalibers
and the cardinal functions we have looked at so far. Precalibers seem to correspond to new features of
the structures considered here. When we come to look at the most important objects of measure theory
(in particular, measure algebras), we shall find that their precalibers are relatively fluid; I mean that while
cellularity, Maharam types and many linking numbers, for instance, are determined by simple formulae in
ZFC, precalibers are not.

Version of 14.11.14

517 Martin numbers

I devote a section to the study of ‘Martin numbers’ of partially ordered sets and Boolean algebras. Like
additivity and cofinality they enable us to frame as theorems of ZFC some important arguments which were
first used in special models of set theory, and to pose challenging questions on the relationships between
classical structures in analysis. I begin with some general remarks on the Martin numbers of partially
ordered sets (517A-517E); most of these are perfectly elementary but the equivalent conditions of 517B, in
particular, are useful and not all obvious. Much of the importance of Martin numbers comes from their effect

(©) 2003 D. H. Fremlin
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on precalibers (517F, 517H) and hence on saturation of products (517G). The same ideas can be expressed in
terms of Boolean algebras, with no surprises (517I). I have not set out a definition of ‘Martin number’ for a
topological space, but the Novdak number of a locally compact Hausdorff space is closely related to the Martin
numbers of its regular open algebra and its algebra of open-and-closed sets (517J-517K). Consequently we
have connexions between the Martin number and the weak distributivity of a Boolean algebra (517L). A
striking fact, which will have a prominent role in the next chapter, is that non-trivial countable partially
ordered sets all have the same Martin number meountable (517P).

517A Proposition For any partially ordered set P, m"(P) > w;.

proof If Q is a countable family of cofinal subsets of P and py € P, let (Q,)nen be a sequence running
over QU {P}, and choose (p,)n>1 inductively such that p,1 > p, and pp41 € Q,, for every n € N. Then
{pn : n € N} is an upwards-linked subset of P meeting every member of Q.

517B Lemma Let P be a partially ordered set, and x a cardinal. Then the following are equiveridical:

(i) & < m' (P);

(ii) whenever py € P and Q is a family of up-open cofinal subsets of P with #(Q) < k, there is an
upwards-linked subset of P which contains py and meets every member of Q;

(iii) whenever py € P and A is a family of maximal up-antichains in P with #(A) < k, there is an
upwards-linked subset of P which contains pg and meets every member of A;

(iv) whenever py € P and Q is a family of cofinal subsets of P with #(Q) < k&, there is an upwards-directed
subset of P which contains py and meets every member of Q;

(v) whenever py € P and Q is a family of up-open cofinal subsets of P with #(Q) < k, there is an
upwards-directed subset of P which contains py and meets every member of Q;

(vi) whenever pg € P and A is a family of maximal up-antichains in P with #(A) < k, there is an
upwards-directed subset of P which contains py and meets every member of A.

proof (a) Most of the circuit is elementary.
(vi)=-(iv) because every cofinal subset of P includes a maximal up-antichain (513Aa).
(iv)=(v)=-(ii) are trivial.

(ii)=(i) Assuming (ii), let Q be a family of cofinal subsets of P with #(Q) < k. For each @ € Q,
Ug = U,eq [a,00[ is up-open and cofinal with P (513Ab). If po € P, (ii) tells us that there is an upwards-
linked subset Ry of P containing py and meeting Ug for every @ € Q. Set R = Upe Ro
upwards-linked subset of P containing py and meeting every member of Q. As Q and py are arbitrary, (i)
is true.

]—00, p]; then R is an

(i)=-(iii) Assuming (i), let A be a family of maximal up-antichains in P with #(A) < k. For each
A€ A Ua=,calp, o0l is cofinal with P. So (i) tells us that if py € P there is an upwards-linked subset
Ry of P containing py and meeting U4 for every A € A. As just above, set R = UpERo ]—o00, p]; then R is
upwards-linked, contains py and meets every member of A. As A and pg are arbitrary, (iii) is true.

(b) So we are left with (iii)=(vi). Assume (iii), and take pg € P and a family A of maximal up-antichains
in P with #(A) < k. Let C be the set of all maximal up-antichains in P. For A € C, set Ua = ¢ 4 [¢, 00].
Then Uy, is cofinal with P. Consequently Uy N Up is cofinal with P for any A, B € C, because if p € P
there are ¢ € U4 and r € U such that p < ¢ < r, and now r € U4 NUp. It follows that U4 N Ug includes
a maximal up-antichain D(A, B).

Take any Ag € C such that pg € Ag. Let A* C C be such that {4} UA C A*, D(A, B) € A* for all A,
B e A*, and #(A*) < max(w, k) (5A1GDb). Then there is an upwards-linked subset Ry of P containing pg
and meeting every member of A*. P If #(A*) < k, this is immediate from (iii); if #(A*) < w, it is because
w < m'(P), by 517A, and (i)=(iii). Q

Set R = Ry N|J.A*. Then R contains pg (because py € Ry N Ag) and R meets every member of A. Also
R is upwards-directed. P If p, ¢ € R, take A, B € A* such that p € A and ¢ € B. Then D(A, B) € A*,
so there is an r € Ry N D(A, B), and r € R. Asr € Uy NUpg, there must be p’ € A and ¢’ € B such that
p’ <rand ¢ <r. But Ry is upwards-linked, so
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(2)7& [p,oo[ﬁ [r,oo[g [p,oo[ﬁ [p’,oo[;
as A is an up-antichain, p = p’. Similarly, ¢ = ¢’ and r € R is an upper bound of {p,q}. As p and ¢ are

arbitrary, R is upwards-directed. Q
So we have a set R of the kind required by (vi).

517C Lemma Let Py and P; be partially ordered sets, and suppose that there is a relation S C Py x Py
such that S[P] is cofinal with Py, S7[Q)] is cofinal with P, for every cofinal Q C P;, and S[R] is upwards-
linked in P; for every upwards-linked R C Py. Then m(Py) > m'(P).

proof Suppose that p; € P; and that Q is a family of cofinal subsets of P; with #(Q) < m"(Py). Then
there is a pair (po,p}) € S such that pj > p;. Now S~1[Q] is cofinal with Py for every Q € Q, so there is
an upwards-linked R C P, containing py and meeting S~1[Q] for every Q € Q. In this case p} € S[R] and
S[R] is upwards-linked, so {p1} U S[R] is an upwards-linked subset of P; containing p; and meeting every
member of Q. As p; and Q are arbitrary, m'(Py) > m'(P).

517D Proposition (a) If P is a partially ordered set and Q is a cofinal subset of P, then m"(P) = m™(Q).
(b) If P is any partially ordered set and ROT(P) is its regular open algebra when it is given its up-topology,
then m"(P) = m(ROT(P)).
(c) If P is a partially ordered set and py € P, then m'([py, oo[) > mT(P).
proof (a) Let Py, P, be cofinal subsets of P, and set S = {(po,p1) : po € Po, p1 € P1, po > p1}. Then

S satisfies the conditions of 517C, so mT(P;) > mT(FP). It follows at once that all cofinal subsets of P,
including P itself, have the same Martin number.

(b) (i) Setting S = {(p,G) : p € G € ROT(P)}, S satisfies the conditions of 517C with Py = (P, <) and
P, = (ROT(P)*, D), so m(ROT(P)) > mT(P).

(ii) Setting S = {(G,p) : G € ROT(P)*, p € P, G C [p,00[}, S’ satisfies the conditions of 517C with
Py = (ROT(P)*,D) and P, = (P, <), so m"(P) > m(ROT(P)).

(c) Let Q be a family of upwards-cofinal subsets of [pg, oo with #(Q) < m'(P), and p; € [po, oo[. For
each Q € Q,set Q' = QU {p:p € P, [p,oo[ N [pg,00] = 0}. Then every @’ is cofinal with P. So there is an
upwards-linked set R C P containing p; and meeting @’ for every Q € Q. If Q € Q and r € RN Q’, then
[r, 00 N [po, o0] 2 [r,00[ N [p1,00][ is non-empty, so r € Q. Thus R N [pg, oo[ is an upwards-linked subset of

[po, 00| containing p; and meeting every member of Q. As Q and p; are arbitrary, m'([pg, oo[) > m'(P).

517E Corollary Let P be a partially ordered set such that m'(P) is not co. Then m"(P) < 2¢f7.

proof Let Qo be a cofinal subset of P with #(Qg) = c¢fP. Then m'(Qo) = m"(P) < co. So there are
qo € Qo and a family Q of cofinal subsets of Q¢ such that no upwards-linked subset of @)y containing py can
meet every member of Q. Now

mT(P) = m"(Qo) < #(Q) < 2#(Q0) = 9cf P,

517F Proposition Let P be a non-empty partially ordered set.

(a) Suppose that x and ) are cardinals such that sat™(P) < cfx, A < k and A < mT(P). Then (k, \) is
an upwards precaliber pair of P.

(b) In particular, if sat’(P) < c¢fk < k < mT(P) then & is an up-precaliber of P.

proof (a) Since P is not empty, sat’(P) > 2 and & is infinite. Write ¢ for sat™(P). Let (p¢)e<, be a family
in P. For I C k, set

Ur = UgeI [pe, o0, Vi={q:qeP,[g,00[N][pe,00] =0 for every £ € I}.

Then for every J C & there is an I € [J]<? such that V; UUj is cofinal with P. P V;UUj is cofinal with P,
so there is a maximal up-antichain A C V; UU;. Now #(ANU;) < sat’(P) = 6, so there is a set I € [J]<?
such that ANU; C Uy, and A C V;UU;. Now V; UU; D quA [q, o], so is cofinal with P. Q
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Next, @ = U{Vi\s : I € [k]<"} is not cofinal with P. P? If it were, there would be a maximal up-
antichain A C Q. For each ¢ € A, let I, € [k]<" be such that ¢ € V,\7,. Because #(A4) < 0 < cfr,
Ugea Iq # %, and there is a § € £\ U, c4 I4- But now [g,00[ N [pg, 00[ = () for every ¢ € A, and A is not a
maximal antichain. XQ

Let go € P be such that @ N [go,00[ = 0. Choose (I¢)¢<y inductively in such a way that, writing
Je = 6\U,<¢ In: Ic € [Je]<? and Q¢ = V;, UU], is cofinal with P for every { < A. Because A < m'(P), there
is an upwards-directed set R C P containing gy and meeting every Q¢. Set I' = {n : n < k, RN [p,, 0o # 0};
then {p, : n € I'} is upwards-centered. Next, x\ J¢ = {J, . I, has cardinal less than « for every { < A. P
If 0 = k or k = w, this is because #(§) < k and #(I,;) < & for every n < £ and & is regular (use 513Bb).
Otherwise it’s because max(w, 8, #(§)) < k. Q

This means that Vj, N [go,00[ = 0 and RNV, must be empty, for every £ < . We must therefore have
RN Uy, # 0 for each § < A, so that I'N I # 0; as (I¢)e< is disjoint, #(I') > A.

As (pe)e<s is arbitrary, (k, ) is an upwards precaliber pair of P.

(b) This follows at once, setting A = k.

517G Corollary (a) If P and Q are partially ordered sets and sat’(Q) < mT(P), then sat’(P x Q) is at
most max(w,sat’(P),sat™(Q)).

(b) Let (P;);er be a family of non-empty partially ordered sets with upwards finite-support product P.
Let & be a regular uncountable cardinal such that sat™(P;) < x < mT(P;) for every i € I. Then sat’(P) < k.

proof (a) Set A = sat’(Q), k = max(w,sat’(P),sat"(Q)). Then & is regular (513Bb again), A < x and
A < ml(P), so (k,\) is an upwards precaliber pair of P and (, \,2) is an upwards precaliber triple of P.
By 516Ta, sat" (P x Q) < k.

(b) By 517Fb, & is an up-precaliber of P; for every i, so (k, k,2) is an upwards precaliber triple of every
P;, and we can use 516Tb.

517H Proposition Let P be a non-empty partially ordered set, and let P* be the upwards finite-support
product of the family (P,),en where P, = P for every n. Suppose that x < m'(P*).

(a) Every subset of P with x or fewer members can be covered by a sequence of upwards-directed sets.

(b) In particular, if x is uncountable then (k, A) is an upwards precaliber pair of P for every A < k, and
if k has uncountable cofinality then x is an up-precaliber of P.

proof (a) Let A € [P]<". For each p € A, set Q, = {¢: ¢ € P*,3 n € domg, ¢(n) = p}; then @, is cofinal
with P*. So there is an upwards-directed set R C P* such that RN Q,, # () for every p € A. For each n € N,
set R, = {q(n) : ¢ € R,n € domgq}. Then A C {J,.yRn. If n € Nand r, v € R, there are ¢, ¢’ € R
such that ¢(n) = r and ¢’(n) = /. Now there is a ¢” € R such that ¢’ > ¢ and ¢” > ¢/, in which case
q"(n) belongs to R, N [r,oco[ N [r',00[. As r and 7’ are arbitrary, R, is upwards-directed. Thus (R, )nen is
an appropriate sequence.

(b) Suppose that x is uncountable and that either A < k or c¢fx > w and A = k. Let (p¢)e<, be any
family in P. Let (R,)nen be a sequence of upwards-directed sets covering {p¢ : £ < k}, and for each n € N
set '), = {€ : pe € R, }. There must be some n such that #(I',,) > A, and {p¢ : £ € I',,} is upwards-centered.

5171 Proposition Let 2 be a Boolean algebra.

(a) If B is a regularly embedded subalgebra of 2, then m(B) > m(2).

(b) If B is a principal ideal of A, then m(B) > m(A).

(c) If B is an order-dense subalgebra of 2, then m(B) = m(2).

(d) If 2 is the Dedekind completion of 2, then m(2) = m(2).

(e) If D C 2 is non-empty and sup D = 1, then m(2l) = mingep m(2Ay), where 2, is the principal ideal
generated by d.

(f) If 2 is the simple product of a non-empty family (;);cr of Boolean algebras, then m(2() = min;er m(2L;).

(g) Suppose that x and A are infinite cardinals such that sat(A) < cfx, A < x and A < m(2). Then (x, A)
is a precaliber pair of 2.
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proof (a) Setting S = {(a,b) : a € A", a C b € B}, S satisfies the conditions of 517C for Py = (A+,D)
and P; = (BT,2). P The only non-trivial part is the check that if @ is coinitial with B+ then S~1[Q] is
coinitial with 2AT. But sup@ = 1 in B; as B is regularly embedded in 2, sup@ = 1 in A. So if a € AT,
there is a b € @Q such that anb # 0, and now anb € S7Q] and anb C a. As a is arbitrary, S7[Q)] is
coinitial with A*. Q So m(B) > m(2A).

(b) If A, is the principal ideal generated by a € A+ = 21\ {0}, we have

m(2A) = m*(A") < m* (0, a])
(by 517Dc, inverted)
=m(Ay).

On my definitions the trivial ideal {0} also is a principal ideal, but of course m({0}) = co > m(2A).
(c) Apply 517Da (inverted) to A+ and BT.
(d) This follows from (c), because 2 is order-dense in A

(e) By (b), m(2A) < m(2() for every d. In the other direction, let Q be a family of coinitial subsets of
2T such that #(Q) < mingep m(A4), and take any ¢ € A*. Then there is a d € D such that cnd # 0. For
Q€ Qset @ ={and:ac Q}\{0}; then @ is coinitial with 2. Since #({Q’ : Q € Q}) < m(Ay), there
is a downwards-linked set R’ C 2} meeting every Q" and containing cnd. Set R={a:a €A, and € R'};
then R is a downwards-linked subset of 20T meeting every member of Q and containing c. As ¢ and Q are
arbitrary, m(2() > minge p m(2Ay).

(f) This is, in effect, a special case of (e), since we can identify the 2f; with principal ideals of 2 (315E).
(g) Apply 517Fa (inverted) to AT,

517J Proposition Let X be a locally compact Hausdorff space, and « a cardinal. Then the following
are equiveridical:

(i) K < m(RO(X)), where RO(X) is the regular open algebra of X;

(ii) X NG is dense in X whenever G is a family of dense open subsets of X and #(G) < «;

(iii) & < n(H) for every non-empty open set H C X.

proof (i)=-(iii) Suppose that £ < m(RO(X)). Let H C X be a non-empty open set and £ a family of
nowhere dense subsets of H with #(€) < k. Note that every member of £ is nowhere dense in X. Because
X is locally compact and regular, we have a non-empty regular open set Hy such that K = H is compact
and included in H. For each E € &, set G = {G : G € RO(X)*, GN E = 0}; then Gg is coinitial with
RO(X)*. Because k < mH(RO(X)"), there is a centered G C RO(X)" containing Hy and meeting every
Gp. But in this case {K} U {G : G € G} is a family of closed sets in X containing the compact set K and
with the finite intersection property, so has non-empty intersection F', which is included in H \ |J&. As H
and & are arbitrary, (iii) is true.

(iii)=(ii) This is easy. If (iii) is true, G is a family of dense open subsets of X with #(G) < &, and
H C X is a non-empty open set, then £ = {H \ G : G € G} is a family of nowhere dense subsets of H, so
cannot cover H, and H NG # 0. As G and H are arbitrary, (ii) is true.

(ii)=(i) Suppose that (ii) is true. Take H € RO(X)" and a family & of coinitial subsets of RO(X )" with
#(8) < k. Foreach G € &, |JG is a dense open subset of X. Accordingly there is a point x € HN(\gcp UG-
Set R ={G : G € RO(X), x € G}. Then R is a downwards-linked subset of RO(X)" containing H and
meeting every member of . As H and & are arbitrary, x < m(RO(X)).

517K Corollary Let 2 be a Boolean algebra with Stone space Z.
(a) m(A) = m(RO(2)).
(b) For any cardinal k, the following are equiveridical:

(i) £ <m(A);
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(ii) ZN G is dense in Z whenever G is a family of dense open subsets of Z and #(G) < &;
(iii) k < n(H) for every non-empty open set H C Z.

proof (a) 2 is isomorphic to the algebra of open-and-closed subsets of Z, which is an order-dense subalgebra
of RO(Z) (314Ta). So m() = m(RO(Z)) by 517Ic.

(b) now follows from 517J.

517L These identifications make the following results easy.

Proposition Let 2 be a Boolean algebra.
(a) wdistr(2) < m(2A).
(b) If wdistr(2() is a precaliber of 2 then wdistr(2) < m(2l).

proof (a) Let Z be the Stone space of 20 and AMwd the ideal of nowhere dense subsets of Z. Then wdistr(2l) =
add Mwd (514Be), while m(®l) is the least cardinal of any subset of Nwd covering a non-empty open subset
of Z, if there is one (517Kb). Since no non-empty open subset of Z can belong to Nwd, wdistr(2) < m(2l).

(b) Because wdistr(2) = add Awd > w, it is a regular infinite cardinal (513C(a-i)). If (G¢)ecwdistr(a) 18
a family of dense open subsets of Z, and H C Z is open and not empty, then He = H N int(ﬂn<f G) is
non-empty for every £ < wdistr(2). So if also wdistr(2() is a precaliber of 2 and therefore of Z (516Ha),
there is a point z of Z such that {¢ : z € H¢} has cardinal wdistr(2() (516Qb) and is therefore cofinal
with wdistr(2); which means that z € H N (e yqisee) Ge- Thus n(H) > wdistr(2); as H is arbitrary,
m(2() > wdistr(21), by 517Kb again.

517M It is worth extracting an idea from the proofs just above as a general result.

Proposition Let X be any topological space. Then the Novdk number n(X) of X (5A4Af) is at most
sup{m(RO(G)) : G C X is open and not empty}, where RO(G) is the regular open algebra of G.

proof (a) If there is a non-empty open subset G of X such that m(RO(G)) = oo, the result is trivial;
suppose otherwise. Set k = sup{m(RO(G)) : G C X is open and not empty}. Then for any non-empty open
set G C X there is a family (E¢)e<, of nowhere dense sets such that #(€) < x and G Nint(U, ., E¢) # 0.
P We have a family (Q¢)¢<, of order-dense subsets of RO(G)* and an H € RO(G)™" such that there is no
downwards-directed family in RO(G)™ containing H and meeting every Q. Set Ee = G \ |J Q¢ for each &;
then E¢ must be nowhere dense in the topological sense because any open set meeting G at all must meet
some member of Q. If z € H, then R = {U : U € RO(G), z € U} is a downwards-directed family in
RO(G)* containing H, so does not meet every Qg, and there must be a £ < x such that = ¢ |J Q¢, that is,
x € E¢. As x is arbitrary, G N int(U§<K E¢) D H is not empty. Q

(b) Let (H;)ie; be a maximal disjoint family of non-empty open sets in X such that every H; can be
covered by a family of at most x nowhere dense sets. By (a), |J;c; H; is dense. For each i € I, let (Ei¢)e<r
be a family of nowhere dense sets covering H;. Set E¢ = |J;c; H; N B¢ for each § < k; then E¢ is nowhere
dense (5A4Ea). Also ., B¢ = U,c; Hi is a dense open set, so that {E¢ : £ < £} U (X \ U,e; Hi) s a
cover of X by nowhere dense sets, and n(X) < k. (Of course  is infinite, by 517A, except in the trivial
case X =0.)

517N Corollary If 2 is a Martin-number-homogeneous Boolean algebra with Stone space Z, then
m(2A) =n(Z).

proof By 517Kb(i)=-(iii), m(2) < n(Z). In the other direction, given a € 2, write @ for the open-and-closed
subset of Z corresponding to a, and 2, for the principal ideal generated by a. If G C Z is a non-empty
regular open set, let @ € 2\ {0} be such that @ C G. Then

m(RO(G)) < m(RO(a))
(by 517Ib, because RO(a) can be regarded as a principal ideal of RO(G))
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=m(A,)
(because we can identify @ with the Stone space of ,, by 312T, and use 517Ka)
=m(2A).

By 517M, n(Z) < m(2).

5170 Martin cardinals (a) For any class P of partially ordered sets, we have an associated cardinal
m), = min{m(P) : P € P}.
Much the most important of these is the cardinal
m = min{m"(P) : P is upwards-ccc}.
Others of great interest are

p = min{mT(P) : P is o-centered upwards},
mg = min{mT(P) : P satisfies Knaster’s condition upwards},

Meountable = min{m'(P) : P is a countable partially ordered set}.
Two more which are worth examining are

My _linked = min{m'(P) : P is o-linked upwards},

Mpew, = min{m’(P) : wy is an up-precaliber of P}.
(b) These cardinals are related as follows:

Mo-linked p Meountable ¢

wp — m ——  mg — Mpew,

The numbers here increase from bottom left to top right; that is,

w1 S m S mg S mpcwl S P § Mcountable < C,

mg S My linked S p

From 517A we see that w; < m. For the proof that Meountable < ¢, see 517P below. As for the intermediate
inequalities involving Martin cardinals, they follow directly from inclusions between the corresponding classes
of partially ordered set. These are all immediate from the definitions; I give references to the general results
of this chapter which cover the relevant facts, as follows.

(i) Every partially ordered set satisfying Knaster’s condition upwards is ccc. (If (wq,2) is an upwards
precaliber pair of P, then sat™(P) < w; (516Ka).)

(ii) If wy is an up-precaliber of P, then P satisfies Knaster’s condition upwards. (If (wq,w;, <w) is a
triple precaliber of P, so is (w1, 2, <w), by 516Ba.)

(iii) If P is o-linked upwards, it satisfies Knaster’s condition upwards. (As w; > max(w,w, link! (P)),
(w1, w1, <3) is an upwards precaliber triple of P (516Kb), so (w1,2,<3) and (w1, 2, <w) also are, by 516Ba
again.)

(iv) If P is o-centered upwards, it is o-linked upwards. (link(P) < link,,(P), by 511Hb.)

(v) If P is o-centered upwards, wy is an up-precaliber of P. (As wy > max(w,w,linkLW(P)), (w1, w1)
is an upwards precaliber pair of P, by 516Kb again.)

(vi) If P is countable, it is o-centered upwards. (Singleton subsets are centered.)
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(c) I should note a special feature of the bottom row of this diagram. In the chain w; <m < mg < My,
at most one of the inequalities can be strict. I Suppose that P is upwards-ccc and m'(P) > w;. Then w;
is an up-precaliber of P (517Fb), so m"(P) > mp,,. So if, for instance, mx > w; and P satisfies Knaster’s
condition upwards, m"(P) > w; and m'(P) > Mpew,; as P is arbitrary, mg > mpq,,. Similarly, if m > wq
then m = mpe,,. Q

(d) Now Martin’s Axiom is the assertion
‘m=c.

From the diagram above, we see that this is a consequence of the continuum hypothesis (‘w; = ¢’), and fixes

all the intermediate cardinals.

(e) All the partially ordered sets considered in (b) are ccc, which is why m appears at bottom left. The
same idea can be applied to larger classes, e.g. ‘proper’ or ‘stationary-set-preserving’ partial orders. For the
moment I will not even define these classes; I mention them only for the sake of readers who are already
familiar with them and may be expecting a reference here. There is an important difference, however, in
that if the cardinal which we might call

Mproper = min{m’(P) : P is upwards-proper}

is greater than wq, then ¢ = mproper = wa (VELICKOVIC 92, or MOORE 05); so that we have only to say
whether the Proper Forcing Axiom (‘Mproper > w1’) is true or false to determine the value of mpyoper-

517P All the cardinals here have special features, but the ones I will concentrate on just now are the
two largest, Mcountable and p.

Proposition (a) w1 < Meountable < €.
(b) Let A be a Boolean algebra with countable m-weight. If 2 is purely atomic, then m(2() = oco; otherwise,
m(m) = Wcountable-
(c) If P is a partially ordered set of countable cofinality and m'(P) is not co, then mT(P) = Meountable-
(d)(i) Let X be a topological space such that its category algebra is atomless and has countable 7m-weight.
Then TL(X) < Mcountable-
(ii) If X is a non-empty locally compact Hausdorff space with countable m-weight and no isolated
points, then n(X) = Meountable-
(iii) If X is a non-empty Polish space with no isolated points, then n(X) = Mcountable-

proof Let B be the algebra of open-and-closed subsets of {0, 1}. The argument will go more smoothly if
I prove (a)-(c) with m(28) in place of Meountable, and at an appropriate moment point out that I have shown
that the two are equal.

(a) m(B) = m+(BT) is uncountable, by 517A. To see that m(B) < ¢, let Q be the set of all coinitial
subsets of B; then #(Q) < ¢ because B is countable. ? If m(B8) > ¢, there must be a linked set R C BT
meeting every member of Q. But now consider @ = BT \ R. If a € BT, there are disjoint non-zero a’,
a’’ C a which cannot both belong to R, so at least one belongs to ). But this means that @ is order-dense
in B and ought to meet R. X (Compare 517E.)

(b) (1) If A is purely atomic, m(2A) = oo, by 5111If.

(ii) Suppose that 2 is not purely atomic. Because 7(2() is countable, there is a countable order-dense
set C' C 2. Let € be the subalgebra of 2 generated by C, so that € is a countable order-dense subalgebra of
2, and is not purely atomic. Consider the free product € ® B (315N). This is a countable atomless Boolean
algebra (use 3150), so is isomorphic to B (316M). Also we have an injective order-continuous Boolean
homomorphism from € to € ® B (315K), so that € is isomorphic to a regularly embedded subalgebra of B
and m(€) > m(B) (5171a).

Next, € has a non-trivial atomless principal ideal €, say. Because €, is still countable, it is itself
isomorphic to B. So 517Ib tells us that m(€) < m(¢,) = m(B), and m(€) = m(*B).
Finally, m(2) = m(€) by 517Ic.
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(c) We know that m"(P) = m(ROT(P)) (517Db) and that 7(ROT(P)) < cf P (514Nb) is countable. Let
D C ROT(P)* be a countable order-dense set, and 2 the subalgebra of ROT(P) generated by D. Then
m(ROT(P)) = m(A) by 517Ic, and A is countable. By (b), mT(P) = m() is either co or m(B); since the
former is ruled out by hypothesis, we are left with the latter.

What this shows, however, is that

m(B) < min{m"(P) : cf P < w} < min{m"(P) : #(P) < w}
= Meountable < ml(%Jr) = m(sB)

s0 that Mcountable = M(B) and we can rewrite the results so far in the forms given in the statement of the
proposition.

(d)(i) Consider first the case in which X is a non-empty Baire space, so that its category algebra is
isomorphic to RO(X) (514If). Since RO(X) is atomless and not {f}, and in particular is not purely atomic,
but has countable m-weight, m(RO(X)) = Mcountable; by (b). The same applies to any non-empty open
subset G of X, recalling that the category algebra of G can be identified with a principal ideal of the
category algebra of X (5141d). So n(X) < Meountable by H17M.

If X is not a Baire space, then it has a smallest comeager regular open set H, which is itself a Baire space
(4A3Sa3), and X and H have isomorphic category algebras (514Ic), so we see from the argument just above
that n(H) < Meountable: But X \ H is a countable union of nowhere dense subsets of X, and every subset of
H which is nowhere dense in H is also nowhere dense in X, so n(X) < max(w,n(H)) < Meountable-

(ii) Because X is Hausdorff and has no isolated points, RO(X) is atomless. Next, 7(RO(X)) < 7(X)
is countable (514H(b-i)), and RO(X) is isomorphic to the category algebra of X, by Baire’s theorem. So
the first part of the proof of (i) tells us that n(X) < meountable = M(RO(X)). From 517J we now see that

m(RO(X)) = min{n(H) : H C X is a non-empty open set} < n(X),
S0 7’L(X) = Mcountable exaCtly.

(iii) Now suppose that X is a non-empty Polish space without isolated points. As in (ii), the category
algebra of X is atomless and has countable m-weight, so n(X) < Mcountable- In the other direction, suppose
that £ < Meountable and that (Fe)e<, is a family of nowhere dense subsets of X. Let p be a metric defining
the topology of X under which X is complete, and U a countable base for the topology of X, not containing
0. For € < r,set Q¢ ={U:U €U, UNE;=0}; forn € Nset @, ={U :U € U, diamU < 27"}. Then
every Q¢ and every Q/ is coinitial with ¢/. By (c) above,

mi(u) > Meountable > maX(FL, w),

so there is a downwards-directed V C U meeting every Q¢ and every Q,,. Now {V : V €V} is a downwards-
directed set containing sets of arbitrarily small diameter, so generates a Cauchy filter and (because (X, p)
is complete) has non-empty intersection. Take any x € (¢, V. Because V meets every Qe x ¢ UE < Pt
and (E¢)e<, does not cover X. As (E¢)e<y is arbitrary, n(X) > Meountable annd the two are equal.

517Q Lemma If P is any partially ordered set, m"(P) > min(add,, P, Meountable)-

proof (For the definition of add,, P, see 513H.) Take x < min(add, P, Mcountable), Po € P and a family
(Qe)e<r of cofinal subsets of P. Choose (Ry)nen and (Qne)nene<w as follows. Ry = {po}. Given that
R,, C P is countable, then for each & < k choose a countable set Q¢ C Q¢ such that for every p € R,, there
is a ¢ € Qne such that p < ¢. Now, because add,, P > « (and, of course, add,, P > w, as noted in 513Ib), we
can find a countable set R, 1 C P such that whenever ¢q € U§<n Qne there is an r € R,,41 such that ¢ <.
This will ensure that whenever p € R,, and £ < k there are g € Q¢ and p’ € R, 41 such that p < ¢ <p'.

At the end of the induction, consider the countable partially ordered set R = |J R,,. For £ < &k set

Qé:{T2T6R73qEQ§7q§T};

neN

3Formerly 4A3Ra.
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then Q'5 is cofinal with R. Because x < Mcountable, there is an upwards-linked subset S of R meeting every
Q’6 and containing py. But now {p:p € P,3s € S, p < s} is an upwards-linked subset of p containing pg
and meeting every Q¢. As py and (Q¢)¢<, are arbitrary, m'(P) > min(add,, P, Mcountable)-

517R Proposition (a) (‘Booth’s Lemma’; see BOOTH 70) Suppose that A is a family of subsets of N
such that #(A) < p and () J is infinite for every finite J C A. Then there is an infinite I C N such that
I\ A is finite for every A € A.

(b) 2% < ¢ for every K < p.

(c) Suppose that X is a set and #(X) < p. Then there is a countable set A C PX such that PX is the
o-algebra generated by A.

proof (a) Let P be [N]<¢ x [A]<%, ordered by saying that (K,J) < (K',J)if K C K' C KU[J and
JCTJ. . U(K,J)<(K,J)<(K",J") then of course K C K" and J C J"; also

K'CK'UNWJ CKUNJUNJ CKUNJ.

So < is a partial ordering of P. For any K € [N|<¥ {(K,J) : J € [A]<“} is upwards-centered; so P is
o-centered upwards.

For each A € A, set Qa = {(K,J) : (K,J) € P, A € J}; since (K,J) < (K,J U {A}) whenever
(K,J) € P, Q4 is cofinal with P. Forn e N, set Q,, ={(K,J): (K,J)e P, K Zn}. f (K,J)e P,NJ
must be infinite, and there is an m € NN J \ n; now (K,J) < (KU{m},J) € Q). So Q,, is cofinal with
P.

Because max(w, #(A)) < p (5170b), there is an upwards-linked R C P meeting every Q4 and every Q,.
Set I =|{K :(K,J) € R}. Ifne N, thereisa (K,J) € RNQ,;now K Znand K CI,sol n;asnis
arbitrary, I is infinite. If A € A, there is (Ko, Jo) € RNQa. T U T £ KqgU A, there is a (K,J) € R such
that K ¢ Ko U A. Now there is a (K',J’) € P such that (K,J) < (K',J’) and (Ko, Jo) < (K',J’). But
in this case

KCK CKoUNJh CKiUA X
So I'\ A C Ky is finite. As A is arbitrary, we have a suitable I.

(b) We may suppose that « is infinite. By 515H, or otherwise, there is a Boolean-independent family
(Je)e<n in PN. Note that I = Necx Je \ Ugep, Je must be infinite whenever K, L C & are disjoint finite
sets, because (I N J¢)eep\ (kur) is Boolean-independent. For C' C k set

Ac ={J¢ :£€ CU{N\ J:: £ € k\ C}.
By (a), there is an infinite I C N such that Io \ A is finite for every A € Ac.  C, D C kand £ € C'\ D,
then Ic \ Je and Ip N Je are finite, so Ic N Ip is finite and I¢ # Ip. Thus C — I is injective and 2% < c.

(c) Let (I;)zex be a family of infinite subsets of N such that I, N I, is finite for all distinct z, y € X
(5A1Ga). Set A, ={z:n € I,} forn e N.
Take any A C X and set Py = Fn,(N;{0,1}) x [X \ A]<¥, partially ordered by saying that

(f,J) < (f',J)if f" extends f, J' 2 J and whenever 2 € J and ¢ € I, Ndom f’ \ dom f,
then f’(i) = 0.
Then P4 is o-centered upwards because {(f,J) : J € [X \ A]<*} is upwards-centered for every f €
Fn.,(N;{0,1}). For x € A and m € N set
Qzm = {(f,J): (f,J) € Pa, f(i) =1 for some i € I, \ m};

for v € X \ A set

Q;t :{(fv']) : (f7‘]) EPAv HAES J}
Then every Q. and every @/, is cofinal with P4. Because #(X) < p, there is an upwards-directed R C Py
meeting every Q.. and every Q’. Set L = U(f”,)GR{i : f(i) = 1}. Now

—ifz € Aand m € N then L N I, \ m is non-empty, so L N I, is infinite,
— if z € X \ A, there is a pair (fo,Jo) € R such that z € Jy; now f(i) = 0 whenever
(f,J) € Rand i € dom f \ dom fy, so LN I, C dom fp.
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Accordingly
A={z:2z€ X, I, N Lis infinite} = (", ey Uper\n Am

belongs to the o-algebra generated by A = {A,, : n € N}, and we have a suitable family.

517S Proposition Let P be a partially ordered set which satisfies Knaster’s condition upwards. If
A C P and #(A) < mg, then A can be covered by a sequence of upwards-directed subsets of P.

proof By 516P, the upwards finite-support product P* of countably many copies of P also satisfies Knaster’s
condition upwards. So we can use 517Ha.

517X Basic exercises (a) Let P be a partially ordered set and « a cardinal. Show that the following are
equiveridical: (i) x < m"(P); (ii) whenever py € P and Q is a family of cofinal subsets of P with #(Q) < &,
there is an upwards-centered subset of P which contains py and meets every member of Q; (iii) whenever
po € P and Q is a family of up-open cofinal subsets of P with #(Q) < k, there is an upwards-centered
subset of P which contains pg and meets every member of Q; (iv) whenever py € P and A is a family of
maximal up-antichains in P with #(A) < k, there is an upwards-centered subset of P which contains pg
and meets every member of A.

(b) Let P be a partially ordered set and A a maximal up-antichain in P. Show that
m'(P) = minye 4 m"([p, oo[).

(c)(i) Let 2 be a Boolean algebra, not {0}. For a € 2 let 2, be the corresponding principal ideal. Show
that there is an a € 2" such that m(A,) = m(2,) whenever 0 # b C a. (ii) Show that any Dedekind complete
Boolean algebra is isomorphic to a simple product of Martin-number-homogeneous Boolean algebras.

>(d) Let P be a partially ordered set. Show that mT(P) = oo iff {p : [p, oo[ is upwards-linked} is cofinal
with P.

(e) Let (2;);cr be a family of Boolean algebras and 2 its free product; suppose that x is a regular
uncountable cardinal such that sat(2;) < k < m(;) for every i € I. Show that sat(2) < x.

(f) Let 2 be a Boolean algebra and € the free product of a sequence of copies of 2. Suppose that
k < m(€). (i) Show if A € [AT]=" then A can be covered by a sequence of centered subsets of 2. (ii) Show
that if cfk > w; then k is a precaliber of 2.

(g) Let A be a Boolean algebra and Z its Stone space. Show that m(2) = min{n(Y) : Y C Z is a
non-meager set with the Baire property}.

>(h) Let P be a non-empty partially ordered set and P* the upwards finite-support product of a sequence
of copies of P. Show that if m"(P*) > w; then P must be upwards-ccc.

(i) Let X be any topological space. Show that m(RO(X)) > min{n(G) : G C X is a non-empty open
set}.

(j) Let X be a locally compact Hausdorff space such that RO(X) is Martin-number-homogeneous. Show
that m(RO(X)) = n(X).

(k)(i) Let P be a partially ordered set which is o-linked upwards. Show that if A C P and #(A) <
M linked, then A can be covered by a sequence of upwards-directed subsets of P. (ii) Let P be a partially
ordered set such that wy is an up-precaliber of P. Show that if A C P and #(A) < mpew,, then A can
be covered by a sequence of upwards-directed subsets of P. (iii) Let P be a partially ordered set which
is o-centered upwards. Show that if A C P and #(A) < p, then A can be covered by a sequence of
upwards-directed subsets of P.
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517Y Further exercises (a) For a partially ordered set P, write Ap for the family of upwards-linked
subsets of P, Bp for the family of cofinal subsets of P, and Tp for {(R,Q): R € Ap, Q € Bp, RNQ = 0}.
(i) Show that m"(P) = minyep cov(Ap, oofs Tip,oofs Bip,oo])- (il) Show that if Q is another partially ordered
set and there is a relation S C P x ) with the properties described in 517C, then for every q € @ there is a
p e P such that (A[p,oo[aT[p7oo[7B[p,oo[) <aT (A[q7oo[7T[q7oo[7B[q7oo[)-

(b) Show that for every infinite regular cardinal x there is a partially ordered set with Martin number

K.

(c) Show that m(PN/[N]<¥) > p.

(d) (A.Szymariski, 1981) (i) Suppose that A, B € [PN]<P, A is downwards-directed and AN B is infinite
for all A € A, B € B. Show that there is a set D C N such that D \ A is finite for every A € A and DN B
is infinite for every B € B. (ii) Show that p is regular.

517 Notes and comments The study of ‘Martin numbers’ is a natural extension of investigations into
consequences of Martin’s axiom. Most of the results here are straightforward expressions of techniques
developed for deducing consequences from m = ¢ or m > w;. In particular, 517F, 517G and 517H correspond
to the now-classical theorems that if m > w; then w; is a precaliber of every ccc partially ordered set, the
product of any family of ccc topological spaces is ccc, and a ccc partially ordered set with cardinal w; is a
countable union of directed sets (see FREMLIN 844, §41). For those familiar with the use of Martin’s axiom
there are no surprises here, though some refinements in the arguments are necessary. The cardinal m¢ountable
is probably most commonly known as the Novdk number of R (517Pd), the covering number of the ideal
of meager subsets of R. In countable partially ordered sets, most of the arguments above short-circuit to
some degree; precalibers become trivial, finite-support products are automatically ccc, and directed sets
have cofinal totally ordered subsets, so that the ideas take on new colours.

In FREMLIN 84A I found that focusing on the cardinals p, mg and m broke the arguments up into
reasonably balanced chapters. Within the chapter on myg, however, there is a natural division between
arguments applying to mpc,, and those applying to mg_jinked, Which in the present book I intend to make
explicit. The notation p is the standard name for the cardinal My_centereq; its special position comes in
part from the fact that it had been studied under a different, combinatorial, definition for a decade before
M.G.Bell showed that it could also be described by the definition here (BELL 81, or FREMLIN 844, 14C).

Version of 24.12.14

518 Freese-Nation numbers

I run through those elements of the theory of Freese-Nation numbers, as developed by S.Fuchino, S.Geschke,
S.Koppelberg, S.Shelah and L.Soukup, which seem relevant to questions concerning measure spaces and
measure algebras. The first part of the section (518A-518K) examines the calculation of Freese-Nation
numbers of familiar partially ordered sets and Boolean algebras. In 518L-518S I look at ‘tight filtrations’,
which are of interest to us because of their use in lifting theorems (518L, §535).

For the definitions of ‘Freese-Nation number’ and ‘Freese-Nation index’ see 511Bi and 511Dh.

518A Proposition (FUCHINO KOPPELBERG & SHELAH 96) Let P be a partially ordered set.
(a) FN(P) < max(3, #(P)).

(b) EN(P, >) = FN(P, <).

(c) If P has no maximal element, then add P < FN(P).

proof (a)(i) Suppose first that P is finite and totally ordered. If #(P) < 2, set f(p) = P for every p € P.
Otherwise, take py € P such that |—oo, pg[ and |pg, oo[ are both non-empty, and set f(p) = [po, co[ if p > po,
]—00, po] if p < po; then f is a Freese-Nation function witnessing that FN(P) < #(P).

(ii) Next suppose that P is finite and not totally ordered. For p € P set A, = |—o0,p] U [p, oo[, and
take B = {p: A, = P}; then B # P. Set f(p) = A, for p € P\ B, B for p € B; then f is a Freese-Nation
function so again FN(P) < #(P).
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(iii) If P is infinite, enumerate it as (pe)e<y(p) and set f(pe) = {py : 1 < &} for each &; once more we
have a Freese-Nation function witnessing that FN(P) < #(P).

(b) A function f : P — PP is a Freese-Nation function for < iff it is a Freese-Nation function for the
reverse ordering >.

(c) Set kK = FN(P). Then we have a Freese-Nation function f: P — [P]<".

(i) T had better sort out the trivial cases. If P is empty, then x = add P = 0. Otherwise, p € f(p) for
every p € P, so k > 2; if add P < 2 we can stop. So we may suppose that add P > 2, that is, that P is
upwards-directed.

(ii) ? If k < add P, choose (p¢)¢<x inductively, as follows. Given (py)y<¢, where £ < k, then U, _ f(py)
has an upper bound p’f in P. P If k is infinite, this is because #(Un<£ f(pn)) < k <addP. If & is finite, it

is because #(U, ¢ f(py)) <w < addP. Q
As P has no maximal element, we can find ps > p'g, and continue. At the end of the induction, we have

Pe < P, so there is a g¢ € f(pe) N f(pi) N [pe, pi], for each £ < k. If n < € < K, then
Gy <P <pe < ge
and ¢, # g¢. But this means that f(p.) D {g¢ : £ < Kk} has at least x elements. X

518B Proposition Let P be a partially ordered set and @) a subset of P.

(a) If @ is order-convex (that is, [¢,¢'] C Q whenever ¢, ¢’ € @), then FN(Q) < FN(P).

(b) If @ is a retract of P (that is, there is an order-preserving h : P — @ such that h(q) = ¢ for every
q € @), then FN(Q) < FN(P).

(c) If @ is, in itself, Dedekind complete (that is, every non-empty subset of @ with an upper bound in @
has a supremum in @ for the induced ordering), then FN(Q) < FN(P).

proof (a) If f: P — PP is a Freese-Nation function on P, then ¢ — QN f(q) : @ — PQ is a Freese-Nation
function on Q.

(b) If f is a Freese-Nation function on P, then g — h[f(q)] is a Freese-Nation function on Q.

(c) Set @1 = U, seqle:q'], so that @1 is an order-convex subset of P and FN(Q1) < FN(P). For
p € Q1, set h(p) = sup(Q N]—o0, p|), the supremum being taken in Q; then h : Q1 — Q is a retraction, so
FN(Q) < FN(Q1).

518C Corollary (a) If 2 is an infinite Dedekind o-complete Boolean algebra then FN(2) > FN(PN).
(b) Let 2 be an infinite Dedekind complete Boolean algebra. Then

FN(RO({0, 1}#™))) < FN(2) < FN(P(link(2))) < max(3, 2!nk®@),

(c) Let A be a Dedekind complete Boolean algebra. If 9B is either an order-closed subalgebra or a principal
ideal of A, then FN(B) < FN(2).

proof (a) Take any disjoint sequence (an)nen in 2; then I — sup,,c; ay is an embedding of the partially
ordered set PN into A. As PN is Dedekind complete, 518Bc tells us that FN(PN) < FN(2).

(b)(i) By 515I, 2 has a subalgebra % isomorphic to the regular open algebra RO({0, 1}#®); by 518Bc,
FN(B) < FN(2).

(ii) By 514Cb, we have a subset @ of P(link(2)) which is order-isomorphic to 2, and 518Bc tells us
that FN(Q) < FN(P(link())).

(iii) By 518Aa, FN(P(link(21))) < 21k except in the trivial case 2 = {0, 1}.

(c) Immediate from 518Bc.
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518D Corollary The following sets all have the same Freese-Nation number:

(i) PN;

(i) NN, with its usual ordering <;

(iii) any infinite o-linked Dedekind complete Boolean algebra;

(iv) the family of open subsets of any infinite Hausdorff second-countable topological space.

proof (a) The map I — xI : PN — N is an order-preserving embedding; because PN is Dedekind
complete, FN(PN) < FN(NV) (518Bc).

(b) The map f ~ {(i,7) : j < f(i)} : NN — P(N x N) is an order-preserving embedding; because NV is
Dedekind complete,

FN(NY) < FN(P(N x N)) = FN(PN).

(c) Now let 2 be an infinite o-linked Dedekind complete Boolean algebra. By 518Ca, FN(PN) < FN(2l);
by 518Cb, FN(2) < FN(PN).

(d) Let (X, %) be an infinite Hausdorff second-countable space. (a) Because X is Hausdorff and infinite,
it has a disjoint sequence (Gy)nen of non-empty open sets; now I +— (J,,; G, is an embedding of PN in T,
so FN(PN) < FN(%). (8) Let U be a countable base for . Then G — {U : U € U, U C G} is an embedding
of T in PU; as T, regarded as a partially ordered set, is Dedekind complete, FN(%¥) < FN(PU) = FN(PN).

518E There is a simple result in general topology which will be used a couple of times in the next
chapter.

Lemma Let (X,%) be a T; topological space without isolated points, and Awd(X) the ideal of nowhere
dense sets. Then there is a set A C X, with cardinal cov ANwd(X), such that #(A N F) < FN*(%) for every
F e Nwd(X).

Remark Perhaps I should say here that FN*(¥) is the regular Freese-Nation number of the partially ordered
set (%, Q).

proof As X has no isolated points, cov N\wd(X) < #(X). Set k = cov Nwd(X) and A = FN*(%). If k < A
the result is trivial and we can stop. Otherwise, let f : ¥ — [Z]<* be a Freese-Nation function. Then we can
choose (z¢)e< inductively so that whenever n <  and G € f(X \ {z,}) is dense, then z¢ € G. P When we
come to choose z¢, set 0 = #(U, . {G : G € f(X \{z,}) is dense}). If A < then 6 < max(#(£),w, A) < k.
If A = k then & is regular and infinite and #(f(X \ {z,}) < & for every n < ¢ so again 6 < k. So we have
fewer than cov Nwd(X) dense open sets and can find a point z¢ in all of them. Q

Note that as X \ {z,} is itself dense for every n < ¢, and H € f(H) for every H € %, all the ¢ must
be distinct, and A = {z¢ : £ < k} has cardinal k. Now suppose that F' € Awd(X) and set B = {{ : £ < k,
ze € F}. Foreach £ € B, X\ F C X\ {z¢}, so thereis a G¢ € f(X\F)N f(X \ {z¢}) such that X \ F C G¢
and z¢ ¢ Ge. If n, £ € B and n < &, then G, € f(X \ {z,}) is dense, so contains z¢, and cannot be equal to
Ge. Thus € — G¢ is an injective function from B to f(X \ F), and #(B) < A. Thus we have an appropriate
set A.

518F Lemma Let 2 be a Boolean algebra, 8 a subalgebra of 2l and x an infinite cardinal.

(a) If cf(B N[0, a]) < & for every a € 2, then the Freese-Nation index of B in A is at most k.

(b) Suppose that I € [A]<¢'* and B; is the subalgebra of 2 generated by B U I. If the Freese-Nation
index of B in 2 is less than or equal to &, so is the Freese-Nation index of 9B;.

(c) If B is expressible as the union of fewer than s order-closed subalgebras of 2, each of them Dedekind
complete in itself, then the Freese-Nation index of 9% in 2l is at most .
proof (a) For any a € 2,

ci(®BNa,1]) =cf(BNI[0,1\a]) < k.

(b) (i) Suppose first that I is a singleton {d}. In this case
Br={(bnd)u(c\d):b, c € B}
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Take a € 2. Then there are sets B, C' C B, with cardinal less than x, which are cofinal in
BN[0,au(1\d)], BNI[0,aud]

respectively. Set D = {bNd:be BfU{c\d:ce C}, sothat D CB;NI0,a] and #(D) < k. If b, c € B
and (bnd)u(c\d) Ca, then bC au(1\d) and ¢ C aud, so there are b’ € B, ¢ € C such that b C b’ and
c C c; now

(bNd)u(e\d) c (¥ Nd)u(\d) € D.

Thus D witnesses that cf(€N[0,a]) < k. By (a), this is enough to show that the Freese-Nation index of B
in A is at most .

(ii) An elementary induction now shows that the Freese-Nation index of B, in 2 is at most « for every
finite subset I of A. If w < #(I) < cfr and a € A, then By = | J{B, : J € [I|<*}. For each J € [[]<¥, let
By be a cofinal subset of B ; N [0, a] with cardinal less than x. Then B = |J{By : J € [I]<“} is cofinal in
BrN[0,a]; and as #([I]<¥) < cfk, #(B) < k. So again we have cf(B; N[0, a]) < k for every a € 2, and the
Freese-Nation index of 287 in %l is at most &.

(c) Suppose that (B¢)ecn is a family of order-closed subalgebras with union B, where A < k. If a € 2,
then be = sup(B¢ N [0, a]) is defined in B, and belongs to [0, a], for each € < A, and {be : £ < A} is cofinal
with B N [0, a]; so we can apply (a).

518G Lemma (FUCHINO KOPPELBERG & SHELAH 96) Let P be a partially ordered set, ¢ an ordinal,
and (A¢)e<¢ a family with union P; set Py = g, A¢ for each a < (. Let « be a regular infinite cardinal
such that, for each a < ¢, FN(P,11) < & and the Freese-Nation index of P, in P,41 is at most x. Then
FN(P) <

proof For each a < ¢ set A/, = A, \ P, and choose a Freese-Nation function f, : Pyt1 — [Pat1]<". For
p € P, let y(p) be that a < ¢ such that p € A, and let D, C P, be a set with cardinal less than &
such that D, N]—oo,p] is cofinal with P,y N]—o0o,p] and Dp N [p, oo[ is cofinal with P, ) N [p, co[. Define
g inductively, on each A, in turn, by setting g(p) = fy)(p) U UqEDp g(q) for every p € P. Because k is
regular, g is a function from P to [P]<".

Now g is a Freese-Nation function on P. P I induce on « to show that if p, ¢ € P and max(y(p),v(q)) = «
then g(p) Ng(q) N [p,q] # 0. For the inductive step to a < ¢, if v(p) = v(q) = « then

9(p) Ng(a) N Ip,ql 2 falp) N fala) N [p,q] # 0.
If v(p) < v(q) = «, then there is an r € D, such that p < r < ¢; now max(y(p),v(r)) < a, so

9()Ng(g) N [p.al 2 g(p) Ng(r)Np,r] #0
by the inductive hypothesis. The same argument works if v(¢q) < v(p). Q

518H Lemma Suppose that s is an uncountable cardinal of countable cofinality such that O, is true
and cf[A]S¥ < AT for every A < k. Then there are families (Mas)a<pt nen, (Ma)a<q+ of sets and a function
sk such that

(i) #(Man) < k whenever a < k* and n € N;

(ii) (Man)nen is non-decreasing for each o < k™

(ili) (Ma)a<n+ is a non-decreasing family, M, = g, Mp for every non-zero limit ordinal @ < x*, and
kt C U <kt Ma;

v) if @ < k* has uncountable cofinality, M, = |J
v) X Csk(X) for every set X;
vi) sk(X) is countable whenever X is countable;

@ Man;
(

(

(vii) A C sk(X) whenever A € sk(X) is countable;

(

(i

c

neN

viii) sk(X) C sk(Y) whenever X C sk(Y);

ix) for every @ < k™ of uncountable cofinality there is an m € N such that whenever n > m and A C M,,
is countable there is a countable set D € M, such that A C sk(D);

(x) Upers Ma N[K]S¥ is cofinal with [k]=%.
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proof (a) There is a strictly increasing sequence (£, )nen of infinite cardinals with supremum x; since
ki < cf[w )59 < max(kf, cf[k,]S%) = K}
for each n (5A1F(e-iv)), we can suppose that in fact cf[s,,]<%
O, so that
for every o < kT, Cy C « is a closed cofinal set in a of order type at most ,
whenever § < a < kT and § = sup(6 N C,,), then Cs = § N C,
(5A6D(a-ii)). For o < kT set

= Ky, for every n. Take (Cy) o<+ Witnessing

Cl={0:0<a,d=sup(dNC,)} CC,
and
Cl,={0:0€C!,otp(6 NCy) < kn}

for each n. Because otp(Cy) < k, C, = U,y Chn, While #(Cy,,,) < K, for each n. Note that if a has
uncountable cofinality, C?, will be cofinal with a.

(b) Let g : kT — [K]=“ be such that g[x*] is cofinal with [k]=“. For each non-zero a < x%, fix on a
surjective function f, : & — a. For each n € N, let g,, : k,, — [K,]=% be such that g,[k,] is cofinal with
[k,]S¥. For each a < k*, let h, : #(C,) — C4 be a bijection. Now, for any set X, write sk(X) for the
smallest set including X and such that

g(a) € sk(X) whenever « € sk(X)Nx™T,

fa(§) € sk(X) whenever 0 < a < kT, £ < Kk and «, £ € sk(X),
gn(€) € sk(X) whenever n € N and € € &, Nsk(X),

holA] € sk(X) whenever a € sk(X) N kT and A € sk(X),

AU B € sk(X) whenever A, B € sk(X),

A C sk(X) whenever A € sk(X) is countable.

Of course we always have
sk(sk(X)) = sk(X) = U{sk(I) : I € [X]<*}
and #(sk(X)) < max(w, #(X)), so (v)-(viii) are all true.
(c) For each a < k™ and n € N, set M, = sk(k, UCY,,) and M, = sk(x U «). Then
#(Mon) < max(w, ki, #(Ch,,)) < K.
Also (Ma)a<x+ is non-decreasing and M, = (Jz., Mp whenever a <  is a non-zero limit ordinal, while
kT C Uyeps Mo. This deals with (i)-(iii).

(d) Now for (iv): Mo = U,ey Man whenever o < £ has uncountable cofinality. B Of course My, C M,
for every n just because sk(X) C sk(Y) whenever X C Y. On the other hand, if 8 < «, take § € C/, such
that § < §, and € < & such that f5(¢) = S; then if n € N is such that £ < k,, and otp(§ N Cy,) < Ky, B will
be in Myy,. So |J M, 2 a«. Moreover,

K= UneN Kn g UnEN Ma"'
SoaUk C ey Man and M, must be exactly J, ey Man- Q

neN

(e) Again suppose that @ < T has uncountable cofinality. Then there must be an m € N such that C/,,,
is cofinal with «. Suppose that n > m and A C M,,, is countable. Then there must be a countable set
C C k, UC.,, such that A C sk(C). Let § € C,,,, be such that C N C §. Then Cs = § N C,, has cardinal
less than Ky, < kn, 50 (CNk,)Uhy '[C] is a countable subset of #,, and is included in g, (€) for some & < k.
Now ¢ and § belong to My, so g,(§) and hslgn(§)] and D = ¢,(€) U hslgn(€)] all belong to My, and are
countable. But C' C D, so A C sk(D), as required by (ix).

(f) Finally, if A C & is countable, there is a 8 < ™ such that g(8) 2 A, and now g(8) € Mgy1. So (x)
is true.

5181 Theorem (FUCHINO & SOUKUP 97) Let 2 be a ccc Dedekind complete Boolean algebra. Suppose
that
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(@) cf[A]S¥ < AT for every cardinal A < 7(2),

(8) O, is true for every uncountable cardinal A < 7(21) of countable cofinality.
Let 2 be a cec Dedekind complete Boolean algebra, and & a regular uncountable cardinal such that FN(98) <
k for every countably generated order-closed subalgebra 9B of 2. Then FN(2) < «.

proof Induce on the Maharam type 7(2() of 2.
(a) If 7(A) < w the result is trivial.

(b) For the inductive step to 7(2A) = A, where A is an infinite cardinal of uncountable cofinality, let
(ag)e<r enumerate a T-generating subset of 2. For each § < A, let B3 be the order-closed subalgebra of 2
generated by {a¢ : £ < B}, and for oo < X set A, = U/3<a Bs. By the inductive hypothesis, FN(B3) <
for every 8 < A. Also, for o < k, either a has uncountable cofinality, in which case (because 2l is ccc)
A, = B, is order-closed, or a has countable cofinality, in which case 2, is a countable union of order-closed
subalgebras. In either case, the Freese-Nation index of 2, in 2,1 is countable (518Fc). Because cf A > w,
2A =92,. By 518G, FN() < k.

(c) (i) For the inductive step to 7(2() = A\, where A is an uncountable cardinal of countable cofinality, we
may use the method of Lemma 518H to construct (Man)a<a+ nen, (Ma)a<r+ and sk as described there.
Enumerate a 7-generating set in 2 as (a¢)e<x, and for any set X write Bx for the order-closed subalgebra
of 2 generated by {a¢ : £ € X N A}. For each a < AT set €, = [J{Bax(p) : D € M, is countable}.

(ii) If @ < AT has uncountable cofinality, then €, is the union of a non-decreasing sequence of order-
closed subalgebras of 2 with Maharam type less than A. I By (ix) of 518H, there is an m € N such that
whenever n > m and D C M,,, is countable there is a countable set F' € M, such that D C sk(F'). For
each n > m, set &, = U{‘Bsk(p) : D € M, is countable}. Then for any countable set C C €,,, there is a
countable set D of countable sets belonging to M, such that C' C |Jpcp Bex(p). So there is a countable
set F' € Mgy, such that D C sk(F); by 518H(vii), D C sk(F) and Bg(py € Bey(r) (518H(viii)) for every
D € D. But this means that C C B (F) C €, while B (F') is an order-closed subalgebra of 2. Because 2
is ccc, this is enough to show that €, is an order-closed subalgebra of 2; by 518H(ii) and 518H(iv), () n>m
is non-decreasing and has union &,. Each €, is 7-generated by

{a,, : there is a countable D € M,,, such that n € sk(D) N At},
so (using 518H(vi))
7(€n) < max(w, #(Man)) <A Q

It follows from 518Fc again that the Freese-Nation index of &, in 2l is countable, and from the inductive
hypothesis we see also that FN(&,,) < & for every n > m, so that (using 518G, as usual) FN(&,,) < k.

(iii) If @ < AT is the union of a sequence (a,)nen of ordinals of uncountable cofinality, then M, =
Unen Mo, (518H(iii)), so €, = U,,cy €a,, is again a countable union of order-closed subalgebras of 2, and
the Freese-Nation index of €, in 2 is at most w. Moreover, because FN(&,, ) < « for each n, FN(&,) < k.

(iv) If a € 2, there is a countable set D C X such that a € Bp. But now there is an o < AT, of
uncountable cofinality, such that D C D’ for some countable D" € M,, (518H(x)), and

a€Bp CBp C By C Eq,
by 518H(v).
(v) Let F C A% be the set of ordinals which are either of uncountable cofinality, or the union of a
sequence of such ordinals; so that F is a closed cofinal set in AT, and &, has countable Freese-Nation index
in 2 for every a € F. By (iv), U,cp €a = 2. So if we enumerate F' in ascending order as (ag)e<y+ and

set Pr = €, for each £, Py+ = 2 then (P¢)c<y+ satisfies the conditions of 518G, so FN(2) < &, and the
induction proceeds.

518J Lemma Let A be an infinite cardinal and & the regular open algebra of {0,1}*. Suppose that &
is the least cardinal of uncountable cofinality greater than or equal to FN(®). Then x < ¢ and we have a
family V C [A]=F, cofinal with [A]<¢, such that #({ANV : V € V}) < & for every countable set A C \.
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proof Actually it is more convenient to work with & = RO({0, 1}**M); of course this makes no difference.

(a) T will use the phrase ‘cylinder set’ to mean a subset of X = {0, 1}**N of the form {x : 2|J = z},
where J C A x N is finite. For I C A, let &; be the order-closed subalgebra of & consisting of those regular
open sets determined by coordinates in I x N. For G € &, there is a smallest subset J(G) of A such that
G € &) (use 4A2B(g-ii)). Recall that J(G) is always countable (use 4A2E(b-i)), so that #(&;) < ¢
whenever #(1) < c.

(b) The function G + & ;) is a Freese-Nation function. I Suppose that G; C Gz in &. Set K =
J(Gy) and L = J(G3), and let ¢ : X — {0,1}2*N be the canonical map, so that ¢~1[¢[Ga]] = Ga2. Set
H = ¢~ ![int ¢[G1]]; because ¢ is continuous and open (4A2B(f-)), H = int ¢~1[¢[G1]] (4A2B(f-ii)). In
particular, H is a regular open set; at the same time, H O G; and H C int ¢~ ![¢[Gs]] = G2 and H is
determined by coordinates in L x N, so H € &1. Next, ¢[G1] C {0,1}2*N is determined by coordinates
in (KNL)xN, so int¢[Gy] also is (4A2B(g-i)) and H is determined by coordinates in K x N. Thus
H € &;,) NG q,), which is what we need. Q

Since # (8 j()) < ¢ for every G, FN(6) < ¢*; as cf ¢t is surely uncountable, x < ¢F.

(c) Now let f: & — [B]<" be a Freese-Nation function. Let V be the family of those sets V' € [A]<¢ such
that f(G) C &y for every G € By ; because #(f(G)) < ¢ for every G, and #(6y) < ¢ whenever V € [\]=,
V is cofinal with [\]=F.

(d) Fix a countable set A C X and ¢ € A for the moment. Let (Ce¢)eca be a disjoint family of non-empty
cylinder sets determined by coordinates in {(} x N; for each £ € A, set Cé ={z:z€ X, z(£0)=1}. Set

G* = supge 4 Ce N C’é € By.
Next, for V € V), set
Gv =supgeany Ce NCE, Gy =sup{H : H € &y, H C G*}

so that Gy € G* and G, € &y. Now if ( € V € V, Gy = GY,. PP Since C¢ ﬂC’é € By for every £ € VN A,
Gy € &y and Gy C Gf,. ? Suppose, if possible, that Gy # Gf,. Then Gf, \ Gy is a non-empty set
belonging to &y, so includes a non-empty cylinder set D determined by coordinates in V' x N. Express D
as D' N D", where D’ is determined by coordinates in (V N A) x N and D" by coordinates in (V' \ 4) x N.
AsD'ND"CG* € B4, D CG* 50 D' NCe QC’é for £ € A.

If £ € A\V, DN CY{ is determined by coordinates in a set not containing {(¢,0)}, but is included in Cf,
so must be empty. Thus

D C D" =supeeany D'NCeNC; C Gy,

which is impossible. X Accordingly Gy = G/, as claimed. Q

Note next that if V, V/ € YV and VN A # V' N A, then Gy # Gy, because if £ € AN (VAV') then
Cg n Cé C Gy AGy..

At this point, consider f(G*). For each V € V such that ¢ € V, there must be some Hy € f(G*)N f(Gy)
such that Gy C Hy C G*. By the definition of V, Hy € &y so Hy C G, = Gy and Hy = Gy. But this
shows that

#{VNA:CeVeV}) <#{Gv:¢eVeV}) <#(f(GY) <k

(e) Now take any countable A C A. By (d), we see that #({ANV : €V € V}) < & for every ¢ € A.
But now

{ANV VeV C{0}UUcea{lANV:CeVeV]

has size less than k, because cfk > w. This completes the proof.

518K Theorem (FUCHINO GESCHKE SHELAH & SOUKUP 01) Suppose that A > ¢ is a cardinal of
countable cofinality such that CTP(AT, ) is true (definition: 5A6F). Let 2 be a Dedekind complete Boolean
algebra with cardinal at least \. Then FN(2() > ws.
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proof (a) By 518Cb and 518Cc, it is enough to show that FN(®) > ws, where & is the regular open algebra
of {0, 1}

(b) 7 Suppose, if possible, that FN(&) < w;. Let V C [A\]=° be as in 518J, with x = w;. Note first that
if V' CV and #(V') < X then there is an A € [\]% such that A € V for every V € V'. P Let (A\,)nen be a
sequence of cardinals less than A with supremum A. Express V' as (J,,cy Vo Where #(V,,) < A, for each n.
For each n € N, #(JV») < A, so we can find an a,, € A\ JVy; now A = {a, : n € N} is not included in
any member of V'. Q

Choose (A¢)e<r+ and (Ve)eca+ inductively, as follows. Given V,, € V for n < &, choose A¢ € [)]
that A¢ € V;, for every n < &; now take V; € V such that A¢ C Vg, and continue.

Because CTP(AT, ) is true, there is an uncountable set B C A\ such that C' = Ugep A¢ is countable
(BAGF (b-ii)). If n, £ € B and n <&, then Ae = A: NC'NVe € V,, s0 CNVe # CNV,. But this means that
{C NV :V €V} is uncountable, contrary to the choice of V. X

Thus FN(®) > ws, and the proof is complete.

<@ guch

Remark Compare FUCHINO & SOUKUP 97, Theorem 12, where it is shown that if the generalized continuum
hypothesis and CTP(w,+1,w,,) are both true the Freese-Nation number of [w,]S* is greater than w;, and
also FUCHINO GESCHKE SHELAH & SOUKUP 01, Theorem 4.2, where a different special axiom is used to
find a ccc Dedekind complete Boolean algebra with cardinal w11 with Freese-Nation number greater than
w1.

518L I turn now to the associated idea of ‘tight filtration’ (511D1i). Before discussing conditions ensuring
the existence of such filtrations, I give the application of the idea which is most important for this book.

Theorem Let 2 be a Dedekind o-complete Boolean algebra, 9B a tightly w;-filtered Boolean algebra, and
7 A — B a surjective sequentially order-continuous Boolean homomorphism; suppose that 8B # {0}. Then
there is a Boolean homomorphism 6 : 8 — 2 such that 76b = b for every b € ‘B.

proof Let (be)e<c be a tight wy-filtration in B; for o < ¢, write €, for the subalgebra of B generated by
{b¢ : £ < a}. Define Boolean homomorphisms 6, : €, — 2 inductively, as follows. Start with &, = {0,1},
600 =0, 61 = 1. Given 0,, let B, B’ C €, be countable sets such that B is a cofinal subset of {b: b € €,
b C by} and B’ is a cofinal subset of {b: b € €4, b C 1\ bs}. Choose any a € 2 such that ma = b, and set

Ao = (aU supyep 0ab) \ supyep: Oab.
Because B and B’ are both countable and 2l is Dedekind o-complete, a,, is defined in 2. Because B and
B’ are cofinal with {b:b € €,, bCb,} and {b:b € €y, b C 1\b,} respectively, b C a, whenever b € &,

and b C b,, while 0bna, = () whenever b € €, and b C 1\ b,. This means that we can define a Boolean
homomorphism 60,41 : €411 — A by setting

Oar1((bNba) U (c\ba)) = (0abnag) U (Bac\ ay)

for all b, c € €, (3120).

This is the inductive step to a successor ordinal. For the inductive step to a non-zero limit ordinal o < (,
Co = U§<a ¢¢ and we can define 6, by setting 6,a = 8ca whenever { < o and a € ;.

An easy induction (using the hypothesis that 7 is sequentially order-continuous) now shows that ¢ = 76,c¢
whenever a < ¢ and ¢ € &,, so that 70, is the identity homomorphism on &, = ‘B.

518M Theorem Let 2 be a Boolean algebra and & a regular infinite cardinal such that FN(2() < x and
#(2) < k™. Then A is tightly x-filtered.

proof (a) Let (ag)ec,+ run over 2, and let f : A — [A]<" be a Freese-Nation function. For each o < k7,
let 2, be the smallest subalgebra of 2 containing a¢ for every ¢ < « and such that f(a) C 2, for every
a € Ay. Then (A,) 4o+ is a non-decreasing family with union 2, and #(2,) < & for every a < s+.

(b)(i) If & < K, the Freese-Nation index of 2, in 2 is at most k. P If a € A, then whenever b € 2,
and b C a, thereis a c € f(a) N f(b) N [b,a]. Now ¢ € f(a) NA,. This shows that f(a) N2A, N[0, a] is cofinal
with 2, N[0, a], so that cf(~A, N[0, a]) < k. By 518Fa, this is what we need to know. Q
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(i) If o < ™, I € [A]<F and B is the subalgebra of 2l generated by 2, U I, then the Freese-Nation
index of 8 in 2 is at most &, by 518Fb.

(c) For each a < k* enumerate a1 \ Ao as (Gag)ecr,, where £, < k. Well-order 2 by setting a < o’
if either there is some o < k* such that a € 2, and a’ ¢ A, or there are @ < k* and £ < 7 < k4 such that
a = aq¢ and @’ = aqy. Let ¢ € On be the order type of this well-ordering and (b¢)¢<¢ the corresponding
enumeration of A. For each < ¢, let B3 be the subalgebra of 2 generated by {bs : £ < f}. Then the
Freese-Nation index of B4 in 2 is at most x. B If B < (, there is a largest o < £ such that A, C Bg, and in
this case A, = B for some v < f, while A1 = B, for some 7' > §; moreover, #(8\7) < ko < K, because
otp(y' \ ) = k. But this means that 98, which is the subalgebra of 2 generated by A, U {b¢ : v < £ < B},
has Freese-Nation index at most x, by (b-ii) above. Q

Thus (be)e<c is a tight s-filtration of 2.

518N Definition Let 2 be a Boolean algebra and « a cardinal. Then a k-Geschke system for 2 is a

family G of subalgebras of 2 such that

() every element of 2 belongs to an element of G with cardinal less than x;

(8) for any Gy C G, the subalgebra of 2 generated by | Gy belongs to G;

(v) whenever B, Bz € G, a € B4, b € By and a C b, then there is a ¢ € By N By such that

aCecChbh.

(Of course () can be rephrased as ‘“B; N By N [0,d] is cofinal with By N [0,b] whenever By, By € G and
be %2’.)

5180 Lemma Let 2 be a Boolean algebra, k a cardinal and G a k-Geschke system for 1. Suppose that
A > k is a regular uncountable cardinal and that f : [2]<% — [A]<* is a function. Then there is a B € G
such that #(B) < A and f(I) C B whenever I € [B]<¥.

proof Enlarging f if necessary, we may suppose that f(I) always includes the subalgebra of 2l generated
by I, and that f({a}) includes a member of G, with cardinal less than k and containing a, for every a € 2.
If now we take Ag = () and A, 1 = {f(I) : I € [A,]<¥} for each n € N, B = | J,, oy An Will be a subalgebra
of 2, of size less than )\, and a union of members of G, so belongs to G; while f(I) C B for every I € [B]<¥.

518P Lemma (GESCHKE 02) Let x be a regular uncountable cardinal and 2 a Boolean algebra. Then
2 is tightly x-filtered iff there is a k-Geschke system for 2.

proof (a) Suppose that 2 is tightly x-filtered.

(i) Let (ag)e<c be a tight s-filtration of A. For I C ( let 2; be the subalgebra of 2 generated by

{ag : £ € I'}. For a < ¢, there must be subsets Uy, V,, of 2,, with cardinal less than x, such that U, is

cofinal with 2, N[0, a,] and V,, is cofinal with 2, N[0,1\ a,]. Let K, € [a]<* be such that U, UV, C Ak, .
Write M for the family of those subsets M of { such that K, C M for every a € M.

() M, NeM,v<( a€Amny, b € Anny and a C b, then there is a ¢ € Apsanny such that
a CcCb. P Induce on 7.

(a) If v = 0 then
Aniny = Anny = Anvinvny = {0,1}
and the result is trivial.

(B) For the inductive step to v = « + 1, consider the following cases.
case 1 If « ¢ M UN then a € Apne and b € Anna, so the inductive hypothesis gives us a
c € ApraNnea such that a C ¢ C b.
case 2 If a € N\ M, then a € Apsn, and b is of the form (¥ nay) U (b \ a,) where b, b € Anna.-
Now a\b € U, and a\ b’ C 1\ ay, so there is a v € V,, such that a\ b’ Cv. Since K, C NNa, v € Anna.
Similarly, there is a v € U, € Annq such that a\ b’ C u. We have

aC (und)u(wnb)u ' ndt") e Anna,

so the inductive hypothesis tells us that there is a ¢ € Ap;Anna such that

MEASURE THEORY



518Q Freese-Nation numbers 87

aCcC(unb)u(vnd”)u nd”) Cb.

case 3 Similarly, if &« € M \ N, then we express a as (¢’ Nnaq) U (a”\ ay) where o', a” € Apnrna,
and find v € V, C Aprna, v € Uy € Anrna, ¢ € Aprnvna such that

a'\bcwv, a"\bcCu,

aCeccC (buu)n(buv) Cb.

case 4 Finally, if « € M NN, express a as (¢’ Naq) U (a”\ ay) and b as (' nay) U (b7 \ ay) where
a’, a’ belong to Aprne and B, b’ belong to Anne. As a’ \ b belongs to 2, and is included in 1\ ag, there
isawv eV, such that a’\0' Cv;as K, CMNNNa, v € Apynnna. Now a’ \v € Aprna, O\ v € Anna and
a’ \v C b\ v, so the inductive hypothesis tells us that there is a ¢’ € AyAnna such that o’ \v € ¢ € b\ v;
in which case ¢/ naq € Apranny and

anay=d nNnag\vCcnay Cbnag\v="0na,.
Similarly, there are u € 2ApANnas ¢ € Anvnnny such that
a//\b//gv’ a‘//\,ugcllgbll\,u/7 a//\aagc//\aagb//\aa.

Putting these together, ¢ = (¢/ naqs) U (¢” \ an) belongs to Anranny and a C ¢ C b.
Thus the induction proceeds to a successor ordinal ~.

(y) If v > 0is a limit ordinal, a € Aprrny and b € Ay, and a C b, then there is some o < v such that
a € Apna and b € Annq, so the inductive hypothesis gives us a ¢ € Ayavna € Annnvny With a C ¢ C b,
and again the induction proceeds. Q

(ii) Now set G = {5 : M € M}, and consider the conditions («)-(y) of 518N.

(a) For any a € 2, there is a finite set I C ¢ such that a € 2;. Let M be the smallest element of M
including I; then (because & is regular and uncountable) #(M) < &, so #(Aps) < k, while a € Ay € G.

(B) If Gy C G, consider M* ={M : M € M, Ay € Gp}. Then M* = [JM* belongs to M, and
Aps+ € G must be the subalgebra of 2 generated by | Gy.

() Finally, condition () is just (ii) above with v = (.
So G is a k-Geschke system for 2.

(b) Suppose that 2 has a x-Geschke system G. I seek to use the ideas of the proof of 518M.

(i) Enumerate A as (ag)e<n, and for each £ < A let € € G be such that a¢ € € and #(&;) < k. For
a < A let 2, be the subalgebra of 2 generated by U§<a C¢, so that A, € G. Set Cp = €, \ A, for each

a < A. An easy induction shows that, for any o < A, 2, is the subalgebra of 2 generated by U5 <o Ct.

(ii) If & < A, the Freese-Nation index of 2, in 2 is at most x. I For any £ < A and b € A, N[0, a¢]
there must be a ¢ € A, N € such that b C ¢ C ag¢, because both 2, and € belong to G; so € N A, N[0, ag]
is cofinal with 20, N [0, a¢] and cf(A, N[0, ae]) < #(€¢) < k. Similarly, € N A, N [ag, 1] is coinitial with
Ao Nag, 1] and ci(A, N ae, 1)) < k. Q

(iii) List [J,.y Ca as (be)e<¢, where ¢ is an ordinal, in such a way that whenever £ <n < (, be € Cy
and b, € Cg, then o < . Then {b¢ : £ < (} generates 2. If 3 < ¢ and B is the subalgebra of A generated
by {be : £ < B}, let @ be such that be € Cy; then A, = B, for some v < 3, #(8\ 7) < #(Ca) < £ and By
is the subalgebra of 2 generated by 2, U {b¢ : v < & < B}, so has Freese-Nation index at most x in 2, by
518FDb. This shows that (be)e<( is a tight s-filtration of 2, and 2 is tightly x-filtered.

518Q Corollary Let « be a regular uncountable cardinal and 2l a tightly x-filtered Boolean algebra.

(a) If € is a retract of 2 (that is, € is a subalgebra of 2 and there is a Boolean homomorphism 7 : 2 — &
such that mc = ¢ for every ¢ € €), then € is tightly x-filtered.

(b) If € is a subalgebra of 2 which is (in itself) Dedekind complete, then € is tightly x-filtered.

proof (a) By 518P there is a x-Geschke system G for 2. Let G; be the set of those B € G such that
w[B] € B. Then G; is a k-Geschke system. B Of course G; satisfies () of 518N, just because G; C G.
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As for (B), if Go C Gy and B* is the subalgebra generated by | Gy, then B* € G and 7[B*] must be the
subalgebra generated by Uyeg, 7[B] € B*, so 7[B*] C B* and B* € G;. Finally, if a € A, 5180 (taking
A=k and f(I) = {a} Un[l]) tells us that there is a B € G; containing a and with cardinal less than x. Q

Observe next that because mc = ¢ for every ¢ € €, 7[B] = BN C for every B € G;. Set H={BNC:
B € G1}. Then H is a k-Geschke system for €. B (a) If ¢ € € there is a B € Gy such that ¢ € B and
#(B) < k;nowceBNECeHand #(BNC) < k. ({)UH CH,set Gy ={B:BeG, BNCecH}
Then the subalgebra B* generated by |J G belongs to Gy, and 7[B*] € H is the subalgebra generated by
UH{7[B] : B e G} =UH. () Ifb € D1 € H, by € Dy € H and by C bs, express D1, Do as By N C,
Bo N € where B, and By belong to Gy. Then there is a b € B, N Bs such that by € b C be; in which case
mh € D1 NPy and

by = by C wb C wby = bs.

Thus H satisfies () of 518N and is a k-Geschke system for €. By 518P in the other direction, € is tightly
k-filtered. Q

(b) In this case, the identity map from € to itself extends to a Boolean homomorphism from 2 to €
(314K), so we can use (a).

518R Lemma (a) Let I be a set and & the regular open algebra of {0,1}!. For J C I let &, be the
order-closed subalgebra of & consisting of regular open sets determined by coordinates in J. Suppose that J
and K are disjoint subsets of I, and (aq)4e0, (bg)qeq disjoint families in & ;\ {0} and & \ {0} respectively.
For ¢ € R set wy = sup,, ;e p<i<q @g N bp, the supremum being taken in &; set w = sup,, ,cq p<q g N bp. If
w’ € w belongs to the subalgebra of & generated by &\ x U &y 5, then {t : wy C w'} is finite.

(b) If I = w3 then & is not tightly w;-filtered.

proof (a)(i) I had better explain why each &; is an order-closed subalgebra; the point is just that if
A C {0,1}! is determined by coordinates in J C I then so are its closure and interior (4A2B(g-i) again), so
that the operations H — int((\H), H — int |JH take subsets of & ; to members of & ;.

(ii) w’ must be expressible in the form sup,_,, u; N v; where u; € &\ g and v; € &\ 5 for each i. 7
Suppose, if possible, that there are tg <t; <... <t, in R such that w;; C sup,_,, u; Nv; for every j. Take
rational numbers ¢; and ¢}, for j < n, such that g0 <to < qp < q1 <t1 < ¢y < ... < qn <ty < gy, Set
e_1 = {0,1}!. Choose i}, ¢, c;, c; and ¢ inductively, for j < n, as follows. Given that e;_1 € &\ (juK)
is non-empty, where j < n, then aq’ s by, and e;_1 are non-empty sets determined by coordinates in J, K
and I\ (J U K) respectively, so have non-empty intersection; also ag; N by, € wy; C sup, ., u; Nv;. There is
therefore an 7; < n such that ag; N by, Nej_1 Nu;, N, is non-empty, and includes a basic cylinder set c;
say. Now we can express c; as c} N c;/ MNe; where c;» is determined by coordinates in J, c}’ by coordinates in
K and e; by coordinates in I\ (J U K); note that e; C e;_;, and continue.

At the end of this process, there must be j < k < n such that i; =i, = ¢ say. Now q;- < qk, SO
ag; Mbg, Nu; Nv; © ag; Nbg, Nw = 0.

(Recall that (a,)qeq and (by)qeq are disjoint.) On the other hand, ¢; N ¢} Ne; C u;, which is determined by
coordinates in '\ K, so ¢} Ne; C u;; similarly, ¢ Nex C v;; s0
capc}ﬂejﬂcgﬁek Cag Nbg, Nu; Nv; = 0.
But ¢, ¢; and e; Ney are all non-empty and determined by coordinates in J, K and I'\ (J U K) respectively,
so this is impossible. X
Thus {t : w; C w'} has at most n members, and is finite.

(b) As in 518J, I will work with I = w3 x N.

(i) Note that every member of & belongs to & ; for some countable J (4A2E(b-i) again), so we can
choose for each ¢ € & a countable J(c) C w3 such that ¢ € & j(,)xn for some countable I. For each { < ws,
let (agq)qeq be a disjoint family of non-zero elements of B¢y xn. For t € R, £ < w3 set Clgt = SUPgcq,q<t AEq>

C¢y = SUDPgeq >t Qeq- Let T'C R be a set with cardinal wy. For D C & set J(D) = Ueen J(0).
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(ii) ? Suppose, if possible, that & is tightly w;-filtered. Then it has an w;-Geschke system B say
(518P). By 5180, with A\ = w3 and

fO)={c};,:{<w, teT}=C

say, there is a B € B such that C C B; and #(B1) < wo; take £ € ws \ j(%l), and let B, € B be such
that B, is countable and ag, € By for every p € Q. Then J(B5) is countable, so there is an 1) € wy \ J(By).

Set w = SUp,, 4, p<q Aep N ang, and for t € T' set wy = cg; N ey, Then w belongs to a countable By € B,
while the subalgebra B* of & generated by 81 U B3 belongs to B. But if we set J = {¢} x N, K = {n} xN
then we see that By C &y, xw)\ s and By C G, xwy\x- S0 (a) tells us that any member of B* included in
w can include only finitely many w;, while w; € 8B* N[0, w]. Thus cf(B* N[0, w]) > wy. On the other hand,
by () of 518N, the countable set By N B* N [0, w] is cofinal with B* N [0, w]. X

This contradiction proves the result.

518S Theorem (GESCHKE 02) If 2 is a tightly w;-filtered Dedekind complete Boolean algebra then
#(Q{) < ws.

proof ? Otherwise, by 5151, 2 has a subalgebra € isomorphic to the regular open algebra of {0,1}*3. By
518Rb, € is not tightly w;-filtered; by 518Qb, nor is 2. X

518X Basic exercises (a) Let 2 be a Boolean algebra and B a principal ideal of 2. Show that
FN(B) < FN(2).

(b) Show that FN(a) = #(«) for every infinite ordinal a.

(c) Show that if P and @ are partially ordered sets, then FN(P x Q) is at most the cardinal product
FN(P) - FN(Q).

>(d) Show that FN(PN) > w;.
(e) Show that FN(Q) = w and FN(R) = w;.
(f) Show that FN*(PN/[N]<¥) = FN*(PN).

(g) Let P be a partially ordered set and @ a subset of P with Freese-Nation index « in P. Show that if
A > max(k, FN(P)) is a regular infinite cardinal then FN(Q) < k.

(h) Let P be a partially ordered set and (P¢)¢<¢ a non-decreasing family of subsets of P such that
Pe = Un <¢ Py for every non-zero limit ordinal { < ¢. Suppose that £ is a regular infinite cardinal such that
the Freese-Nation index of P; in Pey, is at most x for every £ < ¢. Show that the Freese-Nation index of
Py in P is at most x.

(i) Let 2 be a Boolean algebra, £ a regular infinite cardinal and (a¢)¢<¢ a family in . For each o < ¢
let 2, be the subalgebra of 2 generated by {a¢ : £ < a}. Suppose that A = 2 and that the Freese-Nation
index of A, in An41 is at most x for every a < ¢. Show that (ag)e<¢ is a tight x-filtration of 2.

(j) Suppose that ¢ = wy. Show that any Dedekind complete ccc Boolean algebra with cardinal at most
¢t = wy is tightly wi-filtered.

(k) Let 2 be a Boolean algebra, x < A cardinals and G a k-Geschke system for 2. Show that G is a
A-Geschke system for .

(1) Let k < ¢ be a regular uncountable cardinal. Show that if 2 is a tightly k-filtered Dedekind complete
Boolean algebra then #(2() < x*.

518Y Further exercises (a) Show that if P is a finite partially ordered set then FN(P) < 2+ J#(P).

D.H.FREMLIN



90 References
(b) Show that FN(PI) > #(I) for every infinite set I. (Hint: FUCHINO KOPPELBERG & SHELAH 96.)

(¢)(i) Let 2 be an infinite Boolean algebra. Show that FN(S(2)) = FN(2(). (ii) Let 2 be a Dedekind
complete Boolean algebra. Show that FN(2) < FN(L°(2()) < FN(21Y).

518 Notes and comments ‘Freese-Nation numbers’ are a relatively recent topic, beginning with the
investigation of partially ordered sets with Freese-Nation numbers at most w (the ‘Freese-Nation property’)
in FREESE & NATION 78 and those with Freese-Nation numbers at most w; (the ‘weak Freese-Nation
property’) in FUCHINO KOPPELBERG & SHELAH 96. There are interesting puzzles concerning the Freese-
Nation numbers of finite and countable partially ordered sets which I pass over here. Unlike most of the
cardinals discussed in this chapter, Freese-Nation numbers refer to the internal, rather than cofinal, structure
of a partially ordered set.

The Freese-Nation number FN(PN) appears in many contexts besides the identifications of 518D. I will
mention it again in 522U. I do not know whether it is consistent to suppose that its cofinality is countable.

Of the special axioms used in 5181, («) has a more familiar aspect; for instance, it is a consequence of
GCH, regardless of the value of 7(2) (5A6AD). (5) is believed not to be a consequence of GCH (see 555Yf),
but is true in ‘ordinary’ models of set theory (5A6Db, 5A6Bc). In 518K I call on a form of Chang’s transfer
principle; this is false in ordinary models of set theory (5A6Fc), but is believed to be relatively consistent
with ZFC + GCH (5A6Fa). Freese-Nation numbers are therefore a little exceptional among those appearing
in measure theory, in that they are not fixed by the generalized continuum hypothesis.

Version of 28.4.23
References for Volume 5

Argyros S.A. & Kalamidas N.D. [82] ‘The K, property on spaces with strictly positive measure’, Cana-
dian J. Math. 34 (1982) 1047-1058. [525T.]

Argyros S.A. & Tsarpalias A. [82] ‘Calibers of compact spaces’, Trans. Amer. Math. Soc. 270 (1982)
149-162. [525N.]

Babiker A.G. [76] ‘On uniformly regular topological measure spaces’, Duke Math. J. 43 (1976) 775-789.
[533Xd.]

Balcar B. & Franék F. [82] ‘Independent families in complete Boolean algebras’, Trans. Amer. Math. Soc.
274 (1982) 607-618. [515H.]

Balcar B., Jech T. & Pazék T. [05] ‘Complete ccc Boolean algebras, the order sequential topology, and
a problem of von Neumann’, Bull. London Math. Soc. 37 (2005) 885-898. [§539 intro., 539E, 539L, 539N,
§539 notes, 555K.]

Balcar B., Jech T. & Zapletal J. [97] ‘Semi-Cohen Boolean algebras’, Ann. Pure & Applied Logic 87
(1997) 187-208. [§515 notes, §547 notes.]

Balcar B. & Vojtas P. [77] ‘Refining systems on Boolean algebras’, pp. 45-58 in LACHLAN SREBNY &
ZARACH 77. [515E.]

Bar-Hillel Y. [70] Mathematical Logic and Foundations of Set Theory. North-Holland, 1970.

Bartoszynski T. [84] ‘Additivity of measure implies additivity of category’, Trans. Amer. Math. Soc. 281
(1984) 209-213. [Chap. 52 intro., 522Q, §524 notes.]

Bartoszynski T. [87] ‘Combinatorial aspects of measure and category’, Fund. Math. 127 (1987) 225-239.
[522S.]

Bartoszynski T. & Judah H. [89] ‘On the cofinality of the smallest covering of the real line by meager
sets’, J. Symbolic Logic 54 (1989) 828-832. [522V ]

Bartoszynski T. & Judah H. [95] Set Theory: on the structure of the real line. A.XK.Peters, 1995. [522R,
§522 notes, 526M, §528 notes, 534Q, §534 notes, 5461, 553C, 554Ya, 5A1Q.]

Bartoszynski T. & Shelah S. [92] ‘Closed measure zero sets’, Ann. Pure & Applied Logic 58 (1992) 93-110.
[526M.]

(©) 2008 D. H. Fremlin

MEASURE THEORY



References 91

Baumgartner J.E., Taylor A.D. & Wagon S. [77] ‘On splitting stationary subsets of large cardinals’, J.
Symbolic Logic 42 (1977) 203-214. [§541 notes, §544 notes.]

Bell M.G. [81] ‘On the combinatorial principle P(c)’, Fundamenta Math. 114 (1981) 149-157. [§517 notes.]

Benedikt M. [98] ‘Ultrafilters which extend measures’, J. Symbolic Logic 63 (1998) 638-662. [538M,
538Xm, §538 notes.]

Benedikt M. [99] ‘Hierarchies of measure-theoretic ultrafilters’, Annals of Pure and Applied Logic 97
(1999) 203-219. [538H.]

Blair C.E. [77] ‘The Baire category theorem implies the principle of dependent choice’, Bull. Acad. Polon.
Sci. (Math. Astron. Phys.) 25 (1977) 933-934. [§566 notes.]

Blass A. & Laflamme C. [89] ‘Consistency results about filters and the number of inequivalent growth
types’, J. Symbolic Logic 54 (1989) 50-56. [5A6Ib, 5A6J.]

Booth D. [70] ‘Ultrafilters on a countable set’, Ann. Math. Logic 2 (1970) 1-24. [517R.]

Borel E. [1919] ‘Sur la classification des ensembles de mesure nulle’, Bull. Soc. Math. France 47 (1919)
97-125. [§534 intro.]

Brendle J. [00] Inner model theory and large cardinals. Research report, March 2000. [528N, 529F-529H.]

Brendle J. [06] ‘Cardinal invariants of the continuum and combinatorics on uncountable cardinals’, Annals
of Pure and Applied Logic 144 (2006) 43-72. [529F, 529H.]

Burke M.R. [93] ‘Liftings for Lebesgue measure’, pp. 119-150 in JUDAH 93. [§535 notes.]

Burke M.R. [n05] ‘Non-null sets of minimal cofinality’, note of 2.3.05. [523K.]

Burke M.R. & Magidor M. [90] ‘Shelah’s pcf theory and its applications’, Ann. Pure and Applied Logic
50 (1990) 207-254. [513J, §5A2 intro..)

Burke M.R. & Shelah S. [92] ‘Linear liftings for non-complete probability spaces’, Israel J. Math. 79
(1992) 289-296. [§535 notes.]

Carlson T.J. [84] ‘Extending Lebesgue measure to infinitely many sets’, Pacific J. Math. 115 (1984) 33-45.
[652N, §552 notes.]

Carlson T.J. [93] ‘Strong measure zero and strongly meager sets’, Proc. Amer. Math. Soc. 118 (1993)
577-586. [534R.]

Carlson T., Frankiewicz R. & Zbierski P. [94] ‘Borel liftings of the measure algebra and the failure of the
continuum hypothesis’, Proc. Amer. Math. Soc. 120 (1994) 1247-1250. [§535 notes, 5541.]

Choksi J.R. & Fremlin D.H. [79] ‘Completion regular measures on product spaces’, Math. Ann. 241 (1979)
113-128. [532L]

Cichon J. & Pawlikowski J. [86] ‘On ideals of subsets of the plane and on Cohen reals’, J. Symbolic Logic
51 (1986) 560-569. [527F.]

Comfort W.W. & Negrepontis S. [74] The Theory of Ultrafilters. Springer, 1974. [538F, 538Yb.]

Comfort W.W. & Negrepontis S. [82] Chain Conditions in Topology. Cambridge U.P.; 1982. [516 notes.]

Cummings J. [92] ‘A model in which GCH holds at successors but fails at limits’, Trans. Amer. Math.
Soc. 329 (1992) 115-142. [525Z.]

Dellacherie C., Meyer P.A. & Weil M. (eds.) [73] Séminaire de Probabilités VII. Springer, 1973 (Springer
Lecture Notes in Mathematics 321).

Devlin K.J. [84] Constructibility. Springer, 1984. [5A6D.]

Dow A. & Steprans J. [94] ‘The o-linkedness of the measure algebra’, Canad. Math. Bulletin 37 (1994)
42-45. [524L]

Dzamonja M. & Kunen K. [93] ‘Measures on compact HS spaces’, Fundamenta Math. 143 (1993) 41-54.
[§531 notes.]

Dzamonja M. & Plebanek G. [04] ‘Precalibre pairs of measure algebras’, Topology Appl. 144 (2004) 67-94.
[525L.]

Engelking R. [89] General Topology. Heldermann, 1989 (Sigma Series in Pure Mathematics 6). [§5A4.]
Erdés P., Hajnal A., Maté A. & Rado R. [84] Combinatorial Set Theory: Partition Relations for Cardinals.
Akadémiai Kiadd, 1984 (Disquisitiones Math. Hung. 13). [5A1F, 5A1H, 5A6F ]

Farah I. [00] Analytic Quotients. Mem. Amer. Math. Soc. 148 (2000). [SA6H.]
Farah I. [03] ‘How many algebras P(N)/Z are there?’, Illinois J. Math. 46 (2003) 999-1033. [§556 notes.]

D.H.FREMLIN



92 References

Farah I. [06] ‘Analytic Hausdorfl gaps II: the density zero ideal’, Israel J. Math. 154 (2006) 235-246.
[556S.)

Farah I. & Velickovié B. [06] ‘Von Neumann’s problem and large cardinals’, Bull. London Math. Soc. 38
(2006) 907-912. [539Q.]

Feferman S. & Lévy A. [63] ‘Independence results in set theory by Cohen’s method’, Notices Amer. Math.
Soc. 10 (1963) 53. [561A.]

Fleissner W.G. [91] ‘Normal measure axiom and Balogh’s theorems’, Topology and its Appl. 39 (1991)
123-143. [555N.]

Foreman M. [10] ‘Ideals and generic elementary embeddings’, pp. 885-1147 in FOREMAN & KANAMORI
10, vol. 2. [547Z]

Foreman M. & Kanamori A. [10] Handbook of Set Theory. Springer, 2010.

Foreman M. & Wehrung F. [91] ‘The Hahn-Banach theorem implies the existence of a non-Lebesgue
measurable set’, Fundamenta Math. 138 (1991) 13-19. [563A.]

Foreman M. & Woodin W. [91] ‘The generalized continuum hypothesis can fail everywhere’, Annals of
Math. 133 (1991) 1-35. [525Z.]

Fossy J. & Morillon M. [98] ‘The Baire category property and some notions of compactness’, J. London
Math. Soc. (2) 57 (1998) 1-19. [§566 notes.]

Freese R. & Nation J.B. [78] ‘Projective lattices’, Pacific J. Math. 75 (1978) 93-106. [§518 notes.]

Freiling C. [86] ‘Axioms of symmetry; throwing darts at the real number line’, J. Symbolic Logic 51 (1986)
190-200. [537K.]

Fremlin D.H. [74] Topological Riesz Spaces and Measure Theory. Cambridge U.P., 1974. [564Xc.]

Fremlin D.H. [77] ‘Uncountable powers of R can be almost Lindeléf’, Manuscripta Math. 22 (1977) 77-85.
[533].]

Fremlin D.H. [84a] Consequences of Martin’s Aziom. Cambridge U.P., 1984. [§511 notes, §517 notes,
§531 notes.]

Fremlin D.H. [84b] ‘On the additivity and cofinality of Radon measures’, Mathematika 31 (1984) 323-335.
[§524 notes.]

Fremlin D.H. [87] Measure-additive Coverings and Measurable Selectors. Dissertationes Math. 260 (1987).
[551A]

Fremlin D.H. [88] ‘Large correlated families of positive random variables’, Math. Proc. Cambridge Phil.
Soc. 103 (1988) 147-162. [5258S.]

Fremlin D.H. [91] ‘The partially ordered sets of measure theory and Tukey’s ordering,” Note di Matematica
11 (1991) 177-214. [§524 notes, 526B, 5261, 527J, 529C, 529D, 534L.]

Fremlin D.H. [93] ‘Real-valued-measurable cardinals’, pp. 151-304 in JUDAH 93. [§537 notes, §541 notes,
§544 notes, §545 notes, §5A2 intro..]

Fremlin D.H. [97] ‘On compact spaces carrying Radon measures of uncountable Maharam type’, Funda-
menta Math. 154 (1997) 295-304. [531T.]

Fremlin D.H. [03] ‘Skew products of ideals’, J. Applied Analysis 9 (2003) 1-18. [§527 notes.]

Fremlin D.H. & Grekas S. [95] ‘Products of completion regular measures’, Fundamenta Math. 147 (1995)
27-37. [532D]

Fremlin D.H. & Miller A.W. [88] ‘On some properties of Hurewicz, Menger and Rothberger’, Fund. Math.
129 (1988) 17-33. [534Q ]

Fremlin D.H., Natkaniec T. & Rectaw I. [00] ‘Universally Kuratowski-Ulam spaces’, Fundamenta Math.
165 (2000) 239-247. [§527 notes.]

Friedman S.D. & Koepke P. [97] ‘An elementary approach to the fine structure of L, Bull. Symbolic Logic
3 (1997) 453-468. [5AG6D.]

Fuchino S., Geschke S., Shelah S. & Soukup L. [01] ‘On the weak Freese-Nation property of complete
Boolean algebras’, Ann. Pure Appl. Logic 110 (2001) 89-105. [518K.]

Fuchino S., Geschke S. & Soukup L. [01] ‘On the weak Freese-Nation property of P(w)’, Arch. Math.
Logic 40 (2001) 425-435. [522U, §522 notes ]

Fuchino S., Koppelberg S. & Shelah S. [96] ‘Partial orderings with the weak Freese-Nation property’,
Ann. Pure and Applied Logic 80 (1996) 35-54. [518A, 518G, 518Yb, §518 notes, 522U.]

Fuchino S. & Soukup L. [97] ‘More set theory around the weak Freese-Nation property’, Fundamenta
Math. 154 (1997) 159-176. [518I, 518K ]

MEASURE THEORY



References 93

Galvin F. [80] ‘Chain conditions and products’, Fundamenta Math. 108 (1980) 33-48. [§553 notes.]

Galvin F., Mycielski J. & Solovay R.M. [79] ‘Strong measure zero sets’, Notices Amer. Math. Soc. 26
(1979) A280. [534K.]

Gandy R.O. & Hyland J.M.E. [77](eds.) Logic Colloguium ’76. North-Holland, 1977.

Geschke S. [02] ‘On tightly x-filtered Boolean algebras’, Algebra Universalis 47 (2002) 69-93. [518P, 518S,
§535 notes.]

Gitik M. & Shelah S. [89] ‘Forcings with ideals and simple forcing notions’, Israel J. Math. 68 (1989)
129-160. [543E, 547F ]

Gitik M. & Shelah S. [93] ‘More on simple forcing notions and forcings with ideals’, Annals of Pure and
Applied Logic 59 (1993) 219-238. [542E, 543E, 547F ]

Gitik M. & Shelah S. [01] ‘More on real-valued measurable cardinals and forcing with ideals’, Israel J.
Math. 124 (2001) 221-242. [548E.]

Gléwezynski W. [91] ‘Measures on Boolean algebras’, Proc. Amer. Math. Soc. 111 (1991) 845-849. [555K.]

Gléwezyniski W. [08] ‘Outer measure on Boolean algebras’, Acta Univ. Carolinae (Math. et Phys.) 49
(2008) 3-8. [555K.]

Goldstern M., Judah H. & Shelah S. [93] ‘Strong measure zero sets without Cohen reals’, J. Symbolic
Logic 58 (1993) 1323-1341. [§534 notes.]

Haydon R.G. [77] ‘On Banach spaces which contain ¢(7) and types of measures on compact spaces’,
Israel J. Math. 28 (1977) 313-324. [531E, 531L]

Hodges W., Hyland M., Steinhorn C. & Truss J. [96] (eds.) Logic: from Foundations to Applications,
European Logic Colloquium, 1993. Clarendon, 1996.

Humke P.D. & Laczkovich M. [05] ‘Symmetrically approximately continuous functions, consistent density
theorems, and Fubini type inequalities’, Trans. Amer. Math. Soc. 357 (2005) 31-44. [537Q, §537 notes.]

Thoda J.I. [88] ‘Strong measure zero sets and rapid filters’, J. Symbolic Logic 53 (1988) 393-402. [534Q).]

Jech T. [73] The Aziom of Choice. North-Holland, 1973. [561A, 561Xc, 561Yc, 561Yi, 564Yd.]

Jech T. [78] Set Theory. Academic, 1978 (ISBN 0123819504). [Intro., 553H, 5550, §555 notes, §562
notes, §6A1, 5A6B.]

Jech T. [03] Set Theory, Millennium Edition. Springer, 2003 (ISBN 3540440852). [§521 notes, §555 notes,
§562 notes, §567 notes, §5A1, 5A3N, 5A3P, 5A6B.]

Judah H. [93] (ed.) Proceedings of the Bar-Ilan Conference on Set Theory and the Reals, 1991. Amer.
Math. Soc. (Isracl Mathematical Conference Proceedings 6), 1993.

Judah H. & Repicky M. [95] ‘Amoeba reals’, J. Symbolic Logic 60 (1995) 1168-1185. [528N.]

Just W. [92] ‘A modification of Shelah’s oracle-c.c., with applications’, Trans. Amer. Math. Soc. 329
(1992) 325-356. [527M.]

Just W. & Weese M. [96] Discovering Modern Set Theory I. Amer. Math. Soc., 1996 (Graduate Studies
in Mathematics 8). [Intro..]

Just W. & Weese M. [97] Discovering Modern Set Theory II. Amer. Math. Soc., 1997 (Graduate Studies
in Mathematics 18). [5A1B, 5A1F, 5A1H.]

Kanamori A. [03] The Higher Infinite. Springer, 2003. [§541 notes, §555 notes, §567 notes, 5A1H, 5A6B,
5A6F .

Kechris A.S. [95] Classical Descriptive Set Theory. Springer, 1995. [5A1D, §567 notes.]

Keisler H.J. & Tarski A. [64] ‘From accessible to inaccessible cardinals’, Fundamenta Math. 53 (1964)
225-308; errata Fundamenta Math. 57 (1965) 119. [§541 intro., §541 notes.]

Kelley J.L. [50] ‘The Tychonoff product theorem implies the axiom of choice’, Fundamenta Math. 37
(1950) 75-76. [561D.]

Koppelberg S. [75] ‘Homomorphic images of o-complete Boolean algebras’, Proc. Amer. Math. Soc. 51
(1975) 171-175. [515L.]

Koppelberg S. [89] General Theory of Boolean Algebras, vol. 1 of MONK 89. [§515 notes.]

Koppelberg S. & Shelah S. [96] ‘Subalgebras of Cohen algebras need not be Cohen’, pp. 261-275 in
HODGES HYLAND STEINHORN & TRUSS 96. [§515 notes, §547 notes.]

Kraszewski J. [01] ‘Properties of ideals on the generalized Cantor spaces’, J. Symbolic Logic 66 (2001)
1303-1320. [523G, 523H, 523], §523 notes.]

D.H.FREMLIN



94 References

Kumar A. [13] ‘Avoiding rational distances’, Real Analysis Exchange 38 (2012/13), 493-498. [548XDb.]

Kumar A. & Shelah S. [17] ‘A transversal of full outer measure’, Advances in Math. 321 (2017) 475-485.
[547P, 547Q), §548 intro., 548C.]

Kunen K. [80] Set Theory. North-Holland, 1980. [Intro., 511A, §521 notes, §522 notes, §541 notes, 551Q),
§551 notes, 556F, §562 notes, Appendix intro., §5A1, §5A3, 5A6B.]

Kunen K. [81] ‘A compact L-space under CH’, Topology and its Appl. 12 (1981) 283-287. [§531 notes.]

Kunen K. [84] ‘Random and Cohen reals’, pp. 887-911 in KUNEN & VAUGHAN 84. [§554 notes.]

Kunen K. [n70] ‘II} reflection at the continuum’, note of January 1970. [543C, 544C, 544E, 544F

Kunen K. & Mill J.van [95] ‘Measures on Corson compact spaces’, Fundamenta Math. 147 (1995) 61-72.
5310.]

Kunen K. & Vaughan J.E. [84] (eds.) Handbook of Set-Theoretic Topology. North-Holland, 1984.

Kuratowski K. [66] Topology, vol. I. Academic, 1966. [562G.]

Lachlan A.; Srebny M. & Zarach A. [77] (eds.) Set Theory and Hierarchy Theory. Springer, 1977 (Lecture
Notes in Math. 619).

Larson P. [09] ‘The filter dichotomy and medial limits’, J. Math. Logic 9 (2009) 159-165. [538S.]

Larson P., Neeman I. & Shelah S. [10] ‘Universally measurable sets in generic extensions’, Fundamenta
Math. 208 (2010) 173-192. [5530.]

Laver R. [76] ‘On the consistency of Borel’s conjecture’, Acta Math. 137 (1976) 151-169. [534Q).]

Laver R. [87] ‘Random reals and Souslin trees’, Proc. Amer. Math. Soc. 100 (1987) 531-534. [553M.]

Levinski J.-P., Magidor M. & Shelah S. [90] ‘Chang’s conjecture for R, Israel J. Math. 69 (1990) 161-172.
[5AGF ]

Levy A. [71] ‘The sizes of the indescribable cardinals’, pp. 205-218 in SCOTT 71. [§541 notes, §544 notes.]

Lipecki Z. [09] ‘Semivariations of an additive function on a Boolean ring’, Colloquium Math. 117 (2009)
267-279. [552Xe.]

Maharam D. [1947] ‘An algebraic characterization of measure algebras’, Ann. Math. 48 (1947) 154-167.
[539P.]

Makowsky J.A. & Ravve E.V. (eds.) [98] Logic Colloquium ’95. Springer, 1998 (Lecture Notes in Logic
11).

Martin D.A. [70] ‘Measurable cardinals and analytic games’, Fundamenta Math. 66 (1970) 287-291.
[567N.]

Martin D.A. [75] ‘Borel determinacy’, Ann. of Math. (2) 102 (1975) 363-371. [§567 notes.]

Martin D.A. & Solovay R.M. [70] ‘Internal Cohen extensions’, Ann. Math. Logic 2 (1970) 143-178. [Chap.
52 intro., §528 intro., §528 notes.]

Métrai T. [p09] ‘More cofinal types of definable directed orders’, 2009 (https://citeseerx.ist.psu.edu/viewdoc/sur
[526L, §526 notes.)

Meyer P.-A. [73] ‘Limites médiales d’aprés Mokobodzki’, pp. 198-204 in DELLACHERIE MEYER & WEIL
73. [538Y1]

Meyer P.A. [75] (ed.) Séminaire de Probabilités IX. Springer, 1975 (Lecture Notes in Mathematics 465).

Miller A.W. [80] ‘There are no Q-points in Laver’s model for the Borel conjecture’, Proc. Amer. Math.
Soc. 78 (1980) 103-106. [§538 notes.]

Miller A.W. [81] ‘Some properties of measure and category’, Trans. Amer. Math. Soc. 266 (1981) 93-114.
5227 ]

Miller A.W. [82] ‘The Baire category theorem and cardinals of countable cofinality’, J. Symbolic Logic
47 (1982) 275-288. [552G, 552XDb.]

Mokobodzki G. [75] ‘Réléevement borélien compatible avec une classe d’ensembles négligeables. Applica-
tion & la désintégration des mesures’, pp. 437-442 in MEYER 75. [535L.]

Mokobodzki G. [77] ‘Désintegration des mesures et relevements Boreliens de sous-espaces de L™= (X, B, i),
Lab. d’Analyse Fonctionnelle, Univ. Paris VI (?). [535E, §535 notes.]*

Monk J.D. [89] (ed.) Handbook of Boolean Algebra. North-Holland, 1989.

Moore J.T. [05] ‘Set mapping reflection’, J. Math. Logic 5 (2005) 87-98. [5170.]

4] have not been able to locate this paper; I believe it was a seminar report. I took notes from it in 1977.

MEASURE THEORY



References 95

Moschovakis Y.N. [70] ‘Determinacy and prewellorderings of the continuum’, pp. 24-62 in BAR-HILLEL
70. [567M.]

Mycielski J. [64] ‘On the axiom of determinateness’, Fund. Math. 53 (1964) 205-224. [567D.]

Mycielski J. & Swierczkowski S. [64] ‘On the Lebesgue measurability and the axiom of determinateness’,
Fund. Math. 54 (1964) 67-71. [567F ]

Naimark M.A. [70] Normed Rings. Wolters-Noordhoff, 1970. [§561 notes.]

Neumann J.von [1931] ‘Algebraische Reprasentanten der Funktionen “bis auf eine Menge vom Masse
Null”’, Crelle’s J. Math. 165 (1931) 109-115. [535G.]

Neumann J.von & Stone M.H. [1935] ‘The determination of representative elements in the residual classes
of a Boolean algebra’, Fundamenta Math. 25 (1935) 353-378. [§535 notes.]

Pawlikowski J. [86] ‘Why Solovay real produces Cohen real’, J. Symbolic Logic 51 (1986) 957-968. [552G,
552H.]

Pelczy'nski A. [68] ‘On Banach spaces containing L'(p), Studia Math. 30 (1968) 231-246. [531Ye.]

Perovi¢ Z. & Velickovié¢ B. [18] ‘Ranks of Maharam algebras’, Advances in Math. 330 (2018) 253-279.
[539V ]

Plebanek G. [95] ‘On Radon measures on first-countable compact spaces’, Fundamenta Math. 148 (1995)
159-164. [5310.]

Plebanek G. [97] ‘Non-separable Radon measures and small compact spaces’, Fundamenta Math. 153
(1997) 25-40. [531L, 531M, 531V ]

Plebanek G. [00] ‘Approximating Radon measures on first-countable compact spaces’, Colloquium Math.
86 (2000) 15-23. [533H, 533Yc.]

Plebanek G. [02] ‘On compact spaces carrying Radon measures of large Maharam type’, Acta Univ.
Carolinae 43 (2002) 87-99. [531U.]

Plebanek G. & Sobota D. [15] ‘Countable tightness in the spaces of regular probability measures’, Fund.
Math. 229 (2015) 159-169. [531U.]

Pol R. [82] ‘Note on the spaces P(S) of regular probability measures whose topology is determined by
countable subsets’, Pacific J. Math. 100 (1982) 185-201. [533Ya.]

Prikry K. [75] ‘Ideals and powers of cardinals’, Bull. Amer. Math. Soc. 81 (1975) 907-909. [555N.]

Quickert S. [02] ‘CH and the Saks property’, Fundamenta Math. 171 (2002) 93-100. [539L.]

Raisonnier J. & Stern J. [85] ‘The strength of measurability hypotheses’, Israel J. Math. 50 (1985) 337-349.
[Chap. 52 intro., 522Q).]

Rothberger F. [1938a] ‘Eine Aquivalenz zwischen der kontinuumhypothese unter der Existenz der Lusin-
schen und Sierpinschischen Mengen’, Fundamenta Math. 30 (1938) 215-217. [522G.]

Rothberger F. [1938b] ‘Eine Verschérfung der Eigenschaft C’, Fundamenta Math. 30 (1938) 50-55. [§534
notes.]

Rothberger F. [1941] ‘Sur les familles indénombrables de suites de nombres naturels et les problémes
concernant la propriété C’, Proc. Cambridge Phil. Soc. 37 (1941) 109-126. [534R..]

Scott D.S. [71] (ed.) Aziomatic Set Theory. Amer. Math. Soc., 1971 (Proceedings of Symposia in Pure
Mathematics XIII, vol. 1).

Shelah S. [82] Proper Forcing. Springer, 1982 (Lecture Notes in Mathematics 940). [§538 notes.]

Shelah S. [83] ‘Lifting problem of the measure algebra’, Israel J. Math. 45 (1983) 90-96. [§535 notes.]

Shelah S. [84] ‘Can you take Solovay inaccessible away?’, Israel J. Math. 48 (1984) 1-47. [§522 notes.]

Shelah S. [92] ‘Cardinal arithmetic for skeptics’, Bull. Amer. Math. Soc. 26 (1992) 197-210. [5A2D.]

Shelah S. [94] Cardinal Arithmetic. Oxford U.P., 1994. [5A2D, 5A2G.]

Shelah S. [96] ‘Further cardinal arithmetic’, Israel J. Math. 95 (1996) 61-114. [5421.]

Shelah S. [98a] Proper and Improper Forcing. Springer, 1998. [§538 notes.]

Shelah S. [98b] ‘There may be no nowhere dense ultrafilter’, pp. 305-324 in MAKOVSKY & RAVVE 98.
[638H, §538 notes.]

Shelah S. [00] ‘Covering of the null ideal may have countable cofinality’, Fundamenta Math. 166 (2000)
109-136. [§522 notes.]

Shelah S. [03] ‘The null ideal restricted to some non-null set may be Nj-saturated’, Fundamenta Math.
179 (2003) 97-129. [ §548 notes.]

D.H.FREMLIN



96 References

Shelah S. & Steprans J. [05] ‘Comparing the uniformity invariants of null sets for different measures’,
Advances in Math. 192 (2005) 403-426. [534Za.]

Shipman J. [90] ‘Cardinal conditions for strong Fubini theorems’, Trans. Amer. Math. Soc. 321 (1990)
465-481. [537K]

Solecki S. & Todorcevié S. [04] ‘Cofinal types of topological directed orders’, Ann. Inst. Fourier 54 (2004)
1877-1911. [513K, 5130, 513Yi.]

Solecki S. & Todorcevié S. [10] ‘Avoiding families and Tukey functions on the nowhere-dense ideal’, J.
Inst. Math. Jussieu 9 (2010) 1-31. [526L.]

Solovay R.M. [66] ‘New proof of a theorem of Gaifman and Hales’, Bull. Amer. Math. Soc. 72 (1966)
282-284. [514Xi.]

Solovay R.M. [70] ‘A model of set theory in which every set of reals is Lebesgue measurable’, Annals of
Math. 92 (1970) 1-56. [§522 notes.]

Solovay R.M. [71] ‘Real-valued measurable cardinals’, pp. 397-428 in SCOTT 71. [541J, 541P, 541Ya, §541
notes, 555D, 5550.]

Talagrand M. [84] Pettis Integral and Measure Theory. Mem. Amer. Math. Soc. 307 (1984). [536C.]

Talagrand M. [08] ‘Maharam’s problem’, Annals of Math. 168 (2008) 981-1009. [539A.]

Tarski A. [1945] ‘Ideale in volstdndigen Mengenkérpen II’, Fundamenta Math. 33 (1945) 51-65. [541P.]

Todorcevié¢ S. [85] ‘Remarks on chain conditions in products’, Compositio Math. 55 (1985) 295-302.
[537G.]

Todorcevié¢ S. [87] ‘Partitioning pairs of countable ordinals’, Acta Math. 159 (1987) 261-294. [554Yc.]

Todorcevié¢ S. [00] ‘A dichotomy for P-ideals of countable sets’, Fundamenta Math. 166 (2000) 251-267.
[5A6G.]

Térnquist A. [11] ‘On the pointwise implementation of near-actions’, Trans. Amer. Math. Soc. 363 (2011)
4929-4944. [535Yc.]

Truss J.K. [77] ‘Sets having calibre X;’, pp. 595-612 in GANDY & HYLAND 77. [522].]

Truss J.K. [88] ‘Connections between different amoeba algebras’, Fund. Math. 130 (1988) 137-155. [Chap.
52 intro., 528, 528Da, 528K, §528 notes.]

Tukey J.W. [1940] Convergence and Uniformity in Topology. Princeton U.P.,; 1940 (Ann. Math. Studies
1). [613F, §513 notes.]

Ulam S. [1930] ‘Zur Masstheorie in der allgemeinen Mengenlehre’, Fundamenta Math. 16 (1930) 140-150.
[§541 intro., §541 notes.]

Velickovi¢ B. [92] ‘Forcing axioms and stationary sets’, Advances in Math. 94 (1992) 256-284. [5170.]
Velickovié B. [05] ‘CCC forcing and splitting reals’; Israel J. Math. 147 (2005) 209-221. [§539 intro., 539E,
539N ]

Vojtés P. [93] ‘Generalized Galois-Tukey connections between explicit relations on classical objects of real
analysis’, pp. 619-643 in JUDAH 93. [512A.]

Wimmers E. [82] ‘The Shelah P-point independence theorem’, Israel J. Math. 43 (1982) 28-48. [§538
notes.]

Zakrzewski P. [92] ‘Strong Fubini theorems from measure extension axioms’, Comm. Math. Univ. Caroli-
nae 33 (1992) 291-297. [544J.]

MEASURE THEORY



