Version of 3.9.13
Appendix to Volume 4
Useful facts

As is to be expected, we are coming in this volume to depend on a wide variety of more or less recondite
information, and only an exceptionally broad mathematical education will have covered it all. While all
the principal ideas are fully expressed in standard textbooks, there are many minor points where I need
to develop variations on the familiar formulations. A little under half the material, by word-count, is in
general topology (§4A2), where I begin with some pages of definitions. I follow this with a section on
Borel and Baire o-algebras, Baire-property algebras and cylindrical algebras (§4A3), worked out a little
more thoroughly than the rest of the material. The other sections are on set theory (§4A1), linear analysis
(§4A4), topological groups (§4A5) and Banach algebras (§4A6).

Version of 27.1.13
4A1 Set theory

For this volume, we need fragments from four topics in set theory and one in Boolean algebra. The most
important are the theory of closed cofinal sets and stationary sets (4A1B-4A1C) and infinitary combinatorics
(4A1D-4A1H). Rather more specialized, we have the theory of normal (ultra)filters (4A1J-4A1L) and a
mention of Ostaszewski’s & (4A1M-4A1N), used for an example in §439. T conclude with a simple result on
the cardinality of o-algebras (4A10).

4A1A Cardinals again (a) An infinite cardinal k is regular if it is not the supremum of fewer than
smaller cardinals, that is, if cfx = k. Any infinite successor cardinal is regular. (KunNen 80, 1.10.37; JusT
& WEESE 96, 11.18; JECH 78, p. 40; LEvyY 79, IV.3.11.) In particular, w; = wT is regular.

(b) If ¢ is an ordinal and X is a set then I say that a family (z¢)¢<¢ in X runs over X with cofinal
repetitions if {¢ : £ < {, ¢ = z} is cofinal with ¢ for every € X. Now if X is any non-empty set and x
is a cardinal greater than or equal to max(w, #(X)), there is a family (z¢)c<, running over X with cofinal
repetitions. I* By 3A1Ca, there is a surjection & — (z¢,a¢) 1k = X X k. Q

(c) The cardinal c (i) Every non-trivial interval in R has cardinal ¢. (ENDERTON 77, p. 131.)
(ii) If #£(A) < c and D is countable, then #(AP) < ¢. (#(AP) < #(PN)N) = #(P(N x N)) = #(PN).)
(iii) cf(2®) > k for every infinite cardinal x; in particular, cf¢ > w. (KuNEN 80, 1.10.40; JusT &
WEESE 96, 11.24; JECH 78, p. 46; JECH 03, 5.11; LEvY 79, V.5.2)

(d) The Continuum Hypothesis This is the statement ‘c = wy’; it is neither provable nor disprovable
from the ordinary axioms of mathematics, including the Axiom of Choice. As such, it belongs to Volume 5
rather than to the present volume. But I do at one point refer to one of its immediate consequences. If the
continuum hypothesis is true, then there is a well-ordering < of [0, 1] such that ([0, 1], <) has order type w;
(because there is a bijection f :[0,1] — wq, and we can set s < t if f(s) < f(¢)).

4A1B Closed cofinal sets Let o be an ordinal.

(a) Note that a subset F' of « is closed in the order topology iff sup A € F whenever A C F' is non-empty
and sup A < a. (4A2S(a-ii).)
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2 Appendix 4A1Bb

(b) If & has uncountable cofinality, and A C a has supremum «, then A’ = {£: 0 < £ < a, € = sup(AN¢)}
is a closed cofinal set in a. I* («) For any n < «a we can choose inductively a strictly increasing sequence
(€n)nen in A starting from &y > n; now & = sup, ey &n € A and € > 7; this shows that A’ is cofinal with a.
(B)IfP#ABCA andsupB =& < o, then ANE D ANy for every n € B, so

§=sup B = sup,cgsup(ANn) =sup(U,cg ANn) <supANE<E
and £ € A'. Q

In particular, taking A = o = wq, the set of non-zero countable limit ordinals is a closed cofinal set in wy.

(c)(i) If (F¢)e<q is a family of subsets of «, the diagonal intersection of (F¢)ecq is {£: € < a, £ € F)
for every n < &}.
(ii) If k is a regular uncountable cardinal and (F¢)e<, is any family of closed cofinal sets in &, its
diagonal intersection F' is again a closed cofinal set in k. B F = (._, (F¢ U[0,£]) is certainly closed. To
see that it is cofinal, argue as follows. Start from any (y < k. Given (, < k, set

Cnt1 = SUP¢<¢,, (min(F§ \Cn) + 1)?

this is defined because every F is cofinal with x, and is less than x because cfx = k. At the end of the
induction, set (* = sup,,cy (n; then (o < ¢* and ¢* < Kk because cfx > w. If §, n < ¢*, thereisann € N
such that max(§,n) < (y, in which case F¢ N (¢* \ ) D F¢ N {pt1 \ ¢n is non-empty. As n is arbitrary and
F¢ is closed, (* € F¢; as & is arbitrary, (* € F; as (o is arbitrary, I is cofinal. Q

(iii) In particular, if f : kK — & is any function, then {£ : & < &, f(n) < & for every n < £} is a closed
cofinal set in k, being the diagonal intersection of (k\ (f(&) + 1))e<s.

(d) If @ has uncountable cofinality, F is a non-empty family of closed cofinal sets in « and #(F) < cfa,
then (F is a closed cofinal set in a. I Being the intersection of closed sets it is surely closed. Set
A = max(w, #(F)) and let (F¢)e<x run over F with cofinal repetitions. Starting from any {y < a, we can
choose ((¢)1<¢< such that

—if & < X then Cg < <§+1 S Fg;

—1f § < A is a non-zero limit ordinal, (¢ = sup, ¢ (y-
(Because A < cfa, {¢ < o for every §.) Now (p < (\ < o, and if FF € F, { < () there is a £ < A such
that F' = F¢ and ¢ < (¢, in which case ¢ < (¢41 < ¢ and (¢4 € F. This shows that either (\ € F or
¢ = sup(FN¢y), in which case again ¢\ € F. As F is arbitrary, ¢\ € [ F; as (p is arbitrary, (| F is cofinal.
Q

In particular, the intersection of any sequence of closed cofinal sets in w; is again a closed cofinal set in
w1.

4A1C Stationary sets (a) Let x be a cardinal. A subset of k is stationary in « if it meets every
closed cofinal set in k; otherwise it is non-stationary.

(b) If k is a cardinal of uncountable cofinality, the intersection of any stationary subset of k with a closed
cofinal set in k is again a stationary set (because the intersection of two closed cofinal sets is a closed cofinal
set); the family of non-stationary subsets of k is a o-ideal, the non-stationary ideal of k. (KUNEN 80,
11.6.9; JusT & WEESE 97, Lemma 21.11; JECH 03, p. 93; LEVY 79, IV.4.35.)

(c) Pressing-Down Lemma (Fodor’s theorem) If £ is a regular uncountable cardinal, A C & is
stationary and f : A — k is such that f(§) < & for every £ € A, then there is a stationary set B C A such
that f is constant on B. (KUNEN 80, I1.6.15; JusT & WEESE 97, Theorem 21.2; JECH 78, Theorem 22;
JECH 03, 8.7; LEVY 79, IV.4.40.)

(d) There are disjoint stationary sets A, B C wy. (This is easily deduced from 419G or 438Cd, and is
also a special case of very much stronger results. See 541Ya in Volume 5, or KUNEN 80, I1.6.12; JUST &
WEESE 97, Corollary 23.4; JECH 78, p. 59; JECH 03, 8.8; LEVY 79, 1V.4.48.)

4A1D A-systems (a) A family (I¢)eca of sets is a A-system with root I if I N1, = I for all distinct
&, neA
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4A11 Set theory 3

(b) A-system Lemma If #(A) is a regular uncountable cardinal and (I¢)¢ca is any family of finite
sets, there is a set D C A such that #(D) = #(A) and (I¢)¢ep is a A-system. (KUNEN 80, I1.1.6; JuST &
WEESE 97, Theorem 16.3. For the present volume we need only the case #(A) = wy, which is treated in
JECH 78, p. 225 and JECH 03, 9.18.)

4A1E Free sets (a) Let A be a set with cardinal at least wo, and (Je)eca a family of countable sets.
Then there are distinct £, n € A such that { ¢ J,, and n ¢ Je. PP Let K C A be a set with cardinal wy, and
set L = K UJ;cx Ji- Then L has cardinal wi, so there is a £ € A\ L. Now there is an € K \ J¢, and this

pair (£,n) serves. Q

(b) If (K¢)eca is a disjoint family of sets indexed by an uncountable subset A of wy, and (J,)y<w, is a
family of countable sets, there is an uncountable B C A such that K¢ N.J, = ) whenever 7, £ € B and n < €.
P Choose ((¢)e<w, inductively in such a way that (¢ € A and K¢, NJe, =0, (¢ > ¢, for every n < €. Set

B={:{<w} Q

4A1F Selecting subsequences (a) Let (Kj)ic; be a countable family of sets such that (,c; K is
infinite for every finite subset J of I. Then there is an infinite set K such that K \ K; is finite and
K; \ K is infinite for every i € I. P» We can suppose that I C N. Choose (k;)nen inductively such that
kn € Nicri<n Ki\ {ki 1 i <n} for every n € N, and set K = {ka2,, : n € N}. Q

Consequently there is a family (K¢)¢<w, of infinite subsets of N such that K¢ \ K, is finite if < &,
infinite if £ < 7. (Choose the K¢ inductively.)

(b) Let (J;)ier be a countable family of subsets of [N]* such that J; N PK # § for every K € [N]* and
1 € I. Then there is an infinite K C N such that for every ¢ € I there is a J € J; such that K \ J is finite.
P The case I = () is trivial; suppose that (i,)neny runs over I. Choose K, k, inductively, for n € N, by
taking

KO = Na kn S Knv Kn+1 g Kn \ {kn}7 Kn+1 S mji,,,
for every n; set K = {k, : n € N}. Q

4A1G Ramsey’s theorem If n € N, K is finite and & : [N]”* — K is any function, there is an infinite
I C N such that h is constant on [I]™. (BOLLOBAS 79, p. 105, Theorem 3; JUST & WEESE 97, 15.3; JECH
78, 29.1; JECH 03, 9.1; LEVY 79, IX.3.7. For the present volume we need only the case n = #(K) = 2.)

4A1H The Marriage Lemma again In 449L it will be useful to have an infinitary version of the
Marriage Lemma available.

Proposition Let X and Y be sets, and R C X x Y a set such that R[{z}] is finite for every z € X and
#(R[I]) > #(I) for every finite set I C X. Then there is an injective function f : X — Y such that
(z, f(x)) € R for every z € X.

proof For each finite J C X there is an injective function f; : J — Y such that f; C R (identifying f; with
its graph), by the ordinary Marriage Lemma (3A1K) applied to RN (J x R[J]). Let F be any ultrafilter
on [X]|<¢ containing {J : I C J € [X]|<¥} for every I € [X]<¥; then for each z € X there must be an
f(z) € R[{x}] such that {J : f;(z) = f(x)} € F, because R[{z}] is finite. Now f C R is a function from
X to Y and must be injective, because for any z, ' € X there is a J € [X]<“ such that f and f; agree on

{z,2'}.

4A11 Filters (a) Let X be a non-empty set. If £ C PX is non-empty and has the finite intersection
property,
F={A:AC X, AD(& for some non-empty finite &’ C £}
is the smallest filter on X including &, the filter generated by &.
If £ C PX is non-empty and downwards-directed, then it has the finite intersection property iff it does
not contain (J; in this case we say that £ is a filter base; F = {A: AC X, AD E for some F € £}, and &
is a base for the filter F.

In general, if £ is a family of subsets of X, then there is a filter on X including £ iff £ has the finite
intersection property; in this case, there is an ultrafilter on X including £ (2A10).

D.H.FREMLIN



4 Appendix 4A1Ib

(b) If k is a cardinal and F is a filter then F is k-complete if (| € € F whenever £ C F and 0 < #(&) < &.
Every filter is w-complete.

(c) A filter F on a regular uncountable cardinal & is normal if () k\ ¢ € F for every € < () whenever
(Fe)e<w is a family in F, its diagonal intersection belongs to F.

4A1J Lemma A normal filter F on a regular uncountable cardinal k is k-complete.

proof If A < k and (F¢)e<y is a family in F, set Fg = & for A < £ < k, and let F be the diagonal intersection
of (F¢)e<n; then ey Fe 2 F\ A belongs to F.

4A1K Theorem Let X be a set and F a non-principal wi-complete ultrafilter on X. Let x be the least
cardinal of any non-empty set £ C F such that (€ ¢ F. Then k is a regular uncountable cardinal, F is
k-complete, and there is a function g : X — & such that g[[F]] is a normal ultrafilter on x.

proof (a) By the definition of x, F is x-complete. Because F is wi-complete, £ > w. Let H be the set of
all functions h : X — r such that h=![r \ £] € F for every £ < k. Then H is not empty. P Let (E¢)e<, be
a family in F such that £ = [, E¢ ¢ F. Because F is an ultrafilter, X \ E' € F. Set h(z) =0if z € E,
h(z) =min{{ : « ¢ E¢} if 2 € X \ E; then

W e\ 2 (X\NE)NN, e By €F
for every ¢ < k, because F is xk-complete, so h € H. Q

(b) For h, b/ € H, say that h < b if {z : h(x) < h/(z)} € F. Then there is a g € H such that h £ g for
any h € H. P? Otherwise, there is a sequence (hy)nen in H such that hy,y1 < hy, for every n € N. In this
case E, = {x : hpi1(x) < hy(x)} € F for every n. Because F is wi-complete, there is an @ € (), n Fn; but
now (hy,(z))nen is a strictly decreasing sequence of ordinals, which is impossible. X Q

neN

(c) I should check that  is regular. B If {a¢)e<y is any family in £ with A < &, then g7 ![x \ a] € F for
every &, so (because F is k-complete)

97 K\ Supg . ag| = ﬂ.5<>\ g 'k \ ag] € F,
and supg . ag # K. Q
(d) The image filter g[[F]] is an ultrafilter on «, by 2A1N. Because g € H, g~ [\ ] € F and £\ £ € g[[F]]
for any ¢ < k. T Suppose, if possible, that g[[F]] is not normal. Then there is a family (A¢)ecy in g[[F]]

such that its diagonal intersection A does not belong to g[[F]], that is, g7'[A] ¢ F and X \ g~}[4] € F.
Define h : X — & by setting

h(z) =0if g(z) € A,

=min{n : n < g(z), g(z) ¢ Ay} if g(z) € A.
Then

R e\ 2 (X N\ g AN NN, e g™ [An] € F

for every ¢ < k. Thus h € H. But also h(z) < g(x) for every x € X \ g7'[A], so h < g, contrary to the
choice of g. X
Thus g[[F]] is a normal filter, and the theorem is proved.

4A1L Theorem Let x be a regular uncountable cardinal, and F a normal ultrafilter on x. If S C [k]<¥,

there is a set F' € F such that, for each n € N, [F]" is either a subset of S or disjoint from S.

proof (a) For each n € N there is an F,, € F such that either [F,]” C S or [F,]* NS = (. P Induce on n.
If n = 0 we can take F,, = £, because [k]° = {0}. For the inductive step to n + 1, set S¢ = {I : I € [k]<¥,
TU{¢} € S} for each £ < k. By the inductive hypothesis, there is for each { < k a set E¢ € F such that
either [E¢|™ C Sg or [E¢]™ NS¢ = (0. Let E be the diagonal intersection of (E¢)e<, so that E € F.
Suppose that A = {£: [E¢]™ C S¢} belongs to F. Then ENA € F. If I € [EN A", set £ = min 1.
Then I\ {¢} C Eg, so that I\ {¢} € S¢ and I € S. Thus [ENA]"™! C S. Similarly, if A ¢ F, then E\A € F
and [E\ A" NS = (). Thus we can take one of EN A, E\ A for F,;1, and the induction continues. Q

(b) At the end of the induction, take F =) _y Fn; this serves.

neN
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4A10 Set theory 5

4A1M Ostaszewski’s & This is the statement
Let 2 be the family of non-zero countable limit ordinals. Then there is a family (6¢ (n))eca nen
such that («) for each £ € Q, (0¢(n))nen is a strictly increasing sequence with supremum & (5)
for any uncountable A C w; there is a £ €  such that 0¢(n) € A for every n € N.
This is an immediate consequence of Jensen’s { (JUusT & WEESE 97, Exercise 22.9), which is itself a
consequence of Godel’s Axiom of Constructibility (KuNeN 80, §IL.7; JusT & WEESE 97, §22; JECH 78,
§22; JECH 03, 13.21).

4A1N Lemma Assume &. Then there is a family (C¢)e<., of sets such that (i) C¢ C & for every € < wq
(ii) Ce N7 is finite whenever n < § < w (iii) for any uncountable sets A, B C wy there is a { < wy such that
AN C¢ and B N Cy are both infinite.

proof (a) Let (0¢(n))¢canen be a family as in 4A1M. Let f : w; — [w1]? be a surjection (3A1Cd). For
£ e set
Ce = Ujen F(0c (i + 1)) N €\ Oe ().
Then C¢ C &, and if < § there is some n € N such that 0¢(n) > 7, so that
Ce N C Uicy f(0e(2))
is finite. For £ € wy \ 2 set C¢ = (). Then (C¢)e., satisfies (i) and (ii) above.

(b) Now suppose that A, B C w; are uncountable. Choose (0¢)ecw,, (Be)e<wrs (Le)e<w, inductively, as
follows. f3¢ is to be the smallest ordinal such that {a, : n < £t UU, Iy C Be; Ie is to be a doubleton
subset of wy \ (B U Ungﬁg f(n)) meeting both A and B; and ¢ < wq is to be such that f(ag) = Is. Set
D = {a¢ : £ < wi}. This construction ensures that (ae)e<w, and (Be¢)e<w, are strictly increasing, with
Be < ag < Peyr for every &, so that f(6) meets both A and B for every § € D, while f(6) C ¢’ and
F(HN (U f(6)) =0 whenever § < ¢ in D.

By the choice of (6¢(n))ecq,nen, there is a & € Q such that 6¢(n) € D for every n € N. But this means
that

FO(i) S Oe(i+1) & fOe(i+ 1)) N (0e(i) U f(0e(i))) = 0
for every i € N, so C¢ = ;5 f(0¢(i)) meets both A and B in infinite sets.

4A10 The size of o-algebras: Proposition Let 2 be a Boolean algebra, B a subset of 2, and 8 the
o-subalgebra of 2 generated by B (331E). Then #(8) < max(4,#(BY)). In particular, if #(B) < ¢ then

#(B) <«
proof (a) If #(B) < 1, this is trivial, since then #(8) < 4. So we need consider only the case #(B) > 2.
(b) Set k = #(BY); then whenever #(A) < k, that is, there is an injection from A to BY, then
#(AY) < #((B)Y) = #(BVN) = #(B") = .
As we are supposing that B has more than one element, £ > #({0,1}) = ¢ > w;.

(c) Define (Bg)ecw, inductively, as follows. By = B U {0}. Given (Bj),<¢, where 0 < £ < wy, set
B =, <¢ By and

Be={1\b:be B}
U {sup by, : (bn)nen is a sequence in B; with a supremum in 2};
neN
continue.
An easy induction on { (relying on 3A1Cc and (b) above) shows that every Be has cardinal at most k.
So C' = ¢, B¢ has cardinal at most &.

(d) Now (Bg¢)e<w, is a non-decreasing family, so if (c,)nen is any sequence in C' there is some £ < wq
such that every c, belongs to B C Bé 41- But this means that if sup,,cy ¢, is defined in 2L, it belongs to
Bey1 € C. At the same time,

D.H.FREMLIN



6 Appendix 4A10

I\cop € Beq1 CC.

This shows that C' is closed under complementation and countable suprema; since it contains 0, it is a
o-subalgebra of 2; since it includes B, it includes B, and #(B) < #(C) < &, as claimed.

(d) Finally, if #(B) < ¢, #(B) < max(4, #(B")) < ¢ by 4A1A(c-ii).

4A1P An incidental fact If I is a countable set and € > 0, there is a family (¢;);cs of strictly positive
real numbers such that >, ;€; <e. B Let f: I — N be an injection and set ¢; = 2-f)-1e. Q

Version of 21.4.13/28.12.18

4A2 General topology

Even more than in previous volumes, naturally enough, the work of this volume depends on results from
general topology. We have now reached the point where some of the facts I rely on are becoming hard to
find as explicitly stated theorems in standard textbooks. I find myself therefore writing out rather a lot
of proofs. You should not suppose that the results to which I attach proofs, rather than references, are
particularly deep; on the contrary, in many cases I am merely spelling out solutions to classic exercises.

The style of ‘general’ topology, as it has evolved over the last hundred years, is to develop a language
capable of squeezing the utmost from every step of argument. While this does sometimes lead to absurdly
obscure formulations, it remains a natural, and often profitable, response to the remarkably dense network
of related ideas in this area. I therefore follow the spirit of the subject in giving the results I need in the
full generality achievable within the terminology I use. For the convenience of anyone coming to the theory
for the first time, I repeat some of them in the forms in which they are actually applied. I should remark,
however, that in some cases materially stronger results can be proved with little extra effort; as always,
this appendix is to be thought of not as a substitute for a thorough study of the subject, but as a guide
connecting standard approaches to the general theory with the special needs of this volume.

4A2A Definitions I begin the section with a glossary of terms not defined elsewhere.

Baire space A topological space X is a Baire space if [ G, is dense in X whenever (G, )nen is a
sequence of dense open subsets of X.

Base of neighbourhoods If X is a topological space and = € X, a base of neighbourhoods of z is a
family V of neighbourhoods of = such that every neighbourhood of x includes some member of V.

boundary If X is a topological space and A C X, the boundary of Ais 04 =A\intA=ANX\ A.

cadlag If X is a Hausdorfl space, a function f : [0,00] — X is cadlag (‘continue & droit, limite a
gauche’) (or RCLL (‘right continuous, left limits’), an R-function,) if lim, f(s) = f(t) for every ¢t > 0
and limgy f(s) is defined in X for every ¢ > 0.

callal If X is a Hausdorff space, a function f : [0,00[ — X is callal (‘continue & 'une, limite & autre’)
if f(0) = lims}o f(s) and, for every t > 0, lim; f(s) and limgy f(s) are defined in X, and at least one of
them is equal to f(t).

Cech-complete A completely regular Hausdorff topological space X is Cech-complete if it is homeo-
morphic to a Gs subset of a compact Hausdorff space.

closed interval Let X be a totally ordered set. A closed interval in X is an interval of one of the forms
0, [z,y], |—00,y], [x,00[ or X = ]—00,00[ where z, y € X (see the definition of ‘interval’ below).

coarser topology If & and T are two topologies on a set X, we say that & is coarser than ¥ if & C ¥.
(Equality allowed.)

compact support Let X be a topological space and f : X — R a function. I say that f has compact
support if {z:z € X, f(z) # 0} is compact in X.

countably compact A topological space X is countably compact if every countable open cover of X
has a finite subcover. (Warning! some authors reserve the term for Hausdorff spaces.) A subset of a
topological space is countably compact if it is countably compact in its subspace topology.

neN
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countably paracompact A topological space X is countably paracompact if given any countable open
cover G of X there is a locally finite family H of open sets which refines G and covers X. (Warning! some
authors reserve the term for Hausdorff spaces.)

countably tight A topological space X is countably tight (or has countable tightness) if whenever
A C X and z € A there is a countable set B C A such that = € B.

direct sum, disjoint union Let ((X;,%;))icr be a family of topological spaces, and set X = {(z,7) : 4 € I,
x € X;}. The disjoint union topology on X is ¥ = {G : G C X, {z : (x,i) € G} € T, for every i € I};
(X,%) is the (direct) sum of ((X;,T;))ier.

If X is a set, (X;)ier a partition of X, and ¥; a topology on X; for every i € I, then the disjoint union
topology on X is {G:GC X, GNX; € T, for every i € ['}.

dyadic A Hausdorff space is dyadic if it is a continuous image of {0, 1}! for some set I.

equicontinuous If X is a topological space, (Y, W) a uniform space, and F a set of functions from X to
Y, then F is equicontinuous if for every z € X and W € W the set {y : (f(z), f(y)) € W for every f € F'}
is a neighbourhood of x.

finer topology If & and ¥ are two topologies on a set X, we say that & is finer than ¥ if & O ¥.
(Equality allowed.)

first-countable A topological space X is first-countable if every point has a countable base of neigh-
bourhoods.

half-open Let X be a totally ordered set. A half-open interval in X is a set of one of the forms [z, y],
Jz,y] where x, y € X and x < y (see the definition of ‘interval’ below).

hereditarily Lindeldf A topological space is hereditarily Lindel6f if every subspace is Lindelof.

hereditarily metacompact A topological space is hereditarily metacompact if every subspace is meta-
compact.

hereditarily separable A topological space is hereditarily separable if every subspace is separable.

indiscrete If X is any set, the indiscrete topology on X is the topology {0, X'}.

interval Let (P, <) be a partially ordered set. An interval in P is a set of one of the forms [p, q] = {r:
p<r<gqhpal={r:p<r<ql,Ipgd={r:p<r<q}Ipg={r:p<r<gq}, [poc[={r:p<r}
]—o0,q) = {r :r < g}, Ip,oo] = {r:p<r} |-oo,q[={r:r < q}, |-00,00] = P, where p, ¢ € P. Note
that every interval is order-convex, but even in a totally ordered set not every order-convex set need be an
interval in this sense; an interval always has end-points, if we allow Foc.

irreducible If X and Y are topological spaces, a continuous surjection f : X — Y is irreducible if
f[F] #Y for any closed proper subset F' of X.

isolated If X is a topological space, a family A of subsets of X is isolated if AN (J(A\ {A}) is empty
for every A € A; that is, if A is disjoint and every member of A is a relatively open set in | J.A.

Lindelof A topological space is Lindelof if every open cover has a countable subcover. (Warning! some
authors reserve the term for regular spaces.)

Lipschitz If (X,p) and (Y,0) are metric spaces, a function f : X — Y is y-Lipschitz, or (v, p,o)-
Lipschitz, where v > 0, if o(f(z), f(y)) < vp(z,y) for all z, y € X. f : X — Y is Lipschitz or
(p, 0)-Lipschitz if it is (v, p, 0)-Lipschitz for some v > 0.

locally finite If X is a topological space, a family A of subsets of X is locally finite if for every x € X
there is an open set which contains  and meets only finitely many members of A.

lower semi-continuous If X is a topological space and T a totally ordered set, a function f: X — T is
lower semi-continuous if {z : f(z) > t} is open for every ¢t € T. (Cf. 225H, 3A3Cf.)

metacompact A topological space is metacompact if every open cover has a point-finite refinement
which is an open cover. (Warning! some authors reserve the term for Hausdorff spaces.)

neighbourhood If X is a topological space and x € X, a neighbourhood of x is any subset of X including
an open set which contains .

network Let (X,T) be a topological space. A network for T is a family £ C PX such that whenever
r € G € T thereisan F € £ such that x € F C G.

normal A topological space X is normal if for any disjoint closed sets F, F' C X there are disjoint open
sets G, H such that E C G and F C H. (Warning! some authors reserve the term for Hausdorff spaces.)

open interval Let X be a totally ordered set. An open interval in X is a set of one of the the forms
lz, yl, =, 00[, |—00, z] or |—00,00] = X where z, y € X (see the definition of ‘interval’ above).
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open map If (X,%) and (Y, &) are topological spaces, a function f : X — Y is open if f[G] € & for
every G € T.

order-conver Let (P, <) be a partially ordered set. A subset C of P is order-convex if [p,q] = {r: p <
r < ¢} is included in C' whenever p, g € C.

order topology Let (X, <) be a totally ordered set. Its order topology is that generated by intervals of
the form |z, 00[ = {y 1y >z}, |—00,2[ = {y : y < x} as  runs over X.

paracompact A topological space is paracompact if every open cover has a locally finite refinement
which is an open cover. (Warning! some authors reserve the term for Hausdorff spaces.)

perfect A topological space is perfect if it is compact and has no isolated points.

perfectly normal A topological space is perfectly normal if it is normal and every closed set is a Gy
set. (Warning! remember that some authors reserve the term ‘normal’ for Hausdorff spaces.)

point-countable, point-finite A family A of sets is point-countable if no point belongs to more than
countably many members of A. Similarly, an indexed family (4;);cr of sets is point-finite if {i : x € A4;}
is finite for every x.

Polish A topological space X is Polish if it is separable and its topology can be defined from a metric
under which X is complete.

pseudometrizable A topological space (X, %) is pseudometrizable if T is defined by a single pseudo-
metric (2A3F).

refine(ment) If A is a family of sets, a refinement of A is a family B of sets such that every member of
B is included in some member of A; in this case I say that B refines A. (Warning! I do not suppose that
Us=UA)

relatively countably compact If X is a topological space, a subset A of X is relatively countably
compact if every sequence in A has a cluster point in X. (Warning! This is not the same as supposing
that A is included in a countably compact subset of X.)

scattered A topological space X is scattered if every non-empty subset of X has an isolated point (in
its subspace topology).

second-countable A topological space is second-countable if the topology has a countable base, that
is, if its weight is at most w.

semi-continuous see lower semi-continuous, upper semi-continuous.

sequential A topological space is sequential if every sequentially closed set in X is closed.

sequentially closed If X is a topological space, a subset A of X is sequentially closed if x € A whenever
(Tn)nen is a sequence in A converging to = € X.

sequentially compact A topological space is sequentially compact if every sequence has a convergent
sequence. A subset of a topological space is sequentially compact if it is sequentially compact in its subspace
topology. (Warning! some authors reserve the term for Hausdorff spaces.)

sequentially continuous If X and Y are topological spaces, a function f : X — Y is sequentially
continuous if (f(z,))neny — f(z) in Y whenever (x,)neny — 2 in X.

subbase If (X,%) is a topological space, a subbase for ¥ is a family &/ C ¥ which generates ¥, in the
sense that ¥ is the coarsest topology on X including 4. (Warning! most authors reserve the term for
families ¢ with union X.)

totally bounded 1If (X, W) is a uniform space, a subset A of X is totally bounded if for every W € W
there is a finite set 7 C X such that A C W/[I]. If (X, p) is a metric space, a subset of X is totally bounded
if it is totally bounded for the associated uniformity (3A4B).

uniform convergence If X is a set, (Y,0) is a metric space and A is a family of subsets of X then the
topology of uniform convergence on members of A is the topology on Y X generated by the pseudometrics
(f,9) — min(1,sup,c 4 o(f(z),g(x))) as A runs over A\ {0}. (It is elementary to verify that the formula
here defines a pseudometric.)

upper semi-continuous If X is a topological space and T is a totally ordered set, a function f: X — T
is upper semi-continuous if {z : f(z) < t} is open for every t € T.

weakly a-favourable A topological space (X,%) is weakly a-favourable if there is a function o :
Unen(E\ {0} — T\ {0} such that (i) o(Go,... ,Gn) € G, whenever Gy, ... ,G, are non-empty open
sets (ii) whenever (G )nen is a sequence in T\ {0} such that G,41 C o(Gy,...,G,) for every n, then
Nnen G is non-empty.

weight If X is a topological space, its weight w(X) is the smallest cardinal of any base for the topology.
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4A2Bd General topology 9

Cy If X is a topological space, Cy(X) is the space of bounded continuous real-valued functions defined
on X.

F, If X is a topological space, an F,, set in X is one expressible as the union of a sequence of closed
sets.

Gs If X is a topological space, a G set in X is one expressible as the intersection of a sequence of open
sets.

K, If X is a topological space, a K, set in X is one expressible as the union of a sequence of compact
sets.

PX If X is any set, the usual topology on PX is that generated by the sets {a:a C X, anJ = K}
where J C X is finite and K C J.

To If (X, %) is a topological space, we say that it is T if for any two distinct points of X there is an
open set containing one but not the other.

T, If (X,%) is a topological space, we say that it is Ty if singleton sets are closed.

m-base If (X,%) is a topological space, a w-base for T is a set Y C ¥ such that every non-empty open
set includes a non-empty member of U.

o-compact A topological space X is o-compact if there is a sequence of compact subsets of X covering
X.

o-disjoint A family of sets is o-disjoint if it is expressible as | J,,cy A, where every A, is disjoint.

o-isolated If X is a topological space, a family of subsets of X is o-isolated if it is expressible as |J,, ¢y An
where every A, is an isolated family.

o-metrically-discrete If (X, p) is a metric space, a family of subsets of X is o-metrically-discrete if it
is expressible as |, .y An Wwhere p(z,y) > 27" whenever n € N, A and B are distinct members of A,, xz € A
and y € B.

neN

4A2B Elementary facts about general topological spaces (a) Bases and networks (i) Let (X, T)
be a topological space and U a subbase for . Then {X}U{UoNUN...NU, : Uy,... ,U, € U} is a base
for T. (For this is a base for a topology, by 3A3Mc.)

(ii) Let X and Y be topological spaces, and U a subbase for the topology of Y. Then a function
f: X — Y is continuous iff f~1[U] is open for every U € Y. (ENGELKING 89, 1.4.1(ii)).

(iii) If X and Y are topological spaces, £ is a network for the topology of Y, and f : X —» Y is a
function such that f~![E] is open for every E € &, then f is continuous. (The topology generated by &
includes the given topology on Y'.)

(iv) If X is a topological space and U is a subbase for the topology of X, then a filter F on X converges
toxe X iff {U:2e€U €U} CF. (If the condition is satisfied, FU{A: A C X, z ¢ A} is a topology on
X including U.)

(v) If X and Y are topological spaces with subbases U, V respectively, then {U XY : U e U} U{X xV :
V € V} is a subbase for the product topology of X x Y. (KURATOWSKI 66, §15.1.)

(vi) If U is a (sub-)base for a topology on X, and Y C X, then {Y NU : U € U} is a (sub-)base for the
subspace topology of Y. (CsAszAR 78, 2.3.13(e)-(f).)

(vil) If X is a topological space, € is a network for the topology of X, and Y is a subset of X, then
{ENY : E € &} is a network for the topology of Y.

(viii) If X is a topological space and A is a (o-)isolated family of subsets of X, then {ANY : A€ A’}
is (o-)isolated whenever Y C X and A’ C A.

(ix) If a topological space X has a o-isolated network, so has every subspace of X.

(b) If (H;)cr is a partition of a topological space X into open sets and F; C H; is closed (either in X or
in H;) for each i € I, then F' = J,c; F; is closed in X. (X \ F' =, (H; \ F}).)

(c) If X is a topological space, A C X and z € X, then x € A iff there is an ultrafilter on X, containing
A, which converges to z. ({A}U{G : 2z € G C X, G is open} has the finite intersection property; use 4A1la.)

(d) Semi-continuity Let X be a topological space.
(i) A function f : X — R is lower semi-continuous iff —f is upper semi-continuous. (CECH 66, 18D.8.)
A function f: X — R is lower semi-continuous iff Q = {(z,a) : z € X, a > f(z)} is closed in X x R. (If f
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is lower semi-continuous and a < 8 < f(x) then {y: f(y) > B} x ]—o0, B[ is a neighbourhood of (z, «); so
Q2 is closed. If Q is closed then for any v € R the set {x : f(z) >~} = {z: (z,7) ¢ Q} is open; so f is lower
semi-continuous.)

(ii) If T is a totally ordered set, f : X — T is lower semi-continuous, Y is another topological space, and
g:Y — X is continuous, then fg:Y — T is lower semi-continuous. ({y : (fg)(y) >t} = g '[{z : f(z) >
t}].) In particular, if f : X — T is lower semi-continuous and Y C X, then f[Y is lower semi-continuous.
Similarly, if f : X — T is upper semi-continuous and ¢ : Y — X is continuous, then fg:Y — T is upper
semi-continuous.

(iii) If f, g : X — ]—o00, 00| are lower semi-continuous so is f + g : X — ]—00,00]. (CECH 66, 18D.8.)

(iv) If f, g : X — [0, 00] are lower semi-continuous so is f x g : X — [0,00]. (CECH 66, 18D.8.)

(v) If ® is any non-empty set of lower semi-continuous functions from X to [—oo,00], then z —
Supseq f() 1 X — [—00,00] is lower semi-continuous.

(vi) f: X — R is continuous iff f is both upper semi-continuous and lower semi-continuous iff f and
— f are both lower semi-continuous.

(vii) If f: X — [—00,00] is lower semi-continuous, and F is a filter on X converging to y € X, then
fly) <liminf, = f(x).

(viii) If X is compact and not empty, and f : X — [—00,00] is lower semi-continuous then K = {z :
f(z) = inf,ex f(y)} is non-empty and compact. I Setting v = inf e x f(y) € [—o0, ], {{z: f(z) < a}:
a >~} is a downwards-directed family of non-empty closed sets, so its intersection K is a non-empty closed
set. Q

(ix) If f, g : X — [0, 00] are lower semi-continuous and f+g¢ is continuous at € X and finite there, then
f and g are continuous at z. P If € > 0 there is a neighbourhood G of x such that (f+¢)(y) < (f+g)(z) +€
for every y € G and ¢(y) > g(x) — € for every y € G, so that f(y) < f(x) 4 2¢ for every y € G. Q

(e) Separable spaces (i) If (A;);cs is a countable family of separable subsets of a topological space X
then | J;c; A; and | J,;; Ai are separable. (If D; C A; is countable and dense for each i, | J;.; D; is countable
and dense in both J;.; 4; and its closure.)

(ii) If (X;)ier is a family of separable topological spaces and #(I) < ¢, then []
(ENGELKING 89, 2.3.16.)
(iii) A continuous image of a separable topological space is separable. (ENGELKING 89, 1.4.11.)

iel

ser Xi is separable.

(f) Open maps (i) Let (X;);er be any family of topological spaces, with product X. If J C I is any set,
and we write X s for [[,.; X4, then the canonical map x +— x[J : X — X is open. (ENGELKING 89, p. 79.)
(ii) Let X and Y be topological spaces and f : X — Y a continuous open map. Then int f~![B] =
f~int B] and f~1[B] = f~1[B] for every B C Y. P Because f is continuous, f~![int B] is an open set
included in f~1[B], so is included in int f~![B]. Because f is open, f[int f~1[B]] is an open set included in
flf~Y[B]] € B, so f[int f~1[B]] C int B, that is, int f[B] C f~![int B]. Now apply this to Y \ B and take
complements. Q
It follows that f~1[B] is nowhere dense in X whenever B C Y is nowhere dense in Y. (int f~1[B] =
int f71[B] = f~Yint B] = 0.) If f is surjective and B C Y, then B is nowhere dense in Y iff f~![B] is
nowhere dense in X. (For int f~1[B] = f~![int B] is empty iff int B is empty.)
(iii) Let X and Y be topological spaces and f : X — Y a continuous open map. Then H — f~1[H] is
an order-continuous Boolean homomorphism from the regular open algebra of Y to the regular open algebra
of X. P If HCY is aregular open set,

int F1[H] = int f~'[H] = f~'[int H] = £~ [H]

by (ii), so f~1[H] is a regular open set in X. If F C Y is nowhere dense, then f~![F] is nowhere dense in X,
as noted in (ii) above. By 314Ra, H ~ f~![H] = int f~1[H] is an order-continuous Boolean homomorphism
from RO(Y) to RO(X). Q If f is surjective, then the homomorphism is injective (because f~[H] # ()
whenever H # ()), and for H C Y, H is a regular open set in Y iff f~1[H] is a regular open set in X
(because in this case f~[H] = f~![int H]).

(iv) If Xo, Yy, X1, Y7 are topological spaces, and f; : X; — Y; is an open map for each i, then
(xo,21) — (fo(zo), f1(x1)) : Xo x X1 — Yy x Y7 is open. (ENGELKING 89, 2.3.29.)

MEASURE THEORY



4A2Bj General topology 11

(g) Let (X;);ecs be a family of topological spaces with product X.

(i) If A C X is determined by coordinates in J C I in the sense of 254M, then A and int A are also
determined by coordinates in J. ¥ Let 7 : X — [],., X; be the canonical map. Then A = m~*[r[A]], so
(f) tells us that int A = 7~ ![int 7[A]] and A = 7~ 1[n[A]]; but these are both determined by coordinates in
J. Q

(ii) If F C X is closed, there is a smallest set J* C I such that F' is determined by coordinates in J*.

P Let J be the family of all those sets J C I such that F is determined by coordinates in J. If Jp,
Jo € J, then Jy N Jy € J (254Ta). Set J* = ()J. ? Suppose, if possible, that F' is not determined by
coordinates in J*. Then there are € F, y € X \ F such that z[J* = y[J*. Because X \ F is open, there
is a finite set K C I such that z ¢ F whenever z € X and z] K = y[K. Because J is closed under finite
intersections, there is a J € J such that K NJ = K NJ*. Define z € X by setting z(i) = x(i) for i € J,
2(i) =y(i) fori e I\ J. Then z[|J =xz[J,s0 z € F,but 2| K =y|K,s0 z¢ F. X

Thus J* € J and is the required smallest member of 7. Q

(h) Let X be a topological space.

(i) If € is a locally finite family of closed subsets of X, then | J &’ is closed for every £ C €. (ENGELKING
89, 1.1.11.)

(i) If (fi)ier is a family in C(X) such that ({z : fi(z) # 0});es is locally finite, then we have a
continuous function f : X — R defined by setting f(x) = >, fi(x) for every z € X. P For any =,
{i: fi(z) # 0} is finite, so f is well-defined. If 2o € X and e > 0, there is a neighbourhood V' of zy such
that J = {i:i €I, fi(x) # 0 for some x € V} is finite; now there is a neighbourhood W of z, included in
V, such that >, ;| fi(x) = > ,c; fi(zo)| < € for every x € W, so that |f(x) — f(zo)| < € for every x € W.
As xy and € are arbitrary, f is continuous. Q

(i) Let X be a topological space and A, B two subsets of X. Then the boundary 9(A * B) is included
in DA U OB, where * is any of U, N, \, A. (Generally, if F C X, {A:0AC F}={A: A\FCintA}isa
subalgebra of PX.)

(j) Let X be a topological space and D a dense subset of X, endowed with its subspace topology.
(i) A set A C D is nowhere dense in D iff it is nowhere dense in X. P

A is nowhere dense in X <= X \ A is dense in X
(writing A for the closure of A in X)
<= D\ Ais dense in X
(3A3Ea)
<= D\ Ais dense in D
<= D\ (DN A) is dense in D
<= A is nowhere dense in D

because DN A = Z(D) is the closure of A in D. Q

(ii) A set G C D is a regular open set in D iff it is expressible as D N H for some regular open
set HC X. P (a) If G is a regular open subset of D, set H = int G, taking both the closure and the
interior in X. Then H is a regular open set in X. Now D N H is a relatively open subset of D included in
Dﬁézé(D), so DNHC intpé(D) = G. In the other direction, GUD\G=D=X,50G2 X\ D\G
and H D X\ D\ G 2D G. So G=HnND is of the required form. (8) If H C X is a regular open set such
that G=DNH, set V =X\ H; then H= X \V. Now

(D)

VND ' =DNVND=DNV=D\H=D\G,

soG=D\VnD"

Q

is the complement of the closure of an open set in D, and is a regular open set in D.
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4A2C Gg, F,, zero and cozero sets Let X be a topological space.
(a

§5.V.

)(i) The union of two Gs sets in X is a G4 set. (ENGELKING 89, p. 26; KURATOWSKI 66, §5.V.)
(ii) The intersection of countably many Gy sets is a Gy set. (ENGELKING 89, p. 26; KURATOWSKI 66,
)

(iii) If Y is another topological space, f : X — Y is continuous and E C Y is Gs in Y, then f~1[E] is
Gy in X. (F ' [Nyey Hal = ey~ [Ha])

(iv) f Yisa Gs set in X and Z C Y is a Gy set for the subspace topology of Y, then Z is a Gs set in
X. (KURATOWSKI 66, §5.V.)

(v) Aset EC X isan F, set iff X \ F is a Gs set. (KURATOWSKI 66, §5.V.)

(b)(i) A zero set is closed. A cozero set is open.

(ii) The union of two zero sets is a zero set. (CSASZAR 78, 4.2.36.) The intersection of two cozero sets
is a cozero set.

(iii) The intersection of a sequence of zero sets is a zero set. (If f,, : X — R is continuous for each n,
x> 2 omin(27", | f,(z)|) is continuous.) The union of a sequence of cozero sets is a cozero set.

(iv) If Y is another topological space, f : X — Y is continuous and L C Y is a zero set, then f~1[L] is
a zero set. If f: X — Y is continuous and H C Y is a cozero set, then f~'[H] is a cozero set. (CECH 66,
28B.3.) If K C X and L C Y are zero sets then K x L is a zero set in X x Y. (K x L = m; '[K] N7y *[L].)

(v) If HC X is a (co-)zero set and Y C X, then HNY is a (co-)zero set in Y. (Use (iv).)

(vi) A cozero set is the union of a non-decreasing sequence of zero sets. (If f: X — R is continuous,
X\ f7H{0}]) = Upen 95 ' {0}, where g, () = max(0,27" — | f()|).) In particular, a cozero set is an F,
set; taking complements, a zero set is a Gy set.

(vil) If G is a partition of X into open sets, and H C X is such that H NG is a cozero set in G for
every G € G, then H is a cozero set in X. (If f¢ : G — R is continuous for every G € G, then f: X — R is
continuous, where f(z) = fg(x) for z € G € G.) Similarly, if ' C X is such that F'N G is a zero set in G
for every G € G, then F is a zero set in X.

4A2D Weight Let X be a topological space.

(a)(1) w(Y) < w(X) for every subspace Y of X (4A2B(a-vi)).
(i) If X = [];c; Xi then w(X) < max(w, #(I),sup;e; w(X;)). (ENGELKING 89, 2.3.13.)

(b) A disjoint family G of non-empty open sets in X has cardinal at most w(X). (If U is a base for
the topology of X, then every non-empty member of G includes a non-empty member of U, so we have an
injective function from G to U.)

(c) A point-countable family G of open sets in X has cardinal at most max(w,w(X)). P If X = (, this
is trivial. Otherwise, let U be a base for the topology of X with #(U) = w(X) > 0. Choose a function
f G — U such that 0 # f(G) C G whenever G € G\ {#}. Then Gy = {G : f(G) = U} is countable for
every U € U, so there is an injection hy : Gy — N; now G+ (f(G), hyc)(G)) : G — U x N is injective, so
#(9) < #U x N) = max(w, w(X)). Q

(d) If X is a dyadic Hausdorff space then X is a continuous image of {0,1}*(X). P There are a set [
and a continuous surjection f : {0,1}Y — X because any power of {0, 1} is compact, so is X. If w(X) is
finite, #(X) = w(X) < #({0,1}*X)) and the result is trivial; so we may suppose that w(X) is infinite.
Let U be a base for the topology of X with cardinality w(X). Set Z = {0,1}! and let £ be the algebra
of subsets of Z determined by coordinates in finite sets, so that £ is an algebra of subsets of Z and is a
base for the topology of Z. For each pair U, V of members of U such that U C V, f~[V] C Z is open;
the set {E : E € £, E C f~1[V]} is upwards-directed and covers the compact set f~1[U], so there is an
Eyv € &€ such that f~[U] C Eyy C f1[V]. Let J C I be a set with cardinal at most max(w,w(X)) such
that every Eyy is determined by coordinates in J. Fix any w € {0,1}'\/ and define ¢ : {0,1}’ — X by
setting g(z) = f(z,w) for every z € {0,1}7, identifying Z with {0,1}’ x {0,1}/\/. Then g is continuous.
? If g is not surjective, set H = X \ g[{0,1}”/]. Take z € H; take V € U such that x € V C H; take an
open set G such that # € G C G C V (this must be possible because X, being compact and Hausdorff,
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is regular — see 3A3Bb); take U € U such that + € U C G, so that z € U C U C V. Because f is
surjective, there is a (u,v) € {0,1}7 x {0,1}\V such that f(u,v) = z. Now (u,v) € f U] C Eyv;
as Eyy is determined by coordinates in J, (u,w) € Eyy C f~}[V] and g(u) = f(u,w) € V; but V is

supposed to be disjoint from g[{0,1}’]. X So g is surjective, and X is a continuous image of {0,1}’. Since
#(J) < max(w, w(X)) = w(X), {0,1}/ and X are continuous images of {0,1}*(X). Q

(e) If X is a dyadic Hausdorff space then X is separable iff it is a continuous image of {0,1}¢. P {0,1}¢
is separable (4A2B(e-ii)), so any continuous image of it is separable. If X is a separable dyadic Hausdorff
space, let A C X be a countable dense set. If G, G’ C X are distinct regular open sets, then GNA # GNA'.
Thus X has at most ¢ regular open sets; since X is compact and Hausdorff, therefore regular, its regular
open sets form a base (4A2F(b-ii)), and w(X) < ¢. By (d), X is a continuous image of {0, 1}max(«w.w(X))
which is in turn a continuous image of {0,1}°. Q

4A2E The countable chain condition (a)(i) Let (X;);cs be a family of topological spaces. If [, ; X;
is ccc for every finite J C I, then [],.; X is cce. (KUNEN 80, I1.1.9; FREMLIN 84, 121.)

(ii) A separable topological space is ccc. (If D is a countable dense set and G is a disjoint family of
non-empty open sets, we have a surjection from a subset of D onto G.)

(iii) The product of any family of separable topological spaces is ccc. I By 4A2B(e-ii) and (ii) here,
the product of finitely many separable spaces is separable, therefore ccc; so we can apply (i). Q

(iv) Any continuous image of a cce topological space is cce. (If f: X — Y is a continuous surjection
and H is an uncountable disjoint family of open subsets of Y, then {f~![H] : H € H} is an uncountable
disjoint family of open subsets of X.)

(b) Let (X;)ier be a family of topological spaces, and suppose that X = [],_; X; is ccc. For J C I and
reXset Xj=][c,Xs ms(x)=2[J.

(i) If G C X is open, there is an open set W C G determined by coordinates in a countable subset of
I such that G C W. P Let W be the family of subsets of X determined by coordinates in countable sets.
Then W is a o-algebra (254Mb) including the standard base U for the topology of X. Let Uy be a maximal
disjoint family in {U : U € U, U C G}. Then Uy is countable, so W = |JUy belongs to W. No member of
U can be included in G\ W, so G\ W must be empty, and we have a suitable set. @ So G = W and int G
are determined by coordinates in a countable set (4A2B(g-1)); in particular, if G is a regular open set, then
it is determined by coordinates in a countable set.

(ii) If f: X — R is continuous, there are a countable set J C I and a continuous function g : X; — R
such that f = gm;. I For each ¢ € Q, set F, = {z : f(z) < ¢}. By (i), Fy is determined by coordinates in
a countable set. Because Q is countable, there is a countable J C I such that every Fj is determined by
coordinates in J. Also {z: f(z) < a} =, cq 4<q £y is determined by coordinates in J for every a € R, so
f(x) = f(y) whenever z[J = y|J, and there is a g : X; — R such that f = gm;. Now if H C R is open,
g~ [H] = ms[f~[H]] is open (4A2B(f-i)), so g is continuous. Q

(iii) If A C X is nowhere dense there is a countable set J C I such that 7' [rs[A]] is nowhere dense.
P By (ii), there are a countable set .J and an open set W C X \ A such that W is determined by coordinates
in J and X \ A C W; now W is dense in X and 7' [7;[A]] € X \ W is nowhere dense. Q

icl

4A2F Separation axioms (a) Hausdorff spaces (i) A Hausdorff space is T;. (CECH 66, 27A.1.)
(ii) If X is a Hausdorff space and {x,)nen is a sequence in X, then a point z of X is a cluster point of
(n)nen iff there is a non-principal ultrafilter 7 on N such that & = lim,,_,  2,,. (If = is a cluster point of
(Tn)nen, apply 4Alla to {{n:n > ng, z, € G} :ng € N, G C X is open, z € G}.)
(iii) A topological space X is Hausdorff iff {(z,z) : # € X} is closed in X x X. (CECH 66 27A.7;
KURATOWSKI 66, I.15.IV.)

(b) Regular spaces (i) A regular T; space is Hausdorff. (CEcH 66, 27B.7; GAAL 64, p. 81.) Any
subspace of a regular space is regular. (ENGELKING 89, 2.1.6; KURATOWSKI 66, §14.1.)
(ii) If X is a regular topological space, the regular open subsets of X form a base for the topology. P
If G is open and o € G, there is an open set H such that z € H C H C G; now int H is a regular open set
containing x and included in G. Q
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(c) Completely regular spaces In a completely regular space, the cozero sets form a base for the
topology. (CECH 66, 28B.5.)

(d) Normal spaces (i) Urysohn’s Lemma If X is normal and E, F are disjoint closed subsets of X,
then there is a continuous function f : X — [0,1] such that f(z) =0 for x € E and f(z) =1 for x € F.
(ENGELKING 89, 1.5.11; KURATOWSKI 66, §14.1V.)

(ii) A regular normal space is completely regular.

(iii) A normal T space is Hausdorff (GAAL 64, p. 86) and completely regular (CSASZAR 78, 4.2.5;
GAAL 64, p. 110).

(iv) If X is normal and E, F are disjoint closed sets in X there is a zero set including F and disjoint
from F. (Take a continuous function f which is zero on E and 1 on F, and set Z = {z : f(z) = 0}.)

(v) In a normal space a closed Gy set is a zero set. (ENGELKING 89, 1.5.12.)

(vi) If X is a normal space and (G;);cs is a point-finite cover of X by open sets, there is a family
(H;)icr of open sets, still covering X, such that H; C G; for every i. (ENGELKING 89, 1.5.18; CECH 66,
29C.1; GAAL 64, p. 89.)

(vil) If X is a normal space and (G;);cs is a point-finite cover of X by open sets, there is a family
(H!)ier of cozero sets, still covering X, such that H] C G; for every i. (Take (H;);es from (vi), and apply
(iv) to the disjoint closed sets X \ G;, H; to find a suitable cozero set H] for each i.)

(viii) If X is a normal space and (G;);er is a locally finite cover of X by open sets, there is a family
(9i)ier of continuous functions from X to [0,1] such that g; < xG; for every i € I and ), ; gi(v) = 1 for
every x € X. (ENGELKING 89, proof of 5.1.9.)

(ix) Tietze’s theorem Let X be a normal space, F' a closed subset of X and f: F — R a continuous
function. Then there is a continuous function g : X — R extending f. (ENGELKING 89, 2.1.8; KURATOWSKI
66, §14.1V; GAAL 64, p. 203.) It follows that if £/ C X is closed and f : F — [0,1]! is a continuous function
from F to any power of the unit interval, there is a continuous function from X to [0,1]! extending f.
(Extend each of the functionals x — f(z)(¢) for i € I.)

(e) Paracompact spaces A Hausdorff paracompact space is regular. (ENGELKING 89, 5.1.5.) A regular
paracompact space is normal. (ENGELKING 89, 5.1.5; GAAL 64, p. 160.)

(f) Countably paracompact spaces A normal space X is countably paracompact iff whenever (F),),en
is a non-increasing sequence of closed subsets of X with empty intersection, there is a sequence (G, )nen
of open sets, also with empty intersection, such that F,, C G,, for every n € N. (ENGELKING 89, 5.2.2;
CsAszAR 78, 8.3.56(f).)

(g) Metacompact spaces (i) A paracompact space is metacompact.
(ii) A closed subspace of a metacompact space is metacompact.
(iii) A normal metacompact space is countably paracompact. (ENGELKING 89, 5.2.6; CSASZAR 78,
8.3.56(c).)

(h) Separating compact sets (i) If X is a Hausdorff space and K and L are disjoint compact subsets
of X, there are disjoint open sets G, H C X such that K C G and L C H. (CSAszAR 78, 5.3.18.) If T
is an algebra of subsets of X including a subbase for the topology of X, there is an open V € T such that
K CV CX\L. PBy4A2B(a-i), T includes a base for the topology of X. So & = {U : U € T is open,
U C G} has union G and there must be a finite & C & covering K; set V ={J&. Q

(ii) If X is a regular space, FF C X is closed, and K C X \ F is compact, there are disjoint open sets
G, H C X such that K C G and F C H. (ENGELKING 89, 3.1.6.)

(iii) If X is a completely regular space, G C X is open and K C G is compact, there is a continuous
function f : X — [0,1] such that f(z) =1 for z € K and f(z) = 0 for x € X \ G. P For each x € K
there is a continuous function f, : X — [0,1] such that f,(z) = 1 and f,(y) = 0 for y € X \ G. Set
H, ={y : fs(y) > 3}. Then U, x Hs 2 K, so there is a finite set I C K such that K C |J,.; Hy. Set
fly) =min(1,23° ., fa(y)) fory € X. Q

(iv) If X is a completely regular Hausdorff space and K and L are disjoint compact subsets of X, there
are disjoint cozero sets G, H C X such that K C G and L C H. P By (i), there are disjoint open sets G’,
H’ such that K C G’ and L C H'. By (iii), there is a continuous function f : X — [0, 1] such that f(z) =1
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forx € K and f(z) =0for z € X \ G'; set G = {x : f(z) # 0}, so that G is a cozero set and K C G C G'.
Similarly there is a cozero set H including L and included in H'. Q

(v) If X is a completely regular space and K C X is a compact Gy set, then K is a zero set. P Let
(Gr)nen be a sequence of open sets with intersection K. For each n € N there is a continuous function
fn+ X = [0,1] such that f,,(z) =1 for z € K and f,(z) =0 for x € X \ G, by (iii). Now K =, iz :
1 — fu(z) = 0} is a zero set, by 4A2C(b-iii). Q

(vi) If (X,,)nen is a sequence of topological spaces with product X, K C X is compact, F' C X is
closed and K N F = (), there is some n € N such that z[n # y[n for any x € F and y € K.

P For n € Nand x € X set 7,(2) = z[n; set F,, = 7, [m,[F]]. Since (7, }[mn[F]])nen is non-increasing,

s0 is (Fy)nen. If € K, there is an open set G C X, determined by coordinates in a finite set, such
that z € G C X \ F; in this case there is an n € N such that 7, ![r,[G]] = G is disjoint from F, so
that m,[G] N 7, [F] = 0, G does not meet 7, [r,[F]] and # ¢ F,. As x is arbitrary, (K N F,),en is a
non-increasing sequence of relatively closed subsets of K with empty intersection; as K is compact, there is
an n such that K N F,, = (), so that K N7, ![7,[F]] = 0 and x[n # y|n whenever z € F and y € K. Q

(vii) If X is a compact Hausdorff space, f : X — R is continuous, and U is a subbase for T, then there
is a countable set Uy C U such that f(x) = f(y) whenever {U : x € U € Uy} ={U : y € U € Up}. (Apply
(i) to sets of the form K = {z: f(x) < a}, L ={z: f(z) > 8}.)

(i) Perfectly normal spaces A topological space X is perfectly normal iff every closed set is a zero set.
(ENGELKING 89, 1.4.9.)
Consequently, every open set in a perfectly normal space is a cozero set (and, of course, an F, set).

(j) Covers of compact sets Let X be a Hausdorfl space, K a compact subset of X, and (G;);cs a
family of open subsets of X covering K. Then there are a finite set J C I and a family (K;);cs of compact
sets such that K = J;.; K; and K; C G; for every i € J. P (i) Suppose first that I = {4,5} has just two
members. Then K \ G; and K \ G; are disjoint compact sets. By (h-i), there are disjoint open sets H;, H,
such that K \ G; C H; and K \ G; C H;; setting K; = K \ H; and K; = K \ H; we have a suitable pair
K;, K;. (ii) Inducing on #(I) we get the result for finite I. (iii) In general, there is certainly a finite J C I
such that K C J,.; G;, and we can apply the result to (G;)ics. Q

4A2G Compact and locally compact spaces (a) In any topological space, the union of two compact
subsets is compact.

(b) A compact Hausdorff space is normal. (ENGELKING 89, 3.1.9; CsAszAR 78, 5.3.23; GAAL 64, p.
139.)

(c)(i) If X is a compact Hausdorff space, Y C X is a zero set and Z C Y is a zero set in Y, then Z is a
zero set in X. (By 4A2C(b-vi) and 4A2C(a-iv), Z is a Gy set in X; now use 4A2F(d-v).)

(ii) Let X and Y be compact Hausdorff spaces, f : X — Y a continuous open map and Z C X a zero
set in X. Then f[Z] is a zero set in Y. P Let g : X — R be a continuous function such that Z = g=1[{0}].
Set Gy, = {z : 2z € X, [g(x)] < 27"} for each n € N. If y € (,,cy fIGn], then f~[{y}] is a compact set
meeting all the closed sets G, so meets their intersection, which is Z. Thus f[Z] = (,,cn f[Gn] is a Gy set.
By 4A2F(d-v), it is a zero set. Q

(d) If X is a Hausdorff space, V is a downwards-directed family of compact neighbourhoods of a point « of
X and |V = {z}, then V is a base of neighbourhoods of z. I* Let G be any open set containing x. Fix any
Vo € V. Note that because X is Hausdorff, every member of V is closed (3A3Dc). So {Vy NV \G:V €V}
is a family of (relatively) closed subsets of V with empty intersection, cannot have the finite intersection
property (3A3Da), and there is a V' € V such that Vo NV \ G = 0. Now there is a V' € V such that
V' CVonV and V! C G. As G is arbitrary, V is a base of neighbourhoods of z. Q

(e) Let (X, %) be a locally compact Hausdorff space.
(i) If K C X is a compact set and G DO K is open, then there is a continuous f : X — [0, 1] with
compact support such that xK < f < xG. (Let V be the family of relatively compact open subsets of X.
Then V is upwards-directed and covers X, so there is a V € V including K. By 3A3Bb, ¥ is completely
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regular; now 4A2F (h-iii) tells us that there is a continuous f : X — [0, 1] such that K < f < x(GNV), so
that f has compact support.)

(ii) ¥ is the coarsest topology on X such that every T-continuous real-valued function with compact
support is continuous. I Let ® be the set of continuous functions of compact support for €. If & is a
topology on X such that every member of ® is continuous, and = € G € T, then there is an f € ® such that
fl@)=T1and f(y) =0fory € X\ G, by (i). Now f is &-continuous, by hypothesis, so H = {y : f(y) > %}
belongs to & and x € H C G. As z is arbitrary, G = intg G belongs to &; as G is arbitrary, T C &. Q

(£)(1) A topological space X is countably compact iff every sequence in X has a cluster point in X, that
is, X is relatively countably compact in itself. (ENGELKING 89, 3.10.3; CSASZAR 78, 5.3.31(e); GAAL 64,
p. 129.)

(ii) If X is a countably compact topological space and (F),),cn is a sequence of closed sets such that
Ni<n Fi # 0 for every n € N, then (), cy Fy # 0. (ENGELKING 89, 3.10.3; CsAszAR 78, 5.3.31(c).)

(iii) In any topological space, a relatively compact set is relatively countably compact (2A30D).

(iv) Let X and Y be topological spaces and f : X — Y a continuous function. If A C X is relatively
countably compact in X, then f[A] is relatively countably compact in Y. P Let (y,)nen be a sequence in
f[A]. Then there is a sequence (z,)nen in A such that f(x,) =y, for every n € N. Because A is relatively
countably compact, (z,),en has a cluster point z € X. If nyp € N and H is an open set containing f(x),
there is an n > ng such that x, € f~'[H], so that y, € H. Thus f(z) is a cluster point of (y,)nen; as
(Yn)nen is arbitrary, f[A] is relatively countably compact. Q

(v) A relatively countably compact set in R must be bounded. (If A C R is unbounded there is a
sequence (Zp)nen in A such that |z, | > n for every n.) So if X is a topological space, A C X is relatively
countably compact and f: X — R is continuous, then f[A] is bounded.

(vi) If X and Y are topological spaces and f : X — Y is continuous, then f[A] is countably compact
whenever A C X is countably compact. (ENGELKING 89, 3.10.5.)

(g)(i) Let X and Y be topological spaces and ¢ : X XY — R a continuous function. Define § : X — C(Y)
by setting 0(z)(y) = ¢(x,y) for x € X, y € Y. Then 6 is continuous if we give C(Y") the topology of uniform
convergence on compact subsets of Y. (As noted in ENGELKING 89, pp. 157-158, the topology of uniform
convergence on compact sets is the ‘compact-open’ topology of C(Y'), as defined in 441Y1i, so the result here
is covered by ENGELKING 89, 3.4.1.)

(ii) In particular, if Y is compact then 6 is continuous if we give C(Y') its usual norm topology.

(iii) Let X be a locally compact topological space, and give C'(X) the topology of uniform convergence
on compact subsets of X. Then the function (f,z) — f(z) : C(X) x X — R is continuous. I Take
g€ C(X),ye X and € > 0. Let K C X be a compact set such that y € int K. Then V = {f : f € C(X),
|f(z) — g(2)| < 3e for every z € K} is a neighbourhood of g, and U = {z : z € K, |g(z) — g(y)| < 3e} is a
neighbourhood of y. If f € V and « € U, then

(@) —g)| < |f(@) —g(@)] +[g(z) —g(y)| <e Q

(h)(i) Suppose that X is a compact space such that there are no non-trivial convergent sequences in X,
that is, no convergent sequences which are not eventually constant. If (F,),en is a non-increasing sequence
of infinite closed subsets of X, then F' = (1, _y F, is infinite. I Because X is compact, F' cannot be empty
(3A3Da). Choose a sequence {Z,)nen such that x,, € F, \ {z; : i <n} for each n € N. If G D F is an open
set, then (), ey Fn \ G = @, so there must be some n € N such that F,, C G, and z; € G for i > n. 7 If
F ={yo,...,yx}, let | <k be the first point such that whenever G D {yo,... ,y;} is open, then {i: x; ¢ G}
is finite. Then there is an open set G’ D {y; : j < I} such that I = {i : 2; ¢ G’} is infinite. But if H is
any open set containing y;, then {i : z; ¢ G’ U H} is finite, so {i : ¢ € I, x; ¢ H} is finite. Thus if we
re-enumerate (x;)icr as () )nen, (2, )nen converges to y; and is a non-trivial convergent sequence. X Thus
F is infinite, as claimed. Q

(ii) If X is an infinite scattered compact Hausdorff space it has a non-trivial convergent sequence. P
Let (z,,)nen be any sequence of distinct points in X. Set F, = {x; : i > n} for each n, so that F' = o
is a non-empty set. Because X is scattered, F' has an isolated point z say; let G be an open set such that
FNG = {z}, and H an open set such that z € H C H C G (3A3Bb). In this case, I = {i : z; € H}
must be infinite; re-enumerate (x;);cr as () )nen. T If (2))nen does not converge to z, there is an open
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set H' containing z such that {n : z/, ¢ H'} is infinite, that is, {i : 4 € I, x; ¢ H'} is infinite. In this case,
F, N H\ H' is non-empty for every n € N, but F N H \ H' = (), which is impossible. X Thus (z/,),cn is a
non-trivial convergent sequence in X. Q

(iii) If X is an extremally disconnected Hausdorff space (definition: 3A3Af), it has no non-trivial
convergent sequence. PP? Suppose, if possible, that there is a sequence (x,),en converging to @ € X such
that {n : z, # z} is infinite. Choose (n;);en and (G;)ien inductively, as follows. Given that = ¢ G; for
j < i, there is an n; such that z,, # = and z,, ¢ G; for every j < i; now let G; be an open set such that
T, € G; and x ¢ G;, and continue.

Since all the n; must be distinct, (z,,);en — «. But consider

G= UiEN G2 \ Uj<2i ajv H= UieN Gait1 \ Ungz’ éj’
Then G and H are disjoint open sets and z,,,, € G, p,,,, € H for every i. So z € GNH. But G is open

(because X is extremally disconnected), and is disjoint from H, and now H is disjoint from G; so they
cannot both contain z. XQ

(i)(1) If X and Y are compact Hausdorff spaces and f : X — Y is a continuous surjection then there
is a closed set K C X such that f[K] =Y and f[K is irreducible. P Let £ be the family of closed sets
F C X such that f[F] =Y. If F C £ is non-empty and downwards-directed, then for any y € Y the family
{Fnf~'{y}]: F € F} is a downwards-directed family of non-empty closed sets, so (because X is compact)
has non-empty intersection; this shows that (| F € £. By Zorn’s Lemma, £ has a minimal element K say.
Now f[K] =Y but f[F]#Y for any closed proper subset of K, so f|K is irreducible. Q

(ii) If X and Y are compact Hausdorff spaces and f : X — Y is an irreducible continuous surjection,
then («) if U is a m-base for the topology of Y then {f~1[U] : U € U} is a m-base for the topology of X (3)
if Y has a countable 7-base so does X (v) if « is an isolated point in X then f(z) is an isolated point in YV’
(6) if Y has no isolated points, nor does X. P («) If G C X is a non-empty open set then f[X \ G] #Y.
As f[X \ G] is closed, there is a non-empty U € U disjoint from f[X \ G]. Now f~![U] is a non-empty
subset of G. (B) Follows at once from (). () By («), with ¢ the family of all open subsets of Y, there is a
non-empty open set U C Y such that f~1[U] C {z}, that is, U = {f(x)}. (§) Follows at once from (7). Q

(j)(Q) Let X be a non-empty compact Hausdorff space without isolated points. Then there are a closed
set /' C X and a continuous surjection f : F' — {0,1}". P For o € J,,cn{0,1}" choose closed sets V, C X
inductively, as follows. V; = X. Given that V, is a closed set with non-empty interior, there are distinct
points x, y € int V, (because X has no isolated points); let G, H be disjoint open subsets of X such that
r €Gandy € H; and let V,~ o> and V,~ 15 be closed sets such that

r €Mt Vom0 CGNiNtV,, yeintV,~1- CHNintV,.

(This is possible because X is regular.) The construction ensures that V;, C V, whenever 7 € {0, 1}" extends
o € {0,1}™, and that V; NV, = 0 whenever 7, o € {0,1}" are different. Set F' =, oy U,c(0,13n Voi then
F is a closed subset of X and we have a continuous function f : F — {0,1}" defined by saying that
f(z)(i) = o(i) whenever n € N, 0 € {0,1}", i < n and = € V,. Finally, f is surjective, because if z € {0, 1}
then (V;1n)nen is a non-increasing sequence of closed sets in the compact space X, so has non-empty
intersection V say, and f(xz) =z for any z € V. Q

(ii) If X is a non-empty compact Hausdorff space without isolated points, then #(X) > ¢. (Use (i).)

(iii) If X is a compact Hausdorff space which is not scattered, it has an infinite closed subset with a
countable 7-base and no isolated points. I® Because X is not scattered, it has a non-empty subset A without
isolated points. Then A is compact and has no isolated points; by (i), there are a closed set Fy C A and a
continuous surjection f : Fy — {0,1}. By (i-i) above, there is a closed F' C Fy such that f[F] = {0, 1}"
and f[F is irreducible. Of course F is infinite; by (i-ii), it has a countable 7-base and no isolated points. Q

(iv) Let X be a compact Hausdorff space. Then there is a continuous surjection from X onto [0, 1]
iff X is not scattered. B («) Suppose that f: X — [0,1] is a continuous surjection. By (i-i) again, there
is a closed set F C X such that f[F] = [0,1] and f|F is irreducible; by (i-ii) F' has no isolated points.
So X is not scattered. () If X is not scattered, let A C X be a non-empty set with no isolated points.
Then A is a non-empty compact subset of X with no isolated points, so there is a continuous surjection
g: A — {0,1}" ((i) of this subparagraph). Now there is a continuous surjection h : {0, 1} — [0,1] (e.g.,
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set h(y) = 302,27 " ty(n) for y € {0,1}"), so we have a continuous surjection hg : A — [0,1]. By
Tietze’s theorem (4A2F(d-ix)), there is a continuous function fy : X — R extending hg; setting f(z) =
med(0, fo(x),1) for x € X, we have a continuous surjection f: X — [0,1]. Q

(v) A Hausdorff continuous image of a scattered compact Hausdorff space is scattered. (Immediate
from (iv).)

(vi) If X is an uncountable first-countable compact Hausdorff space, it is not scattered. B Let G be
the family of countable open subsets of X, and G* its union. No finite subset of G can cover X, so X \ G*
is non-empty. ? If x is an isolated point of X \ G*, then {x} UG* is a neighbourhood of z; let (U,,)nen run
over a base of open neighbourhoods of x with Uy C {x} UG*. For each n € N, F,, = Uy \ U, is a compact
set included in G*, so is covered by finitely many members of G, and is countable. But this means that
Uo = {2z} UU,enUo \ Uy is countable, and x € G*. X Thus X \ G* is a non-empty set with no isolated
points, and X is not scattered. Q

It follows that there is a continuous surjection from X onto [0, 1], by (iv).

(k) A locally compact Hausdorff space is Cech-complete. (ENGELKING 89, p. 196.)

(1) If X is a topological space, f : X — R is lower semi-continuous, and K C X is compact and not
empty, then there is an z¢ € K such that f(z¢) = inf,cx f(z). (GAAL 64, p. 209 Theorem 3.) Similarly, if
g : X — R is upper semi-continuous, there is an z; € K such that g(z1) = sup,cx 9().

(m) If X is a Hausdorff space, Y is a compact space and FF C X X Y is closed, then its projection
{z : (z,y) € F'} is a closed subset of X. (ENGELKING 89, 3.1.16.)

(n) If X is a locally compact topological space, Y is a topological space and f : X — Y is a continuous
open surjection, then Y is locally compact. (ENGELKING 89, 3.3.15.)

4A2H Lindeldf spaces (a) If X is a topological space, then a subset Y of X is Lindeldf (in its subspace
topology) iff for every family G of open subsets of X covering Y there is a countable subfamily of G still
covering Y.

(b)(i) A regular Lindelof space X is normal (therefore completely regular) and paracompact. (ENGELKING
89, 3.8.11 & 5.1.2.)
(ii) If X is a Lindeldf space and A is a locally finite family of subsets of X then A is countable. P
The family G of open sets meeting only finitely many members of A is an open cover of X. If Gy C G is a
countable cover of X then {A: A € A, A meets some member of Go} = A\ {0} is countable. Q

(c)(i) A topological space X is hereditarily Lindelof iff for any family G of open subsets of X there is a
countable family Gy C G such that (JGy = UG. P (a) If X is hereditarily Lindelof and G is a family of
open subsets of X, then G is an open cover of | JG, so has a countable subcover. (8) If X is not hereditarily
Lindel6f, let Y C X be a non-Lindel6f subspace, and H a cover of Y by relatively open sets which has no
countable subcover; setting G = {G : G C X is open, GNY € H}, there can be no countable Gy C G with
union |JG. Q

(ii) Let X be a regular hereditarily Lindelof space. Then X is perfectly normal. B Let FF C X be
closed. Let G be the family of open sets G C X such that G N F = ); because X is regular, | JG = X \ F;
because X is hereditarily Lindeldf, there is a sequence (G )nen in G such that X \ F' = (J, .y Grn. This
means that F = (), .y X \ G, is a Gs set. But X is normal ((b) above), so is perfectly normal. Q

(d) Any o-compact topological space is Lindelof. (ENGELKING 89, 3.8.5.)

4A2I Stone-Cech compactifications (a) Let X be a completely regular Hausdorff space. Then there
is a compact Hausdorff space 5X, the Stone-Cech compactification of X, in which X can be embedded
as a dense subspace. If Y is another compact Hausdorff space, then every continuous function from X to Y
has a unique continuous extension to a continuous function from 3X to Y. (ENGELKING 89, 3.6.1; CSASZAR
78, 6.4d; CECH 66, 41D.5.)
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(b) Let I be any set, and write I for its Stone-Cech compactification when I is given its discrete
topology. Let Z be the Stone space of the Boolean algebra PI.

(i) There is a canonical homeomorphism ¢ : 3 — Z defined by saying that ¢(i)(a) = xa(i) for every
i €I and a C I. P Recall that Z is the set of ring homomorphisms from PI onto Zs (311E). If ¢ € I, let
i be the corresponding member of Z defined by setting i(a) = ya(i) for every a C I. Then Z is compact
and Hausdorff (3111), and i — 1 : I — Z is continuous, so has a unique extension to a continuous function
¢: B — Z.

If G C Z is open and not empty, it includes a set of the form @ = {0 : 6 € Z, 6(a) = 1} where a C T is
not empty; if 7 is any member of a, 1 € @ C G so G N ¢[BI] # 0. This shows that ¢[81] is dense in Z; as BI
is compact, ¢[SI] is compact, therefore closed, and is equal to Z. Thus ¢ is surjective.

If t, u are distinct points of BI, there is an open subset H of 31 such that ¢t € H and u ¢ H. Set a = HNI.
Then t € @, the closure of a regarded as a subset of BI, so ¢(t) € ¢[a] (3A3Cd). But ¢la] = {i:i € a} Ca,
which is open-and-closed, so ¢(t) € @. Similarly, setting b = I \ H, ¢(u) € 3; since GNb=anbis empty,
@(t) # ¢(u). This shows that ¢ is injective, therefore a homeomorphism between SI and Z (3A3Dd). Q

Note that if z : PI — Zy is a Boolean homomorphism, then {J : z(J) = 1} is an ultrafilter on I; and
conversely, if F is an ultrafilter on I, we have a Boolean homomorphism z : PI — Zs such that F = z=1[{1}].
So we can identify SI with the set of ultrafilters on I. Under this identification, the canonical embedding
of I in B corresponds to matching each member of I with the corresponding principal ultrafilter on I.

(ii) C(BI) is isomorphic, as Banach lattice, to ¢>°(I). I* By 363Ha, we can identify ¢*°(I), as Banach
lattice, with L>°(PI) = C(Z). But (i) tells us that we have a canonical identification between C'(Z) and
C(51). Q

(iii) We have a one-to-one correspondence between filters F on I and non-empty closed sets F' C 51,
got by matching F with (\{a : a € F}, or F with {a:a C I, F C a}, where a C (I is the open-and-closed
set corresponding to a C I. PP The identification of S with Z means that we can regard the map a — @ as
a Boolean isomorphism between PI and the algebra of open-and-closed subsets of 81 (311I). For any filter
Fonl, set HF)={a:a e F}; because {a : a € F} is a downwards-directed family of non-empty closed
sets in the compact Hausdorff space SI, H(F) is a non-empty closed set. If F' C 8 is a non-empty closed
set, then it is elementary to check that H(F) = {a : ' C a} is a filter on I, and evidently H(H(F')) D F.
But if t € SI'\ F, then (because {a : a C I'} is a base for the topology of 5I, see 3111 again) there is an a C I
such that t € @ and FNa =0, that is, F CI\a;s0 I\ a€ H(F)and HH(F)) CI\aandt¢ H(H(F)).
Thus H(H(F)) = F for every non-empty closed set F' C S1.

If 71 and F, are filters on I and a € Fy \ Fa, then {b\a : b € Fo} is a downwards-directed family
of non-empty closed sets in I, so has non-empty intersection; if t € b\ a = /b\\&\ for every b € Fs, then
t € H(F2)\ H(F1). This shows that F — H(F) is injective. It follows that F — H(F), F — H(F) are the
two halves of a bijection, as claimed. Q

(iv) BI is extremally disconnected. (Because PI is Dedekind complete, Z is extremally disconnected
(3149).)

(v) There are no non-trivial convergent sequences in SI. (4A2G(h-iii). Compare ENGELKING 89,
3.6.15.)

4A2J Uniform spaces (See §3A4.) Let (X, W) be a uniform space; give X the induced topology T
(3A4Ab).

(a) W is generated by a family of pseudometrics. (ENGELKING 89, 8.1.10; BOURBAKI 66, IX.1.4;
CSASZAR 78, 4.2.32.) More precisely: if (W, ),en is any sequence in W, there is a pseudometric p on X such
that (a) {(z,y) : p(x,y) < €} € W for every € > 0 (8) whenever n € N and p(x,y) < 27" then (z,y) € W,
(ENGELKING 89, 8.1.10).

It follows that T is completely regular, therefore regular (3A3Be). ¥ is defined by the bounded uniformly
continuous real-valued functions on X, in the sense that it is the coarsest topology & on X such that these
are all continuous. P Let P be the family of pseudometrics compatible with W in the sense of () just
above. If x € G € T, there is a p € P such that {y : p(x,y) < 1} C G; setting f(y) = p(z,y), we see that
f is uniformly continuous, therefore &-continuous, and that x € intg G. As x is arbitrary, G € &; as G is
arbitrary, ¥ C &; but of course & C ¥ just because uniformly continuous functions are continuous. Q
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(b) If W is countably generated and ¥ is Hausdorff, there is a metric p on X defining W and ¥.
(ENGELKING 89, 8.1.21.)

(c) IfW € Wand x € X then z € int W[{z}]. (ENGELKING 89, 8.1.3.) If A C X then A = (;;,¢,,, WIA].
(ENGELKING 89, 8.1.4.)

(d) Any subset of a totally bounded set in X is totally bounded. (ENGELKING 89, 8.3.2; CSASZAR 78,
3.2.70.) The closure of a totally bounded set is totally bounded. T If A is totally bounded and W € W,
take W' € W such that W/ oW’ C W. Then there is a finite set I C X such that A C W'[I]. In this case

AC WA C W [W'[I]] = (W eW')[I] € W[I]
by (b). As W is arbitrary, A is totally bounded. @

(e) A subset of X is compact iff it is complete (definition: 3A4F) (for its subspace uniformity) and totally
bounded. (ENGELKING 89, 8.3.16; CECH 66, 41A.8; CSASzAR 78, 5.2.22; GAAL 64, pp. 278-279.) So if X
is complete, every closed totally bounded subset of X is compact, and the totally bounded sets are just the
relatively compact sets. (A closed subspace of a complete space is complete.)

() If f: X — R is a continuous function with compact support, it is uniformly continuous. P Set
K = {z: f(z) # 0}. Let € > 0. For each z € X, there is a W, € W such that |f(y) — f(z)| < € whenever
y € Wy [{z}]. Let W, € W be such that W, W, C W,. Set G, = int W_[{z}]; then = € G,, by (b). Because
K is compact, there is a finite set I C K such that K C |J,; G, Set W = (X x X)N[,; W, € W. Take
any (y,2) € WN WL If neither y nor z belongs to K, then of course |f(y) — f(2)| <e. Ifye K,let x € I
be such that y € G;. Then

y e Wol{z}] CWol{z}], 2z e WIWi[{z}]] € Wi W [{x}]] € Wa[{z}],

1f () = F < 1fy) = F@)[ +[f(2) = f@)] < e

The same idea works if z € K. So |f(y) — f(2)| < e for all y, z € WNW~1; as € is arbitrary, f is uniformly
continuous. Q

(g)(i) If (Y, S) is a completely regular space, there is a uniformity on Y which induces &. (ENGELKING
89, 8.1.20.)

(ii) If (Y, 6) is a compact completely regular topological space, there is exactly one uniformity on Y
which induces &; it is defined by the set of all those pseudometrics on Y which are continuous as functions
from Y x Y to R. (ENGELKING 89, 8.3.13; GAAL 64, p. 304.)

(iii) If (Y, &) is a compact completely regular space and V is the uniformity on ¥ inducing &, then any
continuous function from Y to X is uniformly continuous. (GAAL 64, p. 305 Theorem 8.)

(h) The set U of uniformly continuous real-valued functions on X is a Riesz subspace of R¥ containing
the constant functions. If a sequence in U converges uniformly, the limit function again belongs to U.
(CsAsSzAR 78, 3.2.64; GAAL 64, p. 237 Lemma 4.)

(i) Let (Y,V) be another uniform space. If F is a Cauchy filter on X and f : X — Y is a uniformly
continuous function, then f[[F]] is a Cauchy filter on Y. (CsAszARr 78, 5.1.2.)

4A2K First-countable, sequential and countably tight spaces (a) Let X be a countably tight
topological space. If (F¢)e<c is a non-decreasing family of closed subsets of X indexed by an ordinal ¢, then
E = U§<< F¢ is an F, set, and is closed unless cf( = w. I If ¢f( = 0, that is, ( =0, then E = () is closed.
If cf( = 1, that is, ¢ = & + 1 for some ordinal {, then F = F¢ is closed. If cf( = w, there is a sequence
(§n)nen in ¢ with supremum ¢, so that E = {J, oy Fe, is Fo. If ¢f( > w, take 2 € E. Then there is a
sequence (Zp)nen in E such that z € {z, : n € N}. For each n there is a &, < ¢ such that z,, € F,, and
now & = sup,,cnén < ¢ and z € F¢ = F¢ C E. As z is arbitrary, E is closed. Q
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(b) If X is countably tight, any subspace of X is countably tight, just because if A CY C X then the
closure of A in Y is the intersection of Y with the closure of A in X. If X is compact and countably tight,
then any Hausdorff continuous image of X is countably tight. I Let f : X — Y be a continuous surjection,
where Y is Hausdorff, B a subset of Y and y € B. Set A = f~![B]. Then A is compact, so f[A] is compact,

therefore closed; because f is surjective, y € f[A] C f [A], and there is an x € A such that f(z) = y. Now
there is a countable set Ag C A such that z € Ag, in which case

y = f(z) € flAo] € flAd],
while f[Ap] is a countable subset of B. Q

(c) If X is a sequential space, it is countably tight. P Suppose that A C X and z € A. Set B = J{C':
C C A is countable}. If (y,)nen is a sequence in B converging to y € X, then for each n € N we can
find a countable set C,, C A such that v, € C,, and now C = Unen Cn is a countable subset of A such
that y € C C B. So B is sequentially closed, therefore closed, and z € B. As A and x are arbitrary, X is
countably tight. Q

(d) If X is a sequential space, Y is a topological space and f : X — Y is sequentially continuous, then f
is continuous. (ENGELKING 89, 1.6.15.)

(e) First-countable spaces are sequential. (ENGELKING 89, 1.6.14.)

(f) Let X be a locally compact Hausdorff space in which every singleton set is Gs. Then X is first-
countable. P If {x} =, .y G, Where each G, is open, then for each n € N we can find a compact set F),
such that = € int F,, C G,,. By 4A2Gd, {(,<,, Fi : n € N} is a base of neighbourhoods of z. Q

4A2L (Pseudo-)metrizable spaces ‘Pseudometrizable’ spaces, as such, hardly appear in this volume,
for the usual reasons; they surface briefly in §463. It is perhaps worth noting, however, that all the ideas,
and very nearly all the results, in this paragraph apply equally well to pseudometrics and pseudometrizable
topologies. If X is a set and p is a pseudometric on X, set U(z,d) = {y: p(x,y) <} for x € X and § > 0.

(a) Any subspace of a (pseudo-)metrizable space is (pseudo-)metrizable (2A3J). A topological space is
metrizable iff it is pseudometrizable and Hausdorff (2A3L).

(b) Metrizable spaces are paracompact (ENGELKING 89, 5.1.3; CsAszAR 78, 8.3.16; CEcH 66, 30C.2;
GAAL 64, p. 155), therefore hereditarily metacompact ((a) above and 4A2F (g-i)).

(c) A metrizable space is perfectly normal (ENGELKING 89, 4.1.13; CSASZAR 78, 8.4.5.), so every closed
set is a zero set and every open set is a cozero set (in particular, is F,).

(d) If X is a pseudometrizable space, it is first-countable. (If p is a pseudometric defining the topology
of X, and z is any point of X, then {{y : p(y,z) < 27"} : n € N} is a base of neighbourhoods of x.) So X
is sequential and countably tight (4A2Ke, 4A2Kc), and if Y is another topological space and f: X — Y is
sequentially continuous, then f is continuous (4A2Kd).

(e) Relative compactness Let X be a pseudometrizable space and A a subset of X. Then the following
are equiveridical: (a) A is relatively compact; (8) A is relatively countably compact; () every sequence in
A has a subsequence with a limit in X. P Fix a pseudometric p defining the topology of X. (a)=-(8) by
4A2G(f-iii). If (@, )nen is a sequence in A with a cluster point 2 € X, then we can choose (n;);cn inductively
such that p(x,,,z) < 27% and n;41 > n; for every i; now (., Yieny — ; it follows that (3)=(7). Now assume
that () is false. Then there is an ultrafilter 7 on X containing A which has no limit in X (3A3Be, 3A3De).
If F is a Cauchy filter, choose F;, € F such that p(x,y) < 27" whenever z, y € F},, and z,, € AN(),.,, Fi
for each n; then it is easy to see that (z,)nen is a sequence in A with no convergent subsequence. If Fis
not a Cauchy filter, let € > 0 be such that there is no F' € F such that p(x,y) < € for every x, y € F. Then
X\ U(z, 1e) € F for every x € X, so we can choose (z,,)nen inductively such that z,, € A\ U,_, U(z;, 3¢)
for every n € N, and again we have a sequence (x,)nen in A with no convergent subsequence in X. Thus
not-(a)= not-(vy) and the proof is complete. Q
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(f) Compactness If X is a pseudometrizable space, it is compact iff it is countably compact iff it is
sequentially compact. ((e) above, using 4A2G(f-i). Compare ENGELKING 89, 4.1.17, and CSASZAR T8,
5.3.33 & 5.3.47.)

(g)(i) If (X, p) is a metric space, its topology has a base which is o-metrically-discrete. B Enumerate X as
(xe)e<r where £ is a cardinal. Let ((gn,q),))nen be a sequence running over {(¢,¢') : ¢, ¢ € Q,0< ¢ < ¢’}
in such a way that ¢, — ¢, > 27" for every n € N. For n € N, £ < k set Gpe = {z : p(z,z¢) <
qn, inf e p(z,2,) > ¢),} (interpreting inf ) as c0). Then U = (Gre)e<r nen is a o-metrically-discrete family
of open sets. If G C X is open and z € G, let € > 0 be such that U(x,2¢) C G. Let £ < k be minimal such
that p(z,z¢) < €, and let n € N be such that p(z,z¢) < g, < ¢, < €; then x € Gpe C G. As z and G are
arbitrary, U is a base for the topology of X. Q

(ii) Consequently, any metrizable space has a o-disjoint base. (Compare ENGELKING 89, 4.4.3;
CsAszAR 78, 8.4.5; KURATOWSKI 66, §21.XVIL.)

(h) The product of a countable family of metrizable spaces is metrizable. (ENGELKING 89, 4.2.2; CSASZAR
78, 7.3.27.)

(i) Let X be a metrizable space and k > w a cardinal. Then w(X) < k iff X has a dense subset with
cardinal at most k. (ENGELKING 89, 4.1.15.)

(J) If (X, p) is any metric space, then the balls B(x,0) = {y : p(y,z) < §} are all closed sets (cf. 1A2G).
In particular, in a normed space (X, || ||), the balls B(z,d) = {y : ||y — z|| < §} are closed.

4A2M Complete metric spaces (a) Baire’s theorem for complete metric spaces Every complete
metric space is a Baire space. (ENGELKING 89, 4.3.36 & 3.9.4; KECHRIS 95, 8.4; CSASZAR 78, 9.2.1 & 9.2.8;
GAAL 64, p. 287.) So a non-empty complete metric space is not meager (cf. 3A3Ha).

(b) Let ((X;, p:))icr be a countable family of complete metric spaces. Then there is a complete metric on
X = [];c; Xi which defines the product topology on X. (ENGELKING 89, 4.3.12; KURATOWSKI 66, §33.111.)

(c) Let (X, p) be a complete metric space, and E C X a Gs set. Then there is a complete metric on E
which defines the subspace topology of E. (ENGELKING 89, 4.3.23; KURATOWSKI 66, §33.VI; KECHRIS 95,
3.11.)

(d) Let (X, p) be a complete metric space. Then it is Cech-complete. (ENGELKING 89, 4.3.26.)

(e) A non-empty complete metric space without isolated points is uncountable. (If z is not isolated, {x}
is nowhere dense.)

4A2N Countable networks: Proposition (a) If X is a topological space with a countable network,
any subspace of X has a countable network.

(b) Let X be a space with a countable network. Then X is hereditarily Lindeldf. If it is regular, it is
perfectly normal.

(c) If X is a topological space, and (A, ),en is a sequence of subsets of X each of which has a countable
network (for its subspace topology), then A = J, .y An has a countable network.

(d) A continuous image of a space with a countable network has a countable network.

(e) Let (X;);cr be a countable family of topological spaces with countable networks, with product X.
Then X has a countable network.

(f) If X is a Hausdorff space with a countable network, there is a countable family G of open sets such
that whenever z, y are distinct points in X there are disjoint G, H € G such that z € G and y € H.

(g) If X is a regular topological space with a countable network, it has a countable network consisting of
closed sets.

(h) A compact Hausdorff space with a countable network is second-countable.

(i) If a topological space X has a countable network, then any dense set in X includes a countable dense
set; in particular, X is separable.
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(j) If a topological space X has a countable network, then C'(X), with the topology of pointwise conver-
gence inherited from the product topology of R¥, has a countable network.

proof (a) If £ is a countable network for the topology of X, and ¥ C X, then {YNE : E € £} is a
countable network for the topology of Y.

(b) By ENGELKING 89, 3.8.12 X is Lindelof. Since any subspace of X has a countable network ((a)
above), it also is Lindelof, and X is hereditarily Lindelof. By 4A2H(c-ii), if X is regular, it is perfectly
normal.

(c) If &, is a countable network for the topology of A,, for each n, then &n is a countable network

for the topology of A.

neN

(d) Let X be a topological space with a countable network £, and Y a continuous image of X. Let
f + X — Y be a continuous surjection. Then {f[E] : E € £} is a network for the topology of V. P If
H CY is open and y € H, then f~![H] is an open subset of X and there is an x € X such that f(x) = y.
Now there must be an E € € such that x € E C f~1[H], so that y € f[E] C H. Q But {f[E]: E € £} is
countable, so Y has a countable network.

(e) For each i € I let &; be a countable network for the topology of X;. For each finite J C I, let C; be
the family of sets expressible as Hiel E; where E; € & for each i € J and E; = X, for i € I\ J; then Cj is
countable because &; is countable for each ¢ € J. Because the family [I]<% of finite subsets of I is countable
(3A1Cd), & = U{Cy : J € [I]<¥} is countable. But & is a network for the topology of X. P If G C X is
open and x € G, then there is a family (G;);cs such that every G; C X; is open, J = {i : G; # X, } is finite,
and x € [[,.; G;. For i € J, there is an E; € &; such that z(i) € E; C G;; set E; = X; for i € I\ J. Then

E:HielEiECJgg

icl

andzx € ECG. Q
So £ is a countable network for the topology of X.

(f) By (b) and (e), X x X is hereditarily Lindeldf. In particular, W = {(z,y) : © # y} is Lindeldf. Set
V={GxH:G, HCX areopen, GNH = (}.
Because X is Hausdorff, V is a cover of W. So there is a countable Vy C V covering W. Set
G={G:GxHeV}U{H:GxHeW}
Then G is a countable family of open sets separating the points of X.

(g) Let £ be a countable network for the topology of X. Set & = {E : E € £}. If G C X is open and
x € G, then (because the topology is regular) there is an open set H such that z € H C H C G. Now there
is an F € & such that x € E C H, in which case E € & and z € E C G. So &’ is a countable network for
X consisting of closed sets.

(h) ENGELKING 89, 3.1.19.

(i) Let D C X be dense, and £ a countable network for the topology of X. Let D’ C D be a countable
set such that D' N E # () whenever E € £ and DN E # (. If G C X is open and not empty, there is an
x € DN G; now there is an F € £ such that t € E C G, and as x € D N E there must be an 2’ € D' N E,
so that 2’ € D' NG. As G is arbitrary, D’ is dense in X.

Taking D = X, we see that X has a countable dense subset.

(j) Let &€ be a countable network for the topology of X and U a countable base for the topology of R
(4A2Ua). For E € £ and U € U set H(E,U) = {f : f € C(X), E C f'[U]}. Then the set of finite
intersections of sets of the form H(E,U) is a countable network for the topology of pointwise convergence
on C(X). (Compare 4A20Q0e.)

4A20 Second-countable spaces (a) Let (X,T) be a topological space and U a countable subbase for
%. Then ¥ is second-countable. ({X}U{UyNUiN...NU, :Uy,...,U, €U} is countable and is a base
for ¥, by 4A2B(a-1).)
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(b) Any base of a second-countable space includes a countable base. (CSASZAR 78, 2.4.17.)

(c) A second-countable space has a countable network (because a base is also a network), so is separable
and hereditarily Lindel6f (ENGELKING 89, 1.3.8 & 3.8.1, 4A2Nb, 4A2Ni).

(d) The product of a countable family of second-countable spaces is second-countable. (ENGELKING 89,
2.3.14.)

(e) If X is a second-countable space then C'(X), with the topology of uniform convergence on compact
sets, has a countable network. P (See ENGELKING 89, Ex. 3.4H.) Let U be a countable base for the topology
of X and V a countable base for the topology of R (4A2Ua). ForU e U,V € Vset H{U,V) ={f: f € C(X),
U C f~1[V]}. Then the set of finite intersections of sets of the form H (U, V) is a countable network for the
topology of uniform convergence on compact subsets of X. Q

4A2P Separable metrizable spaces (a)(i) A metrizable space is second-countable iff it is separable.

(ENGELKING 89, 4.1.16; CsAszAR 78, 2.4.16; GAAL 64 p. 120.)

(ii) A compact metrizable space is separable (ENGELKING 89, 4.1.18; CSASzAR 78, 5.3.35; KURA-
TOWSKI 66, §21.IX), so is second-countable and has a countable network.

(iii) Any base of a separable metrizable space includes a countable base (4A20b), which is also a
countable network, so the space is hereditarily Lindelof (4A2NDb).

(iv) Any subspace of a separable metrizable space is separable and metrizable (4A2La, 4A2Na, 4A2Ni).

(v) A countable product of separable metrizable spaces is separable and metrizable (4A2B(e-ii), 4A2Lh).

(b) A topological space is separable and metrizable iff it is second-countable, regular and Hausdorff.
(ENGELKING 89, 4.2.9; CsASzAR 78, 7.1.57; KURATOWSKI 66, §22.11.)

(c) A Hausdorff continuous image of a compact metrizable space is metrizable. (It is a compact Hausdorff
space, by 2A3N(b-ii), with a countable network, by 4A2Nd, so is metrizable, by 4A2Nh.)

(d) A metrizable space is separable iff it is ccc iff it is Lindel6f. (ENGELKING 89, 4.1.16.)

(e) If X is a compact metrizable space, then C'(X) is separable under its usual norm topology defined
from the norm || ||oc. (4A20e, or ENGELKING 89, 3.4.16.)

4A2Q Polish spaces: Proposition (a) A countable discrete space is Polish.

(b) A compact metrizable space is Polish.

(¢) The product of a countable family of Polish spaces is Polish.

(d) A Gs subset of a Polish space is Polish in its subspace topology; in particular, a set which is either
open or closed is Polish.

(e) The disjoint union of countably many Polish spaces is Polish.

(f) If X is any set and (T,,)nen is a sequence of Polish topologies on X such that ¥, NT,, is Hausdorff
for all m, n € N, then the topology T, generated by (J,,cy Tn is Polish.

(g) If X is a Polish space, it is homeomorphic to a G4 set in a compact metrizable space.

(h) If X is a locally compact Hausdorff space, it is Polish iff it has a countable network iff it is metrizable
and o-compact.

proof (a) Any set X is complete under the discrete metric p defined by setting p(z,y) = 1 whenever z,
y € X are distinct. This defines the discrete topology, and if X is countable it is separable, therefore Polish.

(b) By 4A2P(a-ii), it is separable; by 4A2Je, any metric defining the topology is complete.

(c) If (X;)ier is a countable family of Polish spaces with product X, then surely X is separable (4A2B(e-
ii)); and 4A2Mb tells us that its topology is defined by a complete metric.

(d) If X is Polish and F is a Gj set in X, then E is separable, by 4A2P(a-iv), and its topology is defined
by a complete metric, by 4A2Mc. So E is Polish. Any open set is of course a Gy set, and any closed set is
a Gy set by 4A2Lc.
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(e) Let (Xi)icr be a countable disjoint family of Polish spaces, and X = J;c; X;. For each i € I
let p; be a complete metric on X; defining the topology of X;. Define p : X x X — [0,00] by setting
p(z,y) = min(l, p;(z,y)) if ¢ € I and z, y € X;, p(z,y) = 1 otherwise. It is easy to check that p is a
complete metric on X defining the disjoint union topology on X. X is separable, by 4A2B(e-i), therefore
Polish.

(f) This result is in KECHRIS 95, 13.3; but I spell out the proof because it is an essential element of some
measure-theoretic arguments. On X" take the product topology ¥ of the topologies T,. This is Polish, by
(c). Consider the diagonal A = {z : z € XV, z(m) = z(n) for all m, n € N}. This is closed in X". P If
r € XN\ A, let m, n € N be such that z(m) # x(n). Because T,, N T,, is Hausdorff, there are disjoint G,
H € %,,N T, such that x(m) € G and x(n) € H. Now {y:y € X", y(m) € G, y(n) € H} is an open set in
XN containing = and disjoint from A. As z is arbitrary, A is closed. Q

By (d), A, with its subspace topology, is a Polish space. Let f : X — A be the natural bijection, setting
f(t) =z if z(n) =t for every n, and let & be the topology on X which makes f a homeomorphism. The
topology on A is generated by {{z : z € A, z(n) e G} :n e N, G € T,,}, so & is generated by {{t: ¢t € X,
teGt:neN,Ge%T,}=U,cnTn. Thus & = T and T, is Polish.

(g) KECHRIS 95, 4.14.

(h) If X is Polish, then it is separable, therefore Lindelof (4A2P(a-iii)). Since the family G of relatively
compact open subsets of X covers X, there is a countable Gy C G covering X, and {G : G € Gy} witnesses
that X is o-compact. Also, of course, X is metrizable.

If X is metrizable and o-compact, let (K, )nen be a sequence of compact sets covering X; each K, has
a countable network (4A2P(a-ii)), so X = |J, oy Kn has a countable network (4A2Nc).

If X has a countable network, let Z = X U{oo} be its one-point compactification (3A30). This is compact
and Hausdorff and has a countable network, by 4A2Nc again, so is second-countable (4A2Nh) and metrizable
(4A2Pb) and Polish ((b) above). So X also, being an open set in Z, is Polish ((d) above).

neN

4A2R Order topologies Let (X, <) be a totally ordered set and ¥ its order topology.

(a) The set U of open intervals in X (definition: 4A2A) is a base for ¥.

(b) [z,y], [z, 00[ and |—o0, x] are closed sets for all z, y € X.

(¢) ¥ is Hausdorff, normal and countably paracompact.

(d) If A C X then A is the set of elements of X expressible as either suprema or infima of non-empty
subsets of A.

(e) A subset of X is closed iff it is order-closed.

(f) If (zn)nen is a non-decreasing sequence in X with supremum =z, then z = lim,, o0 Ty,

(g) A set K C X is compact iff sup A and inf A are defined in X and belong to K for every non-empty
ACK.

(h) X is Dedekind complete iff [z, y] is compact for all z, y € X.

(i) X is compact iff it is either empty or Dedekind complete with greatest and least elements.

(j) Any open set G C X is expressible as a union of disjoint open order-convex sets; if X is Dedekind
complete, these will be open intervals.

(k) If X is well-ordered it is locally compact.

(D) In X x X, {(z,y) : <y} is open and {(z,y) : ¢ < y} is closed.

(m) If FF C X and either F' is order-convex or F' is compact or X is Dedekind complete and F' is closed,
then the subspace topology on F' is induced by the inherited order of F.

(n) If X is ccc it is hereditarily Lindelof, therefore perfectly normal.

(o) If Y is another totally ordered set with its order topology, an order-preserving function from X to YV’
is continuous iff it is order-continuous.

proof (a) Put the definition of ‘order topology’ (4A2A) together with 4A2B(a-i).
(b) Their complements are either X, or members of I, or unions of two members of U.
(c) Fix a well-ordering < of X.
(i) If 2 < y € X, define Uy, Uy, as follows: if |z, y[ is empty, Uyy = ]—o00,2] = |—o0,y[ and

Uys = [y, 0] = |z, 0o[; otherwise, let z be the <-least member of |z, y[ and set Uy = |—00, 2[, Uys = |z, o0[.
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This construction ensures that if x, y are any distinct points of X, U,, and Uy, are disjoint open sets
containing x, y respectively, so ¥ is Hausdorff.

(if) Now suppose that I C X is closed and that € X \ F.. Then Vyp = int(X N(,cp Usy) contains
x. PP There are u, v € X U{—00,00} such that z € Ju,v[ C X\ F. If Ju,z[ = 0, set v’ = u; otherwise, let v’
be the x-least member of |u, z[. Similarly, if |x,v[ = 0, set v/ = v; otherwise, let v’ be the <-least member of
Jz,v][. Then v’ <z <v’. Now suppose that y € F and y > z. If |z,v] = 0, then U, D |—00, 2] = |—o0, v'[.
Otherwise, v' € Jz,v[ C |z,y[, so Uyy = |—00, z[ where z is the <-least member of ]z, y[. But this means
that z < v’ and either z = v’ or z ¢ ]z, v[; in either case, v’ < z and |—00, V[ C Uyy.
Similarly, |u’, 00[ C Uy, whenever y € F and y < z. So z € |u/,v'[C Vor. Q

(iii) Let £ and F be disjoint closed sets. Set G = ,cp Vor, H =U,cp Vyr. Then G and H are open
sets including E, F' respectively. If x € E and y € F, then V,p NVyg C Uyy NUy, =0, 50 GNH = 0. As
E and F are arbitrary, ¥ is normal.

(iv) Let (F,,)nen be a non-increasing sequence of closed sets with empty intersection. Let Z be the
family of open intervals I C X such that I N F,, = () for some n. Because the F,, are closed and have empty
intersection, Z covers X. If I, I' € T are not disjoint, I UI" € Z; so we have an equivalence relation ~ on X
defined by saying that o ~ y if there is some I € Z containing both x and y. The corresponding equivalence
classes are open and therefore closed, and are order-convex. Let G be the set of equivalence classes for ~.

For each G € G, fix xg € G. Set Gt = G N [zg,c[. Then we have a non-decreasing sequence (G,}),en
of closed sets, with union G, such that G;} N F,, = 0 for each n. P If there is some m € N such that
GtNE,=0,set GFr =0ifGTNF, #0, GT if GTNF,, = 0. Otherwise, given z € G* and n € N, there is
some m such that [z, ] does not meet F,, and an 2’ € G N Fiyax(m,n), 50 that 2’ € F,, and 2’ > 2. We
can therefore choose a strictly increasing sequence (z)ren such that zo = z¢ and z,1 € GT N Fy, for each
k. If x is any upper bound of {x, : k € N} then z ¢ 2¢, so G* = ,enl2za, 2x]. Now, for each n, there is
a least k(n) such that [zq, Tr] N Fn # 0; set GF = 0 if k(n) =0, [zg, Tgm—1)] otherwise. As F, 11 C F,
k(n+1) > k(n) for each n. Since each [xq, x| is disjoint from some F),, and therefore from all but finitely
many Fy,, lim, o k(n) = oo and GT =,y G- Q

Similarly, G~ = G N]—o0, z¢] can be expressed as the union of a non-decreasing sequence (G, )nen of
closed sets such that G, N F,, = for every n. Now set F,, = gcg GF UG, for each n. Because every G;f
and G, is closed, and every G is open-and-closed, F is closed. So (F/),en is a non-decreasing sequence of
closed sets with union X, and F}, is disjoint from F,, for each n. Accordingly (X \ F),en is a non-increasing
sequence of open sets with empty intersection enveloping the F,,. As (F,),en is arbitrary, ¥ is countably
paracompact (4A2Ff).

(d) Let B be the set of such suprema and infima. For z € X set A, = AN]—o0,z], A, = AN [x,o0[.
Then x € B iff either © = sup A, or = inf A/, so

r¢ B < x#supA, and z # inf A,
<= there are u < z, v > z such that A, C|—oo,u] and A’ C [v, 00|

<= there are u, v such that z € Ju, o[ C X \ A
— x¢ A

Thus B = A, as claimed.

(e) Because X is totally ordered, all its subsets are both upwards-directed and downwards-directed; so
we have only to join the definition in 313Da to (d) above.

(f) If z € Ju,v[ then there is some n € N such that z,, > u, and now z; € Ju,v[ for every i > n.

(g) (i) If K is compact and A C K is non-empty, let B be the set of upper bounds for A in X U{—oc0, 00},
and set G = {]—o00,a][ : a € A} U{]b,o0[ : b € B}. Then no finite subfamily of G can cover K; and if
c€ K\ |JG then ¢ = sup A. Similarly, any non-empty subset of K has an infimum in X which belongs to
K.
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(ii) Now suppose that K satisfies the condition. By (d) above, it is closed. If it is empty it is certainly
compact. Otherwise, ag = inf K and by = sup K are defined in X and belong to K. Let G be an open cover
of K. Set

A={z:2z € X, KNJag,x] is not covered by any finite Gy C G}.

Note that A is bounded below by ag. ? If by € A, then ¢ = inf A is defined and belongs to [ag, by], because
X is Dedekind complete. If ¢ ¢ K then there are u, v such that ¢ € Ju,v] C X \ K; if ¢ € K then there are
u, v such that ¢ € Ju,v[ C G for some G € G. In either case, u ¢ A, so that K N [ag,v][ C (K N[ag,u])U]u,v]
is covered by a finite subset of G, and A does not meet [ag, v[, that is, A C [v, 00[ and v is a lower bound of
A. X Thus by ¢ A, and K = K NJag, by] is covered by a finite subset of G. As G is arbitrary, K is compact.

(h) Use (g).
(i) Use (h).

(j) (Compare 2A21.) For z, y € G write & ~ y if either z < y and [z,y] C G or y < x and [y,z] C G.
It is easy to check that ~ is an equivalence relation on G. Let C be the set of equivalence classes under ~.
Then C is a partition of G into order-convex sets. Now every C' € C is open. PP If x € C € C then there
are u, v € X U{—00,00} such that z € Ju,v[ C G; now Ju,v] C C. Q So we have our partition of G into
disjoint open order-convex sets.

If X is Dedekind complete, then every member of C is an open interval. B* Take C € C. Set

A={u:ue XU{-o0}, u <z for every x € C},
B={v:veXU{oo}, z <wv for every x € C},

a=sup A, b=infB;

these are defined because X is Dedekind complete. If a < x < b, there are y, z € C such that y < z < z,
so that [y,z] C [y,2] C G and y ~ = and z € C; thus Ja,b] C C. If z € C, there is an open interval Ju, v]
containing = and included in G; now Ju,v[C C,s0a <u <z <v <band z € Ja,b[. Thus C = ]a,b[ is an
open interval. Q

(k) Use (h).

(1) Write W for {(z,y) : ® < y}. If x < y, then either there is a z such that z < z < y, in which case
|—00, z[ X |z, 00[ is an open set containing (z,y) and included in W, or |z, y[ = 0, so |—o0,y[ X |z, 00 is an
open set containing (x,y) and included in W. Thus W is open.

Now {(z,y) :x <y} = (X x X))\ {(z,y) : y < a} is closed.

(m) The subspace topology T on F is generated by sets of the form F'N]—oo, z[, FN]x,co] where z € X
(4A2B(a-vi)), while the order topology & on F is generated by sets of the form F N]—oo,z[, F N ]z, 00|
where x € F'. So © C %p.

Now suppose that one of the three conditions is satisfied, and that € X. If x € F, or F'N]—o00, [ is
either F' or (), then of course F N]—oo,z[ € &. Otherwise, F meets both |—oco, z[ and [z, o0[ and does not
contain z, so is not order-convex. In this case ' = inf(F N [z, 00]) is defined and belongs to F. P If F is
compact, this is covered by (g). If X is Dedekind complete and F is closed, then x’ is defined, and belongs
to F by (e). Q Now FN]—oo,z[=FN]—o0,2'[ € &.

Similarly, F'N ]z, o00[ € & for every € X. But this means that Tp C &, so the two topologies are equal,
as stated.

(n)(i) Let G be a family of open subsets of X with union H. Set
A={A:AC|JGp for some countable Gy C G}.
(I seek to show that H € A.) Of course | J.Ag € A for every countable subset Ay of A.

(ii) Let C be the family of order-convex members of A, and C* the family of maximal members of C. If
C € C is not included in any member of C*, then there is a C’ € C such that C C C” and int(C’'\ C) # 0. P
Since no member of C including C' can be maximal, we can find C’ € C such that C C C’ and #(C'\ C) > 5.
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Because C is order-convex, every point of X \ C is either a lower bound or an upper bound of C, and there
must be three points z < y < z of C’\ C on the same side of C. In this case,

y € |z, z[ Cint(C'\ C),
so we have an appropriate C'. Q

(iii) In fact, every member of C is included in a member of C*. P? Suppose, if possible, otherwise.
Then we can choose a strictly increasing family (C¢)e<w, in C inductively, as follows. Start from any non-
empty Cy € C not included in any member of C*. Given that Cy € C¢ € C, then C¢ cannot be included
in any member of C*, so by (8) above there is a Ceqq € C such that int(Ceqq \ C¢) is non-empty. Given
(Cy)n<e where £ < wy is a non-zero countable limit ordinal, set C¢ = U77 <¢ Cp; then Cg is order-convex,
because {C), : 1 < £} is upwards-directed, and belongs to A, because A is closed under countable unions, so
C¢ € C and the induction proceeds.

Now, however, (int(Cey1 \ C¢))e<w, is an uncountable disjoint family of non-empty open sets, and X is
not ccc. XQ

(iv) Since CUC" is order-convex whenever C, C' € C and CNC’ # (), C* is a disjoint family. Moreover,
if € H, there is some open interval containing x and belonging to C, so x € int C' for some C' € C*; this
shows that C* is an open cover of H. Because X is ccc, C* is countable, so H = |JC* € A. Thus there is
some countable Gy C G with union H; as G is arbitrary, X is hereditarily Lindelof, by 4A2H(c-i).

(v) By 4A2H(c-ii), X is perfectly normal.

(0)(i) Suppose that f is continuous. If A C X is a non-empty set with supremum x in X, then z € A, by
(d), so f(x) € f[A] (3A3Cc) and f(x) is less than or equal to any upper bound of f[A]; but f(z) is an upper
bound of f[A], because f is order-preserving, so f(x) = sup f[A]. Similarly, f(inf A) = inf f[A] whenever A
is non-empty and has an infimum, so f is order-continuous.

(ii) Now suppose that f is order-continuous. Take any y € Y and consider A = f~1[]—c0,y[],
B =X\ A. If z € A then f(x) cannot be inf f[B] so z cannot be inf B and there is an 2’ € X such that
x < 2’ < z for every z € B; in which case x € |—00,2'[ C A. So A is open. Similarly, f~![]y, oo[] is open.
By 4A2B(a-ii), f is continuous.

4A2S Order topologies on ordinals (a) Let ¢ be an ordinal with its order topology.
(i) ¢ is locally compact (4A2Rk); all the sets [0,1] = |—oo0,n+ 1], for n < ¢, are open and compact
(4A2Rh). If ¢ is a successor ordinal, it is compact, being of the form [0, n] where ¢ =n + 1.
(ii) For any A C ¢, A= {supB: () # B C A, sup B < (}. (4A2Rd, because inf B € B C A for every
non-empty B C A.)
(iii) If € < ¢, then the subspace topology on £ induced by the order topology of ¢ is the order topology
of £&. (4A2Rm.)

(b) Give wy its order topology.

(i) wy is first-countable. PP If £ < w is either zero or a successor ordinal, then {{} is open so {{{}} is a
base of neighbourhoods of €. If £ is a non-zero limit ordinal, there is a sequence (£, )nen in € with supremum
¢, and {]¢,,, €] : n € N} is a base of neighbourhoods of £. Q

(ii) Singleton subsets of w; are zero sets. (Assemble 4A2F(d-v), 4A2Rc and (i) above.)

(iii) If f : w3 — R is continuous, there is a £ < w; such that f(n) = f(§) for every n > . P?
Otherwise, we may define a strictly increasing family ((¢)e<w, in wi by saying that (o =0,

Cepr = min{n :n > (e, f(n) # f(C)}

for every £ < wy,
Ce = sup{¢, :n <&}

for non-zero countable limit ordinals £. Now

wi = Upen{€: [f(Cer1) — F(C)l = 2773,
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so there is a k € N such that A = {& : |f(Ces1) — f(Ce)| > 27} is infinite. Take a strictly increasing sequence

(€n)nen in A and set £ = sup,,en &n = sSup,en(&n +1). Then ((¢, )nen and ((¢, +1)nen are strictly increasing
sequences with supremum (¢, so both converge to (¢ in the order topology of w; (4A2Rf), and

f(C&) = limy, o0 f(CEn) = limy 00 f(gin-kl)'
But this means that

limy, 00 f(Ce,) = f(Centr) =0,
which is impossible, because |f((e,) — f((e,+1)| > 27 for every n. XQ

4A2T Topologies on spaces of subsets In §§446, 476 and 479 it will be useful to be able to discuss
topologies on spaces of closed sets. In fact everything we really need can be expressed in terms of Fell
topologies ((a-ii) here), but it may help if T put these in the context of two other constructions, Vietoris
topologies and Hausdorff metrics (see (a) and (g) below), which may be more familiar to some readers. Let
X be a topological space, and C = Cx the family of closed subsets of X.

(a)(i) The Vietoris topology on C is the topology generated by sets of the forms
{F:FeC, FNG#0}, {F:FeC FCG}

where G C X is open.
(ii) The Fell topology on C is the topology generated by sets of the forms

{F:FeC, FNG#0}, {F:FeC,FNK=0}

where G C X is open and K C X is compact. If X is Hausdorff then the Fell topology is coarser than the
Vietoris topology. If X is compact and Hausdorff the two topologies agree.

(iii) Suppose X is metrizable, and that p is a metric on X inducing its topology. For a non-empty
subset A of X, write p(x, A) = inf,c 4 p(z,y) for every x € X. Note that p(z, A) < p(x,y) + p(y, A) for all
z,y € X, so that x — p(z, A) : X — R is 1-Lipschitz.

For E, F € C\ {0}, set

p(E, F) = min(1, max(supzeE p(z, F), SUPyer p(y, E)))-

If £, FeC\ {0} and z € X, then p(z, F) < p(2, E) + sup,cp p(x, F); from this it is easy to see that p is a
metric on C \ {0}, the Hausdorff metric. Observe that p({z}, {y}) = min(1, p(z,y)) for all z, y € X.

Remarks The formula I give for p has a somewhat arbitrary feature ‘min(1,...)’. Any number strictly

greater than 0 can be used in place of ‘1’ here. Many authors prefer to limit themselves to the family of
non-empty closed sets of finite diameter, rather than the whole of C \ {{}; this makes it more more natural
to omit the truncation, and work with (E, F') = max(sup,¢g p(z, F), sup, e p p(y, £)). All such variations
produce uniformly equivalent metrics. A more radical approach redefines ‘metric’ to allow functions which
take the value oo; but this seems a step too far.

Given that I am truncating my Hausdorff metrics by the value 1, there would be no extra problems if T
defined p(@, E) = 1 for every non-empty closed set F; but I think I am following the majority in regarding
Hausdorff distance as defined only for non-empty sets.

(b)(i) The Fell topology is T;. P If F C X is closed and z € X, then {E: E€C, EN(X\ F) = 0} and
{E:Ee€C, ENn{xz} # (0} are complements of open sets, so are closed. Now if F' € C then
{F}={E:ECF}N(,cpll:2c E}

is closed. Q
(ii) The map (E,F) — EUF : C x C — C is continuous for the Fell topology. P If G C X is open and
K C X is compact, then

{(E,F): (EUF)NG#0}={(E,F):ENG#0or FNG # 0},

{(E,F): (FEUFRNK=0}={F:ENK=0} x{F:FNK =}
are open in the product topology. So the result follows by 4A2B(a-ii). Q
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(iii) C is compact in the Fell topology. I Let § be an ultrafilter on C. Set Fy = meSW‘ (o) If

G C X isopenand GNFy# B, set E={F:F cC, FNG = (}. Then J& does not meet G, so does not
include Fy, and € ¢ §. Accordingly {F : FNG # 0} = C\ € belongs to §. (8) If K C X is compact and
FoNK =0, then {K NJE : £ € §} is a downwards-directed family of relatively closed subsets of K with
empty intersection so must contain the empty set, and there is an £ € § such that K N F = () for every
F e & thatis, {F: FNK = 0} belongs to §. (7) By 4A2B(a-iv), § — Fy. As § is arbitrary, C is compact.
Q

(c) If X is Hausdorff, z — {z} is continuous for the Fell topology on C. P If G C X is open, then
{z:{z}NG #0} =G isopen. If K C X is compact, then {z : {z} N K =0} = X \ K is open (3A3Dc). Q

(d) If X and another topological space Y are regular, and Cy, Cxxy are the families of closed subsets of
Y and X x Y respectively, then (E, F)— E X F : Cx x Cy — Cxxy is continuous when each space is given
its Fell topology. P (i) Suppose that W C X x Y is open, and consider Vi = {(E,F) : E € Cx, F € Cy,
(Ex F)NW #0}. If (Eo, Fo) € Vi, take (20,%0) € (Eo X Fo) NW. Let G C X and H CY be open sets
such that (zg,y0) € G x H C W. Then {(E,F): E€Cx, Fe€Cy, ENG #0, FNH # 0} is an open set
in Cx x Cy containing (Fy, Fy) and included in V. As (Fy, Fp) is arbitrary, Vi is open in Cx x Cy. (ii)
Suppose that K C X x Y is compact, and consider Wi = {(E,F) : E € Cx, F € Cy, (Ex F)NK = (}.
If (Ey, Fo) € Wk, then set K3 = KN (Ep xY) and Ky = K N (X x Fp). These are disjoint closed subsets
of K, so there are disjoint open subsets Uy, Us of X x Y including K7, K5 respectively (4A2F (h-ii)). Now
K{ =K\ U; and K} = K \ U, are compact subsets of K with union K.

Let 71, w2 be the projections from X x Y onto X, Y respectively; then {(E,F): E € Cx, ENnm[K]]| =
FNmy[K) =0} is an open set in Cx x Cy containing (Fo, Fy) and included in Wg. As (Ey, Fp) is arbitrary,
Wg is open. (iii) Putting these together with 4A2B(a-ii), we see that (F, F) — E x F'is continuous. Q

(e) Suppose that X is locally compact and Hausdorff.
(i) The set {(E,F): E, F € C, E C F} is closed in C x C for the product topology defined from the
Fell topology on C. B Suppose that Fy, Fy € C and Ey € Fy. Take x € Ey \ Fy. Because X is locally
compact and Hausdorff, there is a relatively compact open set G such that 2 € G and G N Fy = (. Now
V={E:ENG#0}and W = {F : FNG = ()} are open sets in C containing Ey, Fy respectively, and
E ¢ F for every E € V and F € W. This shows that {(E,F) : E € F} is open, so that its complement is
closed. Q
It follows that {(z,F):x € F}={(x, F) : {z} C F} is closed in X x C when C is given its Fell topology,
since & — {x} is continuous, by (c) above.
(ii) The Fell topology on C is Hausdorff. I The set

{(E,E):E€C}={(E,F): ECFand F C E}

is closed in C x C, by (i). So 4A2F(a-iii) applies. Q
It follows that if (F});cs is a family in C, and F is an ultrafilter on I, then we have a well-defined limit
lim;_, # F; defined in C for the Fell topology, because C is compact ((b-iii) above).
(iii) If £ C C is compact, then |J £ is a closed subset of X. B Take x € X \ |JL. For every C € L,
there is a relatively compact open set G containing z such that C' NG is empty; now finitely many such open

sets G must suffice for every C' € L, and the intersection of these G is a neighbourhood of = not meeting
UZL. Q (Compare 4A2Gm.)

(f) Suppose that X is metrizable, locally compact and separable. Then the Fell topology on C is metriz-
able. P X is second-countable (4A2P(a-i)); let U be a countable base for the topology of X consisting of
relatively compact open sets (4A20b) and closed under finite unions. Let V be the set of open sets in C
expressible in the form

{F:FNU#{ for every U €Uy, FNV =}

where Uy C U is finite and V' € U. Then V is countable. If V C C is open and Fy € V, then there are a finite
family G of open sets in X and a compact K C X such that

Foe{F:FNG#Dforevery GEG, FNK =0} CV.
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For each G € G there is a Ug € U such that Ug C G and F NUg # (). Next, each point of K belongs to a
member of U with closure disjoint from Fp, so (because K is compact and U is closed under finite unions)
there is a V € U such that K CV and Fo NV = (. Now

V' ={F:FNUg# 0 for every G € G, FNV = (}

belongs to V, contains Fjy and is included in V. This shows that V is a base for the Fell topology, and the Fell
topology is second-countable. Since we already know that it is compact and Hausdorff, therefore regular, it
is metrizable (4A2PDb). Q

(g) Suppose that X is metrizable, and that p is a metric inducing the topology of X; let g be the
corresponding Hausdorff metric on C \ {0}.

(i) The topology &; defined by p is finer than the Fell topology & on C\ {0}. P Let G C X be
open, and consider the set Vg = {F : F € C, FNG # (}. If E € Vg, take x € EN G and € > 0 such
that U(z,e) € G; then {F : p(F,E) < €} C Vg. As E is arbitrary, Vg is &;-open. Next, suppose that
K C X is compact, and consider the set Wi = {F : F € C\ {0}, FN K = (}. If E € Wk, the function
x> p(z, E) : K — 10, 00[ is continuous, so has a non-zero lower bound e say; now {F : p(F,E) < ¢} C Wk.
As F is arbitrary, Wk is ©;-open. So & is finer than the topology & generated by the sets Vg and W
Q

(ii) If X is compact, then &; and & are the same, and both are compact. I* Suppose that E € V € &;.
Let € € ]0,1] be such that F' € V whenever F' € C\ {0} and p(E, F) < 2e¢. Because X is compact, E is
p-totally bounded (4A2Je) and there is a finite set I C E such that E C |J,.; U(z,¢€). Because x — p(z, E)
is continuous, K = {x : p(x, E) > €} is closed, therefore compact; now

W={F:FeC FNK=0, FNU(x,¢e) # 0 for every z € I}

is a neighbourhood of F for G included in V. Thus V is a neighbourhood of E for &p; as F and V are
arbitrary, & is finer than &;. So the two topologies are equal.

Observe finally that {§} = {F : F € C, FN X = 0} is open for the Fell topology on C, so C\ {f} is closed,
therefore compact, by (b-iii). So &; = G is compact. Q

4A2U Ol1d friends (a) R, with its usual topology, is metrizable (2A3Ff) and separable (the countable set
Q is dense), so is second-countable (4A2P(a-1)). Every subset of R is separable (4A2P(a-iv)); in particular,
every dense subset of R has a countable subset which is still dense.

(b) N¥ is Polish in its usual topology (4A2Qc), so has a countable network (4A2P(a-iii) or 4A2Ne), and is
hereditarily Lindel6f (4A2Nb or 4A2Pd). Moreover, it is homeomorphic to [0, 1]\ Q and R\ Q (KURATOWSKI
66, §36.IT; KECHRIS 95, 7.7).

(c) The map = — %Z;’;O 3792(j) (cf. 134Gb) is a homeomorphism between {0, 1} and the Cantor set
C C[0,1]. (It is a continuous bijection.)

(d) If I is any set, then the map A — A : PI — {0,1}! is a homeomorphism (for the usual topologies
on PI and {0,1}!, as described in 4A2A and 3A3K). So PI is zero-dimensional, compact (3A3K) and
Hausdorff. If I is countable, then PI is metrizable, therefore Polish (4A2Qb).

(e) Give the space C([0, oo[) the topology T, of uniform convergence on compact sets.

(i) C([0,0]) is a Polish locally convex linear topological space. I* ¥, is determined by the seminorms
f = sup,<, | f(t)] for n € N, so it is a metrizable linear space topology. By 4A20e, it has a countable
network, so is separable. Any function which is continuous on every set [0,n] is continuous on [0, o[, so
C([0,00]) is complete under the metric (f,g) — > .o min(27",sup,,, |f(¢) — g(t)|); as this metric defines
T, T, is Polish. Q

(ii) Suppose that A C C([0, 00[) is such that {f(0) : f € A} is bounded and for every a > 0 and € > 0
there is a ¢ > 0 such that | f(s) — f(¢)| < e whenever f € A, s, t € [0,a] and |s —¢| < J. Then A is relatively
compact for T.. P Note first that {f(a) : f € A} is bounded for every a > 0, since if § > 0 is such that

|f(s) — f(t)] <1 whenever f € A, s, t € [0,a] and |s — ¢| < §, then |f(a)] < |f(0)] + ]—%] for every f € A.
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So if F is an ultrafilter on C([0, 0o[) containing A, g(a) = lims_, 5 f(a) is defined for every ¢ > 0. If a > 0
and € > 0, let § € ]0,1] be such that |f(s) — f(t)| < € whenever f € A, s,t € [0,a + 1] and |s — t| < J; then
lg(s) — g(a)] < e whenever |s — a| < d; as a and € are arbitrary, g € C([0,00[). If a > 0 and € > 0, let 6 > 0
be such that |f(s) — f(t)| < 3¢ whenever f € A, s,t € [0,a] and |s — ¢| < 6. Then

A= {f: f €A, |f(i6) - g(i8)] < 3¢ for every i < [§]}

belongs to F. Now |f(t) — g(t)] < e for every f € A" and t € [0,a]. As a and € are arbitrary, F — g for T,.
As F is arbitrary, A is relatively compact (3A3De). Q

Version of 7.1.17

4A3 Topological o-algebras

I devote a section to some o-algebras which can be defined on topological spaces. While ‘measures’ will
not be mentioned here, the manipulation of these o-algebras is an essential part of the technique of measure
theory, and I will give proofs and exercises as if this were part of the main work. I look at Borel o-algebras
(4A3A-4A3J), Baire o-algebras (4A3K-4A3P), spaces of cadlag functions (4A3Q), Baire-property algebras
(4A3R, 4A3S) and cylindrical o-algebras on linear spaces (4A3U-4A3W).

4A3A Borel sets If (X, %) is a topological space, the Borel o-algebra of X is the o-algebra B(X) of
subsets of X generated by ¥. Its elements are the Borel sets of X. If (Y, &) is another topological space
with Borel o-algebra B(Y), a function f : X — Y is Borel measurable if f~![H] € B(X) for every H € &,
and is a Borel isomorphism if it is a bijection and B(Y) = {F : F C Y, f~![F] € B(X)}, that is, f is an
isomorphism between the structures (X, B(X)) and (Y, B(Y)).

4A3B (X, T)-measurable functions It is time I put the following idea into bold type.

(a) Let X and Y be sets, with o-algebras 3 C PX and T C PY. A function f: X — Y is (3, T)-
measurable if f~[F] € ¥ for every F € T.

(b) If X, T and Y are o-algebras of subsets of X, Y and Z respectively, and f : X — Y is (X, T)-
measurable while g : Y — Z is (T, T)-measurable, then gf : X — Z is (¥, Y)-measurable. (If H € T,
g '[H] € Tso (¢f)~'[H] = f~[g ' [H]] € ¥)

(c) Let (X;)ier be a family of sets with product X, Y another set, and f : X — Y a function. If
T CPY, ¥; C PX; are o-algebras for each 4, then f is (T, ), ;X;)-measurable iff 7; f : Y — X is (T, %;)-

measurable for every i, where m; : X — X, is the coordinate map. P m; is (Q)..;X;, X;)-measurable, so

jer
if fis (T, ®j612j)—measurable then m; f must be (T,X;)-measurable. In the other direction, if every m;f
is measurable, then {H : H C X, f~![E] € T} is a o-algebra of subsets of X containing 7; '[E] whenever
i€l and E € ¥;, so includes @ieIZi, and f is measurable. Q

4A3C Elementary facts (a) If X is a topological space and Y is a subspace of X, then B(Y) is just
the subspace o-algebra {ENY : E € B(X)}. P{E:ECX, ENY eBY)}and {ENY : E € B(X)} are
o-algebras containing all open sets, so include B(X), B(Y') respectively. Q

(b) If X is a set, 3 is a o-algebra of subsets of X, (Y,&) is a topological space and f : X — Y is a
function, then f is (X, B(Y))-measurable iff f~'[H] € ¥ for every H € &. P If f is (X, B(Y))-measurable
then f~[H] € X for every H € & just because & C B(Y). If f~'[H] € X for every H € &, then
{F:F CY, f7[F] € £} is a o-algebra of subsets of Y (111Xc; cf. 234C) including &, so includes B(Y),
and f is (X, B(Y))-measurable. Q

(©) 2007 D. H. Fremlin
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(c) If X and Y are topological spaces, and f : X — Y is a function, then f is Borel measurable iff it
is (B(X),B(Y))-measurable. (Apply (b) with ¥ = B(X).) So if X, Y and Z are topological spaces and
f: X =Y, g:Y — Z are Borel measurable functions, then gf : X — Z is Borel measurable. (Use 4A3Bb.)

(d) If X and Y are topological spaces and f : X — Y is continuous, it is Borel measurable. (Immediate
from the definitions in 4A3A.)

(e) If X is a topological space and f : X — [—00, o0] is lower semi-continuous, then it is Borel measurable.
(The inverse image of a half-open interval |a, 8] is a difference of open sets, so is a Borel set, and every open
subset of [—o0, 00] is a countable union of such half-open intervals.)

(f) If (X;)ier is a family of topological spaces with product X, then B(X) D @i
4A3Bc together.)

B(X;). (Put (d) and

(g) Let X be a topological space.

(i) The algebra 2 of subsets generated by the open sets is precisely the family of sets expressible as a
disjoint union J,.,, Gi N F; where every G; is open and every Fj is closed. I Write A for the family of sets
expressible in this form. Of course A C 2. In the other direction, observe that

X e A,
if E, '€ Athen ENE' € A,
if E€e Athen X\ Ee A

because if G; is open and Fj is closed for i < n, then (identifying {0,... ,n} with n + 1)

X\U(GiﬂFi)Z ﬂ(X\Gi>U(Gi\Fi)

= U (m(Gz\Fz)m ﬂ (X\Gy)
ICn+1 i€l ie(n+)\I

belongs to A. So A is an algebra of sets and must be equal to 2. Q

(ii) B(X) is the smallest family & O 2 such that (J, .y En € & for every non-decreasing sequence
(En)nen in € and (), oy By € € for every non-increasing sequence (E,),en in €. (136G.)

4A3D Hereditarily Lindel6f spaces (a) Suppose that X is a hereditarily Lindelof space and U is a
subbase for the topology of X. Then B(X) is the o-algebra of subsets of X generated by U. I Write X for
the o-algebra generated by U. Of course ¥ C B(X) just because every member of I is open. In the other
direction, set

V={X}u{UonUinNn...0U, :Uy,..., U, €U};

then V C ¥ and V is a base for the topology of X (4A2B(a-i)). If G C X is open, set V1 = {V : V € V,
V C G}; then G = |JV:. Because X is hereditarily Lindeldf, there is a countable set Vo C V; such that
G =JVo (4A2H(c-1)), so that G € £. Thus every open set belongs to ¥ and B(X) C ¥. Q

(b) Let X be a set, X a o-algebra of subsets of X, Y a hereditarily Lindelof space, U a subbase for the
topology of Y, and f : X — Y a function. If f~1[U] € ¥ for every U € U, then f is (X, B(Y))-measurable.
P {F:FCY, f[F] € £} is a o-algebra of subsets of Y including U, so contains every open set, by (a),
and therefore every Borel set, as in 4A3Ch. Q

(c) Let (X;)ics be a family of topological spaces with product X. Suppose that X is hereditarily Lindelof.

(i) B(X) = ®,,B(X,). P By 4A3Cf, B(X) 2 ®,,B(X,). On the other hand, ®,.,B(X;) is a
o-algebra including

icl

U={r[G]:iel, GCX,isopen},
where mi(x) = x(i) for i € I and = € X; since U is a subbase for the topology of X, (a) tells us that
&), B(X;) includes B(X). Q
(ii) f Y is another topological space, then a function f : Y — X is Borel measurable iff 7, f : Y — X;

is Borel measurable for every i € I, where m; : X — X, is the canonical map. (Use 4A3Bc.)
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4A3E Applications Recall that any topological space with a countable network (in particular, any
second-countable space, any separable metrizable space) is hereditarily Lindelof (4A2Nb, 4A20c¢, 4A2P(a-
iii)); and so is any ccc totally ordered space (4A2Rn). So 4A3Da-4A3Db will be applicable to these. As for
product spaces, the product of a countable family of spaces with countable networks again has a countable
network (4A2Ne), so for such spaces we shall be able to use 4A3Dc. For instance, B({0, 1}") is the o-algebra
of subsets of {0, 1} generated by the sets {x : x(n) = 1} for n € N.

4A3F Spaces with countable networks (a) Let X be a topological space with a countable network.
Then #(B(X)) < ¢. P Let £ be a countable network for the topology of X and ¥ the o-algebra of subsets of
X generated by €. Then #(X) < ¢ (4A10). If G C X is open, there is a subset £ of € such that Y& = G;
but &’ is necessarily countable, so G € X. It follows that B(X) C ¥ and #(B(X)) <¢. Q

(b) #(B(NY)) = ¢. P NY has a countable network (4A2Ub), so #(B(NY)) < ¢. On the other hand,
B(NY) contains all singletons, so

#(B(NY)) > #(NY) = #({0,1}") = . Q

4A3G Second-countable spaces (a) Suppose that X is a second-countable space and Y is any topo-
logical space. Then B(X xY) = B(X)®B(Y). P By 4A3Cf, B(X xY) D B(X)®&B(Y). On the other hand,
let U be a countable base for the topology of X. If W C X X Y is open, set

Vo=U{H:HCY isopen, Ux HC W}

for U € U. Then W = (Jy ¢ U x Vi belongs to B(X)®&B(Y). As W is arbitrary, B(X xY) C B(X)®B(Y).
Q

(b) If X is any topological space, Y is a T second-countable space, and f : X — Y is Borel measurable,
then (the graph of) f is a Borel set in X x Y. P Let U be a countable base for the topology of Y. Because
Y is To,

f=Nveu{(zy) e fFHUL,ye U U{(z,y):x e X\ f7HU],y e Y \U})
which is a Borel subset of X x Y by 4A3Cc and 4A3Cf. Q

4A3H Borel sets in Polish spaces: Proposition Let (X, %) be a Polish space and E C X a Borel
set. Then there is a Polish topology & on X, including ¥, for which E is open.

proof Let £ be the union of all the Polish topologies on X including €. Of course X € €. If E € £ then
X\ E € & P There is a Polish topology & O T such that £ € &. As both F and X \ E are Polish in the
subspace topologies &g, Gx\g induced by & (4A2Qd), the disjoint union topology & of &g and Gx\p
is also Polish (4A2Qe). Now &' D E D T and X \ E € &, 50 X \ E € £. Q Moreover, the union of any
sequence (E,)nen in € belongs to €. P For each n € N let &,, O T be a Polish topology containing F,,. If
m, n € N then &, N &, includes ¥, so is Hausdorff. By 4A2Qf, the topology & generated by |J,,c Gn is
Polish. Of course & D T, and |J,,cy En € 6,50 U,,en En € €. Q
Thus £ is a o-algebra. Since it surely includes ¥, it includes B(X, %), as claimed.

4A3I Corollary If (X, ¥) is a Polish space and (E,)nen is a sequence of Borel subsets of X, then there
is a zero-dimensional Polish topology & on X, including ¥, for which every E,, is open-and-closed.

proof (a) By 4A3H, we can find for each n € N a Polish topology ¥,, 2 ¥ containing E}, (if n = 2k is even)
or X \ By, (if n = 2k + 1 is odd); now the topology T’ generated by | J,,cy Tn is Polish, by 4A2Qf, and every
E,, is open-and-closed for T'.
(b) Now choose (V)nen and (T )nen inductively such that
=%,
given that T, is a Polish topology on X, then V), is a countable base for T/ and T, is a
Polish topology on X including T/, U{X \V :V € V,}

(using (a) for the inductive step). Now the topology & generated by J,, T, is Polish, includes ¥, contains
every E, and its complement and has a base | J,,cy Vn consisting of open-and-closed sets.
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4A3J Borel sets in wi: Proposition A set E C w, is a Borel set iff either E or its complement includes
a closed cofinal set.

proof (a) Let ¥ be the family of all those sets F C w; such that either E or w; \ F includes a closed cofinal
set. Of course ¥ is closed under complements. Because the intersection of a sequence of closed cofinal sets
is a closed cofinal set (4A1Bd), the union of any sequence in ¥ belongs to ¥; so ¥ is a o-algebra. If E is
closed, then either it is cofinal with wy, and is a closed cofinal set, or there is a £ < wy such that £ C £, in
which case wy \ E includes the closed cofinal set wq \ &; in either case, E € X. Thus every open set belongs
to X, and ¥ includes B(wy).

(b) Now suppose that E C wy is such that there is a closed cofinal set F' C w; \ E. For each £ < w; let
fe : & = N be an injective function. Define g : E — N by setting g(n) = fa ) (1), where a(n) = min(F \ n)
forn € E. Set A, = g '[{n}] for n € N, so that E =, .y An- Ifn €N, £ € A, \ A, and & < &, there
must be 1, 7" € A, such that & <n <n’ <& But now, because fo(,) is injective, while g(n) = g(n) = n,
a(n) # an'), so a(n) € FN)E €L As ¢ is arbitrary, ¢ € F = F. This shows that 4, C A, UF and
A, =A4, \ F'is a Borel set. This is true for every n € N, so £ = UneN A,, is a Borel set.

(c) If E C wy includes a closed cofinal set, then (b) tells us that w; \ E and E are Borel sets. Thus
Y C B(wy) and ¥ = B(wy), as claimed.

4A3K Baire sets When we come to study measures in terms of the integrals of continuous functions
(8§436), we find that it is sometimes inconvenient or even impossible to apply them to arbitrary Borel sets,
and we need to use a smaller o-algebra, as follows.

(a) Definition Let X be a topological space. The Baire o-algebra Ba(X) of X is the o-algebra
generated by the zero sets. Members of Ba(X) are called Baire sets. (Warning! Do not confuse ‘Baire
sets’ in this sense with ‘sets with the Baire property’ in the sense of 4A3R, nor with ‘sets which are Baire
spaces in their subspace topologies’.)

(b) For any topological space X, Ba(X) C B(X) (because every zero set is closed, therefore Borel).
If T is perfectly normal — for instance, if it is metrizable (4A2Lc), or is regular and hereditarily Lindel6f
(4A2H(c-ii)) — then Ba(X) = B(X) (because every closed set is a zero set, by 4A2F1i, so every open set
belongs to Ba(X)).

(c) Let X and Y be topological spaces, with Baire o-algebras Ba(X), Ba(Y') respectively. If f: X — Y
is continuous, it is (Ba(X),Ba(Y))-measurable. B Let T be the o-algebra {F : F C Y, f~[F] € Ba(X)}.
If g : Y — R is continuous, then ¢gf : X — R is continuous, so

F My 9ly) =0} = {z: gf(z) = 0} € Ba(X),
and {y : g(y) = 0} € T. Thus every zero set belongs to T, and T 2 Ba(Y). Q
(d) In particular, if X is a subspace of Y, then ENX € Ba(X) whenever E € Ba(Y). More fundamentally,

FNX is a zero set in X for every zero set F© C Y, just because g[ X is continuous for any continuous
g:Y =R

(e) If X is a topological space and Y is a separable metrizable space, a function f : X — Y is Baire
measurable if f~'[H] € Ba(X) for every open H C Y. Observe that f is Baire measurable in this sense
iff it is (Ba(X), B(Y))-measurable iff it is (Ba(X), Ba(Y'))-measurable.

4A3L Lemma Let (X, %) be a topological space. Then Ba(X) is just the smallest o-algebra of subsets
of X with respect to which every continuous real-valued function on X is measurable.

proof (a) Let f : X — R be a continuous function and o € R. Set g(x) = max(0, f(x) — a) for z € X; then
g is continuous, so

{z: f(z) <o} ={z:g(z) =0}

is a zero set and belongs to Ba(X). As « is arbitrary, f is Ba(X)-measurable.
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(b) On the other hand, if ¥ is any o-algebra of subsets of X such that every continuous real-valued function
on X is Y-measurable, and F' C X is a zero set, then there is a continuous g such that F = g=1[{0}], so
that F € X; as F is arbitrary, ¥ D Ba(X).

4A3M Product spaces Let (X;);ec; be a family of topological spaces with product X.

(a) Ba(X) 2 @ieIBa(XZ—). (Apply 4A3Bc to the identity map from X to itself; compare 4A3CH.)

(b) Suppose that X is ccc. Then every Baire subset of X is determined by coordinates in a countable set.
P By 254Mb, the family W of sets determined by coordinates in countable sets is a o-algebra of subsets
of X. By 4A2E(b-ii), every continuous real-valued function is YW-measurable, so W contains every zero set
and every Baire set. Q

4A3N Products of separable metrizable spaces: Proposition Let (X;);c; be a family of separable
metrizable spaces, with product X.

(a) Ba(X) = Qe Ba(Xi) = @, B(Xi).

(b) Ba(X) is the family of those Borel subsets of X which are determined by coordinates in countable
sets.

(c) A set Z C X is a zero set iff it is closed and determined by coordinates in a countable set.

(d) If Y is a dense subset of X, then the Baire o-algebra Ba(Y') of Y is just the subspace o-algebra
Ba(X)y induced by Ba(X).

(e) If Y is a set, T is a o-algebra of subsets of Y, and f : Y — X is a function, then f is (T, Ba(X))-
measurable iff m;f : Y — X; is (T, B(X;))-measurable for every i € I, where m;(z) = z(i) for z € X and
1€ 1.
proof (a) X is ccc (4A2E(a-iii)), so if f : X — R is continuous, there are a countable set J C I and
a continuous function g : X; — R such that f = g7;, where X; = [[,c; X; and 71; : X — X is
the canonical map (4A2E(b-ii)). Now X is separable and metrizable (4A2P(a-v)), therefore hereditarily
Lindelof (4A2P(a-iii)/)\, so B(X ;) = @, B(X;), by 4A3D(c-i). By 4A3Bc/,\7~u 15 (e B(Xi), Qe sB(X;))-
measurable, so f is &), ;B(X;)-measurable. As f is arbitrary, Ba(X) C &), ;B(X;) (4A3L). Also B(X;) =
Ba(X;) for every i (4A3Kb), so @, ;B(X:) = &, Ba(X;). With 4A3Ma, this proves the result.

(b)(i) If W € Ba(X) it is certainly a Borel set (4A3Kb), and by 4A3Mb it is determined by coordinates
in a countable set.

(ii) If W is a Borel subset of X determined by coordinates in a countable subset J of X, then write
Xy =1lcsXi and Xp\; = HieI\J X;; let 77 : X — X be the canonical map. We can identify W with
W’ x Xp\ s, where W' is some subset of X;. Now if z € Xp\;, W = {w: w € X, (w,2z) € W} is a Borel
subset of X7, because w — (w, z) : X; — X is continuous. (I am passing over the trivial case X = {).) Since
X is metrizable (4A2P(a-v) again), W’ € Ba(X ;) (4A3Kb) and W = 7 '[W’] is a Baire set (4A3Kc).

(c)(i) If Z is a zero set, it is surely closed; and it is determined by coordinates in a countable set by (b)
above, or directly from 4A2E(b-ii) again.

(ii) If Z is closed and determined by coordinates in a countable set J, then (in the language of (b))
it can be identified with Z" x Xp\; for some Z’ € X ;. As in the proof of (b), Z’ is closed (at least, if

Xpg #0), so is a zero set (4A2Lc), and Z = 7 '[Z] is a zero set (4A2C(b-iv)).
(d)(i) Ba(Y') O Ba(X)y by 4A3Kd.

(ii) Let f : Y — R be any continuous function. For each n € N, there is an open set G,, C X such
that G, NY = {y : f(y) > 27"}. Now G,, is determined by coordinates in a countable set (4A2E(b-i)),
so is a zero set, by (c) here. Because Y is dense in X, G, = G, NY does not meet {y : f(y) = 0}, and

{y: fly) >0} =Y N, ey Gn belongs to Ba(X)y. Thus Ba(X)y contains every cozero subset of Y and
includes Ba(Y).

(e) Put (a) and 4A3Bc together.
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4A30 Compact spaces (a) Let (X,T) be a topological space, U a subbase for T, and 2 the algebra
of subsets of X generated by Y. If H C X is open and K C H is compact, there is an open F € 2 such
that K CECH. PSetV={X}Uu{UnUiN...0U, :Uy,...,U, €U}, sothat V is a base for ¥ and
VCA {U:Ue€V,UC H} is an open cover of the compact set K, so there is a finite set Uy C V such
that E = |JUp includes K and is included in H; now E € 2. Q

(b) Let (X,%T) be a compact space and U a subbase for T. Then every open-and-closed subset of X
belongs to the algebra of subsets of X generated by U. (If F C X is open-and-closed, it is also compact;
apply (a) here with K = H = F.)

(c) Let (X, %) be a compact space and U a subbase for T. Then Ba(X) is included in the o-algebra of
subsets of X generated by U. I Let X be the o-algebra generated by U. If Z C X is a zero set, there is
a sequence (H,)ncn of open sets with intersection Z (4A2C(b-vi)); now we can find a sequence (E,),cn in
Y such that Z C E,, C H, for every n, by (a), so that Z = (" _x En € X. This shows that every zero set
belongs to X, so ¥ must include Ba(X). Q

neN

(d) In a compact Hausdorfl zero-dimensional space the Baire o-algebra is the o-algebra generated by the
open-and-closed sets. (Apply (c) with U the family of open-and-closed sets.)

(e) Let (X;);cr be a family of compact Hausdorff spaces with product X. Then Ba(X) = @iGIBa(Xi).
P By 4A3Ma, Ba(X) D @, ;Ba(X;). On the other hand, let /; be the family of cozero sets in X; for each
i. Because X; is completely regular (3A3Bb), U; is a base for its topology (4A2Fc). Set

W = {ILic; Ui : Ui € U; for every i € I, {i: U # X;} is finite},

so that W C @iejBa(Xi) is a base for the topology of X. By (c) above, Ba(X) is the o-algebra generated
by W, and Ba(X) € ®,.,Ba(X;). Q

(f) In particular, for any set I, Ba({0,1}!) is the o-algebra generated by sets of the form {z : z(i) = 1}
as ¢ runs over [I.

4A3P Proposition The Baire o-algebra Ba(w;) of wy is just the countable-cocountable algebra (211R).

proof We see from 4A2S(b-iii) that every continuous function is measurable with respect to the countable-
cocountable algebra, so Ba(w;) is included in the countable-cocountable algebra. On the other hand,

[0’6] :{77177§§}: [07§+1[:W1\]£aw1[

is an open-and-closed set (4A2S(a-i)), therefore a zero set, therefore belongs to Ba(wy), for every £ < wy.
Now if £ < wy, it is itself a countable set, so

[0,6[= U, <l0,n] € Ba(wr),  {&} = [0,£]\[0,£] € Ba(wn).

It follows that every countable set belongs to Ba(w;) and the countable-cocountable algebra is included in
Ba(wl).

4A3Q Cadlag functions Let X be a Polish space, and Cqg the set of cadlag functions (definition:
4A2A) from [0, 00[ to X, with its topology of pointwise convergence inherited from X[0-°°[,

(a) Ba(Cuayg) is the subspace o-algebra induced by Ba(X!0:>l).

(b) (Caig, Ba(Cqig)) is a standard Borel space.

(c)(i) For any t > 0, let Ba;(Caig) be the o-algebra of subsets of Cqis generated by the functions w — w(s)
for s < t. Then (w,s) = w(s) : Caig x [0,] = X is Ba;(Caig)®B([0, t])-measurable.

(ii) (w,t) = w(t) : Caig % [0,00[ = X is Ba(Cag)®B([0, oo[)-measurable.
(d) The set C([0, 00[; X) of continuous functions from [0, co[ to X belongs to Ba(Cayg).

proof (a) Use 4A3Nd.
(b)(i) Fix a complete metric p on X defining its topology. For A C B C R, f € XZ and € > 0, set
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jump 4 (f,€) = sup{n : there is an I € [A]" such that p(f(s), f(t)) > €
whenever s < ¢ are successive elements of I}

(see 438P). Set D = QN [0,00[. Then any set of the form {f : jump 4(f,€) > m} is open, so

E= ﬂ U {f : f € XDa jumpDﬂ[O,n](f72_n) < m}

neNmeN

N U{frex? o(flg+27m), f(g) <27}

qeED m>n
neN

is Borel in the Polish space X 7.

(if) If w € Cayg, then jumpy ,,(w,27") is finite for every n € N. (Apply 438Pa to an extension of w
to a member of X® which is constant on ]—oo, 0[; or make the trifling required changes to the argument of
438Pa.) Since lim,, oo w(g+27") = w(q) for every ¢ € D, w[D € E.

(iii) Conversely, given f € E, jumpy ,(f;€) is finite for every n € N and € > 0, so limgep qi¢ f(q) is
defined in X for every ¢ > 0, and limyep 41t f(¢) is defined in X for every ¢ > 0. (Apply the argument
of (a-ii) of the proof of 438P.) Set wy(t) = limyep 4y f(q) for ¢ > 0. Because f(q) is a cluster point of
(f(a+27"))nen for every ¢ € D, wy extends f. It is easy to see that jumpy ,((wy,€) = jumpy ,((f€) is
finite for every n € N and € > 0, so lim,|; wy(s) is defined for every ¢ > 0 and limgy wy(s) is defined for
every t > 0. Also, for t > 0,

lim, ¢ wy(s) = limgep que wy(q) = limgep g1t f(q) = wy(t).

Thus wy € Cqyg. Clearly a member of Cqi is uniquely determined by its values on D, so f +— wy and
w +— w[D are the two halves of a bijection between E and Cyjg.

(iv) By 424G, E, with its Borel (or Baire) o-algebra B(E), is a standard Borel space. Of course
the map w — wlD is (Ba(Cay), B(E))-measurable. But also the map f — wy(t) : E — X is B(E)-
measurable for every ¢ > 0. B If (¢, )nen is a sequence in D decreasing to t, ws(t) = limy, o f(gn) for every
f € E, and we can use 418Ba. Q Since Ba(Cqyg) is the o-algebra induced by Ba(X[*l) (4A3Nd), and

Ba(X100l) = ®[07OO[B(X) (4A3Na), this is enough to show that f +— w; is (B(E), Ba(Cayg))-measurable.
Thus (Caig, Ba(Caig)) = (E, B(E)) is a standard Borel space.
(c)(i) Forn € N, w € Cqiz and s € [0, t], set hy,(w, s) = w(min(¢,27"4)) if i € Nand 27" (i—1) < s < 27"
If G C X is open then

{{w,8) : s <t, hyp(w,s) € G} = U{w :w(min(t,27")) € G}
ieN
x ([0,8] N ]27" (i —1),27 ™))
€ Ba,(Caig)@B([0,1]),

80 hy, is Ba;(Caig)®B([0, t])-measurable. Now w(s) = lim,, o0 hy(w, s) for every w € Cqyg and s € [0,1], so
(w, s) — w(s) is measurable in the same sense, by 418Ba again.

(ii) If G C X is open then

{(w,t) :t>0,w(t) € G} = | J{(w,t) : t € [0,n], w(t) € G}
neN

€ Ba(Caig)®B([0, o0]).
(d)
C([0,00[;X) = (] | {w:w € Caig. p(w(q),w(g)) <27"

neENmeN
whenever ¢, ¢ € QN [0,n] and |¢ — ¢'| <27™}.
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4A3R Baire property Let X be a topological space, and M the ideal of meager subsets of X. A
subset X has the Baire property if it is expressible in the form GAM where G C X is open and M € M;
that is, A C X has the Baire property if there is an open set G C X such that GAA is meager. (For
A=GAM iff M = GAA.) The family g(X) of all such sets is the Baire-property algebra of X. (See
4A3S.) (Warning! do not confuse the ‘Baire-property algebra’ B with the ‘Baire o-algebra’ Ba as defined
in 4A3K.) The quotient algebra E(X)/M is the category algebra of X.

4A3S Proposition Let X be a topological space.
(a) Let A C X be any set.
(i) There is a largest open set G C X such that AN G is meager.
(i) H = X \ G is the smallest regular open subset of X such that A\ H is meager; H C A.
(iii) H is in itself a Baire space.
(iv) If A € B(X), HAA is meager.
(v) If X is a Baire space and A € B(X), then H is the largest open subset of X such that H \ A is
meager.
(b)(i) B(X) is a o-algebra of subsets of X including B(X).
(ii) B(X) = {GAM : G C X is a regular open set, M € M}.
(¢) If X has a countable network, its category algebra has a countable order-dense set (definition: 313J).

proof (a) (See KECHRIS 95, 8.29.)

(i) Set Y = {U : U C X is open, ANU is meager}. Let Uy C [JU be a maximal disjoint set, and

Go = JUy. Then AN Gy is meager. P For each U € Uy, let (Fy,)nen be a sequence of nowhere dense

closed sets covering ANU. Set A, = UUeuo Fy,. If V C X is any non-empty open set, either V' N A4, is

empty or there is a U € Uy such that VN U # @, in which case V N U \ Fy,, is a non-empty open subset of

U not meeting A,. Thus A, is nowhere dense. This is true for every n, so ANGqo C |, oy An is meager. Q

If U €U, then V = U \ Gy belongs to U and cannot meet any member of Uy, so must be empty. Thus

U C Go; as U is arbitrary, G = (JU is included in Gy and G\ Gy is nowhere dense. It follows that AN G is
meager, and G is the largest open set for which this is true.

(ii) H = X \ G = int(X \ G) is now a regular open set (3140), and A\ H = (ANG)U (G \ G) is
meager. If H' is another regular open set such that A\ H’ is meager, then H \ H’ is open and meets A in
a meager set, so is included in G' and must be empty. So H C int H' = H’. Thus H is the smallest regular
open set such that A\ H is meager. Of course X \ A belongs to U so is included in G and does not meet
H, that is, H C A.

(iii) If now (H,)nen is a sequence of open subsets of H which are dense in H, and H' C H is any
non-empty open set, H'\ H, is nowhere dense for every n, so H'\ [, .y H» is meager. On the other hand,
AN H' is non-meager so H' also is, and H' must meet (), .y H,. As H' is arbitrary, (1, .y H» is dense in
H; as (H,)nen is arbitrary, H is a Baire space in its subspace topology.

neN

(iv) If A has the Baire property, there is an open set U such that AAU is meager. In this case,
ANH\U must be meager, so H CU and H\ A C (U\ A)U(U\G) is meager and HAA = (A\H)U(H\ A)

is meager.

(v) By (iv), H \ A is meager. If U C X is open and U \ A is meager, set V = U \ H. Then V \ A and
V' N A are both meager, so V is meager, and must be empty, since X is a Baire space. Thus U C H and
G C H, because H is a regular open set.

(b)(i) (See CEcH 66, §22C; KURATOWSKI 66, §11.11T; KECHRIS 95, 8.22.) Of course X = XA belongs
to B(X). If E € B(X), let G C X be an open set such that EAG is meager. Then

(X\G)AX\E) € (G\G)U(GAE)

is meager, so X \ E € B(X). If (E,)nen is a sequence in B(X), then for each n € N we can find an open set
G,, such that G,AFE, is meager, and now

(UTLEN G")A(UnEN ETL) g UnEN GnAEn
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is meager, so |,y En € B(X).
This shows that B( ) is a o-algebra of subsets of X. Since it contains every open set, it must include
the Borel o-algebra.

(ii) Of course GAM € E(X) whenever G is a regular open set and M is meager. In the other direction,
given a set A with the Baire property, let Gy be an open set such that GoAA is meager. Then G = int Gy
is a regular open set and GAG( is nowhere dense, so M = GAA is meager, while A = GAM.

(c) Suppose that X has a countable network .A For A € A, set dy = A°, the equivalence class of
A€ BinB/M. If b € B/M is non-zero, take E € B such that E* = b, and an open set G C X such that
EAG € M. Then G is not meager. Set A1 = {A: A€ A A C G}; then A; is countable and G = |J A4,
so there is a non-meager A € A;. In this case A is not meager, so d4 # 0, while A\ G C G\ G is nowhere
dense, so d4 Cb. As b is arbitrary, {d4 : A € A} is order-dense in l§//\/l7 and is countable because A is.

*4A3T The following result does not mention any topology, but its principal applications are with J
an ideal of meager sets, so I slip it in here. It will be useful in §424 and in Volume 5.

Lemma Let X and Y be sets, ¥ a o-algebra of subsets of X, T a o-algebra of subsets of Y and J a o-ideal
of T. Suppose that the quotient Boolean algebra T'/J has a countable order-dense set.

(a) {z:z e X, W[{z}] N A € T} belongs to ¥ for any W € X&T and A C Y.

(b) For every W € Y®T there are sequences (E,)nen in 2, (Vi)nen in T such that (WAW,)[{z}] € J
for every x € X, where Wy = {J,,cy En X Vi

proof (Compare KECHRIS 95, 16.1.)

(a) Let D C T/J be a countable order-dense set. Let V C T be a countable set such that D = {V* :
V € V}. Let A be the family of subsets W of X x Y such that

W[{z}] € T for every x € X,
{z:2e X, Wi{z}]NnAe T} eXforevery ACY.
(i) Of course () € A, because if W = () then W[{z}] =0 forevery z € X, and {z : W[{z}|nA e T} =X
for every ACY.
(ii) Suppose that W € A, and set W' = (X x Y) \ W. Then
Wz} =Y \W[{z}] €T
for every x € X. Now suppose that ACY. Set V*={V:V eV ANV & J},
E={ax:W[{z}]nAe T},

E' ={z:VnW[{z}] ¢ J for every V € V*}.

Then E=FE'. P (o) lfz € Fand V € V*, then ANW'[{z}] = A\W[{z}] belongs to J,so VNA\W[{z}] € J

and VNW[{z}] 2 VNANWI[{z}] is not in J. As V is arbitrary, x € E’; as x is arbitrary, E C E'. (§)

Ifx ¢ E, then W[{z}]NA¢ T. Set Vi ={V:V eV, V\W[{z}] € T}, D1 ={V*:V € V1}. Then
={d:de D,dcWI{x}]*}, so W[{z}]* = supD; in T/J (313K). Because J is a o-ideal, the map

F — F*: T — T/J is sequentially order-continuous (313Qb), and (|JV1)* = sup D; (313Lc), that is,

W/ [{z}]AUV: € J. There must therefore be a V' € V; such that VN A ¢ 7, that is, V € V*. At the same

time, VN W[{z}] =V \ W[{z}] belongs to J, so V witnesses that z ¢ E’. As x is arbitrary, F' C E. Q
Since W € A,

E=FE =X \UyepAz: VnW[{z}] € T}
belongs to T. As A is arbitrary, W’ € A. Thus the complement of any member of A belongs to A.
(iii) If (W), )nen is any sequence in A with union W, then

Wz} = Upen Wal{z}] € T

for every z, while

MEASURE THEORY



4A3W Topological o-algebras 41

{e: WH{z}nAe T} =Nyenlr : Wol{z}NAe T}t eX
for every ACY. So W € A.

(iv) What this shows is that A is a o-algebra of subsets of X x Y. But if W = E x F, where F € &
and F' € T, then

Wi{z}] € {0,F} C T for every z € X,

{z : WH{z}]nAeTJ}e{X\E,X}CX
for every A CY;so W € A. Accordingly A must include ¥&T, as claimed.

(b) Let (Vy,)nen be a sequence running over V U {@}. For each n € N, set
En ={z: Vo \W[{z}] € T}
by (a), E, € ¥. Set W1 = J, ey En X Vi Take any 2 € X. Then Wi[{z}] = U,,c; Va where I = {n: 2 €
E,}. Since V, \ W[{a}] € J for every n € I, Wi[{z}] \ W[{z}] € J. T If W[{z}] \ W1[{z}] ¢ T, there is
a d € D such that 0 # d € W[{x}]*\ Wi[{z}]*. Let n € N be such that V,> = d; then V;, \ W[{z}] € J, so
n €I and V;, C Wi[{z}] and d € Wy[{z}]*, which is impossible. X
As x is arbitrary, W7 has the required properties.

4A3U Cylindrical o-algebras I offer a note on a particular type of Baire o-algebra.

Definition Let X be a linear topological space. Then the cylindrical o-algebra of X is the smallest
o-algebra X of subsets of X such that every continuous linear functional on X is ¥-measurable.

4A3V Proposition Let X be a linear topological space and ¥, = T4(X, X*) its weak topology. Then
the cylindrical o-algebra of X is just the Baire o-algebra of (X, ¥).

proof (a) Let (f;)ic; be a Hamel basis for X* (4A4Ab). For z € X, set Tx = (f;(z))ier; then T : X — RY
is a linear operator. Now Y = T[X] is dense in R!. P Y is a linear subspace of R’ so its closure Y
also is (2A5Ec). If ¢ € (RY)* is such that ¢(Tz) = 0 for every z € X, there are a finite set J C I and a
family (a;)ics € R7 such that ¢(y) = >, ; auy(i) for every y € R (4A4Be). In this case, Y, ; o, fi(z) =
¢(Txz) = 0 for every x € X; but (f;)ier is linearly independent, so «; = 0 for every i € J and ¢ = 0. By
4A4Eb, Y must be the whole of R!. Q

(b)(i) Set T, = {T'[H] : H C Y is open}. Then T, = T,. P Because every f; is continuous, T' is
continuous, so T, C T,. On the other hand, any f € X* is a linear combination of the f;, so is T/-continuous,
and T, C 3. Q

(ii) If g : X — R is T4-continuous, there is a continuous g; : Y — R such that g = ¢17. P Ifz, 2’ € X
are such that Tz = T, then every T,-open set containing one must contain the other, so g(z) = g(z’). This
means that there is a function g; : ¥ — R such that g = g;T. Next, if U C R is open, T~ [g; ' [U]] = ¢~ [U]
belongs to T, = T, so g; '[U] must be open in Y; as U is arbitrary, g; is continuous. Q

(c) Now let ¥ be the cylindrical o-algebra of X. Then every f; : X — R is ¥-measurable, so T : X — Rf
is (2, Ba(RT))-measurable, by 4A3Ne. Because Y is dense in R, Ba(Y') is the subspace c-algebra induced
by Ba(R’) (4A3Nd). So T : X — Y is (X, Ba(Y))-measurable. Now if g : X — R is a continuous function,
there is a continuous function g; : Y — R such that g = ¢17T'; g1 is Ba(Y)-measurable, so g is X-measurable.
As this is true for every T,-continuous g : X — R, Ba(X) C X.

(d) On the other hand, ¥ C Ba(X) just because every member of X* is T-continuous. So ¥ = Ba(X),
as claimed.

4A3W Proposition Let (X, %) be a separable metrizable locally convex linear topological space, and
T = T(X, X™) its weak topology. Then the cylindrical o-algebra of X is also both the Baire o-algebra and
the Borel g-algebra for both ¥ and ;.

proof (a) For any linear topological space, we have
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S C Ba(X,T,) C Ba(X,T) C B(X,T), Ba(X,T,)CB(X,T,) CBX,T),

writing ¥ for the cylindrical o-algebra and Ba(X, %), Ba(X,%), B(X,%;) and B(X,T) for the Baire and
Borel o-algebras of the two topologies. So all T have to do is to show that B(X,%) C 3.

(b) Let (7,,)nen be a sequence of seminorms defining the topology of X (4A4Cf), and D C X a countable
dense set; forn € N, § > 0 and = € X, set Up,(z,9) = {y : 7i(y — x) < § for every i < n}. Then every
Un(z,9) is a convex open set. Set

U={Uy(2,27™):2€ D, m,n € N}.

(c) If G C X is any convex open set, G € ¥. P Set Ug = {U : U € U, UNG = P}. For each U € Ug,
there are fy € X*, ay € Rsuch that fy(z) < ay for every z € G and fy(x) > ay for every x € U (4A4Db).
So F = {z: fu(x) < ay for every U € U} belongs to . Of course F' 2 G. On the other hand, if z ¢ G,
there are m, n € N such that G N U, (x,27™) = 0; if we take 2 € DN U, (z,27™ 1), U = U, (2,27™1) then
r €U €Ug, so fu(r) >ay and x ¢ F. Thus G = F belongs to . Q

(d) In particular, V = {U : U € U} is included in . But V is a countable network for T. So every member
of T is a union of countably many members of ¥ and belongs to X. It follows at once that B(X, %) C X, as
required.

4A3X Basic exercises (a) Let X be a regular space with a countable network and Y any topological
space. Show that B(X x V) = B(X)®&B(Y). (Hint: 4A2Ng.)

(b) Let X be a topological space, and £ C X. Show that the following are equiveridical: (o)) E € Ba(X);
(B) there are a continuous function f : X — [0,1]N and F € B([0, 1]") such that E = f~1[F].

>(c) Let X be a topological space, and K C X a compact set such that K € Ba(X). Show that K is a
zero set. (Hint: 4A3Xb.)

(d) Let X be a compact Hausdorff space such that Ba(X) = B(X). Show that X is perfectly normal.

(e) Let & be the topology on R generated by the usual topology and {{z} : x € R\ Q}. Show that & is
completely regular and Hausdorff and that Q is a closed Baire set which is not a zero set.

>(f) Let X be a ccc completely regular topological space. Show that any nowhere dense set is included
in a nowhere dense zero set.

(g) Let (X;)icr be a family of spaces with countable networks, and X their product. Show that Ba(X) =
;e rBa(Xi).

>(h)(i) Let I be an uncountable set with its discrete topology, and X the one-point compactification of
I. Show that Ba(I) is not the subspace o-algebra generated by Ba(X). (ii) Show that w;, with its order
topology, has a subset I such that Ba([I) is not the subspace o-algebra induced by Ba(w;).

4A3Y Further exercises (a) Give an example of a Hausdorff space X with a countable network and
a metrizable space Y such that B(X xY) # B(X)®B(Y).

(b) Let X be a Cech-complete space and (E,,),en a sequence of Borel sets in X. Show that there is a
Cech-complete topology on X, finer than the given topology, with the same weight, and containing every
E,.

(c) Give an example of compact Hausdorff spaces X, Y and a function f : X — Y which is (Ba(X), Ba(Y))-
measurable but not Borel measurable.

(d) Let (X;)icr be a family of regular spaces with countable networks, with product X. Show that (i)
Ba(X) is the family of Borel subsets of X which are determined by coordinates in countable sets; (ii) a set
Z C X is a zero set iff it is closed and determined by coordinates in a countable set; (iii) if Y C X is dense,
then Ba(Y) is just the subspace o-algebra Ba(X)y induced by Ba(X).
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(e) Let X be a normal topological space and Y a closed subset of X. Show that every Baire subset of Y’
is the intersection of Y with a Baire subset of X.

4A3 Notes and comments Much of this section consists of easy technicalities. It is however not always
easy to guess at the exact results obtainable by these methods. It is important to notice that Baire o-
algebras on subspaces can give difficulties which do not arise with Borel o-algebras (4A3Xh, 4A3Ca). I have
expressed 4A3D in terms of ‘hereditarily Lindelof’ spaces. Of course the separable metrizable spaces form
by far the most important class of these, but there are others (the split interval, for instance) which are of
great interest in measure theory. Similarly, there are important products of non-metrizable spaces which
are ccc (e.g., 417Xt(vii)), so that 4A3Mb has something to say.

4A3H-4A3I are a most useful tool in studying Borel subsets of Polish spaces, especially in conjunction
with the First Separation Theorem (4221); see 424G and 424H. T include 4A3Yb and 4A3Yd to show that
some more of the arguments here can be adapted to non-separable or non-metrizable spaces.

You will note my caution in the definition of ‘Baire measurable’ function (4A3Ke). This is supposed to
cover the case of functions taking values in [—oo, co] without taking a position on functions between general
topological spaces (4A3Yc).

It is relatively easy to show that spaces of cadlag functions have standard Borel structures (4A3Qb). To
exhibit usable complete metrics generating these is another matter; see chap. 3 of BILLINGSLEY 99.

Version of 19.6.13

4A4 Locally convex spaces

As in §3A5, all the ideas, and nearly all the results as stated below, are applicable to complex linear
spaces; but for the purposes of this volume the real case will almost always be sufficient, and for definiteness
you may take it that the scalar field is R, except in 4A4J-4A4K. (Complex Hilbert spaces arise naturally in
§445.)

4A4A Linear spaces (a) If U is a linear space, a Hamel basis for U is a maximal linearly independent
family (u;);er in U, so that every member of U is uniquely expressible as »_._; a;u; for some finite J C T

and (o)ics € (R\ {0})”.

icJ

(b) Every linear space has a Hamel basis. (SCHAEFER 71, p. 10; KOTHE 69, §7.3.)

(c) If U is a linear space, I write U’ for the algebraic dual of U, the linear space of all linear functionals
from U to R.

4A4B Linear topological spaces (see §2A5) (a) If U is a linear topological space, and V is a linear
subspace of U, then V, with the linear structure and topology induced by those of U, is again a linear
topological space. (BOURBAKI 87, 1.1.3; SCHAEFER 71, §1.2; KOTHE 69, §15.2.)

(b) If (Ui)ier is any family of linear topological spaces, then U = [[,c; U, with the product linear
space structure and topology, is again a linear topological space. (BOURBAKI 87, 1.1.3; SCHAEFER 71, §1.2;
KOTHE 69, §15.4.) In particular, RX, with its usual linear and topological structures, is a linear topological
space, for any set X.

(c) If U and V are linear topological spaces, the set of continuous linear operators from U to V is a linear
subspace of the space L(U; V) of all linear operators from U to V. If U, V and W are linear topological
spaces, and T : U — V and S : V — W are continuous linear operators, then ST : U — W is a continuous
linear operator.

(d) If U is a linear topological space, I will write U* for the dual of U, the space of all continuous linear
functionals from U to R (compare 2A4H). U* is a linear subspace of U’ as defined in 4A4Ac. The weak

(©) 2002 D. H. Fremlin
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topology on U, T,(U,U*), is that defined by the method of 2A5B from the seminorms u +— |f(u)| as f runs
over U* (compare 2A5Ia). The weak* topology on U*, T,(U*,U), is that defined from the seminorms
f = |f(u)] as u runs over U (compare 2A5Ig). By 2A5B, both are linear space topologies. If U and V are
linear topological spaces, T : U — V is a continuous linear operator, and g € V*, then ¢gT € U* ((¢) above);
consequently T is (T4(U,U*), T(V, V*))-continuous.

(e) If U = [],c; Ui is a product of linear topological spaces, then every element of U* is of the form
u Yoy fi(u(i)) where J C I is finite and f; € U} for every i € J. (BOURBAKI 87, I1.6.6; SCHAEFER 71,
IV.4.3; KOTHE 69, §22.5.) Consequently the weak topology on U is the product of the weak topologies on
the UZ

(f) Let U be a linear topological space. For A C U write A° for its polar set {f : f € U*, f(z) <1
for every € A} in U*. If G is a neighbourhood of 0 in U, then G° is a T,(U*, U)-compact subset of U*
(compare 3A5F). (SCHAEFER 71, I11.4.3; KOTHE 69, §20.9; RUuDIN 91, 3.15.)

(g) Let U be a linear topological space. If D C U is non-empty and closed under addition and multipli-
cation by rationals, D is a linear subspace of U. I The linear span

V=" u;:ug,... ,up €D, ag,...,a, € R}
of
D={>" ou;:ug,... ,uy €D, ap,... o, € Q}

is included in D, because addition and scalar multiplication are continuous; so D = V is a linear subspace.
Q If A C U is separable, then the closed linear subspace generated by A is separable. I Let Dy C A be a
countable dense subset; then

D:{Z?:Oaiui:uo,... ,unGDo, QQ,y ... ,0p EQ}

is countable, and D is separable; but D is the closed linear subspace generated by A. Q

(h) If (u;)ier is an indexed family in a Hausdorff linear topological space U and u € U, we say that
u =Y,y u; if for every neighbourhood G of u there is a finite set J C I such that ), u; € G whenever
K C I is finite and J C K (compare 226Ad).

If (vi)ics is another family with the same index set, and v = >, ; v; is defined, then >, (u; + v;)
is defined and equal to u + v. P If G is a neighbourhood of u + v, there are neighbourhoods H, H’
of u, v respectively such that H + H' C G; there are finite sets J, J' C I such that > ., u; € H
whenever J C K € [I|<¥ and ), ., v; € H whenever J' C K € [I¥; now ), , u; +v; € G whenever
JUJ CKelll**. Q

If now V is another Hausdorff linear topological space and T : U — V is a continuous linear operator,
Yicr Tui = T(3 ;o wi) if the right-hand-side is defined. B Set u =), ; u;. If H is an open set containing
Twu, then T~*[H] is an open set containing u, so there is a J € [I]<“ (notation: 3A1J) such that >, u; €
T-'[H] and >, Tu; € H whenever J C K € [I]<“. Q

(i) If U is a Hausdorff linear topological space, then any finite-dimensional linear subspace of U is closed.
(SCHAEFER 711.3.3; TAYLOR 64, 3.12-C; RupIN 91, 1.2.1.)

(j) If U is a first-countable Hausdorff linear topological space which (regarded as a linear topological
space) is complete, then there is a metric p on U, defining its topology, under which U is complete. I
Let W be the uniformity of U (3A4Ad). We know there is a sequence (G,)nen running over a base of
neighbourhoods of 0 in U; setting W,, = {(u,v) : v — v € G, } for each n, {W,, : n € N} generates W. So
there is a metric p on U defining W (4A2Jb). Because X is W-complete, it is p-complete (ENGELKING 89,
8.3.5). Q

4A4C Locally convex spaces (a) A linear topological space is locally convex if the convex open sets
form a base for the topology.
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(b) A linear topological space is locally convex iff its topology can be defined by a family of seminorms
(2A5B, 2A5D). (BOURBAKI 87, I1.4.1; SCHAEFER 71, §I1.4; KOTHE 69, §18.1.)

(c) Let U be a linear space and 7 a seminorm on U. Then N, = {u : 7(u) = 0} is a linear subspace of X.
On the quotient space U/N, we have a norm defined by setting ||u*|| = 7(u) for every u € U. (BOURBAKI
87, I1.1.3; SCHAEFER 71, I1.5.4; RUDIN 91, 1.43.)

(d) Let U be a locally convex linear topological space, and T the family of continuous seminorms on
U. For each 7 € T, write N, = {u: 7(u) = 0}, as in (¢) above, and =, for the canonical map from U to
U. = U/N;. Give each U its norm, and set G, = {x;'[H] : H C U, is open}. Then |J, .1 G is a base for
the topology of X closed under finite unions. (SCHAEFER 71, I11.5.4.)

(e) A linear subspace of a locally convex linear topological space is locally convex. (BOURBAKI 87, I1.4.3;
KOTHE 69, §18.3.) The product of any family of locally convex linear topological spaces (4A4Bb) is locally
convex. (BOURBAKI 87, I1.4.3; KOTHE 69, §18.3.)

(f) If U is a metrizable locally convex linear topological space, its topology can be defined by a sequence
of seminorms. (BOURBAKI 87, I11.4.1; KOTHE 69, §18.2.)

(g) Let U be a linear space and V a linear subspace of the space U’ of all linear functionals on U.
Let T4(V,U) be the topology on V generated by the seminorms f — |f(u)| as u runs over U (compare
4A4Bd), and let ¢ : V. — R be a T4(V,U)-continuous linear functional. Then there is a u € U such that
o(f) = f(u) for every f € V. (BOURBAKI 87, IV.1.1; SCHAEFER 71, IV.1.2; KOTHE 69, §20.2; RUDIN 91,
3.10; DUNFORD & SCHWARTZ 57, 11.3.9; TAYLOR 64, 3.81-A.)

(h) Grothendieck’s theorem If U is a complete locally convex Hausdorff linear topological space, and
¢ is a linear functional on the dual U* such that ¢[G® is T;(U*, U)-continuous for every neighbourhood G
of 0 in U, then ¢ is of the form f — f(u) for some u € U. (BOURBAKI 87, I11.3.6; SCHAEFER 71, IV.6.2;
KOTHE 69, §21.9.)

4A4D Hahn-Banach theorem (a) Let U be a linear space and 6 : U — [0, oo a seminorm.
(i) If V C U is a linear subspace and g : V — R is a linear functional such that |g(v)| < 6(v) for every
v € V, then there is a linear functional f : U — R, extending g, such that |f(u)| < 6(u) for every u € U.
(i) If ug € U then there is a linear functional f : U — R such that f(ug) = 60(ug) and |f(u)| < 0(u)
for every u € U. (BOURBAKI 87, 11.3.2; RUDIN 91, 3.3; DUNFORD & SCHWARTZ 57, I1.3.11; TAYLOR 64,
3.7-C; or use 3A5Aa.)

(b) Let U be a linear topological space and G, H two disjoint convex sets in U, of which one has non-
empty interior. Then there are a non-zero f € U* and an « € R such that f(u) < a < f(v) for every u € G,
v € H, so that f(u) < « for every u € int G and o < f(v) for every u € int H. (BOURBAKI 87, I1.5.2;
SCHAEFER 71, I1.9.1; KOTHE 69, §17.1.)

4A4E The Hahn-Banach theorem in locally convex spaces Let U be a locally convex linear
topological space.

(a) If V C U is a linear subspace, then every member of V* extends to a member of U* (compare 3A5Ab).
(BOURBAKI 87, 11.4.1; SCHAEFER 71, I1.4.2; KOTHE 69, §20.1; RUDIN 91, 3.6; TAYLOR 64, 3.8-D.)
Consequently T,(V,V*) is just the subspace topology on V' induced by T(U,U*).

(b) Let C C U be a non-empty closed convex set. If u € U then u € C iff f(u) < sup,c¢ f(v) for every
feU*iff f(u) > inf,ce f(v) for every f € U*. (BOURBAKI 87, 11.5.3; SCHAEFER 71, 11.9.2; KOTHE 69,
§20.7; DUNFORD & SCHWARTZ 57, V.2.12.)

If V C U is a closed linear subspace and u € U \ V there is an f € U* such that f(u) # 0 and f(v) =0
for every v € V. (BOURBAKI 87, 11.5.3; KOTHE 69, §20.1; RuDIN 91, 3.5; TAYLOR 64, 3.8-E.)
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(c) If U is Hausdorft, U* separates its points (compare 3A5Ae). (BOURBAKI 87, I1.4.1; RUDIN 91, 3.4.)

(d) If w € U belongs to the T,(U,U*)-closure of a convex set C C U, it belongs to the closure of C
(compare 3A5Ee). (SCHAEFER 71, I1.9.2; KOTHE 69, §20.7; RupIN 91, 3.12.) In particular, if C' is closed,
it is ¥5(U,U*)-closed. (DUNFORD & SCHWARTZ 57, V.2.13.)

(e) If C, ¢’ C U are disjoint non-empty closed convex sets, of which one is compact, there is an f € U*
such that sup,co f(u) < infyecr f(u). (Apply (b) to C — C’. See BOURBAKI 87, I1.5.3; SCHAEFER 71,
I1.9.2; KOTHE 69, §20.7; RUDIN 91, 3.4; DUNFORD & SCHWARTZ 57, V.3.13.)

(f) Let V be a linear subspace of U’. Let K C U be a non-empty T4(U, V)-compact convex set, and
¢o : V — R a linear functional such that ¢o(f) < sup,cx f(u) for every f € V. Then there is a up € K
such that ¢o(f) = f(ug) for every f € V. P Give U the topology T(U,V) and V' the topology T,(V', V)
(4A4Cg). Foru e U, f € V set 4(f) = f(u); then u +— 4 is a continuous linear operator from U to V' (use
2A3H), so K = {4.: u € K} is a compact convex subset of V'.

? Suppose, if possible, that ¢o ¢ K. By (b), there is a continuous linear functional  : V' — R such
that 8(¢o) > sup,cx 0(@). But there is an f € V such that 6(¢) = ¢(f) for every ¢ € V' (4A4Cg), so that
¢o(f) > sup,cg f(u), contrary to hypothesis. X So there is a ug € K such that ¢g = 1o, as claimed. Q

(g) The Bipolar Theorem Let A C U’ be a non-empty set. Set A° = {u : u € U, f(u) <1 for
every f € A} (compare 4A4Bf). If g € U’ is such that g(u) < 1 for every u € A°, then g belongs to the
(U, U)-closed convex hull of AU {0}. P Put 4A4Cg and (b) above together, as in (f). See BOURBAKI
87, 11.6.3; SCHAEFER 71, IV.1.5; KOTHE 69, 20.8. Q

(h) Let W be a linear subspace of U’ separating the points of U. Then W is ¥,(U’,U)-dense in U’. (For
w9 =1{0}.)

4A4F The Mackey topology Let U be a linear space and V a linear subspace of U’. The Mackey
topology T (V,U) on V is the topology of uniform convergence on convex ¥4(U, V')-compact subsets of U.
Every % (V, U)-continuous linear functional on V' is of the form f — f(u) for some u € U (use 4A4Ef). So
every % (V,U)-closed convex set is T4(V,U)-closed, by 4A4Ed. (See BOURBAKI 87, IV.1.1; SCHAEFER 71,
Iv.3.2; KOTHE 69, 21.4.)

4A4G Extreme points (a) Let X be a real linear space, and C' C X a convex set. An element of
C is an extreme point of C if it is not expressible as a convex combination of two other members of C
1

equivalently, if it is not expressible as 5(x + y) where z, y € C are distinct.

(b) The Krein-Mil’'man theorem Let U be a Hausdorff locally convex linear topological space and
K C U a compact convex set. Then K is the closed convex hull of the set of its extreme points. (BOURBAKI
87, I1.7.1; SCHAEFER 71, 11.10.4; KOTHE 69, §25.1; RUDIN 91, 3.22.)

(c) Let U and V be Hausdorff locally convex linear topological spaces, T : U — V a continuous linear
operator, K C X a compact convex set and v any extreme point of T[K] C V. Then there is an extreme
point u of K such that Tu =v. P Set K; = {v' : v/ € K, Tu' = v}. Then K, is a compact convex set so
has an extreme point u. ? If u is not an extreme point of K, it is expressible as cu; 4+ (1 — a)ug where uq,
ug are distinet points of K and « € ]0,1[. So v = aTu; + (1 — a)Tus, and we must have Tu; = Tv = Tus,
because v is an extreme point of T[K]; but this means that u;, us € K; and wu is not an extreme point of
K1. X So u has the required properties. Q

4A4H Proposition Let I be a set, W a closed linear subspace of R?, U a linear topological space and
V a Hausdorff linear topological space. Let K C U be a compact set and T : U x R’ — V a continuous
linear operator. Then T[K x W] is closed.

proof Take vy € T[K x W]. Let J C I be a maximal set such that
whenever L C J is finite and H C V is an open set containing vg, there are a u € K and an
x € W such that x(i) =0 for every i € L and T'(u,x) € H.
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Let F be the filter on U x R! generated by the closed set K x W, the sets {(u,z) : z(i) = 0} for i € J,
and the sets T~ ![H] for open sets H containing vyg. Then for any j € I there is an F € F such that
{z(j) : (u,xz) € F} is bounded. P? Suppose, if possible, otherwise. Then, in particular, j ¢ J. So there
must be a finite set L C .J and an open set H containing vy such that x(j) # 0 whenever u € K, x € W,
z(i) = 0 for every i € L and T(u,x) € H. By 2A5C, or otherwise, there is a neighbourhood Gy of 0 in V
such that vg + Go — Gy C H and av € Gy whenever v € Gy and |a] < 1. Fix u* € K, * € W such that
x*(i) = 0 for every i € L and T(u*,2*) € vo+ Go. If x € W and z(i) = 0 for every i € L and z(j) = z*(j),
then T'(u*,2* — x) ¢ vg + Go — Gp so T(0,2) ¢ Gy. It follows that T(0,z) ¢ Gy whenever x € W and
x(i) = 0 for every ¢ € L and |x(j)| > |=*(5)]-

Let G be a neighbourhood of 0 in V such that G + G — G — G C Gy. We are supposing that {z(j) :
(u,z) € F} is unbounded for every F' € F. So for every n € N there are u,, € K and z,, € W such that
(i) =0for i € L, T(up,xn) € vo + G and |x,(j)| > n. Let u € K be a cluster point of (up)nen. Then
T'(u,0) is a cluster point of (T'(up,0))nen, so M = {n : T(uy,0) € T(u,0) + G} is infinite. For n € M,
T(0,2p) = T(tn, 2n)—T (un,0) € v9—T(u,0)+G—G;soif m,n € M, T(0, 2, —x,) € G—G—(G—G) C Gy.
But note now that (z,, — z,)(i) = 0 for all m, n € N and ¢ € L, and that because M is infinite there are
certainly m, n € M such that |z, (j) — 2, (5)| > |2*(j)|; which contradicts the last paragraph. X Q

Now let G be any ultrafilter on U x R including F. Then for every i € I there is a 7; < oo such
that G contains {(u,z) : |z(i)| < 7;}. It follows that G has a limit (4,#£) in K x W. Now the image filter
T([G]] (2A1Ib) converges to T'(i, 2); since T[[F]] = vg, and the topology of V' is Hausdorff, vg = T(4, ) €
T[K x W]. As v is arbitrary, T[K x W] is closed.

4A41 Normed spaces (a) Two norms || ||, || ||’ on a linear space U give rise to the same topology iff
they are equivalent in the sense that, for some M > 0,

=]l < Mj=]]', =] < M|lz||
for every x € U. (KOTHE 69, §14.2; TAYLOR 64, 3.1-D; JAMESON 74, 2.8.)

(b) If U and V are normed spaces, T : U — V is a linear operator and g7 : U — R is continuous for
every g € V*, then T is a bounded operator. (JAMESON 74, 27.6.)

(¢) If U is any normed space, its dual U*, under its usual norm (2A4H), is a Banach space. (RuDIN 91,
4.1; DUNFORD & SCHWARTZ 57, 11.3.9; KOTHE 69, §14.5.)

(d) If U is a separable normed space, its dual U* (regarded as a normed space) is isometrically isomorphic
to a closed linear subspace of £>°. P Let (z,,)nen run over a dense subset of the unit ball of U (4A2P(a-iv));
define T : U* — £ by setting (T'f)(n) = f(z,) for every n. T is a linear isometry between U* and T([U*],
which is closed because U* is complete (4A4lc, 3A4Fd). Q

(e) Let U be a Banach space. Suppose that (u;);cs is a family in U such that v = >, [lus| < oo.
(i) > ;esuq is defined in the sense of 4A4Bh. P For J € [I|<¥, set vy = >, ;u;. For each n € N,
there is a J,, € [I]<¢ such that v — >, |lus|| < 27" whenever J, C K € [I]<¥. Now

101, = V5l € Xie g, llwll £27m 4277

for all m, n € N, 8o (v, )nen is a Cauchy sequence and has a limit v say. If now n € N and J,, C K € [I]<%,

o= 3wl = tim flos, — 3wl < msup 3" ful

€K €K M= e I AK
< Lim 27M 42" =9
m—r 00
sov=>;u. Q

(i) Now if (I;)jes is any partition of I, w;j =} ;c; u; is defined for every j, and }_ . ;w; is defined

jE€J
and equal to ), u;.

(f) Let U be a normed space. For v € U, define 4 € U** = (U*)* by setting u(f) = f(u) for every
feU* Then {4 :u € U, |u]| <1} is weak*-dense in {¢ : ¢ € U™, ||¢|| = 1}. (Apply 4A4Eg with
A= {0 ul < 1)
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4A4J Inner product spaces (a) Let U be an inner product space over % (3A5M). An orthonormal
family in U is a family (e;);er in U such that (e;le;) =01if ¢ # j, 1if ¢ = j. An orthonormal basis in U
is an orthonormal family (e;);er in U such that the closed linear subspace of U generated by {e; : i € I'} is
U itself.

(b) If U, V are inner product spaces over R and T : U — V is an isometry such that T'(0) = 0, then
(Tu|Tv) = (ulv) for all u, v € U and T is linear. P ()

1 1
(Tu|Tv) = S(ITul® + | Tv[]* = [Tu = Tvl|?) = S (Jul® + [[v]]* = u = v]*) = (ufv).

(8) For any u, v € U,
|T(u+v) = Tu—Tol* = |T(u+v)|* + | Tul* + || Tv|?
—2(T(u+ v)|Tu) — 2(T(u + v)|Tv) + 2(Tu|Tv)
= [lu+ol* + [lull* + [lv]|*
—2(u + v|u) — 2(u + v|v) + 2(ulv)

=0.
So T is additive. () Consequently T'(qu) = qTu for every u € U and ¢ € Q; as T is continuous, it is linear.
Q
(c¢) If U, V are inner product spaces over C and T : U — V is a linear operator such that ||Tu| = |Jul|

for every w € U, then (Tu|Tv) = (u|v) for all u, v € U. P
Re(Tu[Tv) = (|Tull2 + | To| ~ | Tu ~ To|2) = Re(ulv).

Im(Tu|Tv) = — Re(i(Tu|Tv)) = — Re(T(iu)|Tv) = — Re(iu|v) = Im(ulv). Q

(d) If U is an inner product space over g, a linear operator T : U — U is self-adjoint if (Tu|v) = (u|Tv)
for all u, v € U.

(e) If U is a finite-dimensional inner product space over R, it is isomorphic to Euclidean space R", where
r = dimU. (TAYLOR 64, 3.21-A.) In particular, any finite-dimensional inner product space is a Hilbert
space.

(f) If U is an inner product space over g and V C U is a linear subspace of U, then V* = {z : 2 €
U, (z|y) = 0 for every y € V'} is a linear subspace of U, and |z + y|> = ||z||* + ||y||*> for x € V, y € V. If
V is complete (in particular, if V is finite-dimensional), then U = V @ V+. (RUDIN 91, 12.4; BOURBAKI
87, V.1.6; TAYLOR 64, 4.82-A.)

(g) If U is an inner product space over R and vy, va € U are such that ||v1]| = |Jvz|| = 1, there is a linear
operator T : U — U such that Tv; = vy and || Tu|| = |Ju|| and ||Tu — || < |lvg — ve||||u] for every u € U.
P If vy is a multiple of vy, say vy = av, take Tu = au for every u. Otherwise, set w = vg — (v2]vy)vy and
wy, = mm so that vy = cos@uvy + sin fw,, where § = arccos(va|vy). Let V' be the two-dimensional linear

subspace of U generated by v; and w, so that U = V @ V+. Define a linear operator T : U — U by saying
that Tvq = vy, Twy = cosOw; — sinfv; and Tu = u for w € V. Then T acts on V as a simple rotation
through an angle 6, so ||Tv|| = 1 and ||Tv — v|| = ||Jva — v1|| whenever v € V and ||v|| = 1; generally, if u € U,
then [|[Tu|| = |Ju|| and

[Tu —ul = |T(Pu) = Pul| = [jvz = vi[[[[Pull < [lvz = v]ll|u],
where P is the orthogonal projection of U onto V. Q

(h) Let U be an inner product space over %, and (u;);er a countable family in U. Then there is a
countable orthonormal family (v;);e; in U such that {v; : j € J} and {u; : ¢ € I} span the same linear

MEASURE THEORY



4A4N Locally convex spaces 49

subspace of U. P We can suppose that I C N; set u; = 0 for i € N\ I. Define (v,,),en inductively by setting
V), = U — s o (Un|Vi) vy, vy = 0 if v, =0, ﬁv; otherwise. Set J = {n : v, # 0}. Q

(i) Let U be an inner product space over %, and (e;);es an orthonormal family in U. Then )", |(ule;)[* <
||u||? for every u € U. (DUNFORD & SCHWARTZ 57, p. 252; TAYLOR 64, 3.2-D.)

(j) Let U be an inner product space over %, and C' C U a convex set. Then there is at most one point
u € C such that [ju|| < [|v|| for every v € C. P If u, v’ both have this property, then v = 3(u+ ') € C,
and [[u]| = [[o/|| < [[v]l; but 4]v]* + [Ju — w'[|* = 2(||ul* + [[«]]*), so lu —v'|| =0 and u = v'. Q
For such a u, ||ul|?> < Re(u|v) for every v € C. P For o € ]0,1],
[ull? < llaw + (1 = e)ull? = [Jul]® + 2a(Re(ulv) — [[u]]?) + a*[lv — ul?,

so Re(ulv) — |lul[* > —limqayo ollv — ul|®. Q

4A4K Hilbert spaces (a) If U is a real or complex Hilbert space, its unit ball is compact in the weak
topology Ts(U,U*); any bounded set is relatively compact for T(U,U*). (BOURBAKI 87, V.1.7; DUNFORD
& SCHWARTZ 57, 1V.4.6.)

(b) If U is a real or complex Hilbert space, any norm-bounded sequence in U has a weakly convergent
subsequence. (462D; DUNFORD & SCHWARTZ 57, IV.4.7.)

(¢) If U is a real or complex Hilbert space and (u;);er is any orthonormal family in U, then it can be
extended to an orthonormal basis. (DUNFORD & SCHWARTZ 57, IV.4.10; TAYLOR 64, 3.2-1.) In particular,
U has an orthonormal basis.

4A4L Compact operators (see 3A5La) (a) Let U, V and W be Banach spaces. If T € B(U; V) and
S € B(V; W) and either S or T is a compact operator, then ST is compact. (DUNFORD & SCHWARTZ 57,
V1.5.4; JAMESON 74, 34.2.)

(b) If U is a Banach space, T € B(U;U) is a compact linear operator and v # 0 then {u : Tu = ~yu}
is finite-dimensional. (RUDIN 91, 4.18; TAYLOR 64, 5.5-C; DUNFORD & SCHWARTZ 57, VI1.4.5; JAMESON
74, 34.8.)

4A4M Self-adjoint compact operators If U is a Hilbert space and T : U — U is a self-adjoint
compact linear operator, then T[U] is included in the closed linear span of {Tw : v is an eigenvector of T'}.
(TAYLOR 64, 6.4-B.)

4A4N Max-flow Min-cut Theorem (FORD & FULKERSON 56) Let (V, E,~y) be a (finite) transporta-
tion network, that is,
V' is a finite set of ‘vertices’,
E C{(v,v):v,v € V,v#v"} is a set of (directed) ‘edges’,
v:E —[0,00] is a function;
we regard a member e = (v,v') of E as ‘starting’ at v and ‘ending’ at v’, and ~(e) is the ‘capacity’ of the
edge e. Suppose that vy, v; € V are distinct vertices such that no edge ends at vy and no edge starts at v;.
Then we have a ‘flow’ ¢ : E — [0,00[ and a ‘cut’” X C E such that
(i) for every v € V' \ {vg, v1},

ZeEE,e starts at v ¢(€) = ZeEE,e ends at v ¢(6),
(ii) ¢(e) < v(e) for every e € E,
(iii) there is no path from vy to v1 using only edges in £\ X,

(IV) EeEE,e starts at vg ¢(8) = ZeEE,e ends at vy (b(e) = ZEEX ’}/(6)
proof BOLLOBAS 79, §II1.1; ANDERSON 87, 12.3.1.
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Version of 4.8.13
4A5 Topological groups

For Chapter 44 we need a variety of facts about topological groups. Most are essentially elementary, and
all the non-trivial ideas are covered by at least one of CSASZAR 78 and HEWITT & Ross 63. In 4A5A-4A5C
and 4A5I I give some simple definitions concerning groups and group actions. Topological groups, properly
speaking, appear in 4A5D. Their simplest properties are in 4A5E-4A5G. I introduce ‘right’ and ‘bilateral’
uniformities in 4A5H; the latter are the more interesting (4A5M-4A50), but the former are also important
(see the proof of 4A5P). 4A5J-4A5L deal with quotient spaces, including spaces of cosets of non-normal
subgroups. I conclude with notes on metrizable groups (4A5Q-4A5S).

4A5A Notation If X is a group, g € X, and A, B C X I write
xoA ={zox:x € A}, Az = {xxo: 2z € A},

AB={xy:x € A,ye B}, A l={as"1:2x€cA}.
A is symmetric if A = A~1. Observe that (AB)C = A(BC), (AB)"! = B~'A~! for any A, B, C C X.

4A5B Group actions (a) If X is a group and Z is a set, an action of X on Z is a function (z, z) —
zez : X X Z — Z such that

(zy)ez = xe(yez) for all z, y € X and 2z € Z,

esz = z for every z € Z

where e is the identity of X.
In this context I may say that ‘X acts on Z’, taking the operation « for granted.

(b) An action « of a group X on a set Z is transitive if for every w, z € Z there is an € X such that
Tow = 2.

(c) If « is an action of a group X on a set Z, I write xeA = {zez: 2z € A} whenever x € X and A C Z.

(d) If « is an action of a group X on a set Z, then z — x+z : Z — Z is a permutation for every = € X.
(For it has an inverse z — x~1ez.) So if Z is a topological space and z — xez is continuous for every z, it is
a homeomorphism for every z.

(e) An action « of a group X on a set Z is faithful if whenever z, y € X are distinct there is a z € Z such
that xez #£ yez; that is, the natural homomorphism from X to the group of permutations of Z is injective.
An action of X on Z is faithful iff for any « € X which is not the identity there is a z € Z such that xez # z.

(f) If « is an action of a group X on a set Z, then Y, = {z : x € X, x+z = 2z} is a subgroup of X (the
stabilizer of z) for every z € Z. If « is transitive, then Y,, and Y, are conjugate subgroups for all w, z € Z.
(If zow = z, then Y, = aY,xz~ 1)

(g) If « is an action of a group X on a set Z, then sets of the form {asz : a € X} are called orbits of the
action; they are the equivalence classes under the equivalence relation ~, where z ~ 2’ if there is an a € X
such that 2’ = aez.

4A5C Examples Let X be any group.

(a) Write

1

Ty =ay, Teoy=yx ', Tey=azyr '

for x, y € X. These are all actions of X on itself, the left, right and conjugacy actions.

(©) 2000 D. H. Fremlin
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(b) If A C X, we have an action of X on the set {yA : y € X} of left cosets of A defined by setting
ze(yA) = ayA for z, y € X.

(c)(i) Let « be an action of a group X on a set Z. If f is any function defined on a subset of Z, and z € X,
write @« f for the function defined by saying that (wef)(z) = f(x~'ez) whenever z € Z and 2~ 'ez € dom f.
It is easy to check that this defines an action of X on the class of all functions with domains included in Z.
Observe that

ro(f+9) = (@ef) + (weg),  xo(f x g) = (2of) X (weg), x:(f/g) = (wef)/(229)
whenever x € X and f, g are real-valued functions with domains included in Z.

(ii) In (i), if X = Z, we have corresponding actions s;, ». and . of X on the class of functions with
domains included in X:

(@ f)(y) = fx™y), (@) = flyz), (2ecf)(y) = fla™ya)
whenever these are defined. These are the left, right and conjugacy shift actions.
Note that
zoxA = x(zA), zepxA=x(Az71), xe.xA=x(zAz™1)
whenever A C X and = € X. In this context, the following idea is sometimes useful. If f is a function with
domain included in X, set f(y) = f(y~') when y € X and y~! € dom f. Then

>

(f)H = f7 x'lf = (x'rf)Ha x'rf = (x'lf)Ha x'cf = (Z'cf)H
for any such f and any x € X.

(d) If « is an action of a group X on a set Z, Y C X is a subgroup of X, and W C Z is Y-invariant in
the sense that yew € W whenever y € Y and w € W, then «[Y x W is an action of Y on W. In the context

of (c-i) above, this means that if V' is any set of functions with domains included in W such that ysf € V
whenever y € Y and f € V, then we have an action of Y on V.

4A5D Definitions (a) A topological group is a group X endowed with a topology such that the
operations (z,y) — xy: X x X — X and r — 2~ : X — X are continuous.

(b) A Polish group is a topological group in which the topology is Polish.

4A5E Elementary facts Let X be any topological group.

1

(a) For any « € X, the functions y — zy, y — yx and y — y~* are all homeomorphisms from X to itself.

(HEWITT & Ross 63, 4.2; FOLLAND 95, 2.1.)

1

(b) The maps (z,y) — x~ 'y, (v,y) = oy~ and (z,y) — xyz~! from X x X to X are continuous.

(c) {G : G is open, e € G, G~1 = G} is a base of neighbourhoods of the identity e of X. (HEWITT &
Ross 63, 4.6; FOLLAND 95, 2.1.)

(d) If G C X is an open set, then AG and GA are open for any set A C X. (HEwWITT & Ross 63, 4.4.)

(e) If F C X is closed and z € X \ F, there is a neighbourhood U of e such that UzUU N FUU = {.
P Set U; = X \ 2 'F. Let Uy be a neighbourhood of e such that UsUsUsU, 'Uy ' C Uy, Let U be a
neighbourhood of e such that U C Uy N zUs2z~!; this works. Q

(f) If K C X is compact and F' C X is closed then KF and FK are closed. If K, L C X are compact
so is KL. (HEwITT & RoOss 63, 4.4.)

(g) If there is any compact set K C X such that int K is non-empty, then X is locally compact.
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(h) If K C X is compact and F is a downwards-directed family of closed subsets of X with intersection
Fo, then KFy = Nper KF and FoK = (\per FK. P Of course KFy C (\per KF. If x € X\ KFy, then
K~z N Fy is empty; because K~z is compact, there is some F € F such that K~'x N F = () (3A3Db), so
that » ¢ KF. Accordingly KFy = (\pcr KF. Similarly, Fo K =\, FK. Q

(i) If K C X is compact and G C X is open, then W = {(z,y) : Ky C G} isopen in X x X. P It is
enough to deal with the case K # ). Take (xg,y0) € W. For each 2z € K, there is an open neighbourhood U,
of e such that U,2U,U, C 25 Gy, ' (apply (e) with F = X \z;'Gy;'). Now {zU, : z € K} is an open cover
of K so there are 2p,...,2, € K such that K C |J,., z:U,,. Set U = ,<,, U.,; then UKU C 25 'Gyy "
and (z,y) € W whenever x € 20U and y € Uyy. Accordingly (zo,yo) € int W as (z0,yo) is arbitrary, W is
open. Q

It follows that {z : K C G}, {z: Ko C G} and {z : zKz~' C G} are open in X.

(j) If X is Hausdorff, K C X is compact and U is a neighbourhood of e, there is a neighbourhood V' of
e such that xy € U whenever z, y € K and yx € V; that is, y " '2y € U whenever z € Vandy € K. PIf U
is open, then {yz : z, y € K, zy ¢ U} is a closed set not containing e. Compare 4A50¢ below. Q

(k) Any open subgroup of X is also closed. (CsAszAR 78, 11.2.12; HEWITT & Ross 63, 5.5; FOLLAND
95, 2.1.)

(D) If X is locally compact, it has an open subgroup which is o-compact. (HEWITT & Ross 63, 5.14;
FOLLAND 95, 2.3.)

(m) If Y is a subgroup of X, its closure Y is a subgroup of X. (HEWITT & RoSs 63, 5.3; FOLLAND 95,
2.1.)

(n) Let X be a group and V a family of subsets of X. Then there is a topology of X under which X is
a topological group and V is a base of neighbourhoods of the identity iff
(a) V is a filter base;
(B) for every V € V there is a W € V such that W2 C V;
(7) for every V € V there is a W € V such that W~! C V;
() for every V € V and z € X there is a W € V such that zWz"1 C V.
In this case, there is exactly one such topology, and it is Hausdorff iff (| V = {e}.
CsASzAR 78, 11.2.4; HEWITT & Ross 63, I11.4.5.

4A5F Proposition (a) Let (X, %) and (Y, &) be topological groups. If ¢ : X — Y is a group homomor-
phism which is continuous at the identity of X, it is continuous. (CsAszAR 78, 11.2.17; HEWITT & ROSs
63, 5.40.)

(b) Let X be a group and &, ¥ two topologies on X both making X a topological group. If every &-
neighbourhood of the identity is a T-neighbourhood of the identity, then & C ¥. (Apply (a) to the identity
map from (X, %) to (X,6).)

4A5G Proposition If (X;)ic; is any family of topological groups, then [];.; X;, with the product
topology and the product group structure, is again a topological group. (HEWITT & Ross 63, 6.2.)

4A5H The uniformities of a topological group Let (X, ¥) be a topological group. Write I for the
set of open neighbourhoods of the identity e of X.

(a) For U € U, set Wy = {(z,y) : 2y~ € U} € X x X. The family {Wy : U € U} is a filter base,
and the filter on X x X which it generates is a uniformity on X, the right uniformity of X. (Warning!!
Some authors call this the ‘left uniformity’.) This uniformity induces the topology T (CSASzAR 78, 11.2.7).
It follows that T is completely regular, therefore regular (4A2Ja, or HEWITT & Ross 63, 8.4).

(b) For U e U, set Wy = {(z,y) :ay ' € U, 2~ 'y € U} C X x X. The family {Wy : U € U} is a filter
base, and the filter on X x X which it generates is a uniformity on X, the bilateral uniformity of X.
This uniformity induces the topology €. (CsAszAR 78, 11.3.c.)
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() x—~ 27t

is uniformly continuous for the bilateral uniformity. (The check is elementary.)

(d) If X and Y are topological groups and ¢ : X — Y is a continuous homomorphism, then ¢ is
uniformly continuous for the bilateral uniformities. I If V is a neighbourhood of the identity in Y and
Wy ={(y,2) : yz=1, y~'2 both belong to V'} is the corresponding member of the bilateral uniformity on Y,
then U = ¢~![V] is a neighbourhood of the identity in X and (¢(z), ¢(w)) € Wy whenever (z,w) € Wy. Q

(e) If X is an abelian topological group, then the right and bilateral uniformities on X coincide, and may
be called ‘the’ topological group uniformity of X; cf. 3A4Ad.

4A51 Definitions If X is a topological group and Z a topological space, an action of X on Z is
‘continuous’ or ‘Borel measurable’ if it is continuous, or Borel measurable, when regarded as a function from
X x Z to Z.

Of course the left, right and conjugacy actions of a topological group on itself are all continuous.

4A5J Quotients under group actions, and quotient groups: Theorem (a) Let X be a topological
space, Y a topological group, and « a continuous action of Y on X. Let Z be the set of orbits of the action,
and for x € X write w(x) € Z for the orbit containing x.
(i) We have a topology on Z defined by saying that V' C Z is open iff 77![V] is open in X. The
canonical map 7 : X — Z is continuous and open.
(ii)(e) If Y is compact and X is Hausdorff, then Z is Hausdorff.
(8) If X is locally compact then Z is locally compact.
(b) Let X be a topological group, Y a subgroup of X, and Z the set of left cosets of ¥ in X. Set
m(x) =zY for z € X.
(i) We have a topology on Z defined by saying that V' C Z is open iff 771[V] is open in X. The
canonical map 7 : X — Z is continuous and open.
(ii)(ov) Z is Hausdorff iff Y is closed.
(8) If X is locally compact, so is Z.
(7) If X is locally compact and Polish and Y is closed, then Z is Polish.
(0) If X is locally compact and o-compact and Y is closed and Z is metrizable, then Z is Polish.
(iii) We have a continuous action of X on Z defined by saying that zew(z') = n(z2a’) for any z, 2’ € X.
(iv) If Y is a normal subgroup of X, then the group operation on Z renders it a topological group.

proof (a)(i) It is elementary to check that {V : m#=1[V] is open} is a topology such that 7 : X — Z is
continuous. To see that 7 is open, take an open set U C X and consider

7 AU = Upep{z s m(@) = 7(2)} = Upevyey{z s 2 = yoa'} =Uyey voU.

But as x + yex is a homeomorphism for every y € Y (4A5Ea), every y-U is open, and the union 7~ ![r[U]]
is open. So 7[U] is open in Z; as U is arbitrary, 7 is an open map.

(i) (@) Set F = {((z,2),y) :x € X, y € Y, yox = 2'}. Because the function ((z,2'),y) — (yex, ') :
(X xX)xY — X x X is continuous and {(z,z) : z € X} is closed in X x X (4A2F(a-iii)), F is closed.
By 4A2Gm, the projection {(z,2z') :3 y € Y, yox = '} = {(z,2") : w(x) = w(a’)} is closed in X x X’
and {(z,2') : m(z) # w(a’)} is open. Since (z,2') — (7(z),7(2")) : X x X — Z x Z is an open mapping
(4A2B(f-iv)), {(2,2') : 2 #£ 2’} is open in Z x Z, and Z is Hausdorff by 4A2F(a-iii) in the other direction.

(B) Use 4A2Gn.
(b)(i) Apply (a-i) to the right action (y,z) — zy~! of Y on X, or see HEWITT & Ross 63, 5.15-5.16.
(ii) (e) By HEwITT & Ross 63, 5.21, Z is Hausdorff iff Y is closed.
(B) Use (a-ii-B), or see HEWITT & Ro0Ss 63, 5.22 or FOLLAND 95, 2.2.

() X has a countable network (4A2P(a-ii)), so Z also has (4A2Nd); since we have just seen that Z
is locally compact and Hausdorff, it must be Polish (4A2Qh).

(8) Because X is o-compact, so is its continuous image Z; we know from («)-(8) that Z is locally
compact and Hausdorff; we are supposing that it is metrizable; so it is Polish, by the other half of 4A2Qh.
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(iii) I have noted in 4A5Cb that the formula given defines an action. If V' C Z is open and zg € X,
20 € Z are such that xgezg € V, take z{, € X such that 7(z) = 29, and observe that z¢z{, € 7~ [V], which
is open. So there are open neighbourhoods Vj, Vj of xg, z{ respectively such that VoVj C 7~ 1[V], and
xez € V whenever x € Vj and z € ©[V{]. Since w[V{] is an open neighbourhood of zy, this is enough to show
that « is continuous at (zg, 2¢).

(iv) CsAszARr 78, 11.2.15; HEWITT & Ross 63, 5.26; FOLLAND 95, 2.2.

4A5K Proposition Let X be a topological group with identity e.

(a) Y = {e} is a closed normal subgroup of X.

(b) Writing 7 : X — X/Y for the canonical map,

(i) a subset of X is open iff it is the inverse image of an open subset of X/Y,
(ii) a subset of X is closed iff it is the inverse image of a closed subset of X/Y,
(iii) 7[G] is a regular open set in X/Y for every regular open set G C X,

(iv) 7[F] is nowhere dense in X/Y for every nowhere dense set FF C X,

(v) 77 1[V] is nowhere dense in X for every nowhere dense V C X/Y.

proof (a) CsAszAR 78, 11.2.13; HEWITT & Ross 63, 5.4; FOLLAND 95, 2.3.

(b)(i)-(ii) Because 7 is continuous, the inverse image of an open or closed set is open or closed. In the
other direction, if G C X is open and = € G, then z{e} = {z} C G, because X is regular (4A5Ha). So
G = GY = 7~ Yr[G]]. Since 7 is an open map (4A5J(a-i)), 7[G] is open and G is the inverse image of an
open set. If FF C X is closed, n[F] = (X/Y) \ n[X \ F] is closed and

F=X\r"'r[X\ F]] =2 (X/Y) \ 7[X \ F]]
is the inverse image of a closed set.

(iii) If A C X, then 7w[A] is a closed set included in 7[A] (because 7 is continuous), so 7[A] = =[A].
If G C X is a regular open set, then 7~ ![int 7[G]] is an open subset of 7=1[7[G]] = G, so is included in
intG = G. But this means that the open set 7[G] includes int 7[G] = int 7[G], and 7[G] = int 7[G] is a
regular open set.

(iv) If F C X is nowhere dense, then its closure is of the form 7~*[V] for some closed set V C X/Y.
Now if H C X/Y is a non-empty open set, 7~ [H| is a non-empty open subset of X, so is not included in
F, and H cannot be included in V. Thus V is nowhere dense; but V' O #[F], so 7[F] is nowhere dense.

(v) If V. C X/Y is nowhere dense, and G C X is open and not empty, then G = 7~ '[H] for some
non-empty open H C X/Y. In this case, H \ V is non-empty, so 7~ ![H \ V] is a non-empty open subset of
G disjoint from 71[V]. As G is arbitrary, 7~![V] is nowhere dense.

4A5L Theorem Let X be a topological group and Y a normal subgroup of X. Let 7 : X — X/Y be
the canonical homomorphism.

(a) If X’ is another topological group and ¢ : X — X’ a continuous homomorphism with kernel including
Y, then we have a continuous homomorphism ¢ : X/Y — X’ defined by the formula ¥ = ¢; 1 is injective
iff Y is the kernel of ¢.

(b) Suppose that K;, K, are two subgroups of X/Y such that Ko < K;. Set Y7 = 7 1[K;] and
Y, = W*I[Kg]. Then Ys <1 Y7 and Y1/Y, and K7 /K5 are isomorphic as topological groups.

proof (a) This is elementary group theory, except for the claim that ¢ is continuous. But if H C X’ is open,
then ¢~ 1[H] = n[¢p~![H]] is open because ¢ is continuous and 7 is open (4A5J(a-i)); so ¢ is continuous.

(b) See HEwWITT & Ross 63, 5.35.

4A5M Proposition Let X be a topological group.

(a) Let Y be any subgroup of X. If X is given its bilateral uniformity, then the subspace uniformity on
Y is the bilateral uniformity of Y. (CsAszAR 78, 11.3.13.)

(b) If X is locally compact it is complete under its right uniformity. (CsAszAR 78, 11.3.21.) If X is
complete under its right uniformity it is complete under its bilateral uniformity. (CsAszAr 78, 11.3.10.)
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(c) Suppose that X is Hausdorff and that Y is a subgroup of X which is locally compact in its subspace
topology. Then Y is closed in X. P Putting (a) and (b) together, we see that Y is complete in its subspace
uniformity, therefore closed (3A4Fd). Q

4A5N Theorem Let X be a Hausdorff topological group. Then its completion X under its bilateral
uniformity can be endowed (in exactly one way) with a group structure rendering it a Hausdorff topological
group in which the natural embedding of X in X represents X as a dense subgroup of X. (CsAszAR 78,
11.3.15.) If X has a neighbourhood of the identity which is totally bounded for the bilateral uniformity,
then X is locally compact. (CSASzZAR 78, 11.3.24.)

4A50 Proposition Let X be a topological group.

(a) If A C X, then the following are equiveridical: (i) A is totally bounded for the bilateral uniformity of
X; (ii) for every neighbourhood U of the identity there is a finite set I C X such that A C IUNUI.

(b) If A, B C X are totally bounded for the bilateral uniformity of X, so are AU B, A~! and AB. In
particular, | J,.,, ;B is totally bounded for any xo,... ,z, € X.

(c) If A C X is totally bounded for the bilateral uniformity, and U is any neighbourhood of the identity,
then {y : xyx~! € U for every x € A} is a neighbourhood of the identity.

(d) If X is the product of a family (X;);er of topological groups, a subset A of X is totally bounded for
the bilateral uniformity of X iff it is included in a product [],.; 4; where A; C X is totally bounded for
the bilateral uniformity of X; for every i € I.

(e) If X is locally compact, a subset of X is totally bounded for the bilateral uniformity iff it is relatively
compact.

iel

proof (a)(i)=-(ii) Suppose that A is totally bounded, and that U is a neighbourhood of the identity e of
X. Set

W= {(z,y) 2y~ € UL, a1y € U} = {(w,y) : y € Uz NaU;

then W belongs to the uniformity, so there is a finite set I C X such that A C W[I]. But W[I] CUINIU,
so ACUINIU.

(ii)=(i) Now suppose that A satisfies the condition, and that W belongs to the uniformity. Then
there is a neighbourhood U of e such that {(x,y) : 2y~ € U, 271y € U} C W. Let V be a neighbourhood
of e such that VV~1 C U and V™'V C U. Let I C X be a finite set such that A C VINIV. For w, z € I
set Ay, = ANVwnzV. Ifz, y € Ays, 2y € Vww 'V CU and 27y € V712712V C U. But this
means that A, X Ay, C W. So if we take a finite set J which meets every non-empty A,,., A C W[J]. As
W is arbitrary, A is totally bounded.

(b) Of course AU B is totally bounded; this is immediate from the definition of ‘totally bounded’. If
U is a neighbourhood of e, so is U™!, so there is a finite set I € X such that A C IU"'NU'I and
AL CUI*NI~'U; as U is arbitrary, A~! is totally bounded.

To see that AB also is totally bounded, let U be a neighbourhood of e, and take a neighbourhood V
of e such that VV C U. Then there is a finite set I C X such that A C VI and B C IV. Let W be a
neighbourhood of e such that zWz=! Uz "Wz C V for every z € I, and J a finite set such that B C WJ
and A C JW. Then

W CVz, WzCZV
for every z € I, so
mwcvi, WICIV
and
ABCVIWJCVVIJCUK, ABCJWIV CJIVV C KU
where K = IJ U JI is finite. As U is arbitrary, AB is totally bounded.

(c) Let V' be a neighbourhood of e such that VVV~-LCU. Let I be a finite set such that A C VI. Let
W be a neighbourhood of e such that zWz~! C V for every z € I. If now y € W and = € A, there is a
z € I such that x € Vz, so that
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zyr L e VW VL CVVV-L CU.
Turning this round, {y : zyz~! € U for every x € A} includes W and is a neighbourhood of e.

(d)(i) Suppose that A is totally bounded. Set A; = m;[A] for each i € I, where m;(x) = z(i) for z € X.
If U is a neighbourhood of the identity in X;, then V = wi_l[U] is a neighbourhood of the identity in X, so
there is a finite set J C X such that A C JV NV J; now A; C KUNUK, where K = m;[J] is finite. As U
is arbitrary, A; is totally bounded. This is true for every 4, while A C [],.; A

(ii) Suppose that A C [],.; A; where A; C X is totally bounded for each i € I. If A is empty, of course
it is totally bounded; assume that A # (). If I = ), then X = {(}} is the trivial group, and again A is totally
bounded; so assume that I is non-empty. Let V' be a neighbourhood of the identity in X. Then there are a
non-empty finite set L C I and a family (U;);cr, such that U; is a neighbourhood of the identity in X; for
eachie L,and V D ﬂieL 7T;1Ui. For each i € L, let J; be a finite subset of X; such that A; C J;U;, N U, J;.
Set

J={z:z € X, z(i) is the identity for : € I \ L, z(i) € J; for i € L}.
Then J is finite and A C JV NV .J. As V is arbitrary, A is totally bounded.
(e) Use (a).

4A5P Lemma Let X be a locally compact Hausdorff topological group. Take f € Ci(X), the space of
continuous real-valued functions on X with compact supports.

(a) Let K C X be a compact set. Then for any € > 0 there is a neighbourhood W of the identity e of X
such that |f(zay) — f(xby)| < e whenever z € K, y € X and ab~! € W.

(b) For any zp € X, there is a non-negative f* € Ci(X) such that for every ¢ > 0 there is an open set G
containing xzq such that |f(xy) — f(zey)| < ef*(y) for every z € G and y € X.

proof (a) By 4A2Jf and 4A5Ha, f is uniformly continuous for the right uniformity of X. There is therefore
a symmetric neighbourhood U of e such that |f(y1) — f(y2)| < € whenever yi, yo € X and y1y, * € U. By
4A50c, there is a symmetric neighbourhood W of e such that zzz~! € U whenever x € K and z € W.

Now suppose that € K, y € X and ab~! € W. Then (zay)(zby)~! = zab~tz=1 € U, so |f(zay) —
fxby)| < e, as required.

(b) We need a trifling refinement of the ideas above.

(i) Suppose for the moment that xg = e. Set L = {x : f(x) # 0} and let V' be a compact symmetric
neighbourhood of the identity e, so that L and VL are compact. Let f* € C,(X) be such that f* > x (VL)
(4A2G(e-i)). Given e > 0, take U asin (a), so that U is a symmetric neighbourhood of e and | f(y1)— f (y2)| <
€ whenever ylygl € U; this time arrange further that U C V. Then if z € U and y € X,

either y and xy belong to VL, while (xy)y~* € U, so |f(zy) — f(y)] < e < ef*(y)
or neither y nor zy belongs to L, so |f(zy) — f(y)| =0 < ef*(y).

(ii) For the general case, set fo(z) = f(zoz) for x € X. Because z — xox is a homeomorphism,
fo € Cr(X). By (i), we have a non-negative f* € C%(X) such that for every € > 0 there is a neighbourhood
G. of e such that |fo(zy) — fo(y)| < ef*(y) whenever x € G, and y € X. Now, given € > 0, G’ = G, is a
neighbourhood of z¢ and |f(zy) — f(zoy)| < ef*(y) whenever z € G’ and y € X. So f* witnesses that the
result is true.

4A5Q Metrizable groups: Proposition Let (X,T) be a topological group. Then the following are
equiveridical:

(i) X is metrizable;

(ii) the identity e of X has a countable neighbourhood base;

(iii) there is a metric p on X, inducing the topology ¥, which is right-translation-invariant, that is,
p(x1,22) = p(x1y, 22y) for all x1, xo, y € X;

(iv) there is a right-translation-invariant metric on X which induces the right uniformity of X;

(v) the bilateral uniformity of X is metrizable.
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proof CSASZAR 78, 11.2.10 and 11.3.2.

Warning! A Polish group (4A5Db) is of course metrizable, so has a right-translation-invariant metric
inducing its topology. At the same time, it has a complete metric inducing its topology. But there is no
suggestion that these two metrics should be the same, or even induce the same uniformity (441Xr).

4A5R Corollary If X is a locally compact topological group and {e} is a Gs set in X, then X is
metrizable. (Put 4A5Q and 4A2Kf together, or see HEWITT & RoOss 63, 8.5.)

4A5S Lemma Let X be a o-compact locally compact Hausdorff topological group and (U, )nen any
sequence of neighbourhoods of the identity in X. Then X has a compact normal subgroup Y C (1, oy Un
such that Z = X/Y is Polish.

proof Let (K, )nen be a sequence of compact sets covering X. Choose inductively a sequence (V,,),en of
compact neighbourhoods of e such that, for each n € N,

(a) VnJrl g Vn_17 Vn+1Vn+1 g V'ru Vn g Un,

(B) zyz~—t € V,, whenever y € V.41 and z € |, ., K;.
(When we come to choose V,,11, we can achieve («) because inversion and multiplication are continuous, and
(8) by 4A50c¢; and we can then shrink V,,;1 to a compact neighbourhood of e because X is locally compact.)
Set Y =[),en Vo Then () is enough to ensure that Y is a compact subgroup of X included in [,y Un,
while () ensures that Y is normal, because for any z € X there is an n € N such that 2V, ;27! C V,, for
every m > n.

Let 7 : X — Z be the canonical map. Then C' = [, oy 7[int V,,] is a Gs subset of Z, because 7 is open

(4A5]J(a-1) again). But

a el o mlVasll = [ VaY € () Vo =Y,
neN neN neN

so C = {ez}, writing ey for the identity of Z. Thus {ez} is a Gs set; as Z is locally compact and Hausdorff
(4A5]J(b-ii)), it is metrizable (4A5R). By 4A5J(b-ii-0), Z is Polish.

*4A5T 1 shall not rely on the following fact, but it will help you to make sense of some of the results
of this volume.

Theorem A compact Hausdorff topological group is dyadic.

proof USPENSKII 88.

Version of 8.12.10

4A6 Banach algebras

I give results which are needed for Chapter 44. Those down to 4A6K should be in any introductory text
on normed algebras; 4A61-4A60, as expressed here, are a little more specialized. As with normed spaces
or linear topological spaces, Banach algebras may be defined over either R or C. In §445 we need complex
Banach algebras, but in §446 I think the ideas are clearer in the context of real Banach algebras. Accordingly,
as in §2A4, I express as much as possible of the theory in terms applicable equally to either, speaking of
‘normed algebras’ or ‘Banach algebras’ without qualification, and using the symbol g to represent the field
of scalars. Since (at least, if you keep to the path indicated here) the ideas are independent of which field
we work with, you will have no difficulty in applying the arguments given in FOLLAND 95 or HEWITT &
Ross 63 for the complex case to the real case. In 4A6B and 4A61-4A6K, however, we have results which
apply only to ‘complex’ Banach algebras, in which the underlying field is taken to be C.

4A6A Definition (a) I repeat a definition from §2A4. A normed algebra is a normed space U together
with a multiplication, a binary operator x on U, such that

ux (vxw)=(uxv)xw,
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uxX(tw)=uxv)+wxw), (utv)xw=uxw)+(vxw),
(au) x v =u x (aw) = a(u X v),

[[u > of| < [lulf[o]

for all u, v, w € U and « € % A normed algebra is commutative if its multiplication is commutative.

(b) A Banach algebra is a normed algebra which is a Banach space. A unital Banach algebra is a
Banach algebra with a multiplicative identity e such that |e]] = 1. (Warning: some authors reserve the
term ‘Banach algebra’ for what I call a ‘unital Banach algebra’.)

In a unital Banach algebra I will always use the letter e for the identity.

4A6B Stone-Weierstrass Theorem: fourth form Let X be a locally compact Hausdorff space, and
Cy = Cy(X;C) the complex Banach algebra of continuous functions f : X — C such that {z : |f(z)| > €}
is compact for every € > 0. Let A C Cy be such that

A is a linear subspace of Cj,

fxge Aforevery f, g€ A,

the complex conjugate f of f belongs to A for every f € A,

for every x € X there is an f € A such that f(z) # 0,

whenever x, y are distinct points of X there is an f € A such that f(z) # f(y).
Then A is || ||co-dense in Cp.

proof Let X, = X U{co} be the one-point compactification of X (3A30). For f € Cy write f# for the
extension of f to X U{oo} with f#(c0) = 0, so that f# € Cy(Xo;C). Let B C Cy(Xoo; C) be the set of all
functions of the form f# + ayxX., where f € A and a € C. Then B is a subalgebra of C;(X U {oc}) which
contains complex conjugates of its members and constant functions and separates the points of X .

Take any h € Cy and € > 0. By the ‘third form’ of the Stone-Weierstrass theorem (281G), there is a
g € B such that [|g — h#||o < Je. Express g as f# + axXo where f € A and a € C. Then

laf = [g(c0)| = [g(00) — ¥ (c0)| < 3¢,
SO
1h = flloo = 1% = f#lloe < 1% = glloo + g = [Flloc < 5e+al <e.

As h and € are arbitrary, A is dense in Cj.

4A6C Proposition If U is any Banach space other than {0}, then the space B(U;U) of bounded linear
operators from U to itself is a unital Banach algebra. (KOTHE 69, 14.6.)

4A6D Proposition Any normed algebra U can be embedded as a subalgebra of a unital Banach algebra
V, in such a way that if U is commutative so is V. (FOLLAND 95, §1.3; HEWITT & Ross 63, C.3.)

4AG6E Proposition Let U be a unital Banach algebra and W C U a closed proper ideal. Then U/W,
with the quotient linear structure, ring structure and norm, is a unital Banach algebra. (HEwWITT & ROsS
63, C.2.)

4A6F Proposition If U is a Banach algebra and ¢ : U — g is a multiplicative linear functional, then
|p(u)| < JJul| for every u € U.

proof ? Otherwise, there is a u such that |¢(u)] > |lul|; set v = ﬁu, so that ¢(v) =1 and |[v|| < 1. Since
[v™] < [lo]|™ for every n > 1, w =37, 1oy V" is defined in U (4Adle), and w = vw +v (because u — vu is
a continuous linear operator, so we can use 4A4Bh to see that vw = ZnEN\{O} v™*1). But this means that

d(w) = p(v)p(w) + ¢(v) = ¢(w) + 1, which is impossible. X
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4A6G Definition Let U be a normed algebra and u € U.
(a) For any u € U, lim,, . |[u”|'/™ is defined and equal to inf,>; |[u™||*/". (HEwITT & ROSS 63, C.4.)

(b) This common value is called the spectral radius of w.

4A6H Theorem If U is a unital Banach algebra, then the set R of invertible elements is open, and
u — u~1 is a continuous function from R to itself. If v € U and |[v —¢| < 1, then v € R and |[v=! —¢| <

%. (FoLLAND 95, 1.4; HEwWITT & Ross 63, C.8 & C.10; RupiN 91, 10.7 & 10.12.)

4A 61 Theorem Let U be a complex unital Banach algebra and u € U. Write r for the spectral radius
of u.

(a) If ¢ € C and [{| > r then (e — u is invertible.

(b) There is a ¢ such that |(| = r and (e — u is not invertible.

proof FoLLAND 95, 1.8; HEwWITT & Ross 63, C.24; RubIiN 91, 1.13.

4A6J Theorem Let U be a commutative complex unital Banach algebra, and uw € U. Then for any
¢ € C the following are equiveridical:

(i) there is a non-zero multiplicative linear functional ¢ : U — C such that ¢(u) = (;

(ii) e — u is not invertible.

proof FoLLAND 95, 1.13; HEwITT & RoOss 63, C.20; RubpiN 91, 11.5.

4A6K Corollary Let U be a commutative complex Banach algebra and u € U. Then its spectral radius
r(u) is max{|¢(u)| : ¢ is a multiplicative linear functional on U}. (FOLLAND 95, 1.13; HEWITT & Ro0Ss 63,
C.20; Rupin 91, 11.9.)

4A6L Exponentiation Let U be a unital Banach algebra. For any u € U, >/~ H%ukﬂ <> e %Hu”k

is finite, so
1
exp(u) = Sy ers "

is defined in U (4A4le). (In this formula, interpret u" as e for every u.)

4A6M Lemma Let U be a unital Banach algebra.

(a) If w, v € U and max(||ul|,||v]]) < v then | exp(u) — exp(v) — u + v|| < |lu — v||(expy — 1). So if
max(|[ul], |v]|) € 2 and exp(u) = exp(v) then u = v.

(b) If [u — €| < % then there is a v such that exp(v) = u and [|v| < 2|[u — €.

(¢) If u, v € U and uwv = vu then exp(u + v) = exp(u) exp(v).

proof (a) Note first that if £ > 1 then

k-1 k-1
e e e e [ S e O
1=0 1=0
k—1 k—1
<l = ol vl <Y A = vl = kY — vl
i=0 i=0

So
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o0

1 1
lexp(u) —exp(v) —utol| = 3 L —oF)| <3 Lk~ ok

keN\{0,1} k=2

oo
k _k—
<D e = o) = flu =l (expy = 1)
k=2

Now if exp(u) = exp(v) and y < 2,0 < expy—1 < 1so [[u—v[| =0 and u = v.
(b) Set v = ||u — e]|. Define (v,,)nen in U by setting vg = 0, vp41 = v, +u — exp(vy,,) for n € N. Then
[ont1 = onll = lu—exp(on) || <27y, floall <2(1=27")y

for every n € N. P Induce on n. The induction starts with ||vg|| = 0 and ||u — exp(vo)|| = ||u — ¢|| = 7.
Given that [Ju,] <2(1 —27")y and |Ju — exp(vy,)|| < 27 ™, then

[l < llonll + llu = exp(un) | < 2(1 = 27")y + 27"y = 2(1 = 27" 1)y,

Now max(|[va41], [vall) < 2y < 3, s0

1
[l = exp(vnt1)[| = [[ont1 = vn + exp(vn) = exp(vni1)[| < [[onsr = vnll(exp 3 = 1)

1 1 Cn—
< Yonss = vall = Ll — exp(on)]] < 277y,

and the induction continues. Q
Since Y07 ) |vn41 — vp|| is finite, v = lim, oo vy, is defined in U, and |Jv]] = lim,—o0 [Jn] < 27.
Accordingly

lexp(v) — exp(vn)|| < [lv = vnll + || exp(v) — exp(vn) — v + vy
< v — v,|(1 +exp% ~1) >0

as n — 0o, and exp(v) = lim,,_, exp(v,) = u.

(c) Because uv = vu, (u+v)™ = Z;.’L:O ﬂmLij)'ujvm*j for every m € N (induce on m; the point is that
P . 1 Sk e e
uv? = vy for every j € N). Next, ZykeNﬁ”uH]”U” is finite. So

exp(u+v) = Z %(u + )™

1 ; 1 ;
= (Z mujvk): Z ﬁujvk

(using 4A41(e-ii))

(4A41(e-ii) again)
_ 1j 1k
=D (G > ")
JEN keN
(by 4A4Bh, because w — %uj w is a continuous linear operator for each j)
1 1 5
= Z;uﬂ exp(v) = (Z ;uj) exp(v)
jEN jEN
(4A4Bh again)
= exp(u) exp(v),

as claimed.
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4A6N Lemma If U is a unital Banach algebra, u € U and |[u™ — e[| < # for every n € N, then u = .

proof For every n € N there is a v, € U such that exp(v,) = v?" and ||Jv,| < £ (4A6Mb). Then
exp(vn41) = exp(vy)? = exp(2vy,) (4A6Mc), [[vn41]| < 5 and ||2v, || < 3 S0 v,11 = 2v,, for every n (4A6Ma).
Inducing on n, v, = 2"y for every n, so that ||vg|| < 27"||v,]| — 0 as n — oo, and u = exp(vy) = e.

4A60 Proposition Let U be a normed algebra, and U*, U** its dual and bidual as a normed space.
For a bounded linear operator T : U — U let T" : U* — U* be the adjoint of T and T" : U** — U** the
adjoint of T".
(a) We have bilinear maps, all of norm at most 1,
(fyz) = fox :U*xU —U",
(@, f) > dof : U xU" = U",
(0, 0) = pop : U™ x U™ — U™
defined by the formulae

forall z, y e U, f € U* and ¢, ¢ € U**.
(b)(i) Suppose that S : U — U is a bounded linear operator such that S(zxy) = (Sx)y for all z, y € U.
Then S”(¢oth) = (5" p)ot) for all ¢, Y € U**.
(ii) Suppose that T': U — U is a bounded linear operator such that T'(xy) = x(Ty) for all z, y € U.
Then T" (potp) = ¢po(T"4)) for all ¢, p € U**.

proof (a) The calculations are elementary if we take them one at a time.
(b)) (@) (S f)ox = fo(Sx) for every f e U* and z € U. P
((5"f)ex)(y) = (S'f)(xy) = [(S(zy)) = [((Sx)y) = (fo(S2))(y)
for every y € U. Q
(B) wo(S'f) = S'(wo f) for every f € U*. P
(e (S N))(@) = (" f)ox) = ¢(fe(Sz)) = (Yo f)(Sx) = (5 (o f))(2)
for every z € U. Q

(7) So
(S"(¢o))(f) = (¢=0) (5" f) = ¢(vo(S'f))
= ¢(S' (o f)) = (8"8) (o f) = ((S"¢)°v)(f)
for every f € U*, and S"(¢op) = (S"¢) o).
(ii)(a) (T'f)ex =T'(fox) for every f e U* and z € U. P

(T f)ea)(y) = (T"f)(zy) = f(T(xy)) = f(@(Ty)) = (fox)(Ty) = (T"(fox))(y)
for every y € U. Q

(B) Yo (T'f) = (T")o f for every f e U*. P
(e (T"f))(x) = (T f)ox) = (T'(fox))
= (T"P)(fox) = (T"¢P) f)(2)
for every z € U. Q
() So
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(T (o)) (f) = (do)(T"f) = (Yo (T"f)) = ¢((T") o f) = (¢ (T"¥))(f)
for every f € U’, and T" (¢pow)) = ¢po(T"1)).

Remark I must not abandon you at this point without telling you that o : U** x U** — U** is an Arens
multiplication, and that it is associative, so that that U** is a Banach algebra.

Version of 13.3.22

4A7 Algebraic topology

A fundamental theorem about the topology of Euclidean space is used in §472. (8.7.22) no idea what I
was doing here

4ATA Definitions Suppose that X and Y are topological spaces, and f : X - Y, g: X — Y are
continuous functions.

(a) A homotopy from f to g is a continuous function F : X x [0,1] — Y such that F(z,0) = f(x) and
F(z,1) = g(x) for every z € X.

(b) f and g are homotopic if there is a homotopy from f to g.

4A7B Theorem If r > 1 and S,_; = dB(0.1) is the unit sphere {x : ||| = 1} in R", then the identity
function from S,._; to itself is not homotopic to a constant function.

proof

4A7C Corollary If » > 1, B(0,1) is the unit ball in R” and h : B(0,1) — B(0,1) is a continuous
function such that h[S,_1] = S,_1, then h[B(0,1)] = B(0,1).

proof

472G Theorem (BAGNARA GENNAIOLI LECCESE & LUONGO P22) Let r > 1 be an integer, B C R" a
closed balls, pg the Euclidean metric on R”, and p a metric on B inducing the usual topology on B. Then
there is a (p, pg)-Lipschitz surjection from B onto itself.

proof (a) For the time being (down to the end of (c¢) below), suppose that B = {z : z € R", ||z| < 1} is
the ordinary unit ball of R". Fix i such that 1 <4 < r for the moment, and write 7; for the ith coordinate
map from R” to R.

(i) For o > 0 and z € B, set
filayz) =inf,cpmi(2) + ip(m, 2);

since B is compact and z — m;(2) + l,0(33, z) is continuous, the infimum is attained at z,.; say. (We have
«

two metrics in this theorem, but only one topology on B, so ‘continuous’ and ‘compact’ in the last sentence
are unambiguous.)

(ii) Observe that
—1 = infoepmi(z) < filo,7) < mi@) + ~pla,7) < milw) < 1

for every = € B.
(iii) If 0 < o« < B and = € B then

(©) 2022 D. H. Fremlin
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fi(Bx) = infoep mi(z) + Sp(e.2) < infoepmi(2) + (e 2) = filaa)
and

filesw) = fi(B) < sup((ma(2) + L pla, 2)) = (mi(2) + (. 2)))

—(1_1 11

where M = sup,, ,cp p(y, 2) is finite, again because B is compact.

(iv) If 2, y € B then
. 1 . 1
. — . = < . =
filayy) = inf mi(2) + 2 p(y, 2) < inf mi(2) + 2 (p(y, @) + p(2, 2))

1 . 1 1
= P, @) + inf mi(2) + 2 p(@,2) = 2p(y, @) + fila, 2)

and similarly fi(a,2) < p(a,9) + fila.y), so [fionx) — filany)] < Lp(z,y).

(v) Forany z € B, a — f;(«, x) is non-increasing and bounded above, so limq o fi(a, ) = sup,~q fi(o, z)
is defined. But now we have

Ti(Zzai) + ép(x,zmi) = fila,z) < mi(x)

80 p(x, Zzas) < a for every o > 0 and & = limgy |0 Zzas. 1t follows that m;(z) = limgy o 7;(240i) and
. . 1
i >1 [ARS2) =1 i\RFxai - IZTe%)
(@) 2 lim fi(0,2) = (i) + (2, 20)
. 1
= lim = p(x, 2zai) > m(T);
mi(@) +1im 2 (2, 2zai) 2 mi(2)

thus limgo fi(a, z) = mi(z).
As the real-valued functions z — m;(z) — fi(a, z) are all continuous and B is compact, Dini’s theorem
(4361c) tells us that

lima o sup,ep(m(x) — fi(o, ) = infasosup,ep(mi(z) — fi(a,x)) = 0.

(vi) Extend f; to the whole of [0,00[ x B by setting f;(0,2) = m;(z) for every x € B. Then f; is
continuous. I Take o > 0 and z € B. If o > 0, then

11i(B,y) = fila, 2)| < [fi(B,y) = fila, y)| + | fila, y) = file, )]

11, 1
< M'E —;|+;P(y75€)

whenever > 0 and y € B, by (iii) and (iv) above. So f; is continuous at («,z). If o = 0, then
limg o supyep | fi(B,y) = mi(y)l = 0 = supyep |£i(0, y) — mi(y)|

SO

limsup |[fi(B,y) — fi(a, z)]

(B,y)—(a,z)

< limsup |fi(B,y) = mi(y)[+ limsup |mi(y) — mi(z)| =0
(By)— () (By) (o)

and again f; is continuous at (a,x). Q
(b) Define f : [0,00[ x B — R" by setting
f(oz,x) = (fl(aam)7 s 7f7‘(a7x))
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for x € B. By (a-vi), f is continuous, and if « > 0 then by (a-iv)

1 (o) = flay)ll < iy 1 filon w) = filasy)| < ~pla,y)

for all z, y € B so x — f(a,x) is (p, pg)-Lipschitz. By (a-v),

K
timsup sup | £, ) — o < 3 limsup sup () — fi(a, 2)] =0
al0 xz€B =1 al0 xz€EB

so there is a § > 0 such that || f(e, ) — z|| < 1 whenever z € B and 0 < a < 4.
(c) For z € R" let h(x) € B be such that || — h(z)|| = min.ep ||z — z|| (3A5Md); then ||h(z) — h(y)|| <

||z — || for all z, y € R” (3A5Me?), while ||h(z)|| = 1 whenever ||z|| > 1. So if we set F(t,z) = h(2f(§t,:1:)_)
for t € [0,1] and z € B, F will be continuous and = — F(1,z) : B — B will be (p, pg)-Lipschitz.
Moreover, || f(6t, z)—z| < 4 for every x € B, by the choice of §. soif z € S,_1 we shall have || f(6t, )| >

and ||F(t,z)|| =1 for every t € [0,1]. So F[[0,1] x S,_1 is a homotopy between g and g[S,_1 where
go(x) = F(0,2) = h(2f(0,z)) = h(2z) = x

for x € S,_1 and g(x) = F(1,z) for x € B. But this means that g[S,_; is homotopic to the identity on
Sr—1. By 4A7C, g[B] = B, while g is (p, pg)-Lipschitz.

1
2

(d) For a general closed ball B C R", if B is a singleton then the result is trivial. If B = {z : € R",
|z — z|| < &} where 2 € R" and 6 > 0, then (R", pg, B) and (R", pg, B(0,1)) are lipeomorphic in the sense
that there is a bijection ¢ : R” — R” such that ¢ and ¢! are (pg, pg)-Lipschitz and ¢[B(0,1)] = B. (Take
¢(z) = z+ dz for x € R".) Now, given a metric p on B inducing its topology, set p(z,y) = p(¢(x), ¢(y))
for x, y € B(0,1); then j is a metric on B(0,1) inducing its topology, and ¢—1 : B — B(0,1) is (1, p, p)-
Lipschitz. By (a)-(c), there is a (g, pg)-Lipschitz surjection g : B(0,1) — B(0,1). But now g = ¢go—! is a
(p, pr)-Lipschitz surjection from B onto itself.

472H Corollary Let r > 1 be an integer, p a metric on R" inducing the usual topology on R", and M%’Z

the corresponding r-dimensional Hausdorff measure on R”. Then ,ugl is strictly positive.

proof If G C R" is a non-empty open set, it includes a non-trivial closed ball B say. By 472G, there is a

surjection g : B — B which is (p, pg)-Lipschitz where pg is the usual metric on R”; let v > 0 be such that g

is (v, p, pr)-Lipschitz. As the r-dimensional Hausdorff measure u(lgf ) is just a multiple of Lebesgue measure

(2641),
0 < pif) B <y i) B
(471J) and
VUG >y B > 0.
Version of 10.1.17

Concordance for Appendix

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this volume, and which have since been changed.

4A2Jf Uniformities on completely regular spaces 4A2Jf, referred to in the 2009 edition of Volume
5, has been moved to 4A2Jg.

4A3Q Baire property and cylindrical o-algebras 4A3Q-4A3T and 4A3V, referred to in the 2008
and 2015 editions of Volume 5, are now 4A3R-4A3U and 4A3W.

1Later editions only.
(©) 2017 D. H. Fremlin
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4A 4B Bounded sets in linear topological spaces 4A4Bg, referred to in the 2008 edition of Volume
5, has been moved to 3A5NbD.
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