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Chapter 48
Gauge integrals

For the penultimate chapter of this volume I turn to a completely different approach to integration
which has been developed in the last fifty years, following KUurRZWEIL 57 and HENSTOCK 63. This depends
for its inspiration on a formulation of the Riemann integral (see 481Xe), and leads in particular to some
remarkable extensions of the Lebesgue integral (§§483-484). While (in my view) it remains peripheral to the
most important parts of measure theory, it has deservedly attracted a good deal of interest in recent years,
and is entitled to a place here.

From the very beginning, in the definitions of §122, I have presented the Lebesgue integral in terms of
almost-everywhere approximations by simple functions. Because the integral [ lim,_, f, of a limit is not
always the limit lim,,_, [ f,, of the integrals, we are forced, from the start, to constrain ourselves by the
ordering, and to work with monotone or dominated sequences. This almost automatically leads us to an
‘absolute’ integral, in which |f| is integrable whenever f is, whether we start from measures (as in Chapter
11) or from linear functionals (as in §436). For four volumes now I have been happily developing the concepts
and intuitions appropriate to such integrals. But if we return to one of the foundation stones of Lebesgue’s
theory, the Fundamental Theorem of Calculus, we find that it is easy to construct a differentiable function
f such that the absolute value |f’| of its derivative is not integrable (483Xd). It was observed very early
(PERRON 1914) that the Lebesgue integral can be extended to integrate the derivative of any function
which is differentiable everywhere. The achievement of HENSTOCK 63 was to find a formulation of this
extension which was conceptually transparent enough to lend itself to a general theory, fragments of which
I will present here.

The first step is to set out the essential structures on which the theory depends (§481), with a first
attempt at a classification scheme. (One of the most interesting features of the Kurzweil-Henstock approach
is that we have an extraordinary degree of freedom in describing our integrals, and apart from the Henstock
integral itself it is not clear that we have yet found the right canonical forms to use.) In §482 I give a handful
of general theorems showing what kinds of result can be expected and what difficulties arise. In §483, I
work through the principal properties of the Henstock integral on the real line, showing, in particular, that
it coincides with the Perron and special Denjoy integrals. Finally, in §484, I look at a very striking integral
on R", due to W.F.Pfeffer.
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481 Tagged partitions

I devote this section to establishing some terminology (481A-481B, 481E-481G) and describing a variety
of examples (4811-481Q), some of which will be elaborated later. The clearest, simplest and most important
example is surely Henstock’s integral on a closed bounded interval (481J), so I recommend turning imme-
diately to that paragraph and keeping it in mind while studying the notation here. It may also help you
to make sense of the definitions here if you glance at the statements of some of the results in §482; in this
section I give only the formula defining gauge integrals (481C), with some elementary examples of its use
(481Xb-481Xh).

481 A Tagged partitions and Riemann sums The common idea underlying all the constructions of
this chapter is the following. We have a set X and a functional v defined on some family C of subsets of X.
We seek to define an integral | fdv, for functions f with domain X, as a limit of finite Riemann sums
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2 Gauge integrals 481A

Soio f(z)vC;, where z; € X and C; € C for i < n.  There is no strict reason, at this stage, to forbid
repetitions in the string (xg, Cp), ... , (n,Cy), but also little to be gained from allowing them, and it will
simplify some of the formulae below if I say from the outset that a tagged partition on X will be a finite
subset t of X x PX.

So one necessary element of the definition will be a declaration of which tagged partitions {(x, Cp),. .. ,
(Zn, Cp)} will be employed, in terms, for instance, of which sets C; are permitted, whether they are allowed
to overlap at their boundaries, whether they are required to cover the space, and whether each tag z; is
required to belong to the corresponding C;. The next element of the definition will be a description of a
filter F on the set T of tagged partitions, so that the integral will be the limit (when it exists) of the sums
along the filter, as in 481C below.

In the formulations studied in this chapter, the C; will generally be disjoint, but this is not absolutely
essential, and it is occasionally convenient to allow them to overlap in ‘small’ sets, as in 481Ya. In some
cases, we can restrict attention to families for which the C; are non-empty and have union X, so that
{Cy, ... ,Cp} is a partition of X in the strict sense.

481B Notation Let me immediately introduce notations which will be in general use throughout the
chapter.

(a) First, a shorthand to describe a particular class of sets of tagged partitions. If X is a set, a straight-
forward set of tagged partitions on X is a set of the form

T={t:te|[Q]<¥, CNC" =0 whenever (z,C), (x',C") are distinct members of ¢}

where Q C X x PX; I will say that T is generated by (. In this case, of course, @) can be recovered
from T, since Q@ = |JT. Note that no control is imposed on the tags at this point. It remains theoretically
possible that a pair (x, () should belong to @, though in many applications this will be excluded in one way
or another.

(b) If X is aset and t C X x PX is a tagged partition, I write
Wy =U{C: (z,C) e t}.

(c) If X is a set, C is a family of subsets of X, f and v are real-valued functions, and ¢ € [X x C]<“ is a
tagged partition, then

Se(f,v) = Z(z,C)et f(@)vC

whenever £ C dom f x domv.

481C Proposition Let X be a set, C a family of subsets of X, T' C [X x C]<“ a non-empty set of tagged
partitions and F a filter on T". For real-valued functions f and v, set

Iu(f) = hmt—>.7: St(fa V)
if this is defined in R.
(a) I, is a linear functional defined on a linear subspace of R¥.
(b) Now suppose that vC > 0 for every C' € C. Then
(i) I, is a positive linear functional (definition: 351F);
(ii) if f, g : X — R are such that |f| < g and I, (g) is defined and equal to 0, then I, (f) is defined and
equal to 0.

proof (a) We have only to observe that if f, g are real-valued functions and a € R, then
St(f + 9, V) = St(f7 V) + St(g7 V)7 St(af7 V) = aSt(f7 V)
whenever the right-hand sides are defined, and apply 2A3Sf.

(b) If g > 0 in RX, that is, g(x) > 0 for every z € X, then S;(g,v) > 0 for every t € T, so the limit 1, (g),
if defined, will also be non-negative. Next, if |f| < g, then |S¢(f,v)| < Si(g,v) for every ¢, so if I,(g) =0
then I,,(f) also is zero.
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481F Tagged partitions 3

481D Remarks (a) Functionals I, = lims_, = S¢(., v), as described above, are called gauge integrals.

(b) In fact even greater generality is possible at this point. There is no reason why f and v should take
real values. All we actually need is an interpretation of sums of products f(z) x vC' in a space in which we
can define limits. So for any linear spaces U, V and W with a bilinear functional ¢ : U x V. — W (253A)
and a Hausdorff linear space topology on W, we can set out to construct an integral of a function f: X — U
with respect to a functional v : C — V' as a limit of sums S¢(f,v) = 32, oye #(f(2),vC) in W. I will not
go farther along this path here. But it is worth noting that the constructions of this chapter lead the way
to interesting vector integrals of many types.

(c) An extension which is, however, sometimes useful is to allow v to be undefined (or take values outside
R, such as +00) on part of C. In this case, set Cy = v~ ![R]. Provided that T N[X x Co]<“ belongs to F, we
can still define I,,, and 481C will still be true.

481E Gauges The most useful method (so far) of defining filters on sets of tagged partitions is the
following.

(a) If X is a set, a gauge on X is a subset ¢ of X x PX. For a gauge d, a tagged partition ¢ is J-fine if
t C 9. Now, for a set A of gauges and a non-empty set T' of tagged partitions, we can seek to define a filter
F on T as the filter generated by sets of the form T5 = {t : t € T is d-fine} as § runs over A. Of course we
shall need to establish that T' and A are compatible in the sense that {Ts : § € A} has the finite intersection
property; this will ensure that there is indeed a filter containing every Ts (4A1la).

In nearly all cases, A will be non-empty and downwards-directed (that is, for any d1, do € A there will be
a 6 € A such that § C §; N d2); in this case, we shall need only to establish that Ts is non-empty for every
d € A. Note that the filter on T generated by {T5 : 6 € A} depends only on T and the filter on X x PX
generated by A.

(b) The most important gauges (so far) are ‘neighbourhood gauges’. If (X, %) is a topological space, a
neighbourhood gauge on X is a set expressible in the form § = {(z,C) : 2 € X, C C G, } where (G,)ex
is a family of open sets such that z € G, for every x € X. Tt is useful to note (i) that the family (G,)ex
can be recovered from 4, since G, = |J{A : (x, A) € §} (ii) that d; N 2 is a neighbourhood gauge whenever
01 and d9 are. When (X, p) is a metric space, we can define a neighbourhood gauge §;, from any function
h: X —]0, 00, setting

o ={(z,C):x € X, C CX, ply,z) < h(x) for every y € C}.

The set of gauges expressible in this form is coinitial with the set of all neighbourhood gauges and therefore
defines the same filter on any compatible set T of tagged partitions. Specializing yet further, we can restrict
attention to constant functions h, obtaining the uniform metric gauges

0y ={(z,0) 1z e X, C CX, p(x,y) <n for every y € C}

for n > 0, used in the Riemann integral (481I). (The use of the letter ‘4’ to represent a gauge has descended
from its traditional appearance in the definition of the Riemann integral.)

(c) If X is a set and A C P(X x PX) is a family of gauges on X, I will say that A is countably full
if whenever (9, )nen is a sequence in A, and ¢ : X — N is a function, then there is a 6 € A such that
(z,C) € dg(3) whenever (z,C) € 6. I will say that A is full if whenever (d;),cx is a family in A, then there
is a 0 € A such that (x,C) € ¢, whenever (z,C) € 4.

Of course a full set of gauges is countably full. Observe that if (X, ¥) is any topological space, the set of
all neighbourhood gauges on X is full.

481F Residual sets The versatility and power of the methods being introduced here derives from the
insistence on taking finite sums Z(m,C) et f(x)rC, so that all questions about convergence are concentrated
in the final limit lims .,z S¢(f,v). Since in a given Riemann sum we can look at only finitely many sets
C of finite measure, we cannot insist, even when v is Lebesgue measure on R, that W; should always be
X. There are many other cases in which it is impossible or inappropriate to insist that Wy = X for every
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4 Gauge integrals 481F

tagged partition in 7. We shall therefore need to add something to the definition of the filter F on T
beyond what is possible in the language of 481E. In the examples below, the extra condition will always be
of the following form. There will be a collection ‘R of residual families R C PX. It will help to have a
phrase corresponding to the phrase ‘6-fine’: if R C PX, and t is a tagged partition on X, I will say that
t is R-filling if X \ W; € R. Now, given a family R of residual sets, and a family A of gauges on X, we
can seek to define a filter F(T', A,R) on T as that generated by sets of the form Ty, for § € A, and Ty, for
R € R, where

Tj, = {t:t € T is R-filling}.

When there is such a filter, that is, the family {T5 : § € A} U {T} : R € R} has the finite intersection
property, I will say that 7' is compatible with A and fA.

It is important here to note that we shall not suppose that, for a typical residual family R € R, subsets
of members of R again belong to R; there will frequently be a restriction on the ‘shape’ of members of R as
well as on their size. On the other hand, it will usually be helpful to arrange that fR is a filter base, so that
(if A is also downwards-directed, and neither A nor R is empty) we need only show that T5 N Ty, is always
non-empty, and {Tsr : 6 € A, R € R} will be a base for F(T, A, R).

If the filter F is defined as in 481Ea, with no mention of a family R, we can still bring the construction
into the framework considered here by setting 9 = (). If it is convenient to define T in terms which do not
impose any requirement on the sets Wy, but nevertheless we wish to restrict attention to sums S(f, v) for
which the tagged partition covers the whole space X, we can do so by setting R = {{0}}.

481G Subdivisions When we come to analyse the properties of integrals constructed by the method of
481C, there is an important approach which depends on the following combination of features. I will say
that (X, T, A,R) is a tagged-partition structure allowing subdivisions, witnessed by C, if
(i) X is a set.
(ii) A is a non-empty downwards-directed family of gauges on X.
(iii) () R is a non-empty downwards-directed collection of families of subsets of X, all con-
taining 0;
(B) for every R € R there is an R’ € R such that AU B € R whenever A, B € R’ are
disjoint.
(iv) C is a family of subsets of X such that whenever C, C’ € C then CNC’" € C and C'\ C' is
expressible as the union of a disjoint finite subset of C.
(v) Whenever Cy C C is finite and R € R, there is a finite set C; C C, including Cy, such that
X \ UC1 € R.
(vi) T C [X x C]<¥ is (in the language of 481Ba) a non-empty straightforward set of tagged
partitions on X.
(vil) Whenever C € C, § € A and R € R there is a -fine tagged partition ¢ € T such that
Wy CCand C\W; € R.

481H Remarks (a) Conditions (ii) and (ili-«) of 481G are included primarily for convenience, since
starting from any A and R we can find non-empty directed sets leading to the same filter F(T, A, R).
(iii-3), on the other hand, is saying something new.

(b) Tt is important to note, in (vii) of 481G, that the tags of ¢ there are not required to belong to the set
C.

(c) All the applications below will fall into one of two classes. In one type, the residual families R € R
will be families of ‘small’ sets, in some recognisably measure-theoretic sense, and, in particular, we shall
have subsets of members of any R belonging to R. In the other type, (vii) of 481G will be true because we
can always find t € T such that W = C.

(d) The following elementary fact got left out of §136 and Chapter 31. Let 2 be a Boolean algebra and
C C2A. Set

E ={supCj : Cy C C is finite and disjoint}.
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481J Tagged partitions 5

If cncd and ¢\ ¢ belong to F for all ¢, ¢ € C, then E is a subring of A. P Write D for the family of
finite disjoint subsets of C. (i) If Cy, Cy € D, then for ¢ € Cy, ¢’ € C} there is a D .o € D with supremum
cne. Now D = U, .cco, Deer belongs to D and has supremum (sup Cp) n (supCy). Thus ene’ € E
for all e, ¢/ € E. (ii) Of course eue’ € E whenever ¢, ¢ € E and ene’ = 0. (ili) Again suppose that
Co, C1 € D. Then ¢\ € E for all ¢ € Cy, ¢ € Cy. By (i), ¢\ supC;y € FE for every ¢ € Cpy; by (ii),
(supCo) \ (supCi) € E. Thus e\ e’ € E for all e, ¢ € E. (iv) Putting (ii) and (iii) together, e A e’ € E for
alle, ¢ € E. (v) As 0 = supf belongs to F, F is a subring of 2. Q

In particular, if C C PX has the properties in (iv) of 481G, then

E={UCo : Cy CC is finite and disjoint}

is a ring of subsets of X.

(e) Suppose that X is a set and that 93 C PPX satisfies (iii) of 481G. Then for every R € R there is a
non-increasing sequence (Ry)nen in R such that | J,,, Ai € R whenever A; € R; for i < n and (4;)i<p is
disjoint. I Take Ro € 9 such that Ry C R and AU B € R for all disjoint A, B € Ry; similarly, for n € N,
choose Ry+1 € R such that R,,41 € R, and AU B € R, for all disjoint A, B € R,,+1. Now, given that
A; € R; for i <n and (A;)i<y, is disjoint, we see by downwards induction on m that |J A; € R, for
each m < n, so that | J,., 4i € R. Q

m<i<n

(f) If (X, T,A,9R) is a tagged-partition structure allowing subdivisions, then T is compatible with A and
R in the sense of 481F. P () € T so T is not empty. Take § € A and R € R. Let (R;);en be a sequence
in R such that | J,.,, Ai € R whenever A; € R; for i < n and (A;);<, is disjoint ((e) above). There is a
finite set C; C C such that X \ [JC;1 € Ro, by 481G(iv). By (d), there is a disjoint family Cy C C such that
UCo = UC; enumerate Cy as (C;)i<n. For each i < n, there is a d-fine ¢t; € T such that Wy, C C; and
Ci \ Wi, € Riy1, by 481G(vii). Set t = J, ., ti; then t € T'is d-fine, and

X\Wy = (X\UC) VUi, (Ci \ W2,) € R

by the choice of (R;)ien. Thus we have a J-fine R-filling member of T'; as § and R are arbitrary, T is
compatible with A and R. Q

(g) For basic results which depend on ‘subdivisions’ as described in 481G(vii), see 482A-482B below. A
hypothesis asserting the existence of a different sort of subdivision appears in 482G(iv).

4811 I now run through some simple examples of these constructions, limiting myself for the moment to
the definitions, the proofs that T' is compatible with A and PR, and (when appropriate) the proofs that the
structures allow subdivisions.

The proper Riemann integral Fix a non-empty closed interval X = [a,b] C R. Write C for the set of all
intervals (open, closed or half-open, and allowing the empty set to count as an interval) included in [a, b],
and set Q = {(x,C) : C € C, x € C}; let T be the straightforward set of tagged partitions generated by Q.
Let A be the set of uniform metric gauges on X, and R = {{0}}. Then (X,T,A,R) is a tagged-partition
structure allowing subdivisions, witnessed by C. If a < b, then A is not countably full.

proof (i), (iii) and (vi) of 481G are trivial and (ii), (iv) and (v) are elementary. As for (vii), given n > 0
and C € C, take a disjoint family (C;);c; of non-empty intervals of length less than 27 covering C, and z;
to be the midpoint of C; for ¢ € I; then t = {(x;,C;) : i € I} belongs to T' and is d,-fine, in the language of
481E, and Wy = C.

Of course (apart from the trivial case a = b) A is not countably full, since if we take d,, to be the gauge
{(z,C) : |z —y| < 27™ for every y € C} and any unbounded function ¢ : [a,b] — N, there is no § € A such
that (z,C) € dg(z) Whenever (z,C) € A.

481J The Henstock integral on a bounded interval (HENSTOCK 63) Take X, C, T and R as in 4811I.
This time, let A be the set of all neighbourhood gauges on [a,b]. Then (X, T, A,R) is a tagged-partition
structure allowing subdivisions, witnessed by C, and A is countably full.

proof Again, only 481G(vii) needs more than a moment’s consideration. Take any C' € C. If C = 0,
then ¢ = () will suffice. Otherwise, set a9 = inf C, by = sup C and let Ty be the family of J-fine partitions
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6 Gauge integrals 481J

t € T such that W} is a relatively closed initial subinterval of C, that is, is of the form C N [ag,y;] for some
Yyt € [ag,bo]. Set A = {ys : t € Tp}. I have to show that there is a t € Ty such that W = C, that is, that
bo € A.

Observe that there is an 79 > 0 such that (ag, A) € 6 whenever A C [a,b] N [ag — Mo, ap + 7o), and now
{(ao, [ao, ag+n0]NC)} belongs to Tp, so min(ag+mno, bo) € A and A is a non-empty subset of [ag, bo]. It follows
that ¢ = sup A is defined in [ag, bp]. Let n > 0 be such that (¢, A) € 6 whenever A C [a,b] N [c —n,¢c+ 7).
There is some t € Ty such that y; > ¢ —n. If y4 = by, we can stop. Otherwise, set C' = C'N]yz, ¢ + n]. Then
(¢,C") € § and ¢ € C" and C' N Wy is empty, so t' =t U {(c,C’)} belongs to Ty and 3 = min(c + 7, bo).
Since yp < ¢, this shows that yy = ¢ = by and again by € A, as required.

A is full just because it is the family of neighbourhood gauges.

481K The Henstock integral on R This time, set X = R and let C be the family of all bounded
intervals in R. Let T be the straightforward set of tagged partitions generated by {(z,C) : C € C, x € C}.
Following 481J, let A be the set of all neighbourhood gauges on R. This time, set R = {R,p : a < b € R},
where Rop = {R\ [¢,d] : ¢ < a,d > b} U{D}. Then (X,T,A,R) is a tagged-partition structure allowing
subdivisions, witnessed by C.

proof This time we should perhaps take a moment to look at (iii) of 481G. But all we need to note is that
RavNRarty = Rumin(a,a’),max(b,p'), and that any two members of R4, have non-empty intersection. Conditions
(i), (ii), (iv), (v) and (vi) of 481G are again elementary, so once more we are left with (vii). But this can be
dealt with by exactly the same argument as in 481J.

481L The symmetric Riemann-complete integral (cf. CARRINGTON 72, chap. 3) Again take X = R,
and C the set of all bounded intervals in R. This time, take T to be the straightforward set of tagged
partitions generated by the set of pairs (z,C) where C' € C \ {0} and = is the midpoint of C. As in 481K,
take A to be the set of all neighbourhood gauges on R; but this time take R = {R! : a > 0}, where
R, ={R\ [—¢,c] : ¢ > a} U{B}. Then T is compatible with A and R.

proof Take § € A and R € R. For ¢ > 0, let (z) > 0 be such that (z,D) € § whenever D C
[ — 0(z),z + 0(x)] and (—z,D) € § whenever D C [—x — 0(z), —x + 0(z)]. Write A for the set of those
a > 0 such that there is a finite sequence (ao, ... ,a,) such that 0 < ag < a1 < ... < a, = a, ap < 6(0) and
aiy1 —a; < 20(%(@1 + ai+1)) for i < n.

? Suppose, if possible, that A is bounded above. Then ¢ = inf([0, oo \ A) is defined in [0, 00[. Observe
that if 0 < a < 6(0), then the one-term sequence <a> witnesses that a € A. So ¢ > 6(0) > 0. Now there
must be u, v such that ¢ < v < v < min(c + 6(c),2¢) and Ju,v[ N A = (; on the other hand, the interval
]2¢ — v,2¢ — u[ must contain a point x of A. Set y = 2¢ — . Then we can find ag < ... < a,, = = such that
0<ap<6(0) and a;41 —a; < 29(%((11- + ai1)) for i < m; setting a,41 =y, we see that (a;);<n41 witnesses
that y € A, though y € Ju,v[. X

This contradiction shows that A is unbounded above. So now suppose that R = R, where a > 0. Take
ag, ... ,a, such that 0 < ap < ... < an, 0 < ap < 0(0) and a;41 —a; < 29(%(@1- + a;41)) for i < n, and
an > a. For i < n, set x; = %(ai + ai1), C; =ag,aiq1], @ = —x;, C! = [—a;41,a;[. Then x;, ) are the

7

midpoints of C;, C} and (by the choice of the function ) (z;,C;) € 6, (¢, C}) € § for i < n. So if we set
t={(z;,C;) i <n}U{(z},C}) i <n}U{(0,[—ag,a0])}

we shall obtain a §-fine R-filling member of T'.
As A and R are both downwards-directed, this is enough to show that 7' is compatible with A and fR.

481M The McShane integral on an interval (MCSHANE 73) As in 481J, take X = [a,b] and let C
be the family of subintervals of [a,b]. This time, take T to be the straightforward set of tagged partitions
generated by Q = X x C, so that no condition is imposed relating the tags to their associated intervals. As
in 481J, let A be the set of all neighbourhood gauges on X, and R = {{(0}}. Proceed as before. Since the
only change is that @ and T have been enlarged, (X, T, A,fR) is still a tagged-partition structure allowing
subdivisions, witnessed by C.
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4810 Tagged partitions 7

481N The McShane integral on a topological space (FREMLIN 95) Now let (X,T, 3, u) be any
effectively locally finite T-additive topological measure space, and take C = {F : E € X, uE < oo},
Q = X x C; let T be the straightforward set of tagged partitions generated by ). Again let A be the set
of all neighbourhood gauges on X. This time, define R as follows. For any set E € ¥ of finite measure
and n > 0, let Rg, be the set {F : F € X, u(F N E) < n}, and set R = {Rp, : uE < 0o, n > 0}. Then
(X,T,A,fR) is a tagged-partition structure allowing subdivisions, witnessed by C.

proof As usual, everything is elementary except perhaps 481G(vii). But if C € C, § € A, E € X,
uE < oo and n > 0, take for each © € X an open set G, containing z such that (z, A) € § whenever
A C G {G,:xz € X} is an open cover of X, so by 414Ea there is a finite family (z;);<, in X such
that u(ENC\ U<, Ge,) < m; setting C; = C NGy, \ U ; Ge, for i < n, we get a 0-fine tagged partition
t = {(z;,C;) : i <n} such that C\ Wy € Ry,

Jj<i

4810 Convex partitions in R” Fix r > 1. Let us say that a convex polytope in R" is a non-
empty bounded set expressible as the intersection of finitely many open or closed half-spaces; let C be the
family of convex polytopes in X = R", and T the straightforward set of tagged partitions generated by
{(x,C) : 2 € C}. Let A be the set of neighbourhood gauges on R". For a > 0, let C, be the set of closed
convex polytopes C' C R” such that, for some b > a, B(0,b) C C C B(0,2b), where B(0,b) is the ordinary
Euclidean ball with centre 0 and radius b; set R, = {R"\ C : C € C,} U {0}, and R = {R, : a > 0}. Then
(X, T,A,R) is a tagged-partition structure allowing subdivisions, witnessed by C.

proof As usual, only 481G(vii) requires thought.

(a) We need a geometrical fact: if C € C, x € C and y € C, then ay+(1—a)z € C for every a € ]0,1]. P
The family of sets C' C R" with this property is closed under finite intersections and contains all half-spaces.
Q It follows that if Cy, Cy € C are not disjoint, then C; N Cy = C1 N Cs.

(b) Write D C C for the family of products of non-empty bounded intervals in R. The next step is
to show that if D € D and § € A, then there is a J-fine tagged partition t € T such that Wy = D and
t CR” x D. P Induce on r. For r = 1 this is just 481J again. For the inductive step to r + 1, suppose
that D C R"*! is a product of bounded intervals and that § is a neighbourhood gauge on R”*!. Identifying
R™! with R" x R, express D as D’ x L, where D’ C R" is a product of bounded intervals and L C R is
a bounded interval. For y € R", a € R let G(y, «), H(y, @) be open sets containing y, « respectively such
that ((y, @), A) € § whenever A C G(y, ) X H(y,a). For y € R", set 0, = {(a,A) e € R, AC H(y,a) };
then J, is a neighbourhood gauge on R.

By the one-dimensional case there is a §,-fine tagged partition s, € T7 such that Wy = L, where I write
T for the set of tagged partitions used in 481K. Set

0 ={(y,A):yeR", AC G(y, ) for every (o, F) € s,}.

4§’ is a neighbourhood gauge on R”. By the inductive hypothesis, there is a §’-fine tagged partition u € T;.
such that W, = D’, where here T, is the set of tagged partitions on R” corresponding to the r-dimensional
version of this result. Consider the family

t={((y,0),ExF):(y,E) cu, (a, F) € 8,}.
For (y,F) € u, (a, F) € s,, we have
yeE, ECG(y,a), acF, FCH(ya),
S0
(y,a) e ExF, ExFCG(y,a)x H(y,a),

and ((y,a), Ex F)e€d. If (y,a), E X F), ((y,a'), E' x F') are distinct members of ¢, then either (y, F) #
(y,E'Yso ENE =0 and (E x F)N(E' x F’) is empty, or y = y’ and (a, F), (o/, F’) are distinct members
of s,, so that FNF’ = () and again E x F, E' x F’ are disjoint. Thus ¢ is a d-fine member of T,,1. Finally,

Wi = U, pyeu Ui mes, E X F =Uy mea E X L=D"xL=D.
So the induction proceeds. Q
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8 Gauge integrals 4810

(c) Now suppose that Cj is an arbitrary member of C and that ¢ is a neighbourhood gauge on R". Set
8 =6N{(x,A) : either x € Cy or ANCy = 0}.

Then ¢’ is a neighbourhood gauge on R”, being the intersection of § with the neighbourhood gauge associated
with the family (U, ) err, where U, = R" if # € Cjy, R"\ Cj otherwise. Let D € D be such that Cy C D. By
(b), there is a §’-fine tagged partition t € T such that Wy = D. Set s = {(z,CNCy) : (z,C) € t, CNCy # 0}.
Since t C &', z € C¢ whenever (z,C) €t and CNCy # (. By (a), z € C N Cy for all such pairs (z, C); and
of course (z,C NCy) € 4 for every (z,C) € t. So s belongs to T, and Wy = Wy N Cy = Cy. As Cp and 6 are
arbitrary, 481G(vii) is satisfied.

481P Box products (cf. MULDOWNEY 87, Prop. 1) Let ((X;,%;))ics be a non-empty family of non-
empty compact metrizable spaces with product (X, %). Set m;(x) = z(i) for x € X and i € I. For each
1 €1, let C; C PX; be such that (o) whenever E, E' € C; then ENE’ € C; and E'\ E’ is expressible as the
union of a disjoint finite subset of C; () C; includes a base for ¥;.

Let C be the set of subsets of X of the form

C={XNNesm '[Ei]:J €[], E; €C; for every i € J},

and let T be the straightforward set of tagged partitions generated by {(x,C) : C € C, xz € C}. Let A be
the set of those neighbourhood gauges 6 on X defined by families (G ).ex of open sets such that, for some
countable J C I, every G, is determined by coordinates in J (definition: 254M). Then (X, T, A, {{0}})
is a tagged-partition structure allowing subdivisions, witnessed by C. A is countably full; A is full iff
I' = {i: #(X;) > 1} is countable.

proof Conditions (i), (iii) and (vi) of 481G are trivial, and (ii), (iv) and (v) are elementary; so we are left
with (vii), as usual. ? Suppose, if possible, that C € C and § € A are such that there is no d-finet € T
with W = C. Let (G.)zex be the family of open sets determining d, and J C I a non-empty countable set
such that G, is determined by coordinates in J for every x € X. For i € J, let C; C C; be a countable base
for ¥; (4A2P(a-iii)), and take a sequence ((in, Fy))nen running over {(i, E) : i € J, E € C/}.

Write D = {W; : t € T is -fine}. Note that if Dy, Dy € D are disjoint then D1 UDy € D. Soif D € C\D
and C € C, there must be some D’ € C\ D such that either D’ C DN C or D' C D\ C, just because C
satisfies 481G(iv). Now choose (Cy,)nen inductively so that Cy = C and

C, €C\D,

cither Cp,y1 C Cp N7; H[En] or Cpyt € C \ 77 ' [Eh]

in

for every n € N. Because X, being a product of compact spaces, is compact, there is an = € ﬂneNC’in. We
know that G, is determined by coordinates in J, so G, = 7~ ![#[G,]], where 7 is the canonical map from
X onto Y =[],.; Xs. V = 7[G,] is open, so there must be a finite set K C .J and a family (V;)icx such
that z(i) € V; € T, for every i € K and {y : y € Y, y(i) € V; for every i € K} is included in V. This means
that {z : z € X, 2(i) C V; for every ¢ € K} is included in G,. Now, for each i € K, there is some m € N
such that i = 4, and z(i) € E,, C V;. Because x € 6m+1, 7r7fm1 [E,] cannot be disjoint from C,, 1, and
Cm—i—l g 7Ti_ml [Em] g 77'1_1[‘/1]

But this means that, for any n large enough, C,, C G, and t = {(z,C,)} is a d-fine member of T with
W = C,,; contradicting the requirement that C,, ¢ D. X

This contradiction shows that 481G(vii) also is satisfied.

To see that A is countably full, note that if (0, )ren is a sequence in A, we have for each n € N a countable
set J, C I and a family (G,.)zex of open sets, all determined by coordinates in J,,, such that x € G,,, and
(z,C) € §,, whenever v € X and C' C G,;. Now, given ¢ : X — N, set 0 = {(z,C) 12 € X, C C Gy(z),a}s
and observe that § € A and that (z,C) € d4(,) whenever (z,C) € A.

If I’ is countable, then A is the set of all neighbourhood gauges on X, so is full. If I’ is uncountable,
then for j € I’ and € X choose a proper open subset Hj, of X; containing z(j) and set Gj, = {y:y € X,
y(j) € Hjz}. For jeI' set 0; = {(2,C) : C C Gj,} € A. Let ¢ : X — I’ be any function such that ¢[X] is
uncountable; then there is no § € A such that (z,C) € d4(z) whenever (z,C) € 0, 50 (d4(z))zex Witnesses
that A is not full.
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481Q Tagged partitions 9

481Q The approximately continuous Henstock integral (GORDON 94, chap. 16) Let p be Lebesgue
measure on R. As in 481K, let C be the family of non-empty bounded intervals in R, T" the straightforward
set of tagged partitions generated by {(z,C) : C € C, x € C}, and R = {Rup : a, b € R}, where Ry =
{R\ [e,d] : ¢ < a,d>b}U{0} for a, b € R.

This time, define gauges as follows. Let E be the set of families e = (FE,),cg where every FE, is a
measurable set containing x such that x is a density point of F, (definition: 223B). For e = (E,).cr € E,
set

Se ={(x,C):CeC,zeC,infC € E, andsupC € E,}.
Set A = {6 :e € E}. Then (X,T,A,R) is a tagged-partition structure allowing subdivisions, witnessed by
C, and A is full.

proof (a) Turning to 481G, we find, as usual, that most of the conditions are satisfied for elementary
reasons. Since we have here a new kind of gauge, we had better check 481G(ii); but if e = (F,),er and
e’ = (E!)cr both belong to E, so does e Ae’ = (E, N EL) ecr, because

hr’rIyl,LiOnf %u([aj —nz+nNE,NE.)

. 1
> hﬁg%(u([ﬂf—mwﬂtn] NE,) +p(fz—nz+nNE,) —2n) =1

n
for every z; and now de N der = dener belongs to A. Everything else we have done before, except, of course,
(vii).

(b) So take any § € A; express 0 as 0., where e = (E;)zer € E. For z, y € R, write z —~ y if

z <y and E, NE,N[z,y] # 0; note that we always have  —~ z. For € R, let n, > 0 be such that
w(Ey N [z —n,z 4 n]) = 31 whenever 0 < n < n,.

Fix a < b in R for the moment. Say that a finite string (xq,... ,z,) is ‘acceptable’ if a < zg —~ ... ~
zn < band p([zo, ) NU;c, Ef) > 3(zn — 20), where Ef = E, N [z,00[ for z € R. Observe that if
(o, y&m) and (T, Tim1,--. ,T,) are both acceptable, so is (zg, ... ,2,). For x € [a,b], set

h(z) = sup{zy, : (z,z1,... ,x,) is acceptable};

this is defined in [z, b] because the string (z) is acceptable. If a < z < b, then (z,y) is acceptable whenever
y € B, and 0 < y < min(b,x + 7.), so h(z) > x. Now choose sequences (x;);en, (nk)ren inductively, as

follows. ng = 0 and zo = a. Given that z; ~ ;4 for i < n; and that (z,,,...,,,) is acceptable for
every j < k, let ng41 > ng, (Tn41,-.. 2Tn,,,) be such that (xy,,...,2,,,,) is acceptable and z,,,, >
L(@n, + h(2y,)); then (zp,, ... ,Tn,,,) is acceptable for any j < k + 1; continue.

At the end of the induction, set

€ = SUP;eN i = SUPgeN Tny -

Then there are infinitely many ¢ such that z; —~ ¢. I For any k£ € N,

[z, 0 EJ) = lim p([an,, 2] 0 U E)
>N ng <i<ny
> lim l(acnl — Tn,)
l—o00 2

(because (xn, , ... ,Zn,) is always an acceptable string)

1
= 5(0 - xnk)'

But this means that if we take k so large that @, > ¢—1c, so that u(E.N [z, c]) > 2(c— n, ), there must
be some z € E. N Uian EZ"' N [Tn,,c]; and if ¢ > ny is such that z € Ej', then z witnesses that z; —~ c. As
k is arbitrarily large, we have the result. Q

? If ¢ < b, take any y € E, such that ¢ < y < min(c + n,,b). Take k € N such that z,, > c— $(y — ¢),

and j > ny such that z; ~ c. In this case, (Tn,, Tny+1,--- ,%j, ¢ Y) is an acceptable string, because
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10 Gauge integrals 481Q

PEF N [en,,y] 2 nBeN eyl 2 3y — ) 2 5(y — @)
But this means that h(x,,) > y, so that

1
Tnpyq <c< 5($nk + h(xnk)>7

contrary to the choice of x,,, 41,... ,Zp, - X
Thus ¢ = b. We therefore have a j € N such that x; ~b,and a =z9 ~... ~z; ~b.

(c) Now suppose that C € C. Set a = infC and b = supC. If a = b, then t = {(a,C)} € T and
Wy = C. Otherwise, (b) tells us that we have zg,... ,x, such that a = 29 —~ ... —~ z, = b. Choose
a; € [Xim1, ;)N E,,_, NE,, for 1 <i<mn. Set C; = [a;,a;41[ for 1 < i < n, Cy = [a,a1[, Cp, = [an, b]; set
I={i:i<n,CNC;#0}; and check that (z;,CNC;) € for i € I, so that t = {(x;,CNC;):i€l}isa
d-fine member of T' with Wy = C. As C and 0 are arbitrary, 481G(vii) is satisfied.

(d) Ais full. P Let (0} ),ecr be a family in A. For each x € X, there is a measurable set E, such that
x is a density point of E, and (z,C) € &’ whenever C € C, x € C and both inf C, sup C belong to E,. Set
e = (Ey)zer € E; then (z,C) € ¢, whenever (z,C) € d.. Q

481X Basic exercises (a) Let X, C, T and F be as in 481C. Show that if f: X - R, p:C — R and
v : C — R are functions, then I, (f) = I.(f) + I, (f) whenever the right-hand side is defined.

>(b) Let I be any set. Set T' = {{(i,{i}) : i € J} : J € [I[]<¥}, § = {(i,{d}) : e € I}, A = {6}. For
JeI*Wset Ry={I\K:JCKe[I[~¥}u{0}; set R={Ry:J € [I]<¥}. Show that (I,T,A,R) is a
tagged-partition structure allowing subdivisions, witnessed by [I]<“, and that A is full. Let v : [I]<* — R
be any additive functional. Show that, for a function f: I — R, limy_, 77 am) St (f,v) = > f()v({i}) if
either exists in R.

>(c) Set T = {{(n,{n}) :nel}:TelZ]<*}, § ={(n,{n}):neZ}, A={5} Forl e [Z]<¥ and
m,n € Nset Rpyp =Z\{i: —m <i<n}, R, ={Ri : k, 1 >n}U{0}, Rl = {Rpx : k > n}U{0},
R ={R] :n e N} R ={R!:neN}. Show that (Z,T,A,R') and (Z,T,A,R") are tagged-partition
structures allowing subdivisions, witnessed by [Z]<“, and that A is full. Let p be counting measure on Z.
Show that, for a function f: Z — R, (i) lims—, 77, A 0) Se(f> V) = limy n—yoo Dot _,, (@) if either is defined
in R (i) limg_, 7(7,a 007) Se(f, ) = limp oo >0 f(4) if either is defined in R.

(d) Set X = NU {co}, and let T be the straightforward set of tagged partitions generated by {(n,{n}) :
n € N} U {(c0,X \ n) : n € N} (interpreting a member of N as the set of its predecessors). For n € N
set 6, = {(i,{i}) : i € N} U{(00,4) : A C X\ n}; set A = {6, : n € N}. Show that (X,T,A,{{0}})
is a tagged-partition structure allowing subdivisions, witnessed by C = [N|[<* U{X \ I : I € [N]<¢},
and that A is full. Let A : N — R be any function, and define v : C — R by setting vI = >, _; h(i),
v(X\I) = —vI for I € [N]¥. Let f : X — R be any function such that f(co) = 0. Show that
limg, 77, a, ({0} }) Se(f> 1) = limy o0 D7 f(i)h(i) if either is defined in R.

>(e) Take X, T, A and R as in 4811. Show that if u is Lebesgue measure on [a, b] then the gauge integral

I, = limy_, 7 (1, A ;) St (., 1) is the ordinary Riemann integral 56; as described in 134K. (Hint: show first that
they agree on step-functions.)

>(f) Let (X, ¥, i) be a semi-finite measure space, and X/ the family of measurable sets of finite measure.
Let T be the straightforward set of tagged partitions generated by {(z,E) : 2 € E € ©f}. For E € ©f
and € > 0 set R = {F : F € S, uy(E\F) < ¢}; set R = {Rp. : E € ¥, e > 0}. Let & be the
family of countable partitions of X into measurable sets, and set dg = Jpce{(2,A) : 2 € E, A C E} for
e A= {0 :E& € &} Show that (X,T,A,R) is a tagged-partition structure allowing subdivisions,
witnessed by ¥f. In what circumstances is A full or countably full? Show that, for a function f : X — R,
J fdp = limy_, 77 A ;) St(f, p) if either is defined in R. (Hint: when showing that if I,(f) is defined then
f is p-virtually measurable, you will need 413G or something similar; compare 482FE.)
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(g) Let (X,X%, 1) be a totally finite measure space, and T the straightforward set of tagged partitions
generated by {(z,E) : x € E € X}. Let € be the family of finite partitions of X into measurable sets,
and set 0 = Ugee{(z,A) 1 v € E, A C E} for £ € € A = {0¢ : £ € €}. Show that (X,T,A,{{0}})
is a tagged-partition structure allowing subdivisions, witnessed by ¥. In what circumstances is A full or
countably full? Show that, for a function f : X — R, I,,(f) = limy_ r(7, a,m) St (f, p) is defined iff f € £>°(u)
(definition: 243A), and that then I,(f) = [ fdu.

(h) Let X be a zero-dimensional compact Hausdorff space and £ the algebra of open-and-closed subsets
of X. Let T be the straightforward set of tagged partitions generated by {(x,E) : « € E € £}. Let A
be the set of all neighbourhood gauges on X. Show that (X,T,A,{{0}}) is a tagged-partition structure
allowing subdivisions, witnessed by €. Now let v : & — R be an additive functional, and set I, (f) =
limg . 7(7,A,1103}) St (f;v) when f: X — R is such that the limit is defined. (i) Show that I, (xF) = vE for
every E € £. (ii) Show that if v is bounded then I, (f) is defined for every f € C(X), and is equal to  fdv
as defined in 363L, if we identify X with the Stone space of 2 and C(X) with L>(2).

(i) Let X be a set, A a set of gauges on X, R a collection of families of subsets of X, and T a set of
tagged partitions on X which is compatible with A and fR. Let H C X be such that there is a 6 € A such
that HNA = () whenever z € X\ H and (z, A) € 6, and set 6y = {(z, ANH) :x € H, (x,A) € 5} for § € A,
Ag={0g:0ec A}, Ry ={{RNH:ReR}: ReR}, Ty ={{(z,CNH): (z,C)et,zreH:t T}
Show that Ty is compatible with Ay and Ry.

(k) Let X be a set, ¥ an algebra of subsets of X, and v : ¥ — [0,00[ an additive functional. Set
Q ={(z,C):x € C € £} and let T be the straightforward set of tagged partitions generated by Q. Let E
be the set of disjoint families & C ¥ such that ), . vE =vX, and A = {dg : £ € E}, where

de ={(z,C) : (z,C) € Q and there is an E € & such that C C E}

for E € E. Set R ={R.: e >0} where Re ={FE : E € X, vE < €} for ¢ > 0. Show that (X,T,A,R) is a
tagged-partition structure allowing subdivisions, witnessed by .

481Y Further exercises (a) Suppose that [a,b], C, T and A are as in 481J. Let 77 C [[a, b] x C]<¥
be the set of tagged partitions ¢t = {(x;, [a;,a:41]) : ¢ < n} where a = ag < 29 < a3 <29 <ag < ... <
Tp_1 < a, = b. Show that T’, as well as T, is compatible with A in the sense of 481Ea; let F’/, F be the
corresponding filters on 7" and T. Show that if v : C — R is a functional which is additive in the sense that
v(CUC") = vC +vC" whenever C, C’ are disjoint members of C with union in C, and if v{z} = 0 for every
x € [a,b] and f : [a,b] — R is any function, then I),(f) = I, (f) if either is defined, where

Iu(f) :limtﬁfst(fvy)v Izll(f) :hmt—)f’ St(f7l/)
are the gauge integrals associated with (T, F) and (T, F").

(b) Let us say that a family 9 of residual families is ‘the simple residual structure complementary to
HCPX HR={Ry:HeH} where Ry = {X\H : HC H € H}U{0} for each H € H. Suppose
that, for each member ¢ of a non-empty finite set I, (X;, T3, A;,R;) is a tagged-partition structure allowing
subdivisions, witnessed by an upwards-directed family C; C PX;, where X; is a topological space, A; is the
set of all neighbourhood gauges on X;, and fR; is the simple residual structure complementary to C;. Set
X = [l;e; Xi and let A be the set of neighbourhood gauges on X; let C be {[[;c; Ci : C; € C; for each
i € I}, and R the simple residual structure based on C; and let T" be the straightforward set of tagged
partitions generated by {((xi)icr,[[;c; Ci) : {(%i,Cy)} € T; for every i € I}. Show that (X,T,A,R) is a
tagged-partition structure allowing subdivisions, witnessed by C.

(c) Give an example to show that, in 481Xi, (X, T, A,fR) can be a tagged-partition structure allowing
subdivisions, while (H, Ty, Ay, R y) is not.

481 Notes and comments In the examples above I have tried to give an idea of the potential versatility
of the ideas here. Further examples may be found in HENSTOCK 91. The goal of 481A-481F is the formula
L,(f) = limg_, 77, am) St (f, ) (481C, 481E); the elaborate notation reflects the variety of the applications.
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One of these is a one-step definition of the ordinary integral (481Xf). In §483 I will show that the Henstock
integral (481J-481K) properly extends the Lebesgue integral on R. In 481Xc I show how adjusting R can
change the class of integrable functions; in 481Xd I show how a similar effect can sometimes be achieved
by adding a point at infinity and adjusting 7' and A. As will become apparent in later sections, one of the
great strengths of gauge integrals is their ability to incorporate special limiting processes. Another is the
fact that we don’t need to assume that the functionals v are countably additive; see 481Xd. In the formulae
of this section, I don’t even ask for finite additivity; but of course the functional I, is likely to have a rather
small domain if v behaves too erratically.

‘Gauges’, as I describe them here, have moved rather briskly forward from the metric gauges 6, (481EDb),
which have sufficed for most of the gauge integrals so far described. But the generalization affects only the
notation, and makes it clear why so much of the theory of the ordinary Henstock integral applies equally
well to the ‘approximately continuous Henstock integral’ (481Q), for instance. You will observe that the
sets @ of 481Ba are ‘gauges’ in the wide sense used here. But (as the examples of this section show clearly)
we generally use them in a different way.

In ordinary measure theory, we have a fairly straightforward theory of subspaces (§214) and a rather
deeper theory of product spaces (chap. 25). For gauge integrals, there are significant difficulties in the
theory of subspaces, some of which will appear in the next section (see 482G-482H). For closed subspaces,
something can be done, as in 481Xi; but the procedure suggested there may lose some essential element of
the original tagged-partition structure (481Yc). For products of gauge integrals, we do have a reasonably
satisfying version of Fubini’s theorem (482M); I offer 4810 and 481P as alternative approaches. However,
the example of the Pfeffer integral (§484) shows that other constructions may be more effective tools for
geometric measure theory.

You will note the concentration on ‘neighbourhood gauges’ (481Eb) in the work above. This is partly
because they are ‘full’ in the sense of 481Ec. As will appear repeatedly in the next section, this flexibility
in constructing gauges is just what one needs when proving that functions are gauge-integrable.

While I have used such phrases as ‘Henstock integral’, ‘symmetric Riemann-complete integral’ above, I
have not in fact discussed integrals here, except in the exercises; in most of the examples in 4811-481Q there
is no mention of any functional v from which a gauge integral I, can be defined. The essence of the method
is that we can set up a tagged-partition structure quite independently of any set function, and it turns out
that the properties of a gauge integral depend more on this structure than on the measure involved.

Version of 11.5.10/14.3.11
482 General theory

I turn now to results which can be applied to a wide variety of tagged-partition structures. The first
step is a ‘Saks-Henstock’ lemma (482B), a fundamental property of tagged-partition structures allowing
subdivisions. In order to relate gauge integrals to the ordinary integrals treated elsewhere in this treatise,
we need to know when gauge-integrable functions are measurable (482E) and when integrable functions
are gauge-integrable (482F). There are significant difficulties when we come to interpret gauge integrals
over subspaces, but I give a partial result in 482G. 4821, 482K and 482M are gauge-integral versions of the
Fundamental Theorem of Calculus, B.Levi’s theorem and Fubini’s theorem, while 482H is a limit theorem
of a new kind, corresponding to classical improper integrals.

Henstock’s integral (481J-481K) remains the most important example and the natural test case for the
ideas here; I will give the details in the next section, and you may wish to take the two sections in parallel.

482A Lemma Suppose that (X,T,A,R) is a tagged-partition structure allowing subdivisions (481G),
witnessed by C C PX.

(a) Whenever 6 € A, R € R and E belongs to the subalgebra of PX generated by C, there is a d-fine
s € T such that Wy C E and E\ W, € R.

(b) Whenever 6 € A, R € R and t € T is d-fine, there is a §-fine R-filling ¢’ € T including ¢.

(c) Suppose that f: X - R, v:C >R, 0 € A, R € R and € > 0 are such that |Si(f,v) — Sp(f,v)] <e
whenever t, t' € T are d-fine and R-filling. Then

(©) 2001 D. H. Fremlin
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(i) |Se(f,v) — Sp(f,v)| < € whenever t, t' € T are §-fine and Wy = Wy;
(ii) whenever t € T is d-fine, and ¢’ € A, there is a §'-fine s € T such that W, C Wy and |Ss(f,v) —
Slfv)l < e
(d) Suppose that f: X — R and v : C — R are such that I,,(f) = lim,_, 77, A ;) St (f, V) is defined, where
F(T,A,R) is the filter described in 481F. Then for any € > 0 there is a § € A such that Sy(f,v) < L(f) +¢€
for every d-finet € T.
(e) Suppose that f: X — R and v : C — R are such that I,,(f) = lim;_ 7(7,a ) St (f, ) is defined. Then
for any € > 0 there is a § € A such that |S¢(f,v)| < € whenever t € T is §-fine and W; = ().

proof (a) By 481He, there is a non-increasing sequence (Ry)ren in QR such that (J,., A; € R whenever
A; € R, for every ¢ < k and (A;);<y is disjoint. Let Cy be a finite subset of C such that E belongs to the
subalgebra of PX generated by Cp, and let C; 2 Cp be a finite subset of C such that X \ W € Ry, where
W = JC (481G(v)). Then either E C W or E D X \ W. In either case, E N W belongs to the ring
generated by C, so is expressible as | J,,, C; where (Cj);<y is a disjoint family in C (481Hd).

For each i < n, let s; be a d-fine member of T such that W,, C C; and C; \ Ws, € Ri41 (481G(vii)).
Set s = |J,.,, 8i- Because (Ws,)i<y is disjoint and T' is a straightforward set of tagged partitions, s € T’
s is d-fine because every s; is; Wy = (J;.,, Ws, is included in E; and E \ Wy is either {J,_,, C; \ Ws, or
(X\W)UU,.,(C;s \ Ws,), and in either case belongs to R, by the choice of (R, )nen-

(b) Set E = X \ W;. By (a), there is a §-fine s € T such that Wy C F and E\ Ws; € R. Set t' =t Us;
this works.

(c)(i) As in (b), there is a -fine s € T such that Wy N W; = () and ¢t U s is R-filling. Now Wys = Wyrus,
so t' Us also is R-filling, and

1Se(f,v) = S (f,v)] = |Stus(f,v) — Seus(fiv)] < e

i<n

(ii) Replacing ¢’ by a lower bound of {4, 4¢'} in A if necessary, we may suppose that ¢’ C . Enumerate
t as ((z;,C;))icn. Let (Ri)ren be a sequence in R such that Uigk A; € R whenever (A;)i< is disjoint
and A; € R; for every i < k. For each i < n, let 8; be a ¢’-fine member of T such that Wy, C C; and
Ci \ Ws, € Riy1, and set s = J,_,, 8i, so that s € T is ¢’-fine. By (a), there is a 0-fine u € T such that
WuN Wy =0 and X\ (W UW,) € Ro. Set t' =t Uwu, s’ = sUu; then ' and 8’ are d-fine and R-filling,
because

X \ We = (X \ (Wt U Wu)) U Ui<n(ci \ W3i) €R,
by the choice of (Ri)ren- So
1Se(f,v) = Ss(f,v)| = [Sp(f,v) — S (fiv) <€

as required.

(d) There are 6 € A and R € R such that |Si(f,v) — I (f)| < € whenever t € T is 0-fine and R-filling.
If t € T is an arbitrary d-fine tagged partition, there is a d-fine R-filling ¢’ D ¢, by (b), so

St(fv V) < St/(fv V) < IV(f) + €,
as claimed.

(e) Let 6 € A, R € R be such that [Ss(f,v) — I,(f)] < 3¢ whenever s € T is 0-fine and R-filling. If
t € T is d-fine and Wy = (), take any d-fine R-filling s € T, and consider 8/ = s\ ¢, 8 = s Ut. Because
WsNW; = 0, both s’ and s” belong to T'; both are d-fine; and because Wy = W = Wy, both are R-filling.
So

1Se(f,v)| = |Ser (f,v) = S (f,0) < [Ss (f,v) = L ()] + [9s (f,v) = L(f) <€,
as required.
482B Saks-Henstock Lemma Let (X, T, A,%R) be a tagged-partition structure allowing subdivisions,
witnessed by C, and f : X — R, v : C — R functions such that I,,(f) = limy_, 77, m) St(f, V) is defined.

Let £ be the algebra of subsets of X generated by C. Then there is a unique additive functional F': £ — R
such that for every € > 0 there are § € A and R € R such that
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14 Gauge integrals 482B

(@) 2.0yt [F(C) = f(x)vC| < e for every d-finet € T,
(8) |F(E)| < e whenever E € ENR.
Moreover, FI(X) = I,(f).

proof (a) For E € &, write Tg for the set of those t € T such that, for every (x,C) € ¢, either C C E or
CNE=0. Forany § € A, R € R and finite D C £ there is a d-fine t € Ngep Te such that £\ Wy € R
for every E € D. P Let (Ry,)nen be a sequence in PR such that whenever A; € R, for i < n and (4;)i<n
is disjoint then (J,.,, Ai € R (481He again). Let & be the subalgebra of £ generated by D, and enumerate
the atoms of & as (E;)icp,. By 482Aa, there is for each i < n a d-fine s; € T such that Ws, € E; and
E;\Ws, € R;. Sett =J,.,8i- If £ € D then E = J,c; E; for some J C n. For any (z,C) € t, there
is some ¢ < n such that C C E;, so that C C E if 1 € J, CNE = () otherwise; thus t € Tx. Moreover,
E\ Wi = ;e (Ei \ We,) belongs to R. Q
(b) We therefore have a filter 7* on T generated by sets of the form
Trsr = {t :telg is 5—ﬁne, E \ Wy € R}

as ¢ runs over A, R runs over R and E runsover €. Fort € T, E C X settg = {(z,C) : (z,C) €t, C C E}.
Now F(E) = limg_, 7= St (f,v) is defined for every E € £. PP For any ¢ > 0, there are 6 € A, R € R such
that |1, (f) — Se(f,v)| < € for every §-fine R-filling t € T. Let R’ € R be such that AUB € R for all disjoint
A, Be R Ift, t' belong to Tesr = Tx\g,sr > then set

s={(z,C): (z,C)et',C CE}U{(z,0): (x,C) €et, CNE =0}

Then s € Tg is é-fine, and also E\ W = E\ Wy, (X \ E)\ Ws = (X \ E) \ W; both belong to R’; so their
union X \ W belongs to R, and s is R-filling. Accordingly

|StE(f7V) 7St'E(f7V)| = |St(f7y) 753(,](.,7/”
< |ISe(fv) = L)l + [L.(f) = Ss(f, V)| < 2e.

As € is arbitrary, this is enough to show that liminfy_, 7+ St (f,v) = limsup,_, 7. St (f, V), so that the limit
limg_, 7« S, (f,v) is defined (2A3Sf). Q

(c) F(0) =0. P Let € > 0. By 482Ae, there is a § € A such that |S¢(f,v)| < € whenever t € T is d-fine
and Wy = . Since {t : t is J-fine} belongs to F*,
[F(0)] = Nimg 7 S, (f,v)] < 6
as € is arbitrary, F() = 0. Q
If E, E' € &, then
StEuE/(f;V) + StEmE/(f;V) = StE(fa V) + StE/(fvy)
for every t € Tg N Tgs; as Ty N TE belongs to F*,
F(EUE') + F(ENE') = F(E) + F(E').
Since F(§) =0, F(EUE') = F(E) + F(E') whenever ENE’ = {), and F is additive.
(d) Now suppose that € > 0. Let § € A, R* € R be such that |1, (f) — S¢(f,v)| < +e for every d-fine,
R*-filling t € T. Let R € R be such that AU B € R* for all disjoint A, B € R.
(i) If t € T is o-fine, then |F (W) — Se(f,v)| < %e. P For any 7 > 0, there is a d-fine s € T' such that

|Iu(f) - Ss(fv V)| < m,

for every (z,C) € s, either C C Wy or CN Wy =),

(X\ W)\ Ws e R, W\ Ws € R,

|F'(We) — Z(Lc)e.s,cgwt f@pCl <n
because the set of 8 with these properties belongs to F*. Now, setting s; = {(«,C) : (z,C) € 8, C C W;}
and t' =t U (s\ 81), t' is d-fine and R*-filling, like s, so
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[E(We) = Se(f )| < [F(We) = Se, ()| + 19, (f,v) = Se(f,v)]
<+ Ss(f,v) = Se (f,v)|

S0+ 1S (0) = LA+ 110D = Se(Fv)] <+ e

As 7 is arbitrary we have the result. Q

(ii) So if t € T is d-fine, 37, oy [F(C) — f(2)vC| < e. P Set t' = {(z,C) : (z,0) € t, F(C) <
f(x)vC}, t" =t \t". Then both t' and t” are -fine, so

> IF(C) = f(awC|
(z,C)et
| > F(C 2)wC|+| Y F(C)- fapwC|<e Q

(z,C)et’ (x,C)et”

(iii) If £ € ENR, then |F(E)| <e. P Let R’ € R be such that AU B € R whenever A, B € R’ are
disjoint. Let t be such that
t € Tg is d-fine,
E\ Wy and (X \ E) \ W; both belong to R/,
|F(E) - StE<f7V)| < %6
once again, the set of candidates belongs to F*, so is not empty. Then ¢ and tx\ g are both R*-filling and
é-fine, so

[F(E)| < e+ S (f,0)] = 3¢+ 1Su(f,0) = Sy, (fiv) < e Q

As ¢ is arbitrary, this shows that F' has all the required properties.

(e) T have still to show that F' is unique. Suppose that F’ : £€ — R is another functional with the same

properties, and take E € £ and € > 0. Then there are §, &' € A and R, R’ € R such that

Y@ oyet |[F(C) = f(z)vC| < e for every d-finet € T,

Y@ oyet |[F'(C) = f(z)vC| < € for every ¢'-finet € T,

|F(R)| < e whenever R € ENR,

|F'(R)| < € whenever R€ ENTR'.
Now taking ¢” € A such that 6” C §N¢’, and R” € R such that R C RN R/, there is a §"-fine t € T such
that B’ = W; is included in E and E \ E' € R”. In this case

|F(E) = F/(E)| < |[F(E\E)|+ ) [F(C)~F(C)|+|F(E\E)
(z,C)et
(because F' and F’ are both additive)
<2+ Y |F 2)Cl+ > |F/(C) = f(z)vC| < 4e.
(z,C)et (z,C)ct

As € and F are arbitrary, F' = F’, as required.

(f) Finally, to calculate F'(X), take any € > 0. Let § € A and R € R be such that }°, o [F(C) —
f(z)vC| < e for every o-finet € T and |F(F)| < € whenever E € ENR. Let t be any J-fine R-filling member
of T such that |Si(f,v) — I(f)| < e. Then, because F is additive,

[F(X) = LN S |F(X) = FWa)l +] Y F(C) = f@)vC| + |Se(f,v) = L(f)]

(z,C)et

As € is arbitrary, F'(X) = I, (f).
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482C Definition In the context of 482B, I will call the function F' the Saks-Henstock indefinite
integral of f; of course it depends on the whole structure (X, T, A,R,C, f,v) and not just on (X, f,v). You
should not take it for granted that F(E) = I,(f x xE) (482Ya); but see 482G.

482D The Saks-Henstock lemma characterizes the gauge integral, as follows.

Theorem Let (X, T, A,fR) be a tagged-partition structure allowing subdivisions, witnessed by C, and v :
C — R any function. Let £ be the algebra of subsets of X generated by C. If f : X — R is any function,
then the following are equiveridical:
(i) I (f) = limg, 7(p,a,m) St (f, v) is defined in R;
(ii) there is an additive functional F': £ — R such that
() for every e > 0 there is a 6 € A such that 3, o)eq [F/(C) — f(2)pC| < € for every d-fine
teT,
(B) for every € > 0 there is an R € 2R such that |F(E)| < ¢ for every E € ENTR;
(iii) there is an additive functional F': & — R such that
(a) for every € > 0 there is a 6 € A such that [F(Ws) — 3_, oy f(2)pC| < € for every
O-finet € T
(8) for every € > 0 there is an R € PR such that |F(E)| < e for every E € ENR.
In this case, F(X) = L.(f).

proof (i)=(ii) is just 482B above, and (ii)=>(iii) is elementary, because (W) = >, o) £/(C) whenever
F : & — R is additive and t € T so let us assume (iii) and seek to prove (i). Given e > 0, take § € A and
R € R such that («) and (B8) of (iii) are satisfied. Let ¢t € T be d-fine and R-filling. Then

[F(X) = Se(fs W < [F(XAW+[FWe) = 20 0yee f(@)pCl < 26,
As € is arbitrary, I,,(f) is defined and equal to F(X).

482E Theorem Let (X, p) be a metric space and p a complete locally determined measure on X with
domain Y. Let C, Q, T, A and R be such that
(i) C € ¥ and pC is finite for every C € C;
(ii) @ € X x C, and for each C € C, (z,C) € Q for almost every z € C;
(iii) 7" is the straightforward set of tagged partitions generated by Q;
(iv) A is a downwards-directed family of gauges on X containing all the uniform metric gauges;
(v) if § € A, there are a negligible set FF C X and a neighbourhood gauge dp on X such that
6200\ (F x PX);
(vi) R is a downwards-directed collection of families of subsets of X such that whenever FE € ¥,
uwE < oo and € > 0, there is an R € R such that p*(E N R) < ¢ for every R € R;
(vii) T is compatible with A and fR.
Let f : X — R be any function such that I,,(f) = lims_, 7(7,a ;) S¢(f, i) is defined. Then f is ¥X-measurable.

i
i
i

proof ? Suppose, if possible, otherwise.
Because 1 is complete and locally determined, there are a measurable set E of non-zero finite measure
and a < 8 in R such that

pa:z e B, f(@) <a} = p{z iz € B, f(z) > B} = uF
(413G). Let € > 0 be such that (8 —a)(uFE —3¢€) > 2e. Let § € A, R € R be such that |Se(f, 1) — L(f)] <

whenever t € T is d-fine and R-filling. By (v), there are a negligible set F' C X and a family (G,),cx of
open sets such that x € G, for every x € X and § D {(z,C):z € X \ F, C C G, }. For m > 1, set

Ap={z:xc E\F, f(z) <a, Uym(z) C G},
writing Uy, (2) for {y : p(y,z) < 5},

By ={z:x e E\F, f(x) > B, Um(x) C Gy}
Then there is some m > 1 such that p*A,, > pE — € and p*B,, > uE — €. By (iv), there is a 6’ € A such
that
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o - 6N {(.T,C) rx el - Ul/gm(x)}.

By (vi), there is an R’ € R such that R’ C R and pu*(RN E) < ¢ for every R € R'.
Let ¢t be any ¢’-fine R'-filling member of T. Enumerate ¢ as ((z;,C;))i<n. Set

J=A{i:i<n, C;N Ay, is negligible}, J = {i:i<mn, C;N B, is negligible}.
Then
HE N Uy C) < (B Ap) = pE — (B0 Ap) < e,

and similarly (£ N U, Ci) < e. Also, because X \ U;_,, Ci = X \ W; belongs to R', u(E\ U, Ci) < e
So, setting K =n \ (JUJ"), > ;cx nCi > pk — 3e.

For i € K, p*(C; N Ay) > 0, while {z : z € C;, (,C;) ¢ Q} is negligible, by (ii), so we can find
x; € C; N Ay, such that (2}, C;) € Q; similarly, there is an 2} € C; N By, such that (z,C;) € Q. For other
i <mn,set z, =z =uz;. Nows={(z},C;) : i <n}and 8 = {(zf,C;) : i <n} belong to T. Of course they
are R'-filling, therefore R-filling, because ¢ is. We also see that, because (z;,C;) € §', the diameter of C; is
at most % for each i < n, so that C; C G,/; as also xj € A,, € X \ F, (2},C;) € 6, for each i € K. But
since surely (z;,C;) € ' C 6 for i € n'\ K, this means that s is 0-fine. Similarly, s’ is d-fine.

We must therefore have

[Ssr (f, 1) = Ss(f, )| < [Ser (f, 1) — Iu(f)| + [Ss(f, 1) — I#(f)| < 2e.
But

Sor (fo18) = Ss(f, 1) = D (f(&)) = f(@}))uC

> (=) ) pCi = (B~ a)(uE - 3¢) > 2
€K
by the choice of e. X
So we have the result.

482F Proposition Let X, ¥, u, T, T, A and R be such that

(i) (X, X, p) is a measure space;

(ii) ¥ is a topology on X such that p is inner regular with respect to the closed sets and outer
regular with respect to the open sets;

(i) T C [X x X]<% is a set of tagged partitions such that C' N C’ is empty whenever (z,C),
(2',C") are distinct members of any t € T;

(iv) A is a set of gauges on X containing every neighbourhood gauge on X;

(v) R is a collection of families of subsets of X such that whenever pE < oo and € > 0 there
is an R € R such that p*(E N R) < ¢ for every R € R;

(vi) T is compatible with A and .

Then I,,(f) = lims—, 7(7,a,2) St (f, 1) is defined and equal to [ fdpu for every p-integrable function f : X — R.

proof (a) It is worth noting straight away that we can replace (X, ¥, 1) by its completion (X,3, ). P

We need to check that ji is inner and outer regular. But inner regularity is 412Ha, and outer regularity is

equally elementary: if iF < v, there is an E’ € ¥ such that £ C E’ and pE' = gF (212C), and now there

is an open set G € ¥ such that E/ C G and uG < v, so that E C G and iG < . Since we are not changing

T or A or R, I;(f) = I,(f) if either is defined; while also | fdu = [ fdj if either is defined, by 212Fb. Q
So let us suppose that p is actually complete.

(b) In this case, f is measurable. Suppose to begin with that it is non-negative. Let ¢ > 0. For m € Z,
set B, ={z:2€ X, (1+e)™ < f(x) < (1+ €™} Then E,, is measurable and has finite measure, so
there is a measurable open set G, D E,, such that (1 + €)' u(G,, \ Ep) < 27 mle.

Take a set Hy of finite measure and 79 > 0 such that fE fdu < e whenever E € ¥ and u(E N Hy) < 2ng
(225A); replacing Hy by {z : € Hp, f(x) > 0} if necessary, we may suppose that Hy C (J,,c; Em. Let
F C Hj be a closed set such that u(Hp \ F) < no.

D.H.FREMLIN



18 Gauge integrals 482F

Define (V,.),ex by setting V, = G,,, if m€ Zand € E,,, V, = X\ F if f(z) = 0. Let § € A be the
corresponding neighbourhood gauge {(x,C) : z € X, C C V,}. Let R € R be such that p*(RN Hy) < 1o
for every R € R.

Suppose that ¢ is any J-fine R-filling member of 7. Enumerate ¢t as {(x;, C;))i<n. For each m € Z, set
Im={i:i<n,x; € Ep}. Then C; CV,, C G, for every i € J,,,, so

po=> fanCi=Y " > fle)uCi <Y (1+e™uG

<n MmeZi€Jm mEZ
U4 YOO B+ Y (1 G\ B
meZ meZ
(1+¢) /fdqu S o= (1+¢) /fdu+3e
meZ
On the other hand, set I’ = F'N|J,_,, C;. Because X \ ,,, Ci € R, u(Ho \ F') < 2n9, and
> Y Y feoucin )
MmELIET
+1
1+E SN +omtHtucCinF)
MELIETm

1+e/f = Tte /fdM_E

%ﬂ(ffdu—e) < Se(f,v) < (L+e) [ fdp+ 3e}

belongs to F(T, A,R), for any € > 0. So limy_, 77, a 01) St (f, 1) is defined and equal to [ fdpu.

What this means is that

(c) In general, f is expressible as f™ — f~ where f™ and f~ are non-negative integrable functions, so

Iu(f) = Iu(f+) - Iu(f_) = ffdp,
by 481Ca.

482G Proposition Let (X, T, A,9R) be a tagged-partition structure allowing subdivisions, witnessed by
C. Suppose that
(i) T is a topology on X, and A is the set of neighbourhood gauges on X;
(ii) v : C — R is a function which is additive in the sense that if Cy,... ,C, € C are disjoint
and have union C' € C, then vC = >_"" (vC;;
(iii) whenever E € C and € > 0, there are closed sets F C E, F/ C X \ E such that
> (@.0)et VC| < € whenever t € T and Wy N (F U F') = 0;
(iv) for every E € C and = € X there is a neighbourhood G of z such that if C € C, C C G
and {(x,C)} € T, there is a finite partition D of C' into members of C, each either included in F
or disjoint from FE, such that {(x, D)} € T for every D € D;
(v) for every C € C and R € R, there is an R’ € R such that C N A € R whenever A € R'.
Let f: X — R be a function such that I,,(f) = lims_, 77, ,m) St(f, ) is defined. Let £ be the algebra of
subsets of X generated by C, and F : £ — R the Saks-Henstock indefinite integral of f. Then I, (f x xF)
is defined and equal to F(E) for every F € £.

proof (a) Because both F' and I, are additive, and F(X) = I,(f), and either E or its complement is a
finite disjoint union of members of C (see 481Hd), it is enough to consider the case in which E € C.

(b) Let € > 0. For each « € X let G, be an open set containing x such that whenever C' € C, C C G and
{(z,C)} € T, there is a finite partition D of C' into members of C such that {(z,D)} € T for every D € D
and every member of D is either included in E or disjoint from E. For each n € N, let F,, CFE, F), C X\ E
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be closed sets such that 3, oy [VC] < % whenever t € T and Wy N (F,, U F)) = (); now define G/, for
x € X, by saying that

G, =G, \F,ifze Eand n<|f(x)]<n+1,
=G \F,ifze X\ Eand n<|f(z)]<n+1.

Let 69 € A be the neighbourhood gauge defined by the family (G’ ).cx. Let 6 € A and Ry € R be such
that 6 C 0o, -, cyet [F(C) — f(2)vC| < € for every o-fine t € T, and [F(E)| < € for every £ € ENRy. Let
R € R be such that RN E € Rq whenever R € R.

(c) As in the proof of 482B, let T be the set of those t € T' such that, for each (x,C) € ¢, either C C E or
CNE = (. The key to the proof is the following fact: if ¢ € T is d-fine, then there is a é-fine s € T such that
W, = Wy and Ss(g,v) = St(g,v) for every g : X — R. P For each (z,C) € t, we know that C C G, C G,,
because § C dg. Let D, ¢ be a finite partition of C' into members of C, each either included in E or disjoint
from E, such that {(z, D)} € T for every D € D, ¢y. Then s = {(x,D) : (z,C) € t, D € D, )} belongs
to Tg. Because § is a neighbourhood gauge, (z, D) € § whenever (z,C) € t and D € D, ¢, so 8 is d-fine.

If g: X — R is any function,

Se(g.v)= > Y glxwD

(z,C)et DED 4, c)

= > g@ Y wvD= )Y glawC

(z,C)et DeD(,,c) (z,C)et
(because v is additive)

= St(ga V)' Q

(d) Now suppose that t € T is J-fine and R-filling. Let s € Tg be as in (c), and set
s*={(z,D):(x,D)€es,z € E, D CE},

s ={(z,D): (x,D)es,x ¢ E, DC E},

s"={(z,D): (x,D)€s,x€ E, DNE = (}.
Because s € Tg,
Wssus = ENWy = ENW;
and F \ We-_g = E'\ Wy belongs to R4, by the choice of R. Accordingly
|[F'(E) — Ss=us (f, V)| < [F(E) — F(Wseus)| + |[F(Wsrusr) — Ss=ust (f, V)| < 2€

because s* Us’ C s is d-fine.
For n € N set

{(z,D) : (z,D) €8, n<|f(x)] <n-+1},

8h
s ={(z,D): (x,D)es", n<|f(z)|]<n+1}.

Then Wy, € E\F,. P If (z,D) € s, there is a C € C such that D C ENC and (x,C) € ¢, while x ¢ E, so
that C C G}, and C N F,, = (). Q Similarly, Wy, C (X \ E)\ F},. Thus Wy, us» is disjoint from F, U F}, and

|Ss: (f,v) = Ssu(fiv)] = | Z f(xi)vD — Z f(xi)vD|
(z,D)es!, (x.D)es!!

< Y lf@)lvD]

(z,D)es], Us!!

<(n+1) Y |[wD[<27"

(z,D)es), Usy!
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by the choice of F}, and F),.
Consequently,

[F(E) = Si(f x XE,v)| = |[F(E) = Ss(f X xE,v)| = |[F(E) = Sg=us~ (f, V)|
={(z,D): (z,D) €s,x € E})
S|F(E) = Ssrus (f¥)] + [Ssr (f,v) = Ssr (£, v)]

(because 8*, 8’ and §” are disjoint subsets of s)

< 2+ | Zssfn(fy”) - Zssi{(faV”
n=0 n=0

(the infinite sums are well-defined because s is finite, so that all but finitely many terms are zero)

< 26+Z |Ssr, (f,v) = Sey (f,v)]

n=0

(because s8* U s”

<2+ iQ‘"c = 4e.

n=0

As € is arbitrary, I, (f x xF) is defined and equal to F(E), as required.

482H Proposition Suppose that X, T, C, v, T, A and PR satisfy the conditions (i)-(v) of 482G, and
that f: X — R, (H,)nen, H and + are such that
(vi) (Hp)nen is a sequence of open subsets of X with union H,
(vil) I, (f x xH,) is defined for every n € N,
(viii) limg—, 7, A 0) Lo (f X xWim) is defined and equal to v,
where t|H = {(z,C) : (z,C) €t,x € H} fort € T. Then I, (f x xH) is defined and equal to 7.
proof Let ¢ > 0. For each n € N, let F,, be the Saks-Henstock indefinite integral of f x xH,. Let §,, € A
be such that

2e> Y (F(C) — (f x XHa) @)C|
(z,C)es

> |Fn(Ws) = Ss(f x xHn,v)|
whenever s € T is §,-fine. Set
6={(z,A):x€ X\ H, AC X}
U U@ A) sz e Hy\ | Hi, AC Hy, (2, A) €6,},
neN i<n
so that & € A. Note that if 2 € H and C € C and (z,C) € 6, then there is some n € N such that 2 € H,
and C C H,, so that
L, (f x xC) = L((f x xHn) x xC) = F,(C)

is defined, by 482G; this means that I, (f x xWy; i) will be defined for every o-finet € T. Let § € A, R € R
be such that |y — I, (f x xWia)| < € whenever t € T is é-fine and R-filling.

Let t € T be (6 N )-fine and R-filling. For n € N, set ¢, = {(z,C) : (z,0) €t, x € H, \ U
tIH = UneNt"’ and t,, is dp-fine and Wy C H,, for every n. So

H;}. Then

<n

Y = Se(f X XH, V)| = |y = > Se,,(f X XxH,v)]

n=0

<y = L(f X xXWarm)| + Y1 (f X XW,,) = S, (f % xHn, V)]

n=0

(note that ¢, = 0 for all but finitely many n, so that I, (f x xWg ) = > oneo L (f X xWs,))
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e+ Y L X XHn X XWa,) = S, (f % xHp, V)]

n=0

(because t is 0-fine and R-filling, while Wy C H,, for each n)

=€+ Z |Fn(th) - Stn(f X XHnﬂ V)'

n=0

(by 482G)

(oo}
< e+ Z 27 "€
n=0
(because every t,, is d,-fine)
= Je.

As € is arbitrary, v = I,(f x xH), as claimed.
Remark For applications of this result see 483Bd and 483N.

4821 Integrating a derivative As will appear in the next two sections, the real strength of gauge
integrals is in their power to integrate derivatives. I give an elementary general expression of this fact. In
the formulae below, we can think of f as a ‘derivative’ of F if v = 0 is strictly positive and additive and we
rephrase condition (iii) as

limeog, Fl,(g) = f(=x),
where G, is the filter on C generated by the sets {C : (x,C) € 0} as § runs over A.

Theorem Let X, C CPX, ACPXxPX), RCPPX, TC[XxC]<*, f: X >R, v:C—=>R, F:C—=R,
0:C —[0,1] and v € R be such that
(i) T is a straightforward set of tagged partitions which is compatible with A and $R,
(ii) A is a full set of gauges on X,
(iii) for every x € X and € > 0 there is a 6 € A such that |f(z)vC — F(C)| < efC whenever
(x,C) €4,
(iv) i, 0C; <1 whenever Cy, ... ,C, € C are disjoint,
(v) for every € > 0 there is an R € R such that |y — > ccc, F(C)| < € whenever Cp C C is a
finite disjoint set and X \ (JCp € R.
Then I,(f) = limg_, 7(7,a,:) St(f,v) is defined and equal to ~.

proof Let e > 0. For each z € X let ¢, € A be such that |f(z)vC — F(C)| < e0C whenever (x,C) € §,.
Because A is full, there is a § € A such that (z,C) € ¢, whenever (z,C) € §. Let R € R be as in (v). If
t € T is 6-fine and R-filling, then

Se(fv) =al <= Y FOI+ Y |fl@wC—F(C)

(z,C)et (z,C)et
<et Y efC
(z,C)et
(because X \ U, cyer C € R, while (z,C) € 6, whenever (z,C) €1)

< 2¢

by condition (iv). As € is arbitrary, we have the result.

482J Definition Let X be a set, C a family of subsets of X, T' C [X x C]<% a family of tagged partitions,
v:C — [0,00[ a function, and A a family of gauges on X. I will say that v is moderated (with respect to
T and A) if there are a 6 € A and a function h : X — ]0, o[ such that Si(h,v) < 1 for every é-fine t € T.
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482K B.Levi’s theorem Let (X,T,A,9R) be a tagged-partition structure allowing subdivisions, wit-
nessed by C, such that A is countably full, and v : C — [0, oo[ a function which is moderated with respect
to T and A.

Let (fn)nen be a non-decreasing sequence of functions from X to R with supremum f : X — R. If
~v = limy, 00 I, (f) is defined in R, then I,,(f) is defined and equal to ~.

proof As in the proof of 123A, we may, replacing (fn)nen by (fn — fo)nen if necessary, suppose that
fn(x) >0 for every n € Nand z € X.

(a) Take € > 0. Then there is a § € A such that S¢(f,v) <~ + 4e for every o-finet € T'.
P Fix a strictly positive function h : X — ]0,00[ and a 6 € A such that St(h,v) <1 for every o-finet e T.
For each n € N choose §,, € A and R,, € R such that |1, (f,,) — Si(f,v)| < 27" Le for every d,,-fine R,,-filling
t € T. For each z € X, take 7, € N such that f(z) < f., () +eh(z). Let § € A be such that (z,C) € 6N,
for every (z,C) € 4.

Suppose that t € T is §-fine. Enumerate t as ((x;,C;))i<n. Let k € N be so large that Si(f,v) < Se(fx, u)+
e and ry, < k for every i < n. For m <k, set J,,, = {i : i <n, ry; = m}. For each i € Jy,, (x;,C;) € Opp.
482A(c-ii), there is a dy-fine s,, € T'such that Ws,, C U;c; Ciand [Ss,, (fm, V)= ics  fm(@i)vCi| <27 m

Set 8 = |J,,,<) Sm, s0 that s is a 0j-fine member of T and

Zmexz C<ZS (fmsv +2me<25 (frrv) +27e

m=01€J,, m=0 m=0

< Ss(frsv) +2€ < L (fr) + 3¢
(because s extends to a dp-fine Ry-filling member of T', by 482Ab)
< v+ 3e.

Now t is 0-fine, so St(h,v) < 1. Accordingly

k
v) = Zf(a:i)uci = Z Z flzi)vC;

<n m=01i€J,,
k
<O (fm(mi) + eh(@))vC; <y + e+ €Syp(h,v) < v+ 4e,
m=0ieJ,,

as required. Q
As € is arbitrary, limsup,_, (1 o o7y St (f, V) is at most 7.

(b) On the other hand, given ¢ > 0, there is an n € N such that I,(f,) > v — €. So taking §, € A,
R, € R as in (a) above,

St(fal/) 2 St(fnyy) Z Iu(fn) — € Z Y- 2¢
for every 6,,-fine R,-filling ¢t € T'. So liminf;_, 71 A m) St(f, V) is at least 7, and I, (f) = 7.

482L Lemma Let X be a set, C a family of subsets of X, A a countably full downwards-directed set
of gauges on X, | C PPX a downwards-directed collection of residual families, and T" C [X x C]<¥ a
straightforward set of tagged partitions of X compatible with A and R. Suppose further that whenever § €
A, R eRandteT is d-fine, there is a d-fine R-filling ¢’ € T including ¢. (For instance, (X, T, A, R) might
be a tagged-partition structure allowing subdivisions, as in 482Ab.) If v : C — [0,00] and f : X — [0, 00]
are such that I, (f) =0, and ¢g : X — R is such that g(z) = 0 whenever f(z) =0, then I,,(g) = 0.

proof Let e > 0. For each n € N, let §,, € A, R,, € R be such that Si(f,v) < 27 "¢ for every J,-fine
Ry-filling t € T. For x € X, set ¢(x) = min{n : |g(z)| < nf(z)}; let § € A be such that (z,C) € g
whenever (z,C) € 4.

Let t be any d-fine member of 7. Then |S;(g,v)| < 2¢. I Enumerate t as ((x;,C;))i<n. For each m € N,
set K, = {i 14 < n, ¢(a;) = m}; then {(x;,C;) : i € Ky} is a d,,-fine member of T, so extends to a d,,-fine
R.,-filling member ¢,, of T, and
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Yiek,, 19@vCil <md2 e flzi)vCi <mSy, (f,v) < 27™me.
Summing over m,
1Se(g, )] < 3202 Mme = 2. Q

Because T is compatible with A and R, this is enough to show that I,,(g) is defined and equal to 0.

482M Fubini’s theorem Suppose that, for i = 1 and i = 2, we have X;, T;, T;, A;, C; and v; such that
(1) (X;,%;) is a topological space;
(ii) A; is the set of neighbourhood gauges on Xj;
(iii) T; C [X; x C;]<¥ is a straightforward set of tagged partitions, compatible with A; and
{{0}};
(iv) v; : C; — [0, 00] is a function;
(v) 11 is moderated with respect to 77 and Aq;
(vi) whenever § € A; and s € Ty is d-fine, there is a d-fine s’ € T, including s, such that
Ws = X1.

Write X for X; x Xa; A for the set of neighbourhood gauges on X; C for {C' x D : C € Cy, D € Cs}; Q for
{((z,y),C x D) :{(x,C)} € Th, {(y, D)} € To}; T for the straightforward set of tagged partitions generated
by @; and set v(C' x D) =11C - oD for C € Cq, D € Cs.

(a) T is compatible with A and {{0}}.

(b) Let I,,, I,, and I, be the gauge integrals defined by these structures as in 481C-481F. Suppose that
f X — R is such that I,(f) is defined. Set f,(y) = f(z,y) for x € X1, y € X5. Let g : X3 — R be any
function such that g(x) = I,,(f.) whenever this is defined. Then I, (g) is defined and equal to I, (f).

proof (a) Let § € A; we seek a tagged partition u € T" such that Wy = X. Let (Viy)(2,y)ex be the family
of open sets in X defining §; choose open sets G, C Xi, Hyy C X such that (z,y) € Guy X Hyy C Vo
for all x € X3, y € Xs. For each x € Xy, let §, be the neighbourhood gauge on X, defined from the
family (Hgy)yex,. Then there is a J,-fine tagged partition ¢, € T, such that Wy, = X5. Set G =
XN ﬂ(y,D)etz Gay.

The family (G.).cx, defines a neighbourhood gauge 6* on X;, and there is a §*-fine s € T} such that
Ws = X1. Now consider

u={((z,y),C x D) : (x,0) €8, (y, D) €ta}.
Then it is easy to check (just as in part (b) of the proof of 4810) that u is a d-fine member of T' with
W, = X.
(b)(i) Set A= {z:x € X1, I,,(f,) is defined}. Let h : X1 — R be any function such that h(xz) = 0 for
every x € A. For x € X1, set
ho(2) = inf ({1} U {supg prep Se(fa; v2) = Se(fo,v2) : € F(Ta, Ao, {{D}1)}).

(Thus I,,(f) is defined iff ho(x) = 0.) Then I,,(hg) = 0. I Let € > 0. Then there is a § € A such that
Su(f,v)—=Sw (f,v) < e whenever u, u’ € T are i-fine and Wy, = Wy = X. Define (Vi) z.y)exs (Gay) (z,y)ex>
(Hzy) (z,y)ex and (0z)zex, from § as in (a) above. For each € X1, we can find §,-fine partitions t,, t], € To
such that Wtz = VV,‘,:C = Xg and Stw (fx,l/g) — St; (fx,l/Q) > lho(aﬁ). Set GQL = X1 N ﬂ(y7D)€t$Ut; ny

Let 6* be the neighbourhood gauge on X; defined from (G,).cx,. Let s be any §*-fine member of T}
with W, = X,. Set

u={((z,y),CxD):(z,C) €s, (y,D) €t,},

u' ={((z,9),Cx D):(2,C) €8s, (y,D) €t,},
Then u and u’ are d-fine members of T with W, = W = X, so
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ho,Vl Z ho Z (StL (fszQ) - St; (f:ra VQ))Vl(C)
(gg C)es (z,C)es
Z flz,y)r(C Z [, y)vi( )(D))
(z,C)€Es (z,C)es
(y, D)€ty (y. D)€t

=2(Su(f,v) = Sw(f,v)) < 2e

As e is arbitrary, I, (ho) = 0. Q
By 482L, I, (h) also is zero.

(ii) Again take any € > 0, and let 6 € A be such that |Sy(f,v) — I, (f)| < € for every é-fine uw € T such
that Wy = X. Define (Vay) (@ y)ex, (Gay) (@ p)exs (Hay)(@y)ex and (0z)zex, from 6 as in (a) and (i) above.
Let 6 € Ay, h: X, — 10, 00| be such that Ss(ﬁ,ul) < 1 for every o-fine s € Ty.

For x € A, let t, € Ts be d,-fine and such that Wy, = X5 and |Sg, (fz,v2) — L, (f2)] < eiz(:c); for
x € X1\ A, let t, be any 0,-fine member of Ty such that W, = X5. Set G, = X1 N ﬂ(%D)etm Gy for every
x € X;. Let 0* be the neighbourhood gauge on X; defined by (G.).ex, -

Set hi(z) = g(x) — St (fz,v2) for x € X1\ A4, 0 for z € A. Then I,,(|h1]) =0, by (a). Let &’ € Ay be
such that & C §* N 4§ and Ss(|h1],v1) < € for every §’-fine s € T} such that Wy = X

Now suppose that s € T3 is §’-fine and that Wy = X;. Set

u={((z,y),C xD):(z,C) €s, (y, D) €ts},
so that u € T is d-fine and W, = X. Then

|Ss(g7V1)7IV(f)| < |Su(f,1/) - (f)|+|S (gayl) - (fa )|

<e+| DY (9@)— D fl@ywD)nC|

(z,C)es (y, D)€ty

—e+| 3 (9(@) = St (fur2))1iC|
(z,C)es

<et Y |m(@)nC
(z,C)es

+ Y lgl@) = D fl@ywDmC

(ztgfs (y,D)€Ety
z

<2+ Z C) < 2¢ + €Sg(h, 1) < 3e.
(z,C)es
€A

As € is arbitrary, I,,,(g) is defined and equal to I,,(f), as claimed.

482X Basic exercises (a) Let (X, T, A,R) be a tagged-partition structure allowing subdivisions, wit-
nessed by C, and £ the algebra of subsets of X generated by C. Write J for the set of pairs (f,v) such that
f:X — Rand v:C — R are functions and I,(f) = limy_, 7(7,a ;) St (f, V) is defined; for (f,v) € J, let
Ft, : € = R be the corresponding Saks-Henstock indefinite integral. Show that (f,v) — FY, is bilinear in
the sense that

Frvgw =Fp + Foy  Fapp = Frov =alpy,  Frup =Fro+ Fry
whenever (f,v), (g,v) and (f, u) belong to J and a € R.
(b) Let (X,T,A,R) be a tagged-partition structure allowing subdivisions, witnessed by C, and £ the
algebra of subsets of X generated by C. Let f : X — R and v : C — [0,00[ be functions such that

L,(f) = limg_, 77, a,m) St (f, V) is defined, and let F': £ — R be the corresponding Saks-Henstock indefinite
integral. Show that F' is non-negative iff I,,(f~) = 0, where f~(z) = max(0, —f(z)) for every z € X.
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>(c) Let X be a zero-dimensional compact Hausdorff space, £ the algebra of open-and-closed subsets of
X,Q={(z,F):z € E €&} T the straightforward set of tagged partitions generated by @, A the set of
neighbourhood gauges on X and v : £ — R a non-negative additive functional. Let u be the corresponding
Radon measure on X (416Qa) and I,, the gauge integral defined by (X, T, A, {{0}}) (cf. 481Xh). Show that,
for f: X = R, I,(f) = [ fdu if either is defined in R. (Hint: if f is measurable but not p-integrable,
take x¢ such that f is not integrable on any neighbourhood of zy. Given § € A, fix a d-fine partition
containing (xg, V) for some Vj; now replace (zg, Vp) by refinements {(zo, V§), (21, V1), ... , (Zn, Va)}, where
o, f(x)vV; is large, to show that S¢(f,v) cannot be controlled by 4.)

>(d) Let (X,%,3, 1) be an effectively locally finite 7-additive topological measure space in which p is
inner regular with respect to the closed sets and outer regular with respect to the open sets (see 412W). Let T
be the straightforward set of tagged partitions generated by X x {E : uF < oo}, A the set of neighbourhood
gauges on X, and R = {Rg, : pF < 00, n > 0}, where Rp, = {F : p(FNE) <7}, as in N. Show that if I,
is the associated gauge integral, and f: X — R is a function, then I,(f) = [ fdpu if either is defined in R.

(e) Let C be the set of non-empty subintervals of X = [0,1], T the straightforward tagged-partition
structure generated by [0,1] x C, and A the set of neighbourhood gauges on [0, 1], as in 481M. Let u be
any Radon measure on [0, 1], and I, the gauge integral defined from p and the tagged-partition structure
([0,1],7, A, {{0}}). Show that, for any f:[0,1] = R, I,(f) = [ fdp if either is defined in R.

(f) Let C be the set of non-empty subintervals of [0, 1], T the straightforward tagged-partition structure
generated by {(z,C) : C € C, v € C}, and A the set of neighbourhood gauges on X, as in 481J. Let € be the
ring of subsets of [0, 1] generated by C, v : £ — R a bounded additive functional, and I, the gauge integral
defined from v and (X, T, A, {{0}}). Show that I, (x [a,b]) = limgqy1» ([, y]) whenever 0 < a <b < 1.

(g) Let C be the set of non-empty subintervals of X = [0,1], T the straightforward tagged-partition
structure generated by {(z,C) : C € C,z € C}, and A the set of uniform metric gauges on [0,1], as in
4811. Let p be the Dirac measure on [0, 1] concentrated at %, and let [, = limy_, (7 A {{0}}) St(, ) be the
corresponding gauge integral. Show that I,,(x[0,1]) is defined but that I,,(x[0, 3]) is not.

>(h)(i) Show that the McShane integral on an interval [a,b] as described in 481M coincides with the
Lebesgue integral on [a,b]. (ii) Show that if (X,%,%,u) is a quasi-Radon measure space and g is outer
regular with respect to the open sets then the McShane integral as described in 481N coincides with the
usual integral.

(i) Explain how the results in 481Xb-481Xc can be regarded as special cases of 482H.

(j) Let (X, %) be a topological space, C a ring of subsets of X, T C [X x C]<“ a straightforward set of
tagged partitions, v : C — [0, 00[ an additive function, and A the family of neighbourhood gauges on X.
Suppose that there is a sequence (G, )nen of open sets, covering X, such that sup{vC: C € C, C C G,} is
finite for every n € N. Show that v is moderated with respect to T and A.

(k) Let (X,%,%,u) be a quasi-Radon measure space. Let T be the straightforward tagged-partition
structure generated by {(z, F) : pF < oo, z € E} and A the set of all neighbourhood gauges on X. Show
that p is moderated with respect to T" and A iff there is a sequence of open sets of finite measure covering
X.

(1) Let » > 1 be an integer, and p a Radon measure on R”. Let @ be the set of pairs (x,C) where
x € R" and C' is a closed ball with centre x, and T the straightforward set of tagged partitions generated
by Q. Let A be the set of neighbourhood gauges on R", and R = {Rg, : pE < oo, > 0}, where
Ren ={F : p(FNE) <n}, as in 482Xd. (i) Show that T is compatible with A and R. (Hint: 472C.) (ii)
Show that if I,, is the associated gauge integral, and f : R"™ — R is a function, then I,(f) = f fdu if either
is defined in R.

(m) Let (X,T,A,R), ¥ and v be as in 481X, so that (X, T, A, R) is a tagged-partition structure allowing
subdivisions, witnessed by an algebra ¥ of subsets of X, and v : ¥ — [0,00[ is additive. Let I, be the
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corresponding gauge integral, and V' C R¥ its domain. (i) Show that yE € V and I, (xE) = vE for every
E € . (ii) Show that if f € RX then f € V iff for every € > 0 there is a disjoint family £ C ¥ such that
YopeevE =vX and Y g vE -sup, ep|f(®) — f(y)| < e (iii) Show that if (f,)nen is a non-decreasing
sequence in V with supremum f € RX, and v = sup,en Iv(fn) is finite, then I,,(f) is defined and equal to
7. (iv) Show that I, extends fdv as described in 363L, if we identify L (X) with a space £°° of functions
as in 363H. (v) Show that if ¥ is a o-algebra of sets then I, extends fdv as described in 364X].

482Y Further exercises (a) Let X be the interval [0,1], C the family of subintervals of X, @ the set
{(z,C) : C € C, x € int C}, T the straightforward set of tagged partitions generated by @, A the set of
neighbourhood gauges on X, and 2R the singleton {[X]<“}. Show that (X,T,A,%R) is a tagged-partition
structure allowing subdivisions, witnessed by C. For C' € C set vC' =1 if 0 € int C, 0 otherwise, and let f
be x{0}. Show that I,,(f) = lims_, (7 a,m) S¢(f,v) is defined and equal to 1. Let F' be the Saks-Henstock
indefinite integral of f. Show that F'(]0,1]) = 1.

(b) Set X = R and let C be the family of non-empty bounded intervals in X; set @ = {(z,C) :
C € C,z = inf C}, and let T be the straightforward set of tagged partitions generated by Q. Let & be
the Sorgenfrey right-facing topology on X (415Xc), and A the set of neighbourhood gauges for &. Set
Rn={FE:EeX u([-n,n]NE)<27"} for n € N, where p is Lebesgue measure on R and ¥ its domain,
and write R = {R,, : n € N}. Show that (X, T, A,fR) is a tagged-partition structure allowing subdivisions.
Show that if f: X — R is such that I,,(f) is defined, then f is Lebesgue measurable.

(c) Give an example of X, T, ¥, u, T, A, C, f and C such that (X,%,3, ) is a compact metrizable
Radon probability space, A is the set of all neighbourhood gauges on X, (X, T,A,{{0}}) is a tagged-
partition structure allowing subdivisions, witnessed by C, f : X — R is a function such that I,(f) =
limg 7 (7,A,{10}}) St (f; 1) is defined, C € C is a closed set with negligible boundary, and I,,(f x xC) is not
defined.

(d) Suppose that, for ¢ = 1 and ¢ = 2, we have a tagged-partition structure (X;,T;, A;,R;) allowing
subdivisions, witnessed by a ring C; C PX;, where X is a topological space, A, is the set of all neighbourhood
gauges on X;, and fR; is the simple residual structure complementary to C;, as in 481Yb. Set X = X; x X,
and let A be the set of neighbourhood gauges on X; set C = {C' x D : C € C1, D € Ca}; let SR be the simple
residual structure on X complementary to C; and let T" be the straightforward tagged-partition structure
generated by {((z,y),C x D) : {(z,C)} € T1, {(y, D)} € T»}. For each i, let v; : C; — [0, 00] be a function
moderated with respect to T; and A;, and define v : C — [0, oo| by setting v(C x D) = 11C - vy D for C € (4,
D € Cy. Show that T is compatible with A and fR. Let I,,, I,,, I, be the gauge integrals defined by these
structures. Suppose that f : X — R is such that I,(f) is defined. Set f.(y) = f(z,y) for z € X3, y € Xo.
Let g : X3 — R be any function such that g(xz) = I,,(f;) whenever this is defined. Show that I, (g) is
defined and equal to I,,(f).

482 Notes and comments In 482E, 482F and 482G the long lists of conditions reflect the variety of
possible applications of these arguments. The price to be paid for the versatility of the constructions here
is a theory which is rather weak in the absence of special hypotheses. As everywhere in this book, I try to
set ideas out in maximal convenient generality; you may feel that in this section the generality is becoming
inconvenient; but the theory of gauge integrals has not, to my eye, matured to the point that we can classify
the systems here even as provisionally as I set out to classify topological measure spaces in Chapters 41 and
43.

Enthusiasts for gauge integrals offer two substantial arguments for taking them seriously, apart from the
universal argument in pure mathematics, that these structures offer new patterns for our delight and new
challenges to our ingenuity. First, they say, gauge integrals integrate more functions than Lebesgue-type
integrals, and it is the business of a theory of integration to integrate as many functions as possible; and
secondly, gauge integrals offer an easier path to the principal theorems. I have to say that I think the
first argument is sounder than the second. It is quite true that the Henstock integral on R (481K) can be
rigorously defined in fewer words, and with fewer concepts, than the Lebesgue integral. The style of Chapters
11 and 12 is supposed to be better adapted to the novice than the style of this chapter, but you will have
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no difficulty in putting the ideas of 481A, 481C, 481J and 481K together into an elementary definition of an
integral for real functions in which the only non-trivial argument is that establishing the existence of enough
tagged partitions (481J), corresponding I suppose to Proposition 114D. But the path I took in defining the
integral in §122, though arduous at that point, made (I hope) the convergence theorems of §123 reasonably
natural; the proof of 482K, on the other hand, makes significant demands on our technique. Furthermore,
the particular clarity of the one-dimensional Henstock integral is not repeated in higher dimensions. Fubini’s
theorem, with exact statement and full proof, even for products of Lebesgue measures on Euclidean spaces,
is a lot to expect of an undergraduate; but Lebesgue measure on R” makes sense in a way that it is quite
hard to repeat with gauge integrals. (For instance, Lebesgue measure is invariant under isometries; this
is not particularly easy to prove — see 263A — but at least it is true; if we want a gauge integral which is
invariant under isometries, then we have to use a construction such as 4810, which does not directly match
any natural general definition of ‘product gauge integral’ along the lines of 481P, 482M or 482Yd.)

In my view, a stronger argument for taking gauge integrals seriously is their ‘power’, that is, their ability
to provide us with integrals of many functions in consistent ways. 482E, 482F and 4821 give us an idea
of what to expect. If we start from a measure space (X, 3, ) and build a gauge integral I, from a set
T C [X x X]<% of tagged partitions, then we can hope that integrable functions will be gauge-integrable,
with the right integrals (482F); while gauge-integrable functions will be measurable (482E). What this means
is that for non-negative functions, the integrals will coincide. Any ‘new’ gauge-integrable functions f will be
such that [ f* = [ f~ = oo; the gauge integral will offer a process for cancelling the divergent parts of these
integrals. On the other hand, we can hope for a large class of gauge-integrable derivatives. In the next two
sections, I will explain how this works in the Henstock and Pfeffer integrals. For simple examples calling for
such procedures, see the formulae of §§282 and 283; for radical applications of the idea, see MULDOWNEY
87.

Against this, gauge integrals are not effective in ‘general’ measure spaces, and cannot be, because there is
no structure in an abstract measure space (X, 3, 1) which allows us to cancel an infinite integral f fr= f P i
against [ f~ = [ X\F f- Put another way, if a tagged-partition structure is invariant under all automorphisms
of the structure (X, X, ), as in 481Xf-481Xg, we cannot expect anything better than the standard integral.
In order to get something new, the most important step seems to be the specification of a family C of
‘regular’ sets, preliminary to describing a set T' of tagged partitions. To get a ‘powerful’ gauge integral, we
want a fine filter on T, corresponding to a small set C and a large set of gauges. The residual families of
481F are generally introduced just to ensure ‘compatibility’ in the sense described there; as a rule, we try to
keep them simple. But even if we take the set of all neighbourhood gauges, as in the Henstock integral, this
is not enough unless we also sharply restrict both the family C and the permissible tags (482Xc-482Xe). The
most successful restrictions, so far, have been ‘geometric’, as in 481J and 4810, and 484F below. Further
limitations on admissible pairs (z,C), as in 481L and 481Q, in which C remains the set of intervals, but
fewer tags are permitted, also lead to very interesting results.

Another limitation in the scope of gauge integrals is the difficulty they have in dealing with spaces of
infinite measure. Of course we expect to have to specify a limiting procedure if we are to calculate I,,(f)
from sums St (f, 1) which necessarily consider only sets of finite measure, and this is one of the functions of
the collections R of residual families. But this is not yet enough. In B.Levi’s theorem (482K) we already
need to suppose that our set-function v is ‘moderated’ in order to determine how closely f,(z) needs to
approximate each f(z). The condition

St(h,v) <1 for every d-fine ¢

of 482] is very close to saying that I,,(h) < 1. But it is not the same as saying that p is o-finite; it suggests
rather that X should be covered by a sequence of open sets of finite measure (482Xk).

Because gauge integrals are not absolute — that is, we can have I, (f) defined and finite while I,,(|f|) is
not — we are bound to have difficulties with integrals ||  [> even if we interpret these in the simplest way, as
I, (f x xH), so that we do not need a theory of subspaces as developed in §214. 482G(iii)-(v) are an attempt
to find a reasonably versatile sufficient set of conditions. The ‘multiplier problem’, for a given gauge integral
1., is the problem of characterizing the functions g such that I, (f x ¢) is defined whenever I,,(f) is defined,
and even for some intensively studied integrals remains challenging. In 484L I will give an important case
which is not covered by 482G.

One of the striking features of gauge integrals is that there is no need to assume that the set-function v is
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countably additive. We can achieve countable additivity of the integral — in the form of B.Levi’s theorem, for
instance — by requiring only that the set of gauges should be ‘countably full’ (482K, 482L; contrast 482Xg).
If we watch our definitions carefully, we can make this match the rules for Stieltjes integrals (114Xa, 482Xf).
In 481Db I have already remarked on the potential use of gauge integrals in vector integration.

It is important to recognise that a value F'(F) of a Saks-Henstock indefinite integral (482B-482C) cannot
be identified with either I, (f x xE) or with I, pg(f[E), because in the formula F(E) = lims_, 7~ S, (f, V)
used in the proof of 482B the tags of the partitions tg need not lie in E. (See 482Ya.) The idea of 482G
is to impose sufficient conditions to ensure that the contributions of ‘straddling’ elements (z,C), where
either z € Eand C € Forx ¢ F and CNE # (, are insignificant. To achieve this we seem to need
both a regularity condition on the functional v (condition (iii) of 482G) and a geometric condition on the
set C underlying T' (482G(iv)). As usual, the regularity condition required is closer to outer than to inner
regularity, in contexts in which there is a distinction.

I am not sure that I have the ‘right’ version of Proposition 482E. The hypothesis there is that we have
a metric space. But in the principal non-metrizable cases the result is still valid (482Xc-482Xd, 482YDh),
and the same happens in 482X]1, where condition 482E(ii) is not satisfied. Proposition 482H is a ‘new’ limit
theorem; it shows that certain improper integrals from the classical theory can be represented as gauge
integrals. The hypotheses seem, from where we are standing at the moment, to be exceedingly restrictive.
In the leading examples in §483, however, the central requirement 482H(viii) is satisfied for straightforward
geometric reasons.

Gauge integrals insist on finite functions defined everywhere. But since we have an effective theory of
negligible sets (482L), we can easily get a consistent theory of integration for functions which are defined
and real-valued almost everywhere if we say that

I,(f) = I,(g) whenever g : X — R extends f]f~![R]

whenever I,,(g) = I,,(¢’) for all such extensions.

Version of 6.9.10
483 The Henstock integral

I come now to the original gauge integral, the ‘Henstock integral’ for real functions. The first step is
to check that the results of §482 can be applied to show that this is an extension of both the Lebesgue
integral and the improper Riemann integral (483B), coinciding with the Lebesgue integral for non-negative
functions (483C). It turns out that any Henstock integrable function can be approximated in a strong sense
by a sequence of Lebesgue integrable functions (483G). The Henstock integral can be identified with the
Perron and special Denjoy integrals (483J, 483N, 483Yh). Much of the rest of the section is concerned
with indefinite Henstock integrals. Some of the results of §482 on tagged-partition structures allowing
subdivisions condense into a particularly strong Saks-Henstock lemma (483F). If f is Henstock integrable,
it is equal almost everywhere to the derivative of its indefinite Henstock integral (483I). Finally, indefinite
Henstock integrals can be characterized as continuous ACG, functions (483R).

483 A Definition The following notation will apply throughout the section. Let C be the family of non-
empty bounded intervals in R, and let ' C [RxC]<% be the straightforward set of tagged partitions generated
by {(z,C) : C € C, x € C}. Let A be the set of all neighbourhood gauges on R. Set R = {Ra : a < b € R},
where Ryp = {R\ [¢,d] : ¢ < a,d > b} U{D}. Then (R,T,A,R) is a tagged-partition structure allowing
subdivisions (481K), so T' is compatible with A and PR (481Hf). The Henstock integral is the gauge
integral defined by the process of 481E-481F from (R, T, A, JR) and one-dimensional Lebesgue measure u. For
a function f : R — R I will say that f is Henstock integrable, and that ¥ f =, if limy_, (7. A 0t) St(f, 1)
is defined and equal to v € R. For a, € [—00,00] T will write }ﬁf f for i f x x]a, B[ if this is defined in
R. T will use the symbol f for the ordinary integral, so that f fdu is the Lebesgue integral of f.

483B Tracing through the theorems of §482, we have the following.
(©) 2000 D. H. Fremlin
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Theorem (a) Every Henstock integrable function on R is Lebesgue measurable.
(b) Every Lebesgue integrable function f : R — R is Henstock integrable, with the same integral.
(c) If f is Henstock integrable so is f x xC for every interval C' C R.
(d) Suppose that f: R — R is any function, and —oco < a < 8 < co. Then

B . B . b . b
fa f=1limg fa [ =limyg fa f=1limga b1 fa f
if any of the four terms is defined in R.
proof (a) Apply 482E.
(b) Apply 482F, referring to 134F to confirm that condition 482F(ii) is satisfied.
It will be useful to note at once that this shows that If f x x{a} = 0 for every f : R — R and every
a € R. Consequently i’ f = i f + ¥ f whenever a < ¢ < b and the right-hand side is defined.

(c)-(d) In the following argument, f will always be a function from R to itself; when f is Henstock
integrable, F's" will be its Saks-Henstock indefinite integral (482B-482C).

(i) The first thing to check is that the conditions of 482G are satisfied by R, T', A, R, C and u|C. P
482G (i) is just 481K, and 482G(ii) is trivial. 482G(iii-ov) and 482G(v) are elementary, and so is 482G(iii-3)
— if you like, this is a special case of 412W (b-iii). As for 482G(iv), if E' € C is a singleton {x}, then whenever
(x,C) € C we can express C' as a union of one or more of the sets C'N]—oo,z[, CN{z} and C'N]z, o], and
for any non-empty C” of these we have {(x,C")} € T and either C’ C E or C' N E = (). Otherwise, let > 0
be half the length of E, and let ¢ be the uniform metric gauge {(z,4) : A C |z —n,z + n[}. Then if x € OF
and (z,C) € T'NJ, we can again express C as a union of one or more of the sets C'N]—o0,z[, C N {z} and
C N ]z, o0[, and these will witness that 482G(iv) is satisfied. Q

(ii) Now suppose that f is Henstock integrable. Then })‘f; f is defined whenever a < b in R. P 482G

tells us that ¥ f x xC is defined and equal to Fs#(C) for every C € C; in particular, 9(1’: f=¥fxxla,b|

is defined whenever a < b in R. Q Note that because I f x x{c} = 0 for every ¢, ¥ f x xC = ‘Iﬁ;‘;pcc
whenever C' € C is non-empty.
This proves (c) for bounded intervals; we shall come to unbounded intervals in (vii) below.

(iii) If f is Henstock integrable, then lim,_, oo p—y00 }ﬁ: [ is defined and equal to ¥ f. B Given € > 0,
there is an R € R such that |FSE(R\ ()| < € whenever C € C and R\ C' € R; that is, there are ag < b
such that

b
| f— o fl=[Fs5(R\]a,b)| = [F5*(R\ [a,b])| < €
whenever a < ag < by < b. As e is arbitrary, lim, oo b—00 };‘f: [ is defined and equal to 1 f. Q

(iv) It follows that if f is Henstock integrable and ¢ € R, limy_; }ﬁcb f is defined. P Let € > 0. Then
there are ag < ¢, by > ¢ such that | ‘Iﬁab [ — ¥ f| < e whenever a < ag and b > by. But this means that

b 1% b 1%
B A= <o
whenever b, b > by. As € is arbitrary, limy_, o fcb f is defined. Q

Similarly, limg_,_ o ]ﬁJ f is defined.

(v) Moreover, if f is Henstock integrable and a < b in R, then lim.q gﬁac f is defined and equal to

fab f. P Let € > 0. Then there is a § € A such that } ., o, [F5%(C) — f(z)pC| < € whenever t € T
is 6-fine. Let n > 0 be such that n|f(b)| < € and (b, [c,b]) € § whenever b —n < ¢ < b. Then whenever
max(a,b—n) <c<b,

ﬁ:f — o f = Fo(le,b]) < [Fo([e,b]) — fO)ule, bl | + £ (B)lfe, B < 2e.

As e is arbitrary, limey, I f = yf: f.-Q
Similarly, lim.|q y‘fcb f is defined and equal to gﬁ: f.
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(vi) Now for a much larger step. If —oo < a < 8 < 0o and f : R — R is such that lim, 4 15 {ﬁf fis

defined and equal to v, then {ﬁf f is defined and equal to v. PP I seek to apply 482H, with H = ]«, 8] and
H, =lay,b,[, where (a,),en is a strictly decreasing sequence with limit «, (b,),en is a strictly increasing
sequence with limit 3, and ag < by. We have already seen that the conditions of 482G are satisfied; 482H(vi)
is elementary, and 482H(vii) is covered by (ii) above. So we are left with 482H(viii). Given € > 0, let m € N

be such that |y — }ﬁfﬂ < € whenever o < a < a,, and b,, < b < . For x € R let G, be an open set,
containing x, such that

G, CHifzxeH,
Cl—00,am| if x < am,
C b, 00[ if & > by,

and let § € A be the neighbourhood gauge corresponding to (G, ).cr. Now suppose that ¢ € T is 0-fine and
Roa,nb,,-filling. Then W is a closed bounded interval including [am, by]. Since (C),c)et is a disjoint family
of intervals, ¢ must have an enumeration ((z;,C;))i<, where z < y whenever : < j <r, z € C; and y € C}.
As H C R is an interval, there are iy < ¢; such that

tH={(x;,C)):i<r,z; € H = {(2;,C;) 1 ip < i < iy }.
Because W4 is an interval, so is Wy g = Uiogigil Cy; set a = inf Wy i and b = sup Wy ir; then }ﬁ fxxWy =
9‘f:f (see (ii)). Next, Wy C H (because G, C H if z € H) and [ay,, by € Wiy (because [apm, byn] € Wy
and Gy N [am, by =0 for x & [am,bn]). So a < a < am, by <b< B, and
by = X Wenl =y - fl <e
As € is arbitrary, this shows that
limy_, 7(7,A,3) 3€ fxxWyg =7,
as required by 482H(viii). So ]ﬁf f= ]ﬁf x xH is defined and equal to 7, as claimed. Q

(vii) We are now in a position to confirm that if f is Henstock integrable then gﬁcoo f=1limp_e gﬁcb f

is defined for every ¢ € R. P By (iii) and (iv), lim,. yﬁ:ﬂ f= yﬁCCH f and limp_, o gfcb_H f are both defined.
So

+1 b
lim y‘ f—hm [+ lim f

alc,b—oo b—oo c+1
c+1
f+ lim = lim f
c b—o0 b—oo

is defined, and is equal to . f, by (vi). Q

Similarly, ¥°__ f = limg—_oc ¥ f is defined. So ¥ f x xC is defined for sets C' of the form ]c, oo or
]—00, ¢[, and therefore for any unbounded interval, since the case C' = R is immediate. So the proof of (c)
is complete.

(viii) As for (d), (vi) has already given us part of it: if lim,jq ptg gﬁ:f is defined, this is yﬁf f- In
the other direction, if yff f is defined, set g = f X x ], B[, so that ¢ is Henstock integrable, and take any
¢ € |a,B[. Then limpp ‘Iﬁfg is defined, and equal to gff g, by (v) if B is finite and by (vii) if 3 = oo.
Similarly, limgq y‘f: g is defined and equal to y‘f: g. Consequently

limam,bm \Iﬁab f = lima\Labeg ‘Iﬁab g = limaw ﬁac g+ limng ﬁcb g
is defined, and must be equal to 5&5 g = }ﬁ’B f, while also

hm(ua}ﬁ f—hmaia}ﬁ g—llmaiaﬁg""% g_ﬁg—i_ﬁ g_}ﬁ _}ﬁf’

and similarly
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timgrs 7= o T

(ix) Finally, we need to consider the case in which we are told that lim,, y‘ff f is defined. Taking any
¢ € |a, B[, we know that }ﬁf f is defined, by (ii) or (vii) applied to f x x]a, B[ for some a < ¢, and equal to
limyr }ﬁcb f, by (v) or (vii). But this means that

limagaors f f = limage f°F +limps f f

is defined, so (vi) and (viii) tell us that ﬁf [ is defined and equal to lim, |, gﬁf f. The same argument,
suitably inverted, deals with the case in which limyg y‘f(ﬁ: f is defined.

483C Corollary The Henstock and Lebesgue integrals agree on non-negative functions, in the sense that
if f:R — [0,00[ then ¥ f = [ fdp if either is defined in R.

proof If f is Lebesgue integrable, it is Henstock integrable, with the same integral, by 483Bb. If it is
Henstock integrable, then it is measurable, by 483Ba, so that [ fdu is defined in [0, oo]; but

/fd,u = sup{/gdu : g < f is a non-negative simple function}
(213B)

= sup{?‘g : g < f is a non-negative simple function} < 74]‘
(481Cb) is finite, so f is Lebesgue integrable.

483D Corollary If f : R — R is Henstock integrable, then o y‘ffoo f i [oo,0] = R and (o, B) —

gﬁf f:[-00,00]? = R are continuous and bounded.

proof Let F be the indefinite Henstock integral of f. Take any z¢o € R and € > 0. By 483Bd, there is an
1 > 0 such that | yﬁfoo f— yﬁf‘;o f| < e whenever xg — 11 < & < 9. By 483Bd again, there is an 1y > 0 such
that [ f — i f| < e whenever g < x < wo + 72 But this means that [F(z) — F(zo)| < e whenever

xg—m < x < x9+ 2. As € is arbitrary, F' is continuous at z.
We know also that lim, . F(z) = i f is defined in R; while

lim, o F(z) = j[qf —lim, o yfxoo f=0
is also defined, by 483Bd once more. So F' is continuous at 4oco.

Now writing G(a, 8) = gﬁf f, we have G(a, ) = F(B) — F(a) if @ < § and zero if 8 < a. So G also is
continuous. F' and G are bounded because [—oo, o0] is compact.

483E Definition If f : R — R is Henstock integrable, then its indefinite Henstock integral is the
function F : R — R defined by saying that F(z) = i°__ f for every = € R.

483F In the present context, the Saks-Henstock lemma can be sharpened, as follows.

Theorem Let f: R — R and F : R — R be functions. Then the following are equiveridical:
(i) f is Henstock integrable and F' is its indefinite Henstock integral;
(ii)(ar) F is continuous,
(8) limg s — oo F(x) = 0 and lim,, o F(z) is defined in R,
() for every € > 0 there are a gauge § € A and a non-decreasing function ¢ : R — [0, €] such that
|f(z)(b—a) — F(b) + F(a)] < ¢(b) — ¢(a) whenever a < z <bin R and (z, [a,b]) € J.

proof (i)=-(ii) («)-(B) are covered by 483D. As for (), 482G tells us that we can identify the Saks-Henstock
indefinite integral of f with E — ﬁf x xE : & — R, where £ is the algebra generated by C. Let ¢ > 0.
Then there is a § € A such that Z(x)c)et |f(z)puC — ¥ f x xC| < € for every §-fine t € T. Set
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¢(a) = supgerns Z(x,c)gt,cg]_oo7a]|f($)ﬂc - ﬂf fxxcl,
so that ¢ : R — [0, ¢] is a non-decreasing function. Now suppose that a < y < b and that (y, [a,b]) € 6. In
this case, whenever t € TN, s = {(z,C) : (z,C) € t, C C ]—o00,a]} U{(y,]a,b])} also belongs to T'N 4.
Now F(b) — F(a) = y‘f:f, S0

60z Y 1f@C ~ 10|

(z,C)€Es

- Y f@uc- ﬁf><xC\+|f(y)(b*a)*F(b)+F(a)l-

(z,C)€t,CC]—00,q]
As t is arbitrary,

¢(b) = ¢(a) +[f(y)(b — a) = F(b) + F(a)],
that is, |f(y)(b —a) — F(b) + F(a)| < ¢(b) — ¢(a), as called for by (7).

(il)=(1) Assume (ii). Set v = limg;_ o, F(x). Let € > 0. Let a < b be such that |F(x)| < € for every
x < aand |F(zx) — | <eforevery x > b. Let 6 € A, ¢ : R — [0,¢] be such that ¢ is non-decreasing and
lf(2)(B—a)—F(B)+ F(a)] < ¢(8) — ¢(a) whenever a < x < § and (z, [, 8]) € 9. Let 6’ € A be such that
(z, A) € 6 whenever (z, A) € §'. For C € C set A\C = F(supC) — F(inf C), vC = ¢(sup C) — ¢(inf C); then
if (z,C) € ¢, (z,[inf C,supC]) € 6, so |f(x)uC — AC| < vC. Note that A and v are both additive in the
sense that A(CUC") = AC + X\C’, v(C U ') = vC 4 vC’ whenever C, C’ are disjoint members of C such
that CUC" € C (cf. 482G(iii-cv)).

Let t € T be §'-fine and Ryp-filling. Then W} is of the form [¢, d] where ¢ < a and b < d. So

1Se(fs 1) =] < 2e+ [S(f, ) = F(d) + F(c)] = 2€ + [Se(f, 1) — Ale, d]|
= 2¢ + | Z f@)pC — AC| < 2+ Z vC
(z,C)et (z,C)et
= 2e+v[c,d] < 3e.
As ¢ is arbitrary, f is Henstock integrable, with integral ~.

I still have to check that F' is the indefinite integral of f. Set Fj(x yﬁ fforz eR and G = F — Fy.
Then (ii) applies equally to the pair (f, Fy), because (i)=(ii). So, glven e > 0, we have ¢, 6; € A and
non-decreasing functions ¢, ¢ : R — [0, €] such that

[f(@)(b—a) — F(b) + F(a)] < ¢(b) — ¢(a) whenever a < z < b in R and (z, [a,d]) € 4,

[f(z)(b—a) — F1(b) + Fi(a)| < ¢1(b) — ¢1(a) whenever a < z < b in R and (z, [a,b]) € d;.
Putting these together,

|G(b) — G(a)| < (b) — ¢(a) whenever a <z <bin R and (z,[a,b]) € 6 Ny,
where ¥ = ¢ + ¢1. But if a < b in R, there are ag < zg < a3 < z1 < ... < 1z,_1 < a, such that a = ag,
an = b and (z;,[a;, ai+1]) € 0 for i < n (481J), so that

G(t) — Gla)] < 3 [Clais) - Clas)
1=0

n—1
<Y daip) = Plai) = (b) — d(a) < 2.
i=0
As e is arbitrary, G is constant. As lim,—,_o F(z) = lim;—, o Fi(2) =0, F = F}, as required.

483G Theorem Let f : R — R be a Henstock integrable function. Then there is a countable cover K of
R by compact sets such that f x yK is Lebesgue integrable for every K € K.

proof (a) For n € Nset E, = {z: |z| <n, |f(z)] < n}. By 483Ba, f is Lebesgue measurable, so for each
n € N we can find a compact set K, C E,, such that u(E, \ K,,) < 27"; f is Lebesgue integrable over K,
and Y = R\ |,y Kn is Lebesgue negligible.
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Let F' be the indefinite Henstock integral of f, and take a gauge §; € A and a non-decreasing function
¢ : R — [0,1] such that |f(z)(b—a) — F(b) + F(a)|] < ¢(b) — ¢(a) whenever a < z < b and (z, [a,b]) € &
(483F). Because ¥ |f|xxY = [, |f|du = 0 (483Bb), there is a §; € A such that S(|f|x xY, p) < 1 whenever
t € T is 01-fine (482Ad). For C € C, set AC = F(supC) — F(inf C), vC = ¢(sup C) — ¢(inf C). Set

D,={z:z € E,NY, (z,[a,b]) € oNd whenever z — 27" <a<zx<b<z+2 "}

so that |, ey Dn =Y set K, = Dy, so that K}, is compact and |J,,cy K, 2 Y.

(b) The point is that f x x K], is Lebesgue integrable for each n. I For k € N, let A, be the set of points
z € K, such that |z,z 4+ 27%] N K], = 0; then Ay, is finite, because K/, C [-n,n] is bounded. Similarly, if
Ay ={z:z €K}, [x—27"z[n K] =0}, A is finite. Set B = K|, \ Ujcn(Ar U A}), so that K, \ B is
countable.

Set

neN

d=dNdN{(zx,A):zeR, Ag]x72*”*1793+27n71[}7

so that § € A. Note that if C € C, z € BN C, (z,C) € § and uC > 0, then int C meets K/, (because
there are points of K, arbitrarily close to 2 on both sides) so int C' meets D,,; and if y € D,, Nint C' then
(y,C) € dp N 61, because diam C' < 27", This means that if ¢ € T is d-fine and ¢ C B x C, then there is a
dp N 01-fine 8 € T such that s C D,, x C, Wy C W; and whenever (z,C) € t and C is not a singleton, there
is a y such that (y,C) € s. Accordingly

SoCI< Y NCl > fwpC = ACl+ > [fw)luC

(z,C)€et (y,C)es (y,C)es (y,C)es
< Y vC+Se(|f x xYop) < 2.
(y,C)es

But this means that if ¢ € T' is J-fine,

Se(lf xxBl,w) = > |f(x)uC]

(z,C)etIB
(where t|B=tN (B x ())
< D W@eC =X+ Y A

(z,C)etB (z,C)etB

< ) wC+2<3
(z,C)etB

It follows that if g is a p-simple function and 0 < g < |f x xB],

/gdu=749§ sup  Si(g, 1)

teT is §-fine

< sup o Se(|f x xBl,p) <3,
teT is §-fine

and |f x xB| is p-integrable, by 213B, so f X xB is u-integrable, by 122P. As K/, \ B is countable, therefore
negligible, f x x K/ is p-integrable. Q

(c) So if we set K = {K,, : n € N}U{K/ : n € N}, we have a suitable family.

483H Upper and lower derivates: Definition Let F' : R — R be any function. For z € R, set

(DF)(x) = limsup, ., w (DF)(z) = liminf,_,, W

in [—o0, 0], that is, (DF)(z) = max((DtF)(z),(D~F)(z)) and (DF)(z) = min((D*F)(z), (D~ F)(z)) as
defined in 222J.
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4831 Theorem Suppose that f : R — R is Henstock integrable, and F is its indefinite Henstock integral.
Then F’(z) is defined and equal to f(z) for almost every = € R.

proof Forn €N, set A, = {z : |z| < n, (DF)(z) > f(z) + 27 "}. Then p*A4, <2771 P Let § € A and
¢ : R — [0,47"] be such that ¢ is non-decreasing and |f(z)(b — a) — F(b) + F(a)| < ¢(b) — ¢(a) whenever
a<z<band (z,a,b]) €6 (483F). Let Z be the set of non-trivial closed intervals [a, b] C R such that, for
w > f(x) +27™. By Vitali’s theorem (221A) we can find a
countable disjoint family Zy C Z such that A, \ JZo is negligible; so we have a finite family Z; C Zy such
that p*(A, \ UZ1) < 27". Enumerate Z; as {[a;, b;])i<m, and for each i < m take z; € [a;,b;] N A, such
that (.Z'i, [ai, bl]) € 6 and F(bz) — F(ai) > (b, — az)(f(xl) + 2—n). Then

¢(bi) — ¢(ai) > |f(xi)(bi — a;) — F(bi) + Fa;)| > 27" (b; — a;)

some z € [a,b] N A,, (z,[a,b]) € § and

for each 1 < m, so
pUZ) =i bi —ai <2732, 6(bs) — la;) <277,
and p*A, <271 Q
Accordingly {x : (DF)(z) > f(z)} = UmeN ﬂnzm A, is negligible. Similarly, or applying the argument
to —f, {z : (DF)(z) < f(z)} is negligible. So QF <ae. f <ae DF. Since DF < DF everywhere,
DF =, . DF =, f. But F'(z) = f(z) whenever (DF)(z) = (DF)(z) = f(x), so we have the result.

483J Theorem Let f : R — R be a function. Then the following are equiveridical:

(i) f is Henstock integrable;

(ii) for every € > 0 there are functions Fy, Fs : R — R, with finite limits at both —oco and oo, such that
(DFy)(z) < f(z) < (DFy)(z) and 0 < Fy(x) — Fy(x) < € for every x € R.

proof (i)=-(ii) Suppose that f is Henstock integrable and that ¢ > 0. Let F be the indefinite Henstock
integral of f. Let 6 € A, ¢ : R — [0, 2¢] be such that ¢ is non-decreasing and |f(z)(b — a) — F(b) +
F(a)| < é(b) — ¢(a) whenever a < z < b and (z,[a,b]) € § (483F). Set Fy = F — ¢, Fy = F + ¢; then
Fi(z) < Fy(x) < Fi(x) + € for every « € R, and the limits at oo are defined because F and ¢ both have
limits at both ends. If € R, there is an > 0 such that (z, A) € 6 whenever A C [z —n,x + n]. So if
r—n<a<z<b<z+nanda<b,
F(b)—F(a) _ ¢(b)—9(a)
FOF@) _ 4 < S0)=60)
and
Fl(b)fFl(a) Fz(b)sz(a)
BORE) o gy < BO-Re)
In particular, this is true whenever z—n < a <z =borz =a < b < z+n. So (DF)(z) < f(z) < (DFy)(x).
As x is arbitrary, we have a suitable pair Fy, F5.

(ii)=(i) Suppose that (ii) is true. Take any € > 0. Let Fj, F5 : R — R be as in the statement of (ii).
() We need to know that Fp — Fy is non-decreasing. P Set G = F5 — Fy. Then

limint EW=CG@) _ i inp 2W-F) _ Ay)-F(z)
v y=e y—w y—z y—=
> liminf Fy)—F(z) lim sup Fi(y)—Fi(x)
v y—T y—T y—z

(2A3Sf)

= (DF,)(x) — (DFy)(z) > 0
for any x € R. 2 If a < b and G(a) > G(b), set v = %
as follows. a9 = a and by = b. Given that a,, < b, and G(a,) — G(b,) > (b, — an), set ¢ = %(an + byn);

, and choose {(an)nen, (bn)nen inductively
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then either G(a,) — G(c) > v(c — ay) or G(c) — G(by,) > (b, — ¢); in the former case, take ap+1 = a, and
bnt+1 = ¢; in the latter, take a,+1 = ¢ and b,41 = b,. Set x = lim,,_,, a,, = lim;,_,o, b,,. Then for each
n, either G(ay,) — G(z) > v(z — ay,) or G(z) — G(by,) > (b, — x). In either case, we have a y such that
0<|y—xz| <27™(b—a) and % < —v. So (DG)(x) < —y < 0, which is impossible. X

Thus G is non-decreasing, as required. Q

(B) Let a < b be such that |Fy(x) — Fy(a)| < € whenever z < a and |Fy (z) — F1(b)| < € whenever x > b.
Let h: R — ]0,00[ be a strictly positive integrable function such that [hdu <e. Then i h <€, by 483Bb,
so there is a dy € A such that Si(h, p) < 2e for every dp-fine t € T (482Ad). For € R let 7, > 0 be such
that

BO-B@) ¢ ¢y 4 p(z), 2O 5 po) )

y—x y—x

whenever 0 < |y — 2| < 2n,; set 6 = {(x, A) : (z,A) € dg, A C |]x — 0y, x + 15[}, so that 6 € A. Note that if
zeRandx —n, <a<z<p<z+mn,, then

Fi(B) = Fu(z) < (B —2)(f(z) + h(x),  Fi(z) = Fi(a) < (z —a)(f(z) + h(z)),

so that F1(8) — Fi(a) < (8 — a)(f(z) + h(z)); and similarly Fo(8) — Fa(a) > (8 — a)(f(z) — h(x)).
For C € C, set

AMC = Fi(supC) — Fi(inf C), A2C = Fy(supC) — Fy(inf C).
Then if C € C, x € C and (z,C) € 6,
MC < (f(@) + h(@)uC,  XC = (f(z) = h(z))uC.
Suppose that ¢t € T' is §-fine and R4p-filling. Then W; = [, 5] for some o < a and § > b, so that

Se(fim)= D f@pC < Y XC+ h(x)uC = Ao, B] + Se(h, )
(z,C)et (z,C)et

§ FQ(B) — FQ(Q) + 2¢ § Fl(ﬂ) — Fl(a) + 3¢ § Fl(b) — Fl(a) + Be.
Similarly,

Se(fo)= Y f@pC> > MC—h(z)uC

(z,C)et (z,C)et
= )\1[0&,5] — St(h,,u) Z F1(ﬂ) — F1(Oé) — 2¢ Z F1(b) — Fl(a) — 4e.

But this means that if ¢, ¢’ are two J-fine R,p-filling members of T, |S¢(f, ) — Se(f, )| < 9e. As € is
arbitrary,

limy, 77, am) Se(fop) = ff f
is defined.

Remark The formulation (ii) above is a version of the method of integration described by PERRON 1914.

483K Proposition Let f : R — R be a Henstock integrable function, and F' its indefinite Henstock
integral. Then F[FE] is Lebesgue negligible for every Lebesgue negligible set E C R.

proof Let ¢ > 0. By 483C and 482Ad, as usual, together with 483F, there are a § € A and a non-decreasing
¢ : R — [0, €] such that

St(lfl x xE,pn) <€ [f(z)(b—a) = F(b) + F(a)| < ¢(b) — ¢(a)
whenever t € T is d-fine, a < z < b and (z,[a,b]) € 5. For n € N and i € Z, set
E,={z:z€ EN[27",27"( + 1)[, (x,A) € § whenever A C [x — 27", x4+ 27 "]}.
Set J, ={i:i€Z, —4" <i < 4" E,; # (}. Observe that
E= UnEN ﬂmzn UieJm Eini.
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For i € J,, take x,;, yn; € En; such that x,; < y,; and
min(F(2n;), F(yni)) < inf F[Ey;] + 47,

max(F(xn;), F(yni)) > sup F[E,;] — 4™ ",

so that * F[Ep;] < |F(Yni) — F(2:)| + 272 e, Now, for each i € Jp, (Tni, [Tnis Yni]) € 5, while [T, yni] C
274,27 (i + 1)[, so t = {(@ni, [Tnis Yni]) 1 @ € Jp} is a d-fine member of T', and

WF Bul € Y wF[EL] <Y 272" et [F(yni) — Flan)
i€Jp i€Jn i€Jp

Sdet+ > 1 F@ni) Wni — Tni)| + D> $Yni) — (wns)
i€y i€Jn
<de+ Se(|f] x xE, p) + € < Ge.

Since this is true for every n € N,

wEE = FlJ N U El

neNm>ni€J,,

=w (U FI) U B =swurl() U Bl

neN  m>ni€d,, m>n i€y,

(132Ae)
< Ge.

As e is arbitrary, F[E] is negligible, as claimed.
Remark Compare 225M.

483L Definition If f : R — R is Henstock integrable, I write || f||z for sup, | yf{f f]- Tt is elementary
to check that this is a seminorm on the linear space of all Henstock integrable functions. (It is finite-valued
by 483D.)

483M Proposition (a) If f : R — R is Henstock integrable, then | f| < || f||z, and || f||z =0 iff f =0
a.e.

(b) Write HL' for the linear space of all Henstock integrable real-valued functions on R, and HL! for
{f*: f e XL C LO(u) (§241). If we write || f*|zr = || f||a for every f € HL', then HL' is a normed
space. The ordinary space L'(u) of equivalence classes of Lebesgue integrable functions is a linear subspace
of HLY, and ||u| g < ||ul]; for every u € L(p).

(c) We have a linear operator T': HL' — C(R) defined by saying that T'(f*) is the indefinite Henstock
integral of f for every f € HL', and || T = 1.

proof (a) Of course
: b
| fl=1imass oo psoo |, FI < I1fll

(using 483Bd). Let F' be the indefinite Henstock integral of f, so that F(b) — F(a) = }ﬁ; f whenever a < b.
If f =0 ae., then F(z) = [*_ fdu = 0 for every x, by 483Bb, so | fllg = 0. If ||f|lz = 0, then F is
constant, so f = F/ =0 a.e., by 4831

(b) That HL' is a normed space follows immediately from (a). (Compare the definitions of the norms
[, on LP, for 1 < p < oo, in §§242-244.) By 483Bb, L'(u) C HL', and

luller < llwtllm + lu™ = [l + [l = [lull

for every u € L'(u), writing u™ and u~ for the positive and negative parts of u, as in Chapter 24.
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(c) If f, g € HL" and f* = g°, then f and g have the same indefinite Henstock integral, by 483Bb or
otherwise; so T is defined as a function from HL' to R®. By 483F, Tw is continuous and bounded for every
u € HL', and by 481Ca T is linear. If f € HL' and T'f* = F, then |||z = sup, ,er |[F(y) — F'(x)]; since
lim, oo F(z) =0, ||fllg > ||F|loo; as f is arbitrary, ||T'|| < 1. On the other hand, for any non-negative
Lebesgue integrable function f, || Tf*|lcc = || fll1 = | fllz, so |T]] = 1.

483N Proposition Suppose that (I;,)men is a disjoint family of open intervals in R with union G,
and that f : R — R is a function such that f,, = f x xI,, is Henstock integrable for every m € M. If
Y oment [fmllE < 00, then f x xG is Henstock integrable, and i f x xG =", 1/ f fim-

proof I seek to apply 482H again. We have already seen, in the proof of 483Bc, that the conditions of 482G
are satisfied by R, 7', A, R, C, T and p. Of course G = (J,, s I is the union of a sequence of open sets
over which f is Henstock integrable. So we have only to check 482H (viii).

Set

S0 = Unmeni(@,A):x €y, AC L,y U{(z,A): 2 € R\ G, ACR},

so that o9 € A. For each m € M let F5" be the Saks-Henstock indefinite integral of f,,. Let € > 0. Then
there is a finite set Mo C M such that 3y, [[fmllg < €. Next, there must be 6; € A and R € 2R such
that

Zm,GMO | ﬁfm - St(vaM” <e
for every 6;-fine R-filling ¢t € T', and J5 € A such that Y 1/ [Se(fm, ) — F5i1(We)| < e for every da-fine
telT.
Now let t € T be (doNdy Nd2)-fine and R-filling. For each m € M set t,, =1, so that 1[G = J,,cpstm-
Because W4 is an interval, each W, must be an interval, as in part (c)-(d)(vi) of the proof of 483B, and
Wk, is a subinterval of I,,, because t is dp-fine. So (using 482G)

[Et (We, )| = [ fon % X W4,

< |l fmller-

m

Also

$ |74fm—74fxxwtm|g > |74fm—st<fm,u)|+ ST 1S4 s 1) — i (W, |

me My me My me My
< 2e.

On the other hand,

ZmGM\Mol ﬁ Jm — }]E [ xxWt,,
Putting these together,

< 2z:mGM\MO ||fm||H < 2e.

FEENATED D SHEID S FENUAED D #1

meM meM meM
(because t is finite, so all but finitely many terms in the sum ) .. f x xW¢,, are zero)

< 3 oans, - gl < e

meM

As € is arbitrary, condition 482H(viii) is satisfied, with

limy_, 7(7,A,3) })E I xxWera = mem })E fms
and 482H gives the result we seek.

4830 Definitions (a) For any real-valued function F, write w(F) for sup, ,cqom r |F(z) — F(y)|, the
oscillation of F. (Interpret sup () as 0, so that w(()) = 0.)
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(b) Let F: R —- R bea function. For A C R, we say that ' is AC, on A if for every ¢ > 0 there is
an 1 > 0 such that ), ;w(F[I) < e whenever 7 is a disjoint family of open intervals with endpoints in A
and ) ;.7 ul < n. Note that whether F' is AC, on A is not determined by F'[A, since it depends on the

behaviour of F' on intervals with endpoints in A.

(c) Finally, F is ACG., if it is continuous and there is a countable family A of sets, covering R, such
that F' is AC, on every member of A.

483P Elementary results (a)(i) If ', G : R — R are functions and A C B C R, then w(F + G[A) <
w(FTA) +w(GlA) and w(FA) < w(F|B).

(ii) If F is the indefinite Henstock integral of f : R — R and C' C R is an interval, then || f x xC||u
w(FIC).

(iii) If F : R — R is continuous, then (a,b) — w(F[[a,b]) : R? — R is continuous, and w(F[A) =
w(FTA) for every set A C R.

b)Q) If F:R— Ris AC, on A C R, it is AC, on every subset of A.
( y
(ii) If F : R — R is continuous and is AC, on A C R, it is AC, on A. P Let ¢ > 0. Let n >0

be such that »; ., w(F[I) < e whenever 7 is a disjoint family of open intervals with endpoints in A and
Y ez < . Let Z be a disjoint family of open intervals with endpoints in A and Yorer il < %77. Let

Zp C 7 be a non-empty finite set; then we can enumerate Zy as (]a;, b;[)i<n Where ag,bo, ... ,an, by, € A
and ag < by < a3 < b < ... < a, < b, Because (a,b) — w(F][a,b]) is continuous, as noted in (a-ii)
above, we can find a,...,b, € A such that af < by < a}f < ... < al, <V, Y b,—a; <mn, and

Y ico lw(FTaf, b)) — w(FT[as, bi])| < € so that
Yrez, wFI) < 3 gw(FI[aj, bi]) < 2e.
As T is arbitrary, Y ;.7 w(F[T) < 2¢; as € is arbitrary, F is AC, on A. Q

483Q Lemma Let F' : R — R be a continuous function, and K C R a non-empty compact set such
that F' is AC, on K. Write Z for the family of non-empty bounded open intervals, disjoint from K, with
endpoints in K.

(a) Do jezw(F[I) is finite.

(b) Write a* for inf K = min K. Then there is a Lebesgue integrable function g : R — R, zero off K,
such that

F(Qj) — F(CL*) = faz* g —+ ZJEI,Jg[a*,Qf] F(Sup J) — F(lnf J)
for every = € K.

proof (a) Let 7 > 0 be such that >, ,w(F|T) < 1 whenever J is a disjoint family of open intervals
with endpoints in K and ZIEJ pl < n. Let mg, my € Z be such that K C [mgn, min]. For integers m
between mq and m, let Z,, be the set of intervals in Z included in Jmn, (m + 1)n[. Then > ;. ul <,
80 > rez, w(FII) <1 for each m. Also every member of J =T\ J Z,, contains mn for some m
between mg and mq, so #(J) < m; — mg. Accordingly

mo<m<mg

mi—1
SwFEM <Y wED+ Y Y wF)
IeT Ieg m=mg [€Z,,
< Zw(F[T)—l—ml—mo < 0

Ieg
because F' is continuous, therefore bounded on every bounded interval.

(b)(i) Set b* = sup K = max K. Define G : [a*,b*] — R by setting
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G(z)=F(x) ifx € K,

_ F®)(z—a)+F(a)(b—z)
b—a

ifxela,bel.

Then G is absolutely continuous. I G is continuous because F' is. Let € > 0. Let 1, > 0 be such that

Y ores W(FI) < e whenever J is a disjoint family of open intervals with endpoints in K and » ;. , ul < 1.

Let Zo C T be a finite set such that 3 ;.7\ 7, w(F'[1) < ¢, and take M > 0 such that [F(b) — F(a)| < M(b—a)
whenever |a, b € Zo; set n = min(n;, ﬁ) > 0.

Let J* be the set of non-empty open subintervals J of [a*, b*] such that either JNK = ) or both endpoints
of J belong to K. Let 7 C J* be a disjoint family such that ;. , ul <n. Set 7' ={J: J € J, JNK = (}.
Then

> |G(supJ) = G(inf J)|= > |F(sup.J) — F(inf J)|
JeT\T'! JeIJ\T'

< Y wFI)<e
JeI\T'
On the other hand,

> |G(supJ) = G(inf )| = > Y |G(sup.J) — G(inf J)]

JeJg’ I€Zy JET
JCI

+ Z Z |G(sup J) — G(inf J)|

I€T\T, JET
JCT

SMY > pJ+ Y |F(supl)— F(inf I)]

IeZy JeT I€I\Iy
JCT

(because G is monotonic on I for each I € T)
< Mn+ e < 2,
80 > ez |G(sup J) — G(inf J)| < 3e.

Generally, if J is any non-empty open subinterval of [a*,b*], we can split it into at most three in-
tervals belonging to J*. So if J is any disjoint family of non-empty open subintervals of [a*,d*] with
> seq i <m, wecan find a family J C J* with > ;.7 uJ =3, pJ and Y 5 7 |G(sup J) — G(inf J)| >
> seq |G(supJ) — G(inf J)|. But this means that ;. ;|G (sup J) — G(inf J)| < 3e. As € is arbitrary, G is
absolutely continuous. Q

(ii) By 225E, G’ is Lebesgue integrable and G(z) = G(a*) + [, G' for every = € [a*,b*]. Set g(x) =
G'(z) when = € K and G'(z) is defined, 0 for other x € R, so that g : R — R is Lebesgue integrable. Now
take any x € K. Then

F(sc):G(sc):G(a*)—l—/:G’:F(a*)—i-/:g—i-/[a*vx]\KG’
:F(a*)+/a*g+ IZ; ]/IG'

IC[a",x

(because 7 is a disjoint countable family of measurable sets, and ez re(or o L = [a%, 2] \ K)

:F(a*)+/ g+ E G(supI) — G(inf I)
a* IeT
IC[a* 2]

(note that this sum is absolutely summable)
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/ g+ Z F(supI) — F(inf I)

IeT
IC[a™,x]

as required.

483R Theorem Let F': R — R be a function. Then F is an indefinite Henstock integral iff it is ACG,,
lim, o F(z) = 0 and lim, o, F'(z) is defined in R.

proof (a) Suppose that F is the indefinite Henstock integral of f : R — R.

(i) By 483F, F is continuous, with limit zero at —oo and finite at co. So I have just to show that
there is a sequence of sets, covering R, on each of which F'is AC,. Recall that there is a sequence (K,,)men
of compact sets, covering R, such that f x K,, is Lebesgue integrable for every m € N (483G). By the
arguments of (i)=-(ii) in the proof of 483J, there is a function F» > F such that DF; > f and Fy — F is
non-decreasing and takes values between 0 and 1. For n € N, j € Z set

Iy =1[27"5,27"(G + 1),
Fa(y)—Fa(z)
y—x

Observe that UneN’jGZ Bn; = R, so that {B,; N K, : m, n € N, j € Z} is a countable cover of R. It will
therefore be enough to show that I is AC, on every B,; N K.

B, ={z:z €I, > —n whenever y € I,,; \ {z}}.

(ii) Fix m, n € Nand j € Z, and set A = B,,; N K,,,. If A =), then of course F' is AC, on A; suppose
that A is not empty. Set G(z) = Fy(z) + nz for « € I,;, so that F = G — (F» — F) — H on I, where
H(z) = nz. Whenever a, b € By; and a < x < b, then G(a) < G(z) < G(b), because x € I,;. So if
ao,bg,a1,b1, ... ,ar, b € Aand ag < bg <a; <b;y <...<a, < by,

k
Yicow(Gllas, b)) = Zz 0 G(bi) = G(ai) < G(bk) — G(ao) < w(Gl1yy),

and

k k k
Zw(F[[ai,bi}) < Zw(G ai, b)) + Z (Fy — Flla;, b)) + Zw I'aq, bi]
1=0 1=

i=0 -
< w(Gl,j) +w(Fs — F[Inj) + w(H I, )
(because F» — F and H are monotonic)
< w(F[1j) 4+ 2w(Fy — Fl1;) + 2w(H| I,;)
< w(F1n;) +2(1 +nuly;) =M

say, which is finite, because F' is bounded.

(iii) By 2A2I (or 4A2Rj), the open set R\ A is expressible as a countable union of disjoint non-empty
open intervals. Two of these are unbounded; let Z be the set consisting of the rest, so that AUJZ = [a*, b*]
is a closed interval included in I,,;. If I, I' are distinct members of Z and inf I < inf I’, then sup I < infI’,
because I NI’ = (), and there must be a point of A in the interval [sup I,inf I']; so in fact there must be a
point of A in this interval, since A does not meet either I or I’. It follows that ), ;w(F[I) < M. P If
Tp C T is finite and non-empty, we can enumerate it as (I;);<x where sup I; < inf I;; whenever i < i’ < k. We
can find ag, ... ,ar41 € A such that ag <inf Iy, sup I; < a;41 < inf I, for every i < k, and sup I, < ap41;
so that

Yrer, W(FI) = Yo w(FIL) < Yo w(Fl [ai, aina]) < M.
As I is arbitrary, this gives the result. Q
(iv) Whenever a* < z < y < b*,

[Fy) = F@) < [, 1fldi+ e w(EIT O]z, y)).
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P Foreach I € Z,
1f > x(U O], yDlle = w(FIIN ]z, y[) < w(F[I)
(483Pa). So

Yrer If x xU Nz yDlle < ez w(FI)

is finite. Writing H = |z,y[NUZ, ¥ f x xH is defined and equal to >, ., ¥ f x x(I N]z,y[), by 483N. On
the other hand,

Jo,y[\ H C A C Kn,
so f x x(Jz,y[\ H) is Lebesgue integrable. Accordingly

F(y) - F(a)| = |y4f % Xz
< I}éf><xH|+|/f><x(]x,y[\H)du|
<SSl + [ (i

IeT AN[z,y]
< S w(FII Nz, y) + ﬁ \Fldu
IeT ANz, y]

as claimed. Q
(v) Soif a* <a <b<b*
W(FI[a,b) € X pepw(FIIN[ab) + [ 1fldp.

P We have only to observe that if a < 2 <y < b, then w(F[IN]z,y]) < w(F[IN]a,b]) for every I € Z,
and fZﬁ]myy[ |f|d/.l/ < fZﬂ[a,b] |f|d/.t Q

(vi) Now let € > 0. Setting F(z) = [ 1f] x xAdp for © € [a*,b%], F is absolutely continuous (225E),
and there is an 79 > 0 such that Zf:o F(bz) - F(ai) < e whenever a* <ag <byg<a;1 <b <...<a <
b, < b* and Zf:o b; —a; < 1n9. Take Zy C T to be a finite set such that Z,GI\IO w(FII)<eandletn >0
be such that 7 < ny and 1 < diam I for every I € Z.

Suppose that ag, bg, ... ,ar, by € A are such that ag < by < ... < ap < by and Zf:o b; —a; <n. Then no
member of Zy can be included in any interval [a;, b;], and therefore, because no a; or b; can belong to |JZ,
no member of Zy meets any [a;, b;]. Also, of course, a* < ag and by, < b*. We therefore have

S w(Fllanbd) <3 (CwFIn b + [ ifld)

i=0 i Iez AN[a;,bs]

k k
=> W(FITN [ai,bi]) + > F(b;) — Fa;)
i=0 I€Z\ Ty i=0
k
<> wFN) te
=0 I€I\Zp
ICai,bi]

(because if I € T meets [a;, b;], it is included in it)

< Y w(F)+e<2e
I€Z\To

As € is arbitrary, F' is AC, on A. This completes the proof that F' is ACG, and therefore satisfies the
conditions given.
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(b) Now suppose that F satisfies the conditions. Set F'(—oco) = 0 and F(co0) = lim,_,o F(x), so that
F : [—00,00] = R is continuous. For z € R, set f(x) = F'(z) if this is defined, 0 otherwise. Let J be the
family of all non-empty intervals C' C R such that I f x xC is defined and equal to F(sup C') — F(inf C),
and let Z be the set of non-empty open intervals I such that every non-empty subinterval of I belongs to
J. I seek to show that R belongs to Z.

(i) Of course singleton intervals belong to J. If Cy, Cy € J are disjoint and C = C; U} is an interval,

then
frxxe= s xxcis firxacs

= F(sup Cy) — F(inf Cy) + F(sup Cy) — F(inf C5)
= F(supC) — F(inf C)

and C' € J. If I, I € T and I, NI, is non-empty, then I; Ul is an interval; also any subinterval C of I; Uy
is either included in one of the I; or is expressible as a disjoint union C; U C's where C} is a subinterval of
I; for each j;s0 C € Jand I € Z. If I, I, € Z and sup I} = inf Iy, then I = I, Ul U{sup I, } € Z, because
any subinterval of I is expressible as the disjoint union of at most three intervals in J.

(ii) If Zy C 7 is non-empty and upwards-directed, then | JZo € Z. P This is a consequence of 483Bd.
If we take a non-empty open subinterval J of | JZy and express it as |o, 8], where —co < a < 8 < oo,
then whenever @ < a < b < f3 there are members of Zy containing a and b, and therefore a member of
Ty containing both, so that [a,b] € J. Accordingly y‘f:f is defined and equal to F(b) — F(a). Since F

is continuous, limgq b1 ]ﬁf f is defined and equal to F(3) — F(«); by 483Bd, ﬁf f is defined and equal
to F(B) — F(a), so that J € J. I wrote this out for open intervals, for convenience; but any non-empty
subinterval of | JZy is either a singleton or expressible as an open interval with at most two points added,
so belongs to J. Accordingly UZo € Z. Q

(iii) It follows that every member of Z is included in a maximal member of Z. Let Z* be the set of
maximal members of Z. By (i), these are all disjoint, so no endpoint of any member of Z* can belong to
Uz

? Suppose, if possible, that R ¢ Z. Then |JZ = |JZ* cannot be R, and V = R\ |JZ is a non-empty
closed set. By (i), no two distinct members of Z* can share a boundary point, so V' has no isolated points.

We are supposing that F' is ACG,, so there is a countable family A of sets, covering R, such that F is
AC, on A for every A € A. By Baire’s theorem (3A3G or 4A2Ma), applied to the locally compact Polish
space V, V '\ A cannot be dense in V for every A € A, so there are an A € A and a bounded open interval
J such that () #* VmJgZ. Set K = jﬂA; by 483Pb, F is AC, on K, and Vﬂjg K. Because V has no
isolated points, V' N J is infinite, so, setting a* = min K and b* = max K, V N]a*, b*[ is non-empty.

Let Zy be the family of non-empty bounded open intervals, disjoint from K, with endpoints in K. By
483Q, > ez, w(F'[1) is finite, and there is a Lebesgue integrable function g : R — R such that g(z) = 0 for
x € R\ K and

F(x) = F(a*) + faai g + Z[EI[),IQ[D,*,I] F(Sup]) — F(lnf I)

for x € K. Since every member of Z is disjoint from V| it is included in some member of Z* and belongs
to J, so F(supl) — F(inf I) = ¥ f x xI for every I € Zy. If I € Ty, then

Ilf =< xI|lm sup|7ff><x[><x0|= sup \y{fxxC\
cec cec,cCI

= sup |[F(supC)— F(infC)| = w(F[I)
cec,CCI

because every non-empty subinterval of I belongs to J. So » ;cz |If x xI|# is finite, and f x xH is
Henstock integrable, where H = | JZy, by 483N. Moreover, if 2 € K, then
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ﬁjfxxH:iﬁfoQJU:IEthgwﬂﬂD
= Y y‘f xxI= Y F(supl)— F(inf I).
I€Zy,IC[a*,x] I€Zy,IC[a*,x]

But this means that if y € [a*,b*], and = max(K N [a*,y]), so that ]z, y[ C H, then
F(y) = F(z) + F(y) — F(z)

‘/g+ (F(sup ) — F(inf I)) %fxxxy

I€Zy,IC[a*,x

]
+/g><xKﬂ a”,yl) yéfxxHer‘fxxxy[

= F(a*) + %mh

where h = f x xYH + g x xK is Henstock integrable because f x yH is Henstock integrable and g x yK is
Lebesgue integrable.

Accordingly, if C' is any non-empty subinterval of [a*,b*], F(sup C) — F(inf C') = § h x xC. But we also
know that % ﬁijoo h = h(y) for almost every y, by 4831. So F'(y) is defined and equal to h(y) for almost
every y € [a*,b*], and h = [ a.e. on [a*,b*]. This means that F(supC) — F(inf C) = ¥ f x xC for any
non-empty subinterval C' of [a*,b*], and Ja*,b*[ € Z. But Ja*, b*[ meets V, so this is impossible. X

(iv) This contradiction shows that R € Z and that F is an indefinite Henstock integral, as required.

483X Basic exercises >(a) Let [a,b] C R be a non-empty closed interval, and let I, be the gauge
integral on [a, b] defined from Lebesgue measure and the tagged-partition structure defined in 481J. Show
that, for f: R — R, I,(f[[a,b]) = ¥ f x x[a,b] if either is defined.

>(b) Extract ideas from the proofs of 482G and 482H to give a direct proof of 483B(c)-(d).

(c) Set f( = 0 and f(z) = ¥2Z for other real z. Show that f is Henstock integrable, and that
i f = 3. (Hint: 283Da.)

(d) Set f(z) = 1 cos(x ) for 0 < z < 1, 0 for other real . Show that f is Henstock integrable but not

Lebesgue integrable. (Hint: by considering i(55‘2 sin — ) show that limgo f f is defined.)

(e) Let f : R — R be a Henstock integrable function. Show that there is a finitely additive functional
A : PR — R such that for every ¢ > 0 there are a gauge 6 € A and a Radon measure v on R such that
VR < e and |Si(f, u) — AWe| < vW; for every o-finet € T.

>(f) Let f : R — R be a Henstock integrable function. Show that (J{G : G C R is open, f is Lebesgue
integrable over G} is dense. (Hint: 483G.)

>(g) Let f: R — R be a Henstock integrable function and F' its indefinite Henstock integral. Show that
f is Lebesgue integrable iff F' is of bounded variation on R. (Hint: 224I.)

>(h) Let F : R — R be a continuous function such that lim, o F(z) = 0, lim,_,o, F'(z) is defined in
R, and F’(z) is defined for all but countably many = € R. Show that F is the indefinite Henstock integral of
any function f : R — R extending F”. (Hint: in 483J, take F} and F; differing from F' by saltus functions.)

(i) Let f : R — R be a Henstock integrable function, and (I,,),en a disjoint sequence of intervals in R.
Show that lim, e || f X xInllg = 0.
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(j) Show that HL! is not a Banach space. (Hint: there is a continuous function which is nowhere
differentiable (477K).)

>(k) Use 483N to replace part of the proof of 483Bd.

(1) Let F' : R — R be such that DF and DF are both finite everywhere. Show that F(b) — F(a) =
§i DF x x[a,b] whenever a < b in R. (Hint: F is AC, on {z : |F(y) — F(z)| < nly — x| whenever
ly—=z[<27"})

(m) For integers r > 1, write C, for the family of subsets of R" of the form [],_, C; where C; C R is a
bounded interval for each i < r. Set Q, = {(z,C) : C € C,, x € C}; let T, be the straightforward set of
tagged partitions generated by @,., A, the set of neighbourhood gauges on R", and R, = {R¢ : C € C,.}
where Re = {R"\ C": C C C" € C,.} U{D} for C € C,. Let v, be the restriction of r-dimensional Lebesgue
measure to C,. (i) Show that (R", T, A,,R,) is a tagged-partition structure allowing subdivisions, witnessed
by C,. (ii) For a function f : R” — R write ¥ f(z)dx for the gauge integral I, (f) associated with this
structure when it is defined. Show that if 7, s > 1 are integers, f : R"** — R has compact support and
i f(2)dz is defined, then, identifying R"* with R” x R*®, I g(x)dz is defined and equal to ¥ f(z,y)d(z,y)
whenever g : R” — R is such that g(z) = I f(x,y)dy for every x € R” for which this is defined.

483Y Further exercises (a) Let us say that a Lebesgue measurable neighbourhood gauge on R
is a neighbourhood gauge of the form {(z,A4) : x € R, A C ]Jx — 0,z + 1,[} where x — n, is a Lebesgue
measurable function from R to ]0,00[. Let A be the set of Lebesgue measurable neighbourhood gauges.
Show that the gauge integral defined by the tagged-partition structure (R, T, A, R) and p is the Henstock
integral.

(b) Show that if Ag C A is any set of cardinal at most ¢, then the gauge integral defined by (R, T, Ao, R)
and p does not extend the Lebesgue integral, so is not the Henstock integral.

(c) Let f: R — R be a Henstock integrable function with indefinite Henstock integral F', and v a totally
finite Radon measure on R. Set G(x) = v]|—o0,z] for x € R. Show that f x G is Henstock integrable, with
indefinite Henstock integral H, where H(z) = F(z)G(x) — f]_oo o Fdv for z € R.

(d) Let v be any Radon measure on R, I, the gauge integral defined from v and the tagged-partition
structure of 481K and this section, and f : R — R a function.

(i) Show that if I,(f) is defined, then f is dom v-measurable.

(ii) Show that if [ fdv is defined in R, then I,(f) is defined and equal to [ fdv.

(iii) Show that if o € |—o00, 00] then I,,(f x x]—o00, a[) = limga I, (f x x]—00, B[) if either is defined in
R.

(iv) Suppose that I,(f) is defined. (a) Let F¥ be the Saks-Henstock indefinite integral of f with
respect to v. Show that for any ¢ > O there are a Radon measure ( on R and a § € A such that (R < ¢
and |Fs® (W) — Se(f,v)| < (Wi whenever ¢ € T is d-fine. (8) Show that there is a countable cover of R by
compact sets K such that [, |f|dv < oc.

(e) Let f: R — R be a Henstock integrable function, and G : R — R a function of bounded variation.
Show that f x G is Henstock integrable, and

f £ % G < (limg 00 |G ()| + Varg G) sup,cp | f__ f]-
(Compare 2247.)

(f) Let f: R — R be a Henstock integrable function and g : R — R a Lebesgue integrable function; let
F and G be their indefinite (Henstock) integrals. Show that I f x G+ [ g x Fdpu is defined and equal to
lim, o0 F(2)G(2).

(g) Let f: R — R be a function. Show that f is Lebesgue integrable iff f x g is Henstock integrable for
every bounded continuous function g : R — R.

MEASURE THEORY



483 Notes The Henstock integral 45

(h) Let U be a linear subspace of R® and ¢ : U — R a linear functional such that (i) f € U and
¢f = [ fdu for every Lebesgue integrable function f: R — R (ii) f x xC' € U whenever f € U and C € C
(iii) whenever f € R® and Z is a disjoint family of non-empty open intervals such that f x xI € U for every
I'eZand ) ;crsupccrcec|o(f x xCO)| < oo, then f x x(UZ) € U and ¢(f x x(UZ)) = > ;7 ¢(f x xI).
Show that if f : R — R is any Henstock integrable function, then f € U and ¢(f) = ¥ f. (Hint: use the
argument of part (b) of the proof of 483R.)

(i) (BOoNGIORNO P1azza & PREISs 00) Let C be the set of non-empty subintervals of a closed interval
[a,b] € R, and T the straightforward set of tagged partitions generated by [a,b] x C. Let A, 3 be the set of
neighbourhood gauges on [a, b]. For a > 0 set

To={t:teT, Z(gg,c)et p(z,C) < af,

writing p(z,C) = inf,cc | —y| as usual. Show that T, is compatible with A, ;) and R = {{()}} in the sense
of 481F. Show that if I, is the gauge integral defined from [a,b], T, Afq ), R and Lebesgue measure, then
I,, extends the ordinary Lebesgue integral and I, (F’) = F(b) — F(a) whenever F : [a,b] — R is differentiable
relative to its domain.

(j) Let V be a Banach space and f : R — V a function. For ¢t € T, set S¢(f, p) = Z(I’C)et uC - f(x). We

say that f is Henstock integrable, with Henstock integral v = i f € V, if v = limg_, 7(7,a,m) St (f, 1t)-

(i) Show that the set U{L%/ of Henstock integrable functions from R to V is a linear subspace of V'
including the space £{, of Bochner integrable functions (253Yf), and that if : G{L%/ — V is a linear operator
extending the Bochner integral.

(ii) Show that if f : R — V is Henstock integrable, so is f x xC for every interval C' C R, and that
(a,b) = ¥ f x x]a,b[ is continuous. Set || f|lg = supcee | H f x xC.

(iii) Show that if Z is a disjoint family of open intervals in R, and f : R — V is such that f x xI € J{L%/
for every I € T and > ;.7 |f x x|z is finite, then i f x x({JZ) is defined and equal to Y~ .7 i f x x[.

(iv) Define f : R — £°°([0, 1]) by setting f(z) = x([0,1] N]—o0, z]) for € R. Show that f is Henstock

integrable, but that if F(z) = ¥ f x x|—o0,z[ for z € R, then lim,_,, y_%(F(y) — F(z)) is not defined in
£2°(]0, 1]) for any z € [0, 1].

(k) Find a function f:R? — R, with compact support, such that ¥ f is defined in the sense of 483Xm,

but ¥ fT is not defined, where T'(z,y) = %(m +y,x—y) for x,y €R.

(1) Show that for a function g : R — R the following are equiveridical: (i) there is a function h: R — R,
of bounded variation, such that ¢ =, h (ii) g is a multiplier for the Henstock integral, that is, f x g is
Henstock integrable for every Henstock integrable f: R — R.

483 Notes and comments I hope that the brief account here (largely taken from GORDON 94) will give
an idea of the extraordinary power of gauge integrals. While what I am calling the ‘Henstock integral’,
regarded as a linear functional on a space of real functions, was constructed long ago by Perron and Denjoy,
the gauge integral approach makes it far more accessible, and gives clear pathways to corresponding Stieltjes
and vector integrals (483Yd, 483Yj).

Starting from our position in the fourth volume of a book on measure theory, it is natural to try to describe
the Henstock integral in terms of the Lebesgue integral, as in 483C (they agree on non-negative functions)
and 483Yh (offering an extension process to generate the Henstock integral from the Lebesgue integral); on
the way, we see that Henstock integrable functions are necessarily Lebesgue integrable over many intervals
(483Xf). Alternatively, we can set out to understand indefinite Henstock integrals and their derivatives, just
as Lebesgue integrable functions can be characterized as almost everywhere equal to derivatives of absolutely
continuous functions (222E, 225E), because if f is Henstock integrable then it is equal almost everywhere to
the derivative of its indefinite integral (483I). Any differentiable function (indeed, any continuous function
differentiable except on a countable set) is an indefinite Henstock integral (483Xh). Recall that the Cantor
function (134H) is continuous and differentiable almost everywhere but is not an indefinite integral, so we
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have to look for a characterization which can exclude such cases. For this we have to work quite hard, but
we find that ‘ACG, functions’ are the appropriate class (483R).

Gauge integrals are good at integrating derivatives (see 483Xh), but bad at integrating over subspaces.
Even to show that f X x [0, 0o is Henstock integrable whenever f is (483Bc) involves us in some unexpected
manoeuvres. | give an argument which is designed to show off the general theory of §482, and I recommend
you to look for short cuts (483Xb), but any method must depend on careful examination of the exact classes
C and R chosen for the definition of the integral. We do however have a new kind of convergence theorem
in 482H and 483N.

One of the incidental strengths of the Henstock integral is that it includes the improper Riemann integral
(483Bd, 483Xc); so that, for instance, Carleson’s theorem (286U) can be written in the form

A

fly) = \/% Llﬁ e~ f(z)dx for almost every y if f : R — C is square-integrable.

But to represent the many expressions of the type lim,_, fja f in §283 (e.g., 283F, 2831 and 283L) directly
in the form I,,(f) we need to change R, as in 481L or 481Xc.

Version of 21.1.10
484 The Pfeffer integral

I give brief notes on what seems at present to be the most interesting of the multi-dimensional versions
of the Henstock integral, leading to Pfeffer’s Divergence Theorem (484N).

484 A Notation This section will depend heavily on Chapter 47, and will use much of the same notation.
r > 2 will be a fixed integer, and p will be Lebesgue measure on R”, while p,._1 is Lebesgue measure on
R7=1. As in §§473-475, let v be ‘normalized’ (r — 1)-dimensional Hausdorff measure on R", as described
in §265; that is, v = 2_T+13r—1MH,r—17 where pg ,—1 is (r — 1)-dimensional Hausdorff measure on R" as
described in §264, and

2k k—1
Br-1 :% if r = 2k is even,
k. .
:FlfT‘ZQk—I—llSOdd

is the Lebesgue measure of a ball of radius 1 in R"~1 (2641). For this section only, let us say that a subset
of R" is thin if it is of the form |J, .y An where v*A,, is finite for every n. Note that every thin set is
p-negligible (471L). For A C R", write 0A for its ordinary topological boundary. If z € R” and € > 0,
B(z,€) will be the closed ball {y : ||y — z|| < €}.

I will use the term dyadic cube for sets of the form [, _, [27k;, 27" (k; + 1)[ where m, ko, ... ,k.—1 € Z;
write D for the set of dyadic cubes in R". Note that if D, D’ € D, either D C D" or D' C D or DN D’ = )
so if Dy C D, the maximal members of Dy are disjoint.

It will be helpful to have an abbreviation for the following expression: set

27‘—2

. 1
o = mln(m, 771&7(]471)/7“ )

(As will become apparent, the actual value of this constant is of no importance; but the strict logic of the
arguments below depends on a* being small enough.)

As in §475, T write int* A, cI*A and 9* A for the essential interior, essential closure and essential boundary
of a set A C R” (475B). Recall that a set A C R" has finite perimeter in the sense of 474D iff v(9*A) is
finite, and then

v(0*A) = A% (R") = per A

is the perimeter of A (475M); we shall also need to remember that A is necessarily Lebesgue measurable.
(©) 2001 D. H. Fremlin
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C will be the family of subsets of R™ with locally finite perimeter, and V the family of bounded sets in C,
that is, the family of bounded sets with finite perimeter. Note that C is an algebra of subsets of R (475Ma),
and that V is an ideal in C.

484B Theorem (TAMANINI & GIACOMELLI 89) Let £ C R” be a Lebesgue measurable set of finite
measure and perimeter, and € > 0. Then there is a Lebesgue measurable set G C E such that per G < per E,

Hw(E\ G) <eand cl*G = G.

proof (PFEFFER 91B) (a) Set o = % per E. For measurable sets G C E set ¢(G) = per G — auG. Then
there is a self-supporting measurable set G C E such that ¢(G) < ¢(G’) whenever G’ C E is measurable.

P Write 3 for the family of Lebesgue measurable subsets of R"; give X the topology of convergence in
measure defined by the pseudometrics py (G, G’) = p((GAG') N H) for measurable sets H of finite measure
(cf. 474T). Extend ¢ to X by setting ¢(G) = per(ENG)—au(ENG) for every G € X. Because per : ¥ — [0, o0]
is lower semi-continuous for the topology of convergence in measure (474Ta), and G — ENG, G — u(ENG)
are continuous, g : ¥ — [0, 00[ is lower semi-continuous (4A2Bd). Next, K = {G : G € X, perG < per E'}
is compact (474Tb), while £ = {G : u(G \ E) = 0} is closed, so there is a Gy € £ N K such that ¢(Gy) =
infeernk ¢(G) (4A2Gl). Since Gy € L, per(Go N E) = per(Gy) and p(Go N E) = pGo, so we may suppose
that Gy C E. Moreover, there is a self-supporting set G C Gy such that Gy \ G is negligible (414F), and we
still have ¢(G) = ¢(Gyp). Of course ¢(G) < q(E), just because E € LN K.

? If there is a measurable set G’ C E such that ¢(G’) < ¢(G), then

perG' = q(G') + apG’ < q(E) + apFE = per E,

so G' € KC; but this means that G’ € LN K and ¢(G) = ¢(Gp) < ¢(G’). X So G has the required properties.
Q

(b) Since ¢(G) < q(FE), we must have

perG + au(E\ G) = q(G) + apE < q(F) + auE = per E = ae.

So u(E'\ G)

<e.
(c) Next, G C cI*G. P Let z € G. For every t > 0, set Uy = {y : ||y — z|| < t}; then

per(GNU;) +per(G\ Up) = v(0*(GNUy)) +v(0*(G\ Uy))
< v(0*GNU) + v(c*G N OUy)
+ v(0*G \ Uy) + v(cl*G N oUy)
(475Ct, because I(R" \ U;) = 0Uy))
= v(0*G) + 2v(cI*G N AU;) = per G + 2v(G N OUL)

for almost every t > 0, because

[T v(GA*G) NOUL)dt = p(GA*G) =0

(265G). So, for almost every t,

w(GNU) D/ < per(GNTy)
(474La)
< per G+ 2v(GNIU;) — per(G\ Uy)
=q(G) + ap(GNU) +20(GNOUL) — q(G\ Uy)
< ap(GNU) + 2v(G N o)

because ¢(G) is minimal.
For ¢t > 0, set

g(t) = p(G N = [ (G NOU,)ds,
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so that
g'(t) =v(GNoU) > ( (1) =1/ — ag(t))

for almost every t. Because G is self-supporting and U, is open and G NU; # 0, g(t) > 0 for every t > 0;
and limy | g(t) = 0.
Set

h(t) = Go(0)/7 = — L0 > (1 - agt)!/7)

for almost every t. Then

OO

lim sup, &2 —lim Supy o 5 f h > o

-

and

w(GNB(z,t)))
pB(x,t))

Thus z € cI*G. As z is arbitrary, G C cI*G. Q

Since we certainly have clI*G C G, this G serves.

g(t)

S >0,

lim sup, | = limsup, o

484C Lemma Let E € V and [ € N be such that max(per E,diam F) < [. Then F is expressible as
Ui<n Ei where (E;);<,, is disjoint, per E; < 1 for each i < n and n is at most 2" (14 1)"(4r(20% 4 1))7/"=1 4
212,
proof For D € D, write Dp for {D’': D' € D, D' C D, diam D' = %diam D}, the family of the 2" dyadic
subcubes of D at the next level down.

(a) If I < 1 the result is trivial, so let us suppose that [ > 2. Let m € N be minimal subject to
4r(21% + 1) < 2™ 5o that 2™ < 2(4r(21% + 1))V, Then we can cover E by a family £y of dyadic
cubes of side 27" with

#(Lo) < (2M+1)" < 2™ (1 +1)" < 27 (14 1)"(4r (202 + 1))/=1),

(b) Let L1 be the set of those D € D such that |2v(D' NO*E)| < |2v(D N O*E)] for every D’ € Dp.
Then #(£1) < 20%. P For k > 1, set

(k) ={F:De€ Ly, [2v(DNO*E)]| = k}.

If D, D' € /;5’“) are distinct, neither can be included in the other, so they are disjoint. Accordingly
k(L) < 20(0*E) < 20 and #(£M) < 21. Since £1 = Uy <oy £, #(£1) < 212. Q

(c) For D € D, set D = D\ J{D' : D' € £, D' C D}. Then v(D NJ*E) < 3. P? Otherwise, set
j=12v(DNJ*E)] > 1, and choose (D;)ien 1nduct1vely, as follows. Dy = D. Given that D; € D, D; C D
and [2v(D; NO*E)| = j, v((D \ D;) N 0*E) < 5 and D; N D is non-empty, so D; ¢ £; and there must
be a D;11 € Dp, such that |2v(D;41 NIO*E)| = j. Continue. This gives us a strictly decreasing sequence
(D;)ien in D such that v(D; N 5‘*E) > j for every i. But (because per E is finite) this means that, writing

z for the unique member of (). .y Ds, V{x} > 2, which is absurd. XQ
(d) Set

1€N

Ly ={D: D e L; is included in some member of Ly},

Lo=LoUU{Dp:DeL}, K={D:DelLy)

#(K) < #(L2) < #(Lo) +2"#(L1)
27”(l+ 1)r(4r(2l2 + 1))r/(r—1) +2r+112.
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(il) UK 2 E. P If x € E, there is a smallest member D of Lo containing it, because certainly
x € |JLy. But now & cannot belong to any member of £ included in D, so x € D. Q

(iii) K is disjoint. P If Dy, Dy € Lo are disjoint, then of course DiNnDy=0. If D; C D>, then
Dy ¢ Ly, so there is a D € L] such that Dy € Dp; in this case D C D so Dy C Do\ D is disjoint from D;.
Q

(iv) per(D N E) < 1 for every D € K. P Take Dy € £ such that D = Do; then
v(0D) < v(dDo) + Y ey (0D') < 2r(21% + 12-mr=1 < %
by the choice of m. So

per(DNE) <v(0D)+v(DNI*E)<-+-=1

1.1
2 2
by 475Cf. Q

(e) So if we take (E;);<y to be an enumeration of {EN D : D € K}, we shall have the required result.

484D Definitions The gauge integrals of this section will be based on the following residual families.
Let H be the family of strictly positive sequences n = (1(4));en in R. For n € H, write M,, for the set of
disjoint sequences (E;);cn of measurable subsets of R” such that pE; < n(i) and per E; < 1 for every i € N,
and F; is empty for all but finitely many i. For n € H and V € V set

Ry = {Uien Bi - (Ediene My} €€, RY) ={R:RCR", RNV eR,};
finally, set % = {R\) : V eV, € H}.

484E Lemma (a)(i) For every R € R, there is an n € H such that R, C R.
(ii) f R € R and C € C, there is an R’ € R such that C N R € R whenever R € R'.
(b)(i) If n € H and v > 0, there is an € > 0 such that R € R, whenever uR < ¢, diam R < « and
per R <.
(ii) If R € R and v > 0, there is an € > 0 such that R € R whenever uR < € and per R < 7.
(c) If R € R there is an R’ € R such that RU R’ € R whenever R, R’ € R’ and RN R’ = 0.
(d)(i) If n € H and A C R" is a thin set, then there is a set Dy C D such that every point of A belongs
to the interior of | JD; for some finite D1 C Dy, and |JD; € R, for every finite set D; C Dy.
(ii) f R € R and A C R" is a thin set, then there is a set Dy C D such that every point of A belongs
to the interior of | JD; for some finite set Dy C Dy, and |JD; € R for every finite set D1 C Dy.

proof (a)(i) Express R as RS,‘,/) where € Hand V € V. Let | € N be such that max(diam V,1+per V) <
I, and take n > 27(1 4 1)"(4r(20% + 1))/=1 4 2742 Set n(i) = min{n'(j) : ni < j < n(i + 1)}
for every i € N, so that n € H. If R € R, express it as [J;cy B where (Ej)ien € M,. For each
i, max(diam(E; N'V),per(E; NV)) < I, so by 484C we can express E; NV as |J ) B}, where
(E%)ni<j<n(i+1) is disjoint and per £ <1 for each j. Now

J
WE} < uE; < (i) < ')

for ni < j < n(i+1). Also {j : £} # 0} is finite because {j : E; = 0} is finite. So (E’);en € M,y and
RNV =;ey £ belongs to R,y that is, R € R. As R is arbitrary, R, C R.

ni<j<n(i+1

JEN
(i) Express R as R%V), where V € V and n € H. By (i), there is an n’ € H such that R,y C R%Cﬁv).

SetR'zR;‘,/)ED‘i. If ReR',then RNV € Ry, 50 CNRNV € Ry and CNR € R.

(b)(i) Take I > v and n > 2" (1 + 1)"(4r(20> + 1))"/=1 4+ 27412 and set € = minj<, n(i). If uR < ¢,
diam R <[ and per R <[, then R is expressible as | J,_,, £; where (E;);<,, is disjoint and per E; < 1 for each
i <n. Since pE; < pR < n(i) for each i, R € R,,.

(ii) Express R as R%V). By (i), there is an € > 0 such that R € R, whenever diam R < diamV/,
per R <~y +perV and puR < ¢ and this € serves.
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(c) Express R as R%V). Set 7/ (i) = min(n(2),n(2i + 1)) for every i; then o’ € H and if (E;);en, (E})ien
belong to M,  and have disjoint unions, then (Ey, Ej, E1, Eq,...) € M,; this is enough to show that
RUR' € R, whenever R, R’ € R, are disjoint, so that RU R’ € R whenever R, R’ € R;‘,/) are disjoint.

(d)(i)(a) We can express A as |J;ey Ai where pp; . 1 A; < 277/2r for every i. I Because A is thin, it
is the union of a sequence of sets of finite outer measure for v, and therefore for yig,—;. On each of these

the subspace measure is atomless (471E, 471Dg), so that the set can be dissected into finitely many sets of
measure less than 27" /2r (215D). Q

(B) For each i € N, we can cover A; by a sequence (A;;);en of sets such that diam A;; < n(i) for
every j and Z;’;O(diam A;;)"1 < 277 /2r; enlarging the A;; slightly if need be, we can suppose that they
are all open. Now we can cover each A;; by 2" cubes D;j;, € D in such a way that the side length of each
D, i is at most the diameter of A;;.

Setting Dy = {Djjk : i, j € N, k < 2"}, we see that every point of A belongs to an open set A;; which is
covered by a finite subset of Dy. If Dy C Dy is finite, let D] be the family of maximal elements of Dy, so
that D] is disjoint and |JD] = |JD:. Express D} as {D;ji : (4,7,k) € I} where I C N x N x 2" is finite and
<Dijk>(i7j,k)el is disjoint. Set Il = {(j, k) : (i,j, ]{3) S I} and E‘z == U(j,k)eli Dijk: for ¢ € N. Then <Ei>i€N is
disjoint, E; = () for all but finitely many ¢, and for each i € N

oo 27—1 0o
7=0 k=0 7=0

<2 “n(i)(diam A;;)" " < n(i),
§=0

oo 27—1
v(0E;) < Z v(0Dijk) < Z Z v(0Dy;i)
(4,k)EL; 3=0 k=0

<) 27 2r(diam A;;)" T < 1L
§=0
So UD1 = U,y Ei belongs to R,,.
(ii) By (a-i), there is an n € H such that R, € R. By (i) here, there is a Dy C D such that every

point of A belongs to the interior of | JD; for some finite D; C Dy, and |JD; € R,) C R for every finite set
Dy C Dy.

484F A family of tagged-partition structures For a > 0, let C, be the family of those C € V
such that uC > a(diam C)" and aperC' < (diam C)"~!, and let T, be the straightforward set of tagged
partitions generated by the set

{(z,C) : C €y, x € cI*C}.
Let © be the set of functions 6 : R” — [0, 00[ such that {z : #(x) = 0} is thin (definition: 484A), and set
A ={dg:0 €0}, where 6g = {(z,4) :x € R", 0(x) > 0, ||y — z|| < §(z) for every y € A}.
Then whenever 0 < a < o*, (R", Ty, A, R) is a tagged-partition structure allowing subdivisions, witnessed
by C.

proof (a) We had better look again at all the conditions in 481G.

(i) and (vi) really are trivial. (iv) and (v) are true because C is actually an algebra of sets and () € R for
every R € R.

For (ii), we have to observe that the union of two thin sets is thin, so that # A" € © for all 9, §' € O;
since dg N dgr = dgagr, this is all we need.

iii) () follows from 484Ea: given V, V' € V and "€ H, take 7, 77 € H such that Rz C RY) and
(iii) () g ; n, M ; i, 7 7 "
Riy CRY. Then VUV’ € Vand R NRY 2 RUEV). (8) is just 484Ec.

AR’
(b) Now let us turn to 481G(vii).
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(i) Fix C €C, 5 € A and R € R. Express § as dgp where 0 € ©. Let R’ € R be such that AUA’ € R

whenever A, A’ € R’ are disjoint. Express R’ as Rﬁ,") where V € V and n € H. By 484E(b-ii), there is an
€ > 0 such that R € R’ whenever per R < 2per(C NV) and uR <e.

By 484B, there is an E C C' NV such that per E < per(CNV), u((CNV)\ E) <eand cl*E = E. In
this case,

per(CNV\ E) <per(CNV)+perE <2per(CNV),

so CNV \ E € R, by the choice of e. By 484E(a-ii), there is an R” € R such that EN R € R’ whenever
ReR"

Now consider
v*(GNO*E)

A= {ZL' : 0([17) = 0} @] (9*E U {l‘ :lim Supcw SupzeGiniamGS( W

> 0}.

Because per F < oo and

v*(GNO*E)
(diam G)—1

is v-negligible (471Pc), A is thin. By 484E(d-ii), there is a set Dy C D such that
AC Hint(UDy) : Dy € [Do]<¥}, UD1 € R” for every Dy € [Do]<¥.

{iC cx €R" \a*Ev lim Supg,LO SupmGG,O<diamG§C > 0}

(i) Write T” for the set of those d-fine t € T, such that every member of ¢ is of the form (x, DN E) for
some D € D. If » € int*E \ A, there is an h(z) > 0 such that h(x) < 6(x) and {(z, DN E)} € T" whenever
D eD,z e D and diam D < h(xz). P Let ¢; > 0 be such that rr/2e; < % and

1—r7/2¢;

o= rr/2

1 r 1 By (T*l)/’l‘.
;o2 @) o ) ;

2r—1 171"7‘/261

this is where we need to know that o < a*. Because x ¢ A, 6(x) > 0; let h(x) € ]0,60(x)[ be such that
() v*(D N O*E) < €;(diam D)~ whenever z € D and diam D < h(z) (8) u(B(z,t) \ E) < €;t" whenever
0 <t < h(x). Now suppose that D € D and x € D and diam D < h(x). Then, writing ~ for the side length
of D,

w(DNE)>uD — u(B(x,diam D)\ E) > 4" — e;(diam D)"
=4"(1 —r"2€¢;) > ay"r"/? = a(diam D)" > adiam(D N E)".

Using 264H, we see also that

1/r

. )
diam(D N E) > (Z—M(D nE)'" > 27(1;7%)1/ .
Next,
per(D N E) < v(9D) + v(D N 0*E)
(475Cf)
< 2" 4 e (diam D)™ < 4" (20 + 17/ 2e)
r 1 B (r—=1)/7r ;. .
< (27“ +r /261) . F(l—elwﬂ) dlam(D n E) 1

<Ldiam(DnE)"
(0%

So DN E € C,. Also, for every s > 0, there is a D’ € D such that D' C D and 2 € D’ and diam D’ < s. In
this case

w(B(z,diam D') \ E) < €;(diam D")" = e;r"/?uD’ < %uD/,

SO
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w(DNEN B(x,diam D")) > uD" — pu(B(z,diam D’) \ E)

1

BT uB(z,diam D’).

1o,
ZgﬂD*

As diam D’ is arbitrarily small, € cI*(D N E) and t = {(x, DN E)} € T,. Finally, since diam D < 0(z),
(x, DNE)edandteT. Q

(iii) Let H be the set of those H C R" such that Wy C ENH C W, U|JD; for some t € T" and
finite Dy C Dy. Then H U H' € H whenever H, H' € H are disjoint. If (D,,),cn is any strictly decreasing
sequence in D, then some D,, belongs to . B Let x be the unique point of [, oy D,.

case 1 If x € A, then there is a finite subset D; of Dy whose union is a neighbourhood of x, and
therefore includes D,, for some n; so t = ) and D; witness that D,, € H.

case 2 If x € E\ A, then z € int*E, so h(z) > 0 and there is some n € N such that diam D,, < h(x).
In this case t = {(z, D, N E)} belongs to T”, by the choice of h(x), so that ¢t and @) witness that D,, € H.

case 3 Finally, if v ¢ EU A, then = ¢ cI*E so x ¢ E and there is some n such that D,, N E = 0, in
which case t = D; = () witness that D,, € H. Q

(iv) In fact R” € H. P? Otherwise, because E C V is bounded, it can be covered by a finite disjoint
family in D, and there must be some Dy € D\ H. Now we can find (D, )n>1 in D\ H such that D,, C D,,_;
and diam D,, = %diam D,,_; for every n. But this contradicts (iii). X Q

(v) We therefore have a t € T’ and a finite set D; C Dy such that Wy C E C W U|JD;. Now we can
find ¢ C ¢t and D] C D; such that Wy NUD] =0 and E C Wy UJD]. P Express t as {(z;, D; N E))icr
where D; € D for each i. Then E C |J,c; DiUUD:1. Set Dy = {D : D € Dy, D € D; for every i € I},
J={i:i€l, D;Z D for every D e D1}, t' = {(z;,D;NE):i€J}. Q

By the choice of Dy, |JD] € R”; by the choice of R”, E\ Wy = EN|JD] belongs to R’. But we know

also that CNV \ E € R/, that is, C\ E € R/, because R’ = 7257‘/). By the choice of R/, C'\ Wy € R.
And t' € T’ is a 0-fine member of T,,. As C, § and R are arbitrary, 481G(vii) is satisfied, and the proof is
complete.

484G The Pfeffer integral (a) For « € ]0, a*[, write I, for the linear functional defined by setting

Io(f) = limg, 7(1, A 0) Se(f, 1)

whenever f : R” — R is such that the limit is defined. (See 481F for the notation F(T,,A,R).) Then if
0 < B <a<aand Ig(f) is defined, so is I,(f), and the two are equal. I All we have to observe is that
Co C Cp so that T, C Tg, while F(T,, A, R) isjust {ANT,: Ae F(1s,A,R)}. Q

(b) Let f:R"” — R be a function. I will say that it is Pfeffer integrable, with Pfeffer integral ¥ f,
if
g; f = hmaio Ia(f)

is defined; that is to say, if I, (f) is defined whenever 0 < a < o*.

484H The first step is to work through the results of §482 to see which ideas apply directly to the limit
integral Iff.

Proposition (a) The domain of }ff is a linear space of functions, and ]ff is a positive linear functional.
(b) If f, g: R"™ — R are such that |f| < g and ¥tg = 0, then iff f is defined and equal to 0.
(c) If f: R" — R is Pfeffer integrable, then there is a unique additive functional F' : C — R such that
whenever € > 0 and 0 < o < o there are 6 € A and R € R such that

Y oyet |1 F(C) = f(x)uC| < e for every d-fine t € T,

|F(E)| < e whenever E € CNR.

Moreover, F(R") = i f.
(d) Every Pfeffer integrable function is Lebesgue measurable.
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(e) Every Lebesgue integrable function is Pfeffer integrable, with the same integral.
(f) A non-negative function is Pfeffer integrable iff it is Lebesgue integrable.

proof (a)-(b) Immediate from 481C.

(c) For each a € 10, a*[ let F,, be the Saks-Henstock indefinite integral corresponding to the the structure
(R", Ty, A, R, ). Then all the F, coincide. I Suppose that 0 < 5 < a < a*. Then, for any € > 0, there
are 6 € A, R € R such that

Y @.oret |[FB(C) — f(z)pC| < € for every d-fine t € T,

|F(E)| < € whenever E € R.
Since T, C T}, this means that
> .0yet |1 FB(C) = f(2)uC| < e for every d-fine t € T,.

And this works for any € > 0. By the uniqueness assertion in 482B, Fjg must be exactly the same as F,,. Q
So we have a single functional F; and 482B also tells us that

FR"™) =I(f) = H f
for every a.

(d) In fact if there is any « such that I,(f) is defined, f must be Lebesgue measurable. I We have
only to check that the conditions of 482E are satisfied by p, Cq, {(z,C) : C € Cy, x € cI*C}, T, A and R.
(i), (iii) and (v) are built into the definitions above, and (iv) and (vii) are covered by 484F. 482E(ii) is true
because C'\ cI*C is negligible for every C € C (475Cg).

As for 482E(vi), this is true because if uE < oo and € > 0, there are n € N and n € H such that
w(E\ B(0,n)) < e and 372, n(i) < e, so that

W(E O R) < p(E\ B(O,m)) + u(R A B(0,m) < c
for every R € R\PO™) Q

(e) This time, we have to check that the conditions of 482F are satisfied by T,, A and R whenever
0 < a < a*. P Of course pu is inner regular with respect to the closed sets and outer regular with respect
to the open sets (134F). Condition 482F(v) just repeats 482E(v), verified in (d) above. Q

(f) If f > 0 is integrable in the ordinary sense, then it is Pfeffer integrable, by (e). If it is Pfeffer
integrable, then it is measurable; but also [gdu = Hrg < it f for every simple function g < f, so f is
integrable (213B).

4841 Definition If f : R” — R is Pfeffer integrable, I will call the function F' : C — R defined in 484Hc
the Saks-Henstock indefinite integral of f.

484J In fact 484Hc characterizes the Pfeffer integral, just as the Saks-Henstock lemma can be used to
define general gauge integrals based on tagged-partition structures allowing subdivisions.

Proposition Suppose that f: R"™ — R and F : C — R are such that
(i) F is additive,
(ii) whenever 0 < a < o and € > 0 there is a 6 € A such that >3, o [F(C) — f(z)uC| < €
for every d-fine t € T,
(iii) for every e > 0 there is an R € R such that |F(E)| < e for every E € CNR.
Then f is Pfeffer integrable and F' is the Saks-Henstock indefinite integral of f.

proof By 482D, the gauge integral I, (f) is defined and equal to F(R") for every a € ]0,a*[. So f is Pfeffer
integrable. Now 484Hc tells us that F' must be its Saks-Henstock indefinite integral.

484K Lemma Suppose that o > 0 and 0 < o/ < amin(%,Q’”‘l(%)(“l)/T). If £ € C is such that

r

E C cI*E, then there is a § € A such that {(z, CNE)} € T, whenever (z,C) € §, z € E and {(z,C)} € T,.
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proof Take € > 0 such that S.e < %a and

1 _ gr—1 (r—1)/r
ST (55) :

Set
v*(GNO*E)
(diam G)"—t
so that A is a thin set, as in (b-i) of the proof of 484F. (Of course 9*E is thin because v(0*E N B(0,n)) is
finite for every n € N.)
For x € E'\ A, we have z € int*E (because E C cl*F), so there is a 8(x) > 0 such that
w(B(x,¢) \ E) < euB(x, (), v(0*EN B(x,()) < e(20)"

whenever 0 < ¢ < 26(z). If we set §(z) =0 for v € EN A and 6(z) =1 for z € R"\ E, then 6§ € © and
do € A.

Now suppose that z € E, (x,C) € §p and {(z,C)} € T,, that is, that C € C, and z € (ENcl*C)\ A and
|z — y|| < 6(x) for every y € C. Set v = diam C < 26(x). Then

O\ E) < pu(B(z,v) \ E) < epB(x,7) = Brey",

A= 0*FE U {x : lim¢ 0 SUP,eq o<diam G<c > 0},

SO
wWCNE)>puC —Brey” > (a— Bre)y"
> %a'yr >a'y" > o' diam(CNE)".
Next,
per(CNE) =v(0*(CNE)) <v(B(z,v)N(9*CUI*E))
< u(0*C) +v(Blw,7) NO*E) < 19" 14 e(29)" " = (2 4271y
Moreover,

2776, diam(C N E)" > u(CNE) > %a,yr

(264H), so diam(C N E) > 2(%

T

)/7~ and

per(CNE) < (= +27e) - = (27 diam(C 0 E) < 2 diam(C' 0 E)™ 1
a 2r=1 % o o’
Putting these together, we see that C € C,.
Finally, because z € cI*C Nint*E C cl*(C' N E) (475Ce), {(x,CNE)} € Ty.

484L Proposition Suppose that f : R”™ — R is Pfeffer integrable, and that F' : C — R is its Saks-
Henstock indefinite integral. Then ¥t f x yE is defined and equal to F(E) for every E € C.

proof (a) To begin with (down to the end of (d) below), suppose that E € C is such that int*E C E C cI*E.
For C € C set F1(C) = F(C N E). I seek to show that F; satisfies the conditions of 484.J.

Of course F; : C — R is additive. If € > 0, there is an R € 9 such that |F(G)| < € whenever G € R, by
484H; now there is an R’ € R such that GN E € R for every G € R’ (484E(a-ii)), so that |F1(G)| < € for
every G € CN'R'. Thus F; satisfies (iii) of 484J.

(b) Take o € ]0,a*[ and € > 0. Take o’ such that 0 < o/ < amin(%,?‘l(%)(“l)/’"). Applying 484K
to E and its complement, and appealing to the definition of F', we see that there is a § € A such that

() {(z,CN E)} € T,y whenever (z,C) €6, x € E and {(z,C)} € T,,
(8) {(z,C\ E)} € Ty whenever (z,C) € 0, x € R"\ E and {(z,C)} € Ty,
() X @oyet |[F(C) = f(2)uC| < € for every o-fine ¢ € Ty
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(For (a), we need to know that E' C cI*E and for (8) we need int*E C E.) Next, choose for each n € N
closed sets H, C E, H, C R"\ E such that u(E \ H,) < 27" and p((R™\ E) \ H},) < 27™c. Define
6 :R" — 10, 00[ by setting

0(z) = min(l,%p(x,H{l)) ifze Fandn <|f(z)|<n+1,
= min(1, E (@, Hy)) if 2 € R\ Erand n < [f(2)| <n+1,
writing p(x, A) = infyeq ||z — y|| if A CR" is non-empty, oo if A = (. Then dp € A. Let R’ € R be such

that AN E € R whenever A € R'.

(c) Write fg for f x xE. Then }_, o)t [F1(C) — fe(z)u(C)| < 11€ whenever t € Ty, is (6 N dg)-fine. I
Set

t'={(z,CNE): (z,C)€t,x € FE}.
By clause («) of the choice of §, ' € T/, and of course it is d-fine. So
Y@ Cyetmwer F(CNE) = fl@)u(CNE)| <e
by clause () of the choice of §. Next,

Yo f@uC\B)I=) > |f@Ik(C\E)

(z,C)et,xeE n=0 (z,C)et,z€E
n<|f(z)|<n+1

<Zn+1 (R™\ E)\ H),)
n=0
(because diam C' < §(z), so C N H), = () whenever (z,C) €t,z € FEandn <|f(z)] <n+1)

< Z 27" (n + 1)e = 4,

n=0

and

Z(ﬂc,C)Et,meE |F(CNE)— f(zx)uC]| < be.
Similarly,

Ye.cyetagr [F(C\E) = f(z)pC)| < 5e.
But as

Z(z,C)et,ng |F(C) - f(.’L'),U/C| <e
(because surely t itself belongs to T,), we have
Ye.C)etwgr [F(CNE)| < 6e.
Putting these together,
. IR(C) = fe(@pCl = Y [F(CNE) - f@)uCl+ > |F(CNE)

(z,C)€t (z,C)et (z,C)et
z€E ¢ E

< 5e+ 6e =1le. Q

(d) As « and e are arbitrary, condition (ii) of 484J is satisfied by F; and fg, so ¥t fp = Fi(R") = F(E).

(e) This completes the proof when int*FE C E C cl*E. For a general set E € C, set £} = (EUInt*E)Ncl*E.
Then EAE is negligible, so

int*E; = int*E C E; C cl*E = cl*Ej;.
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Also i f x x(E\ E1) = [ f x x(E\ E1)du, ¥t f x x(E1 \ E) = [ f x x(E \ E1)du are both zero, and
i f x xE = ifi f x xEy = F(E1) = F(E).

(To see that F(F;) = F(FE), note that E'\ F; and F; \ E, being negligible sets, have empty essential
boundary and zero perimeter, so belong to every member of SR, by 484E(b-ii), or otherwise.)

484M Lemma Let G, H € C be disjoint and ¢ : R”™ — R" a continuous function. If either G U H is
bounded or ¢ has compact support,

ff’*(GUH) ¢-voun dv = fa*G ¢-Ygdv+ fa*H ¢-Yg dv,
where g, ¥y and ¥gup are the canonical outward-normal functions (474G).

proof (a) Suppose first that ¢ is a Lipschitz function with compact support. Then 475N tells us that

/ ¢.¢GUHdu=/ div¢du:/div¢du+/ div ¢ du
9*(GUH) GUH G H

= ¢.¢Gdy+\/a*H¢.deV'

o*a
(Recall from 474R that we can identify canonical outward-normal functions with Federer exterior normals,
as in the statement of 475N.)

(b) Now suppose that ¢ is a continuous function with compact support. Let (h,),en be the smoothing

sequence of 473E. Then all the functions ¢ * h,, are Lipschitz and (¢ * hp)nen converges uniformly to ¢
(473Df, 473Ed). So

/ é.Youn dv = lim (¢ % hy) Waum dv
9*(GUH) =0 Jo*(GUH)

= lim/ (¢ % hp) g dv + lim (¢ % hp) g dv
o*a

i
n— 00 n—oo [okpr

= ¢.¢Gdy+/ oV dv.
*G O*H
(c) If, on the other hand, ¢ is continuous and G and H are bounded, then we can find a continuous
function ¢ with compact support agreeing with ¢ on GU H (4A2G(e-i), or otherwise); applying (b) to ¢,
we get the required result for ¢.

484N Pfeffer’s Divergence Theorem Let E C R” be a set with locally finite perimeter, and ¢ : R™ —
R" a continuous function with compact support such that {z : x € R", ¢ is not differentiable at x} is thin.
Let v, be the Federer exterior normal to E at any point 2 where the normal exists. Then ¥fdivg x xE is
defined and equal to [, ¢(z).v,v(dx).

proof (a) Let n be such that ¢(z) = 0 for ||z|| > n. For C € C, set F(C) = [, ¢.vcv(dx), where ¢ is
the canonical outward-normal function; recall that g (z) = v, for v-almost every © € 9*E (474R, 475D).
By 484M, F' is additive.

(b) If 0 < @ < a* and € > 0 and = € R" is such that ¢ is differentiable at x, there is a v > 0 such that
|F(C) —div ¢(x)uC| < euC whenever C € Cy, x € C and diam C < . P Let T be the derivative of ¢ at .
Let 7 > 0 be such that [|¢(y) — ¢(z) — T(y — 2)|| < a®¢lly — x| whenever ||y — z|| < 7. Let ¢ : R” — R" be
a Lipschitz function with compact support such that ¢(y) = ¢(x) + (y — ) whenever |y — z|| <~ (473Cf).
If C € C, has diameter at most v and x € C, then

IF(C) ~divolanC| = | [ o.vertds) = [ v
*C c
(because T is the derivative of ¢ everywhere on B(z,7), so div ¢(y) = div ¢(z) for every y € C)

MEASURE THEORY



484N The Pfeffer integral 57

=| [ (¢—9).vcv(dz)|

o*C
(applying the Divergence Theorem 475N to gg)
<v

(0*C) sup [[o(y) — o)
yel
< a?ediam C'per C' < ae(diam )" < euC

because C' € C,. Q

(c) Ife>0and a €]0,a], thereis a § € A such that }° , oy [F/(C) —div¢(z)uC| < e whenever t € T,
is -fine. P Let ¢ > 0 be such that (uB(0,n 4+ 2) <e. Set A= {z:z € R", ¢ is not differentiable at x},
and for z € R™\ A let 6(z) € |0, 1] be such that |F(C) — div ¢(z)uC| < (uC whenever C € C,, = € C and
diam C < 6(x); for x € A set 6(x) = 0. Now suppose that t € T, is dg-fine. Then

>, FO) —divé@uCl= Y |F(C)~div(a)uC|
(z,C)€et (z,0)et
z€B(0,n+1)

(because diam C' < 1 whenever (z,C) € t, so if ||z|| > n + 1 then F(C) = divé(z) = 0)
< Z CuC < ¢uB(0,n+2)<e Q

(z,C)et
2€B(0.n+1)

(d) Because ¢ is a continuous function with compact support, it is uniformly continuous (apply 4A2Jf to
each of the coordinates of ¢). For ¢ > 0, let v(¢) > 0 be such that ||¢(x)—¢(y)|| < ¢ whenever ||[z—y| < v(¢).

If C € C and perC < 1 and puC < (y(¢), where ¢ > 0, then |F(C)| < r{(2[|¢||oc + 3), writing [|¢[|cc for
sup,cp- ||¢(x)]|. B For 1 < i <7, let ¢; : R — R be the ith component of ¢, and v; the ith unit vector
(0,...,1,...,0); write

0 = [0 6a) (il (x))v(de),

so that F(C) = >°i_, ;. I start by examining a,. By 4750, we have sequences (H,)nen, (gn)nen and
(gh)nen such that
(i) for each n € N, H,, is a Lebesgue measurable subset of R"™1, and g,, g/, : H,, — [—00, o0]
are Lebesgue measurable functions such that g,(u) < g/, (u) for every u € Hy;
(ii) if m, n € N then g, (u) # ¢, (u) for every v € Hp, N Hy;
(i) 3020 Ju, 90 — gndpr—1 = uC;
(iv)

Qp = ZZO:O an Qbr(uvgip(u)) - (br(uvgn(u))ﬂrfl(du)’

where we interpret ¢, (u,00) and ¢,.(u, —00) as 0 if necessary;
(v) for p,_1-almost every u € R"~1,

{t: (u,t) € 0*C} = {gn(u) :n € N, u € Hy, gp(u) # —o0}
U{g,(u):n €N, ue H,, g,(u) # o}
From (iii) we see that g/, and g, are both finite almost everywhere on H,, for every n. Consequently, by
(v) and 475H,
25 g br—1Hy = f#({t s (u,t) € O*CHpp—1(du) <v(0*C) < 1.
For each n, set
H;, ={u:u€ Hy, g,(u) — gn(u) > ()}

Then (C) Yo pH,, < pC so 3277 pH, < ¢ and
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D /H 010,64 (0)) = B (1, g ()t 1 ()] < 20 0lloc 3 bl < 20]6 e
n=0 n

n=0

On the other hand, for n € N and u € H, \ H},, |¢,(u, g,,(w)) — ¢r(u, gn(u))| < ¢, so

|HZO/H,L\H7’1 ¢r(uag;(u)> - ¢T(U;gn(u))ur—1(du)| < Z Cﬂr—l(Hn \ Hr/z) < %C

n=0

Putting these together,
ar < 2| lloo + 5C-
But of course the same arguments apply to all the a;, so
IF(C)] < X0y el < r¢2lélloo +5),
as claimed. Q

(e) If € > 0 there is an R € R such that |F(F)| < e for every F € CNR. P Let (¢;);en be a sequence of

strictly positive real numbers such that 7(2[|¢]c + 3) Yiop € < €. For each i € N, set (i) = ¢;v(e;) > 0.

Set V = B(0,n + 1), and take any E € CNR{"). Then F(E\V) = 0, so F(E) = F(ENV), while
ENV € R,. Express ENV as Uign E;, where (E;);<y, is disjoint, per E; < 1 and pE; < n(i) for each i.
Then |F(E;)| < r€i(2||¢]ls + 3) for each i, by (d), so

[F(E)| = |F(ENV)| < 30, |[F(E)| <,
as required. Q

(f) By 484J, div ¢ is Pfeffer integrable. Moreover, by the uniqueness assertion in 484Hc, its Saks-Henstock
indefinite integral is just the function F here. By 484L, F(E) = Ifidiv¢ x x E for every E € C, as required.

4840 Differentiating the indefinite integral: Theorem Let f : R™ — R be a Pfeffer integrable
function, and F' its Saks-Henstock indefinite integral. Then whenever 0 < o < o,

f(x) :lciﬂ)lsup{% :C €Cy,zeC,0<diamC < (}

. F(O) —~ .
—lgfﬁ“nf{Tc :C€ly,xeC,0<diamC <}

for p-almost every z € R”.

proof (a) It will be useful to know the following: if C' € C,, diamC > 0, € C and € > 0, then for any
sufficiently small ¢ > 0, C'U B(z,() € Cq/2 and |F(C U B(z,¢)) — F(C)| < e. P Let R € R be such that
|F(R)| < e whenever R € CN'R, let R’ € R be such that (R"\ C) N R € R whenever R € R’ (484E(a-ii)),
and let n € H be such that R,, C R’ (484E(a-i)). Then for all sufficiently small { > 0, we shall have
per B(z,{) < 1 and pB(z,{) < n(0), so that B(z,() € Ry, B(z,{) \C € R and

|[F(CUB(z,()) - F(O)| = |[F(B(z,¢) \ C)| < e
Next, for all sufficiently small ¢ > 0,

w(CUB(x,()) > uC > a(diam C)"
> 2(¢+ diam C)" >

&
— 2

diam(C U B(z,¢))"
(because z € C') and
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per(C U B(z,()) < per C + per B(z,¢) < —(diam C)" ! + per B(z, ()

R~

<

L Iw

(diam C)" ! < % diam(C U B(z,¢)) 1,

so that C'U B(z,() € Cayo- Q
(b) For z € R, set

g(x) = limgwsup{% :C €Cqy, xeC,diamC < (}.

? Suppose, if possible, that there are rational numbers ¢ < ¢’ and n € N such that A = {z : ||z|| <n, f(z) <
q < ¢ < g(x)}is not p-negligible. Set
€= %M*A > 0.
Let 8 € © be such that
Y@ oyet |[F(C) = fla)uCl < e
for every dp-fine t € T,, /5. Let Z be the family of all balls B(x, () where x € A, 0 < ¢ < f(x) and there is a
F(O)

C € C, such that z € C, diam C = ¢ and C > ¢'. Then every member of A; = A\ 671[{0}] is the centre

of arbitrarily small members of Z, so by 472C there is a countable disjoint family Jy C Z such that
1, 1,
wUJo) > Spr AL = Sp*A.

There is therefore a finite family J; C Jy such that p(|J J1) > %,u*A; enumerate J; as (B(x;,(;))i<n where,

for each i < n, 2; € A, 0 < ¢; < 0;(z) and there is a C; € C, such that z; € C;, diamC; = (; and
F(C;) > ¢'puC;. By (a), we can enlarge C; by adding a sufficiently small ball around z; to form a C} € C,, /2
such that z; € int C}, C; C B(z;,¢;) and F(C}) > ¢'uC.

Consider t = {(z;,C}) : i < n}. Then, because the balls B(z;,(;) are disjoint, and x; € int C; C cI*C]
for every i, t is a dg-fine member of T,, /5. So > 1" F(C}) < e+ > " f(x;)uC}. But as F(C}) > ¢'pC} and
f(z;) < gq for every 4, this means that (¢' —¢) >\, uCl < e.

But now remember that diam C} > diam C; = ¢; and that C} € C, /2 for each 7. This means that

uCi = %CZ" > %MB(JH,Q)

for each 7, and

n

e>(d—q)) uCi> % > uB(wi, ()
=0

=0

(@—Do g
> 13, WA=c¢

which is absurd. X
(c) Since ¢, ¢ and n are arbitrary, this means that g <, . f. Similarly (or applying (b) to —f and —F)
F(z) < limgyo inf{% 0 €Ca,zeC,0<diamC < ¢}
for almost all z, as required.
484P Lemma Let ¢ : R” — R” be an injective Lipschitz function, and H the set of points at which it is

differentiable; for x € H, write T'(z) for the derivative of ¢ at x and J(z) for | det T'(x)|. Then, for p-almost
every ¢ € R",
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T uo[C] — .
J(x)—lglﬂ)lsup{—uc :C€Cy,xeC,0<diamC < (}
e ndlC] = . <

—lclﬁ)llnf{—uc :C€Cy,zeC,0<diamC < (}

for every o > 0.

proof By Rademacher’s theorem (262Q), H is conegligible. Let H' be the Lebesgue set of J, so that H’
also is conegligible (261E). Take any x € H' and € > 0. Then there is a (o > 0 such that fB(m 0 |J(y) —

J(2)|pu(dy) < epuB(x, () for every ¢ € [0,¢o]. Now suppose that C' € C,, v € C and 0 < diam C' < (y. Then
w(C\ H) =0so ugp[C\ H] =0 (262D), and

polCl = pug[C N H) = [, Jdp
(263D(iv)). So

16[C] — J(@)uC| = | /C  Jdp= Ja(Cn )| < /C 7(y) — J(@)\dp

NH

</ () — J()|dpt < epB(w, diam C)
B(z,diam C)

= Bre(diam O)" < €0

«

Thus |%[g] —J(z)| < %e whenever C' € C,, z € C and 0 < diam C < (y; as € is arbitrary,
-k 1elCl el i
J(x)—lqlﬁ)lsup{ O :C€elCy,xeC,0<diamC < (}

T no[C] ral .
= lgg)nnf{—uc :CeCy,zeC,0<diamC < (}.
And this is true for p-almost every z.

484Q Definition If (X, p) and (Y, o) are metric spaces, a function ¢ : X — Y is a lipeomorphism if
it is bijective and both ¢ and ¢! are Lipschitz. Of course a lipeomorphism is a homeomorphism.

484R Lemma Let ¢ : R™ — R” be a lipeomorphism.
(a) For any set A C R",

cl*(g[A]) = ¢lcl* 4], int*(¢[A]) = ¢[int*A],  0*(¢[A]) = H[*A].

(b) ¢[C] € C for every C € C, and ¢[V] € V for every V € V.

(c) For any o > 0 there is an o’ € ]0, o] such that ¢[C] € Cy for every C € C, and {(¢(z), ¢[C]) : (z,C) €
t} belongs to T, for every t € T,,.

(d) For any R € R there is an R’ € R such that ¢[R] € R for every R € R’.

(e) 8¢ : R" — [0, 00 belongs to O for every 6 € ©.

proof Let v be so large that it is a Lipschitz constant for both ¢ and ¢~'. Observe that in this case

07 B(0().2)] € B.Q).  ¢[B(x.0)] 2 Bo(x).>)
for every z € R" and ¢ > 0, while
A= oAl < v'prld], v A<yTTIlA]
for every A C R" (471J).
(a) If ACR" and = € cI*A, set

p (B(z,0)NA)

0.
uB(z,0) >

_ 1y
€ = 5 limsupe o
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Take any (o > 0. Then there is a ¢ such that 0 < ¢ < {p and pu*(B(z, ) NA) > epB(z, ) so that

W (B(6(x),0) N 6[A]) 2 1" $[B(,2) N A] = " (B, 2) 1 A)

,yr

€ ¢ €
> —uB(z,>) = B .
2 uB(@,2) = - uB(z,()

As (p is arbitrary,

1 (B(¢(2),Q)Ng[A] >
wB(¢(x),{) 'y”

lim supcw >0,

and ¢(z) € clI*(4[A]).
This shows that ¢[cl*A] C cl*(¢[A]). The same argument applies to ¢! and ¢[A], so that ¢[cl*A] must
be equal to cl*(¢[A]). Taking complements, ¢[int*A] = int*($[A]), so that ¢[0*A] = 0*(¢[A4]).

(b) Take C' € C. Then, for any n € N, ¢~[B(0,n)] is bounded, so is included in B(0,m) for some m.
Now

V(*6[C] N B(0,n))

v(¢[0*C] N B(0,n))
< u(¢[0*C N B(0,m)]) < "~ 1w(8*C N B(0,m))

is finite. This shows that ¢[C] has locally finite perimeter and belongs to C. Since ¢[V] is bounded whenever
V is bounded, ¢[V] € V whenever V € V.

(c) Set o’ = y?"a. Note that as 2 is a Lipschitz constant for the identity map, v > 1, and o' <
min(a, v27%"a). If C € C,, then

1

uo[C) > —nC > %(dlam C)" > adiam ¢[C])" > o/ (diam ¢[C])",
per ¢[C] = v(9*(¢[C))) = v(¢[0*C]) < 7"~ v(9*C)
< al(dlamC')r L l(fydmmcz)[ cNr- 1oL (dlamqﬁ[ N~

So C €Cy.

If now t € T,, then, for any (z,C) € t, ¢[C] € Co and ¢(z) € cl*¢[C]; also, because ¢ is injective,
(BICT) .0yt i5 disjoint, 50 {(@(x), 4[C]) : (2, C) € £} € Tav.

(d) Express R as R%V) where V' € V and n € H, so that R € R whenever RNV € R. By 484Ec and

481He, there is a sequence (Q;)ien in R such that (J,.,, Ai € R whenever n € N, (4;)i<, is disjoint and
A; € Q; for every i. By 484E(b-ii), there is an 7' € H such that R € Q; whenever i € N and R is such

that uR < 4"n/(i) and per R < 471, Try R’ = Rfﬁrl[v]) €R. If Re R, we can express RN ¢ 1[V] as
Ui<n, i where per E; < 1 and pk; < n; for each ¢ < n, and (E;);<, is disjoint. So ¢[R]NV = U<, ¢[Ei]
and (¢[E;])i<n is disjoint. Now, for each i,
HIE] < v pE;p < y'n'(i),  perg[E;] <4 tper By <477
so ¢[E;] € Q;. By the choice of (Q;)ien, #[R] NV € R and $[R] € R. So R’ has the property we need.
(e) We have only to observe that if A is the thin set 71[{0}], then (8¢)~1[{0}] = ¢~ 1[A ] is also thin. P If

A=, ey An where v* A, is finite for every n, then ¢~ [A] =, cn ¢~ [An], Whlle v A, <47 A,
is finite for every n € N. Q

484S Theorem Let ¢ : R™ — R" be a lipeomorphism. Let H be the set of points at which ¢ is
differentiable. For z € H, write T'(x) for the derivative of ¢ at x; set J(z) = |det T'(x)| for € H, 0 for
x € R"\ H. Then, for any function f: R" — R",

i f =i T x fo

D.H.FREMLIN



62 Gauge integrals 484S

if either is defined in R.
proof (a) Let H' C H be a conegligible set such that
_ 1elC] a :
J(x) = lClﬂJlsup{ O :CeCy,xeC,0<diamC < (}
— Timinf PeC] el :
—lclﬁ)nnf{ O :CelCy,xeC,0<diamC < (}
for every @ > 0 and every x € H' (484P). To begin with (down to the end of (¢)), suppose that f is Pfeffer

integrable and that f¢(x) = 0 for every x € R"\ H’. Let F be the Saks-Henstock indefinite integral of f, and
define G : C — R by setting G(C) = F(¢[C]) for every C € C (using 484Rb to see that this is well-defined).

(b) G and J x f¢ satisfy the conditions of 484J.
P (i) Of course G is additive, because F is.

(ii) Suppose that 0 < o < o* and € > 0. Let o/ € |0, a*[ be such that {(¢(z), ¢[C]) : (x,C) €t} € Ty
whenever ¢ € T, (484Rc). Let 61 € © be such that 3, oy [F(C) — f(2)uC| < 3¢ for every dg,-fine t €T
Let 63 : R™ — ]0,1] be such that whenever € H', n < ||z|| + |[fo(z)] <n+1, C € Cy, z € C and
diam C < 265 (z) then
euC
n+2)"(n+1) "

191C) = J(@nC| < g

Set 0(z) = min(%@lgb(x), O2(x)) for x € R", where v > 0 is a Lipschitz constant for ¢, so that 0 € © (484Re).

Ift € T, is dp-fine, set t' = {(¢(x), ¢[C]) : (z,C) € t}. Thent' € T,/, by the choice of o'. If (z,C) € ¢
then 0(x) > 0 so 61¢(x) > 0; also, for any y € ¢[C],

o) = yll <vllz =67 W)l <~0(x) < O1¢(x).
This shows that t’ is dp,-fine. We therefore have

DGO = J@) f($(x)uC| < D |F(SC)) — f(p(x))us[C|

(z,C)€t (z,0)ct
+ ) 1f(@(@))||pg]C] — J(x)uC]|
(z,C)et
> | )uC|
(z,C)et’
+ 3 1£(@(@)][1lC) — I (@)uC|
(z,C)et
IGH’
(because if © ¢ H' then f(¢(x)) = 0)
L 3 (n+1)epC
< 7€ + Z Z 27423, (n+2)" (n+1)
n= (z,C)et,xcH’
n<||z|l+]f(¢(z))|<n+1
1 enB(0,n+2)
§5 +Zgw+26 (nt+2)"

(remembering that 62(z) < 1, so C C B(0,n + 2) whenever (z,C) €t and |z]| <n+1)
€.

As t is arbitrary, this shows that G and J x f¢ satisfy (ii) of 484J.

(iii) Given € > 0, there is an R € 2 such that |F'(C)| < € for every C € CN'R. Now by 484Rd there is
an R’ € R such that ¢[R] € R for every R € R/, so that |G(C)| < ¢ for every C € CNR’. Thus G satisfies
(iii) of 484]. Q
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(c) This shows that J x f¢ is Pleffer integrable, with Saks-Henstock indefinite integral G; so, in particular,
i f x 6= GR") = FR") = if /.

(d) Now suppose that f is an arbitrary Pfeffer integrable function. In this case set f1 = f x x¢[H'].
Because R"\ H' is p-negligible, so is ¢[R" \ H'], and fi = f p-a.e. Also, of course, f¢ = f1¢ p-a.e. Because
the Pfeffer integral extends the Lebesgue integral (484He),

Wi J x fo=1iJ x fro =1 fr =¥ f.

(e) All this has been on the assumption that f is Pfeffer integrable. If g = J x f¢ is Pfeffer integrable,
consider J x g¢~1, where J(z) = |detT(x)| whenever the derivative T'(z) of ¢! at z is defined, and
otherwise is zero. Now

for every z. But, for py-almost every z,
J()J(¢7" (2)) = |det T(x)|| det T(¢~ ! (x))| = |det T(2)T(¢~" ()| = 1

because T(z)T(¢~(z)) is (whenever it is defined) the derivative at ¢~ !(x) of the identity function ¢~'¢,
by 473Bc. (I see that we need to know that {z : ¢ is differentiable at ¢~ 1(x)} = ¢[H] is conegligible.) So
J x g¢p~! = f pu-a.e., and f is Pfeffer integrable. This completes the proof.

484X Basic exercises >(a) Show that for every R € R there are n € H and n € N such that
R%B(Oa")) CR.

>(b) (PFEFFER 91A) For a > 0 let C/, be the family of bounded Lebesgue measurable sets C' such that
pC > adiam C'per C. Show that C 5 C C/, € Crin(a,ar)- (Hint: 474La.)

>(c) For a > 0, let C be the family of bounded convex sets C' C R” such that uC > a(diam C')". Show
that if 0 < a < 1/2r then CZ C C,, (hint: 475T) and T,, N [R” x C/]<%“ is compatible with A and R. (Hint:
use the argument of 484F, but in part (b) take C = R", E =V a union of members of D.)

(d) Describe a suitable filter F to express the Pfeffer integral directly in the form considered in 481C.

(e) Let f : R™ — R be a Pfeffer integrable function. Show that there is some n € N such that
fRT\B(O,n) | fldp is finite.

(f) (Here take r = 2.) Let (d,)nen be a strictly decreasing summable sequence in ]0,1]. Define f :

R? — R by saying that f(z) = D" ifp e Nand Ons1 < ||z|]| < 6n, O otherwise. Show that
(n+1)(87 =07 41)

limy o fRQ\B(O 5) fdu is defined, but that f is not Pfeffer integrable. (Hint: 484J.)

(g) (Again take r = 2.) Show that there are a Lebesgue integrable f; : R — R and a Henstock integrable
f2 : R — R, both with bounded support, such that (£1, &) — f1(&1) f2(€2) : R? — R is not Pfeffer integrable.

(h) Let E C R” be a bounded set with finite perimeter, and ¢ : R" — R" a differentiable function. Let
vy be the Federer exterior normal to E at any point z where the normal exists. Show that Hrdiv¢ x xE is
defined and equal to [, é(z).v,v(dx).

(i) Show that there is a Lipschitz function f : R™ — [0, 1] such that R” \ dom f’ is not thin. (Hint: there
is a Lipschitz function f : R — [0,1] not differentiable at any point of the Cantor set.)

484Y Further exercises (a) Let E C R" be any Lebesgue measurable set, and € > 0. Show that there
is a Lebesgue measurable set G C E such that per G < per E, u(E \ G) < € and cI*G = G.

(b) Give an example of a compact set K C R? with zero one-dimensional Hausdorff measure such that
whenever 0 : K — ]0,00[ is a strictly positive function, and v € R, there is a disjoint family (B(z;,¢;))i<n
of balls such that z; € K and (; < 6(z;) for every i, while per(U, <, B(z:,G)) > -
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484 Notes and comments Listing the properties of the Pfeffer integral as developed above, we have

expected relations with Lebesgue measure and integration (484Hd-484Hf);

Saks-Henstock indefinite integrals (484H-484J);

integration over suitable subsets (484L);

a divergence theorem (484N);

a density theorem (4840);

a change-of-variable theorem for lipeomorphisms (484S).
The results on indefinite integrals and integration over subsets are restricted in comparison with what we
have for the Lebesgue integral, since we can deal only with sets with locally finite perimeter; and 484S
is similarly narrower in scope than 263D(v). Pfeffer’s Divergence Theorem, on the other hand, certainly
applies to many functions ¢ for which div ¢ is not Lebesgue integrable, though it does not entirely cover
475N (see 484Xi). In comparison with the one-dimensional case, the Pfeffer integral does not share the most
basic property of the special Denjoy integral (483Bd, 484Xf), but 484N is a step towards the Perron integral
(483J). 4840 is a satisfactory rendering of the idea in 4831, and even for Lebesgue integrable functions adds
something to 261C. Throughout, I have written on the assumption that r > 2. It would be possible to work
through the same arguments with » = 1, but in this case we should find that ‘thin’ sets became countable,
therefore easily controllable by neighbourhood gauges, making the methods here inappropriate.

The whole point of ‘gauge integrals’ is that we have an enormous amount of freedom within the framework
of §§481-482. There is a corresponding difficulty in making definitive choices. The essential ideology of the
Pfeffer integral is that we take an intersection of a family of gauge integrals, each determined by a family
C, of sets which are ‘Saks regular’ in the sense that their measures, perimeters and diameters are linked
(compare 484Xb). Shrinking C, and T,, while leaving A and 9 unchanged, of course leads to a more
‘powerful’ integral (supposing, at least, that we do not go so far that T, is no longer compatible with A
and R), so that Pfeffer’s Divergence Theorem will remain true. One possibility is to turn to convex sets
(484Xc), though we could not then expect invariance under lipeomorphisms.

The family A = {dg : 6 € O} of gauges is designed to permit the exclusion of tags from thin sets; apart
from this refinement, we are looking at neighbourhood gauges, just as with the Henstock integral. This
feature, or something like it, seems to be essential when we come to the identification F(E) = ¥ff f x xE
in 484L, which is demanded by the formula in the target theorem 484N. In order to make our families Ty,
compatible in the sense of 481F, we are then forced to allow non-trivial residual families; with some effort
(484C, 484Ed), we can get tagged-partition structures allowing subdivisions (484F). Note that this is one
of the cases in which our residual families Rg,v) are defined by ‘shape’ as well as by ‘size’. In the indefinite-
integral characterization of the Pfeffer integral (484J), we certainly cannot demand ‘for every e > 0 there
is an R € R such that |F(FE)| < e whenever E € C is included in a member of R’, since all small balls
belong to R, and we should immediately be driven to the Lebesgue integral. However I use the construction
R%V) ={R: RNV €R,} (484D) as a quick method of eliminating any difficulties at infinity (484Xe). We
do not of course need to look at arbitrary sets V' € V here (484Xa).

Observe that 484B can be thought of as a refinement of 4751. As usual, the elaborate formula in the
statement of 484C is there only to emphasize that we have a bound depending only on [ and r. Note
that 484S depends much more on the fact that the Pfeffer integral can be characterized in the language of
484J, than on the exact choices made in forming R and the C,. For a discussion of integrals defined by
Saks-Henstock lemmas, see PFEFFER 01.

It would be agreeable to be able to think of the Pfeffer integral as a product in some sense, so we naturally
look for Fubini-type theorems. I give 484Xg to indicate one of the obstacles.
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