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Chapter 46

Pointwise compact sets of measurable functions

This chapter collects results inspired by problems in functional analysis. §§461 and 466 look directly at
measures on linear topological spaces. The primary applications are of course to Banach spaces, but as
usual we quickly find ourselves considering weak topologies. In §461 I look at ‘barycenters’, or centres of
mass, of probability measures, with the basic theorems on existence and location of barycenters of given
measures and the construction of measures with given barycenters. In §466 I examine topological measures
on linear spaces in terms of the classification developed in Chapter 41. A special class of normed spaces,
those with ‘Kadec norms’, is particularly important, and in §467 I sketch the theory of the most interesting
Kadec norms, the ‘locally uniformly rotund’ norms.

In the middle sections of the chapter, I give an account of the theory of pointwise compact sets of
measurable functions, as developed by A.Bellow, M.Talagrand and myself. The first step is to examine
pointwise compact sets of continuous functions (§462); these have been extensively studied because they
represent an effective tool for investigating weakly compact sets in Banach spaces, but here I give only results
which are important in measure theory, with a little background material. In §463 I present results on the
relationship between the two most important topologies on spaces of measurable functions, not identifying
functions which are equal almost everywhere: the pointwise topology and the topology of convergence
in measure. These topologies have very different natures but nevertheless interact in striking ways. In
particular, we have important theorems giving conditions under which a pointwise compact set of measurable
functions will be compact for the topology of convergence in measure (463G, 463L).

The remaining two sections are devoted to some remarkable ideas due to Talagrand. The first, ‘Talagrand’s
measure’ (§464), is a special measure on PI (or ℓ∞(I)), extending the usual measure of PI in a canonical
way. In §465 I turn to the theory of ‘stable’ sets of measurable functions, showing how a concept arising
naturally in the theory of pointwise compact sets led to a characterization of Glivenko-Cantelli classes in
the theory of empirical measures.

Version of 9.7.08

461 Barycenters and Choquet’s theorem

One of the themes of this chapter will be the theory of measures on linear spaces, and the first fundamental
concept is that of ‘barycenter’ of a measure, its centre of mass (461Aa). The elementary theory (461B-
461E) uses non-trivial results from the theory of locally convex spaces (§4A4), but is otherwise natural and
straightforward. It is not always easy to be sure whether a measure has a barycenter in a given space, and
I give a representative pair of results in this direction (461F, 461H). Deeper questions concern the existence
and nature of measures on a given compact set with a given barycenter. The Riesz representation theorem
is enough to tell us just which points can be barycenters of measures on compact sets (461I). A new idea
(461K-461L) shows that the measures can be moved out towards the boundary of the compact set. We need
a precise definition of ‘boundary’; the set of extreme points seems to be the appropriate concept (461M).
In some important cases, such representing measures on boundaries are unique (461P). I append a result
identifying the extreme points of a particular class of compact convex sets of measures (461Q-461R).

461A Definitions (a) Let X be a Hausdorff locally convex linear topological space, and µ a probability
measure on a subset A of X. Then x∗ ∈ X is a barycenter or resultant of µ if

∫
A
g dµ is defined and

equal to g(x∗) for every g ∈ X∗. Because X∗ separates the points of X (4A4Ec), µ can have at most one
barycenter, so we may speak of ‘the’ barycenter of µ.
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2 Pointwise compact sets of measurable functions 461Ab

(b) Let X be any linear space over R, and C ⊆ X a convex set (definition: 2A5E). Then a function
f : C → R is convex if f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) for all x, y ∈ C and t ∈ [0, 1]. (Compare
233G, 233Xd.)

(c) The following elementary remark is useful. Let X be a linear space over R, C ⊆ X a convex set,
and f : C → R a function. Then f is convex iff the set {(x, α) : x ∈ C, α ≥ f(x)} is convex in X × R (cf.
233Xd).

461B Proposition Let X and Y be Hausdorff locally convex linear topological spaces, and T : X → Y a
continuous linear operator. Suppose that A ⊆ X, B ⊆ Y are such that T [A] ⊆ B, and let µ be a probability
measure on A which has a barycenter x∗ in X. Then Tx∗ is the barycenter of the image measure µT−1 on
B.

proof All we have to observe is that if g ∈ Y ∗ then gT ∈ X∗ (4A4Bd), so that

g(Tx∗) =
∫
A
g(Tx)µ(dx) =

∫
B
g(y)ν(dy)

by 235G1.

461C Lemma Let X be a Hausdorff locally convex linear topological space, C a convex subset of X,
and f : C → R a lower semi-continuous convex function. If x ∈ C and γ < f(x), there is a g ∈ X∗ such
that g(y) + γ − g(x) ≤ f(y) for every y ∈ C.

proof Let D be the convex set {(x, α) : x ∈ C, α ≥ f(x)} in X × R (461Ac). Then the closure D of D in
X × R is also convex (2A5Eb). Now D is closed in C × R (4A2B(d-i)), and (x, γ) /∈ D, so (x, γ) /∈ D.

Consequently there is a continuous linear functional h : X × R → R such that h(x, γ) < infw∈D h(w)
(4A4Eb). Now there are g0 ∈ X∗, β ∈ R such that h(y, α) = g0(y)+βα for every y ∈ X and α ∈ R (4A4Be).
So we have

g0(x) + βγ = h(x, γ) < h(y, f(y)) = g0(y) + βf(y)

for every y ∈ C. In particular, g0(x) + βγ < g0(x) + βf(x), so β > 0. Setting g = − 1
β g0,

f(y) ≥ 1
β g0(x) + γ − 1

β g(y) = g(y) + γ − g(x)

for every y ∈ C, as required.

461D Theorem Let X be a Hausdorff locally convex linear topological space, C ⊆ X a convex set and
µ a probability measure on a subset A of C. Suppose that µ has a barycenter x∗ in X which belongs to C.
Then f(x∗) ≤

∫
A
f dµ for every lower semi-continuous convex function f : C → R.

proof Take any γ < f(x∗). By 461C there is a g ∈ X∗ such that g(y) + γ − g(x∗) ≤ f(y) for every y ∈ C.
Integrating with respect to µ,

∫
A
fdµ ≥ γ − g(x∗) +

∫
A
g dµ = γ.

As γ is arbitrary, f(x∗) ≤
∫
A
f dµ.

Remark Of course
∫
A
f dµ might be infinite.

461E Theorem Let X be a Hausdorff locally convex linear topological space, and µ a probability measure
on X such that (i) the domain of µ includes the cylindrical σ-algebra of X (ii) there is a compact convex
set K ⊆ X such that µ∗K = 1. Then µ has a barycenter in X, which belongs to K.

proof If g ∈ X∗, then γg = supx∈K |g(x)| is finite, and {x : |g(x)| ≤ γg} is a measurable set including K,
so must be conegligible, and φ(g) =

∫
g dµ is defined and finite. Now φ : X∗ → R is a linear functional

and φ(g) ≤ supx∈K g(x) for every g ∈ X∗; because K is compact and convex, there is an x0 ∈ K such that
φ(g) = g(x0) for every g ∈ X∗ (4A4Ef), so that x0 is the barycenter of µ in X.

1Formerly 235I.
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461G Barycenters and Choquet’s theorem 3

461F Theorem Let X be a complete locally convex linear topological space, and A ⊆ X a bounded set.
Let µ be a τ -additive topological probability measure on A. Then µ has a barycenter in X.

proof (a) If g ∈ X∗, then g↾A is continuous and bounded (3A5N(b-v)), therefore µ-integrable. For each
neighbourhood G of 0 in X, set

FG = {y : y ∈ X, |g(y) −
∫
A
g dµ| ≤ 2τG(g) for every g ∈ X∗}

where τG(g) = supx∈G g(x) for g ∈ X∗. Then FG is non-empty. PPP Set H = int(G ∩ (−G)), so that H
is an open neighbourhood of 0. Because A is bounded, there is an m ≥ 1 such that A ⊆ mH. The set
{x+H : x ∈ A} is an open cover of A, and µ is a τ -additive topological measure, so there are x0, . . . , xn ∈ A

such that µ(A \⋃i≤n(xi +H)) ≤ 1

m
. Set

Ei = A ∩ (xi +H) \⋃j<i(xj +H)

for i ≤ n, and y =
∑n

i=0(µEi)xi; set E = A \⋃i≤n(xi +H). Then, for any g ∈ X∗,

|g(y) −
∫

A

g dµ| ≤
n∑

i=0

|µEig(xi) −
∫

Ei

g dµ| +

∫

E

|g|dµ

≤
n∑

i=0

∫

Ei

|g(x) − g(xi)|µ(dx) +mτG(g)µE

(because E ⊆ mH, so g(x) ≤ mτG(g) and g(−x) ≤ mτG(g) for every x ∈ E)

≤
n∑

i=0

τG(g)µEi +mτG(g)µE

(because if i ≤ n and x ∈ Ei, then x− xi and xi − x belong to G, so |g(x) − g(xi)| = |g(x− xi)| ≤ τG(g))

≤ 2τG(g).

As g is arbitrary, y ∈ FG and FG 6= ∅. QQQ

(c) Since FG∩H ⊆ FG ∩ FH for all neighbourhoods G and H of 0, {FG : G is a neighbourhood of 0} is a
filter base and generates a filter F on X. Now F is Cauchy. PPP If G is any neighbourhood of 0, let G1 ⊆ G
be a closed convex neighbourhood of 0, and set H = 1

4G1. ??? If y, y′ ∈ FH and y − y′ /∈ G, then there is a
g ∈ X∗ such that g(y − y′) > τG1

(g) (4A4Eb again). But now

τH(g) =
1

4
τG1

(g) <
1

4
(|g(y) −

∫

A

g dµ| + |g(y′) −
∫

A

g dµ|)

≤ 1

4
(2τH(g) + 2τH(g)). XXX

This means that FH − FH ⊆ G; as G is arbitrary, F is Cauchy. QQQ

(d) Because X is complete, F has a limit x∗ say. Take any g ∈ X∗. ??? If g(x∗) 6=
∫
A
g dµ, set

G = {x : |g(x)| ≤ 1
3 |g(x∗) −

∫
A
g dµ|}. Then G is a neighbourhood of 0 in X, and

0 < |g(x∗) −
∫

A

g dµ| = lim
x→F

|g(x) −
∫

A

g dµ|

≤ sup
x∈FG

|g(x) −
∫

A

g dµ| ≤ 2τG(g) ≤ 2

3
|g(x∗) −

∫

A

g dµ|. XXX

So g(x∗) =
∫
A
g dµ; as g is arbitrary, x∗ is the barycenter of µ.

461G Lemma Let X be a normed space, and µ a probability measure on X such that every member of
the dual X∗ of X is integrable. Then g 7→

∫
g dµ : X∗ → R is a bounded linear functional on X∗.

proof Replacing µ by its completion if necessary, we may suppose that µ is complete, so that every member
of X∗ is Σ-measurable, where Σ is the domain of µ. (The point is that µ and its completion give rise to

D.H.Fremlin



4 Pointwise compact sets of measurable functions 461G

the same integrals, by 212Fb.) Set φ(g) =
∫
g dµ for g ∈ X∗. For each n ∈ N let En be a measurable

envelope of Bn = {x : ‖x‖ ≤ n}; replacing En by
⋂

i≥nEi if necessary, we may suppose that 〈En〉n∈N is

non-decreasing. If n ∈ N and g ∈ X∗ then {x : x ∈ En, |g(x)| > n‖g‖} is a measurable subset of En disjoint
from Bn, so must be negligible, and |

∫
En
g| ≤ n‖g‖. We therefore have an element φn of X∗∗ defined by

setting φn(g) =
∫
En
g for every g ∈ X∗. But also φ(g) = limn→∞ φn(g) for every g, because 〈En〉n∈N is a

non-decreasing sequence of measurable sets with union X. By the Uniform Boundedness Theorem (3A5Ha),
{φn : n ∈ N} is bounded in X∗∗, and φ ∈ X∗∗.

461H Proposition Let X be a reflexive Banach space, and µ a probability measure on X such that
every member of X∗ is µ-integrable. Then µ has a barycenter in X.

proof By 461G, g 7→
∫
g dµ is a bounded linear functional on X∗; but this means that it is represented by

a member of X, which is the barycenter of µ.

461I Theorem Let X be a Hausdorff locally convex linear topological space, and K ⊆ X a compact set.
Then the closed convex hull of K in X is just the set of barycenters of Radon probability measures on K.

proof (a) If µ is a Radon probability measure on K with barycenter x∗, then

g(x∗) =
∫
K
g(x)µ(dx) ≤ supx∈K g(x) ≤ supx∈Γ(K) g(x)

for every g ∈ X∗; because Γ(K) is closed and convex, it must contain x∗ (4A4Eb once more).

(b) Now suppose that x∗ ∈ Γ(K). Let W ⊆ C(X) be the set of functionals of the form g + αχX, where
g ∈ X∗ and α ∈ R. Set U = {g↾K : g ∈W}, so that U is a linear subspace of C(K) containing χK.

If g1, g2 ∈W and g1↾K = g2↾K, then {x : g1(x) = g2(x)} is a closed convex set including K, so contains
x∗, and g1(x∗) = g2(x∗); accordingly we have a functional φ : U → R defined by setting φ(g↾K) = g(x∗) for
every g ∈ W . Of course φ is linear; moreover, φ(f) ≤ supx∈K f(x) for every f ∈ U , by 4A4Eb yet again.
Applying this to ±f , we see that |φ(f)| ≤ ‖f‖∞ for every f ∈ U . We therefore have an extension of φ to a
continuous linear functional ψ on C(K) such that ‖ψ‖ ≤ 1, by the Hahn-Banach theorem (3A5Ab). Now

ψ(χK) = φ(χK) = χX(x∗) = 1;

so if 0 ≤ f ≤ χK then

|1 − ψ(f)| = |ψ(χK − f)| ≤ ‖χK − f‖∞ ≤ 1,

and ψ(f) ≥ 0. It follows that ψ(f) ≥ 0 for every f ∈ C(K)+. But this means that there is a Radon
probability measure µ on K such that ψ(f) =

∫
f dµ for every f ∈ C(K) (436J/436K). As µK = ψ(χK) = 1,

µ is a probability measure; and for any g ∈ X∗
∫
K
g dµ = ψ(g↾K) = φ(g↾K) = g(x∗),

so x∗ is the barycenter of µ, as required.

461J Corollary: Krěın’s theorem Let X be a complete Hausdorff locally convex linear topological
space, and K ⊆ X a weakly compact set. Then the closed convex hull Γ(K) of K is weakly compact.

proof Give K the weak topology induced by Ts(X,X
∗). Let P be the set of Radon probability measures

on K, so that P is compact in its narrow topology (437R(f-ii)). By 461F, every µ ∈ P has a barycenter
b(µ) in K. If g ∈ X∗, g(b(µ)) =

∫
K
g dµ, while g↾K is continuous, so µ 7→

∫
K
g dµ is continuous, by 437Kc.

Accordingly b : P → X is continuous for the narrow topology on P and the weak topology on X, and b[P ]
is weakly compact. But b[P ] is the weakly closed convex hull of K, by 461I applied to the weak topology
on X. By 4A4Ed, Γ(K) has the same closure for the original topology of X as it has for the weak topology,

and Γ(K) = b[P ] is weakly compact.

461K Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Define a relation 4 on P by saying that µ 4 ν if∫
fdµ ≤

∫
fdν for every continuous convex function f : K → R.

Measure Theory



461L Barycenters and Choquet’s theorem 5

(a) 4 is a partial order on P .
(b) If µ 4 ν then

∫
fdµ ≤

∫
fdν for every lower semi-continuous convex function f : K → R.

(c) If µ 4 ν then µ and ν have the same barycenter.
(d) If we give P its narrow topology, then 4 is closed in P × P .
(e) For every µ ∈ P there is a 4-maximal ν ∈ P such that µ 4 ν.

proof (a) Write Ψ for the set of continuous convex functions from K to R. Note that if f , g ∈ Ψ and α ≥ 0
then αf , f + g and f ∨ g all belong to Ψ. Consequently Ψ − Ψ is a Riesz subspace of C(K). PPP Ψ − Ψ is a
linear subspace because Ψ is closed under addition and multiplication by positive scalars. If f , g ∈ Ψ then

|f − g| = (f − g) ∨ (g − f) = 2(f ∨ g) − (f + g) ∈ Ψ;

by 352Ic, Ψ − Ψ is a Riesz subspace. QQQ
It follows that Ψ − Ψ is ‖ ‖∞-dense in C(K). PPP Constant functions belong to Ψ, and if x, y ∈ K are

distinct there is an f ∈ X∗ such that f(x) 6= f(y), in which case f↾K belongs to Ψ and separates y from x.
By the Stone-Weierstrass theorem (281A), Ψ − Ψ is dense. QQQ

The definition of 4 makes it plain that it is reflexive and transitive. But it is also antisymmetric. PPP If
µ 4 ν and ν 4 µ, then

∫
fdµ =

∫
fdν for every f ∈ Ψ, therefore for every f ∈ Ψ − Ψ, therefore for every

f ∈ C(K), and µ = ν by 416E(b-v). QQQ
So 4 is a partial order.

(b)(i) Now suppose that f : K → R is a lower semi-continuous convex function, and x ∈ K. Then
f(x) = sup{g(x) : g ∈ Ψ, g ≤ f}. PPP If γ < f(x) there is a g ∈ X∗ such that g(y) + γ − g(x) ≤ f(y) for
every y ∈ K, by 461C. Now g↾K belongs to Ψ, g↾K ≤ f and (g↾K)(x) = γ. QQQ

(ii) It follows that if f : K → R is lower semi-continuous and convex,
∫
fdµ = sup{

∫
g dµ : g ∈ Ψ,

g ≤ f} for every µ ∈ P . PPP Because Ψ is closed under ∨, A = {g : g ∈ Ψ, g ≤ f} is upwards-directed.
Because µ is τ -additive and f = supA,

∫
fdµ = supg∈A

∫
g dµ by 414Ab. QQQ

So if µ, ν ∈ P and µ 4 ν, then∫
fdµ = supg∈Ψ,g≤f

∫
g dµ ≤ supg∈Ψ,g≤f

∫
g dν =

∫
fdν;

as f is arbitrary, (b) is true.

(c) By 461E, applied to the Radon probability measure on X extending µ, µ has a barycenter x ∈ K. If
g ∈ X∗ then g↾K belongs to Ψ, so

∫
K
g dµ ≤

∫
K
g dν; but the same applies to −g, so

g(x) =
∫
K
g dµ =

∫
K
g dν.

As g is arbitrary, x is also the barycenter of ν.

(d) As noted in 437Kc, the narrow topology on P corresponds to the weak* topology on C(K)∗. So all
the functionals µ 7→

∫
fdµ, for f ∈ Ψ, are continuous; it follows at once that 4 is a closed subset of P × P .

(e) Any non-empty upwards-directed Q ⊆ P has an upper bound in P . PPP For ν ∈ Q set Vν = {λ :
ν 4 λ}. Then every Vν is closed, and because Q is upwards-directed the family {Vν : ν ∈ Q} has the finite
intersection property. Because P is compact (437R(f-ii) again),

⋂
ν∈Q Vν is non-empty; now any member of

the intersection is an upper bound of Q. QQQ
By Zorn’s lemma, every member of P is dominated by a maximal element of P .

461L Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Suppose that µ ∈ P is maximal for the partial
order 4 of 461K.

(a) µ( 1
2 (M1 +M2)) = 0 whenever M1, M2 are disjoint closed convex subsets of K.

(b) µF = 0 whenever F ⊆ K is a Baire set (for the subspace topology of K) not containing any extreme
point of K.

proof (a) Set M = { 1
2 (x + y) : x ∈ M1, y ∈ M2}. Set q(x, y) = 1

2 (x + y) for x ∈ M1, y ∈ M2, so that
q : M1 ×M2 → M is continuous. Let µM be the subspace measure on M induced by µ, so that µM is a
Radon measure on M (416Rb). Let λ be a Radon measure on M1 ×M2 such that µM = λq−1 (418L), and
define ψ : C(K) → R by writing

D.H.Fremlin



6 Pointwise compact sets of measurable functions 461L

ψ(f) =
∫
K\M f dµ+

∫
M1×M2

1
2 (f(x) + f(y))λ(d(x, y)).

Then ψ is linear, ψ(f) ≥ 0 whenever f ∈ C(K)+, and

ψ(χK) = µ(K \M) + λ(M1 ×M2) = µ(K \M) + µM (M) = 1.

Let ν ∈ P be such that
∫
fdν = ψ(f) for every f ∈ C(K) (436J/436K again). If f : K → R is continuous

and convex, then

∫
fdν = ψ(f) =

∫

K\M
f dµ+

∫

M1×M2

1

2
(f(x) + f(y))λ(d(x, y))

≥
∫

K\M
f dµ+

∫

M1×M2

f(
1

2
(x+ y))λ(d(x, y))

=

∫

K\M
f dµ+

∫

M1×M2

fq dλ =

∫

K\M
f dµ+

∫

M

f dµM

(235G)

=

∫

K

f × χ(K \M)dµ+

∫

K

f × χM dµ

(131Fa)

=

∫

K

f dµ.

So µ 4 ν; as we are assuming that µ is maximal, µ = ν.

Because M1 and M2 are disjoint compact convex sets in the Hausdorff locally convex space X, there
are a g ∈ X∗ and an α ∈ R such that g(x) < α < g(y) whenever x ∈ M1 and y ∈ M2 (4A4Ee). Set
f(x) = |g(x) − α| for x ∈ K; then f is a continuous convex function. If x ∈M1 and y ∈M2, then

f(
1

2
(x+ y)) = |g(

1

2
(x+ y)) − α| =

1

2
|(g(x) − α) + (g(y) − α)|

<
1

2
(|g(x) − α| + |g(y) − α|) =

1

2
(f(x) + f(y)).

Looking at the formulae above for ψ(f), we see that we have

∫
f dν =

∫
K\M f dµ+

∫
M1×M2

1

2
(f(x) + f(y))λ(d(x, y)),

∫
f dµ =

∫
K\M f dµ+

∫
M1×M2

f(
1

2
(x+ y))λ(d(x, y)).

Since these are equal, and f( 1
2 (x + y)) < 1

2 (f(x) + f(y)) for all x ∈ M1 and y ∈ M2, we must have
µM = λ(M1 ×M2) = 0, as required.

(b)(i) Consider first the case in which F is a zero set for the subspace topology. Since F ⊆ K is a closed
Gδ set in K, K \ F is expressible as a union

⋃
n∈N Fn of compact sets. For any n ∈ N, z ∈ F and y ∈ Fn,

there is a g ∈ X∗ such that g(z) 6= g(y); since F and Fn are compact, there is a finite set Φn ⊆ X∗ such
that whenever z ∈ F and y ∈ Fn there is a g ∈ Φn such that g(z) 6= g(y). Set Φ =

⋃
n∈N Φn ∪ {0}; then Φ

is countable; let 〈gn〉n∈N be a sequence running over Φ, and define T : X → RN by setting (Tx)(n) = gn(x)
for n ∈ N, x ∈ X. Then T [F ] ∩ T [Fn] = ∅ for every n, so F = K ∩ T−1[T [F ]].

Now T [F ] is a compact subset of the metrizable compact convex set T [K], and does not contain any
extreme point of T [K], by 4A4Gc.

Let U be the set of convex open subsets of RN. Because the topology of RN is locally convex, U is
a base for the topology of RN; because it is separable and metrizable, U includes a countable base U0

(4A2P(a-iii)), and V = {T [K] ∩U : U ∈ U0} is a countable base for the topology of T [K] (4A2B(a-vi)). Set
M = {K ∩ T−1[V ] : V ∈ V}, so that M is a countable family of closed convex subsets of K.

Measure Theory



461N Barycenters and Choquet’s theorem 7

If z ∈ F , then there are distinct u, v ∈ T [K] such that Tz = 1
2 (u + v). Now there must be V , V ′ ∈ V,

with disjoint closures, such that u ∈ V and v ∈ V ′, so that z ∈ 1
2 (M + M ′), where M = K ∩ T−1[V ] and

M ′ = K ∩ T−1[V ′] are disjoint members of M. Thus

F ⊆ ⋃{ 1
2 (M +M ′) : M , M ′ ∈ M, M ∩M ′ = ∅}.

But (a) tells us that 1
2 (M + M ′) is µ-negligible whenever M , M ′ ∈ M are disjoint. As M is countable,

µF = 0, as required.

(ii) Now consider the Baire measure µ↾Ba(K), where Ba(K) is the Baire σ-algebra of K. This is inner
regular with respect to the zero sets (412D). If F ∈ Ba(K) contains no extremal point of K, then (i) tells
us that µZ = 0 for every zero set Z ⊆ F , so µF must also be 0.

461M Theorem Let X be a Hausdorff locally convex linear topological space, K a compact convex
subset of X and E the set of extreme points of K. Let x ∈ X. Then there is a probability measure µ on E
with barycenter x. If K is metrizable we can take µ to be a Radon measure.

proof Let P be the set of Radon probability measures on K and 4 the partial order on P described in
461K. By 461Ke, there is a maximal element ν of P such that δx 4 ν0, where δx ∈ P is the Dirac measure
on X concentrated at x. By 461Kc, x is the barycenter of ν.

Let λ = ν↾Ba(K) be the Baire measure associated with ν. By 461Lb, λ∗E = 1. So the subspace measure
λE on E is a probability measure on E. Let µ be the completion of λE .

If g ∈ X∗ then g↾K is continuous, therefore Ba(K)-measurable, so

g(x) =

∫

K

g dν =

∫

K

g dλ =

∫

E

g dλE

(214F)

=

∫

E

g dµ

(212Fb). So x is the barycenter of µ.
Now suppose that K is metrizable. In this case E is a Gδ set in K. PPP Let ρ be a metric on K inducing

its topology. Then

K \ E =
⋃

n≥1{tx+ (1 − t)y : x, y ∈ K, t ∈ [2−n, 1 − 2−n], ρ(x, y) ≥ 2−n}
is Kσ, so its complement in K is a Gδ set in K. QQQ So E is analytic (423Eb) and µ is a Radon measure
(433Cb).

461N Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Let E be the set of extreme points of K and
suppose that µ ∈ P and µ∗E = 1. Then µ is maximal in P for the partial order 4 of 461K.

proof (a) For µ ∈ P write b(µ) for the barycenter of µ. Then b : P → K is continuous for the narrow
topology of P and the weak topology of X, as in 461J. For f ∈ C(K) define f̄ : K → R by setting
f̄(x) = sup{

∫
fdµ : µ ∈ P , b(µ) = x} for x ∈ K.

(i) Taking δx to be the Dirac measure on X concentrated at x, we see that

f(x) =
∫
fdδx ≤ f̄(x)

for any x ∈ K.

(ii) For any x ∈ K there is a µ ∈ P such that b(µ) = x and
∫
fdµ = f̄(x). PPP The set {µ : µ ∈ P ,

b(µ) = x} is compact, so its continuous image {
∫
fdµ : b(µ) = x} is compact and contains its supremum. QQQ

f̄ is upper semi-continuous. PPP For any α ∈ R, the set

{(µ, x) : µ ∈ P , x ∈ K, b(µ) = x,
∫
fdµ ≥ α}

D.H.Fremlin



8 Pointwise compact sets of measurable functions 461N

is compact, so its projection onto the second coordinate is closed; but this projection is just {x : f̄(x) ≥ α}.
QQQ

(iii) f̄ : K → R is concave. PPP Suppose that x, y ∈ K and t ∈ [0, 1]. Take µ, ν ∈ P such that b(µ) = x,
f̄(x) =

∫
fdµ, b(ν) = y and f̄(y) =

∫
fdν. Set λ = tµ+ (1 − t)ν. Then∫

K
g dλ = t

∫
K
g dµ+ (1 − t)

∫
K
g dν = tg(x) + (1 − t)g(y) = g(tx+ (1 − t)y)

for any g ∈ X∗, so b(λ) = tx+ (1 − t)y and

f̄(tx+ (1 − t)y) ≥
∫
fdλ = t

∫
fdµ+ (1 − t)

∫
fdν = tf̄(x) + (1 − t)f̄(y).

As x, y and t are arbitrary, f̄ is concave. QQQ

(iv) If x ∈ K and f̄(x) > f(x) then x /∈ E. PPP There is a µ ∈ P such that b(µ) = x and
∫
fdµ > f(x).

We cannot have µ{x} = 1 because
∫
fdµ 6= f(x), so there is a point y of the support of µ such that y 6= x.

Let g ∈ X∗ be such that g(y) > g(x) and set G = {z : z ∈ K, g(z) > g(x)}, t = µG. Then t > 0; also∫
G
g dµ > tg(x) = t

∫
g dµ, so t 6= 1. Define ν1, ν2 ∈ P by setting ν1H = 1

tµ(G ∩ H) whenever H ⊆ K

and µ measures G ∩ H, ν2H = 1
1−tµ(H \ G) whenever H ⊆ K and µ measures H \ G. Let x1, x2 be the

barycenters of ν1, ν2 respectively. For any h ∈ X∗,

h(tx1 + (1 − t)x2) = th(x1) + (1 − t)h(x2) = t

∫

K

h dν1 + (1 − t)

∫

K

h dν2

=

∫

G

h dµ+

∫

K\G
h dµ = h(x).

So x = tx1 + (1 − t)x2. But both x1 and x2 belong to K and g(x1) > g(x), so x1 6= x, while 0 < t < 1, so x
is not an extreme point of K. QQQ

(b) Now take µ ∈ P such that µ∗E = 1, and ν ∈ P such that µ 4 ν. For any convex f ∈ C(K), f − f̄
is the sum of lower semi-continuous convex functions so is lower semi-continuous, and {x : f(x) = f̄(x)} =
{x : f(x) − f̄(x) ≥ 0} is a Gδ set. By (a-iv), it includes E, so

∫
fdµ =

∫
f̄dµ. In addition,

∫
fdµ ≤

∫
fdν

and
∫
f̄dν ≤

∫
f̄dµ, by 461Kb applied to −f̄ . But since f ≤ f̄ , we have∫

fdν ≤
∫
f̄dν ≤

∫
f̄dµ =

∫
fdµ;

as f is arbitrary, ν 4 µ; as ν is arbitrary, µ is maximal.

461O Lemma Suppose that X is a Riesz space with a Hausdorff locally convex linear space topology,
and K ⊆ X a compact convex set such that every non-zero member of the positive cone X+ is uniquely
expressible as αx for some x ∈ K and α ≥ 0. Let P be the set of Radon probability measures on K and 4

the partial order described in 461K. If µ, ν ∈ P have the same barycenter then they have a common upper
bound in P .

proof (a) If X = {0} then K is either {0} or empty and the result is immediate, so henceforth suppose that
X is non-trivial. Because each non-zero member of X+ is uniquely expressible as a multiple of a member of
K, no distinct members of K \ {0} can be multiples of each other; as K is convex, 0 /∈ K. If z0, . . . , zr ∈ K,
γ0, . . . , γr ≥ 0 and z =

∑r
k=0 γkzk belongs to K, then

∑r
k=0 γk = 1. PPP Setting γ =

∑r
k=0 γk, γ 6= 0 and

1

γ
z =

∑r
k=0

γr

γ
zk belongs to K; accordingly

1

γ
z = z and γ = 1. QQQ

(b) Take any x ∈ K, and let Px be the set of elements of P with barycenter x. Write Qx for the set of
members of Px with finite support. Then Qx is dense in Px. PPP Suppose that µ ∈ Px, f0, . . . , fn ∈ C(K)
and ǫ > 0. Then there is a finite cover of K by relatively open convex sets on each of which every fi has
oscillation at most ǫ; so we have a partition H of K into finitely many non-empty Borel sets H such that
every fi has oscillation at most ǫ on the convex hull Γ(H). If H ∈ H and µH > 0, let xH be the barycenter

of the measure µH ∈ P where µHF =
1

µH
µ(F ∩ H) whenever F ⊆ K and µ measures F ∩ H. For other

H ∈ H, take any point xH of H. In all cases, xH ∈ Γ(H) so |fi(y)− fi(xH)| ≤ ǫ whenever i ≤ n and y ∈ H.

Measure Theory



461P Barycenters and Choquet’s theorem 9

Consider ν =
∑

H∈H µH · δxH
, where δxH

∈ P is the Dirac measure on K concentrated at xH . If g ∈ X∗

then ∫
K
g dν =

∑
H∈H µH · g(xH) =

∑
H∈H

∫
H
g dµ =

∫
K
g dµ = g(x);

as g is arbitrary, ν ∈ Px and ν ∈ Qx. Next, for i ≤ n,

|
∫
fidν −

∫
fidµ| ≤

∑

H∈H
|fi(xH)µH −

∫

H

fidµ|

≤
∑

H∈H

∫

H

|fi(xH) − fi(y)|µ(dy) ≤
∑

H∈H
ǫµH = ǫ.

As f0, . . . , fn and ǫ are arbitrary, Qx is dense in Px. QQQ

(c) Suppose that x ∈ K and µ, ν ∈ Qx. Then they have a common upper bound in P . PPP Express µ, ν as∑m
i=0 αiδxi

,
∑n

j=0 βjδyj
respectively, where all the αi and βj are strictly positive, all the xi and yj belong

to K, and
∑m

i=0 αi =
∑n

j=0 βj = 1. If g ∈ X∗ then

g(x) =
∫
K
g dµ =

∑m
i=0 αig(xi) =

∑n
j=0 βjg(yj),

so x =
∑m

i=0 αixi =
∑n

j=0 βjyj . By the decomposition theorem 352Fd there is a family 〈wij〉i≤m,j≤n in X+

such that αixi =
∑n

j=0 wij for every i ≤ m and βjyj =
∑n

i=0 wij for every j ≤ n. Each wij is expressible as
γijzij where zij ∈ K and γij ≥ 0. Now

∑n
j=0

γij

αi

zij = xi ∈ K;

by (a),
∑n

j=0 γij = αi, for every i ≤ m. Similarly,
∑m

i=0 γij = βj for j ≤ n. Of course this means that∑m
i=0

∑n
j=0 γij = 1.

Set λ =
∑m

i=0

∑n
j=0 γijδzij ∈ P . If f : K → R is continuous and convex,

∫
fdµ =

m∑

i=0

αif(xi) =

m∑

i=0

αif(

n∑

j=0

γij
αi
zij)

≤
m∑

i=0

αi

n∑

j=0

γij

αi

f(zij) =

m∑

i=0

n∑

j=0

γijf(zij) =

∫
fdλ.

So µ 4 λ. Similarly, ν 4 λ and we have the required upper bound for {µ, ν}. QQQ

(d) Now consider

{(µ, ν, λ) : µ, ν, λ ∈ P , µ 4 λ, ν 4 λ}.

This is a closed set in the compact set P × P × P (461Kd), so its projection

R = {(µ, ν) : µ, ν have a common upper bound in P}
is a closed set in P × P .

If x ∈ K then (c) tells us that R includes Qx × Qx, so (b) tells us that R includes Px × Px. Thus any
two members of Px have a common upper bound in P , as required.

461P Theorem Suppose that X is a Riesz space with a Hausdorff locally convex linear space topology,
and K ⊆ X a metrizable compact convex set such that every non-zero member of the positive cone X+ is
uniquely expressible as αx for some x ∈ K and α ≥ 0. Let E be the set of extreme points of K, and x any
point of K. Then there is a unique Radon probability measure µ on E such that x is the barycenter of µ.

proof By 461M, there is a Radon probability measure µ on E such that x is the barycenter of µ. Suppose
that µ1 is another measure with the same properties. Let ν, ν1 be the Radon probability measures on K
extending µ, µ1 respectively. Then ν and ν1 both have barycenter x and make E conegligible. By 461N,
they are both maximal in P . By 461O, they must have a common upper bound in P , so they are equal.
But this means that µ = µ1.

D.H.Fremlin



10 Pointwise compact sets of measurable functions 461Q

461Q It is a nearly universal rule that when we encounter a compact convex set we should try to identify
its extreme points. I look now at some sets which arose naturally in §437.

Proposition (a) Let A be a Dedekind σ-complete Boolean algebra and π : A → A a sequentially order-
continuous Boolean homomorphism. Let Mσ be the L-space of countably additive real-valued functionals
on A, and Q the set

{ν : ν ∈Mσ, ν ≥ 0, ν1 = 1, νπ = ν}.

If ν ∈ Q, then the following are equiveridical: (i) ν is an extreme point of Q; (ii) νa ∈ {0, 1} whenever
πa = a; (iii) νa ∈ {0, 1} whenever a ∈ A is such that ν(a△ πa) = 0.

(b) Let X be a set, Σ a σ-algebra of subsets of X, and φ : X → X a (Σ,Σ)-measurable function. Let
Mσ be the L-space of countably additive real-valued functionals on Σ, and Q ⊆ Mσ the set of probability
measures with domain Σ for which φ is inverse-measure-preserving. If µ ∈ Q, then µ is an extreme point of
Q iff φ is ergodic with respect to µ (definition: 372Ob2).

proof (a) I ought to remark at once that because A is Dedekind σ-complete, every countably additive
functional on A is bounded (326M3), so that Mσ is the L-space of bounded countably additive functionals
on A, as studied in 362A-362B.

(i)⇒(ii) Suppose that ν is an extreme point of Q and that a ∈ A is such that πa = a. Set α = νa. ???
If 0 < α < 1, define ν1 : A → R by setting

ν1b =
1

α
ν(b ∩ a)

for b ∈ A. Then ν1 is a non-negative countably additive functional, and ν11 = 1. Moreover, for any b ∈ A,

ν1πb =
1

α
ν(πb ∩ a) =

1

α
ν(πb ∩ πa) =

1

α
νπ(b ∩ a) =

1

α
ν(b ∩ a) = ν1b,

so ν1π = ν1 and ν1 ∈ Q. Since ν1a = 1, ν1 6= ν. Similarly, ν2 ∈ Q, where ν2b =
1

1−α
ν(b \ a) for b ∈ A. Now

ν = αν1 + (1−α)ν2 is a proper convex combination of members of Q and is not extreme. XXX So νa ∈ {0, 1};
as a is arbitrary, (ii) is true.

(ii)⇒(iii) Suppose that (ii) is true, and that a ∈ A is such that ν(a△ πa) = 0. Then

ν(πna△ πn+1a) = νπn(a△ πa) = ν(a△ πa) = 0

for every n ∈ N, so ν(a△ πna) = 0 for every n ∈ N. Set

bn = supm≥n π
ma for n ∈ N, b = infn∈N bn.

Because π is sequentially order-continuous and ν is countably additive,

ν(a△ bn) = 0 for every n ∈ N, ν(a△ b) = 0.

Now

πbn = supm≥n π
m+1a = bn+1 ⊆ bn

for every n ∈ N, so

πb = infn∈N πbn = infn∈N bn+1 = b.

Consequently νa = νb ∈ {0, 1}. As a is arbitrary, (iii) is true.

(iii)⇒(i) Suppose that (iii) is true, and that ν = 1
2 (ν1 + ν2) where ν1, ν2 ∈ Q. For α ≥ 0, set

θα = ν1 − αν ∈Mσ. Then we have a corresponding element aα = [[θα > 0]] in A such that

θαc > 0 whenever 0 6= c ⊆ aα, θαc ≤ 0 whenever c ∩ aα = 0

(326S4). Observe that if b ∈ A, then

2Formerly 372Pb.
3Formerly 326I.
4Formerly 326O.

Measure Theory



461Xb Barycenters and Choquet’s theorem 11

θαb = θαaα − θα(aα \ b) + θα(b \ aα) ≤ θαaα,

θαπb = ν1πb− ανπb = ν1b− ανb = θαb.

Now ν(aα \ πaα) = 0. PPP??? Otherwise, setting c = aα \ πaα, we must have θαc > 0, so

θα(c ∪ πaα) > θαπaα = θαaα. XXXQQQ

Consequently

ν(aα △ πaα) = νπaα − νaα + 2ν(aα \ πaα) = 0

and νaα ∈ {0, 1}.
If α ≤ β then θβ ≤ θα and aβ ⊆ aα. As θ0 = ν1, ν1(1 \ a0) = 0, ν1a0 = 1 and νa0 ≥ 1

2 ; accordingly
νa0 = 1. As θ2 ≤ 0, a2 = 0 and νa2 = 0. So

β = sup{α : νaα = 1} = sup{α : νaα > 0}
is defined in [0, 2].

Now ν1 = βν. PPP Let c ∈ A. ??? If ν1c > βνc, take α > β such that ν1c > ανc. Then νaα = 0, but

0 < θαc ≤ θαaα ≤ ν1aα ≤ 2νaα. XXX

??? If ν1c < βνc, take α ∈ [0, β[ such that ν1c < ανc. Then νaα = 1 so ν(1 \ aα) = 0, but

0 > θαc ≥ θα(c \ aα) ≥ −αν(c \ aα) ≥ −αν(1 \ aα). XXX

Thus ν1c = βνc; as c is arbitrary, ν1 = βν. QQQ
Accordingly ν1 is a multiple of ν and must be equal to ν. Similarly, ν2 = ν. As ν1 and ν2 were arbitrary,

ν is an extreme point of Q.

(b) In (a), set A = Σ and πE = φ−1[E] for E ∈ Σ; then ‘φ is ergodic with respect to µ’ corresponds to
condition (ii) of (a), so we have the result.

461R Corollary Let X be a compact Hausdorff space and φ : X → X a continuous function. Let Q be
the non-empty compact convex set of Radon probability measures µ on X such that φ is inverse-measure-
preserving for µ, with its narrow topology and the convex structure defined by 234G and 234Xf. (See 437T.)
Then the extreme points of Q are those for which φ is ergodic.

proof (a) If µ0 ∈ Q is not extreme, let B = B(X) be the Borel σ-algebra of X, so that φ is (B,B)-measurable,
and write Q′ for the set of φ-invariant Borel probability measures on X. Then 461Q tells us that the extreme
points of Q′ are just the measures for which φ is ergodic. If µ ∈ Q, then µ↾B ∈ Q′, and of course the function
µ 7→ µ↾B is injective (416Eb) and preserves convex combinations. So µ0↾B is not extreme in Q′. By 461Q,
φ is not µ0↾B-ergodic, and therefore not µ0-ergodic.

(b) If µ0 ∈ Q and φ is not µ0-ergodic, let E ∈ domµ0 be such that 0 < µ0E < 1 and φ−1[E] = E. Set

α = µ0E and β = 1 − α, and let µ1, µ2 be the indefinite-integral measures over µ0 defined by
1

α
χE and

1

β
χ(X \ E). Then µ1 is a Radon probability measure on X (416Sa), so the image measure µ1φ

−1 also is a

Radon measure (418I). The argument of part (b) of the proof of 461Q tells us that µ1φ
−1 agrees with µ1

on Borel sets, so µ1 = µ1φ
−1 (416Eb) and µ1 ∈ Q. Similarly, µ2 ∈ Q, and µ0 = αµ1 + βµ2, so µ0 is not

extreme in Q.

461X Basic exercises >>>(a) Let X be a Hausdorff locally convex linear topological space, C ⊆ X
a convex set, and g : C → R a function. Show that the following are equiveridical: (i) g is convex
and lower semi-continuous; (ii) there are a non-empty set D ⊆ X∗ and a family 〈βf 〉f∈D in R such that
g(x) = supf∈D f(x) + βf for every x ∈ C. (Compare 233Hb.)

>>>(b) Let X be a Hausdorff locally convex linear topological space, K ⊆ X a compact convex set, and x
an extreme point of K. Let µ be a probability measure on X such that µ∗K = 1 and x is the barycenter of
µ. (i) Show that {y : y ∈ K, f(y) 6= f(x)} is µ-negligible for every f ∈ X∗. (Hint : 461E.) (ii) Show that if
µ is a Radon measure then µ{x} = 1.
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12 Pointwise compact sets of measurable functions 461Xc

(c) For each n ∈ N, define en ∈ ccc0 by saying that en(n) = 1, en(i) = 0 if i 6= n. Let µ be the point-
supported Radon probability measure on ccc0 defined by saying that µE =

∑∞
n=0 2−n−1χE(2nen) for every

E ⊆ ccc0. (i) Show that every member of ccc∗0 is µ-integrable. (Hint : ccc∗0 can be identified with ℓ1.) (ii) Show
that µ has no barycenter in ccc0.

(d) Let I be an uncountable set, and X = {x : x ∈ ℓ∞(I), {i : x(i) 6= 0} is countable}. (i) Show that
X is a closed linear subspace of ℓ∞(I). (ii) Show that there is a probability measure µ on X such that (α)
µ{x : ‖x‖ ≤ 1} is defined and equal to 1 (β) µ{x : x(i) = 1} = 1 for every i ∈ I. (iii) Show that

∫
fdµ

is defined for every f ∈ X∗. (Hint : for any f ∈ X∼, there is a countable set J ⊆ X such that f(x) = 0
whenever x↾J = 0, so that f =a.e. f(χJ).) (iv) Show that µ has no barycenter in X.

>>>(e) Let X be a complete Hausdorff locally convex linear topological space, and K ⊆ X a compact set.

Show that every extreme point of Γ(K) belongs to K. (Hint : show that it cannot be the barycenter of any
measure on K which is not supported by a single point.)

>>>(f) Let X be a Hausdorff locally convex linear topological space, and K ⊆ X a metrizable compact set.

Show that Γ(K) is metrizable. (Hint : we may suppose that X is complete, so that Γ(K) is compact. Show

that Γ(K) is a continuous image of the space of Radon probability measures on K, and use 437Rf.)

(g) Let X be a Hausdorff locally convex linear topological space and K ⊆ X a compact set. Show that
the Baire σ-algebra of K is just the subspace σ-algebra induced by the cylindrical σ-algebra of X.

>>>(h) Let X be a Hausdorff locally convex linear topological space, and K ⊆ X a compact convex set;
let E be the set of extreme points of K. Let 〈fn〉n∈N be a sequence in X∗ such that supx∈E,n∈N |fn(x)| is
finite and limn→∞ fn(x) = 0 for every x ∈ E. Show that limn→∞ fn(x) = 0 for every x ∈ K.

>>>(i) Let X be a Hausdorff locally convex linear topological space, and K ⊆ X a metrizable compact
convex set. Show that the algebra of Borel subsets of K is just the subspace algebra of the cylindrical
σ-algebra of X.

(j) Let X be a Hausdorff locally convex linear topological space, and K ⊆ X a compact set. Let us say
that a point x of K is extreme if the only Radon probability measure on K with barycenter x is the Dirac
measure on K concentrated at x. (Cf. 461Xb.) (i) Show that if X is complete, then x ∈ X is an extreme

point of K iff it is an extreme point of Γ(K). (ii) Writing E for the set of extreme points of K, show that
any point of K is the barycenter of some probability measure on E. (iii) Show that if K is metrizable then
E is a Gδ subset of K and any point of K is the barycenter of some Radon probability measure on E.

(k) Let G be an abelian group with identity e, and K the set of positive definite functions h : G → C

such that h(e) = 1. (i) Show that K is a compact convex subset of CG. (ii) Show that the extreme points
of K are just the group homomorphisms from G to S1. (iii) Show that K generates the positive cone of a
Riesz space. (Hint : 445N.)

(l) Let X be a compact metrizable space and G a subgroup of the group of autohomeomorphisms of
X. Let Mσ be the space of signed Borel measures on X with its vague topology, and Q ⊆ Mσ the set of
G-invariant Borel probability measures on X. Show that every member of Q is uniquely expressible as the
barycenter of a Radon probability measure on the set of extreme points of Q.

(m) Let X be a set, Σ a σ-algebra of subsets of X, and P the set of probability measures with domain
Σ, regarded as a convex subset of the linear space of countably additive functionals on Σ. Show that µ ∈ P
is an extreme point in P iff it takes only the values 0 and 1.

(n) Let A be a Boolean algebra and M the L-space of bounded finitely additive functionals on A, and
π : A → A a Boolean homomorphism. (i) Show that U = {ν : ν ∈ M , νπ = ν} is a closed Riesz subspace
of M . (ii) Set Q = {ν : ν ∈ U , ν ≥ 0, ν1 = 1}. Show that if µ, ν are distinct extreme points of Q then
µ ∧ ν = 0. (iii) Set Qσ = {ν : ν ∈ Q, ν is countably additive}. Show that any extreme point of Qσ is an
extreme point of Q. (iv) Set Qτ = {ν : ν ∈ Q, ν is countably additive}. Show that any extreme point of Qτ

is an extreme point of Q.
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>>>(o) Set S1 = {z : z ∈ C, |z| = 1}, and let w ∈ S1 be such that wn 6= 1 for any integer 1. Define
φ : S1 → S1 by setting φ(z) = wz for every z ∈ S1. Show that the only Radon probability measure on S1

for which φ is inverse-measure-preserving is the Haar probability measure µ of S1. (Hint : use 281N to show
that limn→∞

1
n+1

∑n
k=0 f(wkz) =

∫
fdµ for every f ∈ C(S1); now put 461R and 372H5 together.)

(p) Set φ(x) = 2 min(x, 1 − x) for x ∈ [0, 1] (cf. 372Xp6). Show that there are many point-supported
Radon measures on [0, 1] for which φ is inverse-measure-preserving.

(q) Let X and Y be Hausdorff locally convex linear topological spaces, A ⊆ X a convex set and φ : A→ Y
a continuous function such that φ[A] is bounded and φ(tx+ (1 − t)y) = tφ(x) + (1 − t)φ(y) for all x, y ∈ A
and t ∈ [0, 1]. Let µ be a topological probability measure on A with a barycenter x∗ ∈ A. Show that φ(x∗)
is the barycenter of the image measure µφ−1 on Y . (Hint : show first that if 〈Ei〉i∈I is a finite partition of
A into non-empty convex sets measured by µ, αi = µEi for each i ∈ I and C = {∑i∈I αixi : xi ∈ Ei for

every i ∈ I}, then x∗ ∈ C.)

461Y Further exercises (a) Let X be a Hausdorff locally convex linear topological space. (i) Show
that if M0, . . . ,Mn are non-empty compact convex subsets of X with empty intersection, then there is a
continuous convex function g : X → R such that g(

∑n
i=0 αixi) <

∑n
i=0 αig(xi) whenever xi ∈ Mi and

αi > 0 for every i ≤ n. (ii) Show that if K ⊆ X is compact and x∗ ∈ Γ(K) then there is a Radon probability
measure µ on K, with barycenter x∗, such that µ(α0M0 + . . . + αnMn) = 0 whenever M0, . . . ,Mn are
compact convex subsets of K with empty intersection, αi ≥ 0 for every i ≤ n, and

∑n
i=0 αi = 1.

(b) In R[0,2[ letK be the set of those functions u such that (α) 0 ≤ u(s) ≤ u(t) ≤ 1 whenever 0 ≤ s ≤ t ≤ 1
(β) |u(t+1)| ≤ u(s′)−u(s) whenever 0 ≤ s < t < s′ ≤ 1. (i) Show that K is a compact convex set. (ii) Show
that the set E of extreme points of K is just the set of functions of the types 0, χ[0, 1], χ[s, 1] ± χ{1 + s}
and χ ]s, 1] ± χ{1 + s} for 0 < s < 1. (iii) Set w(s) = s for s ∈ [0, 1], 0 for s ∈ ]1, 2[. Show that if µ is any
Radon probability measure on K with barycenter w then µE = 0.

(c) Write νω1
for the usual measure on Z = {0, 1}ω1 . Fix any z0 ∈ Z, and let U be the linear space

{u : u ∈ C(Z), u(z0) =
∫
u dνω1

}. Let X be the Riesz space of signed tight Borel measures µ on Z such
that µ{z0} = 0, with the topology generated by the functionals µ 7→

∫
u dµ as u runs over U . Let K ⊆ X

be the set of tight Borel probability measures µ on Z such that µ{z0} = 0. (i) Show that K is compact and
convex and that every member of X+ \ {0} is uniquely expressible as a positive multiple of a member of K.
(ii) Show that the set E of extreme points of K can be identified, as topological space, with Z \ {z0}, so is
a Borel subset of K but not a Baire subset. (iii) Show that the restriction of νω1

to the Borel σ-algebra of
Z is the barycenter of more than one Baire measure on E.

(d) Let X be a set, Σ a σ-algebra of subsets of X, and Φ a set of (Σ,Σ)-measurable functions from X
to itself. Let Mσ be the L-space of countably additive real-valued functionals on Σ, and Q ⊆Mσ the set of
probability measures with domain Σ for which every member of Φ is inverse-measure-preserving. (i) Show
that if µ ∈ Q, then µ is an extreme point of Q iff µE ∈ {0, 1} whenever E ∈ Σ and µ(E△φ−1[E]) = 0 for
every φ ∈ Φ. (ii) Show that if µ ∈ Q and Φ is countable and commutative, then µ is an extreme point of Q
iff µE ∈ {0, 1} whenever E ∈ Σ and E = φ−1[E] for every φ ∈ Φ.

(e) Let X be a non-empty Hausdorff space, and define φ : XN → XN by setting φ(x)(n) = x(n + 1) for
x ∈ XN and n ∈ N. Let Q be the set of Radon probability measures on XN for which φ is inverse-measure-
preserving. Show that a Radon probability measure λ on XN is an extreme point of Q iff it is a Radon
product measure µN for some Radon probability measure µ on X.

(f) Let G be a topological group. Show that the following are equiveridical: (i) G is amenable; (ii)
whenever X is a Hausdorff locally convex linear topological space, and • is a continuous action of G on X
such that x 7→ a•x is a linear operator for every a ∈ G, and K ⊆ X is a non-empty compact convex set such

5Formerly 372I.
6Formerly 372Xm.

D.H.Fremlin



14 Pointwise compact sets of measurable functions 461Yf

that a•x ∈ K whenever a ∈ G and x ∈ K, then there is an x ∈ K such that a•x = x for every a ∈ G; (iii)
whenever X is a Hausdorff locally convex linear topological space, K ⊆ X is a non-empty compact convex
set, and • is a continuous action of G on K such that a•(tx+ (1− t)y) = t a•x+ (1− t)a•y whenever a ∈ G,
x, y ∈ K and t ∈ [0, 1], then there is an x ∈ K such that a•x = x for every a ∈ G. Use this to simplify parts
of the proof of 449C. (Hint : 493B.)

(g) Let G be an amenable topological group, and • an action of G on a reflexive Banach space U ,
continuous for the given topology on G and the weak topology of U , such that u 7→ a•u is a linear operator
of norm at most 1 for every a ∈ G. Set V = {v : v ∈ U , a•v = v for every a ∈ G}. Show that
{u+ v − a•u : u ∈ U , v ∈ V , a ∈ G} is dense in U .

461 Notes and comments The results above are a little unusual in that we have studied locally convex
spaces for several pages without encountering two topologies on the same space more than once (461J). In
fact some of the most interesting properties of measures on locally convex spaces concern their relationships
with strong and weak topologies, but I defer these ideas to later parts of the chapter. For the moment, we
just have the basic results affirming (i) that barycenters exist (461E, 461F, 461H) (ii) that points can be
represented as barycenters (461I, 461M). The last two can be thought of as refinements of the Krěın-Milman
theorem. Any compact convex set K (in a locally compact Hausdorff space) is the closed convex hull of the
set E of its extreme points. By 461M, given x ∈ K, we can actually find a measure on E with barycenter
x; and if K is metrizable we can do this with a Radon measure. Of course the second part of 461M is
a straightforward consequence of the first. But I do not know of any proof of 461M which does not pass
through 461K-461L.

Krěın’s theorem (461J) is a fundamental result in the theory of linear topological spaces. The proof
here, using the Riesz representation theorem and vague topologies, is a version of the standard one (e.g.,
Bourbaki 87, II.4.1), written out to be a little heavier in the measure theory and a little lighter in the
topological linear space theory than is usual. There are of course proofs which do not use measure theory.

In §437 I have already looked at an archetypal special case of 461I and 461M. If X is a compact Hausdorff
space and P the compact convex set of Radon probability measures on X with the narrow (or vague)
topology, then the set of extreme points of P can be identified with the set ∆ of Dirac measures on X
(437S, 437Xt). If we think of P as a subset of C(X)∗ with the weak* topology, so that the dual of the
linear topological space C(X)∗ can be identified with C(X), then any µ ∈ P is the barycenter of a Baire
probability measure ν on ∆. In fact (because ∆ here is compact) µ is the barycenter of a Radon measure
on ∆, and this is just the image measure µδ−1.

I have put the phrase ‘Choquet’s theorem’ into the title of this section. Actually it should perhaps be
‘first steps in Choquet theory’, because while the theory as a whole was dominated for many years by the
work of G.Choquet the exact attribution of the results presented here is more complicated. See Phelps 66

for a much fuller account. But certainly both the existence and uniqueness theorems 461M and 461P draw
heavily on Choquet’s ideas.

Theorem 461P, demanding an excursion through 461N-461O, seems fairly hard work for a relatively
specialized result. But it provides a unified explanation for a good many apparently disparate phenomena.
Of course the simplest example is when X = C(Z)∗ for some compact metrizable space Z and K is the set
of positive linear functionals of norm 1, so that E can be identified with Z and we find ourselves back with
the Riesz representation theorem. A less familiar case already examined is in 461Xk. At the next level we
have such examples as 461Xl.

Another class of examples arising in §437 is explored in 461Q-461R, 461Xm-461Xn and 461Yd-461Ye. It
is when we have an explicit listing of the extreme points, as in 461Yb and 461Ye, that we can begin to feel
that we understand a compact convex set.

Version of 30.6.07

462 Pointwise compact sets of continuous functions
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*462B Pointwise compact sets of continuous functions 15

In preparation for the main work of this chapter, beginning in the next section, I offer a few pages on
spaces of continuous functions under their ‘pointwise’ topologies (462Ab). There is an extensive general
theory of such spaces, described in Arkhangel’skii 92; here I present only those fragments which seem
directly relevant to the theory of measures on normed spaces and spaces of functions. In particular, I star
the paragraphs 462C-462D, which are topology and functional analysis rather than measure theory. They
are here because although this material is well known, and may be found in many places, I think that the
ideas, as well as the results, are essential for any understanding of measures on linear topological spaces.

Measure theory enters the section in the proof of 462E, in the form of an application of the Riesz
representation theorem, though 462E itself remains visibly part of functional analysis. In the rest of the
section, however, we come to results which are pure measure theory. For (countably) compact spaces X, the
Radon measures on C(X) are the same for the pointwise and norm topologies (462I). This fact has extensive
implications for the theory of separately continuous functions (462K) and for the theory of convex hulls in
linear topological spaces (462L).

462A Definitions (a) A regular Hausdorff space X is angelic if whenever A is a subset of X which is
relatively countably compact in X, then (i) its closure A is compact (ii) every point of A is the limit of a
sequence in A.

(A Fréchet-Urysohn space is a topological space in which, for any set A, every point of the closure
of A is a limit of a sequence in A. So (ii) here may be written as ‘every compact subspace of X is a
Fréchet-Urysohn space’.)

(b) If X is any set and A a subset of RX , then the topology of pointwise convergence on A is that
inherited from the usual product topology of RX ; that is, the coarsest topology on A for which the map
f 7→ f(x) : A→ R is continuous for every x ∈ X. I shall commonly use the symbol Tp for such a topology.
In this context, I will say that a sequence or filter is pointwise convergent if it is convergent for the
topology of pointwise convergence. Note that if A is a linear subspace of RX then Tp is a linear space
topology on A (4A4Ba).

*462B Proposition (Pryce 71) Let (X,T) be an angelic regular Hausdorff space.
(a) Any subspace of X is angelic.
(b) If S is a regular topology on X finer than T, then S is angelic.
(c) Any countably compact subset of X is compact and sequentially compact.

proof (a) Let Y be any subset of X. Then of course the subspace topology on Y is regular and Hausdorff.
If A ⊆ Y is relatively countably compact in Y , then A is relatively countably compact in X, so A, the
closure of A in X, is compact. Now if x ∈ A, there is a sequence 〈xn〉n∈N in A converging to x; but 〈xn〉n∈N

must have a cluster point in Y , and (because T is Hausdorff) this cluster point can only be x. Accordingly
A ⊆ Y and is the closure of A in Y . Thus A is relatively compact in Y . Moreover, any point of A is the
limit of a sequence in A. As A is arbitrary, Y is angelic.

(b) By hypothesis, S is regular, and it is Hausdorff because it is finer than T. Now suppose that A ⊆ X
is S-relatively countably compact. Because the identity map from (X,S) to (X,T) is continuous, A is
T-relatively countably compact (4A2G(f-iv)), and the T-closure A of A is T-compact.

Let F be any ultrafilter on X containing A. Then F has a T-limit x ∈ X. ??? If F is not S-convergent to
x, there is an H ∈ S such that x ∈ H and X \H ∈ F , so that A\H ∈ F . Now x belongs to the T-closure of
A \H, because A \H ∈ F and F is T-convergent to x; because T is angelic, there is a sequence 〈xn〉n∈N in
A \H which T-converges to x. But now 〈xn〉n∈N has a S-cluster point x′. x′ must also be a T-cluster point
of 〈xn〉n∈N, so x′ = x; but every xn belongs to the S-closed set X \H, so x′ /∈ H, which is impossible. XXX

Thus every ultrafilter on X containing A is S-convergent. Because S is regular, the S-closure Ã of A is
S-compact (3A3De).

Again because S is finer than T, and T is Hausdorff, the two topologies must agree on Ã = A. But now
every point of A is the T-limit of a sequence in A, so every point of Ã is the S-limit of a sequence in A. As
A is arbitrary, S is angelic.

(c) If K ⊆ X is countably compact, then of course it is relatively countably compact in its subspace
topology, so (being angelic) must be compact in its subspace topology. If 〈xn〉n∈N is a sequence in K, let
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16 Pointwise compact sets of measurable functions *462B

x be any cluster point of 〈xn〉n∈N. If {n : xn = x} is infinite, then this immediately provides us with a

subsequence converging to x. Otherwise, take n such that x 6= xi for i ≥ n. Since x ∈ {xi : i ≥ n}, and
{xi : i ≥ n} is relatively countably compact, there is a sequence 〈yi〉i∈N in {xi : i ≥ n} converging to x.
The topology of X being Hausdorff, {yi : i ∈ N} must be infinite, and 〈yi〉i∈N, 〈xi〉i∈N have a common
subsequence which converges to x. As 〈xi〉i∈N is arbitrary, K is sequentially compact.

*462C Theorem (Pryce 71) Let X be a topological space such that there is a sequence 〈Xn〉n∈N of
relatively countably compact subsets of X, covering X, with the property that a function f : X → R is
continuous whenever f↾Xn is continuous for every n ∈ N. Then the space C(X) of continuous real-valued
functions on X is angelic in its topology of pointwise convergence.

proof Of course C(X) is regular and Hausdorff under Tp, because RX is, so we need attend only to the
rest of the definition in 462Aa. Let A ⊆ C(X) be relatively countably compact for Tp.

(a) Since {f(x) : f ∈ A}, being a continuous image of A, must be relatively countably compact in R

(4A2G(f-iv)), therefore relatively compact (4A2Le), for every x ∈ X, the closure A of A in RX is compact,
by Tychonoff’s theorem.

??? Suppose, if possible, that A 6⊆ C(X); let g ∈ A be a discontinuous function. By the hypothesis of the
theorem, there is an n ∈ N such that g↾Xn is not continuous; take x∗ ∈ Xn such that g↾Xn is discontinuous
at x∗. Let ǫ > 0 be such that for every neighbourhood U of x∗ in Xn there is a point x ∈ U such that
|g(x) − g(x∗)| ≥ ǫ.

Choose sequences 〈fi〉i∈N in A and 〈xi〉i∈N in Xn as follows. Given 〈fi〉i<m and 〈xi〉i<m, choose xm ∈ Xn

such that |fi(xm) − fi(x
∗)| ≤ 2−m for every i < m and |g(x∗) − g(xm)| ≥ ǫ. Now choose fm ∈ A such that

|fm(x∗) − g(x∗)| ≤ 2−m and |fm(xi) − g(xi)| ≤ 2−m for every i ≤ m. Continue.

At the end of the induction, take a cluster point x of 〈xi〉i∈N in X and a cluster point f of 〈fi〉i∈N in
C(X). Because |fi(xm) − fi(x

∗)| ≤ 2−m whenever i < m, fi(x) = fi(x
∗) for every i, and f(x) = f(x∗).

Because |fm(x∗) − g(x∗)| ≤ 2−m for every m, f(x∗) = g(x∗). Because |fm(xi) − g(xi)| ≤ 2−m whenever
i ≤ m, f(xi) = g(xi) for every i, |g(x∗)−f(xi)| ≥ ǫ for every i, and |g(x∗)−f(x)| ≥ ǫ; but this is impossible,
because f(x) = f(x∗) = g(x∗). XXX

Thus the compact set A ⊆ C(X) is the closure of A in C(X), and A is relatively compact in C(X).

(b) Now take any g ∈ A. There are countable sets D ⊆ X, B ⊆ A such that

whenever I ⊆ B ∪ {g} is finite, n ∈ N, ǫ > 0 and x ∈ Xn, there is a y ∈ D ∩ Xn such that
|f(y) − f(x)| ≤ ǫ for every f ∈ I;

whenever J ⊆ D is finite and ǫ > 0 there is an f ∈ B such that |f(x) − g(x)| ≤ ǫ for every
x ∈ J .

PPP For any finite set I ⊆ RX and n ∈ N, the set QIn = {〈f(x)〉f∈I : x ∈ Xn} is a subset of the separable
metrizable space RI , so is itself separable, and there is a countable dense set DIn ⊆ Xn such that Q′

In =

{〈f(x)〉f∈I : x ∈ DIn} is dense in QIn. Similarly, because g ∈ A, we can choose for any finite set J ⊆ X a
sequence 〈fJi〉i∈N in A such that limi→∞ fJi(x) = g(x) for every x ∈ J .

Now construct 〈Dm〉m∈N, 〈Bm〉m∈N inductively by setting

Dm =
⋃{DIn : n ∈ N, I ⊆ {g} ∪⋃

i<mBi is finite},

Bm = {fJk : k ∈ N, J ⊆ ⋃
i<mDi is finite}.

At the end of the induction, set D =
⋃

m∈NDm and B =
⋃

m∈NBm. Since the construction clearly ensures
that 〈Dm〉m∈N and 〈Bm〉m∈N are non-decreasing sequences of countable sets, D and B are countable, and
we shall have DIn ⊆ D whenever n ∈ N and I ⊆ B ∪ {g} is finite, while fJi ∈ B whenever i ∈ N and J ⊆ D
is finite. Thus we have suitable sets D and B. QQQ

By the second condition on D and B, there must be a sequence 〈fi〉i∈N in B such that g(x) = limi→∞ fi(x)
for every x ∈ D. In fact g(y) = limi→∞ fi(y) for every y ∈ X. PPP??? Otherwise, there is an ǫ > 0 such that
J = {i : |g(y) − fi(y)| ≥ ǫ} is infinite. Let n be such that y ∈ Xn. For each m ∈ N, Im = {fi : i ≤ m} is a
finite subset of B, so there is an xm ∈ DImn such that |f(xm) − f(y)| ≤ 2−m for every f ∈ Im ∪ {g}. Let
x∗ ∈ X be a cluster point of 〈xm〉m∈N, and h ∈ C(X) a cluster point of 〈fi〉i∈J . Then
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because g(x) = limi→∞ fi(x) for every x ∈ D, g(xm) = h(xm) for every m ∈ N, and g(x∗) =
h(x∗);

because |g(y) − fi(y)| ≥ ǫ for every i ∈ J , |g(y) − h(y)| ≥ ǫ;

because |fi(xm) − fi(y)| ≤ 2−m whenever i ≤ m, fi(x
∗) = fi(y) for every i ∈ N, and h(x∗) =

h(y);

because |g(xm) − g(y)| ≤ 2−m for every m, g(x∗) = g(y);

but this means that g(y) = g(x∗) = h(x∗) = h(y) 6= g(y), which is absurd. XXXQQQ
So g = limi→∞ fi for Tp. As g is arbitrary, A has both properties required in 462Aa; as A is arbitrary,

C(X) is angelic.

Remark For a slight strengthening of this result, see 462Ya.

*462D Theorem Let U be any normed space. Then it is angelic in its weak topology.

proof Write X for the unit ball of the dual space U∗, with its weak* topology. Then X is compact (3A5F).
We have a natural map u 7→ û : U → RX defined by setting û(x) = x(u) for x ∈ X and u ∈ U . By the
definition of the weak* topology, û ∈ C(X) for every u ∈ U . The weak topology of U is normally defined
in terms of all functionals u 7→ f(u), for f ∈ U∗; but as every member of U∗ is a scalar multiple of some
x ∈ X, we can equally regard the weak topology of U as defined just by the functionals u 7→ x(u) = û(x),
for x ∈ X. But this means that the map u 7→ û is a homeomorphism between U , with its weak topology,

and its image Û in C(X), with the topology of pointwise convergence.

Since C(X) is Tp-angelic (462C), so is Û (462Ba), and U is angelic in its weak topology.

462E Theorem Let X be a locally compact Hausdorff space, and C0(X) the Banach lattice of continuous
real-valued functions on X which vanish at infinity (436I). Write Tp for the topology of pointwise convergence
on C0(X).

(i) C0(X) is Tp-angelic.
(ii) A sequence 〈un〉n∈N in C0(X) is weakly convergent to u ∈ C0(X) iff it is Tp-convergent to u and

norm-bounded.
(iii) A subset K of C0(X) is weakly compact iff it is norm-bounded and Tp-countably compact.

proof (a) Let X∗ = X ∪ {x∞} be the one-point compactification of X (3A3O). Then C(X∗) is angelic
in its topology T∗

p of pointwise convergence, by 462C. Set V = {g : g ∈ C(X∗), g(x∞) = 0}. By 462Ba,
V is angelic in the subspace topology induced by T∗

p. Now observe that we have a natural bijection g 7→
g↾X : V → C0(X), and that this is a homeomorphism for the topologies of pointwise convergence on V and
C0(X). So C0(X) is angelic under Tp.

(b) Since all the maps u 7→ u(x), where x ∈ X, are bounded linear functionals on C0(X), Tp is coarser
than the weak topology Ts; so a Ts-convergent sequence is Tp-convergent to the same limit, and a Ts-compact
set is Tp-compact, therefore Tp-countably compact.

(c) If K ⊆ C0(X) is Ts-compact, then f [K] ⊆ R must be compact, therefore bounded, for every f ∈
C0(X)∗; by the Uniform Boundedness Theorem (3A5Hb), K is norm-bounded. Applying this to {u}∪{un :
n ∈ N}, we see that any Ts-convergent sequence 〈un〉n∈N with limit u is norm-bounded.

(d) Suppose that 〈un〉n∈N is norm-bounded and Tp-convergent to u. By Lebesgue’s Dominated Conver-
gence Theorem, limn→∞

∫
undµ =

∫
u dµ for every totally finite Radon measure µ on X. But by the Riesz

Representation Theorem (in the form 436K), this says just that limn→∞ f(un) = f(u) for every positive
linear functional f on C0(X). Since every member of C0(X)∗ is expressible as the difference of two positive
linear functionals (356Dc), limn→∞ f(un) = f(u) for every f ∈ U∗, that is, 〈un〉n∈N is Ts-convergent to u.

Putting this together with (b) and (c), we see that (ii) is true.

(e) Now suppose that K ⊆ C0(X) is norm-bounded and Tp-countably compact. Any sequence 〈un〉n∈N

in K has a subsequence which is Tp-convergent to a point of K (462Bc), and this subsequence is also Ts-
convergent, by (c). This means that K is sequentially compact, therefore countably compact, in C0(X) for
the topology Ts. Since Ts is angelic (462D), K is Ts-compact, by 462Bc again.
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462F Lemma Let X be a topological space, and Q a relatively countably compact subset of X. Suppose
that K ⊆ Cb(X) is ‖ ‖∞-bounded and Tp-countably compact, where Tp is the topology of pointwise conver-
gence on Cb(X). Then the map u 7→ u↾Q : K → Cb(Q) is continuous for Tp on K and the weak topology
of the Banach space Cb(Q).

proof We have a natural map x 7→ x̂ : X → RK defined by writing x̂(u) = u(x) for every u ∈ K and x ∈ X.
By the definition of Tp, x̂ ∈ C(K) for every x ∈ X, if we take C(K) to be the space of Tp-continuous real-
valued functions on K; and x 7→ x̂ : X → C(K) is continuous for the given topology on X and the topology
of pointwise convergence on C(K) because K ⊆ C(X). It follows that {x̂ : x ∈ Q} is relatively countably

compact for the topology of pointwise convergence on C(K) (4A2G(f-iv)). But now Z = {x̂ : x ∈ Q} must
be actually compact for the topology of pointwise convergence on C(K), by 462C.

Next, consider the natural map u 7→ û : K → RZ defined by setting û(f) = f(u) for f ∈ Z and u ∈ K.
Just as in the last paragraph, this is a continuous function from K to C(Z), if we give K, Z and C(Z) their
topologies of pointwise convergence. So L = {û : u ∈ K} is countably compact for the topology of pointwise
convergence on C(Z) (4A2G(f-vi)). Moreover, it is norm-bounded, because

sup
φ∈L

‖φ‖∞ = sup
u∈K,f∈Z

|û(f)| = sup
u∈K,f∈Z

|f(u)| = sup
u∈K,x∈Q

|x̂(u)|

= sup
u∈K,x∈Q

|u(x)| ≤ sup
u∈K,x∈X

|u(x)| = sup
u∈K

‖u‖∞

is finite. So 462E(iii) tells us that L is weakly compact in C(Z). (Note that C(Z) = C0(Z) because Z
is compact.) Since the weak topology on C(Z) is finer than the pointwise topology, while the pointwise
topology is Hausdorff, the two topologies on L coincide; it follows that u 7→ û : K → C(Z) is continuous for
Tp and the weak topology on C(Z).

Now we have an operator T : C(Z) → RQ defined by setting

(Tφ)(x) = φ(x̂)

for φ ∈ C(Z) and x ∈ Q. Because x 7→ x̂ : Q → Z is continuous, Tφ ∈ C(Q) for every φ ∈ C(Z), and of
course T , regarded as a linear operator from C(Z) to Cb(Q), has norm at most 1. So T is continuous for
the weak topologies of C(Z) and Cb(Q) (2A5If), and u 7→ T û : K → Cb(Q) is continuous for Tp and the
weak topology of Cb(Q).

But if u ∈ K and x ∈ Q,

(T û)(x) = û(x̂) = x̂(u) = u(x),

so T û = u↾Q. Accordingly u 7→ u↾Q : K → Cb(Q) is continuous for Tp and the weak topology on Cb(Q).

462G Proposition Let X be a countably compact topological space. Then a subset of Cb(X) is weakly
compact iff it is norm-bounded and compact for the topology Tp of pointwise convergence.

proof A weakly compact subset of Cb(X) is norm-bounded and Tp-compact by the same arguments as in
(b)-(c) of the proof of 462E. In the other direction, taking Q = X in 462F, we see that a norm-bounded
Tp-compact set is weakly compact.

462H Lemma Let X be a topological space, Q a relatively countably compact subset of X, and µ a
totally finite measure on Cb(X) which is Radon for the topology Tp of pointwise convergence on Cb(X). Let
T : Cb(X) → Cb(Q) be the restriction map. Then the image measure ν = µT−1 on Cb(Q) is Radon for the
norm topology of Cb(Q).

proof (a) T is almost continuous for Tp and the weak topology of Cb(Q). PPP If E ∈ domµ and µE > γ ≥ 0,
then there is a Tp-compact set K ⊆ E such that µK > γ. Since all the balls {f : f ∈ Cb(X), ‖f‖∞ ≤ k} are
Tp-closed, we may suppose that K is norm-bounded. Now T ↾K is continuous for Tp and the weak topology,
by 462F. QQQ By 418I, ν is a Radon measure for the weak topology of Cb(Q).

(b) I show next that if F ∈ dom ν, νF > 0 and ǫ > 0, there is some g ∈ Cb(Q) such that ν(F∩B(g, ǫ)) > 0,
where B(g, ǫ) = {h : ‖h − g‖∞ ≤ ǫ}. PPP Since all the balls B(g, ǫ) are convex and norm-closed, they are
weakly closed (3A5Ee) and measured by ν. ??? Suppose, if possible, that F ∩B(g, ǫ) is ν-negligible for every
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g ∈ Cb(Q). Set E = T−1[F ]. As in (a), there is a ‖ ‖∞-bounded Tp-compact set K ⊆ E such that µK > 0.
Choose 〈Kn〉n∈N and 〈fn〉n∈N as follows. K0 = K. Given that Kn ⊆ E is non-negligible and Tp-compact,
and that 〈fi〉i<n is a finite sequence in Cb(X), then the convex hull

Γn = {∑n−1
i=0 αiTfi : αi ≥ 0 for every i < n,

∑n−1
i=0 αi = 1}

of the finite set {Tfi : i < n} is norm-compact in Cb(Q), so there is a finite set Dn ⊆ Γn such that for every
g ∈ Γn there is a g′ ∈ Dn such that ‖g − g′‖∞ ≤ 1

2ǫ. Now

Hn = {f : ‖Tf − g‖∞ > ǫ for every g ∈ Dn}
is a Tp-open set and

E \Hn =
⋃

g∈Dn
T−1[F ∩B(g, ǫ)]

is µ-negligible, so µ(Kn ∩Hn) > 0 and we can find a non-negligible Tp-closed set Kn+1 ⊆ Kn ∩Hn; choose
fn ∈ Kn+1. Continue.

At the end of the induction, let f∗ ∈ K be a cluster point of 〈fn〉n∈N for Tp. Since T ↾K : K → Cb(Q) is
continuous for Tp and the weak topology of Cb(Q), Tf∗ is a cluster point of 〈Tfn〉n∈N for the weak topology

on Cb(Q). The set Γ =
⋃

n∈N Γn is convex, so its norm-closure Γ is also convex (2A5Eb), therefore closed

for the weak topology (3A5Ee), and contains Tf∗. So there is a g ∈ Γ such that ‖Tf∗ − g‖∞ ≤ 1
2ǫ. Now

there is some n such that g ∈ Γn. Let g′ ∈ Dn be such that ‖g − g′‖∞ ≤ 1
2ǫ, so that ‖Tf∗ − g′‖∞ ≤ ǫ. But

fi ∈ Kn+1 for every i ≥ n, so f∗ ∈ Kn+1 ⊆ Hn and ‖Tf∗ − g′‖∞ > ǫ, which is impossible. XXXQQQ

(c) What this means is that if we take Kn to be the family of subsets of Cb(Q) which can be covered
by finitely many balls of radius at most 2−n, then ν is inner regular with respect to Kn (see 412Aa), and
therefore with respect to K =

⋂
n∈N Kn (412Ac). But K is just the set of subsets of Cb(Q) which are totally

bounded for the norm-metric ρ on Cb(Q).
At the same time, ν is inner regular with respect to the ρ-closed sets in Cb(Q). PPP If νF > γ, there is

a ‖ ‖∞-bounded Tp-compact set K ⊆ T−1[F ] such that µK ≥ γ; now T [K] is weakly compact, therefore
weakly closed and ρ-closed in Cb(Q), while T [K] ⊆ F is measured by ν and

νT [K] = µT−1[T [K]] ≥ µK ≥ γ. QQQ

(d) By 412Ac again, ν must be inner regular with respect to the family of ρ-closed ρ-totally bounded sets;
because Cb(Q) is ρ-complete, these are the ρ-compact sets. Next, every ρ-compact set is weakly compact,
therefore weakly closed, and is measured by ν, by (a); and ν, being the image of a complete totally finite
measure, is complete and totally finite. Consequently every ρ-closed set is measured by ν (use 412Ja) and
ν is a ρ-Radon measure, as claimed.

462I Theorem Let X be a countably compact topological space. Then the totally finite Radon measures
on C(X) are the same for the topology of pointwise convergence and the norm topology.

proof Write Tp for the topology of pointwise convergence on C(X) and T∞ for the norm topology. Because
Tp ⊆ T∞ and Tp is Hausdorff, every totally finite T∞-Radon measure is Tp-Radon (418I). On the other
hand, 462H, with Q = X, tells us that every Tp-Radon measure is T∞-Radon.

462J Corollary Let X be a countably compact Hausdorff space, and give C(X) its topology of pointwise
convergence. If µ is any Radon measure on C(X), it is inner regular with respect to the family of compact
metrizable subsets of C(X).

proof In the language of 462I, µ is inner regular with respect to the family of T∞-compact sets; but as
Tp ⊆ T∞, the two topologies agree on all such sets, and they are compact and metrizable for Tp.

462K Proposition Let X be a topological space, Y a Hausdorff space, f : X × Y → R a bounded
separately continuous function, and ν a totally finite Radon measure on Y . Set φ(x) =

∫
f(x, y)ν(dy) for

every x ∈ X. Then φ↾Q is continuous for every relatively countably compact set Q ⊆ X.

proof For y ∈ Y , set uy(x) = f(x, y) for every x ∈ X. Then every uy is continuous and bounded, because
f is bounded and continuous in the first variable, and y 7→ uy : Y → Cb(X) is continuous, if we give Cb(X)
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the topology Tp of pointwise convergence, because f is continuous in the second variable. We therefore have
a Tp-Radon image measure µ on Cb(X), by 418I.

Let T : Cb(X) → Cb(Q) be the restriction map. By 462H, the image measure λ = µT−1 is a Radon
measure for the norm topology of Cb(Q). Now recall that f is bounded. If |f(x, y)| ≤ M for all x ∈ X,
y ∈ Y , then ‖uy‖∞ ≤M for every y ∈ Y , and the ball B(0,M) in Cb(Q) is λ-conegligible. By 461F, applied
to the subspace measure on B(0,M), ν has a barycenter h in Cb(Q). Now we can compute h by the formulae

h(x) =

∫

Cb(Q)

g(x)λ(dg)

(because g 7→ g(x) belongs to Cb(X)∗)

=

∫

Cb(X)

u(x)µ(du) =

∫

Y

uy(x)ν(dy)

(by 235G)

=

∫

Y

f(x, y)ν(dy) = φ(x),

for every x ∈ Q. So φ = h is continuous.

462L Corollary Let X be a topological space such that

whenever h ∈ RX is such that h↾Q is continuous for every relatively countably compact Q ⊆ X,
then h is continuous.

Write Tp for the topology of pointwise convergence on C(X). Let K ⊆ C(X) be a Tp-compact set such that
{h(x) : h ∈ K, x ∈ Q} is bounded for any relatively countably compact set Q ⊆ X. Then the Tp-closed
convex hull of K, taken in C(X), is Tp-compact.

proof If K is empty, this is trivial; suppose that K 6= ∅. Since suph∈K |h(x)| is finite for every x ∈ X, the

closed convex hull Γ(K) of K, taken in RX , is closed and included in a product of closed bounded intervals,

therefore compact. If h ∈ Γ(K), then there is a Radon probability measure µ on K such that h is the
barycenter of µ (461I), so that h(x) =

∫
f(x)µ(df) for every x ∈ X.

If Q ⊆ X is relatively countably compact, then h↾Q is continuous. PPP Of course we may suppose that Q
is non-empty. Consider its closure Z = Q. We have a continuous linear operator T : RX → RZ defined by
setting Tf = f↾Z for every f ∈ RX . L = T [K] is compact in RZ , and L ⊆ C(Z); moreover,

supg∈L ‖g‖∞ = supf∈K,x∈Z |f(x)| = supf∈K,x∈Q |f(x)|
is finite. Since T ↾K : K → L is continuous, the image measure ν = µ(T ↾K)−1 on L is a Radon measure. If
x ∈ Z, then

h(x) =
∫
K
f(x)µ(df) =

∫
K

(Tf)(x)µ(df) =
∫
L
g(x)ν(dg).

The map (x, g) 7→ g(x) : Z × L → R is separately continuous, because L ⊆ C(Z) is being given its
topology of pointwise convergence, and bounded. Also every sequence in Q has a cluster point in X which
must also belong to Z, and Q is relatively countably compact in Z. By 462K, h↾Q is continuous, as required.
QQQ

Thus the Tp-compact set Γ(K) is included in C(X), and must be the closed convex hull of K in C(X).

Remark The hypothesis

whenever h ∈ RX is such that h↾Q is continuous for every relatively countably compact Q ⊆ X,
then h is continuous

is clumsy, but seems the best way to cover the large number of potential applications of the ideas here.
Besides the obvious case of countably compact spaces X, we have all first-countable spaces (for which, of
course, the other hypotheses can be relaxed, as in 462Xc), and all k-spaces. (A k-space is a topological
space X such that a set G ⊆ X is open iff G ∩K is relatively open in K for every compact set K ⊆ X; see
Engelking 89, 3.3.18 et seq. In particular, all locally compact spaces are k-spaces.)
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462X Basic exercises (a) (i) Show that the Sorgenfrey line (415Xc) is angelic. (ii) Show that any
metrizable space is angelic. (iii) Show that the one-point compactification of an angelic locally compact
Hausdorff space is angelic. (iv) Find a first-countable regular Hausdorff space which is not angelic.

>>>(b) Let X be any countably compact topological space. Show that a norm-bounded sequence in Cb(X)
which is pointwise convergent is weakly convergent.

(c) LetX be a first-countable topological space, (Y,T, ν) a totally finite measure space, and f : X×Y → R

a bounded function such that y 7→ f(x, y) is measurable for every x ∈ X, and x 7→ f(x, y) is continuous for
almost every y ∈ Y . Show that x 7→

∫
f(x, y)ν(dy) is continuous.

(d) Give an example of a Tp-compact subset K of C([0, 1]) such that the convex hull of K is not relatively
compact in C([0, 1]).

462Y Further exercises (a) Let X be a topological space such that there is a sequence 〈Xn〉n∈N of
relatively countably compact subsets of X, covering X, with the property that a function f : X → R is
continuous whenever f↾Xn is continuous for every n ∈ N. Let Tp be the topology of pointwise convergence
on C(X). Show that, for a set K ⊆ C(X), the following are equiveridical: (i) φ[K] is bounded for every
Tp-continuous function φ : C(X) → R; (ii) whenever 〈fn〉n∈N is a sequence in K and A ⊆ X is countable,
there is a cluster point of 〈fn↾A〉n∈N in C(A) for the topology of pointwise convergence on C(A); (iii) K is
relatively compact in C(X) for Tp. (See Asanov & Velichko 81.)

(b) Let U be a metrizable locally convex linear topological space. Show that it is angelic in its weak
topology. (Hint : start with the case in which U is complete, using Grothendieck’s theorem and the full
strength of 462C, with X = U∗.)

(c) In 462K, show that the conclusion remains valid for any totally finite τ -additive topological measure
ν on Y which is inner regular with respect to the relatively countably compact subsets of Y .

(d) Show that if X is any compact topological space (more generally, any topological space such that Xn

is Lindelöf for every n ∈ N), then C(X), with its topology of pointwise convergence, is countably tight.

(e)(i) Let X and Y be Polish spaces, and write B1(X;Y ) for the set of functions f : X → Y such that
f−1[H] is Gδ in X for every closed set H ⊆ Y (Kuratowski 66, §31). Show that B1(X;Y ), with the topol-
ogy of pointwise convergence inherited from Y X , is angelic. (Hint : Bourgain Fremlin & Talagrand

78.) (ii) Let X be a Polish space. Show that the space C̃´
´(X) of 438P-438Q is angelic.

462Z Problem Let K be a compact Hausdorff space. Is C(K), with the topology of pointwise conver-
gence, necessarily a pre-Radon space? (Compare 454S.)

462 Notes and comments The theory of pointwise convergence in spaces of continuous functions is
intimately connected with the theory of separately continuous functions of two variables. For if X and Y
are topological spaces, and f : X × Y → R is any separately continuous function, then we have natural
maps x 7→ fx : X → C(Y ) and y 7→ fy : Y → C(X), writing fx(y) = fy(x) = f(x, y), which are continuous
if C(X) and C(Y ) are given their topologies of pointwise convergence; and if X is a topological space and
Y is any subset of C(X) with its topology of pointwise convergence, the map (x, y) 7→ y(x) : X × Y → R is
separately continuous. I include a back-and-forth shuffle between C(X) and separately continuous functions
in 462H-462K-462L as a demonstration of the principle that all the theorems here can be expressed in both
languages.

462Yb is a compendium of Šmulian’s theorem with part of Eberlein’s theorem; 462E and 462L can be
thought of as the centre of Krein’s theorem. There are many alternative routes to these results, which may
be found in Köthe 69 or Grothendieck 92. In particular, 462E can be proved without using measure
theory; see, for instance, Fremlin 74, A2F.
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Topological spaces homeomorphic to compact uniformly bounded subsets of C(X), where X is some
compact space and C(X) is given its topology of pointwise convergence, are called Eberlein compacta;
see 467O-467P.

A positive answer to A.Bellow’s problem (463Za below) would imply a positive answer to 462Z; so if the
continuum hypothesis, for instance, is true, then C(K) is pre-Radon in its topology of pointwise convergence
for any compact space K.

Version of 1.2.13

463 Tp and Tm

We are now ready to start on the central ideas of this chapter with an investigation of sets of measurable
functions which are compact for the topology of pointwise convergence. Because ‘measurability’ is, from the
point of view of this topology on RX , a rather arbitrary condition, we are looking at compact subsets of a
topologically irregular subspace of RX ; there are consequently relatively few of them, and (under a variety
of special circumstances, to be examined later in the chapter and also in Volume 5) they have some striking
special properties.

The presentation here is focused on the relationship between the two natural topologies on any space of
measurable functions, the ‘pointwise’ topology Tp and the topology Tm of convergence in measure (463A).
In this section I begin with results which apply to any σ-finite measure space (463B-463H) before turning to
some which apply to perfect measure spaces (463I-463L) – in particular, to Lebesgue measure. These lead
to some interesting properties of separately continuous functions (463M-463N).

463A Preliminaries Let (X,Σ, µ) be a measure space, and L
0 = L

0(Σ) the space of all Σ-measurable
functions from X to R, so that L

0 is a linear subspace of RX . On L
0 we shall be concerned with two

very different topologies. The first is the topology Tp of pointwise convergence (462Ab); the second is the
topology Tm of (local) convergence in measure (245A). Both are linear space topologies. PPP For Tp I have
already noted this in 462Ab. For Tm, repeat the argument of 245Da; Tm is defined by the functionals
f 7→

∫
F

min(1, |f |)dµ, where µF < ∞, and these are F-seminorms (definition: 2A5B). QQQ Tp is Hausdorff
(3A3Id) and locally convex (4A4Ce); only in exceptional circumstances is either true of Tm. However, Tm

can easily be pseudometrizable (if, for instance, µ is σ-finite, as in 245Eb), while Tp is not, except in nearly
trivial cases.

Associated with the topology of pointwise convergence on RX is the usual topology of PX (4A2A); the
map χ : PX → RX is a homeomorphism between PX and its image {0, 1}X ⊆ RX .

Tm is intimately associated with the topology of convergence in measure on L0 = L0(µ) (§245). A subset
of L0 is open for Tm iff it is of the form {f : f• ∈ G} for some open set G ⊆ L0; consequently, a subset K of
L

0 is compact, or separable, for Tm iff {f• : f ∈ K} is compact or separable for the topology of convergence
in measure on L0.

It turns out that the identity map from (L0,Tp) to (L0,Tm) is sequentially continuous (463B). Only
in nearly trivial cases is it actually continuous (463Xa(i)), and it is similarly rare for the reverse map
from (L0,Tm) to (L0,Tp) to be continuous (463Xa(ii)). If, however, we relativise both topologies to a Tp-
compact subset of L0, the situation becomes very different, and there are many important cases in which
the topologies are comparable.

463B Lemma Let (X,Σ, µ) be a measure space, and L
0 the space of Σ-measurable real-valued functions

on X. Then every pointwise convergent sequence in L
0 is convergent in measure to the same limit.

proof 245Ca.

463C Proposition (Ionescu Tulcea 73) Let (X,Σ, µ) be a measure space, and L
0 the space of Σ-

measurable real-valued functions on X. Write Tp, Tm for the topologies of pointwise convergence and

convergence in measure on L
0; for A ⊆ L

0, write T
(A)
p , T

(A)
m for the corresponding subspace topologies.

(a) If A ⊆ L
0 and T

(A)
p is metrizable, then the identity map from A to itself is (T

(A)
p ,T

(A)
m )-continuous.

c© 2001 D. H. Fremlin
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(b) Suppose that µ is semi-finite. Then, for any A ⊆ L
0, T

(A)
m is Hausdorff iff whenever f , g are distinct

members of A the set {x : f(x) 6= g(x)} is non-negligible.

(c) Suppose that K ⊆ L
0 is such that T

(K)
p is compact and metrizable. Then T

(K)
p = T

(K)
m iff T

(K)
m is

Hausdorff.
(d) Suppose that µ is σ-finite, and that K ⊆ L

0 is Tp-sequentially compact. Then T
(K)
p = T

(K)
m iff T

(K)
m

is Hausdorff, and in this case T
(K)
p is compact and metrizable.

(e) Suppose that K ⊆ L
0 is such that T

(K)
p is compact and metrizable. Then whenever ǫ > 0 and E ∈ Σ

is a non-negligible measurable set, there is a non-negligible measurable set F ⊆ E such that |f(x)−f(y)| ≤ ǫ
whenever f ∈ K and x, y ∈ F .

proof (a) All we need is to remember that sequentially continuous functions from metrizable spaces are
continuous (4A2Ld), and apply 463B.

(b) T
(A)
m is Hausdorff iff for any distinct f , g ∈ A there is a measurable set F of finite measure such that∫

F
min(1, |f − g|)dµ > 0, that is, µ{x : x ∈ F, f(x) 6= g(x)} > 0; because µ is semi-finite, this happens iff

µ{x : f(x) 6= g(x)} > 0.

(c) If T
(K)
p = T

(K)
m then of course T

(K)
m is Hausdorff, because T

(K)
p is. If T

(K)
m is Hausdorff then the

identity map (K,T
(K)
p ) → (K,T

(K)
m ) is an injective function from a compact space to a Hausdorff space and

(by (a)) is continuous, therefore a homeomorphism, so the two topologies are equal.

(d) If T
(K)
p = T

(K)
m then T

(K)
m must be Hausdorff, just as in (c). So let us suppose that T

(K)
m is Hausdorff.

Note that, by 245Eb, the topology of convergence in measure on L0 is metrizable; in terms of L0, this says

just that the topology of convergence in measure on L
0 is pseudometrizable. So T

(K)
m is Hausdorff and

pseudometrizable, therefore metrizable (4A2La).

We are told that any sequence in K has a T
(K)
p -convergent subsequence. But this subsequence is now

T
(K)
m -convergent (463B), so T

(K)
m is sequentially compact; being metrizable, it is compact (4A2Lf). Moreover,

the same is true of any T
(K)
p -closed subset of K, so every T

(K)
p -closed set is T

(K)
m -compact, therefore T

(K)
m -

closed. Thus the identity map from (K,T
(K)
m ) to (K,T

(K)
p ) is continuous. Since T

(K)
m is compact and T

(K)
p

is Hausdorff, the two topologies are equal; and, in particular, T
(K)
p is compact and metrizable.

(e) Let ρ be a metric on K inducing the topology T
(K)
p . Let D ⊆ K be a countable dense set. For each

n ∈ N, set

Gn = {x : |f(x) − g(x)| ≤ 1

3
ǫ whenever f , g ∈ D and ρ(f, g) ≤ 2−n}.

Because D is countable, Gn is measurable. Now
⋃

n∈NGn = X. PPP??? If x ∈ X \ ⋃
n∈NGn, then for each

n ∈ N we can find fn, gn ∈ D such that ρ(fn, gn) ≤ 2−n and |fn(x) − gn(x)| ≥ 1
3ǫ. Because K is compact,

there is a strictly increasing sequence 〈nk〉k∈N such that 〈fnk
〉k∈N and 〈gnk

〉k∈N are both convergent to f , g
say. Now

ρ(f, g) = limk→∞ ρ(fnk
, gnk

) = 0, |f(x) − g(x)| = limk→∞ |fnk
(x) − gnk

(x)| ≥ 1

3
ǫ,

so f = g while f(x) 6= g(x), which is impossible. XXXQQQ
There is therefore some n ∈ N such that µ(E ∩Gn) > 0. Since K, being compact, is totally bounded for

ρ, there is a finite set D′ ⊆ D such that every member of D is within a distance of 2−n of some member of
D′. Now there is a measurable set F ⊆ E ∩Gn such that µF > 0 and |g(x) − g(y)| ≤ 1

3ǫ whenever g ∈ D′

and x, y ∈ F . So |f(x)− f(y)| ≤ ǫ whenever f ∈ D and x, y ∈ F . But as D is dense in K, |f(x)− f(y)| ≤ ǫ
whenever f ∈ K and x, y ∈ F , as required.

463D Lemma Let (X,Σ, µ) be a measure space, and L
0 the space of Σ-measurable real-valued functions

on X. Write Tp for the topology of pointwise convergence on L
0. Suppose that K ⊆ L

0 is Tp-compact and
that there is no Tp-continuous surjection from any closed subset of K onto {0, 1}ω1 . If E ∈ Σ has finite
measure, then every sequence in K has a subsequence which is convergent almost everywhere in E.
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proof (a) Let 〈fn〉n∈N be a sequence in K. Set q(x) = max(1, 2 supn∈N |fn(x)|) for each x ∈ X. For any
infinite I ⊆ N, set

gI = lim infi→I fi = supn∈N infi∈I,i≥n fi,

hI = lim supi→I fi = infn∈N supi∈I,i≥n fi;

because supf∈K |f(x)| is surely finite for each x ∈ X, gI and hI are defined in L
0, and gI ≤ hI . For f ∈ L

0

set τ ′(f) =
∫
E

min(1, |f |/q), and for I ∈ [N]ω (the set of infinite subsets of N) set ∆(I) = τ ′(hI − gI).

Since hI − gI ≤ q, ∆(I) =
∫
E

(hI − gI)/q. If I, J ∈ [N]ω and J \ I is finite, then gI ≤ gJ ≤ hJ ≤ hI , so
∆(J) ≤ ∆(I), with equality only when gI = gJ a.e. on E and hI = hJ a.e. on E.

(b) There is a J ∈ [N]ω such that ∆(I) = ∆(J) for every I ∈ [J ]ω. PPP For J ∈ [N]ω, set ∆(J) = inf{∆(I) :
I ∈ [J ]ω}. Choose 〈In〉n∈N in [N]ω inductively in such a way that In+1 ⊆ In and ∆(In+1) ≤ ∆(In) + 2−n

for every n. If we now set

J = {min{i : i ∈ In, i ≥ n} : n ∈ N},

J ⊆ N will be an infinite set and J \ In is finite for every n. If I ∈ [J ]ω then, for every n,

∆(J) ≤ ∆(In+1) ≤ ∆(In) + 2−n ≤ ∆(In ∩ I) + 2−n = ∆(I) + 2−n;

as n and I are arbitrary, ∆(J) = ∆(J), as required. QQQ
Now for any I ∈ [J ]ω we have gI = gJ a.e. on E and hI = hJ a.e. on E.

(c) ∆(J) = 0. PPP??? Otherwise, F = {x : x ∈ E, gJ(x) < hJ(x)} has positive measure. Write K0 for⋂
n∈N {fi : i ∈ J, i ≥ n}, the closure being taken for Tp, so that K0 is Tp-compact. Let A be the family of

sets A ⊆ F such that whenever L, M ⊆ A are finite and disjoint there is an f ∈ K0 such that f(x) = gJ(x)
for x ∈ L and f(x) = hJ(x) for x ∈M . Then A has a maximal member A0 say. If we define φ : L0 → [0, 1]A0

by setting φ(f)(x) =
med(0,f(x)−gJ(x),hJ(x)−gJ(x))

hJ(x)−gJ(x)
for x ∈ A0 and f ∈ L

0, φ[K0] is a compact subset of

[0, 1]A0 , and whenever L, M ⊆ A0 are finite there is a g ∈ φ[K0] such that g(x) = 0 for x ∈ L and g(x) = 1
for x ∈M . This means that φ[K0]∩{0, 1}A0 is dense in {0, 1}A0 and must therefore be the whole of {0, 1}A0 .
So {0, 1}A0 is a continuous image of a closed subset of K.

Since {0, 1}ω1 is not a continuous image of a closed subset of K, it is not a continuous image of {0, 1}A0 ,
and cannot be homeomorphic to {0, 1}A for any A ⊆ A0. Thus no subset of A0 can have cardinal ω1 and
A0 is countable.

For each pair L, M of disjoint finite subsets of A0, we have a cluster point fLM of 〈fj〉j∈J such that
fLM (x) = gJ(x) for x ∈ L and fLM (x) = hJ(x) for x ∈ M . Let I(L,M) be an infinite subset of J such
that limi→∞,i∈I(L,M) fi(x) = fLM (x) for every x ∈ A0. Then gI(L,M) = gJ and hI(L,M) = hJ almost
everywhere in E. Because µF > 0 and A0 has only countably many finite subsets, there is a y ∈ F such
that gI(L,M)(y) = gJ(y) and hI(L,M)(y) = hJ(y) whenever L and M are disjoint finite subsets of A0.

What this means is that if L and M are disjoint finite subsets of A0, then there are infinite sets I ′,
I ′′ ⊆ I(L,M) such that limi→∞,i∈I′ fi(y) = gJ(y) and limi→∞,i∈I′′ fi(y) = hJ(y); so that there are f ′,
f ′′ ∈ K0 such that

f ′(x) = gJ(x) for x ∈ L ∪ {y}, f ′(x) = hJ(x) for x ∈M ,

f ′′(x) = gJ(x) for x ∈ L, f ′′(x) = hJ(x) for x ∈M ∪ {y}.

But this means that A0 ∪ {y} ∈ A, and also that y /∈ A0; and A0 was chosen to be maximal. XXXQQQ

(d) So
∫
E

(hJ − gJ)/q = 0 and gJ = hJ almost everywhere in E. But if we enumerate J in ascending
order as 〈ni〉i∈N, gJ = lim infi→∞ fni

and hJ = lim supi→∞ fni
, so 〈fni

〉i∈N converges almost everywhere in
E.

463E Proposition Let (X,Σ, µ) be a measure space, and L
0 the space of Σ-measurable real-valued

functions on X. Write Tp, Tm for the topologies of pointwise convergence and convergence in measure on
L

0. Suppose that K ⊆ L
0 is Tp-compact and that there is no Tp-continuous surjection from any closed

subset of K onto ω1+1 with its order topology. Then the identity map from (K,Tp) to (K,Tm) is continuous.
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proof (a) It is worth noting straight away that ξ 7→ χξ : ω1 + 1 → {0, 1}ω1 is a homeomorphism between
ω1 + 1 and a subspace of {0, 1}ω1 . So our hypothesis tells us that there is no continuous surjection from any
closed subset of K onto {0, 1}ω1 , and therefore none onto {0, 1}A for any uncountable A.

(b) ??? Suppose, if possible, that the identity map from (K,Tp) to (K,Tm) is not continuous at f0 ∈ K.
Then there are an E ∈ Σ, of finite measure, and an ǫ > 0 such that C = {f : f ∈ K, τE(f − f0) ≥ ǫ} meets
every Tp-neighbourhood of f , where τE(f) =

∫
E

min(1, |f |) for every f ∈ L
0, and there is an ultrafilter

F on L
0 which contains C and converges to f0 for Tp. Consider the map ψ : L

0 → L0(µE), where µE

is the subspace measure on E, defined by setting ψ(f) = (f↾E)• for f ∈ L
0. We know from 463D that

every sequence in K has a subsequence convergent almost everywhere in E, so every sequence in ψ[K]
has a subsequence which is convergent for the topology of convergence in measure on L0(µE). Since this is
metrizable, ψ[K] is relatively compact in L0(µE) (4A2Le), and the image filter ψ[[F ]] has a limit v ∈ L0(µE).
Let f1 ∈ L

0 be such that ψ(f1) = v.
For any countable set A ⊆ X there is a g ∈ C such that g↾A = f0↾A and g = f1 almost everywhere in

E. PPP If X = ∅ this is trivial, so we may, if necessary, enlarge A by one point so that it is not empty. Let
〈xn〉n∈N be a sequence running over A. Then for each n ∈ N the set

{g : g ∈ C, |g(xi) − f0(xi)| ≤ 2−n for every i ≤ n, τE(g, f1) ≤ 2−n}
belongs to F , so is not empty; take gn in this set. Let g ∈ K be any cluster point of 〈gn〉n∈N. Since 〈gn〉n∈N

converges to f1 almost everywhere in E, g = f1 a.e. on E and 〈gn〉n∈N converges to g almost everywhere
in E. Consequently τE(g − f0) = limn→∞ τE(gn − f0), by the dominated convergence theorem, and g ∈ C.
Since 〈gn(xi)〉n∈N converges to f0(xi) for every i, g↾A = f0↾A. So we have the result. QQQ

In particular, there is a g ∈ C such that g = f1 a.e. on E, so τE(f1 − f0) = τ(g − f0) ≥ ǫ and
F = {x : x ∈ E, f0(x) 6= f1(x)} has non-zero measure. Now choose 〈gξ〉ξ<ω1

in K and 〈xξ〉ξ<ω1
in F

inductively so that

gξ ∈ C, gξ = f1 almost everywhere in E, gξ(xη) = f0(xη) for η < ξ

(choosing gξ),

xξ ∈ F , gη(xξ) = f1(xξ) for η ≤ ξ

(choosing xξ). If we now set A = {xξ : ξ < ω1},

K1 =
⋂

ξ≤η<ω1
{f : f ∈ K, either f(xξ) = f0(xξ) or f(xη) = f1(xη)},

then K1 is a closed subset of K containing every gξ and also f0. But if we look at {f↾A : f ∈ K1}, this is
homeomorphic to ω1 + 1; which is supposed to be impossible. XXX

So we conclude that the identity map from (K,Tp) to (K,Tm) is continuous.

463F Corollary Let (X,Σ, µ) be a measure space, and L
0 the space of Σ-measurable real-valued functions

on X. Write Tp, Tm for the topologies of pointwise convergence and convergence in measure on L
0. Suppose

that K ⊆ L
0 is compact and countably tight for Tp. Then the identity map from (K,Tp) to (K,Tm) is

continuous. If Tm is Hausdorff on K, the two topologies coincide on K.

proof Since ω1 + 1 is not countably tight (the top point ω1 is not in the closure of any countable subset
of ω1), ω1 + 1 is not a continuous image of any closed subset of K (4A2Kb), and we can apply 463E to see
that the identity map is continuous. It follows at once that if Tm is Hausdorff on K, then the topologies
coincide.

463G Theorem (Ionescu Tulcea 74) Let (X,Σ, µ) be a σ-finite measure space, and K a convex set of
measurable functions from X to R such that (i) K is compact for the topology Tp of pointwise convergence
(ii) {x : f(x) 6= g(x)} is not negligible for any distinct f , g ∈ K. Then K is metrizable for Tp, which agrees
with the topology of convergence in measure on K.

proof (a) Let 〈fn〉n∈N be a sequence in K. Then it has a pointwise convergent subsequence. PPP Because K
is compact, we surely have supf∈K |f(x)| < ∞ for every x ∈ X. Let 〈Xk〉k∈N be a sequence of measurable
sets of finite measure covering X, and set

Yk = {x : x ∈ Xk, |fn(x)| ≤ k for every n ∈ N}
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for k ∈ N,

q =
∑∞

k=0
1

2k(1+µYk)
χYk,

so that q is a strictly positive measurable function and

‖fn × q‖2 ≤ ∑∞
k=0

k

2k
= 2

for every n.
Setting gn = fn × q, the sequence 〈g•

n〉n∈N of equivalence classes is a norm-bounded sequence in the
Hilbert space L2 = L2(µ). It therefore has a weakly convergent subsequence 〈g•

n(i)〉i∈N say (4A4Kb), with

limit v.
??? Suppose, if possible, that 〈fn(i)〉i∈N is not pointwise convergent. Then there must be some x0 ∈ X such

that lim infi→∞ fn(i)(x0) < lim supi→∞ fn(i)(x0); let α < β in R be such that I = {i : fn(i)(x0) ≤ α}, I ′ =
{i : fn(i)(x0) ≥ β} are both infinite. In this case v belongs to the weak closures of both D = {g•

n(i) : i ∈ I}
and D′ = {g•

n(i) : i ∈ I ′}. It must therefore belong to the norm closures of their convex hulls Γ(D), Γ(D′)

(4A4Ed). Accordingly we can find vn ∈ Γ(D), v′n ∈ Γ(D′) such that ‖v − vn‖2 ≤ 3−n, ‖v − v′n‖2 ≤ 3−n for
every n ∈ N.

Setting A = {fn(i) : i ∈ I}, A′ = {fn(i) : i ∈ I ′}, we see that there must be hn ∈ Γ(A), h′n ∈ Γ(A′) such
that vn = (hn × q)•, v′n = (h′n × q)• for every n ∈ N. Now if g : X → R is a measurable function such that

g• = v, and h̃ = g/q, we have

µ{x : |h̃(x) − hn(x)| ≥ 1

2nq(x)
} = µ{x : |g(x) − (hn × q)(x)| ≥ 2−n}

≤ 4n‖v − vn‖22 ≤ 2−n

for every n ∈ N, and hn → h̃ a.e. Similarly, h′n → h̃ a.e.
At this point, recall that K is supposed to be convex, so all the hn, h′n belong to K. Let F be any

non-principal ultrafilter on N. Because K is pointwise compact, h = limn→F hn and h′ = limn→F h′n are

both defined in K for the topology of pointwise convergence. For any x such that limn→∞ hn(x) = h̃(x), we

surely have h(x) = h̃(x); so h =a.e. h̃. Similarly, h′ =a.e. h̃, and h =a.e. h
′.

Now at last we apply the hypothesis that distinct members of K are not equal almost everywhere, to see
that h = h′. But if we look at what happens at the distinguished point x0 above, we see that f(x0) ≤ α
for every f ∈ A, so that f(x0) ≤ α for every f ∈ Γ(A), hn(x0) ≤ α for every n ∈ N, and h(x0) ≤ α; and
similarly h′(x0) ≥ β. So h 6= h′, which is absurd. XXX

This contradiction shows that 〈fn(i)〉i∈N is pointwise convergent, and is an appropriate subsequence. QQQ

(b) Now 463Cd tells us that K is metrizable for Tp, and that Tp agrees on K with the topology of
convergence in measure.

463H Corollary Let (X,T,Σ, µ) be a σ-finite topological measure space in which µ is strictly positive.
Suppose that

whenever h ∈ RX is such that h↾Q is continuous for every relatively countably compact Q ⊆ X,
then h is continuous.

If K ⊆ Cb(X) is a norm-bounded Tp-compact set, then it is Tp-metrizable.

proof By 462L, the Tp-closed convex hull Γ(K) of K in C(X) is Tp-compact. Because µ is strictly positive,
µ{x : f(x) 6= g(x)} > 0 whenever f and g are distinct continuous real-valued functions on X. So the result
is immediate from 463G.

463I Lemma Let (X,Σ, µ) be a perfect probability space, and 〈En〉n∈N a sequence in Σ. Suppose that
there is an ǫ > 0 such that

ǫµF ≤ lim infn→∞ µ(F ∩ En) ≤ lim supn→∞ µ(F ∩ En) ≤ (1 − ǫ)µF

for every F ∈ Σ. Then 〈En〉n∈N has a subsequence 〈Enk
〉k∈N such that µ∗A = 0 and µ∗A = 1 for any cluster

point A of 〈Enk
〉k∈N in PX; in particular, 〈Enk

〉k∈N has no measurable cluster point.
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proof (a) If we replace µ by its completion, we do not change µ∗ and µ∗ (212Ea, 413Eg), so we may suppose
that µ is already complete.

(b) Suppose that 〈En〉n∈N is actually stochastically independent, with µEn = 1
k for every n, where k ≥ 2

is an integer. In this case µ∗A = 1 for any cluster point A of 〈En〉n∈N.

PPP (i) There is a non-principal ultrafilter F on N such that A = limn→F En in PX (4A2F(a-ii)); that is,
χA(x) = limn→F χEn(x) for every x ∈ X; that is, A = {x : x ∈ X, {n : x ∈ En} ∈ F}.

(ii) We have a measurable function φ : X → Y = {0, 1}N defined by setting φ(x)(n) = (χEn)(x) for
every x ∈ X, n ∈ N. Because µ is complete and perfect and totally finite, and {0, 1}N is compact and
metrizable, the image measure ν = µφ−1 is a Radon measure (451O). For any basic open set of the form
H = {y : y(i) = ǫi for every i ≤ n}, µφ−1[H] = ν̃H, where ν̃ is the product measure corresponding to the
measure ν0 on {0, 1} for which ν0{1} = 1

k , ν0{0} = k−1
k . Since ν̃ also is a Radon measure (416U), ν̃ = ν

(415H(v)).
Set B = {y : y ∈ Y , {n : y(n) = 1} ∈ F}, so that φ−1[B] = A and B is determined by coordinates in

{n, n + 1, . . . } for every n ∈ N. By 451Pc, µ∗A = ν∗B; by the zero-one law (254Sa), ν∗B must be either 0
or 1. So µ∗A is either 0 or 1.

(iii) To see that µ∗A cannot be 0, we repeat the arguments of (ii) from the other side, as follows. Let
λ0 be the uniform probability measure on {0, 1, . . . , k − 1}, giving measure 1

k to each point; let λ be the

corresponding product measure on Z = {0, . . . , k − 1}N. Let ψ : Z → Y be defined by setting ψ(z)(n) = 1
if z(n) = 0, 0 otherwise; then ψ is inverse-measure-preserving (254G). Since λ is a Radon measure and ψ
is continuous, λψ−1 is a Radon measure on Y and must be equal to ν. Accordingly ν∗B = λ∗ψ−1[B], by
451Pc again or otherwise.

(iv) We have a measure space automorphism θ : Z → Z defined by setting θ(z)(n) = z(n) +k 1 for
every z ∈ Z, n ∈ N, where +k is addition mod k. So, writing C = ψ−1[B], λ∗C = λ∗θi[C] for every i ∈ N.
Now, for z ∈ Z,

{n : z(n) = 0} ∈ F ⇐⇒ {n : ψ(z)(n) = 1} ∈ F ⇐⇒ ψ(z) ∈ B ⇐⇒ z ∈ C.

But for any z ∈ Z, there is some i < k such that {n : z(n) = i} ∈ F , so that θk−i(z) ∈ C. Thus⋃
i<k θ

i[C] = Z and
∑k−1

i=0 λ
∗θi[C] ≥ 1 and λ∗C > 0. But this means that µ∗A = ν∗B = λ∗C is non-zero,

and µ∗A must be 1. QQQ

(c) Now return to the general case considered in (a). Note first that µ is atomless, because if µF > 0
there is some n ∈ N such that 0 < µ(F ∩ En) < µF .

Let k ≥ 2 be such that 1
k < ǫ. Then there are a strictly increasing sequence 〈m(i)〉i∈N in N and a

stochastically independent sequence 〈Fi〉i∈N in Σ such that Fi ⊆ Em(i) and µFi = 1
k for every i ∈ N. PPP

Choose 〈m(i)〉i∈N, Fi inductively, as follows. Let Σi be the (finite) algebra generated by {Fj : j < i}. Choose
m(i) such that m(i) > m(j) for any j < i and µ(F ∩ Em(i)) ≥ 1

kµF for every F ∈ Σi. List the atoms of Σi

as Gi0, . . . , Gipi
, and choose Fir ⊆ Em(i) ∩Gir such that µFir = 1

kµGir, for each r ≤ pi; 215D tells us that

this is possible. Set Fi =
⋃

r≤pi
Fir; then µ(Fi ∩ F ) = 1

kµF for every F ∈ Σi, and Fi ⊆ Em(i). Continue.

It is easy to check that µ(Fi1 ∩ . . . ∩ Fir ) = 1/kr whenever i1 < . . . < ir, so that 〈Fi〉i∈N is stochastically
independent. QQQ

If A is a cluster point of 〈Em(i)〉i∈N, then there is a non-principal ultrafilter F on N such that A =
limi→F Em(i) in PX. In this case, A ⊇ A′, where A′ = limi→F Fi. But (b) tells us that µ∗A′ must be 1, so
µ∗A = 1.

(d) Thus we have a subsequence 〈Em(i)〉i∈N of 〈En〉n∈N such that any cluster point of 〈Em(i)〉i∈N has
outer measure 1. But the same argument applies to 〈X \Em(i)〉i∈N to show that there is a strictly increasing
sequence 〈ik〉k∈N such that every cluster point of 〈X\Em(ik)〉k∈N has outer measure 1. Since complementation
is a homeomorphism of PX, µ∗(X \A) = 1, that is, µ∗A = 0, for every cluster point A of 〈Em(ik)〉k∈N. So if
we set nk = m(ik), any cluster point of 〈Enk

〉k∈N will have inner measure 0 and outer measure 1, as claimed.

463J Lemma Let (X,Σ, µ) be a perfect probability space, and 〈En〉n∈N a sequence in Σ. Then

either 〈χEn〉n∈N has a subsequence which is convergent almost everywhere
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or 〈En〉n∈N has a subsequence with no measurable cluster point in PX.

proof Consider the sequence 〈χE•

n〉n∈N in the Hilbert space L2 = L2(µ). This is a norm-bounded sequence,
so has a weakly convergent subsequence 〈χE•

ni
〉i∈N with limit v say (4A4Kb again). Express v as g• where

g : X → R is Σ-measurable.

case 1 Suppose that g(x) ∈ {0, 1} for almost every x ∈ X; set F = {x : g(x) = 1}. Then

limi→∞
∫
F
χEni

=
∫
F
g = µF , limi→∞

∫
X\F χEni

=
∫
X\F g = 0.

So, replacing 〈χEni
〉i∈N with a sub-subsequence if necessary, we may suppose that

|µF −
∫
F
χEni

| ≤ 2−i, |
∫
X\F χEni

| ≤ 2−i

for every i. But as 0 ≤ χEni
≤ 1 everywhere, we have

∫
|χF−χEni

| ≤ 2−i+1 for every i, so that χEni
→ χF

a.e., and we have a subsequence of 〈χEn〉n∈N which is convergent almost everywhere.

case 2 Suppose that {x : g(x) /∈ {0, 1}} has positive measure. Note that because
∫
F
g = limi→∞ µ(F ∩

Eni
) lies between 0 and µF for every F ∈ Σ, 0 ≤ g ≤ 1 a.e., and µ{x : 0 < g(x) < 1} > 0. There is therefore

an ǫ > 0 such that µG > 0, where G = {x : ǫ ≤ g(x) ≤ 1 − ǫ}.
Write µG for the subspace measure on G, and ΣG for its domain; set ν = (µG)−1µG, so that ν is a

probability measure. We know that µG is perfect (451Dc), so ν also is (see the definition in 451Ad). Now
if F ∈ ΣG,

limi→∞ ν(F ∩ Eni
) = (µG)−1

∫
F
g

lies between ǫµF/µG = ǫνF and (1 − ǫ)νF .
By 463I, there is a strictly increasing sequence 〈i(k)〉k∈N such that B /∈ ΣG whenever B is a cluster point

of 〈G ∩ Eni(k)
〉k∈N in PG. If A is any cluster point of 〈Eni(k)

〉k∈N in RX , then A ∩ G is a cluster point of

〈G ∩ Eni(k)
〉k∈N in PG, so cannot belong to ΣG. Thus A /∈ Σ.

So in this case we have a subsequence 〈Eni(k)
〉k∈N of 〈En〉n∈N which has no measurable cluster point.

463K Fremlin’s Alternative (Fremlin 75a) Let (X,Σ, µ) be a perfect σ-finite measure space, and
〈fn〉n∈N a sequence of real-valued measurable functions on X. Then

either 〈fn〉n∈N has a subsequence which is convergent almost everywhere

or 〈fn〉n∈N has a subsequence with no measurable cluster point in RX .

proof (a) If µX = 0 then of course 〈fn〉n∈N itself is convergent a.e., so we may suppose that µX > 0. If
there is any x ∈ X such that supn∈N |fn(x)| = ∞, then 〈fn〉n∈N has a subsequence with no cluster point in
RX , measurable or otherwise; so we may suppose that 〈fn〉n∈N is bounded at each point of X.

(b) Let λ be the c.l.d. product of µ with Lebesgue measure on R, and Λ its domain. Then λ is perfect
(451Ic) and also σ-finite (251K). There is therefore a probability measure ν on X×R with the same domain
and the same negligible sets as λ (215B(vii)), so that ν also is perfect. For any function h ∈ RX , write

Ω(h) = {(x, α) : x ∈ X, α ≤ h(x)} ⊆ X × R

(compare 252N).

(c) By 463J, applied to the measure space (X×R,Λ, ν) and the sequence 〈χΩ(fn)〉n∈N, we have a strictly
increasing sequence 〈n(i)〉i∈N such that either 〈χΩ(fn(i))〉i∈N is convergent ν-a.e. or 〈Ω(fn(i))〉i∈N has no
cluster point in Λ.

case 1 Suppose that 〈χΩ(fn(i))〉i∈N is convergent ν-a.e. Set

W = {(x, α) : limi→∞ χΩ(fn(i))(x, α) is defined}.

Then W is λ-conegligible, so W−1[{α}] = {x : (x, α) ∈ W} is µ-conegligible for almost every α (apply
252D to the complement of W ). Set D = {α : W−1[{α}] is µ-conegligible}, and let Q ⊆ D be a countable
dense set; then G =

⋂
α∈QW

−1[{α}] is µ-conegligible. But if x ∈ G, then for any α ∈ Q the set {i :

fn(i)(x) ≥ α} = {i : χΩ(fn(i))(x, α) = 1} is either finite or has finite complement in N, so 〈fn(i)(x)〉i∈N must
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be convergent in [−∞,∞]. Since 〈fn(x)〉n∈N is supposed to be bounded, 〈fn(i)(x)〉i∈N is convergent in R.
Thus in this case we have an almost-everywhere-convergent subsequence of 〈fn〉n∈N.

case 2 Suppose that 〈Ω(fn(i))〉i∈N has no cluster point in Λ. Let h be any cluster point of 〈fn(i)〉i∈N

in RX . Then there is a non-principal ultrafilter F on N such that h = limi→F fn(i) in RX . Set A =
limi→F Ω(fn(i)), so that A /∈ Λ. If x ∈ X and α ∈ R, then

α < h(x) =⇒ {i : α < fn(i)(x)} ∈ F =⇒ (x, α) ∈ A,

h(x) < α =⇒ {i : α < fn(i)(x)} /∈ F =⇒ (x, α) /∈ A.

Thus Ω′(h) ⊆ A ⊆ Ω(h), where Ω′(h) = {(x, α) : α < h(x)}.
??? If h is Σ-measurable, then

Ω′(h) =
⋃

q∈Q{x : h(x) > q} × ]−∞, q],

Ω(h) = (X × R) \⋃q∈Q{x : h(x) < q} × [q,∞[

belong to Λ, and λ(Ω(h) \ Ω′(h)) = 0 (because every vertical section of Ω(h) \ Ω′(h) is negligible). But as
Ω′(h) ⊆ A ⊆ Ω(h), A ∈ Λ (remember that product measures in this book are complete), which is impossible.
XXX

Thus h is not Σ-measurable. As h is arbitrary, 〈fn(i)〉i∈N has no measurable cluster point in RX .
So at least one of the envisaged alternatives must be true.

463L Corollary Let (X,Σ, µ) be a perfect σ-finite measure space. Write L
0 ⊆ RX for the space of

real-valued Σ-measurable functions on X.
(a) If K ⊆ L

0 is relatively countably compact for the topology Tp of pointwise convergence on L
0, then

every sequence in K has a subsequence which is convergent almost everywhere. Consequently K is relatively
compact in L

0 for the topology Tm of convergence in measure.
(b) If K ⊆ L

0 is countably compact for Tp, then it is compact for Tm.
(c) Suppose that K ⊆ L

0 is countably compact for Tp and that µ{x : f(x) 6= g(x)} > 0 for any distinct
f , g ∈ K. Then the topologies Tm and Tp agree on K, so both are compact and metrizable.

proof (a) Since every sequence in K must have a Tp-cluster point in L
0, 463K tells us that every sequence in

K has a subsequence which is convergent almost everywhere, therefore Tm-convergent. Now K is relatively
sequentially compact in the pseudometrizable space (L0,Tm), therefore relatively compact (4A2Le again).

(b) As in (a), every sequence 〈fn〉n∈N in K has a subsequence 〈gn〉n∈N which is convergent almost
everywhere. But 〈gn〉n∈N has a Tp-cluster point g in K, and now g(x) = limn→∞ gn(x) for every x for which
the limit is defined; accordingly gn → g a.e., and g is a Tm-limit of 〈gn〉n∈N in K. Thus every sequence in
K has a Tm-cluster point in K, and (because Tm is pseudometrizable) K is Tm-compact.

(c) The point is that K is sequentially compact under Tp. PPP Note that as K is countably compact,
supf∈K |f(x)| is finite for every x ∈ K. (I am passing over the trivial case K = ∅.) If 〈fn〉n∈N is a
sequence in K, then, by (a), it has a subsequence 〈gn〉n∈N which is convergent a.e. ??? If 〈gn〉n∈N is not
Tp-convergent, then there are a point x0 ∈ X and two further subsequences 〈g′n〉n∈N, 〈g′′n〉n∈N of 〈gn〉n∈N

such that limn→∞ g′n(x0), limn→∞ g′′n(x0) exist and are different. Now 〈g′n〉n∈N, 〈g′′n〉n∈N must have cluster
points g′, g′′ ∈ K with g′(x0) 6= g′′(x0).

However,

g′(x) = limn→∞ gn(x) = g′′(x)

whenever the limit is defined, which is almost everywhere; so g′ =a.e. g
′′. And this contradicts the hypothesis

that if two elements of K are equal a.e., they are identical. XXX Thus 〈gn〉n∈N is a Tp-convergent subsequence
of 〈fn〉n∈N. As 〈fn〉n∈N is arbitrary, K is Tp-sequentially compact. QQQ

Now 463Cd gives the result.

463M Proposition Let X0, . . . , Xn be countably compact topological spaces, each carrying a σ-finite
perfect strictly positive measure which measures every Baire set. Let X be their product and Ba(Xi) the
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30 Pointwise compact sets of measurable functions 463M

Baire σ-algebra of Xi for each i. Then any separately continuous function f : X → R is measurable with

respect to the σ-algebra
⊗̂

i≤nBa(Xi) generated by {∏i≤nEi : Ei ∈ Ba(Xi) for i ≤ n}.

proof For i ≤ n let µi be a σ-finite perfect strictly positive measure on Xi such that Ba(Xi) ⊆ domµi; let
µ be the product measure on X.

(a) The proof relies on the fact that

(∗) if g, g′ : X → R are distinct separately continuous functions, then µ{x : g(x) 6= g′(x)} > 0;

I seek to prove this, together with the stated result, by induction on n. The induction starts easily with
n = 0, so that X can be identified with X0, a separately continuous function on X is just a continuous
function on X0, and (∗) is true because µ = µ0 is strictly positive.

(b) For the inductive step to n + 1, given a separately continuous function f : X0 × . . . × Xn+1 → R,
set ft(y) = f(y, t) for every y ∈ Y = X0 × . . . × Xn and t ∈ Xn+1, and K = {ft : t ∈ Xn+1} Then

every ft is separately continuous, therefore
⊗̂

i≤nBa(Xi)-measurable, by the inductive hypothesis. So K

consists of
⊗̂

i≤nBa(Xi)-measurable functions. Moreover, again because f is separately continuous, the

function t 7→ ft(y) is continuous for every y, that is, t 7→ ft : Xn+1 → RY is continuous; it follows that
K is countably compact (4A2G(f-vi)). Finally, by the inductive hypothesis (∗), ν{y : ft(y) 6= ft′(y)} > 0
whenever t, t′ ∈ Xn+1 and ft 6= ft′ , where ν is the product measure on Y .

Since ν is perfect (451Ic) and
⊗̂

i≤nBa(Xi) ⊆ dom ν, we can apply 463Lc to see that K is metrizable

for the topology of pointwise convergence. Let ρ be a metric on K inducing its topology, and 〈gi〉i∈N a
sequence running over a dense subset of K. (I am passing over the trivial case K = ∅ = Xn+1.) For m,
i ∈ N set Emi = {t : ρ(ft, gi) ≤ 2−m}. Because t 7→ ft and t 7→ ρ(ft, ti) are continuous, Emi ∈ Ba(Xn+1).
Set f (m)(y, t) = gi(y) for t ∈ Emi \

⋃
j<iEmj for m, i ∈ N, y ∈ Y and t ∈ Xn+1. Then f (m) : X →

R is
⊗̂

i≤n+1Ba(Xi)-measurable because every gi is
⊗̂

i≤nBa(Xi)-measurable and every Emi belongs to

Ba(Xn+1). Also 〈f (m)〉m∈N → f at every point, because ρ(f
(m)
t , ft) ≤ 2−m for every m ∈ N and t ∈ Xn+1.

So f is
⊗̂

i≤n+1Ba(Xi)-measurable.

(c) We still have to check that (∗) is true at the new level. But if h, h′ : X → R are distinct separately
continuous functions, then there are t0 ∈ Xn+1, y0 ∈ Y such that h(y0, t0) 6= h′(y0, t0). Let G be an open
set containing t0 such that h(y0, t) 6= h′(y0, t) whenever t ∈ G. Then ν{y : h(y, t) 6= h′(y, t)} > 0 for every
t ∈ G, by the inductive hypothesis, so

µ{(y, t) : h(y, t) 6= h′(y, t)} =
∫
ν{y : h(y, t) 6= h′(y, t)}µn+1(dt) > 0

because µn+1 is strictly positive. Thus the induction continues.

463N Corollary Let X0, . . . , Xn be Hausdorff spaces with product X. Then every separately continuous
function f : X → R is universally Radon-measurable in the sense of 434Ec.

proof Let µ be a Radon measure on X and Σ its domain.

(a) Suppose first that the support C of µ is compact. For each i ≤ n, let πi : X → Xi be the coordinate
projection, and µi = µπ−1

i the image Radon measure; let Zi be the support of µi and Z =
∏

i≤n Zi. Note

that πi[C] is compact and µi-conegligible, so that Zi ⊆ πi[C] is compact, for each i. At the same time,
π−1[Zi] is µ-conegligible for each i, so that Z is µ-conegligible.

By 463M, f↾Z is
⊗̂

i≤nBa(Zi)-measurable; because Z is conegligible, f is Σ-measurable.

(b) In general, if C ⊆ X is compact, then we can apply (a) to the measure µ C (234M) to see that f↾C
is Σ-measurable. As µ is complete and locally determined and inner regular with respect to the compact
sets, f is Σ-measurable (see 412Ja).

As µ is arbitrary, f is universally Radon-measurable.

463X Basic exercises >>>(a) Let (X,Σ, µ) be a measure space, L0 the space of Σ-measurable real-valued
functions on X, Tp the topology of pointwise convergence on L

0 and Tm the topology of convergence in
measure on L

0. (i) Show that Tm ⊆ Tp iff for every measurable set E of finite measure there is a countable
set D ⊆ E such that µ∗D = µE. (ii) Show that Tp ⊆ Tm iff 0 < µ∗{x} <∞ for every x ∈ X.
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(b) Let (X,Σ, µ) be a σ-finite measure space, and K ⊆ L
0 a Tp-countably compact set. Show that the

following are equiveridical: (i) every sequence in K has a subsequence which converges almost everywhere;
(ii) K is Tm-compact; (iii) K is totally bounded for the uniformity associated with the linear space topology
Tm. Show that if moreover the topology on K induced by Tm is Hausdorff, then K is Tp-metrizable.

(c)(i) Show that there is a set of Borel measurable functions on [0, 1] which is countably tight, compact
and non-metrizable for the topology of pointwise convergence. (ii) Show that there is a strictly localizable
measure space (X,Σ, µ) with a set K of measurable functions which is countably tight, compact, Hausdorff
and non-metrizable for both the topology of pointwise convergence and the topology of convergence in
measure. (Hint : the one-point compactification of any discrete space is countably tight.)

(d) Let X be a topological space and K ⊆ C(X) a convex Tp-compact set. Show that if there is a strictly
positive σ-finite topological measure on X, then K is Tp-metrizable.

(e) Use Komlós’s theorem (276H) to shorten the proof of 463G.

(f) Let (X,Σ, µ) be any complete σ-finite measure space. Show that if A ⊆ L
0 is Tm-relatively compact,

and supf∈A |f(x)| is finite for every x ∈ X, then A is Tp-relatively countably compact in L
0.

(g) Let K be the set of non-decreasing functions from [0, 1] to {0, 1}. Show that K, with its topology of
pointwise convergence, is homeomorphic to the split interval (419L). Show that (for any Radon measure µ
on [0, 1]) the identity map from (K,Tp) to (K,Tm) is continuous.

>>>(h) Let K be the set of non-decreasing functions from ω1 to {0, 1}. Show that if µ is the countable-
cocountable measure on ω1 then K is a Tp-compact set of measurable functions and is also Tm-compact,
but the identity map from (K,Tp) to (K,Tm) is not continuous.

>>>(i) Let K be the set of functions f : [0, 1] → R such that max(‖f‖∞,Var[0,1] f) ≤ 1, where Var[0,1] f
is the variation of f (224A). Show that K is Tp-compact and that (for any Radon measure on [0, 1]) the
identity map from (K,Tp) to (K,Tm) is continuous.

>>>(j) Let A be the set of functions f : [0, 1] → [0, 1] such that
∫
|f |dµ · Var[0,1] f ≤ 1, where µ is Lebesgue

measure. Show that every member of A is measurable and that every sequence in A has a subsequence
which converges almost everywhere to a member of A, but that

∫
: A→ [0, 1] is not Tp-continuous, while A

is Tp-dense in [0, 1][0,1].

(k) Let X be a Hausdorff space and K ⊆ C(X) a Tp-compact set. Show that if there is a strictly positive
σ-finite Radon measure on X then K is Tp-metrizable.

(l) Let (X,Σ, µ) be a localizable measure space and K ⊆ L
0 a non-empty Tp-compact set. Show that

sup{f• : f ∈ K} is defined in L0(µ).

463Y Further exercises (a) Let (X,Σ, µ) be a probability space and V a Banach space. A function
φ : X → V is scalarly measurable (often called weakly measurable) if hφ : X → R is Σ-measurable for
every h ∈ V ∗. φ is Pettis integrable, with indefinite Pettis integral θ : Σ → V , if

∫
E
hφ dµ is defined

and equal to h(θE) for every E ∈ Σ and every h ∈ V ∗. (i) Show that if φ is scalarly measurable, then
K = {hφ : h ∈ V ∗, ‖h‖ ≤ 1} is a Tp-compact subset of L0. (ii) Show that if φ is scalarly measurable, then
it is Pettis integrable iff every function in K is integrable and f 7→

∫
E
f : K → R is Tp-continuous for every

E ∈ Σ. (Hint : 4A4Cg.) (iii) In particular, if φ is bounded and scalarly measurable and the identity map
from (K,Tp) to (K,Tm) is continuous, then φ is Pettis integrable. (See Talagrand 84, chap. 4.)

(b) Show that any Bochner integrable function (253Yf) is Pettis integrable.

(c) Let µ be Lebesgue measure on [0, 1], and define φ : [0, 1] → L∞(µ) by setting φ(t) = χ[0, t]• for
every t ∈ [0, 1]. (i) Show that if h ∈ L∞(µ)∗ and ‖h‖ ≤ 1, then hφ has variation at most 1. (ii) Show
that K = {hφ : h ∈ L∞(µ)∗, ‖h‖ ≤ 1} is a Tp-compact set of Lebesgue measurable functions, and that the
identity map from (K,Tp) to (K,Tm) is continuous, so that φ is Pettis integrable. (iii) Show that φ is not
Bochner integrable.
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(d) Let (X,Σ, µ) be a σ-finite measure space and suppose that µ is inner regular with respect to some
family E ⊆ Σ with cardinal at most ω1. (Subject to the continuum hypothesis, this is true for any subset
of R, for instance.) Show that if K ⊆ L

0 is Tp-compact then it is Tm-compact. (See 536C, or Talagrand

84, 9-3-3.)

(e) Assume that the continuum hypothesis is true; let 4 be a well-ordering of [0, 1] with order type
ω1 (4A1Ad). Let (Z, ν) be the Stone space of the measure algebra of Lebesgue measure on [0, 1], and
q : Z → [0, 1] the canonical inverse-measure-preserving map (416V). Let g : [0, 1] → [0,∞[ be any function.
Show that there is a function f : [0, 1] × Z → [0,∞[ such that (α) f is continuous in the second variable
(β) f(t, z) = 0 whenever q(z) 4 t (γ)

∫
f(t, z)ν(dz) = g(t) for every t ∈ [0, 1]. Show that f is universally

measurable in the first variable, but need not be Λ̃-measurable, where Λ̃ is the domain of the product Radon
measure on [0, 1] × Z. Setting fz(t) = f(t, z), show that K = {fz : z ∈ Z} is a Tp-compact set of Lebesgue

measurable functions and that g belongs to the Tp-closed convex hull of K in R[0,1].

463Z Problems (a) A.Bellow’s problem Let (X,Σ, µ) be a probability space, and K ⊆ L
0 a Tp-

compact set such that {x : f(x) 6= g(x)} is non-negligible for any distinct functions f , g ∈ K, as in 463G
and 463Lc. Does it follow that K is metrizable for Tp?

A positive answer would displace several of the arguments of this section, and have other consequences (see
462Z, for instance). It is known that under any of a variety of special axioms (starting with the continuum
hypothesis) there is indeed a positive answer; see §536 in Volume 5, or Talagrand 84, chap. 12.

(b) Let X ⊆ [0, 1] be a set of outer Lebesgue measure 1, and µ the subspace measure on X, with Σ its
domain. Let K be a Tp-compact subset of L0. Must K be Tm-compact?

(c) Let X0, . . . , Xn be compact Hausdorff spaces and f : X0 × . . . × Xn → R a separately continuous
function. Must f be universally measurable?

463 Notes and comments The relationship between the topologies Tp and Tm is complex, and I do
not think that the results here are complete; in particular, we have a remarkable outstanding problem in
463Za. Much of the work presented here has been stimulated by problems concerning the integration of
vector-valued functions. I am keeping this theory firmly in the ‘further exercises’ (463Ya-463Yc), but it
is certainly the most important source of examples of pointwise compact sets of measurable functions. In
particular, since the set {hφ : h ∈ V ∗, ‖h‖ ≤ 1} is necessarily convex whenever V is a Banach space and
φ : X → V is a function, we are led to look at the special properties of convex sets, as in 463G. There are
obvious connexions with the theory of measures on linear topological spaces, which I will come to in §466.

The dichotomy in 463K shows that sets of measurable functions on perfect measure spaces are either
‘good’ (relatively countably compact for Tp, relatively compact for Tm) or ‘bad’ (with neither property). It
is known that the result is not true for arbitrary σ-finite measure spaces (see §464 below), but it is not clear
whether there are important non-perfect spaces in which it still applies in some form; see 463Zb.

Just as in §462, many questions concerning the topology Tp on RX can be re-phrased as questions about
real-valued functions on products X × K which are continuous in the second variable. For the topology
of pointwise convergence on sets of measurable functions, we find ourselves looking at functions which are
measurable in the first variable. In this way we are led to such results as 463M-463N and 463Ye. Concerning
463M and 463Zc, it is the case that if X and Y are any compact Hausdorff spaces, and f : X × Y → R is
separately continuous, then f is Borel measurable (Burke & Pol 05, 5.2).

A substantial proportion of the questions which arise naturally in this topic are known to be undecidable
without using special axioms. I am avoiding such questions in this volume, but it is worth noting that the
continuum hypothesis, in particular, has many striking consequences here, of which 463Ye is a sample. It
also decides 463Za and 463Zb (see 463Yd).

Measure Theory



464B Talagrand’s measure 33

Version of 25.5.13

464 Talagrand’s measure

An obvious question arising from 463I and its corollaries is, do we really need the hypothesis that the
measure involved is perfect? A very remarkable construction by M.Talagrand (464D) shows that these
results are certainly not true of all probability spaces (464E). Investigating the properties of this measure
we are led to some surprising facts about additive functionals on algebras PI and the duals of ℓ∞ spaces
(464M, 464R).

464A The usual measure on PI Recall from 254J and 416U that for any set I we have a standard
measure ν, a Radon measure for the usual topology on PI, defined by saying that ν{a : a ⊆ I, a∩J = c} =
2−#(J) whenever J ⊆ I is a finite set and c ⊆ J , or by copying from the usual product measure on {0, 1}I by
means of the bijection a 7→ χa : PI → {0, 1}I . We shall need a couple of simple facts about these measures.

(a) If 〈Ij〉j∈J is any partition of I, then ν can be identified with the product of the family 〈νj〉j∈J , where
νj is the usual measure on PIj , and we identify PI with

∏
j∈J PIj by matching a ⊆ I with 〈a∩ Ij〉j∈J ; this

is the ‘associative law’ 254N. It follows that if we have any family 〈Aj〉j∈J of subsets of PI, and if for each
j the set Aj is ‘determined by coordinates in Ij ’ in the sense that, for a ⊆ I, a ∈ Aj iff a ∩ Ij ∈ Aj , then
ν∗(

⋂
j∈J Aj) =

∏
j∈J ν

∗Aj (use 254Lb).

(b) Similarly, if f1, f2 are non-negative real-valued functions on PI, and if there are disjoint sets I1,

I2 ⊆ I such that fj(a) = fj(a ∩ Ij) for every a ⊆ I and both j, then the upper integral
∫
f1 + f2 dν is∫

f1dν +
∫
f2dν. PPP We may suppose that I2 = I \ I1. For each j, define gj : PIj → [0,∞[ by setting

gj = fj↾PIj , so that fj(a) = gj(a∩ Ij) for every a ⊆ I. Let νj be the usual measure on PIj , so that we can
identify ν with the product measure ν1 × ν2, if we identify PI with PI1 ×PI2; that is, we think of a subset
of I as a pair (a1, a2) where aj ⊆ Ij for both j.

Now we have

∫
f1 + f2 dν =

∫
g1 dν1 +

∫
g2 dν2

(253K)

=

∫
g1 dν1 ·

∫
χ(PI2)dν2 +

∫
χ(PI1)dν1 ·

∫
g2 dν2

=

∫
f1 dν +

∫
f2 dν

by 253J, because we can think of f1(a1, a2) as g1(a1) · (χPI2)(a2) for all a1, a2. QQQ

(c) If A ⊆ PI is such that b ∈ A whenever a ∈ A, b ⊆ I and a△b is finite, then ν∗A must be either 0 or
1; this is the zero-one law 254Sa, applied to the set {χa : a ∈ A} ⊆ {0, 1}I and the usual measure on {0, 1}I .

464B Lemma Let I be any set, and ν the usual measure on PI.
(a)(i) There is a sequence 〈m(n)〉n∈N in N such that

∏∞
n=0 1 − 2−m(n) = 1

2 .

(ii) Given such a sequence, write X for
∏

n∈N(PI)m(n), and let λ be the product measure on X. We
have a function φ : X → PI defined by setting

φ(〈〈ani〉i<m(n)〉n∈N) =
⋃

n∈N

⋂
i<m(n) ani

whenever 〈〈ani〉i<m(n)〉n∈N ∈ X. Now φ is inverse-measure-preserving for λ and ν.
(b) The map

(a, b, c) 7→ (a ∩ b) ∪ (a ∩ c) ∪ (b ∩ c) : (PI)3 → PI

c© 1999 D. H. Fremlin
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is inverse-measure-preserving for the product measure on (PI)3.

proof (a)(i) Choose m(n) inductively so that, for each n in turn, m(n) is minimal subject to the requirement∏n
k=0 1 − 2−m(k) > 1

2 .

(ii) If t ∈ I, then

{x : x ∈ X, t /∈ φ(x)} = {〈〈ani〉i<m(n)〉n∈N : t /∈ ⋃
n∈N

⋂
i<m(n) ani}

has measure
∏∞

n=0 λn{〈ai〉i<m(n) : t /∈ ⋂
i<m(n) ai},

where λn is the product measure on (PI)m(n) for each n. But this is just

∏∞
n=0 1 − 2−m(n) =

1

2
,

by the choice of 〈m(n)〉n∈N. Accordingly λ{x : t ∈ φ(x)} = 1
2 for every t ∈ I. Next, if we identify X

with P({(t, n, i) : t ∈ I, n ∈ N, i < m(n)}), each set Et = {x : t ∈ φ(x)} is determined by coordinates in
Jt = {(t, n, i) : n ∈ N, i < m(n)}. Since the sets Jt are disjoint, the sets Et, for different t, are stochastically
independent (464Aa), so if J ⊆ I is finite,

λ{x : J ⊆ φ(x)} =
∏

t∈J λEt = 2−#(J) = ν{a : J ⊆ a}.

This shows that λφ−1[F ] = νF whenever F is of the form {a : J ⊆ a} for some finite J ⊆ I. By the
Monotone Class Theorem (136C), λφ−1[F ] = νF for every F belonging to the σ-algebra generated by sets
of this form. But this σ-algebra certainly contains all sets of the form {a : a ∩ J = c} where J ⊆ I is finite
and c ⊆ J , which are the sets corresponding to the basic cylinder sets in the product {0, 1}I . By 254G, φ
is inverse-measure-preserving.

(b) This uses the same idea as (a-ii). Writing ν3 for the product measure on (PI)3, then, for any t ∈ I,

ν3{(a, b,c) : t ∈ (a ∩ b) ∪ (a ∩ c) ∪ (b ∩ c)}
= ν3{(a, b, c) : t ∈ a ∩ b} + ν3{(a, b, c) : t ∈ a ∩ c}

+ ν3{(a, b, c) : t ∈ b ∩ c} − 2ν3{(a, b, c) : t ∈ a ∩ b ∩ c}

= 3 · 1
4
− 2 · 1

8
=

1

2
.

Once again, these sets are independent for different t, and this is all we need to know in order to be sure
that the map is inverse-measure-preserving.

464C Lemma Let I be any set, and let ν be the usual measure on PI.
(a) (see Sierpiński 1945) If F ⊆ PI is any filter containing every cofinite set, then ν∗F = 0 and ν∗F is

either 0 or 1. If F is a non-principal ultrafilter then ν∗F = 1.
(b) (Talagrand 807) If 〈Fn〉n∈N is a sequence of filters on I, all of outer measure 1, then

⋂
n∈N Fn also

has outer measure 1.

proof (a) That ν∗F ∈ {0, 1} is immediate from 464Ac. If F is an ultrafilter, then PI = F ∪{I \a : a ∈ F};
but as a 7→ I \ a is a measure space automorphism of (PI, ν), ν∗{I \ a : a ∈ F} = ν∗F , and both must be
at least 1

2 , so ν∗F = 1. Equally, ν∗(PI \ F) = ν∗{I \ a : a ∈ F} = 1, so ν∗F = 0. Returning to a general
filter containing every cofinite set, this is included in a non-principal ultrafilter, so also has inner measure 0.

(b) Let 〈m(n)〉n∈N be a sequence in N such that
∏∞

n=0 1 − 2−m(n) = 1
2 , and let X, λ and φ : X → PI

be as in 464Ba. Consider the set D =
∏

n∈N Fm(n)
n as a subset of X. By 254Lb, λ∗D = 1. If we set

F =
⋂

n∈N Fn, then we see that whenever x = 〈〈ani〉i<m(n)〉n∈N belongs to D,

φ(x) ⊇ ⋂
i<m(n) ani ∈ Fn

7The date of this paper is misleading, as there was an unusual backlog in the journal; in reality it preceded Fremlin &

Talagrand 79.
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for every n, so that φ(x) ∈ F . Thus D ⊆ φ−1[F ] and

ν∗F ≥ λ∗φ−1[F ] ≥ λ∗D = 1

because φ is inverse-measure-preserving (413Eh).
As 〈Fn〉n∈N is arbitrary, we have the result.

464D Construction (Talagrand 80) Let I be any set, and ν the usual Radon measure on PI, with
T its domain. Let Σ be the set

{E : E ⊆ PI, there are a set F ∈ T and a filter F on I

such that ν∗F = 1 and E ∩ F = F ∩ F}.
Then there is a unique extension of ν to a complete probability measure µ, with domain Σ, defined by saying
that µE = νF whenever E ∈ Σ, F ∈ T and there is a filter F on I such that ν∗F = 1 and E ∩ F = F ∩ F .
(By 464C, we can apply 417A with

A = {PI \ F : F is a filter on I such that ν∗F = 1}.)

Definition This measure µ is Talagrand’s measure on PI.

464E Example If µ is Talagrand’s measure on X = PN, and Σ its domain, then there is a set K ⊆
RX , consisting of Σ-measurable functions and separable and compact for the topology Tp of pointwise
convergence, such that K is not compact for the topology of convergence in measure, that is, there is a
sequence in K with no subsequence which is convergent almost everywhere, even though every cluster point
is Σ-measurable.

proof Take K to be {χF : F is an ultrafilter on N}. Then K is Tp-compact (in fact, is precisely the
set of Boolean homomorphisms from PN to {0, 1}, identified with the Stone space of PN in 311E). As
such, it is separable, the countable set of principal ultrafilters being dense. By 464Ca, we see that any
non-principal ultrafilter F on N belongs to Σ, and µF = 1. On the other hand, all the principal ultrafilters
Fn = {a : n ∈ a ⊆ N} are measured by ν and therefore by µ, and form a stochastically independent
sequence of sets of measure 1

2 . So K consists of Σ-measurable functions; but the sequence 〈χFn〉n∈N has
no subsequence which is convergent almost everywhere, and K is not relatively compact for the topology of
convergence in measure.

Remark In this example, a very large number of members of K are equal almost everywhere; indeed, all
non-principal ultrafilters are equal a.e., and if we look at {f• : f ∈ K} in L0(µ), it is a countable discrete
set. Given that K is a set of measurable functions homeomorphic to βN, something like this has to happen
(see 536D8 in Volume 5). Looking at this from a different angle, if we wish to extend the usual measure ν
on PN to measure every ultrafilter, there will have to be two distinct ultrafilters F1, F2 such that F1△F2

is negligible for the extended measure.

464F The L-space ℓ∞(I)∗ For the next step, we shall need to recall some facts from Volume 3. Let I
be any set.

(a) The space ℓ∞(I) of bounded real-valued functions on I is an M -space (354Ha), so its dual ℓ∞(I)∼ =
ℓ∞(I)∗ is an L-space (356N), that is, a Banach lattice such that ‖f + g‖ = ‖f‖+ ‖g‖ for all non-negative f ,
g ∈ ℓ∞(I)∗. Since ℓ∞(I) can be identified with the space L∞(PI) as described in §363 (see 363Ha), we can
identify ℓ∞(I)∗ with the L-space M of bounded finitely additive functionals on PI (363K), matching any
f ∈ ℓ∞(I)∗ with the functional a 7→ f(χa) : PI → R in M .

(b) In §§361-363 I examined some of the bands in M . The most significant ones for our present purposes
are the band Mτ of completely additive functionals (362Bb) and its complement M⊥

τ (352P); because M is
Dedekind complete, we have M = Mτ ⊕M⊥

τ (353J9). In fact Mτ is just the set of those θ ∈ M such that

8Formerly 536C.
9Formerly 353I.
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θa =
∑

t∈a θ{t} for every a ⊆ I, while M⊥
τ is the set of those θ ∈ M such that θ{t} = 0 for every t ∈ I. PPP

For any θ ∈M , we can set αt = θ{t} for each t ∈ I; in this case,

|∑t∈J αt| = |θJ | ≤ ‖θ‖
for every finite set J ⊆ I, so

∑
t∈I |αt| is finite, and we have a functional θ1 defined by setting θ1a =

∑
t∈a αt

for every a ⊆ I. It is easy to check that θ1 ∈Mτ . If we write θ2 = θ− θ1 then θ2{t} = 0 for every t ∈ I. So
if φ ∈ Mτ and 0 ≤ φ ≤ |θ2|, we still have φ{t} = 0 for every t ∈ I, and φa = 0 for every finite a ⊆ I and
φ = 0; thus θ2 ∈ M⊥

τ . Now θ ∈ Mτ iff θ2 = 0, that is, iff θ = θ1 and θa =
∑

t∈a θ{t} for every a ⊆ I; while

θ ∈M⊥
τ iff θ1 = 0, that is, θ{t} = 0 for every t ∈ I. QQQ

Observe that if θ ∈M⊥
τ and a, b ⊆ I are such that a△b is finite, then θa = θb, because θ(a\b) = θ(b\a) =

0.

(c) It will be useful to have an elementary fact out in the open. If θ ∈M+\{0}, then {a : a ⊆ I, θa = θI}
is a filter; this is because {a : θa = 0} is a proper ideal in PI.

464G We also need a new result not exactly covered by those in Chapters 35 and 36.

Lemma Let A be any Boolean algebra. Write M for the L-space of bounded additive functionals on A, and
M+ for its positive cone, the set of non-negative additive functionals. Suppose that ∆ : M+ → [0,∞[ is a
functional such that

(α) ∆ is non-decreasing,

(β) ∆(αθ) = α∆(θ) whenever θ ∈M+, α ≥ 0,

(γ) ∆(θ1 + θ2) = ∆(θ1) + ∆(θ2) whenever θ1, θ2 ∈ M+ are such that, for some e ⊆ I,
θ1(1 \ e) = θ2e = 0,

(δ) |∆(θ1) − ∆(θ2)| ≤ ‖θ1 − θ2‖ for all θ1, θ2 ∈M+.

Then there is a non-negative h ∈M∗ extending ∆.

proof (a) If θ1, θ2 ∈M+ are such that θ1 ∧ θ2 = 0 in M+, then ∆(θ1 + θ2) = ∆(θ1) + ∆(θ2). PPP Let ǫ > 0.
Then there is an e ∈ A such that θ1(1 \ e)+θ2e ≤ ǫ (362Ba). Set θ′1a = θ1(a ∩ e), θ′2(a) = θ2(a \ e) for a ∈ A;
then θ′1 and θ′2 belong to M+ and θ′1(1 \ e) = θ′2e = 0, so ∆(θ′1 + θ′2) = ∆(θ′1) + ∆(θ′2), by hypothesis (γ).
On the other hand,

0 ≤ θ1a− θ′1a = θ(a \ e) ≤ θ(1 \ e) ≤ ǫ

for every a ∈ A, so ‖θ1 − θ′1‖ ≤ ǫ. Similarly, ‖θ2 − θ′2‖ ≤ ǫ and ‖(θ1 + θ2) − (θ′1 − θ′2)‖ ≤ 2ǫ. But this means
that we can use the hypothesis (δ) to see that

|∆(θ1 + θ2) − ∆(θ1) − ∆(θ2)| ≤ |∆(θ′1 + θ′2) − ∆(θ′1) − ∆(θ′2)| + 4ǫ = 4ǫ.

As ǫ is arbitrary, ∆(θ1 + θ2) = ∆(θ1) + ∆(θ2). QQQ

(b) Now recall that M , being a Dedekind complete Riesz space, can be identified with an order-dense
solid linear subspace of L0(C) for some Boolean algebra C (368H). Inside L0(C) we have the order-dense
Riesz subspace S(C) (364Ja). Write S1 for M ∩ S(C), so that S1 is an order-dense Riesz subspace of M
(352Nc, 353A).

If θ1, θ2 ∈ S+
1 = S1 ∩M+, then ∆(θ1 + θ2) = ∆(θ1) + ∆(θ2). PPP We can express θ1 as

∑m
i=0 αiχci, where

c0, . . . , cm are disjoint members of C, and αi ≥ 0 for each i (361Ec); adding a term 0 · χ(1 \ supi≤m ci)

if necessary, we may suppose that supi≤m ci = 1. Similarly, we can express θ2 as
∑n

j=0 βjχdj where

d0, . . . , dn ∈ C are disjoint, βj ≥ 0 for every j and supj≤n dj = 1. In this case, θ1 =
∑

i≤m,j≤n αiχ(ci ∩ dj)
and θ2 =

∑
i≤m,j≤n βjχ(ci ∩ dj). Re-enumerating {ci ∩ dj : i ≤ m, j ≤ n} as 〈ei : i ≤ k} we have expressions

of θ1, θ2 in the form
∑

i≤k γiχei,
∑

i≤k δiχei, while e0, . . . , ek are disjoint.

Setting θ
(r)
1 =

∑r
i=0 γiχei for r ≤ k, we see that θ

(r)
1 ∧ γr+1χer+1 = 0 for r < k, so (a) above, together

with the hypothesis (β), tell us that

∆(θ
(r+1)
1 ) = ∆(θ

(r)
1 ) + ∆(γr+1χer+1) = ∆(θ

(r)
1 ) + γr+1∆(χer+1)

for r < k. Accordingly ∆(θ1) =
∑k

i=0 γi∆(χei). Similarly, ∆(θ2) =
∑k

i=0 δi∆(χei) and
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∆(θ1 + θ2) =
∑k

i=0(γi + δi)∆(χei) = ∆(θ1) + ∆(θ2),

as claimed. QQQ

(c) Consequently, ∆(θ1+θ2) = ∆(θ1)+∆(θ2) for all θ1, θ2 ∈M+. PPP Let ǫ > 0. Because S1 is order-dense
in M , and the norm of M is order-continuous (354N), S1 is norm-dense (354Ef), and there are θ′1, θ′2 ∈ S+

1

such that ‖θj − θ′j‖ ≤ ǫ for both j (354Be). But now, just as in (a),

|∆(θ1 + θ2) − ∆(θ1) − ∆(θ2)| ≤ |∆(θ′1 + θ′2) − ∆(θ′1) − ∆(θ′2)| + 4ǫ = 4ǫ.

As ǫ is arbitrary, we have the result. QQQ

(d) Now (c) and the hypothesis (β) are sufficient to ensure that ∆ has an extension to a positive linear
functional (355D).

464H The next lemma contains the key ideas needed for the rest of the section.

Lemma Let I be any set, and M the L-space of bounded additive functionals on PI; let ν be the usual
measure on PI. For θ ∈M+, set

∆(θ) =
∫
θ dν.

(a) For every θ ∈M+, 1
2θI ≤ ∆(θ) ≤ θI.

(b) There is a non-negative h ∈M∗ such that h(θ) = ∆(θ) for every θ ∈M+.
(c) If θ ∈ (M⊥

τ )+, where Mτ ⊆ M is the band of completely additive functionals, then θ ≤ ∆(θ) ν-a.e.,
and ν∗{a : α ≤ θa ≤ ∆(θ)} = 1 for every α < ∆(θ).

(d) Suppose that θ ∈ (M⊥
τ )+ and β, γ ∈ [0, 1] are such that θI = 1 and βθ′I ≤ ∆(θ′) ≤ γθ′I whenever

θ′ ≤ θ in M+. Then, for any α < β,
(i) for any finite set K ⊆ PI, the set

{a : a ⊆ I, αθb ≤ θ(a ∩ b) ≤ γθb for every b ∈ K}
has outer measure 1 in PI;

(ii) if α ≥ 1
2 , the set

R = {(a, b, c) : a, b, c ⊆ I, θ((a ∩ b) ∪ (a ∩ c) ∪ (b ∩ c)) ≥ 2α2 + (1 − 2α)γ2}
has outer measure 1 in (PI)3;

(iii) if α ≥ 1
2 , then 2α2 + (1 − 2α)γ2 ≤ γ.

(e) Any θ ∈M+ can be expressed as θ1 + θ2 where ∆(θ1) = 1
2θ1I and ∆(θ2) = θ2I.

(f) Suppose that 0 ≤ θ′ ≤ θ in M .
(i) If ∆(θ) = 1

2θI, then ∆(θ′) = 1
2θ

′I.
(ii) If ∆(θ) = θI, then ∆(θ′) = θ′I.

proof (a) Of course

∆(θ) ≤
∫
θI dν = θI.

On the other hand, because a 7→ I \ a : PI → PI is an automorphism of the measure space (PI, ν),∫
f(I \ a)ν(da) =

∫
f(a)ν(da) for any real-valued function f (cf. 235Xn). In particular,

∆(θ) =
∫
θ(a)ν(da) =

∫
θ(I \ a)ν(da).

So

2∆(θ) =

∫
θ(a)ν(da) +

∫
θ(I \ a)ν(da) ≥

∫
θ(a) + θ(I \ a)ν(da)

(133J(b-ii))

=

∫
θI ν(da) = θI,

and ∆(θ) ≥ 1
2θI.
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(b) I use 464G with A = PI. Examine the conditions (α)-(δ) there.

(ααα) Of course ∆ is non-decreasing (133Jc).

(βββ) ∆(αθ) = α∆(θ) for every θ ∈M+ and every α ≥ 0, by 133J(b-iii).

(γγγ) If θ1, θ2 ∈ M+ then ∆(θ1 + θ2) ≤ ∆(θ1) + ∆(θ2) by 133J(b-ii), as in (a) above. If θ1, θ2 ∈ M+

and e ⊆ I are such that θ1(I \ e) = θ2e = 0, then θ1a = θ1(a ∩ e), θ2(a) = θ2(a \ e) for every a ⊆ I. So
∆(θ1 + θ2) = ∆(θ1) + ∆(θ2) by 464Ab.

(δδδ) For every a ⊆ I, θ2a ≤ θ1a + ‖θ2 − θ1‖, so ∆(θ2) ≤ ∆(θ1) + ‖θ2 − θ1‖. Similarly, ∆(θ1) ≤
∆(θ2) + ‖θ1 − θ2‖. So |∆(θ1) − ∆(θ2)| ≤ ‖θ1 − θ2‖, and ∆ satisfies condition (δ) of 464G.

(ǫǫǫ) Accordingly 464G tells us that ∆ has an extension to a member of M∗.

(c) If θ ∈ M⊥
τ , then θa = θb whenever a△b is finite (464Fb), so all the sets {a : θa > α} have outer

measure either 0 or 1, by 464Ac. But this means that if f is a measurable function and θ ≤a.e. f and∫
f = ∆(θ), as in 133J(a-i), {a : f(a) ≤ ∆(θ)} has positive measure and meets A = {a : θa > ∆(θ)} in a

negligible set; so A cannot have full outer measure and is negligible.
On the other hand, if α < ∆(θ), then θ cannot be dominated a.e. by αχ(PI), so {a : θa > α} is not

negligible and has outer measure 1. Consequently ν∗{a : α < θa ≤ ∆(θ)} = 1.

(d)(i) The point is just that for any b ⊆ I, the functional θb, defined by saying that θb(a) = θ(a ∩ b)
for every a ⊆ I, belongs to M+ and is dominated by θ, so that βθbI ≤ ∆(θb) ≤ γθbI, and {a : αθbI ≤
θba ≤ γθbI} has outer measure 1, by (c). (If αθbI = ∆(θb), this is because θbI = 0, and the result is trivial;
otherwise, αθbI < ∆(θb) ≤ γθbI.) But this just says that, for any b ⊆ I,

{a : αθb ≤ θ(a ∩ b) ≤ γθb}
has outer measure 1.

Now, given any finite set K ⊆ PI, let B be the subalgebra of PI generated by K, and b0, . . . , bn the
atoms of B. Then all the sets

Ai = {a : αθbi ≤ θ(a ∩ bi) ≤ γθbi}
have outer measure 1; because each Ai is determined by coordinates in bi, and b0, . . . , bn are disjoint,
A =

⋂
i≤nAi still has outer measure 1, by 464Aa. But if a ∈ A and b ∈ K, then b =

⋃
i∈J bi for some

J ⊆ {0, . . . , n} and

αθb =
∑

i∈J

αθbi ≤
∑

i∈J

θ(a ∩ bi)

= θ(a ∩ b) ≤
∑

i∈J

γθbi = γθb.

So {a : αθb ≤ θ(a ∩ b) ≤ γθb for every b ∈ K} includes A and has outer measure 1.

(ii) ??? Suppose, if possible, otherwise; then ν3∗(PI \R) > 0, where ν3 is the product measure on (PI)3,
and there is a measurable set W ⊆ (PI)3\R such that ν3W > 0. For a ⊆ I, set Wa = {(b, c) : (a, b, c) ∈W};
then ν3W =

∫
ν2Waν(da), where ν2 is the product measure on (PI)2, by Fubini’s theorem (252D). Set

E = {a : ν2Wa is defined and not zero}; then νE > 0. Since {a : α ≤ θa ≤ γ} has outer measure 1, there is
an a ∈ E such that α ≤ θa ≤ γ.

For b ⊆ I, set Wab = {c : (b, c) ∈ Wa} = {c : (a, b, c) ∈ W}. Then 0 < ν2Wa =
∫
νWabν(db), so

F = {b : νWab is defined and not 0} has non-zero measure. But also, by (i),

{b : θb ≥ α, θ(a ∩ b) ≤ γθa}
has outer measure 1, so we can find a b ∈ F such that θb ≥ α and θ(a ∩ b) ≤ γθa.

By (i) again,

{c : θ(c ∩ (a△b)) ≥ αθ(a△b)}
has outer measure 1, so meets Wab; accordingly we have a c ⊆ I such that (a, b, c) ∈W while θ(c∩ (a△b)) ≥
αθ(a△b).

Measure Theory



464H Talagrand’s measure 39

Now calculate, for this triple (a, b, c),

θ((a ∩ b) ∪ (a ∩ c) ∪ (b ∩ c)) = θ(a ∩ b) + θ(c ∩ (a△b)) ≥ θ(a ∩ b) + αθ(a△b)
(by the choice of c)

= α(θa+ θb) + (1 − 2α)θ(a ∩ b)
≥ α(θa+ α) + (1 − 2α)γθa

(by the choice of b, recalling that 1 − 2α ≤ 0)

≥ 2α2 + (1 − 2α)γ2

by the choice of a. But this means that (a, b, c) ∈W ∩R, which is supposed to be impossible. XXX

(iii) Now recall that the map (a, b, c) 7→ (a∩ b)∪ (a∩ c)∪ (b∩ c) is inverse-measure-preserving (464Bb).
Since θa ≤ ∆(θ) ≤ γ for ν-almost every a, we must have θ((a∩ b)∪ (a∩ c)∪ (b∩ c)) ≤ γ for ν3-almost every
(a, b, c). But as R is not negligible, there must be some (a, b, c) ∈ R such that θ((a∩b)∪ (a∩c)∪ (b∩c)) ≤ γ,
and 2α2 + (1 − 2α)γ2 ≤ γ.

(e)(i) M∗, being the dual of an L-space, is an M -space (356Pb), so can be represented as C(Z) for
some compact Hausdorff space Z (354L). The functional h of (b) above therefore corresponds to a function
w ∈ C(Z). Any θ ∈ M+ acts on M∗ as a positive linear functional, so corresponds to a Radon measure
µθ on Z (436J/436K); we have ∆(θ) = h(θ) =

∫
w dµθ. The inequalities 1

2θI ≤ ∆(θ) ≤ θI become
1
2µθZ ≤

∫
w dµθ ≤ µθZ, because the constant function χZ corresponds to the standard order unit of M∗

(356Pb again), so that

µθZ =
∫
χZ dµθ = ‖θ‖ = θI

for every θ ≥ 0. Since 0 ≤ h(θ) ≤ ‖θ‖ for every θ ≥ 0, ‖w‖∞ = ‖h‖ ≤ 1 and 0 ≤ w ≤ χZ.

(ii) Now suppose that β < γ and that G = {z : z ∈ Z, β < w(z) < γ} is non-empty. In this case there
is a non-zero θ0 ∈M+ such that βθ′I ≤ ∆(θ′) ≤ γθ′I whenever 0 ≤ θ′ ≤ θ0.

PPP(ααα) We have a solid linear subspace V = {v : v ∈ C(Z), v(z) = 0 for every z ∈ G} of C(Z). Consider
U = {θ : θ ∈ M, (θ|v) = 0 for every v ∈ V }, where I write ( | ) for the duality between M and C(Z)
corresponding to the identification of C(Z) with M∗.

(βββ) If θ ∈ U ∩M+, then βθI ≤ ∆(θ) ≤ γθI. To see this, observe that
∫
v dµθ = (θ|v) = 0 for every

v ∈ V , so

µθ(Z \G) = sup{µθK : K ⊆ Z \G is compact}

= sup{
∫
v dµθ : v ∈ C(Z), 0 ≤ v ≤ χ(Z \G)}

(because whenever K ⊆ Z \G is compact there is a v ∈ C(Z) such that χK ≤ v ≤ χ(Z \G), by 4A2F(h-ii))

= 0.

Because w is continuous, β ≤ w(z) ≤ γ for every z ∈ G; thus β ≤ w ≤ γ µθ-a.e. and
∫
w dµθ must belong

to [βµθZ, γµθZ] = [βθI, γθI].

(γγγ) The dual M∗ = M× of M is perfect (356Lb), and C(Z) is perfect; moreover, M is perfect
(356Pa), so the duality ( | ) identifies M with C(Z)×. Now V ⊥, taken in C(Z), contains any continuous
function zero on Z \ G, so is not {0}; since V ⊥, like C(Z), must be perfect (356La), (V ⊥)× is non-trivial.
Take any ψ > 0 in (V ⊥)×. Being perfect, C(Z) is Dedekind complete (356K), so there is a band projection
P : C(Z) → V ⊥ (353J again). Now ψP is a positive element of C(Z)× which is zero on V , and must
correspond to a non-zero element θ0 of U ∩M+.

(δδδ) If 0 ≤ θ′ ≤ θ0 in M , then, for any v ∈ V ,

|(θ′|v)| ≤ (θ′||v|) ≤ (θ0||v|) = 0,
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because |v| ∈ V . So θ′ ∈ U and βθ′I ≤ ∆(θ′) ≤ γθ′I, by (β). Thus θ0 has the required property. QQQ

(iii) It follows at once that w(z) ≥ 1
2 for every z ∈ Z. PPP??? If w(z0) < 1

2 , then we can apply (ii) with

β = −1, γ ∈
]
w(z0), 12

[
to see that there is a non-zero θ ∈ M+ such that ∆(θ) ≤ γθI < 1

2θI, which is
impossible, by (a). XXXQQQ

(iv) But we find also that w(z) /∈
]
1
2 , 1

[
for any z ∈ Z. PPP??? If w(z0) = δ ∈

]
1
2 , 1

[
, then 2δ2+(1−2δ)δ2 >

δ (because δ(2δ − 1)(1 − δ) > 0). We can therefore find α, β and γ such that 1
2 ≤ α < β < δ < γ and

2α2 + (1 − 2α)γ2 > γ. But now {z : β < w(z) < γ} is non-empty, so by (ii) there is a non-zero θ ∈ M+

such that βθ′I ≤ ∆(θ′) ≤ γθ′I whenever 0 ≤ θ′ ≤ θ. Multiplying θ by a suitable scalar if necessary, we can
arrange that θI should be 1. But this is impossible, by (d-iii). XXXQQQ

(v) Thus w takes only the values 1
2 and 1; let H1 and H2 be the corresponding open-and-closed subsets

of Z.
Take θ ∈ M+. For u ∈ C(Z), set φ(u) =

∫
u dµθ and φj(u) =

∫
Hj
u dµθ for each j. Then each φj is a

positive linear functional on C(Z) and φj ≤ φ. But φ is the image of θ under the canonical isomorphism
from M to C(Z)× ∼= M××, and C(Z)× is solid in C(Z)∼ (356B), so both φ1 and φ2 belong to the image of
M , and correspond to θ1, θ2 ∈M . For any u ∈ C(Z) ∼= M∗,

(θ1 + θ2|u) = φ1(u) + φ2(u) = (θ|u),

so θ = θ1 + θ2. We have

∆(θj) = φj(w) =

∫

Hj

w dµθ

=
1

2
µθ(H1) =

1

2
θ1I if j = 1,

= µθ(H2) = θ2I if j = 2.

So we have a suitable decomposition θ = θ1 + θ2.

(f) This is easy. Set θ′′ = θ − θ′; then

1
2θ

′I ≤ ∆(θ′) ≤ θ′I,

1
2θ

′′I ≤ ∆(θ′′) ≤ θ′′I

by (a), while ∆(θ′) + ∆(θ′′) = ∆(θ) by (b), and of course θ′I + θ′′I = θI. But this means that

∆(θ′) − 1
2θ

′I ≤ ∆(θ) − 1
2θI, θ′I − ∆(θ′) ≤ θI − ∆(θ),

and the results follow.

464I Measurable and purely non-measurable functionals As before, let I be any set, ν the usual
measure on PI, T its domain, and M the L-space of bounded additive functionals on PI. Following Fremlin

& Talagrand 79, I say that θ ∈ M is measurable if it is T-measurable when regarded as a real-valued
function on PI, and purely non-measurable if {a : a ⊆ I, |θ|(a) = |θ|(I)} has outer measure 1. (Of
course the zero functional is both measurable and purely non-measurable.)

464J Examples Before going farther, I had better offer some examples of measurable and purely non-
measurable functionals. Let I, ν and M be as in 464I.

(a) Any θ ∈ Mτ is measurable, where Mτ is the space of completely additive functionals on PI. PPP By
464Fb, θ can be expressed as a sum of point masses; say θa =

∑
t∈a αt for some family 〈αt〉t∈I in R. Since∑

t∈I |αt| must be finite, {t : αt 6= 0} is countable, and we can express θ as the limit of a sequence of finite

sums
∑

t∈K αtt̂, where t̂(a) = 1 if t ∈ a, 0 otherwise. But of course every t̂ is a measurable function, so∑
t∈K αtt̂ is measurable for every finite set K, and θ is measurable. QQQ

(b) For a less elementary measurable functional, consider the following construction. Let 〈tn〉n∈N be any

sequence of distinct points in I. Then limn→∞
1

n
#({i : i < n, ti ∈ a}) =

1

2
for ν-almost every a ⊆ I. PPP Set
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fn(a) = 1 if tn ∈ a, 0 otherwise. Then 〈fn〉n∈N is an independent sequence of random variables. By any

of the versions of the Strong Law of Large Numbers in §273 (273D, 273H, 273I), limn→∞
1

n

∑n−1
i=0 fi =

1

2

a.e., which is what was claimed. QQQ So if we take any non-principal ultrafilter F on N, and set θa =

limn→F
1

n
#({i : i < n, ti ∈ a}) for a ⊆ I, θ will be constant ν-almost everywhere, and measurable; and it is

easy to check that θ is additive. Note that θ{t} = 0 for every t, so θ ∈M⊥
τ , by 464Fb.

(c) If F is any non-principal ultrafilter on I, and we set θa = 1 for a ∈ F , 0 otherwise, then θ is an
additive functional which is purely non-measurable, by 464Ca.

For further remarks on where to look for measurable and purely non-measurable functionals, see 464P-
464Q below.

464K The space Mm: Lemma Let I be any set, ν the usual measure on PI, and M the L-space
of bounded additive functionals on PI. Write Mm for the set of measurable θ ∈ M , Mτ for the space of

completely additive functionals on PI and ∆(θ) =
∫
θ dν for θ ∈M+, as in 464H.

(a) If θ ∈Mm ∩M⊥
τ and b ⊆ I, then θ(a ∩ b) = 1

2θb for ν-almost every a ⊆ I.
(b) |θ| ∈Mm for every θ ∈Mm.
(c) A functional θ ∈M+ is measurable iff ∆(θ) = 1

2θI.
(d) Mm is a solid linear subspace of M .

proof (a)(i) θ = 1
2θI ν-a.e. PPP For any α ∈ R, Aα = {a : θa < α} is measurable; but also a′ ∈ A whenever

a ∈ A and a△a′ is finite, by 464Fb, so νA must be either 1 or 0, by 464Ac. Setting δ = sup{α : νAα = 0},
we see that νAδ = 0, νAδ+2−n = 1 for every n ∈ N, so that θ = δ a.e. Also, because a 7→ I \ a is a measure
space automorphism, θ(I \ a) = δ for almost every a, so there is some a such that θa = θ(I \ a) = δ, and
δ = 1

2θI. QQQ

(ii) θ(a ∩ b) = 1
2θb for almost every a. PPP We know that θa = 1

2θI for almost every a. But a 7→ a△b :

PI → PI is inverse-measure-preserving, so θ(a△b) = 1
2θI for almost every a. This means that θa = θ(a△b)

for almost every a, and

θ(a ∩ b) =
1

2
(θb+ θa− θ(a△b)) =

1

2
θb

for almost every a. QQQ

(b)(i) If θ ∈Mm ∩M⊥
τ , then θ+, taken in M , is measurable. PPP For any n ∈ N we can find bn ⊆ I such

that θ−bn + θ+(I \ bn) ≤ 2−n, so that

|θ+a− θ(a ∩ bn)| = |θ+a− θ+(a ∩ bn) + θ−(a ∩ bn)| ≤ θ+(I \ bn) + θ−bn ≤ 2−n

for every a ⊆ I. But as a 7→ θ(a∩ bn) is constant a.e. for every n, by (a), so is θ+, and θ+ is measurable. QQQ
Consequently |θ| = 2θ+ − θ is measurable.

(ii) Now take an arbitrary θ ∈Mm. Because M is Dedekind complete (354N, 354Ee), M = Mτ +M⊥
τ

(J once more), and we can express θ as θ1 + θ2 where θ1 ∈ Mτ and θ2 ∈ M⊥
τ ; moreover, |θ| = |θ1| + |θ2|

(352Fb). Now θ1 is measurable, by 464Ja, so θ2 = θ − θ1 is measurable; as θ2 ∈M⊥
τ , (i) tells us that |θ2| is

measurable. On the other hand, |θ1| belongs to Mτ and is measurable, so |θ| = |θ1| + |θ2| is measurable.
Thus (b) is true.

(c) Let f be a ν-integrable function such that θ ≤a.e. f and
∫
fdν = ∆(θ). Then

θI − f(a) ≤ θI − θa = θ(I \ a)

for almost every a, so

θI − ∆(θ) =
∫
θI − f(a)ν(da) ≤

∫
θ(I \ a)ν(da) =

∫
θ(a)ν(da)

because a 7→ I \ a is a measure space automorphism, as in the proof of 464Ha. So if ∆(θ) = 1
2θI then∫

θ dν =
∫
θ dν and θ is ν-integrable (133Jd), therefore (because ν is complete) (dom ν)-measurable. On the

other hand, if θ is measurable, then
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∆(θ) =
∫
θ dν =

∫
θ(I \ a)ν(da) = θI −

∫
θ dν = θI − ∆(θ),

so surely ∆(θ) = 1
2θI.

(d) Of course Mm is a linear subspace. If θ0 ∈ Mm and |θ| ≤ |θ0|, then |θ0| ∈ Mm, by (b), so ∆(|θ0|) =
1
2 |θ0|(I), by (c). Because θ+ ≤ |θ| ≤ |θ0|, ∆(θ+) = 1

2θ
+I (464H(f-i)), and θ+ is measurable, by (c) in the

reverse direction. Similarly, θ− is measurable, and θ = θ+ − θ− is measurable. As θ and θ0 are arbitrary,
Mm is solid.

464L The space Mpnm: Lemma Let I be any set, ν the usual measure on PI, and M the L-space of
bounded additive functionals on PI. This time, write Mpnm for the set of those members of M which are
purely non-measurable in the sense of 464I.

(a) If θ ∈M+, then θ is purely non-measurable iff ∆(θ) = θI.
(b) Mpnm is a solid linear subspace of M .

proof (a)(i) If θ is purely non-measurable, and f ≥ θ is integrable, then {a : f(a) ≥ θI} is a measurable
set including {a : θa = θI}, so has measure 1, and

∫
f ≥ θI; as f is arbitrary, ∆(θ) = θI.

(ii) If ∆(θ) = θI, then ∆(θ′) = θ′I whenever 0 ≤ θ′ ≤ θ, by 464Hf. But this means that θ′ cannot be
measurable whenever 0 < θ′ ≤ θ, by 464Kc above, so that θ′ /∈ Mτ whenever 0 < θ′ ≤ θ, by 464Ja. Thus
θ ∈M⊥

τ .
By 464Hc, ν∗{a : α ≤ θa ≤ ∆(θ)} = 1 for every α < ∆(θ). Let 〈m(n)〉n∈N be a sequence in N such that∏∞
n=0 1 − 2−m(n) = 1

2 , and define X, λ and φ as in 464Ba. Set ηn = 2−n/m(n) > 0 for each n. Consider

the sets An = {a : θa ≥ (1 − ηn)θI} for each n ∈ N. Then ν∗An = 1 for each n, and λ∗(
∏

n∈NA
m(n)
n ) = 1.

Because φ is inverse-measure-preserving, ν∗(φ[
∏

n∈NA
m(n)
n ]) = 1 (413Eh again). But if x = 〈〈ani〉i<m(n)〉n∈N

belongs to
∏

n∈NA
m(n)
n , then

θ(
⋂

i<m(n) ani) ≥ θI −m(n)ηnθI = (1 − 2−n)θI

for each n, and

θ(φ(x)) ≥ supn∈N θ(
⋂

i<m(n) ani) = θI.

Thus the filter {a : θa = θI} includes φ[
∏

n∈NA
m(n)
n ] and has outer measure 1, so that θ is purely non-

measurable.

(b)(i) If θ ∈ Mpnm and |θ′| ≤ |θ|, then ∆(|θ|) = |θ|(I), by the definition in 464I, so ∆(|θ′|) = |θ′|(I), by
464H(f-ii), and θ′ ∈Mpnm, by (a) above. Thus Mpnm is solid.

(ii) If θ1, θ2 ∈Mpnm, then

∆(|θ1| + |θ2|) = ∆(|θ1|) + ∆(|θ2|) = |θ1|(I) + |θ2|(I) = (|θ1| + |θ2|)(I)

(using 464Hb), and |θ1|+ |θ2| ∈Mpnm; as |θ1 + θ2| ≤ |θ1|+ |θ2|, θ1 + θ2 ∈Mpnm. Thus Mpnm is closed under
addition.

(iii) It follows from (ii) that if θ ∈ Mpnm then nθ ∈ Mpnm for every integer n ≥ 1, and then from
(i) that αθ ∈ Mpnm for every α ∈ R; so that Mpnm is closed under scalar multiplication, and is a linear
subspace.

464M Theorem (Fremlin & Talagrand 79) Let I be any set. Write M for the L-space of bounded
finitely additive functionals on PI, and Mm, Mpnm for the spaces of measurable and purely non-measurable
functionals, as in 464K-464L. Then Mm and Mpnm are complementary bands in M .

proof (a) We know from 464K and 464L that these are both solid linear subspaces ofM . Next, Mm∩Mpnm =
{0}. PPP If θ belongs to the intersection, then ∆(|θ|) = 1

2 |θ|(I) = |θ|(I), by 464Kc and 464La; so θ = 0. QQQ

(b) Now recall that every element of M+ is expressible in the form θ1+θ2 where θ1 ∈M+
m and θ2 ∈M+

pnm;
this is 464He, using 464Kc and 464La again. Because Mm and Mpnm are linear subspaces, with intersection
{0}, M = Mm ⊕ Mpnm. Now Mpnm ⊆ M⊥

m , so Mm + M⊥
m = M and Mm = M⊥⊥

m is a complemented
band (352Ra); similarly, Mpnm is a complemented band. Since (Mm + Mpnm)⊥ = {0}, Mm and Mpnm are
complementary bands (see 352S).
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464N Corollary (Fremlin & Talagrand 79) Let I be any set, and let µ be Talagrand’s measure on
PI; write Σ for its domain. Then every bounded additive functional on PI is Σ-measurable.

proof Defining M , Mm and Mpnm as in 464K-464M, we see that every functional in Mm is Σ-measurable
because it is (by definition) (dom ν)-measurable, where ν is the usual measure on PI. If θ ∈ M+

pnm, then
F = {a : θa = θI} is a non-measurable filter; but this means that µF = 1, by the construction of µ, so that
θ = θI µ-a.e. So if θ is any member of Mpnm, both θ+ and θ− are Σ-measurable, and θ = θ+ − θ− also is.

464O Remark Note that we have a very simple description of the behaviour of additive functionals as
seen by the measure µ. Since Mτ ⊆Mm, we have a three-part band decomposition M = Mτ ⊕(Mm∩M⊥

τ )⊕
Mpnm.

(i) Functionals in Mτ are T-measurable, where T is the domain of ν, therefore Σ-measurable, just because
they can be built up from the functionals a 7→ χa(t), as in 464Fb.

(ii) A functional in Mm is T-measurable, by definition; but a functional θ in Mm ∩M⊥
τ is actually con-

stant, with value 1
2θI, ν-almost everywhere, by 464Ka. Thus the almost-constant nature of the functionals

described in 464Jb is typical of measurable functionals in M⊥
τ .

(iii) Finally, a functional θ ∈Mpnm is equal to θI µ-almost everywhere; once again, this follows from the
definition of ‘purely non-measurable’ and the construction of µ for θ ≥ 0, and from the fact that Mpnm is
solid for other θ.

(iv) Thus we see that any θ ∈M⊥
τ = (Mm ∩M⊥

τ ) ⊕Mpnm is constant µ-a.e. We also have
∫
θ dµ = ∆(θ)

for every θ ≥ 0 (look at θ ∈Mm and θ ∈Mpnm separately, using 464La for the latter), so that if h ∈M∗ is
the linear functional of 464Hb, then

∫
θ dµ = h(θ) for every θ ∈M .

464P More on purely non-measurable functionals (a) We can discuss non-negative additive func-
tionals on PI in terms of the Stone-Čech compactification βI of I, as follows. For any set A ⊆ βI set
HA = {a : a ⊆ I, A ⊆ â}, where â ⊆ βI is the open-and-closed set corresponding to a ⊆ I. If A 6= ∅, HA is
a filter on I. Write A for the family of those sets A ⊆ βI such that ν∗HA = 1, where ν is the usual measure
on PI. Then A is a σ-ideal. PPP Of course A ∈ A whenever A ⊆ B ∈ A, since then HA ⊇ HB . If 〈An〉n∈N

is a sequence in A with union A, then ν∗(
⋂

n∈NHAn
) = 1, by 464C; but HA ⊇ ⋂

n∈NHAn
. QQQ Note that

if A ∈ A then A ∈ A, because HA = HA. We see also that {z} ∈ A for every z ∈ βI \ I (since H{z} is a

non-principal ultrafilter, as in 464Jc), while {t} /∈ A for any t ∈ I (since H{t} = {a : t ∈ a} has measure 1
2 ).

Because βI can be identified with the Stone space of PI (4A2I(b-i)), we have a one-to-one correspondence
between non-negative additive functionals θ on PI and Radon measures µθ on βI, defined by writing
µθ(â) = θa whenever a ⊆ I and θ ∈M+ (416Qb). (This is not the same as the measure µθ of part (e) of the
proof of 464H, which is on a much larger space.) Now suppose that θ is a non-negative additive functional
on PI. Then Fθ = {a : θa = θI} is either PI or a filter on I. If we set Fθ =

⋂{â : a ∈ Fθ}, then Fθ = HFθ

(4A2I(b-iii)). Since a ∈ Fθ iff θa = θI,

Fθ =
⋂

{â : a ∈ Fθ} =
⋂

{â : θa = θI}

=
⋂

{â : µθâ = µθ(βI)} = βI \
⋃

{â : µθâ = 0}.

But this is just the support of µθ (411N), because {â : a ⊆ I} is a base for the topology of βI.
Thus we see that θ ∈M+ is purely non-measurable iff the support Fθ of the measure µθ belongs to A. If

you like, θ is purely non-measurable iff the support of µθ is ‘small’.

(b) Yet another corollary of 464C is the following. Since M is a set of real-valued functions on PI,
it has the corresponding topology Tp of pointwise convergence as a subspace of RPI . Now if C ⊆ Mpnm

is countable, its Tp-closure C is included in Mpnm. PPP It is enough to consider the case in which C is
non-empty and 0 /∈ C. For each θ ∈ C, F|θ| = {a : |θ|(a) = |θ|(I)} is a filter with outer measure 1, so

F = {a : |θ|(a) = |θ|(I) for every θ ∈ C} also has outer measure 1, by 464Cb. Now suppose that θ0 ∈ C. If
a ∈ F , then |θ|(I \ a) = 0 for every θ ∈ C, that is, θb = 0 whenever θ ∈ C and b ⊆ I \ a (362Ba). But this
means that θ0b = 0 whenever b ⊆ I \ a, so |θ0|(I \ a) = 0 and |θ0|(a) = |θ0|(I). Thus F|θ0| includes F , so
has outer measure 1, and θ0 also is purely non-measurable. QQQ
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(c) If θ ∈M is such that θa = 0 for every countable set a ⊆ I, then θ ∈Mpnm. PPP ν is inner regular with
respect to the family W of sets which are determined by coordinates in countable subsets of I, by 254Ob.
But if W ∈ W and νW > 0, let J ⊆ I be a countable set such that W is determined by coordinates in
J ; then |θ|(J) = 0, so if a is any member of W we shall have a ∪ (I \ J) ∈ W ∩ F|θ|. As W is arbitrary,
ν∗F|θ| = 1 and θ is purely non-measurable. QQQ

In particular, if θ ∈ Mσ ∩M⊥
τ , where Mσ is the space of countably additive functionals on PI (362B),

then θ ∈ Mpnm. (For ‘ordinary’ sets I, Mσ = Mτ ; see 438Xa. But this observation is peripheral to the
concerns of the present section.)

In the language of (a) above, we have a closed set in βI, being F = βI \ ⋃{â : a ∈ [I]≤ω}; and if θ is
such that the support of µθ is included in F , then θ is purely non-measurable.

464Q More on measurable functionals (a) We know that Mm is a band in M , and that it includes
the band Mτ . So it is natural to look at the band Mm ∩M⊥

τ .

(b) If θ is any non-zero non-negative functional in Mm ∩M⊥
τ , we can find a family 〈aξ〉ξ<ω1

in PI which

is independent in the sense that θ(
⋂

ξ∈K aξ) = 2−#(K)θI for every non-empty finite K ⊆ I. PPP Choose the
aξ inductively, observing that at the inductive step we have to satisfy only countably many conditions of
the form θ(aξ ∩ b) = 1

2θb, where b runs over the subalgebra generated by {aη : η < ξ}, and that each such
condition is satisfied ν-a.e., by 464Ka; so that ν-almost any a will serve for aξ. QQQ

In terms of the associated measure µθ on βI, this means that µθ has Maharam type at least ω1 (use
331Ja). If θI = 1, so that µθ is a probability measure, then 〈(âξ)•〉ξ<ω1

is an uncountable stochastically
independent family in the measure algebra of µθ (325Xf),

Turning this round, we see that if λ is a Radon measure on βI, of countable Maharam type, and λI = 0,
then the corresponding functional on PI is purely non-measurable.

[For a stronger result in this direction, see 521T in Volume 5.]

(c) Another striking property of measurable additive functionals is the following. If θ ∈ Mm ∩ M⊥
τ ,

and n ∈ N, then θ(a0 ∩ a1 ∩ . . . ∩ an) = 2−n−1θI for νn+1-almost every a0, . . . , an ⊆ I, where νn+1 is the
product measure on (PI)n+1. PPP For K ⊆ {0, . . . , n} write ψK(a0, . . . , an) = I ∩⋂

i∈K ai \
⋃

i≤n,i/∈K ai for

a0, . . . , an ⊆ I; for S ⊆ P{0, . . . , n} write φS(x) =
⋃

K∈S ψK(x) for x ∈ (PI)n+1. Then, for any t ∈ I,

νn+1{x : t ∈ φS(x)} =
∑

K∈S ν
n+1{x : t ∈ φK(x)} = 2−n−1#(S).

Moreover, for different t, these sets are independent. So if #(S) = 2n, that is, if S is just half of P{0, . . . , n},
then φS will be inverse-measure-preserving, by the arguments in 464B. (In fact 464Bb is the special case
n = 2, S = {K : #(K) ≥ 2}.)

Accordingly we shall have θ(φS(x)) = 1
2θI for νn+1-almost every x whenever S ⊆ P{0, . . . , n} has 2n

members, as in 464Ka. Since there are only finitely many sets S, the set E is νn+1-conegligible, where

E = {x : x ∈ (PI)n+1, θ(φS(x)) =
1

2
θI whenever S ⊆ P{0, . . . , n} and #(S) = 2n}.

But given x = (a0, . . . , an) ∈ E, let K1, . . . ,K2n+1 be a listing of P{0, . . . , n} in such an order that
θ(ψKi

(x)) ≤ θ(ψKj
(x)) whenever i ≤ j, and consider S = {K1, . . . ,K2n}; since

∑2n

i=1 θ(ψKi
(x)) = θ(φS(x)) =

1

2
θI =

1

2

∑2n+1

i=0 θ(ψKi
(x)),

we must have θ(ψKi
(x)) = 2−n−1θI for every i. In particular, θ(ψ{0,... ,n}(x)) = 2−n−1θI, that is, θ(

⋂
i≤n ai) =

2−n−1θI. As this is true whenever a0, . . . , an ∈ E, we have the result. QQQ

464R A note on ℓ∞(I) As already noted in 464F, we have, for any set I, a natural additive map χ : PI →
ℓ∞(I) ∼= L∞(PI), giving rise to an isomorphism between the L-space M of bounded additive functionals on
PI and ℓ∞(I)∗. If we write µ̃ for the image measure µχ−1 on ℓ∞(I), where µ is Talagrand’s measure on PI,

and Σ̃ for the domain of µ̃, then every member of ℓ∞(I)∗ is Σ̃-measurable, by 464N. Thus Σ̃ includes the
cylindrical σ-algebra of ℓ∞(I) (4A3U). We also have a band decomposition ℓ∞(I)∗ = ℓ∞(I)∗m ⊕ ℓ∞(I)∗pnm
corresponding to the decomposition M = Mm ⊕Mpnm (464M).
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In this context, Mτ corresponds to ℓ∞(I)× (363K, as before). Since we can identify ℓ∞(I) with ℓ1(I)∗ =
ℓ1(I)× (243Xl), and ℓ1(I), like any L-space, is perfect, ℓ∞(I)× is the canonical image of ℓ1(I) in ℓ∞(I)∗.
Because any functional in M⊥

τ is µ-almost constant (464O), any functional in (ℓ∞(I)×)⊥ will be µ̃-almost
constant.

464X Basic exercises (a) Let I be any set and λ a Radon measure on βI. Show that if the support of
λ is a separable subset of βI \I, then the corresponding additive functional on PI is purely non-measurable.

(b) Let I be any set, and µ̃ the image of Talagrand’s measure on ℓ∞(I), as in 464R. Show that µ̃ has a
barycenter in ℓ∞(I) iff I is finite.

464Y Further exercises (a) Show that there is a sequence 〈Fn〉n∈N of distinct non-principal ultrafilters
on N with the following property: if we define h(a) = {n : a ∈ Fn} for a ⊆ N, then {h(a) : a ⊆ N} is negligible
for the usual measure on PN.

(b) Let µ be Talagrand’s measure on PN, and λ the corresponding product measure on X = PN× PN.
Define Φ : X → ℓ∞ by setting Φ(a, b) = χa− χb for all a, b ⊆ N. Show that Φ is Pettis integrable (463Ya)
with indefinite Pettis integral Θ defined by setting (ΘE)(n) =

∫
E
fndλ, where fn(a, b) = χa(n) − χb(n).

Show that K = {hΦ : h ∈ ℓ∞∗, ‖h‖ ≤ 1} contains every fn, and in particular is not Tm-compact, so the
identity map from (K,Tp) to (K,Tm) is not continuous.

(c) Let I be any set. Write ccc0(I) for the closed linear subspace of ℓ∞(I) consisting of those x ∈ RI such
that {t : t ∈ I, |x(t)| ≥ ǫ} is finite for every ǫ > 0; that is, C0(I) if I is given its discrete topology (436I).
Show that, in 464R, M⊥

τ can be identified as Banach lattice with (ℓ∞(I)/ccc0(I))∗.

(d)(i) Let θ : PN → R be an additive functional which is T-measurable in the sense of 464I. Show that
{θ{n} : n ∈ N} is bounded. (ii) Let θ : PN → R be an additive functional which is universally measurable
for the usual topology of PN. Show that θ is bounded. (iii) Let A be a Dedekind σ-complete Boolean algebra
and θ : A → R an additive functional which is universally measurable for the order-sequential topology on
A (definition: 393L). Show that θ is bounded and θ+ is universally measurable.

(e) Show that there is a T-measurable finitely additive functional θ : PN → R which is not bounded.

464Z Problem Let I be an infinite set, and µ̃ the image on ℓ∞(I) of Talagrand’s measure (464R). Is µ̃
a topological measure for the weak topology of ℓ∞(I)?

464 Notes and comments The central idea of this section appears in 464B: the algebraic structure of
PI leads to a variety of inverse-measure-preserving functions φ from powers (PI)K to PI. The simplest
of these is the measure space automorphism a 7→ I \ a, as used in the proofs of 464Ca, 464Ha, 464Ka and
464Kc. Then we have the map (a, b, c) 7→ (a ∩ b) ∪ (a ∩ c) ∪ (b ∩ c), as in 464Bb, and the generalization of
this in the argument of 464Qc; and, most important of all, the map 〈〈ani〉i<m(n)〉n∈N 7→ ⋃

n∈N

⋂
i<m(n) ani

of 464Ba. In each case we can use probabilistic intuitions to guide us to appropriate formulae, since the
events t ∈ φ(x) are always independent, so if they have probability 1

2 for every t ∈ I, the function φ will be
inverse-measure-preserving. Of course this depends on the analysis of product measures in §254. It means
also that we must use the ‘ordinary’ product measure defined there; but happily this coincides with the
‘Radon’ product measure of §417 (416U).

Talagrand devised his measure when seeking an example of a pointwise compact set of measurable func-
tions which is not compact for the topology of convergence in measure, as in 464E. The remarkable fact
that it is already, in effect, a measure on the cylindrical σ-algebra of ℓ∞ (464R) became apparent later, and
requires a much more detailed analysis. An alternative argument not explicitly involving the Riesz space
structure of the space M of bounded additive functionals may be found in Fremlin & Talagrand 79.
The proof I give here depends on the surprising fact that, for non-negative additive functionals, the upper

integral
∫
dν is additive (464Hb), even though the functionals may be very far from being measurable. Once

we know this, we can apply the theory of Banach lattices to investigate the corresponding linear functional
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on the L-space M . There is a further key step in 464Hd. We there have a non-negative θ ∈ M⊥
τ such that

θI = 1 and βθ′I ≤
∫
θ′dν ≤ γθ′I whenever 0 ≤ θ′ ≤ θ. It is easy to deduce that {a : αθb ≤ θ(a ∩ b) ≤ γθb for

every b ∈ K} has outer measure 1 for every finite K ⊆ PI and α < β. If α and γ are very close, this means
that there will be many families (a, b, c) in PI which, as measured by θ, look like independent sets of measure
γ, so that θ((a∩b)∪ (a∩c)∪ (b∩c)) ≏ 3γ2−2γ3. But since we must also have θ((a∩b)∪ (a∩c)∪ (b∩c)) ≤ γ
almost everywhere, we can get information about the possible values of γ.

Once having noted this remarkable dichotomy between ‘measurable’ and ‘purely non-measurable’ func-
tionals, it is natural to look for other ways in which they differ. The position seems to be that ‘simple’ Radon
measures on βI \ I (e.g., all measures with separable support (464Xa) or countable Maharam type (464Qb))
have to correspond to purely non-measurable functionals. Of course the simplest possible measures on βI
are those concentrated on I, which give rise to functionals which belong to Mτ and are therefore measurable;
it is functionals in Mm ∩M⊥

τ which have to give rise to ‘complicated’ Radon measures.
The fact that every element of M⊥

τ is almost constant for Talagrand’s measure leads to an interesting
Pettis integrable function (464Yb). The suggestion that Talagrand’s measure on ℓ∞ might be a topological
measure for the weak topology (464Z) is a bold one, but no more outrageous than the suggestion that it
might measure every continuous linear functional once seemed. Talagrand’s measure does of course measure
every Baire set for the weak topology (4A3V). I note here that the usual measure on {0, 1}I , when transferred
to ℓ∞(I), is actually a Radon measure for the weak* topology Ts(ℓ

∞, ℓ1), because on {0, 1}I this is just the
ordinary topology.

Version of 22.3.16

465 Stable sets

The structure of general pointwise compact sets of measurable functions is complex and elusive. One
particular class of such sets, however, is relatively easy to describe, and has a variety of remarkable properties,
some of them relevant to important questions arising in the theory of empirical measures. In this section I
outline the theory of ‘stable’ sets of measurable functions from Talagrand 84 and Talagrand 87.

The first steps are straightforward enough. The definition of stable set (465B) is not obvious, but given
this the basic properties of stable sets listed in 465C are natural and easy to check, and we come quickly to
the fact that (for complete locally determined spaces) pointwise bounded stable sets are relatively pointwise
compact sets of measurable functions (465D). A less transparent, but still fairly elementary, argument leads
to the next reason for looking at stable sets: the topology of pointwise convergence on a stable set is finer
than the topology of convergence in measure (465G).

At this point we come to a remarkable fact: a uniformly bounded set A of functions on a complete
probability space is stable if and only if certain laws of large numbers apply ‘nearly uniformly’ on A. These
laws are expressed in conditions (ii), (iv) and (v) of 465M. For singleton sets A, they can be thought of as
versions of the strong law of large numbers described in §273. To get the full strength of 465M a further
idea in this direction needs to be added, described in 465H here.

The theory of stable sets applies in the first place to sets of true functions. There is however a corre-
sponding notion applicable in function spaces, which I explore briefly in 465O-465R. Finally, I mention the
idea of ‘R-stable’ set (465S-465U), obtained by using τ -additive product measures instead of c.l.d. product
measures in the definition.

465A Notation Throughout this section, I will use the following notation.

(a) If X is a set and Σ a σ-algebra of subsets of X, I will write L
0(Σ) for the space of Σ-measurable

functions from X to R, as in §463; L∞(Σ) will be the space of bounded functions in L
0(Σ).

(b) I will identify N with the set of finite ordinals, so that each n ∈ N is the set of its predecessors, and
a power Xn becomes identified with the set of functions from {0, . . . , n− 1} to X.

(c) If (X,Σ, µ) is any measure space, then for finite sets I (in particular, if I = k ∈ N) I write µI for
the c.l.d. product measure on XI , as defined in 251W. (For definiteness, let us take µ0 to be the unique
probability measure on X0 = {∅}.) If (X,Σ, µ) is a probability space, then for any set I µI is to be the
product probability measure on XI , as defined in §254.
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(d) We shall have occasion to look at free powers of algebras of sets. If X is a set and Σ is an algebra of
subsets of X, then for any set I write

⊗
I Σ for the algebra of subsets of XI generated by sets of the form

{w : w(i) ∈ E} where i ∈ I and E ∈ Σ, and
⊗̂

IΣ for the σ-algebra generated by
⊗

I Σ.

(e) Now for a new idea, which will be used in almost every paragraph of the section. If X is a set,
A ⊆ RX a set of real-valued functions defined on X, E ⊆ X, α < β in R and k ≥ 1, write

Dk(A,E, α, β) =
⋃

f∈A

{w : w ∈ E2k, f(w(2i)) ≤ α,

f(w(2i+ 1)) ≥ β for i < k}.

(f) In this context it will be useful to have a special notation. If X is a set, k ≥ 1, u ∈ Xk and v ∈ Xk,
then I will write u#v = (u(0), v(0), u(1), v(1), . . . , u(k − 1), v(k − 1)) ∈ X2k. Note that if (X,Σ, µ) is a
measure space then (u, v) 7→ u#v is an isomorphism between the c.l.d. product (Xk, µk) × (Xk, µk) and
(X2k, µ2k) (see 251Wh).

We are now ready for the main definition.

465B Definition Let (X,Σ, µ) be a semi-finite measure space. Following Talagrand 84, I say that a
set A ⊆ RX is stable if whenever E ∈ Σ, 0 < µE < ∞ and α < β in R, there is some k ≥ 1 such that
(µ2k)∗Dk(A,E, α, β) < (µE)2k.

Remark I hope that the next few results will show why this concept is important. It is worth noting at once
that these sets Dk need not be measurable, and that some of the power of the definition derives precisely
from the fact that quite naturally arising sets A can give rise to non-measurable sets Dk(A,E, α, β). If,
however, the set A is countable, then all the corresponding Dk will be measurable; this will be important
in the results following 465R.

465C I start with a list of the ‘easy’ properties of stable sets, derivable more or less directly from the
definition.

Proposition Let (X,Σ, µ) be a semi-finite measure space.
(a) Let A ⊆ RX be a stable set.

(i) Any subset of A is stable.
(ii) A, the closure of A in RX for the topology of pointwise convergence, is stable.
(iii) γA = {γf : f ∈ A} is stable, for any γ ∈ R.
(iv) If g ∈ L

0 = L
0(Σ), then A+ g = {f + g : f ∈ A} is stable.

(v) If g ∈ L
0, then A× g = {f × g : f ∈ A} is stable.

(vi) Let h : R → R be a continuous non-decreasing function. Then {hf : f ∈ A} is stable.
(b)(i) Suppose thatA ⊆ RX ,E ∈ Σ, n ≥ 1 andα < β are such that 0 < µE <∞ and (µ2n)∗Dn(A,E, α, β) <

(µE)2n. Then

limk→∞
1

(µE)2k
(µ2k)∗Dk(A,E, α, β) = 0.

(ii) If A, B ⊆ RX are stable, then A ∪B is stable.
(iii) If A ⊆ L

0 is finite it is stable.
(iv) If A ⊆ RX is stable, so is {f+ : f ∈ A} ∪ {f− : f ∈ A}.

(c) Let A be a subset of RX .
(i) If µ̂, µ̃ are the completion and c.l.d. version of µ, then A is stable with respect to one of the measures

µ, µ̂, µ̃ iff it is stable with respect to the others.
(ii) Let ν be an indefinite-integral measure over µ (234J). If A is stable with respect to µ, it is stable

with respect to ν and with respect to ν↾Σ.
(iii) If A is stable, and Y ⊆ X is such that the subspace measure µY is semi-finite, then AY = {f↾Y :

f ∈ A} is stable in RY with respect to the measure µY .
(iv) A is stable iff AE = {f↾E : f ∈ A} is stable in RE with respect to the subspace measure µE

whenever E ∈ Σ has finite measure.
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(v) A is stable iff An = {med(−nχX, f, nχX) : f ∈ A} is stable for every n ∈ N.
(d) Suppose that µ is σ-finite, (Y,T, ν) is another measure space and φ : Y → X is inverse-measure-

preserving. If A ⊆ RX is stable with respect to µ, then B = {fφ : f ∈ A} is stable with respect to ν.

proof (a)(i) This is immediate from the definition in 465B, since Dk(B,E, α, β) ⊆ Dk(A,E, α, β) for all k,
E, α, β and B ⊆ A.

(ii) Given E such that 0 < µE < ∞, and α < β, take α′, β′ such that α < α′ < β′ < β. Then it is
easy to see that Dk(A,E, α, β) ⊆ Dk(A,E, α′, β′), so

(µ2k)∗Dk(A,E, α, β) ≤ (µ2k)∗Dk(A,E, α′, β′) < (µE)2k

for some k ≥ 1. As E, α and β are arbitrary, A is stable.

(iii)(ααα) If γ > 0, Dk(γA,E, α, β) = Dk(A,E, α/γ, β/γ) for all k, E, α and β, so the result is elementary.
Similarly, if γ = 0, then Dk(γA,E, α, β) = ∅ whenever k ≥ 1, E ∈ Σ and α < β, so again we see that γA is
stable.

(βββ) If γ = −1 then, for any k, E, α and β,

Dk(−A,E, α, β) =
⋃

f∈A

{w : w ∈ E2k, f(w(2i)) ≥ −α,

f(w(2i+ 1)) ≤ −β ∀ i < k}
= φ[Dk(A,E,−β,−α)],

where φ : X2k → X2k is the measure space automorphism defined by setting

φ(w) = (w(1), w(0), w(3), w(2), . . . , w(2k − 1), w(2k − 2))

for w ∈ X2k. So, given E ∈ Σ and α < β, there is a k ≥ 1 such that

(µ2k)∗Dk(−A,E, α, β) = (µ2k)∗Dk(A,E,−β,−α) < (µE)2k.

So −A is stable.

(γγγ) Together with (α) this shows that γA is stable for every γ ∈ R.

(iv) Take E such that 0 < µE < ∞, and α < β. Set η = 1
2 (β − α) > 0. Then there is a γ ∈ R such

that F = {x : x ∈ E, γ ≤ g(x) ≤ γ + η} has non-zero measure. Set α′ = α − γ, β′ = β − γ − η. Then
Dk(A+ g, F, α, β) ⊆ Dk(A,F, α′, β′), while α′ < β′. So if we take k ≥ 1 such that (µ2k)∗Dk(A,F, α′, β′) <
(µF )2k, then

(µ2k)∗Dk(A+ g,E, α, β) ≤ (µ2k)∗Dk(A+ g, F, α, β) + µ2k(E2k \ F 2k) < (µE)2k.

(v) Let E ∈ Σ, α < β be such that 0 < µE <∞. Set

E0 = {x : x ∈ E, g(x) = 0}, E1 = {x : x ∈ E, g(x) > 0},

E2 = {x : x ∈ E, g(x) < 0}.

(ααα) Suppose that µE0 > 0. Then D1(A×g,E, α, β) does not meet E2
0 , so µ∗D1(A×g,E, α, β) < µE.

(βββ) Suppose that µE1 > 0. Let η > 0 be such that

max(α,
α

1+η
) = α′ < β′ = min(β,

β

1+η
).

Let γ > 0 be such that µF > 0, where F = {x : x ∈ E, γ ≤ g(x) ≤ γ(1 + η)}. If x ∈ F then

f(x)g(x) ≤ α =⇒ f(x) ≤ α

g(x)
≤ α′

γ
,

f(x)g(x) ≥ β =⇒ f(x) ≥ β

g(x)
≥ β′

γ
.

So
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Dk(A× g, F, α, β) ⊆ Dk(A,F,
α′

γ
,
β′

γ
)

for every k. Now, because A is stable, there is some k ≥ 1 such that

(µ2k)∗Dk(A,F,
α′

γ
,
β′

γ
) < (µF )2k,

and in this case (µ2k)∗Dk(A× g,E, α, β) < (µE)2k, just as in the argument for (a-iv) above.

(γγγ) If µE2 > 0, then we know from (iii) above that −A is stable, so (β) here tells us that there is a
k ≥ 1 such that (µ2k)∗Dk((−A) × (−g), E, α, β) < (µE)2k.

Since one of these three cases must occur, and since E, α and β are arbitrary, A× g is stable.

(vi) Write B = {hf : f ∈ A}. Suppose that 0 < µE < ∞ and α < β. If either α < h(γ) for every
γ ∈ R or h(γ) < β for every γ ∈ R,

µ∗D1(B,E, α, β) = µ∅ = 0 < µE.

Otherwise, because h is continuous, the Intermediate Value Theorem tells us that there are α′ < β′ such
that α < h(α′) < h(β′) < β. In this case Dk(B,E, α, β) ⊆ Dk(A,E, α′, β′) for every k. Because A is stable,
there is some k ≥ 1 such that (µ2k)∗Dk(A,E, α′, β′) < (µE)2k, so that (µ2k)∗Dk(B,E, α, β) < (µE)2k. As
E, α and β are arbitrary, B is stable.

(b)(i) For any m ≥ 1 and l < n, if we identify X2(mn+l) with (X2n)m×X2l, we see that Dmn+l(A,E, α, β)
becomes identified with a subset of Dn(A,E, α, β)m × E2l. (If w ∈ Dmn+l(A,E, α, β), there is an f ∈ A
such that f(w(2i)) ≤ α, f(w(2i+ 1)) ≥ β for i < mn+ l. Now (w(2rn), w(2rn+ 1), . . . , w(2rn+ 2n− 1)) ∈
Dn(A,E, α, β) for r < m.) So

1

(µE)2(mn+l)
(µ2(mn+l))∗Dmn+l(A,E, α, β)

≤ 1

(µE)2(mn+l)

(
(µ2n)∗Dn(A,E, α, β)

)m
(µE)2l

(251Wm)

=
( 1

(µE)2n
(µ2n)∗Dn(A,E, α, β)

)m → 0

as m→ ∞.

(ii) Note that Dk(A ∪ B,E, α, β) = Dk(A,E, α, β) ∪ Dk(B,E, α, β) for all E, k, α and β. Now,
given that 0 < µE < ∞ and α < β, there are m, n ≥ 1 such that (µ2m)∗Dm(A,E, α, β) < (µE)2m and
(µ2n)∗Dn(A,E, α, β) < (µE)2n. So, by (i) just above,

1

(µE)2k
(µ2k)∗Dk(A ∪B,E, α, β)

≤ 1

(µE)2k

(
(µ2k)∗Dk(A,E, α, β) + (µ2k)∗Dk(B,E, α, β)

)
→ 0

as k → ∞, and there is some k such that (µ2k)∗Dk(A ∪B,E, α, β) < (µE)2k. As E, α and β are arbitrary,
A ∪B is stable.

(iii) If A is empty, or contains only the constant function 0 with value 0, this is trivial. Now (a-iv)
tells us that {g} = {0} + g is stable for every g ∈ L

0, and from (ii) here it follows that any finite subset of
L

0 is stable.

(iv) From (a-vi) we see that {f+ : f ∈ A} is stable; now from (a-iii) and (ii) here we see that
{f− : f ∈ A} = {f+ : f ∈ −A} and {f+ : f ∈ A} ∪ {f− : f ∈ A} are stable.

(c)(i) The product measures µ2k, µ̂2k and µ̃2k are all the same (251Wn), so this follows immediately
from the definition in 465B.
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(ii) Let h be a Radon-Nikodým derivative of ν with respect to µ (234J). Suppose that 0 < νE < ∞
and α < β. Then there is an F ∈ Σ such that F ⊆ E ∩ domh, h(x) > 0 for every x ∈ F , and 0 < µF <∞.
There is a k ≥ 1 such that (µ2k)∗Dk(A,F, α, β) < (µF )2k, that is, there is a W ⊆ F 2k \Dk(A,F, α, β) such

that µ2kW > 0. In this case, ν2kW > 0. PPP Set h̃(w) =
∏2k−1

i=0 h(w(i)) for w ∈ (domh)2k. Then ν2k is the

indefinite integral of h̃ with respect to µ2k (253I, extended by induction to the product of more than two

factors), and h̃(w) > 0 for every w ∈ F 2k. QQQ SinceW ⊆ E2k\Dk(A,E, α, β), (ν2k)∗Dk(A,E, α, β) < (νE)2k;
as E, α and β are arbitrary, A is stable with respect to ν.

Since ν is the completion of its restriction ν↾Σ (234Lb), A is also stable with respect to ν↾Σ, by (i) just
above.

(iii) Writing ΣY for the subspace σ-algebra, take F ∈ ΣY such that µY F = µ∗F is finite and non-
zero, and α < β in R. Let E ∈ Σ be a measurable envelope of F . Then there is a k ≥ 1 such that
(µ2k)∗Dk(A,E, α, β) < (µE)2k. Consider Dk(AY , F, α, β) = F 2k∩Dk(A,E, α, β). The identity map from F
to E is inverse-measure-preserving for the subspace measures µF and µE (214Ce), so the identity map from
F 2k to E2k is inverse-measure-preserving for the product measures µ2k

F and µ2k
E (apply 254H to appropriate

normalizations of µE , µF ). Also µ2k
E is the subspace measure on E2k induced by µ2k (251Wl), and similarly

µ2k
F is the subspace measure on F 2k induced by µ2k

Y , so

(µ2k
Y )∗Dk(AY , F, α, β) = (µ2k

F )∗Dk(AY , F, α, β) ≤ (µ2k
E )∗Dk(A,E, α, β)

(413Eh)

= (µ2k)∗Dk(A,E, α, β) < (µE)2k = (µY F )2k.

As F , α and β are arbitrary, AY is stable, as claimed.

(iv) If A is stable, then (iii) just above tells us that AE will be stable for every E ∈ Σ. Conversely, if
AE is stable for every E of finite measure, take E ∈ Σ such that 0 < µE <∞ and α < β in R. Then there
is a k ≥ 1 such that

(µE)2k = (µEE)2k > (µ2k
E )∗Dk(AE , E, α, β) = (µ2k)∗Dk(A,E, α, β).

As E, α and β are arbitrary, A is stable.

(v) If A is stable, then every An is stable, because An = {hnf : f ∈ A} where hn(α) = med(−n, α, n)
and we can apply (a-v). Conversely, if every An is stable, and we are given a set E of non-zero finite measure
and α < β, take n ∈ N such that −n ≤ α < β ≤ n. Then Dk(A,E, α, β) = Dk(An, E, α, β) for every k, and
we have a k ≥ 1 such that

(µ2k)∗Dk(A,E, α, β) = (µ2k)∗Dk(An, E, α, β) < (µE)2k.

So A is stable.

(d) Let 〈Xn〉n∈N be a sequence of measurable sets of finite measure covering X. Take F ∈ T such
that νF > 0, and α < β in R. Let n ∈ N be such that F0 = F ∩ φ−1[Xn] has non-zero measure. Set
λE = ν(F0 ∩ φ−1[E]) for E ∈ Σ; then λ is countably additive and λ ≤ µ. By the Radon-Nikodým theorem,
there is a Σ-measurable h : X → [0, 1] such that

∫
E
h = λE for every E ∈ Σ. Set G = {x : x ∈ Xn,

h(x) > 0}; then ν(F0 \ φ−1[G]) =
∫
Xn\G h = 0.

Because A is stable, there is a k ≥ 1 such that (µ2k)∗Dk(A,G, α, β) < (µG)2k. Let V ∈ ⊗̂
2kΣ be such

that V ⊆ G2k \Dk(A,G, α, β) and µ2kV > 0. Then λ2kV =
∫
V
h#dµ2k where h#(w) =

∏
i<2k h(w(i)) for

w ∈ X2k (253I). Because h#(w) > 0 for every w ∈ G2k, λ2kV > 0.
Note next that if we define ψ : Y 2k → X2k by setting ψ(〈yi〉i<2k) = 〈φ(yi)〉i<2k when yi ∈ Y for i < 2k,

then

{W : W ∈ ⊗̂
2kΣ, ψ−1[W ] ∈ ⊗̂

2kT, λ2kW = ν2k(F 2k
0 ∩ ψ−1[W ])}

is a Dynkin class containing
∏

i<2k Ei whenever Ei ∈ Σ for every i < 2k, and therefore contains V , by the
Monotone Class Theorem (136B). So

ν2k(F 2k ∩ ψ−1[V ]) ≥ ν2k(F 2k
0 ∩ ψ−1[V ]) > 0.
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On the other hand, if v ∈ Dk(B,F, α, β) then there is an f ∈ A such that fφ(v(2i)) ≤ α and fφ(v(2i+1)) ≥ β
for every i < k, that is, ψ(v) ∈ Dk(A,X,α, β), and ψ(v) /∈ V . But this means that

(ν2k)∗Dk(B,F, α, β) ≤ ν2k(F 2k \ ψ−1[V ]) < ν2kF 2k = (νF )2k.

As F , α and β are arbitrary, B is stable.

465D Now for the first result connecting the notion of ‘stable’ set with the concerns of this chapter.

Proposition Let (X,Σ, µ) be a complete locally determined measure space, and A ⊆ RX a stable set.
(a) A ⊆ L

0 = L
0(Σ) (that is, every member of A is Σ-measurable).

(b) If {f(x) : f ∈ A} is bounded for each x ∈ X, then A is relatively compact in L
0 for the topology of

pointwise convergence.

proof (a) ??? Suppose, if possible, that there is a non-measurable f ∈ A. By 413G, there are α < β
and E ∈ Σ such that 0 < µE < ∞ and µ∗P = µ∗Q = µE where P = {x : x ∈ E, f(x) ≤ α} and
Q = {x : x ∈ E, f(x) ≥ β}.

Now suppose that k ≥ 1. Then Dk({f}, E, α, β) ⊇ (P ×Q)k, so

(µ2k)∗Dk({f}, E, α, β) = (µ∗P · µ∗Q)k = (µE)2k

(251Wm again). Since this is true for every k, {f} is not stable, and (by 465C(a-i)) A cannot be stable;
which contradicts our hypothesis. XXX

(b) Because {f(x) : x ∈ A} is bounded for each x, A, the closure of A in RX , is compact for the topology
of pointwise convergence. But A is stable, by 465C(a-ii), so is included in L

0, by (a).

465E The topology Ts(L
2,L2) Some of the arguments below will rely on ideas of compactness in

function spaces. There are of course many ways of expressing the method, but a reasonably accessible one
uses the Hilbert space L2, as follows. Let (X,Σ, µ) be any measure space. Then L2 = L2(µ) is a Hilbert
space with a corresponding weak topology Ts(L

2, L2) defined by the functionals u 7→ (u|v) for v ∈ L2. In the
present section it will be more convenient to regard this as a topology Ts(L

2,L2) on the space L
2 = L

2(µ)
of square-integrable real-valued functions, defined by the functionals f 7→

∫
f × g for g ∈ L

2. The essential
fact we need is that norm-bounded sets are relatively weakly compact. In L2, this is because Hilbert spaces
are reflexive (4A4Ka). In L

2, given an ultrafilter F containing a ‖ ‖2-bounded set B ⊆ L
2, v = limf→F f•

must be defined in L2 for Ts(L
2, L2), and now there is a g ∈ L

2 such that g• = v; in which case

limf→F
∫
f × h = limf→F (f•|h•) = (g•|h•) =

∫
g × h

for every h ∈ L
2. Note that we are free to take g to be a Σ-measurable function with domain X (241Bk).

465F Lemma Let (X,Σ, µ) be a measure space, and B ⊆ L
2 = L

2(µ) a ‖ ‖2-bounded set. Suppose that
h ∈ L

2 belongs to the closure of B for Ts(L
2,L2). Then for any δ > 0 and k ≥ 1 the set

W =
⋃

f∈B

{w : w ∈ Xk, w(i) ∈ dom f ∩ domh

and f(w(i)) ≥ h(w(i)) − δ for every i < k}
is µk-conegligible in Xk.

proof (a) Since completing the measure µ does not change the space L
2 (244Xa) nor the product measure

µk (251Wn), we may suppose that µ is complete.

(b) The first substantive fact to note is that there is a sequence 〈fn〉n∈N in B converging to h for
Ts = Ts(L

2,L2). PPP Setting C = {f• : f ∈ B}, C is a bounded set in L2 = L2(µ) and h• belongs to the
Ts(L

2, L2)-closure of C. But L2, being a normed space, is angelic in its weak topology (462D), and C is
relatively compact in L2, so there is a sequence in C converging to h•. We can represent this sequence as
〈f•

n〉n∈N where fn ∈ B for every n, and now 〈fn〉n∈N → h for Ts. QQQ

(c) The second component of the proof is the following simple idea. Suppose that 〈En〉n∈N is a sequence
in Σ such that

⋂
n∈I En is negligible for every infinite set I ⊆ N. For m ≥ 1 and I ⊆ N set
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Vm(I) =
⋂

n∈I{w : w ∈ Xm, ∃ i < m, w(i) ∈ En}.

Then µmVm(I) = 0 for every infinite I ⊆ N. PPP Induce on m. For m = 1 this is just the original hypothesis
on 〈En〉n∈N. For the inductive step to m+ 1, identify µm+1 with the product of µm and µ, and observe that

Vm+1(I)−1[{x}] = {w : (w, x) ∈ Vm+1(I)} = Vm({n : n ∈ I, x /∈ En})

for every x ∈ X. Now, setting Ix = {n : n ∈ I, x /∈ En}, F = {x : Ix is finite}, we have

F =
⋃

r∈N

⋂
n∈I\r En,

so F is negligible, while if x /∈ F then Vm(Ix) is negligible, by the inductive hypothesis. But this means that
almost every horizontal section of Vm+1(I) is negligible, and Vm+1(I), being measurable, must be negligible,
by Fubini’s theorem (252F). Thus the induction proceeds. QQQ

(d) Now let us return to the main line of the argument from (b). For each n ∈ N, set En = {x : x ∈
dom fn∩domh, fn(x) < h(x)−δ}. If I ⊆ N is infinite, then

⋂
n∈I En is negligible. PPP Setting G =

⋂
n∈I En,

µG is finite (because δχEn ≤a.e. |h− fn|, so µEn <∞ for every n) and
∫
G
fn ≤

∫
G
h− δµG for every n ∈ I.

But limn→∞
∫
G
fn =

∫
G
h and I is infinite, so

δµG ≤ infn∈I |
∫
G
h−

∫
G
fn| = 0. QQQ

By (c), it follows that

V =
⋂

n∈N{w : w ∈ Xk, ∃ i < k, w(i) ∈ En}
is negligible. But if we set Y =

⋂
n∈N dom fn ∩ domh, Y is a conegligible subset of X, Y k is a conegligible

subset of Xk, and Y k \ V ⊆W , so W is conegligible, as required.

465G Theorem Let (X,Σ, µ) be a semi-finite measure space, and A ⊆ L
0 = L

0(Σ) a stable set of
measurable functions. Let Tp and Tm be the topologies of pointwise convergence and convergence in measure,
as in §463. Then the identity map from A to itself is (Tp,Tm)-continuous.

proof ??? Suppose, if possible, otherwise.

(a) We must have an f0 ∈ A, a set F ∈ Σ of finite measure, and an ǫ > 0 such that for every Tp-
neighbourhood U of f0 there is an f ∈ A ∩ U such that

∫
χF ∧ |f − f0|dµ ≥ 2ǫ. Set

B = {χF ∧ (f − f0)+ : f ∈ A} ∪ {χF ∧ (f − f0)− : f ∈ A}.

Then

B = {χF − (χF − (f − f0)+)+ : f ∈ A} ∪ {χF − (χF − (f − f0)−)+ : f ∈ A}
is stable, by 465C(a-iv), 465C(b-iv) and 465C(a-iii), used repeatedly. Setting B′ = {f : f ∈ B,

∫
f ≥ ǫ}, B′

is again stable (465C(a-i)). Our hypothesis is that f0 is in the Tp-closure of

{f : f ∈ A,

∫
χF ∧ |f − f0| ≥ 2ǫ} ⊆ {f : f ∈ A,

∫
χF ∧ (f − f0)+ ≥ ǫ}

∪ {f : f ∈ A,

∫
χF ∧ (f − f0)− ≥ ǫ};

since f 7→ χF ∧ (f − f0)+ and f 7→ χF ∧ (f − f0)− are Tp-continuous, 0 belongs to the Tp-closure of B′.

(b) Let F be an ultrafilter on B′ which Tp-converges to 0. Because B′ is ‖ ‖2-bounded (since 0 ≤ f ≤ χF
for every f ∈ B′), F also has a Ts(L

2,L2)-limit h say, as noted in 465E; and we can suppose that h is
measurable and defined everywhere. We must have∫

F
h = limf→F

∫
F
f ≥ ǫ > 0.

So there is a δ > 0 such that E = {x : x ∈ F, h(x) ≥ 3δ} has measure greater than 0.

(c) Because B′ is stable, there must be some k ≥ 1 such that (µ2k)∗Dk(B′, E, δ, 2δ) < (µE)2k. Let
W ⊆ E2k \Dk(B′, E, δ, 2δ) be a measurable set of positive measure. By Fubini’s theorem, there must be a
u ∈ Xk such that µkV is defined and greater than 0, where
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V = {v : v ∈ Xk, u#v ∈W}.

Set C = {f : f ∈ B′, f(u(i)) ≤ δ for every i < k}; then C ∈ F , because F → 0 for Tp. Accordingly h
belongs to the Ts(L

2,L2)-closure of C. But now 465F tells us that there must be a v ∈ V and an f ∈ C
such that f(v(i)) ≥ h(v(i)) − δ for every i < k.

Consider w = u#v. We know that w ∈ W (because v ∈ V ), so, in particular, w ∈ E2k and h(w(i)) ≥ 3δ
for every i < 2k; accordingly

f(w(2i+ 1)) = f(v(i)) ≥ h(v(i)) − δ ≥ 2δ

for every i < k. On the other hand, f(w(2i)) = f(u(i)) ≤ δ for every i < k, because f ∈ C. But this means
that f witnesses that w ∈ Dk(B′, E, δ, 2δ), which is supposed to be disjoint from W . XXX

This contradiction shows that the theorem is true.

465H We shall need some interesting and important general facts concerning powers of measures. I
start with a useful elaboration of the strong law of large numbers.

Theorem Let (X,Σ, µ) be any probability space. For n ∈ N, write Λn for the domain of the product
measure µn. For w ∈ XN, k ≥ 1, n ≥ 1 write νwk for the probability measure with domain PX defined by
writing

νwk(E) =
1

k
#({i : i < k, w(i) ∈ E})

for E ⊆ X, and νnwk for the corresponding product measure on Xn.
Then whenever n ≥ 1 and f : Xn → R is bounded and Λn-measurable, limk→∞

∫
fdνnwk exists, and is

equal to
∫
fdµn, for µN-almost every w ∈ XN.

proof (a) For k ≥ n and w ∈ XN, set

hk(w) =
(k−n)!

k!

∑
π:n→k is injective f(wπ).

Setting M = supv∈Xn |f(v)|, we have

∣∣hk(w) −
∫
fdνnwk

∣∣ =
∣∣(k−n)!

k!

∑

π:n→k is injective

f(wπ) − 1

kn

∑

π:n→k

f(wπ)
∣∣

≤ Mk!

(k−n)!

((k−n)!

k!
− 1

kn

)
+

M

kn

(
kn − k!

(k−n)!

)

= 2M
(
1 − k!

kn(k−n)!

)
→ 0

as k → ∞, for every w ∈ XN.

(b) Write Λ for the domain of µN, and for k ≥ n set

Tk = {W : W ∈ Λ, wπ ∈W whenever w ∈W and π ∈ Sk},

where Sk is the set of permutations ψ : N → N such that ψ(i) = i for i ≥ k. Then 〈Tk〉k≥n is a non-increasing
sequence of σ-subalgebras of Λ. For any injective function π : n→ k there are just (k − n)! extensions of π
to a member of Sk. So

hk(w) =
1

k!

∑
π∈Sk

f(wπ↾n)

for every w. Observe that hk(wψ) = hk(w) whenever ψ ∈ Sk and w ∈ XN, so hk is Tk-measurable. (Of
course we need to look back at the definition of hk to confirm that it is Λ-measurable.)

(c) For any k ≥ n, hk is a conditional expectation of hn on Tk. PPP If W ∈ Tk, then

∫
W
hk(w)dw =

1

k!

∑
π∈Sk

∫
W
f(wπ↾n)dw =

1

k!

∑
π∈Sk

∫
W
g(wπ)dw

where g(w) = f(w↾n) for w ∈ XN. Now observe that for every π ∈ Sk the map w 7→ wπ is a measure space
automorphism of XN which leaves W unchanged, because W ∈ Tk; so that

∫
W
g(wπ)dw =

∫
W
g(w)dw, by
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235Gc. So
∫
W
hk =

∫
W
g. But (since W ∈ Tk ⊆ Tn)

∫
W
hn is also equal to

∫
W
g, and

∫
W
hk =

∫
W
hn. As

W is arbitrary, hk is a conditional expectation of hn on Tk. QQQ

(d) By the reverse martingale theorem (275K), h∞(w) = limk→∞ hk(w) is defined for almost every
w ∈ XN. Accordingly limk→∞

∫
fdνnwk is defined for almost every w.

(e) To see that the limit is
∫
fdµn, observe that if W ∈ T∞ =

⋂
k∈N Tk then µNW must be either 0 or

1. PPP Set γ = µNW . Let ǫ > 0. Then there is a V ∈ ⊗
N Σ (notation: 465Ad) such that µN(W△V ) ≤ ǫ

(254Fe). There is some k such that V is determined by coordinates in k. If we set π(i) = 2k − i for i < 2k,
i for i ≥ 2k, then V ′ = {wπ : w ∈ V } is determined by coordinates in 2k \ k, so µN(V ∩ V ′) = (µNV )2.
On the other hand, because W ∈ T2k, the measure space automorphism w 7→ wπ does not move W , and
µN(W \ V ′) = µN(W \ V ). Accordingly

γ = µN(W ∩W ) ≤ µN(V ∩ V ′) + 2µN(W \ V ) ≤ (µNV )2 + 2ǫ ≤ (γ + ǫ)2 + 2ǫ.

As ǫ is arbitrary, γ ≤ γ2 and γ ∈ {0, 1}. QQQ

(e) Now 275K tells us that h∞ is T∞-measurable, therefore essentially constant, and must be equal to
its expectation almost everywhere. But, setting W = XN in the proof of (c), we see that∫

hk(w)dw =
∫
f(w↾n)dw =

∫
fdµn

for every k ≥ n, so

lim
k→∞

∫
fdνnwk = lim

k→∞
hk(w) = h∞(w)

=

∫
h∞(w)dw = lim

k→∞

∫
hk(w)dw =

∫
fdµn

for almost every w, as claimed.

465I Now for a string of lemmas, working towards the portmanteau Theorem 465M. The first is elemen-
tary.

Lemma Let X be a set, and Σ a σ-algebra of subsets of X. For w ∈ XN and k ≥ 1, write νwk for the
probability measure with domain PX defined by writing

νwk(E) =
1

k
#({i : i < k, w(i) ∈ E})

for E ⊆ X. Then for any k ∈ N and any set I, w 7→ νIwk(W ) is
⊗̂

NΣ-measurable (notation: 465Ad) for

every W ∈ ⊗̂
IΣ.

proof Write W for the set of subsets W of XI such that w 7→ νIwk(W ) is
⊗̂

NΣ-measurable. Then XI ∈ W,
W ′\W ∈ W whenever W , W ′ ∈ W and W ⊆W ′, and

⋃
n∈NWn ∈ W whenever 〈Wn〉n∈N is a non-decreasing

sequence in W. Write V for the set of Σ-cylinders in XI , that is, sets expressible in the form {v : v(i) ∈ Ei

for every i ∈ J}, where J ⊆ I is finite and Ei ∈ Σ for i ∈ J . Then V ⊆ W. PPP If J ⊆ I is finite and Ei ∈ Σ
for i ∈ J , then

w 7→ νwkEi =
1

k

∑k−1
j=0 χEi(w(j))

is
⊗̂

N-measurable for every i ∈ J . So

w 7→ νIwk{v : v(i) ∈ Ei ∀ i ∈ J} =
∏

i∈J νwkEi

is also measurable. QQQ
Because V ∩V ′ ∈ V for all V , V ′ ∈ V, the Monotone Class Theorem (136B) tells us that W must include

the σ-algebra generated by V, which is
⊗̂

IΣ.

465J The next three lemmas are specifically adapted to the study of stable sets of functions.
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Lemma Let (X,Σ, µ) be a probability space. For any n ∈ N and W ⊆ Xn I say that W is symmetric if
wπ ∈ W whenever w ∈ W and π : n → n is a permutation. For each n, write Λn for the domain of the
product measure µn.

(a) Suppose that for each n ≥ 1 we are given Wn ∈ Λn, and that Wm+n ⊆ Wm ×Wn for all m, n ≥ 1,
identifying Xm+n with Xm ×Xn. Then limn→∞(µnWn)1/n is defined and equal to δ = infn≥1(µnWn)1/n.

(b) Now suppose that each Wn is symmetric. Then there is an E ∈ Σ such that µE = δ and En \Wn is
negligible for every n ∈ N.

(c) Next, let 〈Dn〉n≥1 be a sequence of sets such that

Dn ⊆ Xn is symmetric for every n ≥ 1,

whenever 1 ≤ m ≤ n and v ∈ Dn then v↾m ∈ Dm.

Then δ = limn→∞((µn)∗Dn)1/n is defined and there is an E ∈ Σ such that µE = δ and (µn)∗(Dn ∩ En) =
(µE)n for every n ∈ N.

proof (a) For any η > 0, there is an m ≥ 1 such that µmWm ≤ (δ + η)m. If n = mk + i, where k ≥ 1 and
i < m, then (identifying Xn with (Xm)k ×Xi) Wn ⊆ (Wm)k ×Xi, so

µnWn ≤ (δ + η)mk ≤ γ(δ + η)mk+i = γ(δ + η)n,

where

γ = maxi<m(
1

δ+η
)i.

So

lim supn→∞(µnWn)1/n ≤ (δ + η) lim supn→∞ γ1/n = δ + η.

As η is arbitrary,

δ ≤ lim infn→∞(µnWn)1/n ≤ lim supn→∞(µnWn)1/n ≤ δ,

and limn→∞(µnWn)1/n = δ.

(b) It is enough to consider the case δ > 0.

(i) Consider the family V of sequences 〈Vn〉n≥1 such that

for each n ≥ 1, Vn ∈ Λn is symmetric and µnVn ≥ δn,

if 1 ≤ m ≤ n then v↾m ∈ Vm for every v ∈ Vn.

Observe that WWW = 〈Wn〉n≥1 ∈ V. Order V by saying that 〈Vn〉n≥1 ≤ 〈V ′
n〉n≥1 if Vn ⊆ V ′

n for every n. For
VVV = 〈Vn〉n≥1 in V, set θ(VVV ) =

∑∞
n=1 2−nµnVn. Any non-increasing sequence 〈〈Vkn〉n≥1〉k∈N in V has a lower

bound 〈⋂k∈N Vkn〉n≥1 in V, so there must be a WWW ′ = 〈W ′
n〉n≥1 ∈ V such that WWW ′ ≤WWW and θ(VVV ) = θ(WWW ′)

whenever VVV ∈ V and VVV ≤ WWW ′; that is, whenever 〈Vn〉n≥1 ∈ V and Vn ⊆ W ′
n for every n ≥ 1, then

µnVn = µnW ′
n for every n.

(ii) For x ∈ X, n ≥ 1 set V
(x)
n = {w : (x,w) ∈W ′

n+1}. Then V
(x)
n ∈ Λn for almost every x; let X1 ⊆ X

be a conegligible set such that V
(x)
n ∈ Λn for every x ∈ X1 and every n ≥ 1. Every V

(x)
n is symmetric, and

if 1 ≤ m ≤ n and v ∈ V
(x)
n then v↾m ∈ V

(x)
m . It follows that if m, n ≥ 1 then V

(x)
m+n becomes identified with

a subset of V
(x)
m × V

(x)
n .

From (a) we see that δx = limn→∞(µnV
(x)
n )1/n is defined for every x ∈ X1. The map x 7→ µnV

(x)
n :

X1 → [0, 1] is measurable for each n, by Fubini’s theorem (252D), so x 7→ δx is also measurable. Since

V
(x)
n ⊆W ′

n ⊆Wn for every x and n, δx ≤ δ for every x ∈ X1.

(iii) Set E = {x : x ∈ X1, δx = δ}. Then µE ≥ δ. PPP??? Otherwise, there is some β < δ such that
µF < β, where F = {x : x ∈ X1, δx ≥ β}. Now

X1 \ F = {x : x ∈ X1, lim
n→∞

(µnV (x)
n )1/n < β}

⊆
⋃

m∈N

⋂

n≥m

{x : x ∈ X1, µ
nV (x)

n ≤ βn},

so there is some m ∈ N such that µH ≥ 1 − β, where
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H =
⋂

n≥m{x : x ∈ X1, µ
nV

(x)
n ≤ βn}.

Set γn = µnW ′
n ≥ δn for each n. Then, for any n ≥ m,

γn+1 = µn+1W ′
n+1 =

∫

X1

µnV (x)
n µ(dx)

=

∫

H

µnV (x)
n µ(dx) +

∫

X1\H
µnV (x)

n µ(dx) ≤ βn + βγn

because V
(x)
n ⊆W ′

n for every x, and µ(X1 \H) ≤ β. An easy induction shows that γm+k ≤ kβm+k−1 +βkγm
for every k ∈ N. But this means that

δk = δ−mδm+k ≤ δ−mγm+k ≤ βkδ−m(kβm−1 + γm)

for every k; setting η = (δ − β)/β > 0,

k(k−1)

2
η ≤ (1 + η)k =

(δ
β

)k ≤ δ−m(kβm−1 + γm)

for every k, which is impossible. XXXQQQ

(iv) Next, for any x ∈ E, VVV (x) = 〈V (x)
n 〉n≥1 ∈ V and VVV (x) ≤WWW ′, so µn(W ′

n \V (x)
n ) = 0 for every n ≥ 1.

This means that, given n ≥ 1, every vertical section of (E ×W ′
n) \W ′

n+1 (regarded as a subset of X ×Xn)
is negligible; so (E ×W ′

n) \W ′
n+1 is negligible. We are assuming that δ > 0, so

E ⊆ {x : x ∈ X1, V
(x)
1 6= ∅} ⊆ {x : {w : (x,w) ∈W ′

2} 6= ∅} ⊆W ′
1.

Now a simple induction shows that En \W ′
n is negligible for every n ≥ 1, so that En \Wn is negligible for

every n, and we have an appropriate E. (Of course µE = δ exactly, because (µE)n ≤ µWn for every n.)

(c) For each n ∈ N let Vn ∈ Λn be a measurable envelope of Dn in Xn. Define 〈Wn〉n≥1 inductively by
saying

W1 = V1,

Wn+1 = {w : w ∈ Xn+1, wπ↾n ∈Wn,

wπ ∈ Vn+1 for every permutation π : n+ 1 → n+ 1}

for each n ≥ 1. Then an easy induction on n shows that Wn is measurable and symmetric and that
Dn ⊆Wn ⊆ Vn, so that Wn is a measurable envelope of Dn and µnWn = (µn)∗Dn.

Now 〈Wn〉n≥1 satisfies the hypotheses of (a)-(b), so

δ = limn→∞(µnWn)1/n = limn→∞((µn)∗Dn)1/n

is defined and there is a set E ∈ Σ, of measure δ, such that En \Wn is negligible for every n; but this means
that

(µn)∗(En ∩Dn) = µn(En ∩Wn) = δn

for every n, as required.

465K Lemma Let (X,Σ, µ) be a complete probability space, and A ⊆ [0, 1]X a stable set. Suppose that

ǫ > 0 is such that
∫
fdµ ≤ ǫ2 for every f ∈ A. Then there are an n ≥ 1 and a W ∈ ⊗̂

nΣ (notation: 465Ad)
and a γ > µnW such that

∫
fdν ≤ 3ǫ whenever f ∈ A and ν is a probability measure on X with domain

including Σ such that νnW ≤ γ.

proof (a) For n ∈ N write C̃n =
⋃

f∈A{x : f(x) ≥ ǫ}n. Then 〈C̃n〉n∈N satisfies the conditions of 465Jc, so

δ = limn→∞((µn)∗C̃n)1/n is defined, and there is an E ∈ Σ such that µE = δ and (µn)∗(En ∩ C̃n) = δn

for every n ∈ N. Now, for B ⊆ [0, 1]X and n ∈ N, write Cn(B) =
⋃

f∈B{x : x ∈ E, f(x) ≥ ǫ}n, so that

Cn(A) = En ∩ C̃n, and (µn)∗Cn(A) = δn for every n. For any B ⊆ [0, 1]X , 〈Cn(B)〉n∈N also satisfies the
conditions of 465Jc, and δB = limn→∞((µn)∗Cn(B))1/n is defined; we have δA = δ.
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(b) If B, B′ ⊆ [0, 1]X , then

(µn)∗Cn(B) ≤ (µn)∗Cn(B ∪B′) ≤ (µn)∗Cn(B) + (µn)∗Cn(B′)

for every n, so δB ≤ δB∪B′ ≤ max(δB , δB′). It follows that if

G = {G : G ⊆ [0, 1]X is Tp-open, δG∩A < δ},

where Tp is the usual topology of [0, 1]X , no finite subfamily of G can cover A. Accordingly, since the

Tp-closure A of A is Tp-compact, there is an h ∈ A such that δG∩A = δ for every Tp-open set G containing
h.

(c) At this point recall that every function in A is measurable (465C(a-ii), 465Da) and that
∫

: A→ [0, 1]
is Tp-continuous (465G). So

∫
h ≤ ǫ2 and µ{x : h(x) ≥ ǫ} ≤ ǫ.

??? Suppose, if possible, that δ > ǫ. Then there is some η > 0 such that µF > 0, where F = {x : x ∈
E, h(x) < ǫ− η}. For k ∈ N and u ∈ F k set Gu = {f : f ∈ [0, 1]X , f(u(i)) < ǫ− η for every i < k}. Then
Gu is an open neighbourhood of h, so δGu∩A = δ and (µk)∗(Ck(Gu ∩ A)) ≥ δk. But because F ⊆ E and
Ck(Gu ∩A) ⊆ Ek and µE = δ, this means that (µk)∗(F k ∩ Ck(Gu ∩A)) = (µF )k.

In the notation of 465Af,

Ck(Gu ∩A) ∩ F k ⊆ {v : u#v ∈ Dk(A,F, ǫ− η, ǫ)}
for any u ∈ F k. So (µk)∗{v : u#v ∈ Dk(A,F, ǫ − η, ǫ)} = (µF )k for every u ∈ F k. But this means that
(µ2k)∗Dk(A,F, ǫ− η, ǫ) = (µF )2k. Since this is so for every k ≥ 1, A is not stable. XXX

(d) Thus δ ≤ ǫ. There is therefore some n ≥ 1 such that (µn)∗C̃n < (2ǫ)n. Let W ∈ ⊗̂
nΣ be a

measurable envelope of C̃n, and try γ = (2ǫ)n. If ν is any probability measure on X with domain including
Σ such that νnW ≤ γ, then for any f ∈ A we have

{x : f(x) ≥ ǫ}n ⊆ C̃n ⊆W , (ν{x : f(x) ≥ ǫ})n ≤ νnW ≤ (2ǫ)n,

so that ν{x : f(x) ≥ ǫ} ≤ 2ǫ. As 0 ≤ f(x) ≤ 1 for every x ∈ X,
∫
fdν ≤ 3ǫ, as required.

465L Lemma (Talagrand 87) Let (X,Σ, µ) be a complete probability space, and A ⊆ [0, 1]X a set
which is not stable. Then there are measurable functions h0, h1 : X → [0, 1] such that

∫
h0 dµ <

∫
h1 dµ

and (µ2k)∗D̃k = 1 for every k ≥ 1, where

D̃k =
⋃

f∈A

{w : w ∈ X2k, f(w(2i)) ≤ h0(w(2i)),

f(w(2i+ 1)) ≥ h1(w(2i+ 1)) for every i < k}. (∗)

proof The proof divides into two cases.

case 1 Suppose that there is an ultrafilter F on A such that the Tp-limit g0 of F is not measurable. Let

h′0, h′1 : X → [0, 1] be measurable functions such that h′0 ≤ g0 ≤ h′1 and
∫
h′0 =

∫
g0,

∫
h′1 =

∫
g0 (133Ja).

Then δ = 1
5

∫
h′1 − h′0 > 0 (133Jd). Set h0 = h′0 + 2δχX, h1 = h′1 − 2δχX, so that

∫
h0 <

∫
h1.

Set Q0 = {x : x ∈ X, g0(x) ≤ h0(x) − δ}. Then µ∗Q0 = 1, by 133J(a-i). Similarly, µ∗Q1 = 1, where
Q1 = {x : g0(x) ≥ h1(x) + δ}.

If k ≥ 1, u ∈ Qk
0 and v ∈ Qk

1 , then there is an f ∈ A such that |f(u(i))−g0(u(i))| ≤ δ, |f(v(i))−g0(v(i))| ≤
δ for every i < k. But this means that f(u(i)) ≤ h0(u(i)) and f(v(i)) ≥ h1(v(i)) for every i < k, and

u#v ∈ D̃k. Thus

D̃k ⊇ Q0 ×Q1 ×Q0 ×Q1 × . . .×Q0 ×Q1,

which has full outer measure, by 254L. As k is arbitrary, we have found appropriate h0, h1 in this case.

case 2 Now suppose that for every ultrafilter F on A, the Tp-limit of F is measurable.

(i) We are supposing that A is not stable, so there are E ∈ Σ and α < β such that µE > 0 and
(µ2k)∗Dk(A,E, α, β) = (µE)2k for every k ≥ 1. The first thing to note is that if I is the set of those B ⊆ A
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for which there is some k ∈ N such that (µ2k)∗Dk(B,E, α, β) < (µE)2k, then I is an ideal of subsets of
A. PPP Of course ∅ ∈ I and B ∈ I whenever B ⊆ B′ ∈ I. Also 465C(b-i) tells us that, if B ∈ I, then

limk→∞
1

(µE)2k
(µ2k)∗Dk(B,E, α, β) = 0. It follows easily (as in the proof of 465C(b-ii)) that B ∪B′ ∈ I for

all B, B′ ∈ I. QQQ

(ii) I is a proper ideal of subsets of A (by the choice of E, k, α and β), so there is an ultrafilter F on
A such that F ∩ I = ∅. Let g0 be the Tp-limit of F . Then g0 is measurable.

Set δ = 1
3 (β − α)µE > 0, and define h0, h1 by setting

h0(x) = α if x ∈ E,

= g0(x) + δ if x ∈ X \ E,
h1(x) = β if x ∈ E,

= g0(x) − δ if x ∈ X \ E.
Then ∫

h1 −
∫
h0 ≥ (β − α)µE − 2δµ(X \ E) > 0.

(iii) We shall need to know a little more about sets of the form Dk(B,E, α, β) for B ∈ F . In fact, if
B ⊆ A and B /∈ I, then for any finite sets I and J

(µI × µJ )∗DI,J (B,E, α, β) = (µE)#(I)+#(J),

where DI,J (B,E, α, β) is
⋃

f∈B{(u, v) : u ∈ EI , v ∈ EJ , f(u(i)) ≤ α for i ∈ I, f(v(j)) ≥ β for j ∈ J}.

PPP We may suppose that I = k and J = l where k, l ∈ N. Take m = max(1, k, l). Then we have an inverse-
measure-preserving map φ : X2m → Xk × X l defined by saying that φ(w) = (u, v) where u(i) = w(2i)
for i < k and v(i) = w(2i + 1) for i < l. ??? If (µk × µl)∗Dk,l(B,E, α, β) < (µE)k+l, there is a non-
negligible measurable set V ⊆ (Ek ×El) \Dk,l(B,E, α, β). Now φ−1[V ] is non-negligible and depends only
on coordinates in {2i : i < k} ∪ {2i+ 1 : i < l}, so

µ2m(E2m ∩ φ−1[V ]) = µ2m(φ−1[V ]) · (µE)2m−k−l > 0.

But φ−1[V ] ∩ Dm(B,E, α, β) = ∅, so (µ2m)∗Dm(B,E, α, β) < (µE)2m, and B ∈ I. XXX So (µk ×
µl)∗Dk,l(B,E, α, β) = (µE)k+l, as required. QQQ

(iv) ??? Suppose, if possible, that k ≥ 1 is such that (µ2k)∗D̃k < 1, where D̃k is defined from h0 and h1
by the formula (*) in the statement of the lemma. Let W ⊆ X2k be a measurable set of positive measure

disjoint from D̃k. For I, J ⊆ k write WIJ for

{w : w ∈W,w(2i) ∈ E for i ∈ I, w(2i) /∈ E for i ∈ k \ I,
w(2i+ 1) ∈ E for i ∈ J, w(2i+ 1) /∈ E for i ∈ k \ J}.

Then there are I, J ⊆ K such that µ2kWIJ > 0.
We can identify X2k with XI ×XJ ×Xk\I ×Xk\J , matching any w ∈ X2k with (w0, w1, w2, w3) where

w0(i) = w(2i) for i ∈ I,

w1(i) = w(2i+ 1) for i ∈ J,

w2(i) = w(2i) for i ∈ k \ I,
w3(i) = w(2i+ 1) for i ∈ k \ J.

Write W̃ for the image of WIJ under this matching. The condition WIJ ∩ D̃k = ∅ translates into

(†) whenever (w0, w1, w2, w3) ∈ W̃ , f ∈ A,
either there is an i ∈ I such that f(w0(i)) > α
or there is an i ∈ J such that f(w1(i)) < β
or there is an i ∈ k \ I such that f(w2(i)) > g0(w2(i)) + δ
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or there is an i ∈ k \ J such that f(w3(i)) < g0(w3(i)) − δ.

(v) By Fubini’s theorem, applied to (XI ×XJ) × (Xk\I ×Xk\J), we can find w2 ∈ Xk\I , w3 ∈ Xk\J

such that (µI × µJ)(V ) is defined and greater than 0, where V = {(w0, w1) : (w0, w1, w2, w3) ∈ W̃}. Set

B = {f : f ∈ A, |f(w2(i)) − g0(w2(i))| ≤ δ for i ∈ k \ I,
|f(w3(i)) − g0(w3(i))| ≤ δ for i ∈ k \ J}.

Then B ∈ F , because F → g0 for Tp. So (µI × µJ)∗DI,J (B,E, α, β) = (µE)#(I)+#(J), by (iii) above.
Since WIJ ⊆ W , V is included in EI × EJ and meets DI,J (B,E, α, β); that is, there are f ∈ B and
(w0, w1) ∈ V such that f(w0(i)) ≤ α for i ∈ I and f(w1(i)) ≥ β for i ∈ J . But because f ∈ B we also have
f(w2(i)) ≤ g0(w2(i)) + δ for i ∈ k \ I and f(w3(i)) ≥ g0(w3(i)) − δ for i ∈ k \ J ; which contradicts the list
in (†) above. XXX

(vi) Thus (µ2k)∗D̃k = 1 for every k, and in this case also we have an appropriate pair h0, h1.

465M Theorem (Talagrand 82, Talagrand 87) Let (X,Σ, µ) be a complete probability space,
and A a non-empty uniformly bounded set of real-valued functions defined on X. Then the following are
equiveridical.

(i) A is stable.

(ii) Every function in A is measurable, and limk→∞ supf∈A |1
k

∑k−1
i=0 f(w(i)) −

∫
f | = 0 for almost every

w ∈ XN.
(iii) Every function in A is measurable, and for every ǫ > 0 there are a finite subalgebra T of Σ in which

every atom is non-negligible and a sequence 〈hk〉k≥1 of measurable functions on XN such that

hk(w) ≥ supf∈A
1

k

∑k−1
i=0

∣∣f(w(i)) − E(f |T)(w(i))
∣∣

for every w ∈ XN and k ≥ 1, and

lim supk→∞ hk(w) ≤ ǫ

for almost every w ∈ XN. (Here E(f |T) is the (unique) conditional expectation of f on T.)

(iv) limk,l→∞ supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))| = 0 for almost every w ∈ XN.

(v) limk,l→∞
∫

supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))|µN(dw) = 0.

proof All the statements (i)-(v) are unaffected by translations (by constant functions) and non-zero scalar
multiplications of the set A, so it will be enough to consider the case in which A ⊆ [0, 1]X .

As in 465H-465I, I write νwk(E) = 1
k#({i : i < k, w(i) ∈ E}) for w ∈ XN, k ≥ 1 and E ⊆ X; so for any

function f : X → R,
∫
fdνwk =

1

k

∑r−1
i=0 f(w(i)).

(a)(i)⇒(iii)(ααα) If A is stable, then every function in A is measurable, by 465Da. Let ǫ > 0. Set
η = 1

108ǫ
2 > 0. By 465C(a-ii) and 465Db, the Tp-closure A of A in RX is a stable Tp-compact set of

measurable functions, and by 465G it is Tm-compact; because A is uniformly bounded, it must be totally
bounded for the pseudometric induced by ‖ ‖1. So there are f0, . . . , fm ∈ A such that for every f ∈ A
there is an i ≤ m such that ‖f − fi‖1 ≤ η. Let T0 be the finite subalgebra of Σ generated by the sets

{x : jη ≤ fi(x) < (j + 1)η} for i ≤ m and j ≤ 1

η
. Then T0 may have negligible atoms, but if we

absorb these into non-negligible atoms we get a finite subalgebra T of Σ such that |fi(x) − E(fi|T)(x)| ≤ η
for almost every x ∈ X, every i ≤ m. (Because T is a finite algebra with non-negligible atoms, two T-
measurable functions which are equal almost everywhere must be identical, and we have unique conditional
expectations with respect to T.) Since ‖E(f |T) − E(g|T)‖1 ≤ ‖f − g‖1 for all integrable functions f and g
(242Je), ‖f − E(f |T)‖1 ≤ 3η for every f ∈ A.

(βββ) Set A′ = {f − E(f |T) : f ∈ A}. Then A′ is stable. PPP Suppose that µE > 0 and α < β. The
set B = {E(f |T) : f ∈ A} is a uniformly bounded subset of a finite-dimensional space of functions, so is
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‖ ‖∞-compact. So there are g0, . . . , gr ∈ B such that B ⊆ ⋃
i≤r{g : ‖g − gi‖∞ ≤ 1

3 (β − α)}. By 465C(a-iv)

and 465C(b-ii), C =
⋃

i≤r A− gi is stable. So there is a k ≥ 1 such that

(µ2k)∗Dk(C,E, 23α+ 1
3β,

1
3α+ 2

3β) < (µE)2k.

But for every g ∈ A′ there is an h ∈ C such that ‖g − h‖∞ ≤ 1
3 (β − α), so

Dk(A′, E, α, β) ⊆ Dk(C,E, 23α+ 1
3β,

1
3α+ 2

3β), (µ2k)∗Dk(A′, E, α, β) < (µE)2k.

As E, α and β are arbitrary, A′ is stable. QQQ

(γγγ) By 465C(b-iv),

A′′ = {g+ : g ∈ A′} ∪ {g− : g ∈ A′}
is stable. By 465K there are an n ≥ 1, a W ∈ ⊗̂

nΣ and a γ > µnW such that
∫
h dν ≤ 3

√
3η = 1

2ǫ
whenever h ∈ A′′ and ν is a probability measure on X, with domain including Σ, such that νnW ≤ γ. So∫
|g|dν ≤ ǫ whenever g ∈ A′ and ν is such a measure. If w ∈ XN and k ∈ N, νwk is a probability measure

on X; set qk(w) = νnwk(W ). Applying 465H to χW , we see that limk→∞ qk(w) = µnW for almost every

w ∈ XN. Also, because W ∈ ⊗̂
nΣ, every qk is measurable, by 465I.

Set hk(w) = 1 if qk(w) > γ, ǫ if qk(w) ≤ γ. Then every hk is measurable and limk→∞ hk(w) = ǫ for
almost every w.

For any w ∈ XN and any f ∈ A, g = f − E(f |T) ∈ A′ and ‖g‖∞ ≤ 1. So either hk(w) = 1 and certainly∫
|g|dνwk ≤ hk(w), or hk(w) = ǫ, νnwk(W ) ≤ γ and

∫
|g|dνwk ≤ ǫ. Thus we have

1

k

∑k−1
i=0

∣∣f(w(i)) − E(f |T)(w(i))
∣∣ =

∫ ∣∣f − E(f |T)
∣∣dνwk ≤ hk(w)

for every w ∈ XN and every f ∈ A, as required by (iii).

(b)(iii)⇒ (ii)&(v) Set

gk(w) = supf∈A |1
k

∑k−1
i=0 f(w(i)) −

∫
fdµ|,

g′kl(w) = supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))|,

for w ∈ XN and k, l ≥ 1. Let ǫ > 0. Let T and 〈hk〉k≥1 be as in (iii); as A ⊆ [0, 1]X , we can suppose
that hk(w) ≤ 2 for every k and w. Let E0, . . . , Er be the atoms of T. For w ∈ XN, k ≥ 1, j ≤ r set
qkj(w) = |µEj − νwkEj |. Then for any f ∈ A, E(f |T) is expressible as

∑r
j=0 αjχEj where αj ∈ [0, 1] for

every j (remember that A ⊆ [0, 1]X), so

∣∣1
k

k−1∑

i=0

f(w(i)) −
∫
fdµ

∣∣ =
∣∣
∫
fdνwk −

∫
fdµ

∣∣

≤
∣∣
∫
fdνwk −

∫
E(f |T)dνwk

∣∣ +
∣∣
∫

E(f |T)dνwk −
∫

E(f |T)dµ
∣∣

≤ 1

k

k−1∑

i=0

∣∣f(w(i)) − E(f |T)(w(i))
∣∣ +

r∑

j=0

αj

∣∣νwkEj − µEj

∣∣

≤ hk(w) +

r∑

j=0

qkj(w),

∣∣1
k

k−1∑

i=0

f(w(i)) − 1

l

l−1∑

i=0

f(w(i))
∣∣

≤ hk(w) +

r∑

j=0

qkj(w) + hl(w) +

r∑

j=0

qlj(w).

Taking the supremum over f , we have
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gk(w) ≤ hk(w) +
∑r

j=0 qkj(w),

g′kl(w) ≤ hk(w) +
∑r

j=0 qkj(w) +
∑r

j=0 qlj(w) + hl(w).

But, for each j ≤ r, limk→∞ qkj(w) = 0 for almost every w, by 273J applied to χEj . So

lim supk→∞ gk(w) ≤ lim supk→∞ hk(w) ≤ ǫ

for almost every w. At the same time,

lim supk,l→∞
∫
g′kl ≤ lim supk,l→∞

∫
hk +

∑r
j=0

∫
qkj +

∑r
j=0

∫
qlj +

∫
hl ≤ 2ǫ.

As ǫ is arbitrary, {w : lim supk→∞ gk(w) ≥ 2−i} is negligible for every i ∈ N, and limk→∞ gk = 0 almost

everywhere, as required, while equally limk,l→∞
∫
g′kl = 0. Thus (ii) and (v) are true.

(c)(ii)⇒(iv) is trivial, since

∣∣1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))

∣∣ ≤
∣∣1
k

∑k−1
i=0 f(w(i)) −

∫
f
∣∣ +

∣∣1
l

∑l−1
i=0 f(w(i)) −

∫
f
∣∣.

(d) not-(i)⇒ not-(iv)&not-(v) Now suppose that A is not stable.

(ααα) In this case, by 465L, there are measurable functions h0, h1 : X → [0, 1] such that
∫
h0dµ <

∫
h1dµ

and (µ2k)∗D̃k = 1 for every k ∈ N, where

D̃k =
⋃

f∈A

{w : w ∈ X2k, f(w(2i)) ≤ h0(w(2i)),

f(w(2i+ 1)) ≥ h1(w(2i+ 1)) for every i < k}.

(βββ) Set δ = 1
4

∫
h1 − h0 > 0. Let k0 ≥ 1 be so large that

µk{w : w ∈ Xk, |
∫
hj − 1

k

∑k−1
i=0 hj(w(i))| ≤ δ} ≥ 1

2

for both j and for every k ≥ k0 (273J or 465H. The point is that

µk{w : w ∈ Xk, |
∫
hj − 1

k

k−1∑

i=0

hj(w(i))| ≤ δ}

= µN{w : w ∈ XN, |
∫
hj − 1

k

k−1∑

i=0

hj(w(i))| ≤ δ} → 1 as k → ∞.)

Let 〈kn〉n≥1 be such that kn ≥ 2

δ

∑n−1
i=0 ki for every n ≥ 1. Since δ ≤ 1

4 , every kn is at least as large as k0.

(γγγ) Set mn = 2
∑

i<n ki for each n ∈ N. Then we have a measure space isomorphism φ :
∏

n∈NX
2kn →

XN defined by setting

φ(w)(mn + i) = w(n)(2i), φ(w)(mn + kn + i) = w(n)(2i+ 1)

for n ∈ N and i < kn. For each n ∈ N, D̃kn
has outer measure 1 in X2kn , so D̃ =

∏
n∈N D̃kn

has outer

measure 1 in
∏

n∈NX
2kn , and φ[D̃] has outer measure 1 in XN. Note that φ[D̃] is just the set of w ∈ XN

such that, for every n ∈ N, there is an f ∈ A such that

f(w(i)) ≤ h0(w(i)) for mn ≤ i < mn + kn,

f(w(i)) ≥ h1(w(i)) for mn + kn ≤ i < mn + 2kn = mn+1.

If we set

Vn0 = {w : w ∈ XN, | 1
kn

∑mn+kn−1
i=mn

h0(w(i)) −
∫
h0| ≤ δ},
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Vn1 = {w : w ∈ XN, | 1
kn

∑mn+2kn−1
i=mn+kn

h1(w(i)) −
∫
h1| ≤ δ},

every Vn0 and Vn1 has measure at least 1
2 , because kn ≥ k0.

(δδδ) Now suppose that n ∈ N and w ∈ Vn0 ∩ Vn1 ∩ φ[D̃]. Then

sup
f∈A

∣∣ 1

mn+2kn

mn+2kn−1∑

i=0

f(w(i)) − 1

mn+kn

mn+kn−1∑

i=0

f(w(i))
∣∣ ≥ δ

(2+δ)(1+δ)
.

PPP Since w ∈ φ[D̃], there must be an f ∈ A such that

f(w(i)) ≤ h0(w(i)) for mn ≤ i < mn + kn,

f(w(i)) ≥ h1(w(i)) for mn + kn ≤ i < mn + 2kn = mn+1.

Set s =
∑mn−1

i=0 f(w(i)), t =
∑mn+kn

i=mn
f(w(i)) and t′ =

∑mn+2kn−1
i=mn+kn

f(w(i)). Then

1

mn+2kn

mn+2kn−1∑

i=0

f(w(i)) − 1

mn+kn

mn+kn−1∑

i=0

f(w(i))

=
s+ t+ t′

mn + 2kn
− s+ t

mn + kn
=

(t′ − t− s)kn + t′mn

(mn + 2kn)(mn + kn)

≥ (t′ − t−mn)kn
(mn + 2kn)(mn + kn)

≥ t′ − t− δkn
(2 + δ)(1 + δ)kn

because mn ≤ δkn, by the choice of kn.
To estimate t and t′, we have

t =
∑mn+kn−1

i=mn
f(w(i)) ≤ ∑mn+kn−1

i=mn
h0(w(i)) ≤ kn(

∫
h0 + δ)

because w ∈ Vn0. On the other hand,

t′ =
∑mn+2kn−1

i=mn+kn
f(w(i)) ≥ ∑mn+2kn−1

i=mn+kn
h1(w(i)) ≥ kn(

∫
h1 − δ)

because w ∈ Vn1. So

t′ − t ≥ kn(
∫
h1 − h0 − 2δ) = 2knδ,

and

1

mn+2kn

mn+2kn−1∑

i=0

f(w(i)) − 1

mn+kn

mn+kn−1∑

i=0

f(w(i))

≥ 2δkn − δkn
(2 + δ)(1 + δ)kn

=
δ

(2 + δ)(1 + δ)
. QQQ

(ǫǫǫ) The Vn0 and Vn1 are all independent. So µN(Vn0 ∩ Vn1) ≥ 1
4 for every n, and

W = {w : w ∈ XN, w ∈ Vn0 ∩ Vn1 for infinitely many n}
has measure 1 (by the Borel-Cantelli lemma, 273K, or otherwise). Accordingly W ∩φ[D̃] has outer measure

1 in XN. But if w ∈W ∩ φ[D̃], then (δ) tells us that

lim sup
k,l→∞

sup
f∈A

∣∣1
k

k−1∑

i=0

f(w(i)) − 1

l

l−1∑

i=0

f(w(i))
∣∣ ≥ δ

(2+δ)(1+δ)
,

because there are infinitely many n such that w ∈ Vn0 ∩ Vn1 ∩ φ[D̃]. So (iv) must be false.

(ζζζ) We see also that, for any n ∈ N,

∫
g′mn+kn,mn+2kn

≥ δ

(2+δ)(1+δ)
µN(Vn0 ∩ Vn1) ≥ δ

4(2+δ)(1+δ)
,

Measure Theory



465N Stable sets 63

writing

g′kl(w) = supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))|

for k, l ∈ N. So lim supk,l→∞
∫
g′kl > 0, and (v) is false.

(e) Assembling these, we have

(i)⇒(iii)⇒(ii)⇒(iv)⇒(i), (iii)⇒(v)⇒(i),

so the five assertions are equiveridical.

Remark If (X,Σ, µ) is a probability space, a set A ⊆ L
1(µ) is a Glivenko-Cantelli class if supf∈A |1

k

∑k−1
i=0

f(w(i)) −
∫
f | → 0 as k → ∞ for µN-almost every w ∈ XN. Compare 273Xi.

465N Theorem Let (X,Σ, µ) be a semi-finite measure space.
(a) (Talagrand 84) Let A ⊆ RX be a stable set. Suppose that there is a measurable function g : X →

[0,∞[ such that |f(x)| ≤ g(x) whenever x ∈ X and f ∈ A. Then the convex hull Γ(A) of A in RX is stable.
(b) If A ⊆ RX is stable, then |A| = {|f | : f ∈ A} is stable.
(c) Let A, B ⊆ RX be two stable sets such that {f(x) : f ∈ A ∪ B} is bounded for every x ∈ X. Then

A+B = {f1 + f2 : f1 ∈ A, f2 ∈ B} is stable.
(d) Suppose that µ is complete and locally determined. Let A ⊆ RX be a stable set such that {f(x) :

f ∈ A} is bounded for every x ∈ X. Then Γ(A) is relatively compact in L
0(Σ) for the topology of pointwise

convergence.

proof (a)(i) Consider first the case in which µX = 1 and A ⊆ [−1, 1]X . In this case,

supf∈Γ(A) |
1

k

∑k−1
i=0 f(w(i)) −

∫
f | = supf∈A |1

k

∑k−1
i=0 f(w(i)) −

∫
f |

for every k ≥ 1 and w ∈ XN. So Γ(A) satisfies condition (ii) of 465M whenever A does, and we have the
result.

(ii) Now suppose just that µX = 1. Set A′ = { f

g+χX
: f ∈ A}. Then A′ is stable (465C(a-v)), so Γ(A′)

is stable, by (i), and Γ(A) = {f × (g + χX) : f ∈ A′} is stable.

(iii) If µX = 0, the result is trivial. If µX < ∞, apply (ii) to a multiple of the measure µ. For the
general case, write AE = {f↾E : f ∈ A} for E ⊆ X. Then AE is stable for the subspace measure on E, by
465Cm. It follows that Γ(AE) is stable whenever µE < ∞. But Γ(AE) = (Γ(A))E , so 465Cn tells us that
Γ(A) is stable.

(b)(i) I begin with a basic special case of (c). If A, B ⊆ RX are stable and uniformly bounded, then
A+B is stable. PPP Putting 465C(b-ii), (a) of this theorem, 465C(a-iii) and 465C(a-i) together, we see that
A ∪B, Γ(A ∪B) and A+B ⊆ 2Γ(A ∪B) are stable. QQQ

(ii) Adding this to 465C(b-iv), |A| ⊆ {f+ : f ∈ A}+{f− : f ∈ A} is stable whenever A ⊆ RX is stable
and uniformly bounded.

(iii) For the general case, use 465C(c-v). For n ∈ N, set An = {med(−nχX, f, nχX) : f ∈ A},

|A|n = {med(−nχX, f, nχX) : f ∈ |A|} = {med(−nχX, |f |, nχX) : f ∈ A} = |An|.
Now 465C(c-v) and (i)-(ii) above tell us that if A is stable, so are every An and every |An| = |A|n, so that
A is stable.

(c)(i) By 465Cn, it is enough to consider the case of totally finite µ, so let us suppose from now on that
µX < ∞. We may also suppose that neither A nor B is empty; finally, by 465C(c-i), we can suppose that
µ is complete, so that A ∪B ⊆ L

0(Σ) (465Da).
I introduce some temporary notation: if E ⊆ X, k ≥ 1, ǫ > 0 and A ⊆ RX , set

D̃k(A,E, ǫ) =
⋃

f∈A{u : u ∈ Ek, |f(u(i))| ≥ ǫ for i < k}.

D.H.Fremlin



64 Pointwise compact sets of measurable functions 465N

(ii) We need to know that if A ⊆ RX and every f ∈ A is zero a.e., then A is stable iff whenever E ∈ Σ,

0 < µE <∞ and ǫ > 0 there is a k ≥ 1 such that (µk)∗D̃k(A,E, ǫ) < (µE)k.

PPP(ααα) If A is stable, then |A| is stable, by (b), so if 0 < µE < ∞ and ǫ > 0 there is a k ≥ 1 such

that (µ2k)∗D2k(|A|, E, 0, ǫ) < (µE)2k. Let W ∈ ⊗̂
2kΣ be such that D2k(|A|, E, 0, ǫ) ⊆ W ⊆ E2k and

µ2kW < (µE)2k. Because (u, v) 7→ u#v is a measure space isomorphism,

µ2kW =
∫
µk{u : u#v ∈W}µk(dv),

so if we set V = {v : v ∈ Ek, µk{u : u#v ∈ W} = (µE)k} we must have µkV < (µE)k. If v ∈ D̃k(A,E, ǫ),
there is an f ∈ A such that |f(v(i))| ≥ ǫ for every i < k; now

{u : u#v ∈W} ⊇ {u : u ∈ Ek, f(u(i)) = 0 for every i < k}
has measure (µE)k, because f = 0 a.e. So D̃k(A,E, ǫ) ⊆ V and (µk)∗D̃k(A,E, ǫ) < (µE)k. As E and ǫ are
arbitrary, A satisfies the condition.

(βββ) Now suppose that A satisfies the condition. Take E ∈ Σ such that µE > 0, and α < β in R.

If β > 0, set ǫ = β; otherwise, set ǫ = −α. Then there is a k ∈ N such that (µk)∗D̃k(A,E, ǫ) < (µE)k.

As Dk(A,E, α, β) is included in {(u, v) : u ∈ Ek, v ∈ D̃k(A,E, ǫ)} (if β > 0) or {(u, v) : u ∈ D̃k(A,E, ǫ),
v ∈ Ek} (if β ≤ 0), (µ2k)∗Dk(A,E, α, β) < (µE)2k. As E, α and β are arbitrary, A is stable. QQQ

(iii) Suppose that A and B are stable sets such that f = 0 a.e. for every f ∈ A ∪ B. Then A + B is
stable. PPP Set A′ = {|f | ∧ χX : f ∈ A}, B′ = {|f | ∧ χX : f ∈ B}. Then A′ and B′ are stable, so A′ + B′

is stable, by (b)(i) above. But now observe that if u ∈ D̃k(A + B,E, ǫ), where E ⊆ X, ǫ > 0 and k ≥ 1,
then there are f1 ∈ A, f2 ∈ B such that |f1(u(i)) + f2(u(i))| ≥ ǫ for every i < k. In this case, setting
f ′j = |fj | ∧ χX for both j, g = f ′1 + f ′2 belongs to A′ + B′ and g(u(i)) ≥ min(1, ǫ) for every i < k. This

shows that D̃k(A+ B,E, ǫ) ⊆ D̃k(A′ + B′, E,min(1, ǫ)). Also every function in either A+ B or A′ + B′ is
zero a.e. So (ii) tells us that A+B also is stable. QQQ

(iv) Suppose that A, B ⊆ RX are stable, that |f | ≤ χX for every f ∈ A, and that g = 0 a.e. for every
g ∈ B. Then A + B is stable. PPP For g ∈ B set g′(x) = med(−2, g(x), 2) for x ∈ X; set B′ = {g′ : g ∈ B}.
Then B′ is stable, by 465C(a-vi), and both A and B′ are uniformly bounded, so A + B′ is stable. Take
E ∈ Σ such that µE > 0, and α < β in R.

If β > 1, then, by (ii), there is a k ≥ 1 such that (µk)∗D̃k(B,E, β − 1) < (µE)k. Now if w ∈ Dk(A +
B,E, α, β) there are f ∈ A, g ∈ B such that f(w(2i + 1)) + g(w(2i + 1)) ≥ β for every i < k; accordingly

g(w(2i+ 1)) ≥ β − 1 for i < k and w = u#v for some u ∈ Ek, v ∈ D̃k(B,E, β − 1). So

(µ2k)∗Dk(A+B,E, α, β) ≤ (µE)k · (µk)∗D̃(B,E, β − 1) < (µE)2k.

Similarly, if α < −1, then

(µ2k)∗Dk(A+B,E, α, β) ≤ (µE)k · (µk)∗D̃(B,E,−1 − α) < (µE)2k

for some k.
On the other hand, if −1 ≤ α < β ≤ 1, there is a k ≥ 1 such that (µ2k)∗Dk(A + B′, E, α, β) <

(µE)2k. If now w ∈ Dk(A + B,E, α, β), take f ∈ A and g ∈ B such that f(w(2i)) + g(w(2i)) ≤ α and
f(w(2i+ 1)) + g(w(2i+ 1)) ≥ β for i < k. In this case, for each i < k,

—– either g′(w(2i)) ≤ g(w(2i)) and f(w(2i))+g′(w(2i)) ≤ α, or g′(w(2i)) = −2 and f(w(2i))+
g′(w(2i)) ≤ −1 ≤ α,

—– either g′(w(2i+1)) ≥ g(w(2i+1)) and f(w(2i+1))+g′(w(2i+1)) ≥ β, or g′(w(2i+1)) = 2
and f(w(2i+ 1)) + g′(w(2i+ 1)) ≥ 1 ≥ β.

So w ∈ Dk(A+B′, E, α, β). Accordingly (µ2k)∗Dk(A+B,E, α, β) < (µE)2k.
As E, α and β are arbitrary, A+B is stable. QQQ

(v) Now suppose that |f | ≤a.e. χX for every f ∈ A ∪ B. For f ∈ A ∪ B and x ∈ X, set f0(x) =
med(−1, f(x), 1), f1(x) = max(0, f(x)−1) and f2(x) = max(0,−1−f(x)); then f = f0 +f1−f2, |f0| ≤ χX
and f1, f2 are zero a.e. Also A0 = {f0 : f ∈ A}, A1 = {f1 : f ∈ A}, A2 = {f2 : f ∈ A}, B0 = {f0 : f ∈ B},
B1 = {f1 : f ∈ B} and B2 = {f2 : f ∈ B} are all stable, by 465C(a-vi). Accordingly A0 + B0 is stable, by
(ii); by (iii), A1 −A2 +B1 −B2 is stable; by (iv),
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A+B ⊆ A0 +B0 +A1 −A2 +B1 −B2

is stable.

(vi) Finally, turn to the hypothesis stated in the proposition: that A and B are stable and pointwise
bounded. Let h : X → [0,∞[ be such that |f(x)| ≤ h(x) for every f ∈ A ∪ B and x ∈ X; note that
I do not assume here that h is measurable. However, we are supposing that µ is totally finite, so there
must be a sequence 〈fn〉n∈N in A ∪ B such that |f | ≤a.e. supn∈N |fn| for every f ∈ A ∪ B. PPP For each
q ∈ Q, choose a countable set Cq ⊆ A ∪ B such that {x : |f(x)| ≥ q} \⋃g∈Cq

{x : |g(x)| ≥ q} is negligible

for any f ∈ A ∪ B (215B(iv)); let 〈fn〉n∈N run over
⋃

q∈Q Cq. QQQ Set h1 = χX + supn∈N |fn|; then h1
is finite-valued, strictly positive and measurable, and |f | ≤a.e. h1 for every f ∈ A ∪ B. By 465C(a-v),
A1 = {f/h1 : f ∈ A} and B1 = {f/h1 : f ∈ B} are stable; by (v) here, A1 + A2 is stable; by 465C(a-v)
again, A+B = {g × h1 : g ∈ A1 +A2} is stable. So we’re done.

(d) Since A is pointwise bounded, the closure Γ(A) of Γ(A) in RX for the topology of pointwise conver-

gence is compact. ??? Suppose, if possible, that there is a g ∈ Γ(A)\L0(Σ). Then there must be a measurable
set E of finite measure and α < β in R such that µ∗P = µ∗Q = µE > 0, where

P = {x : x ∈ E, g(x) ≤ α}, Q = {x : x ∈ E, g(x) ≥ β}
by 413G again. Set Yn = {x : x ∈ E, |f(x)| ≤ n for every f ∈ A}; then 〈Yn〉n∈N is a non-decreasing sequence
with union E, so there is an n ∈ N such that µ∗(P ∩ Yn) and µ∗(Q∩ Yn) are both at least 2

3µE. Let F ′, F ′′

be measurable envelopes of P ∩ Yn and Q ∩ Yn respectively, and Y = F ′ ∩ F ′′ ∩ Yn; then

0 < µ(F ′ ∩ F ′′) = µ∗(F ′ ∩ F ′′ ∩ P ∩ Yn)

= µ∗(F ′ ∩ F ′′ ∩Q ∩ Yn) = µ∗Y = µ∗(P ∩ Y ) = µ∗(Q ∩ Y ).

Let µY be the subspace measure on Y and ΣY its domain, and consider the set AY = {f↾Y : f ∈ A}.
With respect to the measure µY , this is stable (465Cm). Also it is uniformly bounded. So Γ(AY ) is µY -

stable, by (a) of this theorem. As µY is complete and totally finite, the closure Γ(AY ) for the topology of
pointwise convergence in RY is included in L

0(ΣY ) (465Da). Since f 7→ f↾Y : RX → RY is linear and

continuous for the topologies of pointwise convergence, g↾Y ∈ Γ(AY ) and g↾Y is ΣY -measurable. But

µ∗
Y (P ∩ Y ) = µ∗(P ∩ Y ) = µ∗(Q ∩ Y ) = µ∗

Y (Q ∩ Y ) = µY Y ∈ ]0,∞[

(214Cd), so this is impossible. XXX

Thus Γ(A) ⊆ L
0(Σ) and Γ(A) is relatively compact.

465O Stable sets in L0 The notion of ‘stability’ as defined in 465B is applicable only to true functions;
in such examples as 465Xj, the irregularity of the set A is erased entirely if we look at its image in the
space L0 of equivalence classes of measurable functions. We do, however, have a corresponding concept for
subsets of function spaces, which can be expressed in the language of §325. If (A, µ̄) is a semi-finite measure

algebra, and k ≥ 1, I write (
⊗̂

kA, µ̄
k) for the localizable measure algebra free product of k copies of (A, µ̄),

as described in 325H. If Q ⊆ L0(A), k ≥ 1, a ∈ A has finite measure and α < β in R, set

dk(Q, a, α, β) = sup
v∈Q

(
(a ∩ [[v ≤ α]]) ⊗ (a ∩ [[v ≥ β]]) ⊗ . . .

⊗ (a ∩ [[v ≤ α]]) ⊗ (a ∩ [[v ≥ β]])
)

in
⊗̂

2kA, taking k repetitions of the formula (a ∩ [[v ≤ α]])⊗(a ∩ [[v ≥ β]]) to match the corresponding formula

Dk(A,E, α, β) =
⋃

f∈A((E ∩ {x : f(x) ≤ α}) × (E ∩ {x : f(x) ≥ β))k.

(Note that the supremum supv∈Q . . . is defined because a⊗2k = a⊗ . . .⊗a has finite measure in the measure

algebra (
⊗̂

2kA, µ̄
2k). Of course I mean to take dk(Q, a, α, β) = 0 if Q = ∅.) Now we can say that Q is

stable if whenever 0 < µ̄a < ∞ and α < β there is a k ≥ 1 such that µ̄2kdk(Q, a, α, β) < (µ̄a)2k; that is,
dk(Q, a, α, β) 6= a⊗ . . .⊗ a.

We have the following relationships between the two concepts of stability.
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465P Theorem Let (X,Σ, µ) be a semi-finite measure space, with measure algebra (A, µ̄).
(a) Suppose that A ⊆ L

0(Σ) and that Q = {f• : f ∈ A} ⊆ L0(µ), identified with L0 = L0(A) (364Ic).
Then Q is stable in the sense of 465O iff every countable subset of A is stable in the sense of 465B.

(b) Suppose that µ is complete and strictly localizable and Q is a stable subset of L∞(µ), identified with
L∞(A) (363I). Then there is a stable set B ⊆ L

∞(Σ) such that Q = {f• : f ∈ B}.

proof (a)(i) Suppose that all countable subsets of A are stable, and take a ∈ A such that 0 < µ̄a <∞ and
α < β in R. For each k ∈ N there is a countable setQk ⊆ Q such that dk(Qk, a, α, β) = dk(Q, a, α, β), because

a⊗2k has finite measure in
⊗̂

2kA. Now there is a countable set A′ ⊆ A such that {f• : f ∈ A′} =
⋃

k∈NQk.
Let E ∈ Σ be such that E• = a. As µE = µ̄a ∈ ]0,∞[ and A′ is stable, there is a k ≥ 1 such that
(µ2k)∗Dk(A′, E, α, β) < (µE)2k. Because A′ is countable, Dk(A′, E, α, β) is measurable. But 325He tells us
that we have an order-continuous measure-preserving Boolean homomorphism π from the measure algebra

of µ2k to
⊗̂

2kA, such that π(
∏

i<2k Fi)
• = F •

0 ⊗ . . .⊗ F •

2k−1 for all F0, . . . , F2k−1 ∈ Σ; accordingly

µ̄2kdk(Q, a, α, β) = µ̄2kdk(Qk, a, α, β) ≤ µ̄2kdk(
⋃

i∈N

Qi, a, α, β)

= µ̄2k(πDk(A′, E, α, β)•) = µ2kDk(A′, E, α, β)

< (µE)2k = µ̄2ka⊗2k.

As a, α and β are arbitrary, Q is stable.

(ii) Now suppose that Q is stable and that A′ is any countable subset of A. Take E ∈ Σ such that
0 < µE <∞, and α < β in R. Set a = E• ∈ A. This time, writing Q′ for {f• : f ∈ A′}, we have

πDk(A′, E, α, β)• = dk(Q′, a, α, β) ⊆ dk(Q, a, α, β)

for every k ≥ 1. There is some k such that dk(Q, a, α, β) 6= a⊗2k, and in this case µ2kDk(A′, E, α, β) <
(µE)2k; as E, α and β are arbitrary, A′ is stable.

(b)(i) If µX = 0 this is trivial; suppose that µX > 0. Let 〈Ei〉i∈I be a decomposition of X into sets
of finite measure. Amalgamating any negligible Ei into other non-negligible ones, we may suppose that
µEi > 0 for each i. Writing µi for the subspace measure on Ei, we have a consistent lifting φi for µi (346J).
Set φE =

⋃
i∈I φi(E ∩Xi) for E ∈ Σ; then φ is a lifting for µ. Let θ be the corresponding lifting from A to

Σ (341B) and T : L∞(A) → L
∞(Σ) the associated linear operator, defined by saying that T (χa) = χ(θa)

for every a ∈ A (363F). Since θ(a)• = a for every a ∈ A, (Tv)• = v for every v ∈ L∞ = L∞(A), identified
with L∞(µ) (cf. 363Xe).

(ii) We need to know that if v ∈ L∞ and α < α′, then {x : (Tv)(x) ≤ α} ⊆ φ({x : (Tv)(x) ≤ α′}). PPP
Let v′ ∈ S(A) be such that ‖v− v′‖∞ ≤ 1

2 (α′ −α) (363C), and set γ = 1
2 (α+α′). Express v′ as

∑n
i=0 αiχai

where a0, . . . , an ∈ A are disjoint. Then Tv′ =
∑n

i=0 αiχ(θai). Now

‖Tv − Tv′‖∞ ≤ ‖v − v′‖∞ ≤ γ − α = α′ − γ,

so

{x : (Tv)(x) ≤ α} ⊆ {x : (Tv′)(x) ≤ γ}
=

⋃
{θai : i ≤ n, αi ≤ γ} = φ(

⋃
{θai : i ≤ n, αi ≤ γ})

(because φ(θa) = θa for every a ∈ A)

= φ({x : (Tv′)(x) ≤ γ}) ⊆ φ({x : (Tv)(x) ≤ α′}),

as claimed. QQQ
Similarly, if β′ < β then {x : (Tv)(x) ≥ β} ⊆ φ({x : (Tv)(x) ≥ β′}).

(iii) Set B = T [Q], so that B ⊆ L
∞(Σ) and Q = {f• : f ∈ B}. Then B is stable. PPP Let E ∈ Σ

be such that 0 < µE < ∞, and α < β. Let i ∈ I be such that µ(E ∩ Ei) > 0, and α′, β′ ∈ R such
that α < α′ < β′ < β. Setting a = (E ∩ Ei)

•, we have 0 < µ̄a < ∞, so there is some k ∈ N such that
dk(Q, a, α′, β′) 6= a⊗2k. Let π be the measure-preserving Boolean homomorphism from the measure algebra

Measure Theory



465R Stable sets 67

of µ2k to
⊗̂

2kA described in part (a) of this proof; as noted in 325He, the present context is enough to
ensure that π is an isomorphism. So there is a W ∈ domµ2k such that πW • = dk(Q, a, α′, β′); since

dk(Q, a, α′, β′) ⊆ a⊗2k ⊆ (E2k
i )•,

we may suppose that W ⊆ E2k
i . If f ∈ B, then

πDk({f}, E, α′, β′)• = dk({f•}, a, α′, β′) ⊆ dk(Q, a, α′, β′),

so Dk({f}, E, α′, β′) \W is negligible.
At this point, recall that φi was supposed to be a consistent lifting for µi. So we have a lifting φ′ of µ2k

i

such that φ′(
∏

j<2k Fj) =
∏

j<2k φiFj for all F0, . . . , F2k−1 ∈ Σi. In particular, if f ∈ B and we set

F2j = {x : x ∈ E ∩ Ei, f(x) ≤ α}, F2j+1 = {x : x ∈ E ∩ Ei, f(x) ≥ β},

F ′
2j = {x : x ∈ E ∩ Ei, f(x) ≤ α′}, F ′

2j+1 = {x : x ∈ E ∩ Ei, f(x) ≥ β′},

for j < k, we shall have

∏

j<2k

Fj ⊆
∏

j<2k

φF ′
j

(by (ii) above, because f = Tv for some v)

=
∏

j<2k

φiF
′
j = φ′(

∏

j<2k

F ′
j) ⊆ φ′W

because
∏

j<2k F
′
j = Dk({f}, E, α′, β′). As f is arbitrary, Dk(B,E ∩ Ei, α, β) ⊆ φ′W . But now

(µ2k)∗Dk(B,E ∩ Ei, α, β) ≤ µ2k(φ′W ) = µ2k
i (φ′W )

(251Wl)

= µ2k
i W = µ2kW = µ̄2kdk(Q, a, α′, β′)

< µ̄2k(a⊗2k) = µ(E ∩ Ei)
2k.

As usual, it follows that (µ2k)∗Dk(B,E, α, β) < (µE)2k; as E, α and β are arbitrary, B is stable, as claimed.
QQQ

465Q Remarks Using 465Pa, we can work through the first part of this section to get a list of properties
of stable subsets of L0. For instance, the convex hull of an order-bounded stable set in L0 is stable, as
in 465Na. It is harder to relate such results as 465M to the idea of stability in L0, but the argument
of 465Pb gives a line to follow: if (X,Σ, µ) is complete and strictly localizable, there is a linear operator
T : L∞(µ) → L

∞(Σ), defined from a lifting, such that, for Q ⊆ L∞, T [Q] is stable iff Q is stable. So when

µ is a complete probability measure, we can look at the averages ψwk(v) = 1
k

∑k−1
i=0 (Tv)(w(i)) for v ∈ Q,

w ∈ XN to devise criteria for stability of Q in terms of the linear functionals ψwk.
Working in L1, however, we can seek results of a different type, as follows.

465R Theorem (Talagrand 84) Let (A, µ̄) and (B, ν̄) be measure algebras, and T : L1(A, µ̄) →
L1(B, ν̄) a bounded linear operator. If Q is stable and order-bounded in L1(A, µ̄), then T [Q] ⊆ L1(B, ν̄) is
stable.

proof (a) To begin with (down to (d) below) let us suppose that

(A, µ̄) and (B, ν̄) are the measure algebras of measure spaces (X,Σ, µ) and (Y,T, ν),

so that we can identify L1
µ̄, L1

ν̄ with L1(µ) and L1(ν) (365B),

Q is countable,

so that Q can be expressed as {f• : f ∈ A}, where A ⊆ L
0(Σ) is countable and stable (465P),

T is positive,
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µ and ν are totally finite,

T (χX•) = χY •,

Q ⊆ L∞(A) is ‖ ‖∞-bounded,

so that we may take A ⊆ L
∞ to be ‖ ‖∞-bounded,

νY = 1,

µX = 1,

and that ‖T‖ ≤ 1.

(b) The idea of the argument is that for any n ≥ 1 we have a positive linear operator Un : L1(µn) →
L1(νn) defined as follows.

If f0, . . . , fn−1 ∈ L
1(µ), set (f0 ⊗ . . . ⊗ fn−1)(w) =

∏n
i=0 fi(w(i)) whenever w ∈ ∏

i<n dom fi. Now we

can define u0 ⊗ u1 ⊗ . . . ⊗ un−1 ∈ L1(µn), for u0, . . . , un−1 ∈ L1(µ), by saying that f•

0 ⊗ . . . ⊗ f•

n−1 =
(f0 ⊗ . . .⊗ fn−1)• for all f0, . . . , fn−1 ∈ L

1(µ), as in 253E.

Define the operators Un inductively. U1 = T . Given that Un : L1(µn) → L1(νn) is a positive linear
operator, then we have a bilinear operator ψ : L1(µn)×L1(µ) → L1(νn+1) defined by saying that ψ(q, u) =
Unq ⊗ Tu for q ∈ L1(µn), u ∈ L1(µ), where ⊗ : L1(νn) × L1(ν) → L1(νn × ν) ∼= L1(νn+1) is the operator
of 253E. By 253F, there is a (unique) bounded linear operator Un+1 : L1(µn+1) → L1(νn+1) such that
Un+1(q ⊗ u) = ψ(q, u) for all q ∈ L1(µn), u ∈ L1(µ). To see that Un+1 is positive, use 253Gc. (Remember
that we are supposing that T is positive.) Continue.

Now it is easy to check that

Un(u0 ⊗ . . .⊗ un−1) = Tu0 ⊗ . . .⊗ Tun−1

for all u0, . . . , un−1 ∈ L1(µ). Moreover, ‖Un+1‖ ≤ ‖Un‖‖T‖ for every n (see 253F), so ‖Un‖ ≤ 1 for every
n.

For i < n ∈ N, we have a natural operator Rni : L1(µ) → L1(µn), defined by saying that Rnif
• = (fπni)

•

for every f ∈ L
1(µ), where πni(w) = w(i) for w ∈ Xn. Similarly, we have an operator Sni : L1(ν) → L1(νn).

Observe that

Rniu = e⊗ . . .⊗ e⊗ u⊗ e⊗ . . .⊗ e

where e = χX• and the u is put in the position corresponding to the coordinate i. Since Te = (χY )• = e′

say,

UnRniu = e′ ⊗ . . .⊗ Tu⊗ . . .⊗ e′ = SniTu

for every u ∈ L1(µ).

(c) Let B ⊆ L
∞(T) be a countable ‖ ‖∞-bounded set such that T [Q] = {g• : g ∈ B}. (T [Q] is ‖ ‖∞-

bounded because T is positive and T (χX)• = (χY )•.) I seek to show that B is stable by using the criterion
465M(v). Let ǫ > 0. Then there is an m ≥ 1 such that

∫
fkl(w)µN(dw) ≤ ǫ for any k, l ≥ m, writing

fkl(w) = supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))|

for w ∈ XN; note that fkl is measurable because A is countable.

Take any k, l ≥ m and consider

gkl(z) = supg∈B |1
k

∑k−1
i=0 g(z(i)) − 1

l

∑l−1
i=0 g(z(i))|

for z ∈ Y N. I claim that
∫
gkldν

N ≤ ǫ. PPP Set n = max(k, l). Then
∫
gkldν

N =
∫
g̃ dνn, where

g̃(z) = supg∈B |1
k

∑k−1
i=0 g(z(i)) − 1

l

∑l−1
i=0 g(z(i))|

for z ∈ Y n. If we look at g̃• in L1(νn), we see that it is

supg∈B |1
k

∑k−1
i=0 Snig

• − 1

l

∑l−1
i=0 Snig

•|

where Sni : L1(ν) → L1(νn) is defined in (b) above. Thus

Measure Theory



465R Stable sets 69

g̃• = supv∈T [Q] |
1

k

∑k−1
i=0 Sniv − 1

l

∑l−1
i=0 Sniv|.

Similarly, setting

f̃(w) = supf∈A |1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))|

for w ∈ Xn,

f̃• = supu∈Q |1
k

∑k−1
i=0 Rniu− 1

l

∑l−1
i=0Rniu|.

Now consider Unf̃
•. For any v ∈ T [Q], we can express v as Tu where u ∈ Q, so

∣∣1
k

k−1∑

i=0

Sniv − 1

l

l−1∑

i=0

Sniv
∣∣ =

∣∣1
k

k−1∑

i=0

SniTu− 1

l

l−1∑

i=0

SniTu
∣∣

=
∣∣1
k

k−1∑

i=0

UnRniu− 1

l

l−1∑

i=0

UnRniu
∣∣

(because UnRni = SniT , as noted in (b) above)

=
∣∣Un(

1

k

k−1∑

i=0

Rniu− 1

l

l−1∑

i=0

Rniu)
∣∣

≤ Un(|1
k

k−1∑

i=0

Rniu− 1

l

l−1∑

i=0

Rniu|)

(because Un is positive)

≤ Unf̃
•.

As v is arbitrary, g̃• ≤ Unf̃
•, and

∫
gkldν

N =

∫
g̃ dνn = ‖g̃•‖1 ≤ ‖Unf̃

•‖1 ≤ ‖f̃•‖1
(because ‖Un‖ ≤ 1)

≤ ǫ

because k, l ≥ m. QQQ

(d) As ǫ is arbitrary, B satisfies the criterion 465M(v), and is stable. So T [Q] is stable, by 465Pa in the
other direction.

(e) Now let us seek to unwind the list of special assumptions used in the argument above. Suppose we
drop the last two, and assume only that

(A, µ̄) and (B, ν̄) are the measure algebras of measure spaces (X,Σ, µ) and (Y,T, ν),
Q is countable,
T is positive,
µ and ν are totally finite,
T (χX•) = χY •,
Q ⊆ L∞(A) is ‖ ‖∞-bounded,
νY = 1.

Then T [Q] is stable. PPP Define µ1 : Σ → [0,∞[ by setting µ1E =
∫
T (χE•) for every E ∈ Σ. Then µ1 is

countably additive because T is (sequentially) order-continuous (355Ka). If µE = 0 then χE• = 0 in L1(µ)
and µ1E = 0, so µ1 is truly continuous with respect to µ (232Bb) and has a Radon-Nikodým derivative
(232E). By 465C(c-ii), A is stable with respect to µ1, while µ1X = νY = 1, because T (χX)• = χY •.
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Let (A1, µ̄1) be the measure algebra of µ1. If E ∈ Σ and µ1E = 0, then T (χE•) = 0. Accordingly we can
define an additive function θ : A1 → L1(ν) by setting θE• = T (χE•) for every E ∈ Σ. (Note that the two •s
here must be interpreted differently. In the formula θE•, the equivalence class E• is to be taken in A1. In
the formula χE• = (χE)•, the equivalence class is to be taken in L0(µ). In the rest of this proof I will pass
over such points without comment; I hope the context will always make it clear how each • is to be read.)
Because T is positive, θ is non-negative, and by the definition of µ1 we have ‖θa‖1 = µ̄1a for every a ∈ A1.
So we have a positive linear operator T1 : L1(A1, µ̄1) → L1(ν) defined by setting

T1(χE•) = θE• = T (χE•)

for every E ∈ Σ (365J). As ‖T1(χE•)‖1 = µ1E for every E ∈ Σ, ‖T1‖ = 1 (365I(ii-β)).
If f : X → R is simple (that is, a linear combination of indicator functions of sets in Σ), then T1f

• = Tf•.
So this is also true for every f ∈ L

∞(Σ); in particular, it is true for every f ∈ A, so that T [Q] = T1[Q1],
where Q1 = {f• : f ∈ A} ⊆ L1(µ1). But µ1, Q1 and T1 satisfy all the conditions of (a), so (b)-(d) tell us
that T1[Q1] is stable, and T [Q] is stable, as required. QQQ

(f) The next step is to drop the condition ‘νY = 1’. But this is elementary, since we are still assuming
that ν is totally finite, and multiplying ν by a non-zero scalar doesn’t change L0(ν) or the stability of any
of its subsets, while the case νY = 0 is trivial. So we conclude that if

(A, µ̄) and (B, ν̄) are the measure algebras of measure spaces (X,Σ, µ) and (Y,T, ν),
Q is countable,
T is positive,
µ and ν are totally finite,
T (χX•) = χY •,
Q ⊆ L∞(A) is ‖ ‖∞-bounded,

then T [Q] is stable.

(g) We can now attack what remains. We find that if

(A, µ̄) and (B, ν̄) are the measure algebras of measure spaces (X,Σ, µ) and (Y,T, ν),
Q is countable,
T is positive,

then T [Q] is stable. PPP At this point recall that we are supposing that Q is order-bounded. Let u0 ∈ L1(µ) be
such that |u| ≤ u0 for every u ∈ Q; let f0 ∈ L

0(Σ)+ be such that f•

0 = u0. Setting A′ = {med(−f0, f, f0) :
f ∈ A}, A′ is still stable, because its image in L1(µ) is still Q, or otherwise. Set v0 = Tu0, and let
g0 ∈ L

0(T)+ be such that g•

0 = v0. Because T is positive, |Tu| ≤ T |u| ≤ v0 for every u ∈ Q. So we can
represent T [Q] as {g• : g ∈ B}, where B ⊆ L

0(T) is a countable set and |g| ≤ g0 for every g ∈ B. Set
F0 = {y : g0(y) 6= 0}.

Define measures µ1, ν1 by setting µ1E =
∫
E
f0dµ for E ∈ Σ, ν1F =

∫
F
g0dν for F ∈ T. Then both µ1

and ν1 are totally finite. By 465C(c-ii), A′ is stable with respect to µ1. Set A1 = { f

f0
: f ∈ A′}, interpreting

f

f0
(x) as 0 if f0(x) = 0; then A1 is stable with respect to µ1, by 465C(a-v), and ‖f‖∞ ≤ 1 for every f ∈ A1.

Take Q1 = {f• : f ∈ A1} ⊆ L1(µ1), so that Q1 is stable.
We have a norm-preserving positive linear operator R : L1(µ1) → L1(µ) defined by setting Rf• = (f×f0)•

for every f ∈ L
1(µ1) (use 235A). Observe that R[Q1] = Q and R(χX)• = u0. Similarly, we have a norm-

preserving positive linear operator S : L1(ν1) → L1(ν) defined by setting Sg• = (g × g0)• for g ∈ L
1(ν1).

The set of values of S is just

{g• : g ∈ L
1(ν), g(y) = 0 whenever g0(y) = 0},

which is the band in L1(ν) generated by v0. So

{u : u ∈ L1(µ1), TR|u| ∈ S[L1(ν1)]}
is a band in L1(ν1) containing χX•, and must be the whole of L1(µ1). Thus we have a positive linear
operator T1 = S−1TR : L1(µ1) → L1(ν1), and T1(χX)• = χY • in L1(ν1).

By (f), T1[Q1] is stable in L1(ν1). Observe that T1[Q1] = {S−1g• : g ∈ B} = {g• : g ∈ B1}, where

B1 = { g

g0
: g ∈ B}, interpreting

g

g0
(y) as 0 if y ∈ Y \ F0. Consequently B1 and B = {g × g0 : g ∈ B1} are
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stable with respect to ν1. By 465C(c-ii), once more, B is stable with respect to ν0, where

ν0F =
∫
F

1

g0
dν1 = ν(F ∩ F0)

for any F ∈ T. But because g(y) = 0 whenever g ∈ B and y ∈ Y \ F0,

(ν2k)∗Dk(B,F, α, β) = (ν2k)∗Dk(B,F ∩ F0, α, β) = (ν2k0 )∗Dk(B,F, α, β)

whenever F ∈ T, α < β and k ≥ 1; so B is also stable with respect to ν, and Q = {g• : g ∈ B} is stable in
L1(ν). QQQ

(h) The worst is over. If we are not told that T is positive, we know that it is expressible as the difference
of positive linear operators T1 and T2 (371D); now T1[Q] and T2[Q] will be stable, by the work above, so
T [Q] ⊆ T1[Q]−T2[Q] is stable, by 465Nc. If we are not told that Q is countable, we refer to 465P to see that
we need only check that countable subsets of T [Q] are stable, and these are images of countable subsets of
Q. Finally, the identification of the abstract measure algebras (A, µ̄) and (B, ν̄) with the measure algebras
of measure spaces is Theorem 321J.

*465S R-stable sets The theory above has been developed in the context of general measure (or
probability) spaces and the ‘ordinary’ product measure of measure spaces. For τ -additive measures – in
particular, for Radon measures – we have an alternative product measure, as described in §417. If (X,T,Σ, µ)
is a semi-finite τ -additive topological measure space such that µ is inner regular with respect to the Borel
sets, write µ̃I for the τ -additive product measure on XI , as described in 417C (for the product of two spaces)
and 417E (for the product of any family of probability spaces); we can extend the construction of 417C to
arbitrary finite products (417D). Now say that A ⊆ RX is R-stable if whenever 0 < µE < ∞ and α < β
there is a k ≥ 1 such that (µ̃2k)∗Dk(A,E, α, β) < (µE)2k. Because we have a version of Fubini’s theorem
for the products of τ -additive topological measures (417G), all the arguments of this section can be applied
to R-stable sets, yielding criteria for R-stability exactly like those in 465M.

Because the τ -additive product measure extends the c.l.d. product measure, stable sets are always R-
stable. (We must have

(µ̃2k)∗Dk(A,E, α, β) ≤ (µ2k)∗Dk(A,E, α, β)

for all k, A, E, α and β.) For an example of an R-stable set which is not stable, see 465U.
The concept of ‘R-stability’ is used in Talagrand 84 in applications to the integration of vector-valued

functions. I give one result, however, to show how it is relevant to a question with a natural expression in
the language of this chapter.

*465T Proposition (Talagrand 84) Let (X,T,Σ, µ) be a semi-finite τ -additive topological measure
space such that µ is inner regular with respect to the Borel sets. If A ⊆ C(X) is such that every countable
subset of A is R-stable, then A is R-stable.

proof For any α < β and k ≥ 1,

D′
k(A,X,α, β) =

⋃

f∈A

{w : w ∈ X2k, f(w(2i)) < α,

f(w(2i+ 1)) > β for i < k}
is open. Suppose that 0 < µE < ∞. Because all the product measures µ̃2k are τ -additive, we can find a
countable set A′ ⊆ A such that

µ̃2kD′
k(A,E, α, β) = µ̃2kD′

k(A′, E, α, β)

for every k ≥ 1 and all rational α, β. Now, if α < β, there are rational α′, β′ such that α < α′ < β′ < β,
and a k ≥ 1 such that µ̃2kDk(A′, E, α′, β′) < (µE)2k; in which case

(µ̃2k)∗Dk(A,E, α, β) ≤ µ̃2kD′
k(A,E, α′, β′) = µ̃2kD′

k(A′, E, α′, β′)

≤ µ̃2kDk(A′, E, α′, β′) < (µE)2k.

As E, α and β are arbitrary, A is R-stable.
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*465U I come now to the promised example of an R-stable set which is not stable. I follow the
construction in Talagrand 88, which displays an interesting characteristic related to 465O-465P above.

Example There is a Radon probability space with an R-stable set of continuous functions which is not
stable.

proof (a) Let (X,Σ, µ) be an atomless probability space (e.g., the unit interval with Lebesgue measure).
Define 〈rn〉n∈N by setting r0 = 1, r1 = 2, rn+1 = 2nrn for n ≥ 1; then 2n ≤ rn < rn+1 for every n. Let
〈Σn〉n∈N be an increasing sequence of finite subalgebras of Σ, each Σn having rn atoms of the same size;
this is possible because rn+1 is always a multiple of rn. Write Hn for the set of atoms of Σn. Next, for
each n ∈ N, let 〈GH〉H∈Hn

be an independent family in Σn+1 of sets of measure 2−n; such a family exists
because rn+1 is a multiple of 2nrn .

Let E be the family of all sets expressible in the form E =
⋃

i∈NHi where, for some strictly increasing

sequence 〈ni〉i∈N in N, Hi ∈ Hni
and Hj ⊆ GHi

whenever i < j in N. Set A = {χE : E ∈ E} ⊆ L
0(Σ).

(b) A is stable. PPP Suppose that F ∈ Σ and that µF > 0. Take n ∈ N so large that 3 · 2−n < (µF )2. Set
H = {H : H ∈ Hn, µ(H ∩F ) > 0}; enumerate H as 〈Hi〉i<m; set F1 = F ∩⋃

i<mHi, V =
∏

j<m(Hj ∩F1) ⊆
Fm
1 . Because µF1 = µF , m ≥ rnµF ≥ 3.

Consider

Uk =
⋃

H∈Hk
(H ×H) ∪ (H ×GH) ∪ (GH ×H) ⊆ X2

for k ∈ N. Then

µ2Uk ≤ rk(
1

r2k
+

1

2krk
+

1

2krk
) ≤ 3 · 2−k,

so

µ2(F 2
1 \⋃k>n Uk) ≥ (µF )2 − 3

∑∞
k=n+1 2−k > 0.

Set

V = {w : w ∈ F 2m
1 , w(2i) ∈ Hi for every i < m, (w(1), w(3)) /∈ ⋃

k>n Uk}.

Then

µ2m(V ) ≥ ∏m−1
i=0 µ(F1 ∩Hi) · µ2(F 2

1 \⋃k>n Uk) · (µF1)m−2 > 0.

??? Suppose, if possible, that there is a point w ∈ V ∩ Dm(A,F, 0, 1). Then there is an E ∈ E such that
w(2i) /∈ E, w(2i+ 1) ∈ E for i < m. Express E as

⋃
j∈NEj where Ej ∈ Hnj

for every j ∈ N, where 〈nj〉j∈N

is strictly increasing, and Ek ⊆ GEj
whenever j < k. Because w(2i) ∈ F1 ∩Hi \ E, Ej cannot include Hi

for any i < m, j ∈ N; so Ej ∩Hi = ∅ whenever i < m and nj ≤ n. Because w(1), w(3) ∈ E, there are j0,
j1 ∈ N such that w(1) ∈ Ej0 and w(3) ∈ Ej1 . Since both w(1) and w(3) belong to F1 ⊆ ⋃

i<mHi, nj0 and
nj1 are both greater than n. But now

— if j0 = j1, then (w(1), w(3)) ∈ E2
j0

,
— if j0 < j1, then (w(1), w(3)) ∈ Ej0 × Ej1 ⊆ Ej0 ×GEj0

,

— if j1 < j0, then (w(1), w(3)) ∈ Ej0 × Ej1 ⊆ GEj1
× Ej1 ,

so in any case (w(1), w(3)) ∈ Uk where k = min(nj0 , nj1) > n, which is impossible. XXX
Thus Dm(A,F, 0, 1) does not meet V , and (µ2m)∗Dm(A,F, 0, 1) < (µF )2m.
Now if α < β, then Dm(A,F, α, β) = Dm(A,F, 0, 1) if 0 ≤ α < β ≤ 1, ∅ otherwise; so in all cases

(µ2m)∗Dm(A,F, α, β) < (µF )2m. As F also is arbitrary, A is stable, as claimed. QQQ

(c) Now let (Z,S,T, ν) be the Stone space of the measure algebra of (X,Σ, µ) (321K), so that ν is a
Radon measure (411Pe). For E ∈ Σ, write E∗ for the corresponding open-and-closed set in Z, so that
E 7→ E∗ : Σ → T is a measure-preserving Boolean homomorphism. Set A∗ = {χE∗ : E ∈ E} ⊆ C(Z). Write
νm for the c.l.d. product measure on Zm for m ≥ 1. We already know that ν2 is not a topological measure
(419E, 419Xc).

(d) The point is that (ν2m)∗Dm(A∗, Z, 0, 1) = 1 for every m ≥ 1. PPP??? Suppose, if possible, otherwise.

Then there is a set W̃ ⊆ Z2m such that ν2m(W̃ ) > 0 and W̃ ∩Dm(A∗, Z, 0, 1) 6= ∅. There is an ǫ > 0 such
that

Ṽ = {v : v ∈ Zm, νm{u : u ∈ Zm, u#v ∈ W̃} is defined and greater than mǫ}
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has non-zero inner measure for νm. Now there are sets F̃ij ∈ T, for i ∈ N and j < m, such that

Zm \ Ṽ ⊆ ⋃
i∈N

∏
j<m F̃ij ,

∑∞
i=0

∏m
j=0 νF̃ij < 1.

Enlarging the F̃ij slightly if need be, we may suppose that they are all open-and-closed (322Rc), therefore
expressible as F ∗

ij where Fij ∈ Σ for i ∈ N, j < m. Set V = Xm \⋃i∈N

∏
j<m Fij , so that

µmV = νm(Zm \⋃i∈N

∏
j<m F ∗

ij) > 0.

I seek to choose 〈nk〉k∈N in N, 〈Hk〉k∈N and 〈Ekj〉k∈N,j<m in Σ inductively, in such a way that

2−n0 ≤ 1
2ǫ,

Ekj ⊆ Eij ∩GHi
for i < k and j < m,

∏
j<mEkj ∩

∏
j<m Fkj = ∅,

µm(V ∩Gm
Hk

∩∏
j<mEkj) > 0,

ni < nk for every i < k,

Hk ∈ Hnk
,

if k = ikm+ jk, where ik ∈ N and jk < m, then µ(Hk ∩ Ekjk) > 0,

for every k ∈ N. The induction proceeds as follows. Set E′
kj = X if k = 0, GHk−1

∩ Ek−1,j otherwise, so

that µm(V ∩∏
j<mE′

kj) > 0. Because V ∩∏
j<m Fkj is empty, we can find Ekj ⊆ E′

kj , for j < m, such that

µm(V ∩∏
j<mEkj) > 0 and

∏
j<mEkj ∩

∏
j<m Fkj = ∅. Set η = µEkjk , δ = µm(V ∩∏

j<mEkj), so that η
and δ are both strictly positive.

Now take nk so large that

2−nk ≤ 1
2ǫ, nk > ni for i < k, (1 − 2−mnk)ηrnk < δ.

(This is possible because limn→∞ 2−mnrn = ∞.) Set H = {H : H ∈ Hnk
, µ(H ∩ Ekjk) > 0}; then

#(H) ≥ ηrnk
. Consider the family 〈Gm

H〉H∈H. These are stochastically independent sets of measure 2−mnk ,

so their union has measure 1 − (1 − 2−mnk)#(H) > 1 − δ, and there is an Hk ∈ H such that µm(V ∩Gm
Hk

∩∏
j<mEkj) > 0. Thus the induction continues.

Look at the sequence 〈Hk〉k∈N and its union E. We have Hk ∈ Hnk
for every k; moreover, if i < k, then

µ(Hk ∩ Ekjk) > 0, while Ekjk ⊆ GHi
; since Hk is an atom of Σnk

, while GHi
∈ Σnk

, Hk ⊆ GHi
. Thus

E ∈ E . Next, whenever i ≤ k ∈ N,
∏

j<mEkj ∩
∏

j<m Fij ⊆
∏

j<mEij ∩
∏

j<m Fij = ∅,

so
∏

j<mEkj ∩
⋃

i≤k

∏
j<m Fij = ∅. At the same time, we know that

Em ∩∏
j<mEkj ⊇

∏
j<mHkm+j ∩ Ekj ⊇

∏
j<mHkm+j ∩ Ekm+j,j

has non-zero measure. So µm(Em \⋃i≤k

∏
j<m Fij) > 0.

Moving back to Z, this translates into

νm((E∗)m \⋃i≤k

∏
j<m F ∗

ij) > 0.

But this means that (E∗)m is not included in
⋃

i≤k

∏
j<m F ∗

ij , for any k ∈ N. Because E∗ is compact and

every F ∗
ij is open, (E∗)m is not included in

⋃
i∈N

∏
j<m F ∗

ij , and there is some v ∈ (E∗)m ∩ Ṽ .

By the definition of Ṽ ,

νm{u : u#v ∈ W̃} > mǫ ≥ m
∞∑

k=0

2−n0−k ≥ m
∞∑

k=0

2−nk

= m

∞∑

k=0

µHk ≥ mµE = mνE∗.
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So there must be some u such that u#v ∈ W̃ and u(j) /∈ E∗ for every j < m. But now, setting w = u#v,

we have w(2j) /∈ E∗, w(2j + 1) ∈ E∗ for j < m, and w ∈ Dm(A∗, Z, 0, 1) ∩ W̃ ; which is supposed to be
impossible. XXXQQQ

(e) This shows that A∗ is not stable. It is, however, R-stable. PPP We have a measure algebra isomorphism
between the measure algebras of µ and ν defined by the map E 7→ E∗ : Σ → T. The corresponding
isomorphism between L0(µ) and L0(ν) takes {f• : f ∈ A} to {h• : h ∈ A∗}. By 465Pa and (b) above,
{f• : f ∈ A} is stable in L0(µ), so {h• : h ∈ A∗} is stable in L0(ν), and every countable subset of A∗ is
stable. Since A∗ ⊆ C(X), it follows that A∗ is stable (465T). QQQ

*465V Remark This example is clearly related to 419E. The argument here is significantly deeper, but
it does have an idea in common with that in 419E, besides the obvious point that both involve the Stone
spaces of atomless probability spaces. Suppose that, in the context of 465U, we take E0 to be the family
of sets E expressible as the union of a finite chain H0, . . . , Hk where Hi ∈ Hni

for i ≤ k and Hj ⊆ GHi

for i < j ≤ k. Then we find, on repeating the argument of (b) in the proof of 465U, that the countable set
A∗

0 = {χE∗ : E ∈ E0} is stable, so that, setting Wm = Dm(A∗
0, Z, 0, 1), ν2mWm is small for large m. On the

other hand, setting

W̃m =
⋃{V : V ⊆ Zm is open, V \Wm is negligible},

we see that Dm(A∗, Z, 0, 1) ⊆ W̃m, so that (ν2m)∗W̃m = 1 for all m ≥ 1. Of course, writing ν̃2m for the

Radon product measure on Z2m, we have ν̃2m(W̃m) = ν2mWm < 1 for large m, just as in 419E.
Both A ⊆ L

0(Σ) and A∗ ⊆ L
0(T) are relatively pointwise compact. Note that while I took (X,Σ, µ) and

(Z,T, ν) to be quite separate, it is entirely possible for them to be actually the same space. In this case it
is natural to take every Σn to consist of open-and-closed sets, so that every member of E is open, and E∗

becomes identified with the closure of E for E ∈ E .

465X Basic exercises (a) Let (X,Σ, µ) be a semi-finite measure space, and 〈fn〉n∈N a sequence of
measurable real-valued functions on X which converges a.e. Show that {fn : n ∈ N} is stable.

(b) Let C be the family of convex sets in Rr, where r ≥ 1 is an integer. Show that {χC : C ∈ C} is stable
with respect to Lebesgue measure on Rr, but that if r ≥ 2 there is a Radon probability measure ν on Rr

such that {χC : C ∈ C, C is closed} is not stable with respect to ν.

(c) Show that, for any M ≥ 0, the set of functions f : R → R of variation at most M is stable with
respect to any Radon measure on R. (Hint : show that if µ is a Radon measure on R and E ∈ domµ has
non-zero finite measure, and (2k − 1)(β − α) > M , then (µ2k)∗Dk(A,E, α, β) < (µE)2k.)

(d) Let (X,Σ, µ) be a semi-finite measure space, and A ⊆ RX . Show that A is stable iff {f+ : f ∈ A}
and {f− : f ∈ A} are both stable.

(f) Let (X,Σ, µ) be a semi-finite measure space and A ⊆ RX . Suppose that µ is inner regular with
respect to the family {F : F ∈ Σ, {f × χF : f ∈ A} is stable}. Show that A is stable.

(g) Let (X,Σ, µ) be a totally finite measure space and T a σ-subalgebra of Σ. Let A ⊆ L
0(T) be any set.

(i) Show that if A is µ↾T-stable then it is µ-stable. (ii) Give an example to show that A can be µ-stable
and pointwise compact without being µ↾T-stable. (Hint : take µ to be Lebesgue measure on [0, 1] and T the
countable-cocountable algebra.)

(h) Let (X,Σ, µ) be a semi-finite measure space and A a subset of RX . Suppose that for every ǫ > 0
there is a stable set B ⊆ RX such that for every f ∈ A there is a g ∈ B such that ‖f − g‖∞ ≤ ǫ. Show that
A is stable.

>>>(i) Let (X,Σ, µ) be a semi-finite measure space and 〈En〉n∈N a sequence in Σ. (i) Suppose that whenever
F ∈ Σ and µF < ∞ there is a k ≥ 1 such that

∑∞
n=0(µ(F ∩ En)µ(F \ En))k is finite. Show that

〈χEn〉n∈N is stable. (Hint : 465Cc.) (ii) Suppose that µX = 1, that 〈En〉n∈N is independent, and that∑∞
n=0((1 − µEn)µEn)k = ∞ for every k ≥ 1. Show that 〈χEn〉n∈N is not stable. (Hint : 273K.)
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>>>(j) Show that there is a disjoint family I of finite subsets of [0, 1] such that A = {χI : I ∈ I} is not
stable with respect to Lebesgue measure, though A is pointwise compact and the identity map on A is
continuous for the topology of pointwise convergence and the topology of convergence in measure. (Hint :
show by induction on m that if m ≥ 1 and K ⊆ [0, 1]m is a compact set with non-zero measure, then
K ∩ ([0, 1] \D)m 6= ∅ whenever #(D) < c; now put this together with 4A3Fa.)

(k) Let (X,Σ, µ) be a semi-finite measure space and A ⊆ RX a stable set such that {f(x) : f ∈ A} is
bounded for every x ∈ X. Let A be the closure of A for the topology of pointwise convergence. Show that
{f• : f ∈ A} is just the closure of {f• : f ∈ A} ⊆ L0(µ) for the topology of convergence in measure.

(l) Let (X,Σ, µ) be a probability space. Show that A ⊆ RX is stable iff

infm∈N

(
(µ2m)∗Dm(A,X,α, β)

)1/m
= 0

whenever α < β in R.

(m) Let (X,Σ, µ) be a semi-finite measure space. Show that a countable set A ⊆ L
0(Σ) is not stable

iff there are E ∈ Σ and α < β such that 0 < µE < ∞ and µmD̃m(A,E, α, β) = (µE)m for every m ≥ 1,

where D̃m(A,E, α, β) is the set of those w ∈ Em such that for every I ⊆ m there is an f ∈ A such that
f(w(i)) ≤ α for i ∈ I, f(w(i)) ≥ β for i ∈ m \ I. (Hint : see part (iii) of case 2 of the proof of 465L.)

(n) Let (X,Σ, µ) be a semi-finite measure space, and A ⊆ L
0(Σ) a set which is compact and metrizable

for the topology of pointwise convergence. Show that A is stable. (Hint : otherwise, apply the ideas of case 2
in the proof of 465L to a countable dense subset of A to obtain a sequence which contradicts the conclusion
of 465Xa.)

(o) Let (X,Σ, µ) be a probability space and A ⊆ L
0(Σ) a uniformly bounded set of functions. Show that

A is stable iff

limn→∞
∫

supf∈A,k,l≥n

∣∣1
k

∑k−1
i=0 f(w(i)) − 1

l

∑l−1
i=0 f(w(i))

∣∣µN(dw) = 0.

(p) Show that there is a set A ⊆ R[0,1] such that supf∈A |f(x)| is finite for every x, and A is stable
with respect to Lebesgue measure, but its convex hull Γ(A) is not. (Hint : take I as in 465Xj and A =
{ 1
#(I)χ{x} : x ∈ I ∈ I \ {∅}}.)

(q) Show that there is a sequence 〈fn〉n∈N of functions from [0, 1] to N such that {fn : n ∈ N} is stable
for Lebesgue measure on [0, 1], but {fm − fn : m, n ∈ N} is not.

(r) Let (X,Σ, µ) be a semi-finite measure space and Q ⊆ L0(µ) a set which is stable in the sense of 465O.
Show that the closure of Q (for the topology of convergence in measure) is stable. (Hint : 465Xk.)

(s) Let (X,Σ, µ) be a probability space, T a σ-subalgebra of Σ, and A ⊆ RX a countable stable set of
Σ-measurable functions such that

∫
supf∈A |f(x)|µ(dx) < ∞. Show that if for each f ∈ A we choose a

conditional expectation gf of f on T (requiring each gf to be T-measurable and defined everywhere on X),
then {gf : f ∈ A} is stable.

(t) Give an example of a probability algebra (A, µ̄), a conditional expectation operator P : L1
µ̄ → L1

µ̄

(365Q), and a uniformly integrable stable set A ⊆ L1
µ̄ such that P [A] is not stable. (Hint : start by picking

a sequence 〈vn〉n∈N in P [L1
µ̄] which is norm-convergent to 0 but not stable, and express this as 〈Pun〉n∈N

where µ̄[[un > 0]] ≤ 2−n for every n.)

465Y Further exercises (a) Let (X,Σ, µ) be a semi-finite measure space. A set A ⊆ RX is said to have
the Bourgain property if whenever E ∈ Σ, µE > 0 and ǫ > 0, there are non-negligible measurable sets
F0, . . . , Fn ⊆ E such that for every f ∈ A there is an i ≤ n such that the oscillation supx,y∈Fi

|f(x) − f(y)|
of f on Fi is at most ǫ. Show that in this case A is stable.
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(b) Let X be a topological space, and µ a τ -additive effectively locally finite topological measure on X.
Show that any equicontinuous subset of C(X) has the Bourgain property, so is stable.

(c) Find an integrable continuous function f : [0, 1[
2 → [0,∞[ such that, in the notation of 465H,

lim supk→∞
∫
fdν2wk = ∞ for almost every w ∈ [0, 1[

N
, if [0, 1[

N
is given its usual measure.

(d) Show that in 465M we may replace the condition ‘A is uniformly bounded’ by the condition ‘|f | ≤ f0
for every f ∈ A, where f0 is integrable’. (Hint : Talagrand 87.)

(e) Let (X,Σ, µ) be a probability space, and A ⊆ RX a uniformly bounded set. Show that A is stable
iff for every ǫ > 0 there are a stable set B ⊆ RX , a sequence 〈hk〉k∈N of measurable functions on XN, and a
family 〈gf 〉f∈A in B such that

hk(w) ≥ 1

k

∑k−1
i=0 |f(w(i)) − gf (w(i))| for every w ∈ XN, k ≥ 1 and f ∈ A,

lim supk→∞ hk(w) ≤ ǫ for almost every w ∈ XN.

(f) Let (X,Σ, µ) be a semi-finite measure space, and A, B ⊆ RX pointwise bounded stable sets. Show
that {f × g : f ∈ A, g ∈ B} is stable.

(g) Let (X,Σ, µ) and (Y,T, ν) be semi-finite measure spaces, with c.l.d. product (X × Y,Λ, λ). Suppose
that A ⊆ RX and B ⊆ RY are pointwise bounded stable sets. Show that {f ⊗ g : f ∈ A, g ∈ B} is stable
with respect to λ, where (f ⊗ g)(x, y) = f(x)g(y).

(h) Let (X,Σ, µ) be a semi-finite measure space, A ⊆ RX a uniformly bounded stable set and h : R → R

a continuous function. Show that {hf : f ∈ A} is stable.

(i) Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space. Show that a
countable R-stable subset of RX is stable.

(j) Let (X,T,Σ, µ) be a complete τ -additive topological probability space such that µ is inner regular
with respect to the Borel sets, and A ⊆ [0, 1]X an R-stable set. Suppose that ǫ > 0 is such that

∫
fdµ ≤ ǫ2

for every f ∈ A. Show that there are an n ≥ 1 and a Borel set W ⊆ Xn and a γ > µ̃nW (writing µ̃n

for the τ -additive product measure on Xn) such that
∫
fdν ≤ 3ǫ whenever f ∈ A, ν : PX → [0, 1] is a

point-supported probability measure and νnW ≤ γ.

(k) Set X =
∏∞

n=2 Zn, where each Zn is the cyclic group of order n with its discrete topology; let µ be the
Haar probability measure on X. Let •l be the left shift action of X on RX , so that (a•lf)(x) = f(x− a) for
a, x ∈ X and f ∈ RX . (i) Show that for any n ∈ N there is a compact negligible set Kn ⊆ X such that for
every I ∈ [X]n there are uncountably many a ∈ X such that I ⊆ Kn +a. (ii) Show that there is a negligible
set E ⊆ X such that {a•lχE : a ∈ X} is dense in {0, 1}X for the topology of pointwise convergence. (iii)
Show that if f ∈ C(X) then {a•lf : a ∈ X} is stable. (iv) Show that there is a sequence 〈fn〉n∈N in C(X)
such that {fn : n ∈ N} is stable but {a•lfn) : a ∈ X, n ∈ N} is not. (v) Find expressions of these results
when X is replaced by the circle group or by R.

465 Notes and comments The definition in 465B arose naturally when M.Talagrand and I were studying
pointwise compact sets of measurable functions; we found that in many cases a set of functions was relatively
pointwise compact because it was stable (465Db). Only later did it appear that the concept was connected
with Glivenko-Cantelli classes in the theory of empirical measures, as explained in Talagrand 87.

It is not the case that all pointwise compact sets of measurable functions are stable. In fact I have already
offered examples in 463Xh and 464E above. In both cases it is easy to check from the definition in 465B
that they are not stable, as can also be deduced from 465G. Another example is in 465Xj. You will observe
however that all these examples are ‘pathological’ in the sense that either the measure space is irregular
(from some points of view, indeed, any measure space not isomorphic to Lebesgue measure on the unit
interval can be dismissed as peripheral), or the set of functions is uninteresting. It is clear from 465R and

Measure Theory



§466 intro. Measures on linear topological spaces 77

465T, for instance, that we should start with countable sets. So it is natural to ask: if we have a separable

pointwise compact set of real-valued measurable functions on the unit interval, must it be stable? If the
continuum hypothesis is true, yes (536F10), but the question is undecided by the ordinary axioms of ZFC
(Shelah & Fremlin 93). (If we ask for ‘metrizable’, instead of ‘separable’, we get a positive answer; see
465Xn.)

At the very beginning of our work on this topic, one of the leading questions was: under what cir-
cumstances will an independent family 〈En〉n∈N of sets give rise to a relatively pointwise compact set
{χEn : n ∈ N} in L

0? There remain interesting open questions here. But for stability, rather than relative
compactness, we have a straightforward answer (465Xi).

The curious phrasing of the statement of 465M(iii), with the auxiliary functions hk, turns on the fact that
all the expressions ‘supf∈A . . . ’ here give rise to functions which need not be measurable. Thus the simple
pointwise convergence described in (ii) and (iv) is not at all the same thing as the convergence in (v), which

may be thought of as a kind of ‖ ‖1-convergence if we write ‖g‖1 =
∫
|g| for arbitrary real-valued functions

g. (Since the sets A here are uniformly bounded, it may equally be thought of as convergence in measure.)
Similarly, 465M(iii) is saying much more than just

limk→∞ supf∈A
1

k

∑k−1
i=0

∣∣f(w(i)) − E(f |T)(w(i))
∣∣ = 0 a.e.,

though of course for countable sets A these distinctions disappear. On the other hand, since the convergence
is certainly not monotonic in k, ‖ ‖1-convergence does not imply pointwise convergence. So we can look for
something stronger than either (iv) or (v) of 465M, as in 465Xo. But this is still nowhere near the strength
of 465M(iii), in which |∑ . . . | is replaced by

∑ | . . . |. For further variations, see Talagrand 87 and
Talagrand 96.

If we wish to adapt the ideas here to spaces of equivalence classes of functions rather than spaces of true
functions, we find that problems of measurability evaporate, and that (because the definition of stability
looks only at sets of finite measure) all the relevant suprema can be interpreted as suprema of countable
sets. Consequently a subset of L0(µ) or L0(A) is stable if all its countable subsets are stable (465Pa). It
is remarkable that, for strictly localizable measures µ, we can lift any stable set in L0 to a stable set in
L

0 (465Pb, 465Q). By moving to function spaces we get a language in which to express a new kind of
permanence property of stable sets (465R, 465Xs). See also Talagrand 89.

The definition of ‘stable set’ of functions seems to be utterly dependent on the underlying measure space.
But 465R tells us that in fact the property of being an order-bounded stable subset of L1(µ̄) is invariant
under normed space automorphisms. (‘Order-boundedness’ is a normed space invariant in L1 spaces by the
Chacon-Krengel theorem, 371D.) Since stability can be defined in terms of order-bounded sets (465Xh), we
could, for instance, develop a theory of stable sets in abstract L-spaces.

The theory of stable sets is of course bound intimately to the theory of product measures, and such results
as 465J have independent interest as theorems about sets in product spaces. So any new theory of product
measures will give rise to a new theory of stable sets. In particular, the τ -additive product measures in §417
lead to R-stable sets (465S). It is instructive to work through the details, observing how the properties of
the product are employed. Primarily, of course, we need ‘associative’ and ‘commutative’ laws, and Fubini’s
theorem; but some questions of measurability need to be re-examined, as in 465Yj.

I have starred 465U because it involves the notion of R-stability. In fact this appears only in the final
stage, and the construction, as set out in part (a) of the proof, is an instructive challenge to any intuitive
concept of what stable sets are like.

Version of 2.8.13

466 Measures on linear topological spaces

In this section I collect a number of results on the special properties of topological measures on linear
topological spaces. The most important is surely Phillips’ theorem (466A-466B): on any Banach space,
the weak and norm topologies give rise to the same totally finite Radon measures. This is not because

10Later editions only.

c© 2000 D. H. Fremlin
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the weak and norm topologies have the same Borel σ-algebras, though this does happen in interesting cases
(466C-466E, §467). When the Borel σ-algebras are different, we can still ask whether the Borel measures are
‘essentially’ the same, that is, whether every (totally finite) Borel measure for the weak topology extends to
a Borel measure for the norm topology. A construction due to M.Talagrand (466H, 466Ia) gives a negative
answer to the general question.

Just as in Rr, a totally finite quasi-Radon measure on a locally convex linear topological space is de-
termined by its characteristic function (466K). I end the section with a note on measurability conditions
sufficient to ensure that a linear operator between Banach spaces is continuous (466L-466M), and with brief
remarks on Gaussian measures (466N-466O).

466A Theorem Let (X,T) be a metrizable locally convex linear topological space and µ a σ-finite
measure on X which is quasi-Radon for the weak topology Ts(X,X

∗). Then the support of µ is separable,
so µ is quasi-Radon for the original topology T. If X is complete and µ is locally finite with respect to T,
then µ is Radon for T.

proof (a) Let 〈Vn〉n∈N be a sequence running over a base of neighbourhoods of 0 in X, and for n ∈ N

set V ◦
n = {f : f ∈ X∗, f(x) ≤ 1 for every x ∈ Vn}. Then each V ◦

n is a convex Ts-compact subset of X∗

(4A4Bf), and X∗ =
⋃

n∈N V
◦
n . Let Z ⊆ X be the support of µ, and for n ∈ N set Kn = {f↾Z : f ∈ V ◦

n }.
Since the map f 7→ f↾Z : X∗ → C(Z) is linear and continuous for Ts and the topology Tp of pointwise
convergence on Z, each Kn is convex and Tp-compact. Next, the subspace measure µZ on Z is σ-finite and
strictly positive, so by 463G each Kn is Tp-metrizable.

Let U be the base for Tp consisting of sets of the form

U(I, h, ǫ) = {f : f ∈ C(Z), |f(x) − h(x)| < ǫ for every x ∈ I},

where I ⊆ Z is finite, h ∈ RI and ǫ > 0. For each n ∈ N, write Vn = {Kn ∩ U : U ∈ U}, so that Vn

is a base for the subspace topology of Kn (4A2B(a-vi)). Since this is compact and metrizable, therefore
second-countable, there is a countable base V ′

n ⊆ Vn (4A2Ob). Now there is a countable set U ′ ⊆ U such
that V ′

n ⊆ {Kn ∩ U : U ∈ U ′} for every n ∈ N, and a countable set D ⊆ Z such that

U ′ ⊆ {U(I, h, ǫ) : I ⊆ D is finite, h ∈ RI , ǫ > 0}.

Let D′ ⊆ X be the linear span of D over the rationals. Then D′ is again countable, and its T-closure Y
is a linear subspace of X (4A4Bg). ??? If Z 6⊆ Y , then µ(X \ Y ) > 0. But, writing

Y ◦ = {f : f ∈ X∗, f(x) ≤ 1 for every x ∈ Y }
= {f : f ∈ X∗, f(x) = 0 for every x ∈ Y },

X \ Y must be
⋃

f∈Y ◦{x : |f(x)| > 0}, by 4A4Eb. Because µ is τ -additive, there must be an f ∈ Y ◦ such

that µ{x : |f(x)| > 0} > 0. Let n ∈ N be such that f ∈ V ◦
n . Since f(x) = 0 for every x ∈ D, f↾Z belongs

to the same members of V ′
n as the zero function; since V ′

n is a base for the Hausdorff subspace topology of
Kn, f↾Z actually is the zero function, and {x : |f(x)| > 0} ⊆ X \Z, so µZ < µX, contrary to the choice of
Z. XXX

Thus Z ⊆ Y . Because Y = D′ is T-separable, and T is metrizable, Z also is T-separable (4A2P(a-iv)).

(b) The subspace topology TY induced on Y by T is a separable metrizable locally convex linear space
topology, so the Borel σ-algebras of TY and the associated weak topology Ts(Y, Y

∗) are equal (4A3W). But
Ts(Y, Y

∗) is just the subspace topology induced on Y by Ts (4A4Ea), Accordingly the subspace measure
µY on Y is Ts(Y, Y

∗)-quasi-Radon (415B). Since every TY -open set is Ts(Y, Y
∗)-Borel, µY is a topological

measure for TY . Since TY is finer than Ts(Y, Y
∗), µY is effectively locally finite for TY and inner regular

with respect to the TY -closed sets, and therefore is a quasi-Radon measure for TY (415D(i)).

By 415J, there is a measure µ̃ on X, quasi-Radon for T, such that µ̃E = µY (E∩Y ) whenever µ̃ measures
E. But as Y is T-closed and µ-conegligible, and µ is complete, we have µ = µ̃, and µ is quasi-Radon for T.

(c) If X is complete and µ is locally finite with respect to T, then (X,T) is a pre-Radon space (434Jg),
so µ is a Radon measure for T (434Jb).
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466B Corollary (Compare 462I.) If X is a Banach space and µ is a totally finite measure on X which
is quasi-Radon for the weak topology of X, it is a Radon measure for both the norm topology and the weak
topology.

proof By 466A, µ is a Radon measure for the norm topology; by 418I, or otherwise, it is a Radon measure
for the weak topology.

Remark Thus Banach spaces, with their weak topologies, are pre-Radon.

466C Definition A normed space X has a Kadec norm (also called Kadec-Klee norm) if the norm
and weak topologies coincide on the sphere {x : ‖x‖ = 1}. Of course they will then also coincide on any
sphere {x : ‖x− y‖ = α}.

Example For any set I and any p ∈ [1,∞[, the Banach space ℓp(I) has a Kadec norm. PPP Set S = {x :
‖x‖p = 1}. If x ∈ S and ǫ > 0, take η ∈ ]0, 1] such that 2η + (2pη)1/p ≤ ǫ. Let J ⊆ I be a finite set such
that

∑
i∈I\J |x(i)|p ≤ ηp. Set H = {y : y ∈ ℓp(I),

∑
i∈J |y(i) − x(i)|p < ηp}; then H is open for the weak

topology of ℓp(I). If y ∈ H ∩ S, then, writing xJ for x× χJ , etc.,

‖xJ‖p ≥ 1 − ‖xI\J‖p ≥ 1 − η,

‖yJ‖p ≥ ‖xJ‖p − η ≥ 1 − 2η, ‖yJ‖pp ≥ 1 − 2pη,

‖y − x‖p ≤ ‖yJ − xJ‖p + ‖xI\J‖p + ‖yI\J‖p
≤ η + η + (1 − ‖yJ‖pp)1/p ≤ 2η + (2pη)1/p ≤ ǫ.

Thus {y : y ∈ S, ‖y− x‖p ≤ ǫ} is a neighbourhood of x for the subspace weak topology on S; as x and ǫ are
arbitrary, the weak and norm topologies agree on S. QQQ

For further examples, see 467B et seq.

466D Proposition (Hansell 01) Let X be a normed space with a Kadec norm. Then there is a network
for the norm topology on X expressible in the form

⋃
n∈N Vn, where for each n ∈ N Vn is an isolated family

for the weak topology and
⋃Vn is the difference of two closed sets for the weak topology.

proof Let U be a σ-disjoint base for the norm topology of X (4A2L(g-ii)); express it as
⋃

n∈N Un where
every Un is disjoint. For rational numbers q, q′ with 0 < q < q′, set Sqq′ = {x : q < ‖x‖ ≤ q′}, and
for A ⊆ X write W (A, q, q′) for the interior of A ∩ Sqq′ taken in the subspace weak topology of Sqq′ . Set
Vnqq′ = {W (U, q, q′) : U ∈ Un}, so that Vnqq′ is a disjoint family of relatively-weakly-open subsets of Sqq′ , and
is an isolated family for the weak topology. Now

⋃
n∈N,q,q′∈Q,0<q<q′ Vnqq′ is a network for the norm topology

on X \ {0}. PPP If x ∈ X \ {0} and ǫ > 0, then take n ∈ N, U ∈ Un such that x ∈ U ⊆ {y : ‖y − x‖ ≤ ǫ}. Let
δ > 0 be such that {y : ‖y−x‖ ≤ δ} ⊆ U . Next, because ‖ ‖ is a Kadec norm, there is a weak neighbourhood
V of 0 such that ‖y− x‖ ≤ 1

2δ whenever y ∈ x− V and ‖y‖ = ‖x‖. Let V ′ be an open weak neighbourhood

of 0 such that V ′ + V ′ ⊆ V . Let η ∈ ]0, 1[ be such that η‖x‖ ≤ 1
2δ and y ∈ V ′ whenever ‖y‖ ≤ η‖x‖. If

y ∈ x− V ′ and (1 − η)‖x‖ ≤ ‖y‖ ≤ (1 + η)‖x‖, then

‖y − ‖x‖
‖y‖y‖ = |1 − ‖x‖

‖y‖ | ‖y‖ = |‖y‖‖x‖ − 1| ‖x‖ ≤ η‖x‖ ≤ 1

2
δ,

x− ‖x‖
‖y‖y = (x− y) + (y − ‖x‖

‖y‖y) ∈ V ′ + V ′ ⊆ V ,

so ‖x − ‖x‖
‖y‖y‖ ≤ 1

2δ and ‖x − y‖ ≤ δ and y ∈ U . This means that if we take q, q′ ∈ Q such that

(1 − η)‖x‖ ≤ q ≤ ‖x‖ ≤ q′ ≤ (1 + η)‖x‖, then (x − V ′) ∩ Sqq′ ⊆ U and x ∈ W (U, q, q′) ∈ Vnqq′ . Since of
course W (U, q, q′) ⊆ U ⊆ {y : ‖y − x‖ ≤ ǫ}, and x and ǫ are arbitrary, we have the result. QQQ

To get a σ-isolated family for the weak topology which is a network for the norm topology on the whole
of X, we just have to add the singleton set {0}. To see that the union of each of our isolated families is the
difference of two weakly open sets, observe that

⋃Vnqq′ is a relatively weakly open subset of Sqq′ , which is
the difference of the weakly open sets {x : ‖x‖ > q} and {x : ‖x‖ > q′}.
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466E Corollary Let X be a normed space with a Kadec norm.
(a) The norm and weak topologies give rise to the same Borel σ-algebras.
(b) The weak topology has a σ-isolated network, so is hereditarily weakly θ-refinable.

proof (a) Write B‖ ‖, BTs
for the Borel σ-algebras for the weak and norm topologies. Of course BTs

⊆ B‖ ‖.
Let 〈Vn〉n∈N be a sequence covering a network for the norm topology as in 466D. Because Vn is (for the
weak topology) isolated and its union belongs to BTs

,
⋃W ∈ BTs

for every n ∈ N and W ⊆ Vn. But this
means that

⋃W ∈ BTs
for every W ⊆ V =

⋃
n∈N Vn; and as V is a network for the norm topology, every

norm-open set belongs to BTs
, and B‖ ‖ ⊆ BTs

. Thus the two Borel σ-algebras are equal.

(b) Of course V is also a network for the weak topology, so the weak topology has a σ-isolated network;
by 438Ld, it is hereditarily weakly θ-refinable.

466F Proposition Let X be a Banach space with a Kadec norm. Then the following are equiveridical:
(i) X is a Radon space in its norm topology;
(ii) X is a Radon space in its weak topology;
(iii) the weight of X (for the norm topology) is measure-free in the sense of §438.

proof (a)(i)⇔(ii) By 466Ea, the norm and weak topologies give rise to the same algebra B of Borel sets.
If X is a Radon space in its norm topology, then any totally finite measure with domain B is inner regular
with respect to the norm-compact sets, therefore inner regular with respect to the weakly compact sets, and
X is Radon in its weak topology. If X is a Radon space in its weak topology, then any totally finite measure
µ with domain B has a completion µ̂ which is a Radon measure for the weak topology, therefore also for the
norm topology, by 466B; as µ is arbitrary, X is a Radon space for the norm topology.

(b)(i)⇔(iii) is a special case of 438H.

466G Definition A partially ordered set X has the σ-interpolation property or countable separa-
tion property if whenever A, B are non-empty countable subsets of X and x ≤ y for every x ∈ A, y ∈ B,
then there is a z ∈ X such that x ≤ z ≤ y for every x ∈ A and y ∈ B. A Dedekind σ-complete partially
ordered set (314Ab) always has the σ-interpolation property.

466H Proposition (Jayne & Rogers 95) Let X be a Riesz space with a Riesz norm, given its weak
topology Ts = Ts(X,X

∗). Suppose that (α) X has the σ-interpolation property (β) there is a strictly
increasing family 〈pξ〉ξ<ω1

in X. Then there is a Ts-Borel probability measure µ on X such that
(i) µ is not inner regular with respect to the Ts-closed sets;
(ii) µ is not τ -additive for the topology Ts;
(iii) µ has no extension to a norm-Borel measure on X.

Accordingly (X,Ts) is not a Radon space (indeed, is not Borel-measure-complete).

proof (a) Let K be the set

{f : f ∈ X∗, f ≥ 0, ‖f‖ ≤ 1} = {f : ‖f‖ ≤ 1} ∩⋂
x∈X+{f : f(x) ≥ 0},

so that K is a weak*-closed subset of the unit ball of X∗ and is weak*-compact. Because X∗ is a solid
linear subspace of the order-bounded dual X∼ of X (356Da), every member of X∗ is the difference of two
non-negative members of X∗, and K spans X∗. We shall need to know that if x < y in X, there is an f ∈ K

such that f(x) < f(y); set f =
1

‖g‖ |g| where g ∈ X∗ is such that g(x) 6= g(y). (Recall that the norm of X∗

is a Riesz norm, as also noted in 356Da.)
Set

A =
⋃

ξ<ω1
{x : x ∈ X, x ≤ pξ};

then every sequence in A has an upper bound in A, but A has no greatest member. It follows that if B ⊆ K
is countable there is an x ∈ A such that f(x) = supy∈A f(y) for every f ∈ B, so that f(x) = f(y) whenever
x ≤ y ∈ A and f ∈ B.

Let I be the family of those sets E ⊆ X such that A ∩ E is bounded above in A. Then I is a σ-ideal of
subsets of X. PPP Of course ∅ ∈ I. If 〈En〉n∈N is a sequence in I and E ⊆ ⋃

n∈NEn, there is for each n ∈ N
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an xn ∈ A which is an upper bound for En ∩ A. Let x ∈ A be an upper bound for {xn : n ∈ N}; then x is
an upper bound for E ∩A in A. So E ∈ I. QQQ

(b) For G ∈ Ts and k ∈ N, let W (G, k) be the set of those x ∈ X for which there are f0, . . . , fk ∈ K
such that {y : y ∈ X, |fi(y) − fi(x)| ≤ 2−k for every i ≤ k} is included in G. Because K spans X∗,
G =

⋃
k∈NW (G, k). So if G ∈ Ts \ I there is a k ∈ N such that W (G, k) /∈ I.

(c) (The key.) If 〈Gn〉n∈N is any sequence in Ts \ I, then
⋂

n∈NGn /∈ I. PPP Start from any z∗ ∈ A. For
each n ∈ N, take kn ∈ N such that W (Gn, kn) /∈ I. For each z ∈ A and n ∈ N, choose wzn ∈ A∩W (Gn, kn)
such that wzn ≥ z; now choose a family 〈fnzi〉z∈A,i≤kn

in K such that

{y : |fnzi(y − wzn)| ≤ 2−kn for every i ≤ kn} ⊆ Gn.

Let F be any ultrafilter on A containing {x : x ∈ A, x ≥ z} for every z ∈ A, and write fni = limz→F fnzi
for n ∈ N and i ≤ kn, the limit being taken for the weak* topology on K. Let z∗1 > z∗ be such that z∗1 ∈ A
and fni(x− z∗1) = 0 whenever x ∈ A, x ≥ z∗1 , n ∈ N and i ≤ kn.

Choose sequences 〈xn〉n∈N, 〈yn〉n∈N and 〈zn〉n∈N in A inductively, as follows. Set y0 = z∗1 . Given that
yn ≥ z∗1 , the set

Cn = {z : z ∈ A, z ≥ yn, |(fnzi − fni)(yn − z∗1)| ≤ 2−kn for every i ≤ kn}
belongs to F , so is not empty; take zn ∈ Cn. Because yn ≥ z∗1 , we have fni(yn−z∗1) = 0 and |fnzni(yn−z∗1)| ≤
2−kn , for every i ≤ kn. Set xn = wznn, so that xn ∈ A, xn ≥ zn and {y : |fnzni(y − xn)| ≤ 2−kn for every
i ≤ kn} is included in Gn. Now let yn+1 ∈ A be such that yn+1 ≥ xn and fnzni(y − yn+1) = 0 whenever
y ∈ A and y ≥ yn+1. Of course

yn+1 ≥ xn ≥ zn ≥ yn ≥ z∗1 .

Continue.
At the end of the induction, let z∗2 be an upper bound for {yn : n ∈ N} in A. For n ∈ N, set

un = z∗1 +
∑n

j=0 xj − yj , vn = un + z∗2 − yn+1.

Then 〈un〉n∈N is non-decreasing and un ≤ vn ≤ z∗2 for every n ∈ N; moreover,

vn − vn+1 = yn+1 − xn+1 − yn+1 + yn+2 ≥ 0

for every n, so 〈vn〉n∈N is non-increasing, and um ≤ vn for all m, n ∈ N. Because X has the σ-interpolation
property, there is an x ∈ X such that un ≤ x ≤ vn for every n ∈ N. Since z∗1 ≤ x ≤ z∗2 , x ∈ A and x > z∗.

Take any n ∈ N. Then

0 ≤ fnzni(x− un) ≤ fnzni(vn − un) = fnzni(z
∗
2 − yn+1) = 0

for every i ≤ kn. On the other hand,

xn − un = (yn − z∗1) −∑n−1
j=0 (xj − yj)

lies between 0 and yn − z∗1 , so

0 ≤ fnzni(xn − un) ≤ 2−kn

for every i ≤ kn, and |fnzni(x− xn)| ≤ 2−kn for every i. Thus x ∈ Gn. As n is arbitrary, x ∈ ⋂
n∈NGn.

As x > z∗, this shows that z∗ is not an upper bound of
⋂

n∈NGn ∩ A. As z∗ is arbitrary,
⋂

n∈NGn /∈ I.
QQQ

(d) Set

K0 = {G \H : G, H ∈ Ts, G /∈ I, H ∈ I}.

Then
⋂

n∈NEn 6= ∅ for any sequence 〈En〉n∈N in K0. PPP Express each En as Gn \ Hn where Gn, Hn are
Ts-open, Gn /∈ I and Hn ∈ I. Then

⋃
n∈NHn ∈ I, as noted in (a), while

⋂
n∈NGn /∈ I, by (c); so⋂

n∈NEn =
⋂

n∈NGn \⋃n∈NHn is non-empty. QQQ
It follows that K = K0 ∪ {∅} is a countably compact class in the sense of 413M. Moreover, E ∩ E′ ∈ K

for all E, E′ ∈ K (using (a) and (c) again), so if we define φ0 : K → {0, 1} by writing φ0(E) = 1 for E ∈ K0

and φ0(∅) = 0, then K and φ0 will satisfy all the conditions of 413N. There is therefore a measure µ̂ on X
extending φ0 and inner regular with respect to Kδ, the family of sets expressible as intersections of sequences
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in K. The domain of µ̂ must include every member of K; but if G ∈ Ts then either G or X \G belongs to
K0, so is measured by µ̂, and µ̂ is a topological measure.

We need to observe that, because φ0 takes only the values 0 and 1, µ̂E ≤ 1 for every E ∈ Kδ, and µ̂X ≤ 1;
since φ0X = 1, µ̂X = 1 and µ̂ is a probability measure.

(e) We may therefore take µ to be the restriction of µ̂ to the algebra B of Ts-Borel sets, and µ is a
Ts-Borel probability measure. Now µ is not inner regular with respect to the Ts-closed sets. PPP For each
ξ < ω1, pξ < pξ+1 < pξ+2, so there are gξ, hξ ∈ K such that gξ(pξ) < gξ(pξ+1) and hξ(pξ+1) < hξ(pξ+2).
Let D ⊆ ω1 be any set such that D and ω1 \D are both uncountable, and set

G =
⋃

ξ∈D{x : gξ(pξ) < gξ(x), hξ(x) < hξ(pξ+2)}.

Then G ∈ Ts, and pξ+1 ∈ G for every ξ ∈ D, so G /∈ I and µG = φ0G = 1. On the other hand, if η ∈ ω1 \D,
then for every ξ ∈ D either ξ < η and hξ(pξ+2) ≤ hξ(pη+1), or ξ > η and gξ(pη+1) ≤ gξ(pξ); thus pη+1 /∈ G
for any η ∈ ω1 \D, and X \G /∈ I. But this means that if F ⊆ G is closed then X \ F ∈ K0 and µF = 0.
Thus µG > supF⊆G is closed µF . QQQ

(f) Because Ts is regular, µ cannot be τ -additive, by 414Mb. It follows at once that (X,Ts) is not Borel-
measure-complete, and in particular is not a Radon space. To see that µ has no extension to a norm-Borel
measure, we need to look again at the set A. For each ξ < ω1, set Fξ = {x : x ≤ pξ}. Then every Fξ is
norm-closed (354Bc) and 〈Fξ〉ξ<ω1

is an increasing family with union A. Consequently, A is norm-closed
(4A2Ld, 4A2Ka). At the same time, every Fξ is convex (cf. 351Ce), so A is also convex. It follows that A,
like every Fξ, is Ts-closed (3A5Ee). So µ measures A and every Fξ. Because X \ Fξ is a Ts-open set not
belonging to I, µFξ = 0, for every ξ < ω1; because X \A is a Ts-open set belonging to I, µA = 1.

But ω1 is a measure-free cardinal (438Cd), so 438I tells us that λA = supξ<ω1
λFξ for any semi-finite

norm-Borel measure λ on X. Thus µ has no extension to a norm-Borel measure, and the proof is complete.

466I Examples The following spaces satisfy the hypotheses of 466H.

(a) (Talagrand 78a, or Talagrand 84, 16-1-2) X = ℓ∞(I) or {x : x ∈ ℓ∞(I), {i : x(i) 6= 0} is
countable}, where I is uncountable. PPP X has the σ-interpolation property because it is Dedekind complete,
and if 〈iξ〉ξ<ω1

is any family of distinct elements of I, we can set pξ(iη) = 1 for η ≤ ξ, pξ(i) = 0 for all other
i ∈ I to obtain a strictly increasing family 〈pξ〉ξ<ω1

in X. QQQ

(b) (de Maria & Rodriguez-Salinas 91) X = ℓ∞/ccc0, where ccc0 is the space of real sequences
converging to 0.

PPP (i) To see that X has the σ-interpolation property, let A, B ⊆ X be non-empty countable sets such
that u ≤ v for all u ∈ A, v ∈ B. Let 〈xn〉n∈N, 〈yn〉n∈N be sequences in ℓ∞ such that A = {x•

n : n ∈ N} and
B = {y•

n : n ∈ N}. Set x̃n = supi≤n xi, ỹn = infi≤n yi for n ∈ N; then x̃•

n ≤ ỹ•

n, so (x̃n − ỹn)+ ∈ ccc0. Set

kn = max({n} ∪ {i : x̃n(i) ≥ ỹn(i) + 2−n})

for n ∈ N, and define x ∈ ℓ∞ by writing

x(i) = 0 if i ≤ k0,

= x̃n(i) if kn < i ≤ kn+1.

Then it is easy to check that u ≤ x• ≤ v for every u ∈ A, v ∈ B; as A and B are arbitrary, X has the
σ-interpolation property.

(ii) To see that X has the other property, recall that there is a family 〈Iξ〉ξ<ω1
of infinite subsets of

N such that Iξ \ Iη is finite if η ≤ ξ, infinite if ξ < η (4A1Fa). Setting pξ = χ(N \ Iξ)•, we have a strictly
increasing family 〈pξ〉ξ<ω1

in X. QQQ

466J Theorem Let X be a linear topological space and Σ its cylindrical σ-algebra. If µ and ν are
probability measures with domain Σ such that

∫
eif(x)µ(dx) =

∫
eif(x)ν(dx) for every f ∈ X∗, then µ = ν.

proof Define T : X → RX∗

by setting (Tx)(f) = f(x) for f ∈ X∗, x ∈ X. Then T is linear and continuous
for the weak topology of X. So if F ⊆ RX∗

is a Baire set for the product topology of RX∗

, T−1[F ] is a
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Baire set for the weak topology of X (4A3Kc) and belongs to Σ (4A3V). We therefore have Baire measures
µ′, ν ′ on RX∗

defined by saying that µ′F = µT−1[F ] and ν ′F = νT−1[F ] for every Baire set F ⊆ RX∗

.
If h : RX∗ → R is a continuous linear functional, it can be expressed in the form h(z) =

∑n
i=0 αiz(fi)

where f0, . . . , fn ∈ X∗ and α0, . . . , αn ∈ R. So

h(Tx) =
∑n

i=0 αi(Tx)(fi) =
∑n

i=0 αifi(x) = f(x)

for every x ∈ X, where f =
∑n

i=0 αifi. This means that∫
eih(z)µ′(dz) =

∫
eih(Tx)µ(dx) =

∫
eif(x)µ(dx) =

∫
eif(x)ν(dx) =

∫
eih(z)ν ′(dz).

As h is arbitrary, µ′ = ν ′ (454Pa).
Now let Σ′ be the family of subsets of X of the form T−1[F ] where F ⊆ RX∗

is a Baire set. This is a
σ-algebra and contains all sets of the form {x : f(x) ≥ α} where f ∈ X∗ and α ∈ R. So every member of
X∗ is Σ′-measurable and Σ′ must include the cylindrical σ-algebra of X. Since µ and ν agree on Σ′ they
must be identical.

466K Proposition If X is a locally convex linear topological space and µ, ν are quasi-Radon probability
measures on X such that

∫
eif(x)µ(dx) =

∫
eif(x)ν(dx) for every f ∈ X∗, then µ = ν.

proof Write T for the given topology on X and Ts = Ts(X,X
∗) for the weak topology. By 466J, µ and ν

must agree on the cylindrical σ-algebra Σ of X. Since Σ includes a base for Ts, every weakly open set G is
the union of an upwards-directed family of open sets belonging to Σ; as µ and ν are τ -additive, µG = νG.
Consequently µ and ν agree on Ts-closed sets, and therefore on T-closed convex sets (4A4Ed). Write H
for the family of T-open sets which are expressible as the union of a non-decreasing sequence of T-closed
convex sets; then µ and ν agree on H. If τ is a T-continuous seminorm on X, x0 ∈ X and α > 0, then
{x : τ(x− x0) < α} ∈ H; and sets of this kind constitute a base for T (4A4Cb). Also the intersection of two
members of H belongs to H. By 415H(v), µ = ν.

Remark This generalizes 285M and 454Xl, which are the special cases X = Rr (for finite r) and X = RI ;
see also 445Xq.

466L Proposition Suppose that X and Y are Banach spaces and that T : X → Y is a linear operator
such that gT : X → R is universally Radon-measurable, in the sense of 434Ec, for every g ∈ Y ∗. Then T is
continuous.

proof ??? Suppose, if possible, otherwise. Then there is a g ∈ Y ∗ such that gT is not continuous (4A4Ib).
For each n ∈ N, take xn ∈ X such that ‖xn‖ = 2−n and g(Txn) > 2n. Define h : {0, 1}N → X by setting
h(t) =

∑∞
n=0 t(n)xn (4A4Ie). Then h is continuous, because ‖h(t) − h(t′)‖ ≤ ∑∞

n=0 2−n|t(n) − t′(n)| for all
t, t′ ∈ {0, 1}N. Let ν be the usual measure on {0, 1}N; then the image measure µ = νh−1 is a Radon measure
on X (418I), so gT must be domµ-measurable, and φ = gTh is dom ν-measurable. In this case there is an
m ∈ N such that E = {t : |φ(t)| ≤ m} has measure greater than 1

2 . But as g(Txm) > 2m, we see that if
t ∈ E then t′ /∈ E, where t′ differs from t at the mth coordinate only, so that |φ(t)− φ(t′)| = g(Txm). Since
the map t 7→ t′ is an automorphism of the measure space ({0, 1}N, ν), νE ≤ 1

2 , which is impossible. XXX

466M Corollary If X is a Banach space, Y is a separable Banach space, and T : X → Y is a linear
operator such that the graph of T is a Souslin-F set in X × Y , then T is continuous.

proof It will be enough to show that T ↾Z is continuous for every separable closed linear subspace Z of
X (because then it must be sequentially continuous, and we can use 4A2Ld). Write Γ ⊆ X × Y for the
graph of T . If H ⊆ Y is open, then Γ ∩ (Z ×H) is a Souslin-F set in the Polish space Z × Y , so is analytic
(423Eb), and its projection (T ↾Z)−1[H] also is analytic (423Bb), therefore universally measurable (434Dc).
Thus T ↾Z : Z → Y is a universally measurable function, and gT ↾Z must be universally measurable for any
g ∈ Y ∗ (434Df). By 466L, T ↾Z is continuous; as Z is arbitrary, T is continuous.

466N Gaussian measures Some of the ideas of §456 can be adapted to the present context, as follows.

Definition If X is a linear topological space, I will say that a probability measure µ on X is a centered
Gaussian measure if its domain includes the cylindrical σ-algebra of X and every continuous linear
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functional on X is either zero almost everywhere or a normal random variable with zero expectation. (Thus
a ‘centered Gaussian distribution’ on RI , as defined in 456A, is a distribution in the sense of 454K which is
a centered Gaussian measure when RI is thought of as a linear topological space.)

Warning! many authors reserve the phrase ‘Gaussian measure’ for strictly positive measures.

466O Proposition Let X be a separable Banach space, and µ a probability measure on X. Suppose
that there is a linear subspace W of X∗, separating the points of X, such that every element of W is domµ-
measurable and either zero a.e. or a normal random variable with zero expectation. Then µ is a centered
Gaussian measure with respect to the norm topology of X.

proof (a) As W separates the points of X, X \ {0} =
⋃

f∈W {x : f(x) 6= 0}. Because X is Polish, therefore
hereditarily Lindelöf, there is a countable set I ⊆ W still separating the points of X. Let W0 be the linear
subspace of X∗ generated by I.

Define T : X → RI by setting (Tx)(f) = f(x) for f ∈ I. Then T is an injective linear operator, and
is continuous for Ts(X,W0) and the usual topology of RI . Let λ be the distribution of the family 〈f〉f∈I ;
T is inverse-measure-preserving for µ̂ and λ, where µ̂ is the completion of µ (454J(iv)). If g : RI → R is
a continuous linear functional, then gT ∈ W0 (use 4A4Be); now the distribution of g, with respect to the
probability measure λ, is just the distribution of gT with respect to µ̂ and µ, and is therefore either normal
or the Dirac measure concentrated at 0. So λ is a centered Gaussian distribution in the sense of 456Ab.
Because I is countable, λ is a Radon measure (454J(iii)).

(b) If ǫ > 0, there is a norm-compact K ⊆ X such that µ̂K is defined and is at least 1 − ǫ. PPP As X
and RI are analytic (423B), there is a Radon measure µ′ on X such that λ = µ′T−1 (432G). Of course
µ′X = λRI = 1. There is a compact set K ⊆ X such that µ′K ≥ 1 − ǫ; now T [K] is compact and
K = T−1[T [K]], so

µ̂K = µT−1[T [K]] = λT [K] = µ′K ≥ 1 − ǫ. QQQ

(c) Now suppose that g ∈ X∗. Then there is a sequence 〈gn〉n∈N in W0 such that 〈gn〉n∈N → g µ-a.e. PPP
For each n ∈ N, there is a compact set Kn ⊆ X such that µ̂Kn ≥ 1−2−n−1; we can suppose that Kn+1 ⊇ Kn

for each n. W0 is dense in X∗ for the weak*-topology Ts(X
∗, X) (4A4Eh); being convex, it is dense for the

Mackey topology Tk(X∗, X) (4A4F), and there is a gn ∈W0 such that supx∈Kn
|gn(x) − g(x)| ≤ 2−n. Now

g(x) = limn→∞ gn(x) for every x in the µ-conegligible set
⋃

n∈NKn. QQQ

Set σn =
√

Var(gn) for each n. Then {σn : n ∈ N} is bounded. PPP Set M = supx∈K0
|g(x)|. If n ∈ N and

σn 6= 0, |gn(x)| ≤M + 1 for every x ∈ K0, and

1

2
≤ µK0 ≤ Pr(|gn| ≤M + 1) =

1

σn

√
2π

∫ M+1

−M−1

e−t2/2σ2
ndt ≤ 2(M+1)

σn

√
2π
,

so σn ≤ 4(M+1)√
2π

. QQQ

We therefore have a strictly increasing sequence 〈nk〉k∈N such that σ = limk→∞ σnk
is defined in [0,∞[.

For each k, let νk be the distribution of gnk
and ϕk its characteristic function; let ν, ϕ be the distribution

and characteristic function of g. Since 〈gnk
〉k∈N → g a.e.,∫

h dν =
∫
hg dµ = limk→∞

∫
hgnk

dµ = limk→∞
∫
h dνk

for every bounded continuous function h : R → R, and ϕ(t) = limk→∞ ϕk(t) for every t ∈ R, by 285L. But,
for each k,

ϕk(t) = exp(−1

2
σ2
nk
t2)

by 285E if σnk
> 0 and by direct calculation if σnk

= 0, as then gnk
= 0 almost everywhere.

Accordingly ϕ(t) = exp(−1

2
σ2t2) for every t. But this means that ν is either the Dirac measure concen-

trated at 0 (if σ = 0) or a normal distribution with zero expectation (if σ > 0).

(d) As g is arbitrary, µ is a centered Gaussian measure.
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466X Basic exercises (a) Let (X,T) be a metrizable locally convex linear topological space and µ a
totally finite measure on X which is quasi-Radon for the topology T. Show that µ is quasi-Radon for the
weak topology Ts(X,X

∗).

>>>(b) Let 〈en〉n∈N be the usual orthonormal basis of ℓ2. Give ℓ2 the Radon probability measure ν such
that ν{en} = 2−n−1 for every n. Let I be an uncountable set, and set X = (ℓ2)I with the product linear
structure and the product topology T, each copy of ℓ2 being given its norm topology. (i) Let λ be the
τ -additive product of copies of ν (417F). Show that λ is quasi-Radon for T but is not inner regular with
respect to the Ts-closed sets. (ii) Write Ts for the weak topology of X. Let λs be the τ -additive product
measure of copies of ν when each copy of ℓ2 is given its weak topology instead of its norm topology. Show
that λs is quasi-Radon for Ts but does not measure every T-Borel set. (Hint : setting E = {en : n ∈ N},
λ(EI) = 1 and EI is relatively Ts-compact.)

>>>(c) Let X be a metrizable locally convex linear topological space and µ a τ -additive totally finite
measure on X with domain the cylindrical σ-algebra of X. Show that µ has an extension to a quasi-Radon
measure on X. (Hint : 4A3V, 415N.)

(d) Let X be a metrizable locally convex linear topological space which is Lindelöf in its weak topology,
and Σ the cylindrical σ-algebra of X. Show that any totally finite measure with domain Σ has an extension
to a quasi-Radon measure on X.

>>>(e) Let X be a separable Banach space. Show that it is a Radon space when given its weak topology.

(f) Let K be a compact metrizable space, and C(K) the Banach space of continuous real-valued functions
on K. Show that the σ-algebra of subsets of C(K) generated by the functionals x 7→ x(t) : C(K) → R, for
t ∈ K, is just the cylindrical σ-algebra of C(K). (Hint : 4A2Pe.) Examine the connexions between this and
454Sa, 462Z and 466Xd.

(g) Let K be a scattered compact Hausdorff space. Show that the weak topology and the topology of
pointwise convergence on C(K) have the same Borel σ-algebras.

(h) Re-write part (d) of the proof of 466H to avoid any appeal to results from §413.

(i) Let X be a locally convex linear topological space and µ, ν two totally finite quasi-Radon measures
on X. Show that if µ and ν give the same measure to every half-space {x : f(x) ≥ α}, where f ∈ X∗ and
α ∈ R, then µ = ν.

(j) Let X be a Hilbert space and µ, ν two totally finite Radon measures on X. Show that if µ and ν give
the same measure to every ball B(x, δ), where x ∈ X and δ ≥ 0, then µ = ν. (Hint : every open half-space
is the union of a non-decreasing sequence of balls.)

(k) Let f : R → R be a function such that f(1) = 1 and f(x + y) = f(x) + f(y) for all x, y ∈ R. Show
that the following are equiveridical: (i) f(x) = x for every x ∈ R; (ii) f is continuous at some point; (iii) f
is bounded on some non-empty open set; (iv) f is bounded on some Lebesgue measurable set of non-zero
measure; (v) f is Lebesgue measurable; (vi) f is Borel measurable; *(vii) f is bounded on some non-meager

Gδ set; *(viii) f is B̂-measurable, where B̂ is the Baire-property algebra of R. (Hint : 443Db.)

(l) Set X = {x : x ∈ RN, {n : x(n) 6= 0} is finite}, and give X any norm. Show that any linear operator
from X to any normed space is universally measurable.

(m) Let X be a linear topological space and µ a centered Gaussian measure on X. (i) Let Y be another
linear topological space and T : X → Y a continuous linear operator. Show that the image measure µT−1 is
a centered Gaussian measure on Y . (ii) Show that X∗ ⊆ L

2(µ). (iii) Let us say that the covariance matrix
of µ is the family 〈σfg〉f,g∈X∗ , where σfg =

∫
f × g dµ for f , g ∈ X∗. Suppose that ν is another centered

Gaussian measure on X with the same covariance matrix. Show that µ and ν agree on the cylindrical
σ-algebra of X.
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(n) Let 〈Xi〉i∈I be a family of linear topological spaces with product X. Suppose that for each i we have
a centered Gaussian measure µi on Xi. Show that the product probability measure

∏
i∈I µi is a centered

Gaussian measure on X.

(o) Let X be a linear topological space. Show that the convolution of two quasi-Radon centered Gaussian
measures on X is a centered Gaussian measure.

(p) Let X be a separable Banach space, and µ a complete measure on X. Show that the following are
equiveridical: (i) µ is a centered Gaussian measure on X; (ii) µ extends a centered Gaussian Radon measure
on X; (iii) there are a set I, an injective continuous linear operator T : X → RI and a centered Gaussian
distribution λ on RI such that T is inverse-measure-preserving for µ and λ; (iv) whenever I is a set and
T : X → RI is a continuous linear operator there is a centered Gaussian distribution λ on RI such that T
is inverse-measure-preserving for µ and λ.

(q) Let X be a Banach space, and µ a Radon measure on X. Show that, with respect to µ, the unit ball
of X∗ is a stable set of functions in the sense of §465. (Hint : 465Yb.)

>>>(r) Let I be an infinite set. Show that Talagrand’s measure, interpreted as a measure on ℓ∞(I) (464R),
is not τ -additive for the weak topology.

466Y Further exercises (a) Give an example of a Hausdorff locally convex linear topological space
(X,T) with a probability measure µ on X which is a Radon measure for the weak topology Ts(X,X

∗) but
not for the topology T. (Hint : take C = C([0, 1]) and X = C∗ with the Mackey topology for the dual pair
(X,C), that is, the topology of uniform convergence on weakly compact subsets of C.)

(b) Let X be a normed space and T a linear space topology on X such that the unit ball of X is T-closed
and the topology on the unit sphere S induced by T is finer than the norm topology on S. (i) Show that
every norm-Borel subset of X is T-Borel. (ii) Show that if T is coarser than the norm topology, then it has
a σ-isolated network.

(c) (i) Let X be a Banach space. Set S2 =
⋃

n∈N{0, 1}n and suppose that 〈Kσ〉σ∈S2
is a family of

non-empty weakly compact convex subsets of X such that Kσ ⊆ Kτ whenever σ, τ ∈ S2 and σ extends
τ . (α) Show that there is a weakly Radon probability measure on X giving measure at least 2−n to Kσ

whenever n ∈ N and σ ∈ {0, 1}n. (β) Show that there are a σ ∈ S2 and x ∈ Kσa<0>, y ∈ Kσa<1> such
that ‖x− y‖ ≤ 1. (ii) Let X be a locally convex Hausdorff linear topological space. and 〈Aσ〉σ∈S2

a family
of non-empty relatively weakly compact subsets of X such that Aσ ⊆ Aτ whenever σ, τ ∈ S2 and σ extends
τ . For σ ∈ S2, set Cσ = Aσa<1> −Aσa<0>. Show that 0 ∈ ⋃

σ∈S2
Cσ.

(d) Find Banach spaces X and Y and a linear operator from X to Y which is not continuous but whose
graph is an Fσ set in X × Y .

(e) Let X be a complete Hausdorff locally convex linear topological space and µ a Radon probability
measure on X. Suppose that there is a linear subspace W of X∗, separating the points of X, such that
every member of W is either zero a.e. or a normal random variable with zero expectation. Show that µ is a
centered Gaussian measure.

466Z Problems (a)Does every probability measure defined on theTs(ℓ
∞, (ℓ∞)∗)-Borel sets of ℓ∞ = ℓ∞(N)

extend to a measure defined on the ‖ ‖∞-Borel sets?
It is by no means obvious that the Borel sets of ℓ∞ are different for the weak and norm topologies; for a

proof see Talagrand 78b.

(b) Assume that c is measure-free. Does it follow that ℓ∞, with its weak topology, is a Radon space?
Note that a positive answer to 464Z (with I = N) would settle this, since Talagrand’s measure, when

interpreted as a measure on ℓ∞, cannot agree on the weakly Borel sets with any Radon measure on ℓ∞

(466Xq, 466Xr).
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466 Notes and comments I have given a proof of 466A using the machinery of §463; when the measure
µ is known to be a Radon measure for the weak topology, rather than just a quasi-Radon measure or a
τ -additive measure on the cylindrical algebra (466Xc), the theorem is older than this, and for an instructive
alternative approach see Talagrand 84, 12-1-4. Another proof is in Jayne & Rogers 95.

On any Banach space we have at least three important σ-algebras: the norm-Borel σ-algebra (generated
by the norm-open sets), the weak-Borel algebra (generated by the weakly open sets) and the cylindrical
algebra (generated by the continuous linear functionals). (Note that the Baire σ-algebras corresponding to
the norm and weak topologies are the norm-Borel algebra (4A3Kb) and the cylindrical algebra (4A3V).) If
our Banach space is naturally represented as a subspace of some RI (e.g., because it is a space of continuous
functions), then we have in addition the σ-algebra generated by the functionals x 7→ x(i) for i ∈ I, and
the Borel algebra for the topology of pointwise convergence. We correspondingly have natural questions
concerning when these algebras coincide, as in 466E and 4A3W and 466Xf, and when a measure on one of
the algebras leads to a measure on another, as in 466A-466B and 466Xc.

The question of which Banach spaces are Radon spaces in their norm topologies is, if not exactly ‘solved’,
at least reducible to a classical problem in set theory by the results in §438. It seems much harder to
decide which non-separable Banach spaces are Radon spaces in their weak topologies. We have a simple
positive result for spaces with Kadec norms (466F), and after some labour a negative result for a couple of
standard examples (466I), but no effective general criterion is known. Even the case of ℓ∞ seems still to be
open in ‘ordinary’ set theories (466Zb). ℓ∞ is of particular importance in this context because the dual of
any separable Banach space is isometrically isomorphic to a linear subspace of ℓ∞ (4A4Id). So a positive
answer to either question in 466Z would have very interesting consequences – and would be correspondingly
surprising.

466L and 466M belong to a large family of results of the general form: if, between spaces with both
topological and algebraic structures, we have a homomorphism (for the algebraic structures) which is not
continuous, then it is wildly irregular. I hope to return to some of these ideas in Volume 5. For the moment
I just give a version of the classical result that an additive function f : R → R which is Lebesgue measurable
must be continuous (466Xk). The definition of ‘universally measurable’ function which I gave in §434 has a
number of paradoxical aspects. I have already remarked that in some contexts we might prefer to use the
notion of ‘universally Radon-measurable’ function; this is also appropriate for 466L. But when our space X,
for any reason, has few Borel measures, as in 466Xl, there are correspondingly many universally measurable
functions defined on X. Of course 466M can also be thought of as a generalization of the closed graph
theorem; but note that, unlike the closed graph theorem, it needs a separable codomain (466Yd).

The point of 466O is that the most familiar separable Banach spaces are presented with continuous linear
embeddings into RN, and of course any separable Banach space X has such a presentation. We can now
describe the centered Gaussian Radon measures on X in terms of centered Gaussian distributions on RN, as
in 466Xp. But perhaps the most important centered Gaussian measure is Wiener measure (477Yj), which
is not in fact on a Banach space.

A curious geometric question concerning measures on metric spaces is the following. If two totally finite
Radon measures on a metric space agree on balls, must they be identical? It is known that (even for compact
spaces) the answer, in general, is ‘no’ (Davies 71); in Hilbert spaces the answer is ‘yes’ (466Xj); and in fact
the same is true in any normed space (Preiss & Tǐser 91).

Version of 13.1.10

*467 Locally uniformly rotund norms

In the last section I mentioned Kadec norms. These are interesting in themselves, but the reason for
including them in this book is that in a normed space with a Kadec norm the weak topology has the
same Borel sets as the norm topology (466Ea). The same will evidently be true of any space which has
an equivalent Kadec norm. Now Kadec norms themselves are not uncommon, but equivalent Kadec norms
appear in a striking variety of cases. Here I describe the principal class of spaces (the ‘weakly K-countably
determined’ Banach spaces, 467H) which have equivalent Kadec norms. In fact they have ‘locally uniformly
rotund’ norms, which are much easier to do calculations with.

Almost everything here is pure functional analysis, mostly taken from Deville Godefroy & Zizler

93, which is why I have starred the section. The word ‘measure’ does not appear until 467P. At that point,
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88 Pointwise compact sets of measurable functions §*467 intro.

however, we find ourselves with a striking result (Schachermayer’s theorem) which appears to need the
structure theory of weakly compactly generated Banach spaces developed in 467C-467M.

467A Definition Let X be a linear space with a norm ‖ ‖. ‖ ‖ is locally uniformly rotund or locally
uniformly convex if whenever ‖x‖ = 1 and ǫ > 0, there is a δ > 0 such that ‖x− y‖ ≤ ǫ whenever ‖y‖ = 1
and ‖x+ y‖ ≥ 2 − δ.

If X has a locally uniformly rotund norm, then every subspace of X has a locally uniformly rotund norm.
Of course any uniformly convex norm (definition: 2A4K) is locally uniformly rotund.

467B Proposition A locally uniformly rotund norm is a Kadec norm.

proof Let X be a linear space with a locally uniformly rotund norm ‖ ‖. Set SX = {x : ‖x‖ = 1}.
Suppose that G is open for the norm topology and that x ∈ G ∩ SX . Then there is an ǫ > 0 such that
G ⊇ B(x, ǫ) = {y : ‖y− x‖ ≤ ǫ}. Let δ > 0 be such that ‖x− y‖ ≤ ǫ whenever ‖y‖ = 1 and ‖x+ y‖ ≥ 2− δ.
Now there is an f ∈ X∗ such that f(x) = ‖f‖ = 1 (3A5Ac). So V = {y : f(y) > 1− δ} is open for the weak
topology. But if y ∈ V ∩ SX , then ‖x+ y‖ ≥ f(x+ y) ≥ 2 − δ, so ‖x− y‖ ≤ ǫ and y ∈ G. As x is arbitrary,
G∩ SX is open for the weak topology on SX ; as G is arbitrary, the norm and weak topologies agree on SX .

467C A technical device (a) I will use the following notation for the rest of the section. Let X be a
linear space and p : X → [0,∞[ a seminorm. Define qp : X ×X → [0,∞[ by setting

qp(x, y) = 2p(x)2 + 2p(y)2 − p(x+ y)2 = (p(x) − p(y))2 + (p(x) + p(y))2 − p(x+ y)2

for x ∈ X.

(b) A norm ‖ ‖ on X is locally uniformly rotund iff whenever x ∈ X and ǫ > 0 there is a δ > 0 such that
‖x− y‖ ≤ ǫ whenever q‖ ‖(x, y) ≤ δ.

PPP(i) Suppose that ‖ ‖ is locally uniformly rotund, x ∈ X and ǫ > 0. (α) If x = 0 then q‖ ‖(x, y) =

‖y‖2 = ‖x − y‖2 for every y so we can take δ = ǫ2. (β) If x 6= 0 set x′ =
1

‖x‖x. Let η > 0 be such that

‖x′ − y′‖ ≤ 1
2ǫ‖x‖ whenever ‖y′‖ = 1 and ‖x′ + y′‖ ≥ 2 − η. Let δ > 0 be such that

δ + 2
√
δ‖x‖ ≤ η‖x‖2,

√
δ < ‖x‖,

√
δ ≤ 1

2
ǫ‖x‖2.

Now if q‖ ‖(x, y) ≤ δ, we must have

(‖x‖ − ‖y‖)2 ≤ δ < ‖x‖2, (‖x‖ + ‖y‖)2 − ‖x+ y‖2 ≤ δ,

so that y 6= 0 and

∣∣ 1

‖x‖ − 1

‖y‖
∣∣‖y‖ =

|‖y‖−‖x‖|
‖x‖ ≤

√
δ

‖x‖ ,

‖x‖ + ‖y‖ − ‖x+ y‖ ≤ δ

‖x‖+‖y‖+‖x+y‖ ≤ δ

‖x‖ .

Set y′ =
1

‖y‖y, y′′ =
1

‖x‖y. Then ‖y′‖ = 1, and

‖y′ − y′′‖ =
∣∣ 1

‖y‖ − 1

‖x‖
∣∣‖y‖ ≤

√
δ

‖x‖ ≤ 1

2
ǫ‖x‖.

Accordingly

‖x′ + y′‖ ≥ ‖x′ + y′′‖ − ‖y′ − y′′‖ ≥ 1

‖x‖‖x+ y‖ −
√
δ

‖x‖

≥ 1

‖x‖ (‖x‖ + ‖y‖ − δ

‖x‖ ) −
√
δ

‖x‖ = 1 +
‖y‖
‖x‖ − δ

‖x‖2
−

√
δ

‖x‖

≥ 1 +
‖x‖−

√
δ

‖x‖ − δ

‖x‖2
−

√
δ

‖x‖ = 2 − δ

‖x‖2
− 2

√
δ

‖x‖ ≥ 2 − η.
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But this means that ‖x′ − y′‖ ≤ 1
2ǫ‖x‖, so that ‖x′ − y′′‖ ≤ ǫ‖x‖ and ‖x− y‖ ≤ ǫ. As x and ǫ are arbitrary,

the condition is satisfied.

(ii) Suppose the condition is satisfied. If ‖x‖ = 1 and ǫ > 0, take δ ∈ ]0, 2] such that ‖x − y‖ ≤ ǫ
whenever q(x, y) ≤ 4δ; then if ‖y‖ = 1 and ‖x + y‖ ≥ 2 − δ, q(x, y) = 4 − ‖x + y‖2 ≤ 4δ and ‖x − y‖ ≤ ǫ.
As x and ǫ are arbitrary, ‖ ‖ is locally uniformly rotund. QQQ

(c) We have the following elementary facts. Let X be a linear space.

(i) For any seminorm p onX, qp(x, y) ≥ (p(x)−p(y))2 ≥ 0 for all x, y ∈ X. PPP (p(x)+p(y))2−p(x+y)2 ≥
0 because p(x+ y) ≤ p(x) + p(y). QQQ

(ii) Suppose that 〈pi〉i∈I is a family of seminorms on X such that
∑

i∈I pi(x)2 is finite for every

x ∈ X. Set p(x) =
√∑

i∈I pi(x)2 for x ∈ X; then p is a seminorm on X and qp =
∑

i∈I qpi
. PPP Of course

p(αx) = |α|p(x) for α ∈ R and x ∈ X. If x ∈ X, then p(x) = ‖φ(x)‖2, where φ(x) = 〈pi(x)〉i∈I ∈ ℓ2(I).
Now for x, y ∈ X,

0 ≤ φ(x+ y) ≤ φ(x) + φ(y)

in ℓ2(I), so

p(x+ y) = ‖φ(x+ y)‖2 ≤ ‖φ(x) + φ(y)‖2 ≤ ‖φ(x)‖2 + ‖φ(y)‖2 = p(x) + p(y).

Thus p is a seminorm. Now the calculation of qp =
∑

i∈I qpi
is elementary. QQQ In particular, qp ≥ qpi

for
every i ∈ I.

(iii) If ‖ ‖ is an inner product norm on X, then q‖ ‖(x, y) = ‖x− y‖2 for all x, y ∈ X. PPP

2‖x‖2 + 2‖y‖2 − ‖x+ y‖2 = 2(x|x) + 2(y|y) − (x+ y|x+ y)

= (x|x) + (y|y) − (x|y) − (y|x) = (x− y|x− y). QQQ

467D Lemma Let (X, ‖ ‖) be a normed space. Suppose that there are a space Y with a locally uniformly
rotund norm ‖ ‖Y and a bounded linear operator T : Y → X such that T [Y ] is dense in X and, for every
x ∈ X and γ > 0, there is a z ∈ Y such that ‖x− Tz‖2 + γ‖z‖2

Y
= infy∈Y ‖x− Ty‖2 + γ‖y‖2

Y
. Then X has

an equivalent locally uniformly rotund norm.

proof (a) For each n ∈ N, x ∈ X set

pn(x) =
√

infy∈Y ‖x− Ty‖2 + 2−n‖y‖2
Y
.

Then pn : X → [0,∞[ is a norm on X, equivalent to ‖ ‖. PPP (i) The functionals (x, y) 7→ ‖x − Ty‖,
(x, y) 7→ 2−n/2‖y‖Y from X × Y to [0,∞[ are both seminorms, so the functional (x, y) 7→ φ(x, y) =√
‖x− Ty‖2 + 2−n‖y‖2

Y
also is, by 467C(c-ii). (ii) If x ∈ X and α ∈ R, take z ∈ Y such that pn(x) = φ(x, z);

then

pn(αx) ≤ φ(αx, αz) = |α|φ(x, z) = |α|pn(x).

If α 6= 0, apply the same argument to see that pn(x) ≤ |α|−1pn(αx), so that pn(αx) = |α|pn(x). (iii) Now
take any x1, x2 ∈ X. Let z1, z2 ∈ Y be such that pn(xi) = φ(xi, zi) for both i. Then

pn(x1 + x2) = 2pn(
1

2
x1 +

1

2
x2) ≤ 2φ(

1

2
x1 +

1

2
x2,

1

2
z1 +

1

2
z2)

≤ 2(
1

2
φ(x1, z1) +

1

2
φ(x2, z2)) = pn(x1) + pn(x2).

Thus pn is a seminorm. (iv) pn(x) ≤ φ(x, 0) = ‖x‖ for every x ∈ X. (vi) For any x ∈ X and y ∈ Y , either
‖Ty‖ ≥ 1

2‖x‖ and

φ(x, y) ≥ 2−n/2‖y‖
Y
≥ 1

2·2n/2‖T‖‖x‖,

or ‖Ty‖ ≤ 1
2‖x‖ and
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φ(x, y) ≥ ‖x− Ty‖ ≥ 1

2
‖x‖;

this shows that pn(x) ≥ min( 1
2 ,

1
22−n/2‖T‖−1)‖x‖. (I am passing over the trivial case X = {0}, ‖T‖ = 0.)

In particular, pn(x) = 0 only when x = 0. Thus pn is a norm equivalent to p. QQQ

(b) For any x ∈ X, limn→∞ pn(x) = 0. PPP Let ǫ > 0. Let y ∈ Y be such that ‖x− Ty‖ ≤ ǫ; then

lim supn→∞ pn(x)2 ≤ lim supn→∞ ‖x− Ty‖2 + 2−n‖y‖2
Y
≤ ǫ2.

As ǫ is arbitrary, limn→∞ pn(x) = 0. QQQ

(c) Set ‖x‖′ =
√∑∞

n=0 2−npn(x)2 for x ∈ X. The sum is always finite because pn(x) ≤ ‖x‖ for every

n, so ‖ ‖′ ≤
√

2‖ ‖ is a seminorm; and it is a norm equivalent to ‖ ‖ because p0 is. Now ‖ ‖′ is locally
uniformly rotund. PPP Take x ∈ X and ǫ > 0. Let n ∈ N be such that pn(x) ≤ 1

4ǫ. Choose y ∈ Y such that

pn(x)2 = ‖x−Ty‖2+2−n‖y‖2
Y
. (This is where we really use the hypothesis that the infimum in the definition

of pn is attained.) Let δ > 0 be such that 2nδ ≤ ( 1
4ǫ)

2 and ‖T‖‖y′ − y‖ ≤ 1
4ǫ whenever q‖ ‖Y

(y′, y) ≤ 22nδ.
If q‖ ‖′(x, x′) ≤ δ, then q2−n/2pn

(x, x′) ≤ δ, by 467C(c-ii), that is, qpn
(x, x′) ≤ 2nδ. Let y′ ∈ Y be such

that pn(x′)2 = ‖x′ − Ty′‖2 + 2−n‖y′‖2
Y
. Then

pn(x+ x′)2 ≤ ‖x+ x′ − Ty − Ty′‖2 + 2−n‖y + y′‖2
Y

≤ (‖x− Ty‖ + ‖x′ − Ty′‖)2 + 2−n‖y + y′‖2
Y
,

so

qpn
(x, x′) = 2pn(x)2 + 2pn(x′)2 − pn(x+ x′)2

≥ 2(‖x− Ty‖2 + 2−n‖y‖2
Y
) + 2(‖x′ − Ty′‖2 + 2−n‖y′‖2

Y
)

− (‖x− Ty‖ + ‖x′ − Ty′‖)2 − 2−n‖y + y′‖2
Y

= (‖x− Ty‖ − ‖x′ − Ty′‖)2 + 2−n(2‖y‖2
Y

+ 2‖y′‖2
Y
− ‖y + y′‖2

Y
).

This means that

q‖ ‖Y
(y, y′) ≤ 2nqpn

(x, x′) ≤ 22nδ,

so ‖T‖‖y − y′‖
Y
≤ 1

4ǫ, while also

‖x− Ty‖ + ‖x′ − Ty′‖ ≤ 2‖x− Ty‖ +
√
qpn

(x, x′) ≤ 2pn(x) + 2n/2
√
δ ≤ 3

4
ǫ.

Finally

1√
2
‖x− x′‖′ ≤ ‖x− x′‖ ≤ ‖T‖‖y − y′‖

Y
+ ‖x− Ty‖ + ‖x′ − Ty′‖ ≤ 1

4
ǫ+

3

4
ǫ = ǫ.

As x and ǫ are arbitrary, this shows that ‖ ‖′ is locally uniformly rotund. QQQ
This completes the proof.

467E Theorem Let X be a separable normed space. Then it has an equivalent locally uniformly rotund
norm.

proof (a) It is enough to show that the completion of X has an equivalent locally uniformly rotund norm;
since the completion of X is separable, we may suppose that X itself is complete. Let 〈xi〉i∈N be a sequence
in X running over a dense subset of X. Define T : ℓ2 → X by setting

Ty =
∑∞

i=0
y(i)

2i(1+‖xi‖)
xi

for y ∈ ℓ2 = ℓ2(N); then Ty is always defined (4A4Ie); T is a linear operator and

‖Ty‖ ≤ ∑∞
i=0 2−i|y(i)| ≤

√∑∞
i=0 2−2i ‖y‖2

for every y ∈ ℓ2, by Cauchy’s inequality (244Eb). So T is a bounded linear operator.

(b) T satisfies the conditions of 467D. PPP T [ℓ2] is dense because it contains every xi. Given x ∈ X, γ > 0

and α ≥ 0, the function y 7→
√

‖x− Ty‖2 + γ‖y‖22 is convex and norm-continuous, so the set
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Cα(x) = {y : y ∈ ℓ2, ‖x− Ty‖2 + γ‖y‖22 ≤ α2}
is convex and norm-closed. Consequently, Cα(x) is weakly closed (4A4Ed); since ‖y‖2 ≤ γ−1/2α for every
y ∈ Cα(x), Cα(x) is weakly compact (4A4Ka). Set β = infy∈ℓ2 ‖x − Ty‖2 + γ‖y‖22. Then {Cα(x) : α > β}
is a downwards-directed set of non-empty weakly compact sets, so has non-empty intersection; taking any
z ∈ ⋂

α>β Cα(x), β = ‖x− Tz‖2 + γ‖z‖22. QQQ

(c) So 467D gives the result.

467F Lemma Let (X, ‖ ‖) be a Banach space, and 〈Ti〉i∈I a family of bounded linear operators from X
to itself such that

(i) for each i ∈ I, the subspace Ti[X] has an equivalent locally uniformly rotund norm,

(ii) for each x ∈ X, ǫ > 0 there is a finite set J ⊆ I such that ‖x−∑
i∈J Tix‖ ≤ ǫ,

(iii) for each x ∈ X, ǫ > 0 the set {i : i ∈ I, ‖Tix‖ ≥ ǫ} is finite.

Then X has an equivalent locally uniformly rotund norm.

proof (a) Let ‖ ‖i be a locally uniformly rotund norm on Xi = Ti[X] equivalent to ‖ ‖ on Xi. Reducing
‖ ‖i by a scalar multiple if necessary, we may suppose that ‖Tix‖i ≤ ‖x‖ for every x ∈ X and i ∈ I.
By (iii), supi∈I ‖Tix‖ is finite for every x ∈ X; by the Uniform Boundedness Theorem (3A5Ha), M =
supi∈I sup‖x‖≤1 ‖Tix‖ is finite. (This is where we need to suppose that X is complete.) For finite sets J ⊆ I
and k ≥ 1, set

pJk(x) =
√∑

i∈J ‖Tix‖2i + 1
k

∑
K⊆J ‖x−∑

i∈K Tix‖2;

for n ∈ N and k ≥ 1 set

p
(n)
k (x) = sup{pJk(x) : J ⊆ I, #(J) ≤ n}.

By 467C(c-ii), as usual, all the pJk are seminorms, and it follows at once that the p
(n)
k are seminorms.

Observe that if K ⊆ I is finite, then ‖x −∑
i∈K Tix‖ ≤ (1 + M#(K))‖x‖ for every x, so if J ⊆ I is finite

then

pJk(x) ≤
√

#(J) + 2#(J)(1 +M#(J))‖x‖,

and p
(n)
k (x) ≤

√
n+ 2n(1 +Mn)‖x‖ whenever n ∈ N and k ≥ 1. Setting βnk = 22n+k for n, k ∈ N,

‖x‖′ =

√∑∞
n=0

∑∞
k=1 β

−1
nk p

(n)
k (x)2

is finite for every x ∈ X, so that ‖ ‖′ is a seminorm on X; moreover, ‖x‖′ ≤ β‖x‖ for every x ∈ X, where

β =
√∑∞

n=0

∑∞
k=1 β

−1
nk (n+ 2n(1 +Mn))

is finite. Since we also have

‖x‖′ ≥ 1√
2
p
(0)
1 (x) =

1√
2
p∅1(x) =

1√
2
‖x‖

for every x, ‖ ‖′ is a norm on X equivalent to ‖ ‖.

(b) Now ‖ ‖′ is locally uniformly rotund. PPP Take x ∈ X and ǫ > 0. Let K ⊆ I be a finite set such
that ‖x − ∑

i∈K Tix‖ ≤ 1
4ǫ; we may suppose that Tix 6= 0 for every i ∈ K. Set α1 = mini∈K ‖Tix‖i,

J = {i : i ∈ I, ‖Tix‖i ≥ α1} and α0 = supi∈I\J ‖Tix‖i. (For completeness, if K = ∅, take J = ∅,

α0 = supi∈I ‖Tix‖i and α1 = α0 + 1.) Then J is finite and α0 < α1, by hypothesis (iii) of the lemma. Set

n = #(J). Let k be so large that
2n(Mn+1)

k
‖x‖2 < 1

2 (α2
1 − α2

0). Let η > 0 be such that

(βnk + 1)η ≤ min(
ǫ2

16k
, α2

1 − α2
0),

‖Tix− z‖ ≤ ǫ

1+4n
whenever i ∈ K, z ∈ Xi and q‖ ‖i

(Tix, z) ≤ (βnk + 1)η;

this is where we use the hypothesis that every ‖ ‖i is locally uniformly rotund (and equivalent to ‖ ‖ on Xi).
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Now suppose that y ∈ X and q‖ ‖′(x, y) ≤ η. Then q
p
(n)
k

(x, y) ≤ βnkη, by 467C(c-ii). Let L ∈ [I]n be such

that p
(n)
k (x+ y)2 ≤ pLk(x+ y)2 + η. Then

qpLk
(x, y) = 2pLk(x)2 + 2pLk(y)2 − pLk(x+ y)2

≤ 2p
(n)
k (x)2 + 2p

(n)
k (y)2 − p

(n)
k (x+ y)2 + η ≤ (βnk + 1)η.

We also have

2pLk(x)2 ≥ 2pLk(x)2 + 2pLk(y)2 − 2p
(n)
k (y)2 ≥ pLk(x+ y)2 − 2p

(n)
k (y)2

≥ p
(n)
k (x+ y)2 − η − 2p

(n)
k (y)2 ≥ 2p

(n)
k (x)2 − (βnk + 1)η,

so

∑

i∈J

‖Tix‖2i ≤ pJk(x)2 ≤ p
(n)
k (x)2 ≤ pLk(x)2 +

1

2
(βnk + 1)η

≤
∑

i∈L

‖Tix‖2i +
2n(Mn+1)

k
‖x‖2 +

1

2
(βnk + 1)η

<
∑

i∈L

‖Tix‖2i + α2
1 − α2

0.

Since #(L) = #(J) and

‖Tix‖2i ≤ α2
0 < α2

1 ≤ ‖Tjx‖2j
whenever j ∈ J and i ∈ I \ J , we must actually have L = J . In particular, K ⊆ L. But this means that (by
467C(c-ii) again)

q‖ ‖i
(Tix, Tiy) ≤ qpLk

(x, y) ≤ (βnk + 1)η

and (by the choice of η) ‖Tix− Tiy‖ ≤ ǫ

1+4n
for every i ∈ K, so that ‖∑i∈K Tix−∑

i∈K Tiy‖ ≤ 1
4ǫ.

The last element we need is that, setting p̃(z) = 1√
k
‖z −∑

i∈K Tiz‖, p̃ is a seminorm on X and is one of

the constituents of pLk; so that

1

k
(‖x−

∑

i∈K

Tix‖ − ‖y −
∑

i∈K

Tiy‖)2 ≤ qp̃(x, y) ≤ qpLk
(x, y)

≤ (βnk + 1)η ≤ ǫ2

16k
,

and
∣∣‖x−∑

i∈K Tix‖ − ‖y −∑
i∈K Tiy‖

∣∣ ≤ 1
4ǫ. It follows that

‖y −∑
i∈K Tiy‖ ≤ 1

4ǫ+ ‖x−∑
i∈K Tix‖ ≤ 1

2ǫ.

Putting these together,

‖x− y‖ ≤ ‖x−∑
i∈K Tix‖ +

∑
i∈K ‖Tix− Tiy‖ + ‖y −∑

i∈K Tiy‖ ≤ ǫ.

And this is true whenever q‖ ‖′(x, y) ≤ η. As x and ǫ are arbitrary, ‖ ‖′ is locally uniformly rotund. QQQ

467G Theorem Let X be a Banach space. Suppose that there are an ordinal ζ and a family 〈Pξ〉ξ≤ζ of
bounded linear operators from X to itself such that

(i) if ξ ≤ η ≤ ζ then PξPη = PηPξ = Pξ;
(ii) P0(x) = 0 and Pζ(x) = x for every x ∈ X;
(iii) if ξ ≤ ζ is a non-zero limit ordinal, then limη↑ξ Pη(x) = Pξ(x) for every x ∈ X;
(iv) if ξ < ζ then Xξ = {(Pξ+1 − Pξ)(x) : x ∈ X} has an equivalent locally uniformly rotund

norm.

Then X has an equivalent locally uniformly rotund norm.
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Remark A family 〈Pξ〉ξ≤ζ satisfying (i), (ii) and (iii) here is called a projectional resolution of the
identity.

proof For ξ < ζ set Tξ = Pξ+1 −Pξ. From condition (i) we see easily that TξTη = Tξ if ξ = η, 0 otherwise;
and that TξPη = Tξ if ξ < η, 0 otherwise.

I seek to show that the conditions of 467F are satisfied by 〈Tξ〉ξ<ζ . Condition (i) of 467F is just condition
(iv) here. Let Z be the set of those x ∈ X for which conditions (ii) and (iii) of 467F are satisfied; that is,

for each ǫ > 0 there is a finite set J ⊆ ζ such that ‖x −∑
ξ∈J Tξx‖ ≤ ǫ, and {ξ : ‖Tξx‖ ≥ ǫ}

is finite.

Then Z is a linear subspace of X. For ξ ≤ ζ, set Yξ = Pξ[X]. Then Yξ ⊆ Z. PPP Induce on ξ. Since Y0 = {0},
the induction starts. For the inductive step to a successor ordinal ξ + 1 ≤ ζ, Yξ+1 = Yξ +Xξ ⊆ Z. For the
inductive step to a non-zero limit ordinal ξ ≤ ζ, given x ∈ Yξ and ǫ > 0, we know that there is a ξ′ < ξ such
that ‖Pηx− Pξx‖ ≤ 1

3ǫ whenever ξ′ ≤ η ≤ ξ. So ‖Tηx‖ ≤ 2
3ǫ whenever ξ′ ≤ η < ξ, and

{η : ‖Tηx‖ ≥ ǫ} = {η : η < ξ′, ‖Tηx‖ ≥ ǫ} = {η : ‖TηPξ′x‖ ≥ ǫ}
is finite, by the inductive hypothesis. Moreover, there is a finite set J ⊆ ξ′ such that ‖Pξ′x−

∑
η∈J TηPξ′x‖ ≤

2
3ǫ, and now ‖x−∑

η∈J Tηx‖ ≤ ǫ. As x and ǫ are arbitrary, Yξ ⊆ Z. QQQ

In particular, X = Yζ ⊆ Z and conditions (ii) and (iii) of 467F are satisfied. So 467F gives the result.

467H Definitions (a) A topological space X is K-countably determined or a Lindelöf-ΣΣΣ space if
there are a subset A of NN and an usco-compact relation R ⊆ A×X such that R[A] = X. Observe that all
K-analytic Hausdorff spaces (§422) are K-countably determined.

(b) A normed space X is weakly K-countably determined if it is K-countably determined in its weak
topology.

(c) Let X be a normed space and Y , W closed linear subspaces of X, X∗ respectively. I will say that
(Y,W ) is a projection pair if X = Y ⊕W ◦ and ‖y + z‖ ≥ ‖y‖ for every y ∈ Y , z ∈W ◦, where

W ◦ = {z : z ∈ X, f(z) ≤ 1 for every f ∈W}
= {z : z ∈ X, f(z) = 0 for every f ∈W}.

467I Lemma (a) If X is a weakly K-countably determined normed space, then any closed linear subspace
of X is weakly K-countably determined.

(b) If X is a weakly K-countably determined normed space, Y is a normed space, and T : X → Y is a
continuous linear surjection, then Y is weakly K-countably determined.

(c) If X is a Banach space and Y ⊆ X is a dense linear subspace which is weakly K-countably determined,
then X is weakly K-countably determined.

proof (a) Let A ⊆ NN, R ⊆ A × X be such that R is usco-compact (for the weak topology on X) and
R[A] = X. Let Y be a (norm-)closed linear subspace of X; then Y is closed for the weak topology (3A5Ee).
Also the weak topology on Y is just the subspace topology induced by the weak topology of X (4A4Ea).
Set R′ = R ∩ (A × Y ). Then R′ is usco-compact whether regarded as a subset of A ×X or as a subset of
A× Y (422Db, 422Dg). Since Y = R′[A], Y is weakly K-countably determined.

(b) Let A ⊆ NN, R ⊆ A×X be such that R is usco-compact for the weak topology on X and R[A] = X.
Because T is continuous for the weak topologies on X and Y (3A5Ec),

R1 = {(φ, y): there is some x ∈ X such that (φ, x) ∈ R and Tx = y}
is usco-compact in A × Y (422Dc, 422Df). Also R1[A] = T [R[A]] = Y . So Y is weakly K-countably
determined.

(c) Let A ⊆ NN, R ⊆ A×Y be such that R is usco-compact (for the weak topology on Y ) and R[A] = Y .
Then, as in (a), R is usco-compact when regarded as a subset of A×X. By 422Dd, the set

R1 = {(〈φn〉n∈N, 〈yn〉n∈N) : (φn, yn) ∈ R for every n ∈ N}
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is usco-compact in AN × Y N. Now examine

R2 = {(〈yn〉n∈N, x) : x ∈ X, yn ∈ Y and ‖yn − x‖ ≤ 2−n for every n ∈ N}.

Then R2 is usco-compact in Y N × X. PPP (Remember that we are using weak topologies on X and Y
throughout.) If yyy = 〈yn〉n∈N is a sequence in Y and (yyy, x) ∈ R2, then x = limn→∞ yn; so R2[{yyy}] has at
most one member and is certainly compact. Let F ⊆ X be a weakly closed set and yyy ∈ Y N \R−1

2 [F ].
case 1 If there are m, n ∈ N such that ‖ym − yn‖ > 2−m + 2−n, let f ∈ Y ∗ be such that ‖f‖ ≤ 1 and

f(ym − yn) > 2−m + 2−n. Then G = {zzz : f(zm − zn) > 2−m + 2−n} is an open set in Y N containing yyy and
disjoint from R−1

2 [F ], because R2[G] is empty.
case 2 Otherwise, yyy is a Cauchy sequence and (because X is a Banach space) has a limit x ∈ X, which

does not belong to F . Let δ > 0 and f0, . . . , fr ∈ X∗ be such that {w : |fi(w) − fi(x)| ≤ δ for every i ≤ r}
does not meet F . Let n ∈ N be such that 2−n‖fi‖ ≤ 1

3δ for every i ≤ r. Then G = {zzz : |fi(zn)−fi(yn)| < 1
3δ

for every i ≤ r} is an open set in Y N containing Y . If zzz ∈ G and (zzz, w) ∈ R2, then ‖zn − w‖ ≤ 2−n so

|fi(w) − fi(x)| ≤ |fi(w) − fi(zn)| + |fi(zn) − fi(yn)| + |fi(yn) − fi(x)|

≤ 2−n‖fi‖ +
1

3
δ + 2−n‖fi‖ ≤ δ

for every i ≤ r, and w /∈ F . Thus again G ∩R−1
2 [F ] is empty.

This shows that there is always an open set containing y and disjoint from R−1
2 [F ]. As y is arbitrary,

R−1
2 [F ] is closed. As F is arbitrary, R2 is usco-compact. QQQ
It follows that R2R1 ⊆ AN ×X is usco-compact (422Df), while

(R2R1)[AN] = R2[R1[AN]] = R2[Y N] = X

because Y is dense in X. Finally, AN is homeomorphic to a subset of NN because it is a subspace of
(NN)N ∼= NN. So X is weakly K-countably determined.

467J Lemma Let X be a weakly K-countably determined Banach space. Then there is a family M of
subsets of X ∪X∗ such that

(i) whenever B ⊆ X ∪X∗ there is an M ∈ M such that B ⊆M and #(M) ≤ max(ω,#(B));
(ii) whenever M′ ⊆ M is upwards-directed, then

⋃M′ ∈ M;
(iii) whenever M ∈ M then (M ∩X,M ∩X∗) (where the closures are taken for the norm topologies) is

a projection pair of subspaces of X and X∗.

proof (a) Let A ⊆ NN, R ⊆ A × X be such that R is usco-compact in A × X and R[A] = X. Set
S =

⋃
n∈N Nn and for σ ∈ S set Fσ = R[Iσ], where Iσ = {φ : σ ⊆ φ ∈ NN}; set S0 = {σ : σ ∈ S, Fσ 6= ∅}.

Let M be the family of those sets M ⊆ X ∪X∗ such that (α) whenever x, y ∈ M ∩X and q ∈ Q then
x + y and qx belong to M (β) whenever f , g ∈ M ∩ X∗ and q ∈ Q then f + g and qf belong to M (γ)
‖x‖ = max{f(x) : f ∈M ∩X∗, ‖f‖ ≤ 1} for every x ∈M ∩X (δ) supx∈Fσ

f(x) = supx∈Fσ∩M f(x) for every
f ∈M ∩X∗, σ ∈ S0.

(b) For each x ∈ X, choose hx ∈ X∗ such that ‖hx‖ ≤ 1 and hx(x) = ‖x‖; for each f ∈ X∗ and σ ∈ S0

choose a countable set Cfσ ⊆ Fσ such that sup{f(x) : x ∈ Cfσ} = sup{f(x) : x ∈ Fσ}. Given B ⊆ X,
define 〈Bn〉n∈N by setting

Bn+1 = Bn ∪ {x+ y : x, y ∈ Bn ∩X} ∪ {qx : q ∈ Q, x ∈ Bn ∩X}
∪ {f + g : f, g ∈ Bn ∩X} ∪ {qf : q ∈ Q, f ∈ Bn ∩X}
∪ {hx : x ∈ Bn ∩X} ∪

⋃
{Cfσ : f ∈ Bn ∩X∗, σ ∈ S0},

for each n ∈ N. Then M =
⋃

n∈NBn belongs to M and has cardinal at most max(ω,#(B)).

(c) The definition of M makes it plain that if M′ ⊆ M is upwards-directed then
⋃M′ belongs to M.

(d) Now take M ∈ M and set Y = M ∩X, W = M ∩X∗. These are linear subspaces (2A5Ec). If
y ∈M ∩X and z ∈W ◦, then there is an f ∈M ∩X∗ such that ‖f‖ ≤ 1 and f(y) = ‖y‖, so that

‖y + z‖ ≥ f(y + z) = f(y) = ‖y‖.
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Because the function y 7→ ‖y+z‖−‖y‖ is continuous, ‖y+z‖ ≥ ‖y‖ for every y ∈ Y and z ∈W ◦. In particular,
if y ∈ Y ∩W ◦, ‖y‖ ≤ ‖y−y‖ = 0 and y = 0, so Y +W ◦ = Y ⊕W ◦. If x ∈ Y +W ◦, then there are sequences
〈yn〉n∈N in Y and 〈zn〉n∈N in W ◦ such that x = limn→∞ yn+zn; now ‖ym−yn‖ ≤ ‖(ym+zm)−(yn+zn)‖ → 0
as n → ∞, so (because X is a Banach space) 〈yn〉n∈N is convergent to y say; in this case, y ∈ Y and
x− y = limn→∞ zn belongs to W ◦, so x ∈ Y +W ◦. This shows that Y ⊕W ◦ is a closed linear subspace of
X.

(e) ??? Suppose, if possible, that Y ⊕W ◦ 6= X. Then there is an x0 ∈ X \ (Y ⊕W ◦). By 4A4Eb, there
is an f ∈ X∗ such that f(x0) > 0 and f(y) = f(z) = 0 whenever y ∈ Y and z ∈ W ◦; multiplying f by a
scalar if necessary, we can arrange that f(x0) = 1. By 4A4Eg, f belongs to the weak* closure of W in X∗.

Let φ ∈ A be such that (φ, x0) ∈ R. Then K = R[{φ}] is weakly compact. Now the weak* closure
of W is also its closure for the Mackey topology of uniform convergence on weakly compact subsets of X
(4A4F). So there is a g ∈ W such that |g(x) − f(x)| ≤ 1

7 for every x ∈ K. Next, because K is bounded,

and g belongs to the norm closure of M ∩ X∗, there is an h ∈ M ∩ X∗ such that |h(x) − g(x)| ≤ 1
7 for

every x ∈ K. This means that |h(x) − f(x)| ≤ 2
7 for every x ∈ K, and K is included in the weakly open

set G = {x : |h(x) − f(x)| < 3
7}, that is, φ does not belong to R−1[X \ G], which is relatively closed in

A, because R is usco-compact regarded as a relation between A and X with the weak topology. There is
therefore a σ ∈ S such that φ ∈ Iσ and Iσ ∩ R−1[X \ G] = ∅, that is, Fσ ⊆ G. In this case, x0 ∈ Fσ, so
σ ∈ S0, while h(x)− f(x) < 3

7 for every x ∈ Fσ. But, because M ∈ M, there is a y ∈M ∩X ∩Fσ such that

h(y) ≥ h(x0) − 1
7 , and as y ∈ Y we must now have

0 = f(y) = h(y) − (h(y) − f(y)) > h(x0) − 1

7
− 3

7

= f(x0) − (f(x0) − h(x0)) − 4

7
≥ 1 − 3

7
− 4

7
= 0,

which is absurd. XXX
Thus X = Y ⊕W ◦ and (Y,W ) is a projection pair. This completes the proof.

467K Theorem Let X be a weakly K-countably determined Banach space. Then it has an equivalent
locally uniformly rotund norm.

proof Since the completion of X is weakly K-countably determined (467Ic), we may suppose that X is
complete. The proof proceeds by induction on the weight of X.

(a) The induction starts by observing that if w(X) ≤ ω then X is separable (4A2Li/4A2P(a-i)) so has
an equivalent locally uniformly rotund norm by 467E.

(b) So let us suppose that w(X) = κ > ω and that any weakly K-countably determined Banach space of
weight less than κ has an equivalent locally uniformly rotund norm.

Let M be a family of subsets of X ∪ X∗ as in 467J. Then there is a non-decreasing family 〈Mξ〉ξ≤κ in
M such that #(Mξ) ≤ max(ω,#(ξ)) for every ξ ≤ κ, Mκ is dense in X, and Mξ =

⋃
η<ξMη for every limit

ordinal ξ ≤ κ. PPP By 4A2Li, there is a dense subset of X with cardinal κ; enumerate it as 〈xξ〉ξ<κ. Choose
Mξ inductively, as follows. M0 = ∅. GIven Mξ with #(Mξ) ≤ max(ω,#(ξ)), then by 467J(i) there is an
Mξ+1 ∈ M such that Mξ+1 ⊇Mξ ∪ {xξ} and

#(Mξ+1) ≤ max(ω,#(Mξ ∪ {xξ}) ≤ max(ω,#(ξ + 1)).

Given that 〈Mη〉η<ξ is a non-decreasing family in M with #(Mη) ≤ max(ω,#(η)) for every η < ξ, set
Mξ =

⋃
η<ξMη; then 467J(ii) tells us that Mξ ∈ M, while #(Mξ) ≤ max(ω,#(ξ)), as required by the

inductive hypothesis. QQQ
At the end of the induction, Mκ ⊇ {xξ : ξ < κ} will be dense in X.

(c) For each ξ < κ, set Yξ = Mξ ∩X, Wξ = Mξ ∩X∗. Then (Yξ,Wξ) is a projection pair, by 467J(iii).
Since X = Yξ ⊕W ◦

ξ , we have a projection Pξ : X → Yξ defined by saying that Pξ(y + z) = y whenever
y ∈ Yξ and z ∈ W ◦

ξ . Now PξPη = PηPξ = Pξ whenever ξ ≤ η. PPP The point is that Yξ ⊆ Yη and Wξ ⊆ Wη,

so W ◦
η ⊆ W ◦

ξ . If x ∈ X, express it as y + z1 where y ∈ Yξ and z1 ∈ W ◦
ξ , and express z1 as y′ + z where

y′ ∈ Yη and z′ ∈W ◦
η . Then
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Pξx = y ∈ Yξ ⊆ Yη

so PηPξx = Pξx. On the other hand, x = y + y′ + z, y + y′ ∈ Yη and z ∈ W ◦
η , so Pηx = y + y′; and as

y′ = z1 − z belongs to W ◦
ξ , Pξ(y + y′) = y, so PξPηx = Pξx. QQQ

Note that the condition

‖y + z‖ ≥ ‖y‖ whenever y ∈ Yξ, z ∈W ◦
ξ

ensures that ‖Pξ‖ ≤ 1 for every ξ.
Next, if ξ ≤ κ is a non-zero limit ordinal, Pξx = limη↑ξ Pηx. PPP We know that

Pξx ∈ Yξ = Mξ ∩X =
⋃

η<ξMη ∩X.

So, given ǫ > 0, there is an x′ ∈ ⋃
η<ξMη such that ‖Pξx − x′‖ ≤ 1

2ǫ. Let η < ξ be such that x′ ∈ Mη. If

η ≤ η′ ≤ ξ, then

‖Pξx− Pη′x‖ = ‖Pξ(Pξx− x′) − Pη′(Pξx− x′)‖
(because x′ ∈ Yη, so Pξx

′ = Pη′x′ = x′)

≤ 2‖Pξx− x′‖ ≤ ǫ.

As ǫ is arbitrary, Pξx = limη↑ξ Pηx. QQQ

(d) Now observe that every Yξ is weakly K-countably determined (467Ia), while w(Yξ) ≤ max(ω,#(ξ)) <
κ for every ξ < κ (using 4A2Li, as usual). So the inductive hypothesis tells us that Yξ = Pξ[X] has an
equivalent locally uniformly rotund norm for every ξ < κ. By 467G, X = Pκ[X] has an equivalent locally
uniformly rotund norm. Thus the induction proceeds.

467L Weakly compactly generated Banach spaces The most important class of weakly K-countably
determined spaces is the following. A normed space X is weakly compactly generated if there is a
sequence 〈Kn〉n∈N of weakly compact subsets of X such that

⋃
n∈NKn is dense in X.

467M Proposition (Talagrand 75) A weakly compactly generated Banach space is weakly K-countably
determined.

proof Let X be a Banach space with a sequence 〈Kn〉n∈N of weakly compact subsets of X such that⋃
n∈NKn is dense in X. Set

Ln = {∑n
i=0 αixi : |αi| ≤ n, xi ∈

⋃
j≤nKj for every i ≤ n}

for n ∈ N. Then every Ln is weakly compact, and Y =
⋃

n∈N Ln is a linear subspace of X including⋃
n∈NKn, therefore dense. Now Y is a countable union of weakly compact sets, therefore K-analytic for its

weak topology (422Gc, 422Hc); in particular, it is weakly K-countably determined. By 467Ic, X is weakly
K-countably determined.

467N Theorem Let X be a Banach lattice with an order-continuous norm (§354). Then it has an
equivalent locally uniformly rotund norm.

proof (a) Consider first the case in which X has a weak order unit e. Then the interval [0, e] is weakly
compact. PPP We have X∗ = X× and X∗∗ = X×∼ (356D). The canonical identification of X with its image
in X∗∗ is an order-continuous Riesz homomorphism from X onto a solid order-dense Riesz subspace of X××

(356I) and therefore of X×∼ = X∗∗. In particular, [0, e] ⊆ X is matched with an interval [0, ê] ⊆ X∗∗. But
[0, ê] = {θ : θ ∈ X∗∗, 0 ≤ θ(f) ≤ f(e) for every f ∈ (X∗)+} is weak*-closed and norm-bounded in X∗∗,
therefore weak*-compact; as the weak* topology on X∗∗ corresponds to the weak topology of X, [0, e] is
weakly compact. QQQ

Now, for each n ∈ N, Kn = [−ne, ne] = n[0, e] − n[0, e] is weakly compact. If x ∈ X+, then 〈x ∧ ne〉n∈N

converges to X, because the norm of X is order-continuous; so for any x ∈ X, 〈x+ ∧ ne − x− ∧ ne〉n∈N

converges to x. Thus
⋃

n∈NKn is dense in X and X is weakly compactly generated. By 467M and 467K,
X has an equivalent locally uniformly rotund norm.
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(b) For the general case, let 〈xi〉i∈I be a maximal disjoint family in X+. For each i ∈ I let Xi be the
band in X generated by xi, and Ti : X → Xi the band projection onto Xi (354Ee, 353Ib11). Then 〈Ti〉i∈I

satisfies the conditions of 467F. PPP (i) Each Ti is a continuous linear operator because the given norm ‖ ‖
of X is a Riesz norm. Next, each Xi has a weak order unit xi, and the norm on Xi is order-continuous,
so (a) tells us that there is an equivalent locally uniformly rotund norm on Xi = Ti[X]. (ii) If x ∈ X, set
x′ = supi∈I Ti|x|; then (|x| − x′) ∧ xi = 0 for every i, so, by the maximality of 〈xi〉i∈I , x′ = |x|. If ǫ > 0
then, because the norm of X is order-continuous, there is a finite J ⊆ I such that

‖x−∑
j∈J Tix‖ = ‖x′ − supj∈J Ti|x|‖ ≤ ǫ.

Moreover, if i ∈ I \ J , then

‖Tix‖ ≤ ‖x−∑
j∈J Tjx‖ ≤ ǫ.

Thus conditions (ii) and (iii) of 467F are satisfied. QQQ
Accordingly 467F tells us that X has an equivalent locally uniformly rotund norm.

467O Eberlein compacta: Definition A topological space K is an Eberlein compactum if it is
homeomorphic to a weakly compact subset of a Banach space.

467P Proposition Let K be a compact Hausdorff space.
(a) The following are equiveridical:

(i) K is an Eberlein compactum;
(ii) there is a set L ⊆ C(K), separating the points of K, which is compact for the topology of pointwise

convergence.
(b) Suppose that K is an Eberlein compactum.

(i) K has a σ-isolated network, so is hereditarily weakly θ-refinable.
(ii) (Schachermayer 77) If w(K) is measure-free, K is a Radon space.

proof (a)(i)⇒(ii) If K is an Eberlein compactum, we may suppose that it is a weakly compact subset of a
Banach space X. Set L = {f↾K : f ∈ X∗, ‖f‖ ≤ 1}; since the map f 7→ f↾K : X∗ → C(K)} is continuous
for the weak* topology of X∗ and the topology Tp of pointwise convergence on C(K), L is Tp-compact; and
L separates the points of K because X∗ separates the points of X.

(ii)⇒(i) If L ⊆ C(K) is Tp-compact and separates the points of K, set Ln = {f : f ∈ L, ‖f‖∞ ≤ n}
for each n ∈ N. Then Ln is Tp-compact for each n. Set L′ = {0} ∪ ⋃

n∈N 2−nLn; then L′ ⊆ C(K) is

norm-bounded and Tp-compact and separates the points of K. Now define x 7→ x̂ : K → RL′

by setting
x̂(f) = f(x) for x ∈ K and f ∈ L′. Then x̂ ∈ C(L′) for every x and x 7→ x̂ is continuous for the given

topology of K and the topology of pointwise convergence on C(L′); so the image K̂ = {x̂ : x ∈ K} is
Tp-compact. Since it is also bounded, it is weakly compact (462E). But x 7→ x̂ is injective, because L′

separates the points of K; so K is homeomorphic to K̂, and is an Eberlein compactum.

(b) Again suppose K is actually a weakly compact subset of a Banach space X. As in 467M, set

Ln = {∑n
i=0 αixi : |αi| ≤ n, xi ∈ K for every i ≤ n} for each n ∈ N. Then Y =

⋃
n∈N Ln is a weakly

compactly generated Banach space. (I am passing over the trivial case K = ∅.) So Y has an equivalent
locally uniformly rotund norm (467M, 467K), which is a Kadec norm (467B), and Y , with the weak topology,
has a σ-isolated network (466Eb). It follows at once that K has a σ-isolated network (4A2B(a-ix)), so is
hereditarily weakly θ-refinable (438Ld); and if w(K) is measure-free, K is Borel-measure-complete (438M),
therefore Radon (434Jf, 434Ka).

467X Basic exercises (a)(i) Show that a continuous image of a K-countably determined space is
K-countably determined. (ii) Show that the product of a sequence of K-countably determined spaces is
K-countably determined. (iii) Show that any K-countably determined topological space is Lindelöf. (Hint :
422De.) (iv) Show that any Souslin-F subset of a K-countably determined topological space is K-countably
determined. (Hint : 422Hc.)

11Formerly 353Hb.
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(b) Let X be a σ-compact Hausdorff space. Show that a subspace Y of X is K-countably determined iff
there is a countable family K of compact subsets of X such that

⋂{K : y ∈ K ∈ K} ⊆ Y for every y ∈ Y .

(c) Show that if X and Y are weakly K-countably determined normed spaces, then X × Y , with an
appropriate norm, is weakly K-countably determined.

(d) Show that a normed space X is weakly compactly generated iff there is a weakly compact set K ⊆ X
such that the linear subspace of X generated by K is dense in X.

(e) Show that any separable normed space is weakly compactly generated.

(f) Show that any reflexive Banach space is weakly compactly generated.

>>>(g) Show that if X is a weakly compactly generated Banach space, then it is K-analytic in its weak
topology. (Hint : in 467M, use the proof of 467Ic.)

(h) Show that if X is a Banach space and there is a set A ⊆ X such that A is K-countably determined
for the weak topology and the linear subspace generated by A is dense, then X is weakly K-countably
determined.

(i) Show that the one-point compactification of any discrete space is an Eberlein compactum.

>>>(j) Let K be an Eberlein compactum, and µ a Radon measure on K. Show that µ is completion regular
and inner regular with respect to the compact metrizable subsets of K. (Hint : 466B.)

467Y Further exercises (a) Let 〈Xn〉n∈N be a sequence of weakly K-countably determined normed
spaces. Investigate normed subspaces of

∏
n∈NXn which will be weakly K-countably determined.

(b)(i) Show that if (Ω,Σ, µ) is a probability space, then L1(µ) has a locally uniformly rotund Riesz norm.
(Hint : apply the construction of 467D with Y = L2(µ) and T the identity operator; show that all the norms
pn are Riesz norms.) (ii) Show that if X is any L-space then it has a locally uniformly rotund Riesz norm.
(Hint : apply the construction of 467F/467N, noting that if the Ti in 467F are band projections and ‖ ‖ and
all the ‖ ‖i are Riesz norms, then all the norms in the proof of 467F are Riesz norms.)

(c) Let (X, ‖ ‖) be a Banach space, and T a linear space topology on X such that the unit ball of X is
T-closed. Suppose that 〈Ti〉i∈I is a family of bounded linear operators from X to itself such that

(i) for each i ∈ I, Ti is T-continuous as well as norm-continuous,

(ii) for each i ∈ I, the subspace Ti[X] has an equivalent locally uniformly rotund norm for
which the unit ball is closed for the topology on Ti[X] induced by T,

(ii) for each x ∈ X, ǫ > 0 there is a finite set J ⊆ I such that ‖x−∑
i∈J Tix‖ ≤ ǫ,

(iii) for each x ∈ X, ǫ > 0 the set {i : i ∈ I, ‖Tix‖ ≥ ǫ} is finite.

Show that X has an equivalent locally uniformly rotund norm for which the unit ball is T-closed.

(d) Let X be a normed space with a locally uniformly rotund norm, and T a linear space topology on X
such that the unit ball of X is T-closed. Show that every norm-Borel subset of X is T-Borel.

(e) Let κ be any cardinal, and K a dyadic space. (i) Show that C(K) has a locally uniformly rotund
norm, equivalent to the usual supremum norm ‖ ‖∞, for which the unit ball is closed for the topology Tp

of pointwise convergence. (See Deville Godefroy & Zizler 93, VII.1.10.) (ii) Show that the norm
topology on C(K), the weak topology on C(K) and Tp give rise to the same Borel σ-algebras. (iii) Show
that Tp has a σ-isolated network. (iv) Show that if w(K) is measure-free, then (C(K),Tp) is Radon, and
every Tp-Radon measure on C(K) is norm-Radon.
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467 Notes and comments The purpose of this section has been to give an idea of the scope of Proposition
466F. ‘Local uniform rotundity’ has an important place in the geometrical theory of Banach spaces, but
for the many associated ideas I refer you to Deville Godefroy & Zizler 93. From our point of view,
Theorem 467E is therefore purely accessory, since we know by different arguments that on separable Banach
spaces the weak and norm topologies have the same Borel σ-algebras (4A3W). We need it to provide the
first step in the inductive proof of 467K.

Since the concept of ‘K-analytic’ space is one of the fundamental ideas of Chapter 43, it is natural here
to look at ‘K-countably determined’ spaces, especially as many of the ideas of §422 are directly applicable
(467Xa). But the goal of this part of the argument is Schachermayer’s theorem 467P(b-ii), which uses
‘weakly compactly generated’ spaces (467L). ‘Eberlein compacta’ are of great interest in other ways; they
are studied at length in Arkhangel’skii 92.

I mention order-continuous norms here (467N) because they are prominent in the theory of Banach lattices
in Volume 3. Note that the methods here do not suffice in general to arrange that the locally uniformly
rotund norm found on X is a Riesz norm; though see 467Yb. It is in fact the case that every Banach lattice
with an order-continuous norm has an equivalent locally uniformly rotund Riesz norm, but this requires
further ideas (see Davis Ghoussoub & Lindenstrauss 81).

The general question of identifying Banach spaces with equivalent Kadec norms remains challenging. For
a recent survey see Moltó Orihuela Troyanski & Valdivia 09.
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Alexandroff P.S. & Urysohn P.S. [1929] Mémoire sur les espaces topologiques compacts, Verhandelingen

Akad. Wetensch. Amsterdam 14 (1929) 1-96. [419L.]
Anderson I. [87] Combinatorics of Finite Sets. Oxford U.P., 1987. [4A4N.]
Andretta A. & Camerlo R. [13] ‘The descriptive set theory of the Lebesgue density theorem’, Advances

in Math. 234 (2013). [475Yg.]
Arkhangel’skii A.V. [92] Topological Function Spaces. Kluwer, 1992. [§462 intro., §467 notes .]
Aronov B., Basu S., Pach J. & Sharir M. [03] (eds.) Discrete and Computational Geometry; the Goodman-

Pollack Festschrift, Springer, 2003.
Asanov M.O. & Velichko N.V. [81] ‘Compact sets in Cp(X)’, Comm. Math. Helv. 22 (1981) 255-266.

[462Ya.]
Austin T. [10a] ‘On the norm convergence of nonconventional ergodic averages’, Ergodic Theory and

Dynamical Systems 30 (2010) 321-338. [497M.]
Austin T. [10b] ‘Deducing the multidimensional Szemerédi theorem from the infinitary hypergraph re-
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