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Chapter 44

Topological groups

Measure theory begins on the real line, which is of course a group; and one of the most fundamental
properties of Lebesgue measure is its translation-invariance (134A). Later we come to the standard measure
on the unit circle (255M), and counting measure on the integers is also translation-invariant, if we care to
notice; moreover, Fourier series and transforms clearly depend utterly on the fact that shift operators don’t
disturb the measure-theoretic structures we are building. Yet another example appears in the usual measure
on {0, 1}I , which is translation-invariant if we identify {0, 1}I with the group ZI2 (345Ab). Each of these
examples is special in many other ways. But it turns out that a particular combination of properties which
they share, all being locally compact Hausdorff spaces with group operations for which multiplication and
inversion are continuous, is the basis of an extraordinarily powerful theory of invariant measures.

As usual, I have no choice but to move rather briskly through a wealth of ideas. The first step is to
set out a suitably general existence theorem, assuring us that every locally compact Hausdorff topological
group has non-trivial invariant Radon measures, that is, ‘Haar measures’ (441E). As remarkable as the
existence of Haar measures is their (essential) uniqueness (442B); the algebra, topology and measure theory
of a topological group are linked in so many ways that they form a peculiarly solid structure. I investigate a
miscellany of facts about this structure in §443, including the basic theory of the modular functions linking
left-invariant measures with right-invariant measures.

I have already mentioned that Fourier analysis depends on the translation-invariance of Lebesgue measure.
It turns out that substantial parts of the abstract theory of Fourier series and transforms can be generalized
to arbitrary locally compact groups. In particular, convolutions (§255) appear again, even in non-abelian
groups (§444). But for the central part of the theory, a transform relating functions on a group X to
functions on its ‘dual’ group X , we do need the group to be abelian. Actually I give only the foundation
of this theory: if X is an abelian locally compact Hausdorff group, it is the dual of its dual (445U). (In
‘ordinary’ Fourier theory, where we are dealing with the cases X = X = R and X = S1, X = Z, this duality
is so straightforward that one hardly notices it.) But on the way to the duality theorem we necessarily see
many of the themes of Chapter 28 in more abstract guises.

A further remarkable fact is that any Haar measure has a translation-invariant lifting (447J). The proof
demands a union between the ideas of the ordinary Lifting Theorem (§341) and some of the elaborate
structure theory which has been developed for locally compact groups (§446).

For the last two sections of the chapter, I look at groups which are not locally compact, and their actions
on appropriate spaces. For a particularly important class of group actions, Borel measurable actions of
Polish groups on Polish spaces, we have a natural necessary and sufficient condition for the existence of
an invariant measure (448P), complementing the result for locally compact spaces in 441C. In a slightly
different direction, we can look at those groups, the ‘amenable’ groups, for which all actions (on compact
Hausdorff spaces) have invariant measures. This again leads to some very remarkable ideas, which I sketch
in §449.
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441 Invariant measures on locally compact spaces

I begin this chapter with the most important theorem on the existence of invariant measures: every
locally compact Hausdorff group has left and right Haar measures (441E). I derive this as a corollary of a
general result concerning invariant measures on locally compact spaces (441C), which has other interesting
consequences (441H).
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2 Topological groups 441A

441A Group actions I repeat the definitions from §4A5 on which this chapter is based.

(a) If G is a group and X is a set, an action of G on X is a function (a, x) 7→ a•x : G ×X → X such
that

(ab)•x = a•(b•x) for all a, b ∈ G, x ∈ X,

e•x = x for every x ∈ X

where e is the identity of G (4A5Ba). In this context I write

a•A = {a•x : x ∈ A}
for a ∈ G, A ⊆ X (4A5Bc). If f is a function defined on a subset of X, then (a•f)(x) = f(a−1

•x) whenever
a ∈ G and x ∈ X and a−1

•x ∈ dom f (4A5C(c-i)).

(b) If a group G acts on a set X, a measure µ on X is G-invariant if µ(a−1
•E) is defined and equal to

µE whenever a ∈ G and µ measures E.
(Of course this is the same thing as saying that µ(a•E) = µE for every a ∈ G and measurable set E; I

use the formula with a−1 so as to match my standard practice when a is actually a function from X to X.)

(c) If a group G acts on a set X and a measure µ on X is G-invariant, then
∫
f(a•x)µ(dx) is defined and

equal to
∫
f dµ whenever f is a virtually measurable [−∞,∞]-valued function defined on a conegligible subset

of X and
∫
f dµ is defined in [−∞,∞]. PPP Set φ(x) = a•x for x ∈ X. Then φ−1[E] = {x : a•x ∈ E} = a−1

•E
for every E ⊆ X, so φ : X → X is inverse-measure-preserving. Now

∫
f(a•x)µ(dx) =

∫
fφ dµ =

∫
fdµ by

235Gb. QQQ

441B It will be useful later to be able to quote the following elementary results.

Lemma Let X be a topological space, G a group, and • an action of G on X such that x 7→ a•x is continuous
for every a ∈ G.

(a) If µ is a quasi-Radon measure on X such that µ(a•U) ≤ µU for every open set U ⊆ X and every
a ∈ G, then µ is G-invariant.

(b) If µ is a Radon measure on X such that µ(a•K) ≤ µK for every compact set K ⊆ X and every a ∈ G,
then µ is G-invariant.

proof Note first that the maps x 7→ a•x are actually homeomorphisms (4A5Bd), so that a•U and a•K
will be open, or compact, as U and K are. Next, the inequality ≤ in the hypotheses is an insignificant
refinement; since we must also have

µU = µ(a−1
•a•U) ≤ µ(a•U)

in (a),

µK = µ(a−1
•a•K) ≤ µ(a•K)

in (b), we always have equality here.
Now fix a ∈ G, and set Ta(x) = a•x for x ∈ X. Then Ta is a homeomorphism, so the image measure

µT−1
a will be quasi-Radon, or Radon, if µ is. In (a), we are told that µT−1

a agrees with µ on the open
sets, while in (b) we are told that they agree on the compact sets; so in both cases we have µ = µT−1

a , by
415H(iii) or 416E(b-ii). Consequently we have µT−1

a [E] = µE whenever µ measures E. As a is arbitrary, µ
is G-invariant.

441C Theorem (Steinlage 75) Let X be a non-empty locally compact Hausdorff space and G a group
acting on X. Suppose that

(i) x 7→ a•x is continuous for every a ∈ G;
(ii) every orbit {a•x : a ∈ G} is dense;
(iii) whenever K and L are disjoint compact subsets of X there is a non-empty open subset

U of X such that, for every a ∈ G, at most one of K, L meets a•U .

Then there is a non-zero G-invariant Radon measure µ on X.
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441C Invariant measures on locally compact spaces 3

proof (a)
⋃
a∈G a•U = X for every non-empty open U ⊆ X. PPP If x ∈ X, then the orbit of x must meet U ,

so there is a a ∈ G such that a•x ∈ U ; but this means that x ∈ a−1
•U . QQQ

Fix some point z0 of X and write V for the set of open sets containing z0. Then if K, L are disjoint
compact subsets of X there is a U ∈ V such that, for every a ∈ G, at most one of K, L meets a•U . PPP By
hypothesis, there is a non-empty open set V such that, for every a ∈ G, at most one of K, L meets a•V .
Now there is an b ∈ G such that b•z0 ∈ V ; set U = b−1

•V . Because b−1 acts on X as a homeomorphism,
U ∈ V; and if a ∈ G, then a•U = (ab−1)•V can meet at most one of K and L. QQQ

(b) If U ∈ V and A ⊆ X is any relatively compact set, then {a•U : a ∈ G} is an open cover of X, so
there is a finite set I ⊆ G such that A ⊆ ⋃

a∈I a•U . Write ⌈A : U⌉ for min{#(I) : I ⊆ G, A ⊆ ⋃
a∈I a•U}.

(c) The following facts are now elementary.

(i) If U ∈ V and A, B ⊆ X are relatively compact, then

0 ≤ ⌈A : U⌉ ≤ ⌈A ∪B : U⌉ ≤ ⌈A : U⌉ + ⌈B : U⌉,
and ⌈A : U⌉ = 0 iff A = ∅.

(ii) If U , V ∈ V and V is relatively compact, and A ⊆ X also is relatively compact, then

⌈A : U⌉ ≤ ⌈A : V ⌉ ⌈V : U⌉.
PPP If A ⊆ ⋃

a∈I a•V and V ⊆ ⋃
b∈J b•U , then A ⊆ ⋃

a∈I,b∈J(ab)•U . QQQ

(iii) If U ∈ V, A ⊆ X is relatively compact and b ∈ G, then ⌈b•A : U⌉ = ⌈A : U⌉. PPP If I ⊆ G and
A ⊆ ⋃

a∈I a•U , then b•A ⊆ ⋃
a∈I(ba)•U , so ⌈b•A : U⌉ ≤ #(I); as I is arbitrary, ⌈b•A : U⌉ ≤ ⌈A : U⌉. On

the other hand, the same argument shows that

⌈A : U⌉ = ⌈b−1
•b•A : U⌉ ≤ ⌈b•A : U⌉,

so we must have equality. QQQ

(d) Fix a relatively compact V0 ∈ V. (This is the first place where we use the hypothesis that X is locally
compact.) For every U ∈ V and every relatively compact set A ⊆ X write

λUA =
⌈A : U⌉
⌈V0 : U⌉ .

Then (c) tells us immediately that
(i) if A, B ⊆ X are relatively compact,

0 ≤ λUA ≤ λU (A ∪B) ≤ λUA+ λUB;

(ii) λUA ≤ ⌈A : V0⌉ for every relatively compact A ⊆ X;
(iii) λU (b•A) = λUA for every relatively compact A ⊆ X and every b ∈ G;
(iv) λUV0 = 1.

(e) Now for the point of the hypothesis (iii) of the theorem. If K, L are disjoint compact subsets of X,
there is a V ∈ V such that λU (K ∪ L) = λUK + λUL whenever U ∈ V and U ⊆ V . PPP By (a), there is a
V ∈ V such that any translate a•V can meet at most one of K and L. Take any U ∈ V included in V . Let
I ⊆ G be such that

⋃
a∈I a•U ⊇ K ∪ L and #(I) = ⌈K ∪ L : U⌉. Then

I ′ = {a : a ∈ I, K ∩ a•U 6= ∅}, I ′′ = {a : a ∈ I, L ∩ a•U 6= ∅}
are disjoint. K ⊆ ⋃

a∈I′ a•U , so ⌈K : U⌉ ≤ #(I ′), and similarly ⌈L : U⌉ ≤ #(I ′′). But this means that

⌈K : U⌉ + ⌈L : U⌉ ≤ #(I ′) + #(I ′′) ≤ #(I) = ⌈K ∪ L : U⌉,

λUK + λUL ≤ λU (K ∪ L).

As we already know that λU (K ∪ L) ≤ λUK + λUL, we must have equality, as claimed. QQQ

(f) Let F be an ultrafilter on V containing all sets of the form {U : U ∈ V, U ⊆ V } for V ∈ V. If A ⊆ X
is relatively compact, 0 ≤ λUA ≤ ⌈A : V0⌉ for every U ∈ V, so λA = limU→F λUA is defined in [0, ⌈A : V0⌉].
From (d-i) and (d-iii) we see that
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4 Topological groups 441C

0 ≤ λ(b•A) = λA ≤ λ(A ∪B) ≤ λA+ λB

for all relatively compact A, B ⊆ X and b ∈ G. From (d-iv) we see that λV0 = 1. Moreover, from (e) we
see that if K, L ⊆ X are disjoint compact sets,

{U : U ∈ V, λU (K ∪ L) = λUK + λUL} ∈ F ,

so λ(K ∪ L) = λK + λL.

(g) By 416M, there is a Radon measure µ on X such that

µK = inf{λL : L ⊆ X is compact, K ⊆ intL}
for every compact set K ⊆ X. Now µ is G-invariant. PPP Take b ∈ G. If K, L ⊆ X are compact and
K ⊆ intL, then b•K ⊆ int b•L, because x 7→ b•x is a homeomorphism; so

µ(b•K) ≤ λ(b•L) = λL.

As L is arbitrary, µ(b•K) ≤ µK. As b and K are arbitrary, µ is G-invariant, by 441Bb. QQQ

(h) Finally, µV0 ≥ λV0 ≥ 1, so µ is non-zero.

441D The hypotheses of 441C are deliberately drawn as widely as possible. The principal application
is the one for which the chapter is named.

Definition If G is a topological group, a left Haar measure on G is a non-zero quasi-Radon measure µ
on G which is invariant for the left action of G on itself, that is, µ(aE) = µE whenever µ measures E and
a ∈ G.

Similarly, a right Haar measure is a non-zero quasi-Radon measure µ such that µ(Ea) = µE whenever
E ∈ domµ and a ∈ G.

(My reasons for requiring ‘quasi-Radon’ here will appear in §§442 and 443.)

441E Theorem A locally compact Hausdorff topological group has left and right Haar measures, which
are both Radon measures.

proof Both the left and right actions of G on itself satisfy the conditions of 441C. PPP In both cases,
condition (i) is just the (separate) continuity of multiplication, and (ii) is trivial, as every orbit is the
whole of G. As for (iii), let us take the left action first. Given disjoint compact subsets K, L of G, then
M = {y−1z : y ∈ K, z ∈ L} is a compact subset of G not containing the identity e. Because the topology
is Hausdorff, M is closed and X \M is a neighbourhood of e. Because multiplication and inversion are
continuous, there are open neighbourhoods V , V ′ of e such that u−1v ∈ G \M whenever u ∈ V and v ∈ V ′.
Set U = V ∩ V ′; then U is a non-empty open set in G.

??? Suppose, if possible, that there is a a ∈ G such that a•U = aU meets both K and L. Take y ∈ K ∩ aU
and z ∈ L ∩ aU . Then a−1y ∈ U ⊆ V and a−1z ∈ U ⊆ V ′, so

y−1z = (a−1y)−1a−1z ∈ G \M ;

but also y−1z ∈M . XXX
Thus aU meets at most one of K, L for any a ∈ G. As K and L are arbitrary, condition (iii) of 441C is

satisfied.
For the right action, we use the same ideas, but vary the formulae. Set M = {yz−1 : y ∈ K, z ∈ L}, and

choose V and V ′ such that uv−1 ∈ G\M for u ∈ V , v ∈ V ′. Then if a ∈ G, y ∈ K and z ∈ L, za(ya)−1 ∈M
and one of za, ya does not belong to U = V ∩ V ′, that is, one of z, y does not belong to Ua−1 = a•U . QQQ

Then 441C provides us with non-zero left and right Haar measures on G, and also tells us that they are
Radon measures.

441F A different type of example is provided by locally compact metric spaces.

Definition If (X, ρ) is any metric space, its isometry group is the set of permutations g : X → X which
are isometries, that is, ρ(g(x), g(y)) = ρ(x, y) for all x, y ∈ X.

Measure Theory



441H Invariant measures on locally compact spaces 5

441G The topology of an isometry group Let (X, ρ) be a metric space and G the isometry group
of X.

(a) Give G the topology of pointwise convergence inherited from the product topology of XX . Then G
is a Hausdorff topological group and the action of G on X is continuous. PPP If x ∈ X, g0, h0 ∈ G and ǫ > 0,
then V = {g : ρ(gh0(x), g0h0(x)) ≤ 1

2ǫ} is a neighbourhood of g0 and V ′ = {h : ρ(h(x), h0(x)) ≤ 1
2ǫ} is a

neighbourhood of h0. If g ∈ V and h ∈ V ′ then

ρ(gh(x), g0h0(x)) ≤ ρ(gh(x), gh0(x)) + ρ(gh0(x), g0h0(x))

≤ ρ(h(x), h0(x)) +
1

2
ǫ ≤ ǫ.

As g0, h0 and ǫ are arbitrary, the function (g, h) 7→ gh(x) is continuous; as x is arbitrary, multiplication on
G is continuous. As for inversion, suppose that g0 ∈ G, ǫ > 0 and x ∈ X. Then V = {g : ρ(gg−1

0 (x), x) ≤ ǫ}
is a neighbourhood of g0, and if g ∈ V then

ρ(g−1(x), g−1
0 (x)) = ρ(x, gg−1

0 (x)) ≤ ǫ.

Because g0, ǫ and x are arbitrary, inversion on G is continuous, and G is a topological group. Because X is
Hausdorff, so is G.

To see that the action is continuous, take g0 ∈ G, x0 ∈ X and ǫ > 0. Then V = {g : g ∈ G, ρ(g(x0), g0(x0))
≤ 1

2ǫ} is a neighbourhood of g0. If g ∈ V and x ∈ U(x0,
1
2ǫ), then

ρ(g(x), g0(x0)) ≤ ρ(g(x), g(x0)) + ρ(g(x0), g0(x0)) ≤ ρ(x, x0) +
1

2
ǫ ≤ ǫ.

As g0, x0 and ǫ are arbitrary, (g, x) 7→ g(x) : G×X → X is continuous. QQQ

(b) If X is compact, so is G. PPP By Tychonoff’s theorem (3A3J), XX is compact. Suppose that g ∈ XX

belongs to the closure of G in XX . For any x, y ∈ X, the set {f : f ∈ XX , ρ(f(x), f(y)) = ρ(x, y)} is closed
and includes G, so contains g; thus g is an isometry. ??? If g[X] 6= X, take x ∈ X \ g[X] and set xn = gn(x)
for every n ∈ N. Because g is continuous and X is compact, g[X] is closed and there is some δ > 0 such
that U(x, δ) ∩ g[X] = ∅. But this means that

ρ(xm, xn) = ρ(gm(x), gm(xn−m)) = ρ(x, xn−m) ≥ δ

whenever m < n, so that 〈xn〉n∈N can have no cluster point in X; which is impossible, because X is supposed
to be compact. XXX This shows that g is surjective and belongs to G. As g is arbitrary, G is closed in XX ,
therefore compact. QQQ

441H Theorem If (X, ρ) is a non-empty locally compact metric space with isometry group G, then
there is a non-zero G-invariant Radon measure on X.

proof (a) Fix any x0 ∈ X, and set Z = {g(x0) : g ∈ G}; then Z is a closed subset of X, so is in itself locally
compact. Let H be the isometry group of Z.

(b) We need to know that g↾Z ∈ H for every g ∈ G. PPP Because g : X → X is a homeomorphism,

g[Z] = {gg′(x0) : g′ ∈ G} = Z,

so g↾Z is a permutation of Z, and of course it is an isometry, that is, belongs to H. QQQ

(c) Now Z and H satisfy the conditions of 441C.

PPP(i) is true just because all isometries are continuous.

(ii) Take z ∈ Z and let U be a non-empty relatively open subset of Z. Then U = Z ∩ V for some
open set V ⊆ X; as Z ∩ V 6= ∅, there must be a g0 ∈ G such that g0(x0) ∈ V . At the same time, there is a
sequence 〈hn〉n∈N in G such that z = limn→∞ hn(x0). Now

ρ(g0(x0), g0h
−1
n (z)) = ρ(hn(x0), z) → 0

D.H.Fremlin



6 Topological groups 441H

as n→ ∞, so there is some n such that g0h
−1
n (z) ∈ V ; of course g0h

−1
n (z) also belongs to U , while g0h

−1
n ↾Z

belongs to H, by (b) above. As U is arbitrary, the H-orbit of z is dense in Z; as z is arbitrary, H satisfies
condition (ii) of 441C.

(iii) Given that K and L are disjoint compact subsets of Z, there must be a δ > 0 such that ρ(y, z) ≥ δ
for every y ∈ K, z ∈ L. Let U be the relatively open ball {z : z ∈ Z, ρ(z, x0) < 1

2δ}. Then for any h ∈ H,
ρ(y, z) < δ for any y, z ∈ h[U ], so h[U ] cannot meet both K and L. QQQ

(d) 441C therefore provides us with a non-zeroH-invariant Radon measure ν on Z. Setting µE = ν(E∩Z)
whenever E ⊆ X and E ∩ Z ∈ dom ν, it is easy to check that µ is G-invariant (using (b) again) and is a
Radon measure on X.

441I Remarks (a) Evidently there is a degree of overlap between the cases above. In an abelian group,
for instance, the left and right group actions necessarily give rise to the same invariant measures. If we take
X = R2, it has a group structure (addition) for which we have invariant measures (e.g., Lebesgue measure);
these are just the translation-invariant measures. But 441H tells us that we also have measures which are
invariant under all isometries (rotations and reflections as well as translations); from where we now stand,
there is no surprise remaining in the fact that Lebesgue measure is invariant under this much larger group.
(Though if you look back at Chapter 26, you will see that a bare-handed proof of this takes a certain amount
of effort.) If we turn next to the unit sphere {x : ‖x‖ = 1} in R3, we find that there is no useful group
structure, but it is a compact metric space, so carries invariant measures, e.g., two-dimensional Hausdorff
measure.

(b) The arguments of 441C leave open the question of how far the invariant measures constructed there
are unique. Of course any scalar multiple of an invariant measure will again be invariant. It is natural
to give a special place to invariant probability measures, and call them ‘normalized’; whenever we have a
non-zero totally finite invariant measure we shall have an invariant probability measure. Counting measure
on any set will be invariant under any action of any group, and it is natural to say that these measures
also are ‘normalized’; when faced with a finite set with two or more elements, we have to choose which
normalization seems most reasonable in the context.

(c) We shall see in 442B that Haar measures (with a given handedness) are necessarily scalar multiples
of each other. In 442Ya, 443Ud and 443Xy we have further situations in which invariant measures are
essentially unique. If, in 441C, there are non-trivial G-invariant subsets of X, we do not expect such a
result. But there are interesting cases in which the question seems to be open.

441J Of course we shall be much concerned with integration with respect to invariant measures. The
results we need are elementary corollaries of theorems already dealt with at length, but it will be useful to
have them spelt out.

Proposition Let X be a set, G a group acting on X, and µ a G-invariant measure on X. If f is a real-valued
function defined on a subset of X, and a ∈ G, then

∫
f(x)µ(dx) =

∫
f(a•x)µ(dx) if either integral is defined

in [−∞,∞].

proof Apply 235G to the inverse-measure-preserving functions x 7→ a•x and x 7→ a−1
•x.

441K Theorem Let X be a set, G a group acting on X, and µ a G-invariant measure on X with measure
algebra A.

(a) We have an action of G on A defined by setting a•E• = (a•E)• whenever a ∈ G and µ measures E.
(b) We have an action of G on L0 = L0(µ) defined by setting a•f• = (a•f)• for every a ∈ G, f ∈ L

0(µ).
(c) For 1 ≤ p ≤ ∞ the formula of (b) defines actions of G on Lp = Lp(µ), and ‖a•u‖p = ‖u‖p whenever

u ∈ Lp and a ∈ G.

proof (a) If E, F ∈ domµ and E• = F •, then (because x 7→ a−1
•x is inverse-measure-preserving) (a•E)• =

(a•F )• for every a ∈ G. So the given formula does define a function from G × A to A. It is now easy to
check that it is an action.

Measure Theory



441Xc Invariant measures on locally compact spaces 7

(b) Take f ∈ L
0 = L

0(µ) and a ∈ G. Set φa(x) = a−1
•x for x ∈ X, so that φa : X → X is inverse-

measure-preserving. Then a•f = fφa belongs to L
0. If f , g ∈ L

0 and f =a.e. g, then fφa =a.e. gφa, so
(a•f)• = (a•g)•. This shows that the given formula defines a function from G × L0 to L0, and again it is
easy to see that it is an action.

(c) If f ∈ L
p(µ) then ∫

|a•f |pdµ =
∫
|f(a−1

•x)|pdµ =
∫
|f |pdµ

by 441J. So a•f ∈ L
p(µ) and ‖a•f•‖p = ‖f•‖p. Thus we have a function from G×Lp to Lp, and once more

it must be an action.

441L Proposition Let X be a locally compact Hausdorff space and G a group acting on X in such a
way that x 7→ a•x is continuous for every a ∈ G. If µ is a Radon measure on X, then µ is G-invariant
iff

∫
f(x)µ(dx) =

∫
f(a•x)µ(dx) for every a ∈ G and every continuous function f : X → R with compact

support.

proof For a ∈ G, set Ta(x) = a•x for every x ∈ X. Then νa = µT−1
a is a Radon measure on X. If

f ∈ Ck(X), then ∫
fdνa =

∫
fTadµ

by 235G. Now

µ is G-invariant ⇐⇒ νa = µ for every a ∈ G

⇐⇒
∫
fdνa =

∫
fdµ for every a ∈ G, f ∈ Ck(X)

(416E(b-v))

⇐⇒
∫
fTadµ =

∫
fdµ for every a ∈ G, f ∈ Ck(X)

as claimed.

441X Basic exercises >>>(a) Let X be a set. (i) Show that there is a one-to-one correspondence between
actions • of the group Z on X and permutations f : X → X defined by the formula n•x = fn(x). (ii) Show
that if f : X → X is a permutation, a measure µ on X is Z-invariant for the corresponding action iff f
and f−1 are both inverse-measure-preserving. (iii) Show that if X is a compact Hausdorff space and • is a
continuous action of Z on X, then there is a Z-invariant Radon probability measure on X. (Hint : 437T.)

(b) Let (X,T, ν) be a measure space and G a group acting on X. Set Σ = {E : E ⊆ X, g•E ∈ T for
every g ∈ G}, and for E ∈ Σ set

µE = sup{
n∑

i=0

ν(gi•Fi) : n ∈ N, F0, . . . , Fn are disjoint subsets of E

belonging to Σ, gi ∈ G for each i ≤ n}
(cf. 112Yd, 234Xl). Show that µ is a G-invariant measure on X.

(c) Let r ≥ 1 be an integer, and X = [0, 1[
r
. Let G be the set of r × r matrices with integer coefficients

and determinant ±1, and for A ∈ G, x ∈ X say that A•x =



<η1>
. . .
<ηr>


 where



η1
. . .
ηr


 = Ax and <α> is the

fractional part of α for each α ∈ R. (i) Show that • is an action of G on X, and that Lebesgue measure on X
is G-invariant. (ii) Show that if X is given the compact Hausdorff topology corresponding to the bijection
α 7→ (cos 2πα, sin 2πα) from X to the unit circle in R2, and G is given its discrete topology, the action is
continuous.

D.H.Fremlin



8 Topological groups 441Xd

(d) Let X be a topological space and G a group acting on X such that (α) all the maps x 7→ a•x are
continuous (β) all the orbits of G are dense. Show that any non-zero G-invariant quasi-Radon measure on
X is strictly positive.

>>>(e) Let G be a compact Hausdorff topological group. (i) Show that its conjugacy classes are closed.
(ii) Show that if K, L ⊆ G are disjoint compact sets then {ac−1da−1 : a ∈ G, c ∈ K, d ∈ L} is a compact
set not containing e, so that there is a neighbourhood U of e such that whenever c−1d ∈ U and a ∈ G then
either aca−1 /∈ K or ada−1 /∈ L. (iii) Show that every conjugacy class of G carries a Radon probability
measure which is invariant under the conjugacy action of G.

(f) Let (G, ·) be a topological group. (i) On G define a binary operation ⋄ by saying that x ⋄ y = y ·x for
all x, y ∈ G. Show that (G, ⋄) is a topological group isomorphic to (G, ·), and that any element of G has
the same inverse for either group operation. (ii) Suppose that µ is a left Haar measure on (G, ·). Show that
µ is a right Haar measure on (G, ⋄). (iii) Set φ(a) = a−1 for a ∈ G. Show that if µ is a left Haar measure
on (G, ·) then the image measure µφ−1 is a right Haar measure on (G, ·). (iv) Show that (G, ·) has a left
Haar measure iff it has a right Haar measure. (v) Show that (G, ·) has a left Haar probability measure iff it
has a totally finite left Haar measure iff it has a right Haar probability measure. (iv) Show that (G, ·) has
a σ-finite left Haar measure iff it has a σ-finite right Haar measure.

>>>(g)(i) For Lebesgue measurable E ⊆ R \ {0}, set νE =
∫
E

1
|x|dx. Show that ν is a (two-sided) Haar

measure if R \ {0} is given the group operation of multiplication. (ii) For Lebesgue measurable E ⊆ C \ {0},
identified with R2 \ {0}, set νE =

∫
E

1
|z|2µ(dz), where µ is two-dimensional Lebesgue measure. Show that ν

is a (two-sided) Haar measure on C \ {0} if we take complex multiplication for the group operation. (Hint :
263D.)

>>>(h)(i) Show that Lebesgue measure on Rr is a (two-sided) Haar measure, for any r ≥ 1, if we take
addition for the group operation. (ii) Show that the usual measure on {0, 1}I is a two-sided Haar measure,
for any set I, if we give {0, 1}I the group operation corresponding to its identification with ZI2. (iii) Describe
the corresponding Haar measure on PI when PI is given the group operation △.

(i) Let G be a locally compact Hausdorff topological group. (i) Show that any (left) Haar measure on
G must be strictly positive. (ii) Show that G has a totally finite (left) Haar measure iff it is compact. (iii)
Show that G has a σ-finite (left) Haar measure iff it is σ-compact.

>>>(j)(i) Let G and H be topological groups with left Haar measures µ and ν. Show that the quasi-Radon
product measure on G×H (417N) is a left Haar measure on G×H. (ii) Let 〈Gi〉i∈I be a family of topological
groups, and suppose that each Gi has a left Haar probability measure (as happens, for instance, if each Gi
is compact). Show that the quasi-Radon product measure on

∏
i∈I Gi (417O) is a left Haar measure on∏

i∈I Gi.

(k)(i) Show that any (left) Haar measure on a topological group, as defined in 441D, must be locally
finite. (ii) Show that any (left) Haar measure on a locally compact Hausdorff group must be a Radon
measure.

(l) Let r ≥ 1 be an integer, and set X = {x : x ∈ Rr, ‖x‖ = 1}. Let G be the group of orthogonal r × r
real matrices, so that G acts transitively on X. Show that (when given its natural topology as a subset of

Rr
2

) G is a compact Hausdorff topological group. Let µ be a left Haar measure on G, and x any point of X;
set φx(T ) = Tx for T ∈ G. Show that the image measure µφ−1

x is a G-invariant measure on X, independent
of the choice of x.

(m) Let X be a non-abelian Hausdorff topological group with a left Haar probability measure µ. Let λ
be the quasi-Radon product measure on X2. Show that λ{(x, y) : xy = yx} ≤ 5

8 . (Hint : if Z is the centre

of X, X/Z is not cyclic, so µZ ≤ 1
4 .)

(n) Let X be a compact metric space, and g : X → X any isometry. Show that g is surjective. (Hint : if
x ∈ X, then ρ(gmx, gnx) ≥ ρ(x, g[X]) for any m < n.)

Measure Theory
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(o) Let (X, ρ) be a locally compact metric space, and C the set of closed subsets of X with its Fell
topology (4A2T). Show that if G is the isometry group of X with its topology of pointwise convergence,
then (g, F ) 7→ g[F ] is a continuous action of G on C.

(p) Let (X, ρ) be a metric space and K the family of compact subsets of X with the topology induced
by the Vietoris topology on the space of closed subsets of X (4A2T). Show that if G is the isometry group
of X with its topology of pointwise convergence, then (g,K) 7→ g[K] is a continuous action of G on K.

>>>(q) Let (X, ρ) be a metric space, and G its isometry group with the topology T of pointwise convergence.
(i) Show that if X is compact, T can be defined by the metric (g, h) 7→ maxx∈X ρ(g(x), h(x)). (ii) Show that
if {y : ρ(y, x) ≤ γ} is compact for every x ∈ X and γ > 0, then G is locally compact. (iii) Show that if X is
separable then G is metrizable. (iv) Show that if (X, ρ) is complete then G is complete under its bilateral
uniformity. (v) Show that if X is separable and (X, ρ) is complete then G is Polish.

>>>(r) Give N the zero-one metric ρ. LetG be the isometry group of N (that is, the group of all permutations
of N) with its topology of pointwise convergence. (i) Show that G is a Gδ subset of NN, so is a Polish group.
(ii) Show that if we set ∆(g, h) = min{n : n ∈ N, g(n) 6= h(n)} and σ(g, h) = 1/(1 + ∆(g−1, h−1)) for
distinct g, h ∈ G, then σ is a right-translation-invariant metric on G inducing its topology. (iii) Show that
there is no complete right-translation-invariant metric on G inducing its topology. (Hint : any such metric
must have the same Cauchy sequences as σ.) (iv) Show that G is not locally compact.

>>>(s) Let r ≥ 1 be an integer, and Sr−1 the sphere {x : x ∈ Rr, ‖x‖ = 1}. (i) Show that every isometry
φ from Sr−1 to itself corresponds to an orthogonal r × r matrix T . (Hint : T = 〈φ(ei) .ej〉i,j<r.) (ii) Show
that the topology of pointwise convergence on the isometry group of Sr−1 corresponds to the topology on

the set of r × r matrices regarded as a subset of Rr
2

.

(t) Let X be a locally compact metric space and G a subgroup of the isometry group of X. Show that

for every x ∈ X there is a non-zero G-invariant Radon measure on {g(x) : g ∈ G}.

(u) Let X be a set with its zero-one metric and G the group of permutations of X with its topology of
pointwise convergence. Let W ⊆ P(X2) be the set of total orderings of X. Show that W is compact for the
usual topology of P(X2). For g ∈ G and W ∈ W write g•W = {(g(x), g(y)) : (x, y) ∈ W}; show that • is a
continuous action of G on W. Show that there is a unique G-invariant Radon probability measure µ on W
such that µ{W : (xi, xi+1) ∈W for every i < n} =

1

(n+1)!
whenever x0, . . . , xn ∈ X are distinct.

441Y Further exercises (a) Let (X, ρ) be a metric space, and C the family of non-empty closed subsets
of X, with its Hausdorff metric ρ̃ (4A2T). Show that if G is the isometry group of X, (g, F ) 7→ g[F ] is an
action of G on C.

(b) (M.Elekes & T.Keleti) Let X be a set, G a group acting on X, Σ a σ-algebra of subsets of X such
that g•E ∈ Σ whenever E ∈ Σ and g ∈ G, and H an element of Σ. Suppose that µ is a measure, with
domain the subspace σ-algebra ΣH , such that µ(g•E) = µE whenever E ∈ ΣH and g ∈ G are such that
g•E ⊆ H. (i) Show that

∑∞
n=0 µEn =

∑∞
n=0 µE

′
n whenever 〈En〉n∈N and 〈E′

n〉n∈N are sequences in ΣH for
which there are sequences 〈gn〉n∈N, 〈g′n〉n∈N in G such that 〈gn•En〉n∈N and 〈g′n•E′

n〉n∈N are partitions of the
same subset of X. (ii) Show that there is a G-invariant measure with domain Σ which extends µ.

(c) Take 1 ≤ s ≤ r ∈ N. Let C be the set of closed subsets of Rr with its Fell topology. Let Cs ⊆ C be
the set of s-dimensional linear subspaces of Rr. Show that Cs is a closed subset of C, therefore a compact
metrizable space in its own right, and that the group G of orthogonal r× r matrices acts transitively on Cs,
so that there is a G-invariant Radon probability measure on Cs.

(d) For w, z ∈ C \ {0} set ρ(w, z) = |Ln(wz )|, where Ln v = ln |v| + i arg v for non-zero complex numbers

v. (i) Show that ρ is a metric on C \ {0}. (ii) Show that the 2-dimensional Hausdorff measure µ
(ρ)
H2 derived

from ρ (264K, 471A) is a Haar measure for the multiplicative group C \ {0}. (iii) Show that µ
(ρ)
H2 = 4

πν,
where ν is the measure of 441Xg(ii).
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10 Topological groups 441Ye

(e) Let X be the group of real r × r orthogonal matrices, where r ≥ 2 is an integer. Give X the

Euclidean metric, regarding it as a subset of Rr
2

. (i) Show that the left and right actions of X on itself

are distance-preserving. (ii) Show that r(r−1)
2 -dimensional Hausdorff measure on X is a two-sided Haar

measure.

(f) Let X = SO(3) be the set of real 3 × 3 orthogonal matrices with determinant 1. Give X the metric
corresponding to its embedding in 9-dimensional Euclidean space. (i) Show that X can be parametrized as
the set of matrices

φ



z
α
θ


 =




z − cos θ
√

1 − z2 sin θ
√

1 − z2

cosα
√

1 − z2 z cosα cos θ − sinα sin θ −z cosα sin θ − sinα cos θ
sinα

√
1 − z2 z sinα cos θ + cosα sin θ −z sinα sin θ + cosα cos θ




with z ∈ [−1, 1], α ∈ [−π, π] and θ ∈ [−π, π]. (ii) Show that if T is the 9 × 3 matrix which is the derivative

of φ at



z
α
θ


, then T⊤T =




2

1−z2
0 0

0 2 2z
0 2z 2


 has constant determinant, so that if µ is Lebesgue measure

on [−1, 1]× [−π, π]2 then the image measure µφ−1 is a Haar measure on X. (Hint : 441Ye, 265E.) (iii) Show
that if A ∈ X corresponds to a rotation through an angle γ(A) ∈ [0, π] then its trace tr(A) (that is, the sum
of its diagonal entries) is 1 + 2 cos γ(A). (Hint : tr(AB) = tr(BA) for any square matrices A and B of the
same size.) (iv) Show that if X is given its Haar probability measure then cos γ(A) has expectation − 1

2 .

(g) Let H be the division ring of the quaternions, that is, R4 with its usual addition and with multipli-
cation defined by the rule

(ξ0, ξ1, ξ2, ξ3) × (η0, η1, η2, η3) = (ξ0η0 − ξ1η1 − ξ2η2 − ξ3η3, ξ0η1 + ξ1η0 + ξ2η3 − ξ3η2,

ξ0η2 − ξ1η3 + ξ2η0 + ξ4η1, ξ0η3 + ξ1η2 − ξ2η1 + ξ3η0).

For Lebesgue measurable E ⊆ H \ {0}, set νE =
∫
E

1

‖x‖4
dx. Show that (i) ‖x× y‖ = ‖x‖‖y‖ for all x, y ∈ H

(ii) H \ {0} is a group (iii) ν is a (two-sided) Haar measure on H \ {0}.

(h) In 441Xl, show that µφ−1
x is a scalar multiple of Hausdorff (r − 1)-dimensional measure on X.

(i) For any topological spaces X and Y , and any set G of functions from X to Y , the compact-open
topology on G is the topology generated by sets of the form {g : g ∈ G, g[K] ⊆ H}, where K ⊆ X is
compact and H ⊆ Y is open. Show that if (X, ρ) is a metric space and G is the isometry group of X, then
the topology of pointwise convergence on G is its compact-open topology.

(j) Let X be a compact Hausdorff space and G the group of all homeomorphisms from X to itself. (i)
Let P be the family of all continuous pseudometrics on X (see 4A2Jg). For ρ ∈ P and g, h ∈ G, set
τρ(g, h) = maxx∈X ρ(g(x), h(x)). Show that every τρ is a right-translation-invariant pseudometric on G,
and that G with the topology generated by {τρ : ρ ∈ P} is a topological group. (ii) Show that this is the
compact-open topology as defined in 441Yi. (iii) Show that if X is metrizable then G is Polish.

(k) Let (X,W) be a locally compact Hausdorff uniform space, and suppose that G is a group acting
on X ‘uniformly equicontinuously’; that is, for every W ∈ W there is a V ∈ W such that (a•x, a•y) ∈ W
whenever (x, y) ∈ V and a ∈ G. Show that there is a non-zero G-invariant Radon measure on X.

(l) Let X be a compact metric space and G the isometry group of X. Show that every G-orbit in X is
closed.

(m) Let T be any set, and ρ the {0, 1}-valued metric on T . Let X be the set of partial orders on T ,
regarded as a subset of P(T × T ). Show that X is compact (cf. 418Xy). Let G be the group of isometries
of T with its topology of pointwise convergence. Set π•x = {(t, u) : (π−1(t), π−1(u)) ∈ x} for π ∈ G and
x ∈ X. Show that • is a continuous action of G on X. Show that there is a strictly positive G-invariant
Radon probability measure µ on X.

Measure Theory
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(n) Let X be a set, G a group acting on X, and µ a G-invariant measure on X with measure algebra A.
Show that if τ is any rearrangement-invariant extended Fatou norm on L0(A) then the formula of 441Kb
defines a norm-preserving action of G on the Banach space Lτ .

(o) Let •X be an action of a group G on a set X, µ a G-invariant measure on X, (A, µ̄) its measure
algebra and •A the induced action on A. Set Z = XG; define φ : X → Z by setting φ(x) = 〈g−1

•x〉g∈G for
x ∈ X; let ν be the image measure µφ−1, and (B, ν̄) its measure algebra. Let •Z be the left shift action of
G on Z; show that ν is •Z-invariant, so that there is an induced action •B on B. Show that (A, µ̄, •A) and
(B, ν̄, •B) are isomorphic.

(p) Let X be a topological space, G a topological group and • a continuous action of G on X. Let
M+

qR be the set of totally finite quasi-Radon measures on X. (i) Show that we have an action • of G on

M+
qR defined by saying that (a•ν)(E) = ν(a−1

•E) whenever a ∈ G, ν ∈ M+
qR and E ⊆ X are such that ν

measures a−1
•E. (ii) Show that this action is continuous if we give M+

qR its narrow topology. (iii) Show that

if ν ∈M+
qR, f ∈ L

1(ν) is non-negative and fν is the corresponding indefinite-integral measure, then a•(fν)

is the indefinite-integral measure (a•f)(a•ν) for every a ∈ G.

(q) Let X be a set, G a group acting on X and µ a totally finite G-invariant measure on X with domain
Σ. Suppose there is a probability measure ν on G, with domain T, such that (a, x) 7→ a−1

•x : G×X → X
is (T⊗̂Σ,Σ)-measurable and ν is invariant under the left action of G on itself. Let u ∈ L0(µ) be such that
a•u = u for every a ∈ G. Show that there is an f ∈ L

0(µ) such that f• = u and a•f = f for every a ∈ G.
(Hint : if u = g• where g : X → R is Σ-measurable and µ-integrable, try f(x) =

∫
g(a−1

•x)ν(da) when this
is defined.)

(r) Let X be a topological space, G a compact Hausdorff group, • a continuous action of G on X, and µ
a G-invariant quasi-Radon measure on X. Let u ∈ L0(µ) be such that a•u = u for every a ∈ G. Show that
there is an f ∈ L

0(µ) such that f• = u and a•f = f for every a ∈ G.

441 Notes and comments The proof I give of 441C is essentially the same as the proof of 441E in Halmos

50, §58.
In part (f) of the proof of 441C I use an ultrafilter, relying on a fairly strong consequence of the Axiom of

Choice. In this volume, as in the last, I generally employ the axiom of choice without stopping to consider
whether it is really needed. But Haar measure, at least, is so important that I point out now that it can
be built with much weaker principles. For a construction of Haar measure not dependent on choice, see
561G in Volume 5. I ought to remark that the argument there leads us to a translation-invariant linear
functional rather than a measure, and that while there is still a version of the Riesz representation theorem
(564I), we may get something less than a proper countably additive measure if we do not have countable
choice. Moreover, in the absence of the full axiom of choice, we may find that we have fewer locally compact
topological groups than we expect.

While Haar measure is surely the pre-eminent application of the theory here, I think that some of the
other consequences of 441C (441H, 441Xe, 441Xl, 441Yc, 441Yk) are sufficiently striking to justify the
trouble involved in the extra generality. I ought to remark that there are important examples of invariant
measures which have nothing to do with 441C. Some of these will appear in §449; for the moment I note
only 441Xa.

Federer 69, §2.7, develops a general theory of ‘covariant’ measures µ (‘relatively invariant’ in Halmos

50) such that µ(a•E) = ψ(a)µE for appropriate sets E ⊆ X and a ∈ G, where ψ : G → ]0,∞[ is a
homomorphism; for instance, taking µ to be Lebesgue measure on Rr, we have µT [E] = | detT |µE for every
linear space isomorphism T : Rr → Rr and every measurable set E (263A). The theory I have described here
can deal only with the subgroup of isometric linear isomorphisms (that is, the orthogonal group). Covariant
measures arise naturally in many other contexts, such as 443T below.

Hausdorff measures, being defined in terms of metrics, are necessarily invariant under isometries, so
appear naturally in this context, starting with 264I. There are interesting challenges both in finding suitable
metrics and in establishing exact constants, as in 441Yd-441Ye.
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It is worth pausing over the topology of an isometry group, as described in 441G. It is quite surprising
that such an elementary idea should give us a topological group at all. I offer some exercises (441Xq-441Xs,
441Yi) to help you relate the construction to material which may be more familiar. It is of course a ‘weak’
topology, except when the underlying space is compact (441Xq(i)). See also 441Yj. These groups are rarely
locally compact, and you may find them pushed out of your mind by the extraordinary theory which you
will see developed in the next hundred pages; but in the last two sections of this chapter, and in §493, they
will become leading examples.

Version of 21.3.07

442 Uniqueness of Haar measures

Haar measure has an extraordinary wealth of special properties, and it will be impossible for me to cover
them all properly in this chapter. But surely the second thing to take on board, after the existence of Haar
measures on locally compact Hausdorff groups (441E), is the fact that they are, up to scalar multiples,
unique. This is the content of 442B. We find also that while left and right Haar measures can be different
(442Xf), they are not only direct mirror images of each other (442C) – as is, I suppose, to be expected –
but even more closely related (442F, 442H, 442L). Investigating this relation, we are led naturally to the
‘modular function’ of a group (442I).

442A Lemma Let X be a topological group and µ a left Haar measure on X.
(a) µ is strictly positive and locally finite.
(b) If G ⊆ X is open and γ < µG, there are an open set H and an open neighbourhood U of the identity

such that HU ⊆ G (writing HU for {xy : x ∈ H, y ∈ U}) and µH ≥ γ.
(c) If X is locally compact and Hausdorff, µ is a Radon measure.

proof (a)(i) ??? If G ⊆ X were a non-empty open set such that µG = 0, then we should have µ(xG) = 0
for every x ∈ X, so that X would be covered by negligible open sets; but as µ is supposed to be τ -additive,
µX = 0. XXX

(ii) Because µ is effectively locally finite, there is some non-empty open set G such that µG <∞; but
now {xG : x ∈ X} is a cover of X by open sets of finite measure.

(b) Let U be the family of open sets containing the identity e, and H the family of open sets H such
that HU ⊆ G for some U ∈ U . Because U is downwards-directed, H is upwards-directed; because e ∈ U for
every U ∈ U ,

⋃H ⊆ G. If x ∈ G, then x−1G ∈ U , and there is a U ∈ U such that UU ⊆ x−1G; but now
xUU ⊆ G, so xU ∈ H. Thus

⋃H = G. Because µ is τ -additive, there is an H ∈ H such that µH ≥ γ.

(c) Use (a) and 416G.

442B Theorem Let X be a topological group. If µ and ν are left Haar measures on X, they are multiples
of each other.

proof (a) Let G be the family of non-empty open sets G such that µG and νG are both finite; because µ
and ν are locally finite (442Aa), G is a base for the topology of X. Note that G ∪H ∈ G for all G, H ∈ G.
Set U = {U : U ∈ G, U = U−1, e ∈ U}, where e is the identity of G; then U is a base of neighbourhoods of
e (4A5Ec). Let F be the filter on U generated by the sets {U : U ∈ U , U ⊆ V } as V runs over U .

(b) (The key.) If G ∈ G and 0 < ǫ < 1, there is a V1 ∈ U such that

(1 − ǫ)
µG

νG
≤ µU

νU

whenever U ∈ U and U ⊆ V1. PPP By 442Aa, µG and νG are both non-zero. By 442Ab, there are an open
set H and a neighbourhood V1 of e such that HV1 ⊆ G and µH ≥ (1 − ǫ)µG; shrinking V1 if need be, we
may suppose that V1 ∈ U . Take any U ∈ U such that U ⊆ V1, so that HU ⊆ G. Consider the product

c© 1998 D. H. Fremlin
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quasi-Radon measure λ of µ and ν on X × X (417R), and the set W = {(x, y) : x, y ∈ G, x−1y ∈ U}.
Because the function (x, y) 7→ x−1y is continuous (4A5Eb), W is open. Consequently∫

µ{x : (x, y) ∈W}ν(dy) = λW =
∫
ν{y : (x, y) ∈W}µ(dx)

(417C(b-v-β)). But we see that if x ∈ H then xU ⊆ G, so (x, y) ∈W whenever y ∈ xU , and∫
ν{y : (x, y) ∈W}µ(dx) ≥

∫
H
ν(xU)µ(dx) = µH · νU .

On the other hand,

∫
µ{x : (x, y) ∈W}ν(dy) ≤

∫

G

µ{x : x−1y ∈ U}ν(dy) =

∫

G

µ{x : y−1x ∈ U}ν(dy)

=

∫

G

µ(yU)ν(dy) = µU · νG,

so that

(1 − ǫ)µG · νU ≤ µH · νU ≤ λW ≤ µU · νG.

Dividing both sides by νU · νG, we have the result. QQQ

(c) In the same way, there is a V2 ∈ V such that

(1 − ǫ)
νG

µG
≤ νU

µU

whenever U ∈ U and U ⊆ V2. So if U ∈ U and U ⊆ V1 ∩ V2, we have

(1 − ǫ)
µG

νG
≤ µU

νU
≤ 1

1−ǫ

µG

νG
.

As ǫ is arbitrary,

limU→F
µU

νU
=

µG

νG
.

And this is true for every G ∈ G.

(d) So if we set α = limU→F
µU
νU , we shall have µG = ανG for every G ∈ G. Now µ and αν are quasi-Radon

measures agreeing on the base G, which is closed under finite unions, so are identical, by 415H(iv).

442C Proposition Let X be a topological group and µ a left Haar measure on X. Setting νE = µ(E−1)
whenever E ⊆ X is such that E−1 = {x−1 : x ∈ E} is measured by µ, ν is a right Haar measure on X.

proof Set φ(x) = x−1 for x ∈ X. Then φ is a homeomorphism, so the image measure ν = µφ−1 is a
quasi-Radon measure. It is non-zero because νX = µX. If E ∈ dom ν and x ∈ X, then

ν(Ex) = µ(x−1E−1) = µE−1 = νE.

So ν is a right Haar measure.

442D Remark Clearly all the arguments of 442A-442C must be applicable to right Haar measures; that
is, any right Haar measure must be locally finite and strictly positive; two right Haar measures on the same
group must be multiples of each other; and if X carries a right Haar measure ν then E 7→ νE−1 will be a
left Haar measure on X. (If you are unhappy with such a bold appeal to the symmetry between ‘left’ and
‘right’ in topological groups, write the reflected version of 442C out in full, and use it to reflect 442A-442B.)

Thus we may say that a topological group carries Haar measures if it has either a left or a right Haar
measure. These can, of course, be the same; in fact it takes a certain amount of exploration to find a group
in which they are different (e.g., 442Xf).

442E Lemma Let X be a topological group, µ a left Haar measure on X and ν a right Haar measure
on X. If G, H ⊆ X are open, then

µG · νH =
∫
H
ν(xG−1)µ(dx).
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14 Topological groups 442E

proof Let λ be the quasi-Radon product measure of µ and ν on X ×X. The sets W1 = {(x, y) : y−1x ∈
G, x ∈ H} and W2 = {(x, y) : x ∈ G, yx ∈ H} are both open, so 417C(b-v-β) tells us that

∫

H

ν(xG−1)µ(dx) =

∫
ν{y : x ∈ H, y−1x ∈ G}µ(dx) = λW1

=

∫
µ{x : x ∈ H, y−1x ∈ G}ν(dy) =

∫
µ(H ∩ yG)ν(dy)

=

∫
µ(y−1H ∩G)ν(dy) =

∫
µ{x : x ∈ G, yx ∈ H}ν(dy)

= λW2 =

∫

G

ν{y : yx ∈ H}µ(dx)

=

∫

G

ν(Hx−1)µ(dx) = µG · νH.

442F Domains of Haar measures 442B tells us, in part, that any two left Haar measures on a
topological group must have the same domain and the same negligible sets; similarly, any two right Haar
measures have the same domain and the same negligible sets. In fact left and right Haar measures agree on
both.

Proposition Let X be a topological group which carries Haar measures. If µ is a left Haar measure and ν
is a right Haar measure on X, then they have the same domains and the same null ideals.

proof (a) Suppose that F ⊆ X is a closed set such that µF = 0. Then νF = 0. PPP??? Otherwise, there is an
open set H such that νH <∞ and ν(F ∩H) > 0. Let G be any open set such that 0 < µG <∞. By 442E,

µG · νH =
∫
H
ν(xG−1)µ(dx).

But also

µG · ν(H \ F ) =
∫
H\F

ν(xG−1)µ(dx) =
∫
H
ν(xG−1)µ(dx) = µG · νH,

so µG · ν(H ∩ F ) = 0. XXXQQQ

(b) It follows that

νE = supF⊆E is closed νF = 0

whenever E is a Borel set such that µE = 0. Now take any E ∈ domµ. Set

G = {G : G ⊆ X is open, µG <∞, νG <∞}.

Because both µ and ν are locally finite, G covers X. If G ∈ G, there are Borel sets E′, E′′ such that
E′ ⊆ E ∩G ⊆ E′′ and µ(E′′ \E′) = 0. In this case ν(E′′ \E′) = 0 so E ∩G ∈ dom ν. Because ν is complete,
locally determined and τ -additive, E ∈ dom ν (414I). If µE = 0, it follows that

νE = supF⊆E is closed νF = 0

just as above.

(c) Thus ν measures E whenever µ measures E, and E is ν-negligible whenever it is µ-negligible. I am
sure you will have no difficulty in believing that all the arguments above, in particular that of 442E, can be
re-cast to show that dom ν ⊆ domµ; alternatively, apply the result in the form just demonstrated to the
left Haar measure ν ′ and the right Haar measure µ′, where

ν ′E = νE−1, µ′E = µE−1

as in 442C.
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442Ib Uniqueness of Haar measures 15

442G Corollary Let X be a topological group and µ a left Haar measure on X with domain Σ. Then,
for E ⊆ X and a ∈ X,

E ∈ Σ ⇐⇒ E−1 ∈ Σ ⇐⇒ Ea ∈ Σ,

µE = 0 ⇐⇒ µE−1 = 0 ⇐⇒ µ(Ea) = 0.

proof Apply 442F with νE = µE−1.

442H Remark From 442F-442G we see that if X is any topological group which carries Haar measures,
there is a distinguished σ-algebra Σ of subsets of X, which we may call the algebra of Haar measurable
sets, which is the domain of any Haar measure on X. Similarly, there is a σ-ideal N of PX, the ideal of Haar
negligible sets1, which is the null ideal for any Haar measure on X. Both Σ and N are translation-invariant
and also invariant under the inversion operation x 7→ x−1.

If we form the quotient A = Σ/N , then we have a fixed Dedekind complete Boolean algebra which is
the Haar measure algebra of the group X in the sense that any Haar measure on X, whether left or
right, has measure algebra based on A. If a ∈ X, the maps x 7→ ax, x 7→ xa, x 7→ x−1 give rise to Boolean
automorphisms of A.

For a member of Σ, we have a notion of ‘σ-finite’ which is symmetric between left and right (442Xd). We
do not in general have a corresponding two-sided notion of ‘finite measure’ (442Xg(i)); but of course we can
if we wish speak of a set as having ‘finite left Haar measure’ or ‘finite right Haar measure’ without declaring
which Haar measure we are thinking of. It is the case, however, that if the group X itself has finite left Haar
measure, it also has finite right Haar measure; see 442Ic-d below.

442I The modular function Let X be a topological group which carries Haar measures.

(a) There is a group homomorphism ∆ : X → ]0,∞[ defined by the formula

µ(Ex) = ∆(x)µE whenever µ is a left Haar measure on X and E ∈ domµ.

PPP Fix on a left Haar measure µ̃ on X. For x ∈ X, let µx be the function defined by saying

µxE = µ̃(Ex) whenever E ⊆ X, Ex ∈ domµ,

that is, for every Haar measurable set E ⊆ X. Because the function φx : X → X defined by setting
φx(y) = yx−1 is a homeomorphism, µx = µ̃φ−1

x is a quasi-Radon measure on X; and

µx(yE) = µ̃(yEx) = µ̃(Ex) = µxE

whenever µx measures E, so µx is a left Haar measure on X. By 442B, there is a ∆(x) ∈ ]0,∞[ such that
µx = ∆(x)µ̃; because µ̃ surely takes at least one value in ]0,∞[, ∆(x) is uniquely defined.

If µ is any other left Haar measure on X, then µ = αµ̃ for some α > 0, so that

µ(Ex) = αµ̃(Ex) = α∆(x)µ̃E = ∆(x)µE.

Thus ∆ : X → ]0,∞[ has the property asserted in the formula offered.
To see that ∆ is a group homomorphism, take any x, y ∈ X and a Haar measurable set E such that

0 < µ̃E <∞, and observe that

∆(xy)µ̃E = µ̃(Exy) = ∆(y)µ̃(Ex) = ∆(y)∆(x)µ̃E,

so that ∆(xy) = ∆(y)∆(x) = ∆(x)∆(y). QQQ
∆ is called the left modular function of X.

(b) We find now that ν(xE) = ∆(x−1)νE whenever ν is a right Haar measure on X, x ∈ X and E ⊆ X
is Haar measurable. PPP Let µ be the left Haar measure derived from ν, so that µE = νE−1 whenever E is
Haar measurable. If x ∈ X and E ∈ dom ν, then

ν(xE) = µ(E−1x−1) = ∆(x−1)µE−1 = ∆(x−1)νE. QQQ

Thus we may call x 7→ ∆(x−1) =
1

∆(x)
the right modular function of X.

1Warning! do not confuse with the ‘Haar null’ sets described in 444Ye below.
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16 Topological groups 442Ic

(c) If X is abelian, then obviously ∆(x) = 1 for every x ∈ X, because µ(Ex) = µ(xE) = µE whenever
x ∈ X, µ is a left Haar measure on X and E is Haar measurable. Equally, if any (therefore every) left
(or right) Haar measure µ on X is totally finite, then µ(Xx) = µ(xX) = µX, so again ∆(x) = 1 for every
x ∈ X. This will be the case, in particular, for any compact Hausdorff topological group (recall that by
441E any such group carries Haar measures), because its Haar measures are locally finite, therefore totally
finite.

Groups in which ∆(x) = 1 for every x are called unimodular.

(d) From the definition of ∆, we see that a topological group carrying Haar measures is unimodular iff
every left Haar measure is a right Haar measure.

(e) In particular, if a group has any totally finite (left or right) Haar measure, its left and right Haar
measures are the same, and it has a unique Haar probability measure, which we may call its normalized
Haar measure.

In the other direction, any group with its discrete topology is unimodular, since counting measure is a
two-sided Haar measure.

442J Proposition For any topological group carrying Haar measures, its left modular function is con-
tinuous.

proof Let X be a topological group carrying Haar measures, with left modular function ∆.
(a) If ǫ > 0, there is an open set Uǫ containing the identity e of X such that ∆(x) ≤ 1+ǫ for every x ∈ U .

PPP Take any left Haar measure µ on X, and an open set G such that 0 < µG <∞. By 442Ab, there are an
open set H and a neighbourhood Uǫ of the identity such that HUǫ ⊆ G and µG ≤ (1 + ǫ)µH. If x ∈ Uǫ,

then Hx ⊆ G, so ∆(x) =
µ(Hx)

µH
≤ 1 + ǫ. QQQ

(b) Now, given x0 ∈ X and ǫ > 0, V = {x : x−1x0 ∈ Uǫ, x
−1
0 x ∈ Uǫ} is an open set containing x0. If

x ∈ V , then

∆(x) = ∆(x0)∆(x−1
0 x) ≤ (1 + ǫ)∆(x0),

∆(x0) = ∆(x)∆(x−1x0) ≤ (1 + ǫ)∆(x),

so

1

1+ǫ
∆(x0) ≤ ∆(x) ≤ (1 + ǫ)∆(x).

As ǫ is arbitrary, ∆ is continuous at x0; as x0 is arbitrary, ∆ is continuous.

442K Theorem Let X be a topological group and µ a left Haar measure on X. Let ∆ be the left
modular function of X.

(a) µ(E−1) =
∫
E

∆(x−1)µ(dx) for every E ∈ domµ.

(b)(i)
∫
f(x−1)µ(dx) =

∫
∆(x−1)f(x)µ(dx) whenever f is a real-valued function such that either integral

is defined in [−∞,∞];
(ii)

∫
f(x)µ(dx) =

∫
∆(x−1)f(x−1)µ(dx) whenever f is a real-valued function such that either integral

is defined in [−∞,∞].
(c)

∫
f(xy)µ(dx) = ∆(y−1)

∫
f(x)µ(dx) whenever y ∈ X and f is a real-valued function such that either

integral is defined in [−∞,∞].

proof (a)(i) Setting ν1E = µE−1 for Haar measurable sets E ⊆ X, we know that ν1 is a right Haar
measure, so 442E tells us that

µG · ν1H =
∫
H
ν1(xG−1)µ(dx) =

∫
H
µ(Gx−1)µ(dx) = µG

∫
H

∆(x−1)µ(dx)

for all open sets G, H ⊆ X. Since there is an open set G such that 0 < µG <∞, µH−1 =
∫
H

∆(x−1)µ(dx)
for every open set H ⊆ X.

(ii) Now let ν2 be the indefinite-integral measure defined by setting ν2E =
∫

∆(x−1)χE(x)µ(dx)
whenever this is defined in [0,∞] (234J2). Then ν2 is effectively locally finite. PPP If ν2E > 0, then µE > 0,

2Formerly 234B.
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442Xe Uniqueness of Haar measures 17

so there is an n ∈ N such that µ(E ∩H) > 0, where H is the open set {x : ∆(x−1) < n}. Now there is an
open set G ⊆ H such that µG <∞ and µ(E ∩G) > 0, in which case ν2G ≤ nµG <∞ and ν2(E ∩G) > 0.
QQQ

Accordingly ν2 is a quasi-Radon measure (415Ob). Since it agrees with the quasi-Radon measure ν1 on
open sets, by (i), the two are equal; that is, µE−1 =

∫
E

∆(x−1)µ(dx) for every E ∈ domµ.

(b)(i) Apply 235E with X = Y , Σ = T = domµ, µ = ν and φ(x) = x−1, J(x) = ∆(x−1), g(x) =
∆(x−1)f(x) for x ∈ X. From (a) we have∫

J × χ(φ−1[F ])dµ =
∫
F−1

∆(x−1)µ(dx) = µF = νF

for every F ∈ T (using 442G to see that F−1 ∈ Σ). So we get

∫
f(x−1)µ(dx) =

∫
∆(x−1)g(x−1)µ(dx) =

∫
J × gφ dµ

=

∫
g dν =

∫
∆(x−1)f(x)µ(dx)

if any of the integrals is defined in [−∞,∞].

(ii) Set
↔

f (x) = f(x−1) whenever this is defined (4A5C(c-ii)), and apply (i) to
↔

f .

(c) Similarly, apply 235E with µ = ν, φ(x) = xy, J(x) = ∆(y) for every x ∈ X; then∫
J × χ(φ−1[F ])dµ = ∆(y)µ(Fy−1) = µF

for every F ∈ domµ, so∫
f(xy)µ(dx) = ∆(y−1)

∫
J × fφ dµ = ∆(y−1)

∫
f(x)µ(dx).

442L Corollary Let X be a group carrying Haar measures. If µ is a left Haar measure on X and ν is a
right Haar measure, then each is an indefinite-integral measure over the other.

proof Let
↔

µ be the right Haar measure defined by setting
↔

µE = µE−1 for every Haar measurable E ⊆ X.
Then

↔

µE =
∫
E

∆(x−1)µ(dx) for every E ∈ domµ = dom
↔

µ, so
↔

µ is an indefinite-integral measure over µ;

because ν is a multiple of
↔

µ, it also is an indefinite-integral measure over µ. Similarly, or because ∆ is
strictly positive, µ is an indefinite-integral measure over ν.

442X Basic exercises >>>(a) Let X and Y be topological groups with (left) Haar probability measures
µ and ν, and φ : X → Y a continuous surjective group homomorphism. Show that φ is inverse-measure-
preserving for µ and ν.

(b) (i) Let X and Y be two topological groups carrying Haar measures. Show that the product topological
group X × Y (4A5G) carries Haar measures. (ii) Let 〈Xi〉i∈I be any family of topological groups carrying
totally finite Haar measures. Show that the product group

∏
i∈I Xi carries a totally finite Haar measure.

(Hint : 417O.)

(c) Let X be a subgroup of the group (R,+). Show that X carries Haar measures iff it is either
discrete (so that counting measure is a Haar measure on X) or of full outer Lebesgue measure (so that the
subspace measure on X is a Haar measure). (Hint : if G has a Haar measure ν and is not discrete, then
ν(G ∩ [α, β]) = (β − α)ν(G ∩ [0, 1]) whenever α ≤ β.) In particular, Q does not carry Haar measures.

(d) Let X be a topological group carrying Haar measures; let Σ be the algebra of Haar measurable
subsets of X. Let µ and ν be any Haar measures on X (either left or right). Show that a set E ∈ Σ can
be covered by a sequence of sets of finite measure for µ iff it can be covered by a sequence of sets of finite
measure for ν.

(e) Let X be a topological group carrying Haar measures and A its Haar measure algebra (in the sense of
442H). Show that we have left, right and conjugacy actions of X on A given by the formulae z•E• = (zE)•,
z•E• = (Ez−1)• and z•E• = (zEz−1)• for every Haar measurable E ⊆ X and every z ∈ X.
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18 Topological groups 442Xf

>>>(f) On R2 define a binary operation ∗ by setting (ξ1, ξ2) ∗ (η1, η2) = (ξ1 + η1, ξ2 + eξ1η2). (i) Show
that ∗ is a group operation under which R2 is a locally compact topological group. (ii) Show that Lebesgue
measure µ is a right Haar measure for ∗. (iii) Let ν be the indefinite-integral measure on R2 defined by
setting νE =

∫
E
e−ξ1dξ1dξ2 for Lebesgue measurable sets E ⊆ R2. Show that ν is a left Haar measure for

∗. (Hint : 263D.) (iv) Thus (R2, ∗) is not unimodular. (v) Show that the left modular function of (R2, ∗) is
(ξ1, ξ2) 7→ e−ξ1 .

>>>(g) Let X be any topological group which is not unimodular. (i) Show that there is an open subset
of X which is of finite measure for all left Haar measures on X and of infinite measure for all right Haar
measures. (Hint : the modular function is unbounded.) (ii) Let µ be a left Haar measure on X and ν a right
Haar measure. Show that L0(µ) = L0(ν) and L∞(µ) = L∞(µ), but that Lp(µ) 6= Lp(ν) for any p ∈ [1,∞[.

(h) Let X and Y be topological groups carrying Haar measures, with left modular functions ∆X and ∆Y

respectively. Show that the left modular function of X × Y is (x, y) 7→ ∆X(x)∆Y (y).

(i) Let X be any topological group and ∆ : X → ]0,∞[ a group homomorphism such that {x : ∆(x) ≤
1 + ǫ} is a neighbourhood of the identity in X for every ǫ > 0. Show that ∆ is continuous.

(j) Let X be a topological group with a right Haar measure ν and left modular function ∆. Show that
νE−1 =

∫
E

∆(x)ν(dx) for every Haar measurable set E ⊆ X.

442Y Further exercises (a) In 441Yc, show that the only G-invariant Radon measures on Cs are

multiples of Hausdorff s(r−s)-dimensional measure on Cs. (Hint : G itself is r(r−1)
2 -dimensional (cf. 441Ye),

and for any C ∈ Cs the stabilizer of C is s(s−1)
2 + (r−s)(r−s−1)

2 -dimensional. See Federer 69, 3.2.28.)

(b) Let r ≥ 1, and let X be the group of non-singular r×r real matrices. Regarding X as an open subset

of Rr
2

, show that a two-sided Haar measure µ can be defined on X by setting µE =
∫
E

1

| detA|r µL(dA),

where µL is Lebesgue measure on Rr
2

; so that X is unimodular.

(c) Show that there is a set A ⊆ [0, 1], of Lebesgue outer measure 1, such that no countable set of translates
of A covers any set of Lebesgue measure greater than 0. (Hint : let 〈Fξ〉ξ<c run over the uncountable closed
subsets of [0, 1] with cofinal repetitions (4A3Fa), and enumerate the countable subsets of R as 〈Iξ〉ξ<c.
Choose inductively xξ, x

′
ξ ∈ Fξ such that xξ /∈

⋃
η,ζ<ξ x

′
η − Iζ , x

′
ξ /∈

⋃
η,ζ≤ξ xη + Iζ ; set A = {xξ : ξ < c}.)

Show that we can extend Lebesgue measure on R to a translation-invariant measure for which A is negligible.
(Hint : 417A.)

(d) Let (X, ρ) be a metric space, and µ, ν two non-zero quasi-Radon measures on X such that µB(x, δ) =
µB(y, δ) and νB(x, δ) = νB(y, δ) for all δ > 0 and x, y ∈ X. Show that µ is a multiple of ν.

442Z Problem Let X be a compact Hausdorff space, and G the group of autohomeomorphisms of
X. Suppose that G acts transitively on X. Does it follow that there is at most one G-invariant Radon
probability measure on X?

442 Notes and comments Haar measure dominates the theory of locally compact topological groups for
two reasons: it is ubiquitous (the existence theorem, 441E) and essentially defined by the group structure
(the uniqueness theorem, 442B). I have tried to show that these are rather different results by setting the
theorems out with different hypotheses. I presented the existence theorem as a special case of 441C, which
demands a locally compact space and a group, but allows them to be different. In the uniqueness theorem
(roughly following Halmos 50) I demand a group with an invariant quasi-Radon measure, but do not (at
this point) ask for any hypothesis of compactness. In fact it will become apparent in the next section that
this is a somewhat spurious generality; 442B and 442I here can be deduced from the traditional forms in
which the group is assumed to be locally compact and Hausdorff. From the point of view of the topological
measure theory to which this volume is devoted, however, I think the small extra labour involved in tracing
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through the arguments without relying on the Riesz Representation Theorem is instructive. For instance,
it emphasizes interesting features of the domains and null ideals of Haar measures (442H).

There is however a more serious question concerning the uniqueness theorem. I do not know whether
it really belongs to the theory of topological groups, as described here, or to the theory of group actions
along with 441C. The trouble is that I know of no example of a Hausdorff space X and a transitive group
G of homeomorphisms of X such that X carries G-invariant Radon measures which are not multiples of
each other (see 442Z). 443U and 443Xy below eliminate the simplest possibilities. We do need to put some
restriction on the measures; for instance, counting measure on R is translation-invariant, but has nothing
to do with Lebesgue measure. There are also proper translation-invariant extensions of Lebesgue measure
(442Yc); for far-reaching elaborations of this idea see Hewitt & Ross 63, §16.

Version of 14.1.13

443 Further properties of Haar measure

I devote a section to filling in some details of the general theory of Haar measures before turning to
the special topics dealt with in the rest of the chapter. The first question concerns the left and right shift
operators acting on sets, on elements of the measure algebra, on measurable functions and on function
spaces. All these operations can be regarded as group actions, and, if appropriate topologies are assigned,
they are continuous actions (443C, 443G). As an immediate consequence of this I give an important result
about product sets {ab : a ∈ A, b ∈ B} in a topological group carrying Haar measures (443D).

The second part of the section revolves around a basic structure theorem: all the Haar measures considered
here can be reduced to Haar measures on locally compact Hausdorff groups (443L). The argument involves
two steps: the reduction to the Hausdorff case, which is elementary, and the completion of a Hausdorff
topological group. Since a group carries more than one natural uniform structure we must take care to
use the correct one, which in this context is the ‘bilateral’ uniformity (443H-443I, 443K). On the way I
pick up an essential fact about the approximation of Haar measurable sets by Borel sets (443J). Finally, I
give Halmos’ theorem that Haar measures are completion regular (443M) and a note on the complementary
nature of the meager and null ideals for atomless Haar measure (443O).

In the third part of the section I turn to the special properties of quotient groups of locally compact
groups and the corresponding actions, following A.Weil. If X is a locally compact Hausdorff group and Y
is a closed subgroup of X, then Y is again a locally compact Hausdorff group, so has Haar measures and a
modular function; at the same time, we have a natural action of X on the set of left cosets of Y . It turns out
that there is an invariant Radon measure for this action if and only if the modular function of Y matches
that of X (443R). In this case we can express a left Haar measure of X as an integral of measures supported
by the cosets of Y (443Q). When Y is a normal subgroup, so that X/Y is itself a locally compact Hausdorff
group, we can relate the modular functions of X and X/Y (443T). We can apply these results whenever we
have a continuous transitive action of a compact group on a compact space (443U).

443A Haar measurability I recall and expand on some facts already noted in 442H. Let X be a
topological group carrying Haar measures.

(a) All Haar measures on X, whether left or right, have the same domain Σ, which I call the algebra
of ‘Haar measurable’ sets, and the same null ideal N , which I call the ideal of ‘Haar negligible’ sets. The
corresponding quotient algebra A = Σ/N , the ‘Haar measure algebra’, is the Boolean algebra underlying the
measure algebra of any Haar measure. Because Haar measures are (by the definition in 441D) quasi-Radon,
therefore complete and strictly localizable (415A), ΣG is closed under Souslin’s operation (431A) and A is
Dedekind complete (322Be). Recall that any semi-finite measure on A, and in particular any Haar measure
on X, gives rise to the same measure-algebra topology and uniformity on A (324H), so we may speak of
‘the’ topology and uniformity of A.

Because Σ is the domain of a left Haar measure, xE ∈ Σ whenever E ∈ Σ and x ∈ X; because Σ is the
domain of a right Haar measure, Ex ∈ Σ whenever E ∈ Σ and x ∈ X. Similarly, xE and Ex are Haar

c© 2001 D. H. Fremlin
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negligible whenever E is Haar negligible and x ∈ X. Moreover, E−1 = {x−1 : x ∈ E} is Haar measurable or
Haar negligible whenever E is.

Note that Σ and N are invariant in the strong sense that if φ : X → X is any group automorphism
which is also a homeomorphism, then Σ = {φ[E] : E ∈ Σ} and N = {φ[E] : E ∈ N}. PPP If µ is a left
Haar measure on X, let ν be the image measure µφ−1. Because φ is a homeomorphism, ν is a non-zero
quasi-Radon measure. If ν measures E and a ∈ X, then

ν(aE) = µφ−1[aE] = µ((φ−1a)(φ−1[E])) = µφ−1[E] = νE.

So ν is again a left Haar measure, and has domain Σ and null ideal N . But dom ν = {E : φ−1[E] ∈ Σ} =
{φ[E] : E ∈ Σ} and ν−1[{0}] = {E : φ−1[E] ∈ N} = {φ[E] : E ∈ N . QQQ

(b) We even have a symmetric notion of ‘measurable envelope’ in X: for any A ⊆ X, there is a Haar
measurable set E ⊇ A such that µ(E ∩ F ) = µ∗(A ∩ F ) for any Haar measurable F ⊆ X and any Haar
measure µ on X. PPP Start with a fixed Haar measure µ0. Then A has a measurable envelope E for µ0, by
213J and 213L. Now to say that ‘E is a measurable envelope for A’ means just that (i) A ⊆ E ∈ Σ (ii) if
F ∈ Σ and F ⊆ E \ A then F ∈ N , so E is also a measurable envelope for A for any other Haar measure
on X. QQQ

In this context I will call E a Haar measurable envelope of A.

(c) Similarly, we have a notion of full outer Haar measure: a subset A of X is of full outer Haar
measure if X is a Haar measurable envelope of A, that is, A ∩ E 6= ∅ whenever E is a Haar measurable set
which is not Haar negligible, that is, A is of full outer measure for any (left or right) Haar measure on X.

(d) For any Haar measure µ on X, we can identify L∞(µ) with L∞(A) (363I) and L0(µ) with L0(A)
(364Ic). Thus these constructions are independent of µ. The topology of convergence in measure of L0

is determined by its Riesz space structure (367T); so that this also is independent of the particular Haar
measure we may select. Of course the same is true of the norm of L∞. Note however that the spaces Lp, for
1 ≤ p < ∞, are different for left and right Haar measures on any group which is not unimodular (442Xg),
and that even for left Haar measures µ the norm on Lp(µ) changes if µ is re-normalized.

(e) When it seems appropriate, I will use the phrases Haar measurable function, meaning a function
measurable with respect to the σ-algebra of Haar measurable sets, and Haar almost everywhere, meaning
‘on the complement of a Haar negligible set’. Note that we can identify L0(A) with the set of equivalence
classes in the space L

0, where L
0 is the space of Haar measurable real-valued functions defined Haar-a.e. in

X, and f ∼ g if f = g Haar-a.e. In the language of §241, L0 = L
0(µ) for any Haar measure µ on X.

(f) Because E−1 ∈ Σ for every E ∈ Σ, and E−1 ∈ N whenever E ∈ N , we have a canonical automorphism
a 7→ ↔

a : A → A defined by writing (E•)↔ = (E−1)• for every E ∈ Σ. Being an automorphism, this must
be a homeomorphism for the measure-algebra topology of A (324G). In the same way, if f ∈ L

0 then
↔

f ∈ L
0, where

↔

f (x) = f(x−1) whenever this is defined (4A5C(c-ii)), since {x : x ∈ dom
↔

f ,
↔

f (x) > α} =
{x : x ∈ dom f, f(x) > α}−1 belongs to Σ for every α; and we can define an f -algebra automorphism

u 7→ ↔

u : L0 → L0 by saying that (f•)↔ = (
↔

f )• for f ∈ L
0. If we identify L0 with L0(A) rather than with a

set of equivalence classes in L
0, then we can define the map u 7→ ↔

u as the Riesz homomorphism associated
with the Boolean homomorphism a 7→ ↔

a : A → A, as in 364P. Note that ‖↔

u‖∞ = ‖u‖∞ for every u ∈ L∞,
but that (unless X is unimodular) other Lp spaces are not invariant under the involution ↔ (442Xg again).

(g) If X carries any totally finite (left or right) Haar measure, it is unimodular, and has a unique, two-
sided, Haar probability measure (442Ie). (In particular, this is the case whenever X is compact.) For such
groups we have Lp-spaces, for 1 ≤ p ≤ ∞, defined by the group structure, with canonical norms.

443B Lemma Let X be a topological group and µ a left Haar measure on X. If E ⊆ X is measurable
and µE < ∞, then for any ǫ > 0 there is a neighbourhood U of the identity e such that µ(E△xEy) ≤ ǫ
whenever x, y ∈ U .

proof Set δ =
min(1,ǫ)

10+3µE
> 0. Write U for the family of open neighbourhoods of e. Because µ is effectively

locally finite, there is an open set G0 of finite measure such that µ(E \G0) ≤ δ. Let F ⊆ G0 \E be a closed
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set such that µF ≥ µ(G0 \E)−δ, and set G = G0 \F , so that µ(G\E) ≤ δ and µ(E \G) ≤ δ. For U ∈ U set
HU = int{x : UxU ⊆ G}. Then H = {HU : U ∈ U} is upwards-directed, and has union G, because if x ∈ G
there is a U ∈ U such that UxUU ⊆ G, so that x ∈ HU . So there is a V ∈ U such that µ(G \ HV ) ≤ δ.
Recall that the left modular function ∆ of X is continuous (442J). So there is a U ∈ U such that U ⊆ V
and |∆(y) − 1| ≤ δ for every y ∈ U .

Now suppose that x, y ∈ U . Set E1 = E ∩HV . Then xE1y ⊆ G, so

µ(E1 ∪ xE1y) ≤ µG ≤ µE + δ.

On the other hand,

µE1 ≥ µE − µ(E \G) − µ(G \HV ) ≥ µE − 2δ,

µ(xE1y) = ∆(y)µE1 ≥ (1 − δ)(µE − 2δ) ≥ µE − (2 + µE)δ.

So

µ(E ∩ xEy) ≥ µ(E1 ∩ xE1y) = µE1 + µ(xE1y) − µ(E1 ∪ xE1y) ≥ µE − (5 + µE)δ.

At the same time,

µ(xEy) = ∆(y)µE ≤ (1 + δ)µE.

So

µ(E△xEy) = µE + µ(xEy) − 2µ(E ∩ xEy) ≤ (10 + 3µE)δ ≤ ǫ,

as required.

443C Theorem Let X be a topological group carrying Haar measures, and A its Haar measure algebra.
Then we have continuous actions of X on A defined by writing

x•lE
• = (xE)•, x•rE

• = (Ex−1)•, x•cE
• = (xEx−1)•

for Haar measurable sets E ⊆ X and x ∈ X.

proof (a) The functions •l, •r and •c are all well defined because the maps E 7→ xE, E 7→ Ex−1 and
E 7→ xEx−1 are all Boolean automorphisms of the algebra Σ of Haar measurable sets preserving the ideal
of Haar negligible sets (442G). It is elementary to check that they are actions of X on A.

Fix a left Haar measure µ on X and let µ̄ be the corresponding measure on A. Then the topology of A
is defined by the pseudometrics ρa, for µ̄a <∞, where ρa(b, c) = µ̄(a ∩ (b△ c)).

(b) Now suppose that x0 ∈ X, b0 ∈ A, µ̄a < ∞ and ǫ > 0. Let E, F0 ∈ Σ be such that E• = a and
F •

0 = b0; set δ = 1
4ǫ > 0. Note that

µ(x−1
0 E ∩ F0) ≤ µ(x−1

0 E) = µE <∞.

Let U be a neighbourhood of the identity e such that

µ(E△yE) ≤ δ, µ((x−1
0 E ∩ F0)△y(x−1

0 E ∩ F0)) ≤ δ

whenever y ∈ U (443B). Set

a′ = x−1
0

•la = (x−1
0 E)•.

Now suppose that x ∈ Ux0 ∩ x0U−1 and that ρa′(b, b0) ≤ δ. Then ρa(x•lb, x0•lb0) ≤ ǫ. PPP Let F ∈ Σ be
such that F • = b. Then xx−1

0 and x−1x0 both belong to U , so
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ρa(x•lb, x0•lb0) = µ(E ∩ (xF△x0F0))

= µ(E ∩ xF ) + µ(E ∩ x0F0) − 2µ(E ∩ xF ∩ x0F0)

= µ(x−1E ∩ F ) + µ(E ∩ x0F0) − 2µ(x−1x0(x−1
0 E ∩ F0) ∩ F )

≤ µ(x−1
0 E ∩ F ) + µ(x−1E△x−1

0 E) + µ(x−1
0 E ∩ F0)

− 2µ(x−1
0 E ∩ F0 ∩ F ) + 2µ(x−1x0(x−1

0 E ∩ F0)△(x−1
0 E ∩ F0))

≤ µ(x−1
0 E ∩ (F△F0)) + µ(E△xx−1

0 E) + 2δ

≤ δ + δ + 2δ = 4δ = ǫ. QQQ

As x0, b0, a and ǫ are arbitrary, •l is continuous.

(c) The same arguments, using a right Haar measure to provide pseudometrics defining the topology of
A, show that •r is continuous. (Or use the method of 443X(d-ii).)

(d) Accordingly the map (x, y, a) 7→ x•l(y•ra) is continuous. So

(x, a) 7→ x•l(x•ra) = x•ca

is continuous.

443D Proposition Let X be a topological group carrying Haar measures. If E ⊆ X is Haar measurable
but not Haar negligible, and A ⊆ X is not Haar negligible, then

(a) there are x, y ∈ X such that A ∩ xE, A ∩ Ey are not Haar negligible;
(b) EA and AE both have non-empty interior;
(c) E−1E and EE−1 are neighbourhoods of the identity.

proof (a)(i) Let µ be any left Haar measure on X, and for Borel sets F ⊆ X set

νF = sup{µ(F ∩ IE) : I ⊆ X is finite}.

It is easy to check that ν is an effectively locally finite τ -additive Borel measure, inner regular with respect
to the closed sets, because {IE : I ∈ [X]<ω} is upwards-directed and µ is quasi-Radon. Moreover,

ν(xF ) = supI∈[X]<ω µ(xF ∩ IE) = supI∈[X]<ω µ(F ∩ x−1IE) = νF

for every Borel set F ⊆ X and every x ∈ X. Accordingly the c.l.d. version ν̃ of ν is a left-translation-
invariant quasi-Radon measure on X (415Cb); since νE > 0, ν̃ is non-zero and is itself a left Haar measure.
Consequently A is not ν̃-negligible. Let H be a measurable envelope of A for Haar measure (443Ab). Then
H is not Haar negligible, so there is a closed set F ⊆ H which is not Haar negligible, and νF = ν̃F > 0.
Thus there is an x ∈ X such that

0 < µ(F ∩ xE) ≤ µ(H ∩ xE) = µ∗(A ∩ xE),

and A ∩ xE is not Haar negligible.

(ii) Applying the same arguments, but starting with a right Haar measure µ, we see that there is a
y ∈ X such that A ∩ Ey is not Haar negligible.

(b) Let µ be a left Haar measure on X, and F a Haar measurable envelope of A. The function x 7→
(xE−1)• : X → A is continuous, where A is the Haar measure algebra of X (443C), so

H = {x : µ∗(A ∩ xE−1) > 0} = {x : F • ∩ (xE−1)• 6= 0}
is open. Now

H ⊆ {x : A ∩ xE−1 6= ∅} = AE,

so H ⊆ intAE; and E−1 is Haar measurable and not Haar negligible, so H 6= ∅, by (a). Thus intAE 6= ∅.
Similarly, using a right Haar measure (or observing that EA = (A−1E−1)−1), we see that EA has

non-empty interior.
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(c) Again taking a left Haar measure µ, µ is semi-finite, so there is an F ⊆ E such that 0 < µF <∞. By
443B, there is a neighbourhood U of the identity such that µ(F△xFy) < µF for all x, y ∈ U . In particular,
if x ∈ U , µ(F \ xF ) < µF , so F ∩ xF 6= ∅ and x ∈ FF−1 ⊆ EE−1; at the same time, µ(F \ Fx) < µF ,
F ∩ Fx 6= ∅ and x ∈ F−1F ⊆ E−1E. So E−1E and EE−1 both include U and are neighbourhoods of the
identity.

443E Corollary Let X be a Hausdorff topological group carrying Haar measures. Then the following
are equiveridical:

(i) X is locally compact;
(ii) every Haar measure on X is a Radon measure;
(iii) there is some compact subset of X which is not Haar negligible.

proof (i)⇒(ii) Haar measures are locally finite quasi-Radon measures (441D, 442Aa), so on locally compact
Hausdorff spaces must be Radon measures (416G).

(ii)⇒(iii) is obvious, just because Haar measures are non-zero and any Radon measure is tight (that is,
inner regular with respect to the closed compact sets).

(iii)⇒(i) If K ⊆ X is a compact set which is not Haar negligible, then KK is a compact set with
non-empty interior, so X is locally compact (4A5Eg).

443F Later in the chapter we shall need the following straightforward fact.

Lemma Let X be a topological group carrying Haar measures, and Y an open subgroup of X. If µ is a
left Haar measure on X, then the subspace measure µY is a left Haar measure on Y . Consequently a subset
of Y is Haar measurable or Haar negligible, when regarded as a subset of the topological group Y , iff it is
Haar measurable or Haar negligible when regarded as a subset of the topological group X.

proof By 415B, µY is a quasi-Radon measure; because µ is strictly positive, µY is non-zero, and it is easy
to check that it is left-translation-invariant. So it is a Haar measure on Y . The rest follows at once from
442H/443A.

443G We can repeat the ideas of 443C in terms of function spaces, as follows.

Theorem Let X be a topological group with a left Haar measure µ. Let Σ be the domain of µ, L0 = L
0(µ)

the space of Σ-measurable real-valued functions defined almost everywhere in X, and L0 = L0(µ) the
corresponding space of equivalence classes (§241).

(a) a•lf , a•rf and a•cf (definitions: 4A5C(c-ii)) belong to L
0 for every f ∈ L

0 and a ∈ X.
(b) If a ∈ X, then ess sup |a•lf | = ess sup |a•rf | = ess sup |f | for every f ∈ L

∞ = L
∞(µ), where

ess sup |f | is the essential supremum of |f | (243Da). For 1 ≤ p < ∞, ‖a•lf‖p = ‖f‖p and ‖a•rf‖p =

∆(a)−1/p‖f‖p for every f ∈ L
p = L

p(µ), where ∆ is the left modular function of X.
(c) We have shift actions of X on L0 defined by setting

a•lf
• = (a•lf)•, a•rf

• = (a•rf)•, a•cf
• = (a•cf)•

for a ∈ X and f ∈ L
0. If

↔

is the reversal operator on L0 defined in 443Af, we have

a•l
↔

u = (a•ru)↔, a•c
↔

u = (a•cu)↔

for every a ∈ X and u ∈ L0.
(d) If we give L0 its topology of convergence in measure these three actions, and also the reversal operator

↔, are continuous.
(e) For 1 ≤ p ≤ ∞ the formulae of (c) define actions of X on Lp = Lp(µ), and ‖a•lu‖p = ‖u‖p for every

u ∈ Lp, a ∈ X; interpreting ∆(a)−1/∞ as 1 if necessary, ‖a•ru‖p = ∆(a)−1/p‖u‖p whenever u ∈ Lp and
a ∈ X.

(f) For 1 ≤ p <∞ these actions are continuous.

proof (a) Let f ∈ L
0. Then F = dom f is conegligible, so aF = dom a•lf and Fa−1 = dom a•rf are

conegligible (442G). For any α ∈ R, set Eα = {x : x ∈ F, f(x) < α}; then {x : (a•lf)(x) < α} = aEα and
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{x : (a•rf)(x) < α} = Eαa
−1 are measurable, so a•lf and a•rf are measurable. Thus a•lf and a•rf belong

to L
0. It follows at once that a•cf = a•l(a•rf) belongs to L

0.

(b)(i) For α ≥ 0,

ess sup |f | ≤ α ⇐⇒ |f(x)| ≤ α for almost all x

⇐⇒ |(a•lf)(x)| ≤ α for almost all x

⇐⇒ |(a•rf)(x)| ≤ α for almost all x

because the null ideal of µ is invariant under both left and right translations. So ess sup |f | = ess sup |a•lf | =
ess sup |a•rf |.

(ii) For 1 ≤ p <∞,

‖a•lf‖pp =

∫
|(a•lf)(x)|pµ(dx) =

∫
|f(a−1x)|pµ(dx) =

∫
|f(x)|pµ(dx)

(441J)

= ‖f‖pp,

‖a•rf‖pp =

∫
|(a•rf)(x)|pµ(dx) =

∫
|f(xa)|pµ(dx) = ∆(a−1)

∫
|f(x)|pµ(dx)

(442Kc)

= (∆(a)−1/p‖f‖p)p.

(c)(i) I have already checked that a•lf , a•rf and a•cf belong to L
0 whenever f ∈ L

0 and a ∈ X. If f ,
g ∈ L

0 and f =a.e. g, let E be the conegligible set {x : x ∈ dom f ∩dom g, f(x) = g(x)}; then aE and Ea−1

and aEa−1 are conegligible and

(a•lf)(x) = (a•lg)(x) for every x ∈ aE, (a•rf)(x) = (a•rg)(x) for every x ∈ Ea−1,

(a•cf)(x) = (a•cg)(x) for every x ∈ aEa−1,

so a•lf =a.e. a•lg, a•rf =a.e. a•rg and a•cf =a.e. a•cg. Accordingly the formulae given define functions •l, •r

and •c from X × L0 to L0. They are actions just because the original •l, •r and •c are actions of X on L
0

(4A5Cc-4A5Cd).

(ii) If f ∈ L
0, then

(a•l

↔

f )(x) =
↔

f (a−1x) = f(x−1a) = (a•rf)(x−1) = (a•rf)↔(x)

when any of these is defined, which is almost everywhere, so a•lu = (a•ru)↔ for every u ∈ L0. Similarly,

(a•c

↔

f )(x) =
↔

f (a−1xa) = f(a−1x−1a) = (a•cf)(x−1) = (a•cf)↔(x)

and a•c
↔

u = (a•cu)↔.

(d)(i) In 367T there is a description of convergence in measure on L0 in terms of its Riesz space structure.
As ↔ is a Riesz space automorphism of L0, it must also be a homeomorphism for the topology of convergence
in measure.

(ii) To see that •l is continuous, it will be convenient to work with the space L
0
Σ of Haar measurable

real-valued functions defined on the whole of X. I will use a characterization of convergence in measure from
245F: a subset W of L0 is open iff whenever f•

0 ∈W there are a set E of finite measure and an ǫ > 0 such that
f• ∈W whenever µ{x : x ∈ E, |f(x)−f0(x)| > ǫ} ≤ ǫ. Now if E is a measurable set of finite measure, f ∈ L

0
Σ

and ǫ > 0, there is a neighbourhood U of the identity e of X such that µ{x : x ∈ E, |f(ax)− f(x)| ≥ ǫ} ≤ ǫ
for every a ∈ U . PPP Let m ≥ 1 be such that µ{x : x ∈ E, |f(x)| ≥ mǫ} ≤ 1

2ǫ. For −m ≤ k < m, set
Ek = {x : x ∈ E, kǫ ≤ f(x) < (k + 1)ǫ}. By 443B, there is a neighbourhood U of e such that

µ(Ek△a−1Ek) ≤ ǫ

4m
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whenever a ∈ U and −m ≤ k < m. Now, for a ∈ U ,

{x : x ∈ E, |f(ax) − f(x)| ≥ ǫ} ⊆ {x : x ∈ E, |f(x)| ≥ mǫ} ∪⋃m−1
k=−m(Ek△a−1Ek)

has measure at most

ǫ

2
+ 2m

ǫ

4m
= ǫ. QQQ

(iii) Let E be a measurable set of finite measure, a0 ∈ X, f0 ∈ L
0
Σ and ǫ > 0. Set δ = ǫ/3 > 0. Note

that µ(a−1
0 E) = µE is finite. Let U be a neighbourhood of e such that

µ{x : x ∈ a−1
0 E, |f0(yx) − f0(x)| ≥ δ} ≤ δ, µ(yE△E) ≤ δ

whenever y ∈ U .
Now suppose that a ∈ Ua0∩a0U−1 and that f ∈ L

0
Σ is such that µ{x : x ∈ a−1

0 E, |f(x)−f0(x)| ≥ δ} ≤ δ.
In this case,

{x : x ∈ E, |f(a−1x) − f0(a−1
0 x)| ≥ ǫ}

⊆ {x : x ∈ E, |f(a−1x) − f0(a−1x)| ≥ δ}
∪ {x : x ∈ E, |f0(a−1x) − f0(a−1

0 x)| ≥ δ}
⊆ (E△aa−1

0 E) ∪ {x : x ∈ aa−1
0 E, |f(a−1x) − f0(a−1x)| ≥ δ}

∪ a0{w : w ∈ a−1
0 E, |f0(a−1a0w) − f0(w)| ≥ δ}

⊆ (E△aa−1
0 E) ∪ a{w : w ∈ a−1

0 E, |f(w) − f0(w)| ≥ δ}
∪ a0{w : w ∈ a−1

0 E, |f0(a−1a0w) − f0(w)| ≥ δ}

has measure at most 3δ = ǫ because aa−1
0 , e and a−1a0 all belong to U . Because E and ǫ are arbitrary, the

function (a, u) 7→ a•lu is continuous at (a0, f
•

0 ); as a0 and f0 are arbitrary, •l is continuous.

(iv) Now

(a, u) 7→ a•ru = (a•l
↔

u)↔

must also be continuous. It follows at once that •c is continuous, since a•cu = a•l(a•ru).

(e) follows at once from (b) and (c).

(f) Fix p ∈ [1,∞[.

(i) If u ∈ Lp and ǫ > 0, there is a neighbourhood U of e such that ‖u − y•l(z•ru)‖p ≤ ǫ whenever y,
z ∈ U . PPP When u is of the form (χE)•, where µE <∞, we have

y•l(z•ru) = χ(yEz−1)•, ‖u− y•l(z•ru)‖p = µ(E△yEz−1)1/p,

so the result is immediate from 443B. If u =
∑n
i=0 αi(χEi)

•, where every Ei has finite measure, then, setting
ui = (χEi)

• for each i,

‖u− y•l(z•ru)‖p ≤
∑n
i=0 |αi|‖ui − y•l(z•rui)‖p ≤ ǫ

whenever y and z are close enough to e. In general, there is a v of this form such that ‖u− v‖p ≤ 1
4ǫ. If we

take a neighbourhood U of e such that ‖v − y•l(z•rv)‖p ≤ 1
4ǫ and ∆(z)−1/p ≤ 2 whenever y, z ∈ U , then

‖y•l(z•ru) − y•l(z•rv)‖p = ∆(z)−1/p‖u− v‖p ≤ 1

2
ǫ

whenever z ∈ U , so

‖u− y•l(z•ru)‖p ≤ ‖u− v‖p + ‖v − y•l(z•rv)‖p + ‖y•l(z•rv) − y•l(z•ru)‖p ≤ ǫ

whenever y, z ∈ U . QQQ

(ii) Now suppose that u0 ∈ Lp, a0, b0 ∈ X and ǫ > 0. Set v0 = a0•l(b0•ru0) and δ = ǫ/(1 +
2∆(b0)−1/p) > 0. Let U be a neighbourhood of e such that ∆(y)−1/p ≤ 2 and ‖v0 − y•l(z•rv0)‖p ≤ δ
whenever y, z ∈ U . If a ∈ Ua0, b ∈ Ub0 and ‖u− u0‖p ≤ δ, then
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‖a•l(b•ru) − v0‖p ≤ ‖a•l(b•ru) − a•l(b•ru0)‖p + ‖a•l(b•ru0) − v0‖p
= ∆(b)−1/p‖u− u0‖p + ‖aa−1

0
•l(bb

−1
0

•rv0) − v0‖p
≤ ∆(bb−1

0 )−1/p∆(b0)−1/pδ + δ ≤ δ(1 + 2∆(b0)−1/p) = ǫ.

As ǫ is arbitrary, (a, b, u) 7→ a•l(b•ru) is continuous at (a0, b0, u0).
As in (c), this is enough to show that •l, •r and •c are all continuous actions.

Remark I have written this out for a left Haar measure µ, since the spaces Lp(µ) depend on this; if ν is
a right Haar measure, and X is not unimodular, then Lp(µ) 6= Lp(ν) for 1 ≤ p < ∞. But recall that the
topology of convergence in measure on L0 is the same for all Haar measures (443Ad), so (c) above, and the
case p = ∞ of (b) and (d), are two-sided; they belong to the theory of the Haar measure algebra.

443H Theorem Let X be a topological group carrying Haar measures. Then there is a neighbourhood
of the identity which is totally bounded for the bilateral uniformity on X.

proof Let µ be a left Haar measure on X. Let V0 be a neighbourhood of the identity e such that µV0 <∞
(442Aa). Let V be a neighbourhood of e such that V V ⊆ V0 and V −1 = V .

??? Suppose, if possible, that V is not totally bounded for the bilateral uniformity on X. By 4A5Oa, one
of the following must occur:

case 1 There is an open neighbourhood U of e such that V 6⊆ IU for any finite set I ⊆ X. In this
case, we may choose a sequence 〈xn〉n∈N in V inductively such that xn /∈ xiU whenever i < n. Let U1

be an open neighbourhood of e such that U1 ⊆ V and U1U
−1
1 ⊆ U ; then 〈xnU1〉n∈N is disjoint. Since

µ(xnU1) = µU1 > 0 for every n (by the other clause in 442Aa), µ(
⋃
n∈N

xnU1) = ∞; but xnU1 ⊆ V0 for
every n, so this is impossible.

case 2 There is an open neighbourhood U of e such that V 6⊆ UI for any finite set I ⊆ X. So we
may choose a sequence 〈xn〉n∈N in V inductively such that xn /∈ Uxi whenever i < n. Let U1 be an open
neighbourhood of e such that U1 ⊆ V and U1U

−1
1 ⊆ U ; then 〈U−1

1 xn〉n∈N is disjoint, so 〈x−1
n U1〉n∈N is also

disjoint. Since µ(x−1
n U1) = µU1 > 0 for every n, µ(

⋃
n∈N

x−1
n U1) = ∞; but x−1

n U1 ⊆ V0 for every n, so this
also is impossible. XXX

Thus V is totally bounded for the bilateral uniformity on X, and we have the required totally bounded
neighbourhood of e.

443I Corollary Let X be a topological group. If A ⊆ X is totally bounded for the bilateral uniformity
of X, it has finite outer measure for any (left or right) Haar measure on X.

proof If µ is a Haar measure on X, let U be an open neighbourhood of the identity e of finite measure.
There is a finite set I such that A ⊆ IU ∩ UI (4A5Oa again), so that µ∗A ≤ #(I)µU is finite.

443J Proposition Let X be a topological group carrying Haar measures, and A its Haar measure
algebra.

(a) There is an open-and-closed subgroup Y of X such that, for any Haar measure µ on X, Y can be
covered by countably many open sets of finite measure.

(b)(i) If E ⊆ X is any Haar measurable set, there are an Fσ set E′ ⊆ E and a Gδ set E′′ ⊇ E such that
E′′ \ E′ is Haar negligible.

(ii) Every Haar negligible set is included in a Haar negligible Borel set, and for every Haar measurable
set E there is a Borel set F such that E△F is Haar negligible.

(iii) The Haar measure algebra A of X may be identified with B/I, where B is the Borel σ-algebra of
X and I is the ideal of Haar negligible Borel sets.

(iv) Every member of L0(A) can be identified with the equivalence class of some Borel measurable
function from X to R. Every member of L∞(A) can be identified with the equivalence class of a bounded
Borel measurable function from X to R.

proof (a) Let V be an open neighbourhood of the identity which is totally bounded for the bilateral
uniformity of X (443H); we may suppose that V −1 = V . Set Y = V ∪ V V ∪ V V V ∪ V V V V ∪ . . . . Then Y
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is an open subgroup of X, therefore also closed (4A5Ek). By 4A5Ob, every power of V is totally bounded,
so Y is a countable union of totally bounded sets. If µ is any left Haar measure on X, then any totally
bounded set has finite outer measure for µ (443I). Thus Y is a countable union of sets of finite measure for
µ. The same argument applies to right Haar measures, so Y is a subgroup of the required form.

(b)(i) Let E ⊆ X be a Haar measurable set, and fix a left Haar measure µ on X. Take the open subgroup
Y of (a), and index the set of its left cosets as 〈Yi〉i∈I ; because any translate of a totally bounded set is
totally bounded (4A5Ob again), each Yi is an open set expressible as

⋃
n∈N

Hin, where every Hin is a totally
bounded open set, so that µHin is finite.

For i ∈ I and m, n ∈ N there is a closed set Fimn ⊆ E ∩Him such that µFimn ≥ µ(E ∩Him) − 2−n. Set
Fmn =

⋃
i∈I Fimn for each m, n ∈ N; then Fmn is closed (4A2Bb). So E′ =

⋃
m,n∈N

Fmn is Fσ. For each
i ∈ I,

(E \ E′) ∩ Yi ⊆
⋃
m∈N

(
E ∩Him \⋃n∈N

Fimn
)

is negligible; thus {G : G ⊆ X is open, µ(G∩E \E′) = 0} covers X and E \E′ must be negligible (414Ea).
In the same way, there is an Fσ set F ∗ ⊆ X \ E such that (X \ E) \ F ∗ is negligible; now E′′ = X \ F ∗

is Gδ and E′′ \E is negligible, so E′′ \E′ also is. (I am speaking here as if ‘negligible’ meant ‘µ-negligible’.
But of course this is the same thing as the ‘Haar negligible’ of the statement of the proposition.)

(ii), (iii), (iv) follow at once.

443K Theorem Let X be a Hausdorff topological group carrying Haar measures. Then the completion

X̂ of X under its bilateral uniformity is a locally compact Hausdorff group, and X is of full outer Haar

measure in X̂. Any (left or right) Haar measure on X is the subspace measure corresponding to a Haar

measure (of the same chirality) on X̂.

proof (a) By 443H and 4A5N, X̂ is a locally compact Hausdorff group in which X is embedded as a dense
subgroup.

(b) Let µ be a left Haar measure on X. Then there is a Radon measure λ on X̂ such that µ is the

subspace measure λX . PPP For Borel sets E ⊆ X̂, set νE = µ(X ∩ E). Then ν is a Borel measure, and it

is τ -additive because µ is. Any point of X̂ has a compact neighbourhood V in X̂; now V must be totally

bounded for the bilateral uniformity of X̂ (4A2Je), so V ∩X is totally bounded for the bilateral uniformity
of X (4A5Ma), and νV = µ(V ∩X) is finite (443I). Thus ν is locally finite. If νE > 0, there is an open set
H ⊆ X such that µH < ∞ and µ(H ∩X ∩ E) > 0, because µ is effectively locally finite; now there is an

open set G ⊆ X̂ such that H = X ∩ G, so that νG < ∞ and ν(G ∩ E) > 0. Thus ν is effectively locally
finite.

By 416H, the c.l.d. version λ of ν is a Radon measure on X̂. Since λK = νK = 0 whenever K ⊆ X̂ \X
is compact, X is of full outer measure for λ. Accordingly

λX(G ∩X) = λG = νG = µ(G ∩X)

for every open set G ⊆ X̂, and λX = µ, because they are quasi-Radon measures agreeing on the open sets
(415B, 415H(iii)). QQQ

(c) Continuing the argument of (b), λ is a left Haar measure on X̂. PPP Let G ⊆ X̂ be open, and z ∈ X̂.

If K ⊆ zG is compact, then z−1K ⊆ G, and {w : w ∈ X̂, wK ⊆ G} is a non-empty open set (4A5Ei), so
meets X. Take x ∈ X such that xK ⊆ G; then

λG = µ(X ∩G) ≥ µ(X ∩ xK) = µ(x(X ∩K)) = µ(X ∩K) = λK.

As K is arbitrary, λ(zG) ≤ λG. By 441Ba, λ is invariant under the left action of X̂ on itself, that is, is a
left Haar measure. QQQ

We know that X is of full outer measure for λ, so this shows that it has full outer Haar measure in X̂.

(d) The same arguments, looking at Gz and Kz−1 in (c), show that if µ is a right Haar measure on X

it is the subspace measure λX for a right Haar measure λ on X̂.
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443L Corollary Let X be any topological group with a Haar measure µ. Then we can find Z, λ and φ
such that

(i) Z is a locally compact Hausdorff topological group;
(ii) λ is a Haar measure on Z;
(iii) φ : X → Z is a continuous homomorphism, inverse-measure-preserving for µ and λ;
(iv) µ is inner regular with respect to {φ−1[K] : K ⊆ Z is compact};
(v) if E ⊆ X is Haar measurable, we can find a Haar measurable set F ⊆ Z such that φ−1[F ] ⊆ E and

E \ φ−1[F ] is Haar negligible;
(vi) a set G ⊆ X is an open set in X iff it is of the form φ−1[H] for some open set H ⊆ Z;
(vii) a set G ⊆ X is a regular open set in X iff it is of the form φ−1[H] for some regular open set H ⊆ Z;
(viii) a set A ⊆ X is nowhere dense in X iff φ[A] is nowhere dense in Z.

proof (a) Let Y ⊆ X be the closure of {e}, where e is the identity of X. Then Y is a closed normal
subgroup of X, and if φ : X → X/Y is the quotient map, every open (or closed) subset of X is of the form
φ−1[H] for some open (or closed) set H ⊆ Y (4A5Kb).

Consider the image measure ν = µφ−1 on X/Y . This is quasi-Radon. PPP Because µ is a complete τ -
additive topological measure, so is ν. If F ∈ dom ν and νF > 0, there is an open set G ⊆ X such that
µG < ∞ and µ(G ∩ φ−1[F ]) > 0; now G = φ−1[H] for some open set H ⊆ X/Y , and νH = µG is finite,
while ν(H ∩ F ) = µ(G ∩ φ−1[F ]) > 0. Thus ν is effectively locally finite (therefore semi-finite). Again, if
F ∈ dom ν and νF > γ, there is a closed set E ⊆ φ−1[F ] such that µE ≥ γ; now E is expressible as φ−1[H]
for some closed set H ⊆ X/Y ; because φ is surjective, H ⊆ F , and νH = µE ≥ γ. Thus ν is inner regular
with respect to the closed sets. Finally, suppose that F ⊆ X/Y is such that F ∩ F ′ ∈ dom ν whenever
νF ′ < ∞. If E ⊆ X is a closed set of finite measure, it is of the form φ−1[F ′] where νF ′ = µE < ∞, so
F ′ ∩ F ∈ dom ν and E ∩ φ−1[F ] ∈ domµ; by 412Ja, we can conclude that φ−1[F ] ∈ domµ and F ∈ dom ν.
Thus ν is locally determined and is a quasi-Radon measure. QQQ

We find also that ν is a left Haar measure. PPP If z ∈ X/Y and F ∈ dom ν, express z as φ(x) where x ∈ X;
then φ−1[zF ] = xφ−1[F ], so

ν(zF ) = µ(xφ−1[F ]) = µφ−1[F ] = νF . QQQ

(b) Thus X/Y is a topological group with a left Haar measure ν. Because Y is closed, X/Y is Hausdorff

(4A5J(b-ii-α)). We can therefore form its completion Z = X̂/Y , a locally compact Hausdorff group, and
find a left Haar measure λ on Z such that ν is the corresponding subspace measure on X/Y , which is of full
outer measure for λ (443K). The embedding X/Y ⊂→ Z is therefore inverse-measure-preserving for ν and
λ, so that φ, regarded as a map from X to Z, is inverse-measure-preserving for µ and λ. Also, of course,
φ : X → Z is a continuous homomorphism.

If E ⊆ X and µE > γ, there is a closed set E′ ⊆ E such that µE′ > γ. Now E′ is of the form φ−1[F ]
where F ⊆ X/Y is closed and νF = µE′ > γ. Next, F is of the form (X/Y ) ∩ F ′ where F ′ ⊆ Z is closed
and λF ′ = νF > γ. So there is a compact set K ⊆ F ′ such that λK ≥ γ, and we have

φ−1[K] ⊆ φ−1[F ′] = φ−1[F ] ⊆ E, µφ−1[K] = ν(K ∩ (X/Y )) = λK ≥ γ.

As E and γ are arbitrary, µ is inner regular with respect to {φ−1[K] : K ⊆ Z is compact}. So (i)-(iv) are
true.

(c) If E ⊆ X is Haar measurable, then by 443J(b-i) there is an Fσ set E′ ⊆ E such that E \ E′ is Haar
negligible. Now there are an Fσ set H ⊆ X/Y such that E′ = φ−1[H] and an Fσ set F ⊆ Z such that
H = (X/Y ) ∩ F , in which case E′ = φ−1[F ], and E \ φ−1[F ] is Haar negligible. This deals with (v).

(d) Concerning (vi)-(viii), we just have to put 4A2B and 4A5Kb together. If G, A ⊆ X, then

G is open in X ⇐⇒ there is an open V ⊆ X/Y such that G = φ−1[V ]

⇐⇒ there are a V ⊆ X/Y and an open H ⊆ Z

such that G = φ−1[V ] and V = (X/Y ) ∩H
⇐⇒ there is an open H ⊆ Z such that G = φ−1[H];
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G is a regular open set in X ⇐⇒ φ[G] is a regular open subset of X/Y

(4A5K(b-iii), 4A2B(f-iii))

⇐⇒ there is a regular open H ⊆ Z

such that φ[G] = (X/Y ) ∩H
(4A2B(j-ii))

⇐⇒ there is a regular open H ⊆ Z

such that G = φ−1[H];

A is nowhere dense in X ⇐⇒ φ[A] is nowhere dense in X/Y

(4A5K(iv)-(v))

⇐⇒ φ[A] is nowhere dense in Z

(4A2B(j-i)).

443M Theorem (Halmos 50) Let X be a topological group and µ a Haar measure on X. Then µ is
completion regular.

proof (a) Suppose first that µ is a left Haar measure and that X is locally compact and Hausdorff. In this
case any self-supporting compact set K ⊆ X is a zero set. PPP For each n ∈ N, there is an open neighbourhood
Un of the identity such that µ(K△xK) ≤ 2−n for every x ∈ Un (443B); we may suppose that Un+1 ⊆ Un
for each n. Each set UnK is open (4A5Ed), so

⋂
n∈N

UnK is a Gδ set. ??? If K 6= ⋂
n∈N

UnK, there is an
x ∈ ⋂

n∈N
UnK \ K. For each n ∈ N, there are yn ∈ Un, zn ∈ K such that x = ynzn. Let F be any

non-principal ultrafilter on N. Then z = limn→F zn is defined in K, so

xz−1 = limn→F xz
−1
n = limn→F yn

is defined in X; because yn ∈ Ui for every i ≤ n,

xz−1 ∈ ⋂
i∈N

Ui =
⋂
i∈N

Ui.

Consequently µ(xz−1K△K) = 0; because µ is left-translation-invariant, µ(K \ zx−1K) = 0. But as x /∈ K,
z ∈ K \ zx−1K and K ∩ (X \ zx−1K) is non-empty. And zx−1K is closed, so X \ zx−1K is open and K is
not self-supporting, contrary to hypothesis. XXX

Thus K =
⋂
n∈N

UnK is a Gδ set. Being a compact Gδ set in a completely regular Hausdorff space, it is
a zero set (4A2F(h-v)). QQQ

Since µ is surely inner regular with respect to the compact self-supporting sets (414F), it is inner regular
with respect to the zero sets, and is completion regular.

(b) Now suppose that µ is a left Haar measure on an arbitrary topological group X. By 443L, we can find
a locally compact Hausdorff topological group Z, a continuous homomorphism φ : X → Z and a left Haar
measure λ on Z such that φ is inverse-measure-preserving for µ and λ and µ is inner regular with respect
to {φ−1[K] : K ⊆ Z is compact}. Now if E ∈ domµ and γ < µE, there is a compact set K ⊆ Z such that
φ−1[K] ⊆ E and νK > γ. Next, there is a zero set L ⊆ K such that νL ≥ γ; in which case φ−1[L] ⊆ E is a
zero set and µφ−1[L] ≥ γ. Thus µ is inner regular with respect to the zero sets and is completion regular.

(c) Finally, if µ is a right Haar measure on a topological group X, let
↔

µ be the corresponding left Haar
measure, setting

↔

µE = µE−1 for Haar measurable sets E. Then
↔

µ is inner regular with respect to the zero
sets; because x 7→ x−1 : X → X is a homeomorphism, so is µ.

443N I give a simple result showing how the measure-theoretic properties of groups carrying Haar
measures have topological consequences which might not be expected.
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Proposition Let X be a topological group carrying Haar measures (for instance, X might be any locally
compact Hausdorff group).

(i) Let G be a regular open subset of X. Then G is a cozero set.
(ii) Let F be a nowhere dense subset of X. Then F is included in a nowhere dense zero set.

proof (a) Suppose to begin with that X is locally compact, σ-compact and Hausdorff. Let µ be a left Haar
measure on X; then µ is σ-finite, because X is covered by a sequence of compact sets, which must all have
finite measure.

(i) Write U for the family of open neighbourhoods of the identity e of X. For each U ∈ U , set
HU = int{x : xU ⊆ G}; then {HU : U ∈ U} is an upwards-directed family of open sets with union G, as in
the proofs of 442Ab and 442B, so G• = supU∈U H

•

U in the measure algebra A of µ. Because µ is σ-finite,
A is ccc (322G) and there is a sequence 〈Un〉n∈N in U such that G• = supn∈NH

•

Un
(316E). In this case,

G \⋃n∈N
HUn

is negligible, so must have empty interior.
By 4A5S, there is a closed normal subgroup Y of X, included in

⋂
n∈N

Un, such that X/Y is metrizable.
Let π : X → X/Y be the canonical map.

For each n ∈ N, Qn = π[HUn
] is open (4A5J(a-i)), and

HUn
⊆ π−1[Qn] = HUn

Y ⊆ HUn
Un ⊆ G.

So

G =
⋃
n∈N

HUn
=

⋃
n∈N

π−1[Qn].

Setting Q = int
⋃
n∈N

Qn, and using 4A5J(a-i) and 4A2B(f-ii), we see that

π−1[Q] = int
⋃
n∈N

π−1[Qn] = intG = G

(this is where I use the hypothesis that G is a regular open set). But Q, being an open set in a metrizable
space, is a cozero set (4A2Lc), so G = π−1[Q] is a cozero set (4A2C(b-iv)), as required by (i).

(ii) Now consider the nowhere dense set F ⊆ X. This time, let G be a maximal disjoint family of
cozero subsets of X \ F . Then G is countable, again because µ is σ-finite, and

⋃G is dense, because the
topology of X is completely regular. So X \⋃G is a nowhere dense zero set including F .

(b) Next, suppose that X is any locally compact Hausdorff topological group. Then X has a σ-compact
open subgroup X0 (4A5El). By (a), any regular open set in X0 is a cozero set in X0. The same applies to
all the (left) cosets of X0, because these are homeomorphic to X0.

If C is any coset of X0, then G ∩ C is a regular open set in C, so is a cozero set in C. But as the left
cosets of X0 form a partition of X into open sets, G is also a cozero set in X (4A2C(b-vii)).

Similarly, F ∩ C is nowhere dense in C for every left coset C of X0, so is included in a nowhere dense
zero set in C, and the union of these will be a nowhere dense zero set in X including F .

(c) Now suppose that X is any group carrying Haar measures. Let Z, λ and φ : X → Z be as in 443L.
Then G is expressible as φ−1[H] for some regular open set H ⊆ Z (443L(vii)); by (b), H is a cozero set,
so G also is (4A2C(b-iv) again). As for F , φ[F ] is nowhere dense in Z, by 443L(viii). Let F ′ ⊇ φ[F ] be a
nowhere dense zero set; then φ−1[F ′] ⊇ F is a zero set, and φ[φ−1[F ′]] ⊆ F ′ is nowhere dense, so φ−1[F ′] is
nowhere dense.

443O An expected result, well known for Lebesgue measure, but which seems to need a little attention
for the non-metrizable case, is the following.

Proposition Let X be a topological group and µ a left Haar measure on X. Then the following are
equiveridical:

(i) µ is not purely atomic;
(ii) µ is atomless;
(iii) there is a non-negligible nowhere dense subset of X;
(iv) µ is inner regular with respect to the nowhere dense sets;
(v) there is a conegligible meager subset of X;
(vi) there is a negligible comeager subset of X.
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If X is Hausdorff, we can add
(vii) the topology of X is not discrete.

proof Write Σ for the domain of µ.

(a)(i)⇒(ii) If µ is not purely atomic, let E ∈ Σ be a non-negligible set not including any atom. If F ∈ Σ
is any other non-negligible set, then there is an x ∈ X such that F ∩ xE is not negligible, by 443Da. Now
the subspace measures on F ∩ xE and x−1F ∩ E are isomorphic, and the latter is atomless, so F ∩ xE is
not an atom and F is not an atom. As F is arbitrary, µ is atomless.

(b)(iii)⇒(iv) The argument is similar. Suppose that A is a non-negligible nowhere dense subset of X;
then E = A is a non-negligible closed nowhere dense set. If F ∈ Σ is non-negligible, there is an x ∈ X such
that F ∩xE is non-negligible; as y 7→ xy : X → X is a homeomorphism, xE and F ∩xE are nowhere dense.
Thus every non-negligible measurable set includes a nowhere dense non-negligible measurable set; as the
family of nowhere dense sets is an ideal, µ is inner regular with respect to the nowhere dense sets (412Aa).

(c)(iv)⇒(i) Suppose that µ is inner regular with respect to the nowhere dense sets. Let U be an open
neighbourhood of the identity e of X with finite measure (442Aa once more), and V an open neighbourhood
of e such that V V −1V ⊆ U . Then µV > 0, by the other half of 442Aa.

??? If there is a µ-atom E ⊆ V , let F0 ⊆ E be a non-negligible measurable nowhere dense set, F1 ⊆ F0 a
non-negligible closed set and F ⊆ F1 a non-empty self-supporting closed set (414F). Because y 7→ xy is a
measure-preserving automorphism, xF is a self-supporting closed set, and an atom for µ, for every x ∈ X.
So if x, y ∈ X and xF ∩ yF is non-negligible, then xF \ yF is negligible and xF ⊆ yF ; similarly, yF ⊆ xF ,
so xF = yF . Now no finite number of translates of the nowhere dense set F can cover the non-empty open
set V , while V ⊆ ⋃

x∈X xF , so we must have a sequence 〈xn〉n∈N in X such that xnF ∩ V \⋃i<n xiF 6= ∅
for every n ∈ N. In this case, xiF ∩ xnF is negligible whenever i < n, so

µ(
⋃
n∈N

xnF ) =
∑
n∈N

µ(xnF ) = ∞.

However V ∩xnF 6= ∅, so xn ∈ V F−1 ⊆ V V −1 and xnF ⊆ V V −1V ⊆ U for every n ∈ N; and U is supposed
to have finite measure. XXX

Accordingly V does not include any atom and µ cannot be purely atomic.

(d)(iv)⇒(v) Suppose that µ is inner regular with respect to the nowhere dense sets. Let G be a maximal
disjoint family of open sets of non-zero finite measure. Then int(X\⋃G) is negligible, because µ is effectively
locally finite, so must be empty, and X \⋃G is nowhere dense. For each G ∈ G, let 〈FGn〉n∈N be a sequence
of nowhere dense measurable subsets of G such that µG = limn→∞ µFGn. For n ∈ N, set An =

⋃
G∈G FGn.

Then An is nowhere dense. PPP If H ⊆ X is open and not empty, either H ∩An = ∅ or there is a G ∈ G such
that H∩G 6= ∅, in which case H∩G\FGn ⊆ H \An is open and non-empty. QQQ So D = (X \⋃G)∪⋃

n∈N
An

is meager. ??? If D is not conegligible, let H be an open set of finite measure such that H \D is non-negligible.
As H \D ⊆ ⋃G, there is a G ∈ G such that µ(H ∩G \D) > 0; but H ∩G \D ⊆ G \⋃n∈N

FGn. XXX
Thus D is a conegligible meager set.

(e)(v)⇔(vi) The complement of a witness for (v) witnesses (vi), and conversely.

(f)(v)⇒(iii) is elementary, since µ is non-zero.

(g)(ii)⇒(iii) Suppose that µ is atomless. I proceed through an expanding series of special cases, as in
443N.

(ααα) Suppose to begin with that X is locally compact, Hausdorff and σ-compact. In this case X has
a closed negligible normal subgroup Y such that X/Y is separable and metrizable. PPP Since µ is atomless,
{e} must be negligible. Since µ is locally finite and inner regular with respect to the closed sets, there must
be a sequence 〈Un〉n∈N of open neighbourhoods of e such that infn∈N µUn = 0. By 4A5S again, there is a
closed normal subgroup Y ⊆ ⋂

n∈N
Un such that X/Y is metrizable, and of course Y is negligible. Since the

canonical map from X onto X/Y is continuous (4A5J(a-i) again), X/Y is σ-compact, therefore separable
(4A2Hd, 4A2Pd). QQQ

Write π : X → X/Y for the canonical map. Let D ⊆ X/Y be a countable dense set, and consider π−1[D].
This is a countable union of translates of Y , so is negligible; let F ⊆ X \ π−1[D] be a closed non-negligible
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set. Then π[F ] does not meet D. Because π is an open mapping (4A5Ja once more), intF = ∅ and F is
nowhere dense.

Thus in this case we have a non-negligible nowhere dense set, as required.

(βββ) Now suppose just that X is locally compact and Hausdorff. In this case it has an open σ-compact
subgroup X0 say. The subspace measure µX0

on X0 is a left Haar measure on X0 (443F), and is atomless;
by (α), there is a nowhere dense set F ⊆ X0 such that 0 < µX0

F = µF . So in this case too we have a
non-negligible nowhere dense set.

(γγγ) For the general case, let Z, λ and φ : X → Z be as in 443L. Then λ is atomless. PPP 443L(v) implies
that the measure-preserving Boolean homomorphism from the measure algebra of λ to the measure algebra
of µ induced by φ is surjective, therefore an isomorphism; so both measure algebras are atomless and λ is
atomless (322Bg). QQQ

By (β), there is a nowhere dense non-negligible subset H of Z; replacing H by its closure, if necessary,
we may suppose that H is closed. Set F = φ−1[H]; then F ⊆ X is closed and non-negligible because φ is
continuous and inverse-measure-preserving. Since φ[F ] ⊆ H is nowhere dense, so is F (443L(viii)). Thus we
have the required non-negligible nowhere dense set in the general case also.

(h) Now suppose that X is Hausdorff. If µ is atomless, then µ{x} = 0 for every x, so {x} is never open
and the topology is not discrete. If µ has an atom E, let F ⊆ E be a closed self-supporting set of non-zero
measure; then F also is an atom, so cannot have two disjoint non-empty relatively open sets, and must be
a singleton. Thus we have an x0 such that µ{x0} > 0; as µ is left-translation-invariant, µ{x} = µ{x0} for
every x ∈ X. We know also that there is an open set G of non-zero finite measure, which must be finite;
so every singleton subset of G is open. It follows that every singleton subset of X is open, and X has its
discrete topology. Thus (ii)⇔(vii) when X is Hausdorff.

443P Quotient spaces I come now to the relationship between the modular functions of §442, normal
subgroups and quotient spaces.

Lemma Let X be a locally compact Hausdorff topological group and Y a closed subgroup of X. Let
Z = X/Y be the set of left cosets of Y in X with the quotient topology and π : X 7→ Z the canonical
map, so that Z is a locally compact Hausdorff space and we have a continuous action of X on Z defined
by writing a•πx = π(ax) for a, x ∈ X (4A5J(b-iii)). Let ν be a left Haar measure on Y and write Ck(X),
Ck(Z) for the spaces of continuous real-valued functions with compact supports on X, Z respectively.

(a) We have a positive linear operator T : Ck(X) → Ck(Z) defined by writing

(Tf)(πx) =
∫
Y
f(xy)ν(dy)

for every f ∈ Ck(X) and x ∈ X. If f > 0 in Ck(X) then Tf > 0 in Ck(Z). If h ≥ 0 in Ck(Z) then there is
an f ≥ 0 in Ck(X) such that Tf = h.

(b) If a ∈ X and f ∈ Ck(X), then T (a•lf)(z) = (Tf)(a−1
•z) for every z ∈ Z.

(c) Now suppose that a belongs to the normalizer of Y (that is, aY a−1 = Y ). In this case, we can define
ψ(a) ∈ ]0,∞[ by the formula

ν(aFa−1) = ψ(a)νF for every F ∈ dom ν,

and

T (a•rf)(πx) = ψ(a) · (Tf)(π(xa))

for every x ∈ X and f ∈ Ck(X).

proof I should begin by remarking that because Y is a closed subgroup of a locally compact Hausdorff
group, it is itself a locally compact Hausdorff group, so does have a left Haar measure, which is a Radon
measure.

(a)(i) The first thing to check is that if f ∈ Ck(X) then Tf is well-defined as a member of RZ . PPP (α) If
x ∈ X, then y 7→ f(xy) : Y → R is a continuous function with compact support, so

∫
f(xy)ν(dy) is defined

in R. (β) If x1, x2 ∈ X and πx1 = πx2, then x−1
1 x2 ∈ Y , and∫

f(x2y)ν(dy) =
∫
f(x1(x−1

1 x2y))ν(dy) =
∫
f(x1y)ν(dy),
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applying 441J to the function y 7→ f(x1y) and the left action of Y on itself. Thus we can safely write
(Tf)(πx) =

∫
f(xy)ν(dy) for every x ∈ X, and Tf will be a real-valued function on Z. QQQ

(ii) Now Tf is continuous for every f ∈ Ck(X). PPP Given z0 ∈ Z, take x0 ∈ X such that z = πx0.
We have an h ∈ Ck(X)+ such that for every ǫ > 0 there is an open set Uǫ containing x0 such that
|f(x0y) − f(xy)| ≤ ǫh(y) whenever x ∈ Uǫ and y ∈ X (4A5Pb). In this case,

|(Tf)(πx) − (Tf)(πx0)| = |
∫
f(xy) − f(x0y)ν(dy)| ≤ ǫ

∫
Y
h(y)ν(dy)

for every x ∈ Uǫ, so that |(Tf)(z) − (Tf)(z0)| ≤ ǫ
∫
Y
h dν for every z ∈ π[Uǫ]. Since each π[Uǫ] is an open

neighbourhood of z0 (4A5J(a-i), as always), Tf is continuous at z0; as z0 is arbitrary, Tf is continuous. QQQ

(iii) Since

{z : (Tf)(z) 6= 0} = {πx :

∫
f(xy)ν(dy) 6= 0} ⊆ {πx : f(xy) 6= 0 for some y ∈ Y }

= {πx : f(x) 6= 0} ⊆ π[{x : f(x) 6= 0}]

is relatively compact, Tf ∈ Ck(Z) for every f ∈ Ck(X).

(iv) The formula for Tf makes it plain that T : Ck(X) → Ck(Z) is a positive linear operator.

(v) If f ∈ Ck(X)+ and x ∈ X are such that f(x) > 0, then {y : y ∈ Y, f(xy) > 0} is a non-empty
open set in Y ; because ν is strictly positive,

(Tf)(πx) =
∫
f(xy)ν(dy) > 0.

In particular, Tf > 0 if f > 0. Moreover, if z ∈ Z there is an f ∈ Ck(X)+ such that (Tf)(z) > 0. Now

{{z : (Tf)(z) > 0} : f ∈ Ck(X)+}
is an upwards-directed family of open subsets of Z, so if L ⊆ Z is any compact set there is an f ∈ Ck(X)+

such that (Tf)(z) > 0 for every z ∈ L.

(vi) Now suppose that h ∈ Ck(Z)+. By (v), there is an f0 ∈ Ck(X)+ such that (Tf0)(z) > 0 whenever

z ∈ {w : h(w) 6= 0}. Setting h′(z) = h(z)/(Tf0)(z) when h(z) 6= 0, 0 for other z ∈ Z, we have h′ ∈ Ck(Z)
and h = h′ × Tf0. Set

f(x) = f0(x)h′(πx) ≥ 0

for every x ∈ X. Because h′ and π are continuous, f ∈ Ck(X). For any x ∈ X,

(Tf)(πx) =

∫
f0(xy)h′(π(xy))ν(dy) = h′(πx)

∫
f0(xy)ν(dy)

= h′(πx)(Tf0)(πx) = h(πx).

Thus Tf = h.

(b) If z = πx, then a−1
•z = π(a−1x), so

(Tf)(a−1
•z) =

∫
f(a−1xy)ν(dy) =

∫
(a•lf)(xy)ν(dy) = T (a•lf)(z).

(c) Define φ : Y → Y by writing φ(y) = a−1ya for y ∈ Y . Because φ is a homeomorphism, the image
measure νφ−1 is a Radon measure on Y ; because φ is a group automorphism, νφ−1 is a left Haar measure.
(If F ∈ dom νφ−1 and y ∈ Y , then

νφ−1[yF ] = ν(ayFa−1) = ν(Fa−1) = ν(aFa−1) = νφ−1[F ].)

νφ−1 must therefore be a multiple of ν; say νφ−1 = ψ(a)ν.
If g ∈ Ck(Y ), then ∫

g(a−1ya)ν(dy) =
∫
gφ dν =

∫
g d(νφ−1) = ψ(a)

∫
g dν.

Now take f ∈ Ck(X). Then
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T (a•rf)(πx) =

∫
(a•rf)(xy)ν(dy) =

∫
f(xya)ν(dy)

=

∫
f(xa(a−1ya))ν(dy) = ψ(a)

∫
f(xay)ν(dy)

(using the remark above with g(y) = f(xay))

= ψ(a)(Tf)(π(xa))

for every x ∈ X, as claimed.

443Q Theorem Let X be a locally compact Hausdorff topological group and Y a closed subgroup of X.
Let Z = X/Y be the set of left cosets of Y in X with the quotient topology, and π : X → Z the canonical
map, so that Z is a locally compact Hausdorff space and we have a continuous action of X on Z defined
by writing a•πx = π(ax) for a, x ∈ X. Let ν be a left Haar measure on Y . Suppose that λ is a non-zero
X-invariant Radon measure on Z.

(a) For each z ∈ Z, we have a Radon measure νz on X defined by the formula

νzE = ν(Y ∩ x−1E)

whenever πx = z and the right-hand side is defined. In this case, for a real-valued function f defined on a
subset of X, ∫

f dνz =
∫
f(xy)ν(dy)

whenever either side is defined in [−∞,∞].
(b) We have a left Haar measure µ on X defined by the formulae∫

f dµ =
∫∫

f dνzλ(dz)

for every f ∈ Ck(X), and

µG =
∫
νzGλ(dz)

for every open set G ⊆ X.
(c) If D ⊆ Z, then D ∈ domλ iff π−1[D] ⊆ X is Haar measurable, and λD = 0 iff π−1[D] is Haar

negligible.
(d) If νY = 1, then λ is the image measure µπ−1.
(e) Suppose now that X is σ-compact. Then µE =

∫
νzE λ(dz) for every Haar measurable set E ⊆ X.

If f ∈ L
1(µ), then

∫
f dµ =

∫∫
f dνzλ(dz).

(f) Still supposing that X is σ-compact, take f ∈ L
1(µ), and for a ∈ X set fa(y) = f(ay) whenever y ∈ Y

and ay ∈ dom f . Then Qf = {a : a ∈ X, fa ∈ L
1(ν)} is µ-conegligible, and the function a 7→ f•

a : Qf →
L1(ν) is almost continuous.

proof (a) First, we do have a function νz depending only on z, because if z = πx1 = πx2 then x−1
2 x1 ∈ Y ,

so

ν(Y ∩ x−1
1 E) = ν(x−1

2 x1(Y ∩ x−1
1 E)) = ν(Y ∩ x−1

2 E)

whenever either side is defined. Of course νz, being the image of the Radon measure ν under the continuous
map y 7→ xy : Y → X whenever πx = z, is always a Radon measure on X (418I). We also have∫

Y
f(xy)ν(dy) =

∫
X
f dνπx

whenever x ∈ X and f is a real-valued function such that either side is defined in [−∞,∞], by 235J.
I remark here that if z ∈ Z then the coset C = π−1[{z}] is νz-conegligible, because if πx = z then

Y = Y ∩ x−1C.

(b)(i) Let T : Ck(X) → Ck(Z) be the positive linear operator of 443P; that is,

(Tf)(z) =
∫
f(xy)ν(dy) =

∫
f dνz
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whenever f ∈ Ck(X), x ∈ X and z = πx. Then we have a positive linear functional θ : Ck(X) → R defined
by setting θ(f) =

∫
Tf dλ for every f ∈ Ck(X). By the Riesz Representation Theorem (436J), there is a

Radon measure µ on X defined by saying that
∫
f dµ = θ(f) for every f ∈ Ck(X). Note that µ is non-zero.

PPP Because λ is non-zero, there is some h ∈ Ck(Z)+ such that
∫
h dλ 6= 0; now there is some f ∈ Ck(X)

such that Tf = h, by 443Pa, and
∫
f dµ 6= 0. QQQ

(ii) µ is a left Haar measure. PPP If f ∈ Ck(X) and a ∈ X, then we have T (a•lf)(z) = (Tf)(a−1
•z) for

every z ∈ Z, by 443Pb. So

∫
a•lfdµ =

∫
T (a•lf)dλ =

∫
Tf(a−1

•z)λ(dz) =

∫
Tf(z)λ(dz)

(by 441J or 441L, because λ is X-invariant)

=

∫
f dµ.

By 441L in the other direction, µ is invariant under the left action of X on itself, that is, is a left Haar
measure. QQQ

(iii) If G ⊆ X is open then µG =
∫
νzGλ(dz). PPP Set A = {f : f ∈ Ck(X), 0 ≤ f ≤ χG}. Then

µG = supf∈A
∫
f dµ and

νzG = supf∈A
∫
f dνz = supf∈A(Tf)(z)

for every z ∈ Z, by 414Ba, because νz is τ -additive. But as Tf is continuous for every f ∈ A, and λ is
τ -additive, we also have ∫

νzGλ(dz) = supf∈A
∫
Tf dλ = supf∈A

∫
f dµ = µG. QQQ

(c)(i) Let A be the family of those sets A ⊆ X such that µA and
∫
νz(A)λ(dz) are defined in [0,∞] and

equal. Then
⋃
n∈N

An belongs to A whenever 〈An〉n∈N is a non-decreasing sequence in A, and A \ B ∈ A
whenever A, B ∈ A, B ⊆ A and µA <∞. Moreover, if A ∈ A and µA = 0, then every subset of A belongs
to A, since A must be νz-negligible for λ-almost every z. We also know from (b) that every open set belongs
to A.

Applying the Monotone Class Theorem (136B) to {A : A ∈ A, A ⊆ G}, we see that if E ⊆ X is a Borel
set included in an open set G of finite measure, then E ∈ A. So if E is a relatively compact Haar measurable
set, E ∈ A (using 443J(b-i), or otherwise).

(ii) If D ∈ domλ then π−1[D] ∈ domµ. PPP Let K ⊆ X be compact. Then π[K] ⊆ Z is compact,
so there are Borel sets F1, F2 ⊆ Z such that F1 ⊆ D ∩ π[K] ⊆ F2 and F2 \ F1 is λ-negligible. Now
νz(K ∩ π−1[F2 \ F1]) = 0 whenever z /∈ F2 \ F1, by the remark added to the proof of (a) above, so

µ(K ∩ π−1[F2 \ F1]) =
∫
νz(K ∩ π−1[F2 \ F1])λ(dz) = 0.

Since

K ∩ π−1[F1] ⊆ K ∩ π−1[D] ⊆ K ∩ π−1[F2],

K ∩ π−1[D] ∈ domµ. As K is arbitrary, π−1[D] is measured by µ, so is Haar measurable. QQQ
If λD = 0 then the same arguments show that µ(K ∩ π−1[D]) = 0 for every compact K ⊆ X, so that

µπ−1[D] = 0 and π−1[D] is Haar negligible.

(iii) Now suppose that D ⊆ Z is such that π−1[D] ∈ domµ. Let L ⊆ Z be compact. Then there is
a relatively compact open set G ⊆ X such that π[G] ⊇ L (because {π[G] : G ⊆ X is open and relatively
compact} is an upwards-directed family of open sets covering Z). In this case,∫

νz(G ∩ π−1[D ∩ L])λ(dz) = µ(G ∩ π−1[D] ∩ π−1[L])

is well-defined, by (i). But if z = πx then

νz(G ∩ π−1[D ∩ L]) = 0 if z /∈ D ∩ L,
= νzG = ν(Y ∩ x−1G) > 0 if z ∈ D ∩ L,
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because if z ∈ L then πx ∈ π[G] and Y ∩ x−1G 6= ∅. So

D ∩ L = {z : νz(G ∩ π−1[D ∩ L]) > 0}
is measured by λ. As L is arbitrary, and λ is a Radon measure, D ∈ domλ.

(iv) If π−1[D] is Haar negligible, then, in (iii) above, we shall have
∫
νz(G ∩ π−1[D ∩ L])λ(dz) = 0, so

that λ(D ∩ L) = 0; as L is arbitrary, λD = 0, by 412Ib or 412Jc.

(d) If νY = 1, then, for any open set H ⊆ Z, νzπ
−1[H] = 1 if z ∈ H, 0 otherwise. So

µπ−1[H] =
∫
νz(π

−1[H])λ(dz) = λH.

Thus λ and the image measure µπ−1 agree on the open sets and, being Radon measures (418I again), must
be equal (416E(b-iii)).

(e) If X is actually σ-compact, then (c)(i) of this proof tells us that µE =
∫
νzE λ(dz) for every Haar

measurable set E ⊆ X, since E is the union of an increasing sequence of relatively compact measurable sets.
Consequently

∫
f dµ =

∫∫
f dνzλ(dz) for every µ-simple function f . Now suppose that f is a non-negative

µ-integrable function. Then there is a non-decreasing sequence 〈fn〉n∈N of non-negative µ-simple functions
converging to f everywhere in dom f . If we set A = {z : ν∗z (X \ dom f) > 0}, then∫

νz(X \ dom f)λ(dz) = µ(X \ dom f) = 0,

so λA = 0. Since
∫
f dνz = limn→∞

∫
fndνz for every z ∈ Z \A,

∫
f dµ = lim

n→∞

∫
fn dµ

= lim
n→∞

∫∫
fndνzλ(dz) =

∫∫
f dνzλ(dz).

Applying this to the positive and negative parts of f , we see that the same formula is valid for any µ-
integrable function f .

(f)(i) If f ∈ L
1(µ) and a ∈ X, then∫

fadν =
∫
f(ay)ν(dy) =

∫
f dνπa

if any of these are defined. So if f , g ∈ L
1(µ), ‖fa − ga‖1 =

∫
|f − g|dνπa if either is defined.

(ii) Let Φ be the set of all almost continuous functions from µ-conegligible subsets of X to L1(ν),
where L1(ν) is given its norm topology. (In terms of the definition in 411M, a member φ of Φ is to be almost
continuous with respect to the subspace measure on domφ.) If φ ∈ Φ and ψ is a function from a conegligible
subset of X to L1(ν) which is equal almost everywhere to φ, then ψ ∈ Φ. If 〈φn〉n∈N is a sequence in Φ
converging µ-almost everywhere to ψ, then ψ ∈ Φ (418F).

(iii) For f ∈ L
1(µ), set φf (a) = f•

a whenever this is defined in L1(ν). Set M = {f : f ∈ L
1(µ), φf ∈ Φ}.

If 〈f (n)〉n∈N is a sequence in M , f ∈ L
1(µ) and ‖f (n) − f‖1 ≤ 4−n for every n, then f ∈ M . PPP Set

g =
∑∞
n=0 2n|f (n) − f |, defined on

{x : x ∈ dom f ∩⋂
n∈N

dom f (n),
∑∞
n=0 2n|f (n)(x) − f(x)| <∞};

then g ∈ L
1(µ). Now

D = {z : z ∈ Z, g is νz-integrable}
is λ-conegligible, by (e), and E = {a : a ∈ X, πa ∈ D} is µ-conegligible, by (c).

If a ∈ E, then

|f (n)a − fa| ≤ 2−ng νπa-a.e.

for every n ≥ 1. So
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‖φf (a) − φf(n)(a)‖1 =

∫

Y

|fa − f (n)a |dν =

∫

X

|f − f (n)|dνπa

≤ 2−n
∫
g dνπa → 0

as n→ ∞. Thus φf = limn→∞ φf(n) almost everywhere, and φ ∈ Φ, by (ii). QQQ

(iv) Ck(X) ⊆ M . PPP If f ∈ Ck(X) and a0 ∈ X, then there is an h ∈ Ck(X)+ such that for every
ǫ > 0 there is an open set Gǫ containing a0 such that |f(a0y) − f(ay)| ≤ ǫh(y) whenever a ∈ Gǫ and y ∈ X
(4A5Pb again). In this case,

‖φf (a0) − φf (a)‖1 =
∫
|f(a0y) − f(ay)|ν(dy) ≤ ǫ

∫
Y
h dν

whenever a ∈ Gǫ. As ǫ is arbitrary, φf is continuous at a0; as a0 is arbitrary, φf is continuous, and f ∈M .
QQQ

(v) Now take any f ∈ L
1(µ). Then for each n ∈ N we can find f (n) ∈ Ck(X) such that ‖f (n)−f‖1 ≤ 4−n

(416I), so f ∈M , by (iii). This completes the proof.

443R Theorem Let X be a locally compact Hausdorff topological group and Y a closed subgroup of X.
Let Z = X/Y be the set of left cosets of Y in X with the quotient topology, so that Z is a locally compact
Hausdorff space and we have a continuous action of X on Z defined by writing a•(xY ) = axY for a, x ∈ X.
Let ∆X be the left modular function of X and ∆Y the left modular function of Y . Then the following are
equiveridical:

(i) there is a non-zero X-invariant Radon measure λ on Z;
(ii) ∆Y is the restriction of ∆X to Y .

proof Fix a left Haar measure ν on Y , and let T : Ck(X) → Ck(Z) be the corresponding linear operator
as defined in 443Pa.

(a)(i)⇒(ii) Suppose that λ is a non-zero X-invariant Radon measure on Z. Construct a left Haar
measure µ on X as in 443Q. In the notation of part (b-i) of the proof of 443Q, we have∫

fdµ =
∫∫

fdνzλ(dz) =
∫
Tfdλ

for every f ∈ Ck(X).
Suppose that a ∈ Y . In this case, a surely belongs to the normalizer of Y , and, in the language of 443Pc,

we have ν(aFa−1) = ψ(a)νF for every F ∈ dom ν. But as

ν(aFa−1) = ν(Fa−1) = ∆Y (a−1)νF ,

we must have ψ(a) = ∆Y (a−1).
Fix some f > 0 in Ck(X). We have

T (a•rf)(πx) = ψ(a) · (Tf)(π(xa)) = ψ(a)

∫
f(xay)ν(dy) = ψ(a)

∫
f(xy)ν(dy)

(because a ∈ Y )

= ψ(a) · (Tf)(πx)

for every x, so that (using 442Kc) we have

∆X(a−1)

∫
f dµ =

∫
a•rfdµ =

∫
T (a•rf)dλ

= ψ(a)

∫
Tf dλ = ψ(a)

∫
f dµ = ∆Y (a−1)

∫
f dµ.

As
∫
f dµ > 0, we must have ∆X(a−1) = ∆Y (a−1); as a is arbitrary, ∆Y = ∆X↾Y , as required by (ii).

(b)(ii)⇒(i) Now suppose that ∆Y = ∆X↾Y . This time, start with a left Haar measure µ on X.
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(ααα) (The key.) If f ∈ Ck(X) is such that Tf ≥ 0 in Ck(Z), then
∫
f dµ ≥ 0. PPP There is an h ∈ Ck(Z)+

such that h(z) = 1 whenever z ∈ Z and (Tf)(z) 6= 0; by 443Pa, we can find a g ∈ Ck(X)+ such that Tg = h.
Now observe that x 7→ (Tf)(πx) is a non-negative continuous real-valued function on X, so

0 ≤
∫

X

g(x)(Tf)(πx)µ(dx)

=

∫

X

g(x)

∫

Y

f(xy)ν(dy)µ(dx) =

∫

Y

∫

X

g(x)f(xy)µ(dx)ν(dy)

(by 417Ga or 417Gb, because (x, y) 7→ g(x)f(xy) : X × Y → R is a continuous function with compact

support)

=

∫

Y

∆X(y−1)

∫

X

g(xy−1)f(x)µ(dx)ν(dy)

(applying 442Kc to the function x 7→ g(xy−1)f(x))

=

∫

X

f(x)

∫

Y

∆X(y−1)g(xy−1)ν(dy)µ(dx)

(because (x, y) 7→ ∆X(y−1)g(xy−1)f(x) is continuous and has compact support)

=

∫

X

f(x)

∫

Y

∆Y (y−1)g(xy−1)ν(dy)µ(dx)

(because ∆X↾Y = ∆Y , by hypothesis)

=

∫

X

f(x)

∫

Y

g(xy)ν(dy)µ(dx)

(applying 442K(b-ii) to the function y 7→ g(xy))

=

∫

X

f(x)(Tg)(πx)µ(dx) =

∫

X

f(x)µ(dx)

because (Tg)(πx) = 1 whenever f(x) 6= 0. QQQ

(βββ) Applying this to f and −f , we see that
∫
f dµ = 0 whenever Tf = 0, so that

∫
f dµ =

∫
g dµ

whenever f , g ∈ Ck(X) and Tf = Tg. Accordingly (because T is surjective) we have a functional θ :
Ck(Z) → R defined by saying that θ(Tf) =

∫
f dµ whenever f ∈ Ck(X), and θ is positive and linear. By

the Riesz Representation Theorem again, there is a Radon measure λ on Z such that θ(h) =
∫
h dλ for every

h ∈ Ck(Z).
If a ∈ X and h ∈ Ck(Z) take f ∈ Ck(X) such that Tf = h. Then, for any x ∈ X,

(Tf)(a•πx) = (Tf)(π(ax)) =
∫
f(axy)ν(dy) =

∫
(a−1

•lf)(xy)ν(dy) = T (a−1
•lf)(πx).

So

∫
h(a•z)λ(dz) =

∫
(Tf)(a•z)λ(dz) =

∫
T (a−1

•lf)(z)λ(dz)

=

∫
a−1

•lfdµ =

∫
f dµ =

∫
h(z)λ(dz).

By 441L again, λ is X-invariant. Also λ is non-zero because there is surely some f such that
∫
f dµ 6= 0.

So we have the required non-zero X-invariant Radon measure on Z.

443S Applications This theorem applies in a variety of cases. Let X be a locally compact Hausdorff
topological group and Y a closed subgroup of X.

(a) If Y is a normal subgroup of X, then ∆Y = ∆X↾Y . PPP X/Y has a group structure under which
it is a locally compact Hausdorff group (4A5J(b-ii)). It therefore has a left Haar measure, which is surely
X-invariant in the sense of 443R. QQQ

Note that in this context any of the invariant measures λ of 443Q must be left Haar measures on the
quotient group.
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(b) If Y is compact, then ∆Y = ∆X↾Y . PPP Both ∆Y and ∆X↾Y are continuous homomorphisms from Y
to ]0,∞[; since the only compact subgroup of ]0,∞[ is {1}, they are both constant with value 1. QQQ So 443R
tells us that we have an X-invariant Radon measure λ on X/Y . Since Y has a Haar probability measure,
λ will be the image of a left Haar measure under the canonical map (443Qd).

(c) If, in (b), Y is a normal subgroup, then we find that, for W ∈ domλ and x ∈ X,

λ(W · πx) = µ(π−1[W ] · x) = ∆X(x)λW ,

so that ∆X/Y π = ∆X , writing π : X → X/Y for the canonical map. This is a special case of 443T below,
because (in the terminology there) ψ(a) = νY/νY = 1 for every a ∈ X.

(d) If Y is open, ∆Y = ∆X↾Y . PPP If µ is a left Haar measure on X, then the subspace measure µY
is a left Haar measure on Y (443F). There is an open set G ⊆ Y such that 0 < µG < ∞, and now
µ(Gy) = ∆X(y)µG = ∆Y (y)µG for every y ∈ Y . QQQ This time, X/Y is discrete, so counting measure is an
X-invariant Radon measure on X/Y .

443T Theorem Let X be a locally compact Hausdorff topological group and Y a closed normal subgroup
of X; let Z = X/Y be the quotient group, and π : X → Z the canonical map. Write ∆X , ∆Z for the left
modular functions of X, Z respectively. Define ψ : X → ]0,∞[ by the formula

ν(aFa−1) = ψ(a)νF whenever F ∈ dom ν and a ∈ X,

where ν is a left Haar measure on Y (cf. 443Pc). Then

∆Z(πa) = ψ(a)∆X(a)

for every a ∈ X.

proof Let T : Ck(X) → Ck(Z) be the map defined in 443P, and λ a left Haar measure on Z; then, as in
443Qb, we have a left Haar measure µ on X defined by the formula

∫
f dµ =

∫
Tf dλ for every f ∈ Ck(X).

Fix on some f > 0 in Ck(X) and a ∈ X, and set w = πa. By 443Pc, we have

T (a•rf)(z) = ψ(a)(Tf)(π(xa)) = ψ(a)(Tf)(zw)

whenever πx = z. So

∆X(a−1)

∫
f dµ =

∫
a•rfdµ

(442Kc once more)

=

∫
T (a•rf)dλ = ψ(a)

∫
(Tf)(zw)λ(dz)

= ψ(a)∆Z(w−1)

∫
Tf(z)λ(dz) = ψ(a)∆Z(w−1)

∫
f dµ.

Thus ∆X(a−1) = ψ(a)∆Z(w−1); because both ∆X and ∆Z are multiplicative,

∆Z(πa) = ∆Z(w) = ψ(a)∆X(a).

443U Transitive actions All the results from 443P onwards have been expressed in terms of groups
acting on quotient groups. But the same structures can appear if we start from a group action. To simplify
the hypotheses, I give the following result for compact groups only.

Theorem Let X be a compact Hausdorff topological group, Z a non-empty compact Hausdorff space, and
• a transitive continuous action of X on Z. Write πz(x) = x•z for z ∈ Z and x ∈ X.

(a) For every z ∈ Z, Yz = {x : x ∈ X, x•z = z} is a compact subgroup of X. If we give the set X/Yz
of left cosets of Yz in X its quotient topology, we have a homeomorphism φz : X/Yz → Z defined by the
formula φz(xYz) = x•z for every x ∈ X.
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(b) Let µ be a Haar probability measure on X. Then the image measure µπ−1
z is an X-invariant Radon

probability measure on Z, and µπ−1
w = µπ−1

z for all w, z ∈ Z.
(c) Every non-zero X-invariant Radon measure on Z is of the form µπ−1

z for a Haar measure µ on X and
some (therefore any) z ∈ Z.

(d) There is a strictly positive X-invariant Radon probability measure on Z, and any two non-zero
X-invariant Radon measures on Z are scalar multiples of each other.

(e) Take any z ∈ Z, and let ν be the Haar probability measure of Yz. If µ is a Haar measure on X, then

µE =
∫
ν(Yz ∩ x−1E)µ(dx)

whenever E ⊆ X is Haar measurable.

proof (a) Because • is an action of X on Z, Yz is always a subgroup; because • is continuous, Yz is closed,
therefore compact. Given z ∈ Z, then for x, y ∈ X we have

x•z = y•z ⇐⇒ x−1y ∈ Yz ⇐⇒ xYz = yYz.

So the formula given for φz defines an injection from Z/Yz to Z, which is surjective because • is transitive.
To see that φz is continuous, take any open set H ⊆ Z. Then

{x : xYz ∈ φ−1
z [H]} = {x : x•z ∈ H} = π−1

z [H]

is open in X (because • is continuous), so φ−1
z [H] is open in X/Yz. Because X/Yz is compact and φz is a

bijection, φz is a homeomorphism (3A3Dd).

(b) Because X is compact, therefore unimodular (442Ic), we can speak of ‘Haar measures’ on X without
specifying ‘left’ or ‘right’. If µ is the Haar probability measure on X, then the image measure µπ−1

z is a
Radon probability measure on Z (418I once more). To see that the measures µπ−1

z are X-invariant, take
any Borel set H ⊆ Z and y ∈ X, and consider

(µπ−1
z )(y−1

•H) = µ{x : x•z ∈ y−1
•H} = µ{x : yx•z ∈ H} = µ{x : yx ∈ π−1

z [H]}
= µ(y−1π−1

z [H]) = µ(π−1
z [H]) = (µπ−1

z )(H).

By 441B, this is enough to ensure that µπ−1
z is invariant.

If w, z ∈ Z and H ⊆ Z is a Borel set, then there is a y ∈ X such that y•w = z, and now

π−1
w [H] = {x : x•w ∈ H} = {x : (xy−1)•z ∈ H} = {x : xy−1 ∈ π−1

z [H]} = (π−1
z [H])y.

But µ is a two-sided Haar measure, so

(µπ−1
w )(H) = µ(π−1

w [H]) = µ((π−1
z [H])y) = µ(π−1

z [H]) = (µπ−1
z )(H).

Thus µπ−1
w and µπ−1

z agree on the Borel sets and must be equal (416Eb).

(c) Now we come to the interesting bit. Suppose that λ is a non-zero X-invariant Radon measure on
Z. Take any z ∈ Z and consider the Radon measure λ′ on X/Yz got by setting λ′H = λφz[H] whenever
H ⊆ X/Yz and φz[H] is measured by λ. In this case, if x ∈ X and H ⊆ X/Yz is measured by λ′,

λ′(x•H) = λ{φz(x•w) : w ∈ H} = λ{φz(x•yYz) : y ∈ X, yYz ∈ H}
= λ{φz(xyYz) : y ∈ X, yYz ∈ H} = λ{xy•z : y ∈ X, yYz ∈ H}
= λ{x•(y•z) : y ∈ X, yYz ∈ H} = λ(x•φz[H]) = λφz[H]

(because λ is X-invariant)

= λ′H.

So λ′ is X-invariant.
Now let ν be the Haar probability measure on the compact Hausdorff group Yz. By 443Qb, we have

a (left) Haar measure µ on X defined by the formula µG =
∫
νwGλ

′(dw) for every open G ⊆ X, where
νxYz

G = ν(Yz ∩ x−1G) for every y ∈ X and every open G ⊆ X. Let H ⊆ Z be an open set. Then for any
x ∈ X,
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νxYz
(π−1
z [H]) = ν{y : y ∈ Yz, xy ∈ π−1

z [H]} = ν{y : y ∈ Yz, xy•z ∈ H}
= ν{y : y ∈ Yz, x•(y•z) ∈ H} = ν{y : y ∈ Yz, x•z ∈ H}
= νYz = 1 if x•z ∈ H,

= ν∅ = 0 otherwise.

So

µ(π−1
z [H]) = λ′{xYz : x ∈ X, x•z ∈ H} = λ′φ−1

z [H] = λH.

As H is arbitrary, the image measure µπ−1
z agrees with λ on the open subsets of Z; as they are both Radon

measures, µπ−1
z = λ, as required.

(d) This is now easy. X carries a non-zero Haar measure, so by (b) there is an X-invariant Radon
probability measure on Z. If λ1 and λ2 are non-zero X-invariant Radon measures on Z, then they are
of the form µ1π

−1
w and µ2π

−1
z where µ1 and µ2 are Haar measures on X and w, z ∈ Z. By (b) again,

µ1π
−1
w = µ1π

−1
z , and since µ1 and µ2 are multiples of each other (442B), so are λ1 and λ2.

To see that the invariant probability measure λ on X is strictly positive, take any non-empty open set
H ⊆ Z. Then Z is covered by the open sets x•H, as x runs over X. Because Z is compact, it is covered by
finitely many of these, so at least one of them has non-zero measure. But they all have the same measure
as H, so λH > 0.

(e) Write θ : X → X/Yz for the canonical map. For w ∈ X/Yz we have a Radon measure νw on X
defined by setting νwE = ν(Yz ∩ x−1E) whenever θx = w and the right-hand side is defined (443Qa).
By (a)-(b) above, or otherwise, there is a non-zero X-invariant Radon measure λ on X/Yz; re-scaling if
necessary, we may suppose that λ(X/Yz) = µX. By 443Qe, we have a Haar measure µ′ on X defined by
setting µ′E =

∫
νwE λ(dw) for every Haar measurable E; since

µ′X =
∫
νwX λ(dw) =

∫
νYz λ(dw) = λ(X/Yz) = µX,

µ′ = µ. Moreover, λ = µ′θ−1 (443Qd). So

µE = µ′E =

∫
νwE λ(dw)

=

∫
νθxE µ

′(dx) =

∫
ν(Yz ∩ x−1E)µ(dx)

for every Haar measurable E ⊆ X.

443X Basic exercises >>>(a) Let X be a topological group, µ a left Haar measure on X and λ the
corresponding quasi-Radon product measure on X × X. (i) Show that the maps (x, y) 7→ (y, x), (x, y) 7→
(x, xy), (x, y) 7→ (y−1x, y) are automorphisms of the measure space (X × X,λ). (Hint : use 417C(b-v-
β) to show that they preserve the measures of open sets.) (ii) Show that the maps (x, y) 7→ (y−1, xy),
(x, y) 7→ (yx, x−1), (x, y) 7→ (y3x, x−1y−2) are automorphisms of (X × X,λ). (Hint : express them as
compositions of maps of the forms in (ii).)

(b) Let X be a topological group carrying Haar measures and A ⊆ X. (i) Show that A is self-supporting
(definition: 411Na) for one Haar measure on X iff it is self-supporting for every Haar measure on X. (ii)
Show that A has non-zero inner measure for one Haar measure on X iff it has non-zero inner measure for
every Haar measure on X.

(c) Let X be a topological group, µ a Haar measure on X, and E, F measurable subsets of X. Show
that (x, y, w, z) 7→ µ(xEy ∩ wFz) : X4 → [0,∞] is lower semi-continuous.

(d) Let X be a topological group carrying Haar measures and A its Haar measure algebra. (i) Show that
we have a continuous action of X ×X on A defined by the formula (x, y)•E• = (xEy−1)• for x, y ∈ X and
Haar measurable sets E ⊆ X. (ii) Show that if x ∈ X and a ∈ A then x•ra = (x•l

↔

a)↔, where
↔

a is as defined
in 443Af.
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(e) Let (A, µ̄) be a measure algebra. Show that it is isomorphic to the measure algebra of a topological
group with a Haar measure iff it is localizable and quasi-homogeneous in the sense of 374G-374H.

(f) Let X be a topological group with a left Haar measure µ. (i) Show that if Y is a subgroup of X such
that µ∗Y > 0, then Y is open. In particular, any non-negligible closed subgroup of X is open. (ii) Let Y be
any subgroup of X which is not Haar negligible. Show that the subspace measure µY is a left Haar measure
on Y . Show that Y is a Haar measurable envelope of Y . (Hint : apply 443Db inside the topological group
Y .)

(g) Write out a version of 443G for right Haar measures.

(h) Let X be a topological group carrying Haar measures, and L0 the space of equivalence classes of
Haar measurable functions, as in 443A; let u 7→ ↔

u : L0 → L0 be the operator of 443Af. Show that if µ is a
left Haar measure on X and ν is a right Haar measure, p ∈ [1,∞] and u ∈ L0, then

↔

u ∈ Lp(ν) iff u ∈ Lp(µ).

(i) Let X be a topological group carrying Haar measures, and A its Haar measure algebra. Show that,
in the language of 443C and 443G, χ(x•la) = x•lχa and χ(x•ra) = x•rχa for every x ∈ X and a ∈ A.

(j) Let X be a topological group carrying Haar measures. Show that X is totally bounded for its bilateral
uniformity iff X is totally bounded for its right uniformity (definition: 4A5Ha) iff its Haar measures are
totally finite.

(k) Let X be a topological group, µ a left Haar measure on X, and A ⊆ X a set which is self-supporting
for µ. Show that the following are equiveridical: (i) for every neighbourhood U of the identity e, there is a
countable set I ⊆ X such that A ⊆ UI; (ii) for every neighbourhood U of e, there is a countable set I ⊆ X
such that A ⊆ IU ; (iii) for every neighbourhood U of e, there is a countable set I ⊆ X such that A ⊆ IUI;
(iv) A can be covered by countably many sets of finite measure for µ; (v) A can be covered by countably
many open sets of finite measure for µ; (vi) A can be covered by countably many sets which are totally
bounded for the bilateral uniformity on X.

>>>(l) Let X be a topological group carrying Haar measures. (i) Show that the following are equiveridical:
(α) X is ccc; (β) X has a σ-finite Haar measure; (γ) every Haar measure on X is σ-finite. (ii) Show that if
X is locally compact and Hausdorff, we can add (δ) X is σ-compact.

(m) Let X be a topological group carrying Haar measures. Show that every subset of X has a Haar
measurable envelope which is a Borel set.

(n) In 443L, show that (i) φ[A] is Haar negligible in Z whenever A is Haar negligible in X (ii) ∆X = ∆Zφ,
where ∆X , ∆Z are the left modular functions of X, Z respectively (iii) φ[X] is dense in Z (iv) Z is unimodular
iff X is unimodular.

>>>(o) Let X and Y be topological groups with left Haar measures µ and ν. Show that the c.l.d. and
quasi-Radon product measures of µ and ν on X × Y coincide. (Hint : start with locally compact Hausdorff
spaces, and show that a compact Gδ set in X × Y belongs to B(X)⊗̂B(Y ), where B(X) and B(Y ) are the
Borel σ-algebras of X and Y ; now use 441Xj and 443L.)

(p) Let 〈Xi〉i∈I be a family of topological groups and X =
∏
i∈I Xi their product. Suppose that each

Xi has a Haar probability measure µi. Show that the ordinary and quasi-Radon product measures on X
coincide.

(q) Let X be a locally compact Hausdorff group and Y a closed subgroup of X; write X/Y for the space
of left cosets of Y in X, with its quotient topology. Show that if λ1 and λ2 are non-zero X-invariant Radon
measures on X/Y , then each is a multiple of the other. (Hint : look at the Haar measures they define on
X.)

>>>(r) Write S1 for the circle group {s : s ∈ C, |s| = 1}, and set X = S1 × S1, where the first copy of S1

is given its usual topology and the second copy is given its discrete topology, so that X is an abelian locally
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compact Hausdorff group. Set E = {(s, s) : s ∈ S1}. (i) Show that E is a closed Haar negligible subset of
X. (ii) Set Y = {(1, s) : s ∈ S1}; check that Y is a closed normal subgroup of X, and that the quotient
group X/Y can be identified with S1 with its usual topology; let λ be the Haar probability measure of X/Y .
Let ν be counting measure on Y . Show that, in the language of 443Q, νzE = 1 for every z ∈ X/Y , so
that µE 6=

∫
νzE λ(dz). (iii) Setting f = χE, show that the map a 7→ f•

a described in 443Qf is not almost
continuous.

(s)(i) In 443P, suppose that G ⊆ X is an open set such that GY = X. Show that for every h ∈
Ck(Z)+ there is an f ∈ Ck(X)+ such that Tf = h and {x : f(x) > 0} ⊆ G. (ii) In 443Pc, show that ψ
is multiplicative. (iii) In 443R, suppose that there is an open set G ⊆ X such that GY has finite measure
for the left Haar measures of X. Show that Z has an X-invariant Radon probability measure. (Hint : Y is
totally bounded for its right uniformity.)

(t) Let X be a locally compact Hausdorff group. Show that it has a closed normal subgroup Y such that
Y and X/Y are both unimodular. (Hint : take Y = {x : ∆(x) = 1}.)

>>>(u) Let X = R2 be the example of 442Xf. (i) Let Y1 be the subgroup {(ξ, 0) : ξ ∈ R}. Describe the left
cosets of Y1 in X. Show that there is no non-trivial X-invariant Radon measure on the set X/Y1 of these
left cosets. Find a base U for the topology of X/Y1 such that you can identify the sets x•U , where x ∈ X
and U ∈ U , with sufficient precision to explain why the hypothesis (iii) of 441C is not satisfied. (ii) Let Y2
be the normal subgroup {(0, ξ) : ξ ∈ R}. Find the associated function ψ : X → ]0,∞[ as described in 443Pc
and 443T.

(v) Let X be a locally compact Hausdorff group and Y a compact normal subgroup of X. Show that X
is unimodular iff the quotient group X/Y is unimodular. (Hint : the function ψ of 443T must be constant.)

(w) Take any integer r ≥ 1, and let G be the isometry group of Rr with its topology of pointwise
convergence (441G). (i) Show that G is metrizable and locally compact. (Hint : 441Xq.) (ii) Let H ⊆ G be
the set of translations. Show that H is an abelian closed normal subgroup of G, and that Lebesgue measure
on Rr can be regarded as a Haar measure on H. (iii) Show that the quotient group G/H is compact. (iv)
Show that G is unimodular. (Hint : the function ψ of 443T is constant.)

>>>(x) Set X = R3 with the operation

(ξ1, ξ2, ξ3) ∗ (η1, η2, η3) = (ξ1 + η1, ξ2 + eξ1η2, ξ3 + e−ξ1η3).

(i) Show that (with the usual topology of R3) X is a topological group. (ii) Show that it is unimodular.
(Hint : Lebesgue measure is a two-sided Haar measure.) (iii) Show that X has both a closed subgroup and
a Hausdorff quotient group which are not unimodular.

>>>(y) Let (X, ρ) be a non-empty compact metric space such that the group G of isometries of X is
transitive. Show that any two non-zero G-invariant Radon measures on X must be multiples of each other.
(Hint : 441Gb, 443U.)

>>>(z) Show that 443G is equally valid if we take functions to be complex-valued rather than real-valued,
and work with Lp

C
rather than Lp.

443Y Further exercises (a) Let X be a topological group carrying Haar measures and A its Haar
measure algebra. Show that two principal ideals of A are isomorphic (as Boolean algebras) iff they have the
same cellularity.

(b) Let X be a topological group carrying Haar measures, and E ⊆ X a Haar measurable set such that
E ∩ U is not Haar negligible for any neighbourhood U of the identity. Show that for any A ⊆ X the set
A′ = {x : x ∈ A, A ∩ xE is Haar negligible} is Haar negligible.

(c) Let X be a locally compact Hausdorff group. Show that we have continuous shift actions •l, •r and
•c of X on the Banach space C0(X) defined by formulae corresponding to those of 443G.
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(d) Let X be a compact Hausdorff topological group and A its Haar measure algebra. Let Y be a
subgroup of X; for y ∈ Y , define ŷ ∈ AutA by setting ŷ(a) = y•la for a ∈ A. Show that {ŷ : y ∈ Y } is
ergodic (definition: 395Ge) iff Y is dense in X.

(e) Let A be a Boolean algebra, G a group, and • an action of G on A such that a 7→ g•a is a Boolean
automorphism for every g ∈ G. (i) Show that we have a corresponding action of G on L∞ = L∞(A) defined
by saying that, for every g ∈ G, g•χa = χ(g•a) for a ∈ A and u 7→ g•u is a positive linear operator on L∞.
(ii) Show that if A is Dedekind σ-complete, this action on L∞ extends to an action on L0 = L0(A) defined
by saying that [[g•u > α]] = g•[[u > α]] for g ∈ G, u ∈ L0 and α ∈ R.

(f) Let (A, µ̄) be a measure algebra, G a topological group, and • a continuous action of G on A (when
A is given its measure-algebra topology) such that a 7→ g•a is a measure-preserving Boolean automorphism
for every g ∈ G. (i) Show that the corresponding action of G on L0 = L0(A), as defined in 443Ye, is
continuous when L0 is given the topology of convergence in measure, and induces continuous actions of G
on Lp = Lp(A, µ̄) for 1 ≤ p < ∞. (ii) Show that if we give the unit ball B of L∞ = L∞(A) the topology
induced by Ts(L

∞, L1), then the action of G on L0 induces a continuous action of G on B.

(g) Let X be a topological group with a left Haar measure µ, and A ⊆ X. Show that the following are
equiveridical: (i) A is totally bounded for the bilateral uniformity of X (ii) there are non-empty open sets
G, H ⊆ X such that µ(AG), µ(A−1H) are both finite.

(h) Give an example of a locally compact Hausdorff group, with left Haar measure µ, such that no open
normal subgroup can be covered by a sequence of sets of finite measure for µ.

(i) Let X be a topological group. Let Σ be the family of subsets of X expressible in the form φ−1[F ] for
some Borel subset F of a separable metrizable topological group Y and some continuous homomorphism
φ : X → Y . Show that Σ is a σ-algebra of subsets of X and that multiplication, regarded as a function
from X ×X to X, is (Σ⊗̂Σ,Σ)-measurable. Show that any compact Gδ set belongs to Σ. Show that if X
is σ-compact, then Σ is the Baire σ-algebra of X.

(j) Let X be any Hausdorff topological group with cardinal greater than c. Let B be the Borel σ-algebra
of X. Show that (x, y) 7→ xy is not (PX⊗̂PX,B)-measurable.

(k) Let X be a topological group and µ a left Haar measure on X. Show that µ is inner regular
with respect to the family of closed sets F ⊆ X such that F =

⋂
n∈N

FUn for some sequence 〈Un〉n∈N of
neighbourhoods of the identity.

(l) Let X be a topological group carrying Haar measures. Let E ⊆ X be a Haar measurable set such
that E ∩ U is not Haar negligible for any neighbourhood U of the identity. Show that there is a sequence
〈xn〉n∈N in E such that xi0xi1 . . . xin ∈ E whenever n ∈ N and i0 < i1 < . . . < in in N. (See Plewik &

Voigt 91.)

(m) Let X be a topological group and µ a Haar measure on X. Show that any closed self-supporting
subset of X is a zero set.

(n) Find a compact Hausdorff space X with a strictly positive Radon measure such that there is a regular
open set G ⊆ X which is not a cozero set.

(o) Let X be a locally compact Hausdorff topological group which is not discrete (as topological space).
(i) Show that there is a Haar negligible zero set containing the identity of X. (ii) Show that if X is σ-
compact, it has a Haar negligible compact normal subgroup Y which is a zero set in X, so that X/Y is
metrizable. (iii) Show that there is a Haar negligible set A ⊆ X such that AA is not Haar measurable.

(p) Find a non-discrete locally compact Hausdorff topological group X such that if Y is a normal subgroup
of X which is a zero set in X then Y is open.
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(q) Show that there is a subgroup X of the additive group R2 such that X has full outer Lebesgue
measure but {ξ : (ξ, 0) ∈ X} = Q. Show that X carries Haar measures, but that its closed subgroup
X ∩ (R× {0}) does not.

(r) Show that if X is a locally compact Hausdorff group, Y a compact subgroup of X, Z = X/Y the
set of left cosets of Y and π : X → Z the canonical map, and Z is given its quotient topology, then
R = {(πx, x) : x ∈ X} is an usco-compact relation in Z × X and R[L] = π−1[L] is compact for every
compact L ⊆ Z.

(s) Let G be the isometry group of Rr, as in 443Xw. (i) Show that if we set ρ(g, h) = sup‖x‖≤1 ‖g(x) −
h(x)‖, then ρ is a metric on G defining its topology. (ii) Describe Haar measures on G (α) in terms of
Hausdorff measure of an appropriate dimension for the metric ρ (β) in terms of a parametrization of G and
Lebesgue measure on a suitable Euclidean space.

(t) Let r ≥ 1 be an integer, and G the group of invertible affine transformations of Rr, with the topology
of pointwise convergence inherited from (Rr)R

r

. (i) Show that G is a locally compact Hausdorff topological
group. (ii) Show that G is not unimodular, and find its modular functions.

(u) Let X be a topological group with a left Haar measure µ and left modular function ∆; suppose that
X is not unimodular. Show that µ{x : α < ∆(x) < β} = ∞ whenever α < β and {x : α < ∆(x) < β} is
non-empty.

443 Notes and comments Most of us, by the time we come to study measures on general topological
groups, have come to trust our intuition concerning the behaviour of Lebesgue measure on R, and the
principal discipline imposed by the subject is the search for the true path between hopelessness and over-
confidence when extending this intuition to the general setting. The biggest step is the loss of commutativity,
especially as the non-abelian groups of elementary courses in group theory are mostly finite, and are therefore
untrustworthy guides to the concerns of this chapter. Accordingly we find ourselves going rather slowly and
carefully through the calculations in such results as 443C. Note, for instance, that in an abelian group the
actions I call •l and •r are still different; x•lE corresponds to x+E = E+x, but x•rE corresponds to E−x.
(The action •c becomes trivial, of course.) When we come to translate the formulae of Fourier analysis in
the next section, manoeuvres of this kind will often be necessary. In the present section, I have done my
best to give results in ‘symmetric’ forms; you may therefore take it that when the words ‘left’ or ‘right’
appear in the statement of a proposition, there is some real need to break the symmetry. Subject to these
remarks, such results as 443C and 443G are just a matter of careful conventional analysis. I see that I have
used slightly different techniques in the two cases. Of course 443C can be thought of as a special case of
443Gc-443Gd, if we remember that χ : A → L0(A) embeds A topologically as a subspace of L0 (367R).

443B, 443D and 443E belong to a different family; they deal with actual sets rather than with members
of a measure algebra or a function space. I suppose it is 443D which will most often be quoted. Its corollary
443E deals with the obvious question of when Haar measures are tight.

Readers who have previously encountered the theory of Haar measures on locally compact groups will
have been struck by how closely the more general theory here is able to follow it. The explanation lies in
443K-443L; my general Haar measures are really just subspace measures on subgroups of full Haar measure
in locally compact groups. Knowing this, it is easy to derive all the results above from the locally compact
theory. I use this method only in 443M-443O, because (following Halmos 50) I feel that from the point of
view of pure measure theory the methods show themselves more clearly if we do not use ideas depending on
compactness, but instead rely directly on τ -additivity. But I note that 443Xo and 443Yi also go faster with
the aid of 443L.

Halmos 50 goes a little farther, with a theory of groups carrying translation-invariant measures for which
the operation (x, y) 7→ xy is (Σ⊗̂Σ,Σ)-measurable, where Σ is the domain of the measure. The essence of the
theory here, and my reason for insisting on τ -additive measures, is that for these we have a suitable theory
of product measures. If we start with quasi-Radon measures and use the quasi-Radon product measure,
then multiplication is measurable just because it is continuous. In order to achieve similar results without
either assuming metrizability or using the theory of τ -additive product measures, we have to restrict the
measure to something smaller than the Borel σ-algebra, as in 443Yg. (See 443Yj.) 443J and 443Xo show
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that certain disconcerting features of general Radon measures (419C, 419E) cannot arise in the case of Haar
measures.

When I come to look at subgroups and quotient groups, I do specialize to the locally compact case.
One obstacle to generalization is the fact that a closed subgroup of a group carrying Haar measures need
not itself carry Haar measures (443Yq). 443P and 443R are taken from Federer 69, who goes farther,
with many other applications. I give a fairly detailed analysis of the relationship between a Haar measure
on a group X and a corresponding X-invariant measure on a family of left cosets (443Q) for the sake of
applications in §447. One of the challenges here is to distinguish clearly those results which apply to all
locally compact groups from those which rely on σ-compactness or some such limitation. There is a standard
example (443Xr) which provides a useful test in such questions. You may recognise this as a version of a
fundamental example related to Fubini’s theorem, given in 252K.

Most of the results of this section begin with a topological group X. But starting from §441 it is equally
natural to start with a group action. If we have a topological group X acting continuously on a topological
space Z, and X carries Haar measures, then we have a good chance of finding an invariant measure on Z.
In the simplest case, in which X and Z are both compact and the action is transitive, there is a unique
invariant Radon probability measure on Z (443U).

Version of 23.7.07/4.6.13

444 Convolutions

In this section, I look again at the ideas of §§255 and 257, seeking the appropriate generalizations to
topological groups other than R. Following Hewitt & Ross 63, I begin with convolutions of measures
(444A-444E) before proceeding to convolutions of functions (444O-444V); in between, I mention the convo-
lution of a function and a measure (444G-444M) and a general result concerning continuous group actions
on quasi-Radon measure spaces (444F).

While I continue to give the results in terms of real-valued functions, the applications of the ideas here
in the next section will be to complex-valued functions; so you may wish to keep the complex case in mind
(444Xx).

444A Convolution of measures: Proposition If X is a topological group and λ and ν are two totally
finite quasi-Radon measures on X, we have a quasi-Radon measure λ ∗ ν on X defined by saying that

(λ ∗ ν)(E) = (λ× ν){(x, y) : xy ∈ E}

=

∫
ν(x−1E)λ(dx) =

∫
λ(Ey−1)ν(dy)

for every E ∈ dom(λ ∗ ν), where λ× ν is the quasi-Radon product measure on X ×X.

proof Set φ(x, y) = xy for x, y ∈ X. Then φ is continuous, while X, being a topological group, is regular
(4A5Ha); so so 418Hb tells us that there is a unique quasi-Radon measure λ ∗ ν on X such that φ is inverse-
measure-preserving for λ×ν and λ∗ν, that is, (λ∗ν)(E) = (λ×ν){(x, y) : xy ∈ E} whenever E is measured
by λ ∗ ν.

As for the other formulae, Fubini’s theorem (417Ga) tells us that

(λ ∗ ν)(E) = (λ× ν)φ−1[E]

=

∫
ν(φ−1[E])[{x}]λ(dx) =

∫
ν(x−1E)λ(dx)

=

∫
λ(φ−1[E])−1[{y}]ν(dy) =

∫
λ(Ey−1)ν(dy)

for any E ∈ dom(λ ∗ ν).

444B Proposition If X is a topological group, λ1 ∗ (λ2 ∗ λ3) = (λ1 ∗ λ2) ∗ λ3 for all totally finite
quasi-Radon measures λ1, λ2 and λ3 on X.

c© 1999 D. H. Fremlin
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proof If E ⊆ X is Borel, then

(λ1 ∗ (λ2 ∗ λ3))(E) =

∫
(λ2 ∗ λ3)(x−1E)λ1(dx)

=

∫
(λ2 × λ3){(y, z) : xyz ∈ E}λ1(dx)

= (λ1 × (λ2 × λ3)){(x, (y, z)) : xyz ∈ E}
= ((λ1 × λ2) × λ3){((x, y), z) : xyz ∈ E}

=

∫
(λ1 × λ2){(x, y) : xyz ∈ E}λ3(dz)

= ((λ1 ∗ λ2) ∗ λ3)(E).

(For the central identification between λ1×(λ2×λ3) and (λ1×λ2)×λ3, observe that as both are quasi-Radon
measures it is enough to check that they agree on sets of the type G1 × (G2 ×G3) ∼= (G1 ×G2) ×G3 where
G1, G2 and G3 are open, as in 417J.)

So λ1 ∗ (λ2 ∗ λ3) and (λ1 ∗ λ2) ∗ λ3 agree on the Borel sets and must be identical.

444C Theorem Let X be a topological group and λ, ν two totally finite quasi-Radon measures on X.
Then ∫

fd(λ ∗ ν) =
∫
f(xy)(λ× ν)d(x, y) =

∫∫
f(xy)λ(dx)ν(dy) =

∫∫
f(xy)ν(dy)λ(dx)

for any (λ ∗ ν)-integrable real-valued function f . In particular, (λ ∗ ν)(X) = λX · νX.

proof If f is of the form χE, so that∫
fd(λ ∗ ν) = (λ ∗ ν)(E),

∫
f(xy)(λ× ν)d(x, y) = (λ× ν){(x, y) : xy ∈ E},

∫∫
f(xy)λ(dx)ν(dy) =

∫
λ(Ey−1)ν(dy),

∫∫
f(xy)ν(dy)λ(dx) =

∫
ν(x−1E)λ(dx)

this is covered by the result in 444A. Now it is easy to run through the standard progression to the cases of
(i) simple functions (ii) non-negative Borel measurable functions defined everywhere (iii) functions defined,
and zero, almost everywhere (iv) non-negative integrable functions and (v) arbitrary integrable functions.

444D Proposition Let X be an abelian topological group. Then λ ∗ ν = ν ∗ λ for all totally finite
quasi-Radon measures λ, µ on X.

proof For any Borel set E ⊆ X,

(λ ∗ ν)(E) = (λ× ν){(x, y) : xy ∈ E} = (ν × λ){(y, x) : xy ∈ E}
= (ν × λ){(y, x) : yx ∈ E} = (ν ∗ λ)(E).

444E The Banach algebra of τ-additive measures (a) Let X be a topological group. Recall
from 437Ab that we have a band Cb(X)∼τ in the L-space Cb(X)∼ consisting of those order-bounded linear
functionals f : Cb(X) → R such that |f | is smooth (equivalently, f+ and f− are both smooth); that is,
such that |f |, f+ and f− can be represented by totally finite quasi-Radon measures on X. Because X is
completely regular (4A5Ha again), Cb(X)∼τ can be identified with the band Mτ of signed τ -additive Borel
measures on X, that is, the set of those countably additive functionals ν defined on the Borel σ-algebra of
X such that |ν| is τ -additive (437G).

(b) For any τ -additive totally finite Borel measures λ, ν on X we can define their convolution λ ∗ ν by
the formulae of 444A, that is,

(λ ∗ ν)(E) =
∫
ν(x−1E)λ(dx) =

∫
λ(Ey−1)ν(dy)

for any Borel set E ⊆ X, if we note that the completions λ̂, ν̂ of λ and ν are quasi-Radon measures (415Cb),

so that λ ∗ ν, as defined by these formulae, is just the restriction of λ̂ ∗ ν̂, as defined in 444A, to the Borel
σ-algebra. Now the formulae make it obvious that the map ∗ is bilinear in the sense that
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(λ1 + λ2) ∗ ν = λ1 ∗ ν + λ2 ∗ ν,

λ ∗ (ν1 + ν2) = λ ∗ ν1 + λ ∗ ν2,

(αλ) ∗ ν = λ ∗ (αν) = α(λ ∗ ν)

for all totally finite τ -additive Borel measures λ, λ1, λ2, ν, ν1, ν2 and all α ≥ 0. Consequently, regarding
elements of Mτ as functionals on the Borel σ-algebra, we have a bilinear operator ∗ : Mτ × Mτ → Mτ

defined by saying that

(λ1 − λ2) ∗ (ν1 − ν2) = λ1 ∗ ν1 − λ1 ∗ ν2 − λ2 ∗ ν1 + λ2 ∗ ν2
for all λ1, λ2, ν1, ν2 ∈M+

τ .

(c) We see from 444B that ∗ is associative on M+
τ , so it will be associative on the whole of Mτ . Observe

that ∗ is positive in the sense that λ ∗ ν ≥ 0 if λ, ν ≥ 0; so that

|λ ∗ ν| = |λ+ ∗ ν+ − λ+ ∗ ν− − λ− ∗ ν+ + λ− ∗ ν−|
≤ λ+ ∗ ν+ + λ+ ∗ ν− + λ− ∗ ν+ + λ− ∗ ν−

= |λ| ∗ |ν|

for any λ, ν ∈Mτ .

(d) If λ, ν ∈M+
τ then ‖λ‖ = λX and ‖ν‖ = νX (362Ba), so

‖λ ∗ ν‖ = (λ ∗ ν)(X) = (λ× ν)(X ×X) = λX · νX = ‖λ‖‖ν‖.

Generally, for any λ, ν ∈Mτ ,

‖λ ∗ ν‖ = ‖|λ ∗ ν|‖ ≤ ‖|λ| ∗ |ν|‖ = ‖|λ|‖‖|ν|‖ =‖λ‖‖ν‖.

Thus Mτ is a Banach algebra under the operation ∗, as well as being an L-space. If X is abelian then Mτ

will be a commutative algebra, by 444D.

444F In preparation for the next construction I give a general result extending ideas already touched
on in 443C and 443G.

Theorem Let X be a topological space, G a topological group and • a continuous action of G on X. For
A ⊆ X, a ∈ G write a•A = {a•x : x ∈ A}. Let ν be a measure on X.

(a) If f : X → [0,∞] is lower semi-continuous, then a 7→
∫
a•f dν : G → [0,∞] is lower semi-continuous.

(See 4A5Cc for the definition of a•f .) In particular, if V ⊆ X is open, then a 7→ ν(a•V ) : G → [0,∞] is
lower semi-continuous.

(b) If f : X → R is continuous, then a 7→ (a•f)• : G → L0 is continuous, if L0 = L0(ν) is given the
topology of convergence in measure.

(c) If ν is σ-finite and E ⊆ X is a Borel set, then a 7→ (a•E)• : G→ A is Borel measurable, if the measure
algebra A of ν is given its measure-algebra topology.

(d) If ν is σ-finite and f : X → R is Borel measurable, then a 7→ (a•f)• : G→ L0 is Borel measurable.
(e) If ν is σ-finite, then

(i) a 7→ ν(a•E) : G→ [0,∞] is Borel measurable for any Borel set E ⊆ X;
(ii) if f : X → R is Borel measurable, then Q = {a :

∫
a•f dν is defined in [−∞,∞]} is a Borel set, and

a 7→
∫
a•f dν : Q→ [−∞,∞] is Borel measurable.

proof (a)(i) Note first that if f : X → [0,∞] is Borel measurable, then, for each a ∈ G, a•f is the
composition of f with the continuous function x 7→ a−1

•x, so is Borel measurable, and if f is finite-valued
then (a•f)• is defined in L0 = L0(ν).

(ii) Suppose that f : X → [0,∞] is lower semi-continuous, γ ∈ [0,∞[, a ∈ G and
∫
a•f > γ. Let U be

the set of open neighbourhoods of a in G. For U ∈ U , x ∈ X set

φU (x) = sup{infb∈U,y∈V (b•f)(y) : V is an open neighbourhood of x in X}.
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Then φU is lower semi-continuous. PPP If φU (x) > α, there is an open neighbourhood V of x such that
infb∈U,y∈V (b•f)(y) > α; now φU (y) > α for every y ∈ V . QQQ If U ′ ⊆ U then φU ′ ≥ φU , so {φU : U ∈ U} is
upwards-directed. Also supU∈U φU = a•f in [0,∞]X . PPP Of course φU (x) ≤ (a•f)(x) for every x. If x ∈ X
and (a•f)(x) > α, then {y : f(y) > α} is an open set containing a−1

•x, so (because • is continuous) there
are a U ∈ U and an open neighbourhood V of x such that f(b−1

•y) > α whenever b ∈ U and y ∈ V ; in
which case φU (x) ≥ α. As α is arbitrary, supU∈U φU (x) = (a•f)(x). QQQ

By 414Ba,
∫
a•f dν = supU∈U

∫
φUdν, and there is a U ∈ U such that

∫
φUdν > γ. Now suppose that

b ∈ U ; then φU (x) ≤ (b•f)(x) for every x, so
∫
b•f dν > γ. This shows that {a :

∫
a•f dν > γ} is an open

set in G, so that a 7→
∫
a•f dν is lower semi-continuous.

(iii) If V ⊆ X is open, then χV is lower semi-continuous, and χ(a•V ) = a•(χV ) for every a ∈ G. So
a 7→ ν(a•V ) =

∫
a•(χV )dν is lower semi-continuous.

Thus (a) is true.

(b) Take any a ∈ G, E ∈ dom ν such that νE <∞ and ǫ > 0. Let U be the family of open neighbourhoods
of a in G, and for U ∈ U set

HU = int{x : |(b•f)(x) − (a•f)(x)| ≤ ǫ whenever b ∈ U}.

Then {HU : U ∈ U} is upwards-directed. Also, it has union X. PPP If x ∈ X then, because (b, y) 7→ f(b−1
•y)

is continuous, there are a U ∈ U and an open neighbourhood V of x such that |(b•f)(y) − (a•f)(x)| ≤ 1
2ǫ

whenever b ∈ U and y ∈ V . But now |(b•f)(y) − (a•f)(y)| ≤ ǫ whenever b ∈ U and y ∈ V , so that HU

includes V , which contains x. QQQ
So there is a U ∈ U such that ν(E \HU ) ≤ ǫ (414Ea). In this case, for any b ∈ U , we must have∫

E
min(1, |b•f − a•f |)dν ≤ ǫ(1 + νE).

As E and ǫ are arbitrary, b 7→ (b•f)• is continuous at a; as a is arbitrary, it is continuous everywhere. Thus
(b) is true.

(c)(i) Let us start by supposing that E is an open set and that ν is totally finite. In this case the function
a 7→ ν(a•E) is lower semi-continuous, by (a) above, therefore Borel measurable. Now let W ⊆ A be an open
set, and write H = {a : a ∈ G, (a•E)• ∈W}. For m, k ∈ N set Hmk = {a : 2−mk ≤ ν(a•E) < 2−m(k + 1)},

so that Hmk is Borel, and Umk = G\Hmk \H, so that Umk is open. Let H ′ be
⋃
m,k∈N

Hmk∩Umk; then H ′ is

Borel and H ′ ⊆ H. In fact H ′ = H. PPP If a ∈ H, then W is an open set containing (a•E)•. Let δ > 0 be such
that a ∈W whenever ν̄(a△ (a•E)•) ≤ δ, where ν̄ is the measure on A; let m, k ∈ N be such that 2−m ≤ 1

4δ
and 2−mk ≤ ν(a•E) < 2−m(k + 1). If we take ν ′ to be the indefinite-integral measure over ν defined by
χ(a•E), then ν ′ is a quasi-Radon measure (415Ob), so (by (a) again) U = {b : ν ′(b•E) > 2−m(k − 1)} is an
open set, and of course it contains a. If b ∈ U ∩Hmk, then

ν((b•E)△(a•E)) = ν(b•E) + ν(a•E) − 2ν((b•E) ∩ (a•E))

≤ 2−m(k + 1) + 2−m(k + 1) − 2 · 2−m(k − 1) ≤ 4 · 2−m ≤ δ,

so (b•E)• ∈ W and b ∈ H. This shows that U ∩ (Hmk \H) = ∅ and U ⊆ Umk and a ∈ U ∩Hmk ⊆ H ′. As
a is arbitrary, H = H ′. QQQ Thus H is a Borel subset of G. As W is arbitrary, the map a 7→ (a•E)• is Borel
measurable.

(ii) To extend this to a general σ-finite quasi-Radon measure ν, still supposing that E is open, let
h : X → R be a strictly positive integrable function (215B(viii)) and ν ′ the corresponding indefinite-integral
measure. As in (i), this ν ′ also is a quasi-Radon measure. Since ν and ν ′ have the same domains and the
same null ideals, the Boolean algebra A is still the underlying algebra of the measure algebra of ν ′; by 324H,
the topologies on A induced by the measures ν̄, ν̄ ′ are the same. So we can apply (i) to the measure ν ′ to
see that a 7→ (a•E)• : G→ A is still Borel measurable.

(iii) Next, suppose that E is expressible as
⋃
i≤n V2i \ V2i+1 where each Vi is open. Then a 7→ (a•E)•

is Borel measurable. PPP Set X ′ = X × {0, . . . , 2n + 1}, with the product topology (giving {0, . . . , 2n + 1}
its discrete topology) and define a measure ν ′ on X and an action of G on X ′ by setting

ν ′F =
∑2n+1
i=0 ν{x : (x, i) ∈ F}
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whenever F ⊆ X ′ is such that {x : (x, i) ∈ F} ∈ dom ν for every i ≤ 2n+ 1,

a•(x, i) = (a•x, i)

whenever a ∈ G, x ∈ X and i ≤ 2n + 1. Then V = {(x, i) : i ≤ 2n + 1, x ∈ Vi} is an open set in X ′, while
ν ′ is a σ-finite quasi-Radon measure, as is easily checked; so, by (ii), the map a 7→ (a•V )• : G→ A′ is Borel
measurable, where A′ is the measure algebra of ν ′. On the other hand, we can identify A′ with the simple
power A2n+2 (322Lb), and the map

〈ci〉i≤2n+1 7→ supi≤n c2i \ c2i+1 : A2n+2 → A

is continuous, by 323B. So the map

a 7→ (a•E)• = supi≤n(a•V2i)
• \ (a•V2i+1)•

is the composition of a Borel measurable function with a continuous function, and is Borel measurable. QQQ

(iv) Now the family E of all those Borel sets E ⊆ X such that a 7→ (a•E)• is Borel measurable is closed
under unions and intersections of monotonic sequences. PPP (α) If 〈En〉n∈N is a non-decreasing sequence in
E with union E, then

(a•E)• = supn∈N(a•En)• = limn→∞(a•En)•

(323Ea) for every a ∈ G. So a 7→ (a•E)• is the pointwise limit of a sequence of Borel measurable functions
into a metrizable space (323Gb, because (A, ν̄) is σ-finite), and is Borel measurable, by 418Ba. Thus E ∈ E .
(β) If 〈En〉n∈N is a non-increasing sequence in E the same argument applies, since this time

(a•E)• = infn∈N(a•En)• = limn→∞(a•En)•

(323Eb) for every a ∈ G. QQQ
Since E contains all sets of the form

⋃
i≤n Vi ∩ Fi where every Vi is open and every Fi is closed, by (iii),

E must be the whole Borel σ-algebra, by 4A3C(g-ii).
This completes the proof of (c).

(d)(i) We need the following extension of (c): if 〈En〉n∈N is any sequence of Borel sets in X, then
a 7→ 〈(a•En)•〉n∈N : G 7→ AN is Borel measurable. PPP I repeat the idea of (c-iii) above. On X ′ = X × N
define a measure ν ′ by setting

ν ′F =
∑∞
n=0 ν{x : (x, n) ∈ F}

whenever F ⊆ X ′ is such that {x : (x, n) ∈ F} ∈ dom ν for every n ∈ N. As before, it is easy to check
that ν ′ is a σ-finite quasi-Radon measure, if we give N its discrete topology and X ′ the product topology.
As before, set a•(x, n) = (a•x, n) for a ∈ G, x ∈ X and n ∈ N, to obtain a continuous action of G on X ′.
Applying (c) to this action, the map a 7→ (a•E)• : G → A′ is Borel measurable, where A′ is the measure
algebra of ν ′ and E = {(x, n) : n ∈ N, x ∈ En}. But we can identify A′ (as Boolean algebra) with AN,
by 322L, as before; so that if we re-interpret a 7→ (a•E)• : G → A′ as a 7→ 〈(a•En)•〉n∈N : G → AN it is
still Borel measurable. (As in (c-ii), this time using 323L, the measure-algebra topology of A′ matches the
product topology on AN.) QQQ

(ii) Now suppose that f : X → [0, 1] is Borel measurable. Define 〈En〉n∈N inductively by the formula

En = {x : x ∈ X, (f −∑
i<n 2−i−1χEi)(x) ≥ 2−n−1}.

Then every En is a Borel set and f =
∑∞
n=0 2−n−1χEn. Next, observe that the function

〈cn〉n∈N 7→ ∑∞
n=0 2−n−1χcn : AN → L0

is continuous, because each of the maps c 7→ 2−n−1χc is continuous (367R), addition is continuous (245Da,
367Ma) and the series is uniformly summable. Accordingly we may think of the map a 7→ (a•f)• as the
composition of the continuous function 〈cn〉n∈N 7→ ∑∞

n=0 2−n−1χci with the Borel measurable function
a 7→ 〈(a•En)•〉n∈N, and it is Borel measurable.

(iii) For general Borel measurable f : X → R, set q(t) = 1
2 (1 + t

|t|+1 ), so that q : R → ]0, 1[ is

a homeomorphism, and set p = q−1 : ]0, 1[ → R. Then the function p̄ : P → L0 is continuous, where
P = {u : u ∈ L0, [[u ∈ ]0, 1[ ]] = 1} (367S). But now
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a•f = p◦q ◦(a•f) = p◦(a•(q ◦f))

for every a, so that a 7→ (a•f)• is the composition of the Borel map a 7→ (a•(q ◦f))• with the continuous
map p̄, and is Borel measurable.

(e)(i) We need only recall that ν̄ : A → R is lower semi-continuous (323Cb), so that (applying (c) above)

a 7→ ν(a•E) = ν̄(a•E)•

is a composition of Borel measurable functions and is Borel measurable. (Of course there are much more
direct arguments, using fragments of the proof above.)

(ii) The point is that the maps u 7→ u+, u 7→ u− : L0 → (L0)+ are continuous (245Db, 367M),
while u 7→

∫
u : (L0)+ → [0,∞] is lower semi-continuous (369Mb), therefore Borel measurable. Accordingly

a 7→
∫

(a•f)+ =
∫

((a•f)•)+ and a 7→
∫

(a•f)− are Borel measurable functions from G to [0,∞], so that

Q = {a : min(
∫

(a•f)+,
∫

(a•f)−) <∞}
is a Borel set, and

a 7→
∫
a•f =

∫
(a•f)+ −

∫
(a•f)− : Q→ [−∞,∞]

is Borel measurable.

444G Corollary Let X be a topological group and ν a σ-finite quasi-Radon measure on X.
(a) If f : X → R is a Borel measurable function, then {x :

∫
f(y−1x)ν(dy) is defined in [−∞,∞]} is a

Borel set in X and x 7→
∫
f(y−1x)ν(dy) is Borel measurable.

(b) If f , g : X → R are Borel measurable functions, then {x :
∫
f(xy−1)g(y)ν(dy) is defined in [−∞,∞]}

is a Borel set and x 7→
∫
f(xy−1)g(y)ν(dy) is Borel measurable.

(c) If ν is totally finite and f : X → R is a bounded continuous function, then x 7→
∫
f(y−1x)ν(dy) :

X → R is continuous.

proof (a) Set
↔

f (x) = f(x−1) for x ∈ X (4A5C(c-ii)); then
↔

f is Borel measurable. Let •l be the left action

of X on itself. Then, in the language of 444Fe, Q = {x :
∫
x•l

↔

f dν is defined in [−∞,∞]} is a Borel set, and

x 7→
∫
x•l

↔

f dν is Borel measurable. But

(x•l

↔

f )(y) =
↔

f (x−1y) = f(y−1x)

for all x, y, so
∫
x•l

↔

f dν =
∫
f(y−1x)ν(dy) if either integral is defined.

(b)(i) Set
↔

νE = νE−1 when this is defined, writing E−1 = {x−1 : x ∈ E} for E ⊆ X; that is,
↔

ν is the
image measure νφ−1, where φ(x) = x−1 for x ∈ X. Because φ is a homeomorphism,

↔

ν is a quasi-Radon
measure. By 235J,

∫
h d

↔

ν =
∫
h(x−1)ν(dx) for any real-valued function h for which either integral is defined

in [−∞,∞].

(ii) Now suppose that f and g are non-negative Borel measurable functions from X to R. Then
↔

g also
is a non-negative Borel measurable function. We know from 444Fd that x 7→ (x−1

•lf)• : X → L0(
↔

ν ) is a
Borel measurable function; now multiplication in L0 is continuous (367Mb), so the map x 7→ ((x−1

•lf)×↔

g )•

is Borel measurable; since integration is lower semi-continuous on (L0)+, x 7→
∫

(x−1
•lf)×↔

g d
↔

ν : X → [0,∞]
is Borel measurable. But∫

(x−1
•lf) × ↔

g d
↔

ν =
∫
f(xy)g(y−1)

↔

ν (dy) =
∫
f(xy−1)g(y)ν(dy)

whenever any of the integrals is defined in [−∞,∞], so this is the function we needed to know about.

(iii) For general Borel measurable functions f and g, we have

∫
f(xy−1)g(y)ν(dy) =

(∫
f+(xy−1)g+(y)ν(dy) +

∫
f−(xy−1)g−(y)ν(dy)

)

−
(∫

f+(xy−1)g−(y)ν(dy) +

∫
f−(xy−1)g+(y)ν(dy)

)
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exactly when the subtraction can be done in [−∞,∞], so that x 7→
∫
f(xy−1)g(y)ν(dy) is a difference of

Borel measurable functions and is Borel measurable, with Borel measurable domain.

(c) Continuing the argument of (a), if f is bounded and continuous and ν is totally finite then all the

functions x•l

↔

f are bounded and continuous, so
∫
x•l

↔

f dν is defined and finite for every x. Next, the function

x 7→ (x•l

↔

f )• : X → L0(ν) is continuous for the topology of convergence in measure (444Fb), which agrees
with the norm topology of L1(ν) on ‖ ‖∞-bounded sets (246Jb). It follows that

x 7→
∫

(x•l

↔

f )• =
∫
f(y−1x)ν(dy)

is continuous.

444H Convolutions of measures and functions I introduce some notation which I shall use for the
rest of the section. Let X be a topological group. If f is a real-valued function defined on a subset of X,
and ν is a measure on X, set

(ν ∗ f)(x) =
∫
f(y−1x)ν(dy)

whenever the integral is defined in R.

444I Proposition Let X be a topological group and λ, ν two totally finite quasi-Radon measures on X.
(a) For any Borel measurable function f : X → R, ν ∗ f is a Borel measurable function with a Borel

domain.
(b) ν ∗ f ∈ Cb(X) for every f ∈ Cb(X).
(c) For any real-valued function f defined on a subset of X, (λ ∗ (ν ∗ f))(x) = ((λ ∗ ν) ∗ f)(x) whenever

the right-hand side is defined.

proof (a) This follows at once from 444Ga.

(b) This is just a restatement of 444Gc.

(c) If ((λ ∗ ν) ∗ f)(x) is defined, then

((λ ∗ ν) ∗ f)(x) =

∫
f(t−1x)(λ ∗ ν)(dt) =

∫∫
f((yz)−1x)ν(dz)λ(dy)

(444C)

=

∫∫
f(z−1y−1x)ν(dz)λ(dy)

=

∫
(ν ∗ f)(y−1x)λ(dy) = (λ ∗ (ν ∗ f))(x).

444J Convolutions of functions and measures Let X be a topological group carrying Haar measures;
let ∆ be its left modular function (442I). If f is a real-valued function defined on a subset of X, and ν is a
measure on X, set

(f ∗ ν)(x) =
∫
f(xy−1)∆(y−1)ν(dy)

whenever the integral is defined in R. From 444Gb we see that if ν is a σ-finite quasi-Radon measure and
f is Borel measurable, then f ∗ ν is a Borel measurable function with a Borel domain. If f is non-negative
and ν-integrable, write fν for the corresponding indefinite-integral measure over ν (234J3).

444K Proposition Let X be a topological group with a left Haar measure µ. Let ν be a totally
finite quasi-Radon measure on X. Then for any non-negative µ-integrable real-valued function f , fµ is a
quasi-Radon measure; moreover, ν ∗ f and f ∗ ν are µ-integrable, and we have

3Formerly 234B.
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(ν ∗ f)µ = ν ∗ fµ, (f ∗ ν)µ = fµ ∗ ν.

In particular,
∫
ν ∗ f dµ =

∫
f ∗ ν dµ = νX ·

∫
fdµ.

proof (a) fµ is a quasi-Radon measure by 415Ob.

(b) Suppose first that f is Borel measurable and defined everywhere on X, as well as being non-negative
and µ-integrable.

(i) Let E ⊆ X be a Borel set such that µE <∞. The function (x, y) 7→ f(x−1y)χE(y) : X×X → [0,∞[
is Borel measurable, so

(ν ∗ fµ)(E) =

∫
(fµ)(x−1E)ν(dx)

(444A)

=

∫∫
f(y)χ(x−1E)(y)µ(dy)ν(dx)

(by the definition of fµ, 234I4)

=

∫∫
f(x−1y)χ(x−1E)(x−1y)µ(dy)ν(dx)

(441J)

=

∫∫
f(x−1y)χE(y)µ(dy)ν(dx) =

∫∫
f(x−1y)χE(y)ν(dx)µ(dy)

(by Fubini’s theorem, 417Ga, because (x, y) 7→ f(x−1y)χE(y) is non-negative and Borel measurable and zero
outsideX×E). So

∫
f(x−1y)ν(dx) must be finite for µ-almost every y ∈ E. Because µ is complete and locally

determined and inner regular with respect to the Borel sets of finite measure, (ν ∗ f)(y) =
∫
f(x−1y)ν(dx)

is defined in R for µ-almost every y ∈ X. So we have an indefinite-integral measure (ν ∗ f)µ. Next, we have

∞ > νX

∫
fdµ = (ν ∗ fµ)(X) ≥ (ν ∗ fµ)(E)

=

∫∫
f(x−1y)χE(y)ν(dx)µ(dy) =

∫∫
(ν ∗ f)(y)χE(y)µ(dy) = ((ν ∗ f)µ)(E)

for every Borel set E such that µE is finite. Again because µ is inner regular with respect to the Borel sets
of finite measure, ν ∗ f is µ-integrable and (ν ∗ f)µ is totally finite. Since ν ∗ fµ and (ν ∗ f)(µ) are totally
finite quasi-Radon measures agreeing on open sets of finite measure for µ, and µ is locally finite (442Aa),
415H(iv) assures us that ν ∗ fµ = (ν ∗ f)(µ).

(ii) Now consider f ∗ ν. This time, if E ⊆ X is Borel and µE <∞,

(fµ ∗ ν)(E) =

∫
(fµ)(Ey−1)ν(dy) =

∫∫

Ey−1

f(x)µ(dx)ν(dy)

=

∫
∆(y−1)

∫

E

f(xy−1)µ(dx)ν(dy)

(by 442Kc)

=

∫

E

∫
∆(y−1)f(xy−1)ν(dy)µ(dx).

Once again, we see that
∫

∆(y−1)f(xy−1)ν(dy) is defined for µ-almost every x ∈ E; as E is arbitrary,
(f ∗ ν)(x) is defined in R for µ-almost every x ∈ X; and 444Gb tells us that f ∗ ν is Borel measurable. As
before,

4Formerly 234A.
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∫
E
f ∗ ν dµ ≤ (fµ ∗ ν)(X) =

∫
fdµ · νX <∞

for Borel sets E with µE < ∞, so that f ∗ ν is µ-integrable; as before, the quasi-Radon measures (f ∗ ν)µ
and fµ ∗ ν agree on open sets of finite µ-measure, so coincide.

(c) Next, suppose that f is defined and zero µ-a.e. In this case there is a Borel set E such that µE = 0
and f(x) is defined and equal to zero for every x ∈ X \ E (443J(b-ii)). Set g = χE. Then gµ is the zero
measure, so (ν ∗ g)µ = ν ∗ gµ, (g ∗ ν)µ = gµ ∗ ν are all zero; that is, there is some µ-conegligible set F such
that

0 = (ν ∗ g)(x) =
∫
χE(y−1x)ν(dy) = ν(xE−1),

0 = (g ∗ ν)(x) =
∫
χE(xy−1)∆(y−1)ν(dy) =

∫
E−1x

∆(y−1)ν(dy)

for every x ∈ F . But now, for x ∈ F , we must have ν(xE−1) = ν(E−1x) = 0 (since ∆ is strictly positive),
so that

(ν ∗ f)(x) =
∫
f(y−1x)ν(dy) =

∫
xE−1

f(y−1x)ν(dy) = 0,

because if y /∈ xE−1 then y−1x /∈ E and f(y−1x) = 0. Similarly,

(f ∗ ν)(x) =
∫
f(xy−1)∆(y−1)ν(dy) =

∫
E−1x

f(xy−1)∆(y−1)ν(dy) = 0.

Thus ν ∗ f and f ∗ ν are defined, and zero, µ-almost everywhere.

(d) For an arbitrary non-negative µ-integrable function f , we can express it in the form g+ h where g is
a non-negative µ-integrable Borel measurable function defined everywhere, and h is zero almost everywhere.
In this case, ν∗h+, ν∗h−, h+∗ν and h−∗ν are defined, and zero, µ-a.e., so ν∗f =a.e. ν∗g and f ∗ν =a.e. g∗ν.
We therefore have

(ν ∗ f)µ = (ν ∗ g)µ = ν ∗ gµ = ν ∗ fµ, (f ∗ ν)µ = (g ∗ ν)µ = gµ ∗ ν = fµ ∗ ν,

as required.

(e) Finally, we have∫
ν ∗ fdµ = ((ν ∗ f)µ)(X) = (ν ∗ fµ)(X) = νX · (fµ)(X) = νX ·

∫
fdµ,

∫
f ∗ ν dµ = ((f ∗ ν)µ)(X) = (fµ ∗ ν)(X) = (fµ)(X) · νX = νX ·

∫
fdµ.

444L Corollary Let X be a topological group carrying Haar measures. Suppose that ν is a non-zero
quasi-Radon measure on X and E ⊆ X is a Haar measurable set such that ν(xE) = 0 for every x ∈ X.
Then E is Haar negligible.

proof Let µ be a left Haar measure on X. There is a non-zero totally finite quasi-Radon measure ν ′ on X
such that ν ′(xE) = 0 for every x ∈ X. PPP Take any F such that 0 < νF < ∞, and set ν ′H = ν(H ∩ F )
whenever this is defined. QQQ Let G be any Borel set such that µG <∞, and set f = χ(G∩E−1). Then f is
µ-integrable, and

(ν ′ ∗ f)(x) =
∫
χ(G ∩ E−1)(y−1x)ν ′(dy) = ν ′(xG−1 ∩ xE) = 0

for every x ∈ X. By 444K, ν ′ ∗fµ = (ν ′ ∗f)µ is the zero measure, and (fµ)(X) = 0, that is, µ(G∩E−1) = 0.
As G is arbitrary, µE−1 = 0 and E is Haar negligible (442H).

444M Proposition Let X be a topological group and µ a left Haar measure on X. Let ν be a quasi-
Radon measure on X and p ∈ [1,∞].

(a) Suppose that νX <∞. Then we have a bounded positive linear operator u 7→ ν ∗ u : Lp(µ) → Lp(µ),
of norm at most νX, defined by saying that ν ∗ f• = (ν ∗ f)• for every f ∈ L

p(µ).

(b) Set γ =
∫

∆(y)(1−p)/pν(dy) if p <∞,
∫

∆(y)−1ν(dy) if p = ∞, where ∆ is the left modular function
of X. Suppose that γ < ∞. Then we have a bounded positive linear operator u 7→ u ∗ ν : Lp(µ) → Lp(µ),
of norm at most γ, defined by saying that f• ∗ ν = (f ∗ ν)• for every f ∈ L

p(µ).
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proof I will write L
p, Lp for L

p(µ), Lp(µ). Note that if f1, f2 ∈ L
0(µ) and f1 = f2 µ-a.e., then 444L tells

us that ν ∗ |f1 − f2| and |f1 − f2| ∗ ν are both zero µ-almost everywhere, so that ν ∗ f1 =a.e. ν ∗ f2 and
f1 ∗ ν =a.e. f2 ∗ ν, in the sense that there is a µ-conegligible set F such that (ν ∗ f1)↾F = (ν ∗ f2)↾F and
(f1 ∗ ν)↾F = (f2 ∗ ν)↾F . In particular, if we are told that ν ∗ f1 belongs to L

p, and that f•

1 = f•

2 in L0(µ),
then we can be sure that ν ∗ f2 ∈ L

p and (ν ∗ f2)• = (ν ∗ f1)•; and similarly for f1 ∗ ν, f2 ∗ ν.

(a) If νX = 0 the result is trivial. Multiplying ν by a positive scalar does not affect the inequalities we
need, so we may suppose that νX = 1. If f ≥ 0 is µ-integrable, then 444K tells us that ν ∗ f is µ-integrable
and that

‖ν ∗ f‖1 =

∫

X

(ν ∗ f)(x)µ(dx) = ((ν ∗ f)µ)(X)

= (ν ∗ fµ)(X) = νX · (fµ)(X) = ‖f‖1,

using 444C or 444A for the penultimate equality. Since evidently ν ∗ (f + g) = ν ∗f +ν ∗ g, ν ∗ (αf) = αν ∗f
at any point where the right-hand sides of the equations are defined in R, we have a positive linear operator
T1 : L1 → L1 defined by saying that T1g

• = (ν ∗g)• for every µ-integrable Borel measurable function g, with
‖T1‖ = 1.

Similarly, if h : X → R is a bounded Borel measurable function, then ν ∗ h also is a Borel measurable
function, by 444Ga. Of course it is bounded, since

|(ν ∗ h)(x)| = |
∫
h(y−1x)ν(dy)| ≤ supy∈X |h(y)|

for every x. So we have a positive linear operator T∞ : L∞ → L∞ defined by saying that T∞h
• = (ν ∗ h)•

for every bounded Borel measurable function h. Moreover, if u ∈ L∞, there is a Borel measurable h such
that h• = u and supy∈X |h(y)| = ‖u‖∞, so that

‖T∞u‖∞ ≤ supx∈X |(ν ∗ h)(x)| ≤ ‖u‖∞;

thus ‖T∞‖ ≤ 1.

Since T1 and T∞ agree on L1 ∩ L∞, they have a common extension to a linear operator T : L1 + L∞ →
L1 + L∞. By 371Gd, ‖Tu‖p ≤ ‖u‖p whenever p ∈ [1,∞] and u ∈ Lp. (Strictly speaking, I am relying on
the standard identifications of L1, L∞ and Lp with the corresponding subspaces of L0(A), where (A, µ̄) is
the measure algebra of µ. Of course the argument for 371Gd applies equally well in L0(µ).) Now suppose
that f ∈ L

p. Then it is expressible as g + h where g ∈ L
1 and h : X → R is a bounded Borel measurable

function, so we shall have

ν ∗ f = ν ∗ g + ν ∗ h wherever the right-hand side is defined;

accordingly ν ∗ f is defined µ-a.e. and is measurable, and

‖ν ∗ f‖p = ‖(ν ∗ g)• + (ν ∗ h)•‖p = ‖T1g• + T∞h
•‖p

= ‖Tf•‖p ≤ ‖f•‖p = ‖f‖p,

as required.

(b)(i) As in (a), the case νX = 0 is trivial. Otherwise, because ∆ is strictly positive, γ > 0; again
considering a scalar multiple of ν if necessary, we may suppose that γ = 1. Note that ν is surely σ-finite.

(ii) If p = 1, then νX = γ = 1. If f ∈ L
1 is non-negative, then, by 444K, as in (a) above,

‖f ∗ ν‖1 = ((f ∗ ν)µ)(X) = (fµ ∗ ν)(X) = (fµ)(X) · νX = ‖f‖1.

For general µ-integrable f ,

‖f ∗ ν‖1 ≤ ‖f+ ∗ ν‖1 + ‖f− ∗ ν‖1 = ‖f+‖1 + ‖f−‖1 = ‖f‖1.

(iii) If p = ∞, then directly from the formula (f ∗ ν)(x) =
∫
f(xy−1)∆(y−1)ν(dy) we see that if

f : X → R is a bounded Borel measurable function then

|(f ∗ ν)(x)| ≤
∫

∆(y)−1ν(dy) · supy∈X |f(y)| = supy∈X |f(y)|
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for every x. Since changing f on a µ-negligible set changes f ∗ ν on a µ-negligible set, we can argue as in
(a) above to see that f• 7→ (f ∗ ν)• defines a linear operator from L∞ to itself of norm at most 1.

(iv) Now suppose that 1 < p < ∞. Set q = p
p−1 , so that

∫
∆(y−1)1/qν(dy) = γ = 1. Suppose for

the moment that f ∈ L
p is a non-negative Borel measurable function, and let h : X → R be another

non-negative Borel measurable function such that
∫
hqdµ ≤ 1. In this case

∫
(f ∗ ν) × h dµ =

∫∫
h(x)f(xy−1)∆(y−1)ν(dy)µ(dx)

=

∫∫
h(x)f(xy−1)∆(y−1)µ(dx)ν(dy)

(by 417Ga, because (x, y) 7→ h(x)f(xy−1)∆(y−1) is Borel measurable and {x : h(x) 6= 0} is a countable

union of sets of finite measure for µ, while ν is σ-finite)

=

∫∫
h(xy)f(x)µ(dx)ν(dy)

by 442Kc, as usual, at least if the last integral is finite. But, for any y ∈ X,

∫
h(xy)f(x)µ(dx) ≤ ‖f‖p

(∫
|h(xy)|qµ(dx)

)1/q

= ‖f‖p
(
∆(y−1)

∫
|h(x)|qµ(dx)

)1/q ≤ ‖f‖p∆(y−1)1/q.

So ∫
(f ∗ ν) × h dµ =

∫∫
h(xy)f(x)µ(dx)ν(dy) ≤

∫
‖f‖p∆(y−1)1/qν(dy) = ‖f‖p.

Because µ (being a quasi-Radon measure) is semi-finite, this means that f ∗ν ∈ L
p and that ‖f ∗ν‖p ≤ ‖f‖p

(366D-366E, or 244Xe and 244Fa). (Once again, we need to know that every member of Lq can be represented
by a Borel measurable function; this is a consequence of 443J or 412Xe.)

For general Borel measurable f : X → R such that
∫
|f |pdµ <∞, we know that from 444G that f ∗ ν is

Borel measurable, while |f ∗ ν| ≤ |f | ∗ ν (and f ∗ ν is defined wherever |f | ∗ ν is finite), so that

‖f ∗ ν‖p ≤ ‖|f | ∗ ν‖p ≤ ‖|f |‖p = ‖f‖p.
Finally, if f ∈ L

p is arbitrary, then there is a Borel measurable g : X → R such that f =a.e. g, so that
f ∗ ν =a.e. g ∗ ν and

‖f ∗ ν‖p = ‖g ∗ ν‖p ≤ ‖g‖p = ‖f‖p.
It follows at once that we have a bounded linear operator f• 7→ (f ∗ ν)• : Lp → Lp, of norm at most 1 = γ.

444N The following lemma on exchanging the order of repeated integrals will be fundamental to the
formulae in the rest of the section.

Lemma Let X be a topological group and µ a left Haar measure on X. Suppose that f , g, h ∈ L
0(µ) (the

space of measurable real-valued functions defined µ-a.e. in X) are non-negative. Then, writing
∫
. . . d(x, y)

to denote integration with respect to the quasi-Radon product measure µ× µ,∫∫
f(x)g(y)h(xy)dxdy =

∫∫
f(x)g(y)h(xy)dydx =

∫
f(x)g(y)h(xy)d(x, y)

in [0,∞].

proof Following the standard pattern in results of this type, I deal with successively more complicated
functions f , g and h. Evidently the situation is symmetric, so that it will be enough if I can show that∫∫

f(x)g(y)h(xy)dxdy =
∫
f(x)g(y)h(xy)d(x, y).

(a) Suppose first that f = χF , g = χG and h = χH, where F , G, H are Borel subsets of X. In this case∫∫
f(x)g(y)h(xy)dxdy = supU,V ∈Σf

∫
V

∫
U
f(x)g(y)h(xy)dxdy,
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where Σf is the ideal of measurable sets of finite measure for µ. PPP For y ∈ X, n ∈ N and U ∈ Σf write

q(y) =
∫
f(x)h(xy)dx = µ(F ∩Hy−1), qU (y) =

∫
U
f(x)h(xy)dx = µ(U ∩ F ∩Hy−1),

q(n)(y) = min(n, q(y)), q
(n)
U (y) = min(n, qU (y)).

Then every qU is continuous, by 443C (with a little help from 323Cc), while supU∈Σf qU (y) = q(y) for every

y, because µ is semi-finite. Because µ is τ -additive and effectively locally finite, (q(n))• = supU∈Σf (q
(n)
U )• in

L0(µ) for every n (414Ab); because Σf is upwards-directed,

∫
q(y)g(y)dy = sup

n∈N

∫
q(n)(y)g(y)dy

= sup
n∈N,U∈Σf

∫
q
(n)
U (y)g(y)dy = sup

U∈Σf

∫
qU (y)g(y)dy,

that is, ∫∫
f(x)g(y)h(xy)dxdy = supU∈Σf

∫ ∫
U
f(x)g(y)h(xy)dxdy.

On the other hand, for any U ∈ Σf , we surely have∫ ∫
U
f(x)g(y)h(xy)dxdy = supV ∈Σf

∫
V

∫
U
f(x)g(y)h(xy)dxdy,

again because µ is semi-finite. Putting these together, we have the result. QQQ
Looking at the other side of the equation,

∫
f(x)g(y)h(xy)d(x, y) = (µ × µ)W , where W = (F × G) ∩

{(x, y) : xy ∈ H} is a Borel set; so that

∫∫
f(x)g(y)h(xy)dxdy = sup

U,V ∈Σf

(µ× µ)((U × V ) ∩W )

= sup
U,V ∈Σf

∫

U×V

f(x)g(y)h(xy)d(x, y)

(417C(b-iii)). But now we can apply 417Ga to see that, for any U , V ∈ Σf ,∫
U×V

f(x)g(y)h(xy)d(x, y) =
∫
V

∫
U
f(x)g(y)h(xy)dxdy.

Taking the supremum over U and V , we get∫
f(x)g(y)h(xy)d(x, y) =

∫∫
f(x)g(y)h(xy)dxdy.

(b) Clearly both sides of our equation∫
f(x)g(y)h(xy)d(x, y) =

∫∫
f(x)g(y)h(xy)dxdy

are additive in f , g and h separately (subtraction, of course, will be another matter, as I am allowing ∞ to
appear without restriction); and also behave identically if f or g or h is multiplied by a non-negative scalar.
So the identity will be valid if f , g and h are all finite sums of non-negative multiples of indicator functions
of Borel sets. Moreover, by repeated use of B.Levi’s theorem, we see that if 〈fn〉n∈N, 〈gn〉n∈N and 〈hn〉n∈N

are non-decreasing sequences of such functions with suprema f , g and h, then

∫
f(x)g(y)h(xy)d(x, y) = sup

n∈N

∫
fn(x)gn(y)hn(xy)d(x, y)

= sup
n∈N

∫∫
fn(x)gn(y)hn(xy)dxdy =

∫∫
f(x)g(y)h(xy)dxdy.

So the identity is valid for all non-negative Borel measurable functions f , g and h.

(c) Finally, suppose only that f , g and h are non-negative, measurable and defined almost everywhere. In
this case, by 443J(b-iv), there are Borel measurable functions f0, g0 and h0, non-negative, defined everywhere
on X and equal almost everywhere to f , g and h respectively. Let E be the conegligible set

{x : x ∈ dom f ∩ domh ∩ dom g, f(x) = f0(x), g(x) = g0(x), h(x) = h0(x)}.
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We find that
∫
f(x)h(xy)dx =

∫
f0(x)h0(xy)dx for every y ∈ X. PPP E ∩Ey−1 is conegligible (see 443A),

and f(x)h(xy) = f0(x)h0(xy) for every x ∈ E ∩ Ey−1. QQQ Consequently∫∫
f(x)g(y)h(xy)dxdy =

∫∫
f0(x)g0(y)h0(xy)dxdy.

Secondly, f(x)g(y)h(xy) = f0(x)g0(y)h0(xy) (µ × µ)-a.e. PPP Set W = {(x, y) : x ∈ E, y ∈ E, xy ∈ E}.
Fubini’s theorem, applied to (U × V ) \W where U , V ∈ Σf , shows that W is conegligible; but of course
f(x)g(y)h(xy) = f0(x)g0(y)h0(xy) whenever (x, y) ∈W . QQQ Accordingly∫

f(x)g(y)h(xy)d(x, y) =
∫
f0(x)g0(y)h0(xy)d(x, y).

Combining this with the result of (b), applied to f0, g0 and h0, we see that once again∫
f(x)g(y)h(xy)d(x, y) =

∫∫
f(x)g(y)h(xy)dxdy,

as required.

444O Convolutions of functions: Theorem Let X be a topological group and µ a left Haar measure
on X. For f , g ∈ L

0 = L
0(µ), write (f ∗ g)(x) =

∫
f(y)g(y−1x)dy whenever this is defined in R, taking the

integral with respect to µ.

(a) Writing ∆ for the left modular function of X,

(f ∗ g)(x) =

∫
f(y)g(y−1x)dy =

∫
f(xy)g(y−1)dy

=

∫
∆(y−1)f(y−1)g(yx)dy =

∫
∆(y−1)f(xy−1)g(y)dy

whenever any of these integrals is defined in R.

(b) If f =a.e. f1 and g =a.e. g1, then f ∗ g = f1 ∗ g1.

(c)(i) |(f ∗ g)(x)| ≤ (|f | ∗ |g|)(x) whenever either is defined in R.

(ii)

((f1 + f2) ∗ g)(x) = (f1 ∗ g)(x) + (f2 ∗ g)(x),

(f ∗ (g1 + g2))(x) = (f ∗ g1)(x) + (f ∗ g2)(x),

((αf) ∗ g)(x) = (f ∗ (αg))(x) = α(f ∗ g)(x)

whenever the right-hand expressions are defined in R.

(d) If f , g and h belong to L
0 and any of∫

(|f | ∗ |g|)(x)|h|(x)dx,
∫∫

|f(x)g(y)h(xy)|dxdy,

∫∫
|f(x)g(y)h(xy)|dydx,

∫
|f(x)g(y)h(xy)|d(x, y)

is defined in [0,∞[ (writing
∫
. . . d(x, y) for integration with respect to the quasi-Radon product measure

µ× µ on X ×X), then ∫
(f ∗ g)(x)h(x)dx,

∫∫
f(x)g(y)h(xy)dxdy,

∫∫
f(x)g(y)h(xy)dydx,

∫
f(x)g(y)h(xy)d(x, y)

are all defined, finite and equal, provided that in the expression (f ∗ g)(x)h(x) we interpret the product as
0 when h(x) = 0 and (f ∗ g)(x) is undefined.

(e) If f , g and h belong to L
0, f ∗g and g∗h are defined a.e. and x ∈ X is such that either (|f |∗(|g|∗|h|))(x)

or ((|f | ∗ |g|) ∗ |h|)(x) is defined in R, then (f ∗ (g ∗ h))(x) and ((f ∗ g) ∗ h)(x) are defined and equal.

(f) If a ∈ X and f , g ∈ L
0,

a•l(f ∗ g) = (a•lf) ∗ g, a•r(f ∗ g) = f ∗ (a•rg),

(a•rf) ∗ g = ∆(a−1)f ∗ (a−1
•lg),
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↔

f ∗ ↔

g = (g ∗ f)↔.

(g) If X is abelian then f ∗ g = g ∗ f for all f and g.

proof (a) Use 441J and 442Kb to see that the four formulae for f ∗ g coincide.

(b) Setting

E = {y : y ∈ dom f ∩ dom f1 ∩ dom g ∩ dom g1, f(y) = f1(y), g(y) = g1(y)},

E is conegligible. If x ∈ X, then f(y)g(y−1x) = f1(y)g1(y−1x) for every y ∈ E ∩ xE−1, which is also
conegligible, by 443A; so (f ∗ g)(x) = (f1 ∗ g1)(x) if either is defined.

(c) These are all elementary.

(d) First consider non-negative f , g and h. The point is that, if any of the integrals is defined and finite,

∫
(f ∗ g)(x)h(x)dx =

∫∫
∆(x−1)f(x−1)g(xy)h(y)dxdy

=

∫∫
∆(x−1)f(x−1)g(xy)h(y)dydx

(by 444N, recalling that x 7→ ∆(x−1)f(x−1) will belong to L
0 if f does, by 442J and 442H)

=

∫∫
f(x)g(x−1y)h(y)dydx =

∫∫
f(x)g(y)h(xy)dydx

(substituting xy for y in the inner integral, as permitted by 441J). (The ‘and finite’ at the beginning of the
last sentence is there because I have changed the rules since the last paragraph, and f ∗ g is not allowed to
take the value ∞. So we have to take care that

{y : h(y) > 0,
∫
f(x)g(x−1y)dx = ∞}

is negligible.) Now applying 444N again, we get

∫
(f ∗ g)(x)h(x)dx =

∫∫
f(x)g(y)h(xy)dxdy

=

∫∫
f(x)g(y)h(xy)dydx =

∫
f(x)g(y)h(xy)d(x, y)

if any of these integrals is finite.
For the general case, the hypothesis on |f |, |g| and |h| is sufficient to ensure that the four expressions are

equal for any combination of f±, g± and h±; adding and subtracting these combinations appropriately, we
get the result.

(e) The point is that, for non-negative f , g and h,

((f ∗ g) ∗ h)(x) =

∫
(f ∗ g)(z)h(z−1x)dz =

∫
(f ∗ g)(z)h′(z)dz

(setting h′(z) = h(z−1x))

=

∫∫
f(y)g(z)h′(yz)dzdy

(using (d); to see that h′ is measurable, refer to 443A as usual)

=

∫∫
f(y)g(z)h(z−1y−1x)dzdy

=

∫
f(y)(g ∗ h)(y−1x)dy = (f ∗ (g ∗ h))(x)

at least as long as one of the expressions here is finite. (Note that, as in 255J, we need to suppose that f ∗ g
and g ∗ h are defined a.e. when moving from

∫
(f ∗ g)(z)h(z−1x)dz to

∫∫
f(y)g(z)h(z−1y−1)dydz and from
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∫∫
f(y)g(z)h(z−1y−1x)dzdy to

∫
f(y)(g ∗h)(y−1x)dy, since in part (d) I am more tolerant of infinities in the

repeated integrals than I was in the definition of f ∗ g.) Once again, subject to the inner integrals implicit
in the formulae f ∗ (g ∗ h) and (f ∗ g) ∗ h being adequately defined, we can use addition and subtraction to
obtain the result for general f , g and h.

(f) These are immediate from the formulae in (a), using 442K if necessary.

(g) If X is abelian, then ∆(y) = 1 for every y, so

(g ∗ f)(x) =
∫
g(y)f(y−1x)dy =

∫
g(y)∆(y−1)f(xy−1)dy = (f ∗ g)(x)

if either (f ∗ g)(x) or (g ∗ f)(x) is defined in R.

444P Proposition Let X be a topological group and µ a left Haar measure on X.
(a) If f ∈ L

1(µ)+ and g ∈ L
0(µ) then f ∗ g, as defined in 444O, is equal to (fµ) ∗ g as defined in 444H.

(b) If f ∈ L
0(µ) and g ∈ L

1(µ)+ then f ∗ g = f ∗ (gµ).

proof Again, these are immediate from the formulae above:

(f ∗ g)(x) =
∫
g(y−1x)f(y)µ(dy) =

∫
g(y−1x)(fµ)(dy) = (fµ ∗ g)(x),

(f ∗ g)(x) =
∫
f(xy−1)∆(y−1)g(y)µ(dy) =

∫
f(xy−1)∆(y−1)(gµ)(dy) = (f ∗ gµ)(x)

whenever these are defined, using 235K, as usual, to calculate
∫
. . . d(fµ),

∫
. . . d(gµ). (Note that as we

assume throughout that f and g are defined µ-almost everywhere, all the functions y 7→ g(y−1x), y 7→
f(xy−1) are also defined µ-a.e., by the results set out in 443A.)

444Q Proposition Let X be a topological group and µ a left Haar measure on X.
(a) Let f , g be non-negative µ-integrable functions. Then, defining f ∗ g as in 444O, we have f ∗ g ∈

L
1= L

1(µ) and

(fµ) ∗ (gµ) = (f ∗ g)µ.

(b) For any f , g ∈ L
1, f ∗ g ∈ L

1 and∫
f ∗ g dµ =

∫
fdµ

∫
g dµ, ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.

proof (a) Putting 444K and 444P together, fµ ∗ gµ = (fµ ∗ g)µ, so that f ∗ g = fµ ∗ g is µ-integrable, and

(f ∗ g)µ = (fµ ∗ g)µ = fµ ∗ gµ.

(b) Taking h = χX in 444Od, we get
∫
f ∗ g dµ =

∫
fdµ

∫
g dµ. Now

‖f ∗ g‖1 =
∫
|f ∗ g| ≤

∫
|f | ∗ |g| =

∫
|f |
∫
|g| = ‖f‖1‖g‖1.

444R Proposition Let X be a topological group and µ a left Haar measure on X. Take any p ∈ [1,∞].
(a) If f ∈ L

1(µ) and g ∈ L
p(µ), then f ∗ g ∈ L

p(µ) and ‖f ∗ g‖p ≤ ‖f‖1‖g‖p.
(b) f ∗ ↔

g = (g ∗
↔

f )↔ for all f , g ∈ L
0. If X is unimodular then ‖

↔

f ‖p = ‖f‖p for every f ∈ L
0.

(c) Set q = ∞ if p = 1, p/(p − 1) if 1 < p < ∞, 1 if p = ∞. If f ∈ L
p(µ) and g ∈ L

q(µ), then
f ∗ ↔

g is defined everywhere in X and is continuous, and ‖f ∗ ↔

g‖∞ ≤ ‖f‖p‖g‖q. If X is unimodular, then
f ∗ g ∈ Cb(X) and ‖f ∗ g‖∞ ≤ ‖f‖p‖g‖q for every f ∈ L

p(µ), g ∈ L
q(µ).

Remark In the formulae above, interpret ‖g‖∞ as ‖g•‖∞ = ess sup |g| for g ∈ L
∞ = L

∞(µ), and as ∞ for
g ∈ L

0 \L∞. Because µ is strictly positive, this agrees with the usual definition ‖g‖∞ = supx∈X |g(x)| when
g is continuous and defined everywhere on X.

proof (a) If f ≥ 0, then f ∗ g = (fµ) ∗ g belongs to L
p(µ), and

‖f ∗ g‖p = ‖fµ ∗ g‖p ≤ (fµ)(X)‖g‖p = ‖f‖1‖g‖p,
by 444Pa and 444Ma. Generally, f ∗ g =a.e. f

+ ∗ g − f− ∗ g belongs to L
p(µ) and
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‖f ∗ g‖p ≤ ‖f+ ∗ g‖p + ‖f− ∗ g‖p ≤ (‖f+‖1 + ‖f−‖1)‖g‖p = ‖f‖1‖g‖p.

(b)(i) By 443A once more,
↔

f ∈ L
0 whenever f ∈ L

0. For x ∈ X,

(f ∗ ↔

g )(x) =
∫
f(y)

↔

g (y−1x)dy =
∫ ↔

f (y−1)g(x−1y)dy = (g ∗
↔

f )(x−1) = (g ∗
↔

f )↔(x)

if any of these are defined.

(ii) If X is unimodular, then, for any f ∈ L
0,

‖
↔

f‖pp =
∫
|f(x−1)|pdx =

∫
∆(x−1)|f(x)|pdx = ‖f‖pp;

while ess sup |
↔

f | = ess sup |f | because E−1 is conegligible whenever E ⊆ X is conegligible.

(c)(i) For any x ∈ X,

(f ∗ ↔

g )(x) =
∫
f(y)g(x−1y)dy =

∫
f × (x•lg)

in the language of 443G and 444O. By 443Gb, x•lg ∈ L
q, so (f ∗ ↔

g )(x) =
∫
f × (x•lg) is defined.

(ii) If p > 1, so that q <∞, then x 7→ (x•lg)• : X → Lq is continuous (443Gf), so

x 7→ (f ∗ ↔

g )(x) =
∫
f• × (x•lg)•

is continuous, because f• ∈ Lp ∼= (Lq)∗. If p = 1, then

(f ∗ ↔

g )(x) =
∫
f(xy)g(y)dy =

∫
(x−1

•lf) × g

for every x; since x 7→ (x−1
•lf)• : X → L1 is continuous, so is f ∗ ↔

g .

(iii) If X is unimodular then f ∗ g = f ∗ ˜̃g is continuous, because
↔

g ∈ L
q by (b), and ‖f ∗ g‖∞ ≤

‖f‖p‖↔

g‖q = ‖f‖p‖g‖q.

444S Remarks Let X be a topological group and µ a left Haar measure on X.

(a) From 444Ob and 444Ra we see that we have a bilinear operator (u, v) 7→ u∗v : L1(µ)×Lp(µ) → Lp(µ)
defined by saying that f• ∗ g• = (f ∗ g)• for every f ∈ L

1(µ) and g ∈ L
p(µ). Indeed, 444Ob tells us that ∗

can actually be regarded as a function from L1 ×Lp to L
p. Putting 443Ge together with 444Oe and 444Of,

we have

u ∗ (v ∗ w) = (u ∗ v) ∗ w,

a•l(u ∗ w) = (a•lu) ∗ w, a•r(u ∗ w) = u ∗ (a•rw),

(a•ru) ∗ w = ∆(a−1)u ∗ (a−1
•lw)

whenever u, v ∈ L1, w ∈ Lp and a ∈ X.
Similarly, if the group is unimodular, and 1

p + 1
q = 1, the map ∗ : Lp × L

q → Cb(X) (444Rc) factors

through a map from Lp × Lq to Cb(X).

(b) In particular, ∗ : L1 × L1 → L1 is associative; evidently it is bilinear; and ‖u ∗ v‖1 ≤ ‖u‖1‖v‖1 for
all u, v ∈ L1. So L1 is a normed algebra; since L1 is ‖ ‖1-complete, it is a Banach algebra. By 444Qb,∫
u ∗ v =

∫
u
∫
v for all u, v ∈ L1. L1 is commutative if X is abelian (444Og).

(c) Let B be the Borel σ-algebra of X and Mτ the Banach algebra of signed τ -additive Borel measures
on X, as in 444E. If, for f ∈ L

1 = L
1(µ) and E ∈ B, we write (fµ↾B)(E) =

∫
E
fdµ, then fµ↾B ∈ Mτ ;

for f ≥ 0, this is because the indefinite-integral measure fµ is a quasi-Radon measure, and in general it is
because fµ↾B = f+µ↾B − f−µ↾B. For f , g ∈ L

1, we have

f• = g• in L1 =⇒ f =a.e. g =⇒ fµ↾B = gµ↾B,

so we have an operator T : L1 →Mτ defined by setting T (f•) = fµ↾B for f ∈ L
1. It is easy to check that

(f + g)µ↾B = fµ↾B + gµ↾B, (αf)µ↾B = α(fµ↾B),
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(|f |µ↾B)(E) =
∫
E
|f | = supF∈B,F⊆E

∫
F
f −

∫
E\F

f = |fµ↾B|(E)

for f , g ∈ L
1, α ∈ R and E ∈ B, so that T is a Riesz homomorphism; moreover,

‖fµ↾B‖ = |fµ↾B|(X) = (|f |µ↾B)(X) =
∫
|f |dµ = ‖f•‖1

for f ∈ L
1, so that T is norm-preserving. Finally, for non-negative f , g ∈ L

1, we have

Tf• ∗ Tg• = (fµ↾B) ∗ (gµ↾B) = (fµ ∗ gµ)↾B
(444Eb, since the completions of fµ↾B, gµ↾B are the quasi-Radon indefinite-integral measures fµ, gµ)

= (f ∗ g)µ↾B
(444Qa)

= T (f ∗ g)• = T (f• ∗ g•).

Thus Tu ∗ Tv = T (u ∗ v) for non-negative u, v ∈ L1; by linearity, Tu ∗ Tv = T (u ∗ v) for all u, v ∈ L1, and
T is an embedding of L1 as a subalgebra of Mτ .

444T Proposition Let X be a topological group and µ a left Haar measure on X. Then for any
p ∈ [1,∞[, f ∈ L

p(µ) and ǫ > 0 there is a neighbourhood U of the identity e in X such that ‖ν ∗ f − f‖p ≤ ǫ
and ‖f ∗ ν − f‖p ≤ ǫ whenever ν is a quasi-Radon measure on X such that νU = νX = 1.

proof (a) To begin with, suppose that f is non-negative, continuous and bounded, and that G = {x :
f(x) > 0} has finite measure; set M = supx∈X f(x). Write U for the family of neighbourhoods of e. Take
δ > 0, η ∈ ]0, 1] such that

(2δ + (1 + δ)p − 1)1/p‖f‖p ≤ ǫ,

(1 − η)p
∫

((f − ηχX)+)pdµ−Mpη ≥ (1 − δ)
∫
fpdµ, (1 − η)(1−p)/p ≤ 1 + δ.

For each U ∈ U , set

HU = int{x : f(y) ≥ f(x) − η for every y ∈ xU−1 ∪ U−1x}.

Then HU is open and for every x ∈ X there is a U ∈ U such that |f(y) − f(x)| ≤ 1
2η whenever y ∈

xUU−1 ∪U−1xU , so that x ∈ intxU ⊆ HU . Thus {HU : U ∈ U} is an upwards-directed family of open sets
with union X, and there is a U ∈ U such that µ(G \HU ) ≤ η; moreover, because ∆ is continuous, we can
suppose that ∆(y−1) ≥ 1 − η for every y ∈ U .

Now suppose that ν is a quasi-Radon measure on X such that νU = νX = 1. Then, for any x ∈ HU ,

(ν ∗ f)(x) =
∫
f(y−1x)ν(dy) =

∫
U
f(y−1x)ν(dy) ≥ f(x) − η

because x ∈ HU and y−1x ∈ U−1x whenever y ∈ U . Similarly,

(f ∗ ν)(x) =
∫
U
f(xy−1)∆(y−1)ν(dy) ≥ (f(x) − η)(1 − η)

for every x ∈ HU . Now this means that, setting h1 = ν ∗f , h2 = f ∗ν we have (f ∧hi)(x) ≥ (f(x)−η)(1−η)
for every x ∈ HU and both i. Accordingly

∫
(f ∧ hi)pdµ ≥ (1 − η)p

∫

G∩HU

((f − ηχX)+)pdµ

≥ (1 − η)p
∫

((f − ηχX)+)pdµ−
∫

G\HU

fp

≥ (1 − η)p
∫

((f − ηχX)+)pdµ−Mpη ≥ (1 − δ)

∫
fpdµ.

Now, just because f and hi are non-negative, and p ≥ 1,

|f − hi|p + 2(f ∧ hi)p ≤ fp + hpi .

Also, writing
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γ =
∫

∆(y)(1−p)/pν(dy) =
∫
U

∆(y)(1−p)/pν(dy) ≤ (1 − η)(1−p)/p ≤ 1 + δ,

we have

‖h1‖p = ‖ν ∗ f‖p ≤ ‖f‖p, ‖h2‖p = ‖f ∗ ν‖p ≤ γ‖f‖p
(444M), so that

∫
hpi dν ≤ (1 + δ)p

∫
fpdµ for both i, and∫

|f − hi|pdµ ≤
∫
fpdµ+

∫
hpi dµ− 2

∫
(f ∧ hi)pdµ ≤ (2δ + (1 + δ)p − 1)

∫
fpdµ

for both i. But this means that

max(‖f − f ∗ ν‖p, ‖f − ν ∗ f‖p) ≤ (2δ + (1 + δ)p − 1)1/p‖f‖p ≤ ǫ.

As ν is arbitrary, we have found a suitable U .

(b) For any continuous bounded function f such that µ{x : f(x) 6= 0} <∞, we can find neighbourhoods
U1, U2 of e such that

‖f+ − ν ∗ f+‖p ≤ 1
2ǫ, ‖f+ − f+ ∗ ν‖p ≤ 1

2ǫ

whenever νU1 = νX = 1,

‖f− − ν ∗ f−‖p ≤ 1
2ǫ, ‖f− − f− ∗ ν‖p ≤ 1

2ǫ

whenever νU2 = νX = 1. So we shall have

‖f − ν ∗ f‖p ≤ ǫ, ‖f − f ∗ ν‖p ≤ ǫ

whenever ν(U1 ∩ U2) = νX = 1.

(c) For general f ∈ L
p(µ), there is a bounded continuous function g : X → R such that µ{x : g(x) 6=

0} <∞ and ‖f − g‖p ≤ 1
4ǫ (415Pa). Now there is a neighbourhood U1 of e such that

‖g − ν ∗ g‖p ≤ 1
4ǫ, ‖g − g ∗ ν‖p ≤ 1

4ǫ

whenever νU1 = νX = 1. There is also a neighbourhood U2 of e such that ∆(y−1)(1−p)/p ≤ 2 for every
y ∈ U2, so that

‖g ∗ ν − f ∗ ν‖p ≤ 2‖g − f‖p ≤ 1
2ǫ

whenever νU2 = νX = 1. Since we have

‖ν ∗ g − ν ∗ f‖p ≤ ‖g − f‖p ≤ 1
4ǫ

whenever νX = 1, we get ‖f − ν ∗ f‖p ≤ ǫ, ‖f = f ∗ ν‖p ≤ ǫ whenever ν(U1 ∩ U2) = νX = 1.
This completes the proof.

444U Corollary Let X be a topological group and µ a left Haar measure on X. For any Haar measurable
E ⊆ X such that 0 < µE <∞, and any f ∈ ⋃

1≤p<∞ L
p(µ), write

fE(x) =
1

µE

∫
xE
fdµ, f ′E(x) =

1

µ(Ex)

∫
Ex
fdµ

for x ∈ X. Then, for any p ∈ [1,∞[, f ∈ L
p and ǫ > 0, there is a neighbourhood U of the identity in X

such that ‖fE − f‖p ≤ ǫ and ‖f ′E − f‖p ≤ ǫ whenever E ⊆ U is a non-negligible Haar measurable set.

proof Take δ ∈ ]0, 1[ such that δ(1 − δ)(1−p)/p‖f‖p ≤ 1
2ǫ. By 444T, there is a neighbourhood U of the

identity such that ‖f − f ∗ ν‖p ≤ 1
2ǫ, ‖f − ν ∗ f‖p ≤ ǫ whenever ν is a quasi-Radon measure on X such

that νU = νX = 1. Shrinking U if necessary, we may suppose also that U = U−1, that µU < ∞ and that
|∆(x) − 1| ≤ δ for every x ∈ U , where ∆ is the left modular function of X. If E ⊆ U and µE > 0, consider
the quasi-Radon measures ν, ν ′,

↔

ν and
↔

ν ′ on X defined by setting

νF =
1

µE−1

∫
E∩F

∆(x−1)µ(dx), ν ′F =
µ(E∩F )

µE
,

↔

νF = νF−1,
↔

ν ′F = ν ′F−1

whenever these are defined. (They are quasi-Radon measures because ν and ν ′ are totally finite indefinite-
integral measures over µ and the map x 7→ x−1 is a homeomorphism.) Because E ⊆ U = U−1, we have
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↔

νU = νU−1 =
1

µE−1

∫
E

∆(x−1)µ(dx) = 1 =
↔

νX

by 442Ka, while
↔

ν ′X =
↔

ν ′U = ν ′U−1 = 1.

Now consider f ∗ ↔

ν and
↔

ν ′ ∗ f . For any x ∈ X,

(f ∗ ↔

ν )(x) =

∫
f(xy−1)∆(y−1)

↔

ν (dy) =

∫
f(xy)∆(y)ν(dy)

(because
↔

ν is the image of ν under the map y 7→ y−1)

=
1

µE−1

∫
χE(y)∆(y−1)f(xy)∆(y)µ(dy)

(noting that ν is an indefinite-integral measure over µ, and using 235K)

=
1

µE−1

∫
χE(x−1y)f(y)µ(dy) =

1

µE−1

∫

xE

f(y)µ(dy) =
µE

µE−1
fE(x),

(
↔

ν ′ ∗ f)(x) =

∫
f(y−1x)

↔

ν ′(dy) =

∫
f(yx)ν ′(dy)

(because
↔

ν ′ is the image of ν ′ under the map y 7→ y−1)

=
1

µE

∫
χE(y)f(yx)µ(dy) =

∆(x−1)

µE

∫
χE(yx−1)f(y)µ(dy)

(by 442Kc)

=
1

µ(Ex)

∫

Ex

f(y)µ(dy) = f ′E(x).

So

‖f − fE‖p ≤ ‖f − f ∗ ↔

ν‖p +
∣∣µE−1

µE
− 1

∣∣‖f ∗ ↔

ν‖p.

Now µE−1 =
∫
E

∆(y−1)µ(dy), so that

|µE − µE−1| ≤
∫
E
|∆(y−1) − 1|µ(dy) ≤ δµE, |µE

−1

µE
− 1| ≤ δ;

also

‖f ∗ ↔

ν‖p ≤ ‖f‖p
∫

∆(y)(1−p)/pν(dy) ≤ ‖f‖p(1 − δ)(1−p)/p

by 444Mb, so

∣∣µE−1

µE
− 1

∣∣‖f ∗ ↔

ν‖p ≤ δ(1 − δ)(1−p)/p‖f‖p ≤ 1

2
ǫ,

and ‖f − fE‖p ≤ ǫ.
On the other hand,

‖f − f ′E‖p = ‖f − ↔

ν ′ ∗ f‖p ≤ ǫ;

as E is arbitrary, we have found a suitable U .

444V So far I have not emphasized the special properties of compact groups. But of course they are
the centre of the subject, and for the sake of a fundamental theorem in §446 I give the following result.

Theorem Let X be a compact topological group and µ a left Haar measure on X.
(a) For any u, v ∈ L2 = L2(µ) we can interpret their convolution u ∗ v either as a member of the space

C(X) of continuous real-valued functions on X, or as a member of the space L2.
(b) If w ∈ L2, then u 7→ u ∗w is a compact linear operator whether regarded as a map from L2 to C(X)

or as a map from L2 to itself.
(c) If w ∈ L2 and w =

↔

w (as defined in 443Af), then u 7→ u ∗ w : L2 → L2 is a self-adjoint operator.
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proof (a) Being compact, X is unimodular (442Ic). As noted in 444Sa, ∗ can be regarded as a bilinear
operator from L2 × L2 to Cb(X) = C(X). Because µX must be finite, we now have a natural map f 7→ f•

from C(X) to L2, so that we can think of u ∗ v as a member of L2 for u, v ∈ L2.

(b)(i) Evidently u 7→ u ∗ w : L2 → C(X) is linear, for any w ∈ L2.

(ii) Let B be the unit ball of L2, and give it the topology induced by the weak topology Ts(L
2, L2),

so that B is compact (4A4Ka). Let •l be the left action of X on L2 as in 443G and 444S.
If f , g ∈ L

2 and a ∈ X, then

(f ∗ g)(a) =
∫
f(x)g(x−1a)dx =

∫
f(x)

↔

g (a−1x)dx =
∫
f × a•l

↔

g .

(Note that because X is unimodular,
↔

g and a•l
↔

g are square-integrable whenever g is.) So if u, w ∈ L2 and
a ∈ X, (u ∗w)(a) = (u|a•l

↔

w). It follows that, for any w ∈ L2, the function (a, u) 7→ (u ∗w)(a) : X ×B → R
is continuous. PPP We know that •l : X×L2 → L2 is continuous when L2 is given its norm topology (443Gf).
Now (u, v) 7→ (u|v) is continuous, so (a, u) 7→ (u ∗ w)(a) = (u|a•l

↔

w) must be continuous. QQQ
Because X is compact, this means that u 7→ u ∗ w : B → C(X) is continuous when C(X) is given its

norm topology and B is given the weak topology (4A2G(g-ii)). Because B is compact in the weak topology,
{u∗w : u ∈ B} is compact in C(X). But this implies that u 7→ u∗w is a compact linear operator (definition:
3A5La).

(iii) Again because X is compact, µ is totally finite, so, for f ∈ C(X), ‖f‖2 ≤ ‖f‖∞
√
µX, and the

natural map f 7→ f• : C(X) → L2 is a bounded linear operator. Consequently the map u 7→ (u ∗w)• : L2 →
L2 is a compact operator, by 4A4La.

(c) Now suppose that w =
↔

w. In this case (u ∗ w|v) = (u|v ∗ w) for all u, v ∈ L2. PPP Express u, v and w
as f•, g• and h• where f , g and h are square-integrable Borel measurable functions defined everywhere on
X. We have

(u ∗ w|v) =

∫
(f ∗ h)(x)g(x)dx =

∫∫
f(y)h(y−1x)g(x)dydx

=

∫∫
f(y)h(y−1x)g(x)dxdy

(because (x, y) 7→ f(y)h(y−1x)g(x) is Borel measurable, µ is totally finite and
∫∫

|f(y)h(y−1x)g(x)|dydx =

(|u| ∗ |w|||v|) is finite)

=

∫∫
f(y)

↔

h(x−1y)g(x)dxdy =

∫
f(y)(g ∗

↔

h)(y)dy

= (u|v ∗ ↔

w) = (u|v ∗ w). QQQ

As u and v are arbitrary, this shows that u 7→ u ∗ w : L2 → L2 is self-adjoint.

444X Basic exercises >>>(a) Let X be a Hausdorff topological group. Show that if λ and ν are totally
finite Radon measures on X then λ ∗ ν is the image measure (λ× ν)φ−1, where φ(x, y) = xy for x, y ∈ X,
and in particular is a Radon measure.

>>>(b) Let X be a topological group and λ, ν two totally finite quasi-Radon measures on X. Writing

suppλ for the support of λ, show that supp(λ ∗ ν) = (suppλ)(supp ν).

(c) Let X be a topological group and M+
qR the family of totally finite quasi-Radon measures on X. Show

that (λ, ν) 7→ λ ∗ ν : M+
qR ×M+

qR → M+
qR is continuous for the narrow topology on M+

qR. (Hint : 437Ma,

437N.)

(d) Let X be a Hausdorff topological group. Show that X is abelian iff its Banach algebra of signed
τ -additive Borel measures is commutative.
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66 Topological groups 444Xe

(e) Let X be a topological group, and Mτ its Banach algebra of signed τ -additive Borel measures. (i)
Show that we have actions •l, •r of X on Mτ defined by writing (a•lν)(E) = ν(aE), (a•rν)(E) = ν(Ea−1).
(ii) Show that (a•lλ) ∗ ν = a•l(λ ∗ ν), λ ∗ (a•rν) = a•r(λ ∗ ν) for all a ∈ X and λ, ν ∈Mτ .

(f) Let X be a compact Hausdorff topological group, and B a norm-bounded subset of the Banach algebra
Mτ of signed τ -additive Borel measures on X. Show that (λ, ν) 7→ λ ∗ ν : B × B → Mτ is continuous for
the vague topology on Mτ . (Hint : 437Md.)

(g) Let X be a topological group, and ν a totally finite quasi-Radon measure on X. Show that for
any Borel sets E, F ⊆ X, the function (g, h) 7→ ν(gE ∩ Fh) is Borel measurable. (Hint : for Borel sets
W ⊆ X × X, set ν ′W = ν{x : (x, x) ∈ W}. Consider the action of X × X on itself defined by writing
(g, h)•(x, y) = (gx, yh−1).)

(h) Let X be a topological group and f a real-valued function defined on a subset of X. (i) Show that
a•r(ν ∗ f) = ν ∗ (a•rf) (definition: 4A5Cc) whenever a ∈ X and ν is a measure on X. (ii) Show that if X
carries Haar measures, then a•l(f ∗ ν) = (a•lf) ∗ ν whenever a ∈ X and ν is a measure on X.

(i) Let X be a topological group carrying Haar measures, f : X → R a bounded continuous function and
ν a totally finite quasi-Radon measure on X. Show that f ∗ ν is continuous.

(j) Let X be a topological group carrying Haar measures, f a real-valued function defined on a subset of
X, and λ, ν totally finite quasi-Radon measures on X. Show that ((f ∗ν)∗λ)(x) = (f ∗ (ν ∗λ))(x) whenever
the right-hand side is defined. (See also 444Yj.)

(k) Let X be an abelian topological group carrying Haar measures. Show that f ∗ ν = ν ∗ f for every
measure ν on X and every real-valued function f defined on a subset of X.

>>>(l) Let X be a topological group and µ a left Haar measure on X. (i) Let ν be a totally finite quasi-
Radon measure on X such that x 7→ ν(xF ) is continuous for every closed set F ⊆ X. Show that ν is truly
continuous with respect to µ. (Hint : if µF = 0, apply 444K to ν ∗χF−1 to see that ν(xF ) = 0 for µ-almost
every x.) (ii) Let ν be a totally finite Radon measure on X such that x 7→ ν(xK) is continuous for every
compact set K ⊆ X. Show that ν is truly continuous with respect to µ.

(m) Let X be a topological group carrying Haar measures, E ⊆ X a Haar negligible set and ν a σ-finite
quasi-Radon measure on X. Show that ν(xE) = ν(Ex) = 0 for Haar-a.e. x ∈ X.

(n) Let X be a topological group carrying Haar measures, and ν a non-zero totally finite quasi-Radon
measure on X such that ν(xE) = 0 whenever x ∈ X and νE = 0. (i) Show that ν is strictly positive, so
that X is ccc. (ii) Show that a subset of X is ν-negligible iff it is Haar negligible.

(o) Use the method of part (b) of the proof of 444M to prove part (a) there.

>>>(p) Let X be the group S1 × S1, with the topology defined by giving the first coordinate the usual
topology of S1 and the second coordinate its discrete topology, so that X is a locally compact abelian
group. Let µ be a Haar measure on X. (i) Find a Borel measurable function f : X ×X → {0, 1} such that∫∫

f(x, y)µ(dx)µ(dy) 6=
∫∫

f(x, y)µ(dy)µ(dx). (ii) Let ν be the Radon measure on X defined by setting
νE = #({s : (s, s−1) ∈ E}) if this is finite, ∞ otherwise. Define g : X → {0, 1} by setting g(s, t) = 1 if
s = t, 0 otherwise. Show that

∫∫
g(xy)ν(dy)µ(dx) = ∞,

∫∫
g(xy)µ(dx)ν(dy) = 0. (iii) Find a closed set

F ⊆ X such that x 7→ ν(xF ) is not Haar measurable.

>>>(q) Let X be a Hausdorff topological group and for a ∈ X write δa for the Dirac measure on X
concentrated at a. (i) Show that δa ∗ δb = δab for all a, b ∈ X. (ii) Show that, in the notation of 444Xe,
δa ∗ ν̂ is the completion of a−1

•lν and ν̂ ∗ δa is the completion of a•rν for every a ∈ X and every totally
finite τ -additive Borel measure ν on X with completion ν̂. (iii) Show that δa ∗ f = a•lf for every a ∈ X and
every real-valued function f defined on a subset of X. (iv) Show that if X carries Haar measures, and has
left modular function ∆, f ∗ δa = ∆(a−1)a−1

•rf for every a ∈ X and every real-valued function f defined
on a subset of X. (v) Use these formulae to relate 444Of to 444B.
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(r) Let X be a topological group and µ a left Haar measure on X. Show that if f , g ∈ L
0(X) then

(f ∗ g)↔ =
↔

g ∗
↔

f .

(s) Let X be a locally compact Hausdorff topological group and µ a left Haar measure on X. Show that
if f , g : X → R are continuous functions with compact support, then f ∗ g is a continuous function with
compact support.

(t) In 444Rc, show that f ∗ ↔

g is uniformly continuous for the bilateral uniformity. (Hint : in 443Gf,
x 7→ x•lu is uniformly continuous.)

(u) LetX be a topological group with a totally finite Haar measure µ. Show that (i) (u∗w|v) = (u|v∗↔

w) for
any u, v, w ∈ L2 = L2(µ), where

↔

w and u∗v are defined as in 443Af and 444V (ii) the map u 7→ u∗w : L2 → L2

is a compact linear operator for any w ∈ L2. (Hint : for (ii), use 443L.)

(v) Let X be a topological group with a Haar probability measure µ. Show that L2(µ) with convolution
is a Banach algebra.

>>>(w)(i) Let X1, X2 be topological groups with totally finite quasi-Radon measures λi, νi on Xi for each
i. Let λ = λ1×λ2, ν = ν1×ν2 be the quasi-Radon product measure on the topological group X = X1×X2.
Show that λ ∗ ν = (λ1 ∗ ν1) × (λ2 ∗ ν2). (ii) Let 〈Xi〉i∈I be a family of topological groups, and λi, νi quasi-
Radon probability measures on Xi for each i. Let λ =

∏
i∈I λi, ν =

∏
i∈I νi be the quasi-Radon product

measures on the topological group
∏
i∈I Xi. Show that λ ∗ ν =

∏
i∈I λi ∗ νi.

>>>(x) Show that 444C, 444O, 444P, 444Qb and 444R-444U remain valid if we work with complex-valued,
rather than real-valued, functions, and with L

p
C

and Lp
C

rather than L
p and Lp.

(y) Let X be a topological group with a left Haar measure µ and left modular function ∆. Write

∆∆∆ ∈ L0 = L0(µ) for the equivalence class of the function ∆. For u ∈ L0 write u∗ for
↔

u ×
↔

∆∆∆. Show that (i)
(u∗)∗ = u for every u ∈ L0 (ii) u 7→ u∗ : L0 → L0 is a Riesz space automorphism (iii) u∗ ∈ L1 for every
u ∈ L1 = L1(µ) (iv) u 7→ u∗ : L1 → L1 is an L-space automorphism (v) u∗ ∗ v∗ = (v ∗ u)∗ for all u, v ∈ L1

(v) defining T : L1 → Mτ as in 444Sc, show that Tu∗ =
↔

Tu (that is, (Tu∗)(E) = (Tu)(E−1) for Borel sets
E) for every u ∈ L1.

444Y Further exercises (a) Find a subgroup X of {0, 1}N and quasi-Radon probability measures λ, ν
on X and a set A ⊆ X such that (λ ∗ ν)∗(A) = 1 but (λ× ν){(x, y) : x, y ∈ X, x+ y ∈ A} = 0.

(b) Let X be a topological semigroup, that is, a semigroup with a topology such that multiplication
is continuous. (i) For totally finite τ -additive Borel measures λ, ν on X, show that there is a τ -additive
Borel measure λ ∗ ν defined by saying that (λ ∗ ν)(E) = (λ× ν){(x, y) : xy ∈ E} for every Borel set E ⊆ X.
(ii) Show that in this context (λ1 ∗λ2) ∗λ3 = λ1 ∗ (λ2 ∗λ3). (iii) Show that

∫
fd(λ ∗ ν) =

∫
f(xy)λ(dx)ν(dy)

whenever f is (λ ∗ ν)-integrable. (iv) Show that if the topology is Hausdorff and λ and ν are tight (that
is, inner regular with respect to the compact sets) so is λ ∗ ν. (v) Show that we have a Banach algebra of
signed τ -additive Borel measures on X, as in 444E.

(c) Let X be a topological group, and write M
(C)
τ for the complexification of the L-space Mτ of 444E,

as described in 354Yl. Show that M
(C)
τ , with the natural extension of the convolution operator of 444E, is

a complex Banach algebra, and that we still have |λ ∗ ν| ≤ |λ| ∗ |ν| for λ, ν ∈M
(C)
τ .

(d) Find a locally compact Hausdorff topological group X, a Radon probability measure ν on X and an
open set G ⊆ X such that {(xGx−1)• : x ∈ X} is not a separable subset of the measure algebra of ν.

(e) Let X be a metrizable group. We say that a subset A of X is Haar null if there are a universally
Radon-measurable set E ⊇ A and a non-zero Radon measure ν on X such that ν(xEy) = 0 for every x,
y ∈ X. (i) Show that the family of Haar null sets is a translation-invariant σ-ideal of subsets of X. (Hint :
if 〈En〉n∈N is a sequence of universally Radon-measurable Haar null sets, we can find Radon probability
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measures νn concentrated on compact sets near the identity such that νn(xEny) = 0 for every x, y and n;
now construct an infinite convolution product ν = ν0 ∗ ν1 ∗ . . . from the probability product of the νn and
show that ν(xEny) = 0 for every x, y and n.) (ii) Show that if X and Y are Polish groups, φ : X → Y is
a surjective continuous homomorphism and B ⊆ Y is Haar null, then φ−1[B] is Haar null in X. (iii) Show
that if X is a locally compact Polish group then a subset of X is Haar null iff it is Haar negligible in the
sense of 442H. (See Solecki 01.)

(f) Suppose that the continuum hypothesis is true. Let ν be Cantor measure on R (256Hc). Show that
there is a set A ⊆ R such that ν(x+A) = 0 for every x ∈ R, but A is not Haar negligible.

(g) Let X be a topological group and µ a left Haar measure on X. Let τ be a T -invariant extended
Fatou norm on L0(µ) (§374). Show that if ν is any totally finite quasi-Radon measure on X, then we have
a linear operator f• 7→ (ν ∗ f)• from Lτ to itself, of norm at most νX.

(h) Let X be a topological group with a left Haar measure µ, Mτ the Banach algebra of signed τ -additive
Borel measures on X, and p ∈ [1,∞]. (i) Show that we have a multiplicative linear operator T from Mτ

to the Banach algebra B(Lp(µ);Lp(µ)) defined by writing (Tν)(f•) = (ν̂ ∗ f)• whenever ν is a totally finite
τ -additive Borel measure on X with completion ν̂ and f ∈ L

p(µ). (Hint : Use 444K and 444B to show that
(λ ∗ ν) ∗ f =a.e. λ ∗ (ν ∗ f) for enough λ, ν and f . See also 444Yj.) (ii) Show that ‖Tν‖ ≤ ‖ν‖ for every
ν ∈M+

τ . (iii) Give an example in which ‖Tν‖ < ‖ν‖.

(i) Let X be a unimodular topological group with left Haar measure µ. Suppose that p, q, r ∈ [1,∞] are
such that 1

p + 1
q = 1 + 1

r , interpreting 1
∞ as 0. Show that if f ∈ L

p(µ) and g ∈ L
q(µ) then f ∗ g ∈ L

r(µ)

and ‖f ∗ g‖r ≤ ‖f‖p‖g‖q. (Hint : 255Yl. Take care to justify any changes in order of integration.)

(j) Let X be a topological group carrying Haar measures. Investigate conditions under which the asso-
ciative laws

λ ∗ (ν ∗ f) = (λ ∗ ν) ∗ f , λ ∗ (f ∗ ν) = (λ ∗ f) ∗ ν, f ∗ (λ ∗ ν) = (f ∗ λ) ∗ ν,

f ∗ (g ∗ ν) = (f ∗ g) ∗ ν, f ∗ (ν ∗ g) = (f ∗ ν) ∗ g, ν ∗ (f ∗ g) = (ν ∗ f) ∗ g
will be valid, where λ and ν are quasi-Radon measures on X and f , g are real-valued functions. Relate your
results to 444Xq.

(k) Let X be a topological group with a left Haar measure µ and left modular function ∆. (i) Suppose
that f ∈ L

0(µ). Show that the following are equiveridical: (α) f(yx) = ∆(y)f(xy) for (µ × µ)-almost
every x, y ∈ X; (β) (a•cf)• = ∆(a−1)f• for every a ∈ X. (ii) Show that in this case f(x) = 0 for almost
every x such that ∆(x) 6= 1. (iii) Suppose that f ∈ L

1(µ). Show that the following are equiveridical: (α)
f(yx) = ∆(y)f(xy) for (µ× µ)-almost every x, y ∈ X; (β) (f ∗ g)• = (g ∗ f)• for every g ∈ L

1(µ).

(l) Let X be a topological group and µ a left Haar measure on X. Let τ be a T -invariant extended Fatou
norm on L0(µ) such that τ↾Lτ is an order-continuous norm. For a totally finite quasi-Radon measure ν on
X, let Tν : Lτ → Lτ be the corresponding linear operator (444Yg). Show that for any u ∈ Lτ and ǫ > 0
there is a neighbourhood U of the identity in X such that τ(Tνu− u) ≤ ǫ whenever νU = νX = 1.

(m) Let X be a topological group with a left Haar measure µ. For u ∈ L2 = L2(µ), set Au = {a•lu : a ∈
X} (443G) in L2, and D = {v ∗ u : v ∈ L1(µ), v ≥ 0,

∫
v = 1}. (i) Show that the closed convex hull of Au

in L2 is the closure of D. (Hint : (α) use 444Od to show that if w ∈ L2 and (w′|w) ≥ γ for every w′ ∈ Au,
then (w′|w) ≥ γ for every w′ ∈ D (β) use 444U to show that Au ⊆ D.) (ii) Show that the closed linear
subspace Wu generated by Au is the closure of {v ∗ u : v ∈ L1}. (iii) Show that if w ∈ L2 and w ∈ A⊥

u , that
is, (u′|w) = 0 for every u′ ∈ A, then Ww ⊆ W⊥

u . (iv) Show that if X is σ-compact, then Wu is separable.
(Hint : Au is σ-compact, by 443Gf.) (v) Set C = {f• : f ∈ L

2 ∩ C(X)}. Show that C ∩Wu is dense in Wu.
(Hint : v ∗ u ∈ C for many v, by 444Rc.) (vi) Show that if X is σ-compact, then Wu has an orthonormal
basis in C. (vii) Show that L2 has an orthonormal basis in C. (Hint : if X is σ-compact, take a maximal
orthogonal family of subspaces Wu, find a suitable orthonormal basis of each, and use (iii) to see that these
assemble to form a basis of L2. For a general locally compact Hausdorff group, start with a σ-compact open
subgroup, and then deal with its cosets. For a general topological group with a Haar measure, use 443L.)
(Compare 416Yh.)
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(n) Let X be a topological group with a left Haar measure µ. Let λ be the quasi-Radon product measure
on X×X. Let U be the set of those h ∈ L

1(λ) such that (X×X)\{(x, y) : (x, y) ∈ domh, h(x, y) = 0} can
be covered by a sequence of open sets of finite measure. (i) Show that if h ∈ U, then (x, y) 7→ h(y, y−1x)
belongs to U. (Hint : 443Xa.) (ii) Show that if h ∈ U, then (Th)(x) =

∫
h(y, y−1x)µ(dy) is defined for

almost every x ∈ X and Th is µ-integrable, with ‖Th‖1 ≤ ‖h‖1. (Hint : 255Xj.) (iii) Show that if h1,
h2 ∈ U are equal λ-a.e. then Th1 = Th2 µ-a.e. (iv) Show that every member of L1(λ) can be represented
by a member of U. (Hint : 443Xk.) (v) Show that if f , g ∈ L

1(µ) and both are zero outside some countable
union of open sets of finite measure, then T (f ⊗ g) = f ∗ g, where (f ⊗ g)(x, y) = f(x)g(y). (vi) Show that

if we set T̃ (h•) = (Th)• for h ∈ U, then T̃ : L1(λ) → L1(µ) is the unique continuous linear operator such

that T̃ (u⊗ v) = u ∗ v for all u, v ∈ L1(µ), where u ∗ v is defined in 444S and ⊗ : L1(µ) × L1(µ) → L1(λ) is
the canonical bilinear operator (253E).

(o) In 444Yn, suppose that µX = 1. (i) Show that the map T̃ belongs to the class Tλ̄,µ̄ of §373. (ii) Show
that if p ∈ [1,∞] then ‖Th‖p ≤ ‖h‖p whenever h ∈ U ∩ L

p(λ).

(p) Rewrite this section in terms of right Haar measures instead of left Haar measures.

(q) Let X be a topological group and M+
qR the set of totally finite quasi-Radon measures on X. For

ν ∈ M+
qR, define

↔

ν ∈ M+
qR by saying that

↔

ν (E) = νE−1 whenever E ⊆ X and ν measures E−1. (i) Show

that if λ, ν ∈ M+
qR then

↔

λ ∗ ↔

ν = (ν ∗ λ)↔. (ii) Taking •l, •r to be the left and right actions of X on

itself, and defining corresponding actions of X on M+
qR as in 441Yp, show that a•l(λ ∗ ν) = (a•lλ) ∗ ν and

a•r(λ ∗ ν) = λ ∗ (a•rν) for λ, ν ∈M+
qR and a ∈ X.

444 Notes and comments The aim of this section and the next is to work through ideas from the second
half of Chapter 25, and Chapter 28, in forms natural in the context of general topological groups. (It is
of course possible to go farther; see 444Yb. It is the glory and confusion of twentieth-century mathematics
that it has no firm stopping points.) The move from R to an arbitrary topological group is a large one,
and I think it is worth examining the various aspects of this leap as they affect the theorems here. The
most conspicuous change, and the one which most greatly affects the forms of the results, is the loss of
commutativity. We are forced to re-examine every formula to determine exactly which manipulations can
still be justified. Multiplications must be written the right way round, and inversions especially must be
watched. But while there are undoubtedly some surprises, we find that in fact (provided we take care over
the definitions) the most important results survive. Of course I wrote the earlier results out with a view
to what I expected to do here, but no dramatic manoeuvers are needed to turn the fundamental results
255G, 255H, 255J, 257B, 257E, 257F into the new versions 444Od, 444Qb, 444Oe, 444C, 444B, 444Qa. (The
changed order of presentation is an indication of the high connectivity of the web here, not of any new
pattern.) In fact what makes the biggest difference is not commutativity, as such, but unimodularity. In
groups which are not unimodular we do have new phenomena, as in 444Mb and 444Of, and these lead to
complications in the proofs of such results as 444U, even though the result there is exactly what one would
expect.

In this section I ignore right Haar measures entirely. I do not even put them in the exercises. If you wish
to take this theory farther, you may some day have to work out the formulae appropriate to right Haar
measures. (You can check your results in Hewitt & Ross 63, 20.32.) But for the moment, I think that
they are likely to be just a source of confusion. There is one point which you may have noticed. The theory
of groups is essentially symmetric. In the definition of ‘group’ there is no distinction between left and right.
In the formulae defining group actions, we do have such a distinction, because they must reflect the fact
that we write g•x rather than x•g. With •l and •r, for instance (444Of), if we want them to be actions in
the standard sense we have to put an −1 into the definition of •l but not into the definition of •r. But we
still expect that, for instance, λ ∗ ν and ν ∗ λ will be related in some transparent way. However there is an
exception to this rule in the definitions of ν ∗ f and f ∗ ν (444H, 444J). The modular function appears in
the latter, so in fact the definition applies only in a more restricted class of groups. In abelian groups we
assume that f ∗ ν and ν ∗ f will be equal, and they are (444Xk), but strictly speaking, on the definitions
here, we can write f ∗ ν = ν ∗ f only for abelian topological groups carrying Haar measures.
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From the point of view of the proofs in this section, the principal change is that the Haar measures here
are no longer assumed to be σ-finite. I am well aware that non-σ-finite measures are a minority interest,
especially in harmonic analysis, but I do think it interesting that σ-finiteness is not relevant to the main
results, and the techniques required to demonstrate this are very much in the spirit of this treatise (see, in
particular, the proof of 444N, and the repeated applications of 443Jb). The basic difficulty is that we can no
longer exchange repeated integrals, even of non-negative Borel measurable functions, quite automatically.
Let me emphasize that the result in 444N is really rather special. If we try to generalize it to other measures
or other types of function we encounter the usual obstacles (444Xp).

A difficulty of a different kind arises in the proof of 444Fc. Here I wish to show that the function
g 7→ (g•E)• : G → A is Borel measurable for every Borel measurable set E. The first step is to deal with
open sets E, and it would be nice if we could then apply the Monotone Class Theorem. But the difficulty
is that even though the map (a, b) 7→ a \ b : A×A → A is continuous, it does not quite follow that the map

g 7→ (g•(E \ F ))• = (g•E)• \ (g•F )•

is Borel measurable whenever g 7→ (g•E)• and g 7→ (g•F )• are, because the map g 7→ ((g•E)•, (g•F )•) : G→
A × A might conceivably fail to be Borel measurable, if the metric space A is not separable, that is, if the
Maharam type of the measure ν is uncountable. Of course the difficulty is easily resolved by an extra twist
in the argument.

I use different techniques for the two parts of 444M as an excuse to recall the ideas of §371; in fact part
(a) is slightly easier than part (b) when proved by the method of the latter (444Xo).

444U is a kind of density theorem. Compared with the density theorems in §§223 and 261, it is a ‘mean’
rather than ‘pointwise’ density theorem; if E is concentrated near the identity, then f•

E approximates f• in
Lp, but there is no suggestion that we can be sure that fE(x) ≏ f(x) for any particular xs unless we know
much more about the set E. In fact this is to be expected from the form of the results concerning Lebesgue
measure. The sets E considered in Volume 2 are generally intervals or balls, and even in such a general form
as 223Ya we need a notion of scalar multiplication separate from the group operation.

Version of 20.3.08

445 The duality theorem

In this section I present a proof of the Pontryagin-van Kampen duality theorem (445U). As in Chapter 28,
and for the same reasons, we need to use complex-valued functions; the relevant formulae in §§443 and 444
apply unchanged, and I shall not repeat them here, but you may wish to re-read parts of those sections taking
functions to be complex- rather than real-valued. (It is possible to avoid complex-valued measures, which
I relegate to the exercises.) The duality theorem itself applies only to abelian locally compact Hausdorff
groups, and it would be reasonable, on first reading, to take it for granted that all groups here are of this
type, which simplifies some of the proofs a little.

My exposition is based on that of Rudin 67. I start with the definition of ‘dual group’, including a
description of a topology on the dual (445A), and the simplest examples (445B), with a mention of Fourier-
Stieltjes transforms of measures (445C-445D). The elementary special properties of dual groups of groups
carrying Haar measures are in 445E-445G; in particular, in these cases, the bidual of a group begins to make
sense, and we can start talking about Fourier transforms of functions.

Serious harmonic analysis begins with the identification of the dual group with the maximal ideal space
of L1 (445H-445K). The next idea is that of ‘positive definite’ function (445L-445M). Putting these together,
we get the first result here which asserts that the dual group of an abelian group X carrying Haar measures
is sufficiently large to effectively describe functions on X (Bochner’s theorem, 445N). It is now easy to
establish that X can be faithfully embedded in its bidual (445O). We also have most of the machinery
necessary to describe the correctly normalized Haar measure of the dual group, with a first step towards
identifying functions whose Fourier transforms will have inverse Fourier transforms (the Inversion Theorem,
445P). This leads directly to the Plancherel Theorem, identifying the L2 spaces of X and its dual (445R).
At this point it is clear that the bidual X cannot be substantially larger than X, since they must have
essentially the same L2 spaces. A little manipulation of shifts and convolutions in L2 (445S-445T) shows
that X must be dense in X, and a final appeal to local compactness shows that X is closed in X.

c© 1998 D. H. Fremlin
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445A Dual groups Let X be any topological group.

(a) A character on X is a continuous group homomorphism from X to S1 = {z : z ∈ C, |z| = 1}. It is
easy to see that the set X of all characters on X is a subgroup of the group (S1)X , just because S1 is an
abelian topological group. (If χ, θ ∈ X , then x 7→ χ(x)θ(x) is continuous, and

(χθ)(xy) = χ(xy)θ(xy) = χ(x)χ(y)θ(x)θ(y) = χ(x)θ(x)χ(y)θ(y) = (χθ)(x)(χθ)(y).)

So X itself is an abelian group.

(b) Give X the topology of uniform convergence on subsets of X which are totally bounded for the
bilateral uniformity on X (4A5Hb, 4A5O). (If E is the set of totally bounded subsets of X, then the
topology of X is generated by the pseudometrics ρE , where ρE(χ, θ) = supx∈E |χ(x) − θ(x)| for E ∈ E and
χ, θ ∈ X . It will be useful, in this formula, to interpret sup ∅ = 0, so that ρ∅ is the zero pseudometric.
Note that E is closed under finite unions, so {ρE : E ∈ E} is upwards-directed, as in 2A3Fe.) Then X is a
Hausdorff topological group. (If x ∈ E ∈ E and χ, χ0, θ, θ0 ∈ X ,

|(χθ)(x) − (χ0θ0)(x)| = |χ(x)(θ(x) − θ0(x)) + θ0(x)(χ(x) − χ0(x))|
≤ |θ(x) − θ0(x)| + |χ(x) − χ0(x)|,

|χ−1(x) − χ−1
0 (x)| = |χ(x) − χ0(x)| = |χ(x) − χ0(x)|,

so

ρE(χθ, χ0θ0) ≤ ρE(χ, χ0) + ρE(θ, θ0), ρE(χ−1, χ−1
0 ) = ρE(χ, χ0).

If χ 6= θ then there is an x ∈ X such that χ(x) 6= θ(x), and now {x} ∈ E and ρ{x}(χ, θ) > 0.)

(c) Note that if X is locally compact, then its totally bounded sets are just its relatively compact sets
(4A5Oe), so the topology of X is the topology of uniform convergence on compact subsets of X.

(d) If X is compact, then X is discrete. PPP X itself is totally bounded, so U = {χ : |χ(x) − 1| ≤ 1 for
every x ∈ X} is a neighbourhood of the identity ι in X . But if χ ∈ U and x ∈ X then |χ(x)n − 1| ≤ 1 for
every n ∈ N, so χ(x) = 1. Thus U = {ι} and ι is an isolated point of X ; it follows that every point of X is
isolated. QQQ

(e) If X is discrete then X is compact. PPP The only totally bounded sets in X are the finite sets, so the
topology of X is just that induced by its embedding in (S1)X . On the other hand, every homomorphism
from X to S1 is continuous, so X is a closed set in (S1)X , which is compact by Tychonoff’s theorem. QQQ

(f) I ought to remark that to most group theorists the word ‘character’ means something rather different.
For a finite abelian group X with its discrete topology, the ‘characters’ on X, as defined in (a) above, are
just the group homomorphisms from X to C\{0}, which in this context can be identified with the characters
of the irreducible complex representations of X.

445B Examples (a) If X = R with addition, then X can also be identified with the additive group R,
if we write χy(x) = eiyx for x, y ∈ R.

PPP It is easy to check that every χy, so defined, is a character on R, and that y 7→ χy : R → X is a
homomorphism. On the other hand, if χ is a character, then (because it is continuous) there is a δ ≥ 0
such that |χ(x) − 1| ≤ 1 whenever |x| ≤ δ. χ(δ) is uniquely expressible as eiα where |α| ≤ π

2 . Set

y = α/δ, so that χ(δ) = χy(δ). Now χ( 1
2δ) must be one of the square roots of χ(δ), so is ±χy( 1

2δ); but as

|χ( 1
2δ) − 1| ≤ 1, it must be +χy( 1

2δ). Inducing on n, we see that χ(2−nδ) = χy(2−nδ) for every n ∈ N, so
that χ(2−nkδ) = χy(2−nkδ) for every k ∈ Z, n ∈ N; as χ and χy are continuous, χ = χy. Thus the map
y 7→ χy is surjective and is a group isomorphism between R and X .

As for the topology of X , R is a locally compact topological group, so the totally bounded sets are just
the relatively compact sets (4A5Oe again), that is, the bounded sets in the usual sense (2A2F). Now a
straightforward calculation shows that for any α ≥ 0 in R and ǫ ∈ ]0, 2[,
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ρ[−α,α](χy, χz) ≤ ǫ ⇐⇒ α|y − z| ≤ 2 arcsin
ǫ

2
,

so that the topology of X agrees with that of R. QQQ

(b) Let X be the group Z with its discrete topology. Then we may identify its dual group X with S1

itself, writing χζ(n) = ζn for ζ ∈ S1, n ∈ Z. PPP Once again, it is elementary to check that every χζ is a
character, and that ζ 7→ χζ is an injective group homomorphism from S1 to X . If χ ∈ X , set ζ = χ(1);
then χ = χζ . So X ∼= S1. And because the only totally bounded sets in X are finite, χ 7→ χζ is continuous,
therefore a homeomorphism. QQQ

(c) On the other hand, if X = S1 with its usual topology, then we may identify its dual group X with
Z, writing χn(ζ) = ζn for n ∈ Z, ζ ∈ S1. PPP The verification follows the same lines as in (a) and (b). As
usual, the key step is to show that the map n 7→ χn : Z → X is surjective. We can do this by applying (a).
If χ ∈ X , then x 7→ χ(eix) is a character of R, so there is a y ∈ R such that χ(eix) = eiyx for every x ∈ R.
In particular, e2iyπ = χ(1) = 1, so y ∈ Z, and χ = χy. Concerning the topology of X , we know from 445Ad
that it must be discrete, so that also matches the usual topology of Z. QQQ

(d) Let 〈Xj〉j∈J be any family of topological groups, and X their product (4A5G). For each j ∈ J let
Xj be the dual group of Xj . Then the dual group of X can be identified with the subgroup X of

∏
j∈I Xj

consisting of those χ ∈ ∏
j∈J Xj such that {j : χ(j) is not the identity} is finite; the action of X on X is

defined by the formula

χ•x =
∏
j∈J χ(j)(x(j)).

(This is well-defined because only finitely many terms in the product are not equal to 1.) If I is finite, so
that X =

∏
j∈I Xj , the topology of X is the product topology.

PPP As usual, it is easy to check that •, as defined above, defines an injective homomorphism from X to the
dual group of X. If θ is any character on X, then for each j ∈ I we have a continuous group homomorphism
εj : Xj → X defined by setting εj(ξ)(j) = ξ, εj(ξ)(k) = ek, the identity of Xk, for every k 6= j. Setting
χ(j) = θεj for each j, we obtain χ ∈ ∏

j∈I Xj . Now there is a neighbourhood U of the identity of X such

that |θ(x) − 1| ≤ 1 for every x ∈ U , and we may suppose that U is of the form {x : x(j) ∈ Gj for every
j ∈ J}, where J ⊆ I is finite and Gj is a neighbourhood of ej for every j ∈ J . If k ∈ I \ J , εk(ξ) ∈ U
for every ξ ∈ Xk, so that |χ(k)(ξ) − 1| ≤ 1 for every ξ, and χ(k) must be the identity character on Xk;
this shows that χ ∈ X . If x ∈ X and x(j) = ej for j ∈ J , then again |θ(xn) − 1| ≤ 1 for every n ∈ N, so
θ(x) = χ•x = 1. For any x ∈ X, we can express it as a finite product y

∏
j∈J εj(x(j)) where y(j) = ej for

every j ∈ J , so that

θ(x) = θ(y)
∏
j∈J θεj(x(j)) =

∏
j∈J χ(j)(x(j)) = χ•x.

Thus • defines an isomorphism between X and the dual group of X.

As for the topology of X , a subset of X is totally bounded iff it is included in a product of totally bounded
sets (4A5Od). If E =

∏
j∈I Ej is such a product (and not empty), then for χ, θ ∈ X
supj∈I ρEj

(χ(j), θ(j)) ≤ ρE(χ, θ) ≤ ∑
j∈I ρEj

(χ(j), θ(j)),

so (if I is finite) the topology on X is just the product topology. QQQ

445C Fourier-Stieltjes transforms Let X be a topological group, and X its dual group. For any
totally finite topological measure ν on X, we can form its ‘characteristic function’ or Fourier-Stieltjes
transform

∧

ν : X → C by writing
∧

ν(χ) =
∫
χ(x)ν(dx). (This generalizes the ‘characteristic functions’ of

§285.)

445D Theorem Let X be a topological group, and X its dual group. If λ and ν are totally finite

quasi-Radon measures on X, then (λ ∗ ν)∧ =
∧

λ× ∧

ν.

proof If χ ∈ X , then, by 444C,
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(λ ∗ ν)∧(χ) =

∫
χd(λ ∗ ν) =

∫∫
χ(xy)λ(dx)ν(dy)

=

∫∫
χ(x)χ(y)λ(dx)ν(dy) =

∫
χ(x)λ(dx) ·

∫
χ(y)ν(dy) =

∧

λ(χ)
∧

ν(χ).

445E Let us turn now to groups carrying Haar measures. I start with three welcome properties.

Proposition Let X be a topological group with a neighbourhood of the identity which is totally bounded
for the bilateral uniformity on X, and X its dual group, with its dual group topology.

(a) The map (χ, x) 7→ χ(x) : X ×X → S1 is continuous.
(b) Let X be the dual group of X , again with its dual group topology, the topology of uniform convergence

on totally bounded subsets of X . Then we have a continuous homomorphism x 7→ x̂ : X → X defined by
setting x̂(χ) = χ(x) for x ∈ X and χ ∈ X .

(c) For any totally finite quasi-Radon measure ν on X, its Fourier-Stieltjes transform
∧

ν : X → C is
uniformly continuous.

Remark Note that the condition here is satisfied by any topological group X carrying Haar measures
(443H).

proof Fix an open totally bounded set U0 containing the identity.

(a) Let χ0 ∈ X , x0 ∈ X and ǫ > 0. Then x0U0 is totally bounded, so

V = {χ : |χ(y) − χ0(y)| ≤ 1

2
ǫ for every y ∈ x0U0}

is a neighbourhood of χ0. Also

U = {x : x ∈ x0U0, |χ0(x) − χ0(x0)| ≤ 1

2
ǫ}

is a neighbourhood of x0. And if χ ∈ V , x ∈ U we have

|χ(x) − χ0(x0)| ≤ |χ(x) − χ0(x)| + |χ0(x) − χ0(x0)| ≤ ǫ.

As χ0, x0 and ǫ are arbitrary, (χ, x) 7→ χ(x) is continuous.

(b)(i) It is easy to check that x̂, as defined above, is always a homomorphism from X to S1, and that
x 7→ x̂ : X → (S1)X is a homomorphism. Because ρ{x} is always one of the defining pseudometrics for the
topology of X (445Ab), x̂ is always continuous, so belongs to X.

(ii) To see that ̂ is continuous, I argue as follows. Take an open set H ⊆ X and x0 ∈ X such that
x̂0 ∈ H. Then there are a totally bounded set F ⊆ X and an ǫ > 0 such that x ∈ H whenever x ∈ X and
ρF (x, x̂0) ≤ ǫ. Now x0U0 is a totally bounded neighbourhood of x0, so

V = {θ : θ ∈ X , |θ(y) − 1| ≤ 1

2
ǫ for every y ∈ x0U0}

is a neighbourhood of the identity in X . There are therefore χ0, . . . , χn ∈ X such that F ⊆ ⋃
k≤n χkV . Set

U = {x : x ∈ x0U0, |χk(x) − χk(x0)| < 1

2
ǫ for every k ≤ n}.

Then U is an open neighbourhood of x0 in X.
If x ∈ U and χ ∈ F then there is a k ≤ n such that θ = χ−1

k χ ∈ V , so that

|χ(x) − χ(x0)| = |χk(x)θ(x) − χk(x0)θ(x0)|

≤ |χk(x) − χk(x0)| + |θ(x) − θ(x0)| ≤ 1

2
ǫ+

1

2
ǫ = ǫ.

But this shows that ρF (x̂, x̂0) ≤ ǫ, so x̂ ∈ H.
So we have x0 ∈ U ⊆ {x : x̂ ∈ H}. As x0 is arbitrary, {x : x̂ ∈ H} is open; as H is arbitrary, x 7→ x̂ is

continuous.
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(c) Let ǫ > 0. Because ν is τ -additive, there are x0, . . . , xn ∈ X such that ν(X \⋃k≤n xkU0) ≤ 1
3ǫ. Set

E =
⋃
k≤n xkU0; then E is totally bounded. So

V = {θ : |θ(x) − 1| ≤ ǫ

1+3νX
for every x ∈ E}

is a neighbourhood of the identity in X . If χ, χ′ ∈ X are such that θ = χ−1χ′ belongs to V , then

|∧ν(χ) − ∧

ν(χ′)| ≤
∫

|χ(x) − χ′(x)|ν(dx) =

∫
|1 − θ(x)|ν(dx)

≤ 2ν(X \ E) +
ǫνE

1+3νX
≤ ǫ.

Since ǫ is arbitrary (and X is abelian), this is enough to show that
∧

ν is uniformly continuous.

445F Fourier transforms of functions Let X be a topological group with a left Haar measure µ.

For any µ-integrable complex-valued function f , define its Fourier transform
∧

f : X → C by setting
∧

f(χ) =
∫
f(x)χ(x)µ(dx) for every character χ of X. (Compare 283A. If f is real and non-negative, then

∧

f = (fµ)∧ as defined in 445C, where fµ is the indefinite-integral measure, as in 444K.) Note that
∧

f =
∧

g

whenever f =a.e. g, so we can equally well write
∧

u(χ) =
∧

f(χ) whenever u = f• in L1
C

(µ).

445G Proposition Let X be a topological group with a left Haar measure µ. Then for any µ-integrable

complex-valued functions f and g, (f ∗ g)∧ =
∧

f × ∧

g; that is, (u ∗ v)∧ =
∧

u× ∧

v for all u, v ∈ L1
C

(µ).

proof For any character χ on X,

∫
χ(x)(f ∗ g)(x)dx =

∫∫
χ(xy)f(x)g(y)dxdy

=

∫∫
χ(x)χ(y)f(x)g(y)dxdy =

∧

f(χ)
∧

g(χ)

(using 444Od).

445H Theorem Let X be a topological group with a left Haar measure µ; let X be its dual group and
let Φ be the set of non-zero multiplicative linear functionals on the complex Banach algebra L1

C
=L1

C
(µ)

(444Sb). Then there is a one-to-one correspondence between X and Φ, defined by the formulae

φ(f•) =
∫
f × χdµ =

∧

f(χ) for every f ∈ L
1
C

= L
1
C

(µ),

φ(a•lu) = χ(a)φ(u) for every u ∈ L1
C

, a ∈ X,

for χ ∈ X and φ ∈ Φ.

Remark I follow 443G in writing a•lf
• = (a•lf)•, where (a•lf)(x) = f(a−1x) for f ∈ L

1
C

and a, x ∈ X, as
in 4A5Cc.

proof (a) If χ ∈ X then we can think of its equivalence class χ• as a member of L∞
C

= L∞
C

(µ), so that we

can define φχ ∈ (L1
C

)∗ by writing φχ(u) =
∫
χ• × u for every u ∈ L1

C
; that is, φχ(f•) =

∫
f × χ =

∧

f(χ) for
every f ∈ L

1
C

. 445G tells us that φχ is multiplicative. To see that it is non-zero, recall that µ is strictly
positive (442Aa) and that χ is continuous. Let G be an open set containing the identity e of X such that
|χ(x) − 1| ≤ 1

2 for every x ∈ G; then Re(χ(x)) ≥ 1
2 for every x ∈ G, so

|
∫
G
χ(x)dx| ≥ Re

∫
G
χ(x)dx =

∫
G
Re(χ(x))dx ≥ 1

2µG > 0.

Accordingly φχ(χG)• 6= 0 and φχ 6= 0. (I hope that no confusion will arise if I continue occasionally to write
χE for the indicator function of a set E, even if the symbol χ is already active in the sentence.)
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(b) Now suppose that φ is a non-zero multiplicative linear functional on L1
C

. Fix on some g0 ∈ L
1
C

such
that φ(g•

0) = 1. Let ∆ be the left modular function of X. (If you are reading this proof on the assumption
that X is abelian, then a•rf = a−1

•lf and ∆ ≡ 1, so the argument below simplifies usefully.)

(i) For any u ∈ L1
C

and a ∈ X, φ(a−1
•lu) = ∆(a)φ(a•ru). PPP Let f ∈ L

1
C

be such that f• = u. Take

any ǫ > 0. Then for any sufficiently small open neighbourhood U of the identity, if we set h =
1

µU
χU , we

shall have

‖(a•rf) ∗ h− a•rf‖1 ≤ ǫ, ‖h ∗ f − f‖1 ≤ ǫ

(444T, with 444P; see 444U). Setting w = h•, we have

‖(a•ru) ∗ w − a•ru‖1 ≤ ǫ, ‖w ∗ u− u‖1 ≤ ǫ,

|φ(a−1
•lu) − ∆(a)φ(a•ru)| ≤ |φ(a−1

•lu) − φ(u ∗ (a−1
•lw))|

(444Sa)

+ |∆(a)φ((a•ru) ∗ w) − ∆(a)φ(a•ru)|
= |φ(a−1

•lu) − φ(u)φ(a−1
•lw)|

+ ∆(a)|φ((a•ru) ∗ w) − φ(a•ru)|
≤ |φ(a−1

•lu) − φ(a−1
•lw)φ(u)|

+ ∆(a)‖(a•ru) ∗ w − a•ru‖1
(because ‖φ‖ ≤ 1 in (L1

C
)∗, by 4A6F)

≤ |φ(a−1
•lu) − φ((a−1

•lw) ∗ u)| + ǫ∆(a)

≤ ‖a−1
•lu− (a−1

•lw) ∗ u‖1 + ǫ∆(a)

= ‖a−1
•l(u− w ∗ u)‖1 + ǫ∆(a)

(by another of the formulae in 444Sa)

= ‖u− w ∗ u‖1 + ǫ∆(a)

(443Ge)

≤ (1 + ∆(a))ǫ.

As ǫ is arbitrary, we have the result. QQQ

(ii) For any u, v ∈ L1
C

and a ∈ X, φ(a•lu)φ(v) = φ(u)φ(a•lv). PPP

φ(a•lu)φ(v) = φ((a•lu) ∗ v) = φ(a•l(u ∗ v)) = ∆(a−1)φ(a−1
•r(u ∗ v))

= ∆(a−1)φ(u ∗ a−1
•rv) = φ(u)∆(a−1)φ(a−1

•rv) = φ(u)φ(a•lv),

using (i) for the third and sixth equalities, and 444Sa for the second and fourth. QQQ

(iii) Let v0 be g•

0, so that φ(v0) = 1, and set χ(a) = φ(a•lv0) for every a ∈ X. Then if a, b ∈ X,

χ(ab) = φ(ab•lv0) = φ(a•l(b•lv0))

(because •l is an action of X on L1
C

, as noted in 443Ge for L1)

= φ(a•l(b•lv0))φ(v0) = φ(b•lv0)φ(a•lv0)

(by (ii) above)

= χ(a)χ(b).

So χ : X → C is a group homomorphism. Moreover, because •l is continuous (443Gf), and φ also is
continuous (indeed, of norm at most 1), χ is continuous. Finally,

|χ(a)| ≤ ‖a•lv0‖1 = ‖v0‖1
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for every a ∈ X, by 443Gb; it follows at once that {χ(a)n : n ∈ Z} is bounded, so that |χ(a)| = 1, for every
a ∈ X. Thus χ ∈ X . Moreover, for any u ∈ L1

C
,

φ(a•lu) = φ(a•lu)φ(v0) = φ(u)φ(a•lv0) = χ(a)φ(u).

(iv) Now φ = φχ. PPP Because φ ∈ (L1
C

)∗, there is some h ∈ L
∞
C

(µ) such that φ(f•) =
∫
h(x)f(x)dx

for every f ∈ L
1
C

(243Gb/243K; recall that by the rules of 441D, µ is suppose to be a quasi-Radon measure,
therefore strictly localizable, by 415A). In this case, for any f ∈ L

1
C

,

φ(f•) = φ(f ∗ g0)• =

∫
h(x)(f ∗ g0)(x)dx =

∫∫
h(xy)f(x)g0(y)dydx

(444Od)

=

∫∫
h(y)f(x)g0(x−1y)dydx =

∫
φ(x•lg0)•f(x)dx

=

∫
χ(x)f(x)dx = φχ(f•). QQQ

(c) Thus we see that the formulae announced do define a surjection from X onto Φ. We have still to
confirm that it is injective. But if χ, θ are distinct members of X , then {x : χ(x) 6= θ(x)} is a non-empty
open set, so has positive measure, because µ is strictly positive; because µ is semi-finite, they represent
different linear functionals on L1

C
, and φχ 6= φθ.

This completes the proof.

445I The topology of the dual group: Proposition Let X be a topological group with a left
Haar measure µ, and X its dual group. For χ ∈ X , let χ• be its equivalence class in L0

C
= L0

C
(µ), and

φχ ∈ (L1
C

)∗ = (L1
C

(µ))∗ the multiplicative linear functional corresponding to χ, as in 445H. Then the maps
χ 7→ χ• and χ 7→ φχ are homeomorphisms between X and its images in L0

C
and (L1

C
)∗, if we give L0

C
the

topology of convergence in measure (245A/245M) and (L1
C

)∗ the weak* topology (2A5Ig).

proof (a) Note that χ 7→ χ• is injective because µ is strictly positive, so that if χ, θ are distinct members
of X then the non-empty open set {x : χ(x) 6= θ(x)} has non-zero measure; and that χ 7→ φχ is injective by
445H. So we have one-to-one correspondences between X and its images in L0

C
and (L1

C
)∗.

Write T for the topology of X as defined in 445Ab, Tm for the topology induced by its identification with
its image in L0

C
, and Tw for the topology induced by its identification with its image in (L1

C
)∗. Let E be the

family of non-empty totally bounded subsets of X and Σf the set of measurable sets of finite measure; for
E ∈ E , F ∈ Σf and f ∈ L

1
C

= L
1
C

(µ) set

ρE(χ, θ) = supx∈E |χ(x) − θ(x)|,

ρ′F (χ, θ) =
∫
F

min(1, |χ(x) − θ(x)|)µ(dx),

ρ′′f (χ, θ) = |
∫
f(x)χ(x)µ(dx) −

∫
f(x)θ(x)µ(dx)|

for χ, θ ∈ X . Then T is generated by the pseudometrics {ρE : E ∈ E}, Tm is generated by {ρ′F : F ∈ Σf}
and Tw is generated by {ρ′′f : f ∈ L

1
C
}.

(b) Tm ⊆ T. PPP Suppose that F ⊆ X is a measurable set of finite measure, and ǫ > 0. There is a
non-empty totally bounded open set U ⊆ X (443H). Since {xU : x ∈ X} is an open cover of X and µ
is τ -additive, there are y0, . . . , yn ∈ X such that µ(F \ ⋃

j≤n yjU) ≤ 1
3ǫ; set E =

⋃
j≤n yjU . Then E is

totally bounded, and ρ′F (χ, θ) ≤ ǫ whenever ρE(χ, θ) ≤ ǫ

1+3µE
. As F and ǫ are arbitrary, the identity map

(X ,T) → (X ,Tm) is continuous (2A3H), that is, Tm ⊆ T. QQQ

(c) Tw ⊆ Tm. PPP If f ∈ L
1
C

and ǫ > 0 let F ∈ Σf , M > 0 be such that
∫

(|f | −MχF )+dµ ≤ 1
4ǫ. If χ,

θ ∈ X and ρ′F (χ, θ) ≤ ǫ

4M
, then
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ρ′′f (χ, θ) =
∣∣
∫

(χ− θ) × f
∣∣ ≤

∫
|χ− θ| × |f |

≤ 2

∫
(|f | −MχF )+ +M

∫

F

|χ− θ|

≤ 1

2
ǫ+ 2M

∫

F

min(1, |χ− θ|) =
1

2
ǫ+ 2Mρ′F (χ, θ) ≤ ǫ.

As f and ǫ are arbitrary, this shows that Tw ⊆ Tm. QQQ

(d) Finally, T ⊆ Tw. PPP Fix χ ∈ X , E ∈ E and ǫ > 0. Let u ∈ L1
C

be such that φχ(u) = 1, and represent
u as f• where f ∈ L

1
C

(µ). Set U = {a : a ∈ X, ‖a•lu − u‖1 < 1
4ǫ}; then U is an open neighbourhood

of the identity e of X, because a 7→ a•lu is continuous (443Gf). Because E is totally bounded, there are
y0, . . . , yn ∈ X such that E ⊆ ⋃

k≤n ykU . Set fk = yk•lf , so that f•

k = yk•lu for each k ≤ n.
Now suppose that θ ∈ X is such that

ρ′′f (θ, χ) ≤ ǫ

4
, ρ′′fk(θ, χ) ≤ ǫ

4
for every k ≤ n.

Take any x ∈ E. Then there is a k ≤ n such that x ∈ ykU , so that y−1
k x ∈ U and

‖x•lu− yk•lu‖1 = ‖yk•l(y
−1
k x•lu− u)‖1 = ‖y−1

k x•lu− u‖1 ≤ ǫ

4

(using 443Ge for the second equality). Now φχ(x•lu) = χ(x) (445H), so

|φθ(x•lu) − χ(x)| ≤ |φθ(x•lu− yk•lu)| + |φθ(yk•lu) − φχ(yk•lu)| + |φχ(yk•lu− x•lu)|

≤ 2‖x•lu− yk•lu‖1 + ρ′′fk(θ, χ) ≤ 3

4
ǫ.

On the other hand,

|θ(x) − φθ(x•lu)| = |θ(x)||1 − φθ(u)| = ρ′′f (θ, χ) ≤ ǫ

4
.

So |θ(x) − χ(x)| ≤ ǫ. As x is arbitrary, ρE(θ, χ) ≤ ǫ.
As χ, E and ǫ are arbitrary, this shows that T ⊆ Tw. QQQ

445J Corollary For any topological group X carrying Haar measures, its dual group X is locally compact
and Hausdorff.

proof Let Φ be the set of non-zero multiplicative linear functionals on L1
C

= L1
C

(µ), for some left Haar
measure µ on X, and give Φ its weak* topology. Then Φ∪ {0} ⊆ (L1

C
)∗ is the set of all multiplicative linear

functionals on L1
C

, and is closed for the weak* topology, because

{φ : φ ∈ (L1
C

)∗, φ(u ∗ v) = φ(u)φ(v)}
is closed for all u, v ∈ L1

C
. Because the unit ball of (L1

C
)∗ includes Φ (4A6F again), and is a compact

Hausdorff space for the weak* topology (3A5F), so is Φ ∪ {0}. So Φ itself is an open subset of a compact
Hausdorff space and is a locally compact Hausdorff space (3A3Bg). Since the topology on X can be identified
with the weak* topology on Φ (445I), X also is locally compact and Hausdorff.

445K Proposition Let X be a topological group and µ a left Haar measure on X. Let X be the dual
group of X, and write C0 = C0(X ;C) for the Banach algebra of continuous functions h : X → C such that
{χ : |h(χ)| ≥ ǫ} is compact for every ǫ > 0.

(a) For any u ∈ L1
C

= L1
C

(µ), its Fourier transform
∧

u belongs to C0.

(b) The map u 7→ ∧

u : L1
C
→ C0 is a multiplicative linear operator, of norm at most 1.

(c) Suppose that X is abelian. For f ∈ L
1
C

= L
1
C

(µ), set f̃(x) = f(x−1) whenever this is defined. Then

f̃ ∈ L
1
C

and ‖f̃‖1 = ‖f‖1. For u ∈ L1
C

, we may define ũ ∈ L1
C

by setting ũ = f̃• whenever u = f•. Now
∧

ũ is

the complex conjugate of
∧

u, so (u ∗ ũ)∧ = |∧u|2.
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(d) Still supposing that X is abelian, {∧

u : u ∈ L1
C
} is a norm-dense subalgebra of C0, and ‖∧

u‖∞ = r(u),
the spectral radius of u (4A6G), for every u ∈ L1

C
.

proof (a) As in 445H and 445J, let Φ be the set of non-zero multiplicative linear functionals on L1
C

, so that

Φ∪{0} is compact for the weak* topology of (L1
C

)∗, and
∧

u(χ) = φχ(u) for every χ ∈ X . By the definition of
the weak* topology, φ 7→ φ(u) is continuous; since we can identify the weak* topology on Φ with the dual

group topology of X (445I),
∧

u is continuous. Also, for any ǫ > 0,

{χ : χ ∈ X , |∧u(χ)| ≥ ǫ} ∼= {φ : φ ∈ Φ, |φ(u)| ≥ ǫ},

which is a closed subset of Φ ∪ {0}, therefore compact.

(b) It is immediate from the definition of ∧ that it is a linear operator from L1
C

to CX , and therefore
from L1

C
to C0; it is multiplicative by 445G, and of norm at most 1 because all the multiplicative linear

functionals u 7→ ∧

u(χ) must be of norm at most 1.

(c) Now suppose that X is abelian. If f ∈ L
1
C

, then
∫
f̃(x)dx =

∫
f(x−1)dx =

∫
f(x)dx

by 442Kb, so f̃ ∈ L
1
C

; the same formulae tell us that ‖f̃‖1 = ‖f‖1. If f =a.e. g then f̃ =a.e. g̃ (442G, or
otherwise), so ũ is well-defined. If χ ∈ X , and u = f•, then

∧

ũ(χ) =

∫
f̃(x)χ(x)dx =

∫
f(x−1)χ(x)dx =

∫
f(x)χ(x−1)dx

=

∫
f(x)χ(x)dx =

∫
f(x)χ(x)dx =

∧

u(χ),

so
∧

ũ is the complex conjugate of
∧

u, and

(u ∗ ũ)∧ =
∧

u×
∧

ũ = |∧u|2.

(d) To see that A = {∧

u : u ∈ L1
C
} is dense in C0, we can use the Stone-Weierstrass theorem in the

form 4A6B. A is a subalgebra of C0; it separates the points (because the canonical map from X to (L1
C

)∗

is injective); if χ ∈ X , there is an h ∈ A such that h(χ) 6= 0 (because elements of X act on L1
C

as non-zero
functionals); and the complex conjugate of any function in A belongs to A, by (c) above.

Accordingly A is dense in C0, by 4A6B.
The calculation of ‖∧

u‖∞ is an immediate consequence of the characterization of r(u) as max{|φ(u)| : φ ∈
Φ} (4A6K) and the identification of Φ with X .

Remark This is the first point in this section where we really need to know whether or not our group is
abelian.

445L Positive definite functions Let X be a group.

(a) A function h : X → C is called positive definite if
∑n
j,k=0 ζj ζ̄kh(x−1

k xj) ≥ 0

for all ζ0, . . . , ζn ∈ C and x0, . . . , xn ∈ X.

(b) Suppose that h : X → C is positive definite. Then, writing e for the identity of X,
(i) |h(x)| ≤ h(e) for every x ∈ X;

(ii) h(x−1) = h(x) for every x ∈ X.
PPP If ζ ∈ C and x ∈ X, take n = 1, x0 = e, x1 = x, ζ0 = 1 and ζ1 = ζ in the definition in (a) above, and
observe that

(1 + |ζ|2)h(e) + ζh(x) + ζ̄h(x−1) = h(e−1e) + ζh(e−1x) + ζ̄h(x−1e) + ζζ̄h(x−1x) ≥ 0.

Taking ζ = 0, x = e we get h(e) ≥ 0. Taking ζ = 1 we see that h(x) + h(x−1) is real, and taking ζ = i, we

see that h(x) − h(x−1) is purely imaginary; that is, h(x−1) = h(x), for any x. Taking ζ such that |ζ| = 1,
ζh(x) = −|h(x)| we get 2h(e) − 2|h(x)| ≥ 0, that is, |h(x)| ≤ h(e) for every x ∈ X. QQQ
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(c) If h : X → C is positive definite and χ : X → S1 is a homomorphism, then h× χ is positive definite.
PPP If ζ0, . . . , ζn ∈ C and x0, . . . , xn ∈ X then

∑n
j,k=0 ζj ζ̄k(h× χ)(x−1

k xj) =
∑n
j,k=0 ζjχ(xj)ζkχ(xk)h(x−1

k xj) ≥ 0. QQQ

(d) If X is an abelian topological group and µ a Haar measure on X, then for any f ∈ L
2
C

(µ) the

convolution f ∗ f̃ : X → C is continuous and positive definite, where f̃(x) = f(x−1) whenever this is defined.

PPP As in 444Rc, f ∗ f̃ is defined everywhere on X and is continuous. (The definition of
∼

has shifted since
§444, but the argument there applies unchanged to the present situation.) Now, if x0, . . . , xn ∈ X and
ζ0, . . . , ζn ∈ C,

n∑

j,k=0

ζj ζ̄k(f ∗ f̃)(x−1
k xj) =

n∑

j,k=0

ζj ζ̄k

∫
f(y)f̃(y−1x−1

k xj)dy

=

∫ n∑

j,k=0

ζj ζ̄kf(y)f(x−1
j xky)dy

=

∫ n∑

j,k=0

ζj ζ̄kf(xjy)f(x−1
j xkxjy)dy

=

∫ n∑

j,k=0

ζj ζ̄kf(xjy)f(xky)dy

=

∫
|
n∑

j=0

ζjf(xjy)|2dy ≥ 0.

So f ∗ f̃ is positive definite. QQQ

445M Proposition Let X be a topological group and ν a quasi-Radon measure on X. If h : X → C is a
continuous positive definite function, then

∫∫
h(y−1x)f(x)f(y)ν(dx)ν(dy)≥ 0 for every ν-integrable function

f .

proof (a) Extend f , if necessary, to the whole of X; since the hypothesis implies that dom f is conegligible,
this does not affect the integrals. Let λ be the product quasi-Radon measure on X ×X; because h is con-
tinuous (by hypothesis) and bounded (by 445L(b-i)), the function (x, y) 7→ h(y−1x)f(x)f(y) is λ-integrable,
and (because {x : f(x) 6= 0} can be covered by a sequence of sets of finite measure)

I =
∫∫

h(y−1x)f(x)f(y)ν(dx)ν(dy) =
∫
h(y−1x)f(x)f(y)λ(d(x, y))

(417G).

(b) Let ǫ > 0. Set γ = supx∈X |h(x)| = h(e) (445L(b-i)). Let F ⊆ X be a non-empty measurable set

of finite measure for ν such that γ
∫
(X×X)\(F×F )

|f(x)f(y)|λ(d(x, y)) ≤ 1
2ǫ and f is bounded on F ; say

|f(x)| ≤M for every x ∈ F . Let δ > 0 be such that

δ(M2 + 2Mγ)(νF )2 + 2M2γδ ≤ 1
2ǫ.

Let G be the set

{G×H : G, H ⊆ X are open, |h(y−1x) − h(y−1
1 x1)| ≤ δ

whenever x, x1 ∈ G, y, y1 ∈ H}.
Because h is continuous, G is a cover of X ×X. Because λ is τ -additive, there is a finite set G0 ⊆ G such
that λ((F × F ) \⋃G0) ≤ δ; we may suppose that G0 is non-empty. Set W = (F × F ) ∩⋃G0. Enumerate
G0 as 〈Gi ×Hi〉i≤n.

Let F be a finite partition of F into measurable sets such that |f(x) − f(x′)| ≤ δ whenever x, x′ belong
to the same member of F . Let E be the partition of F generated by F ∪{F ∩Gj : j ≤ n}∪{F ∩Hj : j ≤ n}.
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Enumerate E as 〈Ek〉k≤m; for each k ≤ m choose xk ∈ Ek. Set J = {(j, k) : j ≤ m, k ≤ m, Ej × Ek ⊆W};
then W =

⋃
(j,k)∈J Ej × Ek.

(c) If (j, k) ∈ J , x ∈ Ej and y ∈ Ek then

|h(y−1x)f(x)f(y) − h(x−1
k xj)f(xj)f(xk)| ≤ δ(M2 + 2Mγ),

because there must be some r ≤ n such that Ej × Ek ⊆ Gr ×Hr, so that |h(y−1x) − h(x−1
k xj)| ≤ δ, while

there are members of F including Ej and Ek, so that |f(x)− f(xj)| ≤ δ and |f(y)− f(xk)| ≤ δ; at the same
time,

|f(x)f(y)| ≤M2, |h(x−1
k xj)||f(y)| ≤Mγ, |h(x−1

k xj)||f(xj)| ≤Mγ

because x, y, xj and xk all belong to F .

(d) Set ζj = f(xj)νEj for j ≤ m, so that ζ̄j = f(xj)νEj . Now consider

∣∣
∫

W

h(y−1x)f(x)f(y)λ(d(x, y)) −
∑

(j,k)∈J

ζj ζ̄kh(x−1
k xj)

∣∣

=
∣∣ ∑

(j,k)∈J

∫

Ej×Ek

h(y−1x)f(x)f(y) − h(x−1
k xj)f(xj)f(xk)λ(d(x, y))

∣∣

≤
∑

(j,k)∈J

∫

Ej×Ek

|h(y−1x)f(x)f(y) − h(x−1
k xj)f(xj)f(xk)|λ(d(x, y))

≤
∑

(j,k)∈J

δ(M2 + 2Mγ)νEjνEk

≤ δ(M2 + 2Mγ)λW ≤ δ(M2 + 2Mγ)(νF )2.

On the other hand,

∣∣
∫

(X×X)\W

h(y−1x)f(x)f(y)λ(d(x, y))
∣∣ ≤ γ

∫

(X×X)\(F×F )

|f(x)f(y)|λ(d(x, y))

+ γ

∫

(F×F )\W

|f(x)f(y)|λ(d(x, y))

≤ 1

2
ǫ+ γδM2,

and

∣∣ ∑

j≤m,k≤m,(j,k)/∈J

h(x−1
k xj)f(xj)f̃(xk)

∣∣ ≤ γM2
∑

j≤m,k≤m,(j,k)/∈J

νEjνEk

= γM2λ((F × F ) \W ) ≤ γM2δ.

Putting these together,

|I −
m∑

j,k=0

ζj ζ̄kh(x−1
k xj)| ≤ δ(M2 + 2Mγ)(νF )2 +

1

2
ǫ+ γδM2 + γM2δ ≤ ǫ.

But
∑m
j,k=0 ζj ζ̄kh(x−1

k xj) ≥ 0, because h is positive definite. As ǫ is arbitrary, I ≥ 0, as required.

445N Bochner’s theorem (Herglotz 1911, Bochner 1933, Weil 1940) Let X be an abelian
topological group with a Haar measure µ, and X its dual group. Then for any continuous positive definite
function h : X → C there is a unique totally finite Radon measure ν on X such that

∫
h× f dµ =

∫ ∧

f dν for every f ∈ L
1
C

= L
1
C

(µ),

h(x) =
∫
χ(x)ν(dχ) for every x ∈ X.

Measure Theory



445N The duality theorem 81

proof (a) If h(e) = 0, where e is the identity in X, then h = 0, by 445L(b-i), and we can take ν to be the
zero measure. Otherwise, since multiplying h by a positive scalar leaves h positive definite and does not
affect the result, we may suppose that h(e) = 1. For f , g ∈ L

1
C

= L
1
C

(µ) set

(f |g) =
∫∫

f(x)g(y)h(y−1x)dxdy =
∫∫

f(x)g(y−1)h(yx)dxdy

(by 442Kb, since X is unimodular). Then, by 445M, (f |f) ≥ 0 for every f ∈ L
1
C

. Also (f1 + f2|g) =

(f1|g) + (f2|g), (ζf |g) = ζ(f |g) and (g|f) = (f |g) for all f , g, f1, f2 ∈ L
1
C

and ζ ∈ C. PPP Only the last is
anything but trivial, and for this we have

(g|f) =

∫∫
g(x)f(y)h(y−1x)dxdy

=

∫∫
g(x)f(y)h(y−1x)dydx

(by 417Ga, because (x, y) 7→ g(x)f(y)h(y−1x) is integrable for the product measure and zero off the square

of a countable union of sets of finite measure)

=

∫∫
g(x)f(y)h(x−1y)dydx

(using 445L(b-ii))

=

∫∫
f(y)g(x)h(x−1y)dydx

= (f |g). QQQ

(b) If f , g ∈ L
1
C

, |(f |g)|2 ≤ (f |f)(g|g). PPP (Really this is just Cauchy’s inequality.) For any α, β ∈ C,

|α|2(f |f) + 2Re(αβ̄(f |g)) + |β|2(g|g) = (αf + βg|αf + βg) ≥ 0.

If (f |f) = 0 we have 2Re(α(f |g)) + (g|g) ≥ 0 for every α ∈ C so in this case (f |g) = 0; similarly (f |g) = 0 if
(g|g) = 0; otherwise we can find non-zero α, β such that |α|2 = (g|g), |β|2 = (f |f) and αβ̄(f |g) = −|αβ(f |g)|,
in which case the inequality simplifies to |(f |g)| ≤ |αβ| and |(f |g)|2 ≤ (f |f)(g|g), as required. QQQ

(c) Now consider the functional ψ ∈ (L1
C

)∗ = (L1
C

(µ))∗ corresponding to h, so that ψ(f•) =
∫
h×f dµ for

every f ∈ L
1
C

. Then |ψ(f•)|2 ≤ (f |f) for every f ∈ L
1
C

. PPP Let ǫ > 0. Then there is an open neighbourhood
U of e such that U = U−1 and

|h(y−1x) − h(e)| ≤ ǫ whenever x, y ∈ U ,

‖a•lf − f‖1 ≤ ǫ for every a ∈ U

where (a•lf)(x) = f(a−1x) whenever this is defined, as usual (443Gf). Shrinking U if need be, we may

suppose that µU <∞, and of course µU > 0. Set g =
1

µU
χU ∈ L

1
C

. Then

|(f |g) − ψ(f•)| =
1

µU

∣∣
∫

U

∫

X

f(x)h(y−1x)dxdy −
∫

U

∫

X

f(x)h(x)dxdy
∣∣

=
1

µU

∣∣
∫

U

∫

X

f(yx)h(x)dxdy −
∫

U

∫

X

f(x)h(x)dxdy
∣∣

=
1

µU

∣∣
∫

U

∫

X

((y−1
•lf)(x) − f(x))h(x)dxdy

∣∣

≤ 1

µU

∫

U

∫

X

|(y−1
•lf)(x) − f(x)||h(x)|dxdy

≤ 1

µU

∫

U

‖y−1
•lf − f‖1µ(dy) ≤ ǫ.

Also
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|(g|g) − 1| =
∣∣ 1

µU2

∫

U

∫

U

(h(y−1x) − 1)dxdy
∣∣

≤ 1

µU2

∫

U

∫

U

|h(y−1x) − 1|dxdy ≤ ǫ.

So

max(0, |ψ(f•)| − ǫ)2 ≤ |(f |g)|2 ≤ (f |f)(g|g) ≤ (1 + ǫ)(f |f).

Letting ǫ ↓ 0 we have the result. QQQ

(d) If we look at (f |f), however, and apply 444Od, we see that

(f |f) =

∫∫
f(x)f(y)h(y−1x)dxdy

=

∫∫
f(x)f(y−1)h(yx)dxdy =

∫
h(x)(f ∗ f̃)(x)dx,

where f̃(x) = f(x−1) whenever this is defined; that is,

(f |f) = ψ(f ∗ f̃)•.

(Note that f̃ ∈ L
1
C

because X is unimodular, as in part (c) of the proof of 445K.) So (c) tells us that

|ψ(f•)|2 ≤ ψ(f ∗ f̃)•

for every f ∈ L
1
C

, that is, |ψ(u)|2 ≤ ψ(u ∗ ũ) for every u ∈ L1
C

, defining ũ as in 445Kc.

(e) In fact

|ψ(u)| ≤ ‖∧

u‖∞
for every u ∈ L1

C
. PPP Set u0 = u and uk+1 = uk ∗ ũk for every k ∈ N. We need to know that uk = ũk for

k ≥ 1. To see this, represent uk−1 as f• where f ∈ L
1
C

, so that uk = (f ∗ f̃)•. Now

(f ∗ f̃)
∼

(x) = (f ∗ f̃)(x−1) =

∫
f(x−1y)f̃(y−1)dy

=

∫
f(x−1y)f(y)dy =

∫
f̃(y−1x)f(y)dy = (f ∗ f̃)(x)

for every x, so (f ∗ f̃)
∼

= f ∗ f̃ and ũk = uk. Accordingly uk+1 = uk ∗uk for k ≥ 1 and we have uk = (u1)2
k−1

for every k ≥ 1.
At the same time, we have |ψ(uk)|2 ≤ ψ(uk+1) for every k, by (d), so that, for k ≥ 1,

|ψ(u)|2k ≤ ψ(uk) ≤ ‖uk‖1 = ‖u2k−1

1 ‖1,

|ψ(u)| ≤ ‖u2k−1

1 ‖1/2
k

1 .

Letting k → ∞, |ψ(u)| ≤
√
r(u1), where r(u1) is the spectral radius of u1.

At this point, recall that r(u1) = ‖∧

u1‖∞ (445Kd), while |∧u|2 =
∧

u1 (445Kc), so r(u1) = ‖∧

u‖2∞ and

|ψ(u)| ≤ ‖∧

u‖∞. QQQ

(f) Now consider ∧ as a linear operator from L1
C

to C0 = C0(X ;C), as in 445K. If
∧

u = 0 then ψ(u) = 0, by

(e), so setting A = {∧

u : u ∈ L1
C
} we have a linear functional ψ0 : A→ C defined by saying that ψ0(

∧

u) = ψ(u)
for every u ∈ L1

C
. By (e), ‖ψ0‖ ≤ 1. Now ψ0 has an extension to a bounded linear operator ψ1, still of norm

at most 1, from C0 to C (3A5Ab).

(g) Suppose that q ∈ C0 and 0 ≤ q ≤ 1, writing 1 for the constant function with value 1; set α = ψ1(q).
Then for any ζ ∈ C and γ ≥ 0 we have |ζ − γα| ≤ max(|ζ|, |γ|, |ζ − γ|). PPP Let ǫ > 0. Set V = {x :
|1 − h(x)| < ǫ}; then V is an open neighbourhood of e; set f = 1

µV χV and u = f•, so that

‖∧

u‖∞ = r(u) ≤ ‖u‖1 = 1,
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|1 − ψ(u)| = | 1

µV

∫
V

(1 − h(x))dx| ≤ ǫ.

Set v = u ∗ ũ; then

ψ1(
∧

v) = ψ(v) ≥ |ψ(u)|2 ≥ (1 − ǫ)2,

using part (d) for the central inequality. But
∧

v = |∧u|2, so that 0 ≤ ∧

v ≤ 1 and ψ1(
∧

v) ≤ 1.

Now consider ‖ζ∧

v − γq‖∞. If χ ∈ X , then ζ
∧

v(χ) and γq(χ) both lie in the triangle with vertices 0, ζ and

γ, because 0 ≤ ∧

v ≤ 1 and 0 ≤ q ≤ 1. So

|ζ∧

v(χ) − γq(χ)| ≤ max(|γ|, |ζ|, |γ − ζ|).
As χ is arbitrary,

‖ζ∧

v − γq‖∞ ≤ max(|γ|, |ζ|, |γ − ζ|).
Accordingly

|ζ − γα| ≤ |ζ − ζψ1(
∧

v)| + |ψ1(ζ
∧

v − γq)|
≤ |ζ|(1 − (1 − ǫ)2) + ‖ζ∧

v − γq‖∞ ≤ 2ǫ|ζ| + max(|ζ|, |γ|, |ζ − γ|).

As ǫ is arbitrary, we have the result. QQQ

Taking ζ = γ = 1 we see that |1−α| ≤ 1, so that Reα ≥ 0. Taking ζ = ±i, we see that |i±γα| ≤
√

1 + γ2

for every γ ≥ 0, so that Imα = 0. Thus ψ1(q) ≥ 0; and this is true whenever 0 ≤ q ≤ 1 in C0.

(h) It follows at once that ψ1(q) ≥ 0 whenever q ≥ 0 in C0. Applying the Riesz Representation Theorem,
in the form 436K, to the restriction of ψ1 to C0(X ;R), we see that there is a totally finite Radon measure
ν on X such that ψ1(q) =

∫
q dν for every real-valued q ∈ C0; of course it follows that ψ1(q) =

∫
q dν for

every q ∈ C0. Unwrapping the definition of ψ1, we see that
∫
h(x)f(x)dx = ψ(f•) = ψ1(

∧

f) =
∫ ∧

f dν

for every f ∈ L
1
C

(µ).

(i) For the second formula, argue as follows. Given f ∈ L
1
C

(µ), consider the function (x, χ) 7→ f(x)χ(x) :
X × X → C. Because (χ, x) 7→ χ(x) is continuous (445Ea), this is Λ-measurable, where Λ is the domain
of the product quasi-Radon measure µ × ν on X × X . It is integrable because νX < ∞ and |χ(x)| = 1
for every χ, x; moreover, it is zero off the set {x : f(x) 6= 0} × X , which is a countable union of products
of sets of finite measure. Note also that because χ 7→ χ(x) is continuous and bounded for every x ∈ X,
h1(x) =

∫
χ(x)ν(dχ) is defined, and |h1(x)| ≤ νX, for every x ∈ X. What is more, h1 is continuous. PPP Let

X be the dual group of X , and for x ∈ X let x̂ be the corresponding member of X. Then, in the language
of 445C, applied to the topological group X ,

h1(x) =
∫
x̂ dν =

∧

ν(x̂)

for every x ∈ X. But
∧

ν : X → C is continuous, by 445Ec, and x 7→ x̂ : X → X is continuous, by 445Eb; so
h1 also is continuous. QQQ

We may therefore apply Fubini’s theorem (417G) to see that

∫
f(x)h1(x)µ(dx) =

∫∫
f(x)χ(x)ν(dχ)µ(dx) =

∫∫
f(x)χ(x)µ(dx)ν(dχ)

=

∫
∧

f(χ)ν(dχ) =

∫
f(x)h(x)µ(dx).

Since this is true for every f ∈ L
1
C

, h1 =a.e. h; since both are continuous, h1 = h, as required.

(j) Finally, to see that ν is uniquely defined, note that {
∧

f : f ∈ L
1
C
} is ‖ ‖∞-dense in C0 (445Kd), so 436K

tells us that there can be at most one totally finite Radon measure ν on X such that
∫
h × f dµ =

∫ ∧

f dν
for every f ∈ L

1
C

.
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445O Proposition Let X be a Hausdorff abelian topological group carrying Haar measures. Then the
map x 7→ x̂ from X to its bidual group X is a homeomorphism between X and its image in X. In particular,
the dual group X of X separates the points of X.

proof We already know that ̂ is continuous (445Eb) and that X is locally compact and Hausdorff (445J).
Now let U be any neighbourhood of the identity e of X. Let V ⊆ U be an open neighbourhood of e such
that V V −1 ⊆ U and µV < ∞. Then f = χV ∈ L

2
C

(µ), so f ∗ f̃ is positive definite and continuous (445Ld)

and there is a totally finite Radon measure ν on X such that (f ∗ f̃)(x) =
∫
χ(x)ν(dχ) for every x ∈ X

(445N). Note that, writing e for the identity of X and
∧

ν : X → C for the Fourier-Stieltjes transform of ν,

∧

ν(e) =

∫
e(χ)ν(dχ) =

∫
χ(e)ν(dχ) = (f ∗ f̃)(e)

=

∫
f(y)f̃(y−1)µ(dy) =

∫
|f(y)|2µ(dy) 6= 0.

Now
∧

ν is continuous (445Ec), so W = {x :
∧

ν(x) 6= 0} is a neighbourhood of e. If x ∈ X and x̂ ∈W , then

(f ∗ f̃)(x) =
∫
χ(x)ν(dχ) =

∫
x̂(χ)ν(dχ) =

∧

ν(x̂) 6= 0,

so there is some y ∈ X such that f(y)f̃(y−1x) 6= 0, that is, f(y) 6= 0 and f(x−1y) 6= 0, that is, y and x−1y
both belong to V ; in which case x ∈ V V −1 ⊆ U .

Thus U ⊇ {x : x̂ ∈ W}. This means that, writing S for {{x : x̂ ∈ H} : H ⊆ X is open}, every
neighbourhood of e for the original topology T of X is a neighbourhood of e for S. But (it is easy to
check) (X,S) is a topological group because X is a topological group and ̂ is a homomorphism. So T ⊆ S

(4A5Fb). As we know already that S ⊆ T, the two topologies are equal.
It follows at once that if T is Hausdorff, then (because S is Hausdorff) the map ̂ is an injection and is

a homeomorphism between X and its image in X.

445P The Inversion Theorem Let X be an abelian topological group and µ a Haar measure on X.
Then there is a unique Haar measure λ on the dual group X of X such that whenever f : X → C is

continuous, µ-integrable and positive definite, then
∧

f : X → C is λ-integrable and

f(x) =
∫ ∧

f(χ)χ(x)λ(dχ)

for every x ∈ X.

proof (a) Write P for the set of µ-integrable positive definite continuous functions h : X → C. For h ∈ P ,
let νh be the corresponding totally finite Radon measure on X defined in 445N, so that

∫
f × h dµ =

∫ ∧

f dνh

for every f ∈ L
1
C

= L
1
C

(µ).

(b) The basis of the argument is the following fact. If f ∈ L
1
C

and h1, h2 ∈ P , then

∫ ∧

f ×
∧

h̄2dνh1
=
∫ ∧

f ×
∧

h̄1dνh2
.

PPP

∫
∧

f ×
∧

h̄1dνh2
=

∫
(f ∗ h̄1)∧dνh2

(445G)

=

∫
h2(x)(f ∗ h̄1)(x)µ(dx) =

∫
h̄2(x−1)(f ∗ h̄1)(x)µ(dx)

(by 445Lb)

= ((f ∗ h̄1) ∗ h̄2)(e) = ((f ∗ h̄2) ∗ h̄1)(e)

(because ∗ is associative and commutative, by 444Oe and 444Og)
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=

∫
∧

f ×
∧

h̄2dνh1
. QQQ

Now because
∧

h̄1 and
∧

h̄2 are both bounded (by
∫
|h1|dµ and

∫
|h2|dµ respectively), and νh1

and νh2
are

both totally finite measures, and {
∧

f : f ∈ L
1
C

(µ)} is ‖ ‖∞-dense in C0 = C0(X ;C) (445Kd), we must have

∫
p×

∧

h̄2dνh1
=
∫
p×

∧

h̄1dνh2

for every p ∈ C0.

(c) Let K be the family of compact subsets of X . For K ∈ K set

PK = {h : h ∈ P,
∧

h̄(χ) > 0 for every χ ∈ K}.

Then PK is non-empty. PPP Set

U = {x : x ∈ X, |1 − χ(x)| ≤ 1
2 for every χ ∈ K}.

Then U is a neighbourhood of the identity e of X, by 445Eb. Let V be an open neighbourhood of e, of
finite measure, such that V V −1 ⊆ U , set g = 1

µV χV , and try h = g ∗ g̃. Then h is continuous and positive

definite (445Ld), real-valued and non-negative (because g and g̃ are), zero outside U (because V V −1 ⊆ U ,
as in the proof of 445O), and ∫

h dµ =
∫
g dµ ·

∫
g̃ dµ = 1

(444Qb). Next,
∧

h̄ =
∧

h = |∧g|2

(445Kc) is non-negative, and if χ ∈ K then

|1 −
∧

h(χ)| = |
∫
h(x) − h(x)χ(x)µ(dx)| ≤

∫
h(x)|1 − χ(x)|µ(dx) ≤ 1

2

because |1 − χ(x)| ≤ 1
2 if x ∈ U and h(x) = 0 if x ∈ X \ U . So

∧

h̄(χ) =
∧

h(χ) ≥ 1
2

for every χ ∈ K, and h ∈ PK . QQQ

(d) Because K is upwards-directed, {PK : K ∈ K} is downwards-directed and generates a filter F on P .
Let Ck = Ck(X ;C) be the space of continuous complex-valued functions on X with compact support. If
q ∈ Ck, then

φ(q) = limh→F

∫
q
∧

h̄
dνh

is defined in C, where in the division q/
∧

h̄ we interpret 0/0 as 0 if necessary. PPP Setting K = {χ : q(χ) 6= 0},
we see in fact that for any h1, h2 ∈ PK we may define a function p ∈ Ck by setting

p(χ) =
q(χ)

∧

h̄1(χ)
∧

h̄2(χ)
if χ ∈ K,

= 0 if q(χ) = 0,

so that

∫
q
∧

h̄1

dνh1
=

∫
p×

∧

h̄2 dνh1
=

∫
p×

∧

h̄1 dνh2

(by (b) above)

=

∫
q
∧

h̄2

dνh2
.
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So this common value must be φ(q). QQQ

If q, q′ ∈ Ck and α ∈ C, then

∫
q + q′

∧

h̄
dνh =

∫
q
∧

h̄
dνh +

∫
q′

∧

h̄
dνh,

∫
αq
∧

h̄
dνh = α

∫
q
∧

h̄
dνh

whenever h ∈ PK , where K = {χ : |q(χ)| + |q′(χ)| > 0}; so φ(q + q′) = φ(q) + φ(q′) and φ(αq) = αφ(q).

Moreover, if q ≥ 0, then q/
∧

h̄ ≥ 0 for every h ∈ PK , so φ(q) ≥ 0.

(e) By the Riesz Representation Theorem (in the form 436J) there is a Radon measure λ on X such that∫
q dλ = φ(q) for any continuous function q of compact support. (As in part (h) of the proof of 445N, the

shift from real-valued q to complex-valued q is elementary.)

(f) Now λ is translation-invariant. PPP Take θ ∈ X and q ∈ Ck. Set K = {χ : q(χ) 6= 0} and L = θ−1K,
and take any h ∈ PK . Set h1(x) = h× θ−1. Then h1 is positive definite (445Lc); of course it is continuous
and µ-integrable; and for any χ ∈ L,

∧

h̄1(χ) =
∫
h(x)θ(x)χ(x)µ(dx) =

∧

h̄(θχ) > 0.

So h1 ∈ PL.

To relate νh1
to νh, observe that if f ∈ L

1
C

then

∧

f(θχ) =
∫
f(x)θ(x)χ(x)µ(dx) = (f × θ)∧(χ),

so ∫ ∧

f(θχ)νh1
(dχ) =

∫
(f × θ)(x)h1(x)µ(dx) =

∫
f(x)h(x)µ(dx) =

∫ ∧

f(χ)νh(dχ).

So we see that the equation ∫
p(θχ)νh1

(dχ) =
∫
p(χ)νh(dχ)

is valid whenever p is of the form
∧

f , for some f ∈ L
1
C

, and therefore for every p ∈ C0.

Set q1(χ) = q(θχ) for every χ ∈ X , so that q1 ∈ Ck and L = {χ : q1(χ) 6= 0}. Accordingly

φ(q1) =

∫
q1(χ)
∧

h̄1(χ)
νh1

(dχ) =

∫
q(θχ)
∧

h̄(θχ)
νh1

(dχ)

=

∫
q(χ)
∧

h̄(χ)
νh(dχ) = φ(q).

So ∫
q(θχ)λ(dχ) =

∫
q(χ)λ(dχ).

As q and θ are arbitrary, λ is translation-invariant (441L). QQQ

(g) Thus λ is either zero or a Haar measure on X . I have still to confirm that

f(x) =
∫ ∧

f(χ)χ(x)λ(dχ)

whenever f is continuous, positive definite and µ-integrable, and x ∈ X. But recall the formula from (b)

above. If q ∈ Ck, K = {χ : q(χ) 6= 0} and h ∈ PK , then we must have

∫
q ×

∧

f̄ dλ =

∫
q ×

∧

f̄
∧

h̄
dνh =

∫
q ×

∧

h̄
∧

h̄
dνf =

∫
q dνf .
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In particular,
∫
q×

∧

f̄ dλ ≥ 0 whenever q ≥ 0; since
∧

f̄ is continuous (445Ka), and λ, being a Radon measure,

is strictly positive, this shows that
∧

f̄ ≥ 0. Also
∫ ∧

f̄ dλ = sup{
∫
q ×

∧

f̄ dλ : q ∈ Ck, 0 ≤ q ≤ 1} = νf (X ) <∞,

so we have an indefinite-integral measure
∧

f̄ λ; since this is a Radon measure (416Sa), and acts on Ck in the
same way as νf , it is actually equal to νf (by the uniqueness guaranteed in 436J). In particular, for any
x ∈ X,

f(x) =
∫
χ(x)νf (dχ) =

∫
χ(x)

∧

f̄ (χ)λ(dχ)

by the second formula in 445N, and 235K. But

∧

f̄ (χ) =

∫
f(x)χ(x)µ(dx) =

∫
f(x−1)χ(x)µ(dx)

(by 445Lb)

=

∫
f(x)χ(x−1)µ(dx)

(because X is abelian, therefore unimodular)

=
∧

f(χ−1)

for every χ ∈ X . So

f(x) =

∫
χ(x)

∧

f(χ−1)λ(dχ) =

∫
χ−1(x)

∧

f(χ)λ(dχ)

(because X is abelian)

=

∫
∧

f(χ)χ(x)λ(dχ).

(h) We should check that λ is non-zero and unique. But the construction in part (c) of the proof shows

that there are many f ∈ P such that f(e) 6= 0, and for any such f we have f(e) =
∫ ∧

f dλ. This shows
simultaneously that λ is non-zero, therefore a Haar measure; and as all the Haar measures on X are scalar
multiples of each other, there is at most one suitable λ.

445Q Remark We can extract the following useful fact from part (g) of the proof above. If h : X → C

is µ-integrable, continuous and positive definite, then
∧

h̄ is non-negative and λ-integrable, and the Radon

measure νh of 445N is just the indefinite-integral measure
∧

h̄λ.
Note also that λ is actually a Radon measure; of course it has to be, because X is locally compact and

Hausdorff (445J).

445R The Plancherel Theorem Let X be an abelian topological group with a Haar measure µ, and
X its dual group. Let λ be the Haar measure on X corresponding to µ (445P). Then there is a normed

space isomorphism T : L2
C

(µ) → L2
C

(λ) defined by setting T (f•) =
∧

f • whenever f ∈ L
1
C

(µ) ∩ L
2
C

(µ).

proof (a) Since
∧

f =
∧

g whenever f =a.e. g, the formula certainly defines an operator T from L1
C

(µ) ∩ L2
C

(µ)
to L0

C
(λ), and of course it is linear.

If f ∈ L
1
C

(µ) ∩ L
2
C

(µ), h = f ∗ f̃ is continuous and positive definite (445Ld) and integrable, and
∧

h = |
∧

f |2
(445Kc). Now
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∫
|
∧

f |2 dλ =

∫
∧

h dλ = h(e)

(445P)

=

∫
f(x)f̃(x−1)µ(dx) =

∫
|f |2dµ.

Thus ‖Tu‖2 = ‖u‖2 whenever u ∈ L1
C

(µ)∩L2
C

(µ); since L1
C

(µ)∩L2
C

(µ) is ‖ ‖2-dense in L2
C

(µ) (244Ha/244Pb,
or otherwise), we have a unique isometry T : L2

C
(µ) → L2

C
(λ) agreeing with the given formula on L1

C
(µ)∩L2

C
(µ)

(2A4I).

(b) The meat of the theorem is of course the proof that T is surjective. PPP??? Suppose, if possible, that
W = T [L2

C
(µ)] is not equal to L2

C
(λ). Because T is linear, W is a linear subspace of L2

C
(λ); because T is an

isometry, W is isometric to L2
C

(µ), and in particular is complete, therefore closed in L2
C

(λ) (3A4Fd). There
is therefore a non-zero continuous linear functional on L2

C
(λ) which is zero on W (3A5Ad), and this is of

the form u 7→
∫
u× v for some v ∈ L2

C
(λ) (244J/244Pc). What this means is that there is a g ∈ L

2
C

(λ) such

that g• 6= 0 in L2
C

(λ) but
∫ ∧

f × g dλ = 0 for every f ∈ L
1
C

(µ) ∩ L
2
C

(µ).

Suppose that f ∈ L
1
C

(µ) and that h is any µ-integrable continuous positive definite function on X. Then
h is bounded (445Lb), so |h|2 also is µ-integrable, and f ∗ h̄ ∈ L

1
C

(µ) ∩ L
2
C

(µ) (444Ra). Accordingly

∫
g ×

∧

f ×
∧

h̄ dλ =
∫
g × (f ∗ h̄)∧dλ = 0.

Thus
∫
g ×

∧

f dνh = 0, where νh =
∧

h̄λ is the Radon measure on X corresponding to h constructed in 445N

(see 445Q). And this is true for every f ∈ L
1
C

(µ). But as {
∧

f : f ∈ L
1
C

(µ)} is ‖ ‖∞-dense in C0(X ;C)

(445Kd), and g is νh-integrable (because
∧

h̄ ∈ L
2
C

(λ), by (a), so
∫
|g ×

∧

h̄|dλ < ∞), g must be zero νh-a.e.,

that is, g×
∧

h̄ = 0 λ-a.e. Now recall (from part (c) of the proof of 445P, for instance) that for every compact

set K ⊆ X there is a µ-integrable continuous positive definite h such that
∧

h̄(χ) 6= 0 for every χ ∈ K, so
g = 0 a.e. on K. Since λ is tight, g = 0 a.e. (412Jc), which is impossible. XXXQQQ

Thus T is surjective and we have the result.

445S While we do not have a direct definition of
∧

f for f ∈ L
2
C
\ L1

C
, the map T : L2

C
(µ) → L2

C
(λ) does

correspond to the map f 7→
∧

f in many ways. In particular, we have the following useful properties.

Proposition Let X be an abelian topological group with a Haar measure µ, X its dual group, λ the
associated Haar measure on X and T : L2

C
(µ) → L2

C
(λ) the standard isometry described in 445R. Suppose

that f0, f1 ∈ L
2
C

(µ) and g0, g1 ∈ L
2
C

(ν) are such that Tf•

0 = g•

0 and Tf•

1 = g•

1, and take any θ ∈ X . Then

(a) setting f2 = f̄0, g2(χ) = g0(χ−1) whenever this is defined, Tf•

2 = g•

2;
(b) setting f3 = f1 × θ, g3(χ) = g1(θχ) whenever this is defined, Tf•

3 = g•

3;

(c) setting f4 = f0 × f1 ∈ L
1
C

(µ),
∧

f4(θ) = (g0 ∗ g1)(θ).

proof (a) We have isometries R1 : L2
C

(µ) → L2
C

(µ) and R2 : L2
C

(λ) → L2
C

(λ) defined by setting R1f
• = (f̄)•

for every f ∈ L
2
C

(µ) and R2g
• = (g̃)• for every g ∈ L

2
C

(λ), where g̃(χ) = g(χ−1) whenever this is defined.
Now if f ∈ L

1
C

(µ), then

∧

f̄ (χ) =
∫
f(x)χ(x)µ(dx) =

∫
f(x)χ−1(x)µ(dx) =

∧̃

f(χ)

for every χ ∈ X . So TR1u = R2Tu for every u ∈ L1
C

(µ) ∩ L2
C

(µ); as L1
C
∩ L2

C
is dense in L2

C
, TR1 = R2T ,

which is what we need to know.

(b) This time, set R1f
• = (f × θ)• for every f ∈ L

2
C

(µ) and R2g
• = (θ−1

•lg)• for g ∈ L
2
C

(λ), where
(θ•lg)(χ) = g(θ−1χ) whenever this is defined. Once again, R1 : L2

C
(µ) → L2

C
(µ) and R2 : L2

C
(λ) → L2

C
(λ)

are isometries. If f ∈ L
1
C

(µ), then
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(f × θ)∧(χ) =
∫
f(x)θ(x)χ(x)µ(dx) =

∧

f(θχ)

for every χ, so TR1f
• = R2Tf

•; once again, this is enough to prove that TR1 = R2T , as required.

(c) We have

(g0 ∗ g1)(θ) =

∫
g0(χ−1)g1(θχ)λ(dχ) =

∫
g2(χ)g3(χ)λ(dχ) = (g•

3|g•

2)

(where ( | ) is the standard inner product of L2
C

(λ))

= (Tf•

3 |Tf•

2 )

(using (a) and (b))

= (f•

3 |f•

2 )

(because linear isometries of Hilbert space preserve inner products, see 4A4Jc)

=

∫
f3(x)f2(x)µ(dx) =

∫
f1(x)θ(x)f0(x)µ(dx) = (f0 × f1)∧(θ).

445T Corollary Let X be an abelian topological group with a Haar measure µ, and λ the corresponding
Haar measure on the dual group X of X (445P). Then for any non-empty open set H ⊆ X , there is an

f ∈ L
1
C

(µ) such that
∧

f 6= 0 and
∧

f(χ) = 0 for χ ∈ X \H.

proof Let V1 and V2 be non-empty open sets of finite measure such that V1V2 ⊆ H, and let g1, g2 be their
indicator functions. Then there are f1, f2 ∈ L

2
C

(µ) such that Tf•

j = g•

j for both j, where T : L2
C

(µ) → L2
C

(λ)
is the isometry of 445R. In this case, by 445Sc, (f1 × f2)∧ = g1 ∗ g2. But it is easy to check that g1 ∗ g2 is
non-zero and zero outside H.

445U The Duality Theorem (Pontryagin 1934, Kampen 1935) Let X be a locally compact Haus-
dorff abelian topological group. Then the canonical map x 7→ x̂ from X to its bidual X (445E) is an
isomorphism between X and X as topological groups.

proof By 445O, ̂ is a homeomorphism between X and its image X̂ ⊆ X. Accordingly X̂ is itself, with its
subspace topology, a locally compact topological group, and is closed in X (4A5Mc).

??? Suppose, if possible, that X̂ 6= X. Let µ be a Haar measure on X (441E) and λ the associated Haar

measure on the dual X of X (445P). By 445T, there is a g ∈ L
1
C

(λ) such that
∧

g is zero on X̂ but not zero
everywhere, so that g is not zero a.e. We may suppose that g is defined everywhere on X . In this case we
have

0 =
∧

g(x̂) =
∫
g(χ)x̂(χ)λ(dχ) =

∫
g(χ)χ(x)λ(dχ)

for every x ∈ X.
By 418J, g : X → C is almost continuous. Let K ⊆ {χ : χ ∈ X , g(χ) 6= 0} be a compact set such that∫

K
|g|dλ ≥ 3

4

∫
X |g|dλ and g↾K is continuous. Set q(χ) = g(χ)/|g(χ)| for χ ∈ K. Now consider the linear

span A of {x̂ : x ∈ X} as a linear space of complex-valued functions on X . Since x̂y = x̂× ŷ for all x, y ∈ X,

A is a subalgebra of Cb = Cb(X ;C); since x̂−1 = ¯̂x for every x ∈ X, h̄ ∈ A for every h ∈ A; the constant
function ê belongs to A; and A separates the points of X . By the Stone-Weierstrass theorem, in the form
281G, there is an h ∈ A such that |h(χ) − q(χ)| ≤ 1

2 for every χ ∈ K and |h(χ)| ≤ 1 for every χ ∈ X . Of

course
∫
g × h dλ = 0 for every h ∈ A because

∫
g × x̂ dλ = 0 for every x ∈ X.

Now, however,

∫

K

|g|dλ =

∫

K

g × q dλ ≤
∣∣
∫

K

g × h dλ
∣∣ +

∫

K

|g| × |h− q|dλ

≤
∣∣
∫

X\K

g × h dλ
∣∣ +

1

2

∫

K

|g|dλ ≤
∫

X\K

|g|dλ+
1

2

∫

K

|g|dλ <
∫

K

|g|dλ,

which is impossible. XXX
Thus X̂ = X and the proof is complete.
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445X Basic exercises (a) Consider the additive group Q with its usual topology. Show that its dual
group can be identified with the additive group R with its usual topology.

(b) Let X be any topological group, and X its dual group. Show that if ν is a totally finite Radon

measure on X, then its Fourier-Stieltjes transform
∧

ν : X → C is continuous.

(c) Let X be a topological group carrying Haar measures and X its dual group. For a totally finite

quasi-Radon measure ν on X set
∧

ν(x) =
∫
χ(x)ν(dχ) for every x ∈ X. (i) Show that

∧

ν : X → C is
continuous. (ii) Show that for any totally finite quasi-Radon measure µ on X with Fourier-Stieltjes transform

µ̂,
∫

∧

µdν =
∫

∧

ν dµ.

>>>(d) Let X be a group and h1, h2 : X → C positive definite functions. Show that h1 + h2, αh1 and h̄1
are also positive definite for any α ≥ 0.

(e)(i) Let X be a group, Y a subgroup of X and h : Y → C a positive definite function. Set h1(x) = h(x)
if x ∈ Y , h1(x) = 0 if x ∈ X \ Y . Show that h1 is positive definite. (ii) Let X and Y be groups, φ : X → Y
a group homomorphism and h : Y → C a positive definite function. Show that hφ : X → C is positive
definite.

(f) Let X be a topological group and X its dual group. (i) Let ν be any totally finite topological measure
on X and set h(x) =

∫
χ(x)ν(dχ) for x ∈ X. Show that h : X → C is positive definite. (ii) Let ν be any

totally finite topological measure on X. Show that its Fourier transform
∧

ν : X → C is positive definite.

>>>(g) Let X be a topological group with a left Haar measure, and h : X → C a bounded continuous

function. Show that h is positive definite iff
∫
h(x−1y)f(y)f(x)dxdy ≥ 0 for every integrable function f .

>>>(h) Let φ : Rr → C be a function. Show that it is the characteristic function of a probability distribution
on Rr iff it is continuous and positive definite and φ(0) = 1.

>>>(i) Let X be a compact Hausdorff abelian topological group, and µ the Haar probability measure on
X. Show that the corresponding Haar measure on the dual group X of X is just counting measure on X .

>>>(j) Let X be an abelian group with its discrete topology, and µ counting measure on X. Let X be the
dual group and λ the corresponding Haar measure on X . Show that λX = 1.

(k) Let X be the topological group R, and µ =
1√
2π
µL, where µL is Lebesgue measure. (i) Show that if

we identify the dual group X of X with R, writing χ(x) = e−iχx for x, χ ∈ R, then the Haar measure on X
corresponding to the Haar measure µ on X is µ itself. (ii) Show that if we change the action of R on itself
by setting χ(x) = e−2πiχx, then the Haar measure on X corresponding to µL is µL.

(l) Let X0, . . . , Xn be abelian topological groups with Haar measures µ0, . . . , µn, and let X = X0× . . .×
Xn be the product group with its Haar measure µ = µ0 × . . .×µn. For each k ≤ n let Xk be the dual group
of Xk and λk the Haar measure on Xk corresponding to µk. Show that if we identify X = X0 × . . . × Xn
with the dual group of X, then the Haar measure on X corresponding to µ is just the product measure
λ0 × . . .× λn.

>>>(m) Let X be a compact Hausdorff abelian topological group, with dual group X , and µ the Haar
probability measure on X. (i) Show that

∫
χdµ = 0 for every χ ∈ X except the identity. (ii) Show that

{χ• : χ ∈ X} is an orthonormal basis of the Hilbert space L2
C

(µ). (Hint : (u|χ•) = (Tu|∧χ•) where T is the
operator of 445R.)

(n) Let X be an abelian topological group with a Haar measure µ, λ the associated Haar measure on
the dual group X and T : L2

C
(µ) → L2

C
(λ) the standard isometry. Suppose that u, v ∈ L2

C
(µ). Suppose

that f0, f1 ∈ L
2
C

(µ), g0, g1 ∈ L
2
C

(ν) are such that Tf•

0 = g•

0 and Tf•

1 = g•

1. Show that (f0 ∗ f1)(x) =∫
g0(χ)g1(χ)χ(x)λ(dχ) for any x ∈ X.

Measure Theory



445Yi The duality theorem 91

(o) Let X be a locally compact Hausdorff abelian topological group and X its dual group. Show that
a function h : X → C is the Fourier-Stieltjes transform of a totally finite Radon measure on X iff it is
continuous and positive definite.

(p)(i) Show that we can define a binary operation +2adic on X = {0, 1}N by setting x+2adicy = z whenever

x, y, z ∈ X and
∑k
i=0 2i(x(i) + y(i) − z(i)) is divisible by 2k+1 for every k. (ii) Show that if we give X its

usual topology then (X,+2adic) is an abelian topological group. (iii) Show that the usual measure on X is
the Haar probability measure for this group operation. (iv) Show that G = {ζ : ζ ∈ C, ∃ n ∈ N, ζ2

n

= 1} is

a subgroup of C. (v) Show that the dual of (X,+2adic) is {χζ : ζ ∈ G} where χζ(x) =
∏∞
i=0 ζ

2ix(i) for ζ ∈ G
and x ∈ X. (vi) Show that the functions f , g : X → X described in 388E are of the form x 7→ x ±2adic x0
for a certain x0 ∈ X.

(q) Let X be a locally compact Hausdorff abelian topological group. Show that if two totally finite Radon
measures on X have the same Fourier-Stieltjes transform, they are equal. (Hint : 281G.)

445Y Further exercises (a) Let X be any Hausdorff topological group. Let X̂ be its completion under

its bilateral uniformity. Show that the dual groups of X and X̂ can be identified as groups. Show that they
can be identified as topological groups if either X is metrizable or X has a totally bounded neighbourhood
of the identity.

(b) Let 〈Xj〉j∈I be a countable family of topological groups, with product X; let Xj be the dual group
of each Xj , and X the dual group of X. Show that the topology of X is generated by sets of the form
X ∩∏

j∈I Hj where Hj ⊆ Xj is open for each j.

(c) Let X be a real linear topological space, with addition as its group operation. Show that its dual
group is just the set of functionals x 7→ eif(x) where f : X → R is a continuous linear functional. Hence
show that there are abelian groups with trivial duals.

(d) Let X be the group of rotations of R3, that is, the group of orthogonal real 3 × 3 matrices with
determinant 1, and give X its usual topology, corresponding to its embedding as a subspace of R9. Show
that the only character on X is the constant function 1. (Hint : (i) show that two rotations through the
same angle are conjugate in X; (ii) show that if 0 < θ ≤ π

2 then the product of two rotations through the
angle θ about orthogonal axes is not a rotation through an angle 2θ.)

(e) Let X be a finite abelian group, endowed with its discrete topology. Show that its dual is isomorphic
to X. (Hint : X is a product of cyclic groups.)

(f) Show that if I is any uncountable set, then there is a quasi-Radon probability measure ν on the

topological group RI such that its Fourier-Stieltjes transform
∧

ν is not continuous. (Hint : take ν to be a
power of a suitably widely spread probability distribution on R.)

(g) Let X be an abelian topological group with a Haar measure µ, and λ the associated Haar measure
on the dual group X of X. Let T : L2

C
(µ) → L2

C
(λ) be the standard isomorphism. Suppose that f ∈ L

2
C

(µ)

and g ∈ L
1
C

(λ)∩L
2
C

(λ) are such that Tf• = g•. Show that f(x) =
∫
g(χ)χ(x)λ(dχ) for almost every x ∈ X.

(Hint : look first at locally compact Hausdorff X.)

(h) Let X be a locally compact Hausdorff abelian topological group with dual group X , PR the set of
Radon probability measures on X, 〈νn〉n∈N a sequence in PR and ν a member of PR. Show that the following

are equiveridical: (i) 〈νn〉n∈N → ν for the narrow topology on PR; (ii) limn→∞
∧

νn(χ) =
∧

ν(χ) for every χ ∈ X .
(Hint : compare 285L. For the critical step, showing that {νn : n ∈ N} is uniformly tight, use the formulae

in 445N to show that there is an integrable f : X → C such that 0 ≤
∨

f ≤ 1 and
∫ ∨

f(x)ν(dx) ≥ 1 − 1
2ǫ.)

(i) Let X be a topological group carrying Haar measures and X its dual group. Let Mτ be the complex
Banach space of signed totally finite τ -additive Borel measures on X (put the ideas of 437F and 437Yb
together). Show that X separates the points of Mτ in the sense that if ν ∈ Mτ is non-zero, there is an
x ∈ X such that

∫
χ(x)ν(dχ) 6= 0, if the integral is appropriately interpreted. (Hint : use the method in the

proof of 445U.)
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(j) Let X be an abelian topological group carrying Haar measures. Let Mτ be the complex Banach space
of signed totally finite τ -additive Borel measures on X. Show that the dual X of X separates the points of
Mτ in the sense that if ν ∈ Mτ is non-zero, there is a χ ∈ X such that

∫
χ(x)ν(dx) 6= 0. (Hint : use 443L

to reduce to the case in which X is locally compact and Hausdorff; now use 445U and 445Yi.)

(k) Let X be an abelian topological group and µ a Haar measure on X. Show that the spectral radius
of any non-zero element of L1

C
(µ) is non-zero. (Hint : 445Yj, 445Kd.)

(l) Show that for any integer p ≥ 2 there is an operation +padic on {0, . . . , p−1}N with properties similar
to those of the operation +2adic of 445Xp.

(m) Let µ be Lebesgue measure on [0,∞[. (i) For f , g ∈ L
1(µ) define (f ∗ g)(x) =

∫ x
0
f(y)g(x− y)µ(dy)

whenever the integral is defined. Show that f ∗g ∈ L
1(µ). (ii) Show that we can define a bilinear operator ∗

on L1(µ) by setting f• ∗ g• = (f ∗ g)• for f , g ∈ L
1(µ), and that under this multiplication L1(µ) is a Banach

algebra. (iii) Show that if φ : L1(µ) → R is a multiplicative linear operator then there is some s ≥ 0 such
that φ(f•) =

∫∞

0
f(x)e−sxµ(dx) for every f ∈ L

1(µ).

445 Notes and comments I repeat that this section is intended to be a more or less direct attack on the
duality theorem. At every point the clause ‘let X be a locally compact Hausdorff abelian topological group’
is present in spirit. The actual statement of each theorem involves some subset of these properties, purely
in accordance with the principle of omission of irrelevant hypotheses, not because I expect to employ the
results in any more general setting.

In 445Ab I describe a topology on the dual group in a context so abstract that we have rather a lot of
choice. For groups carrying Haar measures, the alternative descriptions of the topology on the dual (445I)
make it plain that this must be the first topology to study. By 445E it is already becoming fairly convincing.
But it is not clear that there is any such pre-eminent topology in the general case.

Fourier-Stieltjes transforms hardly enter into the arguments of this section; I mention them mostly because
they form the obvious generalization of the ideas in §285. But I note that the principal theorem of §285 (that
sequential convergence of characteristic functions corresponds to sequential convergence of distributions,
285L) generalizes directly to the context here (445Yh).

I have tried to lay this treatise out in such a way that we periodically return to themes from past chapters
at a higher level of sophistication. There seem to be four really important differences between this section
and the previous treatment in Chapter 28. (i) The first is the obvious one; we are dealing with general locally
compact Hausdorff abelian groups, rather than with R and S1 and Z. Of course this puts much heavier
demands on our technique, and, to begin with, leaves our imaginations unfocused. (ii) The second concerns
differentiation, or rather its absence; since we no longer have any differential structure on our groups, a
substantial part of the theory evaporates, and we are forced to employ new tactics in the rest. (iii) The
third concerns the normalization of the measure on the dual group. As soon as we know that X is a locally
compact group (445J) we know that it carries Haar measures. The problem is to describe the particular
one we need in appropriate terms. In the case of the dual pairs (R,R) or (S1,Z), we have measures already
presented (counting measure on Z, Lebesgue measure on ]−π, π] and R). (They are not in fact dual in the
sense we need here, at least not if we use the simplest formulae for the duality, and have to be corrected
in each case by a factor of 2π. See 445Xk.) But since we do have dual pairs already to hand, we can
simultaneously develop theories of Fourier transforms and inverse Fourier transforms (for the pair (S1,Z)
the inverse Fourier transform is just summation of trigonometric series), and the problem is to successfully
match operations which have independent existences. (iv) The final change concerns an interesting feature of
Z and R. Repeatedly, in §§282-283, the formulae invoked symmetric limits limn→∞

∑n
k=−n or lima→∞

∫ a
−a to

approach some conditionally convergent sum or integral. Elsewhere one sometimes deals with singularities

by examining ‘Cauchy principal values’; if
∫ 1

−1
f is undefined, try lima↓0(

∫ −a

−1
f +

∫ 1

a
f). This particular

method seems to disappear in the general context. But the general challenge of the subject remains the
same: to develop a theory of the transform u 7→ ∧

u which will apply to the largest possible family of objects
u and will enable us to justify, in the widest possible contexts, the manipulations listed in the notes to §284.
The calculations in 445S and 445Xn, treating ‘shift’ and ‘convolution’ in L2, are typical.

In terms of the actual proofs of the results here, ‘test functions’ (284A) have gone, and in their place
we take a lot more trouble over the Banach algebra L1. This algebra is the key to one of the magic bits,
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which turns up in rather undignified corners in 445Kd and part (e) of the proof of 445N. Down to 445O,
the dominating problem is that we do not know that the dual group X of a group X is large enough to tell
us anything interesting about X. (After that, the problem reverses; we have to show that X is not too big.)
We find that (under rather specially arranged circumstances) we are able to say something useful about the
spectral radius of a member of L1, and we use this to guarantee that it has a non-trivial Fourier transform.
If we identify X with the maximal ideal space of L1 (445H), then the Fourier transform on L1 becomes the
‘Gelfand map’, a general construction of great power in the theory of commutative Banach algebras.

There is one similarity between the methods of this section and those of §284. In both cases we have
isomorphisms between L2

C
(µ) and L2

C
(λ) (the Plancherel Theorem), but cannot define the Fourier transform

of a function in L
2
C

in any direct way; indeed, while the Fourier transform of a function in L
1
C

, or even of
a (totally finite) measure, can really be thought of as a (continuous) function, the transform of a function
in L2 is at best a member of L2, not a function at all. We manoeuvre around this difficulty by establishing
that our (genuine) Fourier transforms match dense subspaces isometrically. In §284 I used test functions,
and in the present section I use L

1 ∩L
2. Test functions are easier partly because the Fourier transform of a

test function is again a test function, and all the formulae we need are easy to establish for such functions.
Searching for classes of functions which will be readily manageable in general locally compact abelian

groups, we come to the ‘positive definite’ functions. The phrase is unsettling, since the functions themselves
are in no obvious sense positive (nor even, as a rule, real-valued). Also their natural analogues in the theory
of bilinear forms are commonly called ‘positive semi-definite’. However, their Fourier transforms, whether
regarded as measures (445N) or as functions (445Q), are positive, and, as a bonus, we get a characterization
of the Fourier transforms of measures (445Xf, 445Xh), answering a question left hanging in 285Xu.

Version of 8.10.13

446 The structure of locally compact groups

I develop those fragments of the structure theory of locally compact Hausdorff topological groups which
are needed for the main theorem of the next section. Theorem 446B here is of independent interest, being
both itself important and with a proof which uses the measure theory of this chapter in an interesting way;
but the rest of the section, from 446D on, is starred. Note that in this section, unlike the last, groups are
not expected to be abelian.

446A Finite-dimensional representations (a) Definitions (i) For any r ∈ N, write Mr = Mr(R) for
the space of r × r real matrices. If we identify it with the space B(Rr;Rr), where Rr is given its Euclidean
norm, then Mr becomes a unital Banach algebra (4A6C), with identity I, the r × r identity matrix. Write
GL(r,R) for the group of invertible elements of Mr.

(ii) Let X be a topological group. A finite-dimensional representation of X is a continuous
homomorphism from X to a group of the form GL(r,R) for some r ∈ N. If the homomorphism is injective
the representation is called faithful (cf. 4A5Be).

(b) Observe that if X is any topological group and φ is a finite-dimensional representation with kernel
Y , then X/Y has a faithful finite-dimensional representation ψ defined by writing ψ(x•) = φ(x) for every
x ∈ X (4A5La).

446B Theorem Let X be a compact Hausdorff topological group. Then for any a ∈ X, other than the
identity, there is a finite-dimensional representation φ of X such that φ(a) 6= I; and we can arrange that
φ(x) is an orthogonal matrix for every x ∈ X.

proof (a) Let U be a symmetric neighbourhood of the identity e in X such that a /∈ UU . Because X is
completely regular (3A3Bb), there is a non-zero continuous function h : X → [0,∞[ such that h(x) = 0 for
every x ∈ X \ U ; replacing h by x 7→ h(x) + h(x−1) if necessary, we may suppose that h(x) = h(x−1) for
every x. Let µ be a (left) Haar measure on X (441E), and set w = h• in L0(µ).

(b) Define an operator T from L2 = L2(µ) to itself by setting

Tu = u ∗ w for every u ∈ L2,

D.H.Fremlin



94 Topological groups 446B

where ∗ is convolution; that is, Tf• = (f ∗ h)• for every f ∈ L
2 = L

2(µ). Then T is a compact self-adjoint
operator on the real Hilbert space L2 (444V).

(c) For any z ∈ X, define Sz : L2 → L2 by setting Szu = z•lu for u ∈ L2, where •l is the left shift action,
so that Sz is a norm-preserving linear operator (443Ge). Also Sz commutes with T . PPP If f ∈ L

2, then

SzTf
• = (z•l(f ∗ h))• = ((z•lf) ∗ h)•

(444Of)

= TSzf
•. QQQ

(d) Now SaTw 6= Tw. PPP Set g = h ∗ h, so that Tw = g• and g, a•lg are both continuous functions
(444Rc). Then

(a•lg)(e) = g(a−1) =
∫
h(y)h(y−1a−1)dy = 0

because if y ∈ U then y−1a−1 /∈ U , while

g(e) =
∫
h(y)h(y−1)dy =

∫
h(y)2dy > 0.

So the open set {x : g(x) 6= (a•lg)(x)} is non-empty; because µ is strictly positive (442Aa), it is non-
negligible, and

SaTw = (a•lg)• 6= g• = Tw. QQQ

(e) The closed linear subspace {u : Sau = u} therefore does not include T [L2]. But the linear span
of {Tv : v is an eigenvector of T} is dense in T [L2] (4A4M), so there is an eigenvector v∗ of T such that
SaTv

∗ 6= Tv∗. Let γ ∈ R be such that Tv∗ = γv∗; since Tv∗ 6= 0, γ 6= 0, and V = {u : u ∈ L2, Tu = γu} is
finite-dimensional (4A4Lb).

(f) Sz[V ] ⊆ V for every z ∈ X. PPP

TSzu = SzTu = Sz(γu) = γSzu

for every u ∈ V . QQQ

We therefore have a map z 7→ Sz↾V : X → B(V ;V ). As observed in 443Gc, this is actually a semi-
group homomorphism, and of course Se↾V is the identity of B(V ;V ), so Sz↾V is always invertible, and
we have a group homomorphism from X to the group of invertible elements of B(V ;V ). Taking an or-
thonormal basis (v1, . . . , vr) of V , we have a homomorphism φ from X to GL(r,R), defined by setting
φ(z) = 〈(Szvi|vj)〉1≤i,j≤r for every z ∈ X. Moreover, φ is continuous. PPP For any u ∈ L2, z 7→ Szu : X → L2

is continuous, by 443Gf. But this means that all the maps z 7→ (Szvi|vj) are continuous; since the topology
of GL(r,R) can be defined in terms of these functionals (see the formulae in 262H), φ is continuous. QQQ

Thus φ is a finite-dimensional representation of X. But V was chosen to contain v∗; of course Tv∗ ∈ V ,
while SaTv

∗ 6= Tv∗; so that φ(a) is not the identity.

(g) Finally, φ(z) is an orthogonal matrix for every z ∈ X. PPP As observed in (c), Sz is norm-preserving, so
Sz↾V is again norm-preserving. By 4A4Jb, (Szvi|Szvj) = (vi|vj) for 1 ≤ i, j ≤ r, that is, φ(z) is orthogonal.
QQQ

446C Corollary Let X be a compact Hausdorff topological group. Then for any neighbourhood U of
the identity of X there is a finite-dimensional representation of X with kernel included in U .

proof Let Φ be the set of finite-dimensional representations of X. By 446B,
⋂
φ∈Φ ker(φ) = {e}, where

e is the identity of X. Because X \ intU is compact and disjoint from
⋂
φ∈Φ ker(φ) (and ker(φ) is closed

for every φ), there must be φ0, . . . , φn ∈ Φ such that
⋂
i≤n ker(φi) ⊆ U . For each i ≤ n, let ri ∈ N be the

integer such that φi is a continuous homomorphism from X to GL(ri,R). Set r =
∑n
i=0 ri. Then we have

a map φ : X → GL(r,R) given by the formula
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φ(x) =



φ0(x) 0 . . . 0
0 φ1(x) . . . 0
. . . . . . . . . . . .
0 0 . . . φn(x)




for every x ∈ X. It is easy to check that φ is a continuous homomorphism, and ker(φ) =
⋂
i≤n ker(φi) ⊆ U .

So we have an appropriate representation of X.

*446D Notation (a) It will help to be clear on an elementary point of notation. If X is a group and A
is a subset of X I will write A0 = {e}, where e is the identity of X, and An+1 = AAn for n ∈ N, so that
A3 = {x1x2x3 : x1, x2, x3 ∈ A}, etc. Now we find that Am+n = AmAn and Amn = (Am)n for all m, n ∈ N.
Writing A−1 = {x−1 : x ∈ A} as usual, we have (Ar)−1 = (A−1)r. But note that if we also continue to
write A−1 = {x−1 : x ∈ A}, then AA−1 is not in general equal to A0; and that there is no simple relation
between Ar, Br and (AB)r, unless X is abelian.

(b) In the rest of this section, I shall make extensive use of the following device. If X is a group with
identity e, e ∈ A ⊆ X and n ∈ N, write Dn(A) = {x : x ∈ X, xi ∈ A for every i ≤ n}.

(i) D0(A) = X.

(ii) D1(A) = A.

(iii) Dn(A) ⊆ Dm(A) whenever m ≤ n.

(iv) Dmn(A) ⊆ Dm(Dn(A)) for all m, n ∈ N.

PPP If x ∈ Dmn(A) then (xi)j ∈ A whenever j ≤ n and i ≤ m. QQQ

(v) If r ∈ N and Ar ⊆ B, then Dn(A) ⊆ Dnr(B) for every n ∈ N; in particular, A ⊆ Dr(B).

PPP For r = 0 this is trivial. Otherwise, take x ∈ Dn(A) and i ≤ nr. Then we can express i as i1 + . . . + ir
where ij ≤ n for each j, so that

xi =
∏r
j=1 x

ij ∈ Ar ⊆ B. QQQ

(vi) If A = A−1 then Dn(A) = Dn(A)−1 for every n ∈ N.

(vii) If Dm(A) ⊆ B where m ∈ N, then Dmn(A) ⊆ Dn(B) for every n ∈ N.

PPP If x ∈ Dmn(A) and i ≤ n, then xij ∈ A for every j ≤ m, so xi ∈ Dm(A) ⊆ B. QQQ

(c) In (b), if X is a topological group and A is closed, then every Dn(A) is closed; if moreover A is
compact, then Dn(A) is compact for every n ≥ 1. If A is a neighbourhood of e, then so is every Dn(A),
because the map x 7→ xi is continuous for every i ≤ n.

*446E Lemma Let X be a group, and U ⊆ X. Let f : X → [0,∞[ be a bounded function such that
f(x) = 0 for x ∈ X \ U ; set α = supx∈X f(x). Let A ⊆ X be a symmetric set containing e, and K a set
including Ak, where k ≥ 1. Define g : X → [0,∞[ by setting

g(x) =
1

k

∑k−1
i=0 sup{f(yx) : y ∈ Ai}

for x ∈ X. Then
(a) f(x) ≤ g(x) ≤ α for every x ∈ X, and g(x) = 0 if x /∈ K−1U .

(b) |g(ax) − g(x)| ≤ jα

k
if j ∈ N, a ∈ Aj and x ∈ X.

(c) For any x, z ∈ X, |g(x) − g(z)| ≤ supy∈K |f(yx) − f(yz)|.
proof (a) Of course

f(x) =
1

k

∑k−1
i=0 f(ex) ≤ g(x) ≤ 1

k

∑k−1
i=0 α = α

for every x. Suppose that g(x) 6= 0. Then there must be an i < k and a y ∈ Ai such that f(yx) 6= 0, so that
yx ∈ U . But also, because e ∈ A, y ∈ Ak ⊆ K, so x ∈ y−1U ⊆ K−1U .
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(b) Suppose first that j = 1, so that a ∈ A. If ǫ > 0 there are yi ∈ Ai, for i < k, such that g(ax) ≤
1

k

∑k−1
i=0 f(yiax) + ǫ. Now yia ∈ Ai+1 for each i, so

g(x) ≥ 1

k

∑k−2
i=0 f(yiax) ≥ g(ax) − ǫ− α

k
.

As ǫ is arbitrary, g(x) ≥ g(ax) − α
k . Similarly, as a−1 ∈ A (because A is symmetric), g(ax) ≥ g(x) − α

k and
|g(ax) − g(x)| ≤ α

k .
For the general case, induce on j. (If j = 0, then a = e and the result is trivial.)

(c) Set γ = supy∈K |f(yx)−f(yz)|. If ǫ > 0, there are yi ∈ Ai, for i < k, such that g(x) ≤ 1

k

∑k−1
i=0 f(yix)+

ǫ. Now every yi belongs to K, so

g(z) ≥ 1

k

∑k−1
i=0 f(yiz) ≥ 1

k

∑k−1
i=0 (f(yix) − γ) ≥ g(x) − ǫ− γ.

As ǫ is arbitrary, g(z) ≥ g(x) − γ; similarly, g(x) ≥ g(z) − γ.

*446F Lemma Let X be a locally compact Hausdorff topological group and 〈An〉n∈N a sequence of
closed symmetric subsets of X all containing the identity e of X. Suppose that for every neighbourhood
W of e there is an n0 ∈ N such that An ⊆ W for every n ≥ n0. Let U be a compact neighbourhood of e

and suppose that for each n ∈ N we have k(n) ∈ N such that A
k(n)
n ⊆ U and A

k(n)+1
n 6⊆ U . Let F be a

non-principal ultrafilter on N and write Q for the limit limn→F A
k(n)
n in the space C of closed subsets of X

with the Fell topology.
(i) If Q2 = Q then Q is a compact subgroup of X included in U and meeting the boundary of U .
(ii) If Q2 6= Q then there are a neighbourhood W of e and an infinite set I ⊆ N such that for every n ∈ I

there are an x ∈ An and an i ≤ k(n) such that xi /∈W .

proof (a) I ought to begin by explaining why the limit limn→F A
k(n)
n is defined; this is just because the Fell

topology is always compact (4A2T(b-iii)) and when based on a locally compact Hausdorff space is Hausdorff
(4A2T(e-ii)).

Because U is closed, {F : F ∈ C, F ⊆ U} is closed, by the definition of the Fell topology (4A2T(a-ii));

because every A
k(n)
n is included in U , so is Q, and Q is compact. Because x 7→ x−1 is a homeomorphism of

X, F 7→ F−1 is a homeomorphism of C, and

Q−1 = limn→F (A
k(n)
n )−1 = limn→F (A−1

n )k(n) = limn→F A
k(n)
n = Q.

And of course e ∈ Q because e ∈ A
k(n)
n for every n and {(x, F ) : x ∈ F ∈ C} is closed in X × C (4A2T(e-i)).

For each n ∈ N, we have an an ∈ A
k(n)
n and an xn ∈ An such that anxn /∈ U . Now a = limn→F an is

defined (because U is compact), and belongs to Q. Also limn→∞ xn = e, because every neighbourhood of e
includes all but finitely many of the An, so a = limn→F anxn /∈ intU , and a belongs to the boundary of U .
Thus Q meets the boundary of U .

(b) From (a) we see that if Q2 = Q then Q is a compact subgroup of X, included in U and meeting the
boundary of U . So henceforth let us suppose that Q2 6= Q and seek to prove (ii).

Let w ∈ Q2 \Q. Let W0 ⊆ U be an open neighbourhood of e such that W0wW
2
0 ∩QW 2

0 = ∅ (4A5Ee).

(c) Fix a left Haar measure µ on X. Let f : X → [0,∞[ be a continuous function such that {x : f(x) >
0} ⊆ W0 and

∫
f(x)dx = 1. Set α = supx∈X f(x) and β =

∫
f(x)2dx, so that α is finite and β > 0.

W0U
2W0 ⊆ U4 is open and relatively compact, so has finite measure, and there is an η > 0 such that

2η(1 + αµ(W0U
2W0)) < β.

Let W be a neighbourhood of e such that W ⊆ W0 and |f(yax) − f(ybx)| ≤ η whenever y ∈ (U−1)2 ∪ U ,
x ∈ X and ab−1 ∈W (4A5Pa).

(d) Express w as w′w′′ where w′, w′′ ∈ Q. Then

{n : A
k(n)
n ∩W0w

′ 6= ∅}, {n : A
k(n)
n ∩ w′′W0 6= ∅},
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{n : A
k(n)
n ⊆ QW0} = {n : A

k(n)
n ∩ (U \QW0) = ∅}

all belong to F , by the definition of the Fell topology. Also

{n : k(n) ≥ 1}
is cofinite in N, because An ⊆ U for all n large enough. Let I be the intersection of these four sets, so that
I belongs to F and must be infinite.

(e) Let n ∈ I. ??? Suppose, if possible, that xi ∈W for every x ∈ An and i ≤ k(n). (The rest of the proof
will be a search for a contradiction.) Note that k(n) ≥ 1.

Choose xj ∈ An, for j < 2k(n), such that the products x2k(n)−1x2k(n)−2 . . . xk(n), xk(n)−1 . . . x0 belong to
W0w

′, w′′W0 respectively; set w̃ = x2k(n)−1 . . . x0, so that

w̃ ∈ A
2k(n)
n ∩W0w

′w′′W0 ⊆W0wW0.

Since A
k(n)
n ⊆ QW0 and W0wW

2
0 ∩QW 2

0 is empty, w̃W0 does not meet A
k(n)
n W0.

(f) Define g : X → [0,∞[ by setting

g(x) =
1

k(n)

∑k(n)−1
i=0 sup{f(yx) : y ∈ Ain}.

Then g(w̃x)f(x) = 0 for every x ∈ X. PPP If f(x) 6= 0, then x ∈ W0, so w̃x /∈ A
k(n)
n W0, and g(w̃x) = 0, by

446Ea. QQQ Accordingly ∫
(g(x) − g(w̃x))f(x)dx =

∫
g(x)f(x)dx ≥ β

since g ≥ f (446Ea).
Set y0 = e and yi+1 = xiyi for i < 2k(n), so that y2k(n) = w̃ and

yi ∈ Ain ⊆ A
2k(n)
n = (A

k(n)
n )2 ⊆ U2

for every i ≤ 2k(n). Then

g(x) − g(w̃x) =
∑2k(n)−1
i=0 g(yix) − g(yi+1x)

for every x ∈ X. Let i < 2k(n) be such that

∫
(g(yix) − g(yi+1x))f(x)dx ≥ 1

2k(n)

∫
(g(x) − g(w̃x))f(x)dx ≥ β

2k(n)
.

Set u = xi and v = yi, so that u ∈ An, v ∈ U2 and

∫
(g(x) − g(ux))f(v−1x)dx =

∫
(g(vx) − g(uvx))f(x)dx

=

∫
(g(yix) − g(yi+1x))f(x)dx ≥ β

2k(n)
.

(g) We have

∫
(g(x) − g(uk(n)x))f(v−1x)dx

=

k(n)−1∑

j=0

∫
(g(ujx) − g(uj+1x))f(v−1x)dx

=

k(n)−1∑

j=0

∫
(g(x) − g(ux))f(v−1u−jx)dx

= k(n)

∫
(g(x) − g(ux))f(v−1x)dx

+

k(n)−1∑

j=0

∫
(g(x) − g(ux))(f(v−1u−jx) − f(v−1x))dx,
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that is,

k(n)

∫
(g(x) − g(ux))f(v−1x)dx

=

∫
(g(x) − g(uk(n)x))f(v−1x)dx

−
k(n)−1∑

j=0

∫
(g(x) − g(ux))(f(v−1u−jx) − f(v−1x))dx.

Set

β1 =
∑k(n)−1
j=0

∫
(g(x) − g(ux))(f(v−1u−jx) − f(v−1x))dx,

β2 =
∫

(g(x) − g(uk(n)x))f(v−1x)dx;

then

β2 − β1 = k(n)
∫

(g(x) − g(ux))f(v−1x)dx ≥ 1
2β.

(h)(ααα) Examine β1. We know that, because u ∈ An, |g(x) − g(ux)| ≤ α

k(n)
for every x (see 446Eb). On

the other hand, we are supposing that xj ∈ W for every j ≤ k(n) and every x ∈ An, so, in particular,
uj ∈ W ⊆ W0 for every j ≤ k(n). Also, as noted in (f), v ∈ U2. So for any j < k(n) we must have
|f(v−1u−jx) − f(v−1x)| ≤ η for every x ∈ X, by the choice of W , while f(v−1u−jx) − f(v−1x) = 0 unless
x ∈W0U

2W0. So

|β1| ≤
k(n)−1∑

j=0

∫
|g(x) − g(ux)||f(v−1u−jx) − f(v−1x)|dx

≤
k(n)−1∑

j=0

α

k(n)
ηµ(W0U

2W0) = αηµ(W0U
2W0).

(βββ) Now consider β2. As uk(n) ∈ W , |f(zuk(n)x) − f(zx)| ≤ η for every z ∈ U and x ∈ X, by the

choice of W , so (because A
k(n)
n ⊆ U) |g(uk(n)x) − g(x)| ≤ η for every x (446Ec). Accordingly

|β2| ≤ η
∫
f(v−1x)dx = η

∫
f(x)dx = η.

(i) But this means that

β ≤ 2(|β1| + |β2|) ≤ 2η(1 + αµ(W0U
2W0)) < β,

which is absurd. XXX

(j) Thus for every n ∈ I there are an x ∈ An and an i ≤ k(n) such that xi /∈ W , and (ii) is true. This
completes the proof.

*446G ‘Groups with no small subgroups’ (a) Definition Let X be a topological group. We say
that X has no small subgroups if there is a neighbourhood U of the identity e of X such that the only
subgroup of X included in U is {e}.

(b) If X is a Hausdorff topological group and U is a compact symmetric neighbourhood of the identity e
such that the only subgroup of X included in U is {e}, then {Dn(U) : n ∈ N} is a base of neighbourhoods
of e, where Dn(U) = {x : x ∈ X, xi ∈ U for every i ≤ n}. PPP By 446Dc, 〈Dn(U)〉n≥1 is a non-increasing
sequence of compact neighbourhoods of e, and if x ∈ ⋂

n∈N
Dn(U) then xi ∈ U for every i ∈ N; as U−1 = U ,

U includes the subgroup {xi : i ∈ Z}, so x = e. Thus
⋂
n∈N

Dn(U) = {e} and {Dn(U) : n ∈ N} is a base of
neighbourhoods of e (4A2Gd). QQQ
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(c) In particular, a locally compact Hausdorff topological group with no small subgroups is metrizable
(4A5Q).

*446H Lemma Let X be a locally compact Hausdorff topological group. For A ⊆ X, n ∈ N set
Dn(A) = {x : xi ∈ A for every i ≤ n}. If U ⊆ X is a compact symmetric neighbourhood of the identity
which does not include any subgroup of X other than {e}, then there is an r ≥ 1 such that Drn(U)n ⊆ U
for every n ∈ N.

proof ??? Suppose, if possible, that for every r ≥ 1 there is an nr ∈ N such that Drnr
(U)nr 6⊆ U . Of course

nr ≥ 1. Set A0 = U and Ar = Drnr
(U) for r ≥ 1. Note that Dn1

(U) ⊆ A0 but Dn1
(U)n1 6⊆ U , so An1

0 6⊆ U .

We therefore have, for every r ∈ N, a kr such that A
k(r)
r ⊆ U but A

k(r)+1
r 6⊆ U . Also, by 446Gb, every

neighbourhood of e includes all but finitely many of the Ar. We can therefore apply 446F to the sequence
〈Ar〉r∈N. Of course k(r) ≥ 1 for every r, while k(r) < nr for r ≥ 1. Since U includes no non-trivial subgroup,
(i) of 446F is impossible, and we are left with (ii). Let W , I be as declared there, so that Ar 6⊆ Dk(r)(W )
for every r ∈ I. There must be some m ≥ 1 such that Dm(U) ⊆ W (446Gb). Take r ∈ I such that r ≥ m;
then rnr ≥ mk(r), so

Ar = Drnr
(U) ⊆ Dmk(r)(U) ⊆ Dk(r)(Dm(U))

(446D(b-iv))

⊆ Dk(r)(W ),

which is impossible. XXX

*446I Lemma Let X be a locally compact Hausdorff topological group and U a compact symmetric
neighbourhood of the identity in X such that U does not include any subgroup of X other than {e}. For
n ∈ N, set Dn(U) = {x : xi ∈ U for every i ≤ n}, and let F be any non-principal ultrafilter on N. Suppose
that 〈xn〉n∈N is a sequence in X such that xn ∈ Dn(U) for every n ∈ N. Then we have a continuous

homomorphism q : R → X defined by setting q(t) = limn→F x
i(n)
n whenever 〈i(n)〉n∈N is a sequence in Z

such that limn→F
i(n)

n
= t in R.

proof (a) If 〈i(n)〉n∈N is any sequence in N such that limn→F
i(n)

n
is defined in R, then limn→F x

i(n)
n is

defined in X. PPP There is some m ∈ N such that m > limn→F
i(n)

n
, so that J = {n : i(n) ≤ mn} ∈ F ; but if

n ∈ J , then

xn ∈ Dn(U) ⊆ Dmn(Um) ⊆ Di(n)(U
m),

by 446D(b-v), and x
i(n)
n ∈ Um. But this means that F contains {n : x

i(n)
n ∈ Um}; as Um is compact,

limn→F x
i(n)
n is defined in X. QQQ

More generally, if 〈i(n)〉n∈N is any sequence in Z such that limn→F
i(n)

n
is defined in R, then limn→F x

i(n)
n

is defined in X. PPP At least one of {n : i(n) ≥ 0}, {n : i(n) ≤ 0} belongs to F . In the former case,

limn→F x
i(n)
n = limn→F x

max(0,i(n))
n is defined; in the latter case,

limn→F x
i(n)
n = limn→F (x

max(0,−i(n))
n )−1 = (limn→F x

max(0,−i(n))
n )−1

is defined. QQQ

(b) If V is any neighbourhood of e, there is a δ > 0 such that limn→F x
i(n)
n ∈ V whenever 〈i(n)〉n∈N is a

sequence in Z such that limn→F |i(n)
n

| ≤ δ. PPP By 446Gb, there is an m ≥ 1 such that Dm(U) ⊆ V . Take

δ < 1
m . If limn→F |i(n)

n
| ≤ δ, then J = {n : m|i(n)| ≤ n} ∈ F . But if n ∈ J , then

xn ∈ Dn(U) ⊆ Dm|i(n)|(U) ⊆ D|i(n)|(Dm(U))
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and x
|i(n)|
n ∈ Dm(U); since Dm(U), like U , is symmetric (446D(b-vi)), x

i(n)
n ∈ Dm(U). This is true for every

n ∈ J , so limn→F x
i(n)
n ∈ Dm(U) ⊆ V , as required. QQQ

(c) It follows at once that if 〈i(n)〉n∈N is a sequence in Z such that limn→F
i(n)

n
= 0, then limn→F x

i(n)
n = e.

Consequently, if 〈i(n)〉n∈N, 〈j(n)〉n∈N are sequences in Z such that limn→F
i(n)

n
and limn→F

j(n)

n
both exist

in R and are equal, then limn→F x
i(n)
n = limn→F x

j(n)
n . PPP Set k(n) = i(n) − j(n). Then limn→F x

k(n)
n = e

because limn→F
k(n)

n
= 0. But now

limn→F x
i(n)
n = limn→F x

j(n)
n x

k(n)
n = limn→F x

j(n)
n . QQQ

(d) We do therefore have a function q : R → X defined by the given formula. Now q(s + t) = q(s)q(t)

for all s, t ∈ R. PPP Take sequences 〈i(n)〉n∈N, 〈j(n)〉n∈N such that s = limn→∞
i(n)

n
, t = limn→∞

j(n)

n
; then

s+ t = limn→∞
i(n)+j(n)

n
, so

q(s+ t) = limn→F x
i(n)+j(n)
n = limn→F x

i(n)
n x

j(n)
n = q(s)q(t). QQQ

(e) Thus q is a homomorphism. Finally, (b) shows that it is continuous at 0, so it must be continuous
(4A5Fa).

*446J Lemma Let X be a locally compact Hausdorff topological group with no small subgroups. Then
there is a neighbourhood V of the identity e such that x = y whenever x, y ∈ V and x2 = y2.

proof Let U be a symmetric compact neighbourhood of e not including any subgroup of X except {e}.
Let 〈Un〉n∈N be a non-increasing sequence of neighbourhoods of e comprising a base of neighbourhoods of e
(446Gc), and with U0 = U .

??? Suppose, if possible, that for each n ∈ N there are distinct xn, yn ∈ Un such that x2n = y2n. Set
an = x−1

n yn; then

x−1
n anxn = x−2

n ynxn = y−1
n xn = a−1

n .

Accordingly

x−1
n amn xn = (x−1

n anxn)m = a−mn

for every m ∈ N.
Since U includes no non-trivial subgroup, and an 6= e, there is a k(n) ∈ N such that ain ∈ U for i ≤ k(n)

and a
k(n)+1
n /∈ U . Let F be any non-principal ultrafilter on N; then a = limn→F a

k(n)
n is defined and belongs

to U . Also, because 〈xn〉n∈N and 〈yn〉n∈N both converge to e, so does 〈an〉n∈N, and

a = limn→F a
k(n)+1
n ∈ X \ intU ;

thus a cannot be e.
However, x−1

n a
k(n)
n xn = a

−k(n)
n for each n, so

e−1ae = limn→F x
−1
n a

k(n)
n xn = limn→F (a

k(n)
n )−1 = a−1.

So a = a−1 and {e, a} is a non-trivial subgroup of X included in U , which is supposed to be impossible. XXX
Thus some Un serves for V .

*446K Lemma Let X be a locally compact Hausdorff topological group with no small subgroups. For
A ⊆ X set Dn(A) = {x : xi ∈ A for every i ≤ n}. Then there is a compact symmetric neighbourhood U of
the identity e such that whenever V is a neighbourhood of e there are an n0 ∈ N and a neighbourhood W
of e such that whenever n ≥ n0, x ∈ Dn(U), y ∈ Dn(U) and xnyn ∈W , then xy ∈ Dn(V ).

proof (a) Let U0 be a compact symmetric neighbourhood of e such that (α) U3
0 includes no subgroup of X

other than {e} (β) whenever x, y ∈ U0 and x2 = y2, then x = y; such a neighbourhood exists by 446J. Let
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r ≥ 1 be such that Drn(U0)n ⊆ U0 for every n ∈ N (446H). Let U be a compact symmetric neighbourhood
of e such that Ur ⊆ U0. In this case Dn(U) ⊆ Drn(U0) for every n, by 446D(b-v). So Dn(U)n ⊆ U0 for
every n.

(b) Fix a left Haar measure µ on X. Let f : X → [0,∞[ be a continuous function such that
∫
f(x)dx = 1

and f(x) = 0 for x ∈ X \ U0. Set α = supx∈X |f(x)|, β =
∫
f(x)2dx, so that α is finite and β > 0. For

n ≥ 1, set

fn(x) =
1

n

∑n−1
i=0 sup{f(yx) : y ∈ Dn(U)i}

for x ∈ X. Because Dn(U)n ⊆ U0, we can apply 446E to see that, for each n,

(i) fn ≥ f ,

(ii) fn(x) = 0 if x /∈ U2
0 ,

(iii) |fn(ax) − fn(x)| ≤ jα

n
if j ∈ N, a ∈ Dn(U)j and x ∈ X,

(iv) for any x, z ∈ X, |fn(x) − fn(z)| ≤ supy∈U0
|f(yx) − f(yz)|.

It follows that

(v) for any ǫ > 0 there is a neighbourhood W of e such that |fn(ax) − fn(bx)| ≤ ǫ whenever
a, b, x ∈ X, n ∈ N and ab−1 ∈W

(4A5Pa again).

(c) It will help to have the following fact available. Suppose we are given sequences 〈xn〉n∈N, 〈yn〉n∈N

such that xn and yn belong to Dn(U) for every n ∈ N and limn→∞ xnny
n
n = e. Write

γn = sup{|fn(yjnx) − fn(x−jn x)| : j ≤ n, x ∈ X}
for each n ∈ N. Then limn→∞ γn = 0. PPP??? Otherwise, there is an η > 0 such that J = {n : γn > η} is
infinite. Let W be a neighbourhood of e such that |fn(ax) − fn(bx)| ≤ η whenever n ∈ N, x, a, b ∈ X and
ab−1 ∈W ((b-v) above); let W ′ be a neighbourhood of e such that ab ∈W whenever a, b ∈ U and ba ∈W ′

(4A5Ej). Then for each n ∈ J there must be a j(n) ≤ n such that y
j(n)
n x

j(n)
n /∈ W , while x

j(n)
n and y

j(n)
n

both belong to U , so that xj(n)yj(n) /∈W ′. Let F be a non-principal ultrafilter on N containing J . By 446I,

there are continuous homomorphisms q, q̃ from R to X such that q(t) = limn→F x
−i(n)
n , q̃(t) = limn→F y

i(n)
n

whenever 〈i(n)〉n∈N is a sequence in Z such that limn→F
i(n)

n
= t in R. (Of course x−1

n ∈ Dn(U) for every

n, by 446D(b-vi).) Setting t0 = limn→F
j(n)

n
∈ [0, 1],

q(−t0)q̃(t0) = limn→F x
j(n)
n y

j(n)
n /∈ intW ′,

so q(t0) 6= q̃(t0) and q 6= q̃. But

q(−1)q̃(1) = limn→F x
n
ny

n
n = e,

so q(1) = q̃(1). Now if 0 ≤ i(n) ≤ n, then x
−i(n)
n ∈ Dn(U)n ⊆ U0; so if 0 ≤ t ≤ 1, q(t) ∈ U0. Similarly,

q̃(t) ∈ U0 whenever t ∈ [0, 1]. But recall that U0 was chosen so that if x, y ∈ U0 and x2 = y2 then x = y.
In particular, since q( 1

2 ) and q̃( 1
2 ) both belong to U0, and their squares q(1), q̃(1) are equal, q( 1

2 ) = q̃( 1
2 ).

Repeating this argument, we see that q(2−k) = q̃(2−k) for every k ∈ N, so that q(2−ki) = q̃(2−ki) for every
k ∈ N, i ∈ Z; since q and q̃ are supposed to be continuous, they must be equal; but q(t0) 6= q̃(t0). XXXQQQ

(d) Now let V be any neighbourhood of e.
??? Suppose, if possible, that for every neighbourhood W of e and n0 ∈ N there are n ≥ n0 and x,

y ∈ Dn(U) such that xnyn ∈ W but xy /∈ Dn(V ). For k ∈ N choose nk ∈ N and x̃k, ỹk ∈ Dnk
(U) such

that x̃nk

k ỹnk

k ∈ Dk(U) but x̃kỹk /∈ Dnk
(V ), and nk > nk−1 if k ≥ 1. Now we know that 〈Dk(U)〉k∈N is a

non-increasing sequence constituting a base of neighbourhoods of e (446Gb), so limk→∞ x̃nk

k ỹnk

k = e. Set
J = {nk : k ∈ N}. For n = nk, set xn = x̃k, yn = ỹk; for n ∈ N \ J , set xn = yn = e. Then xn, yn ∈ Dn(U)
for every n ∈ N and 〈xnnynn〉n∈N → e as n→ ∞, while xnyn /∈ Dn(V ) for n ∈ J .

We know from (c) that

γn = sup{|fn(yjnx) − fn(x−jn x)| : j ≤ n, x ∈ X} → 0
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as n → ∞; for future reference, take a sequence 〈j(n)〉n≥1 such that 1 ≤ j(n) ≤ n for every n ≥ 1,

limn→∞
j(n)

n
= 0 and limn→∞

nγn

j(n)
= 0.

(e) Let l ≥ 1 be such that Dl(U
3
0 ) ⊆ V (446Gb again), and set K = U2l+1

0 . Then Dnl(U
3
0 ) ⊆ Dn(V )

for every n (446D(b-vii)). So xnyn /∈ Dnl(U
3
0 ) for n ∈ J . For each n ∈ J choose m(n) ≤ nl such that

(xnyn)m(n) /∈ U3
0 ; for n ∈ N \ J , set m(n) = 1. Then (xnyn)−m(n)x /∈ U2

0 for any x ∈ U0 and n ∈ J , and
fn((xnyn)−m(n)x)f(x) = 0 for any x ∈ X and n ∈ J . So

|
∫

(fn((xnyn)−m(n)x) − fn(x))f(x)dx| =
∫
fn(x)f(x)dx ≥ β

for n ∈ J , because fn ≥ f ((b-i) above).

(f) Of course m(n) > 0 for every n ∈ J , therefore for every n. So we can set

gn(x) =
1

m(n)

∑m(n)−1
i=0 f((xnyn)ix)

for x ∈ X and n ∈ N. Note that gn, like f , is non-negative, and also that
∫
gn(x)dx =

∫
f(x)dx = 1. We

need to know that gn(x) = 0 if x /∈ K; this is because (xnyn)i ∈ Dn(U)2nl ⊆ U2l
0 for every i ≤ m(n), while

f(x) = 0 if x /∈ U0, and U0 is symmetric.
We also have

|gn(ax) − gn(x)| ≤ sup
i<m(n)

|f((xnyn)iax) − f((xnyn)ix)|

≤ sup{|f(wax) − f(wx)| : w ∈ U2l
0 }

for every n ∈ N and a, x ∈ X (cf. 446Ec), so for every η > 0 there must be a neighbourhood W of e such that
|gn(ax)−g(x)| ≤ η whenever n ∈ N, a ∈W and x ∈ X, by 4A5Pa once more. Since also gn(ax) = gn(x) = 0
if a ∈ U0 and x /∈ U−1

0 K, and U−1
0 K has finite measure, we see that for every η > 0 there is a neighbourhood

W of e such that
∫
|gn(ax) − g(x)|dx ≤ η for every a ∈W , n ∈ N.

(g) Returning to the formula in (e), we see that, for any n ∈ J ,

β ≤
∣∣
∫ (

fn((xnyn)−m(n)x) − fn(x)
)
f(x)dx

∣∣

=
∣∣
m(n)−1∑

i=0

∫ (
fn((xnyn)−i−1x) − fn((xnyn)−ix)

)
f(x)dx

∣∣

=
∣∣
m(n)−1∑

i=0

∫ (
fn((xnyn)−1x) − fn(x)

)
f((xnyn)ix)dx

∣∣

= m(n)
∣∣
∫ (

fn((xnyn)−1x) − fn(x)
)
gn(x)dx

∣∣

≤ ln
∣∣
∫ (

fn(y−1
n x−1

n x) − fn(x)
)
gn(x)dx

∣∣

≤ ln
∣∣
∫ (

fn(y−1
n x) − fn(x) − fn(y−1

n x−1
n x) + fn(x−1

n x)
)
gn(x)dx

∣∣

+ ln
∣∣
∫ (

2fn(x) − fn(x−1
n x) − fn(y−1

n x)
)
gn(x)dx

∣∣.

Next,

j(n)
(
2fn(x) − fn(x−1

n x) − fn(y−1
n x)

)

= j(n)
(
fn(x) − fn(x−1

n x)
)
− fn(x) + fn(x−j(n)n x)

+ j(n)
(
fn(x) − fn(y−1

n x)
)
− fn(x) + fn(y−j(n)n x)

+ 2fn(x) − fn(x−j(n)n x) − fn(y−j(n)n x)
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for every x, and finally

∫ (
2fn(x) − fn(x−j(n)n x) − fn(y−j(n)n x)

)
gn(x)dx

=

∫ (
fn(x) − fn(y−j(n)n x)

)
gn(x)dx−

∫ (
fn(yj(n)n x) − fn(x)

)
gn(x)dx

+

∫ (
fn(yj(n)n x) − fn(x−j(n)n x)

)
gn(x)dx

=

∫ (
fn(yj(n)n x) − fn(x)

)
gn(yj(n)n x)dx−

∫ (
fn(yj(n)n x) − fn(x)

)
gn(x)dx

+

∫ (
fn(yj(n)n x) − fn(x−j(n)n x)

)
gn(x)dx

=

∫ (
fn(yj(n)n x) − fn(x)

)(
gn(yj(n)n x) − gn(x)

)
dx

+

∫ (
fn(yj(n)n x) − fn(x−j(n)n x)

)
gn(x)dx.

So if we write

β1n = ln
∫ (

fn(y−1
n x) − fn(x) − fn(y−1

n x−1
n x) + fn(x−1

n x)
)
gn(x)dx,

β2n =
ln

j(n)

∫ (
j(n)(fn(x) − fn(x−1

n x)) − fn(x) + fn(x
−j(n)
n x)

)
gn(x)dx,

β3n =
ln

j(n)

∫ (
j(n)(fn(x) − fn(y−1

n x)) − fn(x) + fn(y
−j(n)
n x)

)
gn(x)dx,

β4n =
ln

j(n)

∫ (
fn(y

j(n)
n x) − fn(x)

)(
gn(y

j(n)
n x) − gn(x)

)
dx,

β5n =
ln

j(n)

∫ (
fn(y

j(n)
n x) − fn(x

−j(n)
n x)

)
gn(x)dx

for n ≥ 1, we have

|β1n| + |β2n| + |β3n| + |β4n| + |β5n| ≥ β

for every n ∈ J .

(h) Now β1n → 0 as n→ ∞. PPP

∣∣
∫ (

fn(y−1
n x) − fn(x) − fn(y−1

n x−1
n x) + fn(x−1

n x)
)
gn(x)dx

∣∣

=
∣∣
∫ (

fn(y−1
n x) − fn(x)

)
gn(x)dx−

∫ (
fn(y−1

n x−1
n x) − fn(x−1

n x)
)
gn(x)dx

∣∣

=
∣∣
∫ (

fn(y−1
n x) − fn(x)

)
gn(x)dx−

∫ (
fn(y−1

n x) − fn(x)
)
gn(xnx)dx

∣∣

=
∣∣
∫ (

fn(y−1
n x) − fn(x)

)(
gn(x) − gn(xnx)

)
dx

∣∣

≤ α

n

∫
|gn(x) − gn(xnx)|dx

by (b-iii). So

|β1n| ≤ αl
∫
|gn(x) − gn(xnx)|dx→ 0

as n→ ∞, by (f), since surely 〈xn〉n∈N → e. QQQ

(i) Now look at β2n. If we set
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γ′n = sup{
∫
|gn(ax) − g(x)|dx : a ∈ Dn(U)j(n)},

then γ′n → 0 as n→ ∞. PPP Given ǫ > 0, there is a neighbourhood W of e such that
∫
|gn(ax)−gn(x)|dx ≤ ǫ

whenever n ≥ 1 and a ∈ W , as noted at the end of (f). Let p be such that Dp(U0) ⊆ W . Then, for

all n large enough, pj(n) ≤ n, so that Dn(U)pj(n) ⊆ U0 and Dn(U)j(n) ⊆ Dp(U0) ⊆ W (446D(b-v)) and∫
|gn(ax) − g(x)|dx ≤ ǫ for every a ∈ Dn(U)j(n). QQQ
We have

∣∣
∫ (

j(n)(fn(x) − fn(x−1
n x)) − fn(x) + fn(x−j(n)n x)

)
gn(x)dx

∣∣

=
∣∣
j(n)−1∑

i=0

∫ (
fn(x) − fn(x−1

n x) − fn(x−in x) + fn(x−i−1
n x)

)
gn(x)dx

∣∣

=
∣∣
j(n)−1∑

i=0

∫ (
fn(x) − fn(x−1

n x)
)
gn(x)dx−

∫ (
fn(x−in x) − fn(x−i−1

n x)
)
gn(x)dx

∣∣

=
∣∣
j(n)−1∑

i=0

∫ (
fn(x) − fn(x−1

n x)
)
gn(x)dx−

∫ (
fn(x) − fn(x−1

n x)
)
gn(xinx)dx

∣∣

=
∣∣
j(n)−1∑

i=0

∫ (
fn(x) − fn(x−1

n x)
)(
gn(x) − gn(xinx)

)
dx|

≤
j(n)−1∑

i=0

∫
|fn(x) − fn(x−1

n x)||gn(x) − gn(xinx)|dx ≤ j(n)
α

n
γ′n.

So

|β2n| ≤ lαγ′n → 0

as n→ ∞. Similarly, 〈β3n〉n≥1 → 0.

(j) As for β4n, we have

∫
|fn(y

j(n)
n x) − fn(x)||gn(y

j(n)
n x) − gn(x)|dx ≤ αj(n)

n
γ′n,

putting (b-iii) and the definition of γ′n together. So

|β4n| ≤ lαγ′n → 0

as n→ ∞.

(k) We come at last to β5n. Here, for every n ≥ 1,

∣∣
∫ (

fn(yj(n)n x) − fn(x−j(n)n x)
)
gn(x)dx

∣∣ ≤
∫ ∣∣fn(yj(n)n x) − fn(x−j(n)n x)

∣∣gn(x)dx

≤ γn

∫
gn(x)dx = γn

by the definition of γn in (c) above. So

|β5n| ≤ l
n

j(n)
γn → 0

by the choice of the j(n).

(l) Thus βin → 0 as n → ∞ for every i. But this is impossible, because 0 < β ≤ ∑5
i=1 |βin| for every

n ∈ J . XXX
This contradiction shows that we must be able to find a neighbourhood W of e and an n0 ∈ N such that

xy ∈ Dn(V ) whenever n ≥ n0, x, y ∈ Dn(U) and xnyn ∈W ; as V is arbitrary, U has the property required.
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*446L Definition Let X be a topological group. A B-sequence in X is a non-increasing sequence
〈Vn〉n∈N of closed neighbourhoods of the identity, constituting a base of neighbourhoods of the identity, such
that there is some M such that for every n ∈ N the set VnV

−1
n can be covered by at most M left translates

of Vn.

*446M Proposition Let X be a locally compact Hausdorff topological group with no small subgroups.
Then it has a B-sequence.

proof (a) For A ⊆ X set Dn(A) = {x : xi ∈ A for every i ≤ n}. We know from 446K that there is a
compact symmetric neighbourhood U of the identity e such that whenever V is a neighbourhood of e there
are an n0 ∈ N and a neighbourhood W of e such that whenever n ≥ n0, x ∈ Dn(U), y ∈ Dn(U) and
xnyn ∈W , then xy ∈ Dn(V ). Shrinking U if necessary, we may suppose that U includes no subgroup of X
other than {e}, so that there is an r ≥ 1 such that Drn(U)n ⊆ U for every n ∈ N (446H).

Let V be a closed symmetric neighbourhood of e such that V 2r ⊆ U . Then Dn(V )2 ⊆ Dn(U) for every
n ∈ N. PPP Dn(V ) ⊆ D2rn(U), by 446D(b-v), so

(Dn(V )2)n ⊆ D2rn(U)2n ⊆ U ,

and Dn(V )2 ⊆ Dn(U) (446D(b-v) again). QQQ Take n0 ∈ N and a neighbourhood W of e such that whenever
n ≥ n0, x, y ∈ Dn(U) and xnyn ∈W−1W , then xy ∈ Dn(V ).

(b) Let M be so large that U can be covered by M left translates of W . Then for any n ≥ n0,
Dn(V )Dn(V )−1 = Dn(V )2 can be covered by M left translates of Dn(V ).

PPP Let z0, . . . , zM−1 be such that U ⊆ ⋃
i≤M ziW . For each i < M , set Ai = {x : x ∈ Dn(U), xn ∈ ziW};

if Ai 6= ∅ choose xi ∈ Ai; otherwise, set xi = e.
For any y ∈ Dn(V )2, y ∈ Dn(U), so yn ∈ U and there is some i < M such that y ∈ Ai. In this case xi also

belongs to Ai. Now z−1
i yn and z−1

i xni both belong to W , so x−ni yn belongs to W−1W , and x−1
i y ∈ Dn(V ),

by the choice of W and n0. But this means that y ∈ xiDn(V ). As y is arbitrary, Dn(V )2 ⊆ ⋃
i<M xiDn(V )

is covered by M left translates of Dn(V ). QQQ

(c) But this means that 〈Dn+n0
(V )〉n∈N is a B-sequence in X. (It constitutes a base of neighbourhoods

of e by 446Gb, as usual.)

*446N Proposition Let X be a locally compact Hausdorff topological group with a faithful finite-
dimensional representation. Then it has a B-sequence.

proof (a) Let φ : X → GL(r,R) be a faithful finite-dimensional representation. Identifying Mr with the
Banach algebra B = B(Rr;Rr), where Rr is given the Euclidean norm, we see that GL(r,R) is an open subset
of B (4A6H). Note also that the operator norm ‖ ‖ of B is equivalent to its ‘Euclidean’ norm corresponding to

an identification with Rr
2

, that is, writing ‖T‖HS =
√∑r

i=1

∑r
j=1 τ

2
ij if T = 〈τij〉1≤i,j≤r, ‖ ‖HS is equivalent

to ‖ ‖. (See the inequalities in 262H.) In particular, all the balls B(T, δ) = {S : ‖S − T‖ ≤ δ} are closed

for the Euclidean norm (4A2Lj). If we write µL for Lebesgue measure on B, identified with Rr
2

, and set
γ = µLB(0, 1), then 0 < γ < ∞ (because B(0, 1) includes, and is included in, non-trivial Euclidean balls)

and µLB(T, δ) = δr
2

γ for every T ∈ B and δ ≥ 0 (using 263A, or otherwise).

(b) We need to recall a basic inequality concerning inversion in Banach algebras. If T ∈ B and ‖T−I‖ ≤ 1
2 ,

then T is invertible and

‖T−1 − I‖ ≤ ‖T−I‖
1−‖T−I‖ ≤ 1

(4A6H), so ‖T−1‖ ≤ 2.

(c) Now let V be a compact neighbourhood of the identity e of X. Let V1 be a neighbourhood of e such
that (V1V

−1
1 )−1V1V

−1
1 ⊆ V . For δ > 0, set Uδ = {x : x ∈ V , ‖φ(x) − I‖ ≤ δ}. Then each Uδ is a compact

neighbourhood of e, because φ is continuous. Also
⋂
δ>0 Uδ = {x : x ∈ V, φ(x) = I} = {e}.
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So {Uδ : δ > 0} is a base of neighbourhoods of e (4A2Gd), and there is a δ1 > 0 such that Uδ1 ⊆ V1; of
course we may suppose that δ1 ≤ 1

8 .

(d) If δ ≤ 1
2 and x ∈ UδU

−1
δ , then ‖φ(x) − I‖ ≤ 4δ. PPP Express x as yz−1 where y, z ∈ Uδ. Then

‖φ(z) − I‖ ≤ 1
2 , so ‖φ(z−1)‖ ≤ 2 and

‖φ(x) − I‖ = ‖(φ(y) − φ(z))φ(z−1)‖ ≤ 2‖φ(y) − φ(z)‖ ≤ 4δ. QQQ

(e) Now if δ ≤ δ1, UδU
−1
δ can be covered by at most m = 17r

2

left translates of Uδ. PPP??? Suppose, if

possible, otherwise. Then we can choose x0, . . . , xm ∈ UδU
−1
δ such that xj /∈ xiUδ whenever i < j ≤ m. If

i < j ≤ m, then

x−1
i xj ∈ (UδU

−1
δ )−1UδU

−1
δ ⊆ (V1V

−1
1 )−1V1V

−1
1 ⊆ V ,

and x−1
i xj /∈ Uδ, so ‖φ(x−1

i xj) − I‖ > δ. Set Ti = φ(xi) for each i ≤ m; then

‖Ti − I‖ ≤ 4δ ≤ 1
2

for each i, by (d), while

δ < ‖φ(x−1
i xj) − I‖ = ‖T−1

i Tj − I‖ ≤ ‖T−1
i ‖‖Tj − Ti‖ ≤ 2‖Tj − Ti‖

whenever i < j ≤ m. Write Bi = B(Ti,
δ
4 ) for each i; then all the Bi are disjoint. But also they are all

included in B(I, 17δ4 ), so we have

(17r
2

+ 1)
(δ
4

)r2
γ ≤

(17δ
4

)r2
γ,

which is impossible. XXXQQQ

(f) Accordingly, setting Wn = U2−nδ1 , 〈Wn〉n∈N is a B-sequence in X.

*446O Theorem Let X be a locally compact Hausdorff topological group. Then it has an open subgroup
Y which has a compact normal subgroup Z such that Y/Z has no small subgroups.

proof (a) Let U be a compact neighbourhood of the identity e of X. Then there are a subgroup Y0 of X,
included in U , and a neighbourhood W0 of e such that every subgroup of X included in W0 is also included
in Y0.

PPP(i) To begin with (down to the end of (iii)) let us suppose that X is metrizable. Let 〈Vn〉n∈N be a
non-increasing sequence of closed symmetric neighbourhoods of e running over a base of neighbourhoods of
e, and such that V 2

1 ⊆ V0 ⊆ U . For each n ∈ N, set An = {x : xi ∈ Vn for every i ∈ N}.

(ii)??? Suppose, if possible, that
⋃
k∈N

Akn 6⊆ U for every n ∈ N. For each n ∈ N let k(n) ∈ N be such

that A
k(n)
n ⊆ U , A

k(n)+1
n 6⊆ U . Then 〈An〉n∈N and U satisfy the conditions of 446F (because Am ⊆ Vn

whenever m ≥ n, and {Vn : n ∈ N} is a base of neighbourhoods of e). Let F be a non-principal ultrafilter

on N and set Q = limn→F A
k(n)
n in the space C of closed subsets of X with the Fell topology.

If W is any neighbourhood of e, there is an n ∈ N such that Vn ⊆ W , so that xi ∈ W whenever
x ∈ ⋃

m≥nAm and i ∈ N. Thus (ii) of 446F is not true, and Q must be a closed subgroup of X included in
U and meeting the boundary of U .

By 446C, there are an r ∈ N and a continuous homomorphism φ : Q → GL(r,R) such that the kernel
Z of φ is included in intV1. Let G ⊆ X be an open set including Z and with closure disjoint from
(X \ intV1) ∪ {x : x ∈ Q, ‖φ(x) − I‖ ≥ 1

6}; such can be found because Z is compact and X is regular

(4A2F(h-ii)). Then Z ⊆ G, and any subgroup Z ′ of Q included in G has ‖φ(x)i − I‖ ≤ 1
6 for every x ∈ Z ′

and i ∈ N, so that Z ′ ⊆ Z, by 4A6N. Set V = G.

Since V ⊆ U and A
k(n)+1
n 6⊆ U for every n, we can find j(n) ≤ k(n) such that A

j(n)
n ⊆ V and A

j(n)+1
n 6⊆ V

for every n. Set Q′ = limn→F A
j(n)
n . As before, (ii) of 446F cannot be true of Q′, and Q′ must be a closed

subgroup of X meeting the boundary of V . Because e ∈ An, A
j(n)
n ⊆ A

k(n)
n for every n, and Q′ ⊆ Q, because

{(E,F ) : E ⊆ F} is closed in C (4A2T(e-i)); also Q′ ⊆ V , so Q′ ⊆ Z. But Z does not meet the boundary
of V . XXX
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(iii) So there is some n ∈ N such that Akn ⊆ U for every k ∈ N. Because A−1
n = An, Y0 =

⋃
k∈N

Akn is
a subgroup of X. Any subgroup of X included in Vn is a subset of An so is included in Y0. Thus we have a
pair Y0, W0 = Vn of the kind required, at least when X is metrizable.

(iv) Now suppose that X is σ-compact. Let U1 be a neighbourhood of e such that U2
1 ⊆ U . Then

there is a closed normal subgroup X0 of X such that X0 ⊆ U1 and X ′ = X/X0 is metrizable (4A5S). By
(i)-(iii), there are a subgroup Y ′

0 of X ′, included in the image of U1 in X ′, and a neighbourhood W ′
0 of the

identity in X ′ such that any subgroup of X ′ included in W ′
0 must also be included in Y ′

0 . Write π : X → X ′

for the canonical homomorphism and consider Y0 = π−1[Y ′
0 ], W0 = π−1[W ′

0]. Then W0 is a neighbourhood
of e and Y0 is a subgroup of X included in

π−1[π[U1]] = U1X0 ⊆ U2
1 ⊆ U .

And if Z is any subgroup of X included in W0, then π[Z] ⊆W ′
0 so π[Z] ⊆ Y ′

0 and Z ⊆ Y0. Thus in this case
also we have the result.

(v) Finally, for the general case, observe that X has a σ-compact open subgroup X1 (4A5El). So we
can find a subgroup Y0 of X1, included in U ∩X1, and a neighbourhood W0 of the identity in X1 such that
any subgroup of X1 included in W0 is also included in Y0. But of course Y0 and W0 also serve for X and U .

This completes the proof of (a). QQQ

(b) Of course Y0 is a subgroup of X (4A5Em); being included in U , it is compact. By 446C, there
is a finite-dimensional representation φ : Y0 → GL(r,R), for some r ∈ N, such that the kernel Z of φ is
included in intW0. Let W1 be a neighbourhood of e in X such that ‖φ(x) − I‖ ≤ 1

6 for every x ∈W1 ∩ Y0,

and set W = W1Z ∩ W0. Note that if x ∈ W ∩ Y0, there is a z ∈ Z such that xz ∈ W1 ∩ Y0, so that
‖φ(x) − I‖ = ‖φ(xz) − I‖ ≤ 1

6 . Of course Z ⊆ intW1Z, so Z ⊆ intW .

If Y ′ is a subgroup of Y0 included in W , then ‖φ(x)i − I‖ ≤ 1
6 for every i ∈ N and x ∈ Y ′, so Y ′ ⊆ Z.

Consequently any subgroup of X included in W is a subgroup of Z, since by the choice of Y0 and W0 it is
a subgroup of Y0.

Now let Y be the normalizer of Z in X. Z is compact, so G = {x : xZx−1 ⊆ intW} is open (4A5Ei),
and contains e; but also G ⊆ Y , because if x ∈ G then xZx−1 is a subgroup of X included in W , and must
be included in Z. Accordingly Y = GY is open.

Since any subgroup of Y included in W is a subgroup of Z, we see that any subgroup of Y/Z included in
the image of W is the trivial subgroup, and Y/Z has no small subgroups, as required.

*446P Corollary Let X be a locally compact Hausdorff topological group. Then it has a chain 〈Xξ〉ξ≤κ
of closed subgroups, where κ is an infinite cardinal, such that

(i) X0 is open,

(ii) Xξ+1 is a normal subgroup of Xξ for every ξ < κ,

(iii) Xξ is compact for ξ ≥ 1,

(iv) Xξ =
⋂
η<ξXη for non-zero limit ordinals ξ ≤ κ,

(v) Xξ/Xξ+1 has a B-sequence for every ξ < κ,

(vi) Xκ = {e}, where e is the identity of X.

proof (a) By 446O, X has an open subgroup X0 with a compact normal subgroup X1 such that X0/X1

has no small subgroups. By 446M, X0/X1 has a B-sequence.

(b) Let Φ be the set of finite-dimensional representations of X1; if we distinguish the trivial homomor-
phisms from X1 to each GL(r,R), Φ is infinite. Set κ = #(Φ) and let 〈φξ〉1≤ξ<κ run over Φ. For 1 ≤ ξ ≤ κ,
set

Xξ = {x : x ∈ X1, φη(x) = I for 1 ≤ η < ξ}.

Then 〈Xξ〉ξ≤κ satisfies conditions (i)-(iv). As for (v), I have already checked the case ξ = 0, and if 1 ≤ ξ < κ,
then φξ↾Xξ is a finite-dimensional representation of Xξ with kernel Xξ+1, so Xξ/Xξ+1 has a faithful finite-
dimensional representation (446Ab), and therefore has a B-sequence (446N).

Finally, Xκ = {e} by 446B; if x ∈ X1 and x 6= e, there is a φ ∈ Φ such that φ(x) 6= φ(e), so that x /∈ Xκ.
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446X Basic exercises (a) Let X be a locally compact Hausdorff abelian topological group. Show that
for every element a of X, other than the identity, there is a two-dimensional representation φ of X such that
φ(a) 6= I. (Hint : 445O.)

(b) Let 〈Xn〉n∈N be any sequence of groups with their discrete topologies, and X the product topological
group

∏
n∈N

Xn. Show that X has a B-sequence. (Hint : set Vn = {x : x(i) = e(i) for i < n}.)

446Y Further exercises (a) Let X be the countable group of all permutations of N which are products
of an even number of transpositions. Give X its discrete topology, so that it is a locally compact topological
group. Show that any finite-dimensional representation of X is trivial. (Hint : X is simple and has many
commuting involutions.)

(b) Let X be a compact Hausdorff topological group, f ∈ C(X) and ǫ > 0. Show that there are a
finite-dimensional representation φ : X → GL(r,R) and a, b ∈ Rr such that |f(x) − (φ(x)(a)|b)| ≤ ǫ for
every x ∈ X.

(c) Let κ be an infinite cardinal, and (Bκ, ν̄κ) the measure algebra of the usual measure on {0, 1}κ. Give
the group Autν̄κ(Bκ) of measure-preserving automorphisms of Bκ its topology of pointwise convergence.
Let X be a compact Hausdorff topological group of weight at most κ. Show that there is a continuous
injective homomorphism from X to Autν̄κ(Bκ).

446 Notes and comments The ideas above are extracted from the structure theory for locally compact
groups, as described in Montgomery & Zippin 55. (A brisker and sometimes neater, but less complete,
exposition can be found in Kaplansky 71.) The full theory goes very much deeper into the analysis of
groups with no small subgroups. One of the most important ideas, hidden away in 446I and part (c) of the
proof of 446K, is that of ‘one-parameter subgroup’; if X is a group with no small subgroups, there are enough
continuous homomorphisms from R to X not only to provide a great deal of information on the topological
group structure of X, but even to set up a differential structure (Kaplansky 71, §II.3). For our purposes
here, however, all we need to know is that groups with no small subgroups have ‘B-sequences’ (446L-446M),
which can form the basis of a theory corresponding to Vitali’s theorem and Lebesgue’s Density Theorem in
Rr (447C-447D below).

There are four essential elements in the argument here. Working from the outside, the first step is 446O:
starting from a locally compact Hausdorff group X, we can find an open subgroup X0 of X and a compact
normal subgroup X1 of X0 such that X0/X1 has no small subgroups. This depends on a subtle argument
based on the first key lemma, the dichotomy in 446F, which in turn uses the ‘smoothing’ construction in
446E and a careful analysis of inequalities involving integrals. (Naturally enough, the translation-invariance
of the Haar integral is a leitmotiv of this investigation.) Note the remarkable transition in 446H. The sets
Dn(U) are defined solely in terms of powers, while the sets Dn(U)n involve products. We are able to obtain
information about products x1 . . . xn from information about the powers xij for i, j ≤ n.

Next, we need to find a chain of closed subnormal subgroups of X1, decreasing to {e}, such that the
quotients all have faithful finite-dimensional representations (in this context, this means that they are iso-
morphic to compact subgroups of GL(r,R)). This step depends on the older ideas in 446B-446C, where
we use the theory of compact operators on Hilbert spaces to show that a compact group has many repre-
sentations as actions on finite-dimensional subspaces of its L2 space. (Observe that in this section I revert
to real-valued, rather than complex-valued, functions.) This can be thought of as a development of the
result of 445O. If X is a locally compact abelian group, its characters separate its points (cf. 446Xa); if X
is compact but not necessarily abelian, its finite-dimensional representations separate its points. (But if X
is neither compact nor abelian, there are further difficulties; see 446Ya.)

The other two necessary facts are that both groups with no small subgroups, and groups with faithful
finite-dimensional representations, have B-sequences. The latter is reasonably straightforward (446N); any

complications are due entirely to the fact that the natural measure on GL(r,R), inherited from Rr
2

, is
not quite invariant under multiplication, so we have to manipulate some inequalities. For groups with no
small subgroups (446M) we have much more to do. The proof I give here depends on a second key lemma,
446K, refining the methods of 446F; a slightly stronger version of this result is the basis of the analysis of
one-parameter subgroups in the general theory (compare Montgomery & Zippin 55, §3.8).
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Version of 7.1.10

447 Translation-invariant liftings

I devote a section to the main theorem of Ionescu Tulcea & Ionescu Tulcea 67: a group carrying
Haar measures has a translation-invariant lifting (447J). The argument uses an inductive construction of
the same type as that used in §341 for the ordinary Lifting Theorem. It depends on the structure theory
for locally compact groups described in §446. On the way I describe a Vitali theorem for certain metrizable
groups (447C), with a corresponding density theorem (447D).

447A Liftings and lower densities Let X be a group carrying Haar measures, Σ its algebra of Haar
measurable sets and A its Haar measure algebra (442H, 443A).

(a) Recall that a lifting of A is either a Boolean homomorphism θ : A → Σ such that (θa)• = a for
every a ∈ A, or a Boolean homomorphism φ : Σ → Σ such that E△φE is Haar negligible for every E ∈ Σ
and φE = ∅ whenever E is Haar negligible (341A). Such a lifting θ or φ is left-translation-invariant if
θ((xE)•) = x(θE•) or φ(xE) = x(φE) for every E ∈ Σ and x ∈ X. (In the notation of 443C, a lifting
θ : A → Σ is left-translation-invariant if θ(x•la) = xθa for every x ∈ X, a ∈ A.)

The language of 341A demanded a named measure; I spoke there of a lifting for a measure space (X,Σ, µ)
or a measure µ. But (as noted in 341Lh) what the concept really depends on is a triple (X,Σ, I), where Σ is
an algebra of subsets of X and I is an ideal of Σ. Variations in the measure which do not affect the algebra
of measurable sets or the null ideal are irrelevant. So, in the present context, we can speak of a ‘lifting for
Haar measure’ without declaring which Haar measure we are using, nor even whether it is a left or right
Haar measure.

(b) Now suppose that Σ0 is a σ-subalgebra of Σ. In this case, a partial lower density on Σ0 is a
function φ : Σ0 → Σ such that φE = φF whenever E, F ∈ Σ0 and E△F is negligible, E△φE is negligible
for every E ∈ Σ0, φ∅ = ∅ and φ(E ∩ F ) = φE ∩ φF for all E, F ∈ Σ0. (See 341C-341D.) As in (a), such a
function is left-translation-invariant if xE ∈ Σ0 and φ(xE) = x(φE) for every x ∈ X and E ∈ Σ0.

447B Lemma Let X be a group carrying Haar measures and Y a subgroup of X. Write ΣY for the
algebra of Haar measurable subsets E of X such that EY = E, and suppose that φ : ΣY → ΣY is a left-
translation-invariant partial lower density. Then G ⊆ φ(GY ) for every open set G ⊆ X.

proof Of course GY is open (4A5Ed), so belongs to ΣY . Let a ∈ G and let U be an open neighbourhood
of the identity in X such that U−1Ua ⊆ G. Then UaY is a non-empty open set, therefore not negligible
(442Aa), and there is an x ∈ UaY ∩ φ(UaY ). Express x as uay where u ∈ U and y ∈ Y ; then ua = xy−1 ∈
Ua ∩ φ(UaY ), because φ(UaY ) ∈ ΣY . So

a = u−1ua ∈ u−1φ(UaY ) = φ(u−1UaY ) ⊆ φ(GY ).

As a is arbitrary, G ⊆ φ(GY ).

447C Vitali’s theorem Let X be a topological group with a left Haar measure µ, and 〈Vn〉n∈N a B-
sequence in X (definition: 446L). If A ⊆ X is any set and Kx is an infinite subset of N for every x ∈ A,
then there is a disjoint family V of sets such that A \⋃V is negligible and every member of V is of the form
xVn for some x ∈ A and n ∈ Kx.

proof (a) There is surely some r such that Vr is totally bounded for the bilateral uniformity on X (443H);
replacing Vi by Vr for i < r and Kx by Kx \ r for each x, we may suppose that V0 is totally bounded.

(b) Choose 〈In〉n∈N inductively, as follows. Given Ij ⊆ X for j < n, choose a set In ⊆ A which is
maximal subject to the conditions

n ∈ Kx for every x ∈ In,

xVn ∩ yVj = ∅ whenever x ∈ In, j < n and y ∈ Ij ,

xVn ∩ yVn = ∅ whenever x, y ∈ In are distinct.
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On completing the induction, set V = {xVn : n ∈ N, x ∈ In}; this is a disjoint family.

(c) ??? Suppose, if possible, that A \⋃V is not negligible. By 415B, the subspace measure on A \⋃V is
τ -additive and has a non-empty support. Take any a belonging to this support and set G = int(aV0); then
G is totally bounded and δ = µ∗(G∩A \⋃V) is non-zero. Let M be such that every VnV

−1
n can be covered

by M left translates of Vn, so that µ(VnV
−1
n ) ≤MµVn for every n. Set

Jn = In ∩GV −1
0 , En = JnVn, Ẽn = EnV

−1
n

for each n.
If n ∈ N and x ∈ Jn, then xVn ⊆ GV −1

0 V0. Accordingly (because 〈xVn〉x∈Jn is disjoint)

#(Jn)µVn =
∑
x∈Jn

µ(xVn) ≤ µ(GV −1
0 V0) <∞

because GV −1
0 V0 is totally bounded (4A5Ob). So Jn is finite and En is closed. Note that if x ∈ In and

G ∩ xVn 6= ∅, then x ∈ GV −1
n ⊆ GV −1

0 and x ∈ Jn; so G ∩ ⋃V = G ∩ ⋃
n∈N

En. Also, 〈En〉n∈N is a

disjoint sequence of subsets of GV −1
0 V0; accordingly

∑∞
n=0 µEn is finite, and there is an m ∈ N such that

M
∑∞
n=m µEn < δ.

Observe next that, for any x ∈ X and n ∈ N,

µ(xVnV
−1
n ) = µ(VnV

−1
n ) ≤MµVn = Mµ(xVn).

So

µẼn ≤ ∑
x∈Jn

µ(xVnV
−1
n ) ≤M

∑
x∈Jn

µ(xVn) = MµEn

for each n, and µ(
⋃
n≥m)Ẽn < δ.

This means that
⋃
n≥m Ẽn cannot include A ∩G \⋃V, and there is a z belonging to

A ∩G \ (
⋃

V ∪
⋃

n≥m

Ẽn) = A ∩G \ (
⋃

n∈N

En ∪
⋃

n≥m

Ẽn)

= A ∩G \ (
⋃

n<m

En ∪
⋃

n≥m

Ẽn).

Now there must be a first k ≥ m such that k ∈ Kz and zVk ⊆ G \ ⋃
n<mEn. (This is where we use the

hypothesis that {Vn : n ∈ N} is a base of neighbourhoods of the identity.) Since z ∈ G \ Jk, z /∈ Ik, and
there are j ≤ k, x ∈ Ij such that zVk ∩ xVj 6= ∅. In this case, x ∈ GV −1

0 , so x ∈ Jj . Accordingly

z ∈ xVjV
−1
k ⊆ xVjV

−1
j ⊆ Ẽj

and j < m; but this means that zVk ∩ xVj ⊆ zVk ∩ Ej must be empty, which is impossible. XXX

(d) Thus µ(A \⋃V) = 0, and V is an appropriate family.

447D Theorem Let X be a topological group with a left Haar measure µ, and 〈Vn〉n∈N a B-sequence
in X. Then for any Haar measurable set E ⊆ X,

lim
n→∞

µ(E ∩ xVn)

µVn
= χE(x)

for almost every x ∈ X.

proof (a) Let α < 1, and set

A = {x : x ∈ E, lim inf
n→∞

µ(E ∩ xVn)

µVn
< α}.

??? Suppose, if possible, that A is not negligible. Then there is an open set G of finite measure such that
µ∗(G ∩ A) = γ > 0. Let δ > 0 be such that γ > α(γ + δ) + δ. Take a Borel set F which is a measurable
envelope of G ∩ A and a closed set F1 ⊆ G \ F such that µF1 ≥ µ(G \ F ) − δ. Writing H = G \ F1, we see
that H ∩A = G ∩A and

µH ≤ µ∗(H ∩A) + δ = γ + δ.
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For each x ∈ H ∩A, set

Kx = {n : xVn ⊆ H, µ(E ∩ xVn) ≤ αµVn}.

Then Kx is infinite. By Vitali’s theorem in the form 447C, there is a disjoint family V ⊆ {xVn : x ∈
H ∩A, n ∈ Kx} such that (H ∩A)\⋃V is negligible. Since every member of V has non-zero measure, while
µH is finite, V is countable. Now µ(

⋃V) ≥ µ∗(H ∩ A), so µ(H \⋃V) ≤ δ; also, because µ(E ∩ V ) ≤ αµV
for every V ∈ V, and V is disjoint,

µ(E ∩⋃V) ≤ αµ(
⋃V) ≤ αµH

and

γ = µ∗(A ∩H) ≤ µ(E ∩H) ≤ µ(E ∩⋃V) + δ ≤ αµH + δ ≤ α(γ + δ) + δ,

which is impossible, by the choice of δ. XXX

(b) As α is arbitrary,

lim inf
n→∞

µ(E ∩ xVn)

µVn
= 1

for almost every x ∈ E. Similarly,

lim inf
n→∞

µ(xVn \ E)

µVn
= 1, lim sup

n→∞

µ(E ∩ xVn)

µVn
= 0

for almost every x ∈ X \ E, so

lim
n→∞

µ(E ∩ xVn)

µVn
= χE(x)

for almost every x ∈ X.

447E We need to recall some results from 443P-443R. Let X be a locally compact Hausdorff topological
group, and Y a closed subgroup of X such that the modular function of Y is the restriction to Y of the
modular function of X. Let µ be a left Haar measure on X and µY a left Haar measure on Y .

(a) Writing Ck(X) for the space of continuous real-valued functions on X with compact support, and
X/Y for the set of left cosets of Y in X with the quotient topology, we have a linear operator T : Ck(X) →
Ck(X/Y ) defined by writing (Tf)(x•) =

∫
Y
f(xy)µY (dy) whenever x ∈ X and f ∈ Ck(X) (443P); moreover,

T [Ck(X)+] = Ck(X/Y )+ (443Pa), and we have an invariant Radon measure λ on X/Y such that
∫
Tfdλ =∫

fdµ for every f ∈ Ck(X) (see part (b) of the proof of 443R). Turning this structure round, we see from
443Qb that µ, µY and λ here are related in exactly the same way as µ, ν and λ in 443Q. If Y is a normal
subgroup of X, so that X/Y is the quotient group, λ is a left Haar measure. If Y is compact and µY is the
Haar probability measure on Y , then λ is the image measure µπ−1, where π(x) = x• = xY for every x ∈ X
(443Qd).

(b) If E ⊆ X and EY = Y , then E is Haar measurable iff Ẽ = {x• : x ∈ E} belongs to the domain of λ,

and E is Haar negligible iff Ẽ is λ-negligible (443Qc).

(c) Now suppose that X is σ-compact. Then for any Haar measurable E ⊆ X, µE =
∫
g dλ in [0,∞],

where g(x•) = µY (Y ∩ x−1E) is defined for almost every x ∈ X (443Qe). In particular, E is Haar negligible
iff µY (Y ∩ x−1E) = 0 for almost every x ∈ X.

(d) Again suppose that X is σ-compact. Then we can extend the operator T of part (a) to an operator
from L

1(µ) to L
1(λ) by writing (Tf)(x•) =

∫
f(xy)µY (dy) whenever f ∈ L

1(µ), x ∈ X and the integral
is defined, and

∫
Tfdλ =

∫
fdµ for every f ∈ L

1(µ) (443Qe). If f ∈ L
1(µ), and we set fx(y) = f(xy)

for all those x ∈ X, y ∈ Y for which xy ∈ dom f , then Q = {x : fx ∈ L
1(µY )} is µ-conegligible, and

x 7→ f•

x : Q→ L1(µY ) is almost continuous (443Qf).
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(e) If X is σ-compact, Y is compact and µY is the Haar probability measure on Y , so that λ is the image
measure µπ−1, then we can apply 235G to the formula in (d) to see that∫∫

f(xy)µY (dy)µ(dx) =
∫

(Tf)(x•)µ(dx) =
∫
Tf dλ =

∫
fdµ

for every µ-integrable function f , and therefore (because µ is σ-finite) for every function f such that
∫
fdµ

is defined in [−∞,∞]. In particular, µE =
∫
ν(Y ∩ x−1E)µ(dx) for every Haar measurable set E ⊆ X.

447F Lemma Let X be a σ-compact locally compact Hausdorff topological group and Y a closed
subgroup of X such that the modular function of Y is the restriction to Y of the modular function of X.
Let Z be a compact normal subgroup of Y such that the quotient group Y/Z has a B-sequence. Let ΣY
be the σ-algebra of those Haar measurable subsets E of X such that EY = E, and ΣZ the algebra of Haar
measurable sets E ⊆ X such that EZ = E. Let φ : ΣY → ΣY be a left-translation-invariant partial lower
density. Then there is a left-translation-invariant partial lower density ψ : ΣZ → ΣZ extending φ.

proof (a) Let µ be a left Haar measure on X, µY a left Haar measure on Y and µZ the Haar probability
measure on Z; then there is a left Haar measure ν on Y/Z such that

∫
g(y)µY (dy) =

∫
(Tg)(u)ν(du) for every

g ∈ Ck(Y ), where (Tg)(y•) =
∫
g(yz)µZ(dz) for every y ∈ Y (447Ea). We are supposing that Y/Z has a

B-sequence 〈Vn〉n∈N. It follows that there is a sequence 〈hn〉n∈N in Ck(Y )+ such that (i)
∫
hn(y)µY (dy) = 1

for every n (ii) whenever F ⊆ Y is Haar measurable (regarded as a subset of Y , that is), and FZ = Z, then

limn→∞

∫
χF (by)hn(y)µY (dy) = χF (b)

for µY -almost every b ∈ Y .
PPP Since any subsequence of 〈Vn〉n∈N is a B-sequence, and Y/Z is locally compact, we may suppose that

every Vn is compact. For each n ∈ N, choose a non-negative h′n ∈ Ck(Y/Z) such that

∫
h′ndν = 1,

∫
|h′n − 1

νVn

χVn|dν ≤ 2−n.

(This is possible by 416I, or otherwise.) Let hn ∈ Ck(Y )+ be such that Thn = h′n (447Ea again); then∫
hndµY =

∫
h′ndν = 1. Now if F ⊆ Y is Haar measurable and FZ = Z, there is a Haar measurable

F̃ ⊆ Y/Z such that F = {y : y• ∈ F̃} (447Eb). Take b ∈ Y and n ∈ N. Because∫
χF (byz)hn(yz)µZ(dz) =

∫
χF̃ (b•y•)hn(yz)µZ(dz) = χF̃ (b•y•)h′n(y•)

for every y ∈ Y ,

∫
χF (by)hn(y)µY (dy) =

∫∫
χF (byz)hn(yz)µZ(dz)µY (dy)

(447Ee)

=

∫
χF̃ (b•y•)h′n(y•)µY (dy) =

∫
χF̃ (b•u)h′n(u)ν(du)

because y 7→ y• is inverse-measure-preserving for µY and ν (447Ee). So

|χF (b) −
∫
χF (by)hn(y)µY (dy)| = |χF̃ (b•) −

∫
χF̃ (b•u)h′n(u)ν(du)|

≤ |χF̃ (b•) − 1

νVn

∫
χF̃ (b•u)χVn(u)ν(du)|

+

∫
|h′n(u) − 1

νVn

χVn(u)|ν(du)

≤ |χF̃ (b•) − ν(F̃∩b•Vn)

νVn

| + 2−n.

Since

{v : v ∈ Y/Z, limn→∞
ν(F̃∩vVn)

νVn

6= χF̃ (v)}
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is ν-negligible (447D), its inverse image in Y is µY -negligible, so χF (b) = limn→∞

∫
χF (by)hn(y)µY (dy) for

almost every b, as claimed. QQQ

(b) We find now that if E ∈ ΣZ , then limn→∞

∫
χE(xy)hn(y)µY (dy) = χE(x) for µ-almost every x ∈ X.

PPP Set Ex = Y ∩x−1E for x ∈ X. Because X is σ-compact, we can express E as the union of a non-decreasing

sequence 〈F (k)〉k∈N where each F (k) is Haar measurable and relatively compact; set F
(k)
x = Y ∩ x−1F (k) for

each x. In this case, for any k ∈ N, Qk = {x : F
(k)
x ∈ dom(µY )} is conegligible, and x 7→ (χF

(k)
x )• : Qk →

L1(µY ) is almost continuous (447Ed), so that x 7→
∫
χF

(k)
x (y)hn(y)µY (dy) : Qk → [0, 1] is measurable, for

each n. But this means that, setting Q =
⋂
k∈N

Qk,

x 7→
∫
χEx(y)hn(y)µY (dy) = limk→∞

∫
χF

(k)
x (y)hn(y)µY (dy) : Q 7→ [0, 1]

is measurable, for every n ∈ N. Note that if x ∈ X and y ∈ Y then F
(k)
xy = y−1F

(k)
x , so that QkY = Qk for

every k ∈ N, and QY = Q.
Now consider Q̃ = {x : x ∈ Q, limn→∞

∫
χE(xy)hn(y)µY (dy) = χE(x)}. This is a Haar measurable

subset of X. If a ∈ Q, then

Y ∩ a−1Q̃ = {y : y ∈ Y , limn→∞ χE(ays)hn(s)µY (ds) = χE(ay)}
is µY -conegligible, by the choice of the hn in (a) above. Because Q is µ-conegligible, Q \ Q̃ is µ-negligible

(447Ec) and Q̃ is conegligible, as required. QQQ

(c) We are now ready for the formulae at the centre of this proof. For any Haar measurable set E ⊆ X,
n ∈ N and γ < 1, set

ψnγ(E) =
⋃

{G ∩ φF : G ⊆ X is open, F ∈ ΣY ,
∫
χE(xy)hn(y)µY (dy) is defined and at least γ for every x ∈ G ∩ F},

ψE =
⋂
γ<1

⋃
n∈N

⋂
m≥n ψmγ(E).

The rest of the proof is devoted to checking that ψ↾ΣZ is a left-translation-invariant partial lower density
extending φ.

(d) I had better make one remark straight away. If G ⊆ X is open, then G ⊆ φ(GY ) (447B). It
follows that if G ⊆ X is open, F ∈ ΣY and G ∩ φF 6= ∅, then G ∩ F 6= ∅. PPP If a ∈ G ∩ φF , then

a ∈ φ(GY )∩ φF = φ(GY ∩F ), so GY ∩F 6= ∅, that is, G∩F = G∩FY −1 is non-empty. QQQ I mention this
now because we need to know that the condition∫

χE(xy)hn(y)µY (dy) is defined and at least γ for every x ∈ G ∩ F
in the definition of ψnγ(E) is never vacuously satisfied if G ∩ φF 6= ∅. In particular, ψnγ(∅) = ∅ whenever
n ∈ N and 0 < γ < 1, so that ψ∅ = ∅.

(e) If E ⊆ X is Haar measurable, n ∈ N and ǫ > 0, then for almost every a ∈ X there are an open
set G ⊆ X and an F ∈ ΣY such that a ∈ G ∩ φF and

∫
|χE(xy) − χE(ay)|hn(y)µY (dy) ≤ ǫ whenever

x ∈ G ∩ F . PPP Let λ̃ be the invariant Radon measure on X/Y derived from µ and µY as in 447Ea. Take
δ > 0 such that δ(1 + 2‖hn‖∞) ≤ ǫ. Because X is σ-compact, locally compact and Hausdorff, therefore
Lindelöf and regular (4A2Hd, 3A3Bb), there is a sequence 〈fr〉r∈N of continuous functions from X to
[0, 1] such that

∫
|χE(x) − fr(x)|µ(dx) ≤ 2−r for every r (415Pb). Set gr = |χE − fr| for each r. For

f ∈ L
1(µ), define T̃ f ∈ L

1(λ̃) by writing (T̃ f)(x•) =
∫
f(xy)µY (dy) whenever this is defined (447Ed); we

have
∫
T̃ fdλ̃ =

∫
fdµ.

Set Q = {x : Y ∩x−1E ∈ domµY }, so that Q ∈ ΣY is conegligible (447Ec). For each r, set F̃r = {u : u ∈
X/Y , T̃ gr(u) is defined and at least δ}; then

λ̃F̃r ≤ 1

δ

∫
Tgrdλ̃ =

1

δ

∫
grdµ ≤ 2−r/δ.

So
⋂
r∈N

F̃r is λ̃-negligible. Set
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Fr = {x : x ∈ X, x• ∈ F̃r} = {x : T̃ gr(x
•) ≥ δ}

= {x :

∫
gr(xy)µY (dy) ≥ δ} = {x :

∫
|χE(xy) − fr(xy)|µY (dy) ≥ δ}

for each r; then FrY = Fr, Fr is Haar measurable (447Eb) and
⋂
r∈N

Fr is µ-negligible (also by 447Eb).
Since (X \ Fr)△φ(X \ Fr) is negligible for each r, Q1 = Q ∩⋃

r∈N
φ(X \ Fr) \ Fr is conegligible. Note that

Q1Y = Q1.
Suppose that a ∈ Q1. Then there is an r ∈ N such that

a ∈ Q1 ∩ φ(X \ Fr) \ Fr = (Q1 \ Fr) ∩ φ(Q1 \ Fr).
Set F = Q1\Fr ∈ ΣY . Consider the function x 7→

∫
fr(xy)hn(y)µY (dy). We chose hn with compact support

L ⊆ Y say. If V is a compact neighbourhood of a in X, then fr is uniformly continuous on V L for the right
uniformity on X (4A5Ha, 4A2Jf). There is therefore an open neighbourhood U of the identity of X such
that |fr(x′) − fr(x)| ≤ δ whenever x, x′ ∈ V L and x′x−1 ∈ U ; of course we may suppose that G = Ua is a
subset of V .

Take any x ∈ G ∩ F . Then if y ∈ L, we have ay, xy both in V L, while xy(ay)−1 ∈ U , so that
|fr(xy) − fr(ay)| ≤ δ. Accordingly |fr(xy) − fr(ay)|hn(y) ≤ δhn(y) for every y ∈ Y , and∫

|fr(ay) − fr(xy)|hn(y)µY (dy) ≤ δ.

At the same time, because both x and a belong to F = Q1 \ Fr,∫
|χE(ay) − fr(ay)|hn(y)µY (dy) ≤ δ‖hn‖∞,

∫
|χE(xy) − fr(xy)|hn(y)µY (dy) ≤ δ‖hn‖∞.

Putting these together, ∫
|χE(ay) − χE(xy)|hn(y)µY (dy) ≤ δ(1 + 2‖hn‖∞) ≤ ǫ.

Thus G and F witness that a has the property required; as a is any member of the conegligible set Q1, we
have the result. QQQ

(f) If E ∈ ΣZ then E△ψE is negligible. PPP By (e), applied in turn to every n and every ǫ of the form

2−i, there is a conegligible set Q1 ⊆ X such that whenever a ∈ Q1, n ∈ N and ǫ > 0 there are an open
set G containing a and an F ∈ ΣY such that a ∈ φF and

∫
|χE(xy) − χE(ay)|hn(y)µY (dy) ≤ ǫ for every

x ∈ G∩F . By (b), there is a conegligible set Q2 ⊆ X such that limn→∞

∫
χE(ay)hn(y)µY (dy) = χE(a) for

every a ∈ Q2.
Suppose that a ∈ Q1 ∩Q2 ∩E. Let γ < 1; set ǫ = 1

2 (1− γ). Because a ∈ Q2, there is an n ∈ N such that∫
χE(ay)hm(y)µY (dy) ≥ 1 − ǫ for every m ≥ n. Take any m ≥ n. Because a ∈ Q1, there are an open set G

and an F ∈ ΣY such that a ∈ G∩ φF and
∫
|χE(ay) − χE(xy)|hm(y)µY (dy) ≤ ǫ whenever x ∈ G∩ F . But

now ∫
χE(xy)hm(y)µY (dy) ≥ 1 − 2ǫ = γ

for every x ∈ G ∩ F , so a ∈ ψmγ(E). This is true for every m ≥ n; as γ is arbitrary, a ∈ ψE. As a is
arbitrary, Q1 ∩Q2 ∩ E ⊆ ψE.

Now suppose that a ∈ Q1 ∩Q2 ∩ ψE. Then there is an n ∈ N such that a ∈ ψm,3/4(E) for every m ≥ n.

There is an m ≥ n such that |
∫
χE(ay)hm(y)µY (dy) − χE(a)| ≤ 1

4 . There are an open set G1 and an

F1 ∈ ΣY such that a ∈ G1 ∩ φF1 and
∫
χE(xy)hm(y)µY (dy) ≥ 3

4 for every x ∈ G1 ∩ F1. There are also an

open set G2 and an F2 ∈ ΣY such that a ∈ G2 ∩ φF2 and
∫
|χE(ay) − χE(xy)|hm(y)µY (dy) ≤ 1

4 for every
x ∈ G2 ∩ F2. Set G = G1 ∩ G2, F = F1 ∩ F2; then a ∈ G ∩ φF , so G ∩ F is not empty ((d) above). Take
x ∈ G ∩ F . Then

∫
χE(xy)hm(y)µY (dy) ≥ 3

4
,

∫
|χE(ay) − χE(xy)|hm(y)µY (dy) ≤ 1

4
,
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|
∫
χE(ay)hm(y)µY (dy) − χE(a)| ≤ 1

4
,

so χE(a) ≥ 1
4 and a ∈ E. This shows that Q1 ∩Q2 ∩ ψE ⊆ E.

Accordingly E△ψE ⊆ X \ (Q1 ∩Q2) is negligible, as required. QQQ

In particular, ψE is Haar measurable for every E ∈ ΣZ .

(g) If E ∈ ΣZ then ψE ∈ ΣZ . PPP We have just seen that ψE is Haar measurable. Take z ∈ Z, n ∈ N,
γ < 1 and a ∈ ψnγ(E). Then there are an open G ⊆ X and an F ∈ ΣY such that a ∈ G ∩ φF and∫
χE(xy)hn(y)µY (dy) ≥ γ for every x ∈ G ∩ F . Because F and φF belong to ΣY , az ∈ φF . Of course Gz

is an open set containing az. If x ∈ Gz ∩ F , then xz−1 ∈ G ∩ F and
∫
χE(xz−1y)hn(y)µY (dy) ≥ γ. But

χE(xz−1y) = χE(xy · y−1z−1y) = χE(xy)

for every y ∈ Y , because Z ⊳ Y (so z′ = y−1z−1y ∈ Z) and we are supposing that E ∈ ΣZ (so xyz′ ∈ E iff
xy ∈ E). So ∫

χE(xy)hn(y)µY (dy) =
∫
χE(xz−1y)hn(y)µY (dy) ≥ γ.

As x is arbitrary, Gz and F witness that az ∈ ψnγE.

This shows that, for any n and γ, az ∈ ψnγ(E) whenever a ∈ ψnγ(E) and z ∈ Z. It follows at once that
az ∈ ψE whenever a ∈ ψE and z ∈ Z, as claimed. QQQ

(h) For any Haar measurable E ⊆ X and c ∈ X, ψ(cE) = cψE. PPP Suppose that n ∈ N, γ < 1
and a ∈ ψnγ(E). Then there are an open set G ⊆ X and an F ∈ ΣY such that a ∈ G ∩ φF and∫
χE(xy)hn(y)µY (dy) ≥ γ for every x ∈ G ∩ F . Now cG is an open set containing ca, cF ∈ ΣY and

φ(cF ) = cφF contains ca, and if x ∈ cG ∩ cF we have
∫
χ(cE)(xy)hn(xy)µY (dy) =

∫
χE(c−1xy)hn(xy)µY (dy) ≥ γ

because c−1x ∈ G ∩ F . But this means that cG, cF witness that ca ∈ ψnγ(cE). Since a is arbitrary,
cψnγ(E) ⊆ ψnγ(cE); as n and γ are arbitrary, cψE ⊆ ψ(cE). Similarly, of course, c−1ψ(cE) ⊆ ψE, so in
fact ψ(cE) = cψE, as claimed. QQQ

(i) If E1, E2 ⊆ X are Haar measurable and E1 \ E2 is µ-negligible, ψE1 ⊆ ψE2. PPP Take n ∈ N,
γ < 1 and a ∈ ψnγ(E1). Then there are an open set G ⊆ X and an F ∈ ΣY such that a ∈ G ∩ φF and∫
χE1(xy)hn(y)µY (dy) ≥ γ for every x ∈ G ∩ F . Let Q be the set of those x ∈ X such that µY measures

Y ∩x−1(E1 \E2) and
∫
χ(E1 \E2)(xy)µY (dy) = 0; then QY = Q is conegligible (447Ec). Now Q∩F ∈ ΣY ,

and φ(Q ∩ F ) = φF contains a. But if x ∈ G ∩Q ∩ F , χE1(xy) ≤ χE2(xy) for µY -almost every y. So
∫
χE2(xy)hn(y)µY (dy) ≥

∫
χE1(xy)hn(y)µY (dy) ≥ γ.

Thus G and Q∩F witness that a ∈ ψnγ(E2). As a is arbitrary, ψnγ(E1) ⊆ ψnγ(E2); as n and γ are arbitrary,
ψE1 ⊆ ψE2. QQQ

In particular, (i) ψE1 = ψE2 whenever E1△E2 is negligible (ii) ψE1 ⊆ ψE2 whenever E1 ⊆ E2.

(j) If E1, E2 ⊆ X are Haar measurable, ψ(E1 ∩ E2) = ψE1 ∩ ψE2. PPP By (i), ψ(E1 ∩ E2) ⊆ ψE1 ∩ ψE2.

So take a ∈ ψE1 ∩ψE2. Let γ < 1. Set δ = 1
2 (1 + γ) < 1. Then there are n1, n2 ∈ N such that a ∈ ψmδ(E1)

for every m ≥ n1 and a ∈ ψmδ(E2) for every m ≥ n2. Set n = max(n1, n2) and take any m ≥ n. Then there
are open sets G1, G2 ⊆ X and F1, F2 ∈ ΣY such that a ∈ G1 ∩G2 ∩φF1 ∩φF2,

∫
χE1(xy)hm(y)µY (dy) ≥ δ

for every x ∈ G1∩F1 and
∫
χE2(xy)hm(y)µY (dy) ≥ δ for every x ∈ G2∩F2. Let Q ∈ ΣY be the conegligible

set of those x ∈ X such that
∫
χ(E1 ∩ E2)(xy)µY (dy) is defined. Set G = G1 ∩G2, F = F1 ∩ F2 ∩Q; then

G is open, F ∈ ΣY and

φF = φ(F1 ∩ F2) = φF1 ∩ φF2,

so that a ∈ G ∩ φF . Now take any x ∈ G ∩ F . We have
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∫
(1 − χ(E1 ∩ E2))(xy)hm(y)µY (dy)

≤
∫

(1 − χE1(xy))hm(y)µ(dy) +

∫
(1 − χE2(xy))hm(y)µ(dy)

≤ 2(1 − δ) = 1 − γ,

and
∫
χ(E1 ∩ E2)(xy)hm(y)µY (dy) ≥ γ, because

∫
hm(y)µY (dy) = 1.

As x is arbitrary, G and F witness that a ∈ ψmγ(E1 ∩ E2). And this is true for every m ≥ n. As γ is
arbitrary, a ∈ ψ(E1 ∩ E2). As a is arbitrary, ψE1 ∩ ψE2 ⊆ ψ(E1 ∩ E2) and the two are equal. QQQ

(k) If E ∈ ΣY , ψE = φE. PPP (i) Suppose a ∈ φE, n ∈ N and γ < 1. Set F = E ∩ φE ∈ ΣY , G = X.
Then G ∩ φF = φ(E ∩ φE) = φE contains a. Take any x ∈ F . Then

∫
χE(xy)hn(y)µY (dy) =

∫
hn(y)µY (dy) = 1;

as x is arbitrary, a ∈ ψnγ(E). As n and γ are arbitrary, a ∈ ψE; as a is arbitrary, φE ⊆ ψE. (ii) Suppose
a ∈ ψE. Then there must be some open G ⊆ X and F ∈ ΣY and n ∈ N such that a ∈ G ∩ φF and∫
χE(xy)hn(y)µY (dy) > 0 for every x ∈ G ∩ F . This surely implies that G ∩ F ⊆ EY = E, so that

GY ∩ F ⊆ E. But a ∈ G ⊆ φ(GY ), by 447B, so

a ∈ φ(GY ) ∩ φF = φ(GY ∩ F ) ⊆ φE.

This shows that ψE ⊆ φE. QQQ

(l) Thus we have assembled all the facts required to establish that ψ↾ΣZ is a left-translation-invariant
partial lower density extending φ.

447G Lemma Let X be a σ-compact locally compact Hausdorff topological group, and 〈Yn〉n∈N a non-
increasing sequence of compact subgroups of X with intersection Y . Let Σ be the algebra of Haar measurable
subsets of X; set ΣYn

= {E : E ∈ Σ, EYn = E} for each n, and ΣY = {E : E ∈ Σ, EY = E}. Suppose
that for each n ∈ N we are given a left-translation-invariant partial lower density φn : ΣYn

→ ΣYn
, and that

φn+1 extends φn for every n. Then there is a left-translation-invariant partial lower density φ : ΣY → ΣY
extending every φn.

proof (a) Fix a left Haar measure µ on X, and for each n ∈ N let νn be the Haar probability measure on
Yn (442Ie). As noted in 443Sb, the modular function of X must be equal to 1, and equal to the modular
function of Yn, everywhere in every Yn.

(b) We need to know that for any E ∈ ΣY there is an F in the σ-algebra Λ generated by
⋃
n∈N

ΣYn

such that E△F is negligible. PPP Because X is σ-compact and µ is a Radon measure (442Ac), there is a
sequence 〈Ki〉i∈N of compact sets such that Ki ⊆ E for every i and E \ ⋃

i∈N
Ki is negligible. For each

i ∈ N,
⋂
n∈N

KiYn = KiY (4A5Eh), so is included in E. Set F =
⋃
i∈N

⋂
n∈N

KiYn; then F belongs to the
σ-algebra generated by

⋃
n∈N

ΣYn
, and Ki ⊆ F ⊆ E for every i, so E△F is negligible. QQQ

(c) For each E ∈ ΣY , n ∈ N set

gEn(x) = νn(Yn ∩ x−1E) whenever this is defined.

By 447Ee, gEn is defined µ-almost everywhere and is Σ-measurable. In fact gEn is ΣYn
-measurable, because

gEn(xy) = gEn(x) whenever x ∈ X, y ∈ Yn and either is defined. If F ∈ ΣYn
then gEn(x)χF (x) =

νn(Yn ∩ x−1(E ∩ F )) whenever this is defined, which is almost everywhere; so
∫
F
gEndµ = µ(E ∩ F ), by

447Ee. If E, E′ ∈ ΣY and E△E′ is negligible, then gEn =a.e. gE′n, because gE△E′,n = 0 a.e.
It follows that 〈gEn〉n∈N → χE µ-a.e. for every E ∈ ΣY . PPP Let G ⊆ X be any non-empty relatively

compact open set, and set U = GY0, so that U also is a non-empty relatively compact open set, UYn = U

for every n and UY = U . Set µU (F ) =
µF

µU
whenever F ∈ Σ and F ⊆ U , so that µU is a probability measure

on U .
Writing Σ

(U)
Yn

, Σ
(U)
Y and Λ(U) for the subspace σ-algebras on U generated by ΣYn

, ΣY and Λ, we see that

if F ∈ Σ
(U)
Yn

then
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∫
F
gEndµU = 1

µU

∫
F
gEndµ = µU (E ∩ F ).

So gEn↾U is a conditional expectation of χ(E∩U) on Σ
(U)
Yn

. By Lévy’s martingale theorem (275I), 〈gEn〉n∈N

converges almost everywhere in U to a conditional expectation g of χ(E ∩ U) on Λ(U), because of course

Λ(U) is the σ-algebra of subsets of U generated by
⋃
n∈N

Σ
(U)
Yn

. But as there is an F ∈ Λ such that E△F is
negligible, by (b) above, g must be equal to χE almost everywhere in U .

Thus gEn → χE almost everywhere in U and therefore almost everywhere in G. As G is arbitrary,
gEn → χE almost everywhere in X, by 412Jb (applied to the family K of subsets of relatively compact open
sets). QQQ

(d) Now we can use the method of 341G, as follows. For E ∈ ΣY , k ≥ 1 and n ∈ N set

Hkn(E) = {x : x ∈ dom(gEn), gEn(x) ≥ 1 − 2−k} ∈ ΣYn
,

H̃kn(E) = φn(Hkn(E)), φE =
⋂
k≥1

⋃
n∈N

⋂
m≥n H̃km(E).

By the arguments of parts (e)-(i) of the proof of 341G, φ is a lower density on ΣY extending every φn.

(e) To see that φ is left-translation-invariant, we may argue as follows. Let E ∈ ΣY and a ∈ X. Then,
for any n,

gaE,n(x) = νn(Yn ∩ x−1aE) = gEn(a−1x)

for almost every x, so aHkn(E)△Hkn(aE) is negligible, and

H̃kn(aE) = φn(Hkn(aE)) = φn(aHkn(E)) = aφn(Hkn(E)) = aH̃kn(E),

for every k. Accordingly

φ(aE) =
⋂
k≥1

⋃
n∈N

⋂
m≥n H̃km(aE) = a(

⋂
k≥1

⋃
n∈N

⋂
m≥n H̃km(E)) = aφ(E),

as required.

447H Lemma Let X be a locally compact Hausdorff topological group, and Σ the algebra of Haar
measurable sets in X. Then there is a left-translation-invariant lower density φ : Σ → Σ.

proof (a) To begin with (down to the end of (c) below) let us suppose that X is σ-compact. By 446P, there
is a family 〈Xξ〉ξ≤κ of closed subgroups of X, where κ is an infinite cardinal, such that

X0 is an open subgroup of X,
for every ξ < κ, Xξ+1 is a normal subgroup of Xξ and Xξ/Xξ+1 has a B-sequence,
for every non-zero limit ordinal ξ ≤ κ, Xξ =

⋂
η<ξXη,

X1 is compact,
Xκ = {e}, where e is the identity of X.

Note that for every ξ ≤ κ, the modular function ∆ξ of Xξ is just the restriction to Xξ of the modular
function ∆ of X. PPP For ξ = 0 this is because X0 is an open subgroup of X (443Sd). For ξ ≥ 1, Xξ is
compact, so ∆ξ and ∆↾Xξ are both constant with value 1, as noted in 443Sb. QQQ

(b) For each ξ ≤ κ, write Σξ for the σ-algebra {E : E ∈ Σ, EXξ = E}. I seek to choose inductively
a family 〈φξ〉ξ≤κ such that each φξ : Σξ → Σξ is a left-translation-invariant partial lower density, and φξ
extends φη whenever η < ξ.

(i) Start Since X0 is an open subgroup of X, every member of Σ0 is open, and we can start the
induction by setting φ0E = E for every E ∈ Σ0.

(ii) Inductive step to a successor ordinal If we have defined 〈φη〉η≤ξ, where ξ < κ, then Xξ+1 ⊳ Xξ is
compact and Xξ/Xξ+1 has a B-sequence. So the conditions of 447F are satisfied and φξ has an extension to
a left-translation-invariant partial lower density φξ+1 : Σξ+1 → Σξ+1. Of course φξ+1 extends φη for every
η ≤ ξ because φξ does.

(iii) Inductive step to a limit ordinal of countable cofinality If we have defined 〈φη〉η<ξ, where ξ ≤ κ is
a non-zero limit ordinal of countable cofinality, let 〈ξn〉n∈N be a strictly increasing sequence with supremum
ξ; we may suppose that ξ0 ≥ 1, so that every Xξn is compact. Then Xξ =

⋂
n∈N

Xξn , so by 447G there is
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a left-translation-invariant partial lower density φ : Σξ → Σξ extending every φξn , and therefore extending
φη whenever η < ξ.

(iv) Inductive step to a limit ordinal of uncountable cofinality Suppose we have defined 〈φη〉η<ξ, where
ξ ≤ κ is a limit ordinal of uncountable cofinality. Then for every E ∈ Σξ there are an η < ξ and an F ∈ Ση
such that E△F is negligible. PPP (Cf. part (b) of the proof of 447G.) Because X is σ-compact, there are
non-decreasing sequences 〈Ki〉i∈N, 〈Li〉i∈N of compact subsets of E, X \E respectively such that E \⋃i∈I Ki

and (X \E) \⋃i∈N
Li are negligible. For each i ∈ N, KiXξ ∩Li ⊆ EXξ \E is empty; by 4A5Eh again, there

is an ηi < ξ such that KiXηi ∩ Li is empty. Set η = supi∈N ηi, F =
⋃
i∈N

KiXη; this works. QQQ
Accordingly we have a function φξ : Σξ → Σξ defined by writing φξ(E) = φη(F ) whenever E ∈ Σξ, η < ξ,

F ∈ Ση and E△F is negligible. PPP If η ≤ η′ < ξ and F ∈ Ση, F ′ ∈ Ση′ are such that E△F and E△F ′ are
both negligible, then F△F ′ is negligible so φη(F ) = φη′(F ) = φη′(F

′). QQQ It is easy to check that φξ is a
left-translation-invariant partial lower density (cf. part (A-d) of the proof of 341H), and of course it extends
φη for every η < ξ.

(c) On completing the induction, we see that Σκ = Σ, so that φκ : Σ → Σ is a left-translation-invariant
lower density.

(d) For the general case, recall that X certainly has an open σ-compact subgroup Y say (4A5El). If Σ
is the algebra of Haar measurable subsets of X, and T is the algebra of Haar measurable subsets of Y , then
T is just Σ ∩ PY = {E ∩ Y : E ∈ Σ}, and the Haar negligible subsets of Y are just sets of the form E ∩ Y
where E is a Haar negligible subset of X (443F).

Let ψ : T → T be a left-translation-invariant lower density. For E ∈ Σ set

φE = {x : x ∈ X, e ∈ ψ(Y ∩ x−1E)},

where e is the identity of X. It is easy to check that

φ∅ = ∅,

φE = φF if E△F is negligible,

φ(E ∩ F ) = φE ∩ φF for all E, F ∈ Σ,

directly from the corresponding properties of ψ. If E ∈ Σ and a ∈ X, then

x ∈ φE ⇐⇒ e ∈ ψ(Y ∩ x−1E) ⇐⇒ e ∈ ψ(Y ∩ (ax)−1aE) ⇐⇒ ax ∈ φ(aE),

so φ(aE) = aφE.
I have not yet checked that E△φE is always negligible. But if E ∈ Σ, then

E△φE = {x : e ∈ ψ(Y ∩ x−1E)△(Y ∩ x−1E)},

so

(E△φE) ∩ Y = {x : x ∈ Y, e ∈ ψ(x−1(E ∩ Y ))}△(E ∩ Y )

= {x : x ∈ Y, e ∈ x−1ψ(E ∩ Y )}△(E ∩ Y ) = ψ(E ∩ Y )△(E ∩ Y )

is negligible. Moreover, for any a ∈ X,

(E△φE) ∩ aY = a((a−1E△φ(a−1E)) ∩ Y )

because φ is translation-invariant, so (E△φE) ∩ aY is negligible. Since {aY : a ∈ X} is an open cover of
X, E△φE is negligible (412Jb again). In particular, φE ∈ Σ. So φ : Σ → Σ is a left-translation-invariant
lower density, as required.

447I Theorem (Ionescu Tulcea & Ionescu Tulcea 67) Let X be a locally compact Hausdorff
topological group. Then it has a left-translation-invariant lifting for its Haar measures.

proof (Cf. 345B-345C.) Write Σ for the algebra of Haar measurable subsets of X, and let φ : Σ → Σ be a
left-translation-invariant lower density (447H). Let φ0 : Σ → Σ be any lifting such that φ0E ⊇ φE for every
E ∈ Σ (341Jb). For E ∈ Σ, set
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φE = {x : e ∈ φ0(x−1E)},

where e is the identity of X. It is easy to check that φ : Σ → PX is a Boolean homomorphism. Also

x ∈ φE =⇒ e ∈ φ(x−1E) =⇒ e ∈ φ0(x−1E) =⇒ x ∈ φE.

So φ is a lifting (341Ib). Finally, φ is left-translation-invariant by the argument used in (d) of the proof of
447H (and also in (e) of the proof of 345B).

447J Corollary Let X be any topological group carrying Haar measures. Then it has a left-translation-
invariant lifting for its left Haar measures.

proof Let µ be a left Haar measure on X. By 443L, we have a locally compact Hausdorff topological group
Z and a continuous homomorphism f : X → Z, inverse-measure-preserving for µ and an appropriate left
Haar measure ν on Z, such that for every E in the domain Σ of µ there is an F in the domain T of ν
such that f−1[F ] ⊆ E and E \ f−1[F ] is negligible. Let ψ be a left-translation-invariant lifting for ν. Since
F • 7→ f−1[F ]• is an isomorphism between the measure algebras of µ and ν, we have a lifting φ : Σ → Σ
given by saying that φE = f−1[ψF ] whenever F ∈ T and E△f−1[F ] is negligible (346D). Now φ is left-
translation-invariant because f is a group homomorphism and ψ is left-translation-invariant.

447X Basic exercises >>>(a) Let X = R× {−1, 1}, with its usual topology, and define a multiplication
on X by setting (x, δ)(y, ǫ) = (x+ δy, δǫ). Show that X is a locally compact topological group. Show that
there is no lifting for the Haar measure algebra of X which is both left- and right-translation-invariant.
(Hint : 345Xc.)

(b) Let X be a topological group carrying Haar measures which has a B-sequence. Show that it has a
B-sequence 〈Vn〉n∈N such that supn∈N µ(VnV

−1
n )/µVn is finite for any Haar measure µ on X, whether left

or right.

(c) Let X be a topological group with a left Haar measure µ, and 〈Vn〉n∈N a B-sequence for X. Show

that if f ∈ L
0(µ) is locally integrable, then f(x) = limn→∞

1

µVn

∫
xVn

fdµ for almost every x.

447Y Further exercises (a) Describe a compact Hausdorff topological group such that its Haar measure
has no lifting which is both left- and right-translation-invariant.

(b) Let (X,Σ, µ) be a measure space, with measure algebra A, and θ : A → Σ a lower density. Show that
we have a function q : L∞(A)+ → L∞(Σ)+ such that {x : q(u)(x) > α} =

⋃
β>α θ[[u > β]] for every α ≥ 0

and u ∈ L∞(A)+. Show that q(u)• = u, q(αu) = αq(u), q(u ∧ v) = q(u) ∧ q(v) and q(χa) = χ(θa) for every
u, v ∈ L∞(A)+, α ≥ 0 and a ∈ A.

447 Notes and comments The structure of the proof of 447I is exactly that of the proof of the ordinary
Lifting Theorem in §341; the lifting is built from a lower density which is constructed inductively on a family
of sub-σ-algebras. To get a translation-invariant lifting it is natural to look for a translation-invariant lower
density, and a simple trick (already used in §345) ensures that this is indeed enough. The refinements we
need here are dramatic but natural. To make the final lower density φ (in 447H) translation-invariant, it is
clearly sensible (if we can do it) to keep all the partial lower densities φξ translation-invariant. This means
that their domains Σξ should be translation-invariant. It does not quite follow that they have to be of the
form Σξ = {E : EXξ = Xξ} for closed subgroups Xξ, but if we look at the leading example of {0, 1}I
(345C) this also is a reasonable thing to try first. So now we have to consider what extra hypotheses will be
needed to make the induction work. The inductive step to limit ordinals of uncountable cardinality remains
elementary, at least if the Xξ are compact (part (b-iv) of the proof of 447H). The inductive step to limit
ordinals of countable cofinality (447G) is harder, but can be managed with ideas already presented. Indeed,
compared with the version in 341G, we have the advantage of a formula for the auxiliary functions gEn,
which is very helpful when we come to translation-invariance. We have to do something about the fact that
we are no longer working with a probability space – that is the point of the µU in part (c) of the proof of
447G. (Another expression of the manoeuvre here is in 369Xq.)
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Where we do need a new idea is in the inductive step to a successor ordinal. If Σξ+1 is to be translation-
invariant, it must be much bigger than the σ-algebra generated by Σξ ∪{E}, as discussed in 341F. To make
the step a small one (and therefore presumably easier), we want Xξ+1 to be a large subgroup of Xξ in some
sense; as it turns out, a helpful approach is to ask for Xξ+1 to be a normal subgroup of Xξ and for Xξ/Xξ+1

to be small. At this point we have to know something of the structure theory of locally compact topological
groups. The right place to start is surely the theory of compact Hausdorff groups. Such a group X actually
has a continuous decreasing chain 〈Xξ〉ξ≤κ of closed normal subgroups, from X0 = X to Xκ = {e}, such
that all the quotients Xξ/Xξ+1 are Lie groups. I do not define ‘Lie group’ here, because for our purposes
it is enough to know that the quotients have faithful finite-dimensional representations, and therefore have
‘B-sequences’ in the sense of 446L. Having identified this as a relevant property, it is not hard to repeat
arguments from §221 and §261 to prove versions of Vitali’s theorem and Lebesgue’s Density Theorem in
such groups (447C-447D). This will evidently provide translation-invariant lower densities for groups of this
special type, just as Lebesgue lower density is a translation-invariant lower density on Rr (345B).

Of course we still have to find a way of combining this construction with a translation-invariant lower
density on Σξ to produce a translation-invariant lower density on Σξ+1, and this is what I do in 447F. The
argument I offer is essentially that of Ionescu Tulcea & Ionescu Tulcea 67, §7, and is the deepest
part of this section.

For compact groups, these ideas are all we need, and indeed the step to a limit ordinal of countable
cofinality is a little easier, since we have a Haar probability measure on the whole group. The next step, to
general σ-compact locally compact groups, demands much deeper ideas from the structure theory, but from
the point of view of the present section the modifications are minor. The subgroups Xξ are now not always
normal subgroups of X, which means that we have to be more careful in the description of the quotient
spaces X/Xξ (they must consist of left cosets), and we have to watch the modular functions of the Xξ in
order to be sure that there are invariant measures on the quotients. An extra obstacle at the beginning is
that we may have to start the chain with a proper subgroup X0 of X, but since X0 can be taken to be
open, it is pretty clear that this will not be serious, and in fact it gives no trouble (part (b-i) of the proof
of 447H). For ξ ≥ 1, the Xξ are compact, so the inductive steps to limit ordinals are nearly the same.

The step to a general locally compact Hausdorff topological group (part (d) of the proof of 447H) is
essentially elementary. And finally I note that the whole thing applies to general topological groups with
Haar measures (447J), for the usual reasons. There is an implicit challenge here: find expressions of the
arguments used in this section which will be valid in the more general context. The measure-theoretic part
of such a programme might be achievable, but I do not see any hope of a workable structure theory to match
that of §446 which does not use 443L or something like it.

Version of 12.4.13

448 Polish group actions

I devote this section to two quite separate theorems. The first is an interesting result about measures
on Polish spaces which are invariant under actions of Polish groups. In contrast to §441, we no longer have
a strong general existence theorem for such measures, but instead have a natural necessary and sufficient
condition in terms of countable dissections: there is an invariant probability measure on X if and only if
there is no countable dissection of X into Borel sets which can be rearranged, by the action of the group,
into two copies of X (448P).

The principal ideas needed here have already been set out in §395, and in many of the proofs I allow
myself to direct you to the corresponding arguments there rather than write the formulae out again. I do
not think you need read through §395 before embarking on this section; I will try to give sufficiently detailed
references so that you can take them one paragraph at a time, and many of the arguments referred to are
in any case elementary. But unless you are already familiar with this topic, you will need a copy of §395 to
hand to fully follow the proofs below.

The second theorem concerns the representation of group actions on measure algebras in terms of group
actions on measure spaces. If we have a locally compact Polish group G (so that we do have Haar measures),
and a Borel measurable action of G on the measure algebra of a Radon measure µ on a Polish space X,

c© 1997 D. H. Fremlin
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then it can be represented by a Borel measurable action of G on X (448S). The proof is mostly descriptive
set theory based on §§423-424, but it also uses some interesting facts about L0 spaces (448Q-448R).

448A Definitions (Compare 395A.) Let A be a Dedekind σ-complete Boolean algebra, and G a subgroup
of AutA. For a, b ∈ A I will say that an isomorphism φ : Aa → Ab between the corresponding principal
ideals belongs to the countably full local semigroup generated by G if there are a countable partition
of unity 〈ai〉i∈I in Aa and a family 〈πi〉i∈I in G such that φc = πic whenever i ∈ I and c ⊆ ai. If such an
isomorphism exists I will say that a and b are G-σ-equidecomposable.

I write a 4σG b to mean that there is a b′ ⊆ b such that a and b′ are G-σ-equidecomposable.
As in §395, I will say that a function f with domain A is G-invariant if f(πa) = f(a) whenever a ∈ A

and π ∈ G.
I have expressed these definitions, and most of the work below, in terms of abstract Dedekind σ-complete

Boolean algebras. The applications I have in mind for this section are to σ-algebras of sets. If you have
already worked through §395, the version here should come very easily; but even if you have not, I think
that the extra abstraction clarifies some of the ideas.

448B I begin with results corresponding to 395B-395D; there is hardly any difference, except that we
must now occasionally pause to check that a partition of unity is countable.

Lemma Let A be a Dedekind σ-complete Boolean algebra and G a subgroup of AutA. Write G∗
σ for the

countably full local semigroup generated by G.
(a) If a, b ∈ A and φ : Aa → Ab belongs to G∗

σ, then φ−1 : Ab → Aa also belongs to G∗
σ.

(b) Suppose that a, b, a′, b′ ∈ A and that φ : Aa → Aa′ , ψ : Ab → Ab′ belong to G∗
σ. Then ψφ ∈ G∗

σ; its
domain is Ac where c = φ−1(b ∩ a′), and its set of values is Ac′ where c′ = ψ(b ∩ a′).

(c) If a, b ∈ A and φ : Aa → Ab belongs to G∗
σ, then φ↾Ac ∈ G∗

σ for any c ⊆ a.
(d) Suppose that a, b ∈ A and that ψ : Aa → Ab is an isomorphism such that there are a countable

partition of unity 〈ai〉i∈I in Aa and a family 〈φi〉i∈I in G∗
σ such that ψc = φic whenever i ∈ I and c ⊆ ai.

Then ψ ∈ G∗
σ.

proof (a) As 395Bb.

(b) As 395Bc.

(c) As 395Bd.

(d) For each i ∈ I, let 〈aij〉j∈J(i), 〈πij〉j∈J(i) witness that φi ∈ G∗
σ; then 〈ai ∩ aij〉i∈I,j∈J(i) and

〈πij〉i∈I,j∈J(i) witness that ψ ∈ G∗
σ.

448C Lemma Let A be a Dedekind σ-complete Boolean algebra and G a subgroup of AutA. Write G∗
σ

for the countably full local semigroup generated by G.
(a) For a, b ∈ A, a 4σG b iff there is a φ ∈ G∗

σ such that a ∈ domφ and φa ⊆ b.
(b)(i) 4σG is transitive and reflexive;

(ii) if a 4σG b and b 4σG a then a and b are G-σ-equidecomposable.
(c) G-σ-equidecomposability is an equivalence relation on A.
(d) If 〈ai〉i∈I and 〈bi〉i∈I are countable families in A, of which 〈bi〉i∈I is disjoint, and ai 4

σ
G bi for every

i ∈ I, then supi∈I ai 4
σ
G supi∈I bi.

proof The arguments of 395C apply unchanged, calling on 448B in place of 395B.

448D Theorem Let A be a Dedekind σ-complete Boolean algebra and G a subgroup of AutA. Then
the following are equiveridical:

(i) there is an a 6= 1 such that a is G-σ-equidecomposable with 1;
(ii) there is a disjoint sequence 〈an〉n∈N of non-zero elements of A which are all G-σ-equidecomposable;
(iii) there are non-zero G-σ-equidecomposable a, b, c ∈ A such that a ∩ b = 0 and a ∪ b ⊆ c;
(iv) there are G-σ-equidecomposable a, b ∈ A such that a ⊂ b.

proof As 395D.
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448E Definition (Compare 395E.) Let A be a Dedekind σ-complete Boolean algebra and G a subgroup
of AutA. I will say that G is countably non-paradoxical if the statements of 448D are false; that is, if
one of the following equiveridical statements is true:

(i) if a is G-σ-equidecomposable with 1 then a = 1;

(ii) there is no disjoint sequence 〈an〉n∈N of non-zero elements of A which are all G-σ-equide-
composable;

(iii) there are no non-zero G-σ-equidecomposable a, b, c ∈ A such that a ∩ b = 0 and a ∪ b ⊆ c;

(iv) if a, b ∈ A are G-σ-equidecomposable and a ⊆ b then a = b.

448F We now come to one of the points where we need to find a new path because we are looking at
algebras which need not be Dedekind complete. Provided the original group G is countable, we can still
follow the general line of §395, as follows.

Lemma (Compare 395G.) Let A be a Dedekind σ-complete Boolean algebra and G a countable subgroup
of AutA. Let C be the fixed-point subalgebra of G.

(a) For any a ∈ A, upr(a,C) (313S) is defined, and is given by the formula

upr(a,C) = sup{πa : π ∈ G}.

(b) If G∗
σ is the countably full local semigroup generated by G, then φ(c ∩ a) = c ∩ φa whenever φ ∈ G∗

σ,
a ∈ domφ and c ∈ C.

(c) upr(φa,C) = upr(a,C) whenever φ ∈ G∗
σ and a ∈ domφ; consequently, upr(a,C) ⊆ upr(b,C) whenever

a 4σG b.
(d) If a 4σG b and c ∈ C then a ∩ c 4σG b ∩ c. So a ∩ c and b ∩ c are G-σ-equidecomposable whenever a and

b are G-σ-equidecomposable and c ∈ C.

proof (a) As remarked in 395Ga, C is order-closed. Because G is countable and A is Dedekind σ-complete,
c∗ = sup{πa : π ∈ G} is defined in A If φ ∈ G, then

φc∗ = sup{φπa : π ∈ G} ⊆ c∗

because φ is order-continuous and φπ ∈ G for every π ∈ G. Similarly φ−1c∗ ⊆ c∗ and c∗ ⊆ φc∗. Thus
φc∗ = c∗; as φ is arbitrary, c∗ ∈ C.

If c ∈ C, then

a ⊆ c ⇐⇒ πa ⊆ πc for every π ∈ G

⇐⇒ πa ⊆ c for every π ∈ G

⇐⇒ c∗ ⊆ c,

so c∗ = inf{c : a ⊆ c ∈ C}, taking the infimum in C, as required in the definition of upr(a,C).

(b) Suppose that 〈ai〉i∈I , 〈πi〉i∈I witness that φ ∈ G∗
σ. Then

φ(a ∩ c) = supi∈I πi(ai ∩ a ∩ c) = supi∈I πi(ai ∩ a) ∩ c = c ∩ φa.

(c) For c ∈ C,

a ⊆ c ⇐⇒ a ∩ c = a ⇐⇒ φ(a ∩ c) = φa ⇐⇒ c ∩ φa = φa ⇐⇒ φa ⊆ c.

(d) There is a φ ∈ G∗
σ such that φa ⊆ b; now

a ∩ c 4σG φ(a ∩ c) = c ∩ φa ⊆ b ∩ c.

448G With this support, we can now continue with the ideas of 395H-395L, adding at each step the
hypothesis ‘G is countable’ to compensate for the weakening of the hypotheses ‘A is Dedekind complete, G
is fully non-paradoxical’ to ‘A is Dedekind σ-complete, G is countably non-paradoxical’.

Lemma (Compare 395H.) Let A be a Dedekind σ-complete Boolean algebra and G a countable countably
non-paradoxical subgroup of AutA. Write C for the fixed-point subalgebra of G. Take any a, b ∈ A. Then
c0 = sup{c : c ∈ C, a ∩ c 4σG b} is defined in A and belongs to C; a ∩ c0 4σG b and b \ c0 4σG a.
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proof Let 〈πn〉n∈N be a sequence running over G. Define 〈an〉n∈N, 〈bn〉n∈N inductively, setting

an = (a \ supi<n ai) ∩ π−1
n (b \ supi<n bi), bn = πnan.

Then 〈an〉n∈N is a disjoint sequence in Aa and 〈bn〉n∈N is a disjoint sequence in Ab, and supn∈N an is G-σ-
equidecomposable with supn∈N bn. Set

a′ = a \ supn∈N an, b′ = b \ supn∈N bn, c0 = 1 \ upr(a′,C) ⊆ supn∈N an.

Then

a ∩ c0 ⊆ supn∈N an 4σG b.

Now b′ ⊆ c0. PPP??? Otherwise, because c0 = 1 \ supn∈N πna
′, there must be an n ∈ N such that b′ ∩ πna′ 6=

0. But in this case d = a′ ∩ π−1
n b′ 6= 0, and we have

d ⊆ (a \ supi<n ai) ∩ π−1
n (b \ supi<n bi),

so that d ⊆ an, which is absurd. XXXQQQ Consequently

b \ c0 ⊆ b \ b′ = supn∈N bn 4σG a.

Now take any c ∈ C such that a ∩ c 4σG b, and consider c′ = c \ c0. Then b′ ∩ c′ = 0, that is, b ∩ c′ =
supn∈N bn ∩ c′, which is G-σ-equidecomposable with supn∈N an ∩ c′ = (a \ a′) ∩ c′. But now

a ∩ c′ = a ∩ c0 ∩ c′ 4σG b ∩ c′ 4σG (a ∩ c′) \ (a′ ∩ c′);

because G is countably non-paradoxical, a′ ∩ c′ must be 0, that is, c′ ⊆ c0 and c ⊆ c0. So c0 has the required
properties.

448H Lemma (Compare 395I.) Let A be a Dedekind σ-complete Boolean algebra, not {0}, and G a
countable countably non-paradoxical subgroup of AutA. Let C be the fixed-point subalgebra of G. Suppose
that a, b ∈ A and that upr(a,C) = 1. Then there are non-negative u, v ∈ L0(C) such that

[[u ≥ n]] = max{c : c ∈ C, there is a disjoint family 〈di〉i<n
such that a ∩ c 4σG di ⊆ b for every i < n},

[[v ≤ n]] = max{c : c ∈ C, there is a family 〈di〉i<n
such that di 4

σ
G a for every i < n and b ∩ c ⊆ sup

i<n
di}

for every n ∈ N. Moreover, we have
(i) [[u ∈ N]] = [[v ∈ N]] = 1,
(ii) [[v > 0]] = upr(b,C),
(iii) u ≤ v ≤ u+ χ1.

proof The argument of 395I applies unchanged, except that every 4τG must be replaced with a 4σG, and
we use 448F and 448G in place of 395G and 395H. C is Dedekind σ-complete because it is order-closed in
the Dedekind σ-complete algebra A (314Eb).

448I Notation (Compare 395J.) In the context of 448H, I will write ⌊b : a⌋ for u, ⌈b : a⌉ for v.

448J Lemma (Compare 395K-395L.) Let A be a Dedekind σ-complete Boolean algebra, not {0}, and G
a countable countably non-paradoxical subgroup of AutA with fixed-point subalgebra C. Suppose that a,
a1, a2, b, b1, b2 ∈ A and that

upr(a,C) = upr(a1,C) = upr(a2,C) = 1.

Then
(a) ⌊0 : a⌋ = ⌈0 : a⌉ = 0 and ⌊1 : a⌋ ≥ χ1.
(b) If b1 4σG b2 then ⌊b1 : a⌋ ≤ ⌊b2 : a⌋ and ⌈b1 : a⌉ ≤ ⌈b2 : a⌉.
(c) ⌈b1 ∪ b2 : a⌉ ≤ ⌈b1 : a⌉ + ⌈b2 : a⌉.
(d) If b1 ∩ b2 = 0, then ⌊b1 : a⌋ + ⌊b2 : a⌋ ≤ ⌊b1 ∪ b2 : a⌋.
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(e) If c ∈ C is such that a ∩ c is a relative atom over C, then c ⊆ [[⌈b : a⌉ − ⌊b : a⌋ = 0]].
(f) ⌊b : a2⌋ ≥ ⌊b : a1⌋ × ⌊a1 : a2⌋, ⌈b : a2⌉ ≤ ⌈b : a1⌉ × ⌈a1 : a2⌉.

proof As in 395K-395L.

448K For the result corresponding to 395Mb, we again need to find a new approach; I deal with it by
adding a further hypothesis to the list which has already accreted.

Definition Let A be a Dedekind σ-complete Boolean algebra and G a countable subgroup of AutA with
fixed-point subalgebra C. I will say that G has the σ-refinement property if for every a ∈ A there is a
d ⊆ a such that d 4σG a \ d and a′ = a \ upr(d,C) is a relative atom over C, that is, every b ⊆ a′ is expressible
as a′ ∩ c for some c ∈ C.

(If we replace 4σG with 4τG, as used in §395, we see that 395Ma could be read as ‘if A is a Dedekind
complete Boolean algebra, then any subgroup of AutA has the τ -refinement property’.)

448L I give the principal case in which the ‘σ-refinement property’ just defined arises.

Proposition Let A be a Dedekind σ-complete Boolean algebra with countable Maharam type (definition:
331F). Then any countable subgroup of AutA has the σ-refinement property.

proof (a) Let E be a countable subset of A which τ -generates A, and E the subalgebra of A generated by
E; then E is countable (331Gc), and the smallest order-closed subset of A including E is a subalgebra of A
(313Fc), so must be A itself.

(b) Suppose that b ∈ A \ {0} and π ∈ AutA are such that b ∩ πb = 0. Then there is an e ∈ E such that
b ∩ e \ πe 6= 0. PPP??? Otherwise, set

D = {d : d ∈ A, b ∩ d \ πd = 0}.

Then E ⊆ D, but b /∈ D. So D cannot be order-closed. case 1 If D0 ⊆ D is a non-empty upwards-directed
set with supremum d0 /∈ D, then b ∩ d0 \ πd0 6= 0, so there is a d ∈ D0 such that b ∩ d \ πd0 6= 0; but now
d /∈ D, which is impossible. case 2 If D0 ⊆ D is a non-empty downwards-directed subset of D with infimum
d0 /∈ D, then b ∩ d0 \ πd0 6= 0. But π is order-continuous, so there is a d ∈ D0 such that b ∩ d0 \ πd 6= 0; and
now d /∈ D, which is impossible. Thus in either case we have a contradiction. XXXQQQ

(c) Now let G be a countable subgroup of AutA, with fixed-point subalgebra C, and let 〈(πn, en)〉n∈N be
a sequence running over G× E. Take any a ∈ A. For k ∈ N set

ak = a ∩ ek ∩ π−1
k (a \ ek),

a′k = ak \ supj<k upr(a′j ,C).

Then

a′k ∩ πka′k ⊆ ak ∩ πkak = 0

for every k ∈ N, and whenever j < k in N we have

a′j ∩ a
′
k = 0, πja

′
j ∩ a

′
k = 0,

a′j ∩ πka
′
k = πk(π−1

k a′j ∩ a
′
k) = 0, πja

′
j ∩ πka

′
k = πk(a′k ∩ π−1

k πja
′
j) = 0.

So, setting d = supk∈N a
′
k and d′ = supk∈N πka

′
k, d and d′ are disjoint and G-σ-equidecomposable and

included in a, and d 4σG a \ d.
Consider a′ = a \ upr(d,C). Since a′k = ak \ supj<k upr(a′j ,C) for each k,

upr(d,C) = supk∈N upr(a′k,C) = supk∈N upr(ak,C).

??? Suppose, if possible, that a′ is not a relative atom over C; that is, that there is a b ⊆ a′ such that b 6= a′ ∩ c
for any c ∈ C. Then, in particular, b 6= a′ ∩ upr(b,C), and there is a π ∈ G such that b′ = a′ ∩ πb \ b 6= 0. Then
b′ ∪ π−1b′ ⊆ a, while b′ ∩ π−1b′ = 0, so πb′ ∩ b′ = 0. By (b), there is an e ∈ E such that b′′ = b′ ∩ e \ πe 6= 0.
Let k be such that π−1 = πk and e = ek, so that

b′′ = b′ ∩ ek \ π−1
k ek ⊆ a ∩ ek ∩ π−1

k (a \ ek) = ak.
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(Because π−1b′ ⊆ a, b′ ⊆ π−1
k a.) Since also

b′′ ∩ upr(a′j ,C) ⊆ a′ ∩ upr(d,C) = 0

for every j, b′′ ⊆ a′k ⊆ d, which is impossible, because b′′ ⊆ a′. XXX
Thus a′ is a relative atom over C, as required.

448M Lemma Let A be a Dedekind σ-complete Boolean algebra, not {0}, and G a countable countably
non-paradoxical subgroup of AutA with fixed-point subalgebra C. If G has the σ-refinement property, then
for any ǫ > 0 there is an a∗ ∈ A such that upr(a∗,C) = 1 and ⌈b : a∗⌉ ≤ ⌊b : a∗⌋ + ǫ⌊1 : a∗⌋ for every b ∈ A.

proof As part (b) of the proof of 395M.

448N Theorem (Compare 395N.) Let A be a Dedekind σ-complete Boolean algebra and G a countable
countably non-paradoxical subgroup of AutA with fixed-point subalgebra C. Suppose that G has the σ-
refinement property of 448K. Then there is a function θ : A → L∞(C) such that

(i) θ is additive, non-negative and sequentially order-continuous;
(ii) θa = 0 iff a = 0, θ1 = χ1;
(iii) θ(a ∩ c) = θa× χc for every a ∈ A, c ∈ C; in particular, θc = χc for every c ∈ C;
(iv) if a, b ∈ A are G-σ-equidecomposable, then θa = θb; in particular, θ is G-invariant.

proof The arguments of the proof of 395N apply here also, though we have to take things in a slightly
different order. As in 395N, set

θa(b) =
⌈b : a⌉
⌊1 : a⌋ ∈ L0(C)

whenever upr(a,C) = 1 and b ∈ A. This time, turn immediately to part (c) of the proof to see that if en is
chosen (using 448M) such that upr(en,C) = 1 and ⌈b : en⌉ ≤ ⌊b : en⌋ + 2−n⌊1 : en⌋ for every b ∈ A, then
θenb ≤ θab+ 2−n⌈1 : a⌉ whenever upr(a,C) = 1 and b ∈ A. So we can write

θb = infn∈N θenb = infupr(a,C)=1 θab

for every b ∈ A, and we have a function θ : A → L0 as before. The rest of the proof is unchanged, except
that we have a simplification in (h), since we need consider only the case κ = ω.

448O This concludes the adaptations we need from §395. I now return to the specific problem addressed
in the present section. The first step is a variation on 448N.

Theorem Let A be a Dedekind σ-complete Boolean algebra, not {0}, and G a countable subgroup of
AutA with the σ-refinement property. Let C be the fixed-point subalgebra of G. Then the following are
equiveridical:

(i) there are a Dedekind σ-complete Boolean algebra D, not {0}, and a G-invariant sequentially order-
continuous non-negative additive function θ : A → L∞(D) such that θ1 = χ1;

(ii) if a ∈ A and 1 4σG a, then upr(1 \ a,C) 6= 1;
(iii) if a ∈ A and 1 4σG a, then 1 64σG 1 \ a.

proof (a)(i)⇒(iii) Take θ : A → L∞(D) as in (i). If 1 4σG a, then there is a b ⊆ a which is G-σ-
equidecomposable with 1, so that θb = χ1, just as in 395N(v)/448N(iv). But this means that θa = χ1; so
that θ(1 \ a) 6= χ1 and 1 64σG 1 \ a.

(b)not-(ii)⇒not-(iii) Suppose that (ii) is false; that there is an a ∈ A such that 1 4σG a and upr(1 \ a,C) =
1. Let G∗

σ be the countably full local semigroup generated by G; then there is a ψ ∈ G∗
σ such that ψ1 ⊆ a.

Set b0 = 1 \ ψ1 and bn = ψnb0 for every n ≥ 1; then

b0 ∩ bn ⊆ b0 ∩ ψ1 = 0

for every n ≥ 1, so

bm ∩ bn = ψm(b0 ∩ bn−m) = 0

whenever m < n.
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Let 〈πi〉i∈N be a sequence running over G; then

supi∈N πib0 = upr(b0,C) ⊇ upr(1 \ a,C) = 1.

Set

aj = πjb0 \ supi<j πib0

for every j ∈ N, so that 〈aj〉j∈N is a partition of unity in A. Define ψ1, ψ2 : A → A by setting

ψ1d = supi∈N ψ
2iπ−1

i (d ∩ ai), ψ2d = supi∈N ψ
2i+1π−1

i (d ∩ ai)

for every d ∈ A. Because ψ2iπ−1
i ai ⊆ b2i for every i, 〈ψ2iπ−1

i ai〉i∈N is disjoint, so ψ1 ∈ G∗
σ (448Bd); similarly,

ψ2 ∈ G∗
σ. Thus

1 4σG ψ11 ⊆ supi∈N b2i,

1 4σG ψ21 ⊆ supi∈N b2i+1 ⊆ 1 \ ψ11

and (iii) is false.

(c) For the rest of this proof I will suppose that (ii) is true and seek to prove (i).
Let I be the σ-ideal of A generated by {1 \ a : a ∈ A, 1 4σG a}. Then 1 /∈ I. PPP??? Otherwise, there

is a sequence 〈an〉n∈N such that 1 4σG an for every n and supn∈N 1 \ an = 1. Choose ψn ∈ G∗
σ such that

ψn1 ⊆ an, and set cn = upr(1 \ ψn1,C) for each n, so that supn∈N cn = 1. Set c′n = cn \ supi<n ci for each
n, and write

ψd = supn∈N ψn(d ∩ c′n)

for each d ∈ A. Because every c′n belongs to C, 〈ψnc′n〉n∈N = 〈c′n〉n∈N is disjoint, and ψ ∈ G∗
σ.

By (ii), c = upr(1 \ ψ1,C) is not 1; let n be such that c′ = c′n \ c 6= 0. Because c′ ⊆ c′n, c′ \ ψn1 = c′ \ ψ1;
because c′ ∈ C,

0 6= c′ ∩ c′n ⊆ c′ ∩ upr(1 \ ψn1,C) = upr(c′ \ ψn1,C)

= upr(c′ \ ψ1,C) = c′ ∩ upr(1 \ ψ1,C) = 0

which is absurd. XXXQQQ
Let B be the quotient Boolean algebra A/I; then B is Dedekind σ-complete and the canonical homo-

morphism a 7→ a• : A → B is sequentially order-continuous (314C, 313Qb).

(d) Next, πb ∈ I whenever b ∈ I and π ∈ G. PPP The sets {a : 1 4σG a} and {1 \ a : 1 4σG a} are both
invariant under the action of G, so I also must be invariant. QQQ We can therefore define, for each π ∈ G,
a Boolean automorphism π̃ : B → B, setting π̃a• = (πa)• for every a ∈ A. Because (πφ)

∼

= π̃φ̃ for all

π, φ ∈ G, G̃ = {π̃ : π ∈ G} is a subgroup of AutB; of course it is countable. Let D be the fixed-point

subalgebra of G̃ in B. Because B is not {0}, nor is D.

(e) G̃ is countably non-paradoxical. PPP Suppose that b is G̃-σ-equidecomposable with 1 in B. Let 〈bn〉n∈N

be a partition of unity in B and 〈πn〉n∈N a sequence in G such that 〈π̃nbn〉n∈N is disjoint and has supremum
b. For each n ∈ N, let an ∈ A be such that a•

n = bn. We have

(am ∩ an)• = (πmam ∩ πnan)• = 0

whenever m 6= n, so

d = supm 6=n(am ∩ an) ∪ supm 6=n(am ∩ π−1
m πnan)

belongs to I, while 〈an \ d〉n∈N, 〈πn(an \ d)〉n∈N are disjoint.
Because supn∈N bn = 1 in B, d′ = 1 \ supn∈N an ∈ I. Because I is a σ-ideal and G is countable,

c∗ = upr(d ∪ d′,C) = supπ∈G π(d ∪ d′)

belongs to I, while {c∗} ∪ {an \ c∗ : n ∈ N} is a partition of unity in A.
Define ψ ∈ G∗

σ by setting

ψa = supn∈N πn(a ∩ an \ c∗) ∪ (a ∩ c∗)
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for every a ∈ A. Then 1 \ ψ1 ∈ I, by the definition of I, so (ψ1)• = 1 in B. But

(ψ1)• = sup
n∈N

(πn(an \ c∗))• = sup
n∈N

(πnan)•

= sup
n∈N

π̃nbn = b.

So b = 1. As b is arbitrary, G̃ is countably non-paradoxical. QQQ

(f) G̃ has the σ-refinement property. PPP Let b ∈ B. Then there is an a ∈ A such that a• = b. Because G
is supposed to have the σ-refinement property, there is a d ⊆ a such that d 4σG a \ d and a \ upr(d,C) is a
relative atom over C. Set e = d• ⊆ b.

We know that there are a partition of unity 〈dn〉n∈N in Ad and a sequence 〈πn〉n∈N in G such that
πndn ⊆ a \ d for every n and 〈πndn〉n∈N is disjoint. Now 〈d•

n〉n∈N is a partition of unity in Be, π̃nd
•

n ⊆ b \ e
for every n, and 〈π̃nd•

n〉n∈N is disjoint; so e 4σ
G̃
b \ e.

Suppose that b0 ⊆ b \ upr(e,D). Then it is expressible as a•

0 where a0 ⊆ a and

(a0 ∩ πd)• = b0 ∩ π̃e = 0

for every π ∈ G. So if we set a1 = a0 \ supπ∈G πd, we shall have a1 ⊆ a \ upr(d,C) and a•

1 = b0. Now
a \ upr(d,C) is supposed to be a relative atom over C, so a1 = a ∩ c for some c ∈ C. In this case,

π̃c• = (πc)• = c•

for every π ∈ G, so c• ∈ D, while b0 = b ∩ c•. As b0 is arbitrary, b \ upr(e,D) is a relative atom over D.

Thus e has both the properties required by the definition 448K. As b is arbitrary, G̃ has the σ-refinement
property. QQQ

(g) 448N now tells us that there is a sequentially order-continuous non-negative additive functional
θ0 : B → L∞(D) such that θ01 = χ1 and θ0(π̃b) = θ0b whenever b ∈ B and π ∈ G. If we set θa = θ0a

• for
a ∈ A, it is easy to see that θ has all the properties required by (i) of this theorem. Thus (ii)⇒(i), and the
proof is complete.

448P At last we come to Polish spaces.

Theorem (Nadkarni 90, Becker & Kechris 96) Let G be a Polish group acting on a non-empty Polish
space (X,T) with a Borel measurable action •. For Borel sets E, F ⊆ X say that E 4σG F if there are a
countable partition 〈Ei〉i∈I of E into Borel sets, and a family 〈gi〉i∈I in G, such that gi•Ei ⊆ F for every i
and 〈gi•Ei〉i∈I is disjoint. Then the following are equiveridical:

(i) there is a G-invariant Radon probability measure µ on X;
(ii) if F ⊆ X is a Borel set such that X 4σG F , then

⋂
n∈N

gn•F 6= ∅ for any sequence 〈gn〉n∈N in G;
(iii) there are no disjoint Borel sets E, F ⊆ X such that X 4σG E and X 4σG F .

proof (a) Let us start with the easy parts.

(i)⇒(ii) Let µ be a G-invariant Radon probability measure on X, and suppose that X 4σG F . Let
〈Ei〉i∈I be a countable partition of X into Borel sets and 〈hi〉i∈I a family in G such that 〈hi•Ei〉i∈I is disjoint
and hi•Ei ⊆ F for every i. Then

µF ≥ ∑
i∈I µ(hi•Ei) =

∑
i∈I µEi = µX,

so F is conegligible. Consequently
⋂
n∈N

gn•F must be conegligible and cannot be empty, for any sequence
〈gn〉n∈N in G. As F and 〈gn〉n∈N are arbitrary, (ii) is true.

(ii)⇒(iii) Assume (ii). ??? If there are disjoint E, F such that X 4σG E and X 4σG F , then we have a
countable partition 〈Ei〉i∈I of X into Borel sets and a family 〈gi〉i∈I in G such that gi•Ei ⊆ E for every i ∈ I.
But there is an x ∈ ⋂

i∈I g
−1
i

•F , by (ii). In this case there is a j ∈ I such that x ∈ Ej and gj•x ∈ E ∩ F ,
which is impossible. XXX So (iii) must be true.

(b) For the rest of the proof, therefore, I shall assume (iii) and seek to prove (i).
Let T be the topology of X, and B = B(X) its Borel σ-algebra. For g ∈ G define πg : B → B by writing

πgE = g•E for every E ∈ B. Then πgh = πgπh for all g, h ∈ G, so G̃ = {πg : g ∈ G} is a subgroup of AutB.
Observe that for E, F ∈ B, E 4σG F , in the sense here, iff E 4σ

G̃
F in the sense of 448A.
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By the Becker-Kechris theorem (424H), there is a Polish topology T1 on X, giving rise to the same Borel
σ-algebra B as the original topology, for which the action of G is continuous. Let U be a countable base for
T1 closed under finite unions. (We are going to have three Polish topologies on X in this proof, so watch
carefully.)

(c) For the time being (down to the end of (f) below) let us suppose that G, and therefore G̃, are

countable. In this case, because B is countably generated, G̃ has the σ-refinement property, by 448L. We
can therefore apply 448O to see that (iii) implies that

(i)′ there are a Dedekind σ-complete Boolean algebra D, not {0}, and a G̃-invariant sequentially
order-continuous non-negative additive functional θ : B → L∞(D) such that θX = χ1.

Express D as Σ/J where Σ is a σ-algebra of subsets of a set Z and J is a σ-ideal of Σ (314N). Then we
can identify L∞(D) with the quotient L

∞/W , where L
∞ is the space of bounded Σ-measurable real-valued

functions on Z and W is the set {f : f ∈ L
∞, {z : f(z) 6= 0} ∈ J } (363Hb). For each E ∈ B, let fE ∈ L

∞

be a representative of θE ∈ L∞(D); because θ(πE) = θE whenever E ∈ B and π ∈ G̃, we may suppose that

fπE = fE whenever E ∈ B and π ∈ G̃.
Let B be the subalgebra of B generated by {πU : U ∈ U , π ∈ G̃}. Then B is countable and πE ∈ B for

every E ∈ B, π ∈ G̃. By 4A3I, there is yet another Polish topology S on X which is zero-dimensional and
such that every member of B is open-and-closed for S. Of course S ⊇ U , so B is still the algebra of S-Borel
sets (423Fb). Let W be a countable base for S consisting of sets which are open-and-closed for S, and let
B1 be the subalgebra of B generated by W ∪B; then B1 is countable and consists of open-and-closed sets
for S. Let 〈Wn〉n∈N be a sequence running over W. Let ρ be a complete metric on X defining the topology
S, and for m, n ∈ N set

Wmn =
⋃{Wi : i ≤ n, diamρ(Wi) ≤ 2−m};

then for each m ∈ N, 〈Wmn〉n∈N is a non-decreasing sequence in B1 with union X.

(d) Consider the subsets of Z of the following types:

PE = {z : fE(z) < 0}, where E ∈ B1,

QEF = {z : fE∪F (z) 6= fE(z) + fF (z)}, where E, F ∈ B1 and E ∩ F = ∅,

R = {z : fX(z) 6= 1},

Sm = {z : supn∈N fWmn
(z) 6= 1}, where m ∈ N.

Because

f•

E = θE ≥ 0 for every E ∈ B,

f•

E∪F = θ(E ∪ F ) = θE + θF = f•

E + f•

F whenever E ∩ F = ∅,

f•

X = θX = χ1,

supn∈N f
•

Wmn
= supn∈N θWmn = θ(

⋃
n∈N

Wmn) = θX = χ1

for every m ∈ N, all the sets PE , QEF , R and Sm belong to J . Since D 6= {0}, Z /∈ J ; so there is a z0 ∈ Z
not belonging to R or PE or QEF or Sm whenever m ∈ N and E, F ∈ B1 are disjoint.

Set νE = fE(z0) for every E ∈ B1. If E, F ∈ B1 are disjoint, then ν(E ∪ F ) = νE + νF because
z0 /∈ QEF ; thus ν : B1 → R is additive. If E ∈ B1 then νE ≥ 0 because z0 /∈ PE , so ν is non-negative.
νX = 1 because z0 /∈ R. For each m ∈ N, supn∈N νWmn = 1 because z0 /∈ Sm.

(e) For any ǫ > 0 there is an S-compact set K ⊆ X such that νE ≥ 1− ǫ whenever E ∈ B1 and E ⊇ K.
PPP For each m ∈ N we have a k(m) ∈ N such that νWm,k(m) ≥ 1 − 2−m−1ǫ. Set K =

⋂
m∈N

Wm,k(m).
Because every Wm,k(m) is S-closed, K is S-closed, therefore ρ-complete; because every Wm,k(m) is a finite

union of sets of diameter at most 2−m, K is ρ-totally bounded, therefore S-compact (4A2Je). ??? Suppose,
if possible, that E ∈ B1 is such that K ⊆ E and νE < 1 − ǫ. For every m ∈ N,

ν(
⋂
i≤mWi,k(i)) ≥ 1 −∑m

i=0 ν(X \Wi,k(i)) ≥ 1 −∑m
i=0 2−i−1ǫ > 1 − ǫ > νE
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because ν is non-negative and finitely additive. So
⋂
i≤mWi,k(i) \E must be non-empty. There is therefore

an ultrafilter F on X containing Wi,k(i) \ E for every i ∈ N. Now for each i there must be a j ≤ k(i) such

that diamWj ≤ 2−i and Wj ∈ F , so F is a ρ-Cauchy filter, and S-converges to x say. Because every Wi,k(i)

is S-closed, x ∈ ⋂
i∈N

Wi,k(i) = K; because E ∈ S, x /∈ E; but K is supposed to be included in E. XXX
Thus inf{νE : K ⊆ E ∈ B1} ≥ 1 − ǫ. As ǫ is arbitrary, we have the result. QQQ

(f) By 416O, there is an S-Radon measure µ on X extending ν. Because µ is just the completion of its
restriction to B, it is also T-Radon and T1-Radon (433Cb).

Now µ is G-invariant. PPP Take any g ∈ G. Set µgE = µ(g•E) whenever E ⊆ X and g•E ∈ domµ. The
map x 7→ g•x is a homeomorphism for T1, so µg also is a T1-Radon measure. (Setting φ(x) = g−1

•x, µg
is the image measure µφ−1.) Again because T and T1 have the same Borel σ-algebras, µg is T-Radon. If
E ∈ B, then E and g•E belong to B ⊆ B1, so

µgE = µ(g•E) = ν(g•E) = ν(πgE) = fπgE(z0) = fE(z0)

(because fπgE = fE , as declared in (c) above)

= νE = µE.

In particular, µgE = µE for every E in the algebra generated by U . But µg and µ are both T-Radon
measures, and U is a base for T1 closed under finite unions, so µg = µ (415H(iv)). As g is arbitrary, µ is
G-invariant. QQQ

Thus we have found a G-invariant Radon probability measure, and (i) is true.

(g) Thus (iii)⇒(i) if G is countable. Now let us consider the general case. Because G is a Polish group,
it has a countable dense subgroup H. (Take H to be the subgroup generated by any countable dense subset
of G.) Of course there can be no disjoint E, F ∈ B such that X 4σH E and X 4σH F , so there must be an
H-invariant Radon probability measure µ on X, by the arguments of (b)-(f). (H need not be a Polish group
in its subspace topology. But if we give it its discrete topology, then x 7→ h•x is still a T1-homeomorphism
for every h ∈ H, so the action of H on X is still continuous if H is given its discrete topology and X is
given T1.)

Now µ is G-invariant. PPP For any g ∈ G, let µg be the Radon probability measure defined by setting
µgE = µ(g•E) whenever this is defined. (As in (f) above, this formula does define a probability measure
which is Radon for either T or T1.) Let f : X → R be any bounded T1-continuous function. Then∫

fdµg =
∫
f(g−1

•x)µ(dx)

(applying 235G with φ(x) = g−1
•x). Now there is a sequence 〈hn〉n∈N in H converging to g. In this case,

because G is a topological group, g−1 = limn→∞ h−1
n . Because the action of G on X is T1-continuous,

g−1
•x = limn→∞ h−1

n
•x, for T1, for every x ∈ X. Because f is T1-continuous, f(g−1

•x) = limn→∞ f(h−1
n

•x)
in R for every x ∈ X. By Lebesgue’s Dominated Convergence Theorem,∫

fdµg =
∫
f(g−1

•x)µ(dx) = limn→∞ f(h−1
n

•x)µ(dx) = limn→∞

∫
fdµhn

=
∫
fdµ

because µ is H-invariant, so µhn
= µ for every n. As f is arbitrary, µg = µ, by 415I. As g is arbitrary, µ is

G-invariant. QQQ
Thus (iii)⇒(i) in all cases, and the proof is complete.

448Q I turn now to Mackey’s theorem. I pave the way with a couple of lemmas which are of independent
interest.

Lemma Let (X,Σ, µ) be a σ-finite measure space with countable Maharam type. Write L0(Σ) for the set
of Σ-measurable functions from X to R. Then there is a function T : L0(µ) → L0(Σ) such that

(α) u = (Tu)• for every u ∈ L0,
(β) (u, x) 7→ (Tu)(x) : L0 ×X → R is (B⊗̂Σ)-measurable,

where B = B(L0) is the Borel σ-algebra of L0 with its topology of convergence in measure.

proof (a) Consider first the case in which µ is a probability measure.
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(i) Let 〈En〉n∈N be a sequence in Σ such that the measure algebra A of µ is τ -generated by {E•

n : n ∈ N}.
For n ∈ N let Σn be the finite subalgebra of Σ generated by {Ei : i ≤ n}, and for n ∈ N, u ∈ L∞ = L∞(µ)
and x ∈ X set

(Snu)(x) =
1

µE

∫

E

u if E is the atom of Σn containing x and µE > 0,

= 0 if the atom of Σn containing x is negligible.

Then (u, x) 7→ (Snu)(x) is (B⊗̂Σ)-measurable, because u 7→
∫
E
u : L∞ → R is continuous (for the topology

of convergence in measure) for every E ∈ Σ. So if we set Su = lim supn→∞ Snu for u ∈ L∞, (u, x) 7→ (Su)(x)
will be (B⊗̂Σ)-measurable.

On the other hand, if f ∈ L
∞, Snf

• is a conditional expectation of f on Σn for each n. So Lévy’s
martingale theorem (275I) tells us that if f ∈ L

∞ then 〈Snf•〉n∈N converges a.e. to a conditional expectation
g of f on the σ-algebra Σ∞ generated by

⋃
n∈N

Σn. But we chose 〈En〉n∈N to generate A, so A = {E• : E ∈
Σ∞}. If now E ∈ Σ, there is an F ∈ Σ∞ such that E△F is negligible, so∫

E
g =

∫
F
g =

∫
F
f =

∫
E
f .

As E is arbitrary,

f =a.e. g =a.e. lim supn→∞ Snf
• = Sf•.

Turning this round, (Su)• = u for every u ∈ L∞.

(ii) Now define R : L0 → L∞ by setting

Rf• = (arctan f)•

for f ∈ L
0 (see 241I). Then R is continuous for the topology of convergence in measure (245Dd), so

(u, x) 7→ (SRu)(x) : L0 ×X → R is (B⊗̂Σ)-measurable. Note that if u ∈ L0, then −π
2 < (SnRu)(x) < π

2 for
every x and n, so −π

2 ≤ (SRu)(x) ≤ π
2 for every x; also, if u = f•, then −π

2 < arctan f(x) < π
2 whenever

f(x) is defined, so −π
2 < (SRu)(x) < π

2 for almost every x. If now we set

tan0 t = tan t for − π

2
< t <

π

2
,

= 0 for t = ±π

2
,

and Tu = tan0 SRu, we shall have Tu ∈ L0(Σ) and (Tu)• = u for every u ∈ L0, while (u, x) 7→ (Tu)(x) is
(B⊗̂Σ)-measurable.

(b) For the general case, if µX = 0 the result is trivial, as we can just set (Tu)(x) = 0 for all u and x. So
suppose otherwise. Let ν be a probability measure with the same domain and the same negligible sets as µ
(215B(vii)). Then the measure algebra of ν, regarded as a Boolean algebra, is the same as that of µ, so ν
also has countable Maharam type; similarly, L0 = L0(ν). Moreover, the topology of convergence in measure
on L0 is the same, whichever measure we take to define it (245Xm, 367T). So we can apply (a) to (X,Σ, ν).

448R Lemma Let (X,Σ, µ) be a σ-finite measure space with countable Maharam type.
(a) L0 = L0(µ), with its topology of convergence in measure, is a Polish space.
(b) Let A be the measure algebra of µ, and Af the set {a : a ∈ A, µ̄a < ∞}. Then the Borel σ-algebra

B = B(L0) is the σ-algebra of subsets of L0 generated by sets of the form {u : µ̄(a ∩ [[u ∈ F ]]) > α}, where
a ∈ Af , F ⊆ R is Borel, and α ∈ R.

proof (a) By 245Eb, L0 is metrizable, and complete when regarded as a linear topological space; so by
4A4Bj there is a metric on L0, defining its topology, under which L0 is complete. By 367Rb, L0 is separable,
so it is a Polish space.

(b) Write Υ for the σ-algebra of subsets of L0 generated by sets of the form {u : µ̄(a ∩ [[u ∈ F ]]) > α},
where a ∈ Af , F ⊆ R is Borel, and α ∈ R.
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(i) If a ∈ Af , α ∈ R and H ⊆ R is open, then U = {u : µ̄(a ∩ [[u ∈ H]]) > α} is open in L0. PPP If u ∈ U ,
there are a compact set K ⊆ H and a δ > 0 such that µ̄(a ∩ [[u ∈ K]]) > α+δ. Now there is an η ∈ ]0, 1] such
that |α− β| > η whenever α ∈ K and β ∈ R \H. In this case, V = {v : v ∈ L0, µ̄(a ∩ [[|u− v| > η]]) ≤ δ} is
a neighbourhood of u in L0 (367L). If v ∈ V , then

[[v ∈ H]] ⊇ [[u ∈ K]] ∩ [[|u− v| ≤ η]],

µ̄(a ∩ [[v ∈ H]]) ≥ µ̄(a ∩ [[u ∈ K]]) − µ̄(a ∩ [[|u− v| > η]])

≥ µ̄(a ∩ [[u ∈ K]]) − δ > α.

Thus V ⊆ U and U is a neighbourhood of u; as u is arbitrary, U is open. QQQ

(ii) Thus u 7→ µ̄(a ∩ [[u ∈ H]]) is B-measurable for every a ∈ Af and open H ⊆ R. Now the set

{F : F ⊆ R is Borel, u 7→ µ̄(a ∩ [[u ∈ F ]]) is B-measurable for every a ∈ Af}
is a Dynkin class containing all open sets, so is the Borel σ-algebra of R (136B), and u 7→ µ̄(a ∩ [[u ∈ F ]]) is
B-measurable for every a ∈ Af and Borel F ⊆ R. Thus Υ ⊆ B.

(iii) In the other direction, we know that A is separable, by 331O; let 〈ck〉k∈N run over a dense subset
of A. We also know that there is a sequence 〈an〉n∈N in Af with supremum 1. Set

Enkqq′ = {u : u ∈ L0, µ̄(an ∩ ck ∩ [[u > q]]) > q′} ∈ Υ

for n, k ∈ N and q, q′ ∈ Q. If u, v ∈ L0 are different, there are n, k, q and q′ such that Enkqq′ contains
one of u, v and not the other. PPP Choose q ∈ Q such that [[u > q]] 6= [[v > q]]. Suppose for the moment that
c = [[u > q]] \ [[v > q]] 6= 0. Let n ∈ N be such that µ̄(an ∩ c) > 0. Let k ∈ N be such that µ̄(an ∩ (c△ ck)) <
µ̄(an ∩ c). Then

µ̄(an ∩ ck ∩ [[v > q]]) ≤ µ̄(an ∩ ck \ c)

< µ̄(an ∩ c) − µ̄(an ∩ c \ ck) ≤ µ̄(an ∩ ck ∩ [[u > q]]),

so there is a q′ ∈ Q such that u ∈ Enkqq′ and v /∈ Enkqq′ . Similarly, if [[v > q]] 6⊆ [[u > q]] there are n, k ∈ N
and q′ ∈ Q such that v ∈ Enkqq′ and u /∈ Enkqq′ . QQQ

By 423J, the σ-algebra generated by {Enkqq′ : n, k ∈ N, q, q′ ∈ Q} is the whole of B, and Υ must be
equal to B, as claimed.

448S Mackey’s theorem (Mackey 62) Let G be a locally compact Polish group, (X,Σ) a standard
Borel space and µ a σ-finite measure with domain Σ. Let (A, µ̄) be the measure algebra of µ with its
measure-algebra topology. Let ◦ be a Borel measurable action of G on A such that a 7→ g◦a is a Boolean
automorphism for every g ∈ G. Then we have a (B(G)⊗̂Σ,Σ)-measurable action • of G on X such that

g◦E• = (g•E)•

for every g ∈ G and E ∈ Σ, writing g•E for {g•x : x ∈ E} as usual.

proof (a) To begin with (down to the end of (j) below) suppose that X = R, with Σ = B(R) its Borel
σ-algebra, and that µ is totally finite. The first thing to note is that for every g ∈ G the automorphism
a 7→ g◦a can be represented by a Borel automorphism fg : R → R such that g◦E• = f−1

g [E]• for every

E ∈ B(R) (425Ac). Of course fg belongs to the space L0(Σ) of Σ-measurable functions from R to itself, so
we can speak of its equivalence class f•

g ∈ L0(µ). If we give L0(µ) its topology of convergence in measure,
it is a Polish space (448Ra).

The function g 7→ f•

g : G → L0(µ) is Borel measurable. PPP If E ∈ B(R), a ∈ A and α ∈ R, then, setting
b = E•,

[[f•

g ∈ E]] = f−1
g [E]• = g◦b

for every g ∈ G, so

{g : µ̄(a ∩ [[f•

g ∈ E]]) > α} = {g : µ̄(a ∩ (g◦b)) > α}
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is a Borel set in G, because ◦ is Borel measurable and {c : µ̄(a ∩ c) > α} is open in A. Thus B(G) contains
the inverse images of the sets generating B(L0(µ)) described in 448Rb, and therefore the inverse image of
every set in B(L0(µ)), as required. QQQ

(b) By 448Q, there is a function T : L0(µ) → L0(Σ) such that (Tu)• = u for every u ∈ L0(µ) and
(u, x) 7→ (Tu)(x) is (B(L0(µ))⊗̂B(R))-measurable. Define φ : G× R → R by setting

φ(g, x) = (Tf•

g )(x)

for g ∈ G and x ∈ R. Then φ is a composition of the Borel measurable functions (g, x) 7→ (f•

g , x) and
(u, x) 7→ (Tu)(x), so is Borel measurable; and if g ∈ G then φ(g, x) = fg(x) for µ-almost every x, because
fg =a.e. Tf

•

g . Now

g◦E• = (f−1
g [E])• = {x : φ(g, x) ∈ E}•

for every g ∈ G and E ∈ B(R).

(c) Let λ be a Haar measure on G. Because G is a Polish space and λ is a Radon measure on G, λ is
σ-finite (411Ge) and L0(λ), with its topology of convergence in measure, is a Polish space (448Ra again).
For x ∈ R, set φx(g) = φ(g, x) for g ∈ G; then φx : G → R is Borel measurable. Set θ(x) = φ•

x in L0(λ).
Then θ : R → L0(λ) is Borel measurable. PPP Again I use the characterization of the Borel σ-algebra of L0(λ)
in 448Rb. Let (C, λ̄) be the measure algebra of λ. If c ∈ C, λ̄c < ∞, E ⊆ R is Borel, and α ∈ R, take a
Borel set F ⊆ G such that c = F •; then

{x : λ̄(c ∩ [[θ(x) ∈ E]]) > α} = {x : λ(F ∩ φ−1
x [E]) > α}

= {x : λ{g : g ∈ F, φx(g) ∈ E} > α}
= {x : λ{g : g ∈ F, φ(g, x) ∈ E} > α}
= {x : λW−1[{x}] > α}

where W = {(g, x) : g ∈ F , x ∈ R, φ(g, x) ∈ E} is a Borel subset of G × R. But this means that
W ∈ B(G)⊗̂B(R) (4A3Ga) and x 7→ λW−1[{x}] is Borel measurable (252P), so {x : λ̄(c ∩ [[θ(x) ∈ E]]) > α}
is a Borel subset of R. Thus the inverse image of every set in the generating family for the Borel σ-algebra
of L0(λ) is a Borel set, and we have a Borel measurable function. QQQ

Let ν be the totally finite Borel measure on L0(λ) defined by setting νF = µθ−1[F ] for every Borel set
F ⊆ L0(λ).

(d) If E ⊆ R is Borel, there is a set A ⊆ L0(λ) such that E△θ−1[A] is µ-negligible. PPP Let µ̂, ν̂ be
the completions of µ and ν, so that θ is inverse-measure-preserving for µ̂ and ν̂ (234Ba). Because E is a
Borel subset of R, θ[E] is an analytic subset of L0(λ) (423Gb), therefore Souslin-F (423Eb); accordingly ν̂
measures θ[E] (431B). Let T0 be the σ-algebra of subsets of L0(λ) generated by the Souslin-F subsets of
L0(λ). By 423Q, there is a T0-measurable function θ′ : θ[E] → E such that θθ′ is the identity on θ[E]. Now

T0 is included in the domain T̂ of ν̂, so θ′ is T̂-measurable, and there is a Borel set F0 ⊆ θ[E] such that
θ′↾F0 is Borel measurable and θ[E] \ F0 is ν̂-negligible (212Fa). Since θ′ is surely injective, E0 = θ′[F0] is a
Borel subset of E (423Ib) and θ↾E0 is a bijection from E0 to F0 with inverse θ′. Note that

µ(E \ θ−1[F0]) ≤ µ̂(θ−1[θ[E]] \ θ−1[F0]) = ν̂(θ[E] \ F0) = 0.

Define ψ : R → R by setting

ψ(x) = θ′θ(x) if x ∈ θ−1[F0],

= x otherwise.

Then ψ is a Borel measurable function and θψ = θ, that is, φ•

x = φ•

ψ(x) for every x ∈ R. Consequently

{(g, x) : g ∈ G, x ∈ R, φ(g, x) 6= φ(g, ψ(x))}
has λ-negligible horizontal sections. Since it is a Borel set, it must have many µ-negligible vertical sections;
let g0 ∈ G be such that {x : φ(g0, x) 6= φ(g0, ψ(x))} is µ-negligible. By (b), we also have φ(g0, x) = fg0(x)
for µ-almost every x. So the Borel set H = {x : fg0(x) = φ(g0, x) = φ(g0, ψ(x))} is µ-conegligible.
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Set A = θ[E ∩ θ−1[F0] ∩H]. Of course A ⊆ F0. If x ∈ θ−1[A] \ E, then there is a y ∈ E ∩ θ−1[F0] ∩H
such that θ(y) = θ(x); now ψ(y) = ψ(x) and x 6= y, so

φ(g0, ψ(x)) = φ(g0, ψ(y)) = fg0(y) 6= fg0(x)

and x /∈ H. Thus θ−1[A] \E ⊆ R \H is µ-negligible. On the other hand, E \ θ−1[A] ⊆ E \ (θ−1[F0] ∩H) is
also µ-negligible. So E△θ−1[A] is µ-negligible, as required. QQQ

(e) There is a µ-conegligible Borel set H ⊆ R such that θ↾H is injective. PPP Let 〈En〉n∈N be a sequence
of Borel sets in R such that whenever x, y ∈ R are distinct there is an n such that x ∈ En and y /∈ En. For
each n ∈ N let An ⊆ L0(λ) be such that En△θ−1[An] is µ-negligible; let H be a µ-conegligible Borel set
disjoint from

⋃
n∈N

(En△θ−1[An]). If x, y ∈ H are distinct, there is an n ∈ N such that x ∈ En and y /∈ En;

now x ∈ θ−1[An] and y /∈ θ−1[An], so θ(x) 6= θ(y). QQQ

(f) Of course θ[H] is now a Borel subset of L0(λ), and must be ν̂-conegligible. Let B be the measure
algebra of ν, and π : B → A the measure-preserving homomorphism defined by setting πF • = θ−1[F ]• for
every Borel set F . If E ⊆ R is Borel, then E• = π(θ[E ∩H])• belongs to π[B], so π is surjective and is an
isomorphism.

(g) Recall that we have a continuous action •l of G on L0(λ) defined as in 443G. If g ∈ G, then

g•lθ(x) = θ(φ(g−1, x)) = θ(fg−1(x))

for µ-almost every x ∈ R. PPP Consider the set {(h, x) : φ(g−1h, x) = φ(h, φ(g−1, x))} ⊆ G × R. Because
h 7→ g−1h is continuous, it is Borel measurable, so (h, x) 7→ φ(g−1h, x) is Borel measurable; the same is true
of (h, x) 7→ φ(h, φ(g−1, x)), so {(h, x) : φ(g−1h, x) = φ(h, φ(g−1, x))} is a Borel set. For given h ∈ G and
E ∈ B(R), set F = {x : φ(h, x) ∈ E}; then

{x : φ(g−1h, x) ∈ E}• = (g−1h)◦E• = g−1◦(h◦E•) = g−1◦{x : φ(h, x) ∈ E}•

= g−1◦F • = {x : φ(g−1, x) ∈ F}• = {x : φ(h, φ(g−1, x)) ∈ E}•

so {x : φ(g−1h, x) ∈ E}△{x : φ(h, φ(g−1, x)) ∈ E} is µ-negligible. As E is arbitrary, φ(g−1h, x) =
φ(h, φ(g−1, x)) for µ-almost every x.

This is true for every h ∈ G. So there is a µ-conegligible Borel set H ′ ⊆ R such that if x ∈ H ′ then
φ(g−1h, x) = φ(h, φ(g−1, x)) for λ-almost every h. But this means that if x ∈ H ′ then

(g•lφx)(h) = φx(g−1h) = φ(g−1h, x) = φ(h, φ(g−1, x)) = φφ(g−1,x)(h)

for λ-almost every h, and

g•lθ(x) = g•lφ
•

x = (g•lφx)• = φ•

φ(g−1,x) = θ(φ(g−1, x)).

Thus g•lθ(x) = θ(φ(g−1, x)) for almost every x. And of course we already know from (b) that φ(g−1, x) =
fg−1(x) for almost every x. QQQ

(h) We have a function ◦l : G×B → B defined by setting

g◦lF
• = (g•lF )•

for every Borel set F ⊆ L0(λ) and g ∈ G, writing g•lF = {g•lu : u ∈ F} as in 4A5Bc. PPP Take any g ∈ G.
By (g) just above, applied to g−1, g−1

•lθ(x) = θ(fg(x)) for µ-almost every x. Because the shift operator
u 7→ g•lu : L0(λ) → L0(λ) is a homeomorphism, it is a Borel automorphism, and g•lF is a Borel set for
every Borel set F ⊆ L0(λ). If νF = 0, then

ν(g•lF ) = µ{x : θ(x) ∈ g•lF} = µ{x : g−1
•lθ(x) ∈ F}

= µ{x : θ(fg(x)) ∈ F} = µ(f−1
g [θ−1[F ]]) = 0

because θ−1[F ] is µ-negligible and fg represents an automorphism of the measure algebra A of µ. It follows
that (g•lF0)△(g•lF1) = g•l(F0△F1) is ν-negligible and (g•lF0)• = (g•lF1)• whenever F •

0 = F •

1 , which is
what we need to know. QQQ

(i) For any b ∈ B and g ∈ G, g◦πb = π(g◦lb). PPP Let F ⊆ L0(λ) be a Borel set such that b = F •, and set
E = θ−1[F ], a = E• = πb. Then g◦lb = (g•lF )•, so
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π(g◦lb) = {x : θ(x) ∈ g•lF}• = {x : g−1
•lθ(x) ∈ F}• = {x : θ(fg(x)) ∈ F}•

= {x : fg(x) ∈ E}• = (f−1
g [E])• = g◦a = g◦πb,

as required. QQQ

(j) Now observe that because λ is a Haar measure, λG > 0, so L0(λ) 6= {0}, L0(λ) is uncountable and

#(L0(λ)) = c = #(R) (423L). By 425Ad, there is a Borel isomorphism θ̃ : R → L0(λ) which represents π.
Set

g•x = θ̃−1(g•lθ̃(x))

for g ∈ G and x ∈ R. Then • : G × R → R is a composition of the Borel measurable functions (g, x) 7→
(g, θ̃(x)), (g, u) 7→ g•lu and u 7→ θ̃−1(u), so is Borel measurable. Because Σ = B(R) and B(G × R) =
B(G)⊗̂B(R) (4A3Ga again), • is (B(G)⊗̂Σ,Σ)-measurable. If g, h ∈ G and x ∈ R,

gh•x = θ̃−1(gh•lθ̃(x)) = θ̃−1(g•l(h•lθ̃(x))) = θ̃−1(g•lθ̃(h•x)) = g•(h•x),

and if e is the identity of G and x ∈ R,

e•x = θ̃−1(e•lθ̃(x)) = θ̃−1θ̃(x) = x.

Thus • is an action of G on R. If g ∈ G and E ∈ B(R), set F = θ̃[E]. Then F • = π−1[E•], so

(θ̃−1[g•lF ])• = π((g•lF )•) = π(g◦lF
•) = g◦πF • = g◦E•.

As

g•E = {g•x : x ∈ E} = {θ̃−1(g•lθ̃(x)) : x ∈ E} = {θ̃−1(g•lu) : u ∈ F} = θ̃−1[g•lF ],

we see that

g◦E• = (g•E)•

as required in the statement of this theorem.

(k) Thus the result is true if (X,Σ) = (R,B(R)) and µ is totally finite. As for non-totally-finite µ, there
will always be a totally finite measure µ1 with the same domain and the same null ideal (215B again), in
which case the measure algebra of µ1 will have the same Boolean algebra A, though with a different measure
µ̄1. However the measure-algebra topology of A is unchanged (324H), so ◦ is still Borel measurable, and we
can use the Borel measurable action of G on R found by the method of (a)-(j) above. Since we are assuming
that (X,Σ) is a standard Borel space, this covers all the cases in which X is uncountable, by 424C-424D.

(l) We are left with the case of countable X. This is of course essentially trivial. Σ = PX and µ is
a point-supported measure. Let Y be the set of atoms of µ, that is, the set {x : µ{x} > 0}. Then we
can identify the measure algebra A = PX/P(X \ Y ) with PY , in which case the equivalence class E• of
any E ⊆ X becomes identified with E ∩ Y . As in part (a) of the proof above, we can represent each
automorphism a 7→ g◦a : A → A by a permutation fg : X → X, and we must have f−1

g [Y ] = Y . Try

g•x = f−1
g (x) if x ∈ Y,

= x if x ∈ X \ Y

for every g ∈ G. If g, h ∈ G and x ∈ Y ,

{gh•x} = {f−1
gh (x)} = gh◦{x} = g◦(h◦{x}) = g◦f−1

h [{x}]

= f−1
g [f−1

h [{x}]] = f−1
g [{f−1

h (x)}] = f−1
g {h•x} = {g•(h•x)}

and gh•x = g•(h•x); if x ∈ X \ Y , then gh•x = x = g•(h•x). Of course e•x = x for every x ∈ X. So • is
an action of G on X. To see that it is (B(G)⊗̂Σ,Σ)-measurable, note that the measure-algebra topology of
A ∼= PY is the discrete topology. If y ∈ Y , then {g : g•y = z} = {g : g◦{y} = {z}} is a Borel set for every
z ∈ X; if x ∈ X \ Y , then {g : g•x = z} is either G or ∅ for every z ∈ X. So

{(g, x) : g•x ∈W} =
⋃
z∈W,x∈X{g : g•x = z} × {x}
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belongs to B(G)⊗̂Σ for every subset W of X, and • is (B(G)⊗̂Σ,Σ)-measurable. Finally, if g ∈ G,

(g•E)• = (g•E) ∩ Y = Y ∩ f−1
g [E] = (f−1

g [E])• = g◦E•

for every E ⊆ X. So again we have a suitable action of G on X.
This completes the proof.

448T Corollary Let G be a σ-compact locally compact Hausdorff group, X a Polish space, µ a σ-finite
Borel measure on X, and (A, µ̄) the measure algebra of µ, with its measure-algebra topology. Let ◦ be a
continuous action of G on A such that a 7→ g◦a is a Boolean automorphism for every g ∈ G. Then we have
a Borel measurable action • of G on X such that

g◦E• = (g•E)•

for every g ∈ G and E ∈ B(X).

proof We know that A is separable (331O again) and metrizable (323Gb); let 〈an〉n∈N run over a topo-
logically dense subset of A and 〈Un〉n∈N over a base for its topology. For each (m,n) such that am ∈ Un,
Vmn = {g : g◦am ∈ Un} is a neighbourhood of the identity e of G. By 4A5S, there is a compact normal
subgroup H of G such that H ⊆ ⋂{Vmn : m, n ∈ N, am ∈ Un} and G/H is Polish. Now we have a
continuous action ◦̄ of G/H on A such that g•◦̄a = g◦a for every g ∈ G and a ∈ A. PPP If g, h ∈ G are such
that g• = h•, m ∈ N, and am ∈ Un, then g−1h ∈ Vmn so g−1h◦am ∈ Un. As n is arbitrary, g−1h◦am = am;
as a 7→ g−1h◦a is continuous, and m is arbitrary, g−1h◦a = a and h◦a = g◦a for every a ∈ A. This shows
that the given formula defines a function ◦̄ from (G/H) × A to A. It is easy to check that ◦̄ is an action of
G/H on A.

Now suppose that v ∈ G/H, a ∈ A and U is a neighbourhood of v◦̄a in A. Let g ∈ G be such that g• = v;
then g◦a = v◦̄a, so there are open sets V ⊆ G and U ′ ⊆ A such that g ∈ V , a ∈ U ′ and h◦b ∈ U whenever
h ∈ V and b ∈ U ′. By 4A5Ja, W = {h• : h ∈ V } is open in G/H; now v ∈W and w◦̄b ∈ U whenever w ∈W
and b ∈ U ′. As v, a and U are arbitrary, ◦̄ is continuous. QQQ

There is therefore a Borel measurable action •̄ : (G/H) × X → X such that v◦̄E• = (v•̄E)• whenever
v ∈ G/H and E ∈ B(X) (448S). Set g•x = g•

•̄x for g ∈ G and x ∈ X. It is elementary to check that • is
an action of G on X. Also it is Borel measurable, because (g, x) 7→ (g•, x) is continuous, therefore Borel
measurable, and (g•, x) 7→ g•

•̄x is Borel measurable. If g ∈ G and E ∈ B(X), then

g◦E• = g•◦̄E• = (g•
•̄E)• = (g•E)•,

so • is an action of the kind we seek.

448X Basic exercises (a) Show that the results in 448Fb and 448Fd remain true if G is not assumed
to be countable.

(b) In part (c) of the proof of 448O, show that I is just the set of those d ∈ A such that d ⊆ upr(1 \ a,C)
for some a such that 1 4σG a.

(c) Show that, in part (c) of the proof of 448P, we can if we wish take Z = X and Σ = B.

>>>(d) Let (X,Σ) be a standard Borel space and Σ0 a countable subalgebra of Σ. Show that there is
a sequence 〈〈Eni〉i∈N〉n∈N of partitions of unity in Σ such that whenever ν : Σ → R is a finitely additive
functional and νX =

∑∞
i=0 νEni for every n ∈ N, then ν↾Σ0 is countably additive.

>>>(e) Set X = [0, 1] \ Q, G = Q and define • : G ×X → X by requiring that g•x − g − x ∈ Z for g ∈ G
and x ∈ X. Show that this is a Borel measurable action and that Lebesgue measure on X is G-invariant.
Find a metric on X, inducing its topology, for which all the maps x 7→ g•x are isometries.

>>>(f) Show that a Polish group carries Haar measures iff it is locally compact. (Hint : 443E.)

(g) Give ZN its usual (product) topology and abelian group structure. Show that it is a Polish group,
and has no Haar measure.
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>>>(h) Let (X, ρ) be a metric space, G a group and • an action of G on X such that x 7→ g•x is an
isometry for every g ∈ G. (i) Show that if µ is a G-invariant quasi-Radon probability measure on X then
{g•x : g ∈ G} is totally bounded for every x in the support of µ. (ii) Show that if the action is transitive
and there is a non-zero G-invariant quasi-Radon measure on X, then X is covered by totally bounded open
sets. (iii) Suppose that X has measure-free weight (see §438; for instance, X could be separable). Show
that if the action is transitive and there is a G-invariant topological probability measure on X then X is
totally bounded.

(i) Let (A, µ̄) be a measure algebra, with the operation △ and the measure-algebra topology. (i) Show
that A is a topological group. (ii) Show that if µ̄ is σ-finite and A has countable Maharam type, it is a
Polish group. (iii) Show that if (A, µ̄) is semi-finite and not purely atomic, then A has no Haar measure.

(j) Let (A, µ̄) be the measure algebra of Lebesgue measure on [0, 1], with its measure metric, and G =
Autµ̄ A the group of measure-preserving automorphisms on A. (i) Show that if we give G the topology
induced by the topology of pointwise convergence on the isometry group of A, then it is a Polish group.
(Hint : 441Xq.) (ii) Show that if ν is a G-invariant topological probability measure on A, then ν{0, 1} = 1.

448Y Further exercises (a) Let A be a Dedekind σ-complete Boolean algebra, and G a subgroup of
AutA; let G∗

σ be the countably full local semigroup generated by G, and write H for the union of all the
full local semigroups generated by countable subgroups of G (following the definition in 395A as written,
without troubling about whether A is Dedekind complete). (i) Show that G∗

σ ⊆ H. (ii) Find an example in
which H 6= G∗

σ. (iii) Show that if A is Dedekind complete then G∗
σ = H. (iv) Show that if A is ccc then

G∗
σ = H is the full local semigroup generated by G.

(b) In 448N, show that θ is uniquely defined.

(c) Let (X,Σ) be a standard Borel space, Y any set, T a σ-algebra of subsets of Y and J a σ-ideal of
subsets of T. Let θ : Σ → L∞(T/J ) be a non-negative, sequentially order-continuous additive function.
Show that there is a non-negative, sequentially order-continuous additive function φ : Σ → L∞(T) such that
(identifying L∞(T/J ) with a quotient space of L∞(T)) θE = (φE)• for every E ∈ Σ.

448 Notes and comments The keys to the first part of the section are in 448F, 448G and 448L. Even
though we no longer have a Dedekind complete algebra, the fact that we are working with countable groups
means that the suprema we actually need are defined. The final step, however, uses yet another idea. In
a standard Borel space, given a finitely additive functional on the σ-algebra, we can sometimes confirm an
adequate approximation to countable additivity by looking at only countably many sequences (448Xd). This
enables us to pass from a G-invariant map θ : A → L∞(D) to a G-invariant Radon measure (parts (d)-(f)
of the proof of 448P), without needing to know anything about the algebra D except that it is Dedekind
σ-complete. In particular (and in contrast to the corresponding step in 395P) we do not need to suppose
that D is a measurable algebra. I do not know whether there is a useful ergodicity condition which could
be added to the hypotheses of 448O to ensure that D there becomes {0, 1}.

448P was proved in the case G = Z by Nadkarni 90; the extension to general Borel actions by Polish
groups is due to Becker & Kechris 96. (See Nadkarni 90 for notes on the history of the problem, and
Kechris 95 for the basic general theory of Polish groups and Borel actions.) It is a remarkable result, but
its application is limited by the difficulty of determining whether either condition (ii) or condition (iii) is
satisfied. Much commoner situations are those like 448Xe-448Xj, where either there is no invariant measure
or we can find one easily.

The second main theorem makes no reference to the first. But it has something in common. It is an
example of the power of descriptive set theory to dramatically extend a result on group actions, which
is comparatively straightforward when the group in question is Z, to arbitrary Polish groups. Nadkarni’s
theorem is not obvious, but it is a lot easier than the general result here. Mackey’s theorem for countable
groups also requires a little care, but is essentially covered (in usefully greater generality) by 344C. The
descriptive set theory the theorem here relies on does not go as deep as the Becker-Kechris theorem, but in
exchange it calls on a kind of lifting theorem quite different from those in Chapter 34. Looked at from the
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standpoint of Chapter 34, 448Q is a rank impossibility (see 341Xg); but the point is that we have abandoned
the ordinary algebraic requirements on a lifting and replaced them by a strong measurability property.

Of course a lifting was used in 344C as well, but in a quite different way. There the hypotheses were
adjusted to give a slightly more general context in which we could be sure that individual homomorphisms
from the measure algebra to itself were representable by functions from the measure space to itself; and I
relied indirectly on the lifting theorem 341K to set up the functions. For the context of the present section,
this step was done in 425A with no mention of liftings, but using the classification of standard Borel spaces
in 424D. In view of 424Yf, it is plain that we do not get much extra generality by using the argument
through 341K. The real difference in 344B-344C is that we can deal with semigroups of homomorphisms as
well as groups of automorphisms.

The proof of Mackey’s theorem is based on there being a Haar measure on G, so that we can use Fubini’s
theorem (three times, in parts (c), (d) and (g) of the proof). There are non-locally-compact groups G
for which a corresponding result is true (Kwiatowska & Solecki 11); it remains quite unclear when to
expect this.

Version of 13.6.13

449 Amenable groups

I end this chapter with a brief introduction to ‘amenable’ topological groups. I start with the definition
(449A) and straightforward results assuring us that there are many amenable groups (449C). At a slightly
deeper level we have a condition for a group to be amenable in terms of a universal object constructible
from the group, not invoking ‘all compact Hausdorff spaces’ (449E). I give some notes on amenable locally
compact groups, concentrating on a long list of properties equivalent to amenability (449J), and a version of
Tarski’s theorem characterizing amenable discrete groups (449M). I end with Banach’s theorem on extending
Lebesgue measure in one and two dimensions.

449A Definition A topological group G is amenable if whenever X is a non-empty compact Hausdorff
space and • is a continuous action of G on X, then there is a G-invariant Radon probability measure on X.

Warning: other definitions have been used, commonly based on conditions equivalent to amenability for
locally compact Hausdorff groups, such as those listed in 449J(ii)-449J(xiv). In addition, many authors use
the phrase ‘amenable group’ to mean a group which is amenable in its discrete topology. The danger of this
to the non-specialist is that many theorems concerning amenable discrete groups do not generalize in the
ways one might expect.

449B Lemma Let G be a topological group, X a locally compact Hausdorff space, and • a continuous
action of G on X.

(a) Writing C0 for the Banach space of continuous real-valued functions on X vanishing at ∞ (436I), the
map a 7→ a−1

•f : C0 → C0 (definition: 4A5Cc) is uniformly continuous for the right uniformity on G and
the norm uniformity of C0, for any f ∈ C0.

(b) If µ is a G-invariant Radon measure on X and 1 ≤ p < ∞, then a 7→ a−1
•u : G → Lp (definition:

441Kc) is uniformly continuous for the right uniformity on G and the norm uniformity of Lp = Lp(µ), for
any u ∈ Lp.

proof (a)(i) Note first that if a ∈ G and f ∈ C0, then x 7→ a•x : X → X is a homeomorphism (4A5Bd), so
x 7→ f(a•x) belongs to C0; but this is just the function a−1

•f .

(ii) For any ǫ > 0 and f ∈ C0 there is a neighbourhood V of the identity e of G such that ‖f −
a−1

•lf‖∞ ≤ ǫ for every a ∈ V . PPP??? Suppose, if possible, otherwise. For each symmetric neighbourhood V
of e set

QV = {(a, x) : a ∈ V, x ∈ X, |f(x)| ≥ ǫ

2
, |f(x) − f(a•x)| ≥ ǫ}.

c© 2003 D. H. Fremlin
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We are supposing that there are a ∈ V and x ∈ X such that |f(x) − f(a•x)| ≥ ǫ. If |f(x)| ≥ 1
2ǫ then

(a, x) ∈ QV . Otherwise, |f(a•x)| ≥ 1
2ǫ, a

−1 ∈ V and |f(a•x) − f(a−1a•x)| ≥ ǫ, so (a−1, a•x) ∈ QV . Thus
QV is never empty. Since QV ⊆ QV ′ whenever V ⊆ V ′, there is an ultrafilter F on G×X such that QV ∈ F
for every neighbourhood V of e. Setting π1(a, x) = a and π2(a, x) = x for (a, x) ∈ G ×X, we see that the
image filter π1[[F ]] contains every neighbourhood of e, so converges to e, while π2[[F ]] contains the compact
set {x : |f(x)| ≥ 1

2ǫ}, so must have a limit x0 in X. So F → (e, x0) in G × X. Next, because the action

is continuous, •[[F ]] → e•x0 = x0, and there must be an F ∈ F such that |f(x0) − f(a•x)| ≤ 1
3ǫ for every

(a, x) ∈ F . Also, of course, there is an F ′ ∈ F such that |f(x0)− f(x)| ≤ 1
3ǫ whenever (a, x) ∈ F ′. But now

there is an (a, x) ∈ QG ∩ F ∩ F ′, and we have

|f(x) − f(a•x)| ≥ ǫ, |f(x0) − f(a•x)| ≤ 1
3ǫ, |f(x0) − f(x)| ≤ 1

3ǫ

simultaneously, which is impossible. XXXQQQ
Now we find that if a, b ∈ G, ab−1 ∈ V and x ∈ X, then

|(a−1
•f)(x) − (b−1

•f)(x)| = |f(a•x) − f(b•x)| = |f(ab−1
•(b•x)) − f(b•x)| ≤ ǫ.

As x is arbitrary, ‖a−1
•f − b−1

•f‖∞ ≤ ǫ; as ǫ is arbitrary, a 7→ a−1
•f is uniformly continuous for the right

uniformity.

(b)(i) Suppose that f : X → R is continuous and has compact support K = {x : f(x) 6= 0}. Let H ⊇ K
be an open set of finite measure. Then V0 = {a : a ∈ G, a•x ∈ H for every x ∈ K} is a neighbourhood of e.
PPP If we take a continuous function f0 with compact support such that χK ≤ f0 ≤ χH (4A2G(e-i)), then
V0 ⊇ {a : ‖f0 − a−1

•f0‖∞ < 1}, which is a neighbourhood of e by (a). QQQ Let ǫ > 0. By (a) again, there is
a symmetric neighbourhood V1 of e such that (‖f − a−1

•f‖∞)pµH ≤ ǫp for every a ∈ V1; we may suppose
that V1 ⊆ V0. If a ∈ V1, f(x) = f(a•x) = 0 for every x ∈ X \H, so that

‖f − a−1
•f‖pp =

∫
H
|f − a−1

•f |pdµ ≤ (‖f − a−1
•f‖∞)pµH ≤ ǫp.

Now suppose that a, b ∈ G and that ab−1 ∈ V1. Then

‖a−1
•f − b−1

•f‖pp =

∫
|f(a•x) − f(b•x)|pµ(dx)

=

∫
|f(a•(b−1

•x)) − f(b•(b−1
•x))|pµ(dx)

(because µ is G-invariant, see 441L)

=

∫
|ba−1

•f − f)|pdµ ≤ ǫp,

and ‖a−1
•f − b−1

•f‖p ≤ ǫ. As ǫ is arbitrary, a 7→ (a−1
•f)• is uniformly continuous for the right uniformity.

(ii) In general, given u ∈ Lp(µ) and ǫ > 0, there is an f ∈ Ck(X) such that ‖u−f•‖p ≤ ǫ (416I). Let V
be a neighbourhood of e such that ‖a−1

•f − a−1
•f‖∞ ≤ ǫ whenever ab−1 ∈ V ; then ‖a−1

•u− (a−1
•f)•‖p =

‖u− f•‖p (because µ is G-invariant), so

‖a−1
•u− b−1

•u‖p ≤ ‖a−1
•u− a−1

•f•‖p + ‖a−1
•f − b−1

•f‖p + ‖b−1
•f• − b−1

•u‖p ≤ 3ǫ

whenever ab−1 ∈ V (using 441Kc). As ǫ is arbitrary, a 7→ a−1
•u is uniformly continuous for the right

uniformity. This completes the proof.

449C Theorem (a) Let G and H be topological groups such that there is a continuous surjective
homomorphism from G onto H. If G is amenable, so is H.

(b) Let G be a topological group and suppose that there is a dense subset A of G such that every finite
subset of A is included in an amenable subgroup of G. Then G is amenable.

(c) Let G be a topological group and H a normal subgroup of G. If H and G/H are both amenable, so
is G.

(d) Let G be a topological group with two amenable subgroups H0 and H1 such that H0 is normal and
H0H1 = G. Then G is amenable.
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(e) The product of any family of amenable topological groups is amenable.
(f) Any abelian topological group is amenable.
(g) Any compact Hausdorff topological group is amenable.

proof (a) Let φ : G → H be a continuous surjective homomorphism. Let X be a non-empty compact
Hausdorff space and • : H ×X → X a continuous action. For a ∈ G and x ∈ X, set a•1x = φ(a)•x. Then
•1 is a continuous action of G on X, so there is a G-invariant Radon probability measure µ on X. Because
φ[G] = H, µ is also H-invariant; as X and • are arbitrary, H is amenable.

(b)(i) Let X be a non-empty compact Hausdorff space and • a continuous action of G on X. Let
P = PR(X) be the set of Radon probability measures on X with the narrow topology (437Jd), so that
P is a compact Hausdorff space (437R(f-ii)); recall that in this context the vague and narrow topologies
coincide (437Kc). For a ∈ G and x ∈ X, set Ta(x) = a•x, so that Ta : X → X is a homeomorphism. For
a ∈ G and µ ∈ P write a•µ for the image measure µT−1

a , so that a•µ ∈ P (418I); it is easy to check that
(a, µ) 7→ a•µ : G×P → P is an action. The point is that it is continuous. PPP Let f ∈ C(X), a0 ∈ G, µ0 ∈ P
and ǫ > 0. By 449Ba, there is a neighbourhood V of a0 in G such that ‖a−1

•f − a−1
0

•f‖∞ ≤ 1
2ǫ for every

a ∈ V . Next, there is a neighbourhood W of µ0 in P such that |
∫
a−1
0

•fdµ −
∫
a−1
0

•fdµ0| ≤ 1
2ǫ for every

µ ∈W . But now, if a ∈ V and µ ∈W ,

|
∫
fd(a•µ) −

∫
fd(a0•µ0)| = |

∫
fTadµ−

∫
fTa0dµ0|

(235J)

= |
∫
a−1

•fdµ−
∫
a−1
0

•fdµ0|

≤ |
∫
a−1

•fdµ−
∫
a−1
0

•fdµ| + |
∫
a−1
0

•fdµ−
∫
a−1
0

•fdµ0|

≤ ‖a−1
•f − a−1

0
•f‖∞ +

1

2
ǫ ≤ ǫ.

As ǫ, a0 and µ0 are arbitrary, (a, µ) 7→
∫
fd(a•µ) is continuous; as f is arbitrary, • is continuous. QQQ

(ii) Because the topology of P is Hausdorff, it follows that Qa = {µ : µ ∈ P, a•µ = µ} is closed in P
for any a ∈ G, and that Gµ = {a : a ∈ G, a•µ = µ} is closed in G for any µ ∈ P . Now for any finite subset
I of A there is an amenable subgroup HI of G including I. The restriction of the action to HI × X is a
continuous action of HI on X, so has an HI -invariant Radon probability measure, and

⋂
a∈I Qa ⊇ ⋂

a∈HI
Qa

is non-empty. Because P is compact, there is a µ ∈ ⋂
a∈AQa. Since Gµ includes the dense set A, it is the

whole of G, and µ is G-invariant. As X and • are arbitrary, G is amenable.

(c) Let X be a compact Hausdorff space and • a continuous action of G on X. Let P be the space of
Radon probability measures on X with its narrow topology. Define a•µ, for a ∈ G and µ ∈ P , as in (b-i)
above, so that this is a continuous action of G on P . Set Q = {µ : µ ∈ P, a•µ = µ for every a ∈ H}; then Q
is a closed subset of P and, because H is amenable, is non-empty, since it is the set of H-invariant Radon
probability measures on X. Next, b•µ ∈ Q for every µ ∈ Q and b ∈ G. PPP If a ∈ H, then

a•(b•µ) = (ab)•µ = (bb−1ab)•µ = b•((b−1ab)•µ) = b•µ,

because H is normal, so b−1ab ∈ H. As a is arbitrary, b•µ ∈ Q. QQQ Accordingly we have a continuous action
of G on the compact Hausdorff space Q.

If a ∈ H and b ∈ G, then b•µ = (ba)•µ for every µ ∈ Q. We therefore have a map ◦ : G/H × Q → Q
defined by setting b•◦µ = b•µ whenever b ∈ G and µ ∈ Q. It is easy to check that this is an action.
Moreover, it is continuous, because if W ⊆ Q is relatively open then {(b, µ) : b•µ ∈W} is open in G×Q, so
its image {(b•, µ) : b•◦µ ∈ W} is open in (G/H) × Q (using 4A2B(f-iv)). Because G/H is amenable, there
is a (G/H)-invariant Radon probability measure λ on Q.

Now consider the formula p(f) =
∫
Q

(
∫
X
f(x)µ(dx))λ(dµ). If f ∈ C(X), then µ 7→

∫
X
f(x)µ(dx) is

continuous for the vague topology on Q, so p(f) is well-defined. Clearly p is a linear functional, p(f) ≥ 0 if
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f ≥ 0, and p(χX) = 1; so there is a Radon probability measure ν on X such that p(f) =
∫
fdν for every

f ∈ C(X) (436J/436K). If b ∈ G, then, in the language of (b) above,

∫
fd(b•ν) =

∫
fTbdν = p(fTb) =

∫

Q

(∫

X

fTbdµ
)
λ(dµ)

=

∫

Q

∫

X

fd(b•µ)λ(dµ) =

∫

Q

∫

X

fd(b•◦µ)λ(dµ) =

∫

Q

∫

X

fdµλ(dµ)

(because λ is G/H-invariant)

=

∫
fdν

for every f ∈ C(X), so that b•ν = ν. Thus ν is G-invariant. As X and • are arbitrary, G is amenable.

(d) The canonical map from H1 to G/H0 is a continuous surjective homomorphism. By (a), G/H0 is
amenable; by (c), G is amenable.

(e) By (c) or (d), the product of two amenable topological groups is amenable, since each can be regarded
as a normal subgroup of the product. It follows that the product of finitely many amenable topological groups
is amenable. Now let 〈Gi〉i∈I be any family of amenable topological groups with product G. For finite J ⊆ I
let HJ be the set of those a ∈ G such that a(i) is the identity in Gi for every i ∈ I \J . Then HJ is isomorphic
(as topological group) to

∏
i∈J Gi, so is amenable. Since {HJ : J ∈ [I]<ω} is an upwards-directed family of

subgroups of G with dense union, (b) tells us that G is amenable.

(f)(i) The first step is to observe that the group Z, with its discrete topology, is amenable. PPP Let X be a
compact Hausdorff space and • a continuous action of Z on X. Set φ(x) = 1•x for x ∈ X. Then φ : X → X
is continuous, so by 437T there is a Radon probability measure µ on X such that µ is equal to the image
measure µφ−1. Because φ is bijective, we see that, for E ⊆ X, E ∈ domµ iff φ[E] ∈ dom(µφ−1) = domµ,
and in this case µφ[E] = µE; that is, φ−1, like φ, is inverse-measure-preserving. Now we can induce on n to
see that µ(φn)−1 and µ(φ−n)−1 are equal to µ for every n. Since n•x = φn(x) for every x ∈ X and n ∈ Z,
µ is Z-invariant. As X and • are arbitrary, Z is amenable. QQQ

(ii) Now let G be any abelian topological group. For each finite set I ⊆ G let φI : ZI → G be the
continuous homomorphism defined by setting φI(z) =

∏
a∈I a

z(a) for z ∈ ZI . By (i) just above and (e),

we know that ZI (with its discrete topology) is amenable, so (a) tells us that the subgroup GI = φI [Z
I ] is

amenable. But now {GI : I ∈ [G]<ω} is an upwards-directed family of amenable subgroups of G with union
G, so from (b) we see that G is amenable.

(g) This is immediate from 443Ub. (See also 449Xe.)

449D Theorem Let G be a topological group.
(a) Write U for the set of bounded real-valued functions on G which are uniformly continuous for the

right uniformity of G. Then U is an M -space, and we have an action •l of G on U defined by the formula
(a•lf)(y) = f(a−1y) for a, y ∈ G and f ∈ U .

(b) Let Z ⊆ RU be the set of Riesz homomorphisms z : U → R such that z(χG) = 1. Then Z is a compact
Hausdorff space, and we have a continuous action of G on Z defined by the formula (a•z)(f) = z(a−1

•lf)
for a ∈ G, z ∈ Z and f ∈ U .

(c) Setting â(f) = f(a) for a ∈ G and f ∈ U , the map a 7→ â : G → Z is a continuous function from G

onto a dense subset of Z. If a, b ∈ G then a•b̂ = âb.
(d) Now suppose that X is a compact Hausdorff space, (a, x) 7→ a•x is a continuous action of G on X, and

x0 ∈ X. Then there is a unique continuous function φ : Z → X such that φ(ê) = x0 and φ(a•z) = a•φ(z)
for every a ∈ G and z ∈ Z.

(e) If G is Hausdorff then the action of G on Z is faithful and the map a 7→ â is a homeomorphism
between G and its image in Z.

proof (a) Because U is a norm-closed Riesz subspace of Cb(G) containing the constant functions (4A2Jh),
it is an M -space. To see that the given formula defines an action, we need to check that a•lf belongs to U
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whenever a ∈ G and f ∈ U . Of course a•lf is continuous and ‖a•lf‖∞ = ‖f‖∞ is finite. If ǫ > 0 there is a
neighbourhood V of the identity e in G such that |f(b) − f(c)| ≤ ǫ whenever b, c ∈ G and bc−1 ∈ V ; now
a−1V a is a neighbourhood of e, and if bc−1 ∈ aV a−1 then (a−1b)(a−1c)−1 ∈ V , so |(a•lf)(b) − (a•lf)(c)| =
|f(a−1b)− f(a−1c)| ≤ ǫ. As ǫ is arbitrary, a•lf is uniformly continuous with respect to the right uniformity.
Now •l is an action, just as in 4A5Cc.

(b)(i) Because U is an M -space with standard order unit χG, Z is a compact Hausdorff space and U
can be identified, as normed Riesz space, with C(Z) (354L). For any a ∈ G, the map f 7→ a•lf : U → U is a
Riesz homomorphism leaving the constant functions fixed. So we can define a•z, for z ∈ Z, by saying that
(a•z)(f) = z(a−1

•lf) for any f ∈ U , and a•z will belong to Z for any a ∈ G and z ∈ Z. As usual, it is easy
to check that this formula defines an action of G on Z.

(ii) (a, z) 7→ a•z is continuous. PPP Take a0 ∈ G, z0 ∈ Z and any neighbourhood W of a0•z0 in Z.
Because U corresponds to the whole of C(Z), and Z is completely regular, there is an f ∈ U+ such that
(a0•z0)(f) = 1 and z(f) = 0 for every z ∈ Z \W . Set W0 = {z : z(a−1

0
•lf) > 1

2}. Observe that z0(a−1
0

•lf) =

1, so W0 is an open subset of Z containing z0. Next, set V0 = {a : a ∈ G, ‖a−1
•lf − a−1

0
•lf‖∞ ≤ 1

2}. There

is a neighbourhood V of e such that |f(b) − f(c)| ≤ 1
2 whenever b, c ∈ G and bc−1 ∈ V . If a ∈ V a0 then

ab(a0b)
−1 = aa−1

0 ∈ V so

|(a−1
•lf)(b) − (a−1

0
•lf)(b)| = |f(ab) − f(a0b)| ≤ 1

2

for every b ∈ G, and a ∈ V0. Thus V0 ⊇ V a0 is a neighbourhood of a0.
Now if a ∈ V0 and z ∈W0 we shall have

(a•z)(f) = z(a−1
•lf) ≥ z(a−1

0
•lf) − 1

2
> 0

and a•z ∈W . As a0, z0 and W are arbitrary, the action of G on Z is continuous. QQQ

(c) Of course â, as defined, is a Riesz homomorphism taking the correct value at χG, so belongs to Z.
Because U ⊆ C(X), the map a 7→ â is continuous. ??? If {â : a ∈ G} is not dense in Z, there is a non-zero
h ∈ C(Z) such that h(â) = 0 for every a ∈ G; but as U is identified with C(Z), there is an f ∈ U such that
z(f) = h(z) for every z ∈ Z. In this case, f cannot be the zero function, but f(a) = â(f) = h(â) = 0 for
every a ∈ G. XXX Thus the image of G is dense, as claimed.

If a, b ∈ G and f ∈ U then

(a•b̂)(f) = b̂(a−1
•lf) = (a−1

•lf)(b) = f(ab) = âb(f),

so a•b̂ = âb.

(d) We have a Riesz homomorphism T : C(X) → RG defined by setting (Tg)(a) = g(a•x0) for every
g ∈ C(X) and a ∈ G. Now Tg ∈ U for every g ∈ C(X). PPP Tg(a) = (a−1

•g)(x0); since the map a 7→ a−1
•g

is uniformly continuous (449Ba), so is Tg. ‖Tg‖∞ ≤ ‖g‖∞ is finite, so Tg ∈ U . QQQ
Of course T (χX) = χG. So if z ∈ Z, zT : C(X) → R is a Riesz homomorphism such that (zT )(χX) = 1.

There is therefore a unique φ(z) ∈ X such that (zT )(g) = g(φ(z)) for every g ∈ C(X) (354L again). Since
the function z 7→ g(φ(z)) = z(Tg) is continuous for every g ∈ C(X), φ is continuous.

Now suppose that a ∈ G. Then φ(â) = a•x0. PPP If g ∈ C(X), then

g(φ(â)) = â(Tg) = (Tg)(a) = g(a•x0). QQQ

So if a, b ∈ G, then

φ(a•b̂) = φ(âb) = (ab)•x0 = a•(b•x0) = a•φ(b).

Since {b̂ : b ∈ G} is dense in Z, and all the functions here are continuous, φ(a•z) = a•φ(z) for all a ∈ G and
z ∈ Z.

To see that φ is unique, observe that if a ∈ G then φ(â) = φ(âe) = φ(a•ê) must be a•φ(ê) = a•x0; since
{â : a ∈ G} is dense in Z, X is Hausdorff and φ is declared to be continuous, φ is uniquely defined.

(e) Now suppose that the topology of G is Hausdorff. Then it is defined by the bounded uniformly
continuous functions (4A2Ja); the map a 7→ â is therefore injective and is a homeomorphism between G and

its image in Z. If a, b ∈ G are distinct, then a•ê = â 6= b̂ = b•ê, so the action is faithful.
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Definition Following Brook 70, the space Z, together with the canonical action of G on it and the map
a 7→ â : G→ Z, is called the greatest ambit of the topological group G.

449E Corollary Let G be a topological group. Then the following are equiveridical:
(i) G is amenable;
(ii) there is a G-invariant Radon probability measure on the greatest ambit of G;
(iii) writing U for the space of bounded real-valued functions on G which are uniformly continuous for

the right uniformity, there is a positive linear functional p : U → R such that p(χG) = 1 and p(a•lf) = p(f)
for every f ∈ U and a ∈ G.

proof Let Z be the greatest ambit of G.

(i)⇒(ii) As soon as we know that Z is a compact Hausdorff space and the action of G on Z is continuous
(449Db), this becomes a special case of the definition of ‘amenable topological group’.

(ii)⇒(i) Let µ be a G-invariant Radon probability measure on Z. Given any continuous action of G on
a non-empty compact Hausdorff space X, fix x0 ∈ X and let φ : Z → X be a continuous function such that
φ(a•z) = a•φ(z) for every a ∈ G and z ∈ Z, as in 449Dd. Let ν be the image measure µφ−1. Then ν is a
Radon probability measure on X (418I again). If F ∈ dom ν and a ∈ G, then

ν(a•F ) = µφ−1[a•F ] = µ(a•φ−1[F ]) = µφ−1[F ] = νF .

As a and F are arbitrary, ν is G-invariant; as X and • are arbitrary, G is amenable.

(ii)⇔(iii) The identification of U with C(Z) (see (b-i) of the proof of 449D) means that we have a
one-to-one correspondence between Radon probability measures µ on Z and positive linear functionals p on
U such that p(χG) = 1, given by the formula p(f) =

∫
z(f)µ(dz) for f ∈ U (436J/436K again). Now

µ is G-invariant

⇐⇒
∫

(a•z)(f)µ(dz) =

∫
z(f)µ(dz) for every f ∈ U, a ∈ G

(441L)

⇐⇒
∫
z(a−1

•lf)µ(dz) =

∫
z(f)µ(dz) for every f ∈ U, a ∈ G

⇐⇒
∫
z(a•lf)µ(dz) =

∫
z(f)µ(dz) for every f ∈ U, a ∈ G

⇐⇒ p(a•lf) = p(f) for every f ∈ U, a ∈ G.

So there is a G-invariant µ, as required by (ii), iff there is a G-invariant p as required by (iii).

449F Corollary Let G be a topological group.
(a) If G is amenable, then

(i) every open subgroup of G is amenable;
(ii) every dense subgroup of G is amenable.

(b) Suppose that for every sequence 〈Vn〉n∈N of neighbourhoods of the identity e of G there is a normal
subgroup H of G such that H ⊆ ⋂

n∈N
Vn and G/H is amenable. Then G is amenable.

proof Write UG for the set of bounded real-valued functions on G which are uniformly continuous for
the right uniformity of G; if H is a subgroup of G, let UH the set of bounded real-valued functions on H
which are uniformly continuous for the right uniformity of H; and if H ⊳ G, let UG/H the set of bounded
real-valued functions on the quotient G/H which are uniformly continuous for the right uniformity of G/H.

(a)(i)(ααα) Let H be an open subgroup of G. Take a set A ⊆ G meeting each right coset of H in just one
point, so that each member of G is uniquely expressible as ya where y ∈ H and a ∈ A. Define T : UH → RG

by setting (Tf)(ya) = f(y) whenever f ∈ UH , y ∈ H and a ∈ A. Then T is a positive linear operator.
Also T [UH ] ⊆ UG. PPP Let f ∈ UH . Of course Tf is bounded. If ǫ > 0, there is a neighbourhood W of the
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identity in H such that |f(x) − f(y)| ≤ ǫ whenever x, y ∈ H and xy−1 ∈W . Because H is open, W is also
a neighbourhood of the identity in G. Now suppose that x, y ∈ G and xy−1 ∈ W . Express x as x0a and y
as y0b where x0, y0 ∈ H and a, b ∈ A. Then

x0ab
−1y−1

0 ∈W ⊆ H,

so ab−1 ∈ H and a ∈ Hb and a = b and x0y
−1
0 ∈W and

|(Tf)(x) − (Tf)(y)| = |f(x0) − f(y0)| ≤ ǫ.

As ǫ is arbitrary, Tf is uniformly continuous and belongs to UG. QQQ

(βββ) Next, b•l(Tf) = T (b•lf) whenever f ∈ UH and b ∈ H. PPP If x ∈ G, express it as ya where y ∈ H
and a ∈ A. Then

(b•lTf)(x) = (Tf)(b−1x) = (Tf)(b−1ya) = f(b−1y) = (b•lf)(y) = T (b•lf)(x). QQQ

(γγγ) By 449E, there is a positive linear functional p : UG → R such that p(χG) = 1 and p(a•lf) = p(f)
whenever f ∈ UG and a ∈ G. Set q(f) = p(Tf) for f ∈ UH ; then q is a positive linear operator, q(χH) = 1
and q is H-invariant, by (ii). So by 449E in the other direction, H is amenable.

(ii) Now suppose that H is a dense subgroup of G. It is easy to see that the right uniformity of H is
the subspace uniformity induced by the right uniformity of G (3A4D), so that f↾H ∈ UH for every f ∈ UG.
In the other direction, if g ∈ UH , then g extends uniquely to a member of UG, by 3A4G; write Tg for the
extension. In this case, b•lTg = T (b•lg) for every g ∈ UH and b ∈ H. PPP b•lTg and T (b•lg) are continuous,
and for a ∈ H,

(b•lTg)(a) = Tg(b−1a) = g(b−1a) = (b•lg)(a) = T (b•lg)(a);

as H is dense in G, b•lTg = T (b•lg). QQQ
Now we can use the same argument as in (i-γ) above to see that H is amenable.

(b)(i) Let H be the family of normal subgroups H of G such that G/H is amenable.

(ααα) For H ∈ H, let πH : G→ G/H be the canonical homomorphism and pH : UG/H → R a positive
linear functional such that pH(χ(G/H)) = 1 and pH(c•lg) = pH(g) whenever g ∈ UG/H and c ∈ G/H. Let

U ′
H be {f : f ∈ UG, f(x) = f(y) whenever x, y ∈ G and xy−1 ∈ H}. Then U ′

H is a linear subspace of UG
containing χG.

If f ∈ U ′
H then there is a unique g ∈ UG/H such that f = gπH . PPP Because f(x) = f(y) whenever

πHx = πHy, and πH is surjective, there is a unique function g : G/H → R such that f = gπH ; because f is
bounded, so is g. Given ǫ > 0, there is an open neighbourhood W of e such that |f(x)− f(y)| ≤ ǫ whenever
xy−1 ∈ W . In this case, πH [W ] is a neighbourhood of the identity in G/H (4A5J(a-i)). Suppose that c0,
c1 ∈ G/H are such that c0c

−1
1 ∈ πH [W ]. Then there are x0, x1 ∈ G and x ∈ W such that πHx0 = c0,

πHx1 = c1 and πHx = c0c
−1
1 . As πH(x0x

−1
1 ) = πHx, there is a y ∈ H such that yx0x

−1
1 = x belongs to W ;

so that πH(yx0) = c0 and

|gH(c0) − gH(c1)| = |f(yx0) − f(x1)| ≤ ǫ.

As ǫ is arbitrary, g ∈ UG/H . QQQ
We therefore have a functional p′H : U ′

H → R defined by setting p′H(gπH) = pH(g) whenever g ∈ UG/H .
Of course g ≥ 0 whenever gπH ≥ 0, so p′H is a positive linear functional, and p′H(χG) = 1.

(βββ) If f ∈ U ′
H and a ∈ G then a•lf ∈ U ′

H and p′H(a•lf) = p′H(f). PPP Let g ∈ UG/H be such that
f = gπH . Then

(a•lf)(x) = f(a−1x) = gπH(a−1x) = g(πH(a)−1πH(x)) = (πH(a)•lg)(πH(x))

for every x ∈ G; so a•lf = (πH(a)•lg)πH belongs to U ′
H , and

p′H(a•lf) = pH(πH(a)•lg) = pH(g) = p′H(f). QQQ

(ii) For any family V of neighbourhoods of e, set HV = {H : H ∈ H, H ⊆ ⋂V}. Now for any
f ∈ UG there is a countable family V of neighbourhoods of e such that f ∈ U ′

H for every H ∈ HV . PPP For
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each n ∈ N choose a neighbourhood Vn of e such that |f(x) − f(y)| ≤ 2−n whenever xy−1 ∈ Vn, and set
V = {Vn : n ∈ N}. QQQ

(iii) We are supposing that HV is non-empty for every countable family V of neighbourhoods of e.
There is therefore an ultrafilter F on H containing HV for every countable V. Now we see from (ii) that
for any f ∈ UG the set {H : H ∈ H, f ∈ U ′

H} belongs to F , while |p′H(f)| ≤ ‖f‖∞ for any H such that
f ∈ U ′

H ; so we can set p(f) = limH→F p
′
H(f) for every f ∈ UG. In this case, of course, p is a positive linear

functional and p(χG) = 1. Also, given f ∈ UG and a ∈ G, then p′H(f) = p′H(a•lf) whenever f ∈ U ′
H , by

(i-β), so p(f) = p(a•lf). Thus p satisfies (iii) of 449E and G is amenable.

449G Example Let F2 be the free group on two generators, with its discrete topology. Then F2 is
a σ-compact unimodular locally compact Polish group. But it is not amenable. PPP Let a and b be the
generators of F2. Then every element of F2 is uniquely expressible as a word (possibly empty) in the letters
a, b, a−1, b−1 in which the letters a, a−1 are never adjacent and the letters b, b−1 are never adjacent.
Write A for the set of elements of F2 for which the canonical word does not begin with either b or b−1,
and B for the set of elements of F2 for which the canonical word does not begin with either a or a−1.
Then A ∪ B = F2 and A ∩ B = {e}. ??? Suppose, if possible, that F2 is amenable. Every member of
ℓ∞(F2) is uniformly continuous with respect to the right uniformity. So there is an F2-invariant positive
linear functional p : ℓ∞(F2) → R such that p(χF2) = 1. Let ν be the corresponding non-negative additive
functional on PF2, so that νC = p(χC) for every C ⊆ F2. For c ∈ F2 and C ⊆ F2, c•lχC = χ(cC), so
ν(cC) = νC for every C ⊆ F2 and c ∈ F2. In particular, ν(bnA) = νA for every n ∈ Z; but as all the bnA,
for n ∈ Z, are disjoint, νA = 0. Similarly νB = 0 and

0 = ν(A ∪B) = νF2 = p(χF2) = 1,

which is absurd. XXX Thus F2 is not amenable, as claimed. QQQ

449H In this section so far, I have taken care to avoid assuming that groups are locally compact. Some
of the most interesting amenable groups are very far from being locally compact (e.g., 449Xh). But of course
a great deal of work has been done on amenable locally compact groups. In particular, there is a remarkable
list of equivalent properties, some of which I will present in the next theorem. It will be useful to have the
following facts to hand.

Lemma Let G be a locally compact Hausdorff topological group, and U the space of bounded real-valued
functions on G which are uniformly continuous for the right uniformity, as in 449D-449E. Let µ be a left
Haar measure on G, and ∗ the corresponding convolution on L

0(µ) (444O).
(a) If h ∈ L

1(µ) and f ∈ L
∞(µ) then h ∗ f ∈ U .

(b) Let p : U → R be a positive linear functional such that p(a•lf) = p(f) whenever f ∈ U and a ∈ G.
Then p(h ∗ f) = p(f)

∫
h dµ for every h ∈ L

1(µ) and f ∈ U .

proof (a) Recall that we know from 444Rc that h ∗ f is defined everywhere in G and is continuous. For
any x ∈ G,

(h ∗ f)(x) =
∫
h(xy)f(y−1)µ(dy) =

∫
(x−1

•lh) ×
↔

f ,

where
↔

f (y) = f(y−1) whenever y−1 ∈ dom f (4A5C(c-ii)). By 449Bb, applied to the left action of G on
itself, x 7→ (x−1

•lh)• : G → L1(µ) is uniformly continuous for the right uniformity of G and the norm
uniformity of L1(µ). Since u 7→

∫
u × v : L1(µ) → R is uniformly continuous for every v ∈ L∞(µ),

x 7→ (h ∗ f)(x) =
∫

(x−1
•lh)• ×

↔

f • is uniformly continuous for the right uniformity (3A4Cb). Of course
supx∈G |(h ∗ f)(x)| ≤ ‖h‖1‖f‖∞ is finite, so h ∗ f ∈ U .

(b) Let ǫ > 0. Then there are a compact set K ⊆ G such that
∫
G\K |h|dµ ≤ ǫ (412Je) and a symmetric

open neighbourhood V0 of e such that |f(x) − f(y)| ≤ ǫ whenever xy−1 ∈ V0. Let a0, . . . , an ∈ G be such
that K ⊆ ⋃

i≤n aiV0, and set Ei = aiV0 \
⋃
j<i ajV0, αi =

∫
Ei
h dµ for each i ≤ n and F = G \⋃j≤n ajV0. If

x ∈ G and y ∈ Ei, then y−1x(a−1
i x)−1 = (a−1

i y)−1 belongs to V0, so |f(y−1x) − f(a−1
i x)| ≤ ǫ. So, for any

x ∈ G,
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∣∣(h ∗ f)(x) −
n∑

i=0

αif(a−1
i x)

∣∣

=
∣∣
∫
h(y)f(y−1x)µ(dy) −

n∑

i=0

αif(a−1
i x)

∣∣

=
∣∣
∫

F

h(y)f(y−1x)µ(dy) +

n∑

i=0

(

∫

Ei

h(y)f(y−1x)µ(dy) − αif(a−1
i x))

∣∣

≤ ‖f‖∞
∫

F

|h|dµ+

n∑

i=0

∣∣
∫

Ei

h(y)(f(y−1x) − f(a−1
i x))µ(dy)

∣∣

≤ ‖f‖∞
∫

X\K

|h|dµ+ ǫ

n∑

i=0

∫

Ei

|h|dµ ≤ ǫ(‖f‖∞ + ‖h‖1).

Thus

‖h ∗ f −∑n
i=0 αiai•lf‖∞ ≤ ǫ(‖f‖∞ + ‖h‖1).

Since p(ai•lf) = p(f) for every i, it follows that

|p(h ∗ f) − p(f)

∫
h dµ| ≤ ǫ(‖f‖∞ + ‖h‖1)p(χG) + |

n∑

i=0

αi −
∫
h dµ||p(f)|

≤ ǫ(‖f‖∞ + ‖h‖1)p(χG) + |
∫

F

h dµ|‖f‖∞p(χG)

≤ ǫ(2‖f‖∞ + ‖h‖1)p(χG).

As ǫ is arbitrary, p(h ∗ f) = p(f)
∫
h dµ, as claimed.

449I Notation It will save repeated explanations if I say now that for the next two results, given a
locally compact Hausdorff group G, ΣG will be the algebra of Haar measurable subsets of G and NG the
ideal of Haar negligible subsets of G (443A), while BG will be the Borel σ-algebra of G. Recall that all three
are left- and right-translation-invariant and inversion-invariant, and indeed autohomeomorphism-invariant,
in that if γ : G→ G is a function of any of the types

x 7→ ax, x 7→ xa, x 7→ x−1

or is a group automorphism which is also a homeomorphism, and E ⊆ G, then γ[E] belongs to ΣG, NG or
BG iff E does (443Aa).

449J Theorem Let G be a locally compact Hausdorff group; fix a left Haar measure µ on G. Write L
1

for L
1(µ) and L∞ for L∞(µ), etc. Let C+

k1 be the set of continuous functions h : G → [0,∞[ with compact
supports such that

∫
h dµ = 1, and suppose that q ∈ [1,∞[. Then the following are equiveridical:

(i) G is amenable;
(ii) there is a positive linear functional p : Cb(G) → R such that p(χG) = 1 and p(a•lf) = p(f) for every

f ∈ Cb(G) and every a ∈ G;
(iii) there is a finitely additive functional φ : BG → [0, 1] such that φG = 1, φ(aE) = φE for every E ∈ BG

and a ∈ G, and φE = 0 for every Haar negligible E ∈ BG;
(iv) there is a finitely additive functional φ : ΣG → [0, 1] such that φG = 1, φ(aE) = φ(Ea) = φ(E−1) =

φE for every E ∈ ΣG and a ∈ G, and φE = 0 for every E ∈ NG;
(v) there is a positive linear functional p̃ : L∞ → R such that p̃(χG•) = 1 and p̃(a•lu) = p̃(a•ru) =

p̃(a•cu) = p̃(
↔

u) = p̃(u) for every u ∈ L∞ and every a ∈ G, where •l, •r, •c and ↔ are defined as in 443Af and
443Gc;

(vi) there is a positive linear functional p̃ : L∞ → R such that p̃(χG•) = 1 and p̃(a•lu) = p̃(u) for every
u ∈ L∞ and every a ∈ G;
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(vii) there is a positive linear functional p̃ : L∞ → R such that p̃(χG•) = 1 and p̃(ν ∗ u) = νG · p̃(u) for
every u ∈ L∞ and every totally finite Radon measure ν on G, where ν ∗ u is defined as in 444Ma;

(viii) there is a positive linear functional p̃ : L∞ → R such that p̃(χG•) = 1 and p̃(v ∗ u) = p̃(u)
∫
v for

every v ∈ L1 and u ∈ L∞;
(ix) for every finite set J ⊆ L

1 and ǫ > 0, there is an h ∈ C+
k1 such that ‖g ∗h− (

∫
g dµ)h‖1 ≤ ǫ for every

g ∈ J ;
(x) for every compact set K ⊆ G and ǫ > 0, there is an h ∈ C+

k1 such that ‖a•lh − h‖1 ≤ ǫ for every
a ∈ K;

(xi) for any finite set I ⊆ G and ǫ > 0, there is a u ∈ Lq such that ‖u‖q = 1 and ‖u−a•lu‖q ≤ ǫ for every
a ∈ I;

(xii) for any finite set I ⊆ G and ǫ > 0, there is a compact set L ⊆ G with non-zero measure such that
µ(L△aL) ≤ ǫµL for every a ∈ I;

(xiii) for every compact set K ⊆ G and ǫ > 0, there is a symmetric compact neighbourhood L of the
identity e in G such that µ(L△aL) ≤ ǫµL for every a ∈ K;

(xiv) (Emerson & Greenleaf 67) for every compact set K ⊆ G and ǫ > 0, there is a compact set
L ⊆ G with non-zero measure such that µ(KL) ≤ (1 + ǫ)µL.

proof (a)(i)⇒(vii) Write U for the space of bounded real-valued functions on G which are uniformly
continuous for the right uniformity. Then we have a positive linear functional p : U → R such that p(χG) = 1
and p(a•lf) = p(f) for every f ∈ U and a ∈ G (449E). Now if f ∈ L

∞, h1, h2 ∈ L
1 and

∫
h1dµ =

∫
h2dµ,

then p(h1 ∗ f) = p(h2 ∗ f). PPP By 449Ha, both h1 ∗ f and h2 ∗ f belong to U . Set h = h1 − h2. By 444T,
there is a neighbourhood V of e such that ‖h ∗ ν − h‖1 ≤ ǫ whenever ν is a quasi-Radon measure on G such
that νV = νG = 1, defining h ∗ ν as in 444J. In particular, taking ν to be the indefinite-integral measure

over µ defined from g =
1

µV
χV , ‖h ∗ g − h‖1 ≤ ǫ (using 444Pb). Now

|p(h1 ∗ f) − p(h2 ∗ f)| = |p(h ∗ f)| ≤ |p((h ∗ g) ∗ f)| + |p((h ∗ g − h) ∗ f)|
≤ |p(h ∗ (g ∗ f))| + ‖(h ∗ g − h) ∗ f‖∞

(because ∗ is associative, 444Oe)

≤ |p(g ∗ f)

∫
h dµ| + ‖h ∗ g − h‖1‖f‖∞

(449Hb)

≤ ǫ‖f‖∞.

As ǫ is arbitrary, p(h1 ∗ f) = p(h2 ∗ f), as claimed. QQQ
Of course p(h ∗ f) = 0 whenever h ∈ L

1, f ∈ L
∞ and f = 0 a.e. (444Ob). We can therefore define a

functional p̃ : L∞ → R by saying that p̃(f•) = p(h ∗ f) whenever f ∈ L
∞, h ∈ L

1 and
∫
h dµ = 1. p̃ is

positive and linear because p is. It follows that p(h ∗ f) = p̃(f•)
∫
h dµ whenever h ∈ L

1 and f ∈ L
∞. Also

p̃(χG•) = p(χG) = 1 because h ∗ χG = (
∫
h dµ)χG for every h ∈ L

1.
If u ∈ L∞ and ν is a totally finite Radon measure on G, express u as f• where f ∈ L

∞, so that
ν ∗ u = (ν ∗ f)• (444Ma). Taking any non-negative h ∈ L

1 such that
∫
h dµ = 1, we have

h ∗ (ν ∗ f) = hµ ∗ (ν ∗ f)

(444Pa; here hµ is the indefinite-integral measure, as in 444J)

= (hµ ∗ ν) ∗ f
(444Ic)

= (h ∗ ν)µ ∗ f
(444K)

= (h ∗ ν) ∗ f

(444Pa again). So
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p̃(ν ∗ u) = p̃((ν ∗ f)•) = p(h ∗ (ν ∗ f))

= p((h ∗ ν) ∗ f) =

∫
h ∗ ν dµ · p̃(u) = νG · p̃(u)

(444K). As ν and u are arbitrary, p̃ has the required properties.

(b)(vii)⇒(vi) Take p̃ from (vii). If a ∈ G and u ∈ L∞, consider the Dirac measure δa on G concentrated
at a. Then δa ∗ u = a•lu. PPP Take f ∈ L

∞ such that f• = u. Then

(δa ∗ f)(x) =
∫
f(y−1x)δa(dy) = f(a−1x) = (a•lf)(x)

whenever a−1x ∈ dom f , so δa ∗ f = a•lf and

δa ∗ u = δa ∗ f• = (δa ∗ f)• = (a•lf)• = a•lu. QQQ

Accordingly, using (vii),

p̃(a•lu) = p̃(δa ∗ u) = δa(G)p̃(u) = p̃(u),

as required by (vi).

(c)(vi)⇒(v)(ααα) The first step is to note that since there is a left-invariant mean there must also be a right-
invariant mean, that is, a positive linear functional q̃ : L∞ → R such that q̃(χG•) = 1 and q̃(a•ru) = q̃(u) for
every u ∈ L∞ and every a ∈ G. PPP Set q̃(u) = p̃(

↔

u) for u ∈ L∞. Evidently q̃ is a positive linear functional
and q̃(χG•) = 1. By 443Gc,

q̃(a•ru) = p̃((a•ru)↔) = p̃(a•l
↔

u) = p̃(
↔

u) = q̃(u)

whenever u ∈ L∞ and a ∈ G. QQQ

(βββ) At this point, recall that L1 is a Banach algebra under convolution (444Sb), and that L∞ can be
identified with its normed space dual, because µ is a quasi-Radon measure, therefore localizable (415A), and
we can use 243Gb. We therefore have an Arens multiplication on (L∞)∗ ∼= (L1)∗∗ defined by the formulae
of 4A6O. Of course p̃ and q̃ both belong to (L∞)∗; write r̃0 = p̃◦ q̃ for their Arens product. To see that
r̃0(χG•) = 1, note that if u, v ∈ L1 then, defining χG• ◦u and q̃ ◦χG• as in 4A6O, we have∫

(χG• ◦u) × v =
∫
χG• × (u ∗ v) =

∫
u
∫
v

as noted in 444Sb; consequently χG• ◦u = (
∫
u)χG•,∫

(q̃ ◦χG•) × u = q̃(χG• ◦u) = q̃((
∫
u)χG•) =

∫
u

and q̃ ◦χG• = χG•. Now, of course,

r̃0(χG•) = p̃(q̃ ◦χG•) = p̃(χG•) = 1.

As noted in 4A6O, ‖r̃0‖ ≤ ‖p̃‖‖q̃‖ = 1, so r̃0 must be a positive linear functional.

(γγγ) We find next that r̃0(a•lu) = r̃0(u) whenever u ∈ L∞ and a ∈ G. PPP By 443Ge, we have
a bounded linear operator S : L1 → L1 defined by setting Sv = a−1

•lv for every v ∈ L1. By 444Sa,
S(u∗v) = (Su)∗v for all u, v ∈ L1. Identifying L∞ with (L1)∗, we have the adjoint operator S′ : L∞ → L∞

given by saying that

∫
S′u× v =

∫
u× Sv =

∫
u× (a−1

•lv)

=

∫
a•l(u× a−1

•lv) =

∫
(a•lu) × v

whenever u ∈ L∞ and v ∈ L1, so that S′u = a•lu for every u ∈ L∞. But this means that

(S′′p̃)(u) = p̃(a•lu) = p̃(u)

for every u, so that S′′p̃ = p̃. By 4A6O(b-i),

S′′r̃0 = S′′(p̃◦ q̃) = (S′′p̃)◦ q̃ = p̃◦ q̃ = r̃0,
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that is, r̃0(a•lu) = r̃0(u) for every u ∈ L∞. QQQ

(δδδ) In the same way, r̃0(a•ru) = r̃0(u) whenever u ∈ L∞ and a ∈ G. PPP This time, define T : L1 → L1

by setting Tv = ∆(a−1)a−1
•rv for every v ∈ L1, where ∆ is the left modular function of G; 444Sa tells

us that T (u ∗ v) = u ∗ Tv for all u, v ∈ L1. Since
∫
fdµ = ∆(a)

∫
a•rfdµ for every f ∈ L

1 (442Kc),∫
v = ∆(a)

∫
a•rv for every v ∈ L1, and

∫
T ′u× v =

∫
u× Tv = ∆(a−1)

∫
u× (a−1

•rv)

=

∫
a•r(u× a−1

•rv) =

∫
(a•ru) × v

whenever u ∈ L∞ and v ∈ L1. Thus T ′u = a•ru for every u ∈ L∞. But now we have

(T ′′q̃)(u) = q̃(a•ru) = q̃(u)

for every u, so that T ′′q̃ = q̃. By 4A6O(b-ii), T ′′r̃0 = r̃0, that is, r̃0(a•ru) = r̃0(u) for every u ∈ L∞. QQQ

(ǫǫǫ) Thus r̃0 is both left- and right-invariant. To get reversal-invariance, set

r̃(u) =
1

2
(r̃0(u) + r̃0(

↔

u))

for u ∈ L∞. Then r̃0 is a positive linear functional and r̃0(χG•) = 1. Because

a•l
↔

u = (a•ru)↔, a•r
↔

u = (a•lu)↔,

u 7→ r̃0(
↔

u) and r̃ are also both left- and right-invariant, and of course r̃(
↔

u) = r̃(u) for every u. Finally,

r̃(a•cu) = r̃(a•l(a•ru)) = r̃(u)

for every u ∈ L∞ and a ∈ G, so r̃ has all the properties required by (v).

(d)(v)⇒(iv) Take p̃ from (v), and set φE = p̃(χE•) for every E ∈ ΣG. Then φ : ΣG → [0, 1] is additive
and φG = 1; also, if E ∈ NG, χE• = 0 in L∞ and φE = 0. If E ∈ ΣG and a ∈ G, then χ(aE) = a•l(χE)
(4A5C(c-ii)) and

φ(aE) = p̃(χ(aE)•) = p̃((a•lχE)•) = p̃(a•l(χE
•)) = p̃(χE•) = φE.

Next, χE−1 = (χE)↔ and (χE−1)• = (χE•)↔, so

φ(E−1) = p̃((χE•)↔) = p̃(χE•) = φE.

Consequently, for E ∈ ΣG and a ∈ G,

φ(Ea) = φ((Ea)−1) = φ(a−1E−1) = φ(E−1) = φE.

Thus φ satisfies the requirements of (iv).

(e)(iv)⇒(iii) This is trivial; we have only to take φ : ΣG → [0, 1] as in (iv) and consider φ↾BG.

(f)(iii)⇒(ii) Given φ : BG → [0, 1] as in (iii), set p(f) =
∫
fdφ for f ∈ Cb(G), where

∫
dφ is as defined

in 363L, that is, the unique ‖ ‖∞-continuous linear functional on the space L∞(BG) of bounded Borel
measurable functions from G to R such that

∫
χE dφ = φE for every E ∈ BG. p is positive because φ is

non-negative (363Lc), and p(χG) = φG = 1. If a ∈ G, then∫
a•lχE dφ =

∫
χ(aE)dφ = φ(aE) = φE =

∫
χE dφ

for every E ∈ BG; because f 7→
∫
fdφ and f 7→

∫
a•lfdφ are both linear and ‖ ‖∞-continuous, they agree on

L∞(BG) ⊇ Cb(G), and

p(a•lf) =
∫
a•lfdφ =

∫
fdφ = p(f)

for every f ∈ Cb(G), as required.

(g)(ii)⇒(i) Given p as in (ii), its restriction to the space of bounded right-uniformly-continuous functions
is positive, linear and G-invariant, so G is amenable, by 449E.

(h)(vii)⇒(viii) Take p̃ as in (vii). If g ∈ L
1, f ∈ L

∞ and g ≥ 0, then

Measure Theory



449J Amenable groups 149

p̃(g ∗ f)• = p̃(gµ ∗ f)• = p̃(gµ ∗ f•)

= (gµ)(G)p̃(f•) =

∫
g dµ · p̃(f•);

translating into terms of L1 and L∞ as in 444Sa, we get p̃(v ∗ u) =
∫
v · p̃(u) for all u ∈ L∞ and v ∈ (L1)+.

By linearity, the same is true for all v ∈ L1, as required by (viii).

(i)(viii)⇒(ix) Suppose that (viii) is true.

(ααα) Note first that if J ⊆ L
∞ is finite and ǫ > 0, then

A(J, ǫ) = {h : h ∈ C+
k1, |

∫
f × h dµ− p̃(f•)| ≤ ǫ for every f ∈ J}

is non-empty. PPP It is enough to consider the case in which χG ∈ J . Let η ∈
]
0, 12

[
be such that η +

5η supf∈J ‖f•‖∞ ≤ ǫ. Because p̃ ∈ (L∞)∗ ∼= (L1)∗∗, there is a u0 ∈ L1 such that ‖u0‖1 ≤ 1 and |p̃(f•) −∫
f• × u0| ≤ η for every f ∈ J (4A4If). In particular,

∫
u0 ≥ p̃(χG•) − η = 1 − η. By 416I again, there

is a continuous h0 : G → R with compact support such that ‖u0 − h•

0‖1 ≤ η. Now
∫
h0dµ ≥ 1 − 2η and

∫
|h0|dµ ≤ 1 + η. So if we set h+0 = h0 ∨ 0, γ =

∫
h+0 dµ and h =

1

γ
h+0 , we shall have

γ ≤ 1 + η, ‖h+0 − h0‖1 =
1

2

∫
|h0| − h0 ≤ 2η, ‖h− h+0 ‖ = |γ − 1| ≤ 2η,

so ‖u0 − h•‖1 ≤ 5η, while h ∈ C+
k1. This will mean that

|p̃(f•) −
∫
f × h dµ| ≤ η + 5η‖f•‖∞ ≤ ǫ

for every f ∈ J . QQQ
We therefore have a filter F on C+

k1 containing every A(J, ǫ), and p̃(f•) = limh→F

∫
f × h dµ for every

f ∈ L
∞.

(βββ) Now 0 = limh→F (g ∗ h)• − (
∫
g dµ)h• for the weak topology of L1, for every g ∈ L

1. PPP Set
γ =

∫
g dµ. Let f ∈ L

∞. Define g′ by setting g′(x) = ∆(x−1)g(x−1) whenever this is defined, where ∆ is
the left modular function of G, as before; then g′ ∈ L

1 and
∫
g′dµ = γ (442K(b-ii)). Set v = (g′)• ∈ L1. If

h ∈ C+
k1, then

∫
f × (g ∗ h)dµ =

∫∫
f(xy)g(x)h(y)µ(dx)µ(dy)

(444Od)

=

∫ (∫
∆(x−1)g′(x−1)f(xy)µ(dx)

)
h(y)µ(dy)

=

∫
(g′ ∗ f)(y)h(y)µ(dy)

(444Oa)

=

∫
(g′ ∗ f) × h dµ.

By (viii), we have

p̃(g′ ∗ f)• = p̃(v ∗ f•) = p̃(f•)
∫
v = γp̃(f•),

so we get

lim
h→F

∫
f × (g ∗ h− γh)dµ = lim

h→F

∫
(g′ ∗ f − γf) × h dµ

= p̃(g′ ∗ f)• − γp̃(f•) = 0.

As f is arbitrary, and (L1)∗ can be identified with L∞, this is all we need. QQQ
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(γγγ) Now take any finite set J ⊆ L
1 and ǫ > 0. On (L1)J let T be the locally convex linear space topology

which is the product topology when each copy of L1 is given the norm topology, and S the corresponding
weak topology. Define T : Ck(G) → (L1)J by setting

Th =
〈
(g ∗ h)• − (

∫
g dµ)h•

〉
g∈J

for h ∈ Ck(G), where Ck(G) is the linear space of continuous real-valued functions on G with compact
support. Then T is linear. Moreover, by (β), limh→F Th = 0 in (L1)J for the product topology, if each
copy of L1 is given its weak topology. By 4A4Be, this is just S. In particular, 0 belongs to the S-closure
of T [C+

k1]. But C+
k1 is convex and T is linear, so T [C+

k1] is convex; by 4A4Ed, 0 belongs to the T-closure of

T [C+
k1]. There is therefore an h ∈ C+

k1 such that ‖(g ∗h)• − (
∫
g dµ)h•‖1 ≤ ǫ for every g ∈ J . As J and ǫ are

arbitrary, (ix) is true.

(j)(ix)⇒(x) Suppose that (ix) is true and that we are given a compact set K ⊆ G and ǫ > 0. Set η = 1
3ǫ.

Fix any h0 ∈ C+
k1. Let V be a neighbourhood of e such that ‖c•lh0 − h0‖1 ≤ η whenever c ∈ V (443Gf).

Let I ⊆ G be a finite set such that K ⊆ IV . By (ix), there is an h1 ∈ C+
k1 such that

‖b•lh0 ∗ h1 − h1‖1 ≤ η for every b ∈ I, ‖h0 ∗ h1 − h1‖1 ≤ η.

(I omit brackets because (b•lh0) ∗ h1 = b•l(h0 ∗ h1), see 444Of.) Set h = h0 ∗ h1. Then h ∈ C+
k1. PPP h is

continuous, by 444Rc (or otherwise). If we write Mi for the support supp(hi) of hi for both i, then h(x) = 0
for every x ∈ G \M0M1, so h has compact support. Of course h ≥ 0, and

∫
h dµ =

∫
h0dµ

∫
h1dµ = 1

(444Qb), so h ∈ C+
k1. QQQ

If a ∈ K, there are b ∈ I, c ∈ V such that a = bc, so that

‖a•lh− h‖1 = ‖b•l(c•lh0 ∗ h1) − h0 ∗ h1‖1
≤ ‖b•l(c•lh0 − h0) ∗ h1‖1 + ‖b•lh0 ∗ h1 − h1‖1 + ‖h1 − h0 ∗ h1‖1
≤ ‖c•lh0 − h0‖1 + η + η ≤ 3η = ǫ.

So this h will serve.

(k)(x)⇒(xiii) Suppose that (x) is true.

(ααα) I show first that for any compact set K ⊆ G and ǫ > 0 there is an h ∈ C+
k1 such that

↔

h = h, h(e) = ‖h‖∞,

‖a•lh− h‖1 ≤ ǫ for every a ∈ K.

PPP By (x), there is an h0 ∈ C+
k1 such that ‖a•lh0 − h0‖1 ≤ ǫ for every a ∈ K. Set γ =

∫ ↔

h0dµ; because
↔

h0 ∈ Ck(X)+ \ {0}, γ is finite and not 0. Try h = h0 ∗ 1
γ

↔

h0, so that h(x) = 1
γ

∫
h0(y)h0(x−1y)µ(dy) for

every x ∈ G. By 444Rc, h ∈ Cb(G) and

‖h‖∞ ≤ ‖h0‖2‖1
γ
h0‖2 =

1

γ

∫
h20dµ = h(e).

Because h0 ≥ 0, h ≥ 0; by 444Qb,
∫
h dµ = 1; and (as in (j) above) supp(h) is included in the compact set

supp(h0) supp(
↔

h0), so h ∈ C+
k1. By 444Rb, or otherwise, h =

↔

h.
Finally, if a ∈ K, then

‖a•lh− h‖1 =
1

γ
‖a•l(h0 ∗

↔

h0) − h0 ∗
↔

h0‖1 =
1

γ
‖(a•lh0 − h0) ∗

↔

h0‖1
(444Of once more)

≤ 1

γ
‖a•lh0 − h0‖1‖

↔

h0‖1
(444Qb again)

= ‖a•lh0 − h0‖1 ≤ ǫ,
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as required. QQQ

(βββ) Next, for any ǫ, δ > 0 and any compact set K ⊆ G there are an open symmetric neighbourhood V
of e and a closed set F such that µV <∞, µF ≤ δ and µ(aV△V ) ≤ ǫµV whenever a ∈ K \F . PPP Of course
it is enough to deal with the case in which µK > 0. Set η = ǫδ/µK. By (α), there is an h ∈ C+

k1 such that

h(e) = ‖h‖∞, h =
↔

h and ‖a•lh− h‖1 < η for every a ∈ K.
Set K0 = supp(h) and K∗ = K0 ∪KK0, so that K∗ ⊆ G is compact. Set

Q = {(a, x, t) : a ∈ K, x ∈ G, t ∈ R,

either h(x) ≤ t < h(a−1x) or h(a−1x) ≤ t < h(x)}.
Then Q is a Borel subset of G×G×R included in the compact set K ×K∗ × [0, h(e)]. Let µL be Lebesgue
measure on R, and let µ× µ× µL be the τ -additive product measure on G×G×R (417D). (Of course this
is actually a Radon measure.) For t ∈ R let Vt be the open set {x : h(x) > t}. Now 417G tells us that

(µ× µ× µL)(Q) =

∫

G×G

µL{t : (a, x, t) ∈ Q}(µ× µ)(d(a, x))

(where µ×µ is the τ -additive product measure on G×G, so that we can identify µ×µ×µL with (µ×µ)×µL),

as in 417Db)

=

∫

K

∫

G

|h(a−1x) − h(x)|µ(dx)µ(da)

(we can use 417G again because {x : h(a−1x) 6= h(x)} ⊆ K∗ if a ∈ K, and µK∗ is finite)

=

∫

K

‖a•lh− h‖1µ(da) < ηµK

(by the choice of h)

= ηµK

∫
h dµ = ηµK(µ× µL){(x, t) : 0 ≤ t < h(x)}

= ηµK

∫ h(e)

0

µVt µL(dt)

as in 252N. (The c.l.d. and τ -additive product measures on G× R coincide, by 417T.) On the other hand,

(µ× µ× µL)(Q) =

∫

K×R

µ{x : (a, x, t) ∈ Q}(µ× µL)(d(a, t))

(again, we can use 417G because x ∈ K∗ whenever (a, x, t) ∈ Q)

=

∫

K×R

µ(Vt△aVt)(µ× µL)(d(a, t))

=

∫ ∞

0

∫

K

µ(Vt△aVt)µ(da)µL(dt)

because Vt = aVt = G whenever t < 0 and a ∈ G. So there must be some t ∈ ]0, h(e)[ such that∫
K
µ(Vt△aVt)µ(da) < ηµKµVt = ǫδµVt.

Set V = Vt and F = {a : a ∈ K, µ(Vt△aVt) ≥ ǫµVt}; then V is open, F is closed (443C) and µ(V△aV ) ≤
ǫµV for every a ∈ K \ F ; also 0 < µV <∞, V is symmetric (because h =

↔

h) and e ∈ V (because t < h(e)).
QQQ

(γγγ) Now let K ⊆ G be a compact set and ǫ > 0, as in the statement of (xiii); enlarging K and
lowering ǫ if necessary, we may suppose that µK > 0 and ǫ ≤ 1. Set K1 = K ∪ KK, so that K1 is
still compact. By (β), we have a symmetric open neighbourhood V of e, of finite measure, such that
W = {a : a ∈ K1, µ(aV△V ) > 1

3ǫµV } has measure less than 1
2µK. If a ∈ K, then W ∪ a−1W cannot cover

K, so there is a b ∈ K \W such that ab /∈W ; thus b and ab both belong to K1 \W , and
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µ(aV△V ) ≤ µ(aV△abV ) + µ(abV△V ) ≤ µ(V△bV ) +
1

3
ǫµV ≤ 2

3
ǫµV .

We can now find a compact symmetric neighbourhood L of e, included in V , with 8µ(V \ L) ≤ ǫµL. In
this case, we shall have µL > 0 and

µ(aL△L) ≤ µ(aV \ aL) + µ(aV△V ) + µ(V \ L)

≤ 2µ(V \ L) +
2

3
ǫ(µL+ µ(V \ L)) ≤ ǫµL

for every a ∈ K, as required.

(l)(xiii)⇒(xiv) Suppose that (xiii) is true, and that K ⊆ G is compact and ǫ > 0. Enlarging K if
necessary, we may suppose that it includes a neighbourhood of e. Of course we may also suppose that ǫ ≤ 1.

(ααα) The first thing to note is that there is a set I ⊆ G such that KI = G and m = supy∈G #({x :

x ∈ I, y ∈ Kx}) is finite. PPP Let V be an open neighbourhood of e such that V V −1 ⊆ K. Let I ⊆ G be
maximal subject to x−1V ∩ y−1V = ∅ for all distinct x, y ∈ I. If x ∈ G, there must be a y ∈ I such that
x−1V ∩ y−1V 6= ∅, so that x−1 ∈ y−1V V −1 and x ∈ V V −1y ⊆ Ky ⊆ KI; as x is arbitrary, G ⊆ KI. If
y ∈ G and Iy = {x : x ∈ I, y ∈ Kx}, then Iy ⊆ K−1y, so that {x−1V : x ∈ Iy} is a disjoint family of subsets

of y−1KV . But this means that #(Iy)µV ≤ µ(y−1KV ) = µ(KV ). Accordingly supy∈G #(Iy) ≤ µ(KV )

µV
is

finite. QQQ

(βββ) Set γ = supa∈K ∆(a), K∗ = KKK−1. Let δ > 0 be such that

δγm < ǫ(µK − δγ),

and let η > 0 be such that

1 +
δγm

µK−δγ
≤ (1 + ǫ)(1 − η

δ
µK∗).

By (xiii), there is a non-negligible compact set L∗ ⊆ G such that µ(aL∗△L∗) ≤ ηµL∗ for every a ∈ K∗. Set
L = {x : x ∈ L∗, µ(K∗ \L∗x−1) ≤ δ}; note that L is closed (because x 7→ µ(K∗ ∩L∗x−1) is continuous, see
443C), therefore compact.

(γγγ) µL ≥ (1 − η

δ
µK∗)µL∗. PPP Set W = {(x, y) : x ∈ K∗, y ∈ L∗ \ L, xy /∈ L∗}. Then W is a relatively

compact Borel subset of G×G, so we may apply Fubini’s theorem (in the form 417G, as usual) to see that

δµ(L∗ \ L) ≤
∫

L∗\L

µ(K∗ \ L∗y−1)µ(dy) =

∫
µW−1[{y}]µ(dy)

=

∫
µW [{x}]µ(dx) =

∫

K∗

µ((L∗ \ L) \ x−1L∗)µ(dx)

≤
∫

K∗

µ(L∗ \ x−1L∗)µ(dx) =

∫

K∗

µ(xL∗ \ L∗)µ(dx) ≤ ηµK∗µL∗

by the choice of L∗. Accordingly

µL = µL∗ − µ(L∗ \ L) ≥ (1 − η

δ
µK∗)µL∗. QQQ

In particular, µL > 0.

(δδδ) Set J = {x : x ∈ I, L ∩Kx 6= ∅}. For each x ∈ J , choose zx ∈ Kx ∩ L. Then ∆(zx) ≤ γ∆(x) and
∆(x)(µK − γδ) ≤ µ(Kx ∩ L∗) for every x ∈ J . PPP ∆(zx) = ∆(zxx

−1)∆(x) ≤ γ∆(x) because zxx
−1 ∈ K.

Next, because zx ∈ L,

µ(K∗zx \ L∗) = ∆(zx)µ(K∗ \ L∗z−1
x ) ≤ δ∆(zx).

Since x ∈ K−1zx, Kx ⊆ KK−1zx ⊆ K∗zx,

µ(Kx \ L∗) ≤ µ(K∗zx \ L∗) ≤ δ∆(zx) ≤ δγ∆(x)
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and

µ(Kx ∩ L∗) = µ(Kx) − µ(Kx \ L∗) ≥ ∆(x)µK − δγ∆(x) = ∆(x)(µK − δγ). QQQ

(ǫǫǫ) Now recall that
∑
x∈I χ(Kx) ≤ mχG, by the definition of m, so that

(µK − δγ)
∑
x∈J ∆(x) ≤ ∑

x∈J µ(Kx ∩ L∗) ≤ mµL∗.

Since KI = G, L ⊆ KJ and

KL ⊆
⋃

x∈J

KKx ⊆
⋃

x∈J

KKK−1zx =
⋃

x∈J

K∗zx,

µ(KL \ L∗) ≤
∑

x∈J

µ(K∗zx \ L∗) =
∑

x∈J

∆(zx)µ(K∗ \ L∗z−1
x )

≤ δ
∑

x∈J

∆(zx) ≤ δγ
∑

x∈J

∆(x) ≤ δγm

µK−δγ
µL∗.

Accordingly

µ(KL) ≤ µL∗(1 +
δγm

µK−δγ
) ≤ µL ·

1 + δγm
µK−δγ

1 − η
δµK

∗

(by (γ) above)

≤ (1 + ǫ)µL,

by the choice of δ and η. Thus we have found an appropriate set L.

(m)(xiv)⇒(xii) If I ⊆ G is finite and ǫ > 0, I ∪ {e} is compact, so there is a compact set L ⊆ G, of
non-zero measure, such that µ(IL ∪ L) ≤ (1 + 1

2ǫ)µL. Consequently

µ(L△aL) = 2µ(aL \ L) ≤ 2µ(IL \ L) ≤ ǫµL

for every a ∈ I, as required by (xii).

(n)(xii)⇒(ii) Write L for the family of all compact subsets of G with non-zero measure. For L ∈ L,

define pL : Cb(G) → R by setting pL(f) =
1

µL

∫
L
fdµ for f ∈ Cb(G). Of course |pL(f)| ≤ ‖f‖∞. For finite

I ⊆ G, ǫ > 0 set

A(I, ǫ) = {L : L ∈ L, µ(aL△L) ≤ ǫµL for every a ∈ I}.

By (xii), no A(I, ǫ) is empty. So we have an ultrafilter F on L containing every A(I, ǫ). Set p(f) =
limL→F pL(f) for f ∈ Cb(G); then p : Cb(G) → R is a positive linear functional and p(χG) = 1.

If a ∈ G, f ∈ Cb(G) and L ∈ A({a}, ǫ), then

|pL(a•lf) − pL(f)| =
1

µL

∣∣
∫

L

f(a−1x)µ(dx) −
∫

L

f(x)µ(dx)
∣∣

=
1

µL

∣∣
∫

aL

fdµ−
∫

L

fdµ
∣∣ ≤ 1

µL
‖f‖∞µ(aL△L) ≤ ǫ‖f‖∞.

Since F contains A({a}, ǫ) for every ǫ > 0,

|p(a•lf) − p(f)| = limL→F |pL(a•lf) − pL(f)| = 0.

As f and a are arbitrary, p witnesses that (ii) is true.

(o)(xii)⇒(xi) Given a finite set I ⊆ G and ǫ > 0, (xii) tells us that there is a compact set L ⊆ G of

non-zero measure such that µ(aL△L) ≤ ǫqµL for every a ∈ I. Try u =
1

(µL)1/q
(χL)•. Then ‖u‖q = 1. If

a ∈ I, then a•lu =
1

(µL)1/q
χ(aL)•, so
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∫
|u− a•lu|q =

∫
(

1

(µL)1/q
χ(aL△L)•)q =

µ(aL△L)

µL
≤ ǫq

and ‖u− a•lu‖q ≤ ǫ, as required by (xi).

(p)(xi)⇒(xii) Now assume that (xi) is true. Let I ⊆ G be a finite set, and ǫ > 0. Set δ =
ǫ

4+ǫ
, and let

η > 0 be such that that (1 + η#(I))q ≤ 1 + δ.
Take u ∈ Lq such that ‖u‖q = 1 and ‖u − a•lu‖q ≤ η for every a ∈ I. Setting v = |u|, we see that

a•lv = |a•lu|, so |v − a•lv| ≤ |u − a•lu| and ‖v − a•lv‖q ≤ η for every a ∈ I, while ‖v‖q = 1. Let
f : G → [0,∞[ be a function such that f• = v in Lq; then ‖f‖q = 1 while ‖f − a•lf‖q ≤ η for every a ∈ I.
Set g = supa∈I∪{e} a•lf ; then

f ≤ g ≤ f +
∑
a∈I(a•lf − f)+,

so

‖g‖q ≤ 1 +
∑
a∈I ‖a•lf − f‖q ≤ 1 + η#(I),

∫
gqdµ ≤ (1 + η#(I))q ≤ 1 + δ.

For t > 0, set Et = {x : f(x)q ≥ t}, Ft = {t : g(x)q ≥ t}. Then∫∞

0
µEtdt =

∫
fqdµ = 1,

∫∞

0
µFtdt =

∫
gqdµ ≤ 1 + δ,

where the integrals here are with respect to Lebesgue measure (252O). There must therefore be a t > 0 such
that µEt > 0 and µFt ≤ (1 + δ)µEt.

If a ∈ I, then a•lf ≤ g, so aEt = {x : (a•lf)(x) ≥ t} is included in Ft; also, of course, Et ⊆ Ft. We
therefore have

µ(Et△aEt) = 2µ(aEt \ Et) ≤ 2µ(Ft \ Et) ≤ 2δµEt.

There is no reason why Et should be compact, so it may not itself be the L we seek. However, µEt is
certainly finite, so there must be a compact L ⊆ E such that µL ≥ (1 − δ)µEt. In this case, µL > 0 and

µ(aL△L) ≤ µ(aL△aEt) + µ(aEt△Et) + µ(Et△L)

≤ 2µ(Et \ L) + 2δµEt ≤ 4δµEt ≤ 4δ

1−δ
µL = ǫµL

for every a ∈ I. So this L will serve.

Remark Of course there are many variations possible in the conditions listed above, some of which are in
449Xk-449Xm.

449K Proposition Let G be an amenable locally compact Hausdorff group, and H a subgroup of G.
Then H is amenable.

proof (Paterson 88, 1.12) (a) For most of the proof (down to the end of (g) below), suppose that H is
closed. Let V be a compact neighbourhood of the identity in G. Let I ⊆ G be a maximal set such that
V zH ∩ V z′H = ∅ for all distinct z, z′ ∈ I. Then V −1V IH = G. PPP If x ∈ G, there is a z ∈ I such that
V xH ∩ V zH 6= ∅, that is,

x ∈ V −1V zHH−1 = V −1V zH ⊆ V −1V IH. QQQ

(b) If x ∈ G then

I ∩ V −1xH = {z : z ∈ I, z ∈ V −1xH} = {z : z ∈ I, x ∈ V zH−1 = V zH}
has at most one element. If K ⊆ G is compact, then there is a finite set J ⊆ G such that K ⊆ V −1J , and
now

I ∩KH ⊆ ⋃
x∈J I ∩ V −1xH

is finite.

(c) Let h ∈ Ck(X)+ be such that h ≥ χ(V −1V ); write W for the support of h. Set g(x) =
∑
z∈I h(xz−1)

for x ∈ G.
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If K ⊆ G is compact, then

{z : z ∈ I, h(xyz−1) 6= 0 for some x ∈ K and y ∈ H}
⊆ I ∩ {z : KHz−1 ∩W 6= ∅}
= I ∩ {z : zH−1K−1 ∩W−1 6= ∅} = I ∩W−1KH

is finite. In particular, {z : z ∈ I, h(xz−1) 6= 0} and g(x) are finite for every x ∈ G. Next, if x0 ∈ G, then
J = {z : h(xz−1) 6= 0 for some x ∈ x0V } is finite, and g(x) =

∑
z∈J h(xz−1) for x ∈ x0V , so g is continuous

at x0; as x0 is arbitrary, g ∈ C(G). Of course g ≥ 0 because h ≥ 0.

(d)(i) For x ∈ G, set gx(y) = g(x−1y) for y ∈ H. Then gx ∈ Ck(H). PPP gx is continuous because g is.
Now J = {z : z ∈ I, h(x−1yz−1) 6= 0 for some y ∈ H} is finite, and

{y : gx(y) 6= 0} ⊆ {y : there is a z ∈ I such that h(x−1yz−1) 6= 0}
⊆ {y : there is a z ∈ J such that x−1yz−1 ∈W} = xWJ

which is compact. QQQ

(ii) Moreover, for any x0 ∈ G there is a compact set L ⊆ H such that {x : |gx − gx0
| ≤ ǫχL} is a

neighbourhood of x0 for every ǫ > 0. PPP

J = {z : z ∈ I, h(x−1yz−1) 6= 0 for some x ∈ x0V and y ∈ H}
is finite, by (c) in its full strength. Let L be the compact set H ∩ x0VWJ .

Take any ǫ > 0. If x ∈ x0V , then gx(y) =
∑
z∈J h(x−1yz−1) for every y ∈ H, and gx(y) = 0 for

y ∈ H \ L. Moreover, setting g′x(y) =
∑
z∈J h(x−1yz−1) for x ∈ G and y ∈ H, (x, y) 7→ g′x(y) is continuous,

so x 7→ g′x : G → C(H) is continuous if we give C(H) the topology of uniform convergence on compact
subsets of H (4A2G(g-i)). In particular, x 7→ g′x↾L is continuous for the norm topology of C(L), and
U = {x : x ∈ x0V , ‖g′x↾L− g′x0

↾L‖∞ ≤ ǫ} is a neighbourhood of x0. But if x ∈ U , then

gx(y) = gx0
(y) = 0 for y ∈ H \ L,

|gx(y) − gx0
(y)| = |g′x(y) − g′x0

(y)| ≤ ǫ for y ∈ L,

so |gx − gx0
| ≤ ǫχL. QQQ

(e) Now take a left Haar measure ν on H. (This is where it really matters whether H is closed.) Define
T : Cb(H) → RG by setting

(Tf)(x) =
∫
gx × fdν =

∫
H
g(x−1y)f(y)ν(dy)

for f ∈ Cb(H) and x ∈ G. Then Tf ∈ C(G) for every f ∈ Cb(H). PPP Given x0 ∈ G and ǫ > 0, let L ⊆ H
be a compact set as in (d-ii). Let δ > 0 be such that δ

∫
L
|f |dν ≤ ǫ. Then

{x : |(Tf)(x) − (Tf)(x0)| ≤ ǫ} ⊇ {x : |gx − gx0
| ≤ δχL}

is a neighbourhood of x0. As x0 and ǫ are arbitrary, Tf is continuous. QQQ
Clearly, T : Cb(H) → C(G) is a positive linear operator. Next, if f ∈ Cb(H) and b ∈ H, T (b•lf) = b•l(Tf).

PPP

T (b•lf)(x) =

∫

H

g(x−1y)(b•lf)(y)ν(dy) =

∫

H

g(x−1y)f(b−1y)ν(dy)

=

∫

H

g(x−1by)f(y)ν(dy) = (Tf)(b−1x) = (b•lTf)(x)

for every x ∈ G. QQQ
We need to know that T (χH)(x) > 0 for every x ∈ G. PPP There is a z ∈ I such that x−1 ∈ V −1V zH, as

remarked in (a). Now x−1Hz−1 meets V −1V , so there is a y ∈ H such that

1 ≤ h(x−1yz−1) ≤ g(x−1y) = gx(y)

and T (χH)(x) =
∫
H
gxdν > 0 because gx is continuous and non-negative and ν is strictly positive. QQQ
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(f) We therefore have a positive linear operator S : Cb(H) → C(G) defined by setting Sf =
Tf

T (χH)
for

f ∈ Cb(H). Since S(χH) = χG, S[Cb(H)] ⊆ Cb(G); moreover, for f ∈ Cb(H) and b ∈ H,

S(b•lf) =
T (b•lf)

T (χH)
=

T (b•lf)

T (b•lχH)

=
b•l(Tf)

b•l(TχH)
= b•l

Tf

TχH
= b•lSf.

(g) At this point, recall that by 449J(ii) there is a positive linear functional p : Cb(G) → R such that
p(χG) = 1 and p(a•lf) = p(f) whenever f ∈ Cb(G) and a ∈ G. Set q = pS : Cb(H) → R; then q is a
positive linear functional, q(χH) = 1 and q(b•lf) = q(f) whenever f ∈ Cb(H) and b ∈ H. So q witnesses
that 449J(ii) is true for H, and H is amenable.

(h) All this has been on the assumption that H is closed. But in general H is a closed subgroup of G,
therefore amenable by (a)-(g) here, and H is dense in H, therefore amenable by 449F(a-ii).

449L If we make a further step back towards the origin of this topic, and suppose that our group is
discrete, then we have a striking further condition to add to the lists above. I give this as a corollary of a
general result on group actions recalling the main theorems of §§395 and 448.

Tarski’s theorem Let G be a group acting on a non-empty set X. Then the following are equiveridical:
(i) there is an additive functional ν : PX → [0, 1] such that νX = 1 and ν(a•A) = νA whenever A ⊆ X

and a ∈ G;
(ii) there are no A0, . . . , An, a0, . . . , an, b0, . . . , bn such that A0, . . . , An are subsets of X covering X,

a0, . . . , an, b0, . . . , bn belong to G, and a0•A0, b0•A0, a1•A1, b1•A1, . . . , bn•An are all disjoint.

proof (a)(i)⇒(ii) This is elementary, for if ν : PX → [0, 1] is a non-zero additive functional and A0, . . . , An
cover X and a0, . . . , bn ∈ G, then

∑n
i=0 ν(ai•Ai) +

∑n
i=0 ν(bi•Ai) = 2

∑n
i=0 νAi ≥ 2νX > νX,

and a0•A0, . . . , bn•An cannot all be disjoint.

(b)(ii)⇒(i) Now suppose that (ii) is true.

(ααα) Suppose that c0, . . . , cn ∈ G. Then there is a finite set I ⊆ X such that #({ci•x : i ≤ n, x ∈ I}) <
2#(I). PPP??? Otherwise, by the Marriage Lemma in the form 4A1H, applied to the set

R = {((x, j), ci•x) : x ∈ X, j ∈ {0, 1}, i ≤ n} ⊆ (X × {0, 1}) ×X,

there is an injective function φ : X × {0, 1} → X such that φ(x, j) ∈ {ci•x : i ≤ n} for every x ∈ X
and j ∈ {0, 1}. Now set Bij = {x : φ(x, 0) = ci•x, φ(x, 1) = cj•x} for i, j ≤ n, so that X =

⋃
i,j≤nBij .

Let Aij ⊆ Bij be such that 〈Aij〉i,j≤n is a partition of X, and set aij = ci, bij = cj for i, j ≤ n; then
aij•Aij ⊆ φ[Aij × {0}], bij•Aij ⊆ φ[Aij × {1}] are all disjoint, which is supposed to be impossible. XXXQQQ

(βββ) Suppose that J ⊆ G is finite and ǫ > 0. Then there is a non-empty finite set I ⊆ X such that
#(I△c•I) ≤ ǫ#(I) for every c ∈ J . PPP It is enough to consider the case in which the identity e of G belongs
to J . ??? Suppose, if possible, that there is no such set I. Let m ≥ 1 be such that (1 + 1

2ǫ)
m ≥ 2. Set

K = Jm = {c1c2 . . . cm : c1, . . . , cm ∈ J}. By (α), there is a finite set I0 ⊆ X such that #(I∗0 ) < 2#(I0),
where I∗0 = {a•x : a ∈ K, x ∈ I0}. Choose c1, . . . , cm and I1, . . . , Im inductively such that

given that Ik is a non-empty finite subset of X, where 0 ≤ k < m, take ck+1 ∈ J such that
#(Ik△ck+1•Ik) > ǫ#(Ik) and set Ik+1 = Ik ∪ ck+1•Ik.

Then Ik ⊆ {a•x : a ∈ Jk, x ∈ I0} for each k ≤ m, and in particular Im ⊆ I∗0 . But also

#(Ik+1) = #(Ik) + #((ck+1•Ik) \ Ik)

= #(Ik) +
1

2
#((ck+1•Ik)△Ik) ≥ (1 +

1

2
ǫ)#(Ik)

for every k < m, so
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#(I∗0 ) ≥ #(Im) ≥ (1 +
1

2
ǫ)m#(I0) ≥ 2#(I0),

contrary to the choice of I0. XXXQQQ

(γγγ) There is therefore an ultrafilter F on [X]<ω \ {∅} such that

Acǫ = {I : I ∈ [X]<ω \ {∅}, #(I△c•I) ≤ ǫ#(I)}
belongs to F for every c ∈ G and ǫ > 0. For I ∈ [X]<ω \ {∅} and A ⊆ X set νI(A) = #(A ∩ I)/#(I), and
set νA = limI→F νIA for every A ⊆ X, so that ν : PX → [0, 1] is an additive functional and νX = 1.

Now ν is G-invariant. PPP If A ⊆ X and c ∈ G and ǫ > 0, then Ac−1,ǫ ∈ F . If I ∈ Ac−1,ǫ, then

|νI(c•A) − νI(A)| =
1

#(I)
|#(I ∩ (c•A)) − #(I ∩A)|

=
1

#(I)
|#((c−1

•I) ∩A) − #(I ∩A)|

≤ 1

#(I)
#((c−1

•I)△I) ≤ ǫ.

As ǫ is arbitrary, limI→F νI(c•A)− νI(A) = 0, and ν(c•A) = νA. As A and c are arbitrary, ν is G-invariant.
QQQ

So ν witnesses that (i) is true, and the proof is complete.

449M Corollary Let G be a group with its discrete topology. Then the following are equiveridical:
(i) G is amenable;
(ii) there are no A0, . . . , An, a0, . . . , an, b0, . . . , bn such that G =

⋃
i≤nAi a0, . . . , an, b0, . . . , bn belong

to G, and a0A0, b0A0, a1A1, b1A1, . . . , bnAn are disjoint.

proof All we have to observe is that (α) every function from G to R is uniformly continuous for the right
uniformity of G, so that G is amenable iff there is an invariant positive linear functional p : ℓ∞(G) → R such
that p(χG) = 1 (β) that a positive linear functional on ℓ∞(G) is G-invariant iff the corresponding additive
functional on PG is G-invariant. So (i) of 449L is equivalent to amenability of G as defined in 449A.

449N Theorem Let G be a group which is amenable in its discrete topology, X a set, and • an action
of G on X. Let E be a subring of PX and ν : E → [0,∞[ a finitely additive functional which is G-invariant
in the sense that g•E ∈ E and ν(g•E) = νE whenever E ∈ E and g ∈ G. Then there is an extension of ν
to a G-invariant non-negative finitely additive functional ν̃ defined on the ideal I of subsets of X generated
by E .

proof (a) There is a non-negative finitely additive functional θ : I → R extending ν. PPP Let V be the
linear subspace of ℓ∞(X) generated by {χE : E ∈ E}, so that V can be identified with the Riesz space S(E)
(361L). Let U be the solid linear subspace of ℓ∞(X) generated by V . For u ∈ U set q(u) = inf{

∫
v dν : v ∈ V ,

|u| ≤ v}, where
∫
dν : S(E) → R is the positive linear functional corresponding to ν : E → [0,∞[ as in

361F-361G. Then q is a seminorm, and |
∫
v dν| ≤ q(v) for every v ∈ V . So there is a linear functional

f : U → R such that f(v) =
∫
v dν for every v ∈ V and |f(u)| ≤ q(u) for every u ∈ U (4A4D(a-i)). Set

θA = f(χA) for A ∈ I. Then θ : I → R is additive and extends ν. If A ∈ I, there is an E ∈ E including A.
Now we have

θ(E \A) = f(χE − χA) ≤ q(χE − χA) ≤
∫
χE dν = νE = θE,

so θA ≥ 0. So θ is non-negative. QQQ

(b) As in the proof of 449M, we have a positive G-invariant linear functional p : ℓ∞(G) → R such
that p(χG) = 1. For A ∈ I, set fA(a) = θ(a−1

•A) for a ∈ G, and ν̃A = p(fA). Then ν̃ : I → [0,∞[
is additive. If E ∈ E then fA(a) = νE for every a, so ν̃ extends ν. If A ∈ I and a, b ∈ G, then
faA(b) = θ(b−1aA) = fA(a−1b), so faA = a•lfA and

ν̃(aA) = p(faA) = p(fA) = ν̃A.

Thus ν̃ is G-invariant, as required.
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449O Corollary (Banach 1923) If r = 1 or r = 2, there is a functional θ : PRr → [0,∞] such that
(i) θ(A ∪ B) = θA + θB whenever A, B ⊆ Rr are disjoint (ii) θE is the Lebesgue measure of E whenever
E ⊆ Rr is Lebesgue measurable (iii) θ(g[A]) = θA whenever A ⊆ Rr and g : Rr → Rr is an isometry.

proof (a) The point is that the group G of all isometries of Rr, with its discrete topology, is amenable.
PPP Let G0 ⊆ G be the subgroup consisting of rotations about 0; because r ≤ 2, this is abelian, therefore
amenable (449Cf). Let G1 ⊆ G be the subgroup consisting of isometries keeping 0 fixed; then G0 is a normal
subgroup of G1, and G1/G0 is abelian, so G1 is amenable (449Cc). Let G2 ⊆ G be the normal subgroup
consisting of translations; then G2 is abelian, therefore amenable. Now G = G1G2, so G is amenable
(449Cd). QQQ

(b) Let E be the ring of subsets of Rr with finite Lebesgue measure, and let ν be the restriction of
Lebesgue measure to E . Then ν is G-invariant. By 449N, there is a G-invariant extension ν̃ of ν to the ideal
I generated by E . Setting θA = ν̃A for A ∈ I, ∞ for A ∈ PRr \ I, we have a suitable functional θ.

449X Basic exercises >>>(a) Let G be a topological group. On G define a binary operation ⋄ by saying
that x ⋄ y = yx for all x, y ∈ G. Show that (G, ⋄) is a topological group isomorphic to G, so is amenable iff
G is.

(b) Show that any finite topological group is amenable.

>>>(c) Show that, for any r ∈ N, the isometry group of Rr, with the topology of pointwise convergence, is
amenable. (Hint : 443Xw, 449Cd.)

(d) Find a locally compact Polish group which is amenable but not unimodular. (Hint : 442Xf, 449Cd.)

(e) Prove 449Cg directly from 441C, without mentioning Haar measure.

(f) Let G be a topological group and U the space of bounded real-valued functions on G which are
uniformly continuous for the right uniformity of G. Show that •r, as defined in 4A5Cc, gives an action of G
on U .

(g) Let • be an action of a group G on a set X, and U a Riesz subspace of ℓ∞(X), containing the constant
functions, such that a•f ∈ U whenever f ∈ U and a ∈ G. Show that the following are equiveridical: (i) there
is a G-invariant positive linear functional p : U → R such that p(χX) = 1; (ii) supx∈X

∑n
i=0 fi(x)−fi(ai•x) ≥

0 whenever f0, . . . , fn ∈ U and a0, . . . , an ∈ G. (Hint : if (ii) is true, let V be the linear subspace generated
by {f − a•f : f ∈ U , a ∈ G} and show that infg∈V ‖g − χX‖∞ = 1.)

>>>(h) Let X be a set and G the group of all permutations of X. (i) Give X the zero-one metric, so that G
is the isometry group of X. Show that G, with the topology of pointwise convergence (441G), is amenable.
(Hint : for any I ∈ [X]<ω, {a : a ∈ G, a(x) = x for every x ∈ X \ I} is amenable.) (ii) Show that if X
is infinite then G, with its discrete topology, is not amenable. (Hint : the left action of F2 on itself can be
regarded as an embedding of F2 in G.)

(i) Let G be a Hausdorff topological group, and Ĝ its completion with respect to its bilateral uniformity

(definition: 4A5Hb). Show that G is amenable iff Ĝ is.

(j)(i) Let G be the group with generators a, b and relations a2 = b3 = e (that is, the quotient of the
free group on two generators a and b by the normal subgroup generated by {a2, b3}). Show that G, with its
discrete topology, is not amenable. (ii) Let G be the group with generators a, b and relations a2 = b2 = e.
Show that G, with its discrete topology, is amenable. (Hint : we have a function length : G → N such that

length(ab) ≤ length(a) + length(b) for all a, b ∈ G and lim supn→∞
1

n
#({a : length(a) ≤ n}) is finite. See

also 449Yf.)

(k) Let G be a locally compact Hausdorff group, and µ a left Haar measure on G. Show that G is
amenable iff for every finite set I ⊆ G, finite set J ⊆ L

∞(µ) and ǫ > 0, there is an h ∈ Ck1(G)+ (definition:
449J) such that |

∫
f(ax)h(x)µ(dx) −

∫
f(x)h(x)µ(dx)| ≤ ǫ for every a ∈ I and f ∈ J . (Hint : the image of

the unit ball in L1 is weak* dense in the unit ball of (L∞)∗.)
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(l) Let G be a locally compact Hausdorff group, and µ a left Haar measure on G. Show that the following
are equiveridical: (i) G is amenable; (ii) there is a positive linear functional p# : L∞(µ) → R such that
p#(χG•) = 1 and p#(a•ru) = p#(u) for every u ∈ L∞(µ) and every a ∈ G; (iii) for every finite set I ⊆ G,
finite set J ⊆ L

∞(µ) and ǫ > 0, there is an h ∈ C+
k1 such that |

∫
f(xa)h(x)µ(dx) −

∫
f(x)h(x)µ(dx)| ≤ ǫ

for every a ∈ I and f ∈ J .

(m) Let G be a locally compact Hausdorff group and BaG its Baire σ-algebra. Show that G is amenable
iff there is a non-zero finitely additive φ : BaG → [0, 1] such that φ(aE) = νE for every a ∈ G and E ∈ BaG.

(n) A symmetric Følner sequence in a group G is a sequence 〈Ln〉n∈N of non-empty finite symmetric

subsets of G such that limn→∞
#(Ln△aLn)

#(Ln)
= 0 for every a ∈ G. Show that a group G has a symmetric

Følner sequence iff it is countable and amenable when given its discrete topology.

>>>(o) Let G be a group which is amenable when given its discrete topology. Let φ : PG → [0, 1] be
an additive functional such that φG = 1 and φ(aE) = φE whenever E ⊆ G and a ∈ G. For E ⊆ G
set ψE =

∫
φ(Ex)φ(dx). Show that ψ : PG → [0, 1] is an additive functional, that ψG = 1 and that

ψ(aE) = ψ(Ea) = ψE for every E ⊆ G and a ∈ G.

(p) Let X be a non-empty set, G a group and • an action of G on X. Suppose that G is an amenable
group when given its discrete topology. Show that there is an additive functional ν : PX → [0, 1] such that
νX = 1 and ν(a•A) = νA for every A ⊆ X and every a ∈ G.

(q) Let G be a locally compact Hausdorff group and µ a left Haar measure on G. Show that if G,
with its discrete topology, is amenable, then there is a functional φ : PG → [0,∞], extending µ, such that
φ(A ∪B) = φA+ φB whenever A, B ⊆ G are disjoint and φ(xA) = φA for every x ∈ G and A ⊆ G.

(r) Let X be a compact metrizable space, φ : X → X a continuous function and µ a Radon probability

measure on X such that µφ−1 = µ. Show that for µ-almost every x ∈ X, limn→∞
1

n+1

∑n
i=0 f(φi(x)) is

defined for every f ∈ C(X). (Hint : 4A2Pe, 372J.)

449Y Further exercises (a) If S is a semigroup with identity e and X is a set, an action of S on
X is a map (s, x) 7→ s•x : S × X → X such that s•(t•x) = (st)•x and e•x = x for every s, t ∈ S and
x ∈ X. A topological semigroup S with identity is amenable if for every non-empty compact Hausdorff
space X and every continuous action of S on X there is a Radon probability measure µ on X such that∫
f(s•x)µ(dx) =

∫
f(x)µ(dx) for every s ∈ S and f ∈ C(X). Show that

(i) (N,+), with its discrete topology, is amenable;
(ii) if S is a topological semigroup and S is an upwards-directed family of amenable sub-semigroups of

S with dense union in S, then S is amenable;
(iii) if 〈Si〉i∈I is a family of amenable topological semigroups with product S then S is amenable;
(iv) if S is an amenable topological semigroup, S′ is a topological semigroup, and there is a continuous

multiplicative surjection from S onto S′, then S′ is amenable;
(v) if S is an abelian topological semigroup, then it is amenable.

(b) Give an example of a topological semigroup S with identity such that S is amenable in the sense of
449Ya but (S, ⋄) is not, where a ⋄ b = ba for a, b ∈ S.

(c) Let G be a topological group and U the space of bounded real-valued functions on G which are
uniformly continuous for the right uniformity. Let M+

qR be the space of totally finite quasi-Radon measures

on G. (i) Show that if ν ∈ M+
qR then ν ∗ f (definition: 444H) belongs to U for every f ∈ U . (ii) Show that

(ν, f) 7→ ν ∗ f : M+
qR × U → U is continuous if M+

qR is given its narrow topology and U is given its norm

topology. (iii) Show that if p : U → R is a continuous linear functional such that p(a•lf) = p(f) for every
f ∈ U and a ∈ G, then p(ν ∗ f) = νG · p(f) for every f ∈ U and every totally finite quasi-Radon measure ν
on G.
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(d) Re-work 449J for general groups carrying Haar measures.

(e) Let G be a group with a symmetric Følner sequence 〈Ln〉n∈N (449Xn), and • an action of G on
a reflexive Banach space U such that u 7→ a•u is a linear operator of norm at most 1 for every a ∈ G.

For n ∈ N set Tnu =
1

#(Ln)

∑
a∈Ln

a•u for u ∈ U . Show that for every u ∈ U the sequence 〈Tnu〉n∈N is

norm-convergent to a v ∈ U such that a•v = v for every a ∈ G. (Hint : 372A. See also 461Yg below.)

(f) Let G be a locally compact Hausdorff group and µ a left Haar measure on G. Suppose that G is
exponentially bounded, that is, lim supn→∞(µ(Kn))1/n ≤ 1 for every compact set K ⊆ G. Show that G
is amenable.

(g) Let G be a group and • an action of G on a set X. Let T be an algebra of subsets of X such that
g•E ∈ T for every E ∈ T and g ∈ G, and H a member of T; write TH for {E : E ∈ T, E ⊆ H}. Let
ν : TH → [0,∞] be a functional which is additive in the sense that ν∅ = 0 and ν(E ∪ F ) = νE + νF
whenever E, F ∈ TH are disjoint, and locally G-invariant in the sense that g•E ∈ T and ν(g•E) = νE
whenever E ∈ TH , g ∈ G and g•E ⊆ H. Show that there is an extension of ν to a G-invariant additive
functional ν̃ : T → [0,∞].

(h) Let X be a set, A a subset of X, and • an action of a group G on X. Show that the following are
equiveridical: (i) there is a functional θ : PX → [0,∞] such that θA = 1, θ(B∪C) = θB+θC and θ(a•B) =
θB for all disjoint B, C ⊆ X and a ∈ G; (ii) there are no A0, . . . , An, a0, . . . , an, b0, . . . , bn such that
A0, . . . , An are subsets of G covering A, a0, . . . , bn belong to G, and a0•A0, b0•A0, a1•A1, b1•A1, . . . , bn•An
are disjoint subsets of A.

(i) (Świerczkowski 58) Let G be the group of orthogonal 3 × 3 matrices. Set S =




3
5

4
5 0

− 4
5

3
5 0

0 0 1




and T =




1 0 0
0 3

5
4
5

0 − 4
5

3
5


. Show that S and T are free in G (that is, no non-trivial product of the form

Sn0Tn1Sn2Tn3 . . . Sn2k can be the identity), so that G is not amenable in its discrete topology. (Hint : let

R be the ring of 3 × 3 matrices over the field Z5. In R set σ =




3 4 0
1 3 0
0 0 0


, τ =




0 0 0
0 3 4
0 1 3


. Show that

σ2 = σ. Now suppose ρ ∈ R is defined as a non-trivial product of the elements σ, τ and their transposes
σ⊤, τ⊤ in which σ and σ⊤ are never adjacent, τ and τ⊤ are never adjacent, and the last term is σ. Set

a
b
c


 = ρ




1
0
0


. Show that if the first term in the product is σ or σ⊤, then c = 0 and b 6= 0, and otherwise

a = 0 and b 6= 0.)

(j) Let F2 be the free group on two generators a, b. (i) Show that there is a partition (A,B,C,D) of F2

such that aA = A∪B ∪C and bB = A∪B ∪D. (ii) Let S2 be the unit sphere in R3. Show that if S, T are
the matrices of 449Yi, there is a partition (A,B,C,D,E) of S2 such that E is countable, S[A] = A∪B ∪C
and T [B] = A ∪ B ∪ D. (This is a version of the Hausdorff paradox.) (iii) Show that there is no non-
zero rotation-invariant additive functional from PS2 to [0, 1]. (iv) Show that there is no rotation-invariant
additive extension of Lebesgue measure to all subsets of the unit ball B(0, 1). (See Wagon 85.)

449 Notes and comments The general theory of amenable groups is outside the scope of this book. Here
I have tried only to indicate some of the specifically measure-theoretic arguments which are used in the
theory. Primarily we have the Riesz representation theorem, enabling us to move between linear functionals
and measures. Since the invariant measures considered in the definition of ‘amenable group’ are all Radon
measures on compact Hausdorff spaces, they can equally well be thought of as linear functionals on spaces
of continuous functions. What is striking is that the definition in terms of continuous actions on arbitrary
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compact Hausdorff spaces can be reduced to a question concerning an invariant mean on a single space easily
constructed from the group (449E).

The first part of this section deals with general topological groups. It is a remarkable fact that some of
the most important non-locally-compact topological groups are amenable. For most of these we shall have
to wait until we have done ‘concentration of measure’ (§§476, 492) and can approach ‘extremely amenable’
groups (§493). But there is an easy example in 449Xh which already indicates one of the basic methods.

For a much fuller account of the theory of amenable locally compact groups, see Paterson 88. Theorem
449J here is mostly taken from Greenleaf 69, where you will find many references to its development.
Historically the subject was dominated by the case of discrete groups, in which combinatorial rather than
measure-theoretic formulations seem more appropriate. In 449J, conditions (ii)-(viii) relate to invariant
means of one kind or another, strengthening that of 449E. Note that the means of 449E(iii) and 449J(ii)-
(viii) are normalized by conditions p(χG) = p̃(χG•) = φG = 1, while the left Haar measure µ of 449J
has a degree of freedom; so that when they come together in 449J(viii) the two sides of the equation
p̃(g ∗ f)• = p̃(f•)

∫
g dµ must move together if we change µ by a scalar factor. Of course this happens

through the hidden dependence of the convolution operation on µ. (The convolutions in 449J(vii) do not

involve µ.) Between 449J(i) and 449J(viii) there is a double step. First we note that a convolution g ∗ f is a
kind of weighted average of left translates of f , so that if we have a mean which is invariant under translations
we can hope that it will be invariant under convolutions (449H, 449Yc). What is more remarkable is that
an invariant mean on the space U of bounded uniformly continuous functions should in the first place give
rise to a left-invariant mean on the space L∞ of (equivalence classes of) bounded Haar measurable functions
(449J(vi)), and then even a two-sided-invariant mean (449J(v)).

Condition (xii) in 449J looks at a different aspect of the phenomenon. In effect, it amounts to saying
that not only is there an invariant mean, but that there is an invariant mean defined by the formula

p(f) = limL→F
1

µL

∫
L
f for a suitable filter F on the family of sets of non-zero finite measure. This may

be called a ‘Følner condition’, following Følner 55. (449Xk looks for an invariant mean of the form
p(f) = limh→F

∫
f ×h dµ, where F is a suitable filter on L

1(µ).) In 449J(xi), the case q = 1 is just a weaker
version of condition (x), but the case q = 2 tells us something new.

The techniques developed in §444 to handle Haar measures on groups which are not locally compact can
also be used in 449H-449J, using ‘totally bounded for the bilateral uniformity’ in place of ‘compact’ when
appropriate (449Yd). 443L provides another route to the same generalization.

In 449K, it is natural to ask whether the hypothesis ‘locally compact’ is necessary. It certainly cannot
be dropped completely; there is an important amenable Polish group with a closed subgroup which is not
amenable (493Xf).

The words ‘right’ and ‘left’ appear repeatedly in this section, and it is not perhaps immediately clear
which of the ordinary symmetries we can expect to find. The fact that the operation x 7→ x−1 : G → G
always gives us an isomorphism between a group and the same set with the multiplication reversed (449Xa)
means that we do not have to distinguish between ‘left amenable’ and ‘right amenable’ groups, at least if
we start from the definition in 449A. In 449C also there is nothing to break the symmetry between left
and right. In 449B and 449D-449E, however, we must commit ourselves to the left action of the group on
the space of functions which are uniformly continuous with respect to the right uniformity. If we wish to
change one, we must also expect to change the other. In the list of conditions in 449J, some can be reflected
straightforwardly (see 449Xl), but in groups which are not unimodular there seem to be difficulties. For
semigroups we do have a difference between ‘left’ and ‘right’ amenability (449Yb).

It is not surprising that in the search for invariant means we should repeatedly use averaging and limiting
processes. The ‘finitely additive integrals’

∫
dφ,

∫
dν in part (f) the proof of 449J and part (a) of the proof

of 449N are an effective way of using one invariant additive functional φ or ν to build another. Similarly,
because we are looking only for finite additivity, we can be optimistic about taking cluster points of families
of almost-invariant functionals, as in the proofs of 449F, 449J and 449L.

In the case of discrete groups, in which all considerations of measurability and continuity evaporate, we
have a completely different technique available, as in 449L. Here we can go directly from a non-paradoxicality
condition, a weaker version of conditions already introduced in 395E and 448E, to a Følner condition ((β)
in part (b) of the proof of 449L) which easily implies amenability. I remind you that I still do not know how
far these ideas can be applied to other algebras than PX (395Z). The difficulty is that the unscrupulous use
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of the axiom of choice in the infinitary Marriage Lemma seems to give us no control over the nature of the
sets Aij described in (b-α) of the proof of 449L; moreover, the structure of the proof depends on having a
suitable invariant measure (counting measure on X) to begin with. For more on amenable discrete groups
and their connexions with measure theory see Laczkovich 02.

Version of 31.7.09

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

441A Shift actions The definition of shift actions in 441Ac of the 2003 and 2006 editions, called on in
the 2008 edition of Volume 5, has been moved to 4A5Cc.

444Xn Orthonormal bases The sketch of a construction of an orthonormal basis in L2 consisting of
equivalence classes of continuous functions, referred to in Bogachev 07, is now 444Ym.

§445 Convolutions The material mentioned in the notes to §257 in the May 2001 edition of Volume 2
has been moved to §444. The particular result referred to as ‘445K’ is now 444R.

445Xq The exercise 445Xq, referred to in the May 2002 edition of Volume 3, has been moved to 445Xp.

449I, 449J Tarski’s theorem The proof of Tarski’s theorem, referred to in the 2002 and 2004 editions
of Volume 3, is now in 449L.
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negligible sets’, Bull. Acad. Polon. Sci. (Math.) 29 (1981) 1-5. [439F, §439 notes .]

Halmos P.R. [1944] ‘In general a measure-preserving transformation is mixing’, Annals of Math. 45 (1944)
786-792. [494E.]

Halmos P.R. [50] Measure Theory. Springer, 1974. [§441 notes , §442 notes , 443M, §443 notes .]
Halmos P.R. [56] Lectures on ergodic theory. Chelsea, 1956. [494A.]
Hansell R.W. [01] ‘Descriptive sets and the topology of non-separable Banach spaces’, Serdica Math. J.

27 (2001) 1-66. [466D.]
Hart J.E. & Kunen K. [99] ‘Orthogonal continuous functions’, Real Analysis Exchange 25 (1999) 653-659.

[416Yh.]
Hartman S. & Mycielski J. [58] ‘On the imbedding of topological groups into connected topological

groups’, Colloq. Math. 5 (1958) 167-169. [493Ya.]
Haydon R. [74] ‘On compactness in spaces of measures and measure-compact spaces’, Proc. London Math.

Soc. (3) 29 (1974) 1-6. [438J.]
Henry J.P. [69] ‘Prolongement des mesures de Radon’, Ann. Inst. Fourier 19 (1969) 237-247. [416N.]
Henstock R. [63] Theory of Integration. Butterworths, 1963. [Chap. 48 intro., 481J.]
Henstock R. [91] The General Theory of Integration. Oxford U.P., 1991. [§481 notes .]
Herer W. & Christensen J.P.R. [75] ‘On the existence of pathological submeasures and the construction

of exotic topological groups’, Math. Ann. 213 (1975) 203-210. [§493 notes .]
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