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Chapter 43
Topologies and measures I1

The first chapter of this volume was ‘general’ theory of topological measure spaces; I attempted to
distinguish the most important properties a topological measure can have — inner regularity, T-additivity —
and describe their interactions at an abstract level. I now turn to rather more specialized investigations,
looking for features which offer explanations of the behaviour of the most important spaces, radiating
outwards from Lebesgue measure.

In effect, this chapter consists of three distinguishable parts and two appendices. The first three sections
are based on ideas from descriptive set theory, in particular Souslin’s operation (§431); the properties of
this operation are the foundation for the theory of two classes of topological space of particular importance
in measure theory, the K-analytic spaces (§432) and the analytic spaces (§433). The second part of the
chapter, §6434-435, collects miscellaneous results on Borel and Baire measures, looking at the ways in which
topological properties of a space determine properties of the measures it carries. In §436 I present the most
important theorems on the representation of linear functionals by integrals; if you like, this is the inverse
operation to the construction of integrals from measures in §122. The ideas continue into §437, where I
discuss spaces of signed measures representing the duals of spaces of continuous functions, and topologies
on spaces of measures. The first appendix, §438, looks at a special topic: the way in which the patterns
in §8434-435 are affected if we assume that our spaces are not unreasonably complex in a rather special
sense defined in terms of measures on discrete spaces. Finally, I end the chapter with a further collection of
examples, mostly to exhibit boundaries to the theorems of the chapter, but also to show some of the variety
of the structures we are dealing with.
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431 Souslin’s operation

I begin the chapter with a short section on Souslin’s operation (§421). The basic facts we need to know
are that (in a complete locally determined measure space) the family of measurable sets is closed under
Souslin’s operation (431A), and that the kernel of a Souslin scheme can be approximated from within in
measure (431D). As in §421, I write S for [J, oy N* and S* for [J,, N*.

431 A Theorem Let (X, X, 1) be a complete locally determined measure space. Then X is closed under
Souslin’s operation.

proof Let (E,),cs+ be a Souslin scheme in ¥ with kernel A. If F € ¥ and puF < oo, then ANF e X. P
For each 0 € S, set
Ay = U¢eNN,¢;a ﬂn21 Ewm
and let G, be a measurable envelope of A, N F. Because A, C F, (writing Fy = X), we may suppose that
G, C E,NF. Now, for any o € S,
As NF =Ujen Aomcis N F C Usen Gom<iss

SO

Ha = GO’ \ UiEN Ga"<i>
is negligible.
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2 Topological measure spaces I1 431A

Set H = J,cg Ho, so that H is negligible. Take any x € Gy \ H. Choose (¢(i))ien inductively, as follows.
Given that o = (¢(4));< has been chosen and x € G, then « ¢ H,, so there must be some j € N such that
r € Gyncjs; set ¢(k) = j, and continue. Now

T e nk21 Gork © nk21 Eyir C A

Thus we see that Gg\ H C A; as Gy C F, Gy \ H C AN F. On the other hand, AN F C Gy. Because H
is negligible and p is complete, AN F € 3. Q

Because p is locally determined, it follows that A € ¥. As (E,),cs+ is arbitrary, ¥ is closed under
Souslin’s operation.

431B Corollary If (X, T, %, 11) is a complete locally determined topological measure space, every Souslin-
F set in X (definition: 421K) is measurable.

431C Corollary Let X be a set and 6 an outer measure on X. Let u be the measure defined by
Carathéodory’s method, and ¥ its domain. Then ¥ is closed under Souslin’s operation.

proof Let (E,),cs+ be a Souslin scheme in ¥ with kernel A. Take any C' C X such that C < co. Then
f0c = O'PC is an outer measure on C'; let puc be the measure on C' defined from 6o by Carathéodory’s
method, and X¢ its domain. If 0 € S* and D C C then

0c(DNCNE,)+60c(D\(CNE,)=0DNE,)+0(D\ E,)
=60D = QcD;
as D is arbitrary, C N E, € Y. uc is a complete totally finite measure, so 431A tells us that the kernel
of the Souslin scheme (C' N E,),cs+ belongs to L. But this is just C' N A (applying 421Cb to the identity
map from C to X). So
OCNA)+0(C\A)=0c(CNA)+0c(C\A)=0cC=0C.
As C is arbitrary, A € ¥ (113D). As (Ey),es+ is arbitrary, we have the result.

431D Theorem Let (X, 3, 1) be a complete locally determined measure space, and (E,)ycs+ a Souslin
scheme in ¥ with kernel A.

(a)

uA = sup{pu( U ﬂ Eyn) : K C NV is compact}
peK n>1

=sup{u(|J [ Eorn) : ¥ € NV},
¢p<thn=>1
writing ¢ < v if ¢(i) < (i) for every i € N.
(b) If (Ey)oes+ is fully regular, then pA = sup{p((,>1 Eyin) 1 ¢ € NN} and if in addition p is totally
finite, pA = sup{inf,>1 uEyn : ¢ € NN
proof (a)(i) By 431A, A is measurable. For K C N, set Hyx = User Nns1 Eorn- Of course Hx C A, and

we know from 421M (or otherwise) that Hx € ¥ if K is compact. So surely uA > uHg for every compact
K C NN If ¢ € NV, then {¢: ¢ <9} =[[;en((é) + 1) is compact. We therefore have

A > sup{pu( U ﬂ E4n) : K C NN is compact }
peK n>1

>sup{u(|J () Esn) : ¢ € NV}

p<¢pn=>1
So what I need to prove is that

pA < sup{p(Ug<y Nps1 Eorn) 19 € NN}
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431E Souslin’s operation 3

(ii) Fix on a set F' € ¥ of finite measure. For o € S set

As = U¢eNN,¢;a ﬂn21 Egin.
We need to know that A, belongs to ¥; this follows from 431A, because writing E = E. if r Cooro C 7,
() otherwise,
A, = U¢ENN ﬂnZl E(:b[n € S(E) =3,
writing S for Souslin’s operation, as in §421.

Let € > 0, and take a family (e,)scgs of strictly positive real numbers such that >
o € S we have A, = |J;cy Ao~ <i>, 50 there is an m, € N such that

:LL(F n Ao’ \ Uigma AU”<i>) S €o-

veg o S € For each

Define ) € NY by saying that
(k) = max{m, : 0 € N¥ (i) < (i) for every i < k}
for each k € N. Set
H = Ugenr p< (nz1 Eotn-
(iii) Set
G= UUES FnAs\ Uigma Agm<i>)

so that uG < e, by the choice of the ¢, and the m,. Then FNA\G C H. PIf z € FN A\ G, choose
(p(i))ien inductively, as follows. Given that ¢(i) < (i) for i < k and « € A,, where 0 = ($(7))i<k, then
z ¢ Ao\ Uj<pm, Ao~<j>, 50 there must be some j < m, such that € A,~_js; set ¢(k) = j; because
o € [Ticx(¥(i) + 1), j < my < ¥(k), and the induction continues. At the end of the induction, ¢ < ¢ and

2 € Nys1 Agin S Nps1 Boin C H. Q

(iv) It follows that
WANF) <puG+ pH < e+ uH.
As F and € are arbitrary, and p is semi-finite,
pA < SUP{M(U¢§¢ ﬂn21 Eg1n) 1 € NN},
and (a) is true.

(b) If (E;)ses+ is fully regular, and ¢ < 9, then ¢[n < ¥[n and Ey4p,, C Eypy for every n > 1;
consequently <, (N,>1 Eotn € MNpen Byin for every ¢ € NY and

pA =sup{u(| ) () Eon) : ¢ € N}
p<vn>1

= sup{u( ﬂ Epin) 9 € NN}.

n>1

Moreover, Eyn € Eyppm whenever 1 < m < n, so if p is totally finite, (), Eyin) = infp>1 pFEy, for
every 1, and pA = supy ey infy>1 pEypp.

431E Corollary If (X,%,3, u) is a topological measure space and E C X is a Souslin-F set with finite
outer measure, then p*E = sup{uF : F C E is closed}.

proof Let i be the c.l.d. version of p (213E). Let (E,),cs+ be a Souslin scheme of closed sets with kernel
E. Then 213Fb and 431D tell us that

M*E = ﬂE = SUPKCNY is compact :U’FK7

where Fix = e e Np>1 Eoprn for K C NN, But every F is closed, by 421M. So p1* E < SUppc s i closed HF;
as the reverse inequality is trivial, we have the result.

D.H.FREMLIN



4 Topological measure spaces I1 *431F

*431F Two further versions of the ideas in 431A will be useful. The first is topological.

Theorem Let X be any topological space, and B its Baire-property algebra.

(a) For any A C X, there is a Baire-property envelope of A, that is, a set E € B such that A C E and
E\ F is meager whenever A C F' € B.

(b) B is closed under Souslin’s operation.

proof (a) By 4A38Sa, there is an open set H C X such that A\ H is meager and H NG is empty whenever
G C X is open and ANG is meager. Set £ = AU H; then £ D A and EAH = A\ H is meager, so F € B.
If AC F € B, let G be an open set such that GA(X \ F) is meager. Then GN A C G N F is meager, so
GNH isempty and E\ F C (EAH)U(GA(X \ F)) is meager. Thus F is a Baire-property envelope of A.

(b) Let (Ey)ses+ be a Souslin scheme in B with kernel A. For each o € S, set

A, = U¢eNN,¢;a ﬂn21 Egin,
and let G, be a Baire-property envelope of A, as described in (a). Because A, C E, (writing Fy = X), we
may suppose that G, C E,. Now, for any o € 5,
Aa = UieN Ao"<i> g UieN Ga”<i>a
SO
Ha = GU \ UieN GU”<Z'>

is meager.

Set H = U, cg Ho, so that H is meager. Take any x € Gy \ H. Choose (¢(i))ien inductively, as follows.

Given that o = (¢(4))i<r has been chosen and x € G, then « ¢ H,, so there must be some j € N such that
r € Gyncjs; set ¢(k) = j, and continue. Now

2 € (N>1 Gotk S N>t Esre € A

Thus we see that Gy \ H C A. On the other hand, A C Gy, so Gp/AAA is meager and A € B. As (Ey)ocs+
is arbitrary, B is closed under Souslin’s operation.

*431G The second relies on a countable chain condition to give the same envelope property.

Theorem Let X be a set, & a o-algebra of subsets of X and Z C ¥ a o-ideal of subsets of X. If 3 /7 is ccc
then ¥ is closed under Souslin’s operation.

proof (a) As before, the essential fact is that for every A C X there is an F € ¥ such that A C F and
F €T whenever F € ¥ and FFC E\ A. P Let £ be a maximal disjoint family of members of ¥ \ Z disjoint
from A. Because ¥/7 is ccc, € is countable (316C), so E = X \ [J& belongs to ¥; now it is easy to see that
this E serves. Q

In this case I will call E a ‘measurable envelope’ of A.

(b) Now we can argue as in 431A or 431F. Let (E,),ecs+- be a Souslin scheme in ¥ with kernel A; for
o €S, set

Ao = Upentoco Nnz1 Eorns
and let G, C E, be a measurable envelope of A,. Setting
H = UaeS(GU \ UiGN GaA<i>)7
HeTZand GgAAC H,s0 A€ X. As (E,)scs+ is arbitrary, ¥ is closed under Souslin’s operation.

431X Basic exercises (a) Let (X, T, %, i) be a complete locally determined topological measure space,
Y a topological space, and f : X — Y a measurable function. Let B(Y) be the Borel algebra of Y. Show
that f~1[B] € X for every B € S(B(Y)).

(b) Let X be a topological space and p a semi-finite topological measure on X which is inner regular
with respect to the Souslin-F sets. Show that u is inner regular with respect to the closed sets.

MEASURE THEORY



8432 intro. K-analytic spaces 5

>(c) Let (X, X%, 1) be a measure space with locally determined negligible sets (definition: 213I), and
(Ey)oes+ a Souslin scheme in ¥ with kernel A. Show that

prA = supyeny iUp<y Nzt Egin)-

>(d) Let (X, X, 1) be a semi-finite measure space, and (E,),cs+ a Souslin scheme in ¥ with kernel A.
Show that

peA = SUPy,eNN U(qugw ﬂn21 Egrn).

431Y Further exercises (a) Let (X, X%, u) be a complete measure space with the measurable envelope
property. Show that X is closed under Souslin’s operation.

(b) Let (X, X, 1) be a complete totally finite measure space, Y a set and T a o-algebra of subsets of Y.
Suppose that A € S(E®T). Show that {y : pA~'[{y}] > a} belongs to S(T) for every a € R.

(c) Let X be a set, ¥ a o-algebra of subsets of X, and Z a o-ideal of subsets of X such that Z C ¥.
Suppose that for every A C X there is an F' € ¥ such that A C F and F\ E € Z whenever A C FE € %.
Show that ¥ is closed under Souslin’s operation.

(d) Let r > 1 be an integer, D C R" a Borel set and f : D — R a Borel measurable function. Show that
the domain of its first partial derivative g—é is coanalytic, therefore Lebesgue measurable, but may fail to

be Borel.

431 Notes and comments From the point of view of measure theory, the most important property
of Souslin’s operation, after its idempotence, is the fact that (for many measure spaces) the family of
measurable sets is closed under the operation (431A). The proof I give here is based on the concept of
measurable envelope, which can be used in other cases of great interest (431F, 431G, 431Yc¢). But for some
applications it is also very important to know that if A is the kernel of a Souslin scheme (E,),cg+, then A
can be approximated from inside by sets of the form H = {Jy.,,>1 Eorn (431D, 431Xc), which belong
to the o-algebra generated by the E, (421M). A typical application of this idea is when every E, is a Borel
subset of R; then we find not only that A is Lebesgue measurable (indeed, measured by every Radon measure
on R) but that (for any given Radon measure p) the Souslin scheme itself provides Borel subsets H of A of
measure approximating the measure of A. A similar result, based on rather different hypotheses, is in 432K.

Let me repeat that the essence of descriptive set theory is that we are not satisfied merely to know that
a set of a certain type exists. We want also to know how to build it, because we expect that an explicit
construction will be valuable later on. For instance, the construction given in 431D shows that if the Souslin
scheme consists of closed compact sets, the sets H will be compact (421Xn).

I mention 431B as a typical application of 431A, even though it is both obvious and obviously less than
what can be said. The algebras X of this section are algebras closed under Souslin’s operation. In a complete
locally determined topological measure space, the algebra ¥ of measurable sets includes the open sets (by
definition), therefore the Borel algebra B, therefore S(B); but now we can take the algebra A; generated
by S(B), and A; and S(A;) will also be included in ¥, so that ¥ will included the algebra A, generated
by S(A1), and so on. (Note that S(A;) includes the o-algebra generated by A;, by 421F, so I do not need
to mention that separately.) We have to run through all the countable ordinals before we can be sure of
getting to the smallest algebra A, = UE <w, A¢ which contains every open set and is closed under Souslin’s
operation, and we shall then have A,, C X.

Version of 2.10.13

432 K-analytic spaces

I describe the basic measure-theoretic properties of K-analytic spaces (§422). I start with ‘elementary’
results (432A-432C), assembling ideas from §§421, 422 and 431. The main theorem of the section is 432D,
one of the leading cases of the general extension theorem 416P. An important corollary (432G) gives a
sufficient condition for the existence of pull-back measures. I briefly mention ‘capacities’ (432J-432L).

(©) 2008 D. H. Fremlin
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6 Topologies and measures I1 432A

432A Proposition Let (X, %, %, 1) be a complete locally determined Hausdorff topological measure
space. Then every K-analytic subset of X is measurable.

proof If A C X is K-analytic, it is Souslin-F (422Ha), therefore measurable (431B).

432B Theorem Let X be a K-analytic Hausdorff space, and p a semi-finite topological measure on X.
Then

uX =sup{uK : K C X is compact}.

proof If v < puX, there is an E € dom p such that v < puE < oo; set vF = p(E N F) for every Borel set
F C X, so that v is a totally finite Borel measure on X, and vX > 7. Let © be the completion of v. Let
R C N¥ x X be an usco-compact relation such that RINY] = X. Set F, = R[I,] for 0 € S* = J,~, N¥,
where I, = {¢ : 0 C ¢ € NV}. Because R is closed in N¥ x X (422Da), X is the kernel of the Souslin scheme
(Fy)ses= (4211). By 431D, there is a compact L C NY such that U(Uper Nuen Forn) = 7. But, by 4211,
this is just #(R[L]); and R[L] is compact, by 422D(e-i). So pR[L] is defined, with pR[L] > vR[L] = PR[L],
and we have a compact subset of X of measure at least . As ~ is arbitrary, the theorem is proved.

432C Proposition Let X be a Hausdorff space such that all its open sets are K-analytic, and p a Borel
measure on X.

(a) If p is semi-finite, it is tight.

(b) If w is locally finite, its completion is a Radon measure on X.

proof (a) By 422Hb, every open subset of X is Souslin-F. Applying 421F to the family £ of closed subsets
of X, we see that every Borel subset of X is Souslin-F, therefore K-analytic (422Ha). Now suppose that
E C X is a Borel set. Then the subspace measure ppg is a semi-finite Borel measure on the K-analytic space
E, s0by 432B uE = Supgc g is compact M- As E is arbitrary, u is inner regular with respect to the compact
sets; but we are supposing that X is Hausdorff, so these are all closed, and p is tight.

(b) Because X is Lindeldf (422Gg), p is o-finite (411Ge), therefore semi-finite. So (a) tells us that u is
tight. By 416F, its c.l.d. version is a Radon measure. But (because u is o-finite) this is just its completion
(213Ha).

432D Theorem (ALDAZ & RENDER 00) Let X be a K-analytic Hausdorff space and p a locally finite
measure on X which is inner regular with respect to the closed sets. Then p has an extension to a Radon
measure on X. In particular, p is 7-additive.

proof The point is that if uFE > 0 then there is a compact K C E such that p*K > 0. I Write X for the
domain of p. Take v < puE. Because X is Lindelof (422Gg again), u is o-finite (411Ge), therefore semi-finite.
Let E' C FE be such that v < uE’ < oo. Because p is inner regular with respect to the closed sets, there is a
closed set F' C E such that uF > 7. F is K-analytic (422Gf); let R C NN x F be an usco-compact relation
such that R[NY] = F. For o € S = J,, oy N" set

Ay = {z: (¢,7) € R for some ¢ € NV such that ¢(i) < o(i) for every i < #(o)}.
Then (A,~ ;> )ien is a non-decreasing sequence with union A,, so
Ay = supsey 1" Agn <in
for every o € S (132Ae). We can therefore find a sequence ¢ € N such that
P Ay >y
for every n € N. Set
K ={¢:¢ e NN ¢(i) < (i) for every i € N};

then K = [],cn(¥(n) + 1) is compact, so R[K] is compact (422D(e-i) again).
? Suppose, if possible, that p*R[K] < 7. Then there is an H € X such that R[K] C H C F and
w(F\ H) > uF —~. Because p is inner regular with respect to the closed sets, there is a closed set F’' € 3

MEASURE THEORY



432H K-analytic spaces 7

such that I/ C F\ H and uF’ > pF —~. Since RIK|NF' =0, KNR™Y[F'] = 0. R~1[F'] is closed, because
R is usco-compact, so there is some n such that

L={¢:¢ NN ¢ln=¢n for some ¢' € K}

does not meet R™[F’] (4A2F(h-vi)), and R[L] N F’ = (. But L is just {¢ : ¢(i) < 9(4) for every i < n}, so
R[L] = Al/)”“ and

Y < P Aypn < WE\F') <7,

which is absurd. X
Thus p*R[K] > v. As v > 0, we have the result. Q
Now the theorem follows at once from 416P (ii)=-(i).

432E Corollary Let X be a K-analytic Hausdorff space, and p a locally finite quasi-Radon measure on
X. Then p is a Radon measure.

proof By 432D, ;1 has an extension to a Radon measure p’. But of course x4 and ¢/ must coincide, by 415H
or otherwise.

432F Corollary Let X be a K-analytic Hausdorff space, and v a locally finite Baire measure on X.
Then v has an extension to a Radon measure on X; in particular, it is 7-additive. If the topology of X is
regular, the extension is unique.

proof Because X is Lindelof (422Gg once more), v is o-finite, therefore semi-finite; by 412D, it is inner
regular with respect to the closed sets. So 432D tells us that it has an extension to a Radon measure on X.
Since the extension is 7-additive, so is v.

If X is regular, then it must be completely regular (4A2H(b-i)), and the family G of cozero sets is a base
for the topology closed under finite unions. If yu, u’ are Radon measures extending v, they agree on G, and
must be equal, by 415H(iv).

432G Corollary Let X be a K-analytic Hausdorff space, Y a Hausdorff space and v a locally finite
measure on Y which is inner regular with respect to the closed sets. Let f : X — Y be a continuous
function such that f[X] has full outer measure in Y. Then there is a Radon measure p on X such that f is
inverse-measure-preserving for y and v. If v is Radon, it is precisely the image measure pf 1.

proof (a) Write T for the domain of v, and set 3o = {f~1[F] : f € T}, so that 3 is a o-algebra of subsets
of X, and we have a measure o on X defined by setting pof~[F] = vF whenever F € T (234F).

(b) If E € ¥y and v < poE, there is an F € T such that E = f~![F]. Now there is a closed set F' C F
such that vF’ > . Because f is continuous, f~1[F'] is closed, and we have f~[F'] C E and pof~[F'] > 7.
As E and ~ are arbitrary, uo is inner regular with respect to the closed sets.

If x € X, then (because v is locally finite) there is an open set H C Y such that f(z) € H and v*H < oo;
as [ is of course inverse-measure-preserving for po and v, pb f~[H] < v*H (234B(f-i)) is finite, while f~![H]
is an open set containing z. Thus pg is locally finite.

(c) By 432D, there is a Radon measure p on X extending po. Because f is inverse-measure-preserving
for pp and v, it is surely inverse-measure-preserving for p and v.

The image measure pf ! extends v, so must be locally finite; it is therefore a Radon measure (418I). So
if v itself is a Radon measure, it must be identical with pf ', by 416Eb.

432H Corollary Suppose that X is a set and that &, T are Hausdorff topologies on X such that (X, ¥)
is K-analytic and & C €. Then the totally finite Radon measures on X are the same for G and ¥.

proof Write f for the identity function on X regarded as a continuous function from (X, %) to (X, 6). If u
is a totally finite T-Radon measure on X, then p = pf ! is G-Radon, by 418I again. If v is a totally finite
&-Radon measure on X, then 432G tells us that it is of the form p = pf~! for some T-Radon measure fi,
that is, is itself T-Radon.

D.H.FREMLIN



8 Topologies and measures I1 4321

4321 Corollary Let X be a K-analytic Hausdorff space, and U a subbase for the topology of X. Let
(Y, T,v) be a complete totally finite measure space and ¢ : Y — X a function such that ¢—1[U] € T for every
U € U. Then there is a Radon measure p on X such that [ fdu = [ f¢dv for every bounded continuous
f: X—=>R

proof (a) Let v¢~! be the image measure on X, and ¥y its domain. Then ¥, is a o-algebra of subsets
of X including . So if z, y are distinct points of X, there are disjoint open sets U, V € ¥y containing
x, y respectively. I Because X is Hausdorff, there are disjoint open sets Uy and V; such that z € Uy and
y € V. Because X is closed under finite intersections and includes the subbase U, it includes a base for the
topology of X (4A2B(a-i)), and there are open sets U, V € 3 such that t e U CUpand y e V C V. Q

Every cozero subset of X belongs to ¥o. P If G C X is a cozero set, there is a sequence (F},)pen of
closed subsets of X with union G. For each n, F,, and X \ G are disjoint K-analytic subsets of X (422Gf),
so there is an F,, € Xy such that F;, C E,, C G (422I). Now G = |, oy En belongs to Xy. Q

(b) It follows that the Baire o-algebra Ba(X) of X is included in Xg. So pg = vé~![Ba(X) is a Baire
measure on X. By 432F, uo has an extension to a Radon measure p on X.

If f e Cy(X), then f is po-integrable; since ¢ is inverse-measure-preserving for v and pg, [ fodv is
defined and equal to [ fduo (235G). Similarly [ fdu = [ fdue. So [ fdu = [ f¢dv, as required.

432J Capacitability The next theorem is not exactly measure theory as studied in most of this treatise;
but it is clearly very close to the other ideas of this section, and it has important applications to measure
theory in the narrow sense.

Definitions Let (X, %) be a topological space.
(a) A Choquet capacity on X is a function ¢ : PX — [0, o] such that
(i) ¢(A) < ¢(B) whenever A C B C X;

(ii) limy, 00 ¢(An) = ¢(A) whenever (A4, )nen is a non-decreasing sequence of subsets of X with union

A:

)

(iii) ¢(K) = inf{c(G) : G D K is open} for every compact set K C X.

(b) A Choquet capacity ¢ on X is outer regular if ¢(A) = inf{c¢(G) : G 2 A is open} for every A C X.

432K Theorem (CHOQUET 55) Let X be a Hausdorff space and ¢ a Choquet capacity on X. If A C X
is K-analytic, then ¢(A) = sup{c¢(K) : K C A is compact}.
proof Take v < ¢(A). Let R C NN x X be an usco-compact relation such that R[NY] = A; for o € § =
UnEN N™ set

Ay = {z: (¢,7) € R for some ¢ € N such that ¢(i) < (i) for every i < #(o)}.
Then (A,~ ;s )ien is a non-decreasing sequence with union A,, so
c(Ag) = supen c(Ao-<i>)
for every o € S. We can therefore find a sequence 1) € N¥ such that ¢(Ay,) > 7 for every n € N. Set
K ={¢:¢ e NN ¢(i) < (i) for every i € N};
then K = [],cn(¥(n) + 1) is compact, so R[K] is compact (422D(e-i) once more).

? Suppose, if possible, that ¢(R[K]) < . Then, by (iii) of 432J, there is an open set G O R[K] such
that ¢(G) < v. Set F = X \ G, so that F is closed and K N R™}[F] = (. R™'[F] is closed, because R is
usco-compact, so there is some n such that

L={¢:¢c NN ¢|n=¢'|n for some ¢' € K}
does not meet R™![F] (4A2F (h-vi) again), and R[L]NF = (), that is, R[L] C G. But L is just {¢ : ¢(i) < (i)
for every i < n}, so R[L] = Ayp, and
v < c(Ayn) < e(G) <7,
which is absurd. X
Thus ¢(R[K]) > 7. As v is arbitrary and R[K] is compact, we have the result.

MEASURE THEORY



432L K-analytic spaces 9

432L Proposition Let (X, T) be a topological space.
(a) Let ¢ : ¥ — [0, 00] be a functional such that
co(G) < co(H) whenever G, H € T and G C H;
¢o is submodular (definition: 413Qb)
co(Upen Gn) = limy, 00 co(G,) for every non-decreasing sequence (Gn)nen in T.
Then ¢y has a unique extension to an outer regular Choquet capacity ¢ on X, and ¢ is submodular.
(b) Suppose that X is regular. Let K be the family of compact subsets of X, and ¢; : K — [0,00] a
functional such that

cq is submodular;
c1(K) = infges,gor suprex, pcg c1(L) for every K € K.
Then ¢; has a unique extension to an outer regular Choquet capacity ¢ on X such that
¢(G) = sup{c(K) : K C G is compact} for every open G C X,

and ¢ is submodular.

proof (a) For A C X, set ¢(A) = inf{co(G) : A C G € T}. Then ¢ : PX — [0,00] extends ¢y because
¢o is order-preserving. Conditions (i) and (iii) of 432J are obviously satisfied. As for (ii), let (A,)nen be
a non-decreasing sequence of subsets of X with union A. Then lim, . ¢(A;) is defined and not greater
than ¢(A). If the limit is infinite, then certainly it is equal to ¢(A). Otherwise, take ¢ > 0. For each n € N,
choose an open set G, 2 A, such that co(G,) < c¢(A4,) + 27" Set H, = |J,-,, Gi for n € N. Then
co(Hp) < c(Ap) +2e—27"¢ for every n. PP Induce on n. If n = 0 then Hy = G and the result is immediate.
For the inductive step to n + 1, we have

co(Hpt1) + co(Hn N Gry1) < co(Hn) + co(Grya)
(because ¢ is submodular)
<c(Ap)+2e—2""e+c(Aps1) + 2 l¢
(using the inductive hypothesis)
<co(HyNGpyr) +26 = 27" et c(Apir);

as co(H, NGpyi1) < co(Gpyt) is finite, co(Hpy1) < 26 — 27" Le + ¢(A,11), as required. Q
Set H=, .y Hn- As (Hp)nen is non-decreasing,

c(A) < co(H) = limy, 00 co(Hp) < limy, 00 ¢(Ay) + 2¢.
As e is arbitrary, ¢(A) < lim, o ¢(A,) and the final condition of 4327 is satisfied.
Of course c is the only Choquet capacity extending ¢y and outer regular with respect to the open sets.

As for the submodularity of ¢, if A, B C X and € > 0, there are open sets G O A and H O B such that
co(G) + co(H) < ¢(G) + c(H) + ¢; so that

neN

c(AUB)+c¢(ANB) < cp(GUH)+co(GNH)
o(G) + co(H) < c(A) + ¢(B) +e.

As e is arbitrary, c(AU B) + ¢(AN B) < ¢(A) + ¢(B), as required.

<c
<c

(b)(i) The key fact is this: if G, H € ¥, K, L€ K, K C GUH and L C GN H, then there are K,
Ly € Ksuch that K1 CG, Ly CH, K C Ky ULy and L C K1 N L;. P Because (X, T) is regular, there is
an open set (i1 such that K\ H C Gy and G; C G (4A2F(h-ii)). Set K; = (KNG1)UL, Ly = (K \Gy)UL;
these work. Q

(ii) Define co : T — [0, 00] by setting co(G) = supgex gcq c1(K) for open G € X. Then cq satisfies
the conditions of (a). P The first and third are elementary. As for the second, if G, H € T and v <
co(GUH)+co(GN H), there are K, L € KC such that K CGUH, L CGNH and v < ¢;(K) + c2(L). Now
(i) tells us that there are compact sets K1 C G and L; C H such that K C Ky ULy and L C K1 N Ly, in
which case
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Co(G) + Co(H) 1(K1) + Cl(Ll) > Cl(Kl U Ll) + Cl(Kl n Ll)
1(K> + Cl(L) 2 Y.

As v is arbitrary, ¢o(G) + co(H) > co(GU H) + ¢o(G N H), as required. Q

>c
>c

(iii) We therefore have a submodular outer regular Choquet capacity ¢ : PX — [0,00] defined by
setting ¢(A) = infges acq co(G) for every A C X. From the second condition on ¢1, we see that ¢ extends
c1. Clearly c satisfies the two regularity conditions, and is the only extension of ¢; which does so.

432X Basic exercises (a) Put 422Xe, 431Xb and 432D together to prove 432C.

(b) Let X be a K-analytic Hausdorff space, and p a measure on X which is outer regular with respect
to the open sets. Show that X = Supyxcx is compact # K- (Hint: see the proof of 432D.)

>(c) Let X be a K-analytic Hausdorff space, and u a semi-finite topological measure on X. Show that if
either p is inner regular with respect to the closed sets or X is regular and yu is a 7-additive Borel measure,
then p is tight.

(d) Use 422Gf, 432B and 416C to prove 432E.

>(e) Suppose that X is a set and that &, ¥ are Hausdorff topologies on X such that (X, ¥) is K-analytic
and & C ¥. Let (Z,4, T, v) be a Radon measure space and f : Z — X a function which is almost continuous
for $ and &. Show that f is almost continuous for & and T. (Hint: it is enough to consider totally finite v;
show that vf~! is T-Radon, so is inner regular for {K : Tx = Gk}, writing T for the subspace topology
induced by ¥ on K.)

(f) Let X be a topological space and p a locally finite measure on X which is inner regular with respect
to the closed sets. Show that p* is a submodular Choquet capacity.

(g) Let X be a topological space and F a closed subset of X. Define ¢ : PX — {0,1} by setting ¢(A) =1
if A meets F', 0 otherwise. Show that ¢ is a submodular Choquet capacity on X.

(h) Let X and Y be Hausdorff spaces, and R C X x Y an usco-compact relation. Show that if ¢ is a
Choquet capacity on Y, then A — ¢(R[A]) is a Choquet capacity on X, which is submodular if ¢ is.

(i) Use 432K and 432Xf to shorten the proof of 432D.

() Let P be a lattice, and ¢ : P — R an order-preserving functional. Show that the following are
equiveridical: (i) ¢ is submodular; (ii) (p,q) — 2¢(p V q) — ¢(p) — c(q) is a pseudometric on P; (iii) setting
er(p) =clpVr) —c(r), er(pV q) < er(p) +er(q) for all p, g, 7 € P.

(k) Let X be a topological space, ¢ : X — [0,00] a Choquet capacity, and f : [0,00] — [0,00] a non-
decreasing function. (i) Show that if f is continuous then fc is a Choquet capacity. (i) Show that if f] [0, oo|
is concave and c is submodular, then fc is submodular.

(1) Let X be a Hausdorff space, ¢ a Choquet capacity on X, and K a non-empty downwards-directed
family of compact subsets of X. Show that ¢((K) = inf ke c(K).

432Y Further exercises (a) Show that there are a K-analytic Hausdorff space X and a probability
measure p on X such that (i) p is inner regular with respect to the Borel sets (ii) the domain of y includes
a base for the topology of X (iii) every compact subset of X is negligible. Show that there is no extension
of u to a topological measure on X.

(b) Let X, Y be Hausdorff spaces, R C X X Y an usco-compact relation and p a Radon probability
measure on X such that u,R™1[Y] = 1. Show that there is a Radon probability measure on Y such that
Vi R[A] > . A for every A C X.
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432 Notes and comments The measure-theoretic properties of K-analytic spaces can largely be sum-
marised in the slogan ‘K-analytic spaces have lots of compact sets’. I said above that it is sometimes helpful
to think of K-analytic spaces as an amalgam of compact Hausdorff spaces and Souslin-F subsets of R. For
the former, it is obvious that they have many compact subsets; for the latter, it is not obvious, but is of
course one of their fundamental properties, deducible from 422De. 432B and the proof of 432D (repeated
in 432K) are typical manifestations of the phenomenon. The real point of these theorems is that we can
extend a Borel or Baire measure to a Radon measure with no prior assumption of 7-additivity (432F). A
Radon measure must be 7-additive just because it is tight. A (locally finite) Borel or Baire measure must
be T-additive whenever the measurable open sets are K-analytic.

The condition ‘every open set is K-analytic’ in 432C is of course a very strong one in the context of
compact Hausdorff spaces (422Xd). But for analytic spaces it is automatically satisfied (423Eb), and that
is the side on which the principal applications of 432C appear.

The results which I call corollaries of 432D can mostly be proved by more direct methods (see 432Xd),
but the line I choose here seems to be the most powerful technique. Indeed it can be used to deal with 432C
as well (432Xa).

In §434 T will discuss ‘universally measurable’ sets in topological spaces. In fact K-analytic sets are
universally measurable in a particularly strong sense (432A). The point here is that K-analyticity is intrinsic;
a K-analytic space is measurable whenever embedded as a subspace of a (complete locally determined)
Hausdorff topological measure space.

The theorems here touch on two phenomena of particular importance. First, in 432G we have an example
of ‘pulling back’ a measure, that is, we have a measure v on a set Y and a function f : X — Y and seek
a Radon measure p on X such that f is inverse-measure-preserving, or, even better, such that v = puf 1.
There was a similar result in 418L. In both cases we have to suppose that f is continuous and (in effect) that
v is a Radon measure. (This is not part of the hypotheses of 432G, but of course it is an easy consequence of
them, using 432B.) In 418L, we need a special hypothesis to ensure that there are enough compact subsets
of X to carry an appropriate Radon measure; in 432G, this is an automatic result of assuming that X is
K-analytic. Both 418L and 432G can be regarded as consequences of Henry’s theorem (416N). The difficulty
arises from the requirement that p should be a Radon measure; if we do not insist on this there is a much
simpler solution, since we need suppose only that f[X] has full outer measure (234F).

The next theme I wish to mention is a related one, the investigation of comparable topologies. If & and
% are (Hausdorff) topologies on a set X, and & is coarser than T (so that (X, &) is a continuous image
of (X,%)), then 418I tells us that any totally finite ¥-Radon measure is G-Radon. We very much want to
know when the reverse is true, so that the (totally finite) Radon measures for the two topologies are the
same. 432H provides one of the important cases in which this occurs. The hypothesis ‘(X, ¥) is K-analytic’
generalizes the alternative ‘(X,T) is compact’; in the latter case, & = ¥, so that the result is, from our
point of view here, trivial. (But from the point of view of elementary general topology, of course, it is one
of the pivots of the theory of compact Hausdorfl spaces.) In a similar vein we have a variety of important
topological consequences of the same hypotheses (422Yb, 423Fb).

The paragraphs 432J-4321 may appear to be no more that a minor extension of ideas already set out. I
ought therefore to say plainly that the topological and measure theory of K-analytic spaces have co-evolved
with the notion of capacity, and that 432K (‘K-analytic spaces are capacitable’) is one of the cornerstones
of a theory of which I am giving only a minuscule part. For a idea of the vitality and scope of this theory,
see DELLACHERIE 80.

Version of 27.6.10

433 Analytic spaces

We come now to the special properties of measures on ‘analytic’ spaces, that is, continuous images of NV,
as described in §423. I start with a couple of facts about spaces with countable networks.

433A Proposition Let (X,%) be a topological space with a countable network, and p a localizable
topological measure on X which is inner regular with respect to the Borel sets. Then p has countable
Maharam type.

(©) 2003 D. H. Fremlin
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proof Let fi be the c.l.d. version of y (213E). Then the measure algebra 2[ of fi can be identified with the
measure algebra of p (322D (b-iii)). Also i is complete, locally determined and localizable, so every subset
of X has a measurable envelope with respect to i (213J, 213L). Let ¥ be the domain of i1, and £ a countable
network for T. For each F € &, let Fg € 3 be a measurable envelope of F.

Let B be the order-closed subalgebra of 2 generated by {Fp, : E € £}, andset T={F : F € &, F* € B}.
Because B is an order-closed subalgebra of 2, T is a o-subalgebra of £. Now T C T. P If G € T, set
& ={E:Ecé& ECG}. Set F = UEE&)FE, so that FF € T and G C F. For each E € &, Fr \ G is
negligible, so F'\ G is negligible, and G* = F* € B,s0 G T. Q

It follows that T includes the Borel o-algebra of X. Because u is inner regular with respect to the Borel
sets, B is order-dense in 2, and B = A. Thus the countable set {Fp : E € £} 7-generates A, and the
Maharam type of 2, which is the Maharam type of u, is countable.

433B Lemma If (X, %) is a Hausdorff space with a countable network, then any topological measure on
X is countably separated in the sense of 343D.

proof By 4A2Nf, there is a countable family of open sets separating the points of X.

433C Theorem Let X be an analytic Hausdorff space, and p a Borel measure on X.
(a) If p is semi-finite, it is tight.
(b) If w is locally finite, its completion is a Radon measure on X.

proof X is K-analytic (423C); moreover, every open subset of X is again analytic (423Eb). So 432C gives
the result at once.

Remark Compare 256C.

433D Theorem Let X and Y be analytic Hausdorff spaces, v a totally finite Radon measure on Y and
f: X =Y a Borel measurable function such that f[X] has full outer measure for v. Then there is a Radon
measure 4 on X such that v = pf~1.

proof By 423Ga, the graph R of f is an analytic set in X x Y, therefore K-analytic. Set m(z,y) = z,
ma(x,y) =y for (z,y) € R, so that m; and 7 are continuous. Now m[R] = f[X] has full outer measure, so
by 432G there is a Radon measure A on R such that v = Amy 1 Next, because 7 is continuous, the image
w= /\71'1_1 is a Radon measure on X, by 4181. But 73 = f7y, so

pf~t = ()\77171)f*1 = \fm) ! = Awgl =,

as required.

433E Proposition Let (X, X, u) be a semi-finite measure space and ¥ a topology on X such that p is
inner regular with respect to the closed sets. Let (Y, &) be an analytic Hausdorff space and f: X — Y a
measurable function. Then f is almost continuous.

proof Take F € ¥ and v < puFE. Then there is an F € ¥ such that F' C F and v < uF < oo. For Borel
sets H C Y, set vH = p(F N f~'[H]). Then v is a totally finite Borel measure on Y, so is tight (433C);
let K CY be a compact set such that vK > =, so that u(F N f~1[K]) > ~. The subspace measure on
L = F N f7lK] is still inner regular with respect to the (relatively) closed sets (412Pc), and f[L is still
measurable; but f[L is a function from L to K, and K is metrizable, by 423Dc. So f[L is almost continuous,
by 418J, and there is a set F’ C L, of measure at least -, such that f]F’ is continuous.

As FE and v are arbitrary, f is almost continuous.

Remark Compare 418YT.

433F 1 give some simple corollaries of the von Neumann-Jankow selection theorem (423N-423Q).

Proposition Let (X,%) and (Y,S) be analytic Hausdorff spaces, and f : X — Y a Borel measurable
surjection. Let v be a complete locally determined topological measure on Y, and T its domain. Then there
is a T-measurable function g : Y — X such that gf is the identity on X.
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proof By 423Q we know that there is a function g : ¥ — X such that fg is the identity and g is T;-
measurable, where T; is the o-algebra generated by the Souslin-F subsets of Y. But T contains every
Souslin-F subset of Y, by 431B, therefore includes Ty, and g is actually T-measurable.

433G Proposition Let (X,T) be an analytic Hausdorff space, (Y, T,v) a complete locally determined
measure space, and f : X — Y a surjection. Suppose that there is some countable family F C T such
that F separates the points of Y (that is, whenever y, ¢y’ are distinct points of Y there is a member of F
containing one and not the other) and f~![F] is a Borel subset of X for every F' € F. Then there is a
T-measurable function g : Y — X such that fg is the identity on Y.

proof Set A= FU{Y \ F : F € F}. The topology T; on X generated by TU {f![A] : A € A} is
still analytic (423H). If we take & to be the topology on Y generated by A, then & is Hausdorff and f is
(%1, 6)-continuous, so & is analytic (423Bb).

Because G is generated by a countable subset A of T, it is second-countable, and & C T (4A3Da/4A3E).
So v is a topological measure with respect to &. By 433F, there is a function g : ¥ — X, measurable for
T and the topology %7, such that gf is the identity on X; and of course g is still measurable for T and the
coarser original topology ¥ on X.

433H Proposition Let X be an analytic Hausdorff space, and (Y, T, v) a complete locally determined
measure space. Suppose that W C X x Y belongs to S(B(X)®T), where B(X) is the Borel o-algebra of
X. Then W[X] € T and there is a T-measurable function g : W[X] — X such that (g(y),y) € W for every
y € W[X].

proof Set V=S{E x F:FE C X is closed, F' € T}). Then V contains H x Y for every Souslin-F subset
H of X (421Cb), and therefore for every H € B(X) (423Eb); by 421F, it follows that V includes B(Y)®T
and therefore W € S(V) = V (421D). By 423N, W[X] € S(T), which by 431A is just T, and there is a
T-measurable function which is a selector for W =1,

4331 Because analytic spaces have countable networks (423C), and their compact subsets are therefore
metrizable (423Dc), their measure theory is very close to that of R or [0,1] or {0,1}. T give some simple
manifestations of this principle.

Proposition Let (X;);c; be a family of analytic Hausdorff spaces, and for each ¢ € I let u; be a Radon
probability measure on X;. Let A be the ordinary product measure on X = [[..; X;, as defined in §254.
(a) If I is countable then X is a Radon measure.
(b) If every p; is strictly positive, then A is a quasi-Radon measure.

icl

proof (a) In this case, X is analytic (423Bc), therefore hereditarily Lindel6f (423Da). Let A be the domain
of A and ¥ the topology of X. Then AN % is a base for ¥; by 4A3Da, ¥ C A. By 417Sb, X is the 7-additive
product measure on X; by 417Q, this is a Radon measure.

(b) By (a), the ordinary product measure on [[,.; X; is a Radon measure for every finite set J C I. So
417Sc tells us that A is the 7-additive product measure on X; by 4170, this is a quasi-Radon measure.

433J Proposition Let X be an analytic Hausdorff space, and T a countably generated o-subalgebra
of the Borel o-algebra B(X) of X. Then any locally finite measure with domain T has an extension to a
Radon measure on X.

proof Let pg be a locally finite measure with domain T.

(a) Consider first the case in which pg is totally finite. Let (F),),ecn be a sequence in T generating T as
o-algebra. Define f: X — {0,1}" by setting

f@)(n) =xFn(z) forneN, z € X.

Then f is T-measurable (use 418Bd), so we have a Borel measure 1y on {0, 1} defined by setting 1o E =
pof [E] for every Borel set E C {0,1}". Now the completion v of vy is a Radon measure (433C). Also
f[X] must be analytic, by 423Gb, because f is B(X)-measurable. So v measures f[X] (432A), and
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vf[X] = v5 fIX] = 10{0, 1},

that is, f[X] is v-conegligible. By 433D, there is a Radon measure y on X such that v = pf~1.
Because every F), is expressible as f~1[E] for some E € B({0,1}Y), so is every member of T. If F € T,
take H € B({0,1}") such that F = f~![H]; then

pwF =vH =vgH = poF.
Thus p extends pg and p[> will serve.

(b) In general, because X is Lindelof and pg is locally finite, ug is o-finite. Let (X,,)nen be a partition of

X into members of T such that pgX,, is finite for every n, and set ,uén)F = po(FNX,) for every n and every

F € T; then every ué") has an extension to a Radon measure (™. Let u be the sum > o0 u(™ (234Gt). Of

course p extends pg =Y o0 ué"). Because pg is locally finite, so is p, and p is a Radon measure (416De).

433K I turn now to a brief mention of ‘standard Borel spaces’. From the point of view of this chapter,
it is natural to regard the following results as simple corollaries of theorems about Polish spaces. But, as
remarked in §424, there are cases in which a standard Borel space is presented without any specific topology
being attached; and in any case it is interesting to look at the ways in which we can express these ideas as
theorems about g-algebras rather than about topological spaces.

Proposition Let (X, ) be a standard Borel space and T a countably generated o-subalgebra of ¥. Then
any o-finite measure with domain T has an extension to X.

proof Let g be a o-finite measure with domain T.
(a) If uo is totally finite, give X a Polish topology for which ¥ is the Borel g-algebra of X, and use 433J.

(b) In general, let (X,,),en be a partition of X into members of T such that pugX, < oo for every n, and
set ué”)F = uo(F N X,,) for every n and every F € T; then every ,ugn) has an extension to a measure (™

with domain ¥, and we can set p = >0, (™).

433L Proposition Let ((X,, Y., in))nen be a sequence of probability spaces such that (X,,3,) is a
standard Borel space for every n. Suppose that for each n € N we are given an inverse-measure-preserving
function f, : X,+1 — X,. Then we can find a standard Borel space (X, X), a probability measure p with
domain 3, and inverse-measure-preserving functions g, : X — X,, such that f, g,+1 = g, for every n.

proof For each n, choose a Polish topology ¥, on X,, such that 3, is the algebra of ¥,-Borel sets. Let
fin, be the completion of p,; then [, is a Radon measure (433C). Every f,, is inverse-measure-preserving for
finy1 and fi,, by 234Ba?, and almost continuous, by 418J.

By 418Q, we have a Radon measure /i on

X ={z:2 €[], ey Xn, fu(z(n+1)) = x(n) for every n € N}

such that the continuous maps = — z(n) = g,(z) : X — X, are inverse-measure-preserving for every n.
Now X is a Borel subset of Z = [],,cy Xn. PP For each n € N, let U, be a countable base for T,,. Then

Z\X =UnenUvveu, vav=elz : 2(n) €U, fu(z(n+1)) € V}

is a countable union of Borel sets because {z : 2(n) € U} is open and {z : z(n + 1) € f,'[V]} is Borel
whenever n € Nand U, V € U,,. So Z \ X and X are Borel sets. Q

Accordingly (X, X)) is a standard Borel space, where X is the Borel o-algebra of X (424G). So if we take
w = i1[3, we shall have a suitable measure on X.

433X Basic exercises (a) Let (X, %) be a topological space with a countable network, and p a topo-
logical measure on X which is inner regular with respect to the Borel sets and has the measurable envelope
property (213X1). Show that p has countable Maharam type.

Formerly 112Ya.
2Formerly 235Hc.
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(b) Show that an effectively locally finite measure on a hereditarily Lindel6f space (in particular, on any
analytic Hausdorff space) is o-finite.

(c) Let X C [0,1] be a set of Lebesgue outer measure 1 and inner measure 0. Show that the subspace
measure on X is a totally finite Borel measure which is not tight.

(d) Let X be a Hausdorff space and p a locally finite measure on X, inner regular with respect to the
Borel sets, such that dom p includes a base for the topology of X. Suppose that ¥ C X is an analytic set
of full outer measure. Show that p has a unique extension to a Radon measure i on X, and that Y is
fi-conegligible.

(e) Let (X,%) be a standard Borel space. (i) Show that any semi-finite measure with domain ¥ is a
compact measure (definition: 342Ac, or 451Ab below), therefore perfect. (Hint: if X is given a suitable
topology, the measure is tight.) (ii) Show that any measure with domain including ¥ is countably separated.

>(f) (i) Let (X, %, p) and (Y, T, v) be atomless probability spaces such that (X, ¥) and (Y, T) are standard
Borel spaces. Show that (X,X,u) and (Y, T,v) are isomorphic. (Hint: by 3441, their completions are
isomorphic; by 344H, they have negligible sets with cardinal ¢; show that any isomorphism between the
completions is (X, T)-measurable on a conegligible set; use 424Da to match residual negligible sets.) (ii)
Let X be a Polish space and p an atomless Radon measure on X. Show that there is a Borel isomorphism
between X and [0, 1] which matches p to Lebesgue measure on [0, 1].

(g) Let X be [0,1] x {0, 1}, with its usual topology, and I!l the split interval (419L); define f : X — Ill by
setting f(¢,0) =t—, f(t,1) = tT for t € [0,1]. (i) Give I'l its usual Radon measure v (343J, 419Lc). Show
that there is no Radon measure A on X such that v = A\f~1. (ii) Let u be the product Radon probability
measure on X, starting from Lebesgue measure on [0,1] and the usual fair-coin measure on {0,1}. Show
that f is inverse-measure-preserving for p and v. Show that f is not almost continuous.

433Y Further exercises (a) Find a Hausdorff topological space X with a countable network and a
semi-finite Borel measure on X which does not have countable Maharam type.

(b) Let X be an analytic Hausdorff space and p an atomless Radon measure on X. Show that (X, ) is
isomorphic to Lebesgue measure on some measurable subset of R. (Hint: 3441.)

(c) Let (X, %) be a Polish space without isolated points, and p a o-finite topological measure on X. Show
that there is a conegligible meager set. (Hint: Show that every non-empty open set is uncountable. Find a
countable dense negligible set and a negligible G4 set including it.)

(d) Let (X,)nen be a sequence of analytic Hausdorff spaces and for each n € N let p, be a Borel
probability measure on X,. Suppose that for each n € N we are given an inverse-measure-preserving
function f, : X,+1 — X,. Show that we can find a standard Borel space (X,Y), a probability measure p
with domain ¥, and inverse-measure-preserving functions g, : X — X,, such that f,g,+1 = g, for every n.

433 Notes and comments The measure-theoretic results of 433C-433E are of much the same type as
those in §432. A characteristic difference is that Borel measurable functions between analytic spaces behave
in many ways like continuous functions. (Compare 433D and 432G.) You may feel that 423Yc offers some
explanation of this. For any question which refers to the Borel algebra of an analytic space X, or to the class
of its analytic subsets, we can expect to be able to suppose that X is separable and metrizable (see 423Xd),
and that any single Borel measurable function appearing is continuous. (424H is a particularly remarkable
instance of this principle.)

4331 here amounts to spelling out a special case of ideas already treated in 417S. As this territory
is relatively unfamiliar, I give detailed examples (423Xi, 433Xc, 433Xg, 439A, 439K) to show that the
theorems of this section are not generally valid for compact Hausdorff spaces (the archetype of K-analytic
spaces which need not be analytic), nor for separable metric spaces (the archetypical spaces with countable
network). They really do depend on the particular combination of properties possessed by analytic spaces.
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16 Topologies and measures I1 433 Notes

For large parts of probability theory, standard Borel spaces provide an adequate framework, and have a
number of advantages; some of the technical problems concerning measurability which loom rather large in
this treatise disappear in such contexts. Many authors accordingly give them great prominence. I myself
believe that the simplifications are an entrapment rather than a liberation, that sooner or later everyone
has to leave the comfortable environment of Borel algebras on Polish spaces, and that it is better to be
properly equipped with a suitable general theory when one does. But it is surely important to know what
the simplifications are, and the results in 433K-433L will I hope show at least that there are wonderful ideas
here, even if my own presentation tends to leave them on one side.

Version of 18.1.14

434 Borel measures

What one might call the fundamental question of topological measure theory is the following.
What kinds of measures can arise on what kinds of topological space?

Of course this question has inexhaustible ramifications, corresponding to all imaginable properties of mea-
sures and topologies and connexions between them. The challenge I face here is that of identifying particular
ideas as being more important than others, and the chief difficulty lies in the bewildering variety of topo-
logical properties which have been studied, any of which may have implications for the measure theory of
the spaces involved. In this section and the next I give a sample of what is known, necessarily biased and
incomplete. I try however to include the results which are most often applied and enough others for the
proofs to contain, between them, most of the non-trivial arguments which have been found effective in this
area.

In 434A T set out a crude classification of Borel measures on topological spaces. For compact Hausdorff
spaces, at least, the first question is whether they carry Borel measures which are not, in effect, Radon
measures; this leads us to the definition of ‘Radon’ space (434C) which is also of interest in the context of
general Hausdorff spaces. I give a brief account of the properties of Radon spaces (434F, 434Nd). I look
also at two special topics: ‘quasi-dyadic’ spaces (4340-434Q) and a construction of Borel product measures
by integration of sections (434R).

In the study of Radon spaces we find ourselves looking at ‘universally measurable’ subsets of topological
spaces (434D-434E). These are interesting in themselves, and also interact with constructions from earlier
parts of this treatise (434S-434T). Three further classes of topological space, defined in terms of the types
of topological measure which they carry, are the ‘Borel-measure-compact’, ‘Borel-measure-complete’ and
‘pre-Radon’ spaces; I discuss them briefly in 434G-434J. They provide useful methods for deciding whether
Hausdorff spaces are Radon (434K).

434 A Types of Borel measures In §411 I introduced the following properties which a Borel measure
may or may not have:
(i) inner regularity with respect to closed sets;
(ii) inner regularity with respect to zero sets;
(iil) tightness (that is, inner regularity with respect to closed compact sets);
(iv) T-additivity.
These are of course interrelated. (ii)=-(i) just because zero sets are closed, and (iii)=-(iv) by 411E; in
a Hausdorff space, (iii)=(i); and for an effectively locally finite measure on a regular topological space,
(iv)=(i) (414Mb).
On a regular Hausdorff space, therefore, we can divide totally finite Borel measures into four classes:
(A) measures which are not inner regular with respect to the closed sets,

(B) measures which are inner regular with respect to the closed sets, but not m-additive nor
tight,

(C) measures which are 7-additive and inner regular with respect to the closed sets, but not
inner regular with respect to the compact sets,

(©) 2000 D. H. Fremlin
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(D) tight measures;

and each of the classes (B)-(D) can be further subdivided into those which are completion regular (By, Cy,
D;) and those which are not (Bg, Co, Dg). Examples may be found in 434Xg (type A), 411Q and 439Yf
(type Bo), 439J (type B1), 415Xc and 434Xa (type C;1) and 434XDb (type Dg), while Lebesgue measure itself
is of type D1, and any direct sum of spaces of types Dg and C; will have type Cg. (The space in 439J
depends for its construction on supposing that there is a cardinal which is not measure-free. It seems that
no convincing example of a space of class By, that is, a completion regular, non-7-additive Borel probability
measure on a completely regular Hausdorff space, is known which does not depend on some special axiom
beyond ordinary ZFC. For one of the obstacles to finding such a space, see 434Q.)

Note that a totally finite Borel measure p on a regular Hausdorff space can be extended to a quasi-Radon
measure iff p is of class C or D (415M), and that in this case the quasi-Radon measure must be just the
completion fi of p. i will be of the same type, on the classification here, as pu; in particular, i will be a
Radon measure iff 41 is of class D (416F).

434B Compact, analytic and K-analytic spaces For any class of topological spaces, we can enquire
which of the seven types of measure described above can be realized by measures on spaces of that class.
The enquiry is limited only by our enterprise and diligence in seeking out new classes of topological space.
For the spaces studied in §§432-433, however, we have something worth repeating here. On a K-analytic
Hausdorff space, a semi-finite Borel measure which is inner regular with respect to the closed sets is tight
(432B, 432D); consequently classes B and C of 434A cannot appear, and we are left with only the types A,
Do and Dy, all of which appear on compact Hausdorff spaces (434Xb, 434Xg). On an analytic Hausdorff
space we have further simplifications: every semi-finite Borel measure is tight (433Ca), and (if X is regular)
every closed set is a zero set (423Db). Thus on an analytic regular Hausdorff space only type D1, of the
seven types in 434A, can appear. (If the topology is not regular, we may also get measures of type Dg; see
434Ya.)

434C Radon spaces: Definition For K-analytic Hausdorff spaces, therefore, we have a large gap
between the ‘bad’ measures of class A and the ‘good’ measures of class D; furthermore, we have an important
class of spaces in which type A cannot appear. It is natural to enquire further into the spaces in which every
(totally finite) Borel measure is of class D, and (given that no exact description can be found) we are led,
as usual, to a definition. A Hausdorff space X is Radon if every totally finite Borel measure on X is tight.

434D Universally measurable sets Before going farther with the study of Radon spaces it will be
useful to spend a couple of paragraphs on the following concept. Let X be a topological space.

(a) I will say that a subset E of X is universally measurable (in X) if it is measured by the completion
of every Borel probability measure on X; that is, for every Borel probability measure p on X there is a
Borel set F' C X such that EAF is p-negligible.

(b) A subset of X is universally measurable iff it is measured by every complete locally determined
topological measure on X. P (i) Suppose that A C X is universally measurable, and that p is a complete
locally determined topological measure on X. Take any F C X be such that puF' is defined and finite. If
F is negligible then F' N A is negligible and p(F N A) is defined. Otherwise, we have a Borel probability

measure v on X defined by setting vE = #LFM(F N E) for every Borel set E C X. Now there are Borel sets

E, B C X such that AAFE C B and vB = 0. In this case, (ANF)A(ENF)C BNF and u(BNF) =0, so
that AN F is measured by p. Because F is arbitrary and p is locally determined, A is measured by p. (ii)
Suppose that A C X is measured by every complete locally determined topological measure on X. Then, in
particular, it is measured by the completion of any Borel probability measure, so is universally measurable.

Q

(c) The family Xy, of universally measurable subsets of X is a -algebra closed under Souslin’s operation
and including the Borel c-algebra. (For it is the intersection of the domains of a family of complete
totally finite measures, and these are all g-algebras including the Borel o-algebra and closed under Souslin’s
operation, by 431A.) In particular, Souslin-F sets are universally measurable, so (if X is Hausdorff) K-
analytic and analytic sets are (422Ha, 423C).
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18 Topologies and measures I1 434Dd

(d) Note that a function f : X — R is ¥,-measurable iff it is p-virtually measurable (definition: 122Q)
for every totally finite Borel measure p on X (122Q, 212Fa). Generally, if Y is another topological space, I
will say that f: X — Y is universally measurable if f~![H] € ¥, for every open set H C Y; that is, if
fis (Zum, B(Y'))-measurable, where B(Y) is the Borel o-algebra of Y. Continuous functions are universally
measurable, of course.

(e) In fact, if f: X — Y is universally measurable, then it is (X, Egn))—measurable, where EQQ is the

algebra of universally measurable subsets of Y. I* Take F € EE}Q and a totally finite Borel measure p on
X. If {i is the completion of i, then the image measure v = if ' is a complete totally finite topological
measure on Y, so measures F, and f~![F] € dom fi. As p is arbitrary, f~![F] € X,u; as F is arbitrary, f

is (Bum, Zgn))—measurable. Q

() It follows that if Z is a third topological space and f: X — Y, g: Y — Z are universally measurable,
then gf : X — Z is universally measurable.

434E Universally Radon-measurable sets A companion idea is the following. Let X be a Hausdorff
space.

(a) I will say that a subset E of X is universally Radon-measurable if it is measured by every Radon
measure on X.

(b) The family ¥,gy, of universally Radon-measurable subsets of X is a o-algebra closed under Souslin’s
operation and including the algebra ¥, of universally measurable subsets of X (and, a fortiori, including
the Borel o-algebra). (Use 434Db and the idea of 434Dc.)

(c) f Y is another topological space, I will say that a function f : X — Y is universally Radon-
measurable if f~![H] € Y gy, for every open set H C Y. A function f : X — R is universally Radon-
measurable iff it is ¥, g -measurable iff it is p-virtually measurable (that is, y-almost continuous, see 418J)
for every totally finite tight Borel measure p on X. (Compare 434Dd.) A universally measurable function
is universally Radon-measurable.

434F Elementary properties of Radon spaces: Proposition Let X be a Hausdorff space.
(a) The following are equiveridical:
(i) X is a Radon space;
(ii) every semi-finite Borel measure on X is tight;
(iii) if p is a locally finite Borel measure on X, its c.l.d. version j is a Radon measure;
(iv) whenever pu is a totally finite Borel measure on X, and G C X is an open set with uG > 0, then
there is a compact set K C G such that uK > 0;
(v) whenever p is a non-zero totally finite Borel measure on X, there is a Radon subspace Y of X such
that p©*Y > 0.

(b) If Y C X is a subspace which is a Radon space in its induced topology, then Y is universally
measurable in X.

(¢) If X is a Radon space and Y C X, then Y is Radon iff it is universally measurable in X iff it is
universally Radon-measurable in X. In particular, all Borel subsets and all Souslin-F subsets of X are
Radon spaces.

(d) The family of Radon subspaces of X is closed under Souslin’s operation and set difference.

proof (a)(i)=(ii) Let u be a semi-finite Borel measure on X, E C X a Borel set and v < pE. Because p

is semi-finite, there is a Borel set H of finite measure such that p(ENH) > v. Set vF = p(F N H) for every

Borel set F' C X; then v is a totally finite Borel measure on X, and vE > . Because X is a Radon space,

there is a compact set K C E such that vK > v, and now pK > 7. As u, E and v are arbitrary, (ii) is true.
(ii)=(i) and (i)=-(v) are trivial.

(v)=(iv) Assume (v), and let p be a totally finite Radon measure on X and G a non-negligible open
set. Set vE = u(E N Q) for every Borel set E C X. Then v is a non-zero totally finite Borel measure on X,
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so there is a Radon subspace Y of X such that v*Y > 0. The subspace measure vy on Y is a Borel measure
on Y, so is tight. Since vy (Y \ G) =v(X \ G) =0, vy (Y N G) > 0 and there is a compact set K CY NG
such that vy K > 0. Now pK > 0. As p and G are arbitrary, (iv) is true.

not-(i)=not-(iv) If X is not Radon, there is a totally finite Borel measure p on X which is not tight.
By 416F(iii), there is an open set G C X such that

MG > SungG is compact :U’K =7

say. Let I be the family of compact subsets of G. By 215B(v), there is a non-decreasing sequence (K,,)nen

in K such that u(K \ F) = 0 for every K € K, where F' = J, .y K. Observe that

Now set vE = u(E NG\ F) for every Borel set E C X. Then v is a Borel measure on X, and vG > 0. If
K C G is compact, then vK = u(K \ F) = 0. So v and G witness that (iv) is false.

(i)=-(iii) The point is that 7 is tight. P If ZE > ~, then, because [ is semi-finite, there is a set
E’ C E such that v < iF’ < oo; now there is a Borel set H C E’ such that uH = iFE’ (213Fc). Setting
vF = u(H N F) for every Borel set F, v is a totally finite Borel measure on X and vH > «, so there is a
compact set K C H such that vK > . Since uK < oo, iK = pK >~ (213Fa), while K C E. As E and vy
are arbitrary, [ is tight. Q
On the other hand, every point of X belongs to an open set of finite measure for p, which is still of finite
measure for i (213Fa again). So fi is locally finite; since it is surely complete and locally determined, it is a
Radon measure.

(iii)=(i) Assume (iii), and let x4 be a totally finite Borel measure on X. Then its c.l.d. version [ is
tight. But & extends p (213Hc), so p also is tight. As p is arbitrary, X is a Radon space.

(b) Let p be a totally finite Borel measure on X, and [ its completion; let € > 0. Let py be the subspace
measure on Y, so that py is a totally finite Borel measure on Y, and is tight. There is a compact set K CY
such that puy K > uyY — €. But this means that

Y =puyY <puyK+e=p*(KNY)+e=puK +e < p.Y +e
As e is arbitrary, p,. Y = p*Y, and Y is measured by fi (413Ef); as p is arbitrary, Y is universally measurable.
(c)(i) If Y is Radon, it is universally measurable, by (b). (ii) If YV is universally measurable, it is
universally Radon-measurable, by 434Eb. (iii) Suppose that Y is universally Radon-measurable, and that v
is a totally finite Borel measure on Y. For Borel sets £ C X, set uE =v(ENY). Then y is a totally finite

Borel measure on X, so its c.l.d. version fi is a Radon measure on X, by (a-iii). We are supposing that YV’
is universally Radon-measurable, so, in particular, it must be measured by . We have

AX\Y) = sup pK = sup pK
KCX\Y is compact KCX\Y is compact

(213Ha, because p is totally finite)

= sup v(KNY) =0,
KCX\Y is compact

and Y is fi-conegligible.
Now suppose that E C Y is a (relatively) Borel subset of Y. Then E is of the form FNY where F is a
Borel subset of X, so that

VE = uF = jiF = (Y N F) = iE

= sup uK = sup vK.
KCE is compact KCE is compact

As FE is arbitrary, v is tight; as v is arbitrary, Y is a Radon space.
By 434Dc, it follows that all Borel subsets and all Souslin-F subsets of X are Radon spaces.
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(d) The first step is to note that if (E,),en is a sequence of Radon subspaces of X with union F, then
E is Radon; this is immediate from (a-v) above.

Now let (E,),ecs be a Souslin scheme, consisting of Radon subsets of X, with kernel A. We know that
E =J,cs Es is a Radon space. Every E, is universally measurable in E, by (b), so A also is (434Dc), and
must be Radon, by (¢). Thus the family of Radon subspaces of X is closed under Souslin’s operation.

If E and F' are Radon subsets of X, then EU F' is Radon, and, just as above, F' is universally measurable
in EUF. But this means that E\ F = (EF U F) \ F is universally measurable in £ U F, so that E'\ F is
Radon.

434G Just as we can address the question ‘when can we be sure that every Borel measure is of class
D? in terms of the definition of ‘Radon’ space (434C), we can form other classes of topological space by
declaring that the Borel measures they support must be of certain kinds. Three definitions which lead to
interesting patterns of ideas are the following.

Definitions (a) A topological space X is Borel-measure-compact (GARDNER & PFEFFER 84) if every
totally finite Borel measure on X which is inner regular with respect to the closed sets is 7-additive, that
is, X carries no measure of class B in the classification of 434A.

(b) A topological space X is Borel-measure-complete (GARDNER & PFEFFER 84) if every totally
finite Borel measure on X is 7-additive. (If X is regular and Hausdorff, this amounts to saying that X
carries no measures of classes A or B in the classification of 434A.)

(c¢) A Hausdorff space X is pre-Radon (also called ‘hypo-radonian’, ‘semi-radonian’) if every 7-
additive totally finite Borel measure on X is tight. (If X is regular, this amounts to saying that X carries
no measure of class C in the classification of 434A.)

434H Proposition Let X be a topological space and B its Borel o-algebra.
(a) The following are equiveridical:
(i) X is Borel-measure-compact;
(ii) every semi-finite Borel measure on X which is inner regular with respect to the closed sets is
T-additive;
(iii) every effectively locally finite Borel measure on X which is inner regular with respect to the closed
sets has an extension to a quasi-Radon measure;
(iv) every totally finite Borel measure on X which is inner regular with respect to the closed sets has
a support;
(v) if p is a non-zero totally finite Borel measure on X, inner regular with respect to the closed sets,
and G is an open cover of X, then there is some G € G such that uG > 0.
(b) If X is Lindel6f (in particular, if X is a K-analytic Hausdorff space), it is Borel-measure-compact.
(¢) If X is Borel-measure-compact and A C X is a Souslin-F set, then A is Borel-measure-compact in its
subspace topology. In particular, any Baire subset of X is Borel-measure-compact.

proof (a)(i)=(ii) Assume (i), and let x4 be a semi-finite Borel measure on X which is inner regular with
respect to the closed sets. Let G be an upwards-directed family of open sets with union G*, and v < uG*.
Because p is semi-finite, there is an H € B such that uH < oo and u(H NG*) > v. Set vE = p(E N H) for
every E € B; then v is a totally finite Borel measure on X. For any F € B,

vE=pu(ENH)=sup{uF : F C ENH is closed} < sup{vF : F C E is closed},
so v is inner regular with respect to the closed sets, and must be 7-additive. Now
7 S VG* = supgeg VG < supgeg HG.
As v and @ is arbitrary, p is T-additive.

(ii)=(iii) Assume (ii), and let p be an effectively locally finite Borel measure on X which is inner
regular with respect to the closed sets. Then it is semi-finite (411Gd), therefore 7-additive. By 415L, it has
an extension to a quasi-Radon measure on X.
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(iii)=(i) If (iii) is true and p is a totally finite Borel measure on X which is inner regular with respect
to the closed sets, then p has an extension to a quasi-Radon measure, which is 7-additive, so p also is
T-additive (411C).

(ii)=-(iv) Use 411Nd.

(iv)=-(v) Suppose that (iv) is true, that p is a non-zero totally finite Borel measure on X which is
inner regular with respect to the closed sets, and that G is an open cover of X. If F' is the support of p,
then pF > 0 so F # ; there must be some G € G meeting F, and now uG > 0.

not-(i)=-not-(v) Suppose that there is a totally finite Borel measure p on X, inner regular with
respect to the closed sets, which is not 7-additive. Let G be an upwards-directed family of open sets such
that uG* > v, where G* = |JG and v = supgcg nG. Let (Gp)nen be a non-decreasing sequence in G such
that u(G \ G}) for every G € G, where G§ = |, .y Gn (215B(v) again). Then uG§ <+, so there is a closed
set F' C G* \ G such that pF > 0.

Let v be the Borel measure on X defined by setting vE = u(ENF) for every E € B. As in the argument
for (i)=-(ii), v is inner regular with respect to the closed sets. Consider H = G U {X \ F}; this is an open
cover of X. If G € G then vG < u(G\ G§) =0, so vH = 0 for every H € H; thus v and H witness that (v)
is false.

(b) Use (a-v) with 422Gg.

neN

(c) Let p be a Borel measure on A which is inner regular with respect to the closed sets, that is to
say, the relatively closed sets in A. Let v be the corresponding Borel measure on X, defined by setting
vE = u(ANE) for every E € B. Let ¥ be the completion of v. Putting 431D and 421M together, we see
that VA = sup{PF : F C A is closed in X}, that is, vX = sup{uF : FF C A is closed in X}. But this means
that if E € B and v < vE, there is a closed set F' in X such that F C A and u(E N F) > +; now there is a
relatively closed set F' C A such that F/ € ENF and puF’ > v, and as F/ must be relatively closed in F
it is closed in X, while vF’ > ~. Since F and ~ are arbitrary, v is inner regular with respect to the closed
sets, and will be T-additive.

Now suppose that G is an upwards-directed family of relatively open subsets of A. Set H ={H : H C X
is open, HN A € G}. Then H is upwards-directed, so

#UG) = v(UH) = supyey vH = supgeg pG.

As p and G are arbitrary, A is Borel-measure-compact.
By 421L, it follows that any Baire subset of X is Borel-measure-compact.

4341 Proposition Let X be a topological space.
(a) The following are equiveridical:
(i) X is Borel-measure-complete;
(ii) every semi-finite Borel measure on X is 7-additive;
(iii) every totally finite Borel measure on X has a support;
(iv) whenever p is a totally finite Borel measure on X there is a base U for the topology of X such
that p((U{U : U e U, pU =0}) = 0.
(b) If X is regular, it is Borel-measure-complete iff every effectively locally finite Borel measure on X has
an extension to a quasi-Radon measure.
(c) If X is Borel-measure-complete, it is Borel-measure-compact.
(d) If X is Borel-measure-complete, so is every subspace of X.
(e) If X is hereditarily Lindelof (for instance, if X is separable and metrizable, see 4A2P(a-iii)), it is
Borel-measure-complete, therefore Borel-measure-compact.

proof (a)(i)=-(ii) Use the argument of (i)=(ii) of 434Ha; this case is simpler, because we do not need to
check that the auxiliary measure v is inner regular.

(ii)=-(i) is trivial.
(i)=(iv) If X is Borel-measure-complete and p is a totally finite Borel measure on X, take U to be the

family of all open subsets of X. This is surely a base for the topology, and settingUy = {U : U € U, pU = 0},
Uy is upwards-directed so p(|JUo) = supy ey, pU = 0, as required.
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(iv)=-(iii) Assume (iv), and let p be a totally finite Borel measure on X. Take a base U as in (iv),
so that p(JUy) = 0, where Uy is the family of negligible members of U. Set F = X \ |JUo, so that F is a
conegligible closed set. If G C X is an open set meeting F', there is a member U of U such that U C G and
UNF #0; now U ¢ U so

w(GNF)=uG > pU > 0.
As G is arbitrary, F' is self-supporting and is the support of p.

(iii)=(i) Assume (iii), and let p be a totally finite Borel measure on X. Let G be an upwards-directed
family of open sets with union G*. Set v = supgeg pG. Let (Grn)nen be a non-decreasing sequence in G
such that u(G\ Gp) for every G € G, where G = |, ey Gn (215B(v) once more). Then uGp <. Let v be
the Borel measure on X defined by setting pE = pu(E N G* \ G§) for every Borel set E C X. Then v has
a support F say. Now vG = 0 for every G € G, so F NG = ) for every G € G, and F N G* = (); but this
means that

WG\ G§) =vX =vF =pu(FNG*\ G§) =0.
Accordingly pG* = «. As p and G are arbitrary, X is Borel-measure-complete.

(b) If X is Borel-measure-complete and p is an effectively locally finite Borel measure on X, then u is
7-additive, by (a-ii), so extends to a quasi-Radon measure on X, by 415Cb. If effectively locally finite Borel
measures on X extend to quasi-Radon measures, then any totally finite Borel measure is 7-additive, by
411C, and X is Borel-measure-complete.

(c) Immediate from the definitions.

(d) fY C X and p is a totally finite Borel measure on Y, let v be the Borel measure on X defined by
setting vE = pu(E NY) for every Borel set E C X. Then v is 7-additive. So if G is an upwards-directed
family of relatively open subsets of Y, and we set H = {H : H C X is open, HNY € G}, we shall get

nU9G) =v(UH) = supyey vH = supgeg nG.

As p and G are arbitrary, Y is Borel-measure-complete.

(e) If p is a totally finite Borel measure on X and G is a non-empty upwards-directed family of open
subsets of X with union G*, then there is a sequence (G, )nen in G with union G*, by 4A2H(c-1). Because
G is upwards-directed, there is a non-decreasing sequence (G!)),en in G such that G/, O G,, for every n € N,
so that

pG* = lim, o puG), < supgeg HG.

As p and G are arbitrary, X is Borel-measure-complete.

434J Proposition Let X be a Hausdorff space.
(a) The following are equiveridical:
(i) X is pre-Radon;
(ii) every effectively locally finite 7-additive Borel measure on X is tight;
(iii) whenever u is a non-zero totally finite T-additive Borel measure on X, there is a compact set
C X such that uK > 0;
(iv) whenever p is a totally finite T-additive Borel measure on X, uX = supyxcx is compact H5;
(v) whenever p is a locally finite effectively locally finite 7-additive Borel measure on X, the c.l.d.

version of y is a Radon measure on X.

(b) If X is pre-Radon, then every locally finite quasi-Radon measure on X is a Radon measure.

(¢) If X is regular and every totally finite quasi-Radon measure on X is a Radon measure, then X is
pre-Radon.

(d) If X is pre-Radon, then any universally Radon-measurable subspace (in particular, any Borel subset
or Souslin-F subset) of X is pre-Radon.

(e) If A C X is pre-Radon in its subspace topology, it is universally Radon-measurable in X.

(f) If X is K-analytic (for instance, if it is compact), it is pre-Radon.

ii
ii

K
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(g) If X is completely regular and Cech-complete (for instance, if it is locally compact (4A2Gk), or
metrizable and complete under a metric inducing its topology (4A2Md)), it is pre-Radon.

(h) If X = [[;c; Xi where (X;);cr is a countable family of pre-Radon Hausdorff spaces, then X is
pre-Radon.

(i) If every point of X belongs to a pre-Radon open subset of X, then X is pre-Radon.

proof (a)(i)=-(ii) Suppose that X is pre-Radon, that u is an effectively locally finite 7-additive Borel
measure on X, that £ C X is Borel, and that v < uFE. Because p is semi-finite, there is a Borel set H C F
of finite measure such that u(HNE) > v. Set vF = p(F N H) for every Borel set F' C X; then v is a totally
finite Borel measure on X, and is 7-additive by 414Ea. Now vE > ~, so there is a compact set K C F such
that v < vK < pK. As FE is arbitrary, p is tight.

(ii)=-(iii) is trivial.

(iii)=(iv) Assume (iii), and let p be a totally finite 7-additive Borel measure on X. Let K be the
family of compact subsets of X and set o = supg ¢ nK. 7 Suppose, if possible, that pX > . Let (K, )nen

be a sequence in K such that sup, cy uK, = a, and set L = (J,,cy Kp; then

wl = lim, “(Uign K;) = a.

Set vE = pu(E\ L) for every Borel set E C X. Then v is a non-zero totally finite Borel measure on X, and
is T-additive, by 414Ea again. So there is a K € K such that vK > 0. But now there is an n € N such that
vK 4+ pK,, > «, and in this case K U K,, € K and

wKUK,) =pK\K,)+ uK, >vK+uk, > a,
which is impossible. X So uX = a, as required.

(iv)=(i) Assume (iv), and let u be a totally finite 7-additive Borel measure on X. Suppose that
E C X is Borel and that v < uE. By (iv), there is a compact set K C X such that uK > uX — puE + 7,
so that u(E N K) > ~. Consider the subspace measure px on the compact Hausdorff space K. By 414K,
ur is T-additive, so is inner regular with respect to the closed subsets of K (414Mb). There is therefore a
relatively closed subset F' of K such that FF C K N E and puxF > 7; but now F is a compact subset of E
and puF' > ~. As E and ~ are arbitrary, p is tight. As p is arbitrary, X is pre-Radon.

(ii)=(v) Assume (ii), and let u be a locally finite effectively locally finite 7-additive Borel measure on
X. Then p is tight, so by 416F(ii) its c.l.d. version is a Radon measure.

(v)=(iv) Assume (v), and let u be a totally finite 7-additive Borel measure on X. Then the c.l.d.
version fi of p is a Radon measure; but fi extends p (213Hc), so

SungX is compact /”LK = SungX is compact ﬂK = [LX = NX

(b) Let p be a locally finite quasi-Radon measure on X. By (a-ii), applied to the restriction of p to the
Borel o-algebra of X, u is tight; by 416C, u is a Radon measure.

(c) Let p be a totally finite 7-additive Borel measure on X. Because X is regular, the c.l.d. version i of
u is a quasi-Radon measure (415Cb again), therefore a Radon measure; but ji extends p (213He once more),
S0 i, like fi, must be tight. As p is arbitrary, X is pre-Radon.

(d) Let A be a universally Radon-measurable subset of X, and y a totally finite 7-additive Borel measure
on A. Set vE = u(E N A) for every Borel set E C X; then v is a totally finite 7-additive Borel measure on
X. So its c.l.d. version (that is, its completion o, by 213Ha) is a Radon measure on X, by (a-v). Now &
measures A, so

pA=v*A=0A=sup{PK : K C Ais compact} = sup{uK : K C A is compact}.
By (a-iv), A is pre-Radon.

(e) Let p be a totally finite Radon measure on X. Then the subspace measure p,4 is T-additive (414K),
S0 its restriction v to the Borel g-algebra of A is still 7-additive. Because A is pre-Radon,
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pwA=psA=vA=sup{vK : K C A is compact}
= sup{pK : K C A is compact} = u. A,

and p measures A (413Ef again). As pu is arbitrary, A is universally Radon-measurable.
(f) Put 432B and (a-iv) together.

(g) If we identify X with a G4 set in a compact Hausdorff space Z, then Z is pre-Radon, by (f), so X is
pre-Radon, by (d).

(h) Let u be a totally finite 7-additive Borel measure on X, and € > 0. Let (€;);er be a family of
strictly positive real numbers such that >, ,€; < e (4A1P). For each i € I and Borel set F' C X, set
wiF = pm; ' [F], where 7;(x) = x(i) for # € X; because 7; : X — X; is continuous, y; is a totally finite
T-additive Borel measure on X;. Because X; is pre-Radon, we can find a compact set K; C X; such that
1i(X; \ K;) < €, by (a-iv). Now K = [[,; K; is compact (3A3J), and X \ K C U, m; '[X; \ K], so

X N\NK) <D iermi(Xi \ KG) < 6 < e
As € and p are arbitrary, X satisfies the condition of (a-iv), and is pre-Radon.

(i) Let G be a cover of X by pre-Radon open sets. Let u be a non-zero totally finite 7-additive Borel
measure on X. Then puX = sup{u(JGo) : Go C G is finite}, so there is some G € G such that uG > 0. Now
the subspace measure ug is a non-zero totally finite 7-additive Borel measure on G, so there is a compact
set K C G such that ugK > 0, in which case pK > 0. As p is arbitrary, X is pre-Radon, by (a-iii).

434K 1 return to criteria for deciding whether Hausdorff spaces are Radon.

Proposition (a) A Hausdorff space is Radon iff it is Borel-measure-complete and pre-Radon.

(b) An analytic Hausdorff space is Radon. In particular, any compact metrizable space is Radon and any
Polish space is Radon.

(¢) wy and wy + 1, with their order topologies, are not Radon.

(d) For a set I, [0,1]! is Radon iff {0,1} is Radon iff I is countable.

(e) A hereditarily Lindel6f K-analytic Hausdorff space is Radon; in particular, the split interval (343J,
419L) is Radon.

proof (a) Put the definitions 434C, 434Gb and 434Gc together, recalling that a tight measure is necessarily
7-additive (411E).

(b) 433Cb.

(c) Dieudonné’s measure (411Q) is a Borel measure on w; which is not tight, so w; is certainly not a
Radon space; as it is an open set in wy; + 1, and the subspace topology inherited from w; + 1 is the order
topology of wy (4A2S(a-iii)), wy + 1 cannot be Radon (434Fc).

(d) If I is countable, then {0,1} and [0,1]’ are compact metrizable spaces, so are Radon. If I is
uncountable, then w; + 1, with its order topology, is homeomorphic to a closed subset of {0,1}!. P Set
k=H#({I). For { <wi,n<rsetze(n) =1ifn <& 0if§{ <n Themap & — z¢ : w1 +1 — {0,1}" is
injective because k > w1, and is continuous because all the sets {€ : z¢(n) = 0} = (w1 +1)N(n+ 1) are
open-and-closed in wy + 1. Since wy + 1 is compact in its order topology (4A2S(a-i)), it is homeomorphic to
its image in {0,1}* = {0,1}/. Q

By 434Fc, {0,1} cannot be a Radon space. Since {0,1} is a closed subset of [0, 1], [0, 1] also is not a
Radon space.

(e) Suppose that X is a hereditarily Lindeléf K-analytic Hausdorff space. Then it is Borel-measure-
complete by 434Ie and pre-Radon by 434Jf, so by (a) here it is Radon.
Since the split interval is compact and Hausdorff and hereditarily Lindelof (419La), it is a Radon space.

434L It is worth noting an elementary special property of metric spaces.
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Proposition If (X, p) is a metric space, then any quasi-Radon measure on X is inner regular with respect
to the totally bounded subsets of X.

proof Let u be a quasi-Radon measure on X and Y its domain. Suppose that F € ¥ and v < uFE. Then
there is an open set G of finite measure such that y(ENG) > v;set § = u(ENG) —. Forn e N, I C X
set H(n,I) = Uye{y: p(y,2) <277} Then {H(n,I): I € [X]<*} is an upwards-directed family of open
sets covering X. Because y is T-additive, there is a finite set I,, C X such that u(G \ H(n,I,)) < 27"~ 14.
Consider F' =,y H(n, I,,). This is totally bounded and (G \ F') < 6, so EN F is totally bounded and
w(ENF)>~. As F and ~ are arbitrary, 4 is inner regular with respect to the totally bounded sets.

434M I turn next to a couple of ideas depending on countable compactness.

Lemma Let X be a countably compact topological space and £ a non-empty family of closed subsets of X
with the finite intersection property. Then there is a Borel probability measure p on X, inner regular with
respect to the closed sets, such that uF' =1 for every F € £.

proof (a) By Zorn’s lemma, £ is included in a maximal family £* of closed subsets of X with the finite
intersection property.

(i) If F C X is closed and FNFyN...NF, # 0 for every Fy,...,F, € £, then £* U{F} has the finite
intersection property, so F' € £*.

() IfF, F'e&* then FNF' NFyN...NF, #0forall Fy,... ,F, €& so FNF' €&

(iii) If F C X is closed and F N F’ € & for every F' € £, then FNFyN...NF, € & for every
Fy,... ,F, € & (because FyN...NF, € £* by (ii)), so F € £*.

(iv) If (F)nen is a sequence in £, with intersection F, and F’ € £*, then F' N[, ,, Fi # 0 for every
n € N. Because X is countably compact, F' N F # () (4A2G(f-ii)). As F' is arbitrary, F € £, by (iii). Thus
&* is closed under countable intersections.

(b) Set
Y ={FE:FE C X, there is an F € £* such that either F C F or F N E = (}},

and define i : ¥ — {0,1} by saying that GE = 1 if there is some F' € £* such that FF C E, 0 otherwise.
Then [ is a probability measure on X. I

(i) 0 € ¥ because £* 2 & is not empty.

(ii) X \ E € ¥ whenever E € ¥ because the definition of ¥ is symmetric between F and X \ E.

(1 i) If (E,)nen is any sequence in 3 with union E, then either there are n € N and F' € £* such that
CFE,CFEand F € X, or for every n € N there is an F,, € £* such that F,, N E, = (. In this case
= ﬂneN F, €&* by (a 1v), and ENF =), so again F € X. Thus ¥ is a o-algebra of subsets of X.

(iv) ) = 0 because @) cannot belong to £*.

(v) If (B ) nen is any disjoint sequence in ¥ with union E, then either there is some n such that iFE,, = 1,
in which case oE; = 0 for every i # n (because any two members of £* must meet) and 4F =1 =Y .;° 4E;,
or iE; = 0 for every 4, in which case, just as in (iii), 2 =0 =Y_;°, fiF;. Thus i is a measure.

(vi) Because £* # ), 4 X = 1. Thus i is a probability measure. Q

F
F

(c) If F C X is a closed set, then either F' itself belongs to £*, so F' € X, or there is some F’ € £* such
that FFNF’ = (), in which case again F' € ¥. So ¥ contains every closed set, therefore every Borel set, and ji
is a topological measure. By construction, ji is inner regular with respect to £* and therefore with respect
to the closed sets. Finally, if F' € £ then F' € £*, so iF = 1. We may therefore take p to be the restriction
of fi to the Borel o-algebra of X, and p will be a Borel measure on X, inner regular with respect to the
closed sets, such that uE' =1 for every F € £.

434N Proposition (a) Let X be a Borel-measure-compact topological space. Then closed countably
compact subsets of X are compact.

(b) Let X be a Borel-measure-complete topological space. Then countably compact subsets of X are
compact.

(c) Let X be a Hausdorff Borel-measure-complete topological space. Then compact subsets of X are
countably tight.
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(d) In particular, any Radon compact Hausdorff space is countably tight.

proof (a) Let C be a closed countably compact subset of X. Let F be an ultrafilter on C. Let £ be the
family of closed subsets of C' belonging to F. Then &£ has the finite intersection property, so by 434M there
is a Borel probability measure p on C, inner regular with respect to the closed sets, such that b = 1
for every E € £. Let v be the Borel measure on X defined by setting vH = u(C N H) for every Borel
set H C X. Then v is also inner regular with respect to the closed sets (of either C' or X); because X is
Borel-measure-compact, v has a support F' (434H(a-iv)). Since vF =vX =1, FNC # (); take x € FN C.
If G is any open set (in X) containing z, then p(C'\ G) =v(X \G) < 1,30 C\G ¢ F and CNG € F. As
G is arbitrary, F — x; as F is arbitrary, C' is compact.

(b) Repeat the argument of (a). Let C' be a countably compact subset of X and F an ultrafilter on
C. Let £ be the family of relatively closed subsets of C belonging to F. Then there is a Borel probability
measure g on C' such that uF/ = 1 for every E € £. Let v be the Borel measure on X defined by setting
vH = pu(C N H) for every Borel set H C X. Because X is Borel-measure-complete, v has a support F
(4341(a-iii)). Since vF = vX =1, FNC # (); take z € FNC. If G is any open set containing z, then
v(X\G)<1l,s0C\G¢Fand CNG e F. As G is arbitrary, F — z; as F is arbitrary, C' is compact.

(c) Again let C be a (countably) compact subset of X. Take A C C, and set Cy = |J{B : B € [A]=*}.
Then Cjy is countably compact. P If (y,)nen is any sequence in Cj, it has a cluster point y € C. For each
n € N there is a countable set B, C A such that y,, € B,,. Now B = UneN B,, is a countable subset of A,
and y € B C Cy, so y is a cluster point of (y,,)nen in Co. As (Y, )nen is arbitrary, Cp is countably compact.
Q

By (b), Cy is compact, therefore closed, and must include A. Thus every point of A is in the closure of
some countable subset of A. As A is arbitrary, C is countably tight.

(d) Finally, a compact Radon Hausdorff space is Borel-measure-complete (434Ka) and countably compact,
therefore countably tight.

4340 Quasi-dyadic spaces I wish now to present a result in an entirely different direction. Measures
of type B; in the classification of 434A (completion regular, but not m-additive) seem to be hard to come
by. The next theorem shows that on a substantial class of spaces they cannot appear. First, we need a
definition.

Definition A topological space X is quasi-dyadic if it is expressible as a continuous image of a product
of separable metrizable spaces.
I give some elementary results to indicate what kind of spaces we have here.

434P Proposition (a) A continuous image of a quasi-dyadic space is quasi-dyadic.

(b) Any product of quasi-dyadic spaces is quasi-dyadic.

(c) A space with a countable network is quasi-dyadic.

(d) A Baire subset of a quasi-dyadic space is quasi-dyadic.

(e) If X is any topological space, a countable union of quasi-dyadic subspaces of X is quasi-dyadic.
(f) A quasi-dyadic space is ccc.

proof (a) Immediate from the definition.

(b) Again immediate; if X; is a continuous image of || jedi Y;;, where Y;; is a separable metrizable space

for every i € I and j € J;, then [[;; X; is a continuous image of [[;.; e, Yis-

(c) Let € be a countable network for the topology of X. On X let ~ be the equivalence relation in which
x ~ y if they belong to just the same members of &; let Y be the space X/~ of equivalence classes, and
¢ : X — Y the canonical map. Y has a separable metrizable topology with base {¢[E] : E € E}U{¢[X \ E] :
E € &£}. Let I be any set such that #({0,1}/) > #(X), and for each y € Y let f, : {0,1} — y be a
surjection. Then we have a continuous surjection f:Y x {0,1}/ — X given by saying that f(y,z) = f,(2)
for y € Y and z € {0,1}.

(d) Let (Y;)icr be a family of separable metrizable spaces with product Y and f : Y — X a continuous
surjection. If W C Y is a Baire set, it is determined by coordinates in a countable subset of I (4A3Nb),
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so can be regarded as W' x Hz‘el\JYia where J C I is countable and W’ C [[,.;Yi; as [[;c, Yi and W’
are separable metrizable spaces (4A2Pa), W can be thought of as a product of separable metrizable spaces.
Now the set {E : E C X, f~![E] is a Baire set in Y} is a o-algebra containing every zero set in X, so
contains every Baire set. Thus every Baire subset of X is a continuous image of a Baire subset of Y, and is
therefore quasi-dyadic.

(e) If E,, C X is quasi-dyadic for each n € N, then Z = N x [[, .y En is quasi-dyadic, and f : Z —
Unen En is a continuous surjection, where f(n, (z;)ien) = Tn. So |, ey En is quasi-dyadic.

(f) Use 4A2E(a-iii) and (a-iv).

434Q Theorem (FREMLIN & GREKAS 95) A semi-finite completion regular topological measure on a
quasi-dyadic space is T-additive.

proof 7 Suppose, if possible, otherwise.

(a) The first step is the standard reduction to the case in which pX = 1 and X is covered by open sets of
zero measure. In detail: suppose that X is a quasi-dyadic space and pg is a semi-finite completion regular
topological measure on X which is not 7-additive. Let G be an upwards-directed family of open sets in X
such that po(|JG) is strictly greater than supgcg poG = v say. Let (G, )nen be a non-decreasing sequence
in G such that lim,, . poGrn = 7, and set Hy = UneN G, so that pgHy = v; take a closed set Z C |JG
such that v < ppZ < 0o. Set i1 E = po(E N Z \ Hy) for every Borel set E C X. Then p is a non-zero
totally finite Borel measure on X, and is completion regular. I If £ C X is a Borel set and € > 0, there is
a zero set FF C ENZ\ Hy such that uoF > puo(EN X \ Hy) — €, and now u1 F > 1 E — €. Q Note that
(X \Z) =G =0 for every G € G.

For Borel sets E C X, set uE = p1 E/p1 X; then p is a completion regular Borel probability measure on
X, and GU{X \ Z} is a cover of X by open negligible sets.

(b) Now let (Y;);es be a family of separable metrizable spaces such that there is a continuous surjection
f:Y = X, where Y = [[,.; Yi. For each i € I let B; be a countable base for the topology of Y;. For J C I
let C(J) be the family of all non-empty open cylinders in Y expressible in the form

{s:s(i)e B;Vie K}

where K is a finite subset of J and B; € B; for each i € K; thus C([) is a base for the topology of Y. Set
Co(J) ={U : U € C(J), p*f]U] = 0} for each J C I. Note that (because every B; is countable) C(J) and
Co(J) are countable for every countable subset J of I. It is easy to see that C(J) NC(K) = C(J N K) for all
J, K C I, because if U € C(I) is non-empty it belongs to C(J) iff its projection onto X; is the whole of X;
for every i ¢ J.

For each negligible set £ C X, let (F,,(E))nen be a family of zero sets, subsets of X \ E, such that
sup, ey 4Fn(E) = 1. Then each f~![F,(E)] is a zero set in Y, so there is a countable set M(E) C I such
that all the sets f~1[F,(E)] are determined by coordinates in M(E) (4A3Nc). Let J be the family of
countable subsets J of I such that M(f[U]) C J for every U € Co(J); then J is cofinal with [I]=%, that is,
every countable subset of I is included in some member of 7. PP If we start from any countable subset Jy
of I and set

o1 = Jn UM (f[U]) : U € Co(Jn)}

for each n € N, then every J,, is countable, and J
Co(Upen /n) = UpenCo(Jn). Q
(c) For each J € 7, set

nenJIn € J, because (J,)nen is non-decreasing, so

Qs = HUnen Fr(f[U]) : U € Co(J)}-

Then pQ; =1 and f~1[Q,] is determined by coordinates in J, while f~1[Q;]NU = 0 whenever U € Co(J).

If G C X is an open set, then GN Q; = ® whenever J € J and there is a negligible Baire set Q 2 G
such that f~'[Q)] is determined by coordinates in J. P Set H =« [m;[f'[G]]], where 7; : Y — [[,., Vi
is the canonical map; then H is a union of members of C(J), because f~![G] is open in Y and 7;[f~}[G]]
is open in [],.; Vi. Also, because f~*[Q] is determined by coordinates in J, H C f~![Q], so f[H] C Q and
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w* f[H] = 0; thus all the members of C(J) included in H actually belong to Co(J), and H N f~1[Q;] = 0.
But this means that f~[G] N f~![Qs] = 0 and (because f is a surjection) G N Qs = 0, as claimed. Q In
particular, if G is a negligible open set in X, then GNQ; = ) whenever J € J and J 2 M(G).

(d) If J € J, there are s, s’ € f1[Qs] such that s[J = s'|.J and f(s), f(s’) can be separated by open
sets in X. PP Start from any x € @@y and take a negligible open set G containing « (recall that our hypothesis
is that X is covered by negligible open sets). For each n € N let h,, : X — R be a continuous function
such that F,,(G) = h,'[{0}]. We know that GNQ; # 0, while G C X \ (U,,en Fn(G) N Q), which is a
negligible Baire set; by (c), f~ X \ (U, ey Fr(G) N Q)] is not determined by coordinates in J, and there
must be some n such that f~1[F,(G) N Q] is not determined by coordinates in J. Accordingly there must
be s, s € Y such that s[J = §'[J, s € f7F,(G)NQy] and s’ ¢ f~HF,(G)N Q). Now s € f~1[Q],
which is determined by coordinates in J; since s|J = s’ J, s’ € f71[Q;] and s’ ¢ f~[F,(G)]. Accordingly
hn(f(s)) =0 # hy(f(s") and f(s), f(s") can be separated by open sets. Q

(e) We are now ready to embark on the central construction of the argument. We can choose inductively,
for ordinals £ < wy, sets Je € J, negligible open sets Gg, G’5 C X, points sg, s’5 € Y and sets Ug, Vg,
V¢ € C(I) such that

JIn C Je, Uy, Vi, Vn’ all belong to C(J¢) and Gy, N Qy, = ) whenever n < § < w; (using the
results of (b) and (c) to choose Je);
selde = 5’5[[]5, s¢ € f’l[QJE] and f(s¢) and f(s’g) can be separated by open sets in X (using
(d) to choose s¢, s¢);
Ge, G’5 are disjoint negligible open sets containing f(s¢), f(s’f) respectively (choosing Ge, G/f);
Ue € C(Je), Ve, V/ € C(I\ Je), s¢ € Us Ve C f7HGel, sp € U N V] C f7HGY] (choosing U,
Ve, V¢, using the fact that s¢|Je = si[Je).
On completing this construction, take for each { < wy a finite set K¢ C Jeiq such that Ug, Ve and V{ all
belong to C(K¢). By the A-system Lemma (4A1Db), there is an uncountable A C wq such that (Ke¢)eca
is a A-system with root K say. For ¢ € A, express Ug as Ug N U{ where Ue € C(K) and Ui € C(K¢ \ K).
Then there are only countably many possibilities for UE, so there is an uncountable B C A such that (75 is
constant for £ € B; write U for the constant value. Let C' C B be an uncountable set, not containing min A,
such that K¢ \ K does not meet J,, whenever £, n € C and n < £ (4A1EDb). Let D C C be such that D and
C'\ D are both uncountable.

Note that K C K, C J¢ whenever 1, £ € A and n < &, so that K C J¢ for every { € C'. Consequently

U¢, Ve and V¢ all belong to C(K¢ \ K) for every £ € C.

(f) Consider the open set
G= UgeD Ge C X.
At this point the argument divides.

case 1 Suppose p*(G'N f[U]) > 0. Then there is a Baire set Q C G such that p*(Q N f[U]) > 0.

Let J C I be a countable set such that f~![Q] is determined by coordinates in J. Let v € C'\ D be so
large that K¢ \ K does not meet J for any £ € A with £ > +. Then QN Q;, N f[0] is not empty; take
seUnfQn Q,]. Because the K¢\ K are disjoint from each other and from JU J, for £ € C'\ (v +1),
we can modify s to form " such that s'[JUJ, = s[JUJ, and s’ € U{ NV whenever { € C and £ > ~; now
s' € U (because K C J,), s0 s’ € UN Ui NV C G and f(s') ¢ Ge whenever £ € C and € > 7. On
the other hand, if ¢ € D and £ <, GeNQ,, =0, while s’ € f71[Q,] (because f~1[Q, ] is determined by
coordinates in J,), so again f(s) ¢ Ge.

Thus f(s') ¢ G. But §'|J = s[J so f(s) € @ C G; which is impossible.

This contradiction disposes of the possibility that x*(G N f[U]) > 0.

case 2 Suppose that p*(G N f[U]) = 0. In this case there is a negligible Baire set Q D G'N f[U]. Let
J C I be a countable set such that f~1[Q] is determined by coordinates in J. Let v < w; be such that
JNJy=JNUeey, Je and JNKe\ K =0 for every £ € A\ 7. Take { € D such that £ > ~. Then

UNUNVe €GN T C f G N fI0]] € f71Q),
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so U C f~1Q)], because U{ NV is a non-empty member of C(I'\ J). But this means that w* flU] = 0 and
w* f[Ue] = 0. On the other hand, we have s¢ € Ug N f_l[ng], so Ug ¢ Co(J¢) and p* f[Ue] > 0. X

Thus this route also is blocked and we must abandon the original hypothesis that there is a quasi-dyadic
space with a semi-finite completion regular topological measure which is not 7-additive.

434R There is a useful construction of Borel product measures which can be fitted in here.

Proposition Let X and Y be topological spaces with Borel measures pu and v; write B(X), B(Y) for the
Borel o-algebras of X and Y respectively. If either X is first-countable or v is T-additive and effectively
locally finite, there is a Borel measure Ag on X X Y defined by the formula

ABW = suppep(y),vr<ss f v(W[{z}] N F)u(dr)
for every Borel set W C X x Y. Moreover
(i) if p is semi-finite, then Ap agrees with the c.l.d. product measure A on B(X)®&B(Y), and the c.ld.
version Ap of A\p extends A;
(ii) if v is o-finite, then A\gW = [vW [{z}]u(dz) for every Borel set W C X x Y;

(iii) if both p and v are T-additive and effectively locally finite, then Ap is just the restriction of the
7-additive product measure A (417D, 417F) to the Borel o-algebra of X x Y; in particular, Ap is 7-additive.

proof (a) The point is that z — v(W[{z}] N F) is lower semi-continuous whenever W C X x Y is open and
vF < oco. P Of course W[{z}] is always open, so v always measures W[{z}] N F. Take any o € R and set
G={zx:ze X, v(W[{z}]NF) > a};let 2y € G.

(a) Suppose that X is first-countable. Let (U, ),en be a non-increasing sequence running over a base
of open neighbourhoods of zy. For each n € N, set

Vo=WU{V:VCYisopen U, xV CW}.

Then (V,,)nen is a non-decreasing sequence with union W[{z¢}], so there is an n € N such that v(V,,NF) > a.
Now V,, C W[{«}] for every x € Uy, so U, C G.

(B) Suppose that v is T-additive and effectively locally finite. Set
V={V:V CYisopen, UxV CW for some open set U containing x¢}.

Then V is an upwards-directed family of open sets with union W[{zo}], so there is a V € V such that
v(VNF) > «a (414Ea). Let U be an open set containing zg such that U x V. C W; then V' C W[{z}] for
every x € U, so U C G.

(7) Thus in either case we have an open set containing g and included in G. As xq is arbitrary, G is
open; as « is arbitrary, x — v(W[{z}] N F) is lower semi-continuous. Q

(b) Tt follows that = — v(W[{z}] N F) is Borel measurable whenever W C X x Y is a Borel set and
vF < oo. P Let W be the family of sets W C X x Y such that W[{z}] is a Borel set for every z € X and
x — v(W[{z}] N F) is Borel measurable. Then every open subset of X x ¥ belongs to W (by (a) above),
WAW’ € W whenever W, W' € Wand W' C W, and J,,cy W € W whenever (W,,) e is a non-decreasing
sequence in W. By the Monotone Class Theorem (136B), W includes the o-algebra generated by the open
sets, that is, the Borel o-algebra of X x Y. Q

(c) It is now easy to check that W — [v(W[{z}] N F)u(dx) is a Borel measure on X x Y whenever
vF < 0o, and therefore that Ag, as defined here, is a Borel measure.
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(d) Now suppose that p is semi-finite, and that W € B(X)®B(Y). Then

AW = sup AWN(E x F))

pnE<oo,vF<oo
(by the definition of ‘c.l.d. product measure’, 251F)
= sw [ W) n ()
pnE<oco,vF<oco JE
(by Fubini’s theorem, 252C,; applied to the product of the subspace measures pug and vg)
— swp [ v(W[{a) N F)u(do)
vE<oo
(by 213B, because p is semi-finite)
— \pW.

(e) If, on the other hand, v is o-finite, let (F),),cn be a non-decreasing sequence of sets of finite measure
covering Y'; then

AotV = sup [ vWIa}) 1 Foudde) = sup [ v(WH{al) 0 Fuuldo)

vF<oo

- / sup v(W[{z}] N Fy)p(de) = / W[} u(dr) > AWV

neN
for any Borel set W C X.

(f) If both p and v are T-additive and effectively locally finite, so that we have a 7T-additive product
measure A\, then Fubini’s theorem for such measures (417G) tells us that AgW = AW at least when W C
X xY is a Borel set and AW is finite. If W is any Borel subset of X x Y, then, as in (d),

AeW = sup / v(W[{z}] N F)p(dz)
pE<oo,vF<oco JE

= sup AWnN(EXF))= W

pnE<oo,vF<oo
by 417C(b-iii).

Remark The case in which X is first-countable is due to JOHNSON &2.

*434S The concept of ‘universally measurable’ set enables us to extend a number of ideas from earlier
sections. First, recall a problem from the very beginning of measure theory on the real line: the composition
of Lebesgue measurable functions need not be Lebesgue measurable (134Ib), while the composition of a
Borel measurable function with a Lebesgue measurable function is measurable (121Eg). In fact we can
replace ‘Borel measurable’ by ‘universally measurable’, as follows.

Proposition Let (X, 3, 1) be a complete locally determined measure space, Y and Z topological spaces,
f: X =Y a measurable function and g : Y — Z a universally measurable function. Then gf : X — Z is
measurable. In particular, f~![F] € ¥ for every universally measurable set FF C Y.

proof Let H C Z be an open set and F € ¥ a set of finite measure. Let pug be the subspace measure on
E. Then the image measure v = ug(f[E)~! is a complete totally finite topological measure on Y, so its
domain contains g~*[H], and

En(gf) ' H] = (f1E)" g [H]] € dompug C ¥.
As E is arbitrary and p is locally determined, (gf)~![H] € ¥; as H is arbitrary, gf is measurable.
Applying this to g = xF, we see that f~![F] € ¥ for every universally measurable F C Y.

MEASURE THEORY



4340 Borel measures 31

*434T The next remark concerns the concept [u € E] of §364.

Proposition Let (2, i) be a localizable measure algebra. Write X, for the algebra of universally measur-
able subsets of R.
(a) For any u € L% = L°(2), we have a sequentially order-continuous Boolean homomorphism E +
[u€ E] : Zym — A defined by saying that
[u€ E] =sup{Ju € F]: F C E is Borel} = sup{[u € K] : K C F is compact}
=inf{Ju € F]: F D E is Borel} = inf{[u € G] : G D E is open}
for every E € Xyn.

(b) For any u € L° and universally measurable function h : R — R we have a corresponding element h(u)
of LY defined by the formula

[h(u) € E] = [u € h=Y[E]] for every E € Sy, u € L°.
proof We can regard (21, i) as the measure algebra of a complete strictly localizable measure space (X, 3, u)
(3220), in which case L° can be identified with L°(yx) (3641c). Write B for the Borel o-algebra of R.

(a) Let f: X — R be a ¥-measurable function representing u. Then f~![E] € ¥ for every E € Yum, by
434S. Setting ¢F = (f71[E])*, ¢ : Lum — 2 is a sequentially order-continuous Boolean homomorphism.
We find that

¢FE =sup{[u € K] : K C E is compact}

for every E € Xy, P If H € ¥ and pH < oo, then (writing gy for the subspace measure on H) the image
measure py(f[H)™! is a complete topological measure, and its restriction v to the Borel o-algebra B of R
is a totally finite Borel measure. Now E is measured by the completion © of v, which is a Radon measure
(256C), so for any € > 0 there are a compact K C E and a Borel F' D FE such that vF = PE <vK +e€. In
this case,

[ue K] = (fK]) coE c (f7'[F])* = [u€ F],
using the formula of 364Ib, while
i(H* n¢E) < i(H* n[u € F]) = p(H N f~[F))
=vF<vK+e=ja(H* nfu € K]) +e.
As € is arbitrary,
H*n¢E =sup{H*n[ue K] : K C E is compact};

as H is arbitrary, and (2, i) is semi-finite, ¢F = sup{Ju € K] : K C F is compact}. Q
Applying this to R\ E, we see that ¢F = inf{[u € G] : G 2 F is open}. Of course it follows at once that

[u€ E] =sup{[u € F] : F C E is Borel} = inf{[u € F] : F D E is Borel}.

We can therefore identify the sequentially order-continuous Boolean homomorphism ¢ with F — [u € E],
as described.

(b) Once again identifying u with f* where f is ¥-measurable, we see that hf is Y-measurable (by 434S),
so we have a corresponding element (hf)* of L°. If E € ¥, then

[(hf)* € E] = (Bf)HED® = (fHATHEN)" = [u € hH[E]],
using 434De to check that h™1[E] € Sum, so that we can identify (hf)* with h(u), as described.

434U I give an elementary remark on images of completion regular measures.

Proposition Let X and Y be compact Hausdorff spaces and f : X — Y a continuous open map. If x4 is a
completion regular topological measure on X, then the image measure pf~! on Y is completion regular.

proof If F CY is measured by v = uf~! and v < vF = pf~1[F], there is a zero set Z C f~![F] such that
uZ > ~. Now f[Z] C F is a zero set in Y (4A2G(c-ii)) and
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vflZ) = pffIZ)] > nZ > .

As F and ~ are arbitrary, v is inner regular with respect to the zero sets, so is completion regular.

434X Basic exercises >(a) Let A C [0, 1] be any non-measurable set. Show that the subspace measure
on A is completion regular and 7-additive but not tight.

>(b) Let X be any Hausdorff space with a point « such that {«} is not a G; set; for instance, X = w;y +1
and z = wy, or X = {0,1}! for any uncountable set I and x any point of X. Show that setting uE = xE(z)
we get a tight Borel measure on X which is not completion regular.

>(c) Let X be a topological space. (i) Show that if A C X is universally measurable in X, then ANY
is universally measurable in Y for any set Y C X. (ii) Show that if Y C X is universally measurable in X,
and A CY is universally measurable in Y, then A is universally measurable in X. (iii) Suppose that X is
the product of a countable family (X;);cs of topological spaces, and E; C X; is a universally measurable set
for each i € I. Show that [[,.; E; is universally measurable in X.

(d) Let X be an analytic Hausdorff space. (i) Suppose that Y is a topological space and W is a Borel
subset of X x Y. Show that W[X] is a universally measurable subset of Y. (Hint: 423P.) (ii) Let A be a
subset of X. Show that the following are equiveridical: (a) A is universally measurable in X; (8) f~1[A]
is Lebesgue measurable for every Borel measurable function f : [0,1] — X; (v) f~![A] is measured by the
usual measure on {0, 1}" for every continuous function f: {0,1} — X.

(e) Let Xum be the algebra of universally measurable subsets of R, and u the restriction of Lebesgue
measure t0 X,,. Show that u is translation-invariant, but has no translation-invariant lifting. (Hint: 345F.)

(f) Let X be a Hausdorff space. (i) Show that, for A C X, the following are equiveridical: (a) A is
universally Radon-measurable in X; (8) A is measured by every atomless Radon probability measure on X;
(v) AN K is universally Radon-measurable in K for every compact K C X. (ii) Show that if A C X is
universally Radon-measurable in X, then A NY is universally Radon-measurable in Y for any set ¥ C X.
(iii) Show that if ¥ C X is universally Radon-measurable in X, and A C Y is universally Radon-measurable
in Y, then A is universally Radon-measurable in X. (iv) Show that if G is an open cover of X, and A C X
is such that AN G is universally Radon-measurable (in G or in X) for every G € G, then A is universally
Radon-measurable in X. (v) Show that if Y is another Hausdorff space, and Efjgn, ZS;)m are the algebras of
universally Radon-measurable subsets of X, Y respectively, then every continuous function from X to Y is
(Effézn, Efl}éln)—measurable. (vi) Suppose that X is the product of a countable family (X;);c; of topological
spaces, and F; C X; is a universally Radon-measurable set for each ¢ € I. Show that [[,.; E; is universally

Radon-measurable in X.

iel

>(g)(i) Let pp be Dieudonné’s measure on wy. Give wy + 1 = wy U {w;} its compact Hausdorff order
topology, and define a Borel measure p on wy 4+ 1 by setting uE = puo(FE Nwy) for every Borel set E C wy + 1.
Show that p is a complete probability measure and is neither 7-additive nor inner regular with respect to
the closed sets. (ii) Show that the universally measurable subsets of w; + 1 are just its Borel sets. (Hint:
4A3J, 411Q.) (iii) Show that every totally finite T-additive topological measure on wy 4+ 1 has a countable
support. (iv) Show that every subset of wy + 1 is universally Radon-measurable.

(h)(i) Show that there is a set X C [0, 1] such that K N X and K \ X both have cardinal ¢ for every
uncountable compact set K C [0,1]. (Hint: 4A3Fa, 423L.) (ii) Show that if we give X its subspace topology,
then every subset of X is universally Radon-measurable, but not every subset is universally measurable.
(Hint: every compact subset of X is countable, so every Radon measure on X is purely atomic, but X has
full outer Lebesgue measure in [0, 1].)

(i) Show that a Hausdorff space X is Radon iff (a) every compact subset of X is Radon (3) for every
non-zero totally finite Borel measure p on X there is a compact subset K of X such that uK > 0. (Hint:
434F (a-v).)
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>(j)(i) Let X and Y be K-analytic Hausdorff spaces and f : X — Y a continuous surjection. Suppose
that F C Y and that f~![F] is universally Radon-measurable in X. Show that F is universally Radon-
measurable in Y. (Hint: 432G.) (ii) Let X and Y be analytic Hausdorff spaces and f : X — Y a Borel
measurable surjection. Suppose that F' C Y and that f~![F] is universally Radon-measurable in X. Show
that F' is universally Radon-measurable in Y. (Hint: 433D.)

(k) Show that if X is a perfectly normal space then it is Borel-measure-compact iff it is Borel-measure-
complete.

(1) Let X be a Radon Hausdorff space. (i) Show that X x Y is Borel-measure-compact whenever Y is
Borel-measure-compact. (ii) Show that X x Y is Borel-measure-complete whenever Y is Borel-measure-
complete.

(m) Show that if we give wy + 1 its order topology, it is Borel-measure-compact but not Borel-measure-
complete or pre-Radon, and its open subset w; is not Borel-measure-compact.

(n) Show that the Sorgenfrey line (415Xc, 439Q) is Borel-measure-complete and Borel-measure-compact,
but not Radon or pre-Radon.

(o) Let X be a topological space. (i) Show that the family of Borel-measure-complete subsets of X is
closed under Souslin’s operation. (ii) Show that the union of a sequence of Borel-measure-compact subsets
of X is Borel-measure-compact. (iii) Show that if X is Hausdorff then the family of pre-Radon subsets
of X is closed under Souslin’s operation. (Hint¢: in (i) and (iii), start by showing that the family under
consideration is closed under countable unions.)

(p) Show that ]0,1[** is not pre-Radon.

(q) Let X be a separable metrizable space. Show that the following are equiveridical: (i) X is a Radon
space; (ii) X is a pre-Radon space; (iii) there is a metric on X, defining the topology of X, such that X is
universally Radon-measurable in its completion; (iv) whenever Y is a separable metrizable space and X’ is
a subset of Y such that there is a Borel isomorphism between X and X', then X’ is universally measurable
inY; (v) X is a Radon space under any separable metrizable topology giving rise to the same Borel sets as
the original topology.

>(r) Show that a K-analytic Hausdorff space is Radon iff all its compact subsets are Radon. (Hint:
432B, 434Xi.)

(s) Suppose that X is a K-analytic Hausdorfl space such that every Radon measure on X is completion
regular. Show that X is a Radon space.

(t) Let X and Y be topological spaces, and suppose that Y has a countable network. (i) Show that if X
is Borel-measure-complete, then X x Y is Borel-measure-complete. (ii) Show that if X and Y are Radon
Hausdorff spaces, then X x Y is Radon.

(u) Let (X,)nen be a sequence of topological spaces; write X = [, .y Xn and Z,, = Hign X, for each n.
(i) Show that if every Z,, is Borel-measure-complete, so is X. (ii) Show that if every Z, is Hausdorff and
pre-Radon, so is X. (iii) Show that if every Z,, is Hausdorff and Radon, so is X.

(v) (i) Let (X, )nen be a sequence of Radon Hausdorff spaces such that [ [, K is Radon whenever n € N
and K; C X; is compact for every i < n. Show that X =[],y Xn is Radon. (ii) Let (X,),en be a sequence
of Radon Hausdorff spaces with countable networks. Show that [ ],y X is Radon.

(w) Show that if, in 434R, v is o-finite, then [gdAp = [[ g(z,y)v(dy)u(dz) for every Ap-integrable
function g : X x Y — R.

(x) Show that the product measure construction of 434R is ‘associative’ and ‘distributive’ in the sense
that (under appropriate hypotheses) the product measures on (X x Y) x Z and X x (Y x Z) agree, and

those on |J; ;en(Xi x Yj) and (U;eny Xi) ¥ (Ujen Y5) agree.
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>(y) Show that the product measure construction of 434R is not ‘commutative’; indeed, taking u = v to
be Dieudonné’s measure on wi, show that the Borel measures A1, Ay on w% defined by setting

MW = [vWH{EHudE), MW = [ uW = [{n}v(dn)

are different.

(z) Read through §271, looking for ways to apply the concept ‘Pr(X € E)’ for random variables X and
universally measurable sets E.

434Y Further exercises (a) Set X = N\ {0,1}. For m, p € X set U, = m+pN; show that {U,, : m,
p € X are coprime} is a base for a connected Hausdorff topology on X. (Hint: pq € U,y for every ¢ > 1.
See STEEN & SEEBACH 78, ex. 60.) Show that X is a second-countable analytic Hausdorff space and carries
a Radon measure which is not completion regular.

(b) Let (X, %, 1) be a semi-finite measure space and T a topology on X such that yp is inner regular with
respect to the closed sets. Suppose that Y is a topological space with a countable network consisting of
universally measurable sets, and that f : X — Y is measurable. Show that f is almost continuous.

(c) If X is a topological space, a set A C X is universally capacitable if ¢(A) = sup{c(K) : K C A is
compact} for every Choquet capacity ¢ on X. (i) Show that if X is a Hausdorff space and 1, mg : X x X — X
are the coordinate maps, then we have a Choquet capacity ¢ on X x X defined by saying that ¢(A) = 0
if A C X x X and there is a Borel set £ C X including 71 [A] and disjoint from 7[A], and ¢(A) = 1 for
other A C X x X. (ii) Show that there is a universally measurable subset of R which is not universally
capacitable. (Hint: 423M.)

(d) Let X be a Hausdorff space. Let X be the family of those subsets E of X such that f~![E] has the
Baire property in Z whenever Z is a compact Hausdorff space and f : Z — X is continuous. Show that %
is a o-algebra of subsets of X closed under Souslin’s operation. Show that every member of ¥ is universally
Radon-measurable.

(e) Let X be a Hausdorff space such that there is a countable algebra A of universally Radon-measurable
subsets of X which separates the points of X in the sense that whenever I € [X]? there is an A € A such
that #(I N A) = 1. Show that two Radon probability measures on X which agree on A are identical.

(f) Let X be a completely regular Hausdorff space. Show that the following are equiveridical: («)
X is pre-Radon; (8) X is a universally Radon-measurable subset of its Stone-Cech compactification; (7)
whenever Y is a Hausdorff space and X’ is a subspace of Y which is homeomorphic to X, then X' is
universally Radon-measurable in Y.

(g) Set X = w; + 1, with its order topology, and let ¥ be the o-algebra of subsets of X generated by the
countable sets and the set € of limit ordinals in X. Show that there is a unique probability measure y on
X with domain ¥ such that u& = uf) = 0 for every £ < wy. Show that p is inner regular with respect to the
Borel sets, is defined on a base for the topology of the compact Hausdorff space X, but has no extension to
a topological measure on X.

(h) Let X be a metrizable space without isolated points, and p a o-finite Borel measure on X. Show
that there is a conegligible meager set. (Hint: there is a dense set D C X such that {{d} : d € D} is
o-metrically-discrete.)

(i) Give an example of a Hausdorff uniform space (X, W) with a quasi-Radon probability measure which
is not inner regular with respect to the totally bounded sets.

(j) Show that AN is not countably tight, therefore not Borel-measure-complete.

(k) (i) Show that the split interval is not quasi-dyadic. (ii) Show that the Sorgenfrey line is not quasi-
dyadic. (iii) Show that wy and wy + 1, with their order topologies, are not quasi-dyadic.
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(1) Show that a perfectly normal quasi-dyadic space is Borel-measure-compact.

(m) Let (X,,)nen be a sequence of first-countable spaces, and p,, a Borel probability measure on X,
for each n. For n € N set Z,, = HKR X;, and let )\, be the product Borel measure on Z,, constructed
by repeatedly using the method of 434R (cf. 434Xx). (i) Show that there is a unique Borel measure A on
Z = [, en Xn such that all the canonical maps from Z to Z,, are inverse-measure-preserving. (ii) Show
that, for any n, A can be identified with the product of A, and a suitable product measure on [[,, X;.

(n) (ALDAZ 97) A topological space X is countably metacompact if whenever G is a countable
open cover of X then there is a point-finite open cover H of X refining G. (i) Show that X is countably
metacompact iff whenever (F),),en is a non-increasing sequence of closed sets with empty intersection in X
then there is a sequence (G, )nen of open sets, with empty intersection, such that F,, C G,, for every n. (ii)
Let X be any topological space and v : PX — [0,1] a finitely additive functional such that vX = 1. Show
that there is a finitely additive v’ : PX — [0, 1] such that vF < v'F = inf{v'G : G D F is open} for every
closed F C X. (Hint: 413S.) (iii) Show that if X is countably metacompact and p is any Borel probability
measure on X, there is a Borel probability measure ;' on X, inner regular with respect to the closed sets,
such that puF < u'F for every closed set F' C X; so that p and p/ agree on the Baire o-algebra of X.

(o) Let X be a totally ordered set with its order topology. Show that any 7-additive Borel probability
measure on X has countable Maharam type. (Hint: {]—o0,z]* : © € X} generates the measure algebra.)

(p) If X is a topological space and p is a metric on X, X is o-fragmented by p if for every € > 0 there
is a countable cover A of X such that whenever () # B C A € A there is a non-empty relatively open subset
of B of p-diameter at most e. Now suppose that X is a Hausdorff space which is o-fragmented by a metric
p such that (i) X is complete under p (ii) the topology generated by p is finer than the given topology on
X. Show that X is a pre-Radon space.

(qa) (OxTOBY 70) Let p be an atomless strictly positive Radon probability measure on NY. (i) Show
that if (n)nen is any sequence in [0, 1] such that > o7 v, = 1, then there is a partition (U,)nen of NY
into open sets such that pulU, = «,, for every n. (ii) Show that if v is any other atomless strictly positive
Radon probability measure on NV, there is a homeomorphism f : N¥ — NN such that v = pf~?.

(r) Let X be a Hausdorff space and p an atomless strictly localizable tight Borel measure on X. Show
that p is o-finite. (Hint: FREMLIN NO5.)

4347 Problems (a) Must every Radon compact Hausdorff space be sequentially compact?

(b) Must a Hausdorff continuous image of a Radon compact Hausdorff space be Radon?

434 Notes and comments I said that the fundamental question of topological measure theory is ‘which
measures can appear on which topological spaces’? In this section I have concentrated on Borel measures,
classified according to the scheme laid out in §411. (Of course there are other kinds of classification. One
of the most interesting is the Maharam classification of Chapter 33: we can ask what measure algebras can
appear from topological measures on a given topological space. I will return to this idea in §531 of Volume
5. For the moment I pass it by, with only 434Yo to give a taste.) We can ask this question from either
of two directions. The obvious approach is to ask, for a given class of topological spaces, which types of
measure can appear. But having discovered that (for instance) there are several types of topological space
on which all (totally finite) Borel measures are tight, we can use this as a definition of a class of topological
spaces, and ask the ordinary questions about this class. Thus we have ‘Radon’, ‘Borel-measure-complete’,
‘Borel-measure-compact’ and ‘pre-Radon’ spaces (434C, 434G). I have given precedence to the first partly
to honour the influence of SCHWARTZ 73 and partly because a compact Hausdorff space is always Borel-
measure-compact and pre-Radon (434Hb, 434Jf) and is Borel-measure-complete iff it is Radon (434Ka).
In effect, ‘Borel-measure-complete’ means ‘Borel measures are quasi-Radon’ (434Ib), ‘pre-Radon’ means
‘quasi-Radon measures are Radon’ (434Jb), and ‘Radon’ means ‘Borel measures are Radon’ (434F(a-iii)).
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These slogans have to be interpreted with care; but it is true that a Hausdorff space is Radon iff it is both
Borel-measure-complete and pre-Radon (434Ka).

The concept of ‘Radon’ space is in fact one of the important contributions of measure theory to general
topology, offering a variety of challenging questions. One which has attracted some attention is the problem
of determining when products of Radon spaces are Radon. Uncountable products hardly ever are (434Kd);
for countable products it is enough to understand products of finitely many compact spaces (434Xv); but
the product of two compact spaces already seems to lead us into undecidable questions (438Xq, WAGE
80). Two more very natural questions are in 4347Z. One of the obstacles to the investigation is the rather
small number of Radon compact Hausdorff spaces which are known. I should remark that if the continuum
hypothesis (for instance) is true, then every compact Hausdorff space in which countably compact sets are
closed is sequentially compact (ISMAIL & NYIKOs 80, or FREMLIN 84, 24Nc), so that in this case we have
a quick answer to 434Za, using 434Nb.

You will recognise the construction of 434M as a universal version of Dieudonné’s measure (411Q).
‘Tightness’ is of great interest for other reasons (ENGELKING 89), and here is very helpful when showing
that spaces are not Radon (434Yj).

A large proportion of the definitions in general topology can be regarded as different abstractions from
the concept of metrizability. Countable tightness is an obvious example; so is ‘first-countability’ (434R).
In quite a different direction we have ‘metacompactness’ (4387, 434Yn). The construction of the product
measure in 434R is an obvious idea, as soon as you have seen Fubini’s theorem, but it is not obvious just
when it will work.

‘Quasi-dyadic’ spaces are a relatively recent invention; I introduce them here only as a vehicle for the
argument of 434Q. Of course a dyadic space is quasi-dyadic; for basic facts on dyadic spaces, see 4A2D,
4ABT and ENGELKING 89, §3.12 and 4.5.9-4.5.11.

Version of 16.8.08

435 Baire measures

Imitating the programme of §434, I apply a similar analysis to Baire measures, starting with a simple-
minded classification (435A). This time the central section (435D-435H) is devoted to ‘measure-compact’
spaces, those on which all (totally finite) Baire measures are 7-additive.

435A Types of Baire measures In 434A 1 looked at a list of four properties which a Borel measure
may or may not possess: inner regularity with respect to closed sets, inner regularity with respect to zero
sets, tightness (that is, inner regularity with respect to closed compact sets), and T-additivity. Since every
(semi-finite) Baire measure is inner regular with respect to the zero sets (412D), only two of the four are
important considerations for Baire measures: tightness and 7-additivity. On the other hand, there is a new
question we can ask. Given a Baire measure on a topological space, when can it be extended to a Borel
measure? And in the case of a positive answer, we can ask whether the extension is unique, and whether
we can find extensions to Borel measures satisfying the properties considered in 434A.

We already have some information on this. If X is a completely regular space, and u is a 7-additive
effectively locally finite Baire measure on X, then u has a (unique) extension to a 7-additive Borel measure
(415N). While if p is tight, the extension will also be tight (cf. 416C). Perhaps I should remark immediately
that while there can be only one 7-additive Borel measure extending g, there might be another Borel
measure, not 7-additive, also extending pu; see 435Xa. Of course if there is any completion regular Borel
measure extending g, there is only one; moreover, if u is o-finite, and there is a completion regular Borel
measure extending p, this is the only Borel measure extending p. (For every Borel set will be measured by
the completion of p.)

A possible division of Baire measures is therefore into classes

(E) measures which are not T-additive,
(F) measures which are 7-additive, but not tight,

(G) tight measures,
(© 1999 D. H. Fremlin
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and within these classes we can distinguish measures with no extension to a Borel measure (type Eg),
measures with more than one extension to a Borel measure (types E1, F; and G;), measures with exactly
one extension to a Borel measure which is not completion regular (types E2, Fo and G2) and measures with
an extension to a completion regular Borel measure (types Es, F3 and G3). For examples, see 439M and
4390 (Eg), 439N (Es), 439J (E3), 435Xc (F1), 435Xd (F2), 415Xc and 434Xa (F3), 435Xa (G1), 435Xb (G2)
and the restriction of Lebesgue measure to the Baire subsets of R (Gs); other examples may be constructed
as direct sums of these.

A separate question we can ask of a Baire measure is whether it can be extended to a Radon measure.
For this there is a straightforward criterion (435B), which shows that (at least for totally finite measures on
completely regular spaces) only the types Fy and Fy are divided by this question. (If a Baire measure p can
be extended to a Radon measure, it is surely 7-additive. If p is tight, it satisfies the criteria of 435B, so has
an extension to a Radon measure. If p has an extension to a completion regular Borel measure p1 and has
an extension to a Radon measure po, then the completion fi of pu extends py, while o extends fi; so py is
the restriction of us to the Borel sets and po = 17 = &t and p, like po, is tight, by 412Hb or otherwise. Thus
no measure of type F3 can be extended to a Radon measure.)

As with the classification of Borel measures that I offered in §434, any restriction on the topology of
the underlying space may eliminate some of these possibilities. For instance, because a semi-finite Baire
measure is inner regular with respect to the closed sets, we can have no (semi-finite) measure of classes E or
F on a compact Hausdorff space. On a locally compact Hausdorff space we can have no effectively locally
finite Baire measure of class F (435Xe), while on a K-analytic Hausdorff space we can have no locally finite
Baire measure of class E (432F). In a metrizable space, or a regular space with a countable network (e.g.,
a regular analytic Hausdorff space), the Baire and Borel o-algebras coincide (4A3Kb), so we can have no
measures of type Eqg, E1, F1 or G;.

435B Theorem Let X be a Hausdorff space and p a locally finite Baire measure on X. Then the
following are equiveridical:
(i) p has an extension to a Radon measure on X;
(ii) for every non-negligible Baire set E C X there is a compact set K C E such that p*K > 0.
If p is totally finite, we can add
(iii) sup{p*K : K C X is compact} = pX.

proof Because p is inner regular with respect to the closed sets (412D), this is just a special case of 416P.

435C Theorem (MARIK 57) Let X be a normal countably paracompact space. Then any semi-finite
Baire measure on X has an extension to a semi-finite Borel measure which is inner regular with respect to
the closed sets.

proof (a) Let v be a semi-finite Baire measure on X. Let I be the family of those closed subsets of X
which are included in zero sets of finite measure, and set ¢gK = v*K for K € K. Then K and ¢ satisfy
the conditions of 413J, that is,

ek,

(1) KUK’ € K whenever K, K’ € K are disjoint,

(1) Nyen Kn € K whenever (Kp,)nen is a sequence in £,

() oK = oL +sup{¢ppK’' : K' € K, K/ C K\ L} whenever K, L € K and L C K,

(8) inf, ey G0 K, = 0 whenever (K,,),en is & non-increasing sequence in K with empty inter-

section.
P The first three are trivial.

() Take K, L € K with L C K, and set v = sup{¢oK’ : K’ e K, K’ CK\L}. (i) If K" CK\ L is
closed, then (because X is normal) there is a zero set F including K’ and disjoint from L (4A2F(d-iv)), so
oK' + poL =v*(K'UL)NF)+v*(K'UL)\ F) =v*(K'UL) <v*K.

As K’ is arbitrary, v + ¢oL < ¢oK. (ii) Let € > 0. Let Fy be a zero set of finite measure including K.

Because v is inner regular with respect to the zero sets (412D), there is a zero set F' C Fp \ L such that
vF > v, (Fy \ L) — € (413Ee), so that v(Fo \ F) < v*L + € (413Ec). Set K/ = K N F. Then
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VK =vK\F)+v"(KNF)<v(Fo\F)+v*K' <v*L+e+~.
As € is arbitrary, v*K < v*L + 7.

(B) If (K, )nen is a non-increasing sequence in K with empty intersection, then (because X is countably
paracompact) there is a sequence (Gy)nen of open sets such that K, C Gy, for every n and (e Gn = 0
(4A2Ff). Because X is normal, there are zero sets F, such that K,, C F,, C G, for each n (4A2F(d-iv)
again), so that [ F, = (). We may suppose that Fy has finite measure. In this case,

lim;, oo V¥ K, < limy, oo V(ﬂign F;) =0.

Thus K and ¢ satisfy the conditions («) and (8) as well. Q

neN

(b) By 413J, there is a complete locally determined measure p on X, extending ¢ and inner regular with
respect to K. If FF C X is closed, then FF N K € K for every K € K, so F € dom u (413F(ii)); accordingly
1 is a topological measure, and because v also is inner regular with respect to I, p must extend v. So the
restriction of u to the Borel sets is a Borel extension of v which is inner regular with respect to the closed
sets.

Remark If X is normal, but not countably paracompact, the result may fail; see 4390. I have stated the
result in terms of ‘countable paracompactness’, but the formally distinct ‘countable metacompactness’ is
also sufficient (435Ya). If we are told that the Baire measure is 7-additive and effectively locally finite, we
have a much stronger result (415M).

435D Just as with the ‘Radon’ spaces of §434, we can look at classes of topological spaces defined by
the behaviour of the Baire measures they carry. The class which has aroused most interest is the following.

Definition A completely regular topological space X is measure-compact (sometimes called almost
Lindel6f) if every totally finite Baire measure on X is 7-additive, that is, has an extension to a quasi-
Radon measure on X (415N).

435E The following lemma will make our path easier.

Lemma Let X be a completely regular topological space and v a totally finite Baire measure on X. Suppose
that supgeg vG = v X whenever G is an upwards-directed family of cozero sets with union X. Then v is
T-additive.

proof Let G be an upwards-directed family of open Baire sets such that G* = |JG also is a Baire set,
and € > 0. Because v is inner regular with respect to the zero sets, there is a zero set F' C G* such that
vF > vG* —e. Let G’ be the family of cozero sets included in members of G; because X is completely
regular, so that the cozero sets are a base for its topology, | JG' = G*, and of course G’ is upwards-directed.
Now

H={GU(X\F):Ged}
is an upwards-directed family of cozero sets with union X, so there is a Gy € G’ such that v(GoU (X \ F)) >
vX — €. In this case
Supgeg VG > vGo 2 vX —e —v(X \ F) =vF — e > vG* — 2e.

As G and € are arbitrary, v is T-additive.

435F Elementary facts (a) If X is a completely regular space which is not measure-compact, there
are a Baire probability measure p on X and a cover of X by p-negligible cozero sets. P There is a
totally finite Baire measure v on X which is not 7-additive. By 435E, there is an upwards-directed family
G of cozero sets, covering X, such that supgeg vG < vX. Let (Gyn)nen be a sequence in G such that
sup,, ey VG = supgeg VG- Then v = v(X \ U, ey Gn) > 0. Set
pH = Zv(H\ U, e Gn)

for Baire sets H C X; then u is a Baire probability measure and G is a cover of X by u-negligible cozero

sets. Q
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(b) Regular Lindel6f spaces are measure-compact. (For if a Lindel6f space can be covered by negligible
open sets, it can be covered by countably many negligible open sets, so is itself negligible.) In particular,
compact Hausdorff spaces, indeed all regular K-analytic Hausdorff spaces (422Gg), are measure-compact.

Note that regular Lindelof spaces are normal and paracompact (4A2H(b-i)), so their measure-compactness
is also a consequence of 435C and 434Hb.

(c) An open subset of a measure-compact space need not be measure-compact (435Xi(i)). A continuous
image of a measure-compact space need not be measure-compact (435Xi(ii)). N¢ is not measure-compact
(439P). The product of two measure-compact spaces need not be measure-compact (439Q).

(d) If X is a measure-compact completely regular space it is Borel-measure-compact. ¥ Let p be a
non-zero totally finite Borel measure on X and G an open cover of X. Let v be the restriction of u to
the Baire o-algebra of X, so that v is 7-additive. Let U be the set of cozero sets U C X included in
members of G; because the family of cozero sets is a base for the topology of X, | JU = X, and there is
some U € U such that vU > 0. This means that there is some G € G such that uG > 0. By 434H(a-v), X
is Borel-measure-compact. Q

435G Proposition A Souslin-F subset of a measure-compact completely regular space is measure-
compact.

proof (a) Let X be a measure-compact completely regular space, (F,),cs a Souslin scheme consisting
of closed subsets of X with kernel A, v a totally finite Baire measure on A, and G an upwards-directed
family of (relatively) cozero subsets of A covering A. Let v; be the Baire measure on X defined by setting
v H =v(AN H) for every Baire subset H of X. Because X is measure-compact, v; has an extension to a
quasi-Radon measure p on X. Let 4 be the subspace measure on A.

(b) By 431B, A is measured by p. In fact uA = vA. P The construction of p given in 415K-415N ensures
that uF = v F for every closed set F', and this is in any case a consequence of the facts that p is 7-additive
and dom v, includes a base for the topology. For each o € S, in particular, uF, = viF,; let F. 2O F, be a
Baire set such that 14 F, = v} F,. Then

pFE, = F, =viF, = uF,
and u(F. \ F,) =0 for every o € S. Let A’ be the kernel of the Souslin scheme (F),cs. Then A C A" and
AN A) <3 pes n(F5 \ Fo) =0,

so uA = pA’. On the other hand, writing ; for the completion of v4, A’ is measured by 21, by 431A, so
that (because u extends v1)

A =pA = A <viA = (1) A < p A = pA.
Thus pA = viA’. But of course
vA=unX=vifA=vjA,

so that pA =vA. Q
Since we surely have

uX =1 X =vA,
we see that pu(X \ A) =0.

(c) Tt follows that uF = vF for every (relatively) zero set I C A. P There is a closed set F/ C X such
that F' = AN F’. Now if H C X is a Baire set including F’, H N A is a (relatively) Baire set including F,
so vF <vy(HNA)=u11H; as H is arbitrary, vF < viF’. But v{F’ = pF’, as remarked in (b) above, and
u(X\ 4) =0, 0

pF =uF' =viF' > vF.
On the other hand, A\ F is (relatively) cozero, so there is a non-decreasing sequence (F),)nen of (relatively)
zero subsets of A with union A\ F', and

AN\ F) =limy, o0 pFy > limy, oo vF, = v(A\ F).
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Since we already know that yA = v A, it follows that
uF =pA—pu(A\F)<vA—-v(A\F)=vF,
and pF =vF. Q
(d) The set
{E: E C Ais a (relative) Baire set, uE = vE}

therefore contains every (relatively) zero set, and by the Monotone Class Theorem (136C) contains every
(relatively) Baire set. What this means is that p actually extends v; so the subspace measure py = u[PA
also extends v. But p4 is a quasi-Radon measure (415B), therefore m-additive, and v must also be T-additive.

435H Corollary A Baire subset of a measure-compact completely regular space is measure-compact.

proof Put 435G and 421L together.

435X Basic exercises >(a) Give w; + 1 its order topology. (i) Show that its Baire o-algebra ¥ is just
the family of sets F C wy + 1 such that either E or its complement is a countable subset of w;. (ii) Show
that there is a unique Baire probability measure v on w; + 1 such that v{{} = 0 for every £ < w;. (iil) Show
that v is 7-additive. (iv) Show that there is exactly one Radon measure on wy + 1 extending v, but that the
measure p of 434Xg is another Borel measure also extending v.

>(b) Let I be a set with cardinal wq, endowed with its discrete topology, and X = I U{oco} its one-point
compactification (3A30). Let p be the Dirac measure on X concentrated at co. (i) Show that every subset
of X is a Borel set. (ii) Show that {co} is not a zero set. (iii) Let v be the restriction of u to the Baire
o-algebra of X. Show that v is tight. Show that p is the unique Borel measure extending v (hint: you will
need 419G), but is not completion regular. (iv) Show that the subspace measure v; on I is the countable-
cocountable measure on I, and is not a Baire measure, nor has any extension to a Baire measure on I. (v)
Show that X is measure-compact.

(c) On R“* let p be the Baire measure defined by saying that uE = 1 if yw; € E, 0 otherwise. (i)
Show that u is T-additive, but not tight. (Hint: 4A3P.) (ii) Show that the map & — x& : w; +1 — R“! is
continuous, so that y has more than one extension to a Borel measure. (iii) Show that y has an extension
to a Radon measure.

(d) Set X = wy + 1 with the topology Pw; U{X \ A: A C w; is countable}. Let u be the Baire measure
on X defined by saying that, for Baire sets E C X, uFE =1 if w; € E, 0 otherwise. (i) Show that a function
f+ X — Ris continuous iff {€:& € X, f(§) # f(w1)} is countable; show that X is completely regular and
Hausdorff. (ii) Show that u is T-additive. (ili) Show that every subset of X is Borel. (iv) Show that the
only Borel measure extending p is the Dirac measure concentrated at w;, and that this is a Radon measure.
(v) Show that all compact subsets of X are finite, so that u is not tight. *(vi) Show that X is Lindelof.

(e) Let X be alocally compact Hausdorff space and p an effectively locally finite T-additive Baire measure
on X. Show that p is tight. (Hint: the relatively compact cozero sets cover X; use 414Ea and 412D.)

>(f) Let X be a completely regular space and p a totally finite 7-additive Borel measure on X. Let g
be the restriction of p to the Baire o-algebra of X. Show that puF = piF for every closed set F' C X.

(g) Show that if a semi-finite Baire measure v on a normal countably paracompact space is extended to
a Borel measure p by the construction in 435C, then the measure algebra of v becomes embedded as an
order-dense subalgebra of the measure algebra of y, so that L'(u) can be identified with L!(v).

(h) Show that a Borel-measure-compact normal countably paracompact space is measure-compact.

(i)(i) Show that wy + 1 is measure-compact, in its order topology, but that its open subset w; is not (cf.
434Xm). (ii) Show that a discrete space with cardinal w; is measure-compact, but that it has a continuous
image which is not measure-compact.
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(j) Let X be a metacompact completely regular space and v a totally finite strictly positive Baire measure
on X. Show that X is Lindeldf, so that v has an extension to a quasi-Radon measure on X. (Hint: if H
is a point-finite open cover of X, not containing (), then for each H € H choose a non-empty cozero set
G C H; show that {H : vGy > ¢} is finite for every § > 0.)

(k) A completely regular space X is strongly measure-compact (MORAN 69) if uX = sup{pu*K :
K C X is compact} for every totally finite Baire measure p on X. (i) Show that a completely regular
Hausdorff space X is strongly measure-compact iff every totally finite Baire measure on X has an extension
to a Radon measure iff X is measure-compact and pre-Radon. (ii) Show that a Souslin-F subset of a strongly
measure-compact completely regular space is strongly measure-compact. (iii) Show that a discrete space with
cardinal w is strongly measure-compact. (iv) Show that a countable product of strongly measure-compact
completely regular spaces is strongly measure-compact. (v) Show that N“1 is not strongly measure-compact.
(Hint: take a non-trivial probability measure on N and consider its power on N“1.) (vi) Show that if X and
Y are completely regular spaces, X is measure-compact and Y is strongly measure-compact then X x Y is
measure-compact.

(1) (T.D.Austin) Let X be a topological space, u an atomless Baire probability measure on X and fi its
completion. Show that there is a continuous function f : X — [0,1] which is inverse-measure-preserving
for ji and Lebesgue measure on [0,1]. (Hint: Check the case X = [0,1] first. For the general case, let
Z be the set of continuous functions from X to [0, 1] with the complete metric induced by |||/, and set
a(f) = max{uf " [{t}] : t € [0,1]} for f € Z. Show that int{f : a(f) < €} is dense in Z for every ¢ > 0, so
that there is an f € Z such that uf~! is atomless.)

(m) Let X be a normal space and p a complete o-finite topological probability measure on X which is
inner regular with respect to the closed sets. (i) Let v be the restriction of u to the Baire o-algebra of X.
Show that p and v have isomorphic measure algebras. (ii) Show that if p is an atomless probability measure
there is a continuous f : X — [0, 1] which is inverse-measure-preserving for 4 and Lebesgue measure.

(n) Let X be a topological space and G the family of cozero sets in X. Show that a functional ¢ : G —
[0, 00 can be extended to a Baire measure on X iff ¢ is modular (definition: 413Qc) and lim,, o, G, =0
whenever (G, )nen IS a non-increasing sequence in G with empty intersection. (Hint: if ¢ satisfies the
conditions, first check that 9@ = 0 and that G < ¥ H whenever G C H; now apply 413J with ¢K =
inf{y)G : K C G € G} for zero sets K.)

(0) Let X be a countably compact topological space and p a totally finite Baire measure on X. Show
that p has an extension to a Borel measure which is inner regular with respect to the closed sets. (Hint:
413P.)

435Y Further exercises (a) Show that a normal countably metacompact space (434Yn) is countably
paracompact.

(b) Let X be a completely regular Hausdorff space and X its Stone-Cech compactification. Show that
X is measure-compact iff whenever v is a Radon measure on X such that v X = 0, there is a r-negligible
Baire subset of X including X.

435 Notes and comments The principal reason for studying Baire measures is actually outside the main
line of this chapter. For a completely regular Hausdorff space X, write Cy(X) for the M-space of bounded
continuous real-valued functions on X. Then Cp(X)* = Cp(X)™ is an L-space (356N), and inside Cp(X)*
we have the bands generated by the tight, smooth and sequentially smooth functionals (see 437A and
437F below), all identifiable, if we choose, with spaces of ‘signed Baire measures’. WHEELER 83 argues
convincingly that for the questions a functional analyst naturally asks, these Baire measures are often an
effective aid.

From the point of view of the arguments in this section, the most fundamental difference between ‘Baire’
and ‘Borel’ measures lies in their action on subspaces. If X is a topological space and A is a subset of X,
then any Borel or Baire measure pu on A provides us with a measure u; of the same type on X, setting
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wmE = u(AN E) for the appropriate sets E. In the other direction, if u is a Borel measure on X, then
the subspace measure 4 is a Borel measure on A, because the Borel o-algebra of A is just the subspace
o-algebra derived from the Borel algebra of X (4A3Ca). But if p is a Baire measure on X, it does not follow
that p4 is a Baire measure on A; this is because (in general) not every continuous function f : A — [0, 1]
has a continuous extension to X, so that not every zero set in A is the intersection of A with a zero set in
X (see 435XDb). The analysis of those pairs (X, A) for which the Baire o-algebra of A is just the subspace
algebra derived from the Baire sets in X is a challenging problem in general topology which I pass by here.
For the moment I note only that avoiding it is the principal technical problem in the proof of 435G.

I do not know if I ought to apologise for ‘countably tight’ spaces (434N), ‘first-countable’ spaces (434R),
‘metacompact’ spaces (438J]), ‘normal countably paracompact’ spaces (435C), ‘quasi-dyadic’ spaces (4340)
and ‘sequential’ spaces (436F). General topology is notorious for invoking arcane terminology to stretch
arguments to their utmost limit of generality, and even specialists may find their patience tried by definitions
which seem to have only one theorem each. In 438J, for instance, it is obvious that the original result
concerned metrizable spaces (438H), and you may well feel at first that the extension is a baroque over-
elaboration. On the other hand, there are (if you look for them) some very interesting metacompact spaces
(ENGELKING 89, §5.3), and metacompactness has taken its place in the standard lists. In this book I try
to follow a rule of introducing a class of topological spaces only when it is both genuinely interesting, from
the point of view of general topology, and also a support for an idea which is interesting from the point of
view of measure theory.

Version of 9.5.11

436 Representation of linear functionals

I began this treatise with the three steps which make measure theory, as we know it, possible: a con-
struction of Lebesgue measure, a definition of an integral from a measure, and a proof of the convergence
theorems. I used what I am sure is the best route: Lebesgue measure from Lebesgue outer measure, and
integrable functions from simple functions. But of course there are many other paths to the same ends, and
some of them show us slightly different aspects of the subject. In this section I come — rather later than
many authors would — to an account of a procedure for constructing measures from integrals.

I start with three fundamental theorems, the first and third being the most important. A positive linear
functional on a truncated Riesz space of functions is an integral iff it is sequentially smooth (436D); a smooth
linear functional corresponds to a quasi-Radon measure (436H); and if X is a compact Hausdorff space, any
positive linear functional on C(X) corresponds to a Radon measure (436J-436K).

436A Definition Let X be a set, U a Riesz subspace of R¥, and f : U — R a positive linear functional.
I say that f is sequentially smooth if whenever (u,),en is a non-increasing sequence in U such that
lim,, o0 un (x) = 0 for every z € X, then lim, o f(u,) = 0.

If (X, %, i) is a measure space and U is a Riesz subspace of the space of real-valued p-integrable functions
defined everywhere on X, then [ du : U — R is sequentially smooth, by Fatou’s Lemma or Lebesgue’s
Dominated Convergence Theorem.

Remark It is essential to distinguish between ‘sequentially smooth’; as defined here, and ‘sequentially order-
continuous’, as in 313Hb or 355G. In the context here, a positive linear operator f : U — R is sequentially
order-continuous if lim,, o f(uy,) = 0 whenever (u,),en is a non-increasing sequence in U such that 0 is the
greatest lower bound for {uw, : n € N} in U; while f is sequentially smooth if lim,, . f(u,) = 0 whenever
{(uy)nen is a non-increasing sequence in U such that 0 is the greatest lower bound for {u, : n € N} in R¥.
So there can be sequentially smooth functionals which are not sequentially order-continuous, as in 436Xi.
A sequentially order-continuous positive linear functional is of course sequentially smooth.

436B Definition Let X be a set. I will say that a Riesz subspace U of R¥ is truncated (or satisfies
Stone’s condition) if u A xX € U for every u € U.

In this case, u A yxX € U for every v > 0 and u € U (being —u~ if v = 0, y(y"'u A xX) otherwise).

(©) 2002 D. H. Fremlin
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436C Lemma Let X be a set and U a truncated Riesz subspace of RX. Write K for the family of sets
of the form {z : x € X, u(x) > 1} as w runs over U. Let f: U — R be a sequentially smooth positive linear
functional, and p a measure on X such that pK is defined and equal to inf{f(u) : xK < u € U} for every
K € K. Then [wdp exists and is equal to f(u) for every u € U.

proof It is enough to deal with the case u > 0, since U = Ut — U™ and both f and [ are linear. Note
that if v € U, K € K and v < xK, then v < w whenever xK <w € U, so f(v) < uK. For k, n € N set

Ko ={z:u(x) > 27"k},  upp =u A2 "kxX.
Then, for k > 1,

Knk:{x:%UZI}EIC,

2" (U 1 — Unk) < XEKnk < 2" (Unk — Un k—1)-
So
2" f (U kg1 — Unk) < pE ok < 2" f(Unk — Un,k—1),
and
f(un.,4"+1 —Up1) < Zinzl 27" uKnk < f(unA" < f(u).
But setting wy, = tnan41—Un1, (Wn)nen is a non-decreasing sequence of functions in U and sup,,cy wn(2) =

u(x) for every x, so limy, o0 f(u —wy,) = 0 and lim, o f(wy) = f(u). Also, setting v, = 2{;1 27"y Kk,
we have w,, < v, <wuand f(w,) < fvn < f(u) for each n, so

fu = limn_,oofvn = f(u)
by B.Levi’s theorem.

436D Theorem Let X be a set and U a truncated Riesz subspace of RX. Let f : U — R be a positive
linear functional. Then the following are equiveridical:

(i) f is sequentially smooth;

(ii) there is a measure y on X such that [ wdu is defined and equal to f(u) for every u € U.

proof I remarked in 436A that (ii)=(i) is a consequence of Fatou’s Lemma. So the argument here is
devoted to proving that (i)=-(ii).

(a) Let K be the family of sets K C X such that xK = inf,en u, for some sequence (u,)nen in U, taking
the infimum in R, so that (inf,eyu,)(7) = inf,enu,(z) for every o € X. Then K is closed under finite
unions and countable intersections. B (i) If K, K’ € K take sequences (up)nen, (Un)nen in U such that
xK = inf,enyuy, and XK' = inf, ey ul,; then x (KU K') = inf,, nenum Vul, so KUK’ € K. (ii) If (K,)nen
is a sequence in K, then for each n € N we can choose a sequence (un;);en in U such that x K, = inf;en tni;

now X (e Kn) = infp, jen tni, 50 ),y Kn € K. Q
Note that ) € K because 0 € U.

(b) We need to know that if u € U then K = {2 : u(x) > 1} belongs to K. I Set
Up =2"((u A xX) — (uA (1 —27")xX)).

Because U is truncated, every u, belongs to U, and it is easy to check that inf,cnu, = xK. Q It follows
that

{z:u(x)Za}z{m:iu(z)Zl}elC
whenever v € U and o > 0.

(c) For K € K, set ¢ K = inf{f(u) : u € U, u > xK}. Then ¢ satisfies the conditions of 413J. P I have
already checked (f) and (%) of 413J.

(a) Fix K, L € K with L C K. Set v =sup{¢oK’': K' e K, K' C K\ L}.
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(i) Suppose that K’ € K is included in K \ L, and € > 0. Let (un)nen, (u),)nen be sequences in U
such that yL = inf,enu, and YK’ = inf,eyul,, and let u € U be such that u > xK and f(u) < ¢oK + €.

n’
Set v, = u A inf;<, u;s, v), = u A inf;<,, u) for each n. Then (v, A v} )nen is a non-increasing sequence in U

with infimum xL A xK' = 0, so there is an n such that f(v, Av]) < e. In this case

¢oL + oK' < f(vn) + f(vy,) = f(vn +0},)
= f(vn V) + flon Av)) < f(u) + €< goK + 2e.
As € is arbitrary, ¢poL + ¢poK’' < ¢pgK. As K’ is arbitrary, ¢oL + v < ¢ K.

(ii) Next, given € € ]0,1[, there are u, v € U such that v > xK, v > xL and f(v) < ¢oL + €.
Consider

K'={z:2 € K, min(l,u(z)) —v(z) > e} C K\ L.
By (b), K’ e K. If w € U and w > xK’, then v(x) + w(x) > 1 — € for every x € K, so

Pk < T f(v+w) < T (goL + e+ f(w)).
As w is arbitrary,
(1 —€)poK < ¢poL + e+ poK' < oL + €+ 7.
As e is arbitrary, ¢oK < ¢oL + v and we have equality, as required by («) in 413J.

(B8) Now suppose that (K, )nen is a non-increasing sequence in X with empty intersection. For each
n € N let (un;)ieny be a sequence in U with infimum y K, in R¥. Set v, = inf; j<n uj; for each n; then
(Un)nen is a non-increasing sequence in U with infimum inf,en XK, = 0, so inf,cy f(v,) = 0. But

[ infjgn XKJ = XKn7 ¢0Kn < f(vn)
for every n, so inf,en ¢oK,, = 0, as required by (3) of 413]. Q
(d) By 413J, there is a complete locally determined measure g on X, inner regular with respect to K,

extending ¢g. By 436C, f(u) = [wudp for every u € U, as required.

436E Proposition Let X be any topological space, and Cj, = Cp(X) the space of bounded continuous
real-valued functions on X. Then there is a one-to-one correspondence between totally finite Baire measures
pon X and sequentially smooth positive linear functionals f : C, — R, given by the formulae

flu) = fud,u for every u € Cp,
pZ =inf{f(u) : xZ < u € Cp} for every zero set Z C X.

proof (a) If p is a totally finite Baire measure on X, then every continuous bounded real-valued function
is integrable, and f = [dpu is a sequentially smooth positive linear operator on Cy, by Fatou’s Lemma, as
usual.

(b) If f: C, — R is a sequentially smooth positive linear operator, then 436D tells us that there is a
measure o on X such that [wdpyg is defined and equal to f(u) for every u € C,. By the construction in
436D, or otherwise, we may suppose that g is complete, so that every u € C is X-measurable, where X is
the domain of ug. It follows by the definition of the Baire g-algebra Ba of X (4A3K) that Ba C X, so that
p = polX is a Baire measure; of course we still have f(u) = [wdp for every u € Cy. Also, if Z C X is a
zero set, pZ = inf{f(u) : xZ <w € Cp}. P Express Z as {z : v(z) = 0} where v : X — [0, 1] is continuous.
Set

up = (xX — 2"v)*

for n € N; then (up)nen is a non-increasing sequence in Cp, and (u, (2))neny — (xZ)(x) for every z € X, so
uZ < inf{/ud,u :xZ <ue€Cy} =inf{f(u) : xZ <ueCy}
< inf f(u,)= lim /undu =uz. Q
neN n—00
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(c) The argument of (b) shows that if two totally finite Baire measures give the same integrals to every
member of Cy, then they must agree on all zero sets. By the Monotone Class Theorem (136C) they agree on
the o-algebra generated by the zero sets, that is, Ba, and are therefore equal. Thus the operator p — [ du
from the set of totally finite Baire measures on X to the set of sequentially smooth positive linear operators
on Cy is a bijection, and if f = [ du then pZ = inf{f(u) : xZ < u € Cy} for every zero set Z, as required.

436F Corresponding to 434R, we have the following construction for product Baire measures, applicable
to a slightly larger class of spaces.

Proposition Let X be a sequential space, Y a topological space, and u, v totally finite Baire measures on
X, Y respectively. Then there is a Baire measure X\ on X X Y such that

AW = [vW({aYu(dz), [ fdX= [[ f(z,y)v(dy)u(dz)
for every Baire set W C X x Y and every bounded continuous function f: X x Y — R.

proof (a) ¢(f) = [[ f(z,y)dydz is defined in R for every bounded continuous function f: X xY - R. P
For each z € X, g(z) = [ f(z,y)dy is defined because y — f(z,y) is continuous. If (z,,)nen is any sequence
in X converging to z € X, then

by Lebesgue’s Dominated Convergence Theorem. So ¢ is sequentially continuous; because X is sequential,
g is continuous (4A2Kd). So [[ f(z,y)dydz = [ g(z)dx is defined in R. Q

(b) Of course ¢ is a positive linear functional on Cp(X x Y), and B.Levi’s theorem shows that it is
sequentially smooth. By 436E, there is a Baire measure A on X x Y such that [ fd\ = ¢(f) for every
feCy(X x Y)

() W C X XY is a zero set, there is a non-increasing sequence (f,)nen in Cp(X x Y) such that
xW = inf,en frn- So B.Levi’s theorem tells us that

[ oW {aNde =lim, o0 [ fo(, y)dyde =lim, o0 [ fodA = AW.
Now the Monotone Class Theorem (136B) tells us that
{W:W C X xY is Baire, fz/W[{m}]dJ: exists = AW}

includes the o-algebra generated by the zero sets, that is, contains every Baire set in X X Y. So A has the
required properties.

436G Definition Let X be a set, U a Riesz subspace of RX, and f : U — R a positive linear functional. I
say that f is smooth if whenever A is a non-empty downwards-directed family in U such that inf,c 4 u(z) =0
for every x € X, then inf,c4 f(u) = 0.

Of course a smooth functional is sequentially smooth. If (X,T, 3, i) is an effectively locally finite 7-
additive topological measure space and U is a Riesz subspace of RX consisting of integrable continuous
functions, then [ dp : U — R is smooth, by 414Bb. Corresponding to the remark in 436A, note that an
order-continuous positive linear functional must be smooth, but that a smooth positive linear functional
need not be order-continuous.

436H Theorem Let X be a set and U a truncated Riesz subspace of RX. Let f: U — R be a positive
linear functional. Then the following are equiveridical:

(i) f is smooth;

(ii) there are a topology T and a measure p on X such that p is a quasi-Radon measure with respect to
T, U C C(X) and [wdp is defined and equal to f(u) for every u € U;

(iii) writing & for the coarsest topology on X for which every member of U is continuous, there is a
measure g on X such that p is a quasi-Radon measure with respect to &, and [ udy is defined and equal
to f(u) for every u € U.

proof As remarked in 436G, in a fractionally more general context, (ii)=(i) is a consequence of 414B. Of
course (iii)=-(ii). So the argument here is devoted to proving that (i)=-(iii). Except for part (b) it is a
simple adaptation of the method of 436D.
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(a) Let K be the family of sets K C X such that yK = inf A in R¥ for some non-empty set A C U.
Then K is closed under finite unions. B If K, K’ € K take A, A’ C U such that YK = inf A, YK’ = A;
then x(KUK')=inf{fuvu :ue A v €A}, so KUK € K. Q

Note that () € K because 0 € U.

As in part (b) of the proof of 436D, {z : u(z) > a} € K whenever a > 0 and u € U.

(b) Every member of K is closed for &, being of the form {z : u(xz) > 1 for every u € A} for some A C U.
We need to know that if K € K and G € &, then K \ G € K. P Take a non-empty set B C U such that
xK = inf B. Because K is closed under finite unions and arbitrary intersections, S = {G : G C X, K\G €
K} is a topology on X. (i) If u € U and G = {x : u(x) > 0}, then x(K \ G) = inf{(v—ku)" : v € B, k € N}
so K\GeKand G € Sk. (ii) fueUand a >0, then {z : u(z) > a} ={z: (u—uAaxX)(z) > 0}
belongs to &k, by (i). (iii) If u € U and a > 0, set G = {z : u(x) < a}. Then

K\G=Kn{z:ulx) >a} ek,

so G € Gk. (iv) Thus every member of UT is &k-continuous (2A3Bc), so every member of U is &g-
continuous (2A3Be), and & C Sk, that is, K \ G € K for every G € S. Q

(c) For K € K, set ¢poK = inf{f(u) : uw € U, u > xK}. Then ¢, satisfies the conditions of 415K. P I
have already checked (1) and (}) of 415K.

(a) Fix K, L € K with L C K. Set v =sup{¢oK’': K' € K, K' C K\ L}.

(i) Suppose that K’ € K isincluded in K\ L and e >0. Set A={u: xL<uecU}, A ={u:xK' <
u € U}, so that xL = inf A and yK' = inf A’, and let v € U be such that v > yK and f(v) < ¢oK + €.
Then {u Au' : u € A, u' € A’} is a downwards-directed family with infimum 0 in R¥, so (because f is
smooth) there are u € A, v’ € A’ such that f(u Au') <e. In this case

doL + oK' < flunu)+ flond)=floA(uVva))+ fFlohunu) < goK + 2e.
As € is arbitrary, ¢gL + ¢poK' < ¢poK. As K’ is arbitrary, ¢oL + v < ¢ K.

(ii) Next, given € € ]0,1[, there are u, v € U such that v > xK, v > xL and f(v) < ¢oL + €.
Consider

K' ={z:2 € K, min(1,u(z)) — v(z) > €}.
By the last remark in (a), K’ € K. If w € U and w > xK’, then v(x) + w(xz) > 1 — € for every € K, so

G0k < TS0+ w) < (G0l e+ f(w)

N
1—e¢
As w is arbitrary,
(1 —€)poK < ¢poL + €+ ¢poK' < poL +e+17.
As e is arbitrary, ¢oK < ¢oL + 7 and we have equality, as required by («) in 415K.
(B8) Now suppose that K’ is a non-empty downwards-directed subset of I with empty intersection. Set
A=Ugex{u: xK <ueU}.
Then A is a downwards-directed subset of U and inf A = 0 in R¥. Because f is smooth,
0=infuea f(u) = infrex goK.
Thus (8) of 415K is satisfied.

(v) If K € K and ¢oK > 0, take u € U such that u > xK, and consider G = {z : u(z) > 3}. Then
K C G, while G C {z : 2u(z) > 1}, so

sup{po K’ : K' e K, K' C G} < 2f(u) < 0.
Thus ¢ satisfies (y) of 415K. Q
(d) By 415K, there is a quasi-Radon measure p on X extending ¢g. By 436C, f(u) = [udu for every
ueU.
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Remark It is worth noting explicitly that u, as constructed here, is inner regular with respect to the family
K of sets K C X such that YK = inf A for some set A C U.

4361 Lemma Let X be a topological space. Let Cy = Cp(X) be the space of continuous functions
u: X — R which ‘vanish at infinity’ in the sense that {z : |u(z)| > €} is compact for every e > 0.

(a) Cp is a norm-closed solid linear subspace of C, = Cp(X), so is a Banach lattice in its own right.

(b) C§ = Cf§” is an L-space (definition: 354M).

(¢) If A C (Y is a non-empty downwards-directed set such that inf,c 4 u(x) = 0 for every € X, then
infyea |Julloo = 0.

proof (a)(i) If u € Cy, then K = {z : |u(z)| > 1} is compact, 0 ||u]|e < sup({1} U {|u(z)|: z € K}) is
finite, and u € Cb.

(ii) If u, v € Cp and @ € R and w € C} and |w| < |u|, then for any ¢ > 0

{o: u(@) +o(@)| 2 &} € {o: Ju(@)] = 2} Ufa: ol@)] = Lo},

o |ou(@)] > ¢} € {o: [ul@)] = S

{o:jw(@)| =2 e} S{z: |u(z)] = €}
are closed relatively compact sets, so are compact, and u + v, au, w belong to Cy. Thus Cj is a solid linear

subspace of Cj.

(iii) If (un)nen is a sequence in Cy which || ||co-converges to u € Cp, then for any e > 0 there is an

n € N such that [|u — uy|loc < F€, so that

{o: [u(@)] > €} € {o: [un(a)] > 3¢}
is compact, and u € Cy. Thus Cy is norm-closed in Cj.
(iv) Being a norm-closed Riesz subspace of a Banach lattice, Cj is itself a Banach lattice.

(b) By 356Dc, C§ = Cf’ is a Banach lattice. Now ||f+g|| = || f]| + ||g|| for all non-negative f, g € C§. P
Of course || f + g|| < ||f]] + |lg]|- On the other hand, for any e > 0 there are u, v € Cj such that ||ulje < 1,
[vlloe <1 and [f(u)] 2 [[f[| =€ [g(v)] = llgll — € Set w = [u] V [v]; then w € Co and

[wllee = max(|[ullso, [[v]loc) < 1.
So
If+gll = (f + 9)(w) = f(lul) + g(|v]) = |f(u)| +[g)] = [ £]| +[lg]l — 2e.

As e s arbitrary, ||f +g|| > [If]l + [/ Q@
So Cj is an L-space.

(c) Let € > 0. For u € A set K,, = {x : u(x) > €}. Then {K, : u € A} is a downwards-directed family of
closed compact sets with empty intersection, so there must be some u € A such that K, = 0, and |[u/|e < e.
As ¢ is arbitrary, we have the result.

Remark (c) is a version of Dini’s theorem.

436J Riesz Representation Theorem (first form) Let (X, ¥) be a locally compact Hausdorff space,
and Cj = Cx(X) the space of continuous real-valued functions on X with compact support. If f: Cp — R
is any positive linear functional, there is a unique Radon measure p on X such that f(u) = [ udu for every
u € C.

proof (a) The point is that f is smooth. P Suppose that A C Cj, is non-empty and downwards-directed
and that inf A = 0 in RX. Fix up € A and set K = {z : ug(x) > 0}, so that K is compact. Because X
is locally compact, there is an open relatively compact set G O K. Now there is a continuous function
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up : X — [0,1] such that uy(z) =1 for v € K and u;(z) = 0 for x € X \ G (4A2F(h-iii)). Because G is
relatively compact, u; € C.

Take any € > 0. By 436lc, there is a v € A such that ||[v||ec < €. Now there is a v/ € A such that
v' < v Aug, so that v'(z) < e for every € K and v'(x) =0 for ¢ K. In this case v’ < euy, and

infuca flu) < F(0) <ef(ur).
As e is arbitrary, inf,c 4 f(u) = 0; as A is arbitrary, f is smooth. Q

(b) Note that because ¥ is locally compact, it is the coarsest topology on X for which every function in
Cy, is continuous (4A2G(e-ii)). Also C}, is a truncated Riesz subspace of RX. So 436H tells us that there
is a quasi-Radon measure p on X such that f(u) = [wudp for every u € Cy. And p is locally finite. ¥ If
zo € X, then (as in (a) above) there is a u; € C; such that ui(zo) = 1; now G = {z : uy(z) > 3} is an
open set containing xg, and puG < 2f(uq) is finite. Q

By 416G, or otherwise, i is a Radon measure.

(c) By 416E(b-v), u is unique.

436K Riesz Representation Theorem (second form) Let (X,%) be a locally compact Hausdorff
space. If f: Cp(X) — R is any positive linear functional, there is a unique totally finite Radon measure p
on X such that f(u) = [wudp for every u € Cy = Cy(X).

proof (a) As noted in 436Ib, C§ = C§’, so f is ||||eo-continuous. Cx(X) is a linear subspace of Cp, and
f1Ck(X) is a positive linear functional; so by 436J there is a unique Radon measure g on X such that
f(u) = [udpu for every u € C(X). Now p is totally finite. I By 414Ab,

pX =sup{f(u):u e Cp(X),0 <u<xX} <|f[| <oo. Q

(b) Accordingly [wdp is defined for every u € Cy(X), and in particular for every u € Cp. Next,
Cr, = Ci(X) is norm-dense in Co. P If u € Cf , then u,, = (u—2""xX)T belongs to Cj, and ||u—uy |l < 27"
for every n € N, so u € Cy; accordingly Cy = Cy — Cf is included in C}. Q Since [ dp, regarded as a
linear functional on Cj, is positive, therefore continuous, and agrees with f on Cj, it must be identical to
f. Thus f(u) = [udu for every u € Cy.

(c) Because there is only one Radon measure giving the right integrals to members of Cj (436J), p is
unique.

*436L The results here, by opening a path between measure theory and the study of linear functionals
on spaces of continuous functions, provide an enormously powerful tool for the analysis of dual spaces C'(X)*
and their relatives. I will explore some of these ideas in the next section. Here I will give only a sample pair
of facts to show how measure theory can tell us things about Banach lattices which seem difficult to reach
by other methods.

Proposition Let X be a topological space; write C,, for Cp(X). Suppose that U is a norm-closed linear
subspace of C such that the functional u — f(u x v) : C, — R belongs to U whenever f € U and v € C,.
Then U is a band in the L-space Cj.

proof (a) Let e = xX be the standard order unit of Cy, and if f € Cf and u, v € C} write f,(u) for
f(u x v). By 356Na, Cy = C;” is an L-space.

(b) I show first that U is a Riesz subspace of C;. P If f € U and € > 0, there is a v € C}, such that
|[v| <eand f(v) > |f|(e) — € (356B). Now f, < |f| and

IFT = foll = (1F] = fo)(e) <€

(356Nb), while f, € U. As € is arbitrary, | f| € U = U; as f is arbitrary, U is a Riesz subspace of Cj (352Ic).
Q

(c) Now suppose that X is a compact Hausdorff space. Then U is a solid linear subspace of Cy” = C(X)

PP Suppose that f € U and that 0 < g < f. Let € > 0. By either 436J or 436K, there are Radon measures
p, v on X such that f(u) = [udu and g(u) = [wdv for every u € C(X). By 416Ea, v < p in the sense

~
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of 234P, so v is an indefinite-integral measure over p (4150a, or otherwise); let w : X — [0, 1] be such that
Jzwdp = vE for every E € domwv. There is a continuous function v : X — R such that [ |w —v|du < €
(4161), and now

Ig(U)—fv(U)I=|/udv—/u><vdu|=|/u>< (w — v)dyl
(235K)

<l [ = vldie < el

for every u € C(X), so ||g — fu]| <€, while f, € U. As € is arbitrary, g € U; as f and g are arbitrary (and
U is a Riesz subspace of C(X)*), U is a solid linear subspace of C'(X)*. Q

Since every norm-closed solid linear subspace of an L-space is a band (354Eg), it follows that (provided
X is a compact Hausdorff space) U is actually a band.

(d) For the general case, let Z be the set of all Riesz homomorphisms z : C, — R such that z(e) = 1.
Then Z is a weak*-closed subset of the unit ball of C} so is a compact Hausdorff space. We have a Banach
lattice isomorphism T' : Cp, — C(Z) given by the formula (Tw)(z) = z(u) for v € Cp, z € Z (see the proofs
of 353N3 and 354K). But note also that 7' is multiplicative (353Qd*), and 7" : C(Z)* — Cj is a Banach
lattice isomorphism. Let V be (T")~1[U] € C(Z)*; then V is a closed linear subspace of C(Z)*. If g € V.
and v, w € C(Z), then

9(v x w) = (T'g)(T~"o x T w),

SO guw, defined in C(Z)* by the convention of (a) above, is just (T")~1((1"g)7-14), and belongs to V. By
(b), Vis a band in C'(Z)* so U is a band in C}, as required.

*436M Corollary Let 20 be a Boolean algebra, and M (2() the L-space of bounded finitely additive
functionals on A (362B). Let U C M (2) be a norm-closed linear subspace such that a — v(anb) belongs
to U whenever v € U and b € 2. Then U is a band in M ().

proof (a) Let Z be the Stone space of 2, so that C(Z) is the M-space L>®(2) (363A), and we have an
L-space isomorphism T : M () — C(Z)* defined by saying that (Tv)(xa) = va whenever v € M (), a € A
and @ is the open-and-closed subset of Z corresponding to a (363K). Now V = T[U] is a norm-closed linear
subspace of C(Z)*.

(b) V satisfies the condition of 436L. B Suppose that f € V and v € C(Z); set f,(u) = f(u x v) for
u€ C(Z),and v =T"1f € U. (i) If v is of the form yb, where b € 2, then v, € U, where va = v(anb) for
a €. Now Ty, € V and

(Tw) (x@) = ma = v(anb) = f(x(anb)) = f(xa x xb) = fu(xa)
for every a € A, so f, = Tw, belongs to U. (ii) If v is of the form ). aixgi, where by, ... ,b, € 2 and
Qg, ... 0, € R, then f, = Z;L:O o; fv,, where v; = xb; for each i; as f,, € V for each i, f, € V, because V

is a linear subspace. (iii) In general, given v € C(Z) = L*(2l) and € > 0, there is a w € C(Z), expressible
in the form of (ii), such that ||v — w|lec < € (363C). In this case f,, € V, by (ii), while

[fo(w) = fu(u)] = [f(ux (v —w))] <||f[[lu]loce
for every w € C(Z), and ||fy — fuwll < €l|f]]. As € is arbitrary and V is closed, f, € V. Q
(c) By 436L, V is a band in C(Z)*; as T is a Riesz space isomorphism, U is a band in M ().
436X Basic exercises >(a) Let (X,X, uo) be a measure space, and U the set of pp-integrable 3-
measurable real-valued functions defined everywhere on X. For u € U set f(u) = [ udug. Show that U and

f satisfy the conditions of 436D, and that the measure p constructed from f by the procedure there is just
the c.l.d. version of pyg.

3Formerly 353M.
4Formerly 353Pd.
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(b) Let p and v be two complete locally determined measures on a set X, and suppose that [ fdu = [ fdv
for every function f: X — R for which either integral is defined in R. Show that pu = v.

>(c) Let X be a set, U a truncated Riesz subspace of RX, and f : U — R a sequentially smooth positive
linear functional. For A C X set

0A = inf{sup f(un) : (Un)nen is a non-decreasing sequence in U™,
neN

lim u,(z) =1 for every z € A},

n—oo
taking inf () = oo if need be. Show that 6 is an outer measure on X. Let g be the measure defined from 6 by
Carathéodory’s method. Show that f(u) = [wdpug for every u € U. Show that the measure p constructed
in 436D is the c.l.d. version of pyg.

(d) Let X be aset and U a truncated Riesz subspace of R¥X. Let 7 : U — [0, 0o[ be a seminorm such that
(i) 7(u) < 7(v) whenever |u| < |v| (ii) lim,— oo T(upn) = 0 whenever (up)nen is @ non-increasing sequence
in U and lim;,,_, s un(z) = 0 for every z € X. Show that for any ug € U™ there is a measure y on z such
that [wdpu is defined, and less than or equal to 7(u), for every w € U, and [ wuodu = 7(ug). (Hint: put the
Hahn-Banach theorem together with 436D.)

(e)(i) Let X be any topological space. Show that every positive linear functional on C'(X) is sequentially
smooth (compare 375A), so corresponds to a totally finite Baire measure on X. (ii) Let X be a regular
Lindeldf space. Show that every positive linear functional on C'(X) is smooth, so corresponds to a totally
finite quasi-Radon measure on X. (iii) Let X be a K-analytic Hausdorff space. Show that every positive
linear functional on C(X) corresponds to at least one totally finite Radon measure on X.

(f) Let X be a completely regular space. Show that it is measure-compact iff every sequentially smooth
positive linear functional on Cp(X) is smooth. (Hint: 436Xj.)

(g) A completely regular topological space X is called realcompact if every Riesz homomorphism from
C(X) to R is of the form u — au(z) for some z € X and a > 0. (i) Show that, for any topological space X,
any Riesz homomorphism from C(X) to R is representable by a Baire measure on X which takes at most
two values. (ii) Show that a completely regular space X is realcompact iff every {0, 1}-valued Baire measure
on X is of the form F — xE(x). (iii) Show that a completely regular space X is realcompact iff every
purely atomic totally finite Baire measure on X is 7-additive. (iii) Show that a measure-compact completely
regular space is realcompact. (iv) Show that the discrete topology on [0, 1] is realcompact. (Hint: if v is a
Baire measure taking only the values 0 and 1, set g = sup{z : v[z,1] = 1}.) (v) Show that any product of
realcompact completely regular spaces is realcompact. (vi) Show that a Souslin-F subset of a realcompact
completely regular space is realcompact. (For realcompact spaces which are not measure-compact, see
439Xp.)

(h) In 436F, suppose that p and v are T-additive. Let i and ¥ be the corresponding quasi-Radon measures
(415N), and A the quasi-Radon product of i and 7 (417N). Show that A is the restriction of A to the Baire
o-algebra of X x Y.

>(i) For u € C([0,1]) let f(u) be the Lebesgue integral of u. Show that f is smooth (therefore sequentially
smooth) but not sequentially order-continuous (therefore not order-continuous). (Hint: enumerate QN [0, 1]
as {qn)nen, and set u, () = min;<, 272z — ¢;| for n € N, z € [0, 1]; show that inf,enu, = 0 in C([0,1])
but lim, o0 f(u,) > 0.)

(j) In 436E, show that p is 7-additive iff f is smooth.

(k) Suppose that X is a set, U is a truncated Riesz subspace of R* and f: U — R is a smooth positive
linear functional. For A C X set
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0A = inf{sup f(u) : B is an upwards-directed family in U™
u€B

such that sup u(z) =1 for every x € A},
ueB
taking inf () = oo if need be. Show that 9 is an outer measure on X. Let py be the measure defined from 6 by
Carathéodory’s method. Show that f(u f udpg for every u € U. Show that the measure p constructed
in 436H is the c.l.d. version of pyg.

(1) Let X be a completely regular topological space and f a smooth positive linear functional on Cp(X).
Show that there is a unique totally finite quasi-Radon measure 1 on X such that f(u) = [wudp for every
u € Cb( )

>(m) For v € C([0,1]) let f(u) be the Riemann integral of u (134K). Show that the Radon measure
on [0, 1] constructed by the method of 436J is just Lebesgue measure on [0,1]. Explain how to construct
Lebesgue measure on R from an appropriate version of the Riemann integral on R.

(n) Let X be a topological space. Let f : Cp(X) — R be a linear functional. (i) Show that the following
are equiveridical: («) f is tight, that is, for every e > 0 there is a closed compact K C X such that
|f(u)] < e whenever 0 < u < x(X \ K) (B) there is a tight totally finite Borel measure p on X such that
|f(w)| < [|uldp for every u € Cy(X). (Hint: show that a positive tight functional is smooth.) (ii) Show
that the set of tight functionals on Cp(X) is a band in Cp(X)™.

>(0) Let (X,%,3, 1) and (Y,6,T,v) be locally compact Radon measure spaces. (i) Show that the
function = — [w(z,y)v(dy) belongs to Ci(X) for every w € Ci(X x Y), so we have a positive linear
functional h : C(X x Y) — R defined by setting

ff Yu(dx)

for w € Cx(X x Y). (ii) Show that the correspondlng Radon measure on X x Y is just the product Radon
measure as defined in 417P/417R.

>(p) Let 2 be a Boolean algebra and Z its Stone space; identify L () with C(Z), as in 363A. Let
v be a non-negative finitely additive functional on 2, f the corresponding positive linear functional on
L>(2A) (363K), and u the corresponding Radon measure on Z (416Qb). Show that f(u) = [wdp for every
u € L>(A).

(q) Let X be a locally compact Hausdorff space. Show that a sequence (up)nen in Co(X) converges to
0 for the weak topology on Cy(X) iff sup,,ey ||tn |00 is finite and lim,,—, o un(2) = 0 for every z € X.

(r) Let X be a non-empty compact Hausdorff space, and ¢ : X — X a continuous function. Show that
there is a Radon probability measure g on X such that ¢ is inverse-measure-preserving for u. (Hint:
let F be a non-principal ultrafilter on X, x¢ any point of X, and define pu by the formula f udpy =

lim,, 7 —— Zk o w(@F (z)) for every u € C(X). Use 416E(b-v) to show that u¢=! = p.)

(s) Let X be a locally compact Hausdorff space. (i) Write M for the set of all Radon measures on
X. For u € MPC;OJF, let Sy be the corresponding functional on Cj(X), defined by setting (Sy)(u) = [udp
for every u € Cj(X). Show that S(u + v) = Sp+ Sv and S(au) = aSu whenever u, v € Mt and a >0,
where addition and scalar multiplication of measures are defined as in 234G and 234Xf. (ii) Write My} for
the set of totally finite Radon measures on X. For p € MR, let T be the corresponding functional on
Cy(X), defined by setting (T'u)(u) = [udp for every u € Cy(X). Show that T'(u + v) = T + Tv and
T(ap) = oTp whenever p, v € MJr and a > 0.

436Y Further exercises (a) Let X be a set, U a Riesz subspace of R¥ | and f : U — R a sequentially
smooth positive linear functional. (i) Write U, for the set of functions from X to [0, c0] expressible as the

supremum of a non-decreasing sequence (uy,)ney in Ut such that sup,,cy f(u,) < co. Show that there is a
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functional f, : Uy — [0, 00[ such that f,(u) = sup, ey f(un) whenever (u,)nen is a non-decreasing sequence
in UT with supremum u € U,. (Compare 1221.) (ii) Show that u + v € U, and fo(u 4+ v) = fo(u) + f5(v)
for all u, v € U,. (iii) Suppose that u, v € U,, u < v and u(z) = v(z) whenever v(z) is finite. Show
that fo(u) = f,(v). (Hint: take non-decreasing sequences (Un)neN, (Un)neny With suprema u, v. Consider
(f (v — U —6vp) T nen where k € N, § > 0.) (iv) Let V be the set of functions v : X — R such that there are
u, ug € Uy such that v(z) = uj(x) — uz(z) whenever uq(z), uz(x) are both finite. Show that V is a linear
subspace of RX and that there is a linear functional g : V' — R defined by setting g(v) = f,(u1) — fo(u2)
whenever v = u; — up in the sense of the last sentence. (v) Show that V is a Riesz subspace of R¥X. (vi)
Show that if (v,,)nen is a non-decreasing sequence in V' and v = sup,,cy g(vy,) is finite, then thereisav € V
such that g(v) = sup, ey g(v Av,) = . (This is a version of the Daniell integral.)

(b) Develop further the theory of 436Ya, finding a version of Lebesgue’s Dominated Convergence Theo-
rem, a concept of ‘negligible’ subset of X, and an L-space of equivalence classes of ‘integrable’ functions.

(c) Let X be a countably compact topological space. Show that every positive linear functional on Cj,(X)
is sequentially smooth, so corresponds to a totally finite Baire measure on X.

(d) Let X be a sequential space, Y a topological space, p a semi-finite Baire measure on X and v a
o-finite Baire measure on Y. Let fi be the c.l.d. version of p. Show that there is a semi-finite Baire measure
Aon X xY such that

MW= [vW{z}i(dx), [ fax= [[ f(zy)v(dy)i(dz)
for every Baire set W C X x Y and every non-negative continuous function f: X x Y — R. Show that the
c.l.d. version of A extends the c.l.d. product measure of p and v.

(e) Let Xo,...,X, be sequential spaces and p; a totally finite Baire measure on X; for each i. (i) Show
that if f: Xy x ... x X, = R is a bounded separately continuous function, then

o(f) = [ [ F(mo, .. s xn)pn(day) ... po(do)

is defined, so that we have a corresponding Baire product measure on Xy X ... X X,,. (ii) Show that this
product is associative.

(f) Let X and Y be compact Hausdorff spaces. (i) Show that there is a unique bilinear operator ¢ :
C(X)* x C(Y)* - C(X x Y)* which is separately continuous for the weak* topologies and such that
¢(0z,0y) = (g, forallz € X and y € Y, setting 6,(f) = f(x) for f € C(X) and x € X. (ii) Show that if p
and v are Radon measures on X, Y respectively with Radon measure product A, then ¢( [ dy, [ dv) = [ dA.
(iii) Show that ||¢]| < 1 (definition: 253ADb).

(g) Let X be any topological space. (i) Let Cj be the set of continuous functions u : X — R such
that {z : u(x) # 0} is compact, and f : C; — R a positive linear functional. Show that there is a tight
quasi-Radon measure p on X such that f(u) = [wdpu for every u € Cy. (i) Let Cy be the set of continuous
functions © : X — R such that {z : u(z) # 0} is relatively compact, and f : Cy, — R a positive linear
functional. Show that there is a tight quasi-Radon measure p on X such that f(u) = f udp for every
u € Cf.

436 Notes and comments From the beginning, integration has been at the centre of measure theory.
My own view — implicit in the arrangement of this treatise, from Chapter 11 onward — is that ‘measure’
and ‘integration’ are not quite the same thing. I freely acknowledge that my treatment of ‘integration’ is
distorted by my presentation of it as part of measure theory; on the other side of the argument, I hold that
regarding ‘measure’ as a concept subsidiary to ‘integral’, as many authors do, seriously interferes with the
development of truly penetrating intuitions for the former. But it is undoubtedly true that every complete
locally determined measure can be derived from its associated integral (436Xb). Moreover, it is clearly of the
highest importance that we should be able to recognise integrals when we see them; I mean, given a linear
functional on a linear space of functions, then if it can be expressed as an integral with respect to a measure
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this is something we need to know at once. And thirdly, investigation of linear functionals frequently leads
us to measures of great importance and interest.

Concerning the conditions in 436D, an integral must surely be ‘positive’ (because measures in this trea-
tise are always non-negative) and ‘sequentially smooth’ (because measures are supposed to be countably
additive). But it is not clear that we are forced to restrict our attention to Riesz subspaces of R¥, and even
less clear that they have to be ‘truncated’. In 4391 below I give an example to show that this last condition
is essential for 436D and 436H as stated. However it is not necessary for large parts of the theory. In many
cases, if U C R¥ is a Riesz subspace which is not truncated, we can take an element e € U and look at
Y ={z:e(x) >0} Vo ={u:ulx) =0 for every x € X\ Y} = W,, where W, = {u/e : u € V.} is a
truncated Riesz subspace of RY. But there are applications in which this approach is unsatisfactory and a
more radical revision of the basic theory of integration, as in 436Ya, is useful.

I have based the arguments of this section on the inner measure constructions of §413. Of course it is
also possible to approach them by means of outer measures (436Xc, 436Xk).

I emphasize the exercise 436Xo because it is prominent in ‘Bourbakist’ versions of the theory of Radon
measures, in which (following BOURBAKI 65 rather than BOURBAKI 69) Radon measures are regarded as
linear functionals on spaces of continuous functions. By 436J, this is a reasonably effective approach as long
as we are interested only in locally compact spaces, and there are parts of the theory of topological groups
(notably the duality theory of §445 below) in which it even has advantages. The construction of 436Xo shows
that we can find a direct approach to the tensor product of linear functionals which does not require any
attempt to measure sets rather than integrate functions. I trust that the prejudices I am expressing will not
be taken as too sweeping a disparagement of such methods. Practically all correct arguments in mathematics
(and not a few incorrect ones) are valuable in some way, suggesting new possibilities for investigation. In
particular, one of the challenges of measure theory (not faced in this treatise) is that of devising effective
theories of vector-valued measures. Typically this is much easier with Riemann-type integrals, and any
techniques for working directly with these should be noted.

436L revisits ideas from Chapter 35, and the result would be easier to find if it were in §356. I include
it here as an example of the way in which familiar material from measure theory (in particular, the Radon-
Nikodym theorem) can be drafted to serve functional analysis. I should perhaps remark that there are
alternative routes which do not use measure theory explicitly, and while longer are (in my view) more
illuminating.

Version of 5.11.12

437 Spaces of measures

Once we have started to take the correspondence between measures and integrals as something which
operates in both directions, we can go a very long way. While ‘measures’; as dealt with in this treatise, are
essentially positive, an ‘integral’ can be thought of as a member of a linear space, dual in some sense to a
space of functions. Since the principal spaces of functions are Riesz spaces, we find ourselves looking at dual
Riesz spaces as discussed in §356; while the corresponding spaces of measures are close to those of §362.
Here I try to draw these ideas together with an examination of spaces U}’ and U of sequentially smooth
and smooth functionals, and the matching spaces M, and M, of countably additive and 7-additive measures
(437A-437I). Because a (sequentially) smooth functional corresponds to a countably additive measure, which
can be expected to integrate many more functions than those in the original Riesz space (typically, a space of
continuous functions), we find that relatively large spaces of bounded measurable functions can be canonically
embedded into the biduals (UJ*)* and (UZ)* (437C, 437H, 4371).

The guiding principles of functional analysis encourage us not only to form linear spaces, but also to
examine linear space topologies, starting with norm and weak topologies. The theory of Banach lattices
described in §354, particularly the theory of M- and L-spaces, is an important part of the structure here.
In addition, our spaces U, have natural weak™ topologies which can be regarded as topologies on spaces of
measures; these are the ‘vague’ topologies of 437J, which have already been considered, in a special case, in
§285.

(©) 2011 D. H. Fremlin
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It turns out that on the positive cone of M., at least, the vague topology may have an alternative
description directly in terms of the behaviour of the measures on open sets (437L). This leads us to a
parallel idea, the ‘narrow’ topology on non-negative additive functionals (437Jd). The second half of the
section is devoted to the elementary properties of narrow topologies (437K-437N), with especial reference to
compact sets in these topologies (437P, 437Rf, 437T). Seeking to identify narrowly compact sets, we come
to the concept of ‘uniform tightness’ (4370). Bounded uniformly tight sets are narrowly relatively compact
(437P); in ‘Prokhorov spaces’ (437U) the converse is true. I end the section with a list of the best-known
Prokhorov spaces (437V).

437A Smooth and sequentially smooth duals Let X be a set, and U a Riesz subspace of RX. Recall
that U™ is the Dedekind complete Riesz space of order-bounded linear functionals on U, that U.” is the
band of differences of sequentially order-continuous positive linear functionals, and that U* is the band of
differences of order-continuous positive linear functionals (356A). A functional f € (U™)" is ‘sequentially
smooth’ if inf, ey f(u,) = 0 whenever (u,)nen is a non-increasing sequence in U and lim,,_, u,(x) = 0 for
every € X, and ‘smooth’ if inf,c 4 f(u) = 0 whenever A C U is a non-empty downwards-directed set and
infyeau(x) =0 for every z € X (436A, 436G).

(a) Set Uy ={f: f € U™, |f|is sequentially smooth}, the sequentially smooth dual of U. Then U}’
isaband in U~. P (i) If f € Uy, g € U™ and |g| < |f], then

lgl(un) < [f[(un) =0

whenever (u,)nen is a non-increasing sequence in U and lim,,_, o u, () = 0 for every z, so |g| is sequentially
smooth and g € U,". Thus U}’ is a solid subset of U™. (ii) If f, g € U} and « € R, then

[f 4 gl(un) < [fl(un) +19l(un) =0, |af|(un) = |af|f[(un) =0
whenever (u,)nen 18 a non-increasing sequence in U and lim,,_, o uy, (z) = 0 for every z, so |f + g| and |af]
are sequentially smooth. Thus U}’ is a Riesz subspace of U~. (iii) Now suppose that B C (U;)" is an
upwards-directed set with supremum g € U™, and that (u,)nen is & non-increasing sequence in U such that
lim;, s 00 un(x) = 0 for every z € X. Then, given € > 0, there is an f € B such that (g — f)(uo) < € (355Ed),
so that g(u,) < f(uy) + € for every n, and

limsup,, o g(un) < €+ limy, o0 f(un) <e.

As e and (up)nen are arbitrary, g € UJY; as B is arbitrary, U, is a band (3520b). Q
As remarked in 436A, sequentially order-continuous positive linear functionals are sequentially smooth,
soUZ CUY.

(b) Set U = {f: f € U™, |f] is smooth}, the smooth dual of U. Then U, is a band in U~. P (i)
Suppose that f, g€ U, a € R, h € U™~ and |h| < |f|. If A C U is a non-empty downwards-directed set and
inf,ea u(x) =0 for every x € X, and € > 0, then there are ug, u; € A such that |f|(ug) < € and |g|(u1) <,
and a u € A such that u < ug A u;. In this case

Al (u) < [f](u) <,
[f 4 9l(u) < [f[(w) + [g](u) < 2

|af|(u) = |al[f[(u) < |ale.
As A and € are arbitrary, h, f + ¢g and af all belong to U>; so that U? is a solid Riesz subspace of U™.
(ii) Now suppose that B C (U>)" is an upwards-directed set with supremum g € U™, and that A C U is a
non-empty downwards-directed set such that inf,c4 u(z) = 0 for every x € X. Fix any ug € A. Then, given
€ > 0, there is an f € B such that (g — f)(uo) < ¢, so that g(u) < f(u) + € whenever v € A and u < uy.
But Ag ={u:u € A, u<wup} is also a downwards-directed set, and inf, e 4, u(x) = 0 for every z € X, so

infucag(u) <e+infyea, f(u) <e.
As € and A are arbitrary, g € U; as B is arbitrary, U is a band. Q
Just as U C U, U CU>.
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437B Signed measures Collecting these ideas together with those of §§362-363, we are ready to approach
‘signed measures’. Recall that if X is a set and ¥ is a o-algebra of subsets of X, we can identify L™ = L>(X),
as defined in §363, with the space £>° = L£>°(X) of bounded ¥-measurable real-valued functions (363H).
Now, because £ is sequentially order-closed in RX, sequentially smooth functionals on £ are actually
sequentially order-continuous, so (L)~ = (£>°)7. Next, we can identify (L°°)7 with the space M, of
countably additive functionals, or ‘signed measures’, on ¥ (363K); if v € M, the corresponding member of
(L*°)7 is the unique order-bounded (or norm-continuous) linear functional f on L* such that f(yFE) =vE
for every E € ¥. If v > 0, so that v is a totally finite measure with domain X, then of course f, when
interpreted as a functional on £°°, must be just integration with respect to v.

The identification between (L>°)7 and M, described in 363K is an L-space isomorphism. So it tells us,
for instance, that if we are willing to use the symbol § for the duality between L> and the space of bounded
finitely additive functionals on ¥, as in 363L, then we can write

fud(u—i—v) :fudu+fudu
for every u € £>° and all u, v € M,.

437C Theorem Let X be a set and U a Riesz subspace of £°(X), the M-space of bounded real-valued
functions on X, containing the constant functions.

(a) Let X be the smallest o-algebra of subsets of X with respect to which every member of U is measurable.
Let M, = M, (%) be the L-space of countably additive functionals on 3 (3261°, 362B). Then there is a Banach
lattice isomorphism T : M, — U, defined by saying that (T'u)(u) = [wdp whenever p € M} and u € U.

(b) We now have a sequentially order-continuous norm-preserving Riesz homomorphism S, embedding
the M-space £ = L£>°(X) of bounded real-valued X-measurable functions on X (363Hb) into the M-space
(UF)~ = (Uy)* = (Uy)*, defined by saying that (Sv)(Tp) = [wvdp whenever v € £ and p € Mj. If
u € U, then (Su)(f) = f(u) for every f € U

proof (a)(i) The norm || || is an order-unit norm on U (354Ga), so U* = U™ is an L-space (356N), and
the band U}’ (437Aa) is an L-space in its own right (3540).

(ii) As noted in 437B, we have a Banach lattice isomorphism Ty : M, — (£°°)." defined by saying
that (Top)(u) = [udp whenever u € £ and p € M. If we set T = Top|U, then T is a positive linear
operator from M, to U™, just because U is a linear subspace of £>°; and since Ty € U} for every p € M,
T is an operator from M, to U,’. Now every f € (U})™ is of the form Ty for some pu € M. P By 436D,
there is some measure A such that [udX = f(u) for every u € U. Completing X if necessary, we see that
we may suppose that every member of U is (dom A)-measurable, that is, that ¥ C dom \; take = A\[X. Q
So T is surjective.

(iii) Write K for the family of sets K C X such that xK = inf,enu, for some sequence (uy)nen in
U. (See the proof of 436D.) We need to know the following. (o) K C X. (B) If K € K, then there is a
non-increasing sequence (uy)nen in U such that xK = inf, ey uy,. (For if (ul,)nen is any sequence in U such
that K = inf, ey u),, we can set u,, = inf;<,, u} for each i.) () The o-algebra of subsets of X generated by
K is X. PP Let T be the o-algebra of subsets of X generated by K. T C ¥ because K C X. If u € U and
a > 0 then {x : u(z) > a} € K (see part (b) of the proof of 436D). So every member of U™, therefore every

member of U, is T-measurable, and ¥ C T. Q

(iv) T is injective. P If pq, po € M, and Ty = Tua, set v; = p; + py + po for each 4, so that v;
is non-negative and Tvy = Twe. If K € K then there is a non-increasing sequence (u,)pen in U such that
YK = inf,eyu, in RY, so

K = infneNfundyl = infneNfundyg =K.

Now K contains X and is closed under finite intersections and v; and v agree on K. By the Monotone Class
Theorem (136C), v1 and vy agree on the o-algebra generated by K, which is X; so v; = vp and py = 2. Q
Thus T is a linear space isomorphism between M, and UJ".

(v) As noted in (ii), T[M}] = (U;)*; so T is a Riesz space isomorphism.
5Formerly 326E.
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(vi) Now if p € M,,

1Tl = 1Tl (X)
(356Nb)
= (Tlph(xX)
(because T is a Riesz homomorphism)

= [l (X) = [l

(362Ba). So T is norm-preserving and is an L-space isomorphism, as claimed.
(b)(i) By 356Pb, (U;)* = (U>)~ = (Uy)* is an M-space.

(ii) We have a canonical map Sy : £° — ((£°)2)* defined by saying that (Sov)(h) = h(v) for every
v € L% and h € (£°°)7; and by 356F, Sy is a Riesz homomorphism. If (v,,)nen is & non-increasing sequence
in £°° with infimum 0, then inf,,en(Sovy,)(h) = infpen h(v,) = 0 for every h € (L))", so inf,en Sov, = 0
(355Ee); as (v, )nen is arbitrary, Sg is sequentially order-continuous (351Gb).
Also Sy is norm-preserving. P (a) If h € (L) and v € £*°, then

[(Sov)(h)| = [A(v)] < [|B][[[v]co;

so [|[Sov]] < [[Vflee- (B) If v € £ and 0 < v < ||v||o, take € X such that |v(x)| > 7, and define
hy € (£%°)7 by setting h,(w) = w(x) for every w € £>°; then ||h;]| = 1 and

[(Sov) (R )| = [he (v)] = [0()] =,
so ||Sov|| > . As v is arbitrary, | Sov|| > ||v]le and ||Sov]| = ||v]|co- Q

(iii) Now Ty : M, — (£°°)> and T : M, — U} are both norm-preserving Riesz space isomorphisms,
so ToyT~1: Uy — (£°°)7 is another, and its adjoint S : ((£°°)7)* — (U5")* must also be a norm-preserving
Riesz space isomorphism. So if we set S = 515, S will be a norm-preserving sequentially order-continuous

Riesz homomorphism from £ to (UJ)* = (U)*.

(iv) Setting the construction out in this way tells us a lot about the properties of the operator S,
but undeniably leaves it somewhat obscure. So let us start again from v € £> and p € M}, and seek to
calculate (Sv)(Tu). We have

(Sv)(Tp) = (S1800)(Th) = (Sov)(ToT ' Th)
(because S is the adjoint of ToT 1)

— (Sov)(Tom) = (To)(v) = / vdp,

as claimed.
If u e U, then (T'u)(u) = (Top)(u) for every p € M, so if f € Uy’ then

(Su)(f) = (S1S0u)(f) = (Sou)(ToT ™' f) = (LT~ f)(u) = (TT~1f)(u) = f(u).
This completes the proof.

437D Remarks What is happening here is that the canonical Riesz homomorphism u +— @ from U to
(UX)* (356F) has a natural extension to £°(X). The original homomorphism « — @ is not, as a rule,
sequentially order-continuous, just because U[’ is generally larger than U]’; but the extension to £°° is
sequentially order-continuous. If you like, it is sequential smoothness which is carried over to the extension,
and because the embedding of £ in R¥X is sequentially order-continuous, a sequentially smooth operator
on £ is sequentially order-continuous.

In the statement of 437C, I have used the formulae (T'u)(u) = [wdp and (Sv)(Tu) = [vdp on the
assumption that u € M}, so that p is actually a measure on the definition used in this treatise, and | du

o

is the ordinary integral as constructed in §122. Since the functions v and v are bounded, measurable and
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defined everywhere, we can choose to extend the notion of integration to signed measures, as in 363L, in
which case the formulae (Tp)(u) = fudp and (Sv)(Tp) = fvdp become meaningful, and true, for all
we My, uelUandve L.

In fact the ideas here can be pushed farther, as in 437Ib, 437X{f and 437Yd.

437E Corollary Let X be a completely regular Hausdorff space, and Ba = Ba(X) its Baire o-algebra.
Then we can identify Cp(X)7 with the L-space M, (Ba) of countably additive functionals on Ba, and we

g
have a norm-preserving sequentially order-continuous Riesz homomorphism S from £>(Ba) to (Cp(X)5)*

[ea

defined by setting (Sv)(f) = [vdus for every v € L and f € (Cp(X)5) ™", where puy is the Baire measure
associated with f.

proof Apply 437C with U = Cp(X) (cf. 436E).

437F Proposition Let X be a topological space and B = B(X) its Borel o-algebra. Let M, be the
L-space of countably additive functionals on B.

(a) Write M, C M, for the set of differences of T-additive totally finite Borel measures. Then M, is a
band in M,, so is an L-space in its own right.

(b) Write M; C M, for the set of differences of totally finite Borel measures which are tight (that is,
inner regular with respect to the closed compact sets). Then M; is a band in M,, so is an L-space in its
own right.

proof (a)(i) Let ui1, pe be totally finite 7-additive Borel measures on X, o > 0, and pu € M, such that
0 <p < pp. Then pg 4 po, apy and p are totally finite 7-additive Borel measures. B They all belong to M,,,
that is, are totally finite Borel measures. Now let G be a non-empty upwards-directed family of open sets
in X with union H, and € > 0. Then there are G1, G € G such that u1G1 > u1 H — € and puoGa > poH — €,
and a G € G such that G O G; U Gs. In this case,

(1 4 p2)(G) > (1 + p2) (H) — 2,

(p1)(G) > (o) (H) — ae
and
pG =pH — p(H\G) > pH — i (H\ G) > pH —e.

As G and e are arbitrary, p1 + p2, apy and p are all 7-additive. Q
It follows that M, is a solid linear subspace of M, .

(ii) Now suppose that B C M. is non-empty and upwards-directed and has a supremum v in M,.
Then v € M,. P If G is a non-empty upwards-directed family of open sets with union H, then

vH = sup pH
neB

(362Be)

= sup uG = supvG;
nEB,GEG Geg

as G is arbitrary, v is 7-additive and belongs to M,. Q
As B is arbitrary, M, is a band in M,. By 3540, it is itself an L-space.

(b) We can use the same arguments. Suppose that u1, puo € M} are tight, o« > 0, and p € M, is such
that 0 < pu < py. If £ € B and € > 0, there are closed compact sets K7, Ko C E such that u1 K1 > 1 E — €
and ps Ko > psE — €. Set K = K7 U K, so that K also is a closed compact subset of . Then

(p1 4 p2)(K) > (p1 + p2)(E) — 2,

(ap)(K) > (opn)(E) — ae

and

D.H.FREMLIN



58 Topologies and measures I1 437TF

pK = pE — p(E\K) > pk — m(E\ K) > pE —e.

As G and € are arbitrary, pu + po, apuy and p are all tight; as p1, pe, p# and « are arbitrary, M; is a solid
linear subspace of M,.

Now suppose that B C Mt+ is non-empty and upwards-directed and has a supremum v in M,,. Take any
E € B and € > 0. Then there is a p € B such that uE > vE — ¢; there is a closed compact set K C E such
that uK > pE — ¢; and now vK > vE — 2e. As F and € are arbitrary, v is tight; as B is arbitrary, M; is a
band in M,, and is in itself an L-space.

437G Definitions Let X be a topological space. A signed Baire measure on X will be a countably
additive functional on the Baire o-algebra Ba(X), which by the Jordan decomposition theorem (231F)
is expressible as the difference of two totally finite Baire measures; a signed Borel measure will be a
countably additive functional on the Borel o-algebra B(X), that is, the difference of two totally finite Borel
measures; a signed 7-additive Borel measure will be a member of the L-space M, as described in 437F,
that is, the difference of two 7-additive totally finite Borel measures; and a signed tight Borel measure
will be a member of the L-space M; as described in 437F, that is, the difference of two tight totally finite
Borel measures.

437H Theorem Let X be a set and U a Riesz subspace of £>°(X) containing the constant functions.
Let ¥ be the coarsest topology on X rendering every member of U continuous, and B the corresponding
Borel o-algebra.

(a) Let M, be the L-space of signed 7-additive Borel measures on X. Then we have a Banach lattice
isomorphism T : M, — U7 defined by saying that (Tu)(u) = [ wdp whenever p € M and u € U.

(b) We now have a sequentially order-continuous norm-preserving Riesz homomorphism S, embedding
the M-space £ = L£°(B) of bounded Borel measurable functions on X into (UX)~ = (UX)* = (UX)*,

T T

defined by saying that (Sv)(Tu) = [vdp whenever v € L and p € M. If w € U, then (Su)(f) = f(u)
for every f € UX.

proof The proof follows the same lines as that of 437C.

(a)(i) As before, the norm || ||« is an order-unit norm on U, so U* = U™ is an L-space, and the band
Ur (437AD) is an L-space in its own right, like M, (437F).

(ii) Let M, be the L-space of all countably additive functionals on B, so that M. is a band in M,. Let
Ty : M, — (£>)7 be the canonical Banach lattice isomorphism defined by saying that (Tow)(u) = [udu
whenever u € £ and p € M. If we set T = Tou|U for p € M, then T is a positive linear operator from
M, to U™, just because U is a Riesz subspace of £°°; and since Ty € UY for every p € MT (436H), T is
an operator from M, to U~. Now every f € (U~)" is of the form Ty for some p € M. P By 436H, there
is a quasi-Radon measure A such that [wd\ = f(u) for every u € U; set = A B. Q So T is surjective.

(iii) Let K be the family of subsets K of X such that YK = inf A in RX for some non-empty subset
A of U. Then K is just the family of closed sets for . I* As noted in part (b) of the proof of 436H, every
member of K is closed, and K \ G € K whenever K € K and G € T; but as, in the present case, X € K,
every closed set belongs to IC. Q

(iv) T is injective. P If py, po € M, and Ty = Tps, set v; = pu; + py + py for each ¢, so that v; is
non-negative and Ty = Tvy. If K € K, set A= {u:u € U, u> xK}, so that YK = inf A in R¥ and A4 is
downwards-directed. By 414Bb,

kK= infueAfudyl = infueAfudyg =K.

Now K contains X and is closed under finite intersections and 14 and v, agree on K. By the Monotone
Class Theorem, 11 and 5 agree on the g-algebra generated by K, which is B; so v1 = 15 and p; = pus. Q
Thus T is a linear space isomorphism between M, and U’.

(v) As noted in (ii), T[M}] = (U>)*; so T is a Riesz space isomorphism.
(vi) Now if p € M,,
ITpll = |Tpl(xX) = (Tlp)(xX) = |pl(X) =[xl
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So T is norm-preserving and is an L-space isomorphism, as claimed.
(b)(i) By 356Pb, (U>)* = (Ux)~ = (UX)* is an M-space.

(ii) Because Ty : M, — (£°°)7 is a Banach lattice isomorphism, and M is a band in M,, W = Ty[M;]
is a band in (£*°). We therefore have a Riesz homomorphism Sy : £ — W defined by writing
(Sov)(h) = h(v) for v € L, h € W (356F). Just as in (b-ii) of the proof of 437C, Sy is sequentially
order-continuous and norm-preserving. (We need to observe that h, in the second half of the argument
there always belongs to W; this is because h, = Ty(d;), where 6, € M, is defined by setting §,(E) = xE(x)
for every Borel set E.)

(iii) Now Tp : M, — (£°°)> and T : M, — U are both norm-preserving Riesz space isomorphisms,
so ToT~! : Uy — W is another, and its adjoint Sy : W* — (UZ)* must also be a norm-preserving Riesz
space isomorphism. So if we set S = 515y, S will be a norm-preserving sequentially order-continuous Riesz
homomorphism from £ to (U>)* = (UX)*.

(iv) If v € £L>° and p € M,

(S0)(T) = ($1500)(T) = (Sov)(ToT~'Tp)
— (Sov) (Top) = (Tops)(v) = / v dp

ifueU and f €U, then (Tu)(u) = (Tou)(u) for every p € M., so
(Su)(f) = (SuSou)(f) = (Sou)(ToT~1f) = (ToT ' f)(u) = (TTf)(u) = f(u).

4371 Proposition Let X be a locally compact Hausdorff space, B = B(X) its Borel o-algebra, and
L£°(B) the M-space of bounded Borel measurable real-valued functions on X.

(a) Let M; be the L-space of signed tight Borel measures on X. Then we have a Banach lattice isomor-
phism 7' : M; — Co(X)* defined by saying that (T'u)(u) = [udp whenever u € M;" and u € Co(X).

(b) Let Xyrm be the algebra of universally Radon-measurable subsets of X (definition: 434E), and
L%(Xrm) the M-space of bounded ¥,g,-measurable real-valued functions on X. Then we have a norm-
preserving sequentially order-continuous Riesz homomorphism S : £L°(Z,rm) — Co(X)** defined by saying
that (Sv)(Tu) = [vdp whenever v € £°(Xygrm) and p € M;"; and (Su)(f) = f(u) for every u € Co(X),
feCy (X)*

proof (a) The point is just that in this context M, is equal to M., as defined in 437F-437H (416H), while
Co(X)* = Cp(X)> (see part (a) of the proof of 436J), and the topology of X is completely regular, so we

just have a special case of 437Ha.

(b)(i) Asin 437Hb, we have a sequentially order-continuous Riesz homomorphism Sy : £°(B) — Co(X)**
defined by saying that (Sov)(Tv) = [vdv whenever v € £L>°(B) and v € M,".

(ii) If v € £%°(Sypm), then
sup{Sow : w € L=(B), w < v} = inf{Sow : w € L>(B), w > v}
in Co(X)**. P Set
A={w:welL>®B),w<v}, B={w:wel>®B),w>uv}

Because the constant functions belong to £L°°(B), A and B are both non-empty; of course w < w’ and
Sow < Spw’ for every w € A and w' € B; because Co(X)** is Dedekind complete, ¢ = sup Sp[A] and
Y = inf Sy[B] are both defined in Co(X)**, and ¢ < . If f > 0 in Co(X)*, then there is a v € M, such
that Tv = f. Since v is v-virtually measurable (see 434Ec), there are (bounded) Borel measurable functions
w, w’ such that w < v < w’ and w = w’ v-a.e., that is, w € A, w’ € B and

(Sow)(f) = fwdu = fw'du = (Sow)(f)-
But as
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(Sow)(f) < o(f) < (f) < (Sow')(f),
o(f) = ©(f); as [ is arbitrary, ¢ = 1. Q
(iii) We can therefore define S : £L®(Xyrm) — Co(X)** by setting
Sv = sup{Sow : w € L=®(B), w < v} = nf{Sow : w € L>(B), w > v}
for every v € £°°. The argument in (ii) tells us also that (Sv)(Tv) = [vdv for every v € M,"; that is, that
(Sv)(Tp) = [vdu for every Radon measure p on X.

(iv) Now S is a norm-preserving sequentially order-continuous Riesz homomorphism. P (Compare
355F.) () The non-trivial part of this is actually the check that S is additive. But the formula

Sv = sup{Sow : w € L>(B), w < v}
ensures that Svi + Sve < S(v1 + vg) for all vy, vy € £, while the formula
Sv = inf{Sow : w € L>(B), w > v}

ensures that Svy + Svy > S(v1 + vg) for all vy, vy. (B) It is easy to check that S(av) = aSv whenever
v € L®(Zyrm) and « > 0, so that S is linear. (v) If v1 Avy =0 in L°(ZyRrm),

Sv1 A Svg = sup{Sow : w € LZ(B), w < v} Asup{Sow : w € L>(B), w < vy}
= sup{Sow; A Sows : wy, wg € LC(B), w1 < vy, wy < va}
(352Ea)
= sup{So(w1 A wa) : w1, wy € L®(B), w1 < vy, wy < va}
(because Sp is a Riesz homomorphism)
=0.

So S is a Riesz homomorphism (352G(iv)). (J) Now suppose that (vp,)nen is a non-increasing sequence in
£°(EyRrm) with infimum 0 in £°°(Zyrm). Then inf,en v, (z) = 0 for every z € X, so inf,en [ v,dv = 0 for
every v € M,;" and inf,,en(Sv,)(f) = 0 for every f € (Co(X)*)*. So inf,en Sv, = 0; as (v, )nen is arbitrary,
S is sequentially order-continuous. (€) If v € £L°(Zyrm), then |v] < ||v]jeox X, so

150l < folloo SO = flolloo-

On the other hand, for any x € X we have the Dirac measure d,, on X concentrated at z, with the matching
functional h, € Co(X)*, and

1Soll = [[Svlll = [ISIoll| = (S[ol)(ha) = [ |vldds = [o()],
0 ||Sv|| > [|v]|eo; thus S is norm-preserving. Q

Remark As in 437D, we can write (Sv)(T'u) = fvdu whenever v € £°(B) and w € U and p € M, (in
437H) or v € L®(Zyrm) and u € Cy(X) and p € M, (in 4371).

437J Vague and narrow topologies We are ready for another look at ‘vague’ topologies on spaces of
measures. Let X be a topological space.

(a) Let X be an algebra of subsets of X. I will say that ¥ separates zero sets if whenever F, F/ C X
are disjoint zero sets then there is an E € ¥ such that F C E and EN F’ = ().

(b) If ¥ is any algebra of subsets of X, we can identify the Banach algebra and Banach lattice L (X), as
defined in §363, with the || ||o-closed linear subspace of £>°(X) generated by {xE : E € ¥} (363C, 363Ha).
If we do this, then Cy(X) C L*°(X) iff ¥ separates zero sets. P (i) Suppose that Cp(X) C L°°(X) and that
Fi, Fy C X are disjoint zero sets. Let uy, us : X — R be continuous functions such that F; = u; *[{0}] for

[ua |
[ua | +[uz|’

for z € Fy and v(z) = 1 for z € Fy. Now v € Cp(X) C L*°(X), so there is a w € S(X), the linear subspace

both 4; then |uq ()] + |uz(z)| > 0 for every x; set v = so that v : X — [0, 1] is continuous, v(z) =0
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of L>(X) generated by {xE : E € X}, such that [[v — w[je < 3 (363C). Set E = {z : w(z) < 1}; then
EcYand F; CE C X\ Fy. As Fy and F; are arbitrary, ¥ separates zero sets.

(ii) Now suppose that X separates zero sets, that u : X — [0,1] is continuous, and that n > 1 is an
integer. For i < n,set F; = {z:2z € X, u(z) < 1}, F/ ={z : 2 € X, u(z) > “L}. Then F; and F] are
disjoint zero sets so there is an E; € ¥ such that F{ C E; C X \ Fi. Set w =1 3" | yE; € S(%). If z € X,
let 7 < n be such that % <wu(zr) < %; then for i <n

i<j=z2€F =uaxeE =ua2¢F —i<j,

and w(z) = 2#{i : i < n, z € E;}) is either L or % Thus |w(z) — u(z)| < L. As z is arbitrary,
u—wlle < L; as n is arbitrary, u € L*(X). As L°°(X) is a linear subspace of ¢>°(X), this is enough to
show that Cp(X) C L>*(X). Q

(c) Tt follows that if 3 is an algebra of subsets of X separating the zero sets, and v : ¥ — R is a bounded
additive functional, we can speak of fudv for any u € Cy(X). The map v — fdv is a Banach lattice
isomorphism from the L-space M (%) of bounded additive functionals on 3 to L (X)* = L>*(X)™~ (363K).
We therefore have a positive linear operator 7' : M (X) — Cy(X)* defined by setting (Tv)(u) = fudv for
every v € M(X) and u € Cp(X). Except in the trivial case X =0, ||T|| =1 (if z € X, we have §, € M(X)
defined by setting 0, (E) = xE(z) for E € X, and ||T(6,)]| = 1).

The vague topology on M (X) is now the topology generated by the functionals v — fudy as u runs
over Cy(X); that is, the coarsest topology on M (X) such that the canonical map T' : M(2) — Cp(X)* is
continuous for the weak* topology of C,(X)*. Because the functionals v — |fu dv| are seminorms on M (),
the vague topology is a locally convex linear space topology.

(d) There is a variant of the vague topology which can be applied directly to spaces of (non-negative)
totally finite measures. Let M* be the set of all non-negative real-valued additive functionals defined on
algebras of subsets of X which contain every open set. The narrow topology on M is that generated by
sets of the form

{vive Mt vG>a}, {v:veMt vX <a}

for open sets G C X and real numbers «. (See TOPS@E 70B, 8.1.)

Observe that v — vX : M+ — [0, 00] is continuous for the narrow topology, and if G C X is open then
v — vG is lower semi-continuous for the narrow topology. Writing P, for the set of topological probability
measures on X, then the narrow topology on Py, is generated by sets of the form {p : u € Piop, uG > a}
for real numbers a and open sets G C X. Writing J, for the Dirac measure on X concentrated at x,
x> 0y 1 X — Piop is a homeomorphism between X and {J, : x € X}, since {z : §,G > a}is X ifa <0, G
if0<a<1land®if a>1.

Writing M;r for the set of totally finite topological measures on X, then v — vE : M; — [0,00][ is
Borel measurable, for the narrow topology on ]\;[(;“ , for every Borel set £ C X (because the family of
sets E for which v — vFE is Borel measurable is a Dynkin class containing the open sets). Similarly,
v [udv: M} — R is Borel measurable for every bounded Borel measurable function u : X — R, being
the limit of a sequence of linear combinations of Borel measurable functions.

(e) Vague topologies, being linear space topologies, are necessarily associated with uniformities (3A4Ad),
therefore completely regular (4A2Ja). In the very general context of (c) here, in which we have a space M (X)
of all finitely additive functionals on an algebra 3, we do not expect the vague topology to be Hausdorff.
But if we look at particular subspaces, such as the space M, (Ba(X)) of signed Baire measures, or the space
M, of signed 7-additive Borel measures on a completely regular space X, we may well have a Hausdorff
vague topology (437Xg).

Similarly, the narrow topology on M™ is rarely Hausdorff. But on important subspaces we can get
Hausdorff topologies. In particular, if X is Hausdorff, then the narrow topology on the space Mf{ of totally
finite Radon measures on X is Hausdorff (437R(a-ii)).

(f) It will be useful to know that if v : X — R is bounded and lower semi-continuous, then v + fudv :

M+ = R is lower semi-continuous for the narrow topology. B (i) Perhaps I should start by explaining why
fudv is always defined; this is because the algebra T generated by the open sets is always a subalgebra of
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domv, and {z : u(z) > a} € T for every a, so u € L>(T) (363Ha). (ii) Now suppose for a moment that
u>0. If yy € M and v < fudvy, let € > 0 be such that v+ (1 + 1 X) < fudvy, let n > 1 be such that
[[u]loo < me, and for ¢ < n set G; = {x : u(x) > ie}. Then

i XGi S u < e(xX + 300 xG),
fu dvy < e(oX + > i 1Gi),

V={v:veMt, Yoo vGi > > g oGy — 1}
is a neighbourhood of vy in M, and
fudy >ey o vG >y

for every v € V. As vy and ~ are arbitrary, v — fudy is lower semi-continuous. (iii) In general, u is
expressible as the sum of a constant function and a non-negative lower semi-continuous function; as v — vX
is continuous, v — fu dv is the sum of two lower semi-continuous functions and is lower semi-continuous. Q

Of course it follows at once that if v : X — R is bounded and continuous, then v — fudv is continuous
for the narrow topology; that is, the vague topology is coarser than the narrow topology in contexts in which
both make sense.

(g) With the more liberal definitions I use when considering integrals with respect to o-additive measures,
we have another version of the same idea. If u : X — [0,00] is a lower semi-continuous function, then
v [udy: M; — [0, 00] is lower semi-continuous for the narrow topology. I It is the supremum of the
lower semi-continuous functions v — [(u A nxX)dv. Q

(h) Let X and Y be topological spaces, ¢ : X — Y a continuous function, and M T (X), M*(Y) the spaces
of functionals described in (d). For a functional v defined on a subset of PX, define v¢~! by saying that
(v~ 1)(F) = v(¢~'[F]) whenever F C Y and ¢~ ![F] € domv. Then v¢~' € M*+(Y) whenever v € M+(X),
and the map v — v¢~' : MT(X) — M*(Y) is continuous for the narrow topologies (use 4A2B(a-ii)).

(i) I am trying to maintain the formal distinctions between ‘quasi-Radon measure’ and ‘r-additive effec-
tively locally finite Borel measure inner regular with respect to the closed sets’, and between ‘Radon measure’
and ‘tight locally finite Borel measure’. There are obvious problems in interpreting the sum and difference of
measures with different domains, which are readily soluble (see 234G and 416De) but in the context of this
section are unilluminating. If, however, we take M ;R to be the set of totally finite quasi-Radon measures on
X, and X is completely regular, we have a canonical embedding of M, ;“R into a cone in the L-space Cy(X)*;
more generally, even if our space X is not completely regular, the map p+— pu[B(X) : M;'R — M, (B(X)) is
still injective, and we can identify M;R with a cone in the L-space M, of signed 7-additive Borel measures
(often the whole positive cone of M, as in 415M). Similarly, when X is Hausdorff, we can identify totally
finite Radon measures with tight totally finite Borel measures (416F). The definition in 437Jd makes it plain
that these identifications are homeomorphisms for the narrow topology,

It is even possible to extend these ideas to measures which are not totally finite (437Y1i), though there
may be new difficulties (415Ya).

(j) For a different kind of narrow topology, adapted to the space of all Radon measures on a Hausdorff
space, see 495R below.

437K Proposition Let X be a topological space, and M+ the set of all non-negative real-valued additive
functionals defined on algebras of subsets of X containing every open set.

(a) We have a function T : M+ — C,(X)* defined by the formula (Tv)(u) = fudv whenever v € M*
and u € Cp(X).

(b) T is continuous for the narrow topology & on M* and the weak* topology on Cy(X)*.

(c) Suppose now that X is completely regular, and that W C M is a family of 7-additive totally finite
topological measures such that two members of W which agree on the Borel o-algebra are equal. Then T'[W
is a homeomorphism between W, with the narrow topology, and T[W], with the weak* topology.
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proof (a) We have only to assemble the operators of 437Jc, noting that if an algebra of subsets of X contains
every open set then it certainly separates the zero sets (indeed, it actually contains every zero set).

(b) As already noted in 437Jf, v — (Tv)(u) = fudv is G-continuous for every u € Cy(X). Since the
weak* topology on Cy(X)* is the coarsest topology on Cp,(X)* for which all the functionals f — f(u) are
continuous, 7' is continuous.

(c)(i) Write T for the topology on W induced by T, that is, the family of sets of the form W N T~1[V]
where V' C Cp(X)* is weak*-open. If G C X is open, then A = {u : v € Cp(X),0 < u < xG} is
upwards-directed and has supremum xG, so uG = sup,c 4 [udp for every p € W (414Ba). Accordingly
{p:peW, uG > af = Upeatp : (Tu)(u) > a} belongs to T for every a € R. Also, of course,
{p:puX <a} ={p: (Tp)(xX) < a} € T for every a. So if & is the narrow topology on W, & C %.
Putting this together with (b), we see that &' = T.

(ii) Now the same formulae show that T'[W is injective. ¥ Suppose that pi, pe € W and that
Tpy = Tpoe. Then pG = peG for every open set G C X. By the Monotone Class Theorem, p; and e
agree on all Borel sets; but our hypothesis is that this is enough to ensure that p; = ps. Q
Since T': W — T[W] is continuous and open, it is a homeomorphism.

437L Corollary Let X be a completely regular topological space, and M., the space of signed T-additive
Borel measures on X. Then the narrow and vague topologies on M7 coincide. In particular, the narrow
topology on Mt is completely regular.

proof 437Kc, 3A4Ad, 4A2]a.

437M Theorem (RESSEL 77) For a topological space X, write M:R(X) for the space of totally finite
quasi-Radon measures on X, Pyr(X) for the space of quasi-Radon probability measures on X, and M, (X)
for the L-space of signed 7-additive Borel measures on X.

(a) Let X and Y be topological spaces. If y € M;R(X) and v € M;R(Y)7 write p x v for their T-additive
product measure on X x Y (417C, 417F). Then (u,v) — p x v is continuous for the narrow topologies on
M;'R(X), M;R(Y) and M;R(X xY).

(b) Let (X;)ier be a family of topological spaces, with product X. If (u;);er is a family of probability
measures such that u; € Pyr(X;) for each 4, write [[;.; pi for its 7-additive product on X. Then (u;)ier +—
[Lic; ii is continuous for the narrow topology on Pyr(X) and the product of the narrow topologies on
Hie[ Pr(X5).

(c) Let X and Y be topological spaces.

(i) We have a unique bilinear operator ¢ : M, (X) x M, (Y) - M.(X x Y) such that ¢(u,v) is the
restriction of the 7-additive product of 1 and v to the Borel o-algebra of X x Y whenever p, v are totally
finite Borel measures on X, Y respectively.

(ii) |||l < 1 (definition: 253Ab).

(iii) % is separately continuous for the vague topologies on M, (X), M (Y) and M. (X xY).

(d) In (c), suppose that X and Y are compact and Hausdorff. If B C M. (X) and B’ C M,(Y) are
norm-bounded, then [ B x B’ is continuous for the vague topologies.

proof (a)(i) I ought to note that we need 417N to assure us that uxv € MJR(X xY') whenever p € M;R(X)
and v € M, (Y).

(i) fW C X xY isopen and o € R, then @ = {(1,v) : (uxv)(W) > a} is open in M;‘R(X) xM:R(Y).
P Suppose that (ug,v0) € Q. Because py X v is T-additive, there is a subset W’ C W, expressible in the
form Uign G; x H; where G; C X and H; CY are open for every 4, such that

a < (po x vo)(W') = [ voW'[{z}]po(dz)

(417C(b-v-B). Set u(x) = voW'[{z}] for z € X, so that u is lower semi-continuous (417Ba). Let n > 0 be such
that [wdpg > a+(1+2p0X)n, and set E; = {z : u(x) > ni} fori € N,sothat n Y oo, poE; > [wduo—npoX.
Because every FE; is open, there is a neighbourhood U of pg in M, ;R(X ) such that

Jwduo —nuoX <3232 pEr < [udu = (ux vo)(W')
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for every p € U; shrinking U if necessary, we can arrange at the same time that uX < pgX + 1 for every
p € U. Next, observe that H = {W'[{z}] : 2 € X} C {U,c; Hi : I € {0,... ,n}} is finite, so there is a
neighbourhood V' of v in M;R(Y) such that vH > y9H —n for every H € Hand v € V. If p € U and
v €V, we have

(X )W) = (e x )V = [ oW ahlutde) = [ a(e) = nuldo)

:/Ud/i*UHXZ/UdﬂO*WLOX*U(lJFHOX) > a.

As pg and vy are arbitrary, @ is open. Q

(iii) Since (u x V)(X xY) = pX - vY, the sets {(u,v) : (u x v)(X X Y) < a} are also open for every
a €R. So (u,v) — p x v is continuous (4A2B(a-ii) again).

(b) Similarly, we can refer to 4170 to check that [],.; u; € Pyr(X) whenever u; € Pyr(X;) for each .
For finite sets I, the result is a simple induction on #([I), using 417Db and part (a) just above. For infinite
I, let W C X be an open set and o € R, and consider

Q = {{ps)ier : i € Pyr(Xy) for each 4, (J[;c; pa) (W) > a}.

If (ui)ier € @, then there is an open set W’ C W, determined by coordinates in a finite set J C I, such that
(ILies i) (W') > a. Setting V = {z[J : » € W'}, we have ([[;c; p:)(V) > a. Now we can find open sets U;
in Pyr(X;), for i € J, such that ([[;c; vi)(V) > a whenever v; € U; for i € J. If now (vi)ier € [[;c; Pyr(X4)
is such that v; € U; for every i € J,

(Licr )W) = ([Licr i) (W) = (ILies vi) (V) >

so [[;crvi € Q. As (u;)ies is arbitrary, @ is open.
As W and « are arbitrary, (u;)icr + [[;c; ps is continuous.

i€l

(c)(i) Start by writing ¥(u,v) = (u x v)[B(X xY) for p € M (X) and v € M} (Y), where B(X xY)
is the Borel o-algebra of X x Y. If p, 1, po € M1 (X) and v, v, vo € M7 (Y) and a > 0, then
ZZJ(Ml + Ha2, V) = w(ﬂlv Z/) + ¢(N27 V)'

P On each side of the equation we have a T-additive Borel measure, and the two measures agree on the
standard base W for the topology of X x Y consisting of products of open sets; since W is closed under
finite intersections, they agree on the algebra generated by W and therefore on all open sets and therefore
(using the Monotone Class Theorem yet again) on all Borel sets. @ Similarly,

¢(/La v+ VQ) = d)(:uvl/l) + 1/)(#’1/2)7 ¢(Oéﬂal/) = ¢(H7OW) = OAL/)([L,Z/)

whenever p € M (X), v, 11, vra € MF(Y) and o € R. Now if pf, ph € M (X) and v}, v € M (Y) are
such that py — po = pj — ph and v — vy = v] — V4, we shall have

Y(pa,v1) — P(pa,ve) — Y(p2,v1) + P (p2, vo)
= (1, v1 + v5) — P + g, v5) + (s, v3)
— ¥, vy +v2) + P (pa + pg, vh) — (s, 1)
— Y(p2, v+ v5) + P(p2 + ph, vh) — (uy, v3)
+ (2, V1 +v2) = Y(p2 + py,vy) + P(pd, )
= (ua, v3) = (s, 1) — P (py, va) + 1 (py, v1).
We can therefore extend ¢ to an operator on M. (X) x M,(Y") by setting

(1 — p2,v1 — v2) = P, vn) — P, va) — ¥(p2, v1) + (pe, v2)
whenever 1, pz € M (X) and vq, vo € M (Y), and it is straightforward to check that 1 is bilinear.

(ii) If u € M (X), then |ju| = p*(X) + p~ (X), where u™ and p~ are evaluated in the Riesz space
M. (X). Now if v € M, (Y),
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WJ(Na V)‘ - |7/)(/L+7V+) - dj(:quaVi) - 7/)(/1’73 VJr) + w(ﬂivljiﬂ
<Yt ) (e vT) F (T ) (e, ),

SO

19 (, )| = [ (p, ) |(X X V)
<Pt )X xY) + (v )(X X Y)
+(p )X XY) +4(p7 v ) (X xY)
= p (X)) +p (X)) v (V) (X)) v (V) + (X)) v (Y)
= [l i []-
As p and v are arbitrary, ||| < 1.

(iii) Fix v € M (Y) and w € Cp(X x Y)T, and consider the map p — fwdi(p,v) : M- (X) — R.
Note first that if p € M1 (X),

Fwdi(pv) = [wdnx v) = [[ wlz,y)dy)p(de) = £ o J(da)

(417G). Since both sides of this equation are linear in u, we have

fwdip(p,v) = f w( )u(da)

for every p € M, (X). Now z — [w(z,y)r(dy) is continuous. I By 417Bc, it is lower semi-continuous; but
if @ > ||lwl|leo and w’ = ax(X X Y) — w, then z — [ w'(x,y)r(dy) is lower semi-continuous, so

x = avY — fw’(amy)u(dy) = fw(x,y)u(dy)

is also upper semi-continuous, therefore continuous. @Q It follows at once that p — f[ w(z, y)v(dy)p(dz) is
continuous for the vague topology on M, (X). The argument has supposed that w and v are positive; but
taking positive and negative parts as usual, we see that u — fwdiy(u,v) is vaguely continuous for every
w € Cp(X xY) and v € M, (Y). As w is arbitrary, u — ¥ (u, v) is vaguely continuous, for every v. Similarly,
v — (p, v) is vaguely continuous for every u, and ¢ is separately continuous.

(d) Now suppose that X and Y are compact. Let W be the linear subspace of C(X x Y') generated
by {u®v:ue C(X), ve CY)}, writing (u ® v)(z,y) = u(z)v(y) as in 253B. Then W is a subalgebra
of C(X xY) separating the points of X x Y and containing the constant functions, so is || ||c-dense in
C(X x Y) (281E). Now

(i, l—>fu®vdw LV fudu fvdu

is continuous whenever v € C(X) and v € C(Y), so

(av) = fwdi(p,v)
is continuous whenever w € W.
Next suppose that B C M, (X) and B’ C M, (Y) are bounded. Let v > 0 be such that ||u|| < v for every

w€ Band |v]| <vyforeveryrv € B. Ifw € C(X xY) and € > 0, there is a w’ € W such that [|w—w'||e < €.
In this case

| ]1 w i, v) — ][ W' dip(a, )] < 1w — w'l| ool (i )|
< ellullv] < A%

whenever 1 € B and v € B'. As e is arbitrary, the function (u, ) — fw di(p, v) is uniformly approximated
on B x B’ by vaguely continuous functions, and is therefore itself vaguely continuous on B x B’.

437N One of the standard constructions of Radon measures is as image measures. It leads naturally to
maps between spaces of Radon measures, and of course we wish to know whether they are continuous.
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Proposition (a) Let X and Y be Hausdorff spaces, and ¢ : X — Y a continuous function. Let My (X),
Mg (Y') be the spaces of totally finite Radon measures on X and Y respectively. Write ¢(u) for the image
measure p¢ "t for p € Mg (X).

1 : — 1s continuous for the narrow topologies on an .

(i) & : My (X) = M (V) is contimuous for th pologies on Mt (X) and My (¥)

(i) (4 + v) = D) + $(v) and Gags) = ad(p) for all g, v € M (X) and a >0.

(b) If Y is a Hausdorff space, X a subset of Y, and ¢ : X — Y the identity map, then ¢ is a homeomor-

phism between Mg (X) and {v:v € M7 (Y), v(Y \ X) = 0}.

proof (a)(i) All we have to do is to recall from 4181 that u¢=! € Mg (Y) for every p € My (X), and
observe that
{o: (uo)(H) > a} = (s po ' [H] > o}, {u: (6 )(Y) < a} = (s pX < a}
are narrowly open in M}"{'(X) for every open set H CY and o € R.
~ (ii) As usual, since all the measures here are Radon measures, it is enough to check that d(u+v)(E) =
d()(E) + ¢(v)(F) and ¢p(ap)(E) = ad(u)(E) for every Borel set E C X, and this is easy.
(b) First note that if u € My (X), then certainly ¢(;2)(Y \ X) = 0; while if v € M7 (V) and v(Y'\ X) = 0,

then = v|PX is a Radon measure on X (416Rb) and v = ¢(u). Thus ¢ is a continuous bijection from
Mg (X) to {v:ve M(Y), v(Y\X) =0} Nowif G C X is relatively open and o € R, there is an open
set H C Y such that G = HN X, so that

(o5 € ME(X), 4G > a} = {u: $(u)(H) > a}
is the inverse image of a narrowly open set in MIJ{ (Y); and of course

{p:pe ME(X), X <a} = {p:o(p)(Y) <a}
is also the inverse image of an open set. So ¢ is a homeomorphism between MF‘{"(X) and {v:v € M;{(Y),
v(Y\ X)=0}.
4370 Uniform tightness Let X be a topological space. If v is a bounded additive functional on an
algebra of subsets of X, I say that it is tight if
vE e {vK: K CFE, K € domv, K is closed and compact}

for every E € dom v, and that a set A of tight functionals is uniformly tight if every member of A is tight
and for every ¢ > 0 there is a closed compact set K C X such that vK is defined and |vE| < ¢ whenever
v € A and E € domv is disjoint from K.

437P Proposition Let X be a topological space.

(a) Let M ;R be the set of totally finite quasi-Radon measures on X. Suppose that A C M (;FR is uniformly
totally finite (that is, {uX : u € A} has a finite upper bound) and for every € > 0 there is a closed compact
K C X such that u(X \ K) < € for every 1 € A. Then A is relatively compact in M;R for the narrow
topology.

(b) Suppose now that X is Hausdorff, and that My is the set of Radon measures on X. If A C My is
uniformly totally finite and uniformly tight, then it is relatively compact in MPT for the narrow topology.

proof (a)(i) I show first that the closure A of A in M;R has the same two properties. I* Because p — puX

is continuous for the narrow topology, {uX : u € A} C {uX :pc A} is bounded. If ¢ > 0, there is
a closed compact set K C X such that pu(X \ K) < € for every u € é In this case {u : p € M;R,
wX\K)<e}= M;'R \ {p: (X \ K) > €} is closed in M;R, so includes A. As € is arbitrary, we have the

result. Q
(ii) Now let F be an ultrafilter on M:R containing A.

(a) For Borel sets E C X, set F = lim,_, 7 vE; this is defined in R because sup, .z vX is finite. 6
is a non-negative additive functional on the Borel o-algebra of X. The family K of closed compact subsets
of X is a compact class containing () and closed under finite unions and countable intersections, so 413Ub
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tells us that there is a complete measure g on X such that pX < 60X, K C dompu, uK > 0K for every
K € K, and p is inner regular with respect to KC.

If F C X is closed, then FF'N K € K for every K € K, so i measures F' (412Ja). Thus p is a topological
measure. Because p is tight, it is 7-additive (411E). So p is a complete totally finite 7-additive measure
which is inner regular with respect to the closed sets, and is a quasi-Radon measure.

(B) Given € > 0, there is a K € K such that v(X \ K) < € for every v € A, so §(X \ K) < € and
0X —e <K < uK < puX <6X.
As € is arbitrary, pX = 0X =lim,_, r v X.

(v) f G C X is open and € > 0, there is a K € K such that v(X \ K) < ¢ for every v € A, so
(X \K)<eand

pG = pX — p(X\G) <X — p(K\G) < 60X - (K \ G)
(because K \ G € K)
<OX —0(X\G)+0(X\K) <0G +e.

As ¢ is arbitrary,

uG <0G =lim, . vG.

(51 Putting (3) and () together, we see thati}' — p for the narrow jopology on M;R; it follows
that u € A. Thus every ultrafilter on M ;‘R containing A has a limit in A, and A is compact. Accordingly A
is relatively compact in M :R, as claimed.

(b) We know from the proof of (a) that the closure A of A in M, ;‘R is compact, so it will be enough to
show that A C Ml;f. If 4 € A and E € dom y, then for every € > 0 there is a compact set K C X such that
(X \ K) <, by (a-i) above; also there is a closed set F' C E such that u(E \ F') <e. But now FFNK is
compact and u(E\ (FNK)) < 2e. As E and € are arbitrary, p is inner regular with respect to the compact
sets, so is a Radon measure.

437Q Two metrics So far, as elsewhere in this volume, I have been writing about topologies with as few
restrictions on their nature as possible. Of course the repeated invocation of L-spaces in the first part of the
section indicates that there are norms and their associated metrics about, and when the underlying set X
is metrizable we rather hope that the constructions of 437J will lead to metrizable topologies on the spaces
of measures considered there. I offer two definitions which seem to give us interesting paths to explore.

(a)() If X is a set and pu, v are bounded additive functionals defined on algebras of subsets of X, then
pw—v:dompyNdomvr — R is bounded and additive, and we can set

ptV(,u'a V) = |:u - V|(X) = SupE,FEdomuf‘ldomV(u - V)(E) - (/’[’ - V)(F)

In this generality, ptv is not even a pseudometric, but if we have a class M of totally finite measures on X
all of which are inner regular with respect to a subset K of e dom g, then we have

pev(p,v) = supg pex (WK — pL) — (vK — vL)

for all u, v € M, and py, [ M x M is a pseudometric on M. If moreover M is such that distinct members
of M differ on K (as when K is the family of closed sets in a topological space X and M = M:R(X ), or

when K the family of compact sets in a Hausdorff space X and M = Ml;f (X)), then pyy, gives us a metric on
M. In such a case I will call py, [ M x M the total variation metric on M. (Compare the ‘total variation
norms’ of 362B.)

(ii) Note that if ¥ C dom N domv is a o-algebra then
|Judu— [udv] < |lullcopee(pv)
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whenever v € £°°(3). So if, for instance, X is a topological space and M C M;'R(X), then u — [ udp will
be continuous for the total variation metric on M whenever v : X — R is a bounded universally measurable
function.

(iii) It is of course worth knowing when to expect a complete metric. When our set M can be identified
with the positive cone of a band in some L-space M, of countably additive functions, as in 437F, then we
naturally have a complete metric, because bands in L-spaces are closed subspaces (354Bd). In particular,
for any Hausdorff space X, Ml;\|r (X) can be identified with the positive cone of the L-space of tight Borel
measures on X, so is complete. See also 437Xo.

(iv) There is an obvious variation on py, as defined here: the function

(.ua V) = SupEEdomyﬂdomu |:uE - VE|7
which will be a metric on nearly all occasions when p;, is a metric, and will then be uniformly equivalent

to pgy. But the more complex formulation gives a better match to the Riesz norm metric of the leading
examples.

(b) Suppose that (X, p) is a metric space. Write M, ;R for the set of totally finite quasi-Radon measures
on X. For p, v € M;“R set

PR (p, V) = sup{|fudu — fudu| cu: X — [—1,1] is 1-Lipschitz}.

Then pkg is a metric on M, ;R. P It is immediate from the form of the definition that pkg is a pseudometric.
Ifp, v e M;'R are different, there is an open set G such that uG # vG (415G(iii)); suppose that uG < vG.

Set u(x) = p(z, X\G) for x € X. There must be an n € Nsuch that uG < vF,, where F,, = {z : u(z) > 27"}
In this case, setting ' = u A 27"y X,

fu'd,u <27"uG < 27"WF, < fu’dl/,
so pxr(p,v) > 27"(wF, — uG) > 0. As p and v are arbitrary, pkr is a metric. Q

Remark pkr here is taken from BOGACHEV 07, §8.3, where it is called the ‘Kantorovich-Rubinshtein
metric’. For its principal properties, see 437R(g)-(h) below. A variation of this construction will be used in
457L; see also 437Xs.

437R Theorem Let X be a topological space; write M(;r = M;'R(X) for the set of totally finite quasi-
Radon measures on X, and if X is Hausdorff write My = Mg (X) for the set of totally finite Radon measures
on X, both endowed with their narrow topologies.
(a)(i) If X is regular then M;R is Hausdorft.
(ii) If X is Hausdorff then M is Hausdorff.
(b) If X has a countable network then M ;“R has a countable network.
(c) Suppose that X is separable.
(i) If X is a Ty space, then M ;R is separable.
(ii) If X is Hausdorff, My is separable.
(d) If X is a K-analytic Hausdorff space, so is M; = M.
(e) If X is an analytic Hausdorff space, so is M;R = M.
()(1) If X is compact, then for any real v > 0 the sets {u : u € M;R, puX <~}and {p:p€ M;R,
uX =~} are compact.

(ii) If X is compact and Hausdorff, then for any real v > 0 the sets {u : p € My, uX < ~} and
{p:pe Mf{ , pX = ~} are compact. In particular, the set Pr of Radon probability measures on X is
compact.

(g) Suppose that X is metrizable and p is a metric on X inducing its topology.
(i) The metric pkg on M;R (437Qb) induces the narrow topology on M;'R.
(ii) If (X, p) is complete then MJR = My is complete under pgr.

(h) If X is Polish, so is M = Mg .
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proof (a)(i) (Cf. 437Qb.) Take distinct pg, p1 € M:R. If poX # p1 X then they can be separated by open
sets of the form {p : pX < a}, {u: pX > a}. Otherwise, set v = poX = p1X. There is certainly an open
set G such that uoG # 1 G (415H); suppose that 110G < p1G. Because p; is inner regular with respect to
the closed sets, there is a closed set F' C G such that uoG < p1 F. Now consider

H = {H : H is open, H C G}.
Then H is upwards-directed; because X is regular, | JH = G; because u; is quasi-Radon,
supgey p1H > supgey i (HNF) = i F > poG
and there is an H € H such that pH > poG. Now
pH + po(X \ H) > i H + v — oG > .

Let «, 3 be such that uy H > «, po(X \ H) > B and a + 8 > . Then

{n:peMp, n(X\H)>p}, {p:peMy, pH > a, pX <a+ B}
are disjoint open sets containing pg, p1 respectively, so again we have separation.

(ii) We can use the same ideas. Take distinct ug, p1 € Ml;f. If uoX # w1 X then po and pq can be
separated by open sets of the form {p: uX < a}, {p: pX > a}. Otherwise, set v = poX = u1 X, and take
an open set G such that poG # 1 G; suppose that oG < p1G. Then ug(X \ G) + 11 G > ~y. Because
and pq are inner regular with respect to the compact sets, there are compact sets Ko C X \ G, K; C G such
that uoKo + p1 Ky > . Now there are disjoint open sets Hy, H; such that K; C H; for both ¢ (4A2F(h-i)),
in which case poHo + p1Hi > v. Take ag < poHp and a1 < pgHi such that ag + a3 > 7. In this case,
{p: puHo > ap} and {p: pHy > aq, pX < ag + a1} are disjoint open sets containing pg, p1 respectively.

(b) Let A be a countable network for the topology of X; replacing A by {J Ao : Ag € [A]<“} if necessary,
we can suppose that A is closed under finite unions. Let D be the family of sets of the form

{u:,uEMJR, pX <7y, p*A; >; for i < n}
where n € N, Ag,... A, € Aand v, 79,--- ,7n € Q. Then D is countable. If V C M;R is an open set and
o € V, there must be open sets Gy, ... ,G, C X and v, 7g,... ,7n € Q such that
po € {p:pX <7, uG; > ; for every i <n} C V.

For each i < n, {A: A€ A, A C G;} is a countable upwards-directed set with union G;, so there is a
non-decreasing sequence (4;;)jen in A with union G;, and there must be a j; € N such that p{A;;, > v
(132Ae). Now

{p: pX <, p*A;j, >, for every i <n}
belongs to D, contains y and is included in V. As p and V' are arbitrary, D is a countable network for the

topology of M. JR.

(c)(d) If X is empty, then M;R is a singleton, and we can stop. Otherwise, let D be a countable dense
subset of X. Set D' = {37 , 0, : Zo,...,2n € D, ag,... ,a, € QN [0,00[}, writing &, for the Dirac
measure concentrated at x for each z € X. Because X is Ty, D’ C M;'R. In fact D’ is dense in M;R. Pr
Take any p € M;R, a finite family G of open subsets of X, and € > 0. Let £ be the algebra of subsets of X
generated by G, and A the set of atoms of £. For each E € A choose zp € DN({G: E C G € G} and

ap € QN[0,00[ such that |ag — pE| < ——. Try v = Y e @Edzy € D' If G € G, then

#(A)
o= Y ups Y
E€A,ECG E€Azp€G
<e+ Z ap =€+ VG,
EcAxzpeG

while

vX =3 peatp e+ peapll =e+ pX.
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As u, G and € are arbitrary, D’ is dense in M, ;‘R. Q So M ;R is separable.

(ii) If X is Hausdorff, use the same construction; in this case D’ C Ml;f , SO Ml;f also is separable.

(d) Most of the argument will be devoted to proving that the set Pr of Radon probability measures on
X is K-analytic in its narrow topology.

(i) We are supposing that there is an usco-compact relation R C NY x X such that R[NY] = X (422F).
Set Ry = {(o, x) : there is a 8 < a such that (5, a) € R}; then R; also is usco-compact (422Dh).
Set

R={(a,pn):ac (N e P, uRi[{a(n)}] >1—2"" for every n € N}
C (NN x pg.

(Of course Ry [{a(n)}] is compact, therefore universally measurable, whenever a € (NY)N and n € N.)

(ii) R[(NY)N] = Pg. P NN x X is K-analytic (422Ge), while R is a closed subset of NN x X (422Da), so
is itself K-analytic (422Gf). Let 7; : R — NN and 7 : R — X be the coordinate maps. If u € Pg, there is
a Radon probability measure A on R such that p = Amy ' (432G). For each n € N let L,, C R be a compact
set such that AL, > 1—27"; then m[L,] is a non-empty compact subset of N¥. Define a by setting

a(n)(m) = sup{S(m) : 5 € m[La]}
for m, n € N. Then
pRil{a(n)}] > pRim[La]] > pmolln] > ALp > 1—27"
for every n € N, so (a, 1) € R and p € R[(NV)N]. Q

(iii) R[{a}] is a compact subset of Py for every a € (NV)N, P Since R;[{a(n)}] is compact for every n,
R[{a}] is uniformly tight, therefore relatively compact in Mg, by 437Pb. On the other hand, {u: u € Mg,
pX =1} and {p: p € M7, w(X \ Ri[{e(n)}]) < 1 — 27"} are closed for every n, so R[{a}] is closed,
therefore compact. Q

(iv) If F C Py is closed, then R™[F] is closed in (NY)Y. P Let (a)ren be a sequence in R™1[F]
converging to @ in (NY)N. For each k € N choose u; € F such that (ay, ) € R. For n, k € N set
Ly = {a(n)} U{ay(n) : I > k}. Then L, is a compact subset of N, so Ry[L,}] is a compact subset of X.
? If 2 € Npen RalLnk] \ Ri[{a(n)}], then for every k € N there is an I > k such that (a, (n),z) € Ry; but
Ry [{x}] is closed in N, so contains limy_oc ay, (n) = (n), and = € Ri[{a(n)}]. X Thus ey Bi[Lak] =

Ri[{a(n)}].

For any n and k, wR1[Lnk] > wRi1[{eu(n)}] > 1 — 27" for every [ > k. In the first place, taking k = 0,
{m : 1 € N} is uniformly tight, therefore relatively compact and (u;);eny has a cluster point p say, which
must belong to F'. Now, for any n,

plil{e(n)}] = inf pRy[Lnk] = keg}&k p R [ L]

(because R;[Lyg| is compact, therefore closed, and p € {y; : I > k}, for each k)

> i >1-27"
=zl B {ea(n)}] =1 -2

So (@, ) € R and a € R™'[F]. As (a)ren is arbitrary, R~[F] is closed. Q

(v) Thus RC (NN % Py is usco-compact. Since (NN like NN, is Polish (4A2Ub, 4A2Qc), R[(NN)N]
is K-analytic (422Gd). But we saw in (ii) that R[(NY)N] = Pg. So Py is K-analytic.

(vi) Now observe that (a, ) — ap : [0,00] x Pr — M is continuous. I We have only to note that

(a, 1) = (ap)(X) =

is continuous, and that
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{(a, 1)+ (am)(G) > 7} = Upsollan ) s> B, nG > 23

is open for every open G C X and vy > 0. Q Since [0, 0] and Pr are K-analytic, and (except in the trivial
case X = () every member of Ml;f is expressible as a non-negative multiple of a probability measure, Mf{ is
K-analytic (using 422Ge and 422Gd again).

(vii) Finally, M;R = My by 432E.
(e) Put (d), (b) and 423C together.
(f)(i) Because X is compact, every quasi-Radon measure on X is tight, and My o itself is uniformly

tight; by 437Pa, {u:pu € M7 qre HX < ~} is relatively compact in M;R But as it is also closed in M01R7 it is
actually compact. The same argument applies to {y : pu € M7 qrs BX = ~}

(ii) Use the same idea, but with 437Pb in place of 437Pa.
(g) (i) Write Tkg for the topology generated by pkr.

(@) fpe M R and X > o, then vX > a whenever v € M qr and pKR (4, V) < pX —a, just because
xX is a 1-Lipschitz function; so {p: p € MqR, uX > a} € Tkr for every a € R.
If G C X isopen, a>0and u € MJR is such that uG > a, there is a ¢ € )0, 1] such that pF > o + 4,
where F' = {z : p(x,X \ G) > §}. Let u be a 1-Lipschitz function such that éxF < u < éxG. If v € M;'R
and pgr (i, v) < 62, then

ovG > [udv > [wdp— 62> opF — 6% > ba

and vG > a. This shows that {u: p € Mqu uG > a} € Tkr. As G and « are arbitrary, Ty is finer than
the narrow topology.

(B) Suppose that p € M;R and € > 0; let § > 0 be such that §(30 + 6uX + 7) < e. Then there
is a totally bounded closed set F' C X such that u(X \ F) < ¢ (434L). Set G = {z : p(z, F) < 0}. Let
Zg, ... ,xn € X besuch that F C |J,.,, B(z;,0); then G C |, ,, B(z;,2d) and there are vy, ... ,v, € Cp(X)*
such that G < 37 v;(x) < xX and {z : v;(z) > 0} C B(x;,30) for every i < n. Let w € Cy(X) be such
that x(X \ G) < w < x(X \ F). By the choice of F, [wdu <é.

If u: X — [-1,1] is 1-Lipschitz then

lu— 30 o ulz;)vg| < 36xX + 2w.
P If x € G, then

(because Y1 jv;(z) =1)

(because whenever v;(z) > 0, |u(x) — u(z;)| < plz, z;) < 39)

Ifz e X\ G, then
u(x) = Xoio w(zi)vi(@)] < |u(@)] + i lulzi)lvi(z) < 2= 2w(z). Q
Soifve M;R,
| [wdv — 307 ula;) [vidv] < 360X +2 [ wdv.
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By 437Jf or 437L, there is a neighbourhood V' of p for the narrow topology in M;LR such that if v € V then
vX <pX 496, [wdr <26 and | [ v;dp — [ v;dv| S%_H for every i <mn. Soif v €V and u: X — [-1,1] is
1-Lipschitz, we shall have

’/udz/—/udu| §36(1/X+MX)+2(/wdz/+/wdu)
+Z}/vidu—/vidu|
i=0
—~
§35(2MX+6)+65+ZT+1§5(6/¢X+35+7)§e.
i=0

Thus {v : pkr(v, 1) < €} D V is a neighbourhood of p for the narrow topology; as p and € are arbitrary,
the narrow topology is finer than Tkg, and the two topologies are equal.

(ii) If X is p-complete then M; = Mf{ by 434Jg and 434Jb. Now suppose that (un,)nen is a pkr-
Cauchy sequence in Mpf .

(@) For every € € )0, 1] there is a compact K C X such that pu, (X \ U(K,¢€)) < € for every n € N,
where U(K,€) = {z : p(z,y) < € for some y € K}. P Take m € N such that pkg (fm, n) < 3€> for every
n >m. Let K C X be a compact set such that y,(X \ K) < e for every n < m. Set G = U(K,¢). There
is a 1-Lipschitz function u : X — [0,¢€] such that ex(X \ G) < u < x(X \ K). If n < m, then of course
Un(X\ G) <e. If n > m, then

(X \G) < %/udun < %(pm(umum) +/udum)

< (G F (X \K) <54 pn(X\K) <e

€
2
So we have an appropriate K. Q

(B) {ptn : n € N} is uniformly totally finite and uniformly tight. B Since |pm X —pin X| < prr (Lm, tn)
for all m, n € N, {u, X : n € N} is bounded. Of course all the p, are tight. Now take any e € ]0,1]. For
each m € N, (i) tells us that there is a compact set K,,, C X such that p, (X \ U(K,,,27™e€)) < 27™¢ for
every n € N. Set B =0,y U(Km,27™e), K = E. Then E and K are totally bounded; because (X, p) is
complete, K is compact. And

pn(X N\ K) < 3700 (XA UK, 277€)) < 2¢
for every n € N. As e is arbitrary, {u, : n € N} is uniformly tight. Q

() By 437Pb, (i) nen has a cluster point p in My for the narrow topology. Now, for m € N,

PR (1, thm ) = sup{| /udu - /ud,um| su: X — [—1,1] is 1-Lipschitz}

< sup{| /udﬂn - /udum| suw: X — [—1,1] is 1-Lipschitz, n > m}
(437Jf again)
< sup prr(fin, fm),

n>m

and limy, s o0 prR (1, tim) = 0.
(8) Thus every pkr-Cauchy sequence in M;{ has a limit in Ml;f , and Ml'{ is complete.

(h) Put (g-ii) and (c-ii) together.
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437S The sets of measures we have been considering have generally been convex, if addition and mul-
tiplication by non-negative scalars are defined as in 234G and 234Xf. We can therefore look for extreme
points, in the hope that they will have straightforward characterizations, as in the following.

Proposition Let X be a Hausdorff space, and Py the set of Radon probability measures on X. Then the
extreme points of Pr are just the Dirac measures on X.

proof (a) Suppose that © € X, and that 4, is the Dirac measure on X concentrated at z. If u1, us € Pg are
such that 0, = 3 (p1+p2), then we must have 1 E < 2uE for every Borel set E; in particular, p; (X \{z}) =0
and pi{x} = 1, that is, py = 0. Similarly, pus = 0; as p; and po are arbitrary, 0, is an extreme point of
Pg.

(b) Suppose that p is an extreme point of Pg. Let K be the support of p. ? If K has more than one
point, take distinct z, y € K. As X is Hausdorff, there are disjoint open sets G, H such that x € G and
ye€ H. Set E=GNK, a=puFE. Because K is the support of p, o > 0. But similarly u(H N K) > 0 and

a < 1. Let p1, uo be the indefinite-integral measures defined over p by ixE and %X(X \ E) respectively.

Then both are Radon probability measures on X (416S), so belong to Pr. Now uF = au1 F + (1 — a)uoF
for every Borel set F'; as p and apg + (1 — a)ug are both Radon measures, they coincide; as neither pq nor
we is equal to u, p is not extreme in Pr. X

Thus K = {z} for some x € X. But this means that p{z} =1 and p(X \ {z}) =0, so u = §, is of the
declared form.

437T We now have a language in which to express a fundamental result in the theory of dynamical
systems.

Theorem Let X be a non-empty compact Hausdorff space, and ¢ : X — X a continuous function. Write

Q4 for the set of Radon probability measures on X for which ¢ is inverse-measure-preserving. Then Q) is
convex and not empty, and is compact for the narrow topology.

proof (a) Write Mg for the set of totally finite Radon measures on X, and let ¢ : Mf{ — M;[ be the
function corresponding to ¢ : X — X as described in 437N. Now, for p € M;{, weE Qpiff pX =1 and
(¢~ [E]) = nE whenever y measures E, that is, iff the image measure p¢~! = ¢(u) extends p. But as
é(11) and g are Radon measures, j € Qe iff pX =1 and d(p) = .

Since ¢ is continuous (and M;[ is Hausdorff, see 437Ra), Q¢ is closed for the narrow topology. By
437Pb/437R(f-ii), it is compact. Because é respects addition and scalar multiplication, Q4 is convex.

(b) To see that @, is not empty, take any o € X and a non-principal ultrafilter 7 on N. Define
[ C(X) = R by setting f(u) = lim, 7 725 Y1 u(¢'(20)) for every u € C(X). Then f is a positive
linear functional and f(xX) = 1. So there is a u € My such that f(u) = [udpu for every u € C(X).

If u e C(X), then f(u) = f(ud). P

n

| (ug) — ()] = | lim —— " u(¢™ (20)) — u(@’ (x0))]

n—F n+l 4
=0

. 1
1 b n+1 _

‘ nLH}-' n+1u(¢ (afo)) u(I0)|

o i 2l
< L n+1 _ < _ =
< i (" o) —u(eo)l < fim S5 =0. @

On the other hand,

[ udtw) = [ s du

(235G)
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for every u € C'(X). By the uniqueness of the representation of f as an integral, u = q@(p) Of course
uX = f(xX) =150 1 € Qqp, as required.

437U In important cases, the narrowly compact subsets of My (X) are exactly the bounded uniformly
tight sets. Once again, it is worth introducing a word to describe when this happens.

Definition Let X be a Hausdorff space and Pr(X) the set of Radon probability measures on X. X is a
Prokhorov space if every subset of Pg(X) which is compact for the narrow topology is uniformly tight.

437V Theorem (a) Compact Hausdorff spaces are Prokhorov spaces.

(b) A closed subspace of a Prokhorov Hausdorff space is a Prokhorov space.

(¢) An open subspace of a Prokhorov Hausdorff space is a Prokhorov space.

(d) The product of a countable family of Prokhorov Hausdorff spaces is a Prokhorov space.
(e) Any Gs subset of a Prokhorov Hausdorff space is a Prokhorov space.

(f) Cech-complete spaces are Prokhorov spaces.

(g) Polish spaces are Prokhorov spaces.

proof (a) This is trivial; on a compact Hausdorff space the set of all Radon probability measures is uniformly
tight.

(b) Let X be a Prokhorov Hausdorff space, Y a closed subset of X, and A C Pr(Y) a narrowly compact
set. Taking ¢ to be the identity map from Y to X, and defining ¢ : M (Y) — Mg (X) as in 437N, ¢[4] is
narrowly compact in Pr(X), so is uniformly tight. For any e > 0, there is a compact set K C X such that

d(p)(X \ K) < e for every p € A. Now K NY is a compact subset of Y and u(Y \ (K NY)) < e for every
€ A. As e is arbitrary, A is uniformly tight in Pr(Y).

(c) Let X be a Prokhorov Hausdorff space, Y an open subset of X, and A C Pr(Y) a narrowly compact
set. Once again, take ¢ to be the identity map from Y to X, so that ¢[A] C Pr(X) is narrowly compact
and uniformly tight in Pg(X).

? Suppose, if possible, that A is not uniformly tight in Pr(Y’). Then there is an ¢ > 0 such that
Ag ={p:p e A uwY \ K) > 5¢} is non-empty for every compact set K C Y. Note that Ax C Ag:
whenever K O K', so {Ax : K C Y is compact} has the finite intersection property, and there is an
ultrafilter F on Pr(Y) containing every Ay. Because A is narrowly compact, there is a A € Pr(Y) such
that 7 — A\. Let K* CY be a compact set such that A(Y \ K*) <e.

As ¢[A] is uniformly tight, there is a compact set L C X such that (Y \ L) = ¢(u)(X \ L) < € for every
u € A. Now K* and L\Y are disjoint compact sets in the Hausdorff space X, so there are disjoint open sets
G, H C X such that K* C G and L\Y C H (4A2F(h-i) again). Set K = L\ H D LNG; then K is a compact
subset of Y. As Ax € F, there must be a 4 € Ag such that pY < AY +eand p(GNY) > ANGNY) —e.
Accordingly

Y\ L) <6
p(Y\NG)=pY —p(GNY)<AY +e—-AGNY) +e¢
=AY \G) +2e < AY \ K) + 2¢ < 3¢,
(YN UYN\G)) =p(Y\(LNG)) = p(Y \ K) = 5,

which is impossible. X
Thus A is uniformly tight. As A is arbitrary, Y is a Prokhorov space.

(d) Let (X,,)nen be a sequence of Prokhorov Hausdorfl spaces with product X. Let A C Pr(X) be
a narrowly compact set. Let ¢ > 0. For each n € N let m, : X — X,, be the canonical map and
Tt My (X) — Mg (X,) the associated function. Then 7,[A] is narrowly compact in Pr(X,), therefore
uniformly tight, and there is a compact set K, C X,, such that (7,u)(X, \ K,) < 27"t for every u € A.
Set K = [],,en Kn, so that K is a compact subset of X and X \ K = {J,,cy ™, ' [Xn \ Ky]. If o € A, then

X N\NK) < 300 g pmy X \ K] <3507 027" e =c

As € is arbitrary, A is uniformly tight; as A is arbitrary, X is a Prokhorov space.

neN
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(e) Let X be a Prokhorov Hausdorff space and Y a Gs subset of X. Express Y as [,y Yn where every
Y, € X isopen. Set Z = {z: 2z € [[, e Y, 2(m) = 2z(n) for all m, n € N}. Because X is Hausdorff, Z is a
closed subspace of [], - Y homeomorphic to Y. Putting (¢), (d) and (b) together, Z and Y are Prokhorov
spaces.

neN

(f) Put (a), (e) and the definition of ‘Cech-complete’ together.
(g) This is a special case of (f) (4A2Md).

437X Basic exercises (a) Let X be a set, U a Riesz subspace of R* and f € U~. (i) Show that f € Uy’
iff lim;, o0 f(un) = 0 whenever (u,)nen is @ non-increasing sequence in U such that lim,_, u,(z) = 0 for
every x € X. (Hint: show that in this case, if 0 < v,, < uy,, we can find k(n) such that | f (v, Vugm))—f(va)| <
27".) (ii) Show that f € U~ iff inf,c4 |f(u)] = 0 whenever A C U is a non-empty downwards-directed set
and inf,eq u(z) = 0 for every x € X. (Hint: given € > 0, set B = {v : f(v) > infyca fT(u) — ¢, Jw €
A, v > w} and show that B is a downwards-directed set with infimum 0 in RX.)

(b) Let X be a set, U a Riesz subspace of £>°(X) containing the constant functions, and ¥ the smallest
o-algebra of subsets of X with respect to which every member of U is measurable. Let p and v be two
totally finite measures on X with domain ¥, and f, g the corresponding linear functionals on U. Show that
fAg=0inU" iff there is an E € ¥ such that uF = v(X \ E) = 0. (Hint: 326MS.)

>(c) Let I C R be a interval with at least two points. (i) Show that if g : T — R is of bounded
variation on every compact subinterval of I, there is a unique signed tight Borel measure 4 on I such that
tgla, b = limgp g(x) — limg4q g(x) whenever a < b in I, counting limgq, g(z) as g(a) if @ = minI, and
lim,p g(x) as ¢g(b) if b = maxI. (ii) Show that if A : I — R is another function of bounded variation on
every compact subinterval, then pj, = pg iff {x : h(x) # g(z)} is countable iff {z : h(x) = g(x)} is dense in
I. (iii) Show that if v is any signed Baire measure on I there is a g of bounded variation on every compact
subinterval such that v = pg.

(d)(i) Show that S, in 437C, is the unique sequentially order-continuous positive linear operator from
£ to (U})* which extends the canonical embedding of U in (U;')*. (ii) Show that S, in 437H, is the
unique sequentially order-continuous positive linear operator from £ to (U>')* which extends the canonical
embedding of U in (U>)* and is ‘T-additive’ in the sense that whenever G is a non-empty upwards-directed
family of open sets with union H then S(xH) = supgcg S(xG) in (UX)*.

(e) Let X and Y be completely regular topological spaces and ¢ : X — Y a continuous function. Define
T:Co(Y) = Cp(X) by setting T'(v) = vg for every v € Cp(Y'), and let T" : Cp(X)* — Cp(Y)* be its adjoint.
(i) Show that T” is a norm-preserving Riesz homomorphism. (ii) Show that T'[C},(X)5] C Cu(Y)5, and
that if f € Cp(X)5 corresponds to a Baire measure p on X, then T”f corresponds to the Baire measure
pud~11Ba(Y). (iii) Show that T[C(X)7] C Cp(Y)7, and that if f € C,(X)2 corresponds to a Borel measure
pon X, then 7" f corresponds to the Borel measure u¢=![B(Y). (iv) Write £ and £$° for the M-spaces
of bounded real-valued Borel measurable functions on X, Y respectively, and Sx : £ — (Cp(X)7)*,
Sy + L — (Cp(Y)>)* for the canonical Riesz homomorphisms as constructed in 437Hb. Show that if
T" : (Co(Y)7)* = (Cp(X)7)* is the adjoint of T"[Cy(X)7, then T” Sy (v) = Sx (v¢g) for every v € L§°.

(f) Let X be a topological space, £°(3,,) the space of bounded universally measurable real-valued
functions on X, and M, the space of countably additive functionals on the Borel o-algebra of X. Show that
we have a sequentially order-continuous Riesz homomorphism S : £°(3,,) — M} defined by the formula

(Sv)(p) = [vdu whenever v € £L°(Zy,) and p € M.

(g) Let X be a completely regular topological space. Show that the vague topology on the space M, of
differences of T-additive totally finite Borel measures on X is Hausdorff.

>(h) Let X and Y be topological spaces, and ¢ : X — Y a continuous function. Write M4 (X) for
any of M(Ba(X)), M,(Ba(X)), M(B(X)), M,(B(X)), M;(X) or My(X), where M.(X) C M,(B(X)) is

SFormerly 3261.
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the space of signed 7-additive Borel measures and M;(X) C M,.(X) is the space of signed tight Borel
measures; and My (Y') for the corresponding space based on Y. Show that there is a positive linear operator
¢ : My(X) — My(Y) defined by saying that ¢(u)(E) = u¢'[E] whenever u € My (X) and F belongs to
Ba(Y) or B(Y), as appropriate, and that ¢ is continuous for the vague topologies on My (X) and My(Y).

>(i) Let X be a zero-dimensional compact Hausdorff space and £ the algebra of open-and-closed subsets
of X. (i) Show that & separates zero sets. (ii) Show that the vague topology on M (&) is just the topology
of pointwise convergence induced by the usual topology of R¥. (iii) Writing M; for the space of signed
tight Borel measures on X, show that p— ul€ : My — M(E) is a Banach lattice isomorphism between the
L-spaces M; and M (), and is also a homeomorphism when M; and M (&) are given their vague topologies.

(J) (i) Let X be a topological space, and ¥ an algebra of subsets of X containing every open set; let
M (X)™ be the set of non-negative real-valued additive functionals on ¥, endowed with its narrow topology,
E a member of 3, and OF its boundary. Show that v+ vE : M(X)* — [0, 00| is continuous at vy € M(X)*
iff vy(OF) = 0. (ii) Let X be a completely regular topological space, and ¥ a o-algebra of subsets of X
including the Baire o-algebra. Write M, for the L-space of countably additive functionals on ¥. Let F be
a filter on the positive cone M and p a member of M. Show that F — pu for the vague topology on M,
iff uE = lim,_,7 vE whenever F € ¥ and p(9F) = 0.

(k) Let X be a compact Hausdorff space, MP‘{ the set of Radon measures on X and Pgr the set of Radon
probability measures on X. (i) Show that MF"{' , with its narrow topology and its natural convex structure,
can be identified with the positive cone of C(X)* with its weak* topology. (ii) Show that Pg, with its narrow
topology and its natural convex structure, can be identified with {f : f € C(X)*, f >0, f(xX) = 1} with
its weak*® topology.

(1) In 437Mc, show that |¢(u, v)| = ¥(|ul, |v|) for every u € M, (X) and v € M (Y).

(m) Let X be a topological space, Y a regular topological space and M;R(X), M;R(Y):nhe spaces of
totally finite quasi-Radon measures on X, Y respectively. For a continuous ¢ : X — Y define ¢ : M, ;R(X ) —
M ;R(Y) by saying that ¢ is inverse-measure-preserving for 1 and ¢(p) for every p € M ;—R(X ) (418HDb). Show

that (Z) is continuous for the narrow topologies.

>(n) Let ((X;,%;, %, pi))icr be a countable family of Radon probability spaces, and @ the set of Radon
probability measures # on X = [],.; X; such that the image of 4 under the map = — (i) is p; for every
i € I. Show that @ is uniformly tight and is compact for the narrow topology on the set of totally finite
topological measures on X.

(o) Let X be any topological space, and MJR the space of totally finite quasi-Radon measures on X.
Show that M :R is complete in the total variation metric.

(p) Let X and Y be topological spaces, and pg), pEVY ), pgxy) the total variation metrics on the spaces
MR (X), M#(Y) and M, (X x Y) of quasi-Radon measures. Let ju1, pg be totally finite quasi-Radon
measures on X, v1, vy totally finite quasi-Radon measures on Y, and u; X vy, ps X vy the quasi-Radon
product measures. Show that

péifo)(m X V1, pp X v2) < ng)(ﬂhl@) Y + X - pg)(vl,m)-

(q) (i) Show that the set M (B(X)) of totally finite Borel probability measures on X is Ty in its narrow
topology for any topological space X. (ii) Give X = w; + 1 its order topology. Show that the narrow
topology on M (B(X)) is not Ty. (Hint: consider interpretations of Dieudonné’s measure on wy and the
Dirac measure concentrated at wy as Borel measures on X.)

(r) Let X be any topological space and M the set of non-negative additive functionals defined on
subalgebras of PX containing every open set. For p, v € M+ define u +v € M* by setting (u + v)(E) =
uE + vE for E € dompNdomwv. (i) Show that addition on M ™ is continuous for the narrow topology. (ii)
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Show that (e, j1) — ays : [0, 00[ x M+ — M is continuous for the narrow topology on M*. (iii) Writing P
for {p:pe M+, pX = 1}, and §, for the Dirac measure concentrated at = for each z € X, show that the
convex hull of {§, : # € X} is dense in P for the narrow topology. (iv) Suppose that A and B are uniformly
tight subsets of M+ and 4 > 0. Show that AUB, A+ B={u+v:puc A ve B}and {au: pu € A,
0 < a <~} are uniformly tight.

(s) Let (X, p) be a metric space, ¥ a subalgebra of PX containing all the open sets, and M = M(X) the
set of bounded finitely additive functionals on 3. For u, v € M set

PR (U, V) = sup{\fu dp — fudy| su: X — [—1,1] is 1-Lipschitz},

prp(p,v) =inf{e: e >0, vF — pU(F;¢) < e and pF —vU(Fje) <€
for every non-empty closed F' C X},

where U(F;€) = {z : p(z, F') < €} for non-empty subsets F' of X. (i) Show that pxr and prLp are pseudo-
metrics on M. (ii) Show that if p, v € M and prp(p,v) = & then min(1,?%) < pxr (1, ) < 25(1+6 +|v|X).
(iii) Show that pxr and prp induce the same topology on M and the same uniformity on {y : p € M,
|@| X < ~}, for any v > 0. (Hint: BOGACHEV 07, 8.10.43. ppp is the Lévy-Prokhorov pseudometric.)

(t) Let X be a Hausdorff space and P the set of Radon measures p on X such that pX < 1, with its
narrow topology. (i) Show that the extreme points of P} are the Dirac measures on X, as in 4378, together
with the zero measure. (ii) For z € X let §, be the Dirac measure on X concentrated at x. Show that
x — 0 is a homeomorphism between X and its image in Py.

(u) Let X be a non-empty compact metrizable space, and ¢ : X — X a continuous function. Show
that there is an # € X such that lim,, %H Yoo u(¢'(z)) is defined for every u € C(X). (Hint: 372H7,
4A2Pe.)

(v) Let X be a Ty topological space, and P,r the set of quasi-Radon probability measures on X. Show
that the extreme points of Pyg are just the Dirac measures on X concentrated on points = such that {z} is
closed.

>(w) Let X be a Prokhorov Hausdorff space, and A a set of totally finite Radon measures on X which
is compact for the narrow topology. Show that A is uniformly tight. (Hint: (i) v = sup,c 4 pX is finite; (ii)
for any € > 0 the set {MLX pw:p €A puX > e} is narrowly compact, therefore uniformly tight; for any € > 0
the set {p: pu € A, uX > €} is uniformly tight.)

(x) Give wy its order topology, and let M; be the L-space of signed tight Borel measures on wy. (i) Show
that wy is a Prokhorov space. (ii) For £ < wy, define pe € My by setting pue(E) = xE(§) — xE(§ + 1) for
every Borel set E C wy. Show that {p¢ : £ < wi} is relatively compact in M; for the vague topology, but is
not uniformly tight. (Compare 437Yy below.)

(y) Let X and Y be analytic spaces, and P = Pr(X) the space of Radon probability measures on X
with its narrow topology. (i) Let V be an analytic subset of (P x Y) x X. Show that {(u,y) : p € P,y €Y,
wV{(p,y)}] > a} is analytic for every a € R. (Hint: start with V = C x F x E where C, F and E are
closed, recalling 437Re and 437Jd, and apply 431Db; compare 431Yb.) (ii) Let W be a coanalytic subset of
(P xY)x X. Show that {(u,y):p € P,yeY, W[{(p,y)}] is not p-negligible} is coanalytic.

(z) Let X be a second-countable topological space, P = P,(X) the space of topological probability
measures on X with its narrow topology and C the space of closed subsets of X with the Fell topology. For
w € P write supp p for the support of p. (i) Show that {(z,C): C € C, z € C} is a Borel subset of X x C.
(ii) Show that {(p,x) : u € P, x € supp u} is a Borel subset of P x X. (iii) Show that u — supppu: P = C
is Borel measurable. (Cf. 424Ya.)

"Formerly 3721I.
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437Y Further exercises (a) Let X be a set and U a Riesz subspace of R¥. Give formulae for the
components of a given element of U™ in the bands U, (U;)*, Uy and (U>)*. (Hint: 356YDb.)

(b) Let X be a compact Hausdorff space. Show that the dual C(X;C)* of the complex linear space of
continuous functions from X to C can be identified with the space of ‘complex tight Borel measures’ on X,
that is, the space of functionals p : B(X) — C expressible as a complex linear combination of tight totally
finite Borel measures; explain how this may be identified, as Banach space, with the complexification of the
L-space M, of signed tight Borel measures as described in 354Y1. Show that the complex Banach space
LF(B(X)) is canonically embedded in C(X;C)**.

(c) Write . for counting measure on [0, 1], and py, for Lebesgue measure; write p. X puy, for the product
measure on [0, 1]?, and p for the direct sum of y1. and g x 1y, Show that the L-space C([0,1])™ is isomorphic,
as L-space, to L'(u1). (Hint: every Radon measure on [0, 1] has countable Maharam type.)

(d) Let X be aset, U a Riesz subspace of £>°(X) containing the constant functions, and ¥ the smallest o-
algebra of subsets of X with respect to which every member of U is measurable. Write X for the intersection
of the domains of the completions of the totally finite measures with domain ¥. Show that there is a unique

sequentially order-continuous norm-preserving Riesz homomorphism from £>(X) to (U5")* 2 M} such that
(Su)(f) = f(u) whenever u € U and f € U

(e) Show that in 437Ib the operator S : £L°°(Xyrm) — Co(X)** is multiplicative if Co(X)** is given the
Arens multiplication described in 4A60 based on the ordinary multiplication (u,v) — u x v on Cp(X).

(f) Explain how to express the proof of 285L(iii)=-(ii) as («) a proof that if the characteristic functions
of a sequence (v, )nen of Radon probability measures on R” converge pointwise to a characteristic function,
then {v,, : n € N} is uniformly tight (5) the observation that any subalgebra of C,(R") which separates the
points of R"™ and contains the constant functions will define the vague topology on any vaguely compact set
of measures.

(g) Let X be a topological space. (i) Let Ba be the Baire o-algebra of X, M, (Ba) the space of signed
Baire measures on X, and u : X — R a bounded Baire measurable function. Show that we have a linear
functional 1 — fudp : M,(Ba) — R agreeing with ordinary integration with respect to non-negative
measures. Show that this functional is Baire measurable with respect to the vague topology on M, (Ba). (ii)
Let M, be the space of signed 7-additive Borel measures on X, and u : X — R a bounded Borel measurable
function. Show that we have a linear functional p — fudy : M, — R agreeing with ordinary integration
with respect to non-negative measures. Show that this functional is Borel measurable with respect to the
vague topology on M.

(h) Let X be a topological space, po a totally finite T-additive topological measure on X, and u : X — R
a bounded function which is continuous pg-a.e. Let M be the set of totally finite topological measures on
X, with its narrow topology. Show that v — fu dv : M} — R is continuous at pg.

(i) Let X be a Hausdorff space, and M7 the set of all Radon measures on X. Define addition and scalar
multiplication (by positive scalars) on Mg” T as in 234G, 234Xf and 416De and < by the formulae of 234P or
416Ea. (i) Show that Mg°" is a Dedekind complete lattice. (ii) Show that if A C M is upwards-directed
and non-empty, it is bounded above iff {G : G C X is open, sup,c 4 ¥G < oo} covers X, and in this case
dom(sup A) = [, 4 domv and (sup A)(E) = sup,c 4 VE for every £ € dom(sup A). (iii) Show that if p,
v € M®" then v = sup,,cy vAnu iff every p-negligible set is v-negligible. (iv) Show that if p, v € M then
v is uniquely expressible as vs + v, where v, v, €€ MIO{OJF, pAvs =0 and vee = Sup, ey Vac Anpt. (v) Show
that if p, v € Mgt then dom(uVr) = dom pNdom v and (uVv)(E) = sup{uF+v(E\F) : F € dom uNdom v,
F C E} for every E € dom(p V v). (vi) Show that if y, v € M°" then dom(uAv) = {EUF : E € domy,
F € domv}. (vil) Show that if u, v € M§°+ then p A v = 0 iff there is a set E C X which is p-negligible
and v-conegligible. (viii) Show that there is a Dedekind complete Riesz space V' such that the positive cone
of V is isomorphic to Mﬁo"’.
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(j) For a topological space X let M, (X) be the L-space of signed 7-additive Borel measures on X, and
Y M (X) x M;(X) = M, (X x X) the canonical bilinear operator (437M); give M, (X) and M, (X x X)
their vague topologies. (i) Show that if X = [0, 1] then ¢ is not continuous. (ii) Show that X = N and B is
the unit ball of M, (X) then ¢[B x B is not continuous.

(k) Let X and Y be topological spaces, and ¢ : M, (X)x M, (Y) = M, (X xY) the bilinear map of 437Mc.
Write M (X), etc., for the spaces of signed tight Borel measures. (i) Show that ¢(u,v) € M (X xY) for
every 1 € My(X), v € My(Y). (ii) Show that if B C M;(X), B’ C M(Y') are norm-bounded and uniformly
tight, then ¥ | B x B’ is continuous for the vague topologies.

(1) Let X be a topological space, and M the space of bounded additive functionals defined on subalgebras
of PX containing every open set. For v € M, say that |v|(E) = sup{vF — v(E\ F) : F € domv, F C E}
for E € domv. Show that a set A C M is uniformly tight in the sense of 4370 iff every member of A is
tight and {|v| : v € A} is uniformly tight.

(m) Let X be a completely regular space and Pyr the space of quasi-Radon probability measures on
X. Let B C P,r be a non-empty set. Show that the following are equiveridical: (i) B is relatively
compact in Pyg for the narrow topology; (ii) whenever A C Cy(X) is non-empty and downwards-directed
and inf,e 4 u(x) = 0 for every x € A, then inf,casup,cp Jwdp = 0; (iii) whenever G is an upwards-directed
family of open sets with union X, then supgcg inf,ep pG = 1.

(n) (i) Let X be a regular topological space, and M, ;R the space of totally finite quasi-Radon measures

on X, with its narrow topology. Show that M :R is regular. (ii) Find a second-countable Hausdorff space X
such that the space Pyr of quasi-Radon probability measures on X is not Hausdorff in its narrow topology.

(o) Let (X, p) and (Y,0) be metric spaces, and give M;'R(X) and M;'R(Y) the corresponding metrics
PKR, OKR as in 437Rg. For a continuous function ¢ : X — Y, let ¢ : M;R(X) — MJR(Y) be the map
described in 437Xm. (i) Show that if ¢ is y-Lipschitz, where v > 1, then ¢ is y-Lipschitz. (ii) (J.Pachl)
Show that if ¢ is uniformly continuous, then ¢ is uniformly continuous on any uniformly totally finite subset
of M;R(X ). (iii) Show that if (X, p) is R with its usual metric, then pxr is not uniformly equivalent to

Lévy’s metric as described in 274Yc®. (For a discussion of various metrics related to pkgr, see BOGACHEV
07, 8.10.43-8.10.48.)

(p) Let (X, p) be a metric space. For f € Cp(X)7, set || fllxkr = sup{|f(w)] : u € Cp(X), ||u)lec <1, uis
1-Lipschitz}. (i) Show that || |kr is a norm on Cy(X)7. (ii) Let (X', p’) and (X", p”") be metric spaces, and
p the £1-product metric on X = X’ x X" defined by saying that p((2’,2"), (v/,y")) = p'(z',y') + p" (2", y").
Identifying the spaces M, (X’), M.(X") and M, (X) of signed T-additive Borel measures with subspaces of
Co(X")>, Co(X") and Cy(X')7, as in 437E-437H, show that the bilinear map ¢ : M. (X') x M. (X") —

M, (X) described in 437Mc has norm 1 when M, (X'), M (X") and M, (X) are given the appropriate norms
[ kg

(q) Let X be a topological space and M+ the set of non-negative real-valued additive functionals defined
on algebras of subsets of X containing every open set, endowed with its narrow topology. Show that the
weight w(M ™) of M is at most max(w,w(X)).

(r) Let X be a Cech-complete completely regular Hausdorff space and Py the set of Radon probability
measures on X, with its narrow topology. Show that Pg is Cech-complete.

(s) Let ((;,[1;))icr be a non-empty family of probability algebras, and F an ultrafilter on I. Let
(A, 1) = [T;c; (s, )| F be the reduced product as defined in 328C. For each i € I, let (Z;, ;) be the Stone
space of (s, 1;); give W = {(2,i) : i € I, z € Z;} its disjoint union topology, and let ST be the Stone-Cech
compactification of W. For each i € I, define ¢; : Z; — W C SW by setting ¢;(z) = (z,1) for z € Z;, and
let l/igbfl be the image measure on SW. Let v be the limit lim; , 7 v;¢; ! for the narrow topology on the
space of Radon probability measures on W, and Z its support. Show that (Z,v) can be identified with the
Stone space of (2, ).

8Formerly 274Ya.
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(t) (i) Show that there are a continuous ¢ : {0, 1} — [0, 1] and a positive linear operator 7' : C'({0, 1}Y) —
C([0, 1]) such that T'(u¢) = u for every u € C([0,1]). (Hint: if I, = {z : 0 C € {0,1}N for o € ,,cn{0, 1}7,
arrange that {t : T(xI,)(t) > 0} is always an interval of length (2)#(?).) (ii) Show that there are a continuous
¢ : ({0, 13NN — [0,1]N and a positive linear operator T : C(({0, 1}M)N) — €(]0,1]V) such that T(h¢) = h
for every h € C([0,1)N). (Hint: if, in (i), (Tg)(t) = [gdv; for t € [0,1] and g € C({0,1}Y), take 14 to be
the product measure [, o 14, for t = (tn)nen € [0,1]Y.)

(u) Let X be a separable metrizable space and P = Pg(X) the set of Radon probability measures on
X, with its narrow topology. Show that there is a family (f,).cp of functions from [0, 1] to X such that (i)
(u,t) — f,,(t) is Borel measurable (ii) writing p, for Lebesgue measure on [0,1], p1 = uqu’l for every u € P
(iil) whenever (i )nen is a sequence in P converging to p € P, there is a countable set A C [0, 1] such that
fu(t) = limy o0 fou, () for every t € [0,1] \ A. (Hint: first consider the cases X = [0,1] and X = {0,1}",
then use 437Yt to deal with [0, 1] and its subspaces. See BOGACHEV 07, §8.5.)

(v) Let (2, i) be a measure algebra, and 2/ the ideal of elements of 2 of finite measure. For a € 2/
and u € LY = L), let v,, be the totally finite Radon measure on R defined by saying that v, (E) =
fi(an[u € E]) (definition: 364G, 434T) for Borel sets £ C R. For a € 2/ and u, v € L° set p,(u,v) =
P R(Vaus Vav), Where pxp is the metric on M7 = M} (R) defined from the usual metric on R. (i) Show
that the family P = {p, : a € 2/} of pseudometrics defines the topology of convergence in measure on L°
(definition: 367L). (ii) Show that if (2, ) is semi-finite then the uniformity ¢/ defined from P is metrizable
iff (2, 1) is o-finite and A has countable Maharam type. (iii) Show that if (2, i) is semi-finite then L°
is complete under U (definition: 3A4F) iff 2 is purely atomic. (Hint: if (2, i) is an atomless probability
algebra and (c,)nen is an independent sequence of elements of 2 of measure %, show that (Vg ye,)nen 18
convergent in My for every a € 2, so (xcn)nen is U-Cauchy.)

(x)(i) Let X be a metrizable space, and A a narrowly compact subset of the set of Radon probability
measures on X. Show that there is a separable subset Y of X which is conegligible for every measure in A.
(ii) Show that a metrizable space is Prokhorov iff all its closed separable subspaces are Prokhorov.

(y) I say that a completely regular Hausdorff space X is strongly Prokhorov if every vaguely compact
subset of the space My (X) of signed tight Borel measures on X is uniformly tight. (i) Check that a strongly
Prokhorov completely regular Hausdorff space is Prokhorov. (ii) Show that a closed subspace of a strongly
Prokhorov completely regular Hausdorff space is strongly Prokhorov. (iii) Show that the product of a
countable family of strongly Prokhorov completely regular Hausdorff spaces is strongly Prokhorov. (iv)
Show that a Gy subset of a strongly Prokhorov metrizable space is strongly Prokhorov. (v) Show that if
(X, p) is a complete metric space then X is strongly Prokhorov.

(z) Let X be a regular Hausdorff topological space and C' a non-empty narrowly compact set of totally
finite topological measures on X, all inner regular with respect to the closed sets. Set ¢(A4) = Sup,ec u*A
for A C X. Show that ¢: PX — [0,00[ is a Choquet capacity.

437 Notes and comments The ramifications of the results here are enormous. For completely regular
topological spaces X, the theorems of §436 give effective descriptions of the totally finite Baire, quasi-Radon
and Radon measures on X as linear functionals on Cy(X) (436E, 436X1, 436Xn). This makes it possible,
and natural, to integrate the topological measure theory of X into functional analysis, through the theory
of Cp(X)*. (See WHEELER 83 for an extensive discussion of this approach.) For the rest of this volume we
shall never be far away from such considerations. In 437C-437I I give only a sample of the results, heavily
slanted towards the abstract theory of Riesz spaces in Chapter 35 and the first part of Chapter 36.

Note that while the constructions of the dual spaces U™, U and U™ are ‘intrinsic’ to a Riesz space U, in
that we can identify these functions as soon as we know the linear and order structure of U, the spaces U.’
and U, are definable only when U is presented as a Riesz subspace of RX. In the same way, while the space
M, (%) of countably additive functionals on a o-algebra ¥ depends only on the Boolean algebra structure,
the spaces M, here (not to be confused with the space of completely additive functionals considered in
362B) depend on the topology as well as the Borel algebra. (For an example in which radically different
topologies give rise to the same Borel algebra, see JUHASZ KUNEN & RUDIN 76.)
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You may have been puzzled by the shift from ‘quasi-Radon’ measures in 436H to ‘r-additive’ measures
in 437H; somewhere the requirement of inner regularity has got lost. The point is that the topologies being
considered here, being defined by declaring certain families of functions continuous, are (completely) regular;
so that T-additive measures are necessarily inner regular with respect to the closed sets (414Mb).

The theory of ‘vague’ and ‘narrow’ topologies in 437J-437V here hardly impinges on the questions con-
sidered in §§274 and 285, where vague topologies first appeared. This is because the earlier investigation
was dominated by the very special position of the functions z — e®** (what we shall in §445 come to call
the ‘characters’ of the additive groups of R or R"). One idea which does appear essentially in the proof of
285L, and has a natural interpretation in the general theory, is that of a ‘uniformly tight’ family of Radon
measures (4370). In 445Yh below I set out a generalization of 285L to abelian locally compact groups.

In §461 I will return to the general theory of extreme points in compact convex sets. Here I remark only
that it is never surprising that extreme points should be special in some way, as in 437S and 461Q-461R;
but the precise ways in which they are special are often unexpected. A good deal of work has been done
on relationships between the topological properties of a topological space X and the space Pr of Radon
probability measures on X with the narrow topology. Here I give only a sample of basic facts in 437R and
437Yq-437Yr. Having observed that M, ;R(X ) is metrizable whenever X is (437Rg), it is natural to seek ways
of defining a metric on M, ;_R(X ) from a metric on X. The Kantorovich-Rubinstein metric pxr I have chosen
here is only one of many possibilities; compare the Lévy metric of 274Yc and the metric pw of 457K below.
Note that it can make a difference whether we look at quasi-Radon (or 7-additive) probability measures, or
at general Borel measures (438Y1).

The terms ‘vague’ and ‘narrow’ both appear in the literature on this topic, and I take the opportunity to
use them both, meaning slightly different things. Vague topologies, in my usage, are linear space topologies
on linear spaces of functionals; narrow topologies are topologies on spaces of (finitely additive) measures,
which are not linear spaces, though we can in some cases define addition and multiplication by non-negative
scalars (437N, 437Xr, 437Yi). I must warn you that this distinction is not standard. I see that the word
‘narrow’ appears above a good deal oftener than the word ‘vague’, which is in part a reflection of a simple
prejudice against signed measures; but from the point of view of this treatise as a whole, it is more natural
to work with a concept well adapted to measures with variable domains, even if we are considering questions
(like compactness of sets of measures) which originate in linear analysis. I should mention also that the
definition in 437Jc includes a choice. The duality considered there uses the space Cj,(X); for locally compact
X, we have the rival spaces Cy(X) and Cy(X) (see 436J and 436K), and there are occasions when one of
these gives a more suitable topology on a space of measures (as in 495X1 below).

The elementary theory of uniform tightness and Prokhorov spaces (4370-437V) is both pretty and use-
ful. The emphasis I give it here, however, is partly because it provides the background to a remarkable
construction by D.Preiss (439S below), showing that Q is not a Prokhorov space.
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438 Measure-free cardinals

At several points in §418, and again in §434, we had theorems about separable metrizable spaces in which
the proofs undoubtedly needed some special property of these spaces (e.g., the fact that they are Lindelof),
but left it unclear whether something more general could be said. When we come to investigate further,
asking (for instance) whether complete metric spaces in general are Radon (438H), we find ourselves once
again approaching the Banach-Ulam problem, already mentioned at several points in previous volumes, and
in particular in 363S. It seems to be undecidable, in ordinary set theory with the axiom of choice, whether
or not every discrete space is Radon in the sense of 434C. On the other hand it is known that discrete spaces
with cardinal at most w,, (for instance) are indeed always Radon. While as a rule I am deferring questions
of this type to Volume 5, this particular phenomenon is so pervasive that I think it is worth taking a section
now to clarify it.

The central definition is that of ‘measure-free cardinal’ (438A), and the basic results are 438B-438D. In
particular, ‘small’ infinite cardinals are measure-free (438C). From the point of view of measure theory, a
metrizable space whose weight is measure-free is almost separable, and most of the results in §418 concerning

(©) 2007 D. H. Fremlin
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separable metrizable spaces can be extended (438E-438G). In fact ‘measure-free weight’ exactly determines
whether a metrizable space is measure-compact (438J, 438Xm) and whether a complete metric space is
Radon (438H). If ¢ is measure-free, some interesting spaces of functions are Radon (438T). I approach these
last spaces through the concept of ‘hereditary weak 6-refinability’ (438K), which enables us to do most of
the work without invoking any special axiom.

438 A Measure-free cardinals: Definition A cardinal k is measure-free or of measure zero if
whenever u is a probability measure with domain Pk then there is a £ < x such that u{&} > 0. In 363S I
discussed some statements equiveridical with the assertion ‘every cardinal is measure-free’.

438B It is worth getting some basic facts out into the open immediately.

Lemma Let (X, ¥, 1) be a semi-finite measure space and (E;);c; a point-finite family of subsets of X such
that #([) is measure-free and (J;. ; E; € ¥ for every J C I. Set £ = (J,; Ei.

(a) pE = sup sy is finite MUy Ei)-

(b) If (Ej)icr is disjoint, then uE = ), ; uF;. In particular, if ¥ = PX and A C X has measure-free
cardinal, then pA =5 _, pu{z}.

(c) If p is o-finite, then L = {i: 1 € I, pE; > 0} is countable and {J;cp\ 1, Ei is negligible.

proof (a)(i) The first step is to show, by induction on n, that the result is true if uX < co and every E;
is negligible and #({i : i € I, x € E;}) < n for every x € X. If n = 0 this is trivial, since every F; must
be empty. For the inductive step to n > 1, define v : PI — [0, 00[ by setting v.J = u(U,;c; i) for every
J C 1. Then v is a measure on [. P Write Fy = J,.; E; for J C I. (a) If J, K C I are disjoint, then for
i€lset El=FE;,NFgforieJ,0forieI\J. In this case, (E])ics is a family of negligible subsets of X,
Uics Bi = Fyng N Fi is measurable for every J' C I, and #({i : € Ej}) <n — 1 for every x € X so the
inductive hypothesis tells us that

1(User B§) = sup e is inite M(Uier HET) = 0,
that is, F)y N Fx is negligible. But this means that
V(JUK)=uF;ux = u(FrUFk) =uF;+ uFg =vJ +vK.
As J and K are arbitrary, v is additive. (8) If (J,)nen is a disjoint sequence in PI, then

v(UJ Jn) = w(| F1,) = lim u(|J Fu,)

neN neN m<n
n o0
= lim E vdy, = E v,
n—oo
m=0 n=0

so v is countably additive and is a measure. Q
At the same time, v{i} = pF; = 0 for every i. Because #(I) is measure-free, vI = 0. P? Otherwise,

let f:1 — k= #(I) be any bijection and set \A = %uf_l[A] for every A C k; then A is a probability

measure with domain Px which is zero on singletons, and « is not measure-free. XQ But this means just
that p(l;c; Es) = 0. Thus the induction proceeds.

(ii) 7 Now suppose, if possible, that the general result is false. For finite sets J C I set F; = |J,c; E,
as before, and consider &€ = {F; : J € [5]<“} (see 3A1J for this notation). Then £ is closed under finite
unions and vy = supycg pH is finite, because it is less than pFE; let (H,)nen be a non-decreasing sequence
in £ such that u(H \ H*) = 0 for every H € £, where H* = {J,, .y Hy, and pH* = 7 (215Ab).

Because p is semi-finite, there is an F' € ¥ such that F* C F and v < uF < co. For each n € N, set
Y,={z:x e F\H*, #({i: x € E;}) <n}.
Then there is some n € N such that p*Y,, > 0. Let v be the subspace measure on Y,,, so that v is non-zero
and totally finite. Now (E; NY,,)ies is a family of negligible subsets of Yy,, U,c; Ei N Y, = Y, N,y B is

measured by v for every J C I, and #({i : « € E; NY,}) < n for every z € Y,,. But this contradicts (i)
above. X
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This proves (a).
(b) If (E;)ier is disjoint, then

SUp je(r)<« 1(U,es Ei) = SUp je(r)<e Yies HEi =3 i nEi.
Setting [ = A, E, = {z} for x € A, we get the special case.

(c) Let (X,,)nen be a non-decreasing sequence of measurable sets of finite measure covering X. For each
n,set L, ={i:iel, p(EF;NX,)>2""} 2 If L, is infinite, take a sequence (ix)ren of distinct elements
in Ly, and consider Gy, = Jy>,, Ei, for m € N; then every G,, has measure at least 27", G has finite
measure, (G, )men is non-increasing, and [ Gy, is empty, because (F;, )ren is point-finite. But this is
impossible. X

Thus every L, is finite and L = UneN L,, is countable.

Now (a), applied to (Ej)ic; where Ef = E; if i € I\ L, 0 if i € L, tells us that (J;cp\  Ei is negligible.

meN

438C I do not think we are ready for the most interesting set-theoretic results concerning measure-free
cardinals. But the following facts may help to make sense of the general pattern.

Theorem (ULaM 1930) (a) w is measure-free.
(b) If k is a measure-free cardinal and k' < k is a smaller cardinal, then £’ is measure-free.
(c) If (kg)e<n is a family of measure-free cardinals, and A also is measure-free, then k = sup¢_ k¢ is
measure-free.
(d) If x is a measure-free cardinal so is k7.
(e) The following are equiveridical:
(i) ¢ is not measure-free;
(ii) there is a semi-finite measure space (X, PX, u) which is not purely atomic;
(iii) there is a measure p on [0, 1] extending Lebesgue measure and measuring every subset of [0, 1].
(f) If kK > ¢ is a measure-free cardinal then 2” is measure-free.

proof (a) This is trivial.

(b) If u is a probability measure with domain Px’, set vA = pu(x’ N A) for every A C k. Then v is a
probability measure with domain Pk, so there is a £ < k such that v{{} > 0; evidently & < " and p{&} > 0.

(c) Let p be a probability measure on x with domain Pk. Define f : kK — A by setting f(a) = min{¢ :
a < K¢} for a < k. Then the image measure pf~! is a probability measure on A with domain P\, so there
is a £ < A such that uf=*[{¢}] > 0. Now uke > 0. Applying 438Bb to A = k¢, we see that there is an
a < ke such that p{a} > 0. As p is arbitrary, x is measure-free.

(d) By (a) and (b), we need consider only the case k > w. T Suppose, if possible, that u is a probability
measure with domain PxT such that u{a} = 0 for every a < k. For each a < T, choose an injection
faia—k For B< kb E<rset A(B,E) ={a:B<a<k’, fo(B) =&} Then /<;+\U§<RA(5,§) =p+1
has cardinal at most «, which is measure-free, so p(8 +1) = 0 and u(U,, A(8,€)) > 0. Also (A(B,§))e<x
is disjoint. There is therefore a {3 <  such that uA(8,&g) > 0, by 438Bb. Now T > max(w, k), so there
must be an n < k such that B = {8 : {g = n} is uncountable. In this case, however, (A(8,7))secp is an
uncountable family of sets of measure greater than zero, and cannot be disjoint, because p is totally finite
(215B(iii)); but if « € A(B,n) N A(B',n), where 8 # 5, then fo(8) = fo(8') = n, which is impossible,
because f, is supposed to be injective. X

So there is no such measure u, and k™ is measure-free.

(e)(i)=(ii) Suppose that ¢ is not measure-free; let u be a probability measure with domain Pc such that
u{&} = 0 for every € < ¢. Then p is atomless. PP? Suppose, if possible, that A C ¢ is an atom for p. Let
f : ¢ = PN be a bijection. For each n € N, set E,, = {&:n € f(§)}. Set D ={n: u(ANE,) = uA}.
Because A is an atom, u(AN Ey,) = 0 for every n € N\ D. This means that B = (,cp £n \ U,en p En
has measure pA > 0; but f(¢) = D for every £ € B, so #(B) < 1, and p{&} > 0 for some &, contrary to
hypothesis. XQ

So (ii) is true.
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(ii)=-(iii) Suppose that there is a semi-finite measure space (X,PX,u) which is not purely atomic.
Then there is a non-negligible set £ C X which does not include any atom; let F' C E be a set of non-zero

finite measure. If we take v to be M%up, where pp is the subspace measure on F'; then v is an atomless

probability measure with domain PF. Consequently there is a function g : F — [0,1] which is inverse-
measure-preserving for v and Lebesgue measure (343Cb). But this means that the image measure vg=! is

a measure defined on every subset of [0, 1] which extends Lebesgue measure.

not-(i)=not-(iii) Conversely, if ¢ is measure-free, then any probability measure on [0, 1] measuring
every subset must give positive measure to some singleton, and cannot extend Lebesgue measure.

(f) We are supposing that k > ¢ is measure-free, so, in particular, ¢ is measure-free. Let u be a probability
measure with domain P(2%). By (e), it cannot be atomless; let £ C 2" be an atom. Let f : 2% — Pk be a
bijection, and for { < k set Ee = {a:a <2, £ € f(a)}; set D ={£:& <k, u(ENE¢) = pE}. Note that
w(E N E¢) must be zero for every £ € k\ D, so that EN{a:§ € DAf(a)} is always negligible. Consider

Ac={a:a € E, { =min(DAf(«a))}

for £ < k. Then (A¢)e<, is a disjoint family of negligible sets, so its union A is negligible, by 438Bb, because
k is measure-free. But E\ A C f~1[{D}] has at most one element, and is not negligible; so u{a} > 0 for
some «. As p is arbitrary, 2 is measure-free.

Remark This extends the result of 419G, which used a different approach to show that w; is measure-free.

We see from (d) above that we, ws,... are all measure-free; so, by (c), w, also is; generally, if s is
any measure-free cardinal, so is w, (438Xa). I ought to point out that there are more powerful arguments
showing that any cardinal which is not measure-free must be enormous (see 541L in Volume 5). In this
context, however, ¢ = 2% can be ‘large’, at least in the absence of an axiom like the continuum hypothesis
to locate it in the hierarchy (we)econ; it is generally believed that it is consistent to suppose that ¢ is not
measure-free.

438D I turn now to the contexts in which measure-free cardinals behave as if they were ‘small’.

Proposition Let (X, X, u) be a o-finite measure space, ¥ a metrizable space with measure-free weight,
and f : X — Y a measurable function. Then there is a closed separable set Yy C Y such that f~1[Yy] is
conegligible; that is, there is a conegligible measurable set Xy C X such that f[Xj] is separable.

proof Let U be a o-disjoint base for the topology of Y (4A2L(g-ii)); express it as |J, .y Un where each U,
is a disjoint family of open sets. If n € N, #(U,,) < w(Y) (4A2Db) is a measure-free cardinal (438Cb), and
(f'U)veuv, is a disjoint family in ¥ such that |J,c, f71[U] = f71{UV] is measurable for every V C U,;
so 438Bc tells us that there is a countable set V,, C U,, such that

FHUUDA\ V)] = Uvew,\v, £7U]
is negligible. Set

Yo =Y\ U,en UUn \ Vin).
Then [~V \ Yo] = Upen /7 HUU, \ Vi)] is negligible. On the other hand,
{UNYy: U ey C{0u{VnYy:VeU,en Vn}
is countable, and is a base for the subspace topology of Yy (4A2B(a-vi)); so Yj is second-countable and must
be separable (4A20c¢).

Thus we have an appropriate Yy. Now X, = f~![Yp] is conegligible and measurable and f[X,] C Yj is
separable (4A2P(a-iv)).

438E Proposition (cf. 418B) Let (X, X, 1) be a complete locally determined measure space.

(a) If Y is a topological space, Z is a metrizable space, w(Z) is measure-free, and f : X - Y, g: X - 7
are measurable functions, then x — (f(x),g(x)) : X = Y X Z is measurable.

(b) If (Y, ) nen is a sequence of metrizable spaces, with product Y, w(Y;,) is measure-free for every n € N,
and f, : X — Y, is measurable for every n € N, then x — f(x) = (fn(2))nen : X = ], cn Yn is measurable.
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proof (a)(i) Consider first the case in which f is totally finite. Then there is a conegligible set Xo C X such
that g[Xy] is separable (438D). Applying 418Bb to f] Xy and g Xy, we see that z — (f(x),g(x)) : Xo —
Y x g[Zo] is measurable. As p is complete, it follows that z — (f(z),g(z)) : X = Y x Z is measurable.

(ii) In the general case, take any open set W C Y x Z and any measurable set F' C X of finite measure.
Set @ = {z : (f(z),g9(x)) € W}. By (i), applied to f[F and g[F, FNQ € ¥; as F is arbitrary and p is
locally determined, @ € X; as W is arbitrary, = — (f(x), g(x)) is measurable.

(b) As in (a), it is enough to consider the case in which p is totally finite. In this case, we have for each
n € N a conegligible set X, such that f,[X,] is separable. Set X' = [, .y Xy; then 418Bd tells us that
f1 X' is measurable, so that f is measurable.

438F Proposition (cf. 418]) Let (X, X, i) be a semi-finite measure space and T a topology on X such
that p is inner regular with respect to the closed sets. Suppose that Y is a metrizable space, w(Y) is
measure-free and f : X — Y is measurable. Then f is almost continuous.

proof Take F € ¥ and v < pE. Then there is a measurable set F' C F such that v < pF < oco. Let
Fy C F be a measurable set such that F'\ Fj is negligible and f[Fy] is separable (438D). By 412Pc, the
subspace measure on Fj is still inner regular with respect to the closed sets, so f[Fj is almost continuous
(418J), and there is a measurable set H C Fp, of measure at least ~, such that f[H is continuous. As E
and ~ are arbitrary, f is almost continuous.

438G Corollary (cf. 418K) Let (X, T, 3, u) be a quasi-Radon measure space and Y a metrizable space
such that w(Y') is measure-free. Then a function f: X — Y is measurable iff it is almost continuous.

438H Now let us turn to questions which arose in §434.
Proposition A complete metric space is Radon iff its weight is measure-free.
proof Let (X, p) be a complete metric space, and k = w(X) its weight.

(a) If k is measure-free, let pu be any totally finite Borel measure on X. Applying 438D to the identity
map from X to itself, we see that there is a closed separable conegligible subspace Xy. Now X is complete,
so is a Polish space, and by 434Kb is a Radon space. The subspace measure px, is therefore tight (that is,
inner regular with respect to the compact sets); as X is conegligible, it follows at once that u also is. As p
is arbitrary, X is a Radon space.

(b) If  is not measure-free, take any o-disjoint base U for the topology of X. Express U as J,,cnyUn
where every U, is disjoint. Then k < #(U) and there is a probability measure v on U, with domain PU, such
that v{U} = 0 for every U € U. Let n € N be such that vi4,, > 0. For each U € U,, choose zyy € U. For Borel
sets E C X set uE = v{U : U € Uy, zy € E}; then p is a Borel measure on X and p(JU,) = v, > 0,
while p(JV) = vV = 0 for every finite V C U,,. Thus p is not 7-additive and cannot be tight, and X is not
a Radon space.

4381 Proposition Let X be a metrizable space and (F¢)¢<, a non-decreasing family of closed subsets
of X, where k is a measure-free cardinal. Then

1Ueer Fe) = 2ecn mFe \ Uy e F)
for every semi-finite Borel measure p on X.

proof (a) I had better begin by remarking that He = |, . Fy is an F, set for every ordinal § < &, by
4A2Ld and 4A2Ka. So, setting B¢ = F¢ \ He, >, puE¢ is defined.

(b) I show by induction on ( that pH¢ = > .- uE¢ for every ¢ < k. The induction starts trivially with
puHy = 0. The inductive step to a successor ordinal ¢ + 1 is also immediate, as H¢y 1 = H¢ U E¢. For the
inductive step to a limit ordinal ¢ of countable cofinality, let ((,)nen be a non-decreasing sequence in ¢ with
supremum (; then

pH¢ = sup,en pHe, = sup,ey Z§<<n ple = Zg<g pEe,
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as required.

(c) So we are left with the case in which ¢ is a limit ordinal of uncountable cofinality. In this case,
w(ENHe) < Z£<C pwE¢ whenever pE is finite. I Let U be a o-disjoint base for the topology of X (4A2L(g-
ii)), and express U as |J, . Un where each U, is disjoint. For n € N, £ < ( set

Voe ={U U €Uy, UNHe £ 0}, Vie = U Vne.
Define ¢,, : V,,c — ¢ by saying that ¢, (z) = min({€ : £ < ¢, © € Vy,¢}). Then, for any D C ¢,
¢, [D] = Ueen UWVng \ U, <¢ Vin)

is a union of members of U,,, so is open. We therefore have a measure v, on P( defined by saying that
vnD = p(E N ¢, t[D]) for every D C (. At this point, recall that we are supposing that  is measure-free,
so #(() also is measure-free (438Cb) and v;,¢ = "¢ vn{€} = supe v (438Bb). Interpreting this in X,
we have p(E N Vi) = supee (BN Vig).

This is true for every n € N. So there is a countable set C' C ( such that j(ENV,¢) = supeee p(ENVie)
for every n € N. Because cf( > w, there is an a < ¢ such that C' C «, and u(E N Vye) = p(E N Vya), that
is, E N Vp¢ \ Vi is negligible, for every n € N.

Now note that F,, is closed. So

neN

HN\Fo S| {U:U U, H.nU # 0, UNF, =0}

= U Vn( \ Vn,a+1a
neN

and E N H¢ \ F, is negligible. Accordingly, using the inductive hypothesis,
WENH) < pFo=pHopr <3 ec, iBe <3 e pE,

as claimed. Q
Because (4 is semi-finite, and E is arbitrary, uH; < Zg < E¢; but the reverse inequality is trivial, so we
have equality, and the induction proceeds in this case also.

(d) At the end of the induction we have uH, = > ., pEg, as stated.

438J So far we have been looking at metrizable spaces, the obvious first step. But it turns out that the
concept of ‘metacompactness’ leads to generalizations of some of the results above.

Proposition (MORAN 70, HAYDON 74) Let X be a metacompact space with measure-free weight.
(a) X is Borel-measure-compact.
(b) If X is normal, it is measure-compact.
(c) If X is perfectly normal (for instance, if it is metrizable), it is Borel-measure-complete.

proof (a) ? If X is not Borel-measure-compact, there are a non-zero totally finite Borel measure p on X
and a cover G of X by negligible open sets (434H(a-v)). Let H be a point-finite open cover of X refining G.
By 4A2Dc, #(H) is at most max(w, w(X)), so is measure-free, by 438C. Because p is a Borel measure, | JH’
is measurable for every H' C H; uH = 0 for every H € H; while u(|lJ#H) = uX > 0. But this contradicts
438Ba. X

(b) Now suppose that X is normal, and that u is a totally finite Baire measure on X. Because a normal
metacompact space is countably paracompact (4A2F(g-iii)), x has an extension to a Borel measure p1 which
is inner regular with respect to the closed sets, by Maiik’s theorem (435C). Now p; is T-additive, by (a)
above, so u also is (411C). As p is arbitrary, X is measure-compact.

(c) Since on a perfectly normal space the Baire and Borel measures are the same, X is Borel-measure-
complete iff it is measure-compact, and we can use (b).

Remark The arguments here can be adapted in various ways, and in particular the hypotheses can be
weakened; see 438Yd-438YT.
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438K Hereditarily weakly f#-refinable spaces A topological space X is hereditarily weakly 6-re-
finable (also called hereditarily o-relatively metacompact, hereditarily weakly submetacompact)
if for every family G of open subsets of X there is a o-isolated family A of subsets of X, refining G, such
that JA=UG.

438L Lemma (a) Any subspace of a hereditarily weakly #-refinable topological space is hereditarily
weakly #-refinable.

(b) A hereditarily metacompact space (e.g., any metrizable space, see 4A2Lb) is hereditarily weakly 6-
refinable.

(¢) A hereditarily Lindelof space is hereditarily weakly -refinable.

(d) A topological space with a o-isolated network is hereditarily weakly #-refinable.

proof (a) If X is hereditarily weakly #-refinable, Y is a subspace of X, and H is a family of open subsets
of V,set G ={G: G C X isopen, GNY € H}. Then there is a o-isolated family 4, refining G, with union
UG; and {ANY : A € A} is o-isolated (4A2B(a-viii)), refines H, and has union | JH. As H is arbitrary, YV
is hereditarily weakly 6-refinable.

(b) If X is hereditarily metacompact, and G is any family of open sets in X with union W, then G is an
open cover of the metacompact space W, so has a point-finite open refinement H with the same union. For
each x € W, set H, ={H : 2 € H € H}, V, = [ Hz, so that H, is a non-empty finite set and V, is an
open set containing z. For n > 1, set A, = {z : ©x € W, #(H,) = n}; then for any distinct z, y € A, either
Hy =Hyand V, =V, or #(H,UH,) > n and V, NV, NA, = 0. This means that A, = {V,NA, :z € A4,}
is a partition of A,, into relatively open sets, and is an isolated family. Also, A, is a refinement of H and
therefore of G; so Un>1 A, is a o-isolated refinement of G, and its union is Un>1 A, =W. As G is arbitrary,
X is hereditarily weakly 6-refinable. -

(c) If X is hereditarily Lindelof and G is a family of open subsets of X, there is a countable Gy C G
with the same union; now Gy, being countable, is o-isolated. As G is arbitrary, X is hereditarily weakly 6-
refinable.

(d) If X has a o-isolated network A4, and G is any family of open subsets of X, then
E={A:Ae€ A, Aisincluded in some member of G}
is a o-isolated family (4A2B(a-viii) again), refining G, with union | JG.

438M Proposition (GARDNER 75) If X is a hereditarily weakly 6-refinable topological space with
measure-free weight, it is Borel-measure-complete.

proof Let p be a Borel probability measure on X, and G the family of p-negligible open sets. Let A be a
o-isolated family refining G with union JG. Express A as |J,,cyAn where each A, is an isolated family;
for each n € N, set X,, = J A, and let p,, be the subspace measure on X,,. Then A, is a disjoint family of
relatively open p,-negligible sets; as #(A,) < w(X,) < w(X) (4A2D) is measure-free, and pu,, is a totally
finite Borel measure on X,,,

by 438Bb. Now u(JG) = (U, ey Xn) = 0. As p is arbitrary, X is Borel-measure-complete (4341(a-iv)).

438N For the next few paragraphs, I will use the following notation. Let X be a topological space
and G a family of subsets of X. Then J(G) will be the family of subsets of X expressible as [ J.A for some
o-isolated family A refining G. Observe that X is hereditarily weakly #-refinable iff (JG belongs to J(G)
for every family G of open subsets of X.

(a) J(G) is always a o-ideal of subsets of X. PP If A is a o-isolated family of subsets of X, refining G,
and B is any set, then {BN A: A € A} is still o-isolated and still refines G; so any subset of a member of
J(G) belongs to J(G). If (A, )nen is a sequence of o-isolated families refining G, then |, .y A» is o-isolated
and refines G; so the union of any sequence in J(G) belongs to J(G). Q

neN
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(b) If H refines G, then J(H) C J(G). P All we need to remember is that any family refining H also
refines G. Q

(c) If X and Y are topological spaces, A C X, f: A — Y is continuous, and H is a family of subsets of
Y,set G={f"H]: HeH} Then J(G) D {f'[B]:BeJ(H)} PIf Be J(H), there is a o-isolated
family D of subsets of Y, refining #, and with union B. Now A = {f~}[D] : D € D} refines G and has union
S [B]. We can express D as |J,,cy Dn, where each D, is an isolated family; set A, = {f~'[D]: D € D,},
so that A = (J,,cy An. For each n, A, is disjoint, because D,, is. Moreover, if D € D,,, then D = HN{JD,
for some open set H C Y, so that f~[D] = f~[H]N|J A, is relatively open in |JA,; this shows that A,
is an isolated family. Accordingly A is o-isolated and witnesses that f~[B] € J(G). As B is arbitrary, we
have the result. Q

(d) If X is a topological space, G is a family of subsets of X, and (D;);cs is an isolated family in J(G),
then | J;c; Di € J(G). P For each i € I, let (Ani)nen be a sequence of isolated families, all refining G, such
that D; = U, ey U Ain. Set A, = U, Ain for each n. Then A, refines G, and J,,cyUAn = U, Di It
is easy to check that every A, is isolated, so that (J, oy An witnesses that | J,.; D; belongs to J(G). Q

4380 Lemma Give R the topology & generated by the closed intervals |—oo, ¢] for ¢t € R, and let r > 1.
Then R”, with the product topology corresponding to &, is hereditarily weakly #-refinable.

proof Induce on r. Write < for the usual partial order of R”, and |—oo,z] for {y : y < z}; set Vy =
Uzeal—00,z] for A CR". The sets |—o0, z], as = runs over R", form a base for the topology of R".
The induction starts easily because & itself is hereditarily Lindelof. B If G C &, set

A ={z: 2z €R, there is some G € G such that |—o0, z] C G}.

Then A has a countable cofinal set D, so that there is a corresponding countable subset of G with the same
union as G. Q By 438Lc, & is hereditarily weakly #-refinable.
For the inductive step to r + 1, where r > 1, let G be a family of open subsets of R™*!, and set

A= {z:x e R", there is some G € G such that |—o0, 2] C G}.

For each k < r, ¢ € Q set K, = (r + 1)\ {k} and let By, C Rk be the set {z : 2°<q> € Va}, writing
27 <g> for that member z of R"*! such that #] K = 2 and z(k) = ¢. (I am thinking of members of R"+!
as functions from r +1 = {0,... ,r} to R.) Set Apq = {z: 2 € Va, z(k) = ¢}, Grg = {]—00,2] : x € Ay}
Then, in the notation of 438N, V4, € J(G). P Set f(x) = x| K}, for each x € Vy,, so that f : Va, — R
is continuous. For z € Ay, |—00,z] = f~1[]—o00, f(x)]]. Now RE* is hereditarily weakly f-refinable, by the
inductive hypothesis, so if we set Hyq = {]—00, f(2)] : © € Apq}, UHig € T (Hiq) and (by 438Nc)

Vae, = FHUHkg € T(Grg) € T(9). Q

Accordingly W € J(G), where W = U, <, ,cq Var,» by 438Na.

Now consider VA \ W. If z, 2’ € V4 \ W and = < 2’ then = 2/. P? Otherwise, there are a k < n and
a g € Q such that z(k) < ¢ < 2/(k). In this case, setting y| Ky = [ K and y(k) = g, we have y € Ay, and
x € VAkq- XQ

But this means that the subspace topology of V4 \ W is discrete, so that {{z} : * € V4 \ W} is an
isolated family covering V4 \ W and refining G; thus V4 \ W € J(G) and |JG = V4 belongs to J(G). As G
is arbitrary, R™*! is hereditarily weakly #-refinable and the induction proceeds.

438P Lemma Let X be a Polish space, and cl=¢t (X) the family of functions w : R — X such that
limgy, w(s) and limgy, w(s) are defined in X for every ¢ € R.
(a) For AC BCRand f € X5, set

jump 4 (f,€) = sup{n : there is an I € [A]" such that p(f(s), f(t)) > €

whenever s < t are successive elements of I}.

Now a function w € X* belongs to ol tii jumpy_,, ,,)(w, €) is finite for every n € N and € > 0.
(b) Ifw € ¢V then w is continuous at all but countably many points of R.
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(c)fwe ¢V then w[[—n,n]] is relatively compact in X for every n € N.

proof Fix on a complete metric p inducing the topology of X.

(a)(i) Suppose that w € C’1L, n € N and € > 0. For every ¢t € [—n,n], there is a &; > 0 such that
plw(s),w(s")) < e whenever either t < s < <t+d ort—0d <s<s <t Now there is an m > 1 such
that whenever s, s’ € [-n,n] and [s — §'| < %n there is a t € [—n,n] such that both s and s’ belong to
[t — 6¢,t + O¢]. Suppose now that —n < tg < t; < ... < t3;, < n. Then there must be an i < m such that
t3iys —t3; < %n Let ¢ be such that both t3; and t3;43 belong to [t — d;, ¢ + d¢]. There is at least one j such
that 3i < j <3i+2and t ¢ [t;,t;11]; in which case p(w(t;), w(tj+1)) < €. So jumpi_,, ,,(w,€) < 3m. Asn
and € are arbitrary, the condition is satisfied.

(ii) Suppose that w satisfies the condition. If ¢ € R and € > 0, take n > [t[+1 and m = jump|_,, ,;(w; €);
then there must be a § > 0 such that diam{w(s) : t < s <t + 0} < 2, since otherwise we should be able
to find tg > t1 > ... > t,, > t such that t¢ = ¢t + 1 and p(w(ti+1),w(t;)) > € for i < m. Because X is

p-complete, lim,|; w(s) is defined. Similarly, limgy; w(s) is defined; as ¢ is arbitrary, w € lol3

(b) For k € N, set set Ay = {t : t € R, limsup,_,, p(w(s),w(t)) > 27%+1}. Then #(A; N[-n,n[) <
jump_,, (w,27%) for every n € N. P If tg,... ,t,, € Ap and —n <ty < ... < t,, < n, then we can choose
S0, ... ,Sm such that sg = 1,

Si—1 < 8; < tiy1, p(w(si),w(si_l)) > 27k

whenever 1 < i < m, interpreting ¢, 41 as n. Now {s; : i < m} witnesses that jump_,, ,j(w, 275y >m. Q

By (a), Ax N [—n,n[ is finite for every n, and

{t : w is discontinuous at t} = (J oy Ak

is countable.

(c) If (tx)ken is any monotonic sequence in R with limit ¢, (w(tx))ren is convergent to one of limgy w(s),
limg, w(s). But this means that if (t4)ren is any sequence in [—n,n], (w(tx))ren has a subsequence which
is convergent in X; by 4A2Le, w[[—n,n]] is relatively compact in X.

438Q Theorem Let X be a Polish space, and cl = é’“(X) the family of functions w : R — X such
that limgy, w(s) and limg ), w(s) are defined in X for every ¢ € R.

(a) C’“, with its topology of pointwise convergence inherited from the product topology of X¥, is K-
analytic.

(b) C bis hereditarily weakly #-refinable.
proof Fix on a complete metric p inducing the topology of X.
(a) By 4A2Qg, X can be regarded as a G4 set in a compact metrizable space Z.

(i) Give the space C = C(Z) of closed subsets of Z its Fell topology; then C is compact and metrizable
(4A2T (b-iii), 4A2Tf). Let K be the family of compact subsets of X, that is, the set of those K € C which
are included in X. Then K is a Gs set in C. P Z\ X is an F, set in Z, so is expressible as the union of a
sequence (L, )pen of compact sets; now K = _y{K : K € C, KNL, =0} is Gy, by the definition of the
Fell topology (4A2T(a-ii)). Q

(ii) For n € N, set

neN

Qn ={w:we Z%® w[[-n,n]] is a relatively compact subset of X}.
Then @, is K-analytic. I Set
R, ={(K,w): KeK,weZ% w[[-n,n]] C K}.
Then
Ry = Nieponnl(E,w): K €K, we Z%, w(t) € K}
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is a closed set in K x Z®, by 4A2T(e-i). Since K is Polish and Z® is compact, R,, is K-analytic (423Ba,
423C, 422Ge, 422Gf). But Q,, is the projection of R,, onto the second coordinate, so it too is K-analytic
(422Gd). Q

(iii) Next, for m, k € N, defining the function jump_,, ,, from p as in 438P,
‘/mk - {w twE Qn: jump[—n,n] (wa 27}6) S m}
is relatively closed in @,,, therefore K-analytic, and
@n = Qn N Nken Umen Vimk
is K-analytic (422Hc).
(iv) Consequently Q = ),y @, is K-analytic. But Q = ¢l P For n, k € N, cl C @, by 438Pc,
and C'V C Upnen Vink by 438Pa. So cl C @. Conversely, if w € @, then surely w(t) € X for every t € R,
and jump_, (w,27%) is finite for all n, k € N; so w € ot by 438Pa in the other direction. Q
Accordingly s K-analytic, as claimed.
(b) Let G be a family of open sets in old

(i) In the notation of 438N, I seek to show that |JG belongs to J(G). Of course it will be enough to
consider the case in which | JG is non-empty. The following elementary remarks will be useful.

(@) If D C UG, and & is a partition of D into relatively open sets such that & refines G, then
D e J(9).

(B) If (D;)ier is any family in J(G), and (H;);c; is a family of open sets, and D C {w: #({i:w €
H;}) =1}, then D N J,c; H; N D; belongs to J(G). P (DN H; N D;)ier is an isolated family in J(G); use
438Nd. Q

(ii) Let Z be the family of non-empty open intervals in R with rational endpoints, and U a countable
base for the topology of X. Write @ for the family of all finite sequences

q= (IO7 UOa ‘/07 WO7Ih U17 V17 Wla cee 7Ina Una VVH Wn)
where Ig, I, ... , I, are disjoint members of Z, all the U;, V;, W; belong to U, and, for each i < n, any pair
of U;, V;, W; are either equal or disjoint. Fix ¢ = (Iy,... ,W,) € @ for the moment.

(iii) Set Ty = [[;<,, - For 7 € Ty, write Fy, for the set of those w € ¢V such that, for every i < n,
w(s) € U; for s € I;N]—o0, 7(i)[, w(T(i)) € V; and w(s) € W; for s € I;N]|7(i), 00[. Set Qq = J{Fgr : 7 € Tq},
and for 7 € Ty set Hgr = {w : w € Qq, w(7(3)) € V; for every i < n}. Finally, set

Sq = {7 : 7 € T, and Hy, is included in some member of G}.

(iv) If T C Sy then H = J, cq Hqr belongs to J(G). P Induce on #(L(T')), where
L(T) = {i : i < n, there are 7, 7" € T such that 7(i) # 7/(4)}.

If L(T) = 0, then #(T) < 1, so H is either empty or included in some member of G, and the induction
starts. For the inductive step to #(L(T)) = k > 1, consider three cases.

case 1 Suppose there is a j € L(T) such that U; = V; = W;. Then w(t) € V; whenever w € Q4 and
t € I;. Fix any t* € I; and for 7 € Ty define 7% € T, by setting 7*(j) = t*, 7*(¢) = 7(i) for i # j; then
Hgr» = Hgr. Set T* = {7* : 7 € T}; then L(T*) = L(T) \ {j}, so #(L(T*)) < #(L(T)), while T* C S,. By
the inductive hypothesis, H = |J, .p. Hgr belongs to J(G).

case 2 Suppose there is a j € L(T) such that U; # V; and V; # W;. Then V; N (U; UW;) = 0.
For s € Ij set TS = {7 : 7 € T, 7(j) = s}. Then #(L(T7})) < #(L(T)) so, by the inductive hypothesis,
H; € J(G), where H = J, . Hgr. But, for 7 € T and w € Hgr, w(s) € V; iff s = 7(j); so Hf ={w:w €
H, w(s) € V;} and (H?)ey, is a partition of H into relatively open sets. By (i-3), H € J(G).

case 3 Otherwise, L(T) = JUJ where J ={i:i € L(T), U; =V;}and J' = {i:i € L(T), V; = W;}
are disjoint. For w € H and i € J we see that there is a largest ¢ € I; such that w(t) € V;; set ¢;(w) = —t.
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Similarly, if w € H, i € J' there is a smallest ¢ € I; such that w(t) € V;; in this case, set ¢;(w) = t. Observe
that, for i € J and s € R,

{w:weH, ¢i(w) <s}=0if s < —t for every t € I,
=Hif —t <sforeverytel,,
={w:we H w(-s)eV;}if —sel,

so is always relatively open in H, and ¢; : H — R is continuous if R is given the left-facing topology & of
Lemma 4380. Similarly, for i € J', s € R,

{w:weH, ¢ij(w) <s}=0if s <t forevery te I,
= H if t < s for every t € I;,
={w:weHw(s)eVi}ifsel,.
So in this case also ¢; is continuous.
Accordingly, giving RE(T) the product topology corresponding to &, we have a continuous map ¢ : H —
RLT) defined by setting ¢(w) = (¢;(w))ier(r) for w € H. For 7 € T, set 7(i) = —7(i) if i € J, 7(i) if i € J',
and H, = ]—o0,7] € RY("), Then

Hyr = {w:w e H, w(r(t)) € V; for every i <n}
={w:we H w(r(?)) €V, for every i € L(T)}
(because if w € H, i <n and ¢ ¢ L(T) then there is some 7’ € T such that w € Hy,, so that w(7'(i)) € V;
and therefore w(7(7)) € V;)
= {w:we H, ¢;(w) < 7(i) for every i € L(T)} = ¢~ [H,].

Set G = {H, : 7 € T}. Because RUT) is hereditarily weakly f-refinable (4380), and G is a family of open
subsets of RE™), (JG € J(G). By 438Nc, H = U,y Hgr = ¢~ [UG] belongs to J({Hg- : 7 € T} and
therefore to J(G), by 438Nb.

Thus in all three cases the induction proceeds. Q

(v) This means that, for any ¢ € Q, Yq = [J{Hg- : 7 € Sq} belongs to J(G). Since @ is countable,
Y € J(G), where Y = quQYq. But UGCY. PIfweGeg, thereare tg < ... < t, and V/ € Z, for
i < n, such that

wedw 1w e v, w'(t;) € V! for every i <n} C G.
Set x; = w(t;), ; = limgpy, w(s), x;" = limg 4, w(s) for i < m; let U;, Vi, W; € U be such that z; € U,
x; €V, CV/, mj € W; and any pair of U;, V;, W; are either equal or disjoint; and let Iy,... , I, € Z be
disjoint and such that t; € I;, w(s) € U; for s € I; N]—o0,t;[ and w(s) € W; for s € I; N ]t;, 00] for each
i <n. Then, setting ¢ = (lo,... ,W,) and 7(i) = ¢t; for i < n,
WEququrgGa
sothat T€ Sgandw e Y, CY. Q
As G is arbitrary, C b hereditarily weakly #-refinable.

438R Corollary (a) Let Il be the split interval (419L). Then any countable power of I!l is a hereditarily
weakly #-refinable compact Hausdorff space.

(b) Let Y be the ‘Helly space’, the space of non-decreasing functions from [0, 1] to itself with the topology
of pointwise convergence inherited from the product topology on [0,1](%! (KELLEY 55, Ex. 5M). Then Y
is a hereditarily weakly #-refinable compact Hausdorff space.

proof These are both (homeomorphic to) subspaces of the space cloof Proposition 438Q), if we take X

there to be R. To see this, argue as follows. For (a), observe that we have a function f : I (N1
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defined by setting f(t7)(s) = f(tT)(s) =1if s <t, f(t7)(s) = f(tT)(s) = 0if s > ¢, and f(¢t7)(t) = 0,
f(tT)(t) = 1, and that f is a homeomorphism between I!l and its image. Next, for any L C N, we can define
g:(IHt = ol by setting
g(t)(s) = f(tn)(s—2n)if ne€ L and 2n < s <2n+1,
=0if se R\ | J[2n,2n+1]

neL

for t = (t,)nez € (I1)L; it is easy to check that g is a homeomorphism between (I1)X and its image in C'F.
As for (b), if we take g(y) to be the extension of the function y : [0,1] — [0,1] to the function which is
constant on each of the intervals |—c0, 0] and [1,00[, then g : Y — C bis a homeomorphism between Y and
its image g[Y].

Since both (1 l )& and Y are compact, they are homeomorphic to closed subsets of C 1L7 and are hereditarily
weakly f-refinable (438La).

*438S Callal functions To support some of the theory of Lévy processes which I will present in §455,
I give a further consequence of 438Q.

Proposition Let X be a Polish space. Let ol = C’1L(X) be the set of callal functions (definition: 4A2A)
from [0, o[ to X, with its topology of pointwise convergence inherited from the product topology of X [0,00[,

(a)(i) fwe C’“7 then w is continuous at all but countably many points of [0, co].
(i) fw,w eC 1L, D is a dense subset of [0, co[ containing every point at which w is discontinuous, and
W'D =wlD, then ' = w.
(b) C b s hereditarily weakly #-refinable.
(¢) Vs K-analytic.
proof Fix a complete metric p on X defining its topology. Let cl C X® be the space of 438P-438Q.

(a) If X = () the results are trivial. Otherwise, fix 2o € X, and for w € X%l define & € X* to be that
extension of w which takes the value g everywhere on |—o0, 0.

(i) Ifwe C“7 then @ € C~'1L; so the result follows from 438Pb.
(i) If t € D, W'(t) is certainly equal to w(t). Next,
W' (0) = limg o w'(s) = limgep sj0 w'(8) = limgep spo w(s) = w(0).
If t €]0,00[ \ D, then w is continuous at ¢, so
limgp w'(s) = limgep o4t w'(s) = limge p spo w(s) = w(t),
limg); w'(s) = limgep syt w'(s) = limgep sjo w(s) = w(t).
Since w’(t) must be either limyq, w’(s) or limg ), w'(s), it is again equal to w(t). So W’ = w.
(b) Since C bis homeomorphic to a subspace of C 1L7 it is hereditarily weakly #-refinable (438Qb, 438La).
() Set Q = {0 :w e C1L}; then Q C Vs homeomorphic to cb. But Q is a Souslin-F set in

Cl. P Iwe cV then it belongs to Q iff w(t) = xo for every t < 0. limyow(t) = w(0), and w(t) €
{limgy; w(s),limg ¢ w(s)} for every t > 0. Now

{w : w(t) = o for every ¢t < 0}

is closed, while

(wiwe Y wO) =limwt)} = {w:we ¥ w0) = lim w(2)}

tl0 i—00

(because lim; g w(t) is defined for every w € C~’1L)

MEASURE THEORY



438U Measure-free cardinals 93

=N U Niw:wel pwe),wo) <27+

keNmeNi>m

is Souslin-F. As for the other condition, note that fort > 0 and w € CN’u7 w(t) belongs to {limgy w(s), lim, |, w(s)}
iff for every € > 0 there are distinct rational numbers ¢, ¢’ € [t — €, t + €] such that w(q) and w(q’) belong
to B(w(t),e). Let U be a countable base for the topology of X and Z a countable base for the topology of

10, co[ not containing @; then for w € C~'1L, w(t) € {limgpe w(s),limgy w(s)} for every ¢ > 0 if and only if
for every U € U and I € T either INw™!{U] =0 or I NQNw~![U] has at least two members.
Since, for U e Y and I € Z,

{lw:we é1l, INw U] =0} = Nyefw:we C’1L, w(t) ¢ U}

is closed in C’1L, and

{w:we Cﬂl7 INQNw™[U] has at least two members}

= U {v:w(@), w(¢)eT}

4,9’ €INQ
q<q’

is Fy in C’1L, while Z and U are countable,
{w:we C~'1L, w(t) € {limgry w(s),limg), w(s)} for every ¢ > 0}

is Souslin-F in C’“. Taking the intersection, we see that Q is Souslin-F. Q
Accordingly Q and ¢V are K-analytic (422Hb).

438T Proposition Assume that ¢ is measure-free. Then (11N, the Helly space (438Rb) and the spaces
CAL(X)7 cl (X) of 438Q and 438S, for any Polish space X, are all Radon spaces.

proof By 438Q-438S, they are K-analytic and hereditarily weakly 8-refinable, also they have weight at most
w(X®) < ¢. They are therefore pre-Radon (434Jf), Borel-measure-complete (438M) and Radon (434Ka).

438U In 434R I described a construction of product measures. In accordance with my general practice
of examining the measure algebra of any new measure, I give the following result.

Proposition Let X and Y be topological spaces with o-finite Borel measures p, v respectively. Suppose
that either X is first-countable or v is T7-additive and effectively locally finite. Write A for the Borel measure
on X X Y defined by the formula

AW = f vW [{x}u(dz) for every Borel set W C X XY

as in 434R(ii). If either the weight of X or the Maharam type of v is a measure-free cardinal, then for every
Borel set W C X x Y there is a set W’ € B(X)®B(Y) such that A(WAW’) = 0; consequently, the measure
algebra of A can be identified with the localizable measure algebra free product of the measure algebras of
wand v.

proof (a) Write (8, 7) for the measure algebra of v. With its measure-algebra topology, this is metrizable
(323Gb). Let (Y;,)nen be a non-decreasing sequence of Borel sets of finite measure in Y with union Y.

(b) For the moment (down to the end of (e) below) fix on an open set W C X x Y. For z € X, set
f(z) = W[{x}]* in B. Then f: X — B is Borel measurable.

P (i) Let H C B be an open set. For k, n € N set
Ey={z:2€X,27"k <vY,nW[{z}]) < 27"(k+1)}.

Just as in part (a) of the proof of 434R, the function = — v(Y,, N W[{z}]) is lower semi-continuous, so E,
is a Borel set. Set

Gnr = U{G : G C X isopen, GN E,, C f~1[H]};
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then £ =, yen(Gnk N Eng) is a Borel set included in FH).

(ii) The point is that F = f~[H]. To see this, take any x such that f(z) € H. Then there are b € B,
€ > 0 such that 7b < oo and ¢ € H whenever ¢ € B and v(bn(cA f(x))) < Se. Since b = sup,,cnbnY,,
there is an n € N such that 7(b\Y,?) < e and 27" < e. In this case ¢ € H whenever ¢ € B and
v(Ypn(ea f(x))) < 4e thus

{o" s v(Yo 0 (WHz AW [{2}])) < 4e} C f71[H].
Let k € N be such that 27"k < v(Y, N W[{z}]) < 27"(k + 1), that is, x € E,;. Again using the ideas

of part (a) of the proof of 434R, there are an open set G containing = and an open set V' C Y such that
GxVCWandv(Y,NV)>2"(k—1). Nowif 2’ € GNE,;, V C W[{a'}] N W[{x}], so

v(Yo N (W2 HAW[{2}])) < v(Ya NWH{z'}) + v(Yo N W[{z}]) = 20(Ya N V)
<27((k+ D)+ (k+1)—2(k—1))=4-27" < 4e.
But this means that G N E,, C f~![H], s0 G C Gpr and x € GN E,, C E. As x is arbitrary, f~'[H] C E
and E = f~1[H].
(iii) Thus f~1[H] is a Borel set. As H is arbitrary, f is Borel measurable. Q
(c) We need to know also that if A is a disjoint family of open subsets of B all meeting f[X], then
#(H) < max(w, min(w(X), 7(B)))
P Repeat the ideas of (b) above, setting
fo,j) =U{G:G C X isopen, GNE,;, C f~H]}

for H € Hand k, n € N, so that f~}[H] = Un,keN G%IZ) NE,k. For fixed n and k the family <G£LIZ)OEnk>H€H
is disjoint, so can have at most w(E,x) < w(X) non-empty members (4A2D again). But this means that

H=U,renH : G%) N En # 0}

has cardinal at most max(w,w(X)).

On the other hand, there is a set B C B, with cardinal 7(28), which 7-generates 8. The algebra B,
generated by B has cardinal at most max(w, #(B)) (331Gc), and By is topologically dense in B (323J), so
every member of H meets By, and

#(H) < #(Bo) < max(w, 7(B)).

Putting these together, we have the result. Q
In particular, under the hypotheses above, #(#) is measure-free whenever H is a disjoint family of open
subsets of B all meeting f[X].

(d) The next step is to observe that there is a conegligible Borel set Z C X such that f[Z] is separable.
P Let H be a o-disjoint base for the topology of B; express it as | J,, .y Hn Where each H,, is disjoint. Let
(X m)men be a cover of X by Borel sets of finite measure. For n € N consider H], = {H : H € H,,, HNf[X] #
0}. For m € N, we have a totally finite measure vy, with domain PH/, defined by saying

Vnm€& = M(Xm N f_l(U 5))

for every £ C H!,. Since H!, has measure-free cardinal, by (c), there must be a countable set &, C H!,
such that vy, (H), \ Enm) = 0. Set

Z = X\ U nen&m N FHUG N Eam)])s
then Z is conegligible. If x € Z and f(x) € H € H,, then there is some m € N such that € X,,, while

H € H!,, so H must belong to &,,,,. But this means that {f[Z] N H : H € H}, which is a base for the
topology of f[Z], is just {f[Z]NH : H € U,, neny Emn}, and is countable. So f[Z] is separable (4A20c), as
required. Q

= W'[{x}]* for every

(e) 418T(a-ii) now tells us that there is a set W’ € B(X)®B(Y) such that f(x)
= 0. And this is true for

x € Z, so that v(W[{z}]AW'[{z}]) = 0 for almost every z, that is, A\(WAW’)
every open set W C X x Y.

MEASURE THEORY



438Xk Measure-free cardinals 95

(f) Now let W be the family of those Borel sets W C X x Y for which there is a W’ € B(X)®B(Y)
such that A(WAW') = 0. This is a o-algebra containing every open set, so is the whole Borel o-algebra, as
required.

Since the c.l.d. product measure Ao on X x Y is just the completion of its restriction to B(X)®B(Y)
(251K), and Ao and A agree on B(X)®B(Y) (by Fubini’s theorem), the embedding B(X)&B(Y) S B(X xY)
induces an isomorphism between the measure algebras of A and \g. As remarked in 325Eb, because p and
v are strictly localizable, the latter may be identified with ‘the’ localizable measure algebra free product of
the measure algebras of p and v.

Remark The hypothesis on the weight of X can be slightly weakened; see 438Yg. 439L below shows that
some restriction on (X, u) and (Y, v) is necessary.

438X Basic exercises (a) Show that a cardinal k is measure-free iff M, = M,, where M,, M, are the
spaces of countably additive and completely additive functionals on the algebra Px (362B).

(b) Let (X,X, ) be a localizable measure space. Show that the following are equiveridical: («) the
magnitude of p (definition: 332Ga) is either finite or a measure-free cardinal (3) every absolutely continuous
countably additive functional v : ¥ — R is truly continuous. (Hint: 363S.)

(¢) Let 2 be a Dedekind complete Boolean algebra with measure-free cellularity. Show that any countably
additive functional v : 21 — R is completely additive.

(d) Let U be a Dedekind complete Riesz space such that any disjoint order-bounded family in U™ has
measure-free cardinal. Show that U = U*.

(e) Let (X, %, 1) be a complete locally determined measure space, (Y, T, v) a strictly localizable measure
space, and f : X — Y an inverse-measure-preserving function. Suppose that the magnitude of v is either
finite or a measure-free cardinal. Show that p is strictly localizable.

(f) Let (X1,%q1, 1), (Xo,39,u2), (Y1,T1,v1) and (Ya, T2, v2) be measure spaces, and A1, A2 the cl.d.
product measures on X1 X Y7, Xo X Y5 respectively; suppose that f: X7 — X5 and g : Y7 — Y5 are inverse-
measure-preserving functions, and that h(x,y) = (f(z),g(y)) for x € X3, y € Y1. Show that if ys and v
are both strictly localizable, with magnitudes which are either finite or measure-free cardinals, then h is
inverse-measure-preserving. (Compare 251L.)

>(g) Show that if x is a measure-free cardinal, so is w,. (Hint: show by induction on ordinals & that if
#(¢) is measure-free, then so is we.)

>(h) Let (X,X%,u) be a complete locally determined measure space, (Y,p) a complete metric space
with measure-free weight, and (f,)nen a sequence of measurable functions from X to Y. Show that {x :
lim,, o0 frn(x) is defined in Y} is measurable. (Cf. 418C.)

(i) Let (X, X, u) and (Y, T,v) be o-finite measure spaces with c.l.d. product (X x Y, A, \). Give L°(v) the
topology of convergence in measure. Suppose that f: X — L%(v) is measurable and there is a conegligible
set Xo C X such that w(f[Xo]) is measure-free. Show that there is an h € £°()\) such that f(z) = hs, for
every x € X, where h,(y) = h(z,y) for (z,y) € dom h. (Cf. 4188S.)

(J) Let (Y, T,v) be a o-finite measure space, and (B, 7) its measure algebra, with its usual topology;
assume that the Maharam type of B is measure-free. Let (X, 3, u) be a o-finite measure space and A the
domain of the c.l.d. product measure A on X x Y. Show that if f: X — 9 is measurable, then there is a
W € A such that f(x) = W[{z}]* for every x € X. (Cf. 418T(b-ii).)

(k) Let (X, X, 1) be a complete locally determined measure space and V' a normed space such that w(V)
is measure-free. (i) Show that the space £ of measurable functions from X to V is a linear space, setting
(f+9)(x) = f(z)+g(x), etc. (ii) Show that if V is a Riesz space with a Riesz norm then £ is a Riesz space
under the natural operations.
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>(1) Let X be a topological space and G a point-finite open cover of X such that #(G) is measure-free.
Suppose that E C X is such that ENG is universally measurable for every G € G. Show that E is universally
measurable. (Compare 434Xf(iv).)

>(m) Show that for a metrizable space X, the following are equiveridical: (i) X is Borel-measure-compact;
(if) X is Borel-measure-complete; (iii) X is measure-compact; (iv) w(X) is measure-free.

(n) Let X be a topological space and G a family of open subsets of X. Show that the following are
equiveridical: (i) there is a o-isolated family A of sets, refining G, such that |JA = |JG; (ii) there is a
sequence H,, of families of open sets, all refining G, such that for every = € | JG there is an n € N such that
{H:x € H € H,} is finite and not empty.

(o) Let Y be the Helly space. (i) Show that Y is a compact convex subset of RI%! with its usual
topology. (ii) Show that there is a natural one-to-one correspondence between the split interval I I'and the
set of extreme points of Y, matching ¢~ € Il with the function x [0,¢[ and t* with x[0,¢]. (iii) Let Pg be
the set of Radon probability measures on Il with its narrow topology (437J). Show that there is a natural
homeomorphism ¢ : Pr — Y defined by setting ¢(u)(t) = p[0~,¢t7] for u € Py, t € [0, 1].

(p) Show that any countable power of the Sorgenfrey line (415Xc, 439Q)) is hereditarily weakly f-refinable.

>(q) Let I be the split interval. Show that Il x Il is a Radon space iff ¢ is measure-free. (Hint:
{(at,(1=a)T):a€0,1]} is a discrete Borel subset with cardinal c.)

(r) Give R the right-facing Sorgenfrey topology (415Xc). Show that the following are equiveridical: (i) ¢
is measure-free; (ii) RY, with the corresponding product topology, is Borel-measure-complete; (iii) R?, with
the product topology, is Borel-measure-compact. (Compare 439Q).)

(s) Suppose that ¢ is measure-free. Let X C R be the set of functions of bounded variation on R, with
the topology of pointwise convergence inherited from the product topology of R®. Show that X is a Radon

space. (Hint: X is an F, subset of the space &l ot 438Q.)

438Y Further exercises (a) Let (X,X, 1) be a probability space and (F;);e; a point-finite family of
measurable sets such that vJ = u(J;c; Es) is defined for every J C I. Show directly that v is a uniformly
exhaustive Maharam submeasure on PI, and use the Kalton-Roberts theorem to prove 438Ba.

(b) Suppose that ¢ is measure-free, but that £ > ¢ is not measure-free. Show that there is a non-principal
wi-complete ultrafilter on x. (Hint: part (b) of the proof of 451Q).)

(c) Show that if X is a metrizable space and min(c,w(X)) is measure-free, then every o-finite Borel
measure on X has countable Maharam type.

(d) Let X be a metacompact T; space. Show that X is Borel-measure-compact iff every closed discrete
subspace has measure-free cardinal.

(e) Let X be a topological space such that every subspace of X is metacompact and has measure-free
cellularity. Show that X is Borel-measure-complete.

(f) Let X be a normal metacompact Hausdorff space. Show that it is measure-compact iff every closed
discrete subspace has measure-free cardinal.

(g) In 438U, show that it would be enough to suppose that every discrete subset of X has measure-free
cardinal.

(h) Suppose that ¢ is measure-free. Let D be any subset of R and X C R the set of functions of
bounded variation on D, with the topology of pointwise convergence inherited from the product topology
of RP. Show that X is a Radon space.

MEASURE THEORY



8439 intro. Ezxamples 97

(i) Let X be a totally ordered set with its order topology. Show that if ¢(X) is measure-free then every
o-finite Borel measure on X has countable Maharam type. (Cf. 434Yo.)

(j) Suppose that X is a normal metacompact Hausdorff space which is not realcompact. Show that there
are a closed discrete subset D of X and a non-principal wi-complete ultrafilter on D. (Hint: in 435C, if we
start with a {0, 1}-valued Baire measure we obtain a {0, 1}-valued Borel measure; in the proof of 438Ba, if
w is {0, 1}-valued then v is {0, 1}-valued.)

(k) Let Z be a regular Hausdorff space, T' a Dedekind complete totally ordered space with least and
greatest elements a, b, and z : T — Z a function such that limsy, z(s) and lim,); 2(s) are defined in Z for
every t € T (except ¢t = a in the first case and ¢t = b in the second). Show that x[T] is relatively compact in
Z.

(D) Let (X, p) be a metric space, and Pp,, the set of Borel probability measures on X. For p, v € Pgor
set pxr(p,v) = sup{| [udp — [udv|: uw: X — [-1,1] is 1-Lipschitz}. (i) Show that pxr is a metric on
Pgo,. (ii) Let Tkr be the topology it induces on Pgoy. Show that Tkg is finer than the narrow topology
on Ppo,. (iii) Show that the following are equiveridical: (o) the narrow topology on Ppo, is metrizable; (3)
kR is the narrow topology on Ppor; () w(X) is measure-free. (Cf. 437Rg, 437Yp.)

(m) Let (X, 3, u) be a complete locally determined measure space, and 6 = 1 (u* + p) the outer measure
described in 413Xd. Show that if the measure py defined by Carathéodory’s method is not equal to u, then
there is a set A C X such that 0 < p*A < 0o and the subspace measure on A induced by p measures every
subset of A.

438 Notes and comments Since the axiom ‘every cardinal is measure-free’ is admissible — that is, will not
lead to a paradox unless one is already latent in the Zermelo-Fraenkel axioms for set theory — it is tempting,
in the context of this section, to assume it; so that ‘every complete metric space is Radon’ becomes a
theorem, along with ‘every measurable function from a quasi-Radon measure space to a metrizable space is
almost continuous’ (438G), ‘U = U* for every Dedekind complete Riesz space U’ (438Xd), ‘metacompact
spaces are Borel-measure-compact’ (438J), ‘the sum of two measurable functions from a complete probability
space to a normed space is measurable’ (438Xk) and ‘the Helly space is Radon’ (438T). Undoubtedly the
consequent mathematical universe is tidier. In my view, the tidiness is the tidiness of poverty. Apart from
anything else, it leads us to neglect such questions as ‘is every measurable function from a Radon measure
space to a metrizable space almost continuous?’, which have answers in ZFC (451T).

From the point of view of measure theory, the really interesting question is whether ¢ is measure-free.
It is not quite clear from the results above why this should be so; 438T is a very small part of the story.
There is a larger hint in 438Ce-438Cf: if ¢ is measure-free, but k£ > ¢ is not measure-free, then the witnessing
measures will be purely atomic. I will return to this point in §543 of Volume 5. For a general exploration
of universes in which ¢ is not measure-free, see §544 and FREMLIN 93. For fragments of what happens if we
suppose that we have an atom for a measure which witnesses that k is not measure-free, see 438Yb and the
notes on normal filters in 4A11-4A1L.

There are many further applications of 438Q besides those in 438R and 438Xp-438Xs. But the most
obvious candidate, the space C(R) of continuous real-valued functions on R, although indeed it is a Borel
subset of the potentially Radon space of 438Q), is in fact Radon whether or not ¢ is measure-free (454Sa). As
soon as we start using any such special axiom as ‘c = wy’ or ‘c is measure-free’, we must make a determined
effort to check, through such examples as 438X, that our new theorems do indeed depend on something
more than ZFC.

Version of 7.7.14

439 Examples

As in Chapter 41, I end this chapter with a number of examples, exhibiting some of the boundaries
around the results in the rest of the chapter, and filling in a gap with basic facts about Lebesgue measure

(©) 2002 D. H. Fremlin
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(439E). The first three examples (439A) are measures defined on o-subalgebras of the Borel o-algebra of
[0, 1] which have no extensions to the whole Borel algebra. The next part of the section (439B-439G) deals
with ‘universally negligible’ sets; I use properties of these to show that Hausdorff measures are generally
not semi-finite (439H), closing some unfinished business from §264, and that smooth linear functionals may
fail to be representable by integrals in the absence of Stone’s condition (439I). In 439J-439R. I set out some
examples relevant to §§434-435, filling out the classification schemes of 434A and 435A, with spaces which
just miss being Radon (439K) or measure-compact (439N, 439P, 439Q). In 439S I present the canonical
example of a non-Prokhorov topological space, answering an obvious question from §437.

439A Example Let B be the Borel g-algebra of [0,1]. There is a probability measure v defined on a
o-subalgebra T of B which has no extension to a measure on 5.

first construction Let A C [0, 1] be an analytic set which is not Borel (423M). Let Z be the family of sets of
the form EUF where E, F are Borel sets, E C A and F' C [0,1]\ A. Then Z is a o-ideal of B not containing
[0,1]. Set T=ZU{[0,1]\ H : H € I}, and define v : T — {0,1} by setting vH = 0, v([0,1] \ H) = 1 for
every H € Z; then v is a probability measure (cf. countable-cocountable measures (211R) or Dieudonné’s
measure (411Q)).

? If 4 : B — [0,1] is a measure extending v, then its completion i measures A (432A). Also /i is a Radon
measure (433Cb). Now every compact subset of A belongs to Z, so

(A =sup{aK : K C A is compact} = sup{vK : K C A is compact} = 0.
Similarly 4([0,1] \ A) = 0, which is absurd. X

second construction This time, let Z be the family of meager Borel sets in [0,1]. As before, let T be
TZU{[0,]]\E: E€ZI},andset vE=0,v([0,1]\ E)=1for E€Z. ? If u is a Borel measure extending v,
then £([0,1]\ Q) = 1, and w is tight (that is, inner regular with respect to the compact sets), so there is a
closed subset F of [0,1] \ Q such that uF > 0. But F is nowhere dense, so vF = 0. X

third construction® There is a function f : [0,1] — {0,1}° which is (B, Ba)-measurable, where Ba is
the Baire o-algebra of {0,1}¢, and such that f[[0,1]] meets every non-empty member of Ba. I Set X =
C(]0,1))Y with the product of the norm topologies, so that X is an uncountable Polish space (4A2Pe,
4A2Qc), and ([0, 1], B) is isomorphic to (X, B(X)), where B(X) is the Borel g-algebra of X (424Da). Define
g: X — {0,1}%1 by saying that g({u;)sen)(t) = 1 iff lim,; o u;(t) = 1. For each t € [0, 1],

{(uiien : lim w;(t) =1} = () |J{(uaidiew : [us(t) — 1] < 27™ for every i > n}
71— 00
meNneN

is a Borel subset of X, so g is (B(X), Ba({0, 1}*:1))-measurable, where Ba({0, 1}[>1]) is the Baire o-algebra
of {0,1}1%1 (4A3Ne). If E € Ba({0,1}1%1) is non-empty, there is a countable set I C [0, 1] such that F is
determined by coordinates in I (4A3Nb), so that E D {w : w[I = 2} for some z € {0,1}!. Now we can find
a sequence (u;);en in C([0,1]) such that lim; o u;(t) = 2(t) for every t € I (if I C {t; : j € N}, take u;
such that |u;(t;) — z(t;)] < 27" whenever j < i), and in this case g((u;);en) € E.

Because (X, B(X)) = ([0, 1], B) and ({0, 1}, Ba({0, 1}1%1)) = ({0, 1}, Ba), we can copy g to a function
f with the required properties. Q

In particular, f[[0,1]] has full outer measure for the usual measure v, on {0, 1}, because v, is completion
regular (415E). Setting T = {f~![H] : H € Ba}, we have a measure v with domain T such that f is inverse-
measure-preserving for v and v, (234F). The map H* + f~![H]* from the measure algebra of v, to the
measure algebra of v is measure-preserving; since it is surely surjective, the measure algebras are isomorphic,
and v has Maharam type c.

However, any probability measure on the whole algebra B has countable Maharam type (433A), so cannot
extend v.

Remark Compare 433J-433K.
91 am grateful to M.Laczkovich and D.Preiss for showing this to me.
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439B Definition Let X be a Hausdorff space. I will call X universally negligible if there is no Borel
probability measure p defined on X such that u{z} = 0 for every € X. A subset of X will be ‘universally
negligible’ if it is universally negligible in its subspace topology.

439C Proposition Let X be a Hausdorff space.
(a) If A is a subset of X, the following are equiveridical:
(i) A is universally negligible;
(ii) p*A = 0 whenever y is a Borel probability measure on X such that u{z} = 0 for every

r e X;

(iii) p*A = 0 whenever 4 is a o-finite topological measure on X such that pu{z} = 0 for every
x € A;

(iv) for every o-finite topological measure p on X there is a countable set B C A such that
WA= pB;

(v) A is a Radon space and every compact subset of A is scattered.
In particular, countable subsets of X are universally negligible.
(b) The family of universally negligible subsets of X is a o-ideal.
(c) Suppose that Y is a universally negligible Hausdorff space and that f : X — Y is a Borel measurable
function such that f~1[{y}] is universally negligible for every y € Y. Then X is universally negligible.
(d) If the topology on X is discrete, X is universally negligible iff #(X) is measure-free.

proof (a)(i)=-(iii) If A is universally negligible and p is a o-finite topological measure on X such that
u{x} = 0 for every x € A, let py be the subspace measure on A. ? If u*A = o > 0, then (because p is
o-finite) there is a measurable set £ C X such that v = p*(E N A) is finite and non-zero. The subspace
measure jipn4 18 a topological measure on ENA; set vF = ’yfluEmA(EﬂF) for relatively Borel sets F' C A;
then v is a Borel probability measure on A which is zero on singletons. X So p*A = 0.

(iii)=-(iv) If (iii) is true and g is a o-finite topological measure on X, set B = {z: z € X, u{z} > 0}.
Because p is o-finite, B must be countable, therefore measurable, and if we set vE = u(E \ B) for every
Borel set E C X, v is a o-finite Borel measure on X and v{z} = 0 for every z € X. By (iii), v*A = 0, that
is, there is a Borel set F 2 A such that u(F \ B) = 0; in which case

W A< p(B\ (B\ A)) = u(E\ B) + u(AN B) = w(An B) < ' A,
so p*A = p(AN B). As p is arbitrary, (iv) is true.
(iv)=-(ii) is trivial.

not-(i)=not-(ii) If A is not universally negligible, let 1 be a Borel probability measure on A which is
zero on singletons. Set vE = p(E N A) for any Borel set E C X; then v is a Borel probability measure on
X which is zero on singletons, and v*A = 1.

(i)=-(v) Suppose that A is universally negligible. Let u be a totally finite Borel measure on A. Applying
(i)=(iv) with X = A, we see that there is a countable set B C A such that uB = pA; but this means that
1 is inner regular with respect to the finite subsets of B, which of course are compact. As p is arbitrary, A
is a Radon space.

? Suppose, if possible, that A has a compact set K which is not scattered. In this case there is a
continuous surjection f : K — [0,1] (4A2G(j-iv)). Now there is a Radon probability measure v on K such
that f is inverse-measure-preserving for v and Lebesgue measure on [0, 1] and induces an isomorphism of
the measure algebras, so that v is atomless (418L). Accordingly we have a Borel probability measure p on
A defined by setting uE = v(K N E) for every relatively Borel set E C A, and p{z} = 0 for every x € A,
so A is not universally negligible. X Thus all compact subsets of A are scattered, and (v) is true.

(v)=-(i) Now suppose that (v) is true and that that p is a Borel probability measure on A. Then p
has an extension to a Radon measure i (434F(a-iii)). Let K C A be a non-empty compact set which is
self-supporting for i (416Dc). K is scattered, so has an isolated point {z}; because K is self-supporting,
u{x} = g{x} > 0. As p is arbitrary, A is universally negligible.

(b) This is immediate from (a-ii).
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(c) Let p be a Borel probability measure on X. Then F + vf~1[F] is a Borel probability measure on
Y. Because Y is universally negligible, there must be a y € Y such that uf~[{y}] > 0. Set E = f~'[{y}]
and let ug be the subspace measure on E. Then ug is a non-zero totally finite Borel measure on E. Since
E is supposed to be universally negligible, there must be some x € F such that 0 < pg{z} = p{z}.

(d) This is just a re-phrasing of the definition in 438A.

439D Remarks (a) The following will be useful when interpreting the definition in 439B. Let X be a
hereditarily Lindelof Hausdorff space and p a topological probability measure on X such that pu{z} =0 for
every x € X. Then p is atomless.

P Suppose that pH > 0. Write

G={G:G C X is open, u(GN H) = 0}.
Then there is a countable Gy C G such that |JGo = J G (4A2H(c-1)), so
wHNUG) = p(HNUGo) =0,

and p(H \ |JG) > 0. Because p is zero on singletons, H \ |JG has at least two points z, y say. Now there
are disjoint open sets Gy, (G; containing x, y respectively, and neither belongs to G, so H NGy, H NG, are
disjoint subsets of H of positive measure. Thus H is not an atom. As H is arbitrary, u is atomless. @

(b) The obvious applications of (a) are when X is separable and metrizable; but, more generally, we can
use it on any Hausdorff space with a countable network, e.g., on any analytic space.

439E Lemma (a) Let E, B C R be such that F is measurable and up E, p5 B are both greater than 0,
where py, is Lebesgue measure. Then E — B ={z —y: z € E, y € B} includes a non-trivial interval.
(b) If ACR and pj A >0, then A+ Q is of full outer measure in R.

proof (a) By 223B or 261Da, there are a € E, b € B such that

1 1, B
%fr&%u(Eﬂ[a—é,a—l—é])—lélﬁ)l%u (BNb—14,b+46]) =1.

Let v > 0 be such that
pe(ENfa—08,a+4)>26, upi(BNb—0b+d) >0
whenever 0 < § < . Now suppose that 0 < § <. Then
pr((E+b)Nja+ba+b+9]) =pL(ENa,a+d])
> p(ENfa—6,a+0]) -6 >34,
and similarly
ur(B+a+d)Nfa+ba+b+6])=pp(BN[b—4,0)
> pp(BOb—6,b+0) =8> 0.

But this means that (E 4+ b) N (B + a + 0) cannot be empty. If u € (E+b)N(B+a+6), thenu—-be E
andu —a—9d € B so

a—b+d=(u—->b)—(u—a—90) € E—B.
As § is arbitrary, E — B includes the interval Ja — b,a — b+ 7].

(b) ? Suppose, if possible, otherwise; that there is a measurable set E C R such that upE > 0 and
EN(A+Q)=0. Then E — A does not meet Q and cannot include any non-trivial interval. X

Remark There will be a dramatic generalization of (a) in 443Db.
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439F Proposition Let « be the least cardinal of any set of non-zero Lebesgue outer measure in R.

(a) There is a set X C [0, 1] with cardinal x and full outer Lebesgue measure.

(b) If (Z,T,v) is any atomless complete locally determined measure space and A C Z has cardinal less
than x, then v*A = 0.

(¢) (GRZEGOREK 81) There is a universally negligible set Y C [0, 1] with cardinal .

proof (a) Take any set A C R such that #(A) = « and p}A > 0, where py is Lebesgue measure. Set
B =A+Q. Then (u1)«(R\ B) =0, by 439Eb. Set X = [0,1] N B; then puj X =1 while #(X) < #(B) = k.
By the definition of x, #(X) must be exactly «.

(b) ? Otherwise, by 412Jc, there is a set F' C Z such that vF' < oo and v*(F'NA) > 0. By 343Cc, there
is a function f : F' — [0, F] which is inverse-measure-preserving for the subspace measure vr and Lebesgue
measure on [0, vF]. But f[AN F] has cardinal less than &, so up f[AN F] =0 and

0<v*(ANF)<vf lf[ANF]] =0,
which is absurd. X

(c)(i) Enumerate X as (z¢)¢<y. Foreach & < k, A¢ = {x;, : n < £} has cardinal less than x, so is Lebesgue
negligible; let (I¢n)nen be a sequence of intervals covering A¢ with Zf;o prlen < % Enlarging the intervals
slightly if necessary, we may suppose that every I¢, has rational endpoints; let (J,,)men enumerate the
family of intervals in R with rational endpoints.

Set

Cmn:{£:£<"{7 Iﬁn:Jm}
for each m, n € N.

(ii) If v is an atomless totally finite measure on x which measures every Cp,,, then vk = 0. I* Note
first that (by (b), applied to the completion of v) v*¢ = 0 for every £ < k. Let A be the (c.l.d.) product of
x, the subspace measure on X, with v. Set

B =Upnen((X N i) X Cpn) € X X K.
Then B is measured by A, so, by Fubini’s theorem,
JvB{a}px(dz) = [ px B7{E}]w(d€)

(252D).

Now look at the sectional measures vB[{z}], ux B~ ![{¢}]. (Because B is actually a countable union of
measurable rectangles, these are always defined.) For any « € X, there is an n <  such that z = z,), and
now

B[{z}] = {¢: there are m, n € N such that = € J,,, and £ € Cyp, }
= {¢: there are m, n € N such that z, € J,,, and I¢, = Jp, }
= {¢: thereis an n € N such that z, € I, } D K\
by the choice of the I¢,. But as v*n = 0, this means that vB[{z}] = vk.
On the other hand, if £ < k, then
B7'[{¢}] = {x : there are m, n € N such that x € J,,, and € € Cp,,,}
= {x : there are m, n € N such that « € J,,, and I, = J,, }

= {z : thereis an n € N such that z € I,,} = X N U Ien,
neN

so that
_ IS 1
px BHEN < S e < 1.

Returning to the integrals, we have

vi= [vB[{a}ux(dr) = [ px B~ {E}v(de) < S,
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so that vk must be 0, as claimed. Q

(iii) Now there is an injective function g : K — [0, 1] such that g[Cy,,] is relatively Borel in g[x] for
every m, n € N. P Define h : k — {0, 1}'>N<N by setting

h(&)(m,n, k) =11if & € Cyy, and x¢ € Jy,
= 0 otherwise.
Then h is injective (because if & # 7 then z¢ # x,, so there is some k such that z¢ € J, and z,, ¢ Ji,), and
h[Cmn] = h[k] N {w : there is some k such that w(m,n,k) =1}

is relatively Borel in h[x] for every m, n € N. But now recall that {0, 1}>*M*N = £0 1} is homeomorphic
to the Cantor set C C [0,1] (4A2Uc). If ¢ : {0, 1}"*M*N — ' is any homeomorphism, then ¢h has the
required properties. Q

(iv) Set Y = g[x]. Because g is injective, #(Y) = k. Also Y is universally negligible. I Suppose
that 7 is a Borel measure on Y which is zero on singletons. Then it is atomless, because Y is separable and
metrizable (439D). So its copy v = #(g71)~! on & is atomless. Because g[C,,] is a Borel subset of Y, v
measures Cp,,, for all m, n € N, so Y = vk = 0, by (ii) above. Q

439G Corollary A metrizable continuous image of a universally negligible metrizable space need not be
universally negligible.

proof Take X and Y from 439Fa and 439Fc above, and let f : X — Y be any bijection. Let I" be the graph
of f. The projection map (z,y) — y : I' = Y is continuous and injective, so I is universally negligible, by
439Cc. On the other hand, the projection map (z,y) — « : I' — X is continuous and surjective, and X is
surely not universally negligible, since it is not Lebesgue negligible.

439H Corollary One-dimensional Hausdorff measure on R? is not semi-finite.

proof Let pp1 be one-dimensional Hausdorff measure on R2. Let X, I be the sets described in 439F and
the proof of 439G.

(a) pi ;I > 0. P The first-coordinate map m : R? — R is 1-Lipschitz, so, writing uy, for Lebesgue
measure on R,

1= pp X = pyml] < pp, T
by 264G/471J and 2641. Q

(b) If E C R? and pug1 F < oo, then pg1(E NT) = 0, because I' is universally negligible, so ENT is
universally negligible (439Cb), and p gy is a topological measure (264E/471Da) which is zero on singletons.

(c) ? Suppose, if possible, that T' is not measured by pgi1. Then there is a set A C R? such that
winnA < Wi (ANT) + i, (A\T) (264Fb/471Dc). Let E be a Borel set including A such that pugi E = pj A
(264Fa/471Db); then pmi(ENT) =0, so

Wi (ANT) + i (A\T) < p (ENT) + pjp A = pp A X
(d) Since I is measurable, not negligible, and meets every measurable set of finite measure in a negligible
set, it is purely infinite, and gz is not semi-finite.

Remark Compare 471S below.

4391 Example There are a set X, a Riesz subspace U of R¥ and a smooth positive linear functional
h : U — R which is not expressible as an integral.

proof By 439F, we have a non-negligible X and a universally negligible set Y, both subsets of [0, 1], of the
same cardinality. Replacing Y by Y \ {0} if need be, we may suppose that 0 ¢ Y. Let f : X — Y be any
bijection.
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Let U be the Riesz subspace {u x f : u € Cp} € RX, where Cy is the space of bounded continuous
functions from X to R. Because f is strictly positive, u — u X f : C, — U is a bijection, therefore a
Riesz space isomorphism; moreover, for a non-empty set A C Cp, inf,ecqu(z) = 0 for every z € X iff
infyeau(x)f(z) =0 for every € X. We therefore have a smooth linear functional h : U — R defined by
setting h(u x f) = [udux for every u € Cy, where px is the subspace measure on X induced by Lebesgue
measure. (By 415B, px is quasi-Radon, so the integral it defines on Cj is smooth, as noted in 436H.)

? But suppose, if possible, that h is the integral with respect to some measure v on X. Since f € U,
it must be T-measurable, where T is the domain of the completion # of v. Note that 7{x} = 0 for every
z € X. P Set uy,(y) = max(0,1 — 2"y — z|) for y € X. Then

flz)o{z} = ILm /un x fdv = ILm h(un, X f)

= lim [ up,dux =px{z} =0,

sov{z}=0.Q

For Borel sets E C [0,1] set AE = 0f~'[E]. Then the completion A of X is a Radon measure on [0, 1]
(433Cb or 256C). If ¢ € [0,1] then f~'[{t}] contains at most one point, so A{t} = A{t} = 0. But Y is
supposed to be universally negligible, so A*Y = MY =0 (439Ca), that is, there is a Borel set £ O Y with
AE = 0; in which case vX = #f~![E] = 0, which is impossible. X

Thus & is not an integral, despite being a smooth linear functional on a Riesz subspace of RX.

Remark Compare 436H. This example is adapted from FREMLIN & TALAGRAND 78.

439J Example Assume that there is some cardinal x which is not measure-free. Give k its discrete
topology, and let p be a probability measure with domain Pk such that pu{{} = 0 for every £ < . Now
every subset of x is open-and-closed, so p is simultaneously a Baire probability measure and a completion
regular Borel probability measure. Of course it is not 7-additive. In the classification schemes of 434A and
435A, we have a measure which is of type By as a Borel measure and type Es as a Baire measure.

439K Example There is a first-countable compact Hausdorff space which is not Radon.

proof The construction starts from a compact metrizable space (Z, &) with an atomless Radon probability
measure pu. The obvious candidate is [0, 1] with Lebesgue measure; but for technical convenience in a later
application I will instead use Z = {0, 1}V with its usual product topology and measure (254J).

(a) There is a topology T, on Z such that
(a) & C T
(B) every point of Z belongs to a countable set which is compact and open for T;

(7) if (Fi)nen is a sequence of T -closed sets with empty intersection, then (), .y F

where I write FG for the &-closure of F.

is countable,

neN"T n

P (i) T, will be the last in a family (T¢)e<. of topologies. We must begin by enumerating Z as (z¢)e<.
and taking a family ((I¢,)nen)e<c running over ([Z]<%)N with cofinal repetitions. (This can be done because
#([Z]=*) = ¢, by 2A1Hb.) Together with (T¢)e<. we choose simultaneously families (z¢)e<c, (Ye)e<e Of
points in Z, and the inductive hypothesis will be

T¢ is a topology on X¢ = {x,, : n < {} U{y, : 7 < £} finer than the topology on X, induced
by &;
if n <& < ¢, then X,, € T¢ and %, is the subspace topology on X, induced by T¢;
every point of X, belongs to a countable set which is compact and open for T.
The induction starts with X, = 0, To = {0}.

(ii) Inductive step to a successor ordinal Suppose that we have found X, and T, where £ < c.

(o) Start by picking ye € Z \ X¢ such that ye = z¢ if z¢ ¢ X¢. Examine the sequence (I¢n)nen. If

either (J,, oy Ien € Xe or ﬂneNTg is countable, take x¢ to be any point of Z \ (X¢ U {y¢}) and set K, =
for every m before proceeding to () below.
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(B) If Iy, € X¢ for every noand (), oy I¢ I; , Is uncountable, it must have cardinal ¢, by 423L, so cannot

be included in X¢ U {y¢}. Take any z¢ € (), oy I§n \ (XeU{ye}). Let (tm)men be a sequence in Z such that
tm|m = z¢|m for every m € N and t,,, € I¢, whenever 7 € N, n < 2r and m = r? + n. (Thus, for each n,
tm € I¢p for infinitely many m, while (,,,)men — %¢ in the ordinary sense.) By the inductive hypothesis,
we can find countable sets K,,, C X¢, compact and open for T¢, such that t,, € K,, for each m. Because
{t:t € X¢, t/m = x¢[m} is open-and-closed for T¢ and contains t¢,,, we may suppose that t[m = z¢[m for
every t € K,,.

() Let T¢11 be the topology on X1 = X¢ U {z¢, ye} generated by

TeU{{ye}} U{Ln :n € N},
where L, = {z¢} UU,,>, Km for each n.

(6) Because T¢ C Teyq, X¢ will be open in X¢yq. Because the K, are always T¢-open, and x¢, v
are distinct points of Z'\ X¢, the topology on X¢ induced by T¢y is just Te. Consequently (by the inductive
hypothesis) the topology on X, induced by T¢i; is T, for every n < & We have t[n = z¢[n for every
t € Ly, so T¢4q is finer than the usual topology on X¢ 4.

If x € X¢, then there is a countable T¢-open T¢-compact set containing x, which is still T¢41-open and
Tep1-compact. Of course {yg} is a countable T¢yq-open Teyq-compact set containing ye. As for z¢, Lo is
surely countable and T4 1-open. To see that it is T¢41-compact, observe that any ultrafilter containing Lg
either contains every L,,, and converges to x¢, or contains some K, and converges to a point of K,,.

Thus the induction proceeds at successor stages.

(iii) Inductive step to a limit ordinal If € < ¢ is a non-zero limit ordinal, then we have X¢ =
and can take T¢ to be the topology generated by |
topologies T, are consistent with each other).

(iv) At the end of the induction, we have X = Z because z¢ € X¢i1 C X, for every . The final
topology T, on Z will have the properties () and (8) required. 2 Now suppose, if possible, that (F},)nen is

n<§ X

y<¢ Tn- 1t is easy to check that this works (because the

a sequence of T .-closed sets with empty intersection, and that ﬂneN FS is uncountable. For each n € N, let
Jn C F, be a countable G-dense set. Then there is some ¢ < ¢ such that UneN Jn € X (because cfe > w,
see 4A1A(c-iil)). Let & > ¢ be such that J,, = I¢, for every n € N. Then in the construction of T¢41 we
must be in case (8) of (ii) above. Taking (¢,,)men as described there, we have (t,,,)meny — x¢ for Teiq, and
therefore for ¥.. But for any n € N, t,,, € J,, C F,, for infinitely many m, so z¢ € F,,. Thus z¢ € )
but this is impossible. X

So we have a topology of the type required. Q

nEN

(b) There is a probability measure v on Z, extending the usual measure u, such that with respect to
T, v is a topological measure inner regular with respect to the closed sets, but is not 7-additive.

P Let K be the family of T(-closed subsets of Z. For F' € K, set ¢ F = [LFG.

1 , are disjoint ‘% -closed sets, then 75075 must be countable (take Fs, = E, Fo,y1 = F'in
i) If B, F are disjoint T.-closed hen EX N F° b ble (take Fby, = E, F. F

(a-7)). So
HEUF)=p(EUF) = uE° + uF° — w(E° NF)
— 4E° + 4F° = 6B + ¢F.
(i) f B, Fe K, EC F and € > 0, there is an G-open set G D E° such that uG < ,uEG + e. Now
F\GeK and

OF = u(F° N G) + u(F7\G) < 4G + 6(F \ G) < 0E + 6(F \ G) + ¢
Putting this together with (i), we see that
¢F = ¢E +supl{¢E' : E' € K, E' C F\ E}.

(iii) If (F,)nen is a non-increasing sequence in K with empty intersection, then
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. . =6 =6
limy, o0 F, = limp o0 pF'y, = p(,,en £) = 0.

(iv) Thus K and ¢ satisfy all the conditions of 413J, and there is a measure v, extending ¢, which is
defined on every member of IC and inner regular with respect to K, and therefore is (for ¥.) a topological
measure inner regular with respect to the closed sets.

If we write V for the family of T .-compact ¥.-open countable subsets of Z, then for any K € V

vK = ¢K = uK =0,
while V is upwards-directed and has union Z; so that v is not 7-additive. Q

() So far we seem to have very little more than is provided by wy with the order topology and Dieudonné’s
measure. The point of doing all this work is the next step. Set X = Z x {0,1} and give X the topology T
generated by

{Gx{0,1}:GeSU{H x{1}: He T JU{X\ (K x {1}) : K is T,-compact}.

(i) ¥ is Hausdorff. P If w, z are distinct points of X, then either their first coordinates differ and they
are separated by sets of the form G x {0,1}, G1 x {0, 1} where Gy, G1 belong to &, or they are of the form
(x,1), (z,0) and are separated by open sets of the form K x {1}, X \ (K x {1}) for some set K which is
compact and open for T.. Q

(i) T is compact. B Let F be an ultrafilter on X. Writing m(z,0) = m1(x,1) = z for x € Z, m1[[F]
is G-convergent, to xg say. If K x {1} € F for some ¥.-compact set K, then F is T-convergent to (z,1);
otherwise, it is T-convergent to (z,0) (using 4A2B(a-iv)). Q

(iii) T is first-countable. P If x € Z, then {(z,0),(x,1)} = 77 '[{z}] is a Gs set in X because
{z} is a Gg set in Z and 7 is continuous (4A2C(a-iii)). Now {(z,0)} and {(z,1)} are relatively open in
{(2,0), (z,1)}, so are G; sets in X (4A2C(a-iv)). Thus singletons are G sets. Because ¥ is compact and
Hausdorff, it is first-countable (4A2Kf). Q

(iv) (X,%) is not a Radon space. P Z x {1} is an open subset of X, homeomorphic to Z with the
topology ¥.. But the measure v of (b) above (or, if you prefer, its restriction to the ¥.-Borel algebra)
witnesses that ¥, is not a Radon topology, so ¥ also cannot be a Radon topology, by 434Fc. Q

Remark Aficionados will recognise ¥, as a kind of ‘JKR-space’, derived from the construction in JUHASZ
KUNEN & RUDIN 76.

439L Example Suppose that x is a cardinal which is not measure-free; let 1 be a probability measure
with domain Pk which is zero on singletons. Give k its discrete topology, so that u is a Borel measure and
k is first-countable. Let v be the restriction of the usual measure on Y = {0,1}" to the algebra B of Borel
subsets of Y, so that v is a 7-additive probability measure, and A the product measure on k X Y constructed
by the method of 434R. Then

W ={(&y) : £ <k y(€) =1} = Ue A&} x {y 1 y(§) =1}
is open in Kk X Y.

If W € Pk®B then AWAW') = % P There is a countable set £ C B such that W’ belongs to the
o-algebra generated by {Ax E: A C k, E € £} (331Gd). For J C &, write 7;(y) = y[J for y € Y, let v; be
the usual measure on {0,1}” and T its domain, and let T’, be the family of sets E C Y such that there are
H, H' € T such that n;'[H] C E C 7, '[H'] and v;(H'\ H) = 0. Then T', C T’x whenever J C K C &,
and every set measured by v belongs to T, for some countable J (2540c). There is therefore a countable
set J C k such that £ C Tf,. Also, of course, Tf] is a o-algebra of subsets of Y.

The set

{V:V CrxY, VI{¢}] € T for every & < K}

is a o-algebra of subsets of k x Y containing A x E whenever A C k and E € £, so contains W’. But this
means that if £ € x\ J, W[{¢}] and W/[{¢}] are stochastically independent, and v(W [{{}AW'[{¢}]) = 3.
Since p(k \ J) =1,

D.H.FREMLIN



106 Topologies and measures I1 439L

1
AWAW') = [v(WHEHAW [{E}])u(de) = 3,
as claimed. Q
In particular, W* in the the measure algebra of A cannot be represented by a member of Pr®B.

439M Example There is a first-countable locally compact Hausdorff space X with a Baire probability
measure p which is not 7-additive and has no extension to a Borel measure. In the classification of 435A,
is of type Ey.

proof Let Q be the set of non-zero countable limit ordinals, and for each & € Q let (0¢(7));en be a strictly
increasing sequence of ordinals with supremum &. Set X = w; X (w + 1), and define a topology ¥ on X by
saying that G C X is open iff

{€:(&,n) € G} is open in the order topology of w; for every n < w,

whenever £ €  and ({,w) € G then there is some n < w such that (n,7) € G whenever
n<i<wand (i) <n<E
This is finer than the product of the order topologies, so is Hausdorff. For every ¢ < w; and n < w,
(€ +1) x {n} is a countable compact open set containing (&, n); for every £ € w1 \ Q, {(§,w)} is a countable
compact open set containg (£, w); and for every & € Q,

{(&w)u{(n, i) si <w, be(i) <n <&}
is a countable compact open subset of X containing (£,w). Thus ¥ is locally compact, and every singleton
subset of X is Gg, so T is first-countable (4A2Kf again).

If f: X — R is continuous, then for every n < w there is a (,, < w; such that f is constant on
{(&,n) : ¢ <& <wi} (4A2S(b-iii)). Setting ¢ = sup,, ., (n, f must be constant on {(§{,w) : & € Q, £ > (}.
PIf& neQ\((+1), then f(&,w) =lim;,o0 f(0e(i)+1,7) and f(n,w) = lim; o0 f(0,(7)+1,4). But there is
some n such that both ¢ () and 6, () are greater than ¢ for every ¢ > n, so that f(0¢(i)+1,7) = f(6,(¢)+1,1)
for every i > n and f(§,w) = f(n,w). Q

Writing ¥ for the family of subsets E of X such that { : & € Q, ({,w) € E} is either countable or
cocountable in €2, ¥ is a g-algebra of subsets of X such that every continuous function is ¥-measurable, so
every Baire set belongs to ¥. We therefore have a Baire measure pg on X defined by saying that poE = 0
if EN(Q x {w}) is countable, 1 otherwise. {(§+ 1) X (w+1) : £ < wy} is a cover of X by negligible
open-and-closed sets, so pg is not 7-additive.

? Suppose, if possible, that u were a Borel measure on X extending pg. Then we must have p(wy x {n}) =
po(wr x {n}) =0 for every n < w, so p(wy x {w}) = 1. Let A be the subspace measure on wy X {w} induced
by p. If A C wi, (A x {w}) U (w1 X w) is an open set, so A is defined on every subset of wy x {w}; and if
€ < wy, then pp((€+1) X (w+1)) = 0, so A is zero on singletons. And this contradicts Ulam’s theorem
(419G, 438Cd). X

439N Example Give w; its order topology.

(i) wy is a normal Hausdorff space which is not measure-compact.

(ii) There is a Baire probability measure po on wy which is not 7-additive and has a unique extension to
a Borel measure, which is not completion regular; that is, g is of type E5 in the classification of 435A.

proof (a) As noted in 4A2Rc, order topologies are always normal and Hausdorff.

(b) Let p be Dieudonné’s measure on wi, and g its restriction to the Baire o-algebra, which is also
the countable-cocountable algebra (4A3P), so that pg is the countable-cocountable measure. Then p is the
only Borel measure extending po. B Let v be any Borel measure extending ug. Every set [0,£] = [0,£ + 1],
where £ < wq, is open-and-closed, so

V[Ovﬂ = /1'0[075] = M[Oaﬂ =0;

also, of course, vw; = 1. Let F' C wy be any closed set. If F' is countable, then it is included in some initial
segment [0, €], so vF = uF = 0. Now suppose that F is uncountable. Set G = w; \ F. For each £ € F, set
G =min{n : £ <n € F} and Ge = [§,(¢[. Then (G¢)eer is a disjoint family of open sets. By 438Bb and
419G /438Cd,
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V(Uggp Ge¢) = deF vGe = 0.
But now
l=vw; =vF +v[0,mnF{+v(Ugep Ge) = vF = pF.

Thus p and v agree on the family & of closed sets. By the Monotone Class Theorem (136C), they agree
on the o-algebra generated by £, which is their common domain; so they are equal. Q

(¢) T have already remarked in 411Q-411R that pu and pg are not 7-additive and g is not completion
regular. So of course w; is not measure-compact.

4390 In 439M I described a Baire measure with no extension to a Borel measure. In view of Maiik’s
theorem (435C), it is natural to ask whether this can be done with a normal space. This leads us into
relatively deep water, and the only examples known need special assumptions.

Example Assume Ostaszewski’s &. Then there is a normal Hausdorfl space with a Baire probability
measure g which is not 7-additive and not extendable to a Borel measure. (In the classification of 435A, p
is of type Eo.)

proof (a) & implies that there is a family (Ce¢)e<,,, of sets such that (i) Ce C € for every € < wy (ii) Ce N
is finite whenever n < { < wy (iii) for any uncountable sets A, B C w; there is a £ < wy such that AN Ce
and B N C¢ are both infinite (4A1IN). For A C wq, set A’ = {{ : £ < wi, AN C¢ is infinite}; then A’ N B’ is
non-empty whenever A, B C w; are uncountable. But this means that A’ N B’ is actually uncountable for
uncountable A, B, since AN B\ v 2 (A\v) N(B\~) is non-empty for every v < wj.

Set X = w; x N. For z = (¢,n) € X, say that

I, =Cex{n—1}ifn>1,

= () otherwise .

(b) Define a topology ¥ on X by saying that a set G C X is open iff I, \ G is finite for every x € G.

The form of the construction ensures that ¥ is T;. In fact, I, N I, is finite whenever z # y in X. P
Express z as (§,m) and y as (n,n) where n < . If either m=0orn=0orm #n, [, NI, =0. Iffn>1
and n < &, then

I.NIL, C (Cenm) x {n—1}

is finite. Similarly, I, N I, is finite if m > 1 and £ < 7. Q Consequently {z} U J is closed whenever z € X
and J C I,.

Observe that (£+1) x N is open and closed for every { < wy, again because C,, N (£ +1) is finite whenever
n € Q and n > &, while C¢ C ¢ for every &.

(c) The next step is to understand the uncountable closed subsets of X. First, if FF C X is closed and
n € N, then F~![{n}], as defined in (a), is a subset of F~*[{n+1}], since if ¢ € F~![{n}]’ then I(¢ ,41)NF is
infinite. If F' is uncountable, there is some n € N such that F~1[{n}] is uncountable, so that (inducing on m)
F~1[{m}] is uncountable for every m > n. Finally, this means that if £, F C X are uncountable closed sets,
there is an m € N such that E~![{m}] and F~![{m}] are both uncountable, so that E~*[{m}}' N F~1[{m})’
is non-empty and E N F' is non-empty.

(d) It follows that X is normal. P Let E and F' be disjoint closed sets in X. By (c), at least one of them is
countable; let us take it that £ C ¢ x N where ( < w;. Enumerate the open-and-closed set W = ((+1) x N
as (Tp)nen. Choose (Up)nen, (Va)nen inductively, as follows. Uy = E, Vo = FNW. If ©, € U,, then
Unt1 =Up U Iy, \ Vo) and V41 = Vs if ©y, & U, then Uyyy = Uy, and Vg =V, U{zn U (1, \ Uy).
An easy induction shows that, for every n, (o) U, NV, =0 (8) U, UV,, CW (v) I, N (U, UV,) is finite for
every x € X \ (U, UV,) (6) I, NV, is finite for every x € U,, (¢) I, NU, is finite for every x € V,,.

At the end of the induction, set G = |J,cyUn, H = U,,en Vo U (X \ W). Then £ C G, FF C H and
GNH=0. If x € G, it is of the form z,, for some n, in which case z,, € U, (because z,, ¢ V, 1) and
I\ Upy1 = I, NV, is finite; thus G is open. If x € H N W, again it is of the form a,, where this time
Xy & Up, so that I, \ V41 = I, NU, is finite; so H is open.
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Thus E and F' are separated by open sets; since ¥ and F' are arbitrary, X is normal. Q
Being T; (see (b)), X is also Hausdorff.

(e) Because disjoint closed sets in X cannot both be uncountable ((c) above), any bounded continuous
function on X must be constant on a cocountable set. (Compare 4A2S(b-iii).) The countable-cocountable
measure fig is therefore a Baire measure on X (cf. 411R). But it has no extension to a Borel measure. P
The point is that if A is any subset of wy, and n € N, then

(Ax{n})U(wi xn), wixn

are both open, so A x {n} is Borel; accordingly every subset of X is a Borel set. But w; is measure-free
(419G, 438Cd), so there can be no Borel probability measure on X which is zero on singletons. Q

Of course pg is not T-additive, because {(§+1) x N : £ < wy } is a cover of X by open-and-closed negligible
sets.

Remark Thus in Maiik’s theorem we really do need ‘countably paracompact’ as well as ‘normal’; at least
if we want a theorem valid in ZFC.

Observe that any example of this phenomenon must involve a Dowker space, that is, a normal Hausdorff
space which is not countably paracompact. The one here is based on DE CAUX 76. Such spaces are hard
to come by in ZFC if we do not allow ourselves to use special principles like &. ‘Real’ Dowker spaces have
been described by RUDIN 71 and BALOGH 96; for a survey, see RUDIN 84. I do not know if either of these
can be adapted to provide a ZFC example to replace the one above.

439P Example (cf. MORAN 68) N¢ is not Borel-measure-compact, therefore not Borel-measure-complete,
measure-compact or Radon.

proof Consider the topology T, on Z = {0, 1}V, as constructed in 439K. Then (Z,T,) is homeomorphic to
a closed subset of NZ x {0,1}N, where in this product the second factor {0,1}" is given its usual topology
S. P For each x € Z, let L, be a T-open T .-compact subset of Z. The first thing to observe is that if
x € Z, and we write Vyp, = {y : y € Z, yIm = xz|m} for each m € N, then U, = {L, N Vpp, : m € N}
is a downwards-directed family of compact open neighbourhoods of x with intersection {x}, so is a base of
neighbourhoods of x (4A2Gd); thus Y = {L, : z € Z} UGS generates T.. Now, for z € Z, define ¢, : Z - N
by setting

d.(y) =0ify € Ly,
=m+1ify € Vi \ (Le UV mt1).

Then every ¢, is T.-continuous, so we have a T.-continuous function ¢ : Z — NZ x {0,1} defined by
setting ¢(y) = ((¢.(y)).ez,y) for y € Z. Because every element of U is of the form ¢~![H] for some open
set H C NZ x {0,1}", Z is homeomorphic to its image ¢[Z].

Now suppose that (w, z) € ¢[Z]. In this case, there is a filter G containing ¢[Z] which converges to (w, z)
(4A2Bc). Let F be an ultrafilter on Z including {¢~'[A] : A € G}; then @[[F]] includes G so converges to
(w,z), and F — z for &. ? If z is not the T.-limit of F, then F can have no ¥-limit, and can contain
no ¥.-compact set (2A3R). In particular, L, ¢ F; but in this case V., \ L, € F for every m, so that
{(v,y) : v(x) > m} € ¢[[F]] for every m, and w(z) > m for every m, which is impossible. X Thus F — z,
and (as ¢ is continuous) (w, z) = ¢(z).

This shows that ¢[Z] is closed, so we have the required homeomorphism between Z and a closed subset
of NZ x {0,1}N. Q

Of course NZ x {0,1}" is a closed subset of NZ x NN = N°. So Z is homeomorphic to a closed subset
of N¢. But Z, with ¥, carries a Borel probability measure v which is inner regular with respect to the
closed sets and is not T-additive (439Kb). So (Z,%.) is not Borel-measure-compact. By 434Hc, N is not
Borel-measure-compact. By 434Ic, N¢ is not Borel-measure-complete; by 434Ka, it is not Radon; by 435Fd,
it is not measure-compact.

439Q Example Let X be the Sorgenfrey line (415Xc). Then X is measure-compact but X? is not.

proof (a) Note that every set [a,b[ is open-and-closed in X, so that the topology is zero-dimensional,
therefore completely regular; and it is finer than the usual topology of R, so is Hausdorff.
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X is Lindelof. I® Let G be an open cover of X. For each ¢ € Q, set
A, ={a:a €]—o00,q[ and there is some G € G such that [a,q[ C G}.

Then J,cq Aq = R. For each ¢ € Q, there is a countable set A; C A, such that inf A} = inf A, in [—o0, o0
and Aj, contains min A, if A, has a least element. Now, for each pair (a,q) where ¢ € Q and a € A}, choose
Gaq € G such that [a,q[ C Gaq. It is easy to see that (J{Gaq : a € AL} D Ay, so that the countable family
{Gag:q€Q, a€ A} covers X. As G is arbitrary, X is Lindelof. Q

It follows that X is measure-compact (435FDb).

(b) Let & be the usual topology on R?, and T the product topology on X?2.

(i) Whenever G, H are disjoint T-open sets, there is an &-Borel set E such that G C E C X?\ H. P
For n € N, set

Ap = {(a,b) : [a,a + 27" x [b,b+2-"[ C G}.

? Suppose, if possible, that there is a point (z,y) € ZS N H, where I write ~° to denote closure for the
topology &. Let § > 0 be such that [z, + 25[ X [y,y +26[ € H and 26 < 27". Then there must be
(a,b) € A, such that [a —z| < dand [b—y| <. Inthiscase,a <z +d<a+2 "andb<y+d<b+27",
so (z + 9,y + d) € G; while § was chosen so that (x + §,y + d) would belong to H. X

Accordingly F = ZS is an &-Borel set disjoint from H. But G =, .y An, 50 G C E. Q

neN neN

(ii) Consequently every T-continuous real-valued function is &-Borel measurable. B If f : X? — R is
T-continuous and « € R, then there is an G-Borel set E, such that

{(z,y) : f(z,y) <a} C Ea C{(2,9) : flz,y) < a}.

But this means that {(z,y) : f(z,y) < a} = U, cy Ea—2-» is &-Borel. Q

(iii) It follows that every ¥-Baire set is G-Borel. We therefore have a ¥-Baire probability measure v
on X2 defined by setting

vE=pur{t:tel0,1], (t,1—t) € E}

for every T-Baire subset of X2, where pr, is Lebesgue measure on R. In this case every point (x,y) of X2

belongs to a T-open set of zero measure for v. P Set K = {(¢t,1—t) : t € [0,1]}. Then K is &-closed, therefore

T-closed, and v(X? \ K) = 0, so if (z,y) ¢ K then we can stop. If (z,y) € K, then [z,x + 1[ x [y,y + 1[ is

a T-open T-closed set meeting K in the single point (z,y), so is a negligible T-neighbourhood of (z,y). Q
Thus v is not 7-additive and X? is not measure-compact.

Remark Contrast this with 438Xr.

439R Example There are first-countable completely regular Hausdorff spaces X, Y with Baire proba-
bility measures p, v such that the Baire measures A\, A’ on X x Y defined by the formulae

[ rax= [[ f(z,y)v(dy)p(de), [ faN = [[ f(z,y)p(dz)v(dy)
(436F) are different.

proof Let X, Y be disjoint stationary subsets of w; (4A1Cd). Give each the topology induced by the order
topology of wi. Let i be Dieudonné’s measure on wq, and fix, jiy the subspace measures induced on X and
Y by fi; let p and v be the restrictions of fix, fiy to the Baire o-algebras of X, Y respectively. Then

pX =iaxX =X =1

because X meets every cofinal closed set in wq; similarly, vY = 1.
Set

W=A{(z,y):reX,yeY, oz <yt={(z,y):ve X, yeY v <y}
Then W is open-and-closed in X x Y (use 4A2Rl), so that f = xW is continuous. But
IJ @ y)v(dy)u(de) = [y y €Y, < y}u(dr) =1,
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Jf fayuldoyv(dy) = [ plz:z € X, 2 < y}u(dy) =0.

Remark Contrast this with 434Xy and 439Yi.

439S The results of 437V leave open the question of which familiar spaces, beyond Cech-complete spaces,
can be Prokhorov. In fact rather few are. The basis of any further investigation must be the following result.

Theorem (PREISS 73) Q is not a Prokhorov space.

proof (a) There is a non-decreasing sequence (Xj)ren of non-empty compact subsets of X = Q N[0, 1],
with union X, such that whenever k € N, z € X, and § > 0, then Xy11 N[z — 6,z + 4] is infinite. I Start
by enumerating X as {qr)ren. Set Xo = {qo}. Given that X} C X is compact, then for each m € N let
Em be a finite cover of X; by open intervals of length at most 27 all meeting X, and let I, be a finite
subset of X \ X meeting every member of £.,; set X1 = Xp U{qry1} UU,nen Iem- If H is any cover of
Xk41 by open sets in R, then there is a finite Hg C H covering Xj. There must be an m € N such that
[x—27™ x+27™] C |JH, for every z € X (2A2Ed), so that Iy C (JHo for every I > m, and Xy11 \ |JHo
is finite; accordingly there is a finite H1 C H covering Xiy1. As H is arbitrary, X1 is compact, and the
induction can proceed. If x € Xj and 6 > 0, then for every m € N there is an 2’ € Xy, \ X} such that
|#' — x| <27™, so that [z — §, 2 4+ 6] N Xj+1 must be infinite. Q

(b) If (ex)ren is any sequence in ]0,00[, and F C [0,1] is a countable closed set, then there is an
z* € X \ F such that p(z*, Xi) < € for every k € N. P We can suppose that limg_, €z = 0. Define
(Hy)ren inductively, as follows. Hy = R. Given Hy, set Hry1 = Hp N{x : p(x, X N H) < €}, where
p(z,A) = infyca |z — y| when z € R and A C R is non-empty. Observe that every Hj is an open subset
of R and that X} N Hy C Hyy1 C Hy for every k; consequently, setting F = ﬂkeN Hj, F is a Gg subset
of R and X, N Hy C E for every k. In particular, E N X contains gy and is not empty. Next, for each k,
p(z, EN Xy) < ¢ for every x € Hy1q and therefore for every x € E; accordingly £ N X is dense in E.
Moreover, if x € EN X, there is a k € N such that x € X; we must have x € Hy, and in this case Hy1 is a
neighbourhood of . So every neighbourhood of « contains infinitely many points of Hi41 N X1 € ENX.
Thus E N X has no isolated points; it follows that E has no isolated points. By 4A2Mc and 4A2Me, FE is
uncountable.

There is therefore a point z € E\ F. Let m € N be such that p(z, F) > €,,. As z € Hy, 41, there is an
x* € H,, N X,, such that |z —z*| < €, and 2* ¢ F. Let k € N. If k > m then certainly p(z*, X;) = 0 < €.
If kK <m then a* € Hy11 so p(z*, Xi) < p(z*, H, N X) < €. So we have a suitable z*. Q

(c) For n, k € N set
Gin = {z: 20 € R\ Xy, p(x, X,,) > 27F}.

Then Gy, is an open subset of R. Let A be the set of Radon probability measures g on X such that
wW(Grn N X) <27 for all n, k € N.

(d) Write A for the set of Radon probability measures y on [0, 1] such that p(Gp, N[0,1]) < 2™ for all k,
neN. Then 4 is a narrowly closed subset of the set of Radon probability measures on [0, 1], which is itself
narrowly compact (437R(f-ii)). Also u([0,1]\ X) = 0 for every u € A. P Let K C [0,1] \ X be compact,
and n € N. Then K and X,, are disjoint compact sets, so there is some k € N such that |z — y| > 27 for
every x € X,, and y € K. In this case K C Gy, so uK < 27™. As n is arbitrary, uK = 0; as K is arbitrary,
u([0,1]\ X) = 0. Q )

A is compact in the narrow topology. P The identity map ¢ : X — [0, 1] induces a map ¢ : M7 (X) —
M ([0,1]) which is a homeomorphism between My (X) and {u: p € Mg ([0,1]), u([0,1]\ X) = 0} (437Nb).
The definition of A makes it plain that it is ¢~ [A]; since A C {u: p € M7 ([0,1]), u([0,1]\ X) = 0}, ¢/ A
is a homeomorphism between A and A, and A is compact. Q

(e) A, regarded as a subset of My (X), is not uniformly tight. B Let K C X be compact. Consider the
set C' of those w € [0,1]% such that w(z) = 0 for every x € K, Y oy w(z) <land Y oo qyw(z) <277
for all k, n € N. Then C is a compact subset of [0,1]%X. If D C C is any non-empty upwards-directed
set, then sup D, taken in [0,1]%, belongs to C. By Zorn’s Lemma, C has a maximal member w say.
? Suppose, if possible, that )  _yw(z) = v < 1. For each n € N, let L, € X be a finite set such
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that > o, w(z) > v —2"""" and m, € N such that L, C X,,,. By (b), there is an 2* € X \ K
such that p(z*, X,,) < 27" for every n € N. Let r € N be such that z* € X, and v+ 27" < 1, and set
w' (z*) = w(z*)+27", w'(x) = w(z) for every x € X \{z*}. Then certainly w’ € [0,1]* and }° .y w'(z) < 1.
If k,n € Nand 2* ¢ Gip, then 3° o xw'(2) = > cq, Ax w(@) <277 If 2* € Gy, then n < 7 and
27k < p(z*,X,,) <27, s0 m, < k and L, C X}, and

ZzeGknﬁX w(x) < erX\Xk w(x) < Z:vEX\Ln w(a:) < 2—71—1’

EreGknﬂX w'(x) <277t 4277 <27,

Thus w’ € C and w was not maximal. X
Accordingly ) .y w(z) = 1 and the point-supported measure u defined by w is a probability measure
on X. By the definition of C, p € A and u(X \ K) = 1. As K is arbitrary, A cannot be uniformly tight. Q

(f) Thus A witnesses that X = Q N[0, 1] is not a Prokhorov space. Since X is a closed subset of Q,
437VD tells us that Q is not a Prokhorov space.

439X Basic exercises (a)(i) Show that there is a set A C [0,1] such that pj A = 1, where py, is
Lebesgue measure, and every member of [0,1] is uniquely expressible as a + ¢ where a € A and ¢ € Q.
(Hint: 134B.) (ii) Define f : [0,1] — A by setting f(z) = a when z € a + Q. Show that the image measure
prf~t takes only the values 0 and 1. (ALDAZ 95. Compare 342Xg.)

(b) Let X be a Radon Hausdorff space and A a subset of X. Show that A is universally negligible iff
1A =0 for every atomless Radon measure on X.

>(c) Let X be a Hausdorff space. Show that a set A C X is universally negligible iff A = 0 whenever p
is a topological measure on X with locally determined negligible sets such that u{z} = 0 for every x € X.

(d) Let X be a Hausdorff space. Show that any universally negligible subset of X is universally measurable
in the sense of 434D.

(e)(i) Show that there is an analytic set A C R such that for any Borel subset E of R\ A there is an
uncountable Borel subset of R\ (AU E). (Hint: 423Sb.) (ii) Show that A is universally measurable, but
there is no Borel set F such that AAFE is universally negligible.

(f) Show that a first-countable compact Hausdorff space is universally negligible iff it is scattered iff it is
countable.

(g) Show that the product of two universally negligible Hausdorff spaces is universally negligible.

(h) Let us say that a Hausdorff space X is universally 7-negligible if there is no 7-additive Borel
probability measure on X which is zero on singletons. (i) Show that if X is a Hausdorff space and A C X,
then A is universally 7-negligible iff u*A = 0 for every 7-additive Borel probability measure on X such
that u{z} = 0 for every x € X. (ii) Show that if X is a regular Hausdorfl space, then a subset A of X
is universally T-negligible iff A = 0 for every atomless quasi-Radon measure on X. (iii) Show that if X
is a completely regular Hausdorff space, it is universally 7-negligible iff whenever u is an atomless Radon
measure on a space Z, and X’ C Z is homeomorphic to X, then X’ = 0. (iv) Show that a Hausdorff space
X is universally negligible iff it is Borel-measure-complete and universally 7-negligible. (v) Show that if X
is a Hausdorff space, Y is a universally 7-negligible Hausdorff space, and f : X — Y is a continuous function
such that f~1[{y}] is universally 7-negligible for every y € Y, then X is universally 7-negligible. (vi) Show
that the product of two universally 7-negligible Hausdorff spaces is universally 7-negligible. (vi) Show that
a scattered Hausdorff space (in particular, any discrete space) is universally 7-negligible. (vii) Show that a
compact Hausdorff space is universally 7-negligible iff it is scattered.

(i) Let X be a Polish space, A C X an analytic set which is not Borel (423Sb, 423Ye), and (E¢)e<wy
a family of Borel constituents of X \ A (423R). Suppose that z¢ € E¢ \ U, . Ey for every { < wy. Show
that {z¢ : & < wi} is universally negligible. Hence show that any probability measure with domain Pw; is
point-supported.
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(§) Let (X, <) be any well-ordered set and p a non-zero o-finite measure on X such that every singleton
is negligible. Show that {(z,y) : # < y} is not measured by the (c.l.d.) product measure on X x X. (Hint:
Reduce to the case in which p is complete and totally finite, X = ( is an ordinal and p€ = 0 for every £ < (.
You will probably need 251Q).)

> (k) Show that 439Fc, or any of the examples of 439A, can be regarded as an example of a probability
space (X, ) and a function f : X — [0,1] such that there is no extension of i to a measure v such that f is
dom v-measurable; and accordingly can provide an example of a probability space (X, u) with a countable
totally ordered family A of subsets of X such that there is no extension of y to a measure measuring every
member of A. Contrast with 214P, 214Xm-214Xn and 214Yb.

(1) Show that 1-dimensional Hausdorff measure on R? is not inner regular with respect to the closed sets.
(Hint: 439H, 439C(a-v); see also 4718S.)

(m) Show that the one-point compactification of the space (Z,%.) described in 439K is a scattered
compact Hausdorff space with an atomless Borel probability measure.

(n) Show that a semi-finite Borel measure on wy, with its order topology, must be purely atomic.
(o) Show that N is not pre-Radon for any uncountable set I. (Hint: 417Xq.)

(p)(i) Suppose that X is a completely regular space and there is a continuous function f from X to a
realcompact completely regular space Z such that f~![{z}] is realcompact for every z € Z. Show that X is
realcompact (definition: 436Xg). (ii) Show that the spaces X of 439K and X? of 439Q are realcompact.

439Y Further exercises (a) Show that a subset A of R is universally negligible iff f[A] is Lebesgue
negligible for every continuous injective function f : R — R. (Hint: if v is an atomless Borel probability
measure on R, set f(z) = « + v[0,z] for x > 0, and show that pr f[E] = prLE + vE for every Borel set
E C[0,00[.)

(b) For this exercise only, let us say that a ‘universally negligible measurable space’ is a pair (X, X)
where X is a set and X a g-algebra of subsets of X containing every countable subset of X such that there
is no probability measure p with domain ¥ such that p{z} = 0 for every x € X. (i) Let X be a set, ¥ a
o-algebra of subsets of X containing all countable subsets of X, A C X and X4 the subspace o-algebra.
Show that (A, X 4) is universally negligible iff y*A = 0 whenever p is a probability measure with domain ¥
which is zero on singletons. Show that if (X, Y) is universally negligible so is (A4,X4). (ii) Let X and Y be
sets, 2 and T o-algebras of subsets of X and Y containing all appropriate countable sets, and f: X — Y
a (3, T)-measurable function. Suppose that (Y, T) and (f~*[{y}],Zs-1[(y)) are universally negligible for
every y € Y. Show that (X, X) is universally negligible. (iii) Let X be a set and ¥ a o-algebra of subsets of
X containing all countable subsets of X. Show that the set of those A C X such that (A, X 4) is universally
negligible is a o-ideal of subsets of X.

(c) Let X be an analytic Hausdorff space and A an analytic subset of X. Show that X \ A is universally
negligible iff all the constituents of X \ A (for any Souslin scheme defining A) are countable.

(d)(i) A pair ({(ag)¢<w,, (be)e<w,) of families of subsets of N is a Hausdorff gap if a¢ \ a,, a¢ \ be and
by \ be are finite whenever £ < 7 < wi, a, \ a¢ and b \ by, are infinite whenever £ < 7 < w;, and moreover
{£: €& <n, ag C b, Un} is finite for every n < wy. (For a construction of a Hausdorff gap, see FREMLIN
84, 21L.) Show that in this case there is no ¢ C N such that a¢ \ ¢ and ¢\ b¢ are finite for every { < wy,
and that {ag : € < w1} U {be : € < wi} is universally negligible in PN. (ii) Let ¢ : (PN)Y — PN be
a homeomorphism. For 0 < & < w; let (6(,n))nen be a sequence running over . Set ap = () and for
0 < & <wi set ag = ¢({ag(¢,n))nen). Show that {a¢ : £ < wi} is universally negligible.

(e)(i) Let X be a metrizable space such that f[X] is Lebesgue negligible for every continuous function
f X — R. Show that X is universally negligible. (ii) Let X be a completely regular Hausdorff space
such that f[X] is Lebesgue negligible for every continuous function f : X — R. Show that X is universally
T-negligible.
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(f) Let T, be the topology on {0, 1} constructed in the proof of 439K. (i) Show that it is normal and
countably paracompact. (ii) Show that any T-zero set is an &-Borel set. (iii) Show that the measure v of
part (b) of the proof of 439K is not completion regular, so that its restriction to the ¥.-Borel o-algebra is
of type By in the classification of 434A.

(g) Show that the space of 4390 is locally compact and locally countable, therefore first-countable.
(h) Show that the Sorgenfrey line is hereditarily Lindeldf, but that its square is not Lindel6f.

(i) Show that if w; is given its order topology, and f : w? — R is continuous, then there is a ( < w; such
that f is constant on (wy \ ¢)2. (Hint: 4A2S(b-iii).) Show that if 4 and v are Baire probability measures on
w1, then the Baire probability measures y x v, v x p on w? defined by the formulae of 436F coincide.

(J)(1) Let X C [0,1] be a dense set with no uncountable compact subset. Show that X is not a Prokhorov
space. (ii) Show that R¢ is not a Prokhorov space.

(k) Show that the Sorgenfrey line is not a Prokhorov space. (Hint: FREMLIN N15.)

439 Notes and comments I give three separate constructions in 439A because the phenomenon here
is particularly important. For two chapters I have, piecemeal, been offering theorems on the extension
of measures. The principal ones so far seem to be 413P, 415L, 416N, 417C, 417E and 435C, and I have
used methods reflecting my belief that the essential feature on which each such theorem depends is inner
regularity of an appropriate kind. I think we should simultaneously seek to develop an intuition for measures
which do not extend, and those in 439A are especially significant because they refer to the Borel algebra of
the unit interval, which in so many other contexts is comfortably clear of the obstacles which beset more
exotic structures.

Note that because the Borel o-algebra of R is countably generated, the examples here are examples of
measures which cannot be extended to measure every member of a countable family of sets. Recall that in
214P 1 showed that measures can be extended to measure the sets in arbitrary well-ordered families.

Outside the context of Polish spaces, the terms ‘universally measurable’ and ‘universally negligible’ are
not properly settled. I have tried to select definitions which lead to a reasonable pattern. At least a
universally negligible subset of a Hausdorff space is universally measurable (439Xd), and both concepts can
be expressed in terms of sets with o-algebras, as in 439Yb. It is important to notice, in 439B, that I write
‘u{z} = 0 for every z € X', not ‘u is atomless’. For instance, Dieudonné’s measure shows that wy, with its
order topology, is not universally negligible on the definition here; but it is easy to show that there is no
atomless Borel probability measure on wy (439Xn). In many cases, of course, we do not need to make this
distinction (439D).

The cardinal x of 439F (the ‘uniformity’ of the Lebesgue null ideal) is one of a large family of cardinals
which will be examined in Chapter 52 in the next volume.

In some of the arguments above (439J, 439L, 4390) I appeal to (different) principles (‘there is a cardinal
which is not measure-free’, &) which are not theorems according to the rules I follow in this book. Such
examples would in some ways fit better into Volume 5, where I mean to investigate such principles properly.
I include the examples here because they do at least exhibit bounds on what can be proved in ZFC. I should
not want anyone to waste her time trying to show, for instance, that all completion regular Borel measures are
7-additive. Nevertheless, the absence of a ‘real’ counter-example (obviously we want a probability measure
on a completely regular Hausdorff space) remains in my view a significant gap. It remains conceivable
that there is a mathematical world in which no such space exists. Clearly the discovery of such a world is
likely to require familiarity with the many worlds already known, and I am not going to embark on any
such exploration in this volume. On the other hand, it is also very possible that all we need is a bit of
extra ingenuity to construct a counter-example in ZFC. In this section we have two examples of successes
of this kind. In 439F-439H, for instance, we have results which were long known as consequences of the
continuum hypothesis; the particular insight of GRZEGOREK 81 was the observation that they depended on
determinate properties of the cardinal x of 439F, and that its indeterminate position between wy and ¢ was
unimportant. In 439K I show how a re-working of ideas in JUHASzZ KUNEN & RUDIN 76, where a similar
example was constructed (for an entirely different purpose) assuming the continuum hypothesis, provides us

D.H.FREMLIN



114 Topologies and measures I1 439 Notes

with an interesting space (a first-countable non-Radon compact Hausdorff space) in ZFC. Let me emphasize
that these ideas were originally set out in a framework supported by an extra axiom, where some technical
details were easier and the prize aimed at (a non-Lindeldf hereditarily separable space) more important.

The examples in 439K-439R are mostly based on constructions more or less familiar from general topology.
I have already mentioned the origins of 439K. 439M is related to the Tychonoff and Dieudonné planks (STEEN
& SEEBACH 78, §586-89). 439N and 439Q revisit yet again w; and the Sorgenfrey line. 4390 is adapted
from one of the standard constructions of Dowker spaces. Products of disjoint stationary sets (439R) have
also been used elsewhere.
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Version of 21.11.10

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

4321 Capacitability 4321, referred to in the 2008 edition of Volume 5, is now 432J.

434S-434T Vague topologies The material on vague topologies, referred to in the 2001 edition of
Volume 2, has been moved to §437.

439H 7-smooth functionals The example of a 7-smooth functional which is not representable as an
integral, referred to in BOGACHEV 07, is now 4391.

439J A non-Radon space The example of a first-countable compact Hausdorff space which is not
Radon, referred to in BOGACHEV 07, is now 439K.

439N Baire measure The example of a Baire probability measure with no extension to a Borel measure,
referred to in BOGACHEV 07, is now 439M.
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