Version of 4.9.09
Chapter 35
Riesz spaces

The next three chapters are devoted to an abstract description of the ‘function spaces’ described in
Chapter 24, this time concentrating on their internal structure and relationships with their associated
measure algebras. I find that any convincing account of these must involve a substantial amount of general
theory concerning partially ordered linear spaces, and in particular various types of Riesz space or vector
lattice. I therefore provide an introduction to this theory, a kind of appendix built into the middle of the
volume. The relation of this chapter to the next two is very like the relation of Chapter 31 to Chapter 32.
As with Chapter 31, it is not really meant to be read for its own sake; those with a particular interest in
Riesz spaces might be better served by LUXEMBURG & ZAANEN 71, SCHAEFER 74, ZAANEN 83 or my own
book FREMLIN T4A.

I begin with three sections in an easy gradation towards the particular class of spaces which we need
to understand: partially ordered linear spaces (§351), general Riesz spaces (§352) and Archimedean Riesz
spaces (§353); the last includes notes on Dedekind (o-)complete spaces. These sections cover the fragments
of the algebraic theory of Riesz spaces which I will use. In the second half of the chapter, I deal with normed
Riesz spaces (in particular, L- and M-spaces)(§354), spaces of linear operators (§355) and dual Riesz spaces
(§356).

Version of 16.10.07

351 Partially ordered linear spaces

I begin with an account of the most basic structures which involve an order relation on a linear space,
partially ordered linear spaces. As often in this volume, I find myself impelled to do some of the work in very
much greater generality than is strictly required, in order to show more clearly the nature of the arguments
being used. I give the definition (351A) and most elementary properties (351B-351L) of partially ordered
linear spaces; then I describe a general representation theorem for arbitrary partially ordered linear spaces
as subspaces of reduced powers of R (351M-351Q). I end with a brief note on Archimedean partially ordered
linear spaces (351R).

351A Definition A partially ordered linear space is a linear space (U, +,-) over R together with a
partial order < on U such that

u<v=—=u+w<v+w,

u>0,a>0= au>0

for u, v, w € U and « € R.

351B Elementary facts Let U be a partially ordered linear space.

(a) For u, v e U,

u<v <= 0<v—u < —v<—u.

(b) Suppose that u, v € U and u < v. Then au < av for every a > 0 and av < au for every o < 0.
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2 Riesz spaces 351Bc
(c)fu>0and a<Bin R, then cu < Pu. f0<u<vinU and 0 < a < fin R, then au < fo.

351C Positive cones Let U be a partially ordered linear space.
(a) I will write U™ for the positive cone of U, the set {u:u € U, u > 0}.
b) u<v <= v—ueU".

(c¢) If U is a real linear space, a set C C U is the positive cone for some ordering rendering U a partially
ordered linear space iff

u+vedC, aué€C whenever u, v € C and a > 0,
0eC, ueC& —uelC=u=0.

(d) Let U be a partially ordered linear space, and v € U. Then u > 0 iff u > —u.

(e) UT is always convex.

351D Suprema and infima Let U be a partially ordered linear space.
(a) u+— u+w is always an order-isomorphism; wu +— —u is order-reversing.
(b) If ACU and v € U then

sup,ca(v +u) = v+ sup A if either side is defined,

inf,ca(v+ u) = v+ inf A if either side is defined,
sup,eca(v —u) = v — inf A if either side is defined,
infyea(v —u) = v —sup A if either side is defined.

(c) If A, B C U and sup A and sup B are defined, then sup(A+ B) is defined and equal to sup A+sup B.
Similarly, if A, B C U and inf A, inf B are defined then inf(A 4+ B) = inf A + inf B.

(d) If & > 0 then sup(aA) = asup A if either side is defined; similarly, inf(oA) = o inf A.

351E Linear subspaces If U is a partially ordered linear space, and V' is any linear subspace of U, then
V', with the induced linear and order structures, is a partially ordered linear space.

351F Positive linear operators Let U and V' be partially ordered linear spaces, and write L(U; V') for
the linear space of all linear operators from U to V. For S, T € L(U; V) say that S < T iff Su < T'u for every
uw € U, Under this ordering, L(U; V) is a partially ordered linear space; its positive cone is {T": T'u > 0 for
every u € UT}. For T € L(U;V), T > 0 iff T is order-preserving. In this case we say that T is a positive
linear operator.

ST is a positive linear operator whenever U, V and W are partially ordered linear spaces and T : U — V,
S :V — W are positive linear operators.

351G Order-continuous positive linear operators: Proposition Let U and V be partially ordered
linear spaces and T : U — V' a positive linear operator.
(a) The following are equiveridical:

(i) T is order-continuous;

(ii) inf T[A] = 0 in V whenever A C U is a non-empty downwards-directed set with infimum 0 in U;

(iii) supT[A] = Tw in V whenever A C U™ is a non-empty upwards-directed set with supremum w in
U.

(b) The following are equiveridical:

(i) T is sequentially order-continuous;

(ii) inf,,ey Tu,, = 0 in V' whenever (u,)nen is a non-increasing sequence in U with infimum 0 in U;

(iii) sup, ey Tun, = Tw in V whenever (u,)nen is a non-decreasing sequence in Ut with supremum w
in U.
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351P Partially ordered linear spaces 3

351H Riesz homomorphisms (a) Let U, V be partially ordered linear spaces. A Riesz homomor-
phism from U to V is a linear operator T': U — V such that whenever A C U is a finite non-empty set
and inf A =0 in U, then inf T[A] =0 in V.

(b) Any Riesz homomorphism is a positive linear operator.

(¢) Let U and V be partially ordered linear spaces and T : U — V a Riesz homomorphism. Then
inf T'[A] exists = T'(inf A), supT[A] exists = T'(sup A)

whenever A C U is a finite non-empty set and inf A, sup A exist.

(d) If U, V and W are partially ordered linear spaces and T: U — V|, S : V — W are Riesz homomor-
phisms then ST : U — W is a Riesz homomorphism.

3511 Solid sets Let U be a partially ordered linear space. I will say that a subset A of U is solid if
A= UuEA[_u’ U’]

351J Proposition Let U be a partially ordered linear space and V' a solid linear subspace of U. Then
the quotient linear space U/V has a partially ordered linear space structure defined by either of the rules

u® < w* iff there is some v € V such that u < v 4+ w,
UVt ={u*:uelUt},
and for this partial order on U/V the map u+ u® : U — U/V is a Riesz homomorphism.

351K Lemma Suppose that U is a partially ordered linear space, and that W, V are solid linear
subspaces of U such that W C V. Then V; = {v* : v € V'} is a solid linear subspace of U/W.

351L Products If (U;);cs is any family of partially ordered linear spaces, we have a product linear space
U = [lic; Us; if we set u < v in U iff u(i) < v(i) for every i € I, U becomes a partially ordered linear
space, with positive cone {u : u(i) > 0 for every ¢ € I}. For each ¢ € I the map u — u(i) : U — Uj; is an
order-continuous Riesz homomorphism.

351M Reduced powers of R (a) Let X be any set. Then RX is a partially ordered linear space if we
say that f < g means that f(z) < g(z) for every z € X. If now F is a filter on X, we have a corresponding
set

V={f:feRY {2: f(x) =0} € F}
V is a linear subspace of R¥ | and is solid. By the reduced power R |F I shall mean the quotient partially
ordered linear space RX /V.
(b) For f € RX,
f*>0inRXF < {z:f(x)>0}eF.

351N Lemma Let U be a partially ordered linear space. If u, vg,...,v, € U are such that v # 0 and
Vo, ... ,Up > 0 then there is a linear functional f : U — R such that f(u) # 0 and f(v;) > 0 for every i.

3510 Lemma Let U be a partially ordered linear space, and ug a non-zero member of U. Then there is
a solid linear subspace V of U such that ug ¢ V and whenever A C U is finite, non-empty and has infimum
0 then ANV # 0.

351P Lemma Let U be a partially ordered linear space and u a non-zero element of U, and suppose
that Ao, ..., A, are finite non-empty subsets of U such that inf A; = 0 for every j < n. Then there is a
linear functional f : U — R such that f(u) # 0 and min f[A;] = 0 for every j < n.
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4 Riesz spaces 351Q

351Q Theorem Let U be any partially ordered linear space. Then we can find a set X, a filter 7 on X
and an injective Riesz homomorphism from U to the reduced power RX|F.

351R Archimedean spaces (a) For a partially ordered linear space U, the following are equiveridical:
(i) if u, v € U are such that nu < v for every n € N then w < 0 (ii) if w > 0 in U then infs-q du = 0.

(b) I will say that partially ordered linear spaces satisfying the equiveridical conditions of (a) above are
Archimedean.

(¢) Any linear subspace of an Archimedean partially ordered linear space, with the induced partially
ordered linear space structure, is Archimedean.

(d) Any product of Archimedean partially ordered linear spaces is Archimedean. In particular, R is
Archimedean for any set X.

Version of 9.6.16/16.8.22
352 Riesz spaces

In this section I sketch those fragments of the theory we need which can be expressed as theorems about
general Riesz spaces or vector lattices. I begin with the definition (352A) and most elementary properties
(352C-352F). In 352G-352J I discuss Riesz homomorphisms and the associated subspaces (Riesz subspaces,
solid linear subspaces); I mention product spaces (352K, 352T) and quotient spaces (352Jb, 352U) and the
form the representation theorem 351Q) takes in the present context (352L-352M). Most of the second half
of the section concerns the theory of ‘bands’ in Riesz spaces, with the algebras of complemented bands
(352Q) and projection bands (352S) and a description of bands generated by upwards-directed sets (352V).
I conclude with a description of  f-algebras’ (352W).

352A Definition A Riesz space or vector lattice is a partially ordered linear space which is a lattice.

352B Lemma If U is a partially ordered linear space, then it is a Riesz space iff sup{0, u} is defined for
every u € U.
352C Notation In any Riesz space U I will write
ut=uVv0, v =(—u)V0o=(—u)t, |ul=uV(-u)

where u Vv = sup{u, v} (and u A v = inf{u, v}).
A family (u;);er in U is disjoint if |u;| A |u;| = 0 for all distinct ¢, j € I. Similarly, a set C' C U is
disjoint if |u| A |v| = 0 for all distinct u, v € C.

352D Elementary identities Let U be a Riesz space.
ut+(wVw)=(u+v)V(ut+tw), u+@Aw)=(u+v)A u+w),
aluVv)=oauVavand aluAv) =au A av if a > 0,

—(u Vo) =(—u)A(—v).
Combining and elaborating on these facts, we get

ut

—u =u,
ut +u™ = |ul,
u>0 = —u<0 << u =0 <= v=u" <= u=|u,

(© 1998 D. H. Fremlin
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3521 Riesz spaces 5

| —ul = lul, [ful|=lu], |ou] = |alu],

uVo+uAv=u-+u,
uVov=u+ (v—u)t,
+

uAv=u—(u—uv)t,

u\/v:%(u—&-v—l—|u—v|),

u/\v:%(u+vf|ufv|),

utvVu~ =ul, utAuT =0,
luto| <lul+ o, u] = vl <fu—vl,  JuVo] <ful + vl
for u, v € U and a € R.
352E Distributive laws Let U be a Riesz space.
(a) If A, B C U have suprema a, b in U, then C = {u Av:u € A, v € B} has supremum a A b.
(b) inf{uVwv:ue A, ve B} =inf AVinf B whenever A, B C U and the right-hand-side is defined.

(c) U is a distributive lattice.

352F Further identities and inequalities: Proposition Let U be a Riesz space.
(a)(i) Hu, v, w>0in U then u A (v+w) < (uAv) + (uAw).

(i) If vo, ... , Vm,wo, ... ,w, € UT then
Do Vi A Z?:o w; <30, Z?:o vi A wj.
(b) If ug, ... ,u, € U are disjoint, then | > ", oyu;| = > oi || |ug] for any ag, ... ,a, € R.

(¢) If u, v € U then
ut Avt < (u+ov)t <ut 4ot
(d) If ug,... ,Um,v0,... v € UT and " ju; = Z?:o vj, then there is a family (w;;)i<m, j<n in UT
such that Y7 w;; = v; for every j <n and Y27 wij = u; for every i < m.

352G Riesz homomorphisms: Proposition Let U be a Riesz space, V' a partially ordered linear
space and T : U — V a linear operator. Then the following are equiveridical:

(i) T is a Riesz homomorphism in the sense of 351H;

(ii) (Tu)™ = sup{T'u,0} is defined and equal to T'(u™) for every u € U;

(iii) sup{T'u, —Tu} is defined and equal to T'|u| for every u € U;

(iv) inf{Tu,Tv} =0 in V whenever u Av =0 in U.

352H Proposition If U and V are Riesz spaces and T : U — V is a bijective Riesz homomorphism,
then T is a partially-ordered-linear-space isomorphism, and T~! : V' — U is a Riesz homomorphism.

3521 Riesz subspaces (a) If U is a partially ordered linear space, a Riesz subspace of U is a linear
subspace V such that sup{u,v} and inf{u,v} are defined in U and belong to V for every u, v € V. In this
case V, with the induced order and linear structure, is a Riesz space in its own right, and the embedding
map u +— u: V — U is a Riesz homomorphism.
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6 Riesz spaces 352Ib

(b) Generally, if U is a Riesz space, V is a partially ordered linear space and T : U — V is a Riesz
homomorphism, then T[U] is a Riesz subspace of V.

(c) If U is a Riesz space and V is a linear subspace of U, then V is a Riesz subspace of U iff |u| € V for
every u € V.

352J Solid subsets (a) If U is a Riesz space, a subset A of U is solid iff v € A whenever v € A and
|[v| < |u|. In particular, if A is solid, then v € A iff |v| € A.
For any set A C U, the set

{u : there is some v € A such that |u| < |v|}

is a solid subset of U, the smallest solid set including A; we call it the solid hull of A in U.
Any solid linear subspace of U is a Riesz subspace. If V' C U is a Riesz subspace, then the solid hull of
Vin U is
{u : there is some v € V such that |u| < v}
and is a solid linear subspace of U.
(b) If T is a Riesz homomorphism from a Riesz space U to a partially ordered linear space V, then its

kernel W is a solid linear subspace of U.
Now the quotient space U/W isomorphic, as partially ordered linear space, to T[U], and is a Riesz space.

352K Products If (U,);cs is any family of Riesz spaces, then the product partially ordered linear space
U = [l;c; Ui is a Riesz space, with

uVo=(u()Vo())er, uAv= (u(@)Av(@))iecr, |ul=/u@)])ier
for all u, v € U.

352L Theorem Let U be any Riesz space. Then there are a set X, a filter 7 on X and a Riesz subspace
of the Riesz space RX|F which is isomorphic, as Riesz space, to U.

352M Corollary Any identity involving the operations +, —, V, A, ¥, 7| | and scalar multiplication,
and the relation <, which is valid in R, is valid in all Riesz spaces.

352N Order-density and order-continuity Let U be a Riesz space.

(a) Definition A Riesz subspace V of U is quasi-order-dense if for every v > 0 in U there isav € V
such that 0 < v < w; it is order-dense if u = sup{v:v € V, 0 < v < u} for every u € UT.

(b) If U is a Riesz space and V' is a quasi-order-dense Riesz subspace of U, then the embedding V' & U
is order-continuous.

(c)(i) If V C U is an order-dense Riesz subspace, it is quasi-order-dense. (ii) If V is a quasi-order-dense
Riesz subspace of U and W is a quasi-order-dense Riesz subspace of V, then W is a quasi-order-dense Riesz
subspace of U. (iii) If V' is an order-dense Riesz subspace of U and W is an order-dense Riesz subspace of

V, then W is an order-dense Riesz subspace of U. (iv) If V' is a quasi-order-dense solid linear subspace of
U and W is a quasi-order-dense Riesz subspace of U then V N W is quasi-order-dense in U.

(d) A Riesz homomorphism is order-continuous iff it preserves arbitrary suprema and infima.

(e) If V is a Riesz subspace of U, we say that it is regularly embedded in U if the identity map from
V to U is order-continuous.

3520 Bands Let U be a Riesz space.
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352T Riesz spaces 7

(a) Definition A band or normal subspace of U is an order-closed solid linear subspace.

(b) If V C U is a solid linear subspace then it is a band iff sup A € V whenever A C VT is a non-empty,
upwards-directed subset of V' with a supremum in U.

(c) For any set A C U set AL ={v:veU, |ulAv| =0 for every u € A}. Then A~ is a band.
(d) For any A C U, AC (At)*. Also B+ C A+ whenever A C B. So A+ = A++L,

(e) If W is another Riesz space and T : U — W is an order-continuous Riesz homomorphism then its
kernel is a band.

352P Complemented bands Let U be a Riesz space. A band V C U is complemented if V1 =V,
that is, if V is of the form AL for some A C U. In this case its complement is the complemented band
Vi,

352Q Theorem In any Riesz space U, the set € of complemented bands forms a Dedekind complete

Boolean algebra, with

VAeW =VAW, VueW = (V4 W)kt
1€:Ua OCZ{O}? 1€\¢V:VL7

VeW <= VW
for V, W e €.

352R Projection bands Let U be a Riesz space.

(a) A projection band in U is a set V C U such that V 4+ V+ = U. In this case V is a complemented
band. Observe that U = V+ + V44 so V1 also is a projection band.

(b) U = V@V for any projection band V' C U; there is a corresponding band projection Py : U — U
defined by setting P(v+w) = v whenever v € V, w € V4. In this context I will say that v is the component
of v+ w in V. The kernel of P is V*, the set of values is V, and P2 = P. P is an order-continuous Riesz
homomorphism.

(c) Note that for any band projection P, and any u € U, we have |Pu| < |u|; P[W] C W for any solid
linear subspace W of U.

(d) A linear operator P : U — U is a band projection iff Pu A (u — Pu) = 0 for every u € U™.

352S Proposition Let U be any Riesz space.

(a) The family B of projection bands in U is a subalgebra of the Boolean algebra € of complemented
bands in U.

(b) For V € ®B let Py, : U — V be the corresponding projection. Then for any e € U™,

Pyawe = Pye AN Pwe = Py Pye, Pyywe= PyeV Pye

for all V., W € 9. In particular, band projections commute.
(¢) If V € B then the algebra of projection bands in V is just the principal ideal of B generated by V.

352T Products again (a) f U =[]
subspace

;e Ui is a product of Riesz spaces, then for any J C I we have a

Vi={u:ueU u(i)=0foraliecl\J}

of U, canonically isomorphic to [[;. ; Us. Each V; is a projection band, its complement being V7 7; the map
J — V; is a Boolean homomorphism from PI to the algebra B of projection bands in U, and (V{;})ier is a
partition of unity in ‘B.
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8 Riesz spaces 352Tb

(b) Conversely, if U is a Riesz space and (Vp,...,V,,) is a finite partition of unity in the algebra B of
projection bands in U, then every element of U is uniquely expressible as Z?:o u; where u; € V; for each i.
This decomposition corresponds to a Riesz space isomorphism between U and [],.,, Vi.

352U Quotient spaces (a) If U is a Riesz space and V is a solid linear subspace, then the canonical
map from U onto the quotient partially ordered linear space U/V is a Riesz homomorphism, so U/V is a
Riesz space. I have already noted that if U and W are Riesz spaces and T : U — W a Riesz homomorphism,
then the kernel V' of T is a solid linear subspace of U and the Riesz subspace T[U] of W is isomorphic to
U/v.

(b) Suppose that U is a Riesz space and V' a solid linear subspace. Then the canonical map from U to
U/V is order-continuous iff V' is a band.

352V Principal bands Let U be a Riesz space. Evidently the intersection of any family of Riesz
subspaces of U is a Riesz subspace, the intersection of any family of solid linear subspaces is a solid linear
subspace and the intersection of any family of bands is a band; we may speak of the band generated by a
subset A of U, the intersection of all the bands including A.

Lemma Let U be a Riesz space.

(a) If A C U™ is upwards-directed and 2w € A for every w € A, then an element u of U belongs to the
band generated by A iff |u| = sup,,c4 |u| A w.

(b) If u e U and w € U™, then u belongs to the band in U generated by w iff |u| = sup,,cy [u| A nw.

352W f-algebras (a) Definition An f-algebra is a Riesz space U with a multiplication x : UxU — U
such that
ux (vxw)=(uxXv)Xxw,
(u+v)xw=wxw)+vxw), ux@V+w)=uxv)+(uxw),
a(u xv) = (qu) X v=u X (av)
for all u, v, w € U and o € R, and
u X v > 0 whenever u, v > 0,
if u Av=0then (ux w)Av=(wxu)Av=0 for every w > 0.
An f-algebra is commutative if u X v = v X u for all u, v.
(b) Let U be an f-algebra.
(i) fuAv=01in U, then u x v = 0.
(ii) w x u > 0 for every u € U.
(iii) If u, v € U then |u x v| = |u] X |v].
(iv) If v € U the maps u+ u x v, u+— v X u: U — U are Riesz homomorphisms.

(c) Let (U;)ier be a family of f-algebras, with Riesz space product U (352K). If we set u x v = (u(i) x
v(1))ier for all u, v € U, then U becomes an f-algebra.

Version of 16.2.17

353 Archimedean and Dedekind complete Riesz spaces
I take a few pages over elementary properties of Archimedean and Dedekind (o)-complete Riesz spaces.

353A Proposition Let U be an Archimedean Riesz space. Then every quasi-order-dense Riesz subspace
of U is order-dense.
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353N Archimedean and Dedekind complete Riesz spaces 9

353B Proposition Let U be an Archimedean Riesz space. Then
(a) for every A C U, the band generated by A is A+
(b) every band in U is complemented.

353C Corollary Let U be an Archimedean Riesz space and v € U. Let V be the band in U generated
by v. If u € U, then u € V iff there is no w such that 0 < w < |u] and w A |v| = 0.

353D Proposition Let U be an Archimedean Riesz space and V an order-dense Riesz subspace of U.
Then the map W — W NV is an isomorphism between the band algebras of U and V.

353E Lemma Let U be an Archimedean Riesz space and V' C U a band such that sup{v:v € V,0 <
v < u} is defined for every u € UT. Then V is a projection band.

353F Lemma Let U be an Archimedean Riesz space. If A C U is non-empty and bounded above and
B is the set of its upper bounds, then inf(B — A) = 0.

353G Proposition Let U be a Riesz space and V' an order-dense Riesz subspace of U. If V' is Archime-
dean, so is U.

353H Dedekind completeness For a Riesz space U, U is Dedekind complete iff every non-empty
upwards-directed subset of U' with an upper bound has a least upper bound, and is Dedekind o-complete
iff every non-decreasing sequence in Ut with an upper bound has a least upper bound.

3531 Proposition Let U be a Dedekind o-complete Riesz space.

(a) U is Archimedean.

(b) For any v € U the band generated by v is a projection band.

(c) If u, v € U, then u is uniquely expressible as u; 4+ ua, where u; belongs to the band generated by v
and |uz| A |v] = 0.

353J Proposition In a Dedekind complete Riesz space, all bands are projection bands.

353K Proposition (a) Let U be a Dedekind o-complete Riesz space.
(i) If V is a solid linear subspace of U, then V is (in itself) Dedekind o-complete.
(ii) If V is a sequentially order-closed Riesz subspace of U then V is Dedekind o-complete.
(iii) If V is a sequentially order-closed solid linear subspace of U, the canonical map from U to the
quotient space U/V is sequentially order-continuous, and U/V also is Dedekind o-complete.
(b) Let U be a Dedekind complete Riesz space.
(i) If V is a solid linear subspace of U, then V is Dedekind complete.
(ii) If V C U is an order-closed Riesz subspace then V' is Dedekind complete.

353L Proposition Let U be a Riesz space and V' a quasi-order-dense Riesz subspace of U which is (in
itself) Dedekind complete. Then V' is a solid linear subspace of U.

353M Order units Let U be a Riesz space.
(a) An element e of U™ is an order unit in U if U is the solid linear subspace of itself generated by e.

(b) An element e of Ut is a weak order unit in U if U is the principal band generated by e.
Of course an order unit is a weak order unit.

(c) If U is Archimedean, then an element e of UT is a weak order unit iff u A e > 0 whenever u > 0.
353N Theorem Let U be an Archimedean Riesz space with order unit e. Then it can be embedded as
an order-dense and norm-dense Riesz subspace of C'(X), where X is a compact Hausdorff space, in such a

way that e corresponds to xX; moreover, this embedding is essentially unique.
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10 Riesz Spaces 3530

3530 Lemma Let U be a Riesz space, V an Archimedean Riesz space and S, T : U — V Riesz
homomorphisms such that SuATw =0 in V whenever u Aw =0in U. Set W = {u : Su=Tu}. Then W
is a solid linear subspace of U; if S and T are order-continuous, W is a band.

353P f-algebras: Proposition Let U be an Archimedean f-algebra. Then

(a) the multiplication is separately order-continuous in the sense that the maps u — u X w, u — w X u
are order-continuous for every w € U™;

(b) the multiplication is commutative.

353Q Proposition Let U be an Archimedean f-algebra with multiplicative identity e.

(a) e is a weak order unit in U.

(b) If u, v € U then u x v =0 iff |u| A |v| = 0.

(c) If u € U has a multiplicative inverse u~! then |u| also has a multiplicative inverse; if v > 0 then
u~! >0 and v is a weak order unit.

(d) If V is another Archimedean f-algebra with multiplicative identity ¢/, and T : U — V is a positive
linear operator such that Te = ¢/, then T is a Riesz homomorphism iff T'(u X v) = Tu x Tv for all u, v € U.

Version of 18.8.08
354 Banach lattices

The next step is a brief discussion of norms on Riesz spaces. I start with the essential definitions (354A,
354D) with the principal properties of general Riesz norms (354B-354C) and order-continuous norms (354E).
I then describe two of the most important classes of Banach lattice: M-spaces (354F-354L) and L-spaces
(354M-354R), with their elementary properties. For M-spaces I give the basic representation theorem
(354K-354L), and for L-spaces I give a note on uniform integrability (354P-354R).

354A Definitions (a) If U is a Riesz space, a Riesz norm or lattice norm on U is a norm || || such
that ||u|| < ||v|| whenever |u| < |v].

(b) A Banach lattice is a Riesz space with a Riesz norm under which it is complete.

354B Lemma Let U be a Riesz space with a Riesz norm || ||.

(a) U is Archimedean.

(b) The maps u — |u| and u + T are uniformly continuous.

(c) For any u € U, the sets {v: v < wu} and {v: v > u} are closed; in particular, the positive cone of U is
closed.

(d) Any band in U is closed.

(e) If V is a norm-dense Riesz subspace of U, then V** = {v:v € V, v > 0} is norm-dense in the positive
cone Ut of U.

354C Lemma If U is a Banach lattice and (u,)nen is a sequence in U such that > |lu,|| < oo, then
SUp, ey Un is defined in U, with || sup, ey unl| < D002 [lun]|-

354D Definitions (a) A Fatou norm on a Riesz space U is a Riesz norm on U such that whenever
A C U is non-empty and upwards-directed and has a least upper bound in U, then || sup A|| = sup,,¢c 4 ||u]|.

(b) A Riesz norm on a Riesz space U has the Levi property if every upwards-directed norm-bounded
set is bounded above.

(c) A Riesz norm on a Riesz space U is order-continuous if inf,c4 ||u]| = 0 whenever A C U is a
non-empty downwards-directed set with infimum 0.

(©) 2000 D. H. Fremlin

MEASURE THEORY (abridged version)



354M Banach lattices 11

354E Proposition Let U be a Riesz space with an order-continuous Riesz norm || ||.

(a) If A C U is non-empty and upwards-directed and has a supremum, then sup A € A.

(b) ||| is Fatou.

(¢c) If A C U is non-empty and upwards-directed and bounded above, then for every € > 0 there is a
u € A such that ||(v —u)t|| < e for every v € A; that is, the filter F(A?) on U generated by {{v: v € A,
u<w}:u€ A} is a Cauchy filter.

(d) Any non-decreasing order-bounded sequence in U is Cauchy.

(e) If U is a Banach lattice it is Dedekind complete.

(f) Every order-dense Riesz subspace of U is norm-dense.

(g) Every norm-closed solid linear subspace of U is a band.

354F Lemma If U is an Archimedean Riesz space with an order unit e, there is a Riesz norm || ||, defined
on U by the formula

[lu]le = min{a : a > 0, |u| < ae}

for every u € U.

354G Definitions (a) If U is an Archimedean Riesz space and e an order unit in U, the norm || ||. as
defined in 354F is the order-unit norm on U associated with e.

(b) An M-space is a Banach lattice in which the norm is an order-unit norm.

(c) If U is an M-space, its standard order unit is the order unit e such that || || is the norm of U.

354H Examples (a) For any set X, £>°(X) is an M-space with standard order unit xX.

(b) For any topological space X, the space Cp(X) of bounded continuous real-valued functions on X is
an M-space with standard order unit yX.

(c) For any measure space (X, X, 1), the space L>°(u) is an M-space with standard order unit xX*.

3541 Lemma Let U be an Archimedean Riesz space with order unit e, and V a subset of U which is
dense for the order-unit norm || ||c. Then for any u € U there are sequences (Upn)nen, (Wn)nen in V' such
that v, < vpp1 < u < Wy < wy, and |Jwy, — vy le < 277" for every n; so that u = sup,,cy vn = infpeny wy, in
U.

If V is a Riesz subspace of U, and u > 0, we may suppose that v, > 0 for every n. Consequently V is
order-dense in U.

354J Proposition Let U be an Archimedean Riesz space with an order unit e. Then |||, is Fatou and
has the Levi property.

354K Theorem Let U be an Archimedean Riesz space with order unit e. Then it can be embedded as
an order-dense and norm-dense Riesz subspace of C'(X), where X is a compact Hausdorff space, in such a
way that e corresponds to X and || || corresponds to || [|oo; moreover, this embedding is essentially unique.

354L Corollary Any M-space U is isomorphic, as Banach lattice, to C(X) for some compact Hausdorff
X, and the isomorphism is essentially unique. X can be identified with the set of Riesz homomorphisms
2 : U — R such that x(e) = 1, where e is the standard order unit of U, with the topology induced by the
product topology on RY.

354M Definition An L-space is a Banach lattice U such that ||u+v|| = ||ul|+ |Jv|| whenever u, v € U™T.

Example If (X, X, i) is any measure space, then L' (1), with its norm || ||1, is an L-space. ¢! is an L-space.
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354N Theorem If U is an L-space, then its norm is order-continuous and has the Levi property.

3540 Proposition If U is an L-space and V is a norm-closed Riesz subspace of U, then V is an L-space
in its own right. In particular, any band in U is an L-space.

354P Uniform integrability in L-spaces: Definition Let U be an L-space. A set A C U is uniformly
integrable if for every € > 0 there is a w € U™ such that ||(Ju| — w)"| < € for every u € A.

354Q Proposition If (X, X, ;1) is any measure space, then a subset of L! = L!(y) is uniformly integrable
in the sense of 354P iff it is uniformly integrable in the sense of 246A.

354R Theorem Let U be an L-space.
(a) If A C U is uniformly integrable, then
(i) A is norm-bounded;
(ii) every subset of A is uniformly integrable;
(iii) for any a € R, @A is uniformly integrable;
(iv) there is a uniformly integrable, solid, convex, norm-closed set C O A;
(v) for any other uniformly integrable set B C U, AU B and A 4+ B are uniformly integrable.
(b) For any set A C U, the following are equiveridical:
(i) A is uniformly integrable;
(1) limy,—yo0 (Jun| — sup;, [ui|)* = 0 for every sequence (u,)nen in A;
(ili) either A is empty or for every € > 0 there are ug,... ,u, € A such that ||(ju| — sup,;<,, [u:|)T|| <e
for every u € A;
(iv) A is norm-bounded and any disjoint sequence in the solid hull of A is norm-convergent to 0.
(¢c) If V. C U is a closed Riesz subspace then a subset of V' is uniformly integrable when regarded as a
subset of V' iff it is uniformly integrable when regarded as a subset of U.

Version of 1.12.07

355 Spaces of linear operators

We come now to a discussion of linear operators between Riesz spaces. Linear operators are central to
any kind of functional analysis, and a feature of the theory of Riesz spaces is the way the order structure
picks out certain classes of operators for special consideration. Here I concentrate on positive and order-
continuous operators, with a brief mention of sequential order-continuity. It turns out, in fact, that we need
to work with operators which are differences of positive operators or of order-continuous positive operators.
I define the basic spaces L™, L* and L (355A, 355G), with their most important properties (355B, 355E,
355H-3551) and some remarks on the special case of Banach lattices (355C, 355K). At the same time I give
an important theorem on extension of operators (355F) and a corollary (355J).

The most important case is of course that in which the codomain is R, so that our operators become
real-valued functionals; I shall come to these in the next section.

355A Definition Let U and V be Riesz spaces. A linear operator T': U — V is order-bounded if
T[A] is order-bounded in V for every order-bounded A C U.
I will write L™~ (U; V) for the set of order-bounded linear operators from U to V.

(© 1996 D. H. Fremlin
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355B Lemma If U and V are Riesz spaces,

(a) a linear operator T': U — V is order-bounded iff {Tu : 0 < u < w} is bounded above in V for every
we Ut

(b) in particular, any positive linear operator from U to V belongs to L~ = L~(U; V);

(c) L™ is a linear space;

(d) if W is another Riesz space and T': U — V and S : V — W are order-bounded linear operators, then
ST : U — W is order-bounded.

355C Theorem If U and V are Banach lattices then every order-bounded linear operator from U to V'
is continuous.

355D Lemma Let U be a Riesz space and V' any linear space over R. Then a function T : Ut — V
extends to a linear operator from U to V iff

Tu+u)=Tu+Tu, T(au)=aTu

for all u, ' € UT and every o > 0, and in this case the extension is unique.

355E Theorem Let U be a Riesz space and V' a Dedekind complete Riesz space.

(a) The space L™ of order-bounded linear operators from U to V is a Dedekind complete Riesz space; its
positive cone is the set of positive linear operators from U to V. In particular, every order-bounded linear
operator from U to V is expressible as the difference of positive linear operators.

(b) For T € L™, Tt and |T| are defined in the Riesz space L™ by the formulae

TH(w) =sup{Tu:0<u<w}

IT|(w) = sup{Tw : [u| < w} =sup{d 7 ¢ |[Tui : 3o;_ lui| = w}
for every w € UT.
(¢) If S, T € L™ then

(SVT)(w) =supgcy<y Su+T(w—u), (SAT)(w)=infocy<w Su+T(w —u)

for every w € UT.

(d) Suppose that A C L~ is non-empty and upwards-directed. Then A is bounded above in L™ iff
{Tu:T € A} is bounded above in V for every u € U™, and in this case (sup A)(u) = suppc 4 T'u for every
u > 0.

(e) Suppose that A C (L™)™" is non-empty and downwards-directed. Then inf A = 0 in L™ iff infrea Tu =
0in V for every u € UT.

355F Theorem Let U and V be Riesz spaces, Uy C U a Riesz subspace and Ty : Uy — V a positive
linear operator such that Su = sup{Tow : w € Uy, 0 < w < u} is defined in V for every v € UT. Suppose
either that Uy is order-dense and that Tg is order-continuous or that Uy is solid.

(a) There is a unique positive linear operator T : U — V', extending Tj, which agrees with S on U™.

(b) If Ty is a Riesz homomorphism so is 7.

(¢) If T is order-continuous so is 7T

(d) If Uy is order-dense and Ty is an injective Riesz homomorphism, then T is injective.

(e) If Up is order-dense and Ty is order-continuous then T is the only order-continuous positive linear
operator from U to V extending Tj.

355G Definition Let U be a Riesz space and V' a Dedekind complete Riesz space. Then L*(U; V') will be
the set of those T' € L™ (U; V') expressible as the difference of order-continuous positive linear operators, and
L (U; V) will be the set of those T' € L™~ (U; V') expressible as the difference of sequentially order-continuous
positive linear operators.

ST € L*(U; W) whenever S € L*(V; W), T € L*(U; V),

ST € Ly (U; W) whenever S € LY (V; W), T € L (U; V),
for all Riesz spaces U and all Dedekind complete Riesz spaces V', W.
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355H Theorem Let U be a Riesz space and V' a Dedekind complete Riesz space. Then

(i) L* = L*(U;V) is a projection band in L™~ = L~(U; V), therefore a Dedekind complete Riesz space in
its own right;

(ii) a member T of L™ belongs to L* iff |T| is order-continuous.

3551 Theorem Let U be a Riesz space and V' a Dedekind complete Riesz space. Then L) (U;V) is
a projection band in L~(U;V), and a member T of L~ (U;V) belongs to L(U; V) iff |T| is sequentially
order-continuous.

355J Proposition Let U be a Riesz space and V' a Dedekind complete Riesz space. Let Uy C U be
an order-dense Riesz subspace; then T' — T'[Up is an embedding of L*(U; V) as a solid linear subspace of
L*(Uy; V). In particular, any operator in L*(Up; V') has at most one extension in L*(U; V).

355K Proposition Let U be a Banach lattice with an order-continuous norm.

(a) If V is any Archimedean Riesz space and T : U — V is a positive linear operator, then T is order-
continuous.

(b) If V is a Dedekind complete Riesz space then L*(U; V) =L~ (U; V).

Version of 5.10.04

356 Dual spaces

As always in functional analysis, large parts of the theory of Riesz spaces are based on the study of linear
functionals. Following the scheme of the last section, I define spaces U™, U.” and U*, the ‘order-bounded’,
‘sequentially order-continuous’ and ‘order-continuous’ duals of a Riesz space U (356A). These are Dedekind
complete Riesz spaces (356B). If U carries a Riesz norm they are closely connected with the normed space
dual U*, which is itself a Banach lattice (356D). For each of them, we have a canonical Riesz homomorphism
from U to the corresponding bidual. The map from U to U** is particularly important (3561); when this
map is an isomorphism we call U ‘perfect’ (356J). The last third of the section deals with L- and M-spaces
and the duality between them (356N, 356P), with two important theorems on uniform integrability (3560,
356Q).

356 A Definition Let U be a Riesz space.

(a) T write U™ for the space L~ (U;R) of order-bounded real-valued linear functionals on U, the order-
bounded dual of U.

(b) U2 will be the space LY (U;R) of differences of sequentially order-continuous positive real-valued
linear functionals on U, the sequentially order-continuous dual of U.

(c) U™ will be the space £ (U;R) of differences of order-continuous positive real-valued linear functionals
on U, the order-continuous dual of U.

356B Theorem For any Riesz space U, U™ is a Dedekind complete Riesz space in which U’ and U*
are projection bands, therefore Dedekind complete Riesz spaces in their own right. For f € U™, f* and
|f| € U™ are defined by the formulae

fHw) =sup{f(u) : 0 <u<wh, [fl(w)=sup{f(u):|u] <w}
for every w € UT. A non-empty upwards-directed set A C U™ is bounded above iff sup sea f(u) is finite for
every u € U, and in this case (sup A)(u) = supc 4 f(u) for every u € U™.

356C Proposition Let U be any Riesz space and P a band projection on U. Then its adjoint P’ : U~ —
U™, defined by setting P'(f) = fP for every f € U™, is a band projection on U™

MEASURE THEORY (abridged version)



356P Dual spaces 15

356D Proposition Let U be a Riesz space with a Riesz norm.

(a) The normed space dual U* of U is a solid linear subspace of U™, and in itself is a Banach lattice with
a Fatou norm and has the Levi property.

(b) The norm of U is order-continuous iff U* C U*.

(¢) If U is a Banach lattice, then U* = U™, so that U™, U* and U_’ are all Banach lattices.

(d) If U is a Banach lattice with order-continuous norm then U* = U* = U™.

356E Biduals: Lemma Let U be a Riesz space and f : U — R a positive linear functional. Then for
any u € U™ there is a positive linear functional g : U — R such that 0 < g < f, g(u) = f(u) and g(v) = 0
whenever u A v = 0.

356F Theorem Let U be a Riesz space and V a solid linear subspace of U™. For v € U define & : V— R
by setting 4(f) = f(u) for every f € V. Then u + 4 is a Riesz homomorphism from U to V' *.

356G Lemma Suppose that U is a Riesz space such that U™ separates the points of U. Then U is
Archimedean.

356H Lemma Let U be an Archimedean Riesz space and f > 0 in U*. Then there is a u € U such that
(i) uw > 0 (ii) f(v) > 0 whenever 0 < v < u (iii) g(u) = 0 whenever g A f =0 in U*. Moreover, if ug € U"
is such that f(ug) > 0, we can arrange that v < uy.

3561 Theorem Let U be any Archimedean Riesz space. Then the canonical map from U to U** is an
order-continuous Riesz homomorphism from U onto an order-dense Riesz subspace of U**. If U is Dedekind
complete, its image in U** is solid.

356J Definition A Riesz space U is perfect if the canonical map from U to U** is an isomorphism.

356K Proposition A Riesz space U is perfect iff (i) it is Dedekind complete (ii) U* separates the points
of U (iii) whenever A C U is non-empty and upwards-directed and {f(u) : u € A} is bounded for every
f € U*, then A is bounded above in U.

356L Proposition (a) Any band in a perfect Riesz space is a perfect Riesz space in its own right.
(b) For any Riesz space U, U™ is perfect; consequently U, and U* are perfect.

356M Proposition If U is a Banach lattice in which the norm is order-continuous and has the Levi
property, then U is perfect.

356N L- and M-spaces: Proposition Let U be an Archimedean Riesz space with an order-unit norm.
(a) U* =U" is an L-space.

(b) If e is the standard order unit of U, then || f|| = |f|(e) for every f € U*.

(¢) A linear functional f : U — R is positive iff it belongs to U* and ||f|| = f(e).

(d) If e # 0 there is a positive linear functional f on U such that f(e) = 1.

3560 Theorem Let U be an Archimedean Riesz space with order-unit norm. Then aset A C U* = U™ is
uniformly integrable iff it is norm-bounded and lim,, o SUp ¢ 4 | f(un)| = 0 for every order-bounded disjoint
sequence (Un)pen in UT.

356P Proposition Let U be an L-space.

(a) U is perfect.

(b) U* = U~ = U* is an M-space; its standard order unit is the functional [ defined by setting
Ju=ut| —|u"| for every u € U.

(c) If A C U is non-empty and upwards-directed and sup,,c 4 [ u is finite, then sup A is defined in U and
Jsup A =sup,cu [ u.
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356Q Theorem Let U be any L-space. Then a subset of U is uniformly integrable iff it is relatively
weakly compact.
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Version of 16.2.17

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

353H Principal bands This proposition, referred to in the 2003, 2006 and 2013 printings of Volume 4,
is now 353L.

3531 Projection bands This proposition, referred to in the 2003, 2006 and 2013 printings of Volume 4
and the 2008 and 2015 printings of Volume 5, is now 353J.

353K Solid linear subspaces This proposition, referred to in the 2008 and 2015 printings of Volume
5, is now 353L.

353M Riesz spaces with order units This theorem, referred to in the 2003, 2006 and 2013 printings
of Volume 4, is now 353N.

353P f-algebras with identity This proposition, referred to in the 2003, 2006 and 2013 printings of
Volume 4, is now 353Q.

354Yk Complexifications of normed Riesz spaces This exercise, referred to in the 2003 edition of
Volume 4, is now 354Y1.

(©) 2004 D. H. Fremlin
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