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Chapter 33
Maharam’s theorem

We are now ready for the astonishing central fact about measure algebras: there are very few of them.
Any localizable measure algebra has a canonical expression as a simple product of measure algebras of
easily described types. This complete classification necessarily dominates all further discussion of measure
algebras; to the point that all the results of Chapter 32 have to be regarded as ‘elementary’, since however
complex their formulation they have been proved by techniques not involving, nor providing, any particular
insight into the special nature of measure algebras. The proof depends, of course, on developing methods
of defining measure-preserving homomorphisms and isomorphisms; I give a number of results, progressively
more elaborate, but all based on the same idea. These techniques are of great power, leading, for instance,
to an effective classification of closed subalgebras and their embeddings.

‘Maharam’s theorem’ itself, the classification of localizable measure algebras, is in §332. I devote §331
to the definition and description of ‘homogeneous’ probability algebras. In §333 I turn to the problem of
describing pairs (2, €) where 2 is a probability algebra and € is a closed subalgebra. Finally, in §334, T give
some straightforward results on the classification of free products of probability algebras.

Version of 1.2.05

331 Maharam types and homogeneous measure algebras

I embark directly on the principal theorem of this chapter (3311), split between 331B, 331D and 3311;
331B and 331D will be the basis of many of the results in later sections of this chapter. In 331E-331H I
introduce the concepts of ‘Maharam type’ and ‘Maharam-type-homogeneity’. I discuss the measure algebras
of products {0,1}", showing that these provide a complete set of examples of Maharam-type-homogeneous
probability algebras (331J-331L).

331A Definition Let 2 be a Boolean algebra and 9 an order-closed subalgebra of 2[. A non-zero element
a of 2 is a relative atom over B if every ¢ C a is of the form anbd for some b € B. 2 is relatively
atomless over ‘B if there are no relative atoms in 2 over B.

At some point I ought to remark that if a is an atom of 2 then it is a relative atom over 9B; if 2 is
relatively atomless over B, then it is atomless.

331B Lemma Let (2, i) be a totally finite measure algebra, B a closed subalgebra of 2 such that 2 is
relatively atomless over B, and ag € 2. Let v : B — R be an additive functional such that 0 < vb < fi(bnag)
for every b € B. Then there is a ¢ € 2 such that ¢ C ag and vb = (bnc) for every b € B.

331C Corollary Let (2, i) be an atomless semi-finite measure algebra, and a € 2. Suppose that
0 < v < pia. Then there is a ¢ € 2 such that ¢ C a and fic = 7.

331D Lemma Let (2(, ), (8,7) be totally finite measure algebras and € C 2 a closed subalgebra.
Suppose that 7 : € — B is a measure-preserving Boolean homomorphism such that 93 is relatively atomless
over 7[€]. Take any a € 2, and let €; be the subalgebra of 2 generated by € U {a}. Then there is a
measure-preserving homomorphism from €; to 8 extending 7.

331E Generating sets If 2 is a Boolean algebra and B is a subset of 2 we can look at any of the three
algebras
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2 Maharam’s theorem 331E

— B, the smallest subalgebra of 2 including B;

— B, the smallest o-subalgebra of 2 including B;

— B, the smallest order-closed subalgebra of 2 including B.
I will say henceforth that

— 9B is the subalgebra of 2 generated by B, and B generates 2l if 2 = B;

— B, is the o-subalgebra of 2 generated by B, and B o-generates 2l if 2 = B,;

— 9., is the order-closed subalgebra of 2 generated by B, and B T-generates or completely generates
Aif A =B,

331F Maharam types (a) If 2 is a Boolean algebra, its Maharam type 7(2() is the smallest cardinal
of any subset of 2 which 7-generates 2.

(b) A Boolean algebra 2 is Maharam-type-homogeneous if 7(2(,) = 7(2() for every non-zero a € 2,
writing 2, for the principal ideal of 2 generated by a.

(c) Let (X, X, 1) be a measure space, with measure algebra (2, ). Then the Maharam type of (X, X, u),
or of u, is the Maharam type of 2; and (X, 3, ), or pu, is Maharam-type-homogeneous if 2 is.

331G Proposition Let 2 be a Boolean algebra, B a subset of 2. Let B be the subalgebra of 2 generated
by B, B, the o-subalgebra of 2 generated by B, and B, the order-closed subalgebra of 2 generated by B.

(a) B C B, CB,.

(b) If B is finite, so is B, and in this case B = B, = B,.

(c) For every a € B, there is a finite B’ C B such that a belongs to the subalgebra of 2 generated by B’'.
Consequently #(B) < max(w, #(B)).

(d) For every a € B, there is a countable B’ C B such that a belongs to the o-subalgebra of 2 generated
by B’.

(e) If 2 is ccc, then B, = B,.

331H Proposition Let 2 be a Boolean algebra.
(a)(i) 7(A) = 0 iff A is either {0} or {0, 1}.
(i) 7(2A) is finite iff A is finite.
(b) If B is another Boolean algebra and 7 : 2 — B is a surjective order-continuous Boolean homomor-
phism, then 7(B) < 7(2A).
(c) If @ € A then 7(A,) < 7(2A), where 2, is the principal ideal of 2 generated by a.
(d) If 2 has an atom and is Maharam-type-homogeneous, then 20 = {0, 1}.

3311 Theorem Let (2, ) and (B,7) be Maharam-type-homogeneous measure algebras of the same
Maharam type, with il = 71 < co. Then they are isomorphic as measure algebras.

331J Lemma Let (2, i) be a totally finite measure algebra, and x an infinite cardinal.

(a) If there is a family (a¢)e<, in 2 such that infeesag = 0 and supge;ag = 1 for every infinite I C &,
then 7(20;) > & for every non-zero d € 2.

(b) Let v,; be the usual measure on {0, 1}* and (B, 7, ) its measure algebra. If there is an order-continuous
Boolean homomorphism from 9B, to A, 7(A4) > & for every non-zero d € 2.

331K Theorem Let x be any infinite cardinal. Let v,; be the usual measure on {0,1}* and (B,;, 7,;) its
measure algebra. Then B, is Maharam-type-homogeneous, with Maharam type x.

331L Theorem Let (2, i) be a Maharam-type-homogeneous probability algebra. Then there is exactly
one k, either 0 or an infinite cardinal, such that (2, i) is isomorphic, as measure algebra, to the measure
algebra (B, 7,;) of the usual measure on {0,1}".

331M Homogeneous Boolean algebras Of course a homogeneous Boolean algebra must be Maha-
ram-type-homogeneous, since 7(2) = 7(2(.) whenever 2 is isomorphic to .. In general, a Boolean algebra
can be Maharam-type-homogeneous without being homogeneous (331Xj, 331Yg). But for o-finite measure
algebras this doesn’t happen.
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332C Classification of localizable measure algebras 3

331N Proposition Let (2, ) be a Maharam-type-homogeneous o-finite measure algebra. Then it is
homogeneous as a Boolean algebra.

3310 I will wait until Chapter 52 of Volume 5 for a systematic discussion of properties of measure
algebras which depend on their Maharam types. There are however a couple of results which are easy, useful
and expressible in terms already introduced.

Proposition Let (2, i) be a measure algebra with countable Maharam type. Then 2 is separable in its
measure-algebra topology.

et B C 2 be a countable set which 7-generates 2. Then the subalgebra % of 2 generated by B is
countable (331Gc). Now 9B is dense for the measure-algebra topology. I Let G be a non-empty open subset
of A, and ¢ any element of G. Let P = {p, : a € AS} be the upwards-directed family of pseudometrics
defining the topology of 2, as described in 323A. Then there must be an a € 2 and an € > 0 such
that {b : pa(b,c) < €} € G. Let € be the order-closed subalgebra of the principal ideal 2, generated
by B, = {bna : b € B}. Because b — bna : A — A, is an order-continuous Boolean homomorphism,
{b:be bna € €} is an order-closed subalgebra of 2, and must be the whole of 2, because it includes
B. So ¢ =%2,. By 323J, € is the topological closure of B, in %,, and there must be a b € B, such that
(b A (cna)) < e that is, there is a b € B such that i(an (bAc¢)) < eand b € G. Thus B meets G; as G is
arbitrary, 95 is dense. Q

So ‘B is a countable dense subset of 2l and 2l is separable.

331P Proposition Let (2, i) be an atomless probability algebra of countable Maharam type. Then it
is isomorphic to the measure algebras of the usual measure on {0, 1} and of Lebesgue measure on [0, 1].

Version of 19.3.05

332 Classification of localizable measure algebras

In this section I present what I call ‘Maharam’s theorem’, that every localizable measure algebra is
expressible as a weighted simple product of measure algebras of spaces of the form {0,1}* (332B). Among
its many consequences is a complete description of the isomorphism classes of localizable measure algebras
(332J). This description needs the concepts of ‘cellularity’ of a Boolean algebra (332D) and its refinement,
the ‘magnitude’ of a measure algebra (332G). I end this section with a discussion of those pairs of measure
algebras for which there is a measure-preserving homomorphism from one to the other (332P-332Q), and a
general formula for the Maharam type of a localizable measure algebra (332S).

332A Lemma Let 2 be any Boolean algebra. Writing 2, for the principal ideal generated by a € 2,
{a:a €U, A, is Maharam-type-homogeneous} is order-dense in 2.

332B Maharam’s theorem Let (2, i) be a localizable measure algebra. Then it is isomorphic to the
simple product of a family ((2;, fi;));cr of measure algebras, where for each i € I (2;, fi;) is isomorphic, up
to a re-normalization of the measure, to the measure algebra of the usual measure on {0,1}*, where x; is
either 0 or an infinite cardinal.

332C Corollary Let (2, i) be a localizable measure algebra. For any cardinal x, write v, for the usual
measure on {0,1}*, and T, for its domain. Then we can find families (k;);cr, (Vi)ier such that every &; is
either 0 or an infinite cardinal, every ~; is a strictly positive real number, and (2, z) is isomorphic to the
measure algebra of (X, X, v), where

X ={(z,i):i €I, xe{0,1}5},
Y={FE:ECX,{z:(x,i) € E} € T, for every i € I},

vE =3 icrvivedz: (z,i) € B}
for every FE € .

(© 1996 D. H. Fremlin
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4 Maharam’s theorem 332D

332D The cellularity of a Boolean algebra If 2 is any Boolean algebra, write
c(A) = sup{#(C) : C C A\ {0} is disjoint},
the cellularity of 2.

332E Proposition Let (2, i) be any semi-finite measure algebra, and C any partition of unity in 2
consisting of elements of finite measure. Then max(w, #(C)) = max(w, ¢(A)).

332F Corollary Let (2, i) be any semi-finite measure algebra. Then there is a disjoint set in 2\ {0} of
cardinal ¢(2).

332G Definitions(a) If (2, 1) is a semi-finite measure algebra, let us say that the magnitude of an
a € A is fia if pa is finite, and otherwise is the cellularity of the principal ideal 2, generated by a. If
we take it that any real number is less than any infinite cardinal, then the class of possible magnitudes is
totally ordered.

I shall sometimes speak of the magnitude of the measure algebra (2, i) itself, meaning the magnitude
of 1y. Similarly, if (X, %, u) is a semi-finite measure space, the magnitude of (X, 3, u), or of y, is the
magnitude of its measure algebra.

(b) Next, for any Dedekind complete Boolean algebra 2(, and any cardinal k, we can look at the element
ex =sup{a : a € A\ {0}, A, is Maharam-type-homogeneous with Maharam type x},

writing 2, for the principal ideal of 2 generated by a, as usual. I will call this the Maharam-type-«
component of 2.
{ex : k is a cardinal} is a partition of unity in 2.

332H Lemma Let 2 be a Dedekind complete Boolean algebra and « an infinite cardinal. Let e be the
Maharam-type-x component of 2. If 0 # d C e and the principal ideal 2[; generated by d is ccc, then it is
Maharam-type-homogeneous with Maharam type «.

3321 Lemma Let (2, i) be an atomless semi-finite measure algebra which is not totally finite. Then it
has a partition of unity consisting of elements of measure 1.

332J Theorem Let (2, i) and (B, 7) be localizable measure algebras. For each cardinal s, let e,, f, be
the Maharam-type-x components of 2, B respectively. Then (2, ) and (9B, ) are isomorphic, as measure
algebras, iff (i) e, and f,, have the same magnitude for every infinite cardinal x (ii) for every ~v € ]0, 00|,
(2, @) and (B, 7) have the same number of atoms of measure ~.

332L Proposition Let (2, 1) be a measure algebra, and a, b € 2l two elements of finite measure. Suppose
that 7 : A, — A, is a measure-preserving isomorphism, where 2, 2; are the principal ideals generated by
a and b. Then there is a measure-preserving automorphism ¢ : 2 — 20 which extends 7.

332M Lemma Suppose that (2, &) and (B, 7) are homogeneous measure algebras, with 7(A) < 7(B)
and 11 = 71 < oo. Then there is a measure-preserving Boolean homomorphism from 2 to 8.

332N Lemma If (2, i) is a probability algebra and x > max(w, 7(2()), then there is a measure-preserving
Boolean homomorphism from (2, i) to the measure algebra (B, 7)) of the usual measure v on {0, 1}*; that
is, (2, ) is isomorphic to a closed subalgebra of (B, 7).

3320 Lemma Let (2, ) and (9B, 7) be localizable measure algebras. For each infinite cardinal  let
€x, fx be their Maharam-type-x components, and for v € ]0,00[ let e,, f, be the suprema of the atoms of
measure 7 in 2, B respectively. If there is a measure-preserving Boolean homomorphism from 2( to 93, then
the magnitude of sup,.~ , e, is not greater than the magnitude of sup,.~ , f. whenever ) is an infinite cardinal,
while the magnitude of SUD,; >, €x U SUP, <5 €, is not greater than the magnitude of SUD,; > fr U SUDP, <5 fy
for any 6 € )0, oo].
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333B Closed subalgebras 5

332P Proposition Let (2, i) and (B, ) be atomless totally finite measure algebras. For each infinite
cardinal k let e, f. be their Maharam-type-x components. Then the following are equiveridical:

(i) (2, ) is isomorphic to a closed subalgebra of a principal ideal of (B, 7);

(ii) for every cardinal A,

A(SUpP,> ) €x) < D(Sup,sy fu)-

332Q Proposition Let (2, i) and (B, 7) be totally finite measure algebras, and suppose that there are
measure-preserving Boolean homomorphisms 71 : 2 — 9B and m : B — A. Then (U, ) and (B, 7) are
isomorphic.

332R Lemma Let (2, i) be a semi-finite measure algebra. Then ¢(2A) < 273,

332S Theorem Let (2, i) be a localizable measure algebra. Then 7(2) is the least cardinal A such that
(@) c(A) < 2* (B) T7(A,) < A for every Maharam-type-homogeneous principal ideal 2, of .

332T Proposition Let (2, i) be a localizable measure algebra and 9B a closed subalgebra of 2. Then
(a) there is a function o : B — [0, oo] such that (B, 7) is a localizable measure algebra,
(b) 7(B) < 7().

Version of 27.6.08
333 Closed subalgebras

Proposition 332P tells us, in effect, which totally finite measure algebras can be embedded as closed subal-
gebras of each other. Similar techniques make it possible to describe the possible forms of such embeddings.
In this section I give the fundamental theorems on extension of measure-preserving homomorphisms from
closed subalgebras (333C, 333D); these rely on the concept of ‘relative Maharam type’ (333A). I go on to
describe possible canonical forms for structures (2, fi, €), where (2, 1) is a totally finite measure algebra and
¢ is a closed subalgebra of 2 (333K, 333N). I end the section with a description of fixed-point subalgebras
(333R).

333A Definitions (a) Let 2 be a Boolean algebra and € a subalgebra of 2. The relative Maharam
type of 2 over €, 7¢(2), is the smallest cardinal of any set A C 2 such that AU € 7-generates 2.

(b) In this section, I will regularly use the following notation: if 2 is a Boolean algebra, € is a subalgebra
of A, and a € A, then I will write €, for {cna : ¢ € €}. Observe that €, is a subalgebra of the principal
ideal A,,.

(c) I will say that an element a of 2 is relatively Maharam-type-homogeneous over € if 7¢, () =
Te, (/q) for every non-zero b C a.

(d) If k is a cardinal, T will write (B, 7,;) for the measure algebra of the usual measure v,; on {0,1}".

333B Lemma Let 2 be a Boolean algebra and € a subalgebra of 2.

(a) If a C bin A, then 7¢, (Ug) < 7¢, (Ap). In particular, 7¢, (Ay) < 7e(A) for every a € 2.

(b) The set {a : a € 2 is relatively Maharam-type-homogeneous over €} is order-dense in 2.

(c) If A is Dedekind complete and € is order-closed in 2, then €, is order-closed in 2A,.

(d) If @ € A is relatively Maharam-type-homogeneous over € then either 2, = €,, so that 7¢_ (,) =0
and a is a relative atom of 2 over €, or 7¢_ (A,) > w.

(e) If ® is another subalgebra of 2 and ® C €, then

T(Qla) = T{0,a} (Qla) > T, (Qla) > Te, (Qla) > T, (Q[a) =0
for every a € 2.

D.H.FREMLIN



6 Maharam’s theorem 333C

333C Theorem Let (2, i) and (B, 7) be totally finite measure algebras, and € a closed subalgebra of
2. Let ¢ : € — B be a measure-preserving Boolean homomorphism.

(a) If 7¢(A) < T41¢), (By) for every non-zero b € B, there is a measure-preserving Boolean homomorphism
m: A — B extending ¢.

(b) If 7, (Aa) = T4[e], (Bp) for every non-zero a € 2, b € B, then there is a measure algebra isomorphism
7 A — B extending ¢.

333D Corollary Let (2, ) and (B, 7) be totally finite measure algebras and € a closed subalgebra of
2. Suppose that

7(€) < max(w, 7(A)) < min{7(B;) : b € B\ {0}}.

Then any measure-preserving Boolean homomorphism ¢ : € — B can be extended to a measure-preserving
Boolean homomorphism 7 : 2 — 9B.

333E Theorem Let (€, /i) be a totally finite measure algebra and x an infinite cardinal. Let (A, \)
be the localizable measure algebra free product of (€, ) and (B, ), and € : € — A the corresponding
homomorphism. Then for any non-zero a € %,

Tf:‘[@}a (Q[a) = K.

333F Corollary Let (2, 1) be a totally finite measure algebra, € a closed subalgebra of 2 and k an
infinite cardinal.

(a) Suppose that & > 7¢(2A). Let (€®B,,\) be the localizable measure algebra free product of (&, i €)
and (B,7), and € : € — €&, the corresponding homomorphism. Then there is a measure-preserving
Boolean homomorphism 7 : 2 — ¢®B,, extending .

(b) Suppose further that k = 7¢_ () for every non-zero a € 2. Then 7 can be taken to be an isomorphism.

333G Corollary Let (€, 1) be a totally finite measure algebra. Suppose that £ > max(w,7(€)) is a
cardinal. Let (€29, \) be the localizable measure algebra free product of (€, i) and (B, 7). Then

(a) €&, is Maharam-type-homogeneous, with Maharam type x if € # {0};

(b) for every measure-preserving Boolean homomorphism ¢ : € — € there is a measure-preserving auto-
morphism 7 : €®B, — C®B, such that 7(c ® 1) = ¢¢ ® 1 for every ¢ € €, writing ¢ ® 1 for the canonical
image in €&B,, of any ¢ € €.

333H Theorem Let (2, i) be a localizable measure algebra and € a closed subalgebra of 2. Then there
are (l;)ier, (Ci)ier, (Ki)icr such that
for each ¢ € I, p; is a non-negative completely additive functional on €,
Cl':H,LLi>O]]€Qt,
ki is 0 or an infinite cardinal,
(Ce;, i ] €c;) is a totally finite measure algebra, writing €., for the principal ideal
of € generated by ¢;,
> icr Mic = fic for every c € €,
there is a measure-preserving isomorphism 7 from 2l to the simple product [, ; (‘Ici@%m of
the localizable measure algebra free products €., @B, of (€., i €.,) and (B, 7,).
Moreover, m may be taken such that
for every ¢ € €, mc = ((cn¢;) @ 1)ier, writing ¢ ® 1 for the image in €., @B, of ¢ € €,,.

3331 Remarks Whenever (€, i) is a Dedekind complete measure algebra, (u;);cr is a family of non-
negative completely additive functionals on € such that ), ; p; = [i, and (k;)ies is a family of cardinals all
infinite or zero, then the construction above can be applied to give a measure algebra (2, \), the product of
the family (Cci@)%m%e 1, together with an order-continuous measure-preserving homomorphism 7 : € — 2;

and the partition of unity (a;);cs in 2 corresponding to this product has p;c = A(a; n7e) for every ¢ € € and
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333N Closed subalgebras 7

¢ € I, while each principal ideal 2(,, can be identified with @ci@)%,ﬂ, so that a; is relatively Maharam-type-
homogeneous over w[€]. Thus any structure (€, i, {;)icr, (ki)icr) of the type described here corresponds to
an embedding of € as a closed subalgebra of a localizable measure algebra.

333J Lemma Let (2, i) be a totally finite measure algebra, and € a closed subalgebra. Let A be the
set of relative atoms of 2 over €. Then there is a unique sequence (i, )nen of additive functionals on € such
that (1) pin+1 < py, for every n (ii) there is a disjoint sequence (an)nen in A such that sup, cya, = sup A
and p,c = fi(a, nc) for every n € N and ¢ € €.

333K Theorem Let (2, 1) be a totally finite measure algebra and € a closed subalgebra of 2. Then
there are unique families (i, )nen, (ix)sekx such that
K is a countable set of infinite cardinals,

for i € NU K, p; is a non-negative countably additive functional on &, and »_; x pic = fic
for every c € €,

tnt1 < iy, for every n € Ny and p,, # 0 for k € K,
setting e; = [u; > 0] € €, and giving the principal ideal €., generated by e; the measure
Wil €, for each i € NU K, we have a measure algebra isomorphism
T A = [[hen Ce, X [iex e ®B,
such that

e = ({cNnep)nen, ((cnex) @ 1) wek)

for each ¢ € C, writing ¢ ® 1 for the canonical image in C., ®B,, of ¢ € €.

333L Remark Thus for the classification of structures (2, i, €), where (2, i) is a totally finite measure
algebra and € is a closed subalgebra, it will be enough to classify objects (€, i, (ttn)neN, (tx)rek ), Where
(¢, 1) is a totally finite measure algebra,
(4n)nen is a non-increasing sequence of non-negative countably additive functionals on €,
K is a countable set of infinite cardinals,
() ek is a family of non-zero non-negative countably additive functionals on €,

Dm0 i+ X ek M = e

333M Lemma Let (€, ) be a totally finite measure algebra and (u;);c; a family of countably additive
functionals on €. For i € I, a € R set e;, = [p; > afi], and let €y be the closed subalgebra of € generated
by {€in : i € I,a € R}. Write ¥ for the o-algebra of subsets of R generated by sets of the form
Eio ={z:x(i) > a} as i runs over I and « runs over R. Then

(a) there is a measure i, with domain X, such that there is a measure-preserving isomorphism 7 : /N, —
¢ for which mE;, = e, for every i € I and o € R, writing NV, for pn=[{0}];

(b) this formula determines both u and 7;

(c) for every E € ¥ and i € I, we have

B = [, a(i)u(do);

(d) for every i € I, u; is the standard extension of ;[ €y to €;
(e) for every i € I, p; > 0 iff x(¢) > 0 for p-almost every z;

(f) for every 4, j € I, p; > pj iff x(i) > x(j) for p-almost every ;
(g) for every i € I, u; = 0 iff 2(4) = 0 for p-almost every z.

333N A canonical form for closed subalgebras We now have all the elements required to describe
a canonical form for structures

(Q[’ ﬂ? Q:)7
where (2, ) is a totally finite measure algebra and € is a closed subalgebra of 2. The first step is the

matching of such structures with structures

D.H.FREMLIN



8 Maharam’s theorem 333N

(Qta s <Nln>n€N7 <“H>H€K)a

where (€, i) is a totally finite measure algebra, (i, )nen is a non-increasing sequence of non-negative count-
ably additive functionals on €, K is a countable set of infinite cardinals, (u.)xecx is a family of non-zero
non-negative countably additive functionals on €, and > 7 o pu, + D owck M = [l

Next, given any structure of this second kind, we have a corresponding closed subalgebra &, of €, a
measure 4 on R where I = NU K, and an isomorphism 7 from the measure algebra & of u to €, all
uniquely defined from the family (u;)ier. [ @o is fixed by = and u. Moreover, the functionals p; can be
recovered from their restrictions to €. Thus from (&, fi, (u;):;cr) we are led, by a canonical and reversible
process, to the structure

(Qta p’v Q:(]v I? Hy ﬂ—)‘

But the extension € of €, = 7[€] can be described, up to isomorphism, by the same process as before;
that is, it corresponds to a sequence (0 ),en and a family (67).cr of countably additive functionals on €y
satisfying the conditions of 333K. We can transfer these to €, where they correspond to families (0),)nen,
(0.:)wer of absolutely continuous countably additive functionals defined on ¥, setting

GjE = 9;—7TE'

for £ € 3, j € NUL. This process too is reversible; every absolutely continuous countably additive functional
v on X corresponds to countably additive functionals on €} and €.

Putting all this together, a structure (2, fi, €) leads, in a canonical and (up to isomorphism) reversible
way, to a structure

(K7 1y Lv <9j>j€NUL)
such that
K and L are countable sets of infinite cardinals,

p is a totally finite measure on RY, where I = NU K, and its domain ¥ is precisely the
o-algebra of subsets of R! defined by the coordinate functionals,

for p-almost every x € RY we have z(i) > 0 for every i € I, x(n) > x(n + 1) for every n € N
and )., x(i) =1,

for k € K, p{z : (k) > 0} > 0,

for j € J =NUL, 0; is a non-negative countably additive functional on X,

0, > 0,41 for every n € N, 6, # 0 for every x € L, ZjeJ 0; = p.

333P Proposition Let (B, 7) be a homogeneous probability algebra. Then there is a measure-preserving
automorphism ¢ : B8 — B such that

lim,, oo 7(cn @™(b)) = Dc- Db

for all b, c € B.

333Q Corollary Let (€, fig) be a totally finite measure algebra and (98, 7) a probability algebra which
is either homogeneous or purely atomic with finitely many atoms all of the same measure. Let (2, ) be
the localizable measure algebra free product of (€, fip) and (2B,7). Then there is a measure-preserving
automorphism 7 : 2 — 2A such that

{a:aeU, ma=a} ={c®1:cec}.

333R For an integer n > 1, I will write 9B, for the power set of {0,... ,n} and set 7,b = n%_l#(b) for
beB,.

Theorem Let (2, i) be a totally finite measure algebra and € a subset of 2. Then the following are
equiveridical:
(i) there is some set G of measure-preserving automorphisms of 2 such that

€={c:ceA, mc=cforevery T € G};

MEASURE THEORY (abridged version)
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(ii) € is a closed subalgebra of 2 and there is a partition of unity (e;);cs in €, where I is a countable set
of cardinals, such that 2 is isomorphic to [, .; Qfei@‘Bi, writing €., for the principal ideal of € generated
by e; and endowed with ii| &, and Qei(@%i for the localizable measure algebra free product of €., and B;
— the isomorphism being one which takes any ¢ € € to {((cne;) ® 1)ier;

(iil) there is a single measure-preserving automorphism 7 of 2 such that

C={c:ce, mc=c}

Version of 26.9.08
334 Products

I devote a short section to results on the Maharam classification of the measure algebras of product
measures, or, if you prefer, of the free products of measure algebras. The complete classification, even for
probability algebras, is complex, so I content myself with a handful of the most useful results. I start with
upper bounds for the Maharam type of the c.l.d. product of two measure spaces (334A) and the localizable
measure algebra free product of two semi-finite measure algebras (334B), and go on to the corresponding
results for general products of probability spaces and algebras (334C-334D). Finally, I show that any infinite
power of a probability space is Maharam-type-homogeneous (334E).

In this section I will write 7(p) for the Maharam type of a measure u, defined as the Maharam type of
its measure algebra (331Fc).

334A Theorem Let (X,%,u) and (Y, T,v) be measure spaces, and A the c.l.d. product measure on
X x Y. Then 7(\) < max(w, (), 7(v)).

334B Corollary Let (2, 1), (B, 7) be semi-finite measure algebras, with localizable measure algebra free
product (€, A). Then 7(¢) < max(w, 7(A), 7(B)).

334C Theorem Let ((X;,%;, 1t;))icr be a family of probability spaces, with product (X, A, A). Then

T(A) < max(w, #(1), sup;e; 7(14i))-

334D Corollary Let ((2l;,/1;))icr be a family of probability algebras, with probability algebra free
product (€, A). Then

7(€) < max(w, #(I),sup;e; 7(As)).

334E Theorem Let (X, X, 1) be a probability space and I an infinite set; let A be the product measure on
XT. Then )\ is Maharam-type-homogeneous. If 7(u) = 0 then 7(\) = 0; otherwise 7(\) = max(7 (1), #(I)).
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