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Chapter 28
Fourier analysis

For the last chapter of this volume, I attempt a brief account of one of the most important topics in
analysis. This is a bold enterprise, and I cannot hope to satisfy the reasonable demands of anyone who
knows and loves the subject as it deserves. But I also cannot pass it by without being false to my own
subject, since problems contributed by the study of Fourier series and transforms have led measure theory
throughout its history. What I will try to do, therefore, is to give versions of those results which everyone
ought to know in language unifying them with the rest of this treatise, aiming to open up a channel for
the transfer of intuitions and techniques between the abstract general study of measure spaces, which is the
centre of our work, and this particular family of applications of the theory of integration.

I have divided the material of this chapter, conventionally enough, into three parts: Fourier series, Fourier
transforms and the characteristic functions of probability theory. While it will be obvious that many ideas
are common to all three, I do not think it useful, at this stage, to try to formulate an explicit generalization
to unify them; that belongs to a more general theory of harmonic analysis on groups, which must wait until
Volume 4. I begin however with a section on the Stone-Weierstrass theorem (§281), which is one of the
basic tools of functional analysis, as well as being useful for this chapter. The final section (§286), a proof
of Carleson’s theorem, is at a rather different level from the rest.

Version of 4.12.12
281 The Stone-Weierstrass theorem

Before we begin work on the real subject of this chapter, it will be helpful to have a reasonably general
statement of a fundamental theorem on the approximation of continuous functions. In fact I give a variety
of forms (281A, 281E, 281F and 281G, together with 281Ya, 281Yd and 281Yg), all of which are sometimes
useful. I end the section with a version of Weyl’s Equidistribution Theorem (281M-281N).

281 A Stone-Weierstrass theorem: first form Let X be a topological space and K a compact subset
of X. Write C(X) for the space of all bounded continuous real-valued functions on X, so that Cy(X) is a
linear space over R. Let A C C,(X) be such that

A is a linear subspace of Cp(X);

|f| € A for every f € A;

xX € A4;

whenever x, y are distinct points of K there is an f € A such that f(x) # f(y).
Then for every continuous h : K — R and € > 0 there is an f € A such that

|f(z) — h(z)| < € for every = € K,

if K # 0, inf,ex f(z) > infyei h(z) and sup,cx f(x) < sup,cx h(x).

281B Lemma Let X be any set. Write £°(X) for the set of bounded functions from X to R. For
fel>(X), set

[flloe = supgex [f(2)];

counting the supremum as 0 if X is empty. Then
(a) £>°(X) is a normed space. B
(b) Let A C ¢°°(X) be a subset and A its closure.
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2 Fourier analysis 281B

(i) If A is a linear subspace of £*°(X), so is A.
(ii) If f x g € A whenever f, g € A, then f x g € A whenever f, g € A.
(iii) If | f| € A whenever f € A, then |f| € A whenever f € A.

281C Lemma There is a sequence (p,)nen of real polynomials such that lim,,_« pn(z) = || uniformly
for x € [-1,1].

281D Corollary Let X be a set, and A a norm-closed linear subspace of £>°(X) containing xX and such
that f x g € A whenever f, g € A. Then |f| € A for every f € A.

281E Stone-Weierstrass theorem: second form Let X be a topological space and K a compact
subset of X. Write Cy,(X) for the space of all bounded continuous real-valued functions on X. Let A C Cp(X)
be such that

A is a linear subspace of Cp(X);

fxge Aforevery f, g € A;

xX € A;

whenever z, y are distinct points of K there is an f € A such that f(x) # f(y).
Then for every continuous h : K — R and € > 0 there is an f € A such that

|f(z) — h(z)| < e for every z € K,

if K#0, inf,cx f(z) > infyex h(x) and sup,¢ x f(x) < sup,ex h(z).

281F Corollary: Weierstrass’ theorem Let K be any closed bounded subset of R. Then every
continuous h : K — R can be uniformly approximated on K by polynomials.

281G Stone-Weierstrass theorem: third form Let X be a topological space and K a compact
subset of X. Write C,(X;C) for the space of all bounded continuous complex-valued functions on X, so
that Cp(X;C) is a linear space over C. Let A C C(X;C) be such that

A is a linear subspace of Cy,(X;C);

fxge Aforevery f, g€ A;

xX € A4;

the complex conjugate f of f belongs to A for every f € A;

whenever x, y are distinct points of K there is an f € A such that f(x) # f(y).
Then for every continuous h : K — C and € > 0 there is an f € A such that

|f(z) — h(z)| < e for every z € K,

it K 7é (Z)a SUPgex |f(.’II)‘ < SUPze K |h(.’1?)|

281H Corollary Let [a,b] C R be a non-empty bounded closed interval and h : [a,b] — C a continuous
function. Then for any € > 0 there are yg, ... ,yn, € R and ¢, ... ,c, € C such that

|h(z) — > p_g cre™ | < e for every x € [a,b],

SUPzeRr |ZZ:O Ckeiykm' < SUPzela,b] |h($)‘

2811 Corollary Let S* be the unit circle {2 : |z| = 1} C C. Then for any continuous function h : S — C
and € > 0, there are n € N and ¢_p, c_pi1,... ,C0s... ,cn € C such that |h(2) — > p_  cr2"¥| < € for every
ze S

281J Corollary Let h : [—m, 7] — C be a continuous function such that h(r) = h(—m). Then for any
€ >0 there are n €N, c_p, ... ,c, € C such that |h(z) — Y}_  cxe’*®| < ¢ for every z € [—, 7).
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282Ad Fourier series 3

281K Corollary Suppose that » > 1 and that K C R” is a non-empty closed bounded set. Let h : K — C
be a continuous function, and € > 0. Then there are yg, ... ,y, € Q" and cg,... , ¢, € C such that

|h(z) — > p_gcre™¥ - %| < e for every xz € K,

SUP,err | D ho Che™ 7| < supgep [h(x)],

writing y.x = 22:1 n;€; when y = (n1,...,n,) and = (&,... , &) belong to R".

281L Corollary Suppose that » > 1 and that K C R" is a non-empty closed bounded set. Let h : K — R
be a continuous function, and € > 0. Then there are yg,... ,y, € R” and ¢y, ... ,c, € C such that, writing
g(z) =>4 _ycre 7, g is real-valued and

|h(z) — g(x)] < e for every x € K,
infyex h(y) < g(x) < supyeg h(y) for every z € R”.

281M Wey!’s Equidistribution Theorem For any real number z, write <z> for that number in [0, 1]
such that x — <a> is an integer.

281N Theorem Let 71,... ,n, be real numbers such that 1,7;,...,7, are linearly independent over Q.
Then whenever 0 < a; < 3; <1 for each j <7,

. 1 . r
limy, o0 n—_’_l#({m tm < n, <mn;> € [ay, By] for every j <r}) =[], (8 — o ).

Version of 24.9.09

282 Fourier series

Out of the enormous theory of Fourier series, I extract a few results which may at least provide a basis for
further study. I give the definitions of Fourier and Fejér sums (282A), with five of the most important results
concerning their convergence (282G, 282H, 282J, 282L, 2820). On the way I include the Riemann-Lebesgue
lemma (282E). I end by mentioning convolutions (282Q).

282A Definition Let f be an integrable complex-valued function defined almost everywhere in |—, 7).

(a) The Fourier coefficients of f are the complex numbers

_ i " —ikx
k= o [w flx)e " dx
for k € Z.
(b) The Fourier sums of f are the functions

n
sn(x) = Z cpeth®

k=—n

for x € ]-m, 7], n € N.
(c) The Fourier series of f is the series Y ,~ _ c,e™*® or the series co + Yooy (cre™™® + c_e~ ).

(d) The Fejér sums of f are the functions

for m € N.
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4 Fourier analysis 282Ae

(e) If f is any function with dom f C |—m, 7], its periodic extension is the function f, with domain
Upez(dom f + 2km), such that f(x) = f(x — 2k7) whenever k € Z and = € dom f + 2k7.

282C The problems (a) Under what conditions, and in what senses, do the Fourier and Fejér sums s,,
and oy, of a function f converge to f?

(b) How do the properties of the double-ended sequence {(ci)rez reflect the properties of f, and vice
versa?

282D Lemma Let f be a complex-valued function which is integrable over |-, ], and
cn =5z [ fl@)e ™ dr,  su(@) = i, ae® om(@) = 2 dnlg su(2)

its Fourier coefficients, Fourier sums and Fejér sums. Write f for the periodic extension of f. For m € N,
write

1—cos(m+1)t

Ym(t) = 2m(m~+1)(1—cost)
for 0 < |t| < .
(a) For each n € N, z € |—m, 7],

T sin(n+1)(z—t
ul) = - f<t>7s‘in;j(_t) Lat
L[ o=t

in(n+

-1 f( e )%dt,

writing « —o, ¢ for whichever of z — t, x — t — 27, © — ¢ + 27 belongs to |—m, 7].
(b) For each m € N, z € |—m, 7],

™

@+t (t)dt

om(z) =

(f@+1t)+ flz—t)m(t)dt

s

Il
\ﬁ\

f(@ —an 1) (t)dt

—T

(¢c) For any n € N,

1 0 sin(n+§)tdt 1 7r sin(n+§)tdt 11 m sin(n+§)tdt 1
27 | sinit S 2w f,  sinit 27 2m [ sinit -

(d) For any m € N,
(i) 0 <P (t) < %1 for every t;
(ii) for any 6 > 0, limy,— o0 ¥ (t) = 0 uniformly on {t: ¢ < |t| < 7};
(iif)

1

iii fi)ﬂ—wm:foﬂwmzia fjﬂwmzl

282E The Riemann-Lebesgue lemma Let f be a complex-valued function which is integrable over
R. Then

limy o0 ff(x)e_iy:”dx = limy oo ff(x)e‘iy””daj =0.
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282K Fourier series 5

282F Corollary (a) Let f be a complex-valued function which is integrable over |—m, 7], and {(ck)kez
its sequence of Fourier coefficients. Then limy_, o, c¢p = limy_, o ¢ = 0.
(b) Let f be a complex-valued function which is integrable over R. Then lim,_,, [ f(z)sinyz dz = 0.

282G Theorem Let f : |-, 7] — C be a continuous function such that lim; . f(¢) = f(7). Then its
sequence {0, )men of Fejér sums converges uniformly to f on |—m,x].

282H Theorem Let f be a complex-valued function which is integrable over |—m, 7], and (0., )men its
sequence of Fejér sums. Suppose that z € |—m, 7| and ¢ € C are such that

5
o1 7 x
%1&)13/0 [f(z+t)+ f(x —t) —2c|dt = 0,

writing f for the periodic extension of f; then lim,, oo om(z) = c.

2821 Corollary Let f be a complex-valued function which is integrable over |—m, 7], and (0., )men its
sequence of Fejér sums.

(a) f(z) = limy,— 00 om(2) for almost every x € |—m, 7).

(b) limym oo [™|f — om| = 0.
(c) If g is another integrable function with the same Fourier coefficients, then f =, g.
(d) If x € |—m, m[ is such that ¢ = limicdom f,t12 f(t) and b = limyecdom f,e)x f(t) are both defined in C,
then

lim, 0 0 (2) = 5 (@ + D).
(e) If a = limyedom f,49x f(t) and b = limyedom f,t)—r f(t) are both defined in C, then
lim oo 7 () = 3 (a + 0).
(f) If f is defined and continuous at x € |—, 7|, then
limy, 00 om () = f(2).
(g) If f, the periodic extension of f, is defined and continuous at 7, then

limy,—s 00 om () = f(71).

282J Theorem Let f be a complex-valued function which is square-integrable over |—m, 7]. Let {cx)rez
be its Fourier coeflicients and (s,),ecn its Fourier sums. Then

. o0 1 ™
(1) Zszoo |Ck|2 = E f—ﬂ' ‘f|27
(ii) limp—oo J"_|f — sn|> = 0.

282K Corollary Let L2 be the Hilbert space of equivalence classes of square-integrable complex-valued
functions on |—m, 7], with the inner product

(o) = [ 5xo

—T

and norm

11l = ([ )2

writing f* € L2 for the equivalence class of a square-integrable function f. Let ¢Z(Z) be the Hilbert space
of square-summable double-ended complex sequences, with the inner product

D.H.FREMLIN



6 Fourier analysis 282K

oo

(cld) = > cds
k=—o0
and norm
lellz = (> fexl?)
k=—o00

for ¢ = (ck)kez, d = (di)kez in (2(Z). Then we have an inner-product-space isomorphism S : L& — (2(Z)
defined by saying that

SU)k) = o= [T fla)e*oda

for every square-integrable function f and every k € Z.

282L Theorem Let f be a complex-valued function which is integrable over |—m, 7|, and (s,)nen its
sequence of Fourier sums.

(i) If f is differentiable at x € |—m, x|, then f(z) = lim, 00 Sn ().

(i) If the periodic extension f of f is differentiable at 7, then f(m) = limy,_ o0 S (7).

282M Lemma Suppose that f is a complex-valued function, defined almost everywhere and of bounded
variation on |-, 7]. Then sup,cy |kci| < oo, where ¢, is the kth Fourier coefficient of f, as in 282A.

282N Lemma Let (dj)ren be a complex sequence, and set t, = Y, _odi, Tm = m#H Yoo tn for n,
m € N. Suppose that supycy |kdi| = M < co. Then for any j > 1 and any ¢ € C,

M .
|tn - C‘ < 7 + (2.] + 3) Sumen—n/j |Tm - C|

for every n > j2.

2820 Theorem Let f be a complex-valued function of bounded variation, defined almost everywhere in
|—m, 7], and let (s,)nen be its sequence of Fourier sums.
(i) If z € |—m, [, then

. 1,4 .
hmn—>oo Sn(x) = E(hmtedom fittx f(t) + hmtedom fitlx f(t))

L\ 1e 1. .
(11) hmn—)oo Sn(ﬂ-) - 5(hmt€dom fittm f(t) + hmtEdom fitd—m f(t))

(iii) If f is defined throughout |—m, x], is continuous, and lim;) . f(t) = f(7), then s,(x) — f(x)
uniformly on |—, 7).

282P Corollary Let f be a complex-valued function which is integrable over |—m, 7], and (s, )nen its
sequence of Fourier sums.
(1) Suppose that « € |—m, 7| is such that f is of bounded variation on some neighbourhood of x. Then

. 1,. .
limy, o0 Sn(m) = E(hmtedom fittx f(t) + hmtedom fitlx f(t))

(ii) If there is a § > 0 such that f is of bounded variation on both |—m, —7 + d] and [r — d, 7], then
. 1,,. .
hmn%oo Sn (77_) = i(hmtedom fittm f(t) =+ hmtEdom fitl—m f(t))
282Q Theorem Let f and g be complex-valued functions which are integrable over |—m, 7], and {(ck)gen,
(di)ken their Fourier coefficients. Let f * g be their convolution, defined by the formula
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283C Fourier transforms I 7

(fxg)(@)= [ fl@—amtigt)dt= [ f(z—1t)g(t)dt,
writing f for the periodic extension of f. Then the Fourier coefficients of f % g are (2medi) ken-

*282R Proposition (a) Let f : [—m, 7] — C be an absolutely continuous function such that f(—7) =
f(m), and {cx)rez its sequence of Fourier coefficients. Then the Fourier coefficients of f’ are (ikcg)rez.

(b) Let f : R — C be a differentiable function such that f’ is absolutely continuous on [—,x], and
f(m) = f(—m). If {cx)rez are the Fourier coefficients of f]]—m, 7], then > o |cx| is finite.

Version of 31.3.13

283 Fourier transforms I

I turn now to the theory of Fourier transforms on R. In the first of two sections on the subject, I present
those parts of the elementary theory which can be dealt with using the methods of the previous section
on Fourier series. I find no way of making sense of the theory, however, without introducing a fragment of
L.Schwartz’ theory of distributions, which I present in §284. As in §282, of course, this treatment also is
nothing but a start in the topic.

The whole theory can also be done in R". T leave this extension to the exercises, however, since there are
few new ideas, the formulae are significantly more complicated, and I shall not, in this volume at least, have
any use for the multidimensional versions of these particular theorems, though some of the same ideas will
appear, in multidimensional form, in §285.

283 A Definitions Let f be a complex-valued function which is integrable over R.

(a) The Fourier transform of f is the function f : R — C defined by setting

Tw) = 7= 7 e fla)da

for every y € R.

(b) The inverse Fourier transform of f is the function f : R — C defined by setting

Fo) = [ e f(a)da

for every y € R.

283C Proposition Let f and g be complex-valued functions which are integrable over R.
) (f+9)" =+

b) (¢f)" = cf for every ¢ € C.

¢) If c € R and h(z) = f(x + ¢) whenever this is defined, then (y Z'Cy]?(y) for every y € R.

) =
d) If ¢ € R and h(z) = € f(x) for every z € dom f, then h( )= JA“( —¢) for every y € R.

(a

(

(

(

(e) If ¢ > 0 and h(z) = f(cx) whenever this is defined, then fAL(y) oy (Z) for every y € R.
(

(

(

c

)
f) f R — C is continuous.

lim,, f( ) =lim, , f(y) =0.
If f |z f(z)|dx < oo, then f is differentiable, and its derivative is

g
h

)
)

J(w) = = [ e f ()
for every y € R.

(i) If f is absolutely continuous on every bounded interval and f’ is integrable, then (f')*(y) = iyf(y)
for every y € R.

(©) 1994 D. H. Fremlin
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8 Fourier analysis 283D

283D Lemma (a) lim, o fa ST gy = 2, limg— oo ffa SIDT gy = 1.

(b) There is a K < oo such that |fab sincz dy| < K whenever a < b and ¢ € R.

283E Lemma Whenever ¢ < d in R,

a

lim e
a—r 00

_ ety _gicy
YT

dy =2miifec<z<d,

—a
=miif x =corx=d,

=0ifx<corxz>d.

283F Theorem Let f be a complex-valued function which is integrable over R, and f its Fourier
transform. Then whenever ¢ < d in R,

@ ey idy A
[ 1= [

283G Corollary If f and g are complex-valued functions which are integrable over R, then JA‘ =g iff
f =a.e. 9-

283H Lemma Let f be a complex-valued function which is integrable over R, and f its Fourier transform.
Then

oo

= fC ey = L[ D pgyar = L[ S g gy

r—t —oo

whenever a > 0 and x € R.

2831 Theorem Let f be a complex-valued function which is integrable over R, and suppose that f is
differentiable at € R. Then

1 . a 1 A 1 . a —ix M
flx) = o iMoo J-, e fy)dy = 7oz iMoo J- e fy)dy

283J Corollary Let f : R — C be an integrable function such that f is differentiable and f is integrable.
Then f = (f)¥ = (f)".

283K Proposition Suppose that f is a twice-differentiable function from R to C such that f, f/ and f”
are all integrable. Then f is integrable.

283L Theorem Let f be a complex-valued function which is integrable over R, with Fourier transform

}' and inverse Fourier transform ]v”, and suppose that f is of bounded variation on some neighbourhood of
xz € R. Set a = limedom f,¢12 f(t), b = limedom f,¢42 f(t). Then

1 : ixT 0 1 : —1ix ¥ 1
Tzl [1 e f(y)dy = = limy e [T €TV f(y)dy = S(a+ ).

283M Theorem Let f and g be complex-valued functions which are integrable over R, and f * g their
convolution product, defined by setting

(frg)(@) = [T f(t)g(x — t)dt
whenever this is defined. Then

(f*9)" () = V2r fW)i(y), (f*9)(y) = V2rf(v)i(y)

for every y € R.

MEASURE THEORY (abridged version)



284E Fourier transforms I 9

283N Lemma For ¢ > 0, set ¢, () = ﬁe*ﬁ/zgg for x € R. Then its Fourier transform and inverse

Fourier transform are

\4

" 1
z/}a = ¢a’ = ;’(/}1/0"
In particular, 121 =Y.

2830 Proposition Let f and g be two complex-valued functions which are integrable over R. Then

[ fxg=[" Fxgand [ fxy=[" fxg

Version of 30.8.13

284 Fourier transforms IT

The basic paradox of Fourier transforms is the fact that while for certain functions (see 283J-283K)
we have (J?)V = f, ‘ordinary’ integrable functions f (for instance, the indicator functions of non-trivial
intervals) give rise to non-integrable Fourier transforms JA‘ for which there is no direct definition available

for JA‘V, making it a puzzle to decide in what sense the formula f = ]A“V might be true. What now seems
by far the most natural resolution of the problem lies in declaring the Fourier transform to be an operation
on distributions rather than on functions. I shall not attempt to describe this theory properly (almost any
book on ‘Distributions’ will cover the ground better than I can possibly do here), but will try to convey the
fundamental ideas, so far as they are relevant to the questions dealt with here, in language which will make
the transition to a fuller treatment straightforward. At the same time, these methods make it easy to prove
strong versions of the ‘classical’ theorems concerning Fourier transforms.

284 A Test functions: Definition Throughout this section, a rapidly decreasing test function or
Schwartz function will be a function i : R — C such that h is smooth, that is, differentiable everywhere
any finite number of times, and moreover

sup,eg |2]*[A0™ (2)] < oo

for all k, m € N, writing h(™) for the mth derivative of h.

284B Lemma (a) If g and h are rapidly decreasing test functions, so are g + h and ch, for any ¢ € C.

(b) If h is a rapidly decreasing test function and y € R, then = — h(y — x) is a rapidly decreasing test
function.

(c) If h is any rapidly decreasing test function, then h and h? are integrable.

(d) If h is a rapidly decreasing test function, so is its derivative h'.

(e) If h is a rapidly decreasing test function, so is the function x +— zh(x).

(f)

—sxz

f) For any € > 0, the function = — e is a rapidly decreasing test function.

284C Proposition Let h: R — C be a rapldly decreasing test function. Then h:R—Candh:R —C
are rapidly decreasing test functions, and ho=h" =h

284D Definition I will use the phrase tempered function on R to mean a measurable complex-valued
function f, defined almost everywhere in R, such that

o 1

for some k € N.

284E Lemma (a) If f and g are tempered functions, so are |f|, f + g and cf, for any ¢ € C.
(b) If f is a tempered function then it is integrable over any bounded interval.
(c) If f is a tempered function and « € R, then ¢ — f(x+t) and t — f(xz—t) are both tempered functions.

D.H.FREMLIN



10 Fourier analysis 284F

284F Lemma Let f be a tempered function on R and A a rapidly decreasing test function. Then f x h
is integrable.

284G Lemma Suppose that f; and fo are tempered functions and that [ f; x h = [ fo x h for every
rapidly decreasing test function h. Then f; =, .. fo.

284H Definition Let f and g be tempered functions. Then I will say that g represents the Fourier
transform of f if

figxh:fj;fxﬁ

for every rapidly decreasing test function h.

2841 Remarks (a) If f is an integrable complex-valued function on R and JA” is its Fourier transform,

N
then f ‘represents the Fourier transform of f.

(b) Note also that if g1, go are two tempered functions both representing the Fourier transform of f,
then g1 =ae. 92

(c) It is I suppose obvious that if fi, f2, g1 and g2 are tempered functions and g; represents the Fourier
transform of f; for both ¢, then cg; + g represents the Fourier transform of cf; + fo for every ¢ € C.

(e) g represents the inverse Fourier transform of f when [f xh = [g X h for every rapidly
decreasing test function h.

(f) If f, g are tempered functions and we write §(x) = g(—x) whenever this is defined, then
g represents the Fourier transform of f
<= § represents the inverse Fourier transform of f.

284J Lemma Let f be any tempered function and h a rapidly decreasing test function. Then f x h,
defined by the formula
(fh)(y) = [T FOh(y —t)dt,
is defined everywhere.

284K Proposition Let f and g be tempered functions such that g represents the Fourier transform of
f, and h a rapidly decreasing test function.

(a) The Fourier transform of the integrable function f x h is \/% E; h.
(b) The Fourier transform of the continuous function f * h is represented by the product v/2mg x h.

284L Proposition Let f be a tempered function. Writing v, (z) = G\}ﬂe*IZ/Q"Z for x € R and o > 0,
then

lim, o(f * o) (z) = ¢

whenever z € R and ¢ € C are such that

5
limgyo 5[5 |z +1) + f(w = t) = 2cldt = 0.

284M Theorem Let f and g be tempered functions such that g represents the Fourier transform of f.
Then

(a)(i) g(y) = lim, o \/% ffooo e_iy‘”e_mzf(a:)dx for almost every y € R.
ii) If y € R is such that a = limscqom g.614 9(t) and b = limycgom .64 9(f) are both defined in C, then
9,11y g,tly

MEASURE THEORY (abridged version)



285A Characteristic functions 11

lim, o —iyre—er® f( 1) dy = %(a +0).

1 [e%e]
ﬁf —
(b)(i) f(z) =limeyo \/%7 [7°_ eie=v" g(y)dy for almost every = € R.

(i) If = € R is such that a = limyedom /142 f(t) and b = lim;edom f,¢)o f(¢) are both defined in C, then

: 1 o ixy ,—e 1
hme\LO ﬁf—oo e ye yZQ(y)dy = 5(@ + b)

284N L? spaces: Lemma Let £2 be the space of square-integrable complex-valued functions on R, and
§ the space of rapidly decreasing test functions. Then for every f € £2% and € > 0 there is an h € § such
that ||f — hllz <e.

2840 Theorem (a) Let f be any complex-valued function which is square-integrable over R. Then f is
a tempered function and its Fourier transform is represented by another square-integrable function g, and
lgllz = 112

(b) If f; and f are complex-valued functions, square-integrable over R, with Fourier transforms repre-
sented by functions gi, g2, then

f,oooo fix fa= fj;gl X g2

(c¢) If f1 and fy are complex-valued functions, square-integrable over R, with Fourier transforms repre-
sented by functions g1, go, then the integrable function f; x fo has Fourier transform \/#27 g1 * ga.

(d) If f1 and fo are complex-valued functions, square-integrable over R, with Fourier transforms repre-
sented by functions g1, g2, then /2mwg; X go represents the Fourier transform of the continuous function

f1* fa.

284P Corollary Writing L% for the Hilbert space of equivalence classes of square-integrable complex-
valued functions on R, we have a linear isometry 7T : L<2c — L?C given by saying that T'(f*) = ¢g* whenever f,
gE L?C and g represents the Fourier transform of f.

Version of 18.9.14

285 Characteristic functions

I come now to one of the most effective applications of Fourier transforms, the use of ‘characteristic func-
tions’ to analyse probability distributions. It turns out not only that the Fourier transform of a probability
distribution determines the distribution (285M) but that many of the things we want to know about a
distribution are easily calculated from its transform. Even more strikingly, pointwise convergence of Fourier
transforms corresponds (for sequences) to convergence for the vague topology in the space of distributions,
so they provide a new and extremely powerful method for proving such results as the Central Limit Theorem
and Poisson’s theorem (285Q).

As the applications of the ideas here mostly belong to probability theory, I return to probabilists’ ter-
minology, as in Chapter 27. There will nevertheless be many points at which it is appropriate to speak of
integrals, and there will often be more than one measure in play; so I should say directly that an integral
J f(z)dz will be with respect to Lebesgue measure (usually, but not always, one-dimensional), as in the
rest of this chapter, while integrals with respect to other measures will be expressed in the forms [ fdv or

[ f(z)v(dz).

285A Definition (a) Let v be a Radon probability measure on R”. Then the characteristic function
of v is the function ¢, : R" — C given by the formula

eu(y) = [ eV -"v(dx)
for every y € R, writing y.x = m& +...+ & ify=(m,...,n-) and © = (&,... ,&).

D.H.FREMLIN



12 Fourier analysis 285ADb

(b) Let X1,..., X, be real-valued random variables on the same probability space. The characteristic
function of X = (X3,... , X,) is the characteristic function px = ¢,, of their joint probability distribution
vx as defined in 271C.

285C Proposition Let X1,... , X, be real-valued random variables on the same probability space, and
vx their joint distribution. Then their characteristic function ¢, is given by

fux (y) = E(eX) = E(emXiginXe ¢ )

for every y = (n1,... ,n,) € R".

285D Proposition Let v be a Radon probability measure on R. Write

v(y) = \/%f_o; e~y (dr)

for every y € R, and ¢, for the characteristic function of v.
1
(a) v(y) = \/72790:/(*2/) for every y € R.

(b) For any Lebesgue integrable complex-valued function h defined almost everywhere in R,

[ bwhdy = [~ h@)w(do).

(c) For any rapidly decreasing test function h on R,

[ h(@yde) = [~ hiy)b(y)dy.

— 00
(d) If v is an indefinite-integral measure over Lebesgue measure, with Radon-Nikodym derivative f, then
v is the Fourier transform of f.

285E Lemma Let X be a normal random variable with expectation @ and variance o2, where o > 0.
Then the characteristic function of X is given by the formula

ply) = etree=o 2,

285F Proposition Let v be a Radon probability measure on R”, and ¢ its characteristic function.

p(0) =

()

(b) p : R" — (C is uniformly continuous.

(c) e(=y) = @(y), lo(y)| < 1 for every y € R". .

(d) If r =1 and [ |z|v(dz) < oo, then <p '(y) exists and is equal to i [ xe"*Yv(dx) for every y € R.
(e) If r =1 and [2%v(dz) < oo, then ¢”(y) exists and is equal to — [ 2%y (dx) for every y € R.

285G Corollary (a) Let X be a real-valued random variable with finite expectation, and ¢ its charac-
teristic function. Then ¢’(0) = iE(X).

(b) Let X be a real-valued random variable with finite variance, and ¢ its characteristic function. Then
¢"'(0) = ~E(X?).

2851 Proposition Let X;,...,X,, be independent real-valued random variables, with characteristic
functions @1, ... ,,. Let ¢ be the characteristic function of their sum X = X; + ...+ X,,. Then

ely) =1I=1 ¢i ()

for every y € R.

285J Lemma Let v be a Radon probability measure on R", and ¢ its characteristic function. Then for
1<j<randa>0,

vl | > a) < Taf) (1 - Reglte;))dt,

where e; € R" is the jth unit vector.

MEASURE THEORY (abridged version)



8286 intro. Carleson’s theorem 13

285L Theorem Let v, (1,),en be Radon probability measures on R”, with characteristic functions ¢,
(¢n)nen. Then the following are equiveridical:

(i) v = lim,,— o0 vy, for the vague topology;

(ii) [ hdv =lim,_, [ hdv, for every bounded continuous h : R" — R;

(iii) limy—e0 @n(y) = ©(y) for every y € R”.

285M Corollary (a) Let v, v’ be two Radon probability measures on R” with the same characteristic
functions. Then they are equal.
(b) Let (X4,...,X,) and (Y7,...,Y;) be two families of real-valued random variables. If

E(eimX1+---+ianr) — E(einlyl+~»-+i"7ryr)

for all my,...,nm. € R, then (Xy,...,X,) has the same joint distribution as (Y1,...,Y;).

2850 Lemma Let cq, ... ,cy,,do, ... ,d, be complex numbers of modulus at most 1. Then
T Tazo cx — [imo dil < 32h— lex — dyl-

285P Lemma Suppose that M > 0 and € > 0. Then there are n > 0 and yg,... ,y, € R such that
whenever X, Z are two real-valued random variables with E(|X|) < M, E(|Z]) < M and |ox (y;) —z(y;)| <
n for every j < n, then Fx(a) < Fz(a + €) + € for every a € R, where I write px for the characteristic
function of X and F'x for the distribution function of X.

285Q Law of Rare Events: Theorem For any M > 0 and € > 0 there is a 6 > 0 such that whenever
Xo, ..., X, are independent {0, 1}-valued random variables with Pr(Xy = 1) = p, < ¢ for every k < n and
Sr_ope =A< M,and X = Xg+ ...+ X, then

|Pr(X =m) — %e’)ﬂ <e

for every m € N.

285R Convolutions If v, 7 are Radon probability measures on R” then ¢,.5(y) = . (y)es(y) for every
y € R".

285V Proposition Let v be a Radon probability measure on R” such that v * v = v. Then v is the
Dirac measure dy concentrated at 0.

285S The vague topology and pointwise convergence of characteristic functions Write
Py, v') = \f e -Ty(dr) — feiy'f”z/(dxﬂ

for Radon probability measures v, v’ on R" and y € R". Write T for the vague topology and & for the
topology defined by {p} : y € R"}

285T Proposition Suppose that yg,...,y, € R and n > 0. Then there are infinitely many m € N such
that |1 — e®™| < 5 for every k < n.

285U Corollary The topologies G and ¥ on the space of Radon probability measures on R, as described
in 2855, are different.

Version of 30.3.16

286 Carleson’s theorem

(©) 2000 D. H. Fremlin
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14 Fourier analysis 8286 intro.

Carleson’s theorem (CARLESON 66) was the (unexpected) solution to a long-standing problem. Remark-
ably, it can be proved by ‘elementary’ methods. The hardest part of the work below, in 286J-286L, demands
only the laborious verification of inequalities. How the inequalities were chosen is a different matter; for
once, some of the ideas of the proof are embodied in the statements of the lemmas. The argument here is a
greatly expanded version of LACEY & THIELE 00.

The Hardy-Littlewood Maximal Theorem (286A) is important, and worth learning even if you leave the
rest of the section as an unexamined monument. I bring 286B-286D forward to the beginning of the section,
even though they are little more than worked exercises, because they also have potential uses in other
contexts.

In this section all integrals are with respect to Lebesgue measure p on R unless otherwise stated.

286A The Maximal Theorem Suppose that 1 < p < oo and that f € L(u). Set

f*(m)zsup{éfabm:agxgb,a<b}

21/pp
p—1

for z € R. Then [[f*], < 22| f]].

286B Lemma Let g : R — [0, 00[ be a function which is non-decreasing on |—oo, ], non-increasing on
[8, 00 and constant on [«, 8], where @ < . Then for any measurable function f : R — [0, o0], ffooo fxg<

oo 1 b
f_oo 9 " SUPa<ab>p,a<b 3, fa f.

286C Shift, modulation and dilation For any function f with domain included in R, and o € R, we
can define

(Saf)(@) = flz+a), (Maf)(x)=e"f(z), (Daf)(z)=f(ox)

whenever the right-hand sides are defined.
(@) S_aSaf = f, D1jaDaf = f if & £ 0.
(b) Sa(f X 9) = Suf X Sag: Dalf % 9) = Duf X Dag.
(€) Dalf| = Dt
(d) If f is integrable, then
(Maf)” =S-af. (Saf)" =Maf, (Saf)’=M-of;

if moreover a > 0, then
a(Daf)A :Dl/ozfv a(Daf)v:Dl/af‘
(e) If f belongs to L& = LL(u), so do Saf, Msf and (if a # 0) Do f, and in this case

[Saflly = IMaflly = £, [ Dafllr = ﬁ”fHL

(f) If f belongs to £2 so do Suf, My f and (if a # 0) D, f, and in this case

IS0 lls = Maflle = 1Fl2: 1Dafllz = <=l fllz-

(g) If h is a rapidly decreasing test function, so are M,h and S,h and (if « # 0) D,h.

286D Lemma Suppose that g : R — [0, 00] is a measurable function such that, for some constant C' > 0,
0 1

/ 9 < CyuE whenever pE/ < co. Then g is finite almost everywhere and f T g(z)dz is finite.
oo 111z

MEASURE THEORY (abridged version)



286G Carleson’s theorem 15

286E The Lacey-Thiele construction (a) Let Z be the family of all dyadic intervals of the form
[2’%7 2F(n + 1)[ where k, n € Z. The essential geometric property of Z is that if I, J € Z then either I C J
or JCTorINnJ=1{. Let Q be the set of all pairs o = (I,,J,) € Z? such that ul, - uJ, = 1. For o € Q,
let k, € Z be such that puJ, = 2k and wly, = 27 k5. let 2, be the midpoint of I, y, the midpoint of J,,
J. € T the left-hand half-interval of J,, JI € T the right-hand half-interval of J,, and 3’ the lower quartile
of J,.

!

=

Y

at—=

(b) There is a rapidly decreasing test function ¢ such that g% is real-valued and X[—%, %} < g?) < x[-
For o € Q, set
iz
¢U(~'E) =V NJaezy“"L¢(($ - xo),U/Jo)~

¢, is a rapidly decreasing test function.

A . I\A
0o (y) = Vilze V) o((y — yl)ul,),
which is zero unless y € J..
(1) lIgollz =[]z for every o € Q.

(i) |95 11y = VuJoll9lly for every o € Q.
(iii) If o, 7 € Q and J. N JL = 0 then

(65167) = (6,]0,) = 0.
(For f, g € L, T write (flg) for [~ f x g.)
(iv) If o, 7 € Q and J, # J; and J. N JI is non-empty, then (¢, |¢,) = 0.

(c) Set w(x) for € R. For o € Q, set

. 1
© ()
wo () = w((z — 2o )uto )y < pdo = 2ko

for every z. Note that w, = w, whenever I, = I,.

286F A partial order (a) For o, 7 € @ say that 7 < ¢ if J. C J, and I, C I,. Then < is a partial
order on Q.
(i) If 7 < o, then k,; < k,.
(ii) If o and 7 are incomparable, then (I, x J,) N (I, x J;) is empty.
(iii) If o, o’ are incomparable and both greater than or equal to 7, then I, N I, = ().
(iv) If r <o and k; < k < k,, then there is a (unique) v such that 7 < v < ¢ and k, = k.

(b) If R C Q, say that
Rt =U,epfo:7<oeQ}

(c) For 7 € Q set
T,={c:0e€Q,7<0,J. CJ}.
Note that if o, ¢’ € T» and k, # ko then (¢5|ds) = 0.

286G Lemma (a) [~ w, = [*. w =1 for every o € Q.
00 1 1
(b) For any m e N, 7" w(n+ 3) < )
(c) Suppose that o € Q and that [ is an interval not containing z, in its interior. Then [; wy > wq(x)pl,
where z is the midpoint of I.
(d) Forany z € R, > 07 w(x—mn) < 2.

(e) There is a constant C; > 0 such that |¢(z)| < C; min(w(3),w(x)?) for every z € R and
90 (2)]| < C1v/plswo (2) min(1, we (z)pls)

for every z € R and ¢ € Q.
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16 Fourier analysis 286G
(f) There is a constant Co > 0 such that [* w(z)w(cax + B)dz < Cow(B) whenever 0 < o < 1 and
B eR.
(g) There is a constant C3 > 0 such that [(¢s|dr)] < Csv/uls/1ud- fIT wy whenever o, 7 € @ and

ko < k..
(h) There is a constant Cy > 0 such that

ZaeQ,UZT,ka:k fR\IT ws < Cy

whenever 7 € @ and k € Z.
286H ‘Mass’ and ‘energy’ If P is a subset of Q, E C R is measurable, g : R — R is measurable, and
f € LZ, set

oo
maSSEQ(P) = SupUEP,TGQ,‘rSa fEmg—l[J’T] Wr < SupTGQ f—oo Wr = 1’
Af(P) = ZO’EP |(f|¢o)‘25

energy ;(P) = sup,cq VuJr/Ap(PNT5).

If P" C P then massgy(P') < massgy(P) and energy ;(P') < energy(P). energy;({c}) = ViuJs|(fl¢o)l
for any o € Q.

2861 Lemma If P C Q is finite and f € £Z, then
(a) Ap(P) < || Xgep(floo)dollal fll2,
(b) Xorepot,—i, |(F100)(@oldr)(¢:]f)| < C3A(P).

286J Lemma Set C5 = 2'2. If P C @ is finite, E C R is measurable, g : R — R is measurable, and
v > massgy(P), then we can find R C Q such that v pulr < CsuE and massgy(P\ RT) < 17.

286K Lemma Set Cs = 4(C5 + 4C3+/2C,). Suppose that P C Q is a finite set, f € £2, | f]l2 =1 and
v > energy ;(P). Then we can find R C @ such that 72 > rer it < Cp and energy ¢ (P \ RT) < %’y.

286L Lemma Set
28 4,/14C5 )
w(3/2)  w(3/2) 7"
Suppose that P is a finite subset of Q with a lower bound 7 in @ for the ordering <, E C R is measurable,
g : R — R is measurable and f € £Z. Then

ZO’GP |(f|¢g)fEﬂg*1[J;] ¢U| S 07 enerng(P) maSSEQ(P):U’IT'

7 8
07201(5“!‘?4‘

286M The Lacey-Thiele lemma Set Cs = 3C7(C5 + Cg). Then
2oeq |(f|¢a)fEﬁg—1[J;] bo| < Cs

whenever f € L2, ||fll2 =1, puE < 1 and g : R — R is measurable.

286N Lemma Set Cy = Cgv/2. Suppose that f € L%, g : R — R is measurable and uF < co. Then
5 e (F100) Sy 130y 801 < Coll loV/iF

2860 Lemma (a) For z € R, define 6, : R — [0, 1] by setting
0:(y) = 627" (y — 9))°
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whenever there is a dyadic interval J € Z of length 2¥ such that z belongs to the right-hand half of J and
y belongs to the left-hand half of J and ¢ is the lower quartile of J, and zero if there is no such J. Then

(y,2) — 0.(y) is Borel measurable, 0 < 6,(y) <1forall y, z € R, and 0,(y) =0if y > z.

(b) For k € Z, set Qr, = {0 :0 € Q, ks = k}. Let [Q]<“ be the set of finite subsets of Q, [Z]<% the set of
finite subsets of Z and L the set of subsets L of @ such that L N Qy is finite for every k. If K € [Z]<“ and

LelL, set

Prr={P:Pe|Q]¥, PNQr 2 LNQy) whenever k € Z
and either k € K or PN Qy # 0};
set
F ={P:P C[Q]<* and there are K € [Z]<¥, L € L such that P D P}
Then F is a filter on [@Q]<* and

QWfF(h X gz)v = hmp_>]-' ZUEP,ZEJZ;(h|¢U)fF ¢0

for every z € R and rapidly decreasing test function h and measurable set F' C R of finite measure.

286P Lemma Suppose that h is a rapidly decreasing test function. For = € R, set
Ah(z) = sup, g |27 (h x 6.)" (x)].
Then Ah : R — [0, 00] is Borel measurable, and [, Ah < 4Cq||h||2+/pF whenever pF < co.
286Q Lemma For a > 0 and v, z, 5 € R, set H;QB(y) = Onz48(ay + B). Then
(a) the function (a, 8,y,2) = 0.,5(y) : 10,00 x R* — [0,1] is Borel measurable;

(b) 0.,5(y) = 0 whenever y > z;
(¢) for any rapidly decreasing test function h, and any z € R,

27 (h X 05)"| < D1y AMsDoh

at every point.

286R Lemma For any y, z € R,

5 21 .. 1 pn

0-(y) = [~ (limpsoo = [ 0,05 (y)dB) dax

is defined, and
0-(y) = 0:(0) > 0if y < z,
=0ify > z.
286S Lemma Suppose that h is a rapidly decreasing test function.
(a) For every x € R,
P . 1021
(Ah) (@) = liminfy o0 - [} = J.(D1ja AMs Do) (x)dBdo

is defined in [0, 00], and Ah : R — [0, 00] is Borel measurable.
(b) [ Ah < 3Cy||h|l2/iF whenever pF < oco.

(c) If z € R, 27r|(lAz x 0.)"| < Ah at every point.
286T Lemma Set Oy = 3Co/70,(0). For f € L2, define Af : R — [0, 00] by setting
A 1 b —ix
(Af)(y) = SupagbﬁLfa e " f(x)dx|

for each y € R. Then [, Af < Cio||fll2v/pF whenever uF < oc.
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286U Theorem If f € £LZ then

. 1 b ;
g(y) = hma—)foo,b%oo ﬁfa efwvyf(x)dl.

is defined in C for almost every y € R, and ¢ represents the Fourier transform of f.

286V Theorem For any square-integrable complex-valued function on |—, 7], its sequence of Fourier
sums converges to it almost everywhere.
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Version of 6.1.10

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

285Xm Cauchy distribution The exercise introducing the Cauchy distribution, referred to in the 2002,
2004 and 2012 printings of Volume 3, is now 285Xp.

285Xo0 Poisson distribution The exercise naming the Poisson distribution, referred to in the 2003,
2006 and 2013 printings of Volume 4, is now 285Xr.

285Xr Bochner’s theorem The exercise on a special case of Bochner’s theorem, referred to in the 2003,
2006 and 2013 printings of Volume 4, is now 285Xu.

286U Carleson’s theorem The sequential form, referred to in BOGACHEV 07, is now in 286V.
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