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Chapter 13
Complements

In this chapter I collect a number of results which do not lie in the direct line of the argument from 111A
(the definition of ‘c-algebra’) to 123C (Lebesgue’s Dominated Convergence Theorem), but which nevertheless
demand inclusion in this volume, being both relatively elementary, essential for further developments and
necessary to a proper comprehension of what has already been done. The longest section is §134, dealing
with a few of the elementary special properties of Lebesgue measure; in particular, its translation-invariance,
the existence of non-measurable sets and functions, and the Cantor set. The other sections are comparatively
lightweight. §131 discusses (measurable) subspaces and the interpretation of the formula || g [» generalizing

the idea of an integral fab f of a function over an interval. §132 introduces the outer measure associated with
a measure, a kind of inverse of Carathéodory’s construction of a measure from an outer measure. §§133 and
135 lay out suitable conventions for dealing with ‘infinity’ and complex numbers (separately! they don’t mix
well) as values either of integrands or of integrals; at the same time I mention ‘upper’ and ‘lower’ integrals.
Finally, in §136, I give some theorems on o-algebras of sets, describing how they can (in some of the most
important cases) be generated by relatively restricted operations.

Version of 18.3.05

131 Measurable subspaces

Very commonly we wish to integrate a function over a subset of a measure space; for instance, to form
an integral f; f(z)dx, where a < b in R. As often as not, we wish to do this when the function is partly or

wholly undefined outside the subset, as in such expressions as fol Inz dx. The natural framework in which
to perform such operations is that of ‘subspace measures’. If (X, X, 1) is a measure space and H € X, there
is a natural subspace measure gy on H, which I describe in this section. I begin with the definition of this
subspace measure (131A-131C), with a description of integration with respect to it (131E-131H); this gives
a solid foundation for the concept of ‘integration over a (measurable) subset’ (131D).

131A Proposition Let (X, X, 1) be a measure space, and H € .. Set Xy ={F: Fe€ X, EC H} and
let g be the restriction of p to Xp. Then (H,X g, puy) is a measure space.

proof Of course X is just {ENH : E € ¥}, and I have noted already (in 121A) that this is a o-algebra
of subsets of H. It is now obvious that g satisfies (iii) of 112A, so that (H,X g, pug) is a measure space.

131B Definition If (X, i) is any measure space and H € X, then py, as defined in 131A] is the
subspace measure on H.

When X = R”, where » > 1, and p is Lebesgue measure on R", I will call a subspace measure pg
Lebesgue measure on H.

It is worth noting the following elementary facts.

131C Lemma Let (X, X, ) be a measure space, H € ¥, and pg the subspace measure on H, with
domain Y. Then

(a) for any A C H, A is py-negligible iff it is p-negligible;

(b) if G € Xy then (up)q, the subspace measure on G when G is regarded as a measurable subset of H,
is identical to ug, the subspace measure on G when G is regarded as a measurable subset of X.
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2 Complements 131D

131D Integration over subsets: Definition Let (X, %, i) be a measure space, H € ¥ and f a real-
valued function defined on a subset of X. By [, f (or [}, f(x)u(dz), etc.) I shall mean [(fH)dug, if this
exists, following the definitions of 131A-131B and 122M, and taking dom(f[H) = H Ndom f, (f[H)(x) =
f(z) for x € HNdom f.

131E Proposition Let (X, X, 1) be a measure space, H € ¥, and f a real—valuedfunction defined on a
subset dom f of H. Set f(z) = f(z) if z € dom f, 0if # € X \ H. Then [ fduy = [ fdu if either is defined
in R.
proof (a) If f is ppy-simple, it is expressible as Y., a;xE;, where Ey,... ,E, € Xy, ag,... ,a, € R and

wpE; < oo for each 7. Now f also is equal to Y., a;xE; if this is now interpreted as a function from X to
R. So

S oaipgE =" gaipE; = [ fdu.

(b) If f is a non-negative ppy-integrable function, there is a non-decreasing sequence (fy,)nen of non-
negative py-simple functions converging to f pg-almost everywhere; now (f,)nen is a non-decreasing se-
quence of p-simple functions converging to f p-a.e. (131Ca), and

Supnefondﬂ :SupnefondMH = ffdMH < 00,
so [ fdu exists and is equal to [ fdup.

(c) If fis pu-integrable, it is expressible as fi — fo where fi and f are non-negative pp-integrable
functions, so that f = f; — fo and

[ fdp= [ fidp— [ fodp = [ frdpu — [ fodpn = [ fdpn.

(d) Now suppose that f is p-integrable. In this case there is a p-conegligible E € ¥ such that £ C dom f
and f[F is Y-measurable (122P). Of course u(H \ E) =0 so E N H is pug-conegligible; also, for any a € R,
{t:z€eENH, flx)>ay=HnN{z:z€cE, f(z) >a} € Xy,

so fIE N H is Y¥g-measurable, and f is py-virtually measurable and defined pg-a.e. Next, for € > 0,
pafe v € EOH, |f(0)| > & = p{o:z € B, |f(z)] > e} < o0,
while if g is a pz-simple function and g < |f| pg-a.e. then § < |f| p-a.e. and
[gdun = [Gdu < [|fldu < .

By the criteria of 122J and 122P, f is juy-integrable, so that again we have [ fdug = [ fdpu.

131F Corollary Let (X, 3, 1) be a measure space and f a real-valued function defined on a subset dom f
of X.

(a) If H € ¥ and f is defined almost everywhere in X, then f[ H is pp-integrable iff f x xH is py-integrable,
and in this case [, f = [ f x xH.

(b) If f is p-integrable, then f > 0 a.e. iff [, f > 0 for every H € .
(c) If f is pu-integrable, then f =0 a.e. iff fH f =0 for every H € X.

proof (a) Because dom f is p-conegligible, (f[H)", as defined in 131E, is equal to f x xH p-a.e., so that,
by 131E,

fodN: f(fFH)Nd/i = f(f x xH)dp
if any one of the integrals exists.
(b)(i) If f > 0 p-a.e., then for any H € ¥ we must have f[H >0 pg-a.e., so [, f = [(fIH)dpg > 0.

(ii) If [, f > 0 for every H € X, let E € X be a conegligible subset of dom f such that f[E is
measurable. Set F' = {z : z € E, f(x) < 0}. Then [, f > 0; by 122Rc, it follows that f|F = 0 pp-a.e.,
which is possible only if uF' = 0, in which case f > 0 p-a.e.

(c) Apply (b) to f and to —f to see that f <0 < f a.e.
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131 Notes Measurable subspaces 3

131G Corollary Let (X, ¥, 1) be a measure space and H € ¥ a conegligible set. If f is any real-valued
function defined on a subset of X, [,, f = [ f if either is defined.

proof In the language of 131E, f = (f[H)~ p-almost everywhere, so that

[f=[UrH)" = [ f

if any of the integrals is defined.

131H Corollary Let (X, 3, 1) be a measure space and f, g two p-integrable real-valued functions.
(a) If [, f > [, g for every H € ¥ then f > g a.e.
(b) If [, f = [}, g for every H € X then f = g a.e.

proof Apply 131Fb-131Fc to f — g.

131X Basic exercises >(a) Let (X,X, ) be a measure space, and f a real-valued function which
is integrable over X. For E € X set vE = fE f. (i) Show that if E, F are disjoint members of ¥
then v(E U F) = vE + vF. (Hint: 131E.) (ii) Show that if (E,)nen is a disjoint sequence in ¥ then
V(Unen En) = >opeovE,. (Hint: 123C.) (iii) Show that if f is non-negative then (X,3,v) is a measure
space.

>(b) Let u be Lebesgue measure on R. (i) Show that whenever a < bin R and f is a real-valued function
with dom f C R, then

fdu= [, fdn= [, fdp= [, fdu

if any of these is defined. (Hint: apply 131E to four different versions of f .) Write ff fdu for the common
value. (ii) Show that if @ < b < ¢ in R then, for any real-valued function f, [ fdu = fab fdp+ [ fdu if
either side is defined. (iii) Show that if f is integrable over R, then (a,b) — f; fdu is continuous. (Hint:
Either consider simple functions f first or consider lim,, f:ﬂ fdu for monotonic sequences {(a,)neN-.)

(c) Let g : R — R be a non-decreasing function and 1, the associated Lebesgue-Stieltjes measure (114Xa).
(i) Show that if a < b < ¢ in R then, for any real-valued function f, f[a’c[ fdug = f[a’b[ fdpg + f[b’c[ fdug if
either side is defined. (ii) Show that if f is p,-integrable over R, then (a,b) — f[
{(a,b) : a <b, g is continuous at both a and b}.

ab| fdug is continuous on

131Y Further exercises (a) Let (X, X, u) be a measure space and E € 3 a measurable set of finite
measure. Let (f,)nen be a sequence of measurable real-valued functions, with measurable domains!, such
that f = lim,_, fr is defined almost everywhere in E (following the conventions of 121Fa). Show that for
every € > 0 there is a measurable set F' C F such that u(E \ F) < ¢ and {f,)nen converges uniformly to f
on F. (This is Egorov’s theorem.)

131 Notes and comments If you want a quick definition of |’ [ for measurable H, the simplest seems to
be that of 131E, which enables you to avoid the concept of ‘subspace measure’ entirely. I think however that
we really do need to be able to speak of ‘Lebesgue measure on [0, 1]’, for instance, meaning the subspace
measure fi[p,1) where p is Lebesgue measure on R.

This section has a certain amount of detailed technical analysis. The point is that from 131A on we
generally have at least two measures in play, and the ordinary language of measure theory — words like
‘measurable’ and ‘integrable’ — becomes untrustworthy in such contexts, since it omits the crucial declarations
of which og-algebras or measures are under consideration. Consequently I have to use less elegant and more
explicit terminology. I hope however that once you have worked carefully through such results as 131F you
will feel that the pattern formed is reasonably coherent. The general rule is that for measurable subspaces
there are no serious surprises (131Cb, 131Fa).

11 am grateful to P.Wallace Thompson for pointing out that this clause, or something with similar effect, is necessary.
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4 Complements 131 Notes

I ought to remark that there is also a standard definition of subspace measure on non-measurable subsets
of a measure space. I have given the definition already in 113Yb; for the theory of integration, extending
the results above, I will wait until §214. There are significant extra difficulties and the extra generality is
not often needed in elementary applications.

Let me call your attention to 131Fb-131Fc and 131Xa-131Xc; these are first steps to understanding
‘indefinite integrals’, the functionals £ — f gJ X — R where f is an integrable function. I will return to
these in Chapters 22 and 23.

Version of 6.4.05

132 Outer measures from measures

The next topic I wish to mention is a simple construction with applications everywhere in measure theory.
With any measure there is associated, in a straightforward way, a standard outer measure (132A-132B). If
we start with Lebesgue measure we just return to Lebesgue outer measure (132C). T take the opportunity
to introduce the idea of ‘measurable envelope’ (132D-132E).

132A Proposition Let (X, X, i) be a measure space. Define p* : PX — [0, 00] by writing
wA=if{uFE:EecX ACFE}

for every A C X. Then

a) for every A C X there is an E € ¥ such that A C F and p*A = pFE;

b) p* is an outer measure on X;

¢) u*E = pFE for every E € 3;

d) a set A C X is p-negligible iff u*A = 0;

e) 1" (Unen An) = limy, o p* A, for every non-decreasing sequence (A, )nen of subsets of X;
) wA=p*(ANF)+ p*(A\ F) whenever A C X and F € %.

proof (a) For each n € N we can choose an F,, € ¥ such that A C E, and pE, < p*A + 27", now
E=N,enEn€X, ACFE and

A< pE <inf,enypb, < p*A.
®)E) pd=wh=0. () HACBC Xthen{E:ACFEecX}D{E:BCEe€X}souA<pu*B.

(iil) If (A, )nen is any sequence in PX, then for each n € N there is an E,, € ¥ such that A, C E, and
pEn = p* Ap; now J, ey An € Uen Bn € X s0

U*(UneN Ay) < /‘(UneN E,) < 220:0 wEn = 220:0 WAy

(c) This is just because pE < uF whenever E, FF € ¥ and E C F.

(d) By (a), u*A = 0 iff there is an F € ¥ such that A C F and pE = 0; but this is the definition of
‘negligible set’.

(e) Of course (u*A,)nen is a non-decreasing sequence with limit at most pu*A, writing A = U,y An,

just because p*B < p*C whenever B C C C X. For each n € N, let F,, € ¥ be such that A, C E,
and pE, = p*A,. Set F, = (),,>, Em for each n; then (F,),en is a non-decreasing sequence in X, and
A, CF, C Ep, so pu*A, = pF, for each n € N. Set F'=J,, oy Fin; then A C F so

A< pF =lim, o pF, =1limy, oo p*A,.
Thus p*A = lim, . u*A,, as claimed.

(f) Of course p*A < p*(ANF)+ p*(A\ F), by (b). On the other hand, there is an E € ¥ such that
ACFE and pE = p*A, by (a), and now ANFCENFeX AN\FCE\FeXso

pANE) +p(A\F) Su(ENF) + p(E\ F) = pE = p* A.

132B Definition If (X, X, 1) is a measure space, I will call p*, as defined in 132A, the outer measure
defined from pu.
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132E Outer measures from measures 5

Remark If we start with an outer measure 6 on a set X, construct a measure u from 6 by Carathéodory’s
method, and then construct the outer measure p* from pu, it is not necessarily the case that p* = 6. P
Take any set X with at least three members, and set 04 = 0if A =0, 1if A = X, % otherwise. Then
dom p = {0}, X} and p*A =1 for every non-empty A C X. Q

However, this problem does not arise with Lebesgue outer measure. I state the next proposition in terms
of Lebesgue measure on R", but if you skipped §115 I hope that you will still be able to make sense of this,
and later results, in terms of Lebesgue measure on R, by setting r» = 1.

132C Proposition If 6 is Lebesgue outer measure on R™ and p is Lebesgue measure, then p*, as defined
in 132A, is equal to 6.

proof Let A CR".
(a) If E is measurable and A C F, then 0A < 0F = pE; so 0A < u*A.

(b) If € > 0, there is a sequence (I,)nen of half-open intervals, covering A, with Y 07 jul, < 0A + €
(using 114G /115G to identify pl,, with the volume A, used in the definition of ), so

N’*A S /U‘(UHEN In) S Z:,O:O MIR S 0A + e
As € is arbitrary, p*A < 6A.

Remark Accordingly it will henceforth be unnecessary to distinguish 6 from p* when speaking of ‘Lebesgue
outer measure’. (In the language of 132Xa below, Lebesgue outer measure is ‘regular’.) In particular (using
132Aa), if A C R" there is a measurable set E O A such that yF = A (compare 134Fc).

132D Measurable envelopes The following is a useful concept in this context. If (X, 3, ) is a measure
space and A C X, a measurable envelope (or measurable cover) of A is a set E € ¥ such that A C F
and u(FNE) = p*(FNA) for every F € . In general, not every set in a measure space has a measurable
envelope (I suggest examples in 216Yc in Volume 2). But we do have the following.

132E Lemma Let (X, %, 1) be a measure space.

(a) If AC E € ¥, then E is a measurable envelope of A iff uF' = 0 whenever F € ¥ and F C E'\ A.

(b)If AC E € ¥ and uE < oo then E is a measurable envelope of A iff uF = p*A.

(¢c) If E is a measurable envelope of A and H € ¥, then F N H is a measurable envelope of AN H.

(d) Let (A,)nen be a sequence of subsets of X. Suppose that each A, has a measurable envelope E,,.
Then |J,,cy En is a measurable envelope of (J,,cy An-

(e) If A C X can be covered by a sequence of sets of finite measure, then A has a measurable envelope.

(f) In particular, if 4 is Lebesgue measure on R”, then every subset of R” has a measurable envelope for
7
proof (a) If E is a measurable envelope of A, F € ¥ and F C E'\ A, then

uF=uwFNE)=p*(FNA)=0.

If E is not a measurable envelope of A, there is an H € ¥ such that p*(ANH) < u(ENH). Let G € ¥ be
such that AN H C G and puG = p*(ANH), and set F = ENH \ G. Since uG < p(EN H), uF > 0; but
also FCEand FNAC HNA\G is empty.

(b) If E is a measurable envelope of A then we must have
wWA=p*(ANE)=u(ENE)=uE.
If uB = p*A, and F € 3 is a subset of E\ A, then A C E\ F, so u(E \ F) = pE; because pFE is finite, it
follows that puF = 0, so the condition of (a) is satisfied and F is a measurable envelope of A.

(c)fFeXand FCENH\A, then F C E\ A, so uFF =0, by (a); as F is arbitrary, EN H is a
measurable envelope of AN H, by (a) again.

(d) Write A for J,,cy An and E for J, .y En. Then A C E. If F' € ¥ and F' C E'\ A, then, for every
neN FNE,CE,\ A,,so u(FNE,)=0,by (a). Consequently FF =|J_ _yF N E, is negligible; as F is
arbitrary, F is a measurable envelope of A.

neN
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6 Complements 132E

(e) Let (F,)nen be a sequence of sets of finite measure covering A. For each n € N, let E,, € ¥ be such
that ANF, C E, and pE, = p*(ANF,) (using 132Aa above); by (b), E, is a measurable envelope of

ANF,. By (d), U, .y En is a measurable envelope of |J, .y AN F,, = A.

neN neN

(f) In the case of Lebesgue measure on R”, of course, the same sequence (B, ),en will work for every A,
if we take B, to be the half-open interval [—n,n[ for each n € N, writing n = (n,... ,n) as in §115.

132F Full outer measure This is a convenient moment at which to introduce the following term. If
(X, X, 1) is a measure space, a set A C X is of full outer measure or thick if X is a measurable envelope
of A; that is, if u*(F'NA) = uF for every F € ¥; equivalently, if uF = 0 whenever F € ¥ and F C X \ A.
If uX < 00, A C X has full outer measure iff p*A = pX.

132X Basic exercises >(a) Let X be a set and 6 an outer measure on X; let u be the measure on X
defined by Carathéodory’s method from 6, and p* the outer measure defined from p by the construction of
132A. (i) Show that u*A > 6A for every A C X. (ii) 0 is said to be a regular outer measure if § = p*.
Show that if there is any measure v on X such that § = v* then 0 is regular. (iii) Show that if 6 is regular
and (A, )nen is a non-decreasing sequence of subsets of X, then 0(lJ,cy An) = limy, 00 0A4,.

(b) Let (X, %, 1) be a measure space and H any member of ¥. Let upy be the subspace measure on H
(131B) and p*, pj; the outer measures defined from p, g respectively. Show that p}, = p*PH.

(c) Give an example of a measure space (X, X, 1) such that the measure ji defined by Carathéodory’s
method from the outer measure p* is a proper extension of u. (Hint: take pX = 0.)

>(d) Let (X,X, u) be a measure space and A a subset of X. Suppose that (E,),cn is a sequence in X
such that (AN Ey)pen is disjoint. Show that p*(AN U, ey En) = >oneo #* (AN Ey). (Hint: replace E, by
E), = E, \U, ., Ei, and use 132Ae-132Af.)

(e) Let (X,X, ) be a measure space and (A, ),en any sequence of subsets of X. Show that the outer
measure of (J,, oy ﬂiZn A; is at most liminf,, oo u*A,,.

(f) Let (X, X, 1) be a measure space and suppose that A C B C X are such that p*A = p*B < oo. Show
that p*(ANE) = u*(BNE) for every E € ¥. (Hint: a measurable envelope of B is a measurable envelope
of A

>(g) Let v, be a Lebesgue-Stieltjes measure on R, constructed as in 114Xa from a non-decreasing function
g : R — R. Show that (i) the outer measure v, derived from v, (132A) coincides with the outer measure 6,
of 114Xa; (ii) if A C R is any set, then A has a measurable envelope for the measure v,.

>(h) Let A C R" be a set which is not measured by Lebesgue measure y. Show that there is a bounded
measurable set E such that p*(ENA) = p*(E\ A) = uE > 0. (Hint: take E = E'NE" N B, where E’ is a
measurable envelope for A, E” is a measurable envelope for R™ \ A, and B is a suitable bounded set.)

(i) Let p be Lebesgue measure on R” and X its domain, and f a real-valued function, defined on a subset
of R”, which is not Y-measurable. Show that there are ¢ < ¢’ in Q and a bounded measurable set FE such
that

p{r:z e Endomf, f(x) <q}=p*{z:ze€ Endomf, f(x) >q¢}=pE >0.

(Hint: take E4, E to be measurable envelopes for {z : f(x) < ¢}, {z : f(z) > ¢} for each ¢. Find ¢ such
that u(E, N E;) >0 and ¢’ such that u(E, N E;,) > 0.)

(j) Check that you can do exercise 113Yc.

(k) Let (X, 3, u) be a measure space and p* the outer measure defined from p. Show that p*(AU B) +
w(ANB) < p*A+ p*Bforall A, BC X.

MEASURE THEORY



8133 intro. Wider concepts of integration 7

132Y Further exercises (a) Let (X, %, i) be a measure space and (f,,)nen a sequence of real-valued
functions defined almost everywhere in X. Suppose that (€, ),en is a sequence of non-negative real numbers
such that

ZZO:O €n < 00, ZZO:O wx [ far1(z) = ful@)] > €0} < 0.

Show that lim,,_, f,, is defined (as a real-valued function) almost everywhere.

(b) Let (X, 3, u) be a measure space, Y a set and f: X — Y a function. Let v be the image measure
puf~t (112Xf). Show that v* f[A] > p* A for every A C X.

(c) Let (X,X, ) be a measure space with X < oco. Let (4,)nen be a sequence of subsets of X such
that (J,,cn An has full outer measure in X. Show that there is a partition (FE,)nen of X into measurable
sets such that pE,, = p*(A4, N E,) for every n € N.

(d) Let (X, X, 1) be a measure space and A a family of subsets of X such that [, Ay has full outer
measure for every sequence (Ap)nen in A. Show that there is a measure v on X, extending p, such that
every member of A is v-conegligible.

(e) Check that you can do exercises 113Yg-113Yh.

(f) Let (X, X, ) be a measure space. Show that pu* : PX — [0,00] is alternating of all orders, that
is,

ZJg,#(J) is even N*(A U UieJ Ai) < ZJQI,#(J) is odd :“*(A U UieJ Ai)

whenever I is a non-empty finite set, (A4;);cs is a family of subsets of X and A is another subset of X.

(g) Let (X, %, ) be a measure space. Suppose that A C B C C C X and that pu*(B\ A) = p*B. Show
that p*(C'\ A) = u*C.

132 Notes and comments Almost the most fundamental fact in measure theory is that in all important
measure spaces there are non-measurable sets. (For Lebesgue measure see 134B below.) One can respond to
this fact in a variety of ways. An approach which works quite well is just to ignore it. The point is that, for
very deep reasons, the sets and functions which arise in ordinary applications nearly always are measurable,
or can be made so by elementary manipulations; the only exceptions I know of in applied mathematics
appear in generalized control theory. As a pure mathematician I am uncomfortable with such an approach,
and as a measure theorist I think it closes the door on some of the most subtle ideas of the theory. In this
treatise, therefore, non-measurable sets will always be present, if only subliminally. In this section I have
described two of the basic methods of dealing with them: the move from a measure to an outer measure,
which at least assigns some sort of size to an arbitrary set, and the idea of ‘measurable envelope’, which
(when defined) describes the region in which the non-measurable set has to be taken into account. In both
cases we seek to describe the non-measurable set from the outside, so to speak. There are no real difficulties,
and the only points to take note of are that (i) outside the boundary marked by 132Ee measurable envelopes
need not exist (ii) Carathéodory’s construction of a measure from an outer measure, and the construction
here of an outer measure from a measure, are closely related (132C, 132Xg, 113Yc, 132Xa(i)), but are not
quite inverses of each other in general (132B, 132Xc).

Version of 29.3.10
133 Wider concepts of integration

There are various contexts in which it is useful to be able to assign a value to the integral of a function
which is not quite covered by the basic definition in 122M. In this section I offer suggestions concerning the
assignment of the values +co to integrals of real-valued functions (133A), the integration of complex-valued
functions (133C-133H) and upper and lower integrals (1331-133L). In §135 below I will discuss a further
elaboration of the ideas of Chapter 12.

(©) 1994 D. H. Fremlin
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8 Complements 133A

133 A Infinite integrals It is normal to restrict the phrase ‘f is integrable’ to functions f to which
a finite integral [ f can be assigned (just as a series is called ‘summable’ only when a finite sum can be
assigned to it). But for non-negative functions it is sometimes convenient to write ¢ f f = o0’ if, in some
sense, the only way in which f fails to be integrable is that the integral is too large; that is, f is defined
almost everywhere, is p-virtually measurable, and either

{z:z edomf, f(z) > ¢}
includes a set of infinite measure for some € > 0, or
sup{f h: hissimple, h <, f} = co.
(Compare 122J.) Under this rule, we shall still have
[htbo=[fh+[fo [cf=c[f

whenever ¢ € [0,00[ and f1, f2, f are non-negative functions for which [ f1, [ fa, [ f are defined in [0, cc].
We can therefore repeat the definition 122M and say that

[h=fo=[H-[F

whenever fi, fo are real-valued functions such that [ f1, [ fo are defined in [0, 0o] and are not both infinite;
the last condition being imposed to avoid the possibility of being asked to calculate co — oc.
We still have the rules that

[r+a=[f+[g [eh=c[f [IfIZI]]]

at least when the right-hand-sides can be interpreted, allowing 0-oco = 0, but not allowing any interpretation
of co—o0; and [ f < [ g whenever both integrals are defined and f <,. g. (But of course it is now possible
to have f < gand [ f = [ g = +oo without f and g being equal almost everywhere.)

Setting f*(z) = max(f(z),0), f~ (z) = max(—f(z),0) for € dom f, then

ff =00 — ff+ = oo and f~ is integrable,

ff = —00 <= f7T is integrable and ff7 = 00.

For further ideas in this direction, see §135 below.

133B Functions with exceptional values It is also convenient to allow as ‘integrable’ functions f
which take occasional values which are not real — typically, where a formula for f(x) allows the value ‘o0’
on some convention. For such a function I will write [ f = [ f if [ f is defined, where

dom f = {z:z € dom f, f(z) €R}, f(z)= f(z) for z € dom f.

Since in this convention I still require f to be defined almost everywhere in X, the set {z:z edomf, f(z) ¢
R} will have to be negligible.

133C Complex-valued functions All the theory of measurable and integrable functions so far de-
veloped has been devoted to real-valued functions. There are no substantial new ideas required to deal
with complex-valued functions, but perhaps I should spell out some of the details, since there are many
applications in which complex-valued functions are the most natural context in which to work.

133D Definitions (a) Let X be a set and ¥ a o-algebra of subsets of X. If D C X and f: D — C is
a function, then we say that f is measurable if its real and imaginary parts Re f, Zm f are measurable in
the sense of 121B-121C.

(b) Let (X, X, i) be a measure space. If f is a complex-valued function defined on a conegligible subset
of X, we say that f is integrable if its real and imaginary parts are integrable, and then

Jf=[Ref+i[Imf.

(c) Let (X, X, 1) be a measure space, H € ¥ and f a complex-valued function defined on a subset of X.
Then fH fis [(f1H)dpg if this is defined in the sense of (b), taking the subspace measure pp to be that
of 131A-131B.
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133E Lemma (a) If X is a set, X is a o-algebra of subsets of X, and f and g are measurable complex-
valued functions with domains dom f, dom g C X, then
(i) f+ ¢ :dom f Ndom g — C is measurable;
(ii) ef : dom f — C is measurable, for every c € C;
(iii) f x g : dom f Ndom g — C is measurable;
(iv) f/g:{z:xz € dom f Ndomyg, g(z) # 0} — C is measurable;
(v) |f| : dom f — R is measurable.
(b) If (fn)nen is a sequence of measurable complex-valued functions defined on subsets of X, then f =
lim,, o fn is measurable, if we take dom f to be

{z:x¢€ U ﬂ dom fy,, nh—{go fn(x) exists in C}

neNm>n

= dom( lim Re f,) Ndom( lim Zm f,,).
n— oo

n—oo

proof (a) All are immediate from 121E; if you write down the formulae for the real and imaginary parts of
f+g,...,|f] in terms of the real and imaginary parts of f and g.

(b) Use 121Fa.

133F Proposition Let (X, Y, 1) be a measure space.

(a) If f and g are integrable complex-valued functions defined on conegligible subsets of X, then f 4 g
and cf are integrable, [ f+g= [f+ [gand [¢f =c [ f, for every c € C.

(b) If f is a complex-valued function defined on a conegligible subset of X, then f is integrable iff |f] is
integrable and f is p-virtually measurable, that is, Re f and Zm f are p-virtually measurable.

proof (a) Use 1220a-1220b.

(b) The point is that | Re f|, | Zm f| < |f] < |Re f|+|Zm f|; now we need only apply 122P an adequate
number of times.

133G Lebesgue’s Dominated Convergence Theorem Let (X, X, i) be a measure space and (fy,)nen
a sequence of integrable complex-valued functions on X such that f(z) = lim,,_ o fn(x) exists in C for almost
every x € X. Suppose moreover that there is a real-valued integrable function g on X such that |f,| <..e g
for each n. Then f is integrable and lim,,_,~ [ f,, exists and is equal to [ f.

proof Apply 123C to the sequences (Re f,)nen and (Zm fr,)nen-
133H Corollary Let (X,3, ) be a measure space and |a,b[ a non-empty open interval in R. Let
f: X x]a,b] = C be a function such that
(i) the integral F(t) = [ f(z,t)dx is defined for every t € ]a, b[;
(ii) the partial derivative %{ of f with respect to the second variable is defined everywhere in
X xJa, bf;
(iii) there is an integrable function g : X — [0, co[ such that |%(x, t)] < g(z) for every x € X,
t€la,bl.
Then the derivative F”(t) and the integral f %(x, t)dx exist for every ¢ € ]a,b], and are equal.

proof Apply 123D to Re f and Zm f.

1331 Upper and lower integrals I return now to real-valued functions. Let (X, X, u) be a measure
space and f a real-valued function defined almost everywhere in X. Its upper integral is

Tf = inf{fg : fg is defined in the sense of 133A and f <,.. g},

allowing oo for inf{oo} or inf () and —oco for inf R. Similarly, the lower integral of f is
Jf=sup{[g: [gisdefined, f >, g},

allowing —oo for sup{—oo} or sup ) and co for sup R.

D.H.FREMLIN
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133J Proposition Let (X, 3, 1) be a measure space.
(a) Let f be a real-valued function defined almost everywhere in X.

(1) It Tf is finite, then there is an integrable g such that f <,. g and [g= Tf In this case,
{z:z € dom f Ndomg, g(z) < f(x) + go(x)}

has full outer measure for every measurable function go : X — ]0, oo[.
(ii) If [f is finite, then there is an integrable h such that h <,. f and [h = [f. In this case,

{z:2z € dom fNdomh, f(z) < h(z)+ ho(z)}

has full outer measure for every measurable function hy : X — ]0, co].
(b) For any real-valued functions f, g defined on conegligible subsets of X and any ¢ > 0,

WS <[t
(i) [f+9<[f+ ]9,
(iii) fcf—cff,
(i) J(=f)=-JF,
V) [f+g9= [+ ]9
(i) Jef=cf
whenever the right-hand-sides do not involve adding co to —oo.

()Iff<aegthenff<fgandff<fg
(d) A real-valued function f defined almost everywhere in X is integrable iff

[f=Jf=acR

and in this case [ f = a.
(e) uw*A = TxA for every A C X.
proof (a)(i) For each n € N, choose a function g, such that f <,. ¢, and f gn is defined and at most

2=n +7f; as Tf < [ gn, [ gn is finite, so g, is integrable. Set h,, = inf;<,, g; for each n; then h, is integrable
(because |h,, — go| < Z?:o lgi — go| on ﬂign domg;), and f <, hp, so

[r<[ha<[gn<2m+ [f.

By B.Levi’s theorem (123A), applied to (—hpn)nen, g(z) = infpenyhn(r) € R for almost every z, and

Jg=infpen [ by = Tf; also, of course, f <ao. g.
Now take a measurable function go : X — |0, co[, and consider the set

A={z:z €domfndomy, g(z) < f(z) + go(x)}.

? If A does not have full outer measure, there is a non-negligible measurable set F' C X \ A. Since g is
strictly positive, F' = |, ey Fn where F, = {z : © € F, go(z) > 27"}, and there is an n € N such that
uF, > 0. Consider the function g1 = g —27"xF. Then f <,. ¢1. Also fgl = fg — 27" uFy, is strictly less

thanfg,soff<fg.x

(ii) Argue similarly, or use (b-iv).

(b)(i) If either [f = —oc or Tf = oo this is trivial. Otherwise it follows at once from the fact that if
g <ae. [ <ae hthen [g < [h if the integrals are defined (in the wide sense).

(ii) If a > Tf—&—fg, neither Tf nor Tg can be 0o, so there must be functions f1, g1 such that f <,.. f1,
g Sa.c. g1 and ffl +fgl S a. Now f+g Sa.c. fl + g1, so

[f+o9<[fi+a<a

As a is arbitrary, we have the result.

MEASURE THEORY



133K Wider concepts of integration 11

(iii) (@) If ¢ = 0 this is trivial. (8) If ¢ > 0 and a > ch, there must be an f; such that f <,. fi and
¢ fi <a. Nowcf <o cfi and [cfi <a,so [cf <a. As ais arbitrary, [c¢f < c[f. (v) Still supposing
that ¢ > 0, we also have

ch = cTc_lcf < cc‘chf = ch,
so we get equality.

(iv) This is just because [(—f1) = — [ f1 for any function f; for which either integral is defined.

(v)-(vi) Use (iv) to turn [ into [, and apply (ii) or (iii).
(c) These are immediate from the definitions, because (for instance) if g <, h then f <,. h.

(d) If f is integrable, then

[r=[r=J1

by 1220d. If Tf = [f = a € R, then, by (a), there are integrable g, h such that ¢ <,. f <ae h and
J 9= [h=a,sothat g =4 h, by 122Rc, g =ae. f =ae. h and [ is integrable, by 122Rb.

(e) If E D A is measurable, then

pE = [ xE > [xA;
as I is arbitrary, p*A > TxA. If [ g is defined and YA <, g, let E C dom g be a conegligible measurable

set such that g[E is measurable, and set F' = {z : # € F, g(x) > 1}. Then A\ F is negligible, so
prA < puF < [g; as g is arbitrary, p*A < [xA.

Remark I hope that the formulae here remind you of lim sup, lim inf.

133K Convergence theorems for upper integrals We have the following versions of B.Levi’s theorem
and Fatou’s Lemma.

Proposition Let (X, u) be a measure space, and (f,)nen a sequence of real-valued functions defined
almost everywhere in X.

(a) If, for each n, f, <ae fnt1, and —oo < sup,,cy Tfn < 00, then f(x) = sup, ey fn(x) is defined in R
for almost every z € X, and Tf = SUP,eN Tfn

(b) If, for each n, f, > 0 a.e., and liminf, Tfn < 00, then f(z) = liminf,  f.(x) is defined in R
for almost every z € X, and Tf < liminf,,_ Tfn

proof (a) Set ¢ = sup,,cy Tfn For each n, there is an integrable function g, such that f,, <,. ¢, and

S gn = [fn (133](a-1)). Set g/, = min(gn, gn+1); then ¢/, is integrable and f,, <ae. g <ae. Gn, SO

Tfn < fgil < fgn:Tfn

and g;, must be equal to g,, a.e. Consequently g, <ae. gnt1, for each n, while sup,cy [ gn = ¢ < 0o. By
B.Levi’s theorem, g = sup,,cy gn is defined, as a real-valued function, almost everywhere in X, and f g=c.
Now of course f(x) is defined, and not greater than g(x), for any € domg N (), cydom f, such that

fn(x) < gn(x) for every n, that is, for almost every z; so Tf < [ g = c. On the other hand, f, <, f, so
[ fn < [f, for every n € N; it follows that [f must be at least ¢, and is therefore equal to ¢, as required.

(b) The argument follows that of 123B. Set ¢ = liminf,,_, o Tfn For each n, set g, = inf;,>, fr; then

Tgn < inf,,>p Tfm < c¢. We have g,(z) < gnt1(z) for every z € dom g,, that is, almost everywhere, for
each n; so, by (a),

79 = SupnGN Tgn é C,

where

g = SUP,eN In =ae. lim inf,, f'm

D.H.FREMLIN
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and Tlim inf,, oo frn < ¢, as claimed.

*133L The following is at a less fundamental level than the results in 133J, but is still important.

Proposition Let (X, X, 1) be a measure space and f a real-valued function defined almost everywhere in
X. Suppose that hi, ho are non-negative virtually measurable functions defined almost everywhere in X.
Then

fo(h1+h2)27f><h1+7f><h27

where here, for once, we can interpret oo 4+ (—00) or (—o0) + 0o as oo if called for on the right-hand side.

proof (a) If either Tf x hy = oo or Tf X ho = oo then Tf X (h1 4+ ha) = co. P? Otherwise, there is a g
such that f x (hq + h2) <se. g and [ g < co. In this case,

thl >a.e. f+ ><hl >a.e. f+ (h1+h2):(f>< (h1+h2))+ Sa.e. 9+

SO Tf x hy < [ ¢ < co. Similarly, ff X hs < 00; contradicting our hypothesis. XQ So in this case, under
the local rule oo + (—o0) = (—00) 4+ 00 = 00, we have the result.

(b) Now suppose that the upper integrals Tf x hy and Tf X ho are both less than oo, so that their sum

can be interpreted by the usual rules. By 133J(b-ii), Tf X (h1+ ha) < Tf x hy +Tf x he < 00. In the other
direction, suppose that g >, f X (h1 + hs) and [ g < co. For i =1, 2 set

h; .
gi(z) = % if x € dom g Ndom hy Ndom hy and hy(z) + ha(z) > 0,

= 0 for other z € X.
Then, for both ¢, g; is virtually measurable, gl <ae g7 and g; >ae f X hi; while g >0 g1 +g2. P The set
H = {z:2z € dom f NdomgNdomh; Ndom hg, g(x) > f(z)(h1(x) + ha(z))}
is conegligible, and for x € H

9(x) = g1(z) + g2(x) if ha(z) + ha(z) > 0,
>0=g1(z) + g2(x) if hi(x) + ha(z) =0. Q
So
Tth1+Tf><h2<f91+f92=f91+92<f9
(because f g1 and f g2 are both at most f gt < 00, so we can add them on the usual rules). As g is arbitrary,
ff x hy + ff X ho < ff x (h1 4 h2) and we must have equality.

133X Basic exercises >(a) Let (X,%, ) be a measure space, and f : X — [0,00[ a measurable
function. Show that

4m

/fd,u—supZ Zu{x ) > 27"k}

= th"ZM{m x) > 27"k}

in [0, o0].

(b) Let (X, %, y1) be a measure space and f a complex-valued function defined on a subset of X. (i) Show
that if £ € X, then f[FE is pg-integrable iff fis p-integrable, writing pg for the subspace measure on F and
f(x) = f(x) 1fx € ENndom f, 0 if z € X \ B; and in this case [, fdup = [ fdu. (i) Show that if F €
and f is defined p-almost everywhere, then f[E is ug-integrable iff f x xF is u-integrable, and in this case
Jzf=[FfxxE. (iii) Show that if [,, f = 0 for every E € ¥, then f =0 a.e.
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(c) Suppose that (X, X, 1) is a measure space and that G is an open subset of C, that is, a set such that
for every w € G there is a § > 0 such that {z: |z —w| < §} C G. Let f: X x G — C be a function, and
suppose that the derivative g—ﬁ of f with respect to the second variable exists for all x € X, z € G. Suppose

moreover that (i) F(z) = [ f(z, z)dx exists for every z € G (ii) there is an integrable function g such that
%(m,zﬂ < g(z) for every x € X, z € G. Show that the derivative F’ of F exists everywhere in G, and
F'(z) = f %(z,z)dz for every z € G. (Hint: you will need to check that |f(x,z) — f(z,w)| < |z — w|g(zx)

whenever z € X, z € G and w is close to z.)

>(d) Let f be a complex-valued function defined almost everywhere on [0, co[, endowed as usual with
Lebesgue measure. Its Laplace transform is the function F' defined by writing

F(s) = fooo e %% f(x)dx

for all those complex numbers s for which the integral is defined in C.

(i) Show that if s € dom F and Res’ > Res then s’ € dom F (because |e~*7e5*| < 1 for all x).

(ii) Show that F' is analytic (that is, differentiable as a function of a complex variable) on the interior
of its domain. (Hint: 133Xc.)

(iii) Show that if F' is defined anywhere then limge s— 00 F'(s) = 0.

(iv) Show that if f, g have Laplace transforms F', G then the Laplace transform of f + g is F' + G, at
least on dom F' N dom G.

>(e) Let f be an integrable complex-valued function defined almost everywhere in R, endowed as usual

with Lebesgue measure. Its Fourier transform is the function f defined by

A

J(8) = o= [T e fla)de

for all real s.

(i) Show that JA” is continuous. (Hint: use Lebesgue’s Dominated Convergence Theorem on sequences
of the form f,(z) = e "% f(x).)

(ii) Show that if f, g have Fourier transforms f, ¢ then the Fourier transform of f + ¢ is JA“ +g.
(iii) Show that if [z f(z)dz exists then ]Af is differentiable, with ff’(s) = —\/% [ xe™* f(z)dx for every

(f) Let (X, X, i) be a measure space and (f,,)nen & sequence of real-valued functions each defined almost
everywhere in X. Suppose that there is an integrable real-valued function g such that |f,| <a.. g for each
n. Show that

fliminfn_)Oo fn <liminf, . ffn, flirnsupn_>Oo fn > limsup,,_, ffn

133Y Further exercises (a) Use the ideas of 133C-133H to develop a theory of measurable and inte-
grable functions taking values in R", where r > 2.

(b) Let X be a set and ¥ a o-algebra of subsets of X. Let Y be a subset of X and f:Y — C a Zy-
measurable function, where Xy = {ENY : E € £}. Show that there is a ¥-measurable function f: X — C
extending f. (Hint: 1211.)

(c) Let f be an integrable complex-valued function defined almost everywhere in R”, endowed as usual

with Lebesgue measure, where r > 1. Its Fourier transform is the function JA” defined by

2 1 —is.T
f(S):er f(z)dx

for all s € R", writing s.x for 01§ + ...+ 0,.& if s = (01,...,0.), x = (&1,...,&) € R".
(i) Show that } is continuous.

(ii) Show that if f, g have Fourier transforms f, g then the Fourier transform of f + g is f +g.
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(iii) Show that if [ ||z|||f(z)|dz is finite (taking ||z|| = /& + ...+ & if # = (&,...,&)), then f is
differentiable, with

() =~y ] e (a)da

Bak

for every s e R", k <r.

(d) Recall the definition of ‘quasi-simple’ function from 122Yd. Show that for any measure space (X, 3, u)
and any real-valued function f defined almost everywhere in X,

Tf = inf{fg : g is quasi-simple, f <,. g},

ff - sup{fg : g is quasi-simple, f >, g},

allowing oo for inf ) and supR and —oo for inf R and sup (.

(e) State and prove a similar result concerning the ‘pseudo-simple’ functions of 122Ye.

133 Notes and comments I have spelt this section out in detail, even though there is nothing that can
really be called a new idea in it, because it gives us an opportunity to review the previous work, and because
the manipulations which are by now, I hope, becoming ‘obvious’ to you are in fact justifiable only through
difficult theorems, and I believe that it is at least some of the time right to look back to the exact points at
which justifications were written out.

You may have noticed similarities between results involving ‘upper integrals’, as described here, and those
of §132 concerning ‘outer measure’ (132Ae and 133Ka, for instance, or 132Xe and 133Kb). These are not a
coincidence; an explanation of sorts can be found in 252Ym in Volume 2.

Version of 7.1.04

134 More on Lebesgue measure

The special properties of Lebesgue measure will take up a substantial proportion of this treatise. In
this section I present a miscellany of relatively easy basic results. In 134A-134F, r will be a fixed integer
greater than or equal to 1, u will be Lebesgue measure on R" and p* will be Lebesgue outer measure (see
132C); when I say that a set or a function is ‘measurable’, then it is to be understood that (unless otherwise
stated) this means ‘measurable with respect to the o-algebra of Lebesgue measurable sets’, while ‘negligible’
means ‘negligible for Lebesgue measure’. Most of the results will be expressed in terms adapted to the
multi-dimensional case; but if you are primarily interested in the real line, you will miss none of the ideas if
you read the whole section as if r = 1.

134A Proposition Both Lebesgue outer measure and Lebesgue measure are translation-invariant; that
is, setting A+ z ={a+x:a € A} for ACR", z € R", we have

(a) p*(A+z) = p*A for every ACR", z € R”;

(b) whenever E C R" is measurable and « € R", then E + z is measurable, with p(E + z) = pE.

proof The point is that if I C R" is a half-open interval, as defined in 114Aa/115Ab, then so is I + z, and
AI+z) = M for every x € R", where A is defined as in 114Ab/115Ac; this is immediate from the definition,
since [a,b[+ 2« = [a + 2,b + .

(a) If ACR" and « € R” and € > 0, we can find a sequence (I;);en of half-open intervals such that
ACUjenly and 372 M < p* A+ e. Now A+ C Jjen(Ly +2) s0

prA+x) <Y 2N +x) =Y 2 M < prA e
As € is arbitrary, p*(A + x) < p*A. Similarly
WA= (A +3) + (—2)) < p(A+2),
so p*(A+x) = p*A, as claimed.
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(b) Now suppose that £ C R" is measurable and « € R", and that A C R". Then, using (a) repeatedly,

pHAN(E+2) + p (AN (B +2) = p* (A =2) N E) +2) + p* (A= 2) \ E) + z)

= ((A-2)NE)+p ((A-z)\ E)
=p(A—x)=p"A,

writing A — x for A+ (—z) ={a—x:a € A}. As A is arbitrary, F + x is measurable. Now
pwE+a) =p (E+z)=p"E=pE.

134B Theorem Not every subset of R" is Lebesgue measurable.
proof Set 0= (0,...,0),1=(1,...,1) €R". On
[0,1[={(&1,.--,&) 1 & €[0,1] for every i < 7},

consider the relation ~, defined by saying that = ~ y iff y—x € Q7. It is easy to see that this is an equivalence
relation, so divides [0, 1] into equivalence classes. Choose one point from each of these equivalence classes,
and let A be the set of points obtained in this way. Then pu*A < p*[0,1[ = 1.

Consider A+ Q" ={a+qg:a€ A, qeQ"} = qu(@r A+ q. This is equal to R". P If z € R", there
is an e € Z" such that z — e € [0, 1[; there is an a € A such that a ~ x — e, that is, z —e —a € Q"; now
r=a+(e+x—e—a) € A+Q". Q Next, Q" is countable (111F(b-iv)), so we have

00 = puR" < 3 cqr #*(A+ ),

and there must be some ¢ € Q" such that p*(A+q) > 0; but as u* is translation-invariant (134A), p*A > 0.

Take n € N such that n > 2"/u* A, and distinet ¢1,...,¢, € [0,1[NQ". Ifa,be Aand 1 <i < j < mn,
then a 4+ ¢; # b+ g;; for if @ = b then ¢; # ¢;, while if @ # b then a % bso b—a # ¢ — g;. Thus
A+q,..., A+ gy are disjoint. On the other hand, all are subsets of [0, 2[. So we have

Z?:1 p(A+gq)=nuA>2"=pl0,2[> N*(Ulgign(A +gi))-

It follows that not all the A + ¢; can be measurable; as Lebesgue measure is translation-invariant, we see
that A itself is not measurable. In any case we have found a non-measurable set.

*134C Remark 134B is known as ‘Vitali’s construction’.

Observe that at the beginning of the proof I asked you to choose one member of each of the equivalence
classes for ~. This is of course an appeal to the Axiom of Choice. So far I have made rather few appeals to
the axiom of choice. One was in (a-iv) of the proof of 114D/115D; an earlier one was in 112Db; yet another
in 121A. See also 1A1F. In all of these, only ‘countable choice’ was involved; that is, I needed to choose
simultaneously one member of each of a named sequence of sets. Because there are surely uncountably many
equivalence classes for ~, the form of choice needed for the example above is essentially stronger than that
needed for the positive results so far. It is in fact the case that very large parts of measure theory can be
developed without appealing to the full strength of the axiom of choice.

The significance of this is that it suggests the possibility that there might be a consistent mathematical
system in which enough of the axiom of choice is valid to make measure theory possible, without hav-
ing enough to construct a non-Lebesgue-measurable set. Such a system has indeed been worked out by
R.M.Solovay (SoLovAy 70). (In a formal sense there is room for a residual doubt concerning its consis-
tency. In my view this is of no importance.) In Volume 5 I will return to the question of what Lebesgue
measure looks like with a weak axiom of choice, or none at all. For the moment, I have to say that nearly
all measure theory continues to proceed in directions at least consistent with the full axiom of choice, so
that non-measurable sets are constantly present, at least potentially; and that will be my normal position
in this treatise. But I mention the point at this early stage because I believe that it could happen at any
time that the focus of interest might switch to systems in which the axiom of choice is false; and in this
case measure theory without non-measurable sets might become important to many pure mathematicians,
and even to applied mathematicians, who have no reason, other than the convenience of being able to quote
results from books like this one, for loyalty to the axiom of choice.
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I ought to remark that while we need a fairly strong form of the axiom of choice to construct a non-
Lebesgue-measurable set, a non-Borel set can be constructed in much weaker set theories. One possible
construction is outlined in §423 in Volume 4.

Of course there is a non-Lebesgue-measurable subset of R iff there is a non-Lebesgue-measurable function
from R to R; for if every set is measurable, then the definition 121C makes it plain that every real-valued
function on any subset of R is measurable; while if A C R is not measurable, then YA : R — R is not
measurable.

*134D In fact there are much stronger results than 134B concerning the existence of non-measurable
sets (provided, of course, that we allow ourselves to use the axiom of choice). Here I give one which can be
reached by a slight refinement of the methods of 134B.

Proposition There is a set C' C R" such that F'NC' is not measurable for any measurable set F' of non-zero
measure; so that both C' and its complement have full outer measure in R”.

proof (a) Start from a set A C [0,1] C R” such that (A + ¢)4eqr is a partition of R”, as constructed in the
proof of 134B. As in 134B, the outer measure u* A of A must be greater than 0. The argument there shows in
fact that uF" = 0 for every measurable set ' C A. I For every n we can find distinct ¢q, ... , ¢, € [0,1[NQ",
and now

npk = N(U1§i§n F+ Qi) <p [07 2[ =27,
so that uF' < 2" /n; as n is arbitrary, uF = 0. Q
(b) Now let E C [0,1] be a measurable envelope of A (132Ef). Then E + ¢ is a measurable envelope of

A+ g for any q. PP I hope that this will very soon be ‘an obvious consequence of the translation-invariance
of Lebesgue measure’. In detail: A+ q C E + ¢q, E + ¢ is measurable and, for any measurable F,

u(EN(E+q) = p((F—q)NE)+q) = pu((F —q) N E)
= (F=qnA)=p (F-qnNA)+q) =p"(FN(A+q)),
using 134A repeatedly. Q Also E is a measurable envelope of A’ = E\ A. P Of course F is a measurable

set including A’. If F C E '\ A’ is measurable then F C A, so uF' =0, by (a); now 132Ea tells us that F is
a measurable envelope of A’. Q It follows that E + ¢ is a measurable envelope of A’ + ¢ for every gq.

c) Let {g,)nen be a sequence running over Q. Then
Qn)ne q g

UnEN E+ dn ) UnEN A+ qn = R".

Write E, for E+ ¢, \ U,.,, £ + q; for n € N, so that (E,)nen is disjoint and (J, oy En = R”.

Now set

i<n

C = Upen Bn N (A+q).

This is a set with the required properties.
P (i) Let F C R" be any non-negligible measurable set. Then there must be some n € N such that
w(F N E,) > 0. But this means that

pr(FNE,NC)>p*(FNE,N(A+q)) =p(FNE,N(E+q,)) =u(FNE,),

p(FNENC) 2 p (FNE,N((E+qn)\ (A4 qn)))
=pu(FNE,N(E+qn)) =puFNE,).
Since
pw(FNE,) < p(E+qn) =pk <1,
wW(FNE,NC)+p*(FNE,\C)>u(FNE,), and FNC cannot be measurable.

(ii) In particular, no measurable subset of R™ \ C can have non-zero measure, and C has full outer
measure; similarly, C' has no measurable subset of non-zero measure, and R" \ C has full outer measure. Q
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Remark In fact it is the case that for any sequence (D, )nen of subsets of R” there is a set C C R” such
that

(END,NC) = p*(END,\C) = u*(ENDy)

for every measurable set £ C R" and every n € N. But for the proof of this result we must wait for Volume
5.

134E Borel sets and Lebesgue measure on R” Recall from 111G that the family B of Borel sets in
R" is the o-algebra generated by the family of open sets. In 114G/115G I showed that every Borel set in
R" is Lebesgue measurable. It is time we returned to the topic and looked more closely at the very intimate
connexion between Borel and measurable sets.

Recall that a set A C R” is bounded if there is an M such that A C B(0,M) = {z : |jz|| < M};
equivalently, if sup,c 4 |£;] < oo for every j < r (writing = (&1,...,&), as in §115).

134F Proposition (a) If A CR" is any set, then
w*A =inf{uG : G is open, G 2 A} = min{uH : H is Borel, H D A}.
(b) If E C R" is measurable, then
pE = sup{uF : F is closed and bounded, F C E},
and there are Borel sets Hy, Hs such that H; C F C Hy and
p(Ha \ Hi) = p(Hz \ E) = p(E'\ Hy) = 0.

(c) If A CR" is any set, then A has a measurable envelope which is a Borel set.
(d) If f is a Lebesgue measurable real-valued function defined on a subset of R”, then there is a conegligible
Borel set H C R” such that f[H is Borel measurable.

proof (a)(i) First note that if I C R” is a half-open interval, and € > 0, then either I = ) is already open,
or I is expressible as [a,b] where a = (aq,... ), b= (B1,...,8-) and o; < S; for every i. In the latter
case, G = |a — e(b — a),b] is an open set including I, and

pG =Tl (L +e) (B — ;) = (L +€)"ul,
by the formula in 114G/115G.

(ii) Now, given € > 0, there is a sequence (I,)nen of half-open intervals, covering A, such that
Yoo opl, < p*A+ e For each n, let G, O I, be an open set of measure at most (1 + €)"ul,. Then
G = U, ey Gn is open (1A2Bd), and A C G; also

HG <3 o iG < (14 6) 30 g pln < (1+€)" (1A +6).
As e is arbitrary, p*A > inf{uG : G is open, G D A}.

(iii) Next, using (ii), we can choose for each n € N an open set G,, 2 A such that uG, < p*A 427"
Set Hy =) G then Hy is a Borel set, A C Hy, and

pHo <infpeny pGn < p*A.

neN

(iv) On the other hand, we surely have p*A < p*H = pH for every Borel set H O A. So we must
have

pw*A < inf{uG : G is open, G D A},
and
w*A = pHy=min{pH : H is Borel, H D A}.
(b)(i) For each n € N, set E,, = ENB(0,n). Let G,, 2 F,, be an open set of measure at most uFE,, +27";

then (because uB(0,n) < 00) u(Gp \ En) < 27". Now, for each n, set G|, = G then GJ, is open,
E = UmZn E,, C G, and

m>n
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MG\ E) < 30, G\ B) <30 (G \ E) <3250, 27 =27

Setting Hy = [),,cny Gn, we see that Hy is a Borel set including £ and that u(Hs \ E) = 0.

(ii) Repeating the argument of (i) with R" \ E in place of E, we obtain a Borel set Hy, DR"\ E such
that u(Hz \ (R"\ E)) =0; now H; =R" \ Hs is a Borel set included in £ and

p(E\ Hy) = p(Ha \ (R™\ E)) = 0.
Of course we now also have

p(Hz \ Hy) = p(Hz \ E) + p(E \ Hy) = 0.

(iii) Again using the idea of (i), there is for each n € N an open set G,, © B(0,n) \ E such that
w(Gn N Ey) < p(Gn \ (B(0,n) \ E)) <277
Set
F, = B(0,n)\ G, = B(0,n) N (R"\ G,);
then F), is closed (1A2Fd) and bounded and F,, C E,, C E. Also
PEy, = pFy + p(En \ F) = pFy + (G N Ey) < pF + 277
So
pE = limy, o0 pEy, < sup, ey pFy < sup{pF : F is closed and bounded, F C E},
and
wE = sup{uF : F is closed and bounded, F' C E}.

(c) Let E be any measurable envelope of A (132Ef), and H D E a Borel set such that u(H \ E) = 0;
then p*(FNA)=u(FNE)=u(FNH) for every measurable set F', so H is a measurable envelope of A.

(d) Set D = dom f and write B for the o-algebra of Borel sets. For each rational number ¢, let E, be
a measurable set such that {z : f(z) < ¢} = E,N D. Let H,, H, € B be such that H, C E, C H, and
p(Hy \ Hy) = 0. Let H be the conegligible Borel set R™ \ |J(H}, \ H;). Then

{z: (flH)(z)<¢g}=HNE,ND=H,NDNH

belongs to the subspace o-algebra B(D) for every ¢ € Q. For irrational a € R, set H, =)
H, € B, and

1€Q.q>a Hg; then

{z: (f1H)(z) <a} =H,Ndom(fH).
Thus f[H is Borel measurable.

Remark The emphasis on closed bounded sets in part (b) of this proposition is on account of their important
topological properties, in particular, the fact that they are ‘compact’. This is one of the most important
facts about Lebesgue measure, as will appear in Volume 4. I will discuss ‘compactness’ briefly in §2A2 of
Volume 2.

134G The Cantor set One of the purposes of the theory of Lebesgue measure and integration is to
study rather more irregular sets and functions than can be dealt with by more primitive methods. In the
next few paragraphs I discuss measurable sets and functions which from the point of view of the present
theory are amenable without being trivial. From now on, p will be Lebesgue measure on R.

(a) The ‘Cantor set’ C' C [0, 1] is defined as the intersection of a sequence (Cy,)nen of sets, constructed
as follows. Cy = [0,1]. Given that C,, consists of 2™ disjoint closed intervals each of length 37", take each of
these intervals and delete the middle third to produce two closed intervals each of length 3="~1; take C,, ;1
to be the union of the 2" %! closed intervals so formed, and continue. Observe that uC,, = ( %)" for each n.
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C‘Qii -

Approaching the Cantor set
The Cantor set is C' = [,y Cn. Its measure is
. . 2
pC = limy, 0 pCh = hmn—>oo(§)n =0.

(b) Each C), can also be described as the set of real numbers expressible as Z;’il 377¢; where every €, is
either 0, 1 or 2, and €; # 1 for j < n. Consequently C itself is the set of numbers expressible as Z;‘;l 3 ¢
where every e€; is either 0 or 2; that is, the set of numbers between 0 and 1 expressible in ternary form
without 1’s. The expression in each case will be unique, so we have a bijection ¢ : {0, 1} — C defined by
writing

6(2) = 23524 3772()

for every z € {0, 1}

134H The Cantor function Continuing from 134G, we have the following construction.

(a) For each n € N we define a function f,, : [0,1] — [0, 1] by setting
3 n
Fule) = Gy a(Ca N [0,2])

for each z € [0,1]. Because C,, is just a finite union of intervals, f,, is a polygonal function, with f,,(0) = 0,
fn(1) = 1; f, is constant on each of the 2™ — 1 open intervals composing [0,1] \ C,,, and rises with slope
(3)™ on each of the 2" closed intervals composing C,,.

17

\ \ \ \ |
0 1

Approaching the Cantor function: the functions fo, f1, f2, fs

If the jth interval of Cy,, counting from the left, is [ay;, bn;], then f,(an;) = 27"(j—1) and f,,(bn;) = 27"4.
Also, anj = any1,2j—1 and by; = byy1,25; hence, or otherwise, fr41(an;) = fn(an;) and fri1(bn;) = fn(bnj),
and fp41 agrees with f,, on all the endpoints of the intervals of C),, and therefore on [0,1] \ C,,.
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Within any particular interval [a,;, by;] of Cy,, the greatest difference between f,,(z) and f,11(x) is at the
new endpoints within that interval, viz., b,41,2;-1 and a,41,2;; and the magnitude of the difference is éQ*”
(because, for instance, fn(bn+1,2j71) = %fn(anj) + %fn(anL while fn+1(bn+1,2j71) = %fn(aﬂj) + %fn(bﬂj))
Thus we have |fni1(z) — fo(z)| < $27" for every n € N, z € [0,1]. Because Yo" £27" < 00, (fu)nen is
uniformly convergent to a function f : [0,1] — [0, 1], and f will be continuous. f is the Cantor function
or Devil’s Staircase.

The Cantor function

(b) Because every f, is non-decreasing, so is f. If € [0,1] \ C, there is an n such that « € [0,1] \ Cp;
let I be the open interval of [0,1] \ C), containing z; then f,,+1 agrees on I with f,, for every m > n, so
f agrees on I with f,, and f is constant on I. Thus, in particular, the derivative f’(z) exists and is 0 for
every x € [0,1]\ C; so f’ is zero almost everywhere in [0, 1]. Also, of course, f(0) =0 and f(1) = 1, because
fn(0) =0, f,(1) =1 for every n. It follows that f : [0,1] — [0,1] is surjective (by the Intermediate Value
Theorem).

(c) Let ¢ : {0,1}" — C be the function described in 134Gb. Then f(¢(2)) = 3 372,27 72(j) for every

z€{0,1}N. P Fix 2z = ({o,C1, (2, - -+ ) in {0,1}N, and for each n take I,, to be the component interval of C,,
containing ¢(z). Then I, 11 will be the left-hand third of I,, if ¢, = 0 and the right-hand third if ¢, = 1.
Taking a,, to be the left-hand endpoint of I,,, we see that

250_n 1y—n
An+1 = Qn + 53 Cny fnJrl (an+1> = fn(an> + 52 Cn

for each n. Now

1

¢(Z) = limy, o0 G, f(¢(z)) = limy, o0 f(an) = limy, 00 fn(an) = 52?020 2_j<ja

as claimed. Q
In particular, f[C] = [0,1]. P Any x € [0,1] is expressible as > 72, 279712(5) = f(¢(2)) for some
2e€{0,1}". Q

1341 The Cantor function modified I continue the argument of 134G-134H.
(a) Consider the formula
1
9(@) = L@+ f(a)).

where f is the Cantor function, as defined in 134H; this defines a continuous function g : [0,1] — [0, 1]
which is strictly increasing (because f is non-decreasing) and has g(0) = 0, g(1) = 1; consequently, by the
Intermediate Value Theorem, g is bijective, and its inverse g~! : [0,1] — [0, 1] is continuous.
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Now ¢[C] is a closed set and ug[C] = 1. PP Because g is a permutation of the points of [0, 1], [0, 1]\ g[C] =
g[[0,1] \ C]. For each of the open intervals I,; = |by;, an j4+1[ making up [0,1] \ C,,, we see that g[I,;] =
19(bnj), 9(an,j+1)[ has length just half the length of I,;. Consequently g[[0,1]\ C] = U, > 1<j<on 9lInj] 18
open, and

2" —1 2" —1
1
wlgl0, U\ Col) = Y glan1) = 9(bng) = 5 D a1 = bnj
j=1 j=1

= 2u([0, 1\ Co) =2 (1= B)")

(134Ga). Because ([0,1] \ Cp)nen is an increasing sequence of sets with union [0,1] \ C,
pg([10, 1\ C1) = Timp, 00 pg([[0, 1]\ C]) = %
So g[C] =[0,1] \ g[[0,1] \ C] is closed and pug[C] = 1. Q
(b) By 134D there is a set D C R such that

©*(glCIN D) = p*(g[C]\ D) = ng[C] = %;
set A = g[C]ND. Of course A cannot be measurable, since p* A+u*(g[C]\ A) > ug|[C]. However, g~ 1[A] C C
must be measurable, because p*C = 0. This means that if we set h = x(¢7[A4]) : [0,1] — R, then h is
measurable; but hg=! = xA: [0,1] — R is not.

Thus the composition of a measurable function with a continuous function need not be
measurable. Contrast this with 121Eg.

134J More examples I think it is worth taking the space to spell out two more of the basic examples
of Lebesgue measurable set in detail.

(a) As already observed in 114G, every countable subset of R is negligible. In particular, Q is negligible
(111Eb). We can say more. Let {g,)nen be a sequence running over Q, and for each n € N set

ITL = ]q” - 2—n7 dn + 2_7l[a

Gn = Upsn Ik

Then G,, is an open set of measure at most » , 2 - 27%F = 4.27" and it contains all but finitely many
points of Q, so is dense (that is, meets every non-trivial interval). Set F,, = R\ G,; then F, is closed,
w(R\ F,) <4/2™ but F, does not contain g for any k > n, so F, cannot include any non-trivial interval.
Observe that (Gp,)nen is non-increasing so (F,)nen is non-decreasing.

(b) We can elaborate the above construction, as follows. There is a measurable set E C R such that
uw(INE)>0and p(I\ E) >0 for every non-trivial interval I C R. P First note that if k, n € N, there is
a j > n such that ¢; € I, so that I, N I; # 0 and p(I; \ F,,) > 0. Now there must be an [ > n such that
uGy < p(Ip \ F,), so that

p(Le VE\ Fr) = p((Ie \ Fr) \ Gi) > 0.

Choose ng < n1 < mng < ... as follows. Start with ng = 0. Given ngyi, where k € N, choose nag11, nak42
such that

:U’(Ik N Fn2k+1 \ Fnzk) >0, :u([k’ N Fn2k+2 \ Fn2k+1) > 0.

Continue.
On completing the induction, set

E= UkeN Fn2k+1 \ Fn2k’ H= UkeN F"2k+2 \ Fn2k+1'
Because (Fj)ken is non-decreasing, ENH = 0. If Kk € N, EN I and H N I both have positive measure.
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Now suppose that I C R is an interval with more than one point; suppose that a, b € I and a < b. Then
there is an m € N such that 4 - 27™ < b — a; now there is a k > m such that g € [a +27™,b—2"™], so
that I, C I and

WINE)>p(ENT) >0, wI\E)>puHNIL)>0. Q

(c) This shows that E and its complement are measurable sets which are not merely both dense (like
Q and R\ Q), but ‘essentially’ dense in that they meet every non-empty open interval in a set of positive
measure, so that (for instance) E \ A is dense for every negligible set A.

*134K Riemann integration I have tried, in writing this book, to assume as little prior knowledge as
possible. In particular, it is not necessary to have studied Riemann integration. Nevertheless, if you have
worked through the basic theory of the Riemann integral — which is, indeed, not only a splendid training in
the techniques of e-d analysis, but also a continuing source of ideas for the subject — you will, I hope, wish to
connect it with the material we are looking at here; both because you will not want to feel that your labour
has been wasted, and because you have probably developed a number of intuitions which will continue to be
valuable, if suitably adapted to the new context. I therefore give a brief account of the relationship between
the Riemann and Lebesgue methods of integration on the real line.

(a) There are many ways of describing the Riemann integral; I choose one of the popular ones. If [a, b] is
a non-trivial closed interval in R, then I say that a dissection of [a,b] is a finite list D = (ag,a1,... ,an),
where n > 1, such that a = ap < a1 < ... < a, =b. If now f is a real-valued function defined (at least) on
[a,b] and bounded on [a,b], the upper sum and lower sum of f on [a,b] derived from D are

Sp(f) = 2?21(% —a;_1) SUPzela;_1,a4] f(z),

sp(f) =21 (a; — ai—1)infuepa, 0 f().

You have to prove that if D and D’ are two dissections of [a, b], then sp(f) < Sp/(f). Now define the upper
Riemann integral and lower Riemann integral of f to be

Ula,p)(f) = inf{Sp(f) : D is a dissection of [a, b]},
Lo ) (f) = sup{sp(f) : D is a dissection of [a, b]}.

Check that L, 4)(f) is necessarily less than or equal to Uy, 3 (f). Finally, declare f to be Riemann in-
tegrable over [a,b] if Ujq 4 (f) = Ljap(f), and in this case take the common value to be the Riemann

integral y‘{:f of f over [a,b].

(b) If f : [a,b] — R is Riemann integrable, it is Lebesgue integrable, with the same integral. I* For any
dissection D = (ag, ... ,a,) of [a,b], define gp, hp : [a,b] — R by saying

gp(x) =inf{f(y) : y € Jai—1,a;[} if a;—1 <z < a;, gpla;) = f(a;) for each 1,

hp(z) =sup{f(y) : y € |a;—1,a;[} if ;1 < x < a;, hp(a;) = f(a;) for each i.

Then gp and hp are constant on each interval Ja;_1,a;[, so all sets {z : gp(z) < ¢}, {z : hp(x) < ¢} are
finite unions of intervals, and gp and hp are measurable; moreover,

S gpdp = sp(f), [ hpdp=Sp(f).

?gbf = Liay(f) = sup/ng/,L < /fdu
/fd,u<mf/hDdu Uy ( 7( n

and ffdu ffdy = yf [, so that [ fdu exists and is equal to ]f f(133Jd). Q

Consequently
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(c) The discussion above is of the ‘proper’ Riemann integral, of bounded functions on bounded intervals.
For unbounded functions and unbounded intervals, one uses various forms of ‘improper’ integral; for instance,
the improper Riemann integral fo b“”“d:v is taken to be lim,— o0 f * ““”“dm while fol Inx dx is taken to

be limg o fal Inxdz. Of these, the second exists as a Lebesgue integral, but the first does not, because
fooo \% |dx = oco. The power of the Lebesgue integral to deal directly with ‘absolutely integrable’ unbounded
functions on unbounded domains means that what one might call ‘conditionally integrable’ functions are
pushed into the background of the theory. In Chapter 48 of Volume 4 I will discuss the general theory of
such functions, but for the time being I will deal with them individually, on the rare occasions when they
arise.

*134L There is in fact a beautiful characterization of the Riemann integrable functions, as follows.

Proposition If a < b in R, a bounded function f : [a,b] — R is Riemann integrable iff it is continuous
almost everywhere in [a, b].

proof (a) Suppose that f is Riemann integrable. For each z € [a, ], set

9(x) = sups~q infyepa,p), jy—zi<s f(¥),

h(x) = infs~0 SUPyeiq ), |y—z|<s f (¥)s

so that f is continuous at z iff g(z) = h(xz). We have g < f < h, so if D is any dissection of [a,b] then
Sp(g) < Sp(f) < Sp(h) and sp(g) < sp(f) < sp(h). But in fact Sp(f) = Sp(h) and sp(g) = sp(f),
because on any open interval |c, d] C [a,b] we must have

infreje,a 9(z) = infoejear f(2),  SUPeje.ap f(T) = SUPyec ap ().
It follows that

L[a,b](f) = L[a,b] (g) < U[a,b] (g) < U[a,b](f)a

Ligy)(f) < Lig)(h) < Upgp(h) = Upa,p) (f)-

Because f is Riemann integrable, both g and A must be Riemann integrable, with integrals equal to 9{(5’ f-
By 134Kb, they are both Lebesgue integrable, with the same integral. But g < h, so g =, h, by 122Rd.
Now f is continuous at any point where g and h agree, so f is continuous a.e.

(b) Now suppose that f is continuous a.e. For each n € N, let D,, be the dissection of [a, b] into 2" equal
portions. Set

ho(2) = supyejea f(Y),  gn(x) = infyepear fy)
if Je,d[ is an open interval of D,, containing x; for definiteness, say h,(z) = gn(z) = f(z) if = is one of
the points of the list D,,. Then (g, )nen, (An)nen are, respectively, increasing and decreasing sequences of
functions, each function constant on each of a finite family of intervals covering [a, b]; and sp, (f) = [ gndp,
Sp, (f) = [ hndu. Next,
limy, o0 gn(x) = lim, 0 hn(x) = f(x)

at any point z at which f is continuous; so f =a.e. liMy 00 g =a.e. limy, o hy. By Lebesgue’s Dominated
Convergence Theorem (123C),

but this means that
L[a,b](f) > f fd,u' > U[a,b](f)7

so these are all equal and f is Riemann integrable.

134X Basic exercises >(a) Show that if f is an integrable real-valued function on R”, then [ f(z+a)dz
exists and is equal to [ f for every a € R". (Hint: start with simple functions f.)
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(b) More generally, show that if E C R” is measurable and f is a real-valued function which is integrable
over E in the sense of 131D, then fE_a f(z + a)dz exists and is equal to fE f for every a € R".

(c) Show that if C' C R is any non-negligible set, it has a non-measurable subset. (Hint: use the method
of 134B, taking the relation ~ on a suitable bounded subset of C' in place of [0, 1[.)

>(d) Let v, be a Lebesgue-Stieltjes measure on R, constructed as in 114Xa from a non-decreasing function
g:R — R, and ¥, its domain. (See also 132Xg.) Show that
(i) if A C R is any set, then

vy A =inf{v,G : G is open, G 2 A}
=min{y,H : H is Borel, H D A};
(ii) if E € ¥4, then
vgE = sup{vyF : F' is closed and bounded, F' C E},

and there are Borel sets Hq, Hy such that H; C E C Hy and vy(Hy \ H1) = vg(Ha \ E) = vy(E\ H1) = 0;
(iii) if A C R is any set, then A has a measurable envelope which is a Borel set;
(iv) if f is a ¥ g-measurable real-valued function defined on a subset of R, then there is a v4-conegligible
Borel set H C R such that f[H is Borel measurable.

(e) Let E C R" be a measurable set, and ¢ > 0. (i) Show that there is an open set G O E such that
w(G\ E) < e. (Hint: apply 134Fa to each set N B(0,n).) (ii) Show that there is a closed set F' C E such
that w(E\ F) <e.

(f) Let C C [0,1] be the Cantor set. Show that {z+y:z,y € C} =[0,2] and {z—y: 2,y € C} =[-1,1].

(g) Let f, g be functions from R to itself. Show that (i) if f and g are both Borel measurable, so is their
composition fg (ii) if f is Borel measurable and g is Lebesgue measurable, then fg is Lebesgue measurable
(iii) if f is Lebesgue measurable and ¢ is Borel measurable, then fg need not be Lebesgue measurable.

(h) Show that for any integer 7 > 1 there is a measurable set £ C R” such that E and R" \ E both meet
every non-empty open interval in a set of strictly positive measure.

(i) Give [0, 1] its subspace measure. (i) Show that there is a disjoint sequence (4, )nen of subsets of [0,1]
all of outer measure 1. (ii) Show that there is a function f : [0,1] — ]0,1[ such that [f=0and [f = 1.

(j) Let f be a measurable real function and g a real function such that domg \ dom f and {z : « €
dom g Ndom f, g(x) # f(x)} are both negligible. Show that g is measurable.

134Y Further exercises (a) Fix ¢ > 0. For A C R" set cA = {cx : « € A}. (i) Show that u*(cA) =
c"u* A for every A C R”. (ii) Show that ¢E is measurable for every measurable E C R".

(b) Let (frun)m.nen, (fm)men, f be real-valued measurable functions defined almost everywhere in R™ and
such that f, =a.c lim, oo finn for each m and f =, ¢ lim,, oo fin. Show that there is a sequence (ng)ien
such that f =, limy yo0 fon,- (Hint: take ny such that the measure of {z : ||z|| <k, |fx(2) — fun, ()] >
27} is at most 27* for each k.)

(c) Let f be a measurable real-valued function defined almost everywhere in R”. Show that there is
a sequence (fn)nen of continuous functions converging to f almost everywhere. (Hint: Deal successively
with the cases (i) f = x/ where I is a half-open interval (i) f = x(U,<, ;) where Io,... I, are disjoint
half-open intervals (iii) f = xF where E is a measurable set of finite measure (iv) f is a simple function (v)
general f, using 134Yb at steps (iii) and (v).)

(d) Let f be a real-valued function defined on a subset of R”. Show that the following are equiveridical:
(i) f is measurable (ii) whenever £ C R” is measurable and pFE > 0, there is a measurable set F' C E such
that uF' > 0 and f[F is continuous (iii) whenever E C R” is measurable and v < pF, there is a measurable
F C FE such that pF' > v and f[F is continuous. (Hint: for (i)=-(iii), use 134Yc and 131VYa; for (ii)=(i)
use 121D. This is a version of Lusin’s theorem.)
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(e) Let v be a measure on R which is translation-invariant in the sense of 134Ab, and such that v[0, 1]
is defined and equal to 1. Show that v agrees with Lebesgue measure on the Borel sets of R. (Hint: Show
first that [a, 1] belongs to the domain of v for every a € [0,1], and hence that every half-open interval of
length at most 1 belongs to the domain of v; show that v[a,a +27"[ = 27" for every a € R, n € N, and
hence that v [a,b] = b — a whenever a < b.)

(f) Let v be a measure on R” which is translation-invariant in the sense of 134Ab, where r > 1, and such
that v[0,1] is defined and equal to 1. Show that v agrees with Lebesgue measure on the Borel sets of R”.

(g) Show that if f is any real-valued integrable function on R, and € > 0, there is a continuous function
g: R — R such that {z : g(z) # 0} is bounded and [ |f — g| < e. (Hint: show that the set ® of functions f
with this property satisfies the conditions of 122Yb.)

(h) Repeat 134Yg for real-valued integrable functions on R”, where r > 1.
(i) Repeat 134Fd, 134Xa, 134Xb, 134Yb, 134Y¢c, 134Yd, 134Yg and 134Yh for complex-valued functions.

(j) Show that if G C R" is open and not empty, it is expressible as a disjoint union of a sequence
of half-open intervals each of the form {z : 27™n; < & < 27™(n; + 1) for every ¢ < r} where m € N,
N1y ... Ny € 2.

(k) Show that a set E C R" is Lebesgue negligible iff there is a sequence (C,)nen of hypercubes in R”
such that £ C (), ey Ugs,, Ck and > e o(diam Cy)" < oo, writing diam Cj, for the diameter of Cj.

(1) Show that there is a continuous function f : [0,1] — [0,1]? such that i f~[E] = psE for every
measurable £ C [0,1]2, writing 1, pe for Lebesgue measure on R, R? respectively. (Hint: for each n € N,
express [0,1]? as the union of 4™ closed squares of side 27"; call the set of these squares D,,. Construct
continuous f, : [0,1] — [0, 1]?, families (Ip) pep, inductively in such a way that each I is a closed interval
of length 4=™ and f,,[Ip] € D whenever D € D,, and m > n. The induction will proceed more smoothly if
you suppose that the path f,, enters each square in D,, at a corner and leaves at an adjacent corner. Take
f =1lim, o fn- This is a special kind of Peano or space-filling curve.)

(m) Show that if r < s there is a continuous function f : [0,1]" — [0,1]® such that yu,f '[E] = usE for
every measurable F C [0,1]®, writing p,, pus for Lebesgue measure on R", R® respectively.

(n) Show that there is a continuous function f : R — R? such that p; f ~}[E] = ps E for every measurable
E C R?, writing u1, po for Lebesgue measure on R, R? respectively.

(o) Show that the function f : [0,1] — [0,1]? of 134Y] may be chosen in such a way that psf[E] = 11 E
for every Lebesgue measurable set E C [0, 1]. (Hint: using the construction suggested in 134Y1, and setting
H = f~([0,1]\ Q)?], fI1 H will be an isomorphism between (H, p1,5) and (f[H], 2, p(z), Writing pi1, g and
pa, 1z for the subspace measures. )

(p) Show that R can be expressed as the union of a disjoint sequence (E,),en of sets of finite measure
such that u(I N E,) > 0 for every non-empty open interval 7 C R and every n € N.

(q) Show that for any r > 1, R™ can be expressed as the union of a disjoint sequence (E,),cn of sets of
finite measure such that u(G N E,) > 0 for every non-empty open set G C R” and every n € N.

(r) Show that there is a disjoint sequence (A, )nen of subsets of R such that p*(A4, N E) = pFE for every
measurable set F and every n € N. (Remark: in fact there is a disjoint family (A;)ier with this property,
but I think a new idea is needed for this extension. See 4191 in Volume 4.)

(s) Repeat 134Yr for R", where r > 1.

(t) Describe a Borel measurable function f : [0,1] — [0,1] such that f]A is discontinuous at every point
of A whenever A C [0,1] is a set of full outer measure.
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(u) Let (E},)nen be a sequence of non-negligible measurable subsets of R”. Show that there is a measurable
set E C R” such that all the sets E, N E, E, \ E are non-negligible.

134 Notes and comments Lebesgue measure enjoys an enormous variety of special properties, corre-
sponding to the richness of the real line, with its algebraic and topological and order structures. Here I have
only been able to hint at what is possible.

There are many methods of constructing non-measurable sets, all significant; the one I give in 134B is
perhaps the most accessible, and shows that translation-invariance is (subject to the axiom of choice) an
insuperable barrier to measuring every subset of R.

In 134F I list some of the basic relationships between the measure and the topology of Euclidean space.
Others are in 134Yc, 134Yd and 134Yg; see also 134Xd. A systematic analysis of these will take up a large
part of Volume 4.

The Cantor set and function (134G-134I) form one of the basic examples in the theory. Here I present
them just as an interesting design and as a counter-example to a natural conjecture. But they will reappear
in three different chapters of Volume 2 as illustrations of three quite different phenomena.

The relationship between the Lebesgue and Riemann integrals goes a good deal deeper than I wish to
explore just at present; the fact that the Lebesgue integral extends the Riemann integral (134Kb) is only a
small part of the story, and I should be sorry if you were left with the impression that the Lebesgue integral
therefore renders the Riemann integral obsolete. Without going into the details here, I hope that 134F and
134Yg make it plain that the Lebesgue integral is in some sense the canonical extension of the Riemann
integral. (This, at least, I shall return to in Chapter 43.) Another way of looking at this is 134Yf; the
Lebesgue integral is the basic translation-invariant integral on R".

Version of 14.9.04/14.7.07

135 The extended real line

It is often convenient to allow ‘co’ into our formulae, and in the context of measure theory the appropriate
manipulations are sufficiently consistent for it to be possible to develop a theory of the extended real line,
the set [—o0,00] = R U {—00, 00}, sometimes written R. I give a brief account without full proofs, as I
hope that by the time this material becomes necessary to the arguments I use it will all appear thoroughly
elementary.

135A The algebraic structure of [—oco, 00] (a) If we write
a+o0o=00+a=00, a+(—0)=(-0)+a=—-0
for every a € R, and
00+ 00 =00, (—0)+ (—00)=—00,

but refuse to define 0o + (—00) or (—o0) + 0o, we obtain a partially-defined binary operation on [—oo, 00],
extending ordinary addition on R. This is associative in the sense that
if u, v, w € [—00, 00] and one of u + (v + w), (u+ v) + w is defined, so is the other, and they
are then equal,
and commutative in the sense that
if u, v € [—00,00] and one of u + v, v + u is defined, so is the other, and they are then equal.
It has an identity 0 such that u +0 =04 u = u for every u € [—00, o0]; but co and —oo lack inverses.

(b) If we define

a-00=00-a=00, a-(—00)=(—-00)-a=—00
for real a > 0,
a-00=00-a=-00, a-(—00)=(—00)-a=0c0
for real a < 0,
0000 =(—00) (—0) =00, (—00)-00=00"(—00)=—00,
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0-co=00:-0=0:(—00)=(-00)-0=0

then we obtain a binary operation on [—o0, 0] extending ordinary multiplication on R, which is associative
and commutative and has an identity 1; 0, co and —oo lack inverses.

(c) We have a distributive law, a little weaker than the associative and commutative laws of addition:
if u, v, w € [—00,00] and both u(v + w) and uv + vw are defined, then they are equal.
(But note the problems which arise with such combinations as co(1+ (—2)), 0- 00 + 0 (—00).)

(d) While co and —oo do not have inverses in the semigroup ([—o0, 0], ), there seems no harm in writing
aj/oo = a/(—o00) = 0 for every a € R. But of course such an extension of the notion of division must be
watched carefully in such formulae as v - .

135B The order structure of [—oo, 0] (a) If we write
—o00 < u < oo for every u € [—o0, x],

we obtain a relation on [—oo, 00|, extending the usual ordering of R, which is a total ordering, that is,
for any w, v, w € [—00,00], if u < v and v < w then u < w,
u < u for every u € [—o0, 00],
for any u, v € [—00,00], if u < v and v < u then u = v,
for any u, v € [—00, 00, either u < v or v < u.
Moreover, every subset of [—0o, co] has a supremum and an infimum, if we write sup ) = —oo, inf § = co.

(b) The ordering is ‘translation-invariant’ in the weak sense that
if u, v, w € [—00,00] and v < w and u + v, u + w are both defined, then u + v < u + w.
It is preserved by non-negative multiplications in the sense that
if u, v, w € [—00,00] and 0 < u and v < w, then wv < uw,
while it is reversed by non-positive multiplications in the sense that
if u, v, w € [—00,00] and u < 0 and v < w, then vw < ww.

135C The Borel structure of [—oo,00] We say that a set E C [—00,00] is a Borel set in [—o0, 00]
if ENR is a Borel subset of R. It is easy to check that the family of such sets is a o-algebra of subsets of
[—00, 00]. See also 135Xb below.

135D Convergent sequences in [—oo, co] We can say that a sequence (u,)nen in [—00, 00] converges
to u € [—o0,00] if
whenever v < u there is an ng € N such that v < u,, for every n > ng, and whenever v < v
there is an ng € N such that u,, < v for every n > ng;

alternatively,
either u € R and for every § > 0 there is an ng € N such that w, € [u — §,u + ] for every
n 2> ng
oru = —oo and for every a € R there is an ng € N such that u, < a for every n > ng

or u = oo and for every a € R there is an ng € N such that u,, > a for every n > ng.
(Compare the notion of convergence in 112Ba.)

135E Measurable functions Let X be any set and ¥ a o-algebra of subsets of X.

(a) Let D be a subset of X and Xp the subspace o-algebra (121A). For any function f : D — [—00, 00],
the following are equiveridical:
(i) {z: f(z) <u} € Ep for every u € [—00, x];
(ii) {z : f(z) <u} € Tp for every u € [—00, o0];
(iii) {z : f(z) > u} € Tp for every u € [—00, o0];
(iv) {z : f(x) > u} € ¥p for every u € [—o0, x];
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(v) {z : f(z) < q} € Zp for every ¢ € Q.
P The proof is almost identical to that of 121B. The only modifications are:

—in (i)=(ii), {z : f(z) < oo} and {x : f(x) < —oo} are not necessarily equal to (), iz : f(z) <
00+ 27"}, MNpent® : f(2) < —o0 4 27"}; but the former is D, so surely belongs to ¥p, and the latter is
Mpeniz : f(z) < —n}, so belongs to ¥p.

—In (ili)=(iv), similarly, we have to use the facts that

{z: f(x) > —oc} =D € Xp, {x:f(x)>o00}=,eniz: f(x)>n}eXp.

— Concerning the extra condition (v), of course we have (ii)=(v), but also we have (v)=(i), because
{z: f(z) <u} =Ugeggeulr : f(@) < g}

for every u € [—00,0]. Q

(b) We may therefore say, as in 121C, that a function taking values in [—oco, 0] is measurable if it
satisfies these equivalent conditions.

(c) Note that if f: D — [—00, 0] is X-measurable, then

Exo(f) = f T {oo}] ={z: f(z) > 00}, E_o(f) = f[{—00}] ={z: f(z) < —oc}
must belong to Xp, while fr = f1D \ (Exo(f) U E_x(f)), the ‘real-valued part of f’, is measurable in the
sense of 121C.

(d) Conversely, if Fo, and E_o belong to Xp, and fr : D\ (Fs U E_) — R is measurable, then
f: D — [—00,00] will be measurable, where f(z) = 0 if z € E, f(z) = —0if x € E_ and f(z) = fr(x)
for other x € D.

(e) It follows that if f, g are measurable functions from subsets of X to [—o0, 00|, then f+ g, f x g and
f/g are measurable. B This can be proved either by adapting the arguments of 121Eb, 121Ed and 121Fe,
or by applying those results to fg and grg and considering separately the sets on which one or both are
infinite. Q

(f) We can say that a function h from a subset D of [—00,00] to [—00, 0] is Borel measurable if it
is measurable (in the sense of (b) above) with respect to the Borel g-algebra of [—oo, 0] (as defined in
135C). Now if X is a set, 3 is a o-algebra of subsets of X, f is a measurable function from a subset of X to
[—00, 00] and h is a Borel measurable function from a subset of [—00, 00] to [—00, 00], then hf is measurable.
P Apply 121Eg to h* fg, where h* = h[ (RN A™[R]), and then look separately at the sets {z : f(x) = +oo},

{z:hf(z) =10} Q

(g) Let X be a set and X a o-algebra of subsets of X. Let (f,)nen be a sequence of measurable functions
from subsets of X to [—00,00]. Then lim, oo fn, sup,cy frn and inf, ey f,, are measurable, if, following the
principles set out in 121F, we take their domains to be

{212 €U enNimsp dom fr, limy, o0 fn(2) exists in [—o00, oc]},

N,en dom fr.
P Follow the method of 121Fa-121Fc. Q

135F [—o00, o0]-valued integrable functions (a) We are surely not going to admit a function as
‘integrable’ unless it is finite almost everywhere, and for such functions the remarks in 133B are already
adequate.

(b) However, it is possible to make a consistent extension of the idea of an infinite integral, elaborating
slightly the ideas of 133A. If (X, X, i) is a measure space and f is a function, defined almost everywhere
in X, taking values in [0, 0c], and virtually measurable (that is, such that f[E is measurable in the sense
of 135E for some conegligible set E), then we can safely write ‘ [ f = oo’ whenever f is not integrable. We
shall find that for such functions we have [ f+g= [f+ [gand [cf = c [ f for every ¢ € [0, ], using
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the definitions given above for addition and multiplication on [0, 00]. Consequently, as in 122M-1220, we
can say that for a general virtually measurable function f, defined almost everywhere in X, taking values in
[—o00,00], [ f= [ fi — [ fo whenever f is expressible as a difference fi; — fo of non-negative functions such
that [ f1 and [ fo are both defined and not both infinite. Now we have, as always, the basic formulae

[f+g=[Ff+[g [ef=c[t [IfI=1] ]

whenever the right-hand-sides are defined, and [ f < [ g whenever f <,. ¢ and both integrals are defined.
It is important to note that [ f can be finite, on this definition, only when f is finite almost everywhere.

135G We now have versions of B.Levi’s theorem and Fatou’s Lemma (compare 133K).

Proposition Let (X, X, 1) be a measure space, and (f,,)nen & sequence of [—o0, oo]-valued functions defined
almost everywhere in X which have integrals defined in [—o0, c0].

(a) If f,, <ae. fn+41 for every n and —oo < sup,,cy [ fn, then [sup,cy fo = sup,en [ fo-
(b) If, for each n, f,, > 0 a.e., then [liminf, , fn <liminf, o [ fs.

proof (a) Note that f = sup,,cy f, is defined everywhere on [,y dom f,,, which is almost everywhere; and
that there is a conegligible set E such that f, [ E is measurable for every n, so that f[E is measurable. Now
if u = sup, ¢y [ fn is finite, then all but finitely many of the f,, must be finite almost everywhere, and the
result is a consequence of B.Levi’s theorem for real-valued functions; while if u = co then surely f Sup,en fn
is infinite.

(b) As in 123B or 133Kb, this now follows, applying (a) to g, = inf,,>y fin-

135H Upper and lower integrals again (a) To handle functions taking values in [—oc0, 00| we need
to adapt the definitions in 1331. Let (X, ¥, 1) be a measure space and f a [—oo, co]-valued function defined
almost everywhere in X. Its upper integral is

Tf = inf{fg : fg is defined in the sense of 135F and f <,.. g},
allowing oo for inf{oco} and —oo for inf |—o0, 00| or inf[—oo, co]. Similarly, the lower integral of f is
ff = sup{fg : fg is defined, f >... g}

With this modification, all the results of 133J are valid for functions taking values in [—oo, co] rather than
in R.

(b) Corresponding to 133Ka, we have the following. Let (X, X, 1) be a measure space, and (f,)nen a
sequence of [—o00, oo]-valued functions defined almost everywhere in X.

(i) If fo <ae. fat1 for every n and sup,cy [ fn > —00, then [sup,cy fn = Suppey [ fo-

(ii) If, for each n, f, > 0 a.e., then Tlim inf, o0 frn < liminf, o Tfn

1351 Subspace measures We need to re-examine the ideas of §131 in the new context.

Proposition Let (X, X, 1) be a measure space, and H € ¥; write ¥y for the subspace o-algebra on H and
wp for the subspace measure. For any [—oo, oo]-valued function f defined on a subset of H, write f for the
extension of f defined by saying that f(z) = f(z) if z € dom f, 0 if z € X \ H.
(a) Suppose that f is a [—o00, 0o]-valued function defined on a subset of H.
(i) dom f is pup-conegligible iff dom f is p-conegligible.
(i) f is py-virtually measurable iff f is p-virtually measurable.
(iii) [, fdum = [y fdu if either is defined in [—o0, o0].
(b) Suppose that h is a [—00, oo]-valued function defined almost everywhere in X. Then [, (h[H)duy =
J hx xH dp if either is defined in [—o0, oc].
(c) If b is a [—00, oo]-valued function and [y hdp is defined in [—oco, 00|, then [, (h[H)dpy is defined in
[—o0, 0]
(d) Suppose that h is a [—00, 0o]-valued function defined almost everywhere in X. Then
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[ (B H)dpr = [ b x xHdp.

proof (a)(i) This is immediate from 131Ca, since H \ dom f = X \ dom f.

(ii)(a) If f is py-virtually measurable, there is a pg-conegligible E € Xy such that f[E is Xg-
measurable. There is an F' € ¥ such that E = FN H; now G = FU (X \ H) belongs to ¥ and E=GNH
and G is p-conegligible. Also, for ¢ € Q,

{x:xeG,f(x)Sq}:{x:xEE,f(x)gq}eEHgEifq<O,
—{e:w€ B, f(z) SqtUX \ H) € Dif >0,

SO f [G is X-measurable and f is p-virtually measurable.

B) It f is p-virtually measurable, there is a p-conegligible G € X such that f G is Y-measurable.
Now E = G N H belongs to Xy and is ppy-conegligible, and for ¢ € Q

{z:z€E, fx)<¢g}=Hn{z:z€q, f(r) <q} €Xy.
So f[E is Y y-measurable and f is py-virtually measurable.

(iii) Assume that at least one of the integrals is defined. Then (ii) tells us that there is a p-conegligible
E € ¥ such that f[E is ¥-measurable, in which case f[H N E is ¥ g-measurable.

(a) Suppose that f is non-negative everywhere on its domain. Then [, fduy and [, fdu are both
defined in [0, c0]. If both are infinite, we can stop. Otherwise,

G={z:x€ENH, f(z) <o} ={z:x€E, f(z) < oo}

must be conegligible. Set g = f[G N H; then g = fI1G, so g = f py-ae. and § = f p-a.e. Accordingly
Jy fdpm = [ 9dpg and [ fdu = [ gdp. Now we are supposing that at least one of these is finite. But
in this case we can apply 131E to see that [, gdu = [y gdp, so [, fdu= [y fdu.

(B) In general, express f as f — f~, where
F* (@) = max(0, f(x)), f~(x) = max(0, — ()
for x € dom f. Then (f*)” = fT and (f7)" = f~. So
Jo tdpn = [ frdus = [ fdpn = [ Frdp— [ fdu= [ fdp

if any of the four expressions is defined in [—o0, 00].

(b) Set f = h|H; then (h x xH)(z) = f(x) for every x € dom h, so (a-iii) tells us that
Sy hxxHdp= [ fdu= [, (h H)dpg
if any of the three is defined in [—o0, co].

(c) Setting h (z) = max (0, h(x)) and h~ (x) = max(0, —h(z)) for z € dom h, both [, h™dp and [ h™du
are defined in [0, oo], and at most one of them is infinite. In particular, both are p-virtually measurable and
defined p-almost everywhere, so the same is true of h™ x xH and h™ x xH. As [ h* x xHdu < [, h™dp
and [, h™ x xHdp < [ h™dp, at most one of [ bt x xHdp, [ h™ x xHdyu is infinite, and

th x xHdp = fX ht x xHdu — fX h= x xHdu
is defined in [—o0, 00]. By (b) above, [, (hIH)dug is defined in [—oo, oo].
(d) (i) Suppose that [, gdp is defined in [—oo, 00] and that h x xH < g p-a.e. Then
[ (g H)dpm = [ g x xHdp
is defined, by (c); and as g(z) > 0 for p-almost every x € X \ H, g x xH <,.. g. So
[ (i H)dpn < [ (91 H)dpm = [ g x xHdp < [ gdp.
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As g is arbitrary, TH(th)dHH < TXh x xH d.

(ii) Suppose that [, ffl,uH is defined in [—o0,00] and that h|H < f pg-a.e. Then [, fdu is defined
in [—oo,00] and h x xH < f p-a.e., so

[hxxHdp< [ fdu= [, fdpn.
As f is arbitrary, Txh x xH dp < TH(h[H)duH.
135X Basic exercises (a) We say that a set G C [—o00, 0] is open if (i) G NR is open in the usual
sense as a subset of R (ii) if co € G, then there is some a € R such that ]a,00] C G (iii) if —oco € G then

there is some a € R such that [—oo,a] C G. Show that the family ¥ of open subsets of [—00, 0] has the
properties corresponding to (a)-(d) of 1A2B.

(b) Show that the Borel sets of [—00, 00| as defined in 135C are precisely the members of the o-algebra
of subsets of [—00, 00] generated by the open sets as defined in 135Xa.
>(c) Define ¢ : [—o00, 00] — [—1, 1] by setting

e?r—1
e?r+1

¢(—o0) = -1, ¢(x)=tanhz = if —oo<x <00, ¢(oo)=1.

Show that (i) ¢ is an order-isomorphism between [—oo,00] and [—1,1] (ii) for any sequence (up)nen in
[—00, 0], (Un)nen = w iff (d(un))nen — @(u) (iii) for any set E C [—o00,00], E is Borel in [—o0, oo] iff ¢[FE]
is a Borel subset of R (iv) a real-valued function h defined on a subset of [—oc0, 00| is Borel measurable iff
h¢~! is Borel measurable.

>(d) Let X be a set, ¥ a o-algebra of subsets of X and f a function from a subset of X to [—o0, o0].
Show that f is measurable iff the composition ¢f is measurable, where ¢ is the function of 135Xc. Use this
to reduce 135Ef and 135Eg to the corresponding results in §121.

(e) Let ¢ : [—00,00] = [—1,1] be the function described in 135Xc. Show that the functions
(tvu) — ¢(¢71(t) + ¢71(u)) : [717 1]2 \ {(*13 1)7 (17 *1)} - [ila 1]7
(tu) = (o™ ()™ (w) « [-1, 17 — [-1,1],

(t,u) = (o~ (1) /¢~ (w)) + ([=1,1] > ([=1, 2]\ {0}) \ {(£1, £1)} — [-1,1]
are Borel measurable. Use this with 121K to prove 135Fe.

(f) Following the conventions of 135Ab and 135Ad, give full descriptions of the cases in which wu'/vv’ =
(u/v)(u' /v") and in which uw/vw = u/v.

(g) Let (X,X, ) be a measure space and suppose that £ € ¥ has non-zero finite measure. Let f be a
virtually measurable [—oo, oo]-valued function defined on a subset of X and suppose that f(z) is defined
and greater than « for almost every x € E. Show that fE f>aubE.

135Y Further exercises (a) Let X be a set and X a o-algebra of subsets of X. Show that if f: X —
1

[0, 00] is X-measurable, there is a sequence (E,)pen in X such that f =37 -t
n

XEn.

(b) Let (X, 3, 1) be a measure space, and f, g two [—00, oo]-valued functions, defined on subsets of X,
such that [ f and [ g are both defined in [—00, 00]. (i) Show that [ fV g and [ fAg are defined in [—oc0, o0],
where (f V ¢)(x) = max(f(z),g(x)), (f A g)(x) = min(f(z),g(z)) for x € dom f Ndomg. (ii) Show that
JfVvag+ [fAg=[f+ [gin the sense that if one of the sums is defined in [—oc0, o] so is the other, and
they are then equal.

(c) Let (X, X, uu) be a measure space, f : X — [~00,00] a function and g : X — [0,00], h: X — [0, 00]
measurable functions. Show that [f x (¢ +h) = [f x g+ [f X h, where here we interpret co + (—co) as
00, as in 133L.
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135 Notes and comments I have taken this exposition into a separate section partly because of its length,
and partly because I wish to emphasize that these techniques are incidental to the principal ideas of this
volume. Really all I am trying to do here is give a coherent account of the language commonly used to deal
with a variety of peripheral cases. As a general rule, ‘co’ enters these arguments only as a shorthand for
certain types of triviality. When we find ourselves wishing to assign the values oo to a function, either
this happens on a negligible set — in which case it is often right, if slightly less comforting, to think of the
function as undefined on that set — or things have got completely out of hand, and the theory has little
useful to tell us.

Of course it is not difficult to incorporate the theory of the extended real line directly into the arguments
of Chapter 12, so that the results of this section become the basic ones. I have avoided this route partly in
an attempt to reduce the number of new ideas needed in the technically very demanding material of Chapter
12 — believing, as I do, that independently of our treatment of +oo it is absolutely necessary to be able to
deal with partially-defined functions — and partly because I do not think that the real line should really be
regarded as a substructure of the extended real line. I think that they are different structures with different
properties, and that the original real line is overwhelmingly more important. But it is fair to say that in
terms of the ideas treated in this volume they are so similar that when you are properly familiar with this
work you will be able to move freely from one to the other, so freely indeed that you can safely leave the
distinction to formal occasions, such as when you are presenting the statement of a theorem.

Version of 22.6.05
*136 The Monotone Class Theorem

For the final section of this volume, I present two theorems on o-algebras, with some simple corollaries.
They are here because I find no natural home for them in Volume 2. While they (especially 136B) are part
of the basic technique of measure theory, and have many and widespread applications, they are not central
to the particular approach I have chosen, and can if you wish be left on one side until they come to be
needed.

136A Lemma Let X be a set, and A a family of subsets of X. Then the following are equiveridical:
(i) X € A, B\ A € A whenever A, B€ Aand A C B, and |, .y An € A whenever (A,,) en
is a non-decreasing sequence in A;
(i) e A, X\ A € A for every A € A, and |J
sequence in A.

neN

nen An € A whenever (A,)nen is a disjoint

proof (i)=-(ii) Suppose that (i) is true. Then of course ) = X \ X belongs to A and X \ A € A for every
Ae A If A, B € A are disjoint, then A C X \ B € A, so (X \ B) \ A and its complement A U B belong
to A. So if (A,)nen is a disjoint sequence in A, |J,;.,, Ai € A for every n, and (J A,, is the union of a
non-decreasing sequence in A, so belongs to A. Thus (ii) is true.

(ii)=-(i) If (ii) is true, then of course X = X \ () belongs to A. If A and B are members of A such that
A C B, then X \ B belongs to A and is disjoint from A, so AU (X \ B) and its complement B \ A belong
to A. Thus the second clause of (i) is satisfied. As for the third, if (A,),en is a non-decreasing sequence in
A, then Ag, A1 \ Ao, As \ A1, ... is a disjoint sequence in A, so its union J A, belongs to A.

Definition If A C PX satisfies the conditions of (i) and/or (ii) above, it is called a Dynkin class of subsets
of X.

neN

neN

136B Monotone Class Theorem Let X be a set and A4 a Dynkin class of subsets of X. Suppose that
T C Aissuchthat INJ e forall I, J €Z. Then A includes the o-algebra of subsets of X generated by
7.

proof (a) Let & be the family of Dynkin classes of subsets of X including Z. Then it is easy to check, using
either (i) or (ii) of 136A, that the intersection ¥ = (& also is a Dynkin class (compare 111Ga). Because
Ae 6, X CA

(©) 2000 D. H. Fremlin
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(b) If H € %, then
Sy={E:EcX ENnHex}

is a Dynkin class. P (o) XNH=HecYXsoX €Xy. (f)If A, BeXyand AC Bthen ANH, BNH
belong to ¥ and AN H C BN H; consequently

(B\A)NH=(BNH)\ (ANH) € ¥

and B\ A € Xy. (7) If (A,,)nen is a non-decreasing sequence in Yy, then (A, N H) ey is a non-decreasing
sequence in X, so

(UnEN An) NH = UnEN(A" N H) Sy

and UnEN A, €Xy. Q
It follows that if IN H € X for every I € Z, so that Xy O Z, then ¥y € G and must be equal to X.

(c) We find next that GNH € ¥ for all G, H € X. P Take I, J € Z. We know that INJ € Z. As ]
is arbitrary, .y = ¥ and H € X;, that is, HNJ € ¥. As J is arbitrary, Xy = ¥ and G € Yy, that is,
GNHeX. Q

(d) Since ¥ is a Dynkin class, § = X \ X € 3. Also
GUH=X\((X\G)N(X\H)) X

for any G, H € ¥ (using (c)). So if (Gp)nen is any sequence in ¥, G!, = J,.,, Gi € ¥ for each n (inducing
on n). But (G, )nen is now a non-decreasing sequence in X, so

UneN Gn = UneN G, eX.
This means that ¥ satisfies all the conditions of 111A and is a o-algebra of subsets of X. Since Z C 3,

3 must include the o-algebra X/ of subsets of X generated by Z. So ¥/ C X C A, as required.
(Actually, of course, ¥ = ¥/, because ¥/ € &.)

Remark I have seen this result called the Sierpiniski Class Theorem and the m-A Theorem.
136C Corollary Let X be a set, and p, v two measures defined on X with domains ¥, T respectively.

Suppose that pX = vX < oo, and that Z C ¥ N T is a family of sets such that ul = vI for every I € Z and
INnJeZforalll, JeZ. Then puFE = vE for every E in the o-algebra of subsets of X generated by Z.

proof The point is that
A={H:HeXNT, uH =vH}
is a Dynkin class of subsets of X. B I work from (ii) of 136A. Of course ) € A. If A € A then
WX\NA) =puX —pA=vX —vA=v(X\A)
(because uX = vX < o0, so the subtraction is safe), and X \ A € A. If (4,)nen is a disjoint sequence in A,
then
PA =300 Ay =300 VA, = VA,

and J,cnAn € A Q
Since Z C A, 136B tells us that the o-algebra ¥’ generated by Z is included in A, that is, u and v agree
on Y.

136D Corollary Let u, v be two measures on R”, where » > 1, both defined, and agreeing, on all
intervals of the form

|—oo,al ={z:z<a}={(&,...,&): & < o for every i <7}
for a = (ay,...,q,) € R". Suppose further that uR” < co. Then p and v agree on all the Borel subsets of
R™.
proof In 136C, take X = R" and Z the set of intervals |—oco,a]. Then INJ € T for all I, J € I,
since |—o00,a] N]—00,b] = ]—o00,a A b], writing a A b = (min(ay, £1),... ,min(ay, 8)) if a = (ag,... ,a),

b= (61,...,5) € R". Also, setting n = (n,... ,n) for n € N,
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VR” = lim,, 00 ¥ |—00, 0] = lim,,— 00 1] —00, 0] = uR".

So all the conditions of 136C are satisfied and p, v agree on the o-algebra ¥ generated by Z. But this is
just the o-algebra of Borel sets, by 121J.

136E Algebras of sets: Definition Let X be a set. A family £ C PX is an algebra or field of subsets
of X if
(i) 0 eé&;
(ii) for every E € &, its complement X \ E belongs to &;
(iii) for every E, F € £, EUF € €.

136F Remarks (a) I could very well have introduced this notion in Chapter 11, along with ‘o-algebras’.
I omitted it, apart from some exercises, because there seemed to be quite enough new definitions in §111
already, and because I had nothing substantial to say about algebras of sets.

(b) If £ is an algebra of subsets of X, then
ENF=X\((X\E)U(X\F), E\F=En(X\F),

EoUE,U...UE,, EyNEiN...NE,
belong to € for all E, F, Ey,...,E, € £. (Induce on n for the last.)

(c) A o-algebra of subsets of X is (of course) an algebra of subsets of X.

136G Theorem Let X be a set and £ an algebra of subsets of X. Suppose that A C PX is a family of
sets such that
(@) Upen An € A for every non-decreasing sequence (A;,)nen in A,
(B) Nyen An € A for every non-increasing sequence (A, )nen in A,
(M) ECA
Then A includes the o-algebra of subsets of X generated by £.

proof I use the same ideas as in 136B.
(a) Let & be the family of all sets S C PX satisfying (a)-(y). Then its intersection ¥ = (& also satisfies
the conditions. Because A € &, ¥ C A.
(b) If H € %, then
Sy={E:Ec¥ EnHeY}

satisfies conditions (a)-(8). P («) If (A, )nen is a non-decreasing sequence in Xg, then (A, N H) ey is a
non-decreasing sequence in X, so

(UnGN An) NH= UnGN(An N H) eX

and |J,, ey An € Bg. (B) Similarly, if (A,)nen is a non-increasing sequence in Xgr, then (), .y An NH € ¥

50 NpenAn €XH. Q
It follows that if EN H € X for every E € &, so that Xy also satisfies (v), then Xy € & and must be
equal to X.

(c) Consequently GNH € ¥ for all G, H € ¥. P Take E, F' € £. We know that ENF € £. As E
is arbitrary, ¥p = ¥ and H € X, that is, HNF € X. As F is arbitrary, Xy = X and G € X, that is,
GNHeX Q

(d) Next, Z* = {X\H: HeX} 6 P (o)lf (A,)en is a non-decreasing sequence in X*, then
(X \ Ap)nen is a non-increasing sequence in X, so

UnEN A” =X \ ﬂneN(X \ An) SN

(8) Similarly, if (A, )nen is a non-increasing sequence in ¥*, then
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mnEN An =X \ UneN(X\An) € X,
(MU Ee&then X\Ee€&soX\EeXand FE e X* Q It follows that ¥ C ¥*, that is, that X \ H € &
for every H € X.

(e) Putting (c) and (d) together with the fact that X € ¥ (because X € &) and the union of a non-
decreasing sequence in ¥ belongs to ¥ (by condition («)), we see that the same argument as in part (d) of
the proof of 136B shows that ¥ is a o-algebra of subsets of X. So, just as in 136B, we conclude that the
o-algebra generated by £ is included in ¥ and therefore in A.

*136H Proposition Let (X,Y, 1) be a measure space such that uX < oo, and £ a subalgebra of ¥;
let ¥/ be the o-algebra of subsets of X generated by £. If F € ¥/ and € > 0, there is an E € £ such that
wWENF) <e.

proof Let A be the family of sets F' € ¥ such that
for every € > 0 there is an E € £ such that u(FAE) <e.

Then A is a Dynkin class. P I check the three conditions of 136A(i). () X € A because X € €. (B) If Fy,
Fy € A and € > 0, there are Fy, Es € £ such that u(F;AE;) < %e for both i; now Fy \ Ey € £ and

(F1 \ F2)A(Eq \ Es) C (F1AE) U (FRAE,),
p((F1\ F2) A(Ey \ E2)) < p(FLAEy) + p(F2AE) < e

As e is arbitrary, Fy \ F; € A. (y) If (F,,)nen is a non-decreasing sequence in 4, with union F, and € > 0,
then

limy, oo pFp = pF < pX < o0,

so there is an n € N such that u(F \ F,) < £e. Now there is an E € € such that u(F,AE) < ¢ as
FAE C (F\ F,)U(F,AE), u(FAFE) <e. As € is arbitrary, F € A. Q
Since £ C A and € is closed under N, A includes the o-algebra ¥’ generated by &, as claimed.

136X Basic exercises >(a) Let X be a set and A a family of subsets of X. Show that the following
are equiveridical:
(i) X € Aand B\ A € A whenever A, B€ Aand A C B;
(i) e A, X\ A€ Aforevery A€ Aand AU B € A whenever A, B € A are disjoint.

(b) Suppose that X is a set and A C PX. Show that A is a o-algebra of subsets of X iff it is a Dynkin
class and AN B € A whenever A, B € A.

(c) Let X be a set, and Z a family of subsets of X such that INJ € Z for all I, J € Z; let ¥ be the
o-algebra of subsets of X generated by Z. Show that uF = vE whenever E € ¥ is covered by a sequence in
Z. (Hint: For J € Z,set uyE=pw(ENJ), vyE=v(ENJ) for E € 3. Use 136C to show that u; = vy for
each J.)

>(d) Set X ={0,1,2,3}, Z ={X,{0,1},{0,2}}. Find two distinct measures x, v on X, both defined on
the g-algebra PX and with ul = vI < co for every I € 7.

(e) Let ¥ be the family of subsets of [0, 1] expressible as finite unions of half-open intervals [a, b]. Show
that X is an algebra of subsets of [0, 1].

(f) Let X be a set, and Z a family of subsets of X such that I NJ € Z whenever I, J € Z. Let ¥ be the
smallest family of sets such that X € ¥, F\ E € ¥ whenever E, F € ¥ and F C F, and Z C ¥. Show that
Y is an algebra of subsets of X.

(g) Let X be a set, and £ an algebra of subsets of X. A functional v : £ — R is called (finitely)
additive if v(E U F) = vE + vF whenever E, F € £ and ENF = (). (i) Show that in this case
VEUF)+v(ENF) = vE 4+ vF for all E, F € £. (ii) Show that if vE > 0 for every E € £ then
V(Ui<n Ez) < Z?:O vE; for all Ey,... ,E, € £.

D.H.FREMLIN



36 Complements 136Xh

>(h) Let X be a set, and A a family of subsets of X such that («) ), X belong to A (8) AN B € A for
all A, Be A(y) AUB € A whenever A, B€ Aand AN B ={). Show that {A: Ae A X\ A€ A}isan
algebra of subsets of X.

>(i) Let X be a set, and A a family of subsets of X such that (a) 0, X belong to A (8) (,eny4n € A
for every sequence (An)nen in A (7) U,eny An € A for every disjoint sequence (An)nen in A. Show that
{A:Ae A, X\ A€ A} is a o-algebra of subsets of X.

>(j) Let A be a family of subsets of R such that (i) oy An € A for every sequence (A, ),en in A (ii)
Unen An € A for every disjoint sequence (A,)nen in A (iii) every open interval ]a,b[ belongs to A. Show
that every Borel subset of R belongs to A. (Hint: show that every half-open interval [a, b], |a, b] belongs to
A, and therefore all intervals |—o0, a], [a, co[; now use 136Xi.)

>(k) Let X be a set, & an algebra of subsets of X, and A a family of subsets of X such that («)
Npen An € A for every non-increasing sequence (A, )nen in A (8) U, ey An € A for every disjoint sequence
in A () £ C A. Show that the o-algebra of sets generated by £ is included in A. (Hint: use the method of
136B to reduce to the case in which AN B € A for every A, B € A; now use 136Xi.)

136Y Further exercises (a) Let X be a set and £ an algebra of subsets of X. Let v : £ — [0, 0] be a
non-negative functional which is additive in the sense of 136Xg. Define 6 : PX — [0, co[ by setting

A =inf{} "  vE, : (E,)nen is a sequence in € covering A}

for every A C X. (i) Show that € is an outer measure on X and that F < vE for every E € €. (ii) Let
1 be the measure on X defined from 6 by Carathéodory’s method, and ¥ its domain. Show that £ C X
and that uE < vE for every E € £. (iii) Show that the following are equiveridical: (o) pE = vE for
every E € £ (8) 0X = vX (v) whenever (E,)pen is a non-increasing sequence in £ with empty intersection,
lim,, oo vE,, = 0.

(b) Let X be a set, £ an algebra of subsets of X, and v a non-negative additive functional on £. Let X be
the o-algebra of subsets of X generated by £. Show that there is at most one measure 1 on X with domain
Y, extending v, and that there is such a measure iff lim, ., ¥FE, = 0 for every non-increasing sequence
(Ep)nen in € with empty intersection.

(c) Let X be a set. Let G be a family of subsets of X such that (i) GNH € G for all G, H € G (ii) for
every G € G there is a sequence (G )nen in G such that X\ G =, .y G- Let A be a family of subsets of X
such that (a) 0, X € A (8) N,,eny An € A for every non-increasing sequence (An)nen in A () U,eny 4n € A
for every disjoint sequence in A (6) G C A. Show that the o-algebra of sets generated by G is included in A.

136 Notes and comments The most useful result here is 136B; it will be needed in Chapter 27, and
helpful at various other points in Volume 2, often through its corollaries 136C and 136Xc. Of course 136C,
like its corollary 136D and its special case 136Yb, can be used directly only on measures which do not take
the value oo, since we have to know that pu(F \ E) = uF — pE for measurable sets E C F'; that is why
it comes into prominence only when we specialize to probability measures (for which the whole space has
measure 1). So I include 136Xc to indicate a technique that can take us a step farther. I do not feel that
we are really ready for general measures on the Borel sets of R”, but I mention 136D to show what kind of
class Z can appear in 136B.

The two theorems here (136B, 136G) both address the question: given a family of sets Z, what operations
must we perform in order to build the o-algebra ¥ generated by Z? For arbitrary Z, of course, we expect
to need complements and unions of sequences. The point of the theorems here is that if Z has a certain
amount of structure then we can reach Y with more limited operations; thus if Z is an algebra of sets, then
monotonic unions and intersections are enough (136G). Of course there are innumerable variations on this
theme. I offer 136Xh-136Xj as a typical result which will actually be used in Volume 4, and 136Xk and
136Yc as examples of possible modifications. There is an abstract version of 136B in 313G in Volume 3.

Having once started to consider the extension of an algebra of sets to a o-algebra, it is natural to ask
for conditions under which a functional on an algebra of sets can be extended to a measure. The condition
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of additivity (136Xg) is obviously necessary, and almost equally obviously not sufficient. I include 136Ya-

136YDb as the most important of many necessary and sufficient conditions for an additive functional to be
extendable to a measure. We shall have to return to this in Volume 4.
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Version of 9.4.05
Concordance for Chapter 13

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

132E Measurable envelopes Parts (d) and (e) of 132E in the 2000 and 2001 editions, referred to in
the 2001 edition of Volume 2 and the 2002 edition of Volume 3, are now parts (e) and (f).

132G Pull-back measures Proposition 132G, referred to in the 2006 edition of Volume 4, has been
moved to 234F.
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