Version of 19.9.09

Real-valued-measurable cardinals

D.H.Fremlin

University of Essex, Colchester, England

Contents:

Introduction 1. Basic theory 2. Solovay’s theorems 3. The Gitik-Shelah theorem 4. The enormity of real-valued-measurable cardinals 5. Combinatorial implications 6. Measure-theoretic implications 7. Partially ordered sets 8. PMEA and NMA 9. Quasi-measurable cardinals Appendix:

A1. Combinatorics A2. Measure theory A3. General topology A4. Indescribable cardinals P. Problems References Index

Introduction In these notes I seek to describe the theory of real-valued-measurable cardinals, collecting together various results which are scattered around the published literature, and including a good deal of unpublished material.

Almost immediately after Lebesgue introduced his theory of measure and integration, it was established that (subject to the axiom of choice) not every subset of [0, 1] is Lebesgue measurable. The question naturally arose, is there any extension of Lebesgue measure to a countably-additive measure defined on P[0, 1]? It was early understood that such an extension cannot be translation-invariant. In the seminal paper Ulam 30, S.Ulam showed that a probability space (X, PX, μ) in which every subset of X is assigned a probability is either trivial or as complex an object as the set theory of that time could readily envisage. Since then, measure theorists and others have periodically had occasion to wonder whether non-trivial examples do, or can, exist (see, for instance, 6M-6N below), and with less regularity, but with impressive frequency, have turned up some new curiosity concerning them.

The actual definition of ‘real-valued-measurable cardinal’ involves some technical considerations which I prefer to leave to §1 below; here I will say only that there is a real-valued-measurable cardinal if and only if there is a non-trivial probability space (X, PX, μ). Ulam’s work already showed, in effect (the terms I use date from later on) that real-valued-measurable cardinals are of two kinds: ‘atomlessly-measurable’ cardinals, less than or equal to the continuum, associated with extensions of Lebesgue measure to PR, 1 and ‘two-valued-measurable’ cardinals, much greater than the continuum, associated with ultrafilters closed under countable intersections.

It was observed by Hanf & Scott 61 that a two-valued-measurable cardinal has some extraordinary properties from the point of view of mathematical logic. The mixing of combinatorial and metamathematical intuitions and techniques which followed was wonderfully fertile (see, for instance, Keisler & Tarski 64), and quickly gave two-valued-measurable cardinals a central place in a rapidly growing theory of ‘large cardinals’. I do not propose to describe this theory here; there are accounts in Drake 74, Kanamori & Magidor 78, Jech 78. The relevant measures on a two-valued-measurable cardinal are all purely atomic, and while some of their properties can be described in the language of measure theory, there is little there which is connected with the ordinary concerns of measure theorists or probabilists. I wish rather to look at atomlessly-measurable cardinals, where the deepest concepts of abstract measure theory are both employed and illuminated. Two-valued-measurable cardinals will never be far away, as the work of R.M.Solovay and K.Kunen shows (see Solovay 71 and §2 below); indeed their constructions give general methods for translating ideas about two-valued-measurable cardinals into ideas about atomlessly-measurable cardinals, and many of the results described in this article were suggested in this way.

Recently, the spectacular near-resolution by Gitik & Shelah 89 of the problem of determining the measure algebra of an atomlessly-measurable cardinal has given new ways of applying Solovay’s concept of ‘random real forcing’, and opens up yet another channel through which ideas developed in other contexts may be applied to the theory of atomlessly-measurable cardinals.

It is fair to say that most of the questions in measure theory depending on the existence of real-valued-measurable cardinals are peripheral. (I do not say this of questions in set theory depending on the existence of, or on supposing the consistency of the existence of, two-valued-measurable cardinals.) However, an atomlessly-measurable cardinal, if one can exist (and there is a problem here; see 1Ee below), necessarily has a structure which makes it as remarkable as anything in measure theory. My aim here is to describe this structure. The investigation will take us into a fascinating blend of measure theory, infinitary combinatorics and metamathematics, drawing on deep ideas from all three.

Out of personal taste and prejudice I will play down the metamathematical aspects, seeking wherever possible to find ‘conventional’ expressions of the ideas involved. However, deep results from measure theory and set theory are going to be central to my arguments, and many concepts from various branches of mathematics will be called on at some point; so I have written an Appendix to give definitions, statements of theorems I use, and proofs or references. As fundamental references I will take Jech 78 and Kunen 80 for set theory, Engelking 89 for general topology, and my own books Fremlin 74 and Fremlin 84 for measure theory and miscellaneous material; I will try to indicate any divergences from these texts in notation.

I have been interested in real-valued-measurable cardinals since 1965, as nearly as I can remember, and cannot trust my memory to give a full list of those from whom I have learnt about them. But I recall that it was W.A.J.Luxemburg who gave a seminar more or less on the subject of 6N, and A.R.D.Mathias who showed me the paper Keisler & Tarski 64, the combination being the basis of my first work in this area. My interest was maintained by correspondence with Solovay and conversations with R.G.Haydon in the early seventies. Rather later I learnt of the work of K.Prikry, who introduced me to more of Solovay’s ideas. The actual stimulus for writing these notes came from receiving a preprint of Gitik & Shelah 89 from M.Gitik and from visiting Madison, where Kunen showed me some of his unpublished work. Most recently I have had valuable discussions with Gitik and with S.Shelah. So, pausing for a moment to apologise to those I have missed, I should like to thank all those I have named, for leading me into this garden of delights.

Version of 11.12.91

1. Basic theory

1A The Banach-Ulam problem Can we describe all measure spaces of the form (X, PX, μ) in terms enabling us to decide whether μ can be an extension of Lebesgue measure?

There certainly exist measure spaces (X, PX, μ), constructed as follows. Let X be any set, f : X → [0, ∞[ any function, and I any σ-ideal of subsets of X. Write μA = ∑ x∈A f(x) if A ∈ I,

= ∞ if A ∈ PX \ I.

Then μ : PX → [0, ∞] is countably additive. For the purposes of these notes, I will call a measure space (X, PX, μ) trivial if it can be obtained by this construction. What I will call the ‘Banach-Ulam problem’ therefore becomes: is there a non-trivial measure space (X, PX, μ)?

I include the σ-ideal I here for the sake of completeness. However, it is clear that a semi-finite trivial measure space (in particular, a trivial probability space) (X, PX, μ) must be defined by the function f(x) = μ{x} alone, and that in this case we may take I = PX, μA = ∑ x∈A f(x) for every A ⊆ X.

1B First reduction Suppose now that there is some non-trivial measure space (X, PX, μ). Write

f(x) = μ{x} if μ{x} < ∞, = 0 if μ{x} = ∞,

and let I be the σ-ideal of subsets of X generated by {A : μA < ∞}. Let μ^′ be the measure defined from f and I by the method of 1A. Then μ^′A ≤ μA for every A ⊆ X. By hypothesis, μ^′ ≠ μ; let A ⊆ X be such that μ^′A < μA. Surely A ∈ I; let ⟨A_n⟩_{n∈N} be an increasing sequence of sets such that μA_n < ∞ for every n ∈ N and ⋃ n∈N A_n = A. Now there must be some n ∈ N such that μ^′A_n < μA_n. Set μ^{′′} = μ⌈A_n − μ^′⌈A_n.

Then (A_n, PA_n, μ^{′′}) is a measure space, with 0 < μ^{′′}A_n < ∞ and μ^{′′}{x} = 0 for every x ∈ A_n. Setting μ̂ = (μ^{′′}A_n)^{−1}μ^{′′}, we obtain a probability space (A_n, PA_n, μ̂) in which singleton sets are negligible.

Accordingly we can say that there is a positive answer to the Banach-Ulam problem iff there is a probability space (X, PX, μ) in which μ{x} = 0 for every x ∈ X.

1C Notation For the next step it will be convenient to introduce some phrases which will dominate these notes. Recall that a measure ν is κ-additive if ν( ⋃ E) exists = ∑ E∈E νE whenever E is a disjoint family of ν-measurable sets and #(E) < κ, and that a filter F is κ-complete if ⋂ A ∈ F whenever A ⊆ F and 0 < #(A) < κ. (See A1B, A2C below.) Now:

(a) A cardinal κ is real-valued-measurable if there is a κ-additive probability ν with domain Pκ which is zero on singleton sets; in this context I will call such a ν a witnessing probability on κ.

(b) A cardinal κ is two-valued-measurable (often called just ‘measurable’) if there is a non-principal κ-complete ultrafilter on κ.

(c) A cardinal κ is atomlessly-measurable if there is an atomless κ-additive probability ν with domain Pκ. 1D Ulam’s Theorem (a) Let (X, PX, μ) be a probability space, with ideal N_μ of negligible sets. Then either it is trivial, and add(μ) = add(N_μ) = ∞, or add(μ) = add(N_μ) is a real-valued-measurable cardinal.

(b) A cardinal is real-valued-measurable iff it is either atomlessly-measurable or two-valued-measurable. (c) An atomlessly-measurable cardinal is weakly inaccessible and not greater than c. (d) A two-valued-measurable cardinal is strongly inaccessible.

(e) There is an extension of Lebesgue measure to a measure defined on every subset of R iff there is an atomlessly-measurable cardinal.

proof (a) As remarked in A2Cd, add(μ) = add(N_μ). If (X, Σ, μ) is trivial, then μX = ∑ x∈X μ{x} and add(μ) = ∞. Otherwise, set H = {x : μ{x} = 0}; then μH > 0 so κ = add(N_μ) ≤ #(X). There must be a disjoint family ⟨E_ξ⟩_{ξ<κ} in N_μ such that E = ⋃ ξ<κ E_ξ /∈ N_μ. Define f : E → κ by setting f(x) = ξ if x ∈ E_ξ . Write

ν_0 = (μ⌈E)f^{−1}

(A2Db), so that ν_0 is a κ-additive measure on κ, zero on singletons, and ν_0κ = μE ∈ ]0, ∞[. Set ν = (μE)^{−1}ν_0; then ν witnesses that κ is real-valued-measurable.

(b)(i) If κ is atomlessly-measurable, of course it is real-valued-measurable. If κ is two-valued-measurable, with witnessing filter F, then we can set

νA = 1 ∀ A ∈ F, νA = 0 ∀ A ∈ Pκ \ F, and ν will witness that κ is real-valued-measurable.

(ii) Now suppose that κ is real-valued-measurable, with witnessing probability ν. (α) If (κ, Pκ, ν) has an atom A ⊆ κ, set

F = {F : F ⊆ κ, A \ F ∈ N_ν }.

Then F is a κ-complete ultrafilter on κ, so κ is two-valued-measurable. (β) Otherwise, (κ, Pκ, ν) is atomless, and ν witnesses that κ is atomlessly-measurable.

(c) Let κ be a real-valued-measurable cardinal, with witnessing probability ν.

(i) κ ≤ add(N_ν ) ≤ κ, because ν is κ-additive and κ = ⋃ N_ν . So κ = add(N_ν ) is regular (A1Ac).

(ii) ?? Now suppose, if possible, that κ = λ^+ for a cardinal λ < κ. For each ξ < κ, let f_ξ : ξ → λ be an injective function. For η < κ, α < λ set

A_{ηα} = {ξ : η < ξ < κ, f_ξ(η) = α}.

For any fixed η < κ, ν( ⋃ α<λ A_{ηα}) = ν{ξ : η < ξ < κ} = 1,

and ν is λ^+-additive, so there must be a β_η < λ such that νA_{η,βη} > 0. Set

B_β = {η : η < κ, β_η = β}

for β < λ. Then ν( ⋃ β<λ B_β) = νκ = 1, so there is a β < λ such that νB_β > 0; in particular, B_β is uncountable. But now observe that if η ∈ B_β then νA_{ηβ} > 0, and that ⟨A_{ηβ} ⟩_{η<κ} is disjoint, because every f_ξ is injective. So we have

1 = νκ ≥ ∑ η<κ νA_{ηβ} ≥ ∑ η∈B_β νAηβ = ∞,

which is absurd. XX

(iii) Thus κ is weakly inaccessible. The argument so far assumes only that κ is real-valued-measurable. But if in fact κ is atomlessly-measurable, then (κ, Pκ, ν) may be taken to be atomless, in which case there is a function f : κ → [0, 1] which is inverse-measure-preserving for ν and Lebesgue measure on [0, 1] (A2Kc). Now νf^{−1} is a κ-additive measure on [0, 1] which is zero on singletons. Accordingly κ ≤ #([0, 1]) = c.

(d) Now let κ be a two-valued-measurable cardinal with witnessing ultrafilter F. By (b) and (c-i) above, κ is an uncountable regular cardinal. ?? Suppose, if possible, that κ ≤ 2^λ for some cardinal λ < κ. Let f : κ → Pλ be any injection. For α < λ write

A_α = {ξ : ξ < κ, α ∈ f(ξ)}. Set B = {α : α < λ, A_α ∈ F}.

Then κ \ A_α ∈ F for α ∈ λ \ B. Because F is κ-complete, A = ⋂ α∈B A_α ∩ ⋂ α∈λ\B (κ \ Aα) ∈ F.

Now if ξ ∈ A, α < λ then α ∈ f(ξ) iff α ∈ B; i.e., f(ξ) = B for every ξ ∈ A. But of course A is not a singleton (because F is non-principal), so f cannot be injective. XX

Thus κ is strongly inaccessible.

(e) This is now easy. (i) If κ is an atomlessly-measurable cardinal, with witnessing probability ν, let f : κ → [0, 1] be inverse-measure-preserving for ν and Lebesgue measure on [0, 1], as in (c-iii) above. Define μ : PR → [0, ∞] by writing

μA = ∑ n∈Z νf^{−1}[A + n] ∀ A ⊆ R;

then μ is a countably-additive (in fact, κ-additive) extension of Lebesgue measure to PR. (ii) If μ is a countably-additive extension of Lebesgue measure to PR, then κ = add(μ⌈[0, 1]) is real-valued-measurable, by (a) above; but as κ ≤ c, κ cannot be two-valued-measurable, by (d), and (b) tells us that κ is actually atomlessly-measurable.

1E Remarks (a) The theorem above is taken virtually directly from Ulam 30. Evidently (c)-(d) show that the division of real-valued-measurable cardinals into atomlessly-measurable cardinals and two-valued-measurable cardinals is exclusive; this is ‘Ulam’s Dichotomy’. In §2 below we shall see an extraordinary reunification of these two phenomena at a higher level.

Readers may recognise the family ⟨A_{ηα}⟩_{α<λ,η<λ}+ of part (c-ii) of the proof above as an ‘Ulam matrix’; this concept has many other applications (see Erdös Hajnal Máté & Rado 84) and is one of the principal contributions of the Banach-Ulam problem to mathematics.

(b) It is worth noting explicitly that Ulam’s Dichotomy is sharp. If κ is a real-valued-measurable cardinal, with witnessing probability ν, then either (κ, Pκ, ν) is atomless and κ is atomlessly-measurable, or it is purely atomic and κ is two-valued-measurable. For in (b-ii-α) of the proof above we saw that if (κ, Pκ, ν) is not atomless then κ is two-valued-measurable. While if (κ, Pκ, ν) is not purely atomic, there is an A ∈ Pκ \ N_ν such that (A, PA, ν⌈A) is atomless; if we set ν^′B = ν(B ∩ A)/νA for every B ⊆ κ, then ν^′ will witness that κ is atomlessly-measurable. And, as already remarked, no cardinal can be simultaneously atomlesslymeasurable and two-valued-measurable.

(c) The phrase ‘two-valued-measurable’ is used just because there is a natural correspondence between ω_1-complete filters and complete measures taking exactly the values 0 and 1, as described in the formulae of part (b) of the proof above. We shall find that this language enables us to unify certain arguments, as in 1G below. Of course there is not much measure theory to be found in a {0, 1}-valued measure, and the qualities of two-valued-measurable cardinals and atomlessly-measurable cardinals are rather different. At the right metamathematical level, they come together again, as the work of Solovay and Kunen shows; one of the purposes of these notes is to try to describe the combinatorial foundations of this reunification.

(d) Note that Ulam’s theorem, while a large step forward, does not give us a working description of all measure spaces (X, PX, μ), even if we think we understand real-valued-measurable cardinals. Rather, it gives lower bounds to the possible complexity of a non-trivial (X, PX, μ). I will return to this question later (3L-3M, §8).

(e) Because it is relatively consistent with ZFC to suppose that there are no weakly inaccessible cardinals, it is relatively consistent to suppose that every measure space (X, PX, μ) is trivial in the sense of 1A. It remains open, in a sense, whether it is relatively consistent with ZFC to suppose that there is a realvalued-measurable cardinal, and therefore a non-trivial measure space (X, PX, μ). However, very much stronger assertions have been explored systematically in the last two decades, without so far leading to any contradiction; and at present almost no-one is seriously searching for a proof in ZFC that real-valued-measurable cardinals don’t exist. The rest of these notes will tacitly assume that it is consistent to suppose that there is at least one real-valued-measurable cardinal. Those unhappy with such an assumption may however prefer to regard them as preliminary investigations which might eventually lead to a proof by contradiction that there are no real-valued-measurable cardinals. I assure you that such a proof would make you famous enough to justify any effort you put into learning this material.

1F Definition Let κ be a regular uncountable cardinal.

(a) An ideal I of Pκ is normal if it is proper, includes κ (or I could say, contains every subset of κ of cardinal less than κ), and whenever S ∈ Pκ \ I and f : S → κ is regressive (that is, f(ξ) < ξ for every non-zero ξ ∈ S), then there is a ξ < κ such that f^{−1}[{ξ}] /∈ I.

(b) A filter F on κ is normal if its dual ideal {κ \ F : F ∈ F} is normal.

(c) A measure ν on κ is normal if the ideal N_ν is normal.

Remarks The definition of ‘normal’ given here is adapted to the needs of the next theorem, but is not quite standard. For the usual definition, and elementary properties of these ideals and filters, see A1E below. It is worth noting immediately that the intersection of any non-empty family of normal ideals or filters is again a normal ideal or filter.

1G Theorem (a) Let κ be an atomlessly-measurable cardinal. Then there is a Maharam homogeneous normal atomless κ-additive probability with domain Pκ.

(b) Let κ be a two-valued-measurable cardinal. Then there is a normal κ-complete non-principal ultrafilter on κ.

proof In case (a), start from an atomless κ-additive probability ν with domain Pκ. In case (b), start from a κ-complete non-principal ultrafilter F on κ, and construct ν from F by setting νA = 1 if A ∈ F, νA = 0 if A ∈ Pκ \ F. Then in both cases ν is a κ-additive probability with domain Pκ which is zero on singletons.

Let F be the set of all functions f : κ → κ such that νf^{−1}[ζ] = 0 for every ζ < κ. Then there is an f_0 ∈ F such that

ν{ξ : f(ξ) < f_0(ξ)} = 0 ∀ f ∈ F .

PP Note first that if f, g ∈ F then f ∧ g ∈ F , where (f ∧ g)(ξ) = min(f(ξ), g(ξ)) for every ξ ∈ κ. ?? If there is no suitable f_0 ∈ F , then we may define inductively a decreasing family ⟨g_α⟩_{α<ω1} in F , as follows. Set g_0(ξ) = ξ for every ξ < κ; then g_0 ∈ F because ν is κ-additive and zero on singletons. Given g_α ∈ F , take g^′_α ∈ F such that νE_α > 0, where E_α = {ξ : g^′_α(ξ) < g_α(ξ)}, and set g_{α+1} = g_α ∧ g^′_α. Given ⟨g_β ⟩_{β<α}, where α is a non-zero countable limit ordinal, set

g_α(ξ) = min_{β<α}g_β(ξ) ∀ ξ < κ;

then g_α ∈ F because

νg^{−1}_α [ζ] = ν( ⋃ β<α g^{−1}_β [ζ]) = 0 ∀ ζ < κ.

Now consider the family ⟨E_α⟩_{α<ω1} . By A2Mb, there is a ξ < κ such that

A = {α : ξ ∈ E_α}

is infinite. But if ⟨α(n)⟩_{n∈N} is any strictly increasing sequence in A,

g_{α(n)}(ξ) > g^′_{α(n)}(ξ) = g_{α(n)+1}(ξ) ≥ g_{α(n+1)}(ξ)

for every n ∈ N, and ⟨g_{α(n)}(ξ)⟩_{n∈N} is a strictly decreasing sequence of ordinals, which is impossible. XXQQQ Now set ν_0 = νf^{−1}_0 . We see that ν_0 is a κ-additive probability defined on Pκ, because ν is. Because f_0 ∈ F , ν_0{ξ} ≤ νf^{−1}_0 [ξ + 1] = 0 for every ξ < κ, and ν_0 is zero on singletons.

The next step is to show that ν_0 is normal. PP Take S ∈ Pκ \ N_{ν0} , and a regressive function f : S → κ. Extend f to a function g : κ → κ by setting g(ξ) = ξ for ξ ∈ κ \ S. Consider f_1 = g ∘ f_0. Then ν{ξ : f_1(ξ) < f_0(ξ)} ≥ νf^{−1}_0 [S \ {0}] = ν_0(S \ {0}) > 0, so f_1 /∈ F and there is a ζ < κ such that νf^{−1}_1 [ζ] > 0; because ν is κ-additive, there is a ξ < ζ such that 0 < νf^{−1}_1 [{ξ}] = ν_0f^{−1}[{ξ}], because f^{−1}_1 [{ξ}] ⊆ f^{−1}_0 [f^{−1}[{ξ}]] ∪ f^{−1}_0 [{ξ}]. As S and f are arbitrary, ν_0 is normal. QQQ

By A2Hh, there is an E ⊆ κ such that ν_0E > 0 and ν_0⌈E is Maharam homogeneous. Set ν_1A = ν_0(A ∩ E)/ν_0E for every A ⊆ κ; then it is easy to check that ν_1 is a Maharam homogeneous normal κ-additive probability on κ.

Now let us re-examine the two cases (a), (b). In case (a), κ ≤ c so by 1D and 1Eb ν_1 must be atomless, and satisfies the requirements of (a). In case (b), ν takes only the values 0 and 1, so ν_0 also takes only these values, and Pκ \ N_{ν0} is an ultrafilter; an elementary check will confirm that it is κ-complete and normal and non-principal, as demanded by (b).

1H Remarks (a) This theorem is due in the first place to Keisler & Tarski 64, who proved it for two-valued-measurable cardinals; the adaptation to atomlessly-measurable cardinals is due independently to Solovay (Solovay 71), R.Jensen and myself. Part of the proof reappears in 2G; an extension of the theorem, due to Solovay, is in 9B.

(b) The original impulse behind this theorem was the question: can the first (weakly) inaccessible cardinal be real-valued-measurable? The answer is spectacularly negative; I give some of the theorems describing how enormously complicated real-valued-measurable cardinals have to be in §4 below.

(c) It will be convenient to use the phrase normal witnessing probability, in such contexts as ‘Let κ be a real-valued-measurable cardinal, with normal witnessing probability ν’, to mean a normal κ-additive probability with domain Pκ which is zero on singletons, as in 1Ga.

(d) For a proper discussion of the combinatorial properties of real-valued-measurable cardinals, se §5 below. It is however worth remarking now that if ν is a normal witnessing probability on κ and f : κ → κ is any function, then there is a countable set D ⊆ κ such that ν{ξ : ξ < κ, f(ξ) < ξ, f(ξ) /∈ D} = 0. PP Set D = {ζ : νf^{−1}[{ζ}] > 0}; then D is countable. Set S = {ξ : f(ξ) < ξ, f(ξ) /∈ D}. Then f↾S is regressive, and (f↾S)^{−1}[{ζ}] ∈ N_ν for every ζ < κ, so S ∈ N_ν , as claimed. QQQ

(e) Theorem 1Ga speaks of ‘Maharam homogeneous’ normal witnessing probabilities. These are homogeneous in the sense that they have homogeneous measure algebras. But it should be noted that in other senses they are about as inhomogeneous as can be imagined. If ν is a normal probability on κ, and f : κ → κ is any function, set A = {ξ : f(ξ) < ξ}, B = {ξ : f(ξ) = ξ}, C = {ξ : f(ξ) > ξ}. Then there is a countable D such that ν(A \ f^{−1}[D]) = 0 ((d) above). On the other hand, looking at f[C], we have a function g : f[C] → κ given by g(η) = min f^{−1}[{η}] for η ∈ f[C]; now g is regressive and injective, so we must have νf[C] = 0.

Thus our arbitrary f corresponds to a trisection of κ into a negligible piece A\f^{−1}[D], a piece C ∪f^{−1}[D] which is mapped onto a negligible piece, and a piece on which f is the identity. So if we ask, for instance, that f^{−1}[E] should be negligible for every E ∈ N_ν , or that νf[E] should be equal to νE for every E, we must have f(ξ) = ξ for almost every ξ. Accordingly none of the many automorphisms of Pκ/N_ν , other than the identity, can be represented by functions from κ to itself, and if A, B are disjoint non-negligible sets then (A, ν⌈A) and (B, ν⌈B) cannot be isomorphic as measure spaces.

(f) It has been recognised since Solovay 71 that many of the properties of real-valued-measurable cardinals depend not on their measures but on the presence of suitably saturated ideals. It would be possible to begin this work with a study of such ideals, later specializing to real-valued-measurable cardinals. However the general theory remains largely dependent on the special case for its inspiration, so I prefer to relegate it to §9 below.

1I Rvm filters and ideals (a) If κ is a real-valued-measurable cardinal, consider

W = {W : W ⊆ κ, νW = 1 for every normal witnessing probability ν on κ}.

This is an intersection of normal filters, so is a normal filter on κ; I will call it the rvm filter of κ. Similarly, its dual ideal J = ⋂ {N_ν : ν is a normal witnessing probability on κ}

is the rvm ideal of κ.

(b) It is perhaps worth noting an elementary fact. If κ is real-valued-measurable and Z ∈ Pκ \ J , then there is a Maharam homogeneous normal witnessing probability ν on κ such that νZ = 1. (See the end of the proof of 1G.) In particular, if κ is two-valued-measurable and Z ∈ Pκ \ J then there is a normal ultrafilter F on κ containing Z.

∗1J I give here a well-known theorem concerning two-valued-measurable cardinals because it throws light on similar results in §4 below, and it is instructive to contrast the techniques of proof.

Lemma Let κ be a two-valued-measurable cardinal with normal ultrafilter F. Suppose that we have a set F ∈ F and for each α ∈ F an n-place relation C_α on α. Then there is an n-place relation C on κ such that

{α : α ∈ F, C_α = C↾α} ∈ F.

proof For η_1, . . . , η_n < κ write

C(η_1, . . . , η_n) ⇐⇒ {α : C_α(η_1 . . . , η_n)} ∈ F.

Now set

E(η_1, . . . , η_n) = {α : α ∈ F, C_α(η_1, . . . , η_n)} if C(η_1, . . . , η_n), = {α : α ∈ F, ¬C_α(η_1, . . . , η_n)} if ¬C(η_1, . . . , η_n).

so that E(η_1, . . . , η_n) ∈ F. For β < κ set

H_β = ⋂ {E(η_1, . . . , η_n) : η_1, . . . , η_n < β} ∈ F.

Then

H = {α : α ∈ F is a limit ordinal, α ∈ H_β ∀ β < α} ∈ F,

because F is normal (cf. A1E(c-iv)) (cf. A1E(c-iv)). But now C↾α = C_α for every α ∈ H.

∗1K Lemma Let ϕ be a Π^2_0 formula in the third-order language L_3 of A4K below. Let κ be a two-valued-measurable cardinal with normal ultrafilter F. Suppose that F_0 ∈ F and that for each α ∈ F_0 we are given third-order relations A_{α1}, . . . , A_{αl} on α. For i ≤ l let A_i be the third-order relation on κ defined by writing A_i(D_1, . . . , D_r, η_1, . . . , η_s) ⇐⇒ {α : η_j < α ∀ j ≤ s, A_{αi}(D_1↾α, . . . , D_r↾α, η_1, . . . , η_s)} ∈ F for any strings D_1, . . . , D_r of relations on κ and η_1, . . . , η_s of members of κ. If C_1, . . . , C_k are relations on κ and ξ_1, . . . , ξ_m < κ, then (κ; A_1, . . . , A_l; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ ⇐⇒ {α : α < κ, (α; A_{α1}, . . . , A_{αl}; C_1↾α, . . . , C_k↾α; ξ_1, . . . , ξ_m) ⊨ ϕ} ∈ F.

proof Induce on the length of ϕ.

(a) If ϕ is of the form S(R_1, . . . , x_n) or R(x_1, . . . , x_n) we have just to observe that A_i(C_{j1} , . . . , ξ_{jn} ) ⇐⇒ {α : A_{αi}(C_{j1} ↾α, . . . , ξ_{jn} )} ∈ F, C_i(ξ_{j1} , . . . , ξ_{jn} ) ⇐⇒ {α : (C_i↾α)(ξ_{j1} , . . . , ξ_{jn} )} ∈ F.

(b) If ϕ is of one of the forms ¬ψ, ψ ∧ χ, ψ ∨ χ, . . . the inductive step is easy (using the fact that F is an ultrafilter for the case ¬ψ).

(c) Suppose ϕ is of the form ∀Sψ. Set F = {α : (α; A_{α1}, . . . , A_{αl}; C_1↾α, . . . , C_k↾α; ξ_1, . . . , ξ_m) ⊨ ϕ}.

(i) If F ∈ F take any relation C on α of the same number of places as the variable S. For each α ∈ F we have (α; A_{α1}, . . . , A_{αl}; C_1↾α, . . . , C↾α, . . . , C_k↾α; ξ_1, . . . , ξ_m) ⊨ ψ, where C↾α is interpolated into the string C_1↾α, . . . , C_k↾α in such a way as to assign it to the variable S in ψ. By the inductive hypothesis, (κ; A_1, . . . , A_l; C_1, . . . , C, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ψ, so, as C is arbitrary, (κ; A_1, . . . , A_l; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ.

(ii) If F /∈ F then for each α ∈ κ \ F choose a relation B_α on α, of the same number of places as S, such that (κ; A_{α1}, . . . , A_{αl}; C_1↾α, . . . , B_α, . . . , C_k↾α; ξ_1, . . . , ξ_m) ⊨ ¬ψ.

Let B be the relation on κ derived from ⟨B_α⟩_{α∈κ\F} as in 1J, so that E = {α : α ∈ κ \ F, B_α = B↾α} ∈ F.

Then (α; A_{α1}, . . . , A_{αl}; C_1↾α, . . . , B↾α, . . . , C_k↾α; ξ_1, . . . , ξ_m) ⊭ ψ, for every α ∈ E, so (κ; A_1, . . . , A_l; C_1, . . . , B, . . . , C_k; ξ_1, . . . , ξ_m) ⊭ ψ, by the inductive hypothesis, and (κ; A_1, . . . , A_l; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊭ ∀Sψ.

This deals with the inductive step to ϕ = ∀Sψ.

(d) If ϕ is of the form ∀xψ the same procedure works. For the case F ∈ F we copy (c-i) but with a new ordinal ζ interpolated into the string ξ_1, . . . , ξ_m rather than a new relation B interpolated into the string

C_1, . . . , C_k. For the case F /∈ F we take a witnessing family ⟨ζ_α⟩_{α∈κ\F} in place of ⟨B_α⟩_{α∈κ\F} , and note that because F is normal and α → ζ_α is regressive, there is a ζ < κ such that E = {α : ζ_α = ζ} ∈ F, so that (κ; A_1, . . . , A_l; C_1, . . . , C_k ; ξ_1, . . . , ζ, . . . , ξ_m) ⊭ ψ.

(e) If ϕ is of the form ∃Sψ it is logically equivalent to ¬∀S¬ψ so (b)-(c) deal with it. Similarly, (b) and (d) deal with the case ∃xψ.

∗1L Theorem If κ is a two-valued-measurable cardinal, it is Π^2_1-indescribable, and its Π^2_1-filter is included in its rvm filter.

proof Let ϕ be a formula of the language L_3 (A4K) of the form ∀R_1 . . . ∀R_lψ, where ψ is a Π^2_0 formula in L_3 in which the only third-order variables are in the list R_1, . . . , R_l, and let F be a normal ultrafilter on κ. Let C_1, . . . , C_k, ξ_1, . . . , ξ_m be such that (κ; ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ. Set F = {α : α < κ, (α; ; C_1, . . . , ξ_m) ⊨ ϕ}.

?? If F /∈ F then for α ∈ κ \ F let A_{α1}, . . . , A_{αl} be third-order relations on α such that (α; A_{α1}, . . . , A_{αl}; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ¬ψ.

For each i ≤ l let A_i be the third-order relation on κ given by saying that

A_i(D_1, . . . , D_r, η_1, . . . , η_s) ⇐⇒ {α : η_j < α ∀ j ≤ s, A_{αi}(D_1↾α, . . . , D_r↾α, η_1, . . . , η_s)} ∈ F for all second-order relations D_1, . . . , D_r on κ and ordinals η_1, . . . , η_s < κ. It follows from Lemma 1K that (κ; A_1, . . . , A_r; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ¬ψ) and (κ; ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ¬ϕ, which is absurd. XX

Thus F ∈ F. But sets of the form of F form a base for the Π^2_1-filter of κ, so every set in that filter belongs to F; as F was arbitrary, the Π^2_1-filter of κ is included in its rvm filter.

Remark This is due to Hanf & Scott 61. See also Drake 74, §9.3, Jech 78, p. 385, Lemma 32.2 and Kanamori & Magidor 78, §I.4.

1M Ergodic theory Going a little deeper into the question considered in 1He above, we have the following, largely due to Zakrzewski 91. Proposition Let (X, PX, μ) be a probability space.

(a) Let G be the group of measure-preserving bijections of X. Then there is a partition K of X into finite sets such that G is precisely the set of bijections g : X → X such that μ( ⋃ {K : K ∈ K, g[K] ≠ K}) = 0.

(b) Let G^∗ be the group of bijections g : X → X such that N_μ = {g^{−1}[A] : A ∈ N_μ}. Then there is a partition L of X into countable sets such that G^∗ is precisely the set of bijections g : X → X such that μ( ⋃ {L : L ∈ L, g[L] ≠ L}) = 0.

proof (a)(i) Let us note first that if H ⊆ G is a countable subgroup, E ⊆ X is any set, and f : E → X is an injection such that f(x) ∈ Orb_H (x) = {h(x) : h ∈ H} for every x ∈ E, then μf[E] = μE. PP Let ⟨h_n⟩_{n∈N} run over H. For each n ∈ N set E_n = {x : x ∈ E, f(x) = h_n(x), f(x) ≠ h_i(x) ∀ i < n}.

Then μf[E_n] = μh_n[E_n] = μE_n for each n, so μf[E] = ∑ n∈N μf[E_n] = ∑ n∈N μE_n = μE. QQQ (ii) It follows that if H ⊆ G is a countable subgroup then E = {x : Orb_H (x) is infinite} is negligible.

PP Of course h(x) ∈ E for h ∈ H, x ∈ E. Next, E (if it is not empty) has a partition ⟨E_n⟩_{n∈N} such that for each x ∈ E, n ∈ N the intersection E_n ∩ Orb_H (x) consists of a single point. Now for any m, n ∈ N we have a bijection f : E_m → E_n defined by saying that f(x) is the unique member of Orb_H (x) ∩ E_n; by (i), μE_n = μE_m. As μE is certainly finite, it must be 0. QQQ

(iii) For any ϵ > 0 there is a finite set F ⊆ G such that μ{x : g(x) /∈ {f(x) : f ∈ F }} ≤ ϵ for every g ∈ G. PP?? Otherwise we can choose ⟨g_n⟩_{n∈N} in G inductively so that μE_n ≥ ϵ for every n ∈ N, where E_n = {x : g_n(x) ≠ g_i(x) ∀ i < n} for each n. Let H be the subgroup of G generated by ⟨g_n⟩_{n∈N}; then H is countable. Set E = ⋂ n∈N ⋃ i≥n E_i; then μE ≥ ϵ and Orb_H (x) is infinite for every x ∈ E, contradicting (ii) just above. XXQQQ

(iv) So there is a countable subgroup H of G such that μ{x : g(x) /∈ Orb_H (x)} = 0 for every g ∈ G. By (ii) again, F = {x : Orb_H (x) is infinite} is negligible. Set K = {Orb_H (x) : x ∈ X \ F } ∪ {{x} : x ∈ F }; then K is a partition of X into finite sets. Let ⟨h_n⟩_{n∈N} run over H.

(v) Let g : X → X be a bijection and set A = ⋃ {K : K ∈ K, g[K] ≠ K}.

If μA = 0, then g(x) ∈ Orb_H (x) for every x ∈ X \ A. So μg[E] = μE for every E ⊆ X \ A, by (i). As g[A] = A ∈ N_μ, μg[E] = μE for every E ⊆ X, i.e., g ∈ G.

If g ∈ G set D = {x : g(x) /∈ Orb_H (x)}; then μD = 0, by the choice of H. Set C = F ∪ ⋃ h∈H h[D]; then μC = 0. If K ∈ K and g[K] ≠ K then K ⊆ C; thus A ∈ N_μ, and K is the required partition.

(b)(i) If H ⊆ G^∗ is a subgroup of cardinal at most ω_1, E ⊆ X is any set, and g : E → X is an injection such that g(x) ∈ Orb_H (x) for every x ∈ E, then E ∈ N_μ iff g[E] ∈ N_μ; the argument is the same as for (a-i) above, but now using the fact that μ is ω_2-additive (1D).

(ii) Next, if H ⊆ G^∗ is a subgroup of cardinal at most ω_1, then {x : Orb_H (x) is uncountable} is negligible; the argument is the same as for (a-ii) above.

(iii) There is a countable subgroup H of G^∗ such that

μ{x : g(x) /∈ Orb_H (x)} = 0

for every g ∈ G^∗. PP?? If not, we can choose ⟨g_ξ⟩_{ξ<ω1} in G^∗ inductively so that μE_ξ > 0 for every ξ, where E_ξ = {x : g_ξ(x) ≠ g_η(x) ∀ η < ξ}. Let H be the subgroup of G^∗ generated by {g_ξ : ξ < ω_1}, and set E = ⋂ ξ<ω_1 ⋃ η≥ξ E_η ; then (because μ is ω_2-additive) μE ≥ lim sup_{ξ→ω1} μE_ξ > 0, while Orb_H (x) is unocuntable for every x ∈ E, which is impossible. XXQQQ

(iv) Now take L to be the set of orbits of H. Let g : X → X be a bijection and set A = ⋃ {L : L ∈ L, g[L] ≠ L}.

If A ∈ N_μ, then g(x) ∈ Orb_H (x) for every x ∈ X \ A, while also g[A] = A; it follows that g ∈ G^∗ as in (a-v) above.

If g ∈ G^∗, set D = {x : g(x) /∈ Orb_H (x)} ∈ N_μ, C = ⋃ h∈H h[D]; then A ⊆ C ∈ N_μ. Thus L witnesses the truth of (b).

Remark Compare 9E. In this proposition I have tried to give a succinct but adequate description of the structure involved. Many corollaries can be drawn concerning both G and G^∗ and the corresponding subgroups of Aut(PX/N_μ); see Zakrzewski 91.

Version of 10.12.91

2. Solovay’s Theorems

As remarked in 1Ee, there cannot be a proof in ZFC that real-valued-measurable cardinals exist. It remains just conceivable that there is a proof that two-valued-measurable cardinals or atomlessly-measurable cardinals do not exist. However, if one of these gives a difficulty, so does the other; this is the main result of Solovay 71, covered in 2A-2D. The method of proof in 2C is important because it provides a technique - to date the only technique known - for proving the relative consistency of further propositions with the existence of an atomlessly-measurable cardinal, as in 2I. I therefore spell out some of the properties of the construction relevant to questions considered later in this paper (2H, 2J, 2K).

This material belongs to the ‘metamathematical’ part of the subject, and as I said in the Introduction I seek to avoid reliance on such methods; only the second half of §4 and a few paragraphs elsewhere will depend on them in a formal sense. Historically, however, these ideas have been dominant in the development of the subject, and they remain an invaluable guide.

2A Forcing I try to follow Kunen 80 for the theory and notation of forcing. In particular, a p.o.set is a triple (P, ≤, 11_P) such that

p ≤ p ∀ p ∈ P,

if p ≤ q and q ≤ r then p ≤ r,

11_P ∈ P and p ≤ 11_P ∀ p ∈ P;

and ‘p ≤ q’ means that p is a stronger condition than q. Two elements p, q of P are incompatible if there is no r ∈ P such that r ≤ p and r ≤ q. A set A ⊆ P is an antichain (‘down-antichain’ in Fremlin 84) if p and q are incompatible for all distinct p, q ∈ A. A set D ⊆ P is dense (‘coinitial’ in Fremlin 84) if for any p ∈ P there is a q ∈ D such that q ≤ p.

If P is any p.o.set, it has a natural topology (the ‘down-topology’ of Fremlin 84) generated by sets of the form {q : q ≤ p} as p runs through P. Let A be the algebra of regular open sets for this topology (Fremlin 84, §12). For p ∈ P write p^∗ for the corresponding member of A, viz.

int{q : q ≤ p} = {q : every r ≤ q is compatible with p}.

The map p → p^∗ : P → A \ {0} is a dense embedding in the sense of Kunen 80.

2B Random real p.o.sets A random real p.o.set is a p.o.set P such that there is a functional μ : P → ]0, 1] such that (i) μ11_P = 1 (ii) if p ∈ P and A is a maximal antichain in {q : q ≤ p}, then μp = ∑ a∈A μa.

It is fairly easy to see that P is a random real p.o.set in this sense iff the regular open algebra of P is a measurable algebra in the sense of A2Fc. Consequently forcing with any random real p.o.set corresponds to forcing with a measurable algebra, which by Maharam’s theorem (A2I) is reducible to some assembly of forcings with the standard homogeneous measure algebras based on powers of {0, 1} (A2G).

The idea of this definition is to unify the two examples with which we shall be concerned: (i) P = A \ {0}, where A is a non-zero measurable algebra; (ii) P = Σ \ N_μ, where (X, Σ, μ) is a probability space. But it is also worth noting that if P is a random real p.o.set and Q is a dense subset of P containing 11_P, then Q is a random real p.o.set.

2C Theorem If κ is a real-valued-measurable cardinal and P is a random real p.o.set then

⊩_P κ̌ is real-valued-measurable.

proof Let A be the regular open algebra of P; fix on a μ̄ such that (A, μ̄) is a probability algebra, and let ν be a witnessing probability on κ. For each P-name σ for a subset of κ let ⟨a_ξ(σ)⟩_{ξ<κ} be the family in A defined by the formula

a_ξ(σ) = sup{p^∗ : p ⊩_P ξ̌ ∈ σ}.

Define u_σ ∈ L^∞(A) by writing ∫ a u_σ dμ̄ = ∫ μ̄(a_ξ (σ) ∩ a) ν(dξ)

for every a ∈ A; this is well-defined because the functional a → ∫ μ̄(a_ξ (σ) ∩ a) ν(dξ)

is additive and dominated by μ̄ (A2Fg). Observe that if σ, σ^′ are both names for subsets of κ and p ⊩_P σ = σ^′, then p^∗ ∩ a_ξ (σ) = p^∗ ∩ a_ξ (σ^′) for every ξ < κ, so that u_σ × χ(p^∗) = u_σ′ × χ(p^∗). We therefore have a P-name ν̃ for a function from Pκ to [0, 1] such that, for any rational numbers s, t,

p ⊩_P š ≤ ν̃(σ) ≤ ť iff sχ(p^∗) ≤ u_σ × χ(p^∗) ≤ tχ(p^∗).

(The point is that if p ⊩_P σ = σ^′, then u_σ × χ(p^∗) = u_σ′ × χ(p^∗) so p ⊩_P ν̃(σ) = ν̃(σ^′).)

Now we have to check the properties of ν̃.

(i) If σ_1, σ_2 and σ are P-names for subsets of κ and ⊩_P σ_1 ∩ σ_2 = ˇ∅, σ_1 ∪ σ_2 = σ then a_ξ (σ_1) ∩ a_ξ(σ_2) = 0 ∀ ξ < κ, a_ξ(σ) = a_ξ(σ_1) ∪ a_ξ (σ_2) ∀ ξ < κ.

So if a ∈ A, μ̄(a ∩ a_ξ (σ)) = μ̄(a ∩ a_ξ(σ_1)) + μ̄(a ∩ a_ξ(σ_2)) ∀ ξ < κ, ∫ a u_σ dμ̄ = ∫ a u_{σ1} dμ̄ + ∫ a u_{σ2} dμ̄.

Accordingly u_σ = u_{σ1} + u_{σ2} in L^∞(A), and ⊩_P ν̃(σ) = ν̃(σ_1) + ν̃(σ_2).

Thus ⊩_P ν̃ is finitely additive.

(ii) If ζ < κ and σ is a P-name for {ζ} then a_ξ (σ) = 0 for every ξ ≠ ζ so ∫ μ̄a_ξ (σ) ν(dξ) = 0 and u_σ = 0 and ⊩_P ν̃(σ) = ˇ0.

(iii) Similarly, u_{κ̌} = χ(1) so ⊩_P ν̃(κ̌) = ˇ1.

(iv) If λ < κ and ⟨σ_α⟩_{α<λ} is a family of P-names for subsets of κ with ⊩_P ⋃ α<λ̌ σα = κ̌, σα ∩ σβ =

ˇ∅ ∀ α ≠ β, then a_ξ(σ_α) ∩ a_ξ(σ_β ) = 0 whenever ξ < κ, α < β < λ, and sup_{α<λ}a_ξ (σ_α) = 1 in A for every ξ < κ. So μ̄a = ∑ α<λ μ̄(a_ξ (σ_α) ∩ a) ∀ ξ < λ, a ∈ A, and (because ν is κ-additive and λ < κ) μ̄a = ∑ α<λ ∫ μ̄(a_ξ (σ_α) ∩ a) ν(dξ) ∀ a ∈ A.

Accordingly ∑ α<λ u_{σα} = χ(1) in L^∞(A). Now if p ∈ P, t < 1 there must be a non-zero a ⊆ p^∗ and β(0), . . . , β(n) < λ, t_0, ..., t_n > 0 such that ∑ i≤n t_i ≥ t and t_iχ(a) ≤ u_{σβ(i)} for each i ≤ n. There is a p_1 ∈ P such that p^∗_1 ⊆ a, and p_1 ⊩_P ν̃(σ_{β(i)}) ≥ ť_i for every i ≤ n, so that p_1 ⊩_P ∑ α<λ ν̃(σ_α) ≥ ť.

As p and t are arbitrary, ⊩_P ∑ α<λ ν̃(σ_α) ≥ ˇ1.

As ⟨σ_α⟩_{α<λ} is arbitrary, ⊩_P ν̃ is κ̌-additive.

Thus ν̃ witnesses that ⊩_P κ̌ is real-valued-measurable.

Remark This is due to Solovay and Kunen (Solovay 71, Theorem 7.) For a version of the proof which incorporates the relevant part of the Radon-Nikodým theorem, see Jech 78, p. 423, Lemma 34.6.

2D Theorem If κ is an uncountable cardinal and I is a proper κ-saturated κ-additive ideal of Pκ containing singletons, then L(I) ⊨ GCH + κ is two-valued-measurable.

proof Solovay 71, Theorem 6, or Jech 78, p. 416, Theorem 82a.

2E Corollary The following are equiconsistent:

(a) ‘ZFC + there is a two-valued-measurable cardinal’; (b) ‘ZFC + there is an atomlessly-measurable cardinal’; (c) ‘ZFC + there is a real-valued-measurable cardinal’; (d) ‘ZFC + c is atomlessly-measurable’;

(e) ‘ZFC + GCH + there is a two-valued-measurable cardinal’.

proof For (a)⇒(d), use 2C with P = A_κ \ {0}, where A_κ is the measure algebra of {0, 1}^κ with its usual measure. (d)⇒(b)⇒(c) and (e)⇒(a) are trivial. (c)⇒(e) is covered by 2D.

2F Definition If X and Y are sets and I is an ideal of subsets of X then I write Tr_I (X; Y ) for sup{#(F ) : F ⊆ Y^X , {x : f(x) ≠ g(x)} ∈ I whenever f, g ∈ F and f ≠ g}.

2G Lemma Let (X, PX, ν) be a probability space and Y any set. Then Tr_{Nν} (X; Y ) is attained, in the sense that there is a set G ⊆ Y^X such that #(G) = Tr_{Nν} (X; Y ) and {x : x ∈ X, g(x) ≠ g^′(x)} ∈ N_ν for all distinct g, g^′ ∈ G.

proof It is enough to consider the case in which Y = λ is a cardinal, and the case of finite λ is elementary, so I suppose from now on that λ ≥ ω. Set θ = Tr_{Nν} (X; λ).

(a) If H ⊆ λ^X is such that F = {f : f ∈ λ^X , {x : f(x) ≤ h(x)} ∈ N_ν ∀ h ∈ H} ≠ ∅, then there is an f_0 ∈ F such that {x : f(x) < f_0(x)} ∈ N_ν for every f ∈ F .

PP?? If not, choose a family ⟨f_ξ⟩_{ξ<ω1} in F inductively, as follows. f_0 is to be any member of F . Given f_ξ, there is an f ∈ F such that {x : f(x) < f_ξ(x)} /∈ N_ν ; set f_{ξ+1}(x) = min(f(x), f_ξ (x)) for every x; then f_{ξ+1} ∈ F . Given that f_η ∈ F for every η < ξ, where ξ < ω_1 is a non-zero limit ordinal, set f_ξ(x) = min_{η<ξ} f_η(x) for each x; then for any h ∈ H we shall have {x : f_ξ(x) ≤ h(x)} = ⋃ η<ξ {x : f_η(x) ≤ h(x)} ∈ N_ν , so f_ξ ∈ F and the induction continues.

Now consider E_ξ = {x : f_{ξ+1}(x) < f_ξ(x)} ∈ PX \ N_ν for ξ < ω_1. By A2Mb there is an x ∈ X such that A = {ξ : x ∈ E_ξ} is infinite. But if ⟨ξ(n)⟩_{n∈N} is any strictly increasing sequence in A, ⟨f_{ξ(n)}(x)⟩_{n∈N} is a strictly decreasing sequence of ordinals, which is impossible. XXQQQ

(b) We may therefore choose a family ⟨g_ξ ⟩_{ξ<α} in λ^X as follows. Given ⟨g_η ⟩_{η<ξ}, set F_ξ = {f : f ∈ λ^X , {x : f(x) ≤ g_η(x)} ∈ N_ν ∀ η < ξ}.

If F_ξ = ∅, set α = ξ and stop. If F_ξ ≠ ∅ choose g_ξ ∈ F_ξ such that {x : f(x) < g_ξ(x)} ∈ N_ν for every f ∈ F_ξ, and continue. Note that for n < ω, g_n(x) = n for ν-almost every x ∈ X (this is a simple induction on n), so that α ≥ ω.

(c) Because g_ξ ∈ F_ξ , {x : g_ξ(x) = g_η(x)} ∈ N_ν whenever η < ξ < α, so #(α) ≤ θ. On the other hand, suppose that F ⊆ λ^X is such that {x : f(x) = f^′(x)} ∈ N_ν for all distinct f, f^′ ∈ F . For each f ∈ F , set ζ^′_f = min{ξ : ξ ≤ α, f /∈ F_ξ };

this must be defined because F_α = ∅. Also F_0 = λ^X and F_ξ = ⋂ η<ξ F_η if ξ ≤ α is a non-zero limit ordinal, so ζ^′_f must be a successor ordinal; let ζ_f be its predecessor. We have f ∈ F_{ζf} and {x : f(x) < g_{ζf} (x)} ∈ N_ν , {x : f(x) ≤ g_{ζf} (x)} /∈ N_ν , so that E_f = {x : f(x) = g_{ζf} (x)} /∈ N_ν .

If f, f^′ are distinct members of F and ζ_f = ζ_f ′ , then E_f ∩ E_f ′ ∈ N_ν . So {f : f ∈ F, ζ_f = ζ} must be countable for every ζ < α, and #(F ) ≤ max(ω, #(α)) = #(α). As F is arbitrary, θ ≤ #(α).

(d) Accordingly we may take G = {g_ξ : ξ < α}. Remark Compare 1G.

2H Proposition Suppose that κ is a two-valued-measurable cardinal and that λ ≥ κ. Let (A_λ, μ̄_λ) be the measure algebra of {0, 1}^λ with its usual measure, and set P = A_λ \ {0}. Let ν be a {0, 1}-valued κ-additive measure with domain Pκ, zero on singletons. Write N for the ideal of Lebesgue negligible subsets of R.

(a) Set ζ = Tr_{Nν} (κ; λ). Construct the P-name ν̃ for a measure on κ as in 2C. Then ⊩_P ν̃ is Maharam homogeneous with Maharam type ζ̌.

(b) Set α = λ^ω , the cardinal power. Then ⊩_P cov(R, N ) = c = α̌.

proof (a)(i) By 2G, there is a family ⟨g_α⟩_{α<ζ} in λ^κ such that {ξ : g_α(ξ) = g_β(ξ)} ∈ N_ν whenever α < β < ζ. Fix a stochastically independent family ⟨e_η ⟩_{η<λ} in A_λ with μ̄_λe_η =^1_2 for every η. For each α < ζ let σ_α be a P-name for a subset of κ such that e_{gα(ξ)} ⊩_P ξ̌ ∈ σ_α, 1 \ e_{gα(ξ)} ⊩_P ξ̌ /∈ σ_α.

Then ⊩_P ν̃( ⋂ α∈I σ_α) = 2^{−#(I)} for every non-empty finite I ⊆ ζ. So ⊩_P ⟨σ_α⟩_{α<}ˇ_ζ is stochastically independent and ⊩_P for every A ∈ Pκ̌ \ N_{ν̃} the Maharam type of ν̃⌈A is at least ζ̌.

(ii) Suppose that p ∈ P and that ⟨σ_α⟩_{α<θ} is a family of P-names for subsets of κ such that p ⊩_P ν̃(σ_α△σ_β ) ≥ 3ϵ > 0 for all α < β < θ. Then, writing F for the filter {A : νA = 1}, lim_{ξ→F} μ̄_λ(p ∩ (a_ξ (σ_α)△a_ξ(σ_β ))) ≥ 3ϵμ̄_λp ∀ α < β < θ, defining a_ξ(σ) as in 2C, but regarding them as members of P itself. Take a metrically dense subset D of A_λ of cardinal λ; take d_{αξ} ∈ D with μ̄_λ(d_{αξ} △a_ξ(σ_α)) ≤ ϵμ̄_λp for all ξ < κ, α < θ; then lim_{ξ→F} μ̄_λ(p ∩ (d_{αξ} △d_{βξ})) > 0 ∀ α < β < θ.

Consequently ⟨⟨d_{αξ} ⟩_{ξ<κ}⟩_{α<θ} witness that θ ≤ Tr_{Nν} (κ; D) = Tr_{Nν} (κ; λ) = ζ. This shows that ⊩_P the metric density of Pκ̌/N_{ν̃} is at most ζ̌;

but as remarked in A2Hi, this is just ⊩_P the Maharam type of ν̃ is at most ζ̌.

(b)(i) We have ⊩_P c ≤ α̌ because #(P) = α = #(P)^ω (see A2Hb) and P is ccc; see Jech 78, Lemma 19.4.

(ii) We need to know the following fact: if θ < α and ⟨I_ξ ⟩_{ξ<θ} is any family in [λ]^{≤ω} , there is a K ∈ [λ]^ω such that K ∩ I_ξ is finite for every ξ < θ. PP If θ < λ this is trivial. If θ ≥ λ, let β be the least cardinal such that β^ω > θ; then c < β ≤ λ ≤ θ and β^ω > max(β, sup_{γ<β} γ^ω), so cf(β) = ω. Let ⟨β_n⟩_{n∈N} be a strictly increasing sequence of infinite cardinals with supremum β. For each n ∈ N let ϕ_n : [n × β_n]^{<ω} → β_{n+1} \ β_n be an injective function, and for x : N → β set

K_x = {ϕ_n(x ∩ (n × β_n)) : n ∈ N} ⊆ β ⊆ λ,

identifying x with a subset of N × β. Then each K_x is infinite and K_x ∩ K_y is finite whenever x ≠ y. Consequently, for any ξ < θ, {x : K_x ∩ I_ξ is infinite} = {x : ∃ I ∈ [I_ξ ]^ω , I ⊆ K_x}

has cardinal at most c. Because β^ω > max(c, θ), there is some x such that K_x ∩ I_ξ is finite for every ξ, and this will serve for K. QQQ

(iii) The argument of Theorem 3 of Miller 82 now shows that ⊩_P cov(R, N ) ≥ α̌.

Because cov(R, N ) ≤ c, we’re done.

Remark The result (b) is well known if λ^ω = λ; see for instance Kunen 84, 3.14 and 3.19. For λ^ω > λ it is less familiar.

Maharam’s theorem (A2I) tells us that any random real forcing must correspond to some forcing of the type described in this proposition. Consequently any atomlessly-measurable cardinal constructed by Solovay’s method from a {0, 1}-valued measure must have a homogeneous measure algebra.

2I Corollary The following are equiconsistent: (a) ‘ZFC + there is a two-valued-measurable cardinal’;

(b) ‘ZFC + there is an atomlessly-measurable cardinal κ, with witnessing probability ν, such that the Maharam type of ν is c = 2^κ’;

(c) ‘ZFC + there is an atomlessly-measurable cardinal κ, with witnessing probability ν, such that the Maharam type of ν is κ^{(+ω)}, while c = 2^κ = κ^{(+ω+1)}’.

proof For (b)⇒(a) and (c)⇒(a) we have 2D-2E. For (a)⇒(b), apply 2H, starting from a two-valued-mea-surable cardinal κ, and using λ = 2^κ. For (a)⇒(c), 2E(a)⇒(e) tells us that we may assume GCH and take a two-valued-measurable cardinal κ with witnessing probability ν. If we now take λ = κ^{(+ω)}, we shall have Tr_{Nν} (κ; λ) = λ. PP Take F ⊆ λ^κ such that {ξ : f(ξ) = g(ξ)} ∈ N_ν for all distinct f, g ∈ F . For each n ∈ N set F_n = {f : f ∈ F, νf^{−1}[κ^{(+n)}] > 0}. Then F = ⋃ n∈N F_n. If f, g are distinct members of F_n, then f ∩ (κ × κ^{(+n)}) ≠ g ∩ (κ × κ^{(+n)}), and #(P(κ × κ^{(+n)})) = κ^{(+n+1)} ≤ λ. So #(F_n) ≤ λ for every n and #(F ) ≤ λ. This shows that Tr_{Nν} (κ; λ) ≤ λ; but the reverse inequality is trivial. QQQ

Also λ < λ^ω ≤ 2^λ = κ^{(+ω+1)}; so applying 2H we get ⊩_P the Maharam type of ν̃ is κ̌^{(+ω)},

⊩_P c = κ̌^{(+ω+1)}.

But because #(P)^κ = κ^{(+ω+1)},

⊩_P 2^{κ̌} ≤ κ̌^{(+ω+1)},

so we have the (relative) consistency of (c).

2J Proposition Let κ be a real-valued-measurable cardinal with rvm ideal J , and let P be a random real p.o.set.

(a) If ν is a witnessing probability on κ and ν̃ the corresponding P-name as in 2C, then (i) for any B ⊆ κ,

⊩_P ν̃B̌ = (νB)^∨.

(ii) ⊩_P N_{ν̃} is the ideal of Pκ̌ generated by Ň_ν . (iii) If ν is normal, then ⊩_P ν̃ is normal.

(b) If ν̇ is a P-name for a witnessing probability on κ, then there is a witnessing probability ν_1 on κ such that N_{ν1} = {B : B ⊆ κ, ⊩_P ν̇B̌ = ˇ0}.

If moreover ⊩_P ν̇ is normal, then ν_1 is normal.

(c) ⊩_P the rvm ideal of κ̌ is the ideal of Pκ̌ generated by J̌ .

proof Take A and μ̄ as in 2C.

(a)(i) If B ⊆ κ then a_ξ (B̌) = 1 if ξ ∈ B, 0 if ξ /∈ B; so ∫ a μ̄(a_ξ(B̌))ν(dξ) = μ̄a.νB for every a ∈ A and ⊩_P ν̃B̌ = (νB)^∨.

(ii) Let σ be a P-name such that ⊩_P ν̃σ = ˇ0. Let ⟨a_ξ (σ)⟩_{ξ<κ} be the corresponding family in A. Then ∫ μ̄(a_ξ (σ))ν(dξ) = 0, so B = {ξ : μ̄(a_ξ(σ)) > 0} ∈ N_ν . Now ⊩_P σ ⊆ B̌ ∈ Ň_ν .

(iii) Suppose that ν is normal. Let ⟨σ_ξ ⟩_{ξ<κ} be a family of P-names for ν̃-negligible subsets of κ and let σ be a P-name such that ⊩_P σ = {η : ∃ ξ < η, η ∈ σ_ξ }.

For each ξ < κ we have a B_ξ ∈ N_ν such that ⊩_P σ_ξ ⊆ B̌_ξ; set B = {η : ∃ ξ < η, η ∈ B_ξ}. Because ν is normal, B ∈ N_ν , and ⊩_P ν̃B̌ = ˇ0. But also if η < κ, p ∈ P and p ⊩_P η ∈ σ, then there are p^′ ≤ p and ξ < η such that p^′ ⊩_P η ∈ σ_ξ, so that η ∈ B_ξ and η ∈ B. Thus ⊩_P σ ⊆ B̌ and ⊩_P ν̃σ = ˇ0.

(b) For each B ⊆ κ we have a unique u_B ∈ L^∞(A) representing ν̇B̌ in the sense that for any rational numbers s, t and any p ∈ P, p ⊩_P š ≤ ν̇B̌ ≤ ť ⇐⇒ sχ(p^∗) ≤ u_B × χ(p^∗) ≤ tχ(p^∗). Set ν_1B = ∫ u_B dμ̄.

Then the same computations as in 2C, taken in reverse, show that ν_1 is a κ-additive probability, zero on singletons; while ν_1B = 0 iff u_B = 0 iff ⊩_P ν̇B̌ = ˇ0.

If ⊩_P ν̇ is normal, then take any family ⟨B_ξ ⟩_{ξ<κ} in N_{ν1} and set B = {η : ∃ ξ < η, η ∈ B_ξ}. Then

⊩_P B̌ = {η : ∃ ξ < η, η ∈ B̌_ξ};

so ⊩_P ν̇B̌ = ˇ0 and ν_1B = 0. Thus ν_1 is normal.

(c)(i) If B ∈ J and ν̇ is a P-name for a normal witnessing probability on κ, then take ν_1 as in (b); we must have ν_1B = 0 so ⊩_P ν̇B̌ = ˇ0.

(ii) If σ is a P-name for a member of the rvm filter of κ in V^P, let ⟨a_ξ (σ)⟩_{ξ<κ} be the corresponding family in A, and set B = {ξ : a_ξ (σ) ≠ 0}. Then ⊩_P σ ⊆ B̌. If ν is any normal witnessing probability on κ and ν̃ the corresponding P-name, then ⊩_P ν̃σ = ˇ0, so as in (a)(ii) above we must have νB = 0. As ν is arbitrary, B ∈ J and ⊩_P σ ⊆ B̌ ∈ J̌ .

2K Theorem If κ is a two-valued-measurable cardinal and F is a normal ultrafilter on κ, then L(F) ⊨ κ is two-valued-measurable and F ∩ L(F) is the rvm filter of κ.

proof Kunen 70, §6, or Jech 78, Theorem 76, p. 373.

2L Corollary The following are equiconsistent: (a) ‘ZFC + there is a two-valued-measurable cardinal’;

(b) ‘ZFC + there is a two-valued-measurable cardinal in which the rvm filter is an ultrafilter’; (c) ‘ZFC + there is an atomlessly-measurable cardinal in which the rvm ideal is the ideal of negligible sets for a normal witnessing probability’.

proof (a)⇒(b) is covered by 2K. For (b)⇒(c), start with a two-valued-measurable cardinal in which the rvm filter is an ultrafilter, and use 2C with P = A_κ \ {0}, as in 2E. Then the rvm ideal of κ in V^P is generated by J , the rvm ideal of κ in V , by 2Jc. But if ν̃ is the P-name for a witnessing probability on κ derived from the {0, 1}-valued probability ν associated with J , then the null ideal of ν̃ in V^P is also generated by J , by 2J(a-ii); and therefore coincides with the rvm ideal, as required.

Finally, (c)⇒(a) is covered by 2D-2E above.

Version of 22.11.91

3. The Gitik-Shelah theorem

I come now to the most striking development in the theory of real-valued-measurable cardinals since the work of Solovay and Kunen in the late sixties. Recall that Maharam’s theorem (A2I) gives us a complete description of all probability algebras, and that consequently almost the first question to ask of any probability space is what its measure algebra is. In particular, we ask this of (κ, Pκ, ν) when κ is real-valued-measurable and ν is a κ-additive probability on κ. If κ is two-valued-measurable, (κ, Pκ, ν) is purely atomic and there is nothing of interest to say about its measure algebra. But if κ is atomlessly-measurable, there is a great deal more to it. The Gitik-Shelah theorem (3F-3G) tells us that in this case Pκ/N_ν is at least of the order of complexity achieved if ν is constructed from a κ-complete ultrafilter with Solovay’s random reals.

This chapter is devoted to a proof of this theorem. The original paper Gitik & Shelah 89 relied heavily on generic-ultrapower techniques, as does its supplement Gitik & Shelah p91. Here I give what amounts to a translation of their arguments into measure theory. I do not give quite the shortest proof, as many of the intermediate steps seem to be of sufficient interest to be given as separate lemmas in rather greater generality than is needed immediately. A slightly more condensed version may be found in Kamburelis n89, from which some of the ideas below are derived.

3A Theorem Suppose that (Y, PY, ν) is a probability space and that (X, T, Σ, μ) is a quasi-Radon probability space with the topological weight of (X, T) strictly less than the additivity of ν. Let f : X ×Y → R be any bounded function; then ∫ (∫ f(x, y)ν(dy) ) μ(dx) ≤ ∫ (∫ f(x, y)μ(dx) ) ν(dy),

writing ∫ for the upper integral, as in A2E.

proof Adding a constant function to f if necessary, we need consider only the case of non-negative f. Set λ = w(X) < add(ν); let ⟨G_ξ ⟩_{ξ<λ} enumerate a base for T. Fix ϵ > 0. For each y ∈ Y , let h_y : X → R be a lower semi-continuous function such that f(x, y) ≤ h_y(x) for every x ∈ X and ∫ h_y(x)μ(dx) ≤ ϵ + ∫ f(x, y)μ(dx)

(A2Je). For each I ⊆ λ, set

f_I (x, y) = sup{s : ∃ ξ ∈ I, x ∈ G_ξ, h_y(x^′) ≥ s ∀ x^′ ∈ G_ξ }.

Then f_I is expressible as sup_{ξ∈I,s∈Q}+ sχ(G_ξ × B_{ξs}), writing Q^+ for the set of non-negative rational numbers and χ(G×B) for the characteristic function of G×B ⊆ X ×Y , and taking B_{ξs} = {y : h_y(x^′) ≥ s ∀ x^′ ∈ G_ξ }. So f_I is (μ × ν)-measurable for all countable I, and for such I we shall have ∫ ∫ f_I (x, y)μ(dx)ν(dy) = ∫ ∫ f_I (x, y)ν(dy)μ(dx),

by Fubini’s theorem. Next,

sup_{I∈[λ]}<ω f_I (x, y) = h_y(x)

for all x ∈ X, y ∈ Y , because each h_y is lower semi-continuous, so that

sup_{I∈[λ]}<ω ∫ f_I (x, y)μ(dx) = ∫ h_y(x)μ(dx)

for each y ∈ Y (A2Jf). Because λ < add(μ), it follows that

sup_{I∈[λ]}<ω ∫ ∫ f_I (x, y)μ(dx)ν(dy) = ∫ ∫ h_y(x)μ(dx)ν(dy)

(A2Cf). On the other hand, if we write

g_I (x) = ∫ f_I (x, y)ν(dy)

for each x ∈ X, I ⊆ λ, then (at least for finite I) g_I is also lower semi-continuous, so g = sup_{I∈[λ]}<ω g_I is lower semi-continuous, and ∫ g(x)μ(dx) = sup_{I∈[λ]}<ω ∫ g_I (x)μ(dx). Also

g(x) = ∫ h_y(x)ν(dy) ≥ ∫ f(x, y)ν(dy) for every x ∈ X, the equality in this formula again depending on A2Cf. So we have ∫ ∫ f(x, y)ν(dy)μ(dx) ≤ ∫ g(x)μ(dx)

= sup

I∈[λ]^{<ω} ∫ g_I (x)μ(dx)

= sup

I∈[λ]^{<ω} ∫ ∫ f_I (x, y)ν(dy)μ(dx)

= sup

I∈[λ]^{<ω} ∫ ∫ f_I (x, y)μ(dx)ν(dy) = ∫ ∫ h_y(x)μ(dx)ν(dy)

≤ ϵ + ∫ ∫ f(x, y)μ(dx)ν(dy).

As ϵ is arbitrary, we have the result.

Remark For the case X = {0, 1}^λ, this is due to Kunen. Readers uninterested in general quasi-Radon measure spaces should imagine X here and in 3B to be a subset of {0, 1}^λ with the subspace measure.

See also 6A below for a similar result, and 6J for an elementary corollary.

3B Corollary Let κ be a real-valued-measurable cardinal, with witnessing probability ν, and (X, T, Σ, μ) a quasi-Radon probability space with w(X, T) < κ.

(a) If C ⊆ X × κ then ∫ νC[{x}]μ(dx) ≤ ∫ μ^∗C^{−1}[{ξ}]ν(dξ).

(b) If A ⊆ X and #(A) ≤ κ, then there is a B ⊆ A such that #(B) < κ and μ^∗B = μ^∗A. (c) If ⟨C_ξ ⟩_{ξ<κ} is a family in PX \ N_μ such that #( ⋃ ξ<κ C_ξ ) < κ, then there are distinct ξ, η < κ such that μ^∗(C_ξ ∩ C_η ) > 0.

(d) If we have a family ⟨h_ξ ⟩_{ξ<κ} of functions such that each dom(h_ξ ) is a non-negligible subset of X and #( ⋃ ξ<κ h_ξ) < κ (identifying each h_ξ with its graph), then there are distinct ξ, η < κ such that μ^∗{x : x ∈ dom(h_ξ ) ∩ dom(h_η), h_ξ (x) = h_η (x)} > 0.

proof (a) Apply 3A to χC : X × κ → R.

(b) ?? Suppose, if possible, otherwise. Then surely #(A) = κ; let f : κ → A be a bijection. Set C = {(f(η), ξ) : η ≤ ξ < κ} ⊆ X × κ.

If x ∈ A, νC[{x}] = ν{ξ : f^{−1}(x) ≤ ξ < κ} = 1, so ∫ νC[{x}]μ(dx) = μ^∗A. If ξ < κ, μ^∗C^{−1}[{ξ}] = μ^∗{f(η) : η < ξ} < μ^∗A, so ∫ μ^∗C^{−1}[{ξ}]ν(dξ) < μ^∗A. But this contradicts (a). XX (c) Let ν̃ be the probability on κ × κ defined by writing ν̃A = ∫ νA[{ξ}] ν(dξ) ∀ A ⊆ κ × κ.

Then ν̃ is κ-additive. Set C = {(x, (ξ, η)) : ξ, η are distinct members of κ, x ∈ C_ξ ∩ C_η } ⊆ X × (κ × κ). Set

E = {x : x ∈ X, ν{ξ : x ∈ C_ξ } = 0}. Because #( ⋃ ξ<κ C_ξ ) < κ, ν{ξ : E ∩ C_ξ ≠ ∅} = 0, and there is a ξ < κ with C_ξ ∩ E = ∅; thus μ^∗(X\E) > 0. Now if x ∈ X \ E then ν̃{(ξ, η) : (x, (ξ, η)) ∈ C} = (ν{ξ : x ∈ C_ξ })^2 > 0.

So we have 0 < ∫ ν̃{(ξ, η) : (x, (ξ, η)) ∈ C} μ(dx) ≤ ∫ μ^∗{x : (x, (ξ, η)) ∈ C} ν̃(d(ξ, η)), by 3A, and there must be distinct ξ, η < κ such that μ^∗{x : (x, (ξ, η)) ∈ C} > 0, as required.

(d) Set Y = ⋃ ξ<κ ran(h_ξ ). Give X × Y the measure μ̃ and topology T^′ defined as follows. The domain of μ̃ is to be the family Σ̃ of subsets H of X × Y for which there are E, E^′ ∈ Σ with μ(E^′\E) = 0 and E × Y ⊆ H ⊆ E^′ × Y ; and for such H, μ̃H is to be μE = μE^′. The topology T^′ is to be just the family {G × Y : G ∈ T}. It is easy to check that (X × Y, T^′, Σ̃, μ̃) is a quasi-Radon probability space of weight less than κ, and that μ̃^∗h_ξ = μ^∗(dom(h_ξ)) > 0 for each ξ < κ. So (c) gives the result. Remark I have taken the idea of 3Bc from Kamburelis n89.

3C Lemma Suppose that λ, ζ, δ are cardinals, with δ < λ < cf(ζ), and that S is a stationary subset of ζ. Let ⟨I_α⟩_{α∈S} be a family in [λ]^{≤δ} . Then there is a set M ⊆ λ such that cf(#(M)) ≤ δ and {α : α ∈ S, I_α ⊆ M} is stationary in ζ.

proof For M ⊆ λ, set S_M = {α : α ∈ S, I_α ⊆ M}. Let M ⊆ λ be a set of minimal cardinality such that S_M is stationary in ζ. Set θ = #(M). ?? If cf(θ) > δ, enumerate M as ⟨γ_ξ ⟩_{ξ<θ}. For each α ∈ S_M , set β_α = sup{ξ : γ_ξ ∈ I_α}; because #(I_α) ≤ δ <cf(θ), β_α < θ. Because θ ≤ λ <cf(ζ), there is a β < θ such that S^′ = {α : α ∈ S_M , β_α = β} is stationary in ζ. Consider M^′ = {γ_ξ : ξ ≤ β}; then #(M^′) < #(M) but S_M ′ ⊇ S^′ so is stationary in ζ, contrary to the choice of M. XX

Thus M and S = S_M will serve.

3D Definition Let κ be a cardinal. Write Tr(κ) for sup{#(F ) : F ⊆ κ^κ, #(f ∩ g) < κ for all distinct f, g ∈ F }.

Thus Tr(κ) = Tr_{[κ]}<κ (κ; κ) in the notation of 2F.

3E Lemma (a) For any infinite cardinal κ, κ^+ ≤ Tr(κ) ≤ 2^κ.

(b) For any infinite cardinal κ, max(Tr(κ), sup_{δ<κ} 2^δ) ≥ min(2^κ, κ^{(+ω)}).

(c) If κ is such that 2^δ ≤ κ for every δ < κ, then Tr(κ) = 2^κ.

proof (a) We can build inductively a family ⟨f_α⟩_{α<κ}+ in κ^κ, as follows. Given ⟨f_α⟩_{α<β} , where β < κ^+, let θ : β → κ be any injection. Now choose f_β : κ → κ so that f_β(ξ) ≠ f_α(ξ) whenever α < β and θ(α) ≤ ξ.

This will mean that if α < β, then {ξ : f_α(ξ) = f_β(ξ)} ⊆ θ(α) has cardinal less than κ. So at the end of the induction, F = {f_α : α < κ^+} will witness that Tr(κ) ≥ κ^+. On the other hand, Tr(κ) ≤ #(κ^κ) = 2^κ.

(b) ?? If not, then take λ = max(Tr(κ), sup_{δ<κ} 2^δ) < min(2^κ, κ^{(+ω)}). For each ξ < κ take an injective function ϕ_ξ : Pξ → λ. Because λ < 2^κ, we have an injective function h : λ^+ → Pκ. For α < λ^+ set g_α(ξ) = ϕ_ξ (h(α) ∩ ξ) for every ξ < κ; then ⟨g_α⟩_{α<λ}+ is a family in λ^κ such that #(g_α ∩ g_β) < κ whenever α ≠ β.

Apply 3C with δ = κ, ζ = λ^+, I_α = g_α[κ] to see that there is a set M ⊆ λ with cf(#(M)) ≤ κ and S = {α : α < λ^+, g_α[κ] ⊆ M} stationary in λ^+. Because λ < κ^{(+ω)}, we must have #(M) ≤ κ. If f : M → κ is any injection, ⟨fg_α⟩_{α∈S} will witness that Tr(κ) ≥ #(S) = λ^+; which is impossible. XX

(c) For each ξ < κ, let ϕ_ξ : Pξ → κ be injective. For A ⊆ κ, define f_A ∈ κ^κ by writing

f_A(ξ) = ϕ_ξ (A ∩ ξ) ∀ ξ < κ.

Then F = {f_A : A ⊆ κ} witnesses that Tr(κ) ≥ 2^κ.

3F The Gitik-Shelah Theorem Let κ be an atomlessly-measurable cardinal, with witnessing probability ν. Then the Maharam type of (κ, Pκ, ν) is at least min(κ^{(+ω)}, 2^κ).

proof ?? Suppose, if possible, otherwise.

(a) Let A ⊆ κ be such that νA > 0 and (A, PA, ν⌈A) is Maharam homogeneous, of Maharam type λ say; surely λ is not greater than the Maharam type of (κ, Pκ, ν), so we have λ < 2^κ and λ < κ^{(+ω)}. Also λ ≥ ω, because ν is atomless. Set ν_1B = (νA)^{−1}ν(A ∩ B) ∀ B ⊆ κ;

then (κ, Pκ, ν_1) is Maharam homogeneous, with Maharam type λ.

(b) We shall need some fairly elaborate notation. Let μ_λ be the usual Radon probability on {0, 1}^λ (A2G), Σ_λ its domain, and A_λ = Σ_λ/N_{μλ} its measure algebra. For M ⊆ λ let π_M : {0, 1}^λ → {0, 1}^M be the canonical restriction map, and μ_M the usual Radon probability on {0, 1}^M , so that π_M is inversemeasure-preserving for μ_λ and μ_M ; write Σ^∗_M for the Baire σ-algebra of {0, 1}^M .

Now let us return to the argument. We are supposing that A_λ ∼= A = Pκ/N_{ν1} , the measure algebra of (κ, Pκ, ν_1). Let ϕ : A_λ → A be a measure- preserving isomorphism and f : κ → {0, 1}^λ a corresponding inverse-measure -preserving function, so that

f^{−1}[E]^• = ϕ(E^•) ∈ A ∀ E ∈ Σ_λ

(A2Jd).

(c) From here on we are going to need a split argument, depending on whether or not λ < Tr(κ). Because large parts of the two arguments are the same, I take them together; but readers may prefer to follow through case 1 completely before returning to examine the modifications necessary in case 2.

case 1 Suppose that λ < Tr(κ). Set ζ = max(κ^+, λ^+); then ζ ≤ Tr(κ) is a successor cardinal so there is a family ⟨g_α⟩_{α<ζ} of functions from κ to κ such that #(g_α ∩ g_β) < κ whenever α < β < ζ. Set S = ζ \ κ, so that S is a stationary set in ζ. We know that κ ≤ c; let h : κ → {0, 1}^ω be an injection. Set δ = ω, ζ^∗ = κ, so that we have g_α : κ → min(ζ^∗, α) for each α ∈ S, and h : ζ^∗ → {0, 1}^δ.

case 2 Suppose that λ ≥ Tr(κ). Set ζ = λ^+ < κ^{(+ω)}. Then Tr(κ) < ζ ≤ min(2^κ, κ^{(+ω)}) so there must be a cardinal δ < κ such that 2^δ ≥ ζ, by 3Eb. Set ζ^∗ = ζ and let h : ζ^∗ → {0, 1}^δ be an injection. Because κ < Tr(κ) ≤ λ < κ^{(+ω)}, cf(λ) > ω_1. By Shelah’s lemma A1F-G, we can find a stationary set S ⊆ ζ and a family ⟨g_α⟩_{α∈S} of functions from κ to ζ = ζ^∗ such that (i) g_α[κ] ⊆ α for each α ∈ S (ii) #(g_α ∩ g_β ) < κ for distinct α, β ∈ S (iii) if θ is a limit ordinal less than κ, and α, β ∈ S are such that g_α(θ) = g_β (θ), then g_α↾θ = g_β↾θ.

(d) Now we have a section in which the two arguments run together, if we keep hold of the notations introduced in (c). For each α ∈ S consider hg_α : κ → {0, 1}^δ. For ι < δ set

U_{αι} = {ξ : ξ < κ, (hg_α(ξ))(ι) = 1},

and choose H_{αι} ∈ Σ^∗_λ such that ϕ^{−1}(U^•_{αι}) = H^•_{αι} ∈ A_λ. Define g̃_α : {0, 1}^λ → {0, 1}^δ by setting

(g̃_α(x))(ι) = 1 if x ∈ H_{αι}, = 0 otherwise.

Then

{ξ : ξ < κ, g̃_αf(ξ) ≠ hg_α(ξ)} = ⋃ ι<δ {ξ : (g̃_αf(ξ))(ι) ≠ (hg_α(ξ))(ι)} = ⋃ ι<δ U_{αι}△f^{−1}[H_{αι}] ∈ N_{ν1}

because δ < κ = add(N_{ν1} ). Set V_α = {ξ : g̃_αf(ξ) = hg_α(ξ)}, so that ν_1V_α = 1, for each α ∈ S.

(e) Because every H_{αι} is a Baire set, there is for each α ∈ S a set I_α ⊆ λ such that #(I_α) ≤ δ and H_{αι} = π^{−1}_{Iα} [π_{Iα} [H_{αι}]] ∀ ι < δ.

By Lemma 3C there is an M ⊆ λ such that S_1 = {α : α ∈ S, I_α ⊆ M} is stationary in ζ and cf(#(M)) ≤ δ; because λ < κ^{(+ω)} and cf(κ) > δ, #(M) < κ. Write f_M = π_M f, so that f_M : κ → {0, 1}^M is inverse-measure -preserving for ν_1 and μ_M .

(f) For each α ∈ S_1, there is a θ_α < κ such that μ^∗_M (f_M [V_α ∩θ_α]) = 1. PP Apply 3Bb to f_M [V_α] ⊆ {0, 1}^M . There must be a set B ⊆ f_M [V_α] such that #(B) < κ and μ^∗_M B = μ^∗_M (f_M [V_α]); because κ is regular, there is a θ_α < κ such that B ⊆ f_M [V_α ∩ θ_α]. On the other hand, because f_M is inverse-measure -preserving, μ^∗_M (f_M [V_α]) ≥ ν_1V_α = 1. QQQ

Evidently we may take it that every θ_α is a non-zero limit ordinal.

(g) Because ζ = cf(ζ) > κ, there is a θ < κ such that S_2 = {α : α ∈ S_1, θ_α = θ} is stationary in ζ. At this point the two cases diverge briefly.

case 1 For α ∈ S_2, g_α[θ] is bounded in κ; let θ^′ < κ be such that S_3 = {α : α ∈ S_2, g_α[θ] ⊆ θ^′} is stationary in ζ; write Y = θ^′.

case 2 For α ∈ S_2, g_α(θ) < α; by the pressing-down lemma there is a θ^′ < ζ such that S_3 = {α : α ∈ S_2, g_α(θ) = θ^′} is stationary in ζ. Then g_α↾θ = g_β↾θ for all α, β ∈ S_3; take Y to be the common value of g_α[θ] for α ∈ S_3.

(h) Thus in both cases we have Y ⊆ ζ^∗, #(Y ) < κ and g_α[θ] ⊆ Y for all α ∈ S_3. For each α ∈ S_3, set Q_α = f_M [V_α ∩ θ] = f_M [V_α ∩ θ_α], so that μ^∗_M Q_α = 1. Now I_α ⊆ M, so we can express g̃_α as g^∗_απ_M , where g^∗_α : {0, 1}^M → {0, 1}^δ is Baire measurable in each coordinate. If y ∈ Q_α, take ξ ∈ V_α ∩ θ such that f_M (ξ) = y; then g^∗_α(y) = g^∗_απ_M f(ξ) = g̃_αf(ξ) = hg_α(ξ) ∈ h[Y ].

Thus g^∗_α↾Q_α ⊆ f_M [θ] × h[Y ] for every α ∈ S_3, and we may apply Corollary 3Bd to X = {0, 1}^M , μ = μ_M and the family ⟨g^∗_α↾Q_α⟩_{α∈S}′ , where S^′ ⊆ S_3 is a set of cardinal κ, to see that there are distinct α, β ∈ S_3 such that μ^∗_M {y : y ∈ Q_α ∩ Q_β, g^∗_α(y) = g^∗_β(y)} > 0. Now, however, consider E = {y : y ∈ {0, 1}^M , g^∗_α(y) = g^∗_β(y)}.

Then E = ⋂ ι<δ E_ι, where E_ι = {y : y ∈ {0, 1}^M , g^∗_α(y)(ι) = g^∗_β(y)(ι)} ∈ Σ^∗_M for ι < δ. Because δ < κ, ν_1f^{−1}_M [E] = ν_1( ⋂ ι<δ f^{−1}_M [E_ι])

= inf_{I∈[δ]<ω} ν_1( ⋂ ι∈I f^{−1}_M [E_ι])

= inf_{I∈[δ]<ω} μ_M ( ⋂ ι∈I E_ι)

≥ μ^∗_M E > 0. Consequently

0 < ν_1f^{−1}_M [E] = ν_1{ξ : g^∗_απ_M f(ξ) = g^∗_β π_M f(ξ)} = ν_1{ξ : g̃_αf(ξ) = g̃_β f(ξ)} = ν_1{ξ : ξ ∈ V_α ∩ V_β , g̃_αf(ξ) = g̃_βf(ξ)} = ν_1{ξ : hg_α(ξ) = hg_β(ξ)} = ν_1{ξ : g_α(ξ) = g_β(ξ)} (because h is injective). But this is absurd, because in (d) above (whether in case 1 or in case 2) we chose g_α, g_β in such a way that {ξ : g_α(ξ) = g_β(ξ)} would be bounded in κ. XX This contradiction completes the proof.

3G Theorem Let (X, PX, μ) be an atomless probability space. Write κ = add(μ). Then the Maharam type of (X, PX, μ) is at least min(κ^{(+ω)}, 2^κ), and in particular is greater than κ. proof As in the proof of 1Da above, there is a disjoint family ⟨E_ξ ⟩_{ξ<κ} in N_μ such that E = ⋃ ξ<κ E_ξ /∈ N_μ.

Let f : E → κ be the corresponding function, and set ν = (μE)^{−1}((μ⌈E)f^{−1}). Then ν is a witnessing probability on κ. Now observe that if A, B are the measure algebras of (X, PX, μ) and (κ, Pκ, ν) respectively, the map A^• → (f^{−1}[A])^• : B → A is an injective order-continuous Boolean homomorphism from B to the principal ideal of A generated by E^•. Its range therefore has Maharam type equal to that of B; it follows easily that the Maharam type of A is at least that of B (A2Hc-d), and must be at least min(2^κ, κ^{(+ω)}), by Theorem 3F.

3H Corollary Let (X, PX, ν) be an atomless probability space, and κ = add(ν). Let (Z, T, Σ, μ) be a Radon probability space of Maharam type λ ≤ min(2^κ, κ^{(+ω)}) (e.g., Z = {0, 1}^λ). Then there is an inversemeasure -preserving function f : X → Z.

proof By 3G, the Maharam type of (C, PC, ν⌈C) is at least λ whenever C ⊆ X and μC > 0; that is, τ(A⌈c) ≥ λ whenever c is a non-zero element of the measure algebra A of (X, PX, ν) and A⌈c is the principal ideal of A generated by c. Now it follows by A2Ib that there is a measure-preserving homomorphism ϕ : Σ/N_μ → A, which by A2Jd corresponds to an inverse-measure -preserving f : X → Z.

3I Corollary If κ is an atomlessly-measurable cardinal, and (Z, μ) is a Radon probability space of Maharam type at most min(2^κ, κ^{(+ω)}), then there is an extension of μ to a κ-additive measure defined on PZ. proof Let ν be a witnessing probability on κ; by 3H, there is an inverse-measure -preserving function f : X → Z; now νf^{−1} extends μ to PZ.

3J Corollary If κ is an atomlessly-measurable cardinal, with witnessing probability ν, and 2^κ < κ^{(+ω)}, then (κ, Pκ, ν) is Maharam homogeneous, with Maharam type 2^κ.

proof If C ∈ Pκ \ N_ν , then the Maharam type of ν⌈C is at least 2^κ, by 3F-3G; but also it cannot be greater than #(PC) = 2^κ.

3K Remarks The original theorem of Gitik & Shelah 89 was that the Maharam type λ of (κ, Pκ, ν) is at least κ^+ for any atomlessly-measurable cardinal κ and witnessing probability ν. Elementary modifications of their arguments showed that it is at least min(Tr(κ), κ^{(+ω)}) (case 1 of 3F above). The extra ideas in case 2 of 3F come from Gitik & Shelah p91.

If there can be measurable cardinals at all, it is consistent to suppose that λ = κ^{(+ω)} < 2^κ (2Ie above). So there is no obvious sharpening of the result to look for. But it may be that a more delicate combinatorial analysis would give a closer description of λ, and, in particular, determine whether (κ, Pκ, ν) is always Maharam homogeneous. See also 7Qb, for a scrap of further information, and P2, for a discussion of the outstanding questions.

For more in the direction of 3I, see 8A.

3L Proposition Let κ be an atomlessly-measurable cardinal.

(a) The following are equivalent: (i) every witnessing probability ν on κ is Maharam homogeneous; (ii) if ν_1 and ν_2 are witnessing probabilities on κ they have the same Maharam type.

(b) The following are equivalent: (i) every normal witnessing probability ν on κ is Maharam homogeneous; (ii) if ν_1 and ν_2 are normal witnessing probabilities on κ they have the same Maharam type.

proof (a)(i)⇒(ii) Suppose that every witnessing probability on κ is Maharam homogeneous, and let ν_1, ν_2 be two such probabilities. Then ν =^1_2 (ν_1 + ν_2) is another, so is Maharam homogeneous; now A2Y tells us that ν_1, ν_2 and ν all have the same Maharam type.

(ii)⇒(i) ?? Suppose, if possible, that (ii) is true and (i) is false. Let ν be a witnessing probability on κ which is not Maharam homogeneous. Then there is an E ∈ Pκ \ N_ν such that ν⌈E has strictly smaller Maharam type than ν. But now if we set ν_1A = ν(A ∩ E)/νE for every A ⊆ κ, we obtain a witnessing probability ν_1 with the same Maharam type as ν⌈E, and different from that of ν; contradicting (ii).XX

(b) Argue as for (a); we need note only that if ν_1 and ν_2 are normal so is ν =^1_2 (ν_1 + ν_2) (because N_ν = N_{ν1} ∩ N_{ν2} ), and if ν is normal and ν_1 is constructed as in (ii)⇒(i) above then ν_1 is normal (because N_{ν1} = {A : A ∩ E ∈ N_ν }).

3M Proposition Let κ be an atomlessly-measurable cardinal.

(a) If ν is a Maharam homogeneous witnessing probability on κ with Maharam type λ, then there is a Maharam homogeneous normal witnessing probability ν_1 on κ with Maharam type λ_1 ≤ λ.

(b) If ν and ν^′ are Maharam homogeneous witnessing probabilities on κ with Maharam types λ, λ^′, then there is a Maharam homogeneous witnessing probability ν^{′′} on κ with Maharam type λ^{′′} ≥ Tr_{Nν} (κ; λ^′).

proof (a) Construct an essentially minimal f_0 : κ → κ as in the proof of 1G, and set ν_0 = νf^{−1}_0 . Then ν_0 is a normal witnessing probability on κ, as observed in 1G; moreover, f_0 is inverse-measure -preserving for ν and ν_0 so induces an embedding of the measure algebra A_0 = Pκ/N_{ν0} in A = Pκ/N_ν . Accordingly τ(A_0), the Maharam type of ν_0, is at most τ(A) = λ (A2Hd). I do not know whether ν_0 itself must be Maharam homogeneous, but there is surely an E ∈ Pκ \ N_{ν0} such that ν_0⌈E is Maharam homogeneous, and now setting ν_1A = ν_0(A ∩ E)/ν_0E for A ⊆ κ we obtain a Maharam homogeneous normal ν_1 of Maharam type less than or equal to λ.

(b) Let ν_1 be the κ-additive probability on κ × κ given by

ν_1C = ∫ ν^′C[{ξ}]ν(dξ) ∀ C ⊆ κ × κ.

Set θ = Tr_{Nν} (κ; λ^′). By 2G there is a family F ⊆ λ^{′κ} such that #(F ) = θ and {ξ : f(ξ) = g(ξ)} ∈ N_ν for all distinct f, g ∈ F . Let ⟨E_ξ ⟩_{ξ<λ}′ be a ν^′-stochastically independent family of subsets of κ of ν^′-measure 1 2 . For each f ∈ F set

C_f = {(ξ, η) : ξ < κ, η ∈ E_{f (ξ)}}.

Then for any non-empty finite subset I of F , ν^′( ⋂ f ∈I Ef (ξ)) = 2

−#(I) for ν-almost every ξ, so that

ν_1( ⋂ f ∈I Cf ) = 2

−#(I).

Thus ⟨C_f ⟩_{f ∈F} is stochastically independent for ν_1, and the Maharam type of ν_1⌈C is at least #(F ) = θ whenever ν_1C > 0. Once again, take ν_2C = ν_1(C ∩ D)/ν_1D for some D for which ν_1⌈D is Maharam homogeneous, to obtain a Maharam homogeneous κ-additive probability ν_2 of Maharam type at least θ. Finally, of course, ν_2 can be copied onto a probability ν^{′′} on κ, as asked for.

Remark Evidently the arguments for (b) have extensions to the case in which we have two real-valued-measurable cardinals κ, κ^′ with witnessing probabilities ν, ν^′.

Version of 16.5.91

4. The enormity of real-valued-measurable cardinals.

Under this title I collect together results of the form ‘if κ is real-valued-measurable, there are many complex cardinals below it’. Ulam’s theorem that a real-valued-measurable cardinal must be weakly inaccessible (1Dc-d) is the first step: if κ is real-valued-measurable, there are κ cardinals below it. But enormously more can be said. To develop these ideas, we need labels for some of the intermediate stages. first ‘weakly Mahlo’ and ‘greatly Mahlo’ cardinals (4A), and then ‘weakly Π^1_n-indescribable’ cardinals (A4C, 4D). Up to the weakly Π^1-indescribable cardinals, we can use ordinary infinitary combinatorics (4A-4L); but thereafter we shall need the apparatus of (elementary) model theory from §A4 and forcing from §2. The culminating result is Theorem 4P: if κ is real-valued-measurable, there are many weakly Π^2_0-indescribable cardinals below it. The proof of this theorem includes essentially everything required to prove another remarkable fact: if κ is atomlessly-measurable, and I any structure of cardinal less than κ, then the first- and second-order properties of I are unaffected by random real forcing (Corollary 4Oa). The same arguments provide a general method for proving results of the form ‘if κ is real-valued-measurable, there are many α < κ such that α ⊨ ϕ’ when we have found a proof that κ ⊨ ϕ for every real-valued-measurable cardinal κ (4Ob).

4A Definitions (a) A cardinal κ is a weakly Mahlo cardinal if it is weakly inaccessible and the set of weakly inaccessible cardinals below κ is stationary in κ.

(b) If A is any set of ordinals, write Mh(A) for

{ξ : ξ < sup A, cf(ξ) > ω, A ∩ ξ is stationary in ξ}.

Following Baumgartner Taylor & Wagon 77, I will call Mh Mahlo’s operation.

(This is close to the operation H of Lévy 71, and in a sense dual to the ‘Mahlo operation’ M of Keisler & Tarski 64.)

(c) A cardinal κ is greatly Mahlo if it is uncountable and regular and there is a normal filter F on κ such that Mh(A) ∈ F for every A ∈ F.

In this case (because the intersection of any non-empty family of normal filters is a normal filter) there is a minimal normal filter W on κ which is closed under Mh; I will call W the greatly Mahlo filter of κ.

4B Theorem If κ is greatly Mahlo, it is weakly Mahlo and the set of weakly Mahlo cardinals below κ belongs to the greatly Mahlo filter of κ.

proof This is essentially elementary. Let κ be a greatly Mahlo cardinal and W its greatly Mahlo filter. For each η < κ, let W_η be the set of ordinals less than κ with cofinality at least η. Then W_{η+1} ⊇ Mh(W_η ) for every η, so (because W is κ-complete) W_η ∈ W for every η < κ. Because W is normal,

W = {ξ : ω < ξ < κ, ξ ∈ W_η ∀ η < ξ}

belongs to W; but W is just the set of regular uncountable cardinals below κ. This forces κ to be a weakly inaccessible cardinal. Next, consider the set W^′ of weakly inaccessible cardinals below κ; W^′ ⊇ W ∩Mh(W ), so W^′ ∈ W and must be stationary in κ; thus κ is weakly Mahlo. Finally, W^{′′} = W^′∩Mh(W^′) is the set of weakly Mahlo cardinals below κ, and again belongs to W.

Remark The alternation of diagonal intersection and the Mahlo operation Mh can be used to describe an indefinitely complex hierarchy of cardinals; near the bottom, the ‘(α + 1)-Mahlo cardinals’ are those in which the smaller α-Mahlo cardinals form a stationary set, taking the weakly inaccessible cardinals to be the ‘0-Mahlo’ cardinals. The ‘greatly Mahlo’ cardinals form a natural staging post well along this progression.

4C Lemma Let κ be a regular uncountable cardinal. Then κ is greatly Mahlo iff whenever ≼ is a well-ordering of κ and ⟨S_ζ ⟩_{ζ<κ} is a family of subsets of κ such that

S_ζ ⊇ {ξ : ξ < κ, ξ ∈ Mh(S_η ) whenever η < ξ and η ≺ ζ}

for every ζ < κ, then every S_ζ is stationary in κ.

proof (a) If κ is greatly Mahlo, it carries a normal ultrafilter F which is closed under Mahlo’s operation; now an easy induction on the ≼-position of ζ shows that under the conditions described every S_ζ must belong to F, so is stationary.

(b) Now suppose that κ is not greatly Mahlo. Recall that if NS_κ is the ideal of non-stationary subsets of κ and A is the quotient algebra Pκ/NS_κ, then any subset of A of cardinal κ or less has a greatest lower bound in A. (See 1Fd-e.) Observe also that we have an operation M : A → A defined by writing M(A^•) = (Mh(A))^• for every A ⊆ κ; the point being that if A, A^′ are subsets of κ and A ∩ C = A^′ ∩ C for a closed unbounded subset C of κ, then Mh(A) ∩ C^′ = Mh(A^′) ∩ C^′, where C^′ is the set of accumulation points of C in κ.

We may therefore define a family ⟨a_α⟩_{α<κ}+ in A by setting

a_0 = 1,

a_α = inf_{β<α} M(a_β) if 0 < α < κ^+.

A simple induction shows that M(a_α) ⊆ a_α ⊆ a_β whenever β ≤ α < κ^+. ?? If no a_α is zero, consider

F = {A : A ⊆ κ, ∃ α < κ^+ such that a_α ⊆ A^• ∈ A}.

Then it is easy to check that F is a normal filter on κ which is closed under Mahlo’s operation; which is supposed to be impossible. XX

There must therefore be a γ < κ^+ such that a_γ = 0; we may suppose that γ ≥ κ. Let h : γ + 1 → κ be any bijection, and ≼ the well-ordering on κ corresponding to that of γ + 1, as transferred to κ by h. If we now define ⟨S_ζ ⟩_{ζ<κ} by the formula

S_ζ = {ξ : ξ < κ, ξ ∈ Mh(S_η ) whenever η < ξ and η ≺ ζ},

we find that a_α = S^•_{h(α)} for every α ≤ γ, so that S^•_{h(γ)} = 0, i.e., S_{h(γ)} is stationary. Thus ≼, ⟨S_ζ ⟩_{ζ<κ} witness that the condition fails.

Remark This is due to Baumgartner Taylor & Wagon 77 (p. 212).

4D Definitions Let κ be a regular infinite cardinal.

(a) Write Regr(κ) for the set of regressive functions from κ to itself. For F ⊆ Regr(κ), write U_F for the set of uniform ultrafilters F on κ such that lim_{α→F} f(α) exists for every f ∈ F , that is to say, every f ∈ F is constant on some member of F.

(b) A set A ⊆ κ is Π^1-fully stationary in κ if for every F ∈ [Regr(κ)]^{≤κ} there is an F ∈ U_F such that A ∈ F; that is, there is a uniform ultrafilter F on κ such that A ∈ F and lim_{α→F} f(α) exists for every f ∈ F .

(c) From A4H below we see that κ is weakly Π^1-indescribable iff κ is Π^1-fully stationary in itself, and that in this case its Π^1-filter is precisely the set

W = {W : W ⊆ κ, W ∩ A ≠ ∅ for every Π^1-fully stationary A ⊆ κ} = {W : κ \ W is not Π^1-fully stationary} = {W : ∃ F ∈ [Regr(κ)]^{≤κ}, κ \ W /∈ F ∀ F ∈ U_F }

= {W : ∃ F ∈ [Regr(κ)]^{≤κ}, W ∈ ⋂ U_F }.

Down to 4K below I will use this characterization as if it were the definition of ‘weakly Π^1-indescribable’ and ‘Π^1-filter’. Of course this is an inefficient procedure in some ways, and many readers will prefer the original proofs of 4F, 4G and 4I as given in Lévy 71 and Baumgartner Taylor & Wagon 77, while 4K is covered by 4P. I take the trouble to spell out the combinatorial arguments because I believe that this alternative route can provide different insights into the relationships between the various concepts here.

4E Lemma Let κ be an infinite cardinal and ⟨C_ξ ⟩_{ξ<κ} a family of subsets of κ. (a) If C_ξ ∩ ξ is cofinal with ξ for every ξ < κ, there is an F ∈ [Regr(κ)]^{≤κ} such that lim_{ξ→F} C_ξ = {η :

{ξ : η ∈ C_ξ} ∈ F} is cofinal with κ for every F ∈ U_F .

(b) If C_ξ ∩ ξ is relatively closed in ξ for every ξ < κ, there is an F ∈ [Regr(κ)]^{≤κ} such that lim_{ξ→F} C_ξ is closed in κ for every F ∈ U_F .

(c) If ζ < κ and C_ξ ∩ζ is cofinal with ζ for every ξ < κ, there is an F ∈ [Regr(κ)]^{≤κ} such that ζ ∩lim_{ξ→F} C_ξ is cofinal with ζ for every F ∈ U_F . proof (a) For α, ξ < κ set

f_α(ξ) = min(C_ξ ∩ ξ \ α) if C_ξ ∩ ξ \ α ≠ ∅, = 0 otherwise.

Set F = {f_α : α < κ} ∈ [Regr(κ)]^{≤κ}. If F ∈ U_F , then γ_α = lim_{ξ→F} f_α(ξ) is defined and belongs to C ∪ {0}, where C = lim_{ξ→F} C_ξ .

Because each C_ξ ∩ ξ is cofinal with ξ, we have α ≤ f_α(ξ) whenever ξ > α, so that α ≤ γ_α for every α < κ, and C must be unbounded in κ, as required.

(b) For α, ξ < κ set

f_α(ξ) = sup(α ∩ C_ξ ) if α < ξ, = 0 otherwise.

Set F = {f_α : α < κ} ∈ [Regr(κ)]^{≤κ}. Let F ∈ U_F and consider C = lim_{ξ→F} C_ξ . Suppose that γ ∈ κ \ C is a non-zero limit ordinal. Set δ = lim_{ξ→F} f_γ (ξ) < κ. Since f_γ (ξ) ∈ (C_ξ ∩ γ) ∪ {0} whenever γ < ξ, δ ∈ C ∪ {0}; but also δ ≤ γ and γ /∈ C, so δ < γ. Now if δ < β < γ, {ξ : β /∈ C_ξ } ⊇ {ξ : ξ > γ, f_γ (ξ) = δ} ∈ F, so β /∈ C. Thus C does not meet ]δ, γ]. Because γ was arbitrary, this shows that C is closed.

(c) Take F , F and C as in (a). This time we see that α ≤ γ_α < ζ whenever α < ζ, so that C ∩ ζ must be cofinal with ζ. (If ζ = 1 then we have 0 ∈ C_ξ for every ξ so that 0 ∈ C.)

4F Theorem Let κ be a weakly Π^1-indescribable cardinal, with Π^1-filter W. Then W is normal and Mh(A) ∈ W for every stationary A ⊆ κ. proof For F ⊆ Regr(κ), write W_F for ⋂ U_F , where U_F is defined as in 4Da. Then 4Dc shows that W = ⋃ {W_F : F ∈ [Regr(κ)]^{≤κ}}.

(a) Suppose that ⟨W_ξ ⟩_{ξ<κ} is any family in W, and that W is its diagonal intersection. Then W ∈ W. PP For each ξ < κ let F (ξ) ∈ [Regr(κ)]^{≤κ} be such that W_ξ ∈ W_{F (ξ)}. Define g ∈ Regr(κ) by setting

g(ξ) = min{η : ξ /∈ W_η} if ξ ∈ κ \ W, = 0 if ξ ∈ W.

Set G = {g} ∪ ⋃ ξ<κ F (ξ) ∈ [Regr(κ)]^{≤κ}, and consider W_G. If F ∈ U_G, set γ = lim_{α→F} g(α) < κ. Then F ∈ U_{F (γ)}, so W_γ ∈ F and W ⊇ {ξ : ξ ∈ W_γ , g(ξ) = γ} ∈ F.

As F is arbitrary, W ∈ W_G ⊆ W. QQQ

(b) Because κ \ ζ ∈ W_∅ ⊆ W for every ζ < κ, it follows that κ is uncountable and regular and that W is normal.

(c) Now let A ⊆ κ be stationary. Then Mh(A) ∈ W. PP Define ⟨C_ξ ⟩_{ξ<κ} as follows. For ξ ∈ κ \ Mh(A), cf(ξ) > ω let C_ξ ⊆ ξ \ A be a relatively closed cofinal subset of ξ; for ξ ∈ Mh(A), set C_ξ = ξ; for ξ < κ, cf(ξ) = ω let C_ξ be a relatively closed cofinal subset of ξ consisting solely of successor ordinals; for ξ < κ, cf(ξ) = 1 let C_ξ be the singleton set consisting of the predecessor of ξ; finally, set C_0 = ∅. By 4Ea-b, there is a set F ∈ [Regr(κ)]^{≤κ} such that lim_{ξ→F} C_ξ is a closed unbounded set in κ for every F ∈ U_F . Take any F ∈ U_F , and let C be lim_{ξ→F} C_ξ , C^′ the set of non-zero limit ordinals in C. Thus C and C^′ are closed unbounded sets in κ, and must belong to W, by (b). Also, C^′ meets A; take α ∈ C^′ ∩ A. Then Mh(A) ⊇ {ξ : ξ > α + 1, α ∈ C_ξ} ∈ F;

as F is arbitrary, Mh(A) ∈ W_F ⊆ W, as required. QQQ

4G Corollary A weakly Π^1-indescribable cardinal is greatly Mahlo, and its Π^1-filter includes its greatly Mahlo filter.

proof I remarked in (b) of the proof of 4F that κ must be uncountable and regular; now we need only place 4F and 4Ac together.

4H Lemma Let κ be a weakly Π^1-indescribable cardinal. Suppose that for each ξ < κ we have a well-ordering ≼_ξ of ξ, regarded as a subset of ξ × ξ. Then there is a set F ∈ [Regr(κ)]^{≤κ} such that lim_{ξ→F} ≼_ξ ⊆ κ × κ is a well-ordering on κ for every F ∈ U_F .

proof Let C be the set of infinite cardinals less than κ, so that C is a closed unbounded set in κ (note that from 4G we know that κ is a limit cardinal). For ζ < ξ ∈ C let g_{ξζ} : ζ → ξ be such that g_{ξζ} (η) < g_{ξζ} (η^′) whenever η, η^′ < ζ and η ≺_ξ η^′; such a function exists because the order type of (ζ, ≼_ξ ↾ ζ) is less than #(ζ)^+ and therefore less than ξ. For ξ, η, ζ < κ set

f_{ζη}(ξ) = g_{ξζ} (η) if η < ζ < ξ ∈ C, = 0 otherwise;

f(ξ) = sup(C ∩ ξ) if ξ ∈ κ \ C, = 0 otherwise.

Write F = {f} ∪ {f_{ζη} : η, ζ < κ} ∈ [Regr(κ)]^{≤κ}.

Now suppose that F ∈ U_F . Then C ∈ F (because f^{−1}[{γ}] \ C is bounded above in κ for every γ). Set ≼ = lim_{ξ→F} ≼_ξ. To see that ≼ is a total ordering of κ we need note only that for distinct η, η^′, η^{′′} < κ the set {ξ : η ≼_ξ η,

η ≼_ξ η^′ or η^′ ≼_ξ η, η ⋠_ξ η^′ or η^′ ⋠_ξ η, η ≼_ξ η^{′′} or η ⋠_ξ η^′ or η^′ ⋠_ξ η^{′′}} belongs to F. To see that ≼ is a well-ordering of κ, take any ζ < κ and consider h : ζ → κ defined by setting h(η) = lim_{ξ→F} f_{ζη}(ξ) for η < ζ; then h(η) = lim_{ξ→F} g_{ξζ} (η) because {ξ : ζ < ξ ∈ C} ∈ F. But now, if η, η^′ < ζ and η ≺ η^′, the set

{ξ : ζ < ξ ∈ C, h(η) = g_{ξζ} (η), h(η^′) = g_{ξζ} (η^′), η ≼_ξ η^′} = {ξ : h(η) = g_{ξζ} (η) < g_{ξζ} (η) = h(η^′)} belongs to F, so h(η) < h(η^′). This means that ≼↾ ζ is a well-ordering for every ζ < κ. Because cf(κ) > ω, it follows that ≼ is a well-ordering of κ.

4I Theorem If κ is weakly Π^1-indescribable, it is greatly Mahlo and the set of greatly Mahlo cardinals below κ belongs to the Π^1-filter W of κ.

proof I have already remarked (4G) that κ is greatly Mahlo; moreover, the set of weakly inaccessible cardinals less than κ belongs to its greatly Mahlo filter (4B) and therefore to W (4G).

?? Suppose, if possible, that the set B of greatly Mahlo cardinals less than κ does not belong to W. Let D be the set of weakly inaccessible cardinals belonging to κ \ B, so that D is Π^1-fully stationary in κ.

By Lemma 4C, we may choose for each δ ∈ D a well-ordering ≼_δ of δ and a family ⟨S_{δζ} ⟩_{ζ<δ} of subsets of δ such that

S_{δζ} ⊇ {ξ : ξ < α, ξ ∈ Mh(S_{δη} ) whenever η < ξ and η ≺_δ ζ}

for every ζ < δ, but not every S_{δζ} is stationary in δ. Take a closed unbounded set C_δ ⊆ δ and an h(δ) < δ such that S_{δ,h(δ)} ∩ C_δ = ∅. Next, for ζ < δ ∈ D and ξ ∈ δ \ S_{δζ} choose g(δ, ζ, ξ) < ξ such that g(δ, ζ, ξ) ≺_δ ζ and ξ /∈ Mh(S_{δ,g(δ,ζ,ξ)}); if cf(ξ) > ω, choose a relatively closed unbounded set C_{δζξ} ⊆ ξ such that C_{δζξ} ∩ S_{δ,g(δ,ζ,ξ)} = ∅.

Fill in these definitions by setting

C_α = α, ≼_α = ≤↾ α, h(α) = 0, g(α, ζ, ξ) = 0, C_{αζξ} = ξ, S_{αζ} = ∅

if α, ζ, ξ < κ and we do not have ζ < α ∈ D, ξ ∈ α \ S_{αζ} , cf(ξ) > ω.

By 4E and 4H there is an F ∈ [Regr(κ)]^{≤κ} such that whenever F ∈ U_F

lim_{α→F} C_α is a closed unbounded set in κ, lim_{α→F} ≼_α is a well-ordering of κ, lim_{α→F} C_{αζξ} is cofinal with ξ, lim_{α→F} (C_{αζξ} ∪ {ξ}) is closed in κ for all ζ, ξ < κ. We may suppose also that h ∈ F and that f_{ζξ} ∈ F for all ζ, ξ < κ, where f_{ζξ}(α) = g(α, ζ, ξ) for α, ζ, ξ < κ.

Because D is supposed to be Π^1-fully stationary, there is an F ∈ U_F such that D ∈ F. Set

C = lim_{α→F} C_α, ≼ = lim_{α→F} ≼_α, ϵ = lim_{α→F} h(α),

C_{ζξ} = lim_{α→F} C_{αζξ} , γ(ζ, ξ) = lim_{α→F} f_{ζξ}(α),

S_ζ = lim_{α→F} S_{αζ}

for ζ, ξ < κ. Then ≼ is a well-ordering of κ and ⟨S_ζ ⟩_{ζ<κ} is a family of subsets of κ.

Suppose that ζ < κ, that ξ ∈ κ \ S_ζ and that cf(ξ) > ω. Set η = γ(ζ, ξ). Then

E = {δ : δ ∈ D, ζ < δ, ξ ∈ δ \ S_{δζ} , g(δ, ζ, ξ) = η}

belongs to F. If δ ∈ E then C_{δζξ} ∩ S_{δη} = ∅; it follows that C_{ζξ} ∩ S_η = ∅. So ξ /∈ Mh(S_η ). Also η < ξ and η ≺ ζ because g(δ, ζ, ξ) < ξ and g(δ, ζ, ξ) ≺_δ ζ for every δ ∈ E. But this means that

S_ζ ⊇ {ξ : ξ < κ, ξ ∈ Mh(S_η ) whenever η < ξ, η ≺ ζ},

for every ζ < κ.

On the other hand, examine C and S_ϵ. C is a closed unbounded set in κ. Also

{α : h(α) = ϵ} ∈ F, so S_ϵ = lim_{α→F} S_{αϵ} = lim_{α→F} S_{α,h(α)}, and C ∩ S_ϵ = lim_{α→F} C_α ∩ S_{α,h(α)} = ∅.

Thus S_ϵ is not stationary. From 4C we conclude that κ cannot be greatly Mahlo. But we know very well that it is. XX

So B ∈ W, as claimed.

Remark This theorem is given in Baumgartner Taylor & Wagon 77; the treatment here is taken from Fremlin & Kunen n87.

Version of 10.12.91

4J Lemma Let κ be a real-valued-measurable cardinal, with normal witnessing probability ν. Suppose that for each ξ < κ we are given a cofinal relatively closed subset C_ξ of ξ. Then

C = {α : α < κ, ν{ξ : α ∈ C_ξ} = 1} is a closed unbounded set in κ. proof For α, ξ < κ set f_α(ξ) = min(C_ξ \ α) if α < ξ, = 0 otherwise.

Then f_α is regressive, so there is a ζ_α < κ such that νf^{−1}_α [ζ_α] = 1; that is, ν{ξ : C_ξ ∩ ζ_α \ α ≠ ∅} = 1.

Set C^′ = {β : β < κ, ζ_α < β ∀ α < β}. Then C^′ is a closed unbounded set in κ. But if β ∈ C^′, then for every α < β the set {ξ : C_ξ ∩ β \ α ≠ ∅} has measure 1, so E = {ξ : β < ξ < κ, C_ξ ∩ β \ α ≠ ∅ ∀ α < β} has measure 1, because ν is κ-additive. But of course β ∈ C_ξ for every ξ ∈ E, because each C_ξ is closed in ξ. Accordingly β ∈ C and we have C^′ ⊆ C.

This means that C is unbounded. But if β is any cluster point of C in κ, the same arguments show that β ∈ C, so that C is closed.

4K Theorem Let κ be a real-valued-measurable cardinal, with rvm filter W, rvm ideal J . Then (a) κ is greatly Mahlo and its greatly Mahlo filter is included in W; (b) the set of weakly Π^1-indescribable cardinals below κ belongs to W; (c) if Z ⊆ κ and Z /∈ J , then {λ : λ < κ is a cardinal and Z ∩ λ is Π^1-fully stationary in λ} ∈ W.

proof (a) Let ν be a normal witnessing probability on κ, and set F_ν = {A : A ⊆ κ, νA = 1};

F_ν is a normal filter on κ. Let D be the set of ordinals less than κ with uncountable cofinality.

(i) We have D ∈ F_ν . PP For ξ ∈ κ\(D∪{0}), let ⟨f_n(ξ)⟩_{n∈N} run over a cofinal subset of ξ; for ξ ∈ D∪{0}, set f_n(ξ) = 0 for every n ∈ N. Because every f_ξ is regressive and F_ν is normal and ω_1-complete, there is a ζ < κ such that F = ⋂ n∈N f^{−1}_n [ζ] ∈ F_ν ; but now D ⊇ F \ (ζ + 1) ∈ F_ν . QQQ (ii) Next, Mh(A) ∈ F_ν for every stationary A ⊆ κ. PP For ξ ∈ D\Mh(A), let C_ξ be a relatively closed and unbounded subset of ξ such that C_ξ ∩ A = ∅. For ξ ∈ D∩Mh(A), take C_ξ = ξ. 4J tells us that C = {α : {ξ : α ∈ C_ξ } ∈ F_ν } is a closed unbounded set in κ. So there is an α ∈ A ∩ C. But now F = {ξ : α ∈ C_ξ } ∈ F_ν and Mh(A) ⊇ F ∩ D ∈ F_ν . QQQ

(iii) Thus F_ν is closed under Mh. Because ν is arbitrary, W is closed under Mh, and κ is greatly Mahlo, with its greatly Mahlo filter included in W.

(b)-(c) Of course (b) is a consequence of (c) (taking Z = κ) so I prove (c). I begin with the harder case, in which κ is atomlessly-measurable.

(i) Take a normal witnessing probability ν_1 on κ such that ν_1Z = 1, and let H be the set of ξ < κ such that either ξ is not a weakly Π^1-indescribable cardinal or ξ is weakly Π^1-indescribable but Z ∩ ξ is not Π^1-fully stationary in ξ. ?? Suppose, if possible, that H /∈ J . Let ν_2 be a normal witnessing probability on κ such that ν_2H = 1. Let H_0 be the set of regular infinite cardinals belonging to H; then ν_2H_0 = 1 (using part (a)). For each ξ ∈ H_0, let ⟨f_{ξη} ⟩_{η<ξ} be a family of regressive functions from ξ to itself such that there is no uniform ultrafilter F on ξ containing Z ∩ ξ for which lim_{α→F} f_{ξη} (α) exists for every η < ξ. For η < ξ ∈ κ \ H_0, set f_{ξη} (α) = 0 for every α < ξ.

(ii) Let ν be the probability on κ × κ defined by the formula νC = ∫ ν_2{ξ : (α, ξ) ∈ C} ν_1(dα) ∀ C ⊆ κ × κ.

Let A(ν) = P(κ × κ)/N_ν be the corresponding measure algebra. For η, β < κ write C_{ηβ} = {(α, ξ) : max(η, α) < ξ < κ, f_{ξη}(α) = β}.

If η < κ, then ⟨C_{ηβ} ⟩_{β<κ} is disjoint, so D_η = {β : β < κ, νC_{ηβ} > 0} is countable. But also ν( ⋃ β∈D_η Cηβ ) = 1.

PP For fixed η, α the map ξ → f_{ξη}(α) : κ → α is regressive, therefore ν_2-essentially countably valued (1Hd), therefore ν_2-essentially bounded below α whenever cf(α) > ω, that is, for ν_1-almost all α, by (a-i) above. Because ν_1 is normal, there is a ζ < κ such that, for ν_1-almost all α, f_{ξη}(α) < ζ for ν_2-almost all ξ; that is, ν( ⋃ ζ≤β<κ Cηβ ) = 0. Now the result follows, with Dη ⊆ ζ, because ν is κ-additive. QQQ

(iii) Let Σ_0 be the subalgebra of P(κ × κ) generated by {C_{ηβ} : η, β < κ} ∪ {V_ζ : ζ < κ}, where V_ζ = Z × (κ \ ζ); note that νV_ζ = 1 for each ζ < κ. Let Σ_1 be the subalgebra of P(κ × κ) generated by Σ_0 ∪ {π^{−1}_2 [π_2[E]] : E ∈ Σ_0}, writing π_2(α, ξ) = ξ. Let B be the order-closed subalgebra of A(ν) generated by {E^• : E ∈ Σ_1}. Then τ(B) ≤ κ. Let B_0 be {b : b ∈ B, ∃ F ⊆ κ such that b = (κ × F )^•}.

Then B_0 is an order-closed subalgebra of B. Because π_2 is inverse-measure-preserving for ν and ν_2, we have a measure-preserving Boolean homomorphism ϕ_0 : B_0 → A(ν_2) = Pκ/N_{ν2} defined by writing ϕ_0((κ × F )^•) = F^• whenever F ⊆ κ and (κ × F )^• ∈ B.

By the Gitik-Shelah theorem (3F), every non-zero principal ideal of A(ν_2) has τ-weight greater than κ. So there is a measure-preserving homomorphism ϕ : B → A(ν_2) extending ϕ_0 (A2Ib). For each η < κ choose a function h_η : κ → D_η such that {ξ : h_η(ξ) = β}^• = ϕ(C^•_{ηβ} ) ∀ β ∈ D_η;

this is possible because ⟨C^•_{ηβ} ⟩_{β∈Dη} and ⟨ϕ(C^•_{ηβ} )⟩_{β∈Dη} are partitions of unity in B, A(ν_2) respectively. Now if ξ ∈ H_0, there can be no uniform ultrafilter on ξ containing Z ∩ ξ and all the sets {α : α < ξ, f_{ξη}(α) = h_η(ξ)} as η runs over ξ. So there must be a ζ_ξ < ξ and a finite I_ξ ⊆ ζ_ξ such that ∀ α ∈ ξ ∩ Z \ ζ_ξ ∃ η ∈ I_ξ such that f_{ξη} (α) ≠ h_η(ξ).

(iv) Because ν_2 is normal, there are ζ < κ, I ∈ [κ]^{<ω} such that ν_2(H_1) > 0, where H_1 = {ξ : ξ ∈ H_0, ζ_ξ = ζ, I_ξ = I}.

Now h_η(ξ) ∈ D_η for every ξ < κ, η ∈ I, and every D_η is countable, so there is a g : I → κ such that ν_2(H_2) > 0, where H_2 = {ξ : ξ ∈ H_1, h_η(ξ) = g(η) ∀ η ∈ I}.

But now observe that if ξ ∈ H_2 and α ∈ ξ ∩ Z \ ζ then there is an η ∈ I such that f_{ξη} (α) ≠ g(η), i.e., (α, ξ) /∈ E^∗, where E^∗ = {(α, ξ) : ζ ≤ α < ξ, α ∈ Z, f_{ξη}(α) = g(η) ∀ η ∈ I} ∈ Σ_0.

Thus H_2 ∩ π_2[E^∗] = ∅. However,

H^•_2 = H^•_1 ∩ inf_{η∈I} ϕ(C^•_{η,g(η)})

⊆ ϕ( ⋂ η∈I C_{η,g(η)})^•

= ϕ({(ξ, α) : f_{ξη}(α) = g(η) ∀ η ∈ I}^•) = ϕ(E^∗)^• ⊆ ϕ(π^{−1}_2 [π_2[E^∗]]^•) = ϕ_0(π^{−1}_2 [π_2[E^∗]]^•) = π_2[E^∗]^•

because E^∗ ∈ Σ_0 so π^{−1}_2 [π_2[E^∗]] ∈ Σ_1 and π^{−1}_2 [π_2[E^∗]]^• ∈ B_0.

Of course this is impossible. XX This proves (b)-(c) in the case of atomlessly-measurable κ.

(v) Now let us turn to the case of a two-valued-measurable cardinal κ. Let F_1, F_2 be normal ultrafilters on κ, with Z ∈ F_1, and ν_1, ν_2 the associated {0, 1}-valued probabilities. Follow the ideas of (b), but noting that there are dramatic simplifications; for instance, ν is also two-valued, and each D_η is a singleton. All the discussion of B, B_0 collapses because A(ν) and A(ν_2) are both of the form {0,1}. So ϕ_0 and ϕ are both the trivial homomorphism, and there is no call for any measure theory at this point; the functions h_η are all constant. The last string of inequalities also boils down to saying that ν_2H_2 = νE^∗ = 1 and that this is impossible.

This completes the proof.

4L Remarks (a) This (in the atomlessly-measurable case) is due to Kunen (see 4P, A4L below).

(b) Note that a real-valued-measurable cardinal κ need not itself be weakly Π^1-indescribable. For (if there can be real-valued-measurable cardinals at all) c can be real-valued-measurable (2Ed). But c is never weakly Π^1-indescribable (A4Db).

(c) It is worth pausing over 4Ka, as some elementary corollaries will be used repeatedly below. For instance, if ν is a normal witnessing probability on κ, and θ < κ, then ν{ξ : ξ < κ, cf(ξ) ≥ θ} = 1. (This is because the set W of weakly inaccessible cardinals below κ belongs to the greatly Mahlo filter of κ (4B), so νW = 1 (4Ka) and ν(W \ θ) = 1, while cf(ξ) ≥ θ for every ξ ∈ W \ θ.) Similarly trivial applications occur frequently.

4M Lemma Let κ be a real-valued-measurable cardinal with normal witnessing probability ν. Let A be the measure algebra Pκ/N_ν and P the p.o.set A \ {0}; for a ∈ Pκ \ N_ν , write a^• for the corresponding element of P.

(a) Suppose that ⟨ξ_α⟩_{α<κ} is a family of ordinals such that ξ_α < α for ν-almost every α < κ. Then we have a P-name ξ̇ for a member of κ defined by saying that

a^• ⊩_P ξ̇ = ζ̌ iff ξ_α = ζ for ν-almost every α ∈ a

whenever ζ < κ, a ∈ Pκ \ N_ν .

(b) Suppose that n ∈ N and that for ν-almost every α < κ we are given an n-place relation C_α on α. Then we have a P-name Ċ for an n-place relation on κ defined by saying that

a^• ⊩_P Ċ(ζ̌_1, . . . , ζ̌_n) iff C_α(ζ_1, . . . , ζ_n) for ν-almost every α ∈ a

whenever ζ_1, . . . , ζ_n < κ and a ∈ Pκ \ N_ν .

(c) Conversely, given any P-names ξ̇ and Ċ for a member of κ and a relation on κ, we can find corresponding families ⟨ξ_α⟩_{α<κ}, ⟨C_α⟩_{α<κ} for which the formulae of (a) and (b) will be valid.

(d) Now suppose that we have a formula ϕ of the second-order language L of §A4, and families ⟨C_{α1}⟩_{α<κ}, . . . , ⟨C_{αk}⟩_{α<κ}, ⟨ξ_{α1}⟩_{α<κ}, . . . , ⟨ξ_{αm}⟩_{α<κ} of relations and ordinals matching the free variables of ϕ; suppose that for each j we have ξ_{αj} < α for ν-almost all α. Let Ċ_1, . . . , Ċ_k, ξ̇_1, . . . , ξ̇_m be the corresponding P-names. Then for any a ∈ Pκ \ N_ν , β ≤ κ,

a^• ⊩_P (β̌; Ċ_1, . . . , Ċ_k; ξ̇_1, . . . , ξ̇_m) ⊨ ϕ if and only if (min(α, β); C_{α1}, . . . , C_{αk}; ξ_{α1}, . . . , ξ_{αm}) ⊨ ϕ for ν-almost every α < κ.

proof (a) The point is that α → ξ_α is essentially regressive and ν is normal. So given a ∈ Pκ \ N_ν we shall be able to find ζ < κ such that b = {α : α ∈ a, ξ_α = ζ} /∈ N_ν ; and now our formula tells us that b^• ⊩_P ξ̇ = ζ̌. This means that we have a name ξ̇ such that ⊩_P ∃ ζ ∈ κ̌, ξ̇ = ζ, so that ξ̇ is indeed a name for a member of κ.

(b) is elementary.

(c) Because P is ccc and N_ν is a σ-ideal, every maximal antichain in P corresponds to a partition of κ into non-negligible sets; consequently every P-name ξ̇ for a member of κ corresponds to a family ⟨ξ_α⟩_{α<κ} which takes only countably many values, so that ξ_α < α for almost every α.

As in (a)-(b), the corresponding result for relations is really simpler than the result for points. Given the name Ċ for an n-place relation, then for each ζ_1, . . . , ζ_n < κ choose a(ζ_1, . . . , ζ_n) ⊆ κ such that a(ζ_1, . . . , ζ_n)^• ⊩_P Ċ(ζ̌_1, . . . , ζ̌_n), (κ \ a(ζ_1, . . . , ζ_n))^• ⊩_P ¬Ċ(ζ̌_1, . . . , ζ̌_n);

and for α < κ write C_α(ζ_1, . . . , ζ_n) for ‘α ∈ a(ζ_1, . . . , ζ_n)’.

It is easy to check that ⟨C_α⟩_{α<κ} now represents Ċ.

(d) Induce on the length of ϕ.

(i) If ϕ is of the form R_1(x_1, . . . , x_n) and we are given C_α, ξ_{αj} for α < κ, j ≤ n then note first that a^• ⊩_P ξ̇_j < β̌ if and only if ξ_{αj} < min(α, β) for almost every α ∈ a.

Next, a^• ⊩_PĊ(ξ̇_1, . . . , ξ̇_n)

⇐⇒ whenever b ⊆ a, ζ_1, . . . , ζ_n < κ, b^• ⊩_P ξ̇_i = ζ̌_i ∀ i ≤ n then b^• ⊩_P Ċ(ζ̌_1, . . . , ζ̌_n) ⇐⇒ whenever b ⊆ a, ζ_1, . . . , ζ_n < κ, ξ_{αi} = ζ_i ∀ α ∈ b, i ≤ n then C_α(ζ_1, . . . , ζ_n) for almost every α ∈ b ⇐⇒ C_α(ξ_{α1}, . . . , ξ_{αn}) for almost every α ∈ a.

(ii) If ϕ is of the form ψ ∧ χ or ψ ∨ χ the inductive step to ϕ is elementary. If ϕ is of the form ¬ψ we need the translation a^• ⊩_P (β̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ ⇐⇒ b^• ⊮_P (β̌; Ċ_1, . . . , ξ̇_m) ⊨ ψ for every b ∈ Pa \ N_ν ⇐⇒ ν{α : α ∈ a, (min(α, β); C_{α1}, . . . , ξ_{αm}) ⊨ ψ} = 0 ⇐⇒ (min(α, β); C_{α1}, . . . , ξ_{αm}) ⊨ ϕ for almost all α ∈ a.

(iii) If ϕ is of the form ∃Sψ and a^• ⊩_P (β̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ, then there must be a P-name Ċ such that a^• ⊩_P (β̌; Ċ_1, . . . , Ċ, . . . , ξ̇_m) ⊨ ψ.

Let ⟨C_α⟩_{α<κ} be a corresponding family of relations. Then by the inductive hypothesis (min(α, β); C_{α1}, . . . , C_α, . . . , ξ_{αm}) ⊨ ψ for almost every α ∈ a, so that (min(α, β); C_{α1}, . . . , ξ_{αm}) ⊨ ϕ for almost every α ∈ a.

(iv) If ϕ is of the form ∃Sψ and a ∈ Pκ \ N_ν is such that (min(α, β); C_{α1}, . . . , ξ_{αm}) ⊨ ϕ for almost every α ∈ a, then we can find relations C_α such that (min(α, β); C_{α1}, . . . , C_α, . . . , ξ_{αm}) ⊨ ψ for almost every α ∈ a. By the inductive hypothesis, taking Ċ from ⟨C_α⟩_{α<κ} as usual, we have a^• ⊩_P (β̌; Ċ_1, . . . , Ċ, . . . , ξ̇_m) ⊨ ψ, a^• ⊩_P (β̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ.

(v) (iii)-(iv) together deal with the inductive step to ∃Sψ. If ϕ is of the form ∀Sψ it is logically equivalent to ¬∃S¬ψ so that (ii)-(iv) cover it. Finally, if ϕ is of the form ∃yψ or ∀yψ the same ideas suffice.

4N Proposition Let κ be an atomlessly-measurable cardinal, with rvm filter W and rvm ideal J , and λ > κ another cardinal. Let A_λ be the measure algebra of {0, 1}^λ and let P_λ be the p.o.set A_λ \ {0}. Let ϕ be a formula of the second-order language L of §A4 and C_1, . . . , C_k relations on κ, ξ_1, . . . , ξ_m ordinals less than κ. Let β ≤ κ. Then the following are equivalent:

(i) ⊩_{Pλ} (β̌; Č_1, . . . , ξ̌_m) ⊨ ϕ, (ii) {α : α < κ, (min(α, β); C_1, . . . , ξ_m) ⊨ ϕ} ∈ W; (iii) {α : α < κ, (min(α, β); C_1, . . . , ξ_m) ⊨ ϕ} /∈ J .

proof Set A = {α : (min(α, β); C_1, . . . ) ⊨ ϕ}.

(i)⇒(ii) Assume (i). Let ν be a Maharam homogeneous normal witnessing probability on κ; let θ be the Maharam type of ν. We know by the Gitik-Shelah theorem (3F) that θ > κ. Set A = Pκ/N_ν , P = A \ {0}; then A is isomorphic to the measure algebra of {0, 1}^θ, so Theorem A4I tells us that ⊩_P (β̌; Č_1, . . . ) ⊨ ϕ.

Now observe that each P-name Č_i, ξ̌_j can be identified with the P-names Ċ_i, ξ̇_j derived from families ⟨C_{αi}⟩_{α<κ}, ⟨ξ_{αj} ⟩_{α<κ}, setting C_{αi} = C_i, ξ_{αj} = ξ_j for every α. So Lemma 4Md tells us that (min(α, β) : C_1, . . . ) ⊨ ϕ for ν-almost every α < κ, that is, that νA = 1. As ν is arbitrary, A ∈ W.

(ii)⇒(iii) is trivial.

(iii)⇒(i) I reverse the argument of (i) ⇒(ii). Let ν be a Maharam homogeneous normal witnessing probability on κ such that νA = 1; let θ > κ be the Maharam type of ν, and P = (Pκ/N_ν ) \ {0} the corresponding p.o.set. This time 4Md tells us that ⊩_P (β̌; Č_1, . . . ) ⊨ ϕ and A4I that ⊩_{Pλ} (β̌; Č_1, . . . ) ⊨ ϕ, as required.

4O Corollary (a) Let κ be an atomlessly-measurable cardinal and I a set of cardinal less than κ. Let ϕ be a formula of the second-order language L, and C_1, . . . , C_k relations on I, ξ_1, . . . , ξ_m members of I. Then for any random real p.o.set P,

(I; C_1, . . . , ξ_m) ⊨ ϕ ⇐⇒ ⊩_P (Ǐ; Č_1, . . . , ξ̌_m) ⊨ ϕ.

(b) Let C_1, . . . , C_n be relations and ξ_1, . . . , ξ_m ordinals, all with definitions which are absolute for random real forcing. Let ϕ be a second-order formula such that ZFC ⊢ ‘for every atomlessly-measurable cardinal κ > max_{i≤m} ξ_i, (κ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ’.

Then for every atomlessly-measurable cardinal κ > max_{i≤m} ξ_i, {α : α < κ, (α; C_1, . . . , ξ_m) ⊨ ϕ} belongs to the rvm filter of κ.

proof (a) Of course we may take it that I = β is an ordinal less than κ. Also, as remarked in 2B, it is enough to consider the case in which P = P_λ = A_λ \ {0} for some cardinal λ, taking A_λ to be the measure algebra of {0, 1}^λ as usual.

Set θ = max(λ, κ^+) and let P_θ = A_θ \ {0} be the corresponding p.o.set. Then (β; C_1, . . . ) ⊨ ϕ ⇐⇒ ⊩_{Pθ} (β̌; Č_1, . . . ) ⊨ ϕ by 4N. But now note that ⊩_P κ̌ is real-valued-measurable (2C), so we can repeat the argument in V^P to see that ⊩_P (β̌; Č_1, . . . ) ⊨ ϕ ⇐⇒ ⊩_P ( ⊩_{Pθ} (β̌; Č_1, . . . ) ⊨ ϕ ) . The iteration P ∗ P_θ = P_λ ∗ P_θ is isomorphic to P_θ (Kunen 84, 3.13), so we have ⊩_P (β̌; Č_1, . . . ) ⊨ ϕ ⇐⇒ ⊩_{Pθ} (β̌; Č_1, . . . ) ⊨ ϕ ⇐⇒ (β; C_1, . . . ) ⊨ ϕ.

(b) Let ν be a normal witnessing probability on κ and P the p.o.set (Pκ/N_ν ) \ {0}. Then ⊩_P κ̌ is real-valued-measurable by 2C, and also of course ⊩_P c ≥ κ̌ > max_{i≤m} ξ̌_i, so, repeating the ZFC proof of (κ; . . . ) ⊨ ϕ in V^P, ⊩_P (κ̌; Č_1, . . . , ξ̌_m) ⊨ ϕ.

But now, by 4Md, ν{α : α < κ, (α; C_1, . . . , ξ_m) ⊨ ϕ} = 1.

As ν is arbitrary, we have the result.

Remark Part (a) means that almost any fact about random real forcing is likely to have implications in the presence of an atomlessly-measurable cardinal.

Part (b) is a kind of reflection principle, corresponding to the theorem of Hanf and Scott (A4L) for twovalued-measurable cardinals. The requirements ‘ZFC ⊢ . . . ’ and ‘with definitions absolute for random real forcing’ are more restrictive than is absolutely necessary, but we do have to take care, when applying this method, that whatever argument we have used to prove that (κ; . . . ) ⊨ ϕ will survive the move to V^P.

Version of 10.12.91 4P Theorem Let κ be a real-valued-measurable cardinal with rvm filter W and rvm ideal J . Then for every Z ∈ Pκ \ J , {α : α < κ, Z ∩ α belongs to the Π^2_0-ideal of α} belongs to J . In particular, setting Z = κ, the set of weakly Π^2_0-indescribable cardinals less than κ belongs to W.

proof For two-valued-measurable cardinals this (and much more) is essentially covered by A4L; so henceforth I shall assume that κ is atomlessly-measurable. I will as usual write A_I for the measure algebra of {0, 1}^I , P_I for the p.o.set A_I \ {0}, for any set I. Write H = {α : 0 < α < κ, Z ∩ α belongs to the Π^2_0-ideal of α}.

?? Suppose, if possible, that H /∈ J . For each α ∈ H we have a formula ϕ_α of the language L of §A4, integers k_α, m_α ≥ 0, relations C_{α1}, . . . , C_{αkα} on α, and ordinals ξ_{α1} , . . . , ξ_{αmα} < α such that (α; C_{α1}, . . . , ξ_{αmα} ) ⊨ ϕ_α, (β; C_{α1}, . . . , ξ_{αmα} ) ⊭ ϕ_α for every β < α.

Because there are only countably many formulae in L, there must be ϕ, k, m such that H_1 /∈ J , where H_1 = {α : α ∈ H, ϕ_α = ϕ, k_α = k, m_α = m}. Let ν_2 be a Maharam homogeneous normal witnessing probability on κ such that ν_2H_1 = 1. Let P be the p.o.set (Pκ/N_{ν2} ) \ {0}. Let Ċ_1, . . . , Ċ_k, ξ̇_1, . . . , ξ̇_m be the P-names for relations and ordinals corresponding to the families ⟨C_{αi}⟩_{α<κ}, ⟨ξ_{αj} ⟩_{α<κ} as in Lemma 4M. Then we have ⊩_P (κ̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ by 4Md. But now observe that the Maharam type λ of ν_2 is greater than κ, by the Gitik-Shelah theorem again (3F). If we identify P with P_λ, we see that there is a set I ⊆ λ, of cardinal at most κ, such that all the P-names Ċ_1, . . . , ξ̇_m can be represented by P_I -names. Let J be a subset of λ, including I, such that J \ I and λ \ J both have cardinal λ. Now we can regard P ∼= P_λ as an iteration P_J ∗ P_{λ\J} (see Kunen 84, 3.13), so that we have ⊩_{PJ} ( ⊩_{Pλ\J} (κ̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ ) . But from the standpoint of V^{PJ} , Ċ_1, . . . , ξ̇_m are fixed relations and ordinals. Also we have ⊩_{PJ} κ̌ is real-valued-measurable (Theorem 2C) and ⊩_{PJ} Ž is not in the rvm ideal of κ̌ by 2Jc. So we may use Proposition 4N in V^{PJ} to see that ⊩_{PJ} ∃ β ∈ Ž, (β; Ċ_1, . . . , ξ̇_m) ⊨ ϕ.

Now there is a P_J -name β̇ for a member of Z such that ⊩_{PJ} (β̇; Ċ_1, . . . , ξ̇_m) ⊨ ϕ.

Let K ⊆ J be a countable set such that the P_J -name β̇ can be represented by a P_K -name. Regarding P_J as an iteration P_{I∪K} ∗ P_{J\(I∪K)} and P as an iteration P_{I∪K} ∗ P_{λ\(I∪K)}, and observing that J \ (I ∪ K) and λ \ (I ∪ K) both have cardinal λ > κ, we can use A4I in V^{PI∪K} to see that ⊩_P (β̇; Ċ_1, . . . , ξ̇_m) ⊨ ϕ.

Now there must be ζ ∈ Z and a ∈ Pκ \ N_{ν2} such that a^• ⊩_P β̇ = ζ̌, so that a^• ⊩_P (ζ̌; Ċ_1, . . . , ξ̇_m) ⊨ ϕ.

But now 4Md tells us that (ζ; C_{α1}, . . . , ξ_{αm}) ⊨ ϕ for ν_2-almost every α ∈ a. In particular, there is an α ∈ a ∩ H_1 such that α > ζ and (ζ; C_{α1}, . . . ) ⊨ ϕ; but ϕ = ϕ_α; so this contradicts the choice of C_{α1}, . . . and ϕ_α. XX

4Q Proposition Suppose that κ, κ^′ are two atomlessly-measurable cardinals with κ < κ^′. Then κ is weakly Π^2_0-indescribable, and its Π^2_0-filter is included in its rvm filter.

proof Let ν be a Maharam homogeneous normal witnessing probability on κ; let P = (Pκ/N_ν ) \ {0} be the corresponding p.o.set.

Suppose that ϕ is a formula of the language L of §A4 and that C_1, . . . , C_k are relations on κ, ξ_1, . . . , ξ_m are ordinals less than κ such that (κ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ.

By 4Oa, because there is an atomlessly-measurable cardinal greater than κ, ⊩_P (κ̌; Č_1, . . . ) ⊨ ϕ.

So 4Md tells us that (α; C_1, . . . ) ⊨ ϕ for ν-almost every α < κ. Because ν is arbitrary, A = {α : α < κ, (α; C_1, . . . ) ⊨ ϕ} belongs to the rvm filter of κ. As ϕ, C_1, . . . , ξ_m are arbitrary, we have the result.

4R Proposition Let κ be a real-valued-measurable cardinal and λ any larger cardinal. Let A be the measure algebra of {0, 1}^λ and P the p.o.set A_λ \ {0}. Then ⊩_P κ̌ is weakly Π^2_0-indescribable and the rvm filter of κ̌ includes the Π^2_0-filter of κ.

proof We can use the same ideas as in the last three results. Let ϕ be a formula of the language L, and let Ċ_1, . . . , Ċ_k, ξ̇_1, . . . , ξ̇_m, σ be P_λ-names such that ⊩_P (κ̌; Ċ_1, . . . ) ⊨ ϕ, ⊩_P σ = {α : α < κ̌, (α; Ċ_1, . . . ) ⊭ ϕ}.

Then there is a set I ⊆ λ such that λ \ I has cardinal λ and σ and every Ċ_i, ξ̇_j can be represented by a P_I -name, taking P_I to be the p.o.set associated with the measure algebra of {0, 1}^I as usual. Now we have ⊩_{PI} κ̌ is real-valued-measurable (2C) and ⊩_{PI} ( ⊩_{Pλ\I} (κ̌; Ċ_1, . . . ) ⊨ ϕ ) , ⊩_{PI} ( ⊩_{Pλ\I} σ = {α : α < κ̌, (α; Ċ_1, . . . ) ⊭ ϕ} ) . In V^{PI} , all of σ, Ċ_1, . . . are definite sets, so we can apply 4N to see that ⊩_{PI} σ belongs to the rvm ideal of κ̌.

But now 2Jc tells us that ⊩_{PI} ( ⊩_{Pλ\I} σ belongs to the rvm ideal of κ̌ ) , taking the liberty of using the same symbol κ̌ for the new name for κ. Thus ⊩_P σ belongs to the rvm ideal of κ.

As ϕ, Ċ_1, . . . are arbitrary we have the result.

Remark This result shows that if an atomlessly-measurable cardinal κ is constructed by the method of 2C, then κ is weakly Π^1-indescribable ⇐⇒ κ < c ⇐⇒ κ is weakly Π^2_0-indescribable and the rvm filter of κ includes the Π^2_0-filter of κ.

See 6J and P3 below.

4S The next proposition depends on results from §6 below; but it seems natural to place it here, as it again refers to a type of indescribability.

Proposition Let κ be an atomlessly-measurable cardinal with normal witnessing probability ν. Let ϕ be a Σ^1 formula in the language L of §A4, C_1, . . . , C_k relations on κ and ξ_1, . . . , ξ_m ordinals less than κ. Set A = {α : α < κ, (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ}.

If A is not in the rvm ideal of κ then there is a B ⊆ κ such that β ⊆ B, νB = 1 and (B; C_1, . . . , ξ_m) ⊨ ϕ.

proof (a) By 4N, νA = 1. Of course, we may suppose that ξ_j < β for every j. Next, we may take it that ϕ is of the form ∃R_{k+1} . . . ∃R_{k+r} ∀x_{m+1}∃x_{m+2} . . . ∀x_{m+2s−1}∃x_{m+2s}ψ where ψ has no quantifiers, since ϕ is surely logically equivalent to such a formula. For every α ∈ A we have relations D_{α1}, . . . , D_{αr} and functions h_{α1} : α → α, h_{α2} : α^2 → α, . . . , h_{αs} : α^s → α such that (α; C_1, . . . , C_k, D_{α1}, . . . , D_{αr}, ξ_1, . . . , ξ_m, η_1, h_{α1}(η_1), . . . , η_s, h_{αs}(η_1, . . . , η_s)) ⊨ ψ for all η_1, . . . , η_s < α. For each η̄ = (η_1, . . . , η_j ) ∈ ⋃ j≤s κ^j set M(η̄) = {ξ : ν{α : h_{αj} (η̄) = ξ} > 0};

then M(η̄) is countable. For I ∈ [κ]^{<ω} let K(I) be the smallest subset of κ such that I ⊆ K(I) and M(η̄) ⊆ K(I) whenever η̄ ∈ ⋃ j≤s K(I)^j . Then K(I) is countable.

(b) Let (Z, ν̃) be the hyperstonian space of (κ, Pκ, ν), and for a ⊆ κ let a^∗ be the corresponding openand-closed subset of Z, so that a → a^∗ is a Boolean homomorphism and ν̃a^∗ = νa for every a ⊆ κ. For j ≤ s, η̄ ∈ κ^j set Q(η̄) = {{α : h_{αj} (η̄) = ξ}^∗ : ξ ∈ M(η̄)}, so that ν̃(Z \ ⋃ Q(η̄)) = 0. Set f(I) = ⋃ {Z \ ⋃ Q(η̄) : η ∈ ⋃ j≤s K(I)^j } ∈ N_{ν̃} for each I ∈ [κ]^{<ω}.

By Proposition 6E, there is a set B_0 ⊆ κ such that β ⊆ B_0, νB_0 = 1 and ⋃ {f(I) : I ∈ [B_0]^{<ω}} ≠ Z.

Take z ∈ Z \ ⋃ {f(I) : I ∈ [B_0]^{<ω}} and set B = ⋃ {K(I) : I ∈ [B_0]^{<ω}}.

If j ≤ s, we may define h_j : B^j → B as follows. For each η̄ ∈ B^j there is an I ∈ [B_0]^{<ω} such that η̄ ∈ K(I)^j (because the function I → K(I) is increasing), and now z ∈ ⋃ Q(η̄), so there is a (unique) ξ such that z ∈ {α : h_{αj} (η̄) = ξ}^∗. We have ξ ∈ M(η̄) ⊆ K(I) ⊆ B; take this ξ for h_j (η̄).

Next, define relations D_1, . . . , D_r on κ by writing D_i(η_1, . . . , η_n) ⇐⇒ z ∈ {α : D_{α1}(η_1, . . . , η_n)}^∗.

Then an easy induction on the length of χ shows that whenever χ is a formula of L without quantifiers, and η_1, . . . , η_s ∈ B, (B; C_1, . . . , C_k, D_1, . . . , D_r; ξ_1, . . . , ξ_m, η_1, h_1(η_1), . . . , h_s(η_1, . . . , η_s)) ⊨ χ at least when z ∈ b(χ, η_1, . . . , η_s)^∗, where b(χ, η_1, . . . , η_s) is the set of those α < κ such that (α; C_1, . . . , C_k, D_{α1}, . . . , D_{αr}, η_1, h_{α1}(η_1), . . . , η_s, h_{αs}(η_1, . . . , η_s)) ⊨ χ.

In particular, this is true when χ = ψ. But of course z ∈ Z = b(ψ, η_1, . . . , η_s)^∗ for all η_1, . . . , η_s < κ, so (B; C_1, . . . , C_k, D_1, . . . , D_r; ξ_1, . . . , ξ_m, η_1, h_1(η_1), . . . , h_s(η_1, . . . , η_s)) ⊨ ψ for all η_1, . . . , η_s ∈ B, and (B; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ, as required.

4T Corollary Let κ be an atomlessly-measurable cardinal. Let ϕ be a Π^1 formula of the language L, and ξ_1, . . . , ξ_m ordinals less than κ. If (κ; <; ξ_1, . . . , ξ_m) ⊨ ϕ then there is an α < κ such that (α; <; ξ_1, . . . , ξ_m) ⊨ ϕ. proof ?? Suppose, if possible, otherwise. Applying 4S to (a Σ^1 formula logically equivalent to) ¬ϕ, with β greater than any ξ_j , we obtain a B ⊆ κ such that β ⊆ B, #(B) = κ and

(B; <; ξ_1, . . . , ξ_m) ⊨ ¬ϕ.

But (B; <; ξ_1, . . . , ξ_m) is isomorphic to (κ; <; ξ_1, . . . , ξ_m), so this is impossible. XX

Remark 4N-4T are due to Kunen. Most of the ideas are in Kunen n70.

Version of 18.9.92

5. Combinatorial implications

I turn now to some of the combinatorial consequences of supposing that there is an atomlessly-measurable cardinal. I begin with technical but very useful results on set- valued functions defined on [κ]^{<ω} (5A-5B), with fairly straightforward corollaries (5C-5D), and Prikry’s theorem on cardinal powers when c is atomlessly -measurable (5E). 5F deals with κ-Aronszajn trees. The rest of the section is devoted to theorems of Kunen concerning ultrafilters on N (5G), algebras generated by rectangles (5H-5J) with corollaries on families in PN and N^N (5K-5L), ♦_c (5N) and a partition relation (5O-5P).

5A Lemma Let (X, PX, μ) be a probability space and Y a set of cardinal less than the additivity of μ. Let θ be any cardinal and f : X → [Y ]^{<θ} a function.

(a) There is an M ∈ [Y ]^{<θ} such that μ{x : f(x) ⊆ M} > 0. (b) If cf(θ) > ω then there is an M ∈ [Y ]^{<θ} such that μ{x : f(x) ⊆ M} = 1.

proof (a) If θ > #(Y ) this is trivial; suppose that θ ≤ #(Y ) < add(μ). Because [Y ]^{<θ} = ⋃ α<θ[Y ]^{≤α}, there is an α < θ such that μX_0 > 0, where X_0 = {x : #(f(x)) ≤ α}. If α < ω then #([Y ]^α) ≤ max(ω, #(Y )) < add(μ) so there is an M ∈ [Y ]^α such that μ{x : f(x) = M} > 0. If α ≥ ω, then for each x ∈ X_0 let ⟨h_ξ(x)⟩_{ξ<α} run over a set including f(x). For each ξ < α,

Y_ξ = {y : μh^{−1}_ξ [{y}] > 0}

is countable, and because #(Y ) < add(μ), μh^{−1}_ξ [Y \ Y_ξ] = 0. Set M = ⋃ ξ<α Y_ξ ∈ [Y ]^{≤α} ⊆ [Y ]^{<θ}. Because α < add(μ),

μ{x : f(x) ⊆ M} ≥ μ(X_0 \ ⋃ ξ<θ h^{−1}_ξ [Y \ Y_ξ]) > 0,

as required.

(b) If cf(θ) > ω, we can take α such that μX_0 = 1, so that μ{x : f(x) ⊆ M} = 1.

5B Theorem Let κ be a real-valued-measurable cardinal and ν a normal witnessing probability on κ. Let θ < κ be a cardinal of uncountable cofinality, and f : [κ]^{<ω} → [κ]^{<θ} any function. Then there are C ⊆ κ and f^∗ : [C]^{<ω} → [κ]^{<θ} such that νC = 1 and f(I) ∩ η ⊆ f^∗(I ∩ η) whenever I ∈ [C]^{<ω} and η < κ.

proof (a) I show by induction on n ∈ N that if g : [κ]^{≤n} → [κ]^{<θ} is a function then there are A ⊆ κ, g^∗ : [A]^{<ω} → [κ]^{<θ} such that νA = 1 and g(I) ∩ η ⊆ g^∗(I ∩ η) for every I ∈ [A]^{<ω} , η < κ. PP (i) If n = 0 this is trivial; take A = κ, g^∗(∅) = g(∅). (ii) For the inductive step to n + 1, given g : [κ]^{≤n+1} → [κ]^{<θ}, then for each ξ < κ define g_ξ : [κ]^{≤n} → [κ]^{<θ} by setting g_ξ(J) = g(J ∪ {ξ}) for every J ∈ [κ]^{≤n}. Set

D = {ξ : ξ < κ, cf(ξ) ≥ θ};

then νD = 1 (4Lc). For ξ ∈ D, J ∈ [κ]^{≤n} set ζ_{Jξ} = sup(ξ ∩g_ξ (J)) < ξ. Then for each J ∈ [κ]^{≤n} the function ξ → ζ_{Jξ} is regressive, so there is a ζ^∗_J < κ such that ζ_{Jξ} < ζ^∗_J for almost every ξ < κ. Now by 5Ab we see that there is an h(J) ∈ [ζ^∗_J ]^{<θ} such that ξ ∩ g_ξ(J) ⊆ h(J) for almost all ξ. By the inductive hypothesis, there are B ⊆ κ, h^∗ : [B]^{≤n} → [κ]^{<θ} such that νB = 1 and h(J) ∩ η ⊆ h^∗(J ∩ η) for every J ∈ [B]^{≤n} and η < κ.

Try setting

A_J = {ξ : ξ ∩ g_ξ(J) ⊆ h(J)} for J ∈ [κ]^{≤n},

A = B ∩ {ξ : ξ ∈ A_J ∀ J ∈ [ξ]^{≤n}},

g^∗(I) = g(I) if I ∈ [A]^{n+1}, g^∗(I) = g(I) ∪ h^∗(I) if I ∈ [A]^{≤n}.

Then νA_J is always 1, by the choice of h(J), so νA = 1, by A1E(c-iv); while g^∗(I) ∈ [κ]^{<θ} for every I ∈ [A]^{≤n+1}. If η < κ then of course g(∅) ∩ η ⊆ g^∗(∅ ∩ η) for every η < κ. If I ∈ [A]^{≤n+1} \ {∅} and η < κ, set ξ = max I, J = I \ {ξ}; then ξ ∈ A_J . If η > ξ then g(I) ∩ η ⊆ g(I) ⊆ g^∗(I) = g^∗(I ∩ η). If η ≤ ξ then

g(I) ∩ η = g_ξ(J) ∩ ξ ∩ η ⊆ h(J) ∩ η ⊆ h^∗(J ∩ η) = h^∗(I ∩ η) ⊆ g^∗(I ∩ η).

Thus the induction continues.

(b) Now applying (a) to f↾[κ]^{≤n} we obtain sets C_n ⊆ κ, functions f^∗_n : [C_n]^{≤n} → [κ]^{<θ} such that νC_n = 1 and f(I) ∩ η ⊆ f^∗_n(I ∩ η) whenever I ∈ [C_n]^{≤n} and η < κ. Set C = ⋂ n∈N C_n and f(I) = ⋃ i≥#(I) f ∗ i (I) for each I ∈ [C]^{<ω}. Then νC = 1. If I ∈ [C]^{<ω} and η < κ, set n = #(I); then I ∈ [C_n]^n so f(I) ∩ η ⊆ f^∗_n(I ∩ η) ⊆ f^∗(I ∩ η), as required.

5C Corollary Let κ be a real-valued-measurable cardinal and ν a normal witnessing probability on κ. Let θ < κ be a cardinal of uncountable cofinality.

(a) If Y is a set of cardinal less than κ and f : [κ]^{<ω} → [Y ]^{<θ} is a function, then there are sets C ⊆ κ, M ⊆ Y such that νC = 1, #(M) < θ and f(I) ⊆ M for every I ∈ [C]^{<ω}.

(b) If Y is any set and g : κ → [Y ]^{<θ} any function there are sets C ⊆ κ, M ∈ [Y ]^{<θ} such that νC = 1 and g(ξ) ∩ g(η) ⊆ M for all distinct ξ, η ∈ C.

(c) If f : [κ]^{<ω} → κ is a function such that f(I) < min I for every non-empty finite I ⊆ κ not containing 0, then there are sets C, M ⊆ κ such that νC = 1, M is countable and f(I) ∈ M for every I ∈ [C]^{<ω}.

proof (a) We may suppose that Y is actually a subset of κ. In this case, by 5B, we have a set C_0 ⊆ κ and a function f^∗ : [C_0]^{<ω} → [κ]^{<θ} such that f(I) ∩ η ⊆ f^∗(I ∩ η) for all I ∈ [C_0]^{<ω} and η < κ. Let γ < κ be such that Y ⊆ γ and set M = Y ∩ f^∗(∅) ∩ γ, C = C_0 \ γ. Then #(M) < θ and νC = 1 and if I ∈ [C]^{<ω} then f(I) = f(I) ∩ γ ⊆ Y ∩ f^∗(I ∩ γ) = M.

(b) As above, we may suppose that ⋃ ξ<κ g(ξ) ⊆ κ. Set f(I) = ⋃ ξ∈I g(ξ) ∈ [κ]^{<θ} for I ∈ [κ]^{<ω}; take C_0 ⊆ κ, f^∗ : [C_0]^{<ω} → [κ]^{<θ} from 5B, and set M = Y ∩ f^∗(∅). Write

C_1 = {ξ : ξ < κ, g(η) ⊆ ξ ∀ η < ξ},

so that C_1 is a closed unbounded set and νC = 1, where C = C_0 ∩ C_1. If ξ, η ∈ C and ξ < η, then

g(ξ) ∩ g(η) ⊆ η ∩ g(η) = η ∩ f({η}) ⊆ f^∗({η} ∩ η) = f^∗(∅),

so g(ξ) ∩ g(η) ⊆ M, as required.

(c) By 5B we have f^∗ : [κ]^{<ω} → [κ]^{≤ω}, C ⊆ κ such that νC = 1 and {f(I)} ∩ η ∈ f^∗(I ∩ η) whenever I ∈ [C]^{<ω} and η < κ. We may suppose that 0 /∈ C. If I ∈ [C]^{<ω} and I ≠ ∅ set η = min I; then f(I) ∈ {f(I)} ∩ η ⊆ f^∗(I ∩ η) = f^∗(∅). So if we take M = f^∗(∅) ∪ {f(∅)} we have the result.

5D Corollary Let κ be a real-valued-measurable cardinal.

(a) Suppose that Y is a set of cardinal less than κ and θ is a cardinal less than κ of uncountable cofinality. Then

(i) κ is a precaliber of the Boolean algebra PY/[Y ]^{<θ};

(ii) {λ : λ < κ is a precaliber of PY/[Y ]^{<θ}} belongs to the rvm filter of κ; (iii) the Souslin number of PY/[Y ]^{<θ} is less than κ; (iv) Tr_{[Y ]}<θ (Y ; Z) < κ whenever #(Z) < κ (definition: 2F).

(b) If δ is a cardinal less than κ, and h : [κ]^{<ω} → [κ]^{≤δ} is a function, there is a set A ⊂ κ such that #(A) = κ and h(I) ⊆ A for every I ∈ [A]^{<ω}.

(c) In particular, there is no Jónsson algebra on κ.

(d) If f : [κ]^{<ω} → ω_1 is any function there are C ∈ [κ]^κ, ζ < ω_1 such that f(I) ≠ ζ for every I ∈ [C]^{<ω}.

proof (a) Write A = PY/[Y ]^{<θ}.

(i) Let ⟨a_ξ⟩_{ξ<κ} be a family in A \ {0}. For ξ < κ choose A_ξ ⊆ Y such that A^•_ξ = a_ξ. For I ∈ [κ]^{<ω} set f(I) = ⋂ ξ∈I A_ξ if the intersection has cardinal less than θ, ∅ otherwise. By 5Ca there is a C ∈ [κ]^κ such that M = ⋃ {f(I) : I ∈ [C]^{<ω}} has cardinal less than θ. Now there is a y ∈ Y \ M such that D = {ξ : ξ ∈ C, y ∈ A_ξ} has cardinal κ, and we must have #( ⋂ ξ∈I A_ξ ) ≥ θ for every I ∈ [D]^{<ω}, so that ⟨a_ξ ⟩_{ξ∈D} is centered in A.

(ii) Let W be the set of cardinals less than κ which are not precalibers of A. For each α ∈ W choose a family ⟨a_{αξ}⟩_{ξ<α} in A \ {0} with no centered family of cardinal α, and for ξ < α ∈ W choose A_{αξ} ⊆ Y such that A^•_{αξ} = a_{αξ} . For I ∈ [κ]^{<ω} set f(I) = ⋂ ξ∈I∩α Aαξ if #(I) ≥ 2 and max I = α ∈ W

and #( ⋂ ξ∈I∩α) Aαξ < θ, ∅ otherwise. ?? If W is not in the rvm ideal of κ, let ν be a normal witnessing

probability on κ with νW = 1. By 5Ca there is a C ⊆ κ such that νC = 1 and M = ⋃ {f(I) : I ∈ [C]^{<ω}} has cardinal less than θ. Let α ∈ C ∩ W be such that #(C ∩ α) = α and cf(α) > #(Y ) (using 4Lc). For each ξ ∈ C ∩ α there is a y ∈ A_{αξ} \ M, so there is a y ∈ Y such that D = {ξ : ξ < α, y ∈ A_{αξ} } has cardinal α. But now ⟨a_{αξ} ⟩_{ξ∈D} is centered, contrary to the choice of ⟨a_{αξ} ⟩_{ξ<α}. XX

Thus W belongs to the rvm ideal of κ, and

V = {α : α < κ is a cardinal} \ W

belongs to the rvm filter of κ. But every member of V is a precaliber of A.

(iii) If α is any infinite cardinal which is a precaliber of A, then the Souslin number of A is at most α.

(iv) Tr_{[Y ]}<θ (Y ; Z) ≤ S(P(Y × Z)/[Y × Z]^{<θ}).

(b)-(c) For I ∈ [κ]^{<ω} let g(I) be the smallest set such that I ⊆ g(I) and h(J) ⊆ g(I) for every J ∈ [g(I)]^{<ω} . Then #(g(I)) ≤ δ for every I and g(I) ⊆ g(I^′) whenever I ⊆ I^′ ∈ [κ]^{<ω}.

Applying 5Ca with Y = δ^+ = θ and f(I) = g(I) ∩ θ, we see that there are sets C ⊆ κ, M ⊆ θ such that #(C) = κ, #(M) ≤ δ and g(I) ∩ θ ⊆ M for every I ∈ [C]^{<ω}. Set A = ⋃ {g(I) : I ∈ [C]^{<ω} } ⊆ κ.

Then C ⊆ A, so #(A) = κ, and A ∩ θ ⊆ M, so A ≠ κ. Finally, {g(I) : I ∈ [C]^{<ω}} is upwards-directed, so if J ∈ [A]^{<ω} there is an I ∈ [C]^{<ω} such that J ⊆ g(I), in which case h(J) ⊆ g(I) ⊆ A.

(d) In fact there are C ∈ [κ]^κ, ζ < ω_1 such that f(I) < ζ for every I ∈ [C]^{<ω} .

Remarks (a) The ideas here go back to Lemma 14 of Solovay 71 and Lemma 5 of Kunen n70. 5D(a-ii) is a strengthening of Theorem 2d of Prikry 75. 5Dc is due to Shelah. 5Dd corresponds to formula (7) of §53 in Erdös Hajnal Máté & Rado 84, p. 330.

(b) The results above will more often than not be used with successor cardinals θ, so that [Y ]^{<θ} = [Y ]^{≤δ} for some infinite cardinal δ < κ. Of course 5B-5C also give information about functions f : [κ]^{<ω} → Y , taking θ = ω_1 and replacing f by I → {f(I)} : [κ]^{<ω} → [Y ]^{≤ω}.

(c) For possible strengthenings of 5Ab, 5Ca and 5Da see P9 below.

5E Theorem If c is atomlessly-measurable, then 2^λ ≤ c for every cardinal λ < c.

proof The proof is by induction on λ. It starts with the trivial case λ ≤ ω.

(a) For the inductive step to λ, where ω < λ < c, consider first the case cf(λ) > ω. For each ξ < λ, let θ_ξ : Pξ → c be an injective function. For each A ⊆ λ, there must be a γ_A < c such that θ_ξ(A ∩ ξ) ≤ γ_A for every ξ < λ, because cf(c) = c > λ.

?? Suppose, if possible, that 2^λ > c. Then there must be a γ < c such that A = {A : A ⊆ λ, γ_A = γ} has cardinal greater than c. Let h : c → A be injective, and define f : [c]^2 → λ by setting

f({α, β}) = min{ξ : h(α) ∩ ξ ≠ h(β) ∩ ξ}

whenever α, β < c are distinct. By Corollary 5Ca, with θ = ω_1, Y = λ, there is a set C ⊆ c such that #(C) = c and M = f[[C]^2] is countable. Because cf(λ) > ω, ζ = sup M < λ. But now we see that h(α) ∩ ζ ≠ h(β) ∩ ζ whenever α, β are distinct members of C. So θ_ζ (h(α) ∩ ζ) ≠ θ_ζ (h(β) ∩ ζ) for all distinct α, β ∈ C. But h(α) ∈ A whenever α < c, so θ_ζ (h(α) ∩ ζ) ≤ γ for every α ∈ C; which is impossible, because #(C) > #(γ). XX

So in this case 2^λ ≤ c.

(b) Now if we have ω = cf(λ) < λ < c, then there is an increasing sequence ⟨λ_n⟩_{n∈N} of cardinals cofinal with λ, so that 2^λ ≤ #( ∏ n∈N Pλ_n) ≤ #(c^N) = c. So in this case also the induction proceeds.

Remark This is due to Prikry 75. See also 7Q below.

5F Proposition If κ is a real-valued-measurable cardinal, then there is no κ-Aronszajn tree. proof Let T be a tree of height κ in which every level has cardinal strictly less than κ. Then #(T ) = κ. Let ν be a κ-additive probability with domain PT which is zero on singletons. For each t ∈ T write T^{(t)} for the set of elements of T comparable with t, and for ξ < κ let T_ξ be the set of elements of T of rank ξ. Set S = {t : νT^{(t)}} > 0. If s ≤ t ∈ S then T^{(s)} ⊇ T^{(t)} so s ∈ S; for each ξ < κ, we have #(T_ξ) < κ and T = ⋃ t∈T_ξ T

(t), so S ∩ T_ξ ≠ ∅; and ν(T^{(s)} ∩ T^{(t)}) = 0 if s, t are distinct members of T_ξ, so S ∩ T_ξ is countable. Thus S is a tree of height κ in which every level is countable. Because cf(κ) > ω_1 there must be an s ∈ S such that S^{(s)} = S ∩ T^{(s)} is a branch of length κ. Thus T is not a κ-Aronszajn tree. Remarks (a) This is due to Silver 70, Theorem 1.16.

(b) It is also the case that {λ : λ < κ is a cardinal and there is a λ-Aronszajn tree} belongs to the rvm ideal of κ. This may be deduced from the result above using 4Ob (because it is easy to check that there is a second-order formula ϕ such that, for cardinals λ, (λ; <; ) ⊨ ϕ iff there is a λ-Aronszajn tree), or from 4Kb, because if λ is weakly Π^1-indescribable there is no λ-Aronszajn tree (Fremlin & Kunen n87, 2N; compare Keisler & Tarski 64, 4.31).

5G Proposition If there is an atomlessly-measurable cardinal, there is no rapid p-point ultrafilter on N. proof Let κ be an atomlessly-measurable cardinal, with witnessing probability ν.

?? Suppose, if possible, that F is a rapid p-point ultrafilter on N. Let ⟨C_{kn}⟩_{k,n∈N} be a stochastically independent double sequence of subsets of κ with νC_{kn} =^1_2 for all k, n. Set C_k = lim_{n→F} C_{kn} ⊆ κ, A_k = {(ξ, n) : ξ ∈ C_k & ξ ∈ C_{kn} or ξ /∈ C_k & ξ /∈ C_{kn}} ⊆ κ × N for each k ∈ N. Then, for k ∈ N, ξ < κ, {n : (ξ, n) ∈ A_k} = {n : ξ ∈ C_{kn}} ∈ F if ξ ∈ C_k, = {n : ξ /∈ C_{kn}} ∈ F if ξ /∈ C_k.

Because F is a p-point ultrafilter, there is a set A ⊆ κ × N such that {n : (ξ, n) ∈ A} ∈ F, {n : (ξ, n) ∈ A \ A_k} is finite for all k ∈ N, ξ < κ.

Now observe that if we write B_{kn} = {ξ : ξ < κ, (ξ, n) ∈ A_i ∀ i < k}, then lim_{n→∞} ν(D ∩ B_{kn}) = 2^{−k}νD for every k ∈ N, D ⊆ κ. PP Induce on k. For k = 0, this is trivial. For the inductive step to k + 1, B_{k+1,n} = {ξ : ξ ∈ B_{kn}, ξ ∈ C_k ⇐⇒ ξ ∈ C_{kn}} = (B_{kn} ∩ C_k ∩ C_{kn}) ∪ ((B_{kn} \ C_k ) \ C_{kn}).

Now if we write A_k for the subalgebra of Pκ generated by {C_{ij} : i < k, j ∈ N}, we see that for any E ⊆ κ, sequence ⟨D_n⟩_{n∈N} in A_k we have lim_{n→∞} ν(E ∩ D_n ∩ C_{kn}) =^1_2 lim_{n→∞} ν(E ∩ D_n) whenever the right-hand-side is defined, just because the C_{kn} are stochastically independent of each other and the D_n and all have measure^1_2 . (See A2N.) It follows that if we write A^′_k for the subalgebra of Pκ generated by A_k ∪ {C_i : i ≤ k} ∪ {D} then lim_{n→∞} ν(D_n ∩ C_{kn}) =^1_2 lim_{n→∞} ν(D_n) for every sequence ⟨D_n⟩_{n∈N} in A^′_k for which the right-hand limit exists. Applying this with D_n = B_{kn} ∩D∩C_k and with D_n = B_{kn} ∩ D \ C_k we get, for any D ⊆ κ, lim_{n→∞} ν(B_{k+1,n} ∩ D) = lim_{n→∞} ν(B_{kn} ∩ D ∩ C_k ∩ C_{kn}) + lim_{n→∞} ν(B_{kn} ∩ D \ C_k) − lim_{n→∞} ν((B_{kn} ∩ D \ C_k) ∩ C_{kn}) = 1 2 lim_{n→∞} ν(B_{kn} ∩ D ∩ C_k) + 1 2 lim_{n→∞} ν(B_{kn} ∩ D \ C_k ) = 1 2 lim_{n→∞} ν(B_{kn} ∩ D) = 1 2 2^{−k}νD = 2^{−k−1}νD, as required. QQQ In particular, lim_{n→∞} νB_{kn} = 2^{−k} for every k ∈ N.

If we now set B_n = {ξ : (ξ, n) ∈ A}, the set {n : n ∈ N, ξ ∈ B_n \ B_{kn}} is finite for every ξ < κ, k ∈ N, and consequently lim_{n→∞} ν(B_n \ B_{kn}) = 0 ∀ k ∈ N, so that lim_{n→∞} νB_n = 0.

Because F is rapid, there is an F ∈ F such that ∑ n∈F νB_n < ∞. There is therefore some ξ < κ such that F^′ = {n : n ∈ F, ξ ∈ B_n} is finite. But F^′ = {n : n ∈ F, (ξ, n) ∈ A} ∈ F. XX Remark This is due to Kunen; compare Jech 78, §38.

5H Proposition Let (X, μ) and (Y, ν) be probability spaces and H a Hilbert space. Suppose that x → u_x : X → H and y → v_y : Y → H are bounded H-scalarly measurable functions. Then ∫ ∫ (u_x|v_y)μ(dx)ν(dy) = ∫ ∫ (u_x|v_y )ν(dy)μ(dx) (and both repeated integrals exist).

proof (a) Let E be the set of closed separable linear subspaces of H. For each E ∈ E, let P_E be the orthogonal projection onto E. Observe that (because E is separable) the map x → P_E (u_x) : X → E will be measurable in the sense of A2Ae for the second-countable norm topology on E, for every E ∈ E.

(b) There is an E ∈ E such that P_E (u_x) = P_F (u_x) μ-a.e. (x) whenever E ⊆ F ∈ E. PP?? For suppose, if possible, otherwise. Then we can choose inductively an increasing family ⟨E_ξ ⟩_{ξ<ω1} in E such that μ{x : P_{Eξ+1} (u_x) ≠ P_{Eξ} (u_x)} > 0 ∀ ξ < ω_1,

E_ξ = ⋃ η<ξ E_η whenever ξ is a non-zero countable limit ordinal.

(The set of x for which P_{Eξ+1} (u_x) ≠ P_{Eξ} (u_x) is measurable because E_ξ and E_{ξ+1} are separable, as remarked above.) Now there must be a rational δ > 0 such that

A = {ξ : ξ < ω_1, μU_ξ ≥ δ} is infinite, where U_ξ = {x : ‖P_{Eξ+1} (u_x) − P_{Eξ} (u_x)‖ ≥ δ} for each ξ < ω_1. But in this case there must be an x ∈ X such that A^′ = {ξ : ξ ∈ A, x ∈ U_ξ} is infinite (A2Mb). Let ζ be any cluster point of A^′ in ω_1. Then P_{Eζ} (u_x) = lim_{ξ↑ζ} P_{Eξ} (u_x), which is impossible. XXQQQ

(c) Applying (b) to both ⟨u_x⟩_{x∈X} and ⟨v_y ⟩_{y∈Y} , we see that there is an E ∈ E such that P_E (u_x) = P_F (u_x) μ-a.e.(x), P_E (v_y ) = P_F (v_y ) ν-a.e.(y) whenever E ⊆ F ∈ E. Now observe that if y ∈ Y there is an F ∈ E such that E ⊆ F and v_y ∈ F . So ∫ (u_x|v_y)μ(dx) = ∫ (u_x|P_F (v_y))μ(dx) = ∫ (P_F (u_x)|v_y)μ(dx) = ∫ (P_E (u_x)|v_y)μ(dx) = ∫ (P_E (u_x)|P_E (v_y))μ(dx).

This is true for every y. So ∫ ∫ (u_x|v_y )μ(dx)ν(dy) = ∫ ∫ (P_E (u_x)|P_E (v_y ))μ(dx)ν(dy).

Similarly ∫ ∫ (u_x|v_y )ν(dy)μ(dx) = ∫ ∫ (P_E (u_x)|P_E (v_y ))ν(dy)μ(dx).

But also, because x → P_E (u_x) and y → P_E (v_y ) are measurable maps to the second-countable space E, and (u, v) → (u|v) : E × E → R is continuous, (x, y) → (P_E (u_x)|P_F (v_y)) is measurable for the product measure μ × ν, and ∫ ∫ (P_E (u_x)|P_E (v_y ))μ(dx)ν(dy) = ∫ ∫ (P_E (u_x)|P_E (v_y))ν(dy)μ(dx) by Fubini’s theorem. Putting these together, we have the result.

5I Corollary Let (X, μ), (Y, ν) and (Z, Σ, σ) be probability spaces. Let x → A_x : X → Σ and y → B_y : Y → Σ be functions such that x → σ(A_x ∩ C), y → σ(B_y ∩ C) are measurable for every C ∈ Σ. Then ∫ ∫ σ(A_x ∩ B_y)μ(dx)ν(dy) = ∫ ∫ σ(A_x ∩ B_y)ν(dy)μ(dx).

proof Apply 5H with H = L^2(σ), u_x = χ(A_x)^• (the equivalence class in L^2 of the characteristic function of A_x), v_y = χ(B_y)^•.

5J Theorem Let κ be a real-valued-measurable cardinal. For cardinals λ ≤ κ let Σ_λ be the smallest subalgebra of P(λ × λ) containing all sets of the form E × F , where E, F ⊆ λ, and closed under unions of fewer than λ of its members. Set D_λ = {(η, ζ) : η ≤ ζ < λ} ⊆ λ×λ. Then {λ : λ < κ is a cardinal, D_λ ∈ Σ_λ} belongs to the rvm ideal of κ, and D_κ /∈ Σ_κ.

proof The following notation will be useful: If θ is a cardinal and Z is a set, a θ-subalgebra of PZ will be a subalgebra Σ of PZ such that ⋃ A ∈ Σ whenever A ⊆ Σ and #(A) ≤ θ. Set

A = {λ : λ < κ is a cardinal, D_λ ∈ Σ_λ}.

(a) ?? Suppose, if possible, that A is not in the rvm ideal of κ. Let ν be a normal witnessing probability on κ such that νA = 1. Set Set A_1 = {λ : λ ∈ A, λ is uncountable and regular};

then νA_1 = νA = 1, by 4Ka.

For cardinals λ, θ let Σ_{λθ} be the smallest θ-subalgebra of P(λ × λ) containing all rectangles E × F for E, F ⊆ λ. If λ ∈ A_1 it is regular, so Σ_λ = ⋃ θ<λ Σ_{λθ}, and there is an infinite θ < λ such that D_λ ∈ Σ_{λθ}.

Because ν is normal, there is a θ < κ such that νA_2 = 1 where

A_2 = {λ : λ ∈ A_1, D_λ ∈ Σ_{λθ}}.

(b) For each λ ∈ A_2 there is a family ⟨E_{λξ} ⟩_{ξ<θ} of subsets of λ such that D_λ belongs to the smallest θ-subalgebra Σ^∗_λ of P(λ×λ) which contains E_{λξ} ×E_{λη} for all ξ, η < θ. (For the union of all such subalgebras Σ^∗_λ is a θ-subalgebra of P(λ × λ) and must be Σ_{λθ}.) Set X = {0, 1}^θ and define f_λ : λ → X by setting

f_λ(η)(ξ) = 1 if η ∈ E_{λξ} , 0 otherwise.

Let Σ be the smallest θ-subalgebra of P(X ×X) containing all the open-and-closed sets. Then every member of Σ^∗_λ is of the form

{(η, ζ) : (f_λ(η), f_λ(ζ)) ∈ R}

for some R ∈ Σ (because sets of this form comprise a θ-subalgebra of P(λ × λ) containing all the sets E_{λξ} × E_{λη} ); in particular, there is a set R_λ ∈ Σ such that

D_λ = {(η, ζ) : (f_λ(η), f_λ(ζ)) ∈ R_λ}.

(c) Let T be the smallest θ^+-subalgebra of P(κ × X × X) containing all sets of the form B × U × V , where B ⊆ κ and U, V ⊆ X. Then

{(λ, x, y) : λ ∈ A_2, (x, y) ∈ R_λ}

belongs to T. PP Define H_γ inductively, for ordinals γ ≤ θ^+, by taking

H_0 to be the family of open-and-closed subsets of X × X, if γ < θ^+ is an even ordinal then

H_{γ+1} = { ⋃ ξ<θ H_ξ : H_ξ ∈ H_γ ∀ ξ < θ};

if γ < θ^+ is an odd ordinal then

H_{γ+1} = {(X × X) \ H : H ∈ H_γ };

if γ ≤ θ^+ is a non-zero limit ordinal then

H_γ = ⋃ δ<γ H_δ.

Every H_γ is closed under finite unions and intersections, and H_γ ⊆ H_{γ+2} ∩ H_{γ+3}, so H_γ is a subalgebra of P(X × X) for limit ordinals γ, and H_θ+ = Σ.

Next, an easy induction on γ shows that if H_ξ ∈ H_γ for every ξ < κ then {(ξ, x, y) : (x, y) ∈ H_ξ} ∈ T. The induction starts with the observation that any open-and-closed set H ⊆ X × X is a finite union of rectangles, so that B × H ∈ T for every B ⊆ κ. Now H_0 has cardinal θ, so if H_ξ ∈ H_0 for every ξ < κ we get {(ξ, x, y) : (x, y) ∈ H_ξ} = ⋃ H∈H_0 {ξ : Hξ = H} × H ∈ T.

For the inductive step to γ + 1, where γ is even, we have a family ⟨H_ξ ⟩_{ξ<κ} such that each H_ξ is expressible as ⋃ η<θ H_{ξη} with every H_{ξη} ∈ H_γ ; now

{(ξ, x, y) : (x, y) ∈ H_ξ} = ⋃ η<θ{(ξ, x, y) : (x, y) ∈ H_{ξη}} ∈ T,

using the inductive hypothesis and the fact that T is a θ-subalgebra. Similarly, the inductive step to γ + 1, where γ is odd, needs only the fact that T is closed under complements. Finally, for the inductive step to a limit γ ≤ θ^+, we have a family ⟨H_ξ ⟩_{ξ<κ} ∈ H_γ = ⋃ δ<γ H_δ . Set H_{δξ} = H_ξ if H_ξ ∈ H_δ, ∅ otherwise; then {(ξ, x, y) : (x, y) ∈ H_ξ} = ⋃ δ<γ {(ξ, x, y) : (x, y) ∈ H_{δξ} } ∈ T, using the inductive hypothesis and the fact that T is a θ^+-subalgebra.

Observing that R_λ ∈ Σ = H_θ+ for every λ ∈ A_2, we have the result. QQQ

(d) Define two probabilities ϕ, ψ on P(κ × X × X) by setting ϕ(W ) = ∫ ∫ ν{λ : λ ∈ A_2, λ > max(η, ζ), (λ, f_λ(η), f_λ(ζ)) ∈ W }ν(dη)ν(dζ),

ψ(W ) = ∫ ∫ ν{λ : λ ∈ A_2, λ > max(η, ζ), (λ, f_λ(η), f_λ(ζ)) ∈ W }ν(dζ)ν(dη) for all W ⊆ κ × X × X. Then both ϕ and ψ are κ-additive, and ϕ(κ × X × X) = ψ(κ × X × X) = 1. Set S = {S : S ⊆ κ × X × X, ϕ(S) = ψ(S)}.

Then S is closed under monotonic and disjoint unions of length less than κ, and also under complements.

(e) The key to the proof is the following fact: If B ⊆ κ and U, V ⊆ X then B × U × V ∈ S. PP Substituting in the formulae above, we get ϕ(B × U × V ) = ∫ ∫ ν(U_η ∩ V_ζ )ν(dη)ν(dζ),

ψ(B × U × V ) = ∫ ∫ ν(U_η ∩ V_ζ )ν(dζ)ν(dη), where U_η = {λ : λ ∈ B ∩ A_2, η < λ, f_λ(η) ∈ U}, V_ζ = {λ : λ ∈ A_2, ζ < λ, f_λ(ζ) ∈ V } for η, ζ < κ. Now the result is immediate from 5I. QQQ

(f) It follows that T ⊆ S. PP Define S_γ inductively, for ordinals γ ≤ θ^{++}, as follows. Take S_0 to be the subalgebra of P(κ × X × X) generated by {B × U × V : B ⊆ κ, U ⊆ X, V ⊆ X}. Then each member of S_0 is a finite disjoint union of cuboids B × U × V , which by (e) above all belong to S, and S_0 ⊆ S. Given S_γ , for an even ordinal γ, set S_{γ+1} = { ⋃ ξ<α S_ξ : α ≤ θ^+, ⟨S_ξ ⟩_{ξ<α} is an increasing family in S_γ };

for odd ordinals γ set S_{γ+1} = {(κ × X × X) \ S : S ∈ S_γ };

for non-zero limit ordinals γ set S_γ = ⋃ δ<γ S_δ.

Of course every S_γ is included in S, because θ^+ < κ. Next, every S_γ is closed under finite unions and intersections, so S_γ is a subalgebra of P(κ × X × X) for every limit ordinal γ; and finally S_θ++ is a subalgebra of P(κ×X ×X) such that ⋃ ξ<α S_ξ ∈ S_θ++ whenever α ≤ θ^+ and ⟨S_ξ ⟩_{ξ<α} is an increasing family in S_θ++ . Inducing on α we see that ⋃ ξ<α S_ξ ∈ S_θ++ whenever α ≤ θ^+ and ⟨S_ξ ⟩_{ξ<α} is any family in S_θ++ ;

so that S_θ++ is a θ^+-subalgebra of P(κ × X × X), and T ⊆ S_θ++ ⊆ S, as required. QQQ

(g) Putting (c) and (f) together, W^∗ = {(λ, x, y) : λ ∈ A_2, (x, y) ∈ R_λ} belongs to S, and ϕ(W^∗) = ψ(W^∗). But if we set out to compute these numbers we have ν{λ : λ ∈ A_2, λ > max(η, ζ), (λ, f_λ(η), f_λ(ζ)) ∈ W^∗} = ν{λ : λ ∈ A_2, λ > max(η, ζ), (f_λ(η), f_λ(ζ)) ∈ R_λ} = ν{λ : λ ∈ A_2, λ > max(η, ζ), (η, ζ) ∈ D_λ} = 1 if η ≤ ζ, = 0 otherwise.

So ϕ(W^∗) = 0 and ψ(W^∗) = νA_2 = 1; which is impossible. XX

(h) This contradiction shows that A belongs to the rvm ideal of κ, which is the first part of the theorem. But the second part now follows. ?? For if D_κ ∈ Σ_κ then (in the notation of (a)) there is a θ < κ such that D_κ ∈ Σ_{κθ}; now as D_λ = D_κ ∩ (λ × λ) and Σ_{λθ} = {E ∩ (λ × λ) : E ∈ Σ_{κθ}} for every λ < κ, we get D_λ ∈ Σ_λ whenever θ < λ < κ, which cannot be so. XX Thus D_κ /∈ Σ_κ and we are done.

5K Corollary Let κ be a real-valued-measurable cardinal. Then there is a cardinal λ < κ such that there is no family ⟨a_η⟩_{η<λ} in PN for which a_η \ a_ζ is finite for η ≤ ζ, infinite for η ≥ ζ. proof For if λ is an uncountable cardinal and ⟨a_η⟩_{η<λ} is such a family, set B_n = {η : n ∈ a_η } ⊆ λ for each n ∈ N. Then, in the notation of 5J, D_λ = ⋃ n∈N ⋂ m≥n((λ × B_m) ∪ ((λ \ B_m) × λ)) ∈ Σ_λ.

So we need only to take an uncountable λ < κ such that D_λ /∈ Σ_λ, as provided in abundance by 5J.

5L Remarks (a) 5J-5K are due to Kunen. A version of his original proof (adapted to 5K) is given in Fremlin & Kunen 91. Seeking a non-forcing alternative he and I independently (late 1989) devised forms of the argument above. I do not know whether 5H was known earlier.

(b) Note that the cardinal λ of 5K also has the property that there can be no family ⟨f_ξ⟩_{ξ<λ} in N^N such that {n : f_η(n) < f_ξ(n)} is finite whenever ξ ≤ η < λ, infinite when ξ > η; apply 5K with a_ξ = {(n, i) : i ≤ f_ξ(n)} ⊆ N × N for each ξ < λ. See Fremlin & Kunen 91.

Evidently there are many further results along these lines concerning increasing families in ordered topological spaces of small weight when the ordering has a simple relation to the topology.

(c) In the same way, again taking λ from 5K, there is no p(λ)-point ultrafilter on N.

Version of 18.9.92 5M Proposition Let κ be a real-valued-measurable cardinal with normal witnessing probability ν, and X any set. Let ⟨f_ξ ⟩_{ξ<κ} be any family in X^κ such that for every countable I ⊆ κ there is a g ∈ X^I such that ν{ξ : f_ξ↾I = g} > 0. Then there is an h ∈ X^κ such that ν{ξ : ξ < κ, f_ξ↾ξ = h↾ξ} > 0. proof (a) Set G_0 = ⋃ {X^I : I ∈ [κ]^{≤ω}}.

For g ∈ G_0, set E(g) = {ξ : f_ξ ⊇ g}; write G = {g : g ∈ G_0, νE(g) > 0}.

(b) There is a g ∈ G such that for every η < κ there is an x ∈ X such that E(g) \ E(g ∪ {(η, x)}) ∈ N_ν . PP?? If not, choose ⟨I_α⟩_{α<ω1} , ⟨H_α⟩_{α<ω1} as follows. Start with I_0 = ∅. Given that I_α is countable, set H_α = {g : g ∈ G, dom(g) = I_α}.

Then H_α is non-empty, by the hypothesis of the lemma, and countable, because E(g)∩E(g^′) = ∅ for distinct g, g^′ ∈ H_α. Now there must be a countable set I_{α+1} ⊇ I_α such that ∀ g ∈ H_α ∃ η ∈ I_{α+1} such that E(g) \ E(g ∪ {(η, x)}) /∈ N_ν for every x ∈ X.

For limit ordinals α < ω_1 set I_α = ⋃ β<α I_β .

For each α < ω_1, take g_α ∈ H_α. By A2Mc there is a ζ < κ such that D = {α : ζ ∈ E(g_α)} is uncountable. Now for each α ∈ D there is some η_α ∈ I_{α+1} such that F_α = E(g_α) \ E(g_α ∪ {(η_α, f_ζ (η_α))}) /∈ N_ν .

However, if β ∈ D and β > α, then g_β↾I_{α+1} ⊆ g_β↾I_β ⊆ f_ζ , so F_β ∩ F_α = ∅. Thus ⟨F_α⟩_{α∈D} is an uncountable disjoint family of non-negligible sets, which is impossible. XXQQQ

(c) Now for any η < κ choose h(η) ∈ X such that F_η = E(g) \ E(g ∪ {(η, h(η))}) ∈ N_ν . Then we have

F = {ξ : ∃ η < ξ, ξ ∈ F_η } ∈ N_ν ,

because ν is normal. Set E = E(g) \ F ; then νE > 0 and f_ξ↾ξ = h↾ξ for every ξ ∈ E.

5N Theorem Suppose that c is atomlessly-measurable. Then ♦_c is true, that is, there is a family ⟨A_ξ ⟩_{ξ<c} such that {ξ : A ∩ ξ = A_ξ} is stationary in c for every A ⊆ c.

proof (a) Let ν be a normal witnessing probability on c. Let ⟨p_ξ ⟩_{ξ<c} , ⟨I_ξ ⟩_{ξ<c} be enumerations of ⋃ {{0, 1}^I :

I ∈ [c]^{≤ω}}, [c]^{≤ω} respectively. Define inductively a family ⟨f_ξ⟩_{ξ<c} as follows. Given ⟨f_η⟩_{η<ξ} , let F_ξ be the set of those functions f : ξ → {0, 1} such that

(i) f↾η ≠ f_η for every non-zero limit ordinal η < ξ, (ii) for every η < ξ there is a ζ < ξ such that f↾I_η = p_ζ .

Now if F_ξ ≠ ∅ take f_ξ ∈ F_ξ; otherwise take f_ξ to be any function from ξ to {0, 1}. Set A_ξ = f^{−1}_ξ [{1}] for each ξ < c.

(b) If A ⊆ c is any set, then there is a non-zero limit ξ < c such that A ∩ ξ = A_ξ . PP?? Suppose, if possible, otherwise. Set g(ξ) = 1 for ξ ∈ A, 0 for ξ ∈ c \ A. Let C be the set of non-zero limit ordinals ξ < c such that for every η < ξ there is a ζ < ξ such that g↾I_η ∩ ξ = p_ζ . Then C is a closed unbounded set in c, and g↾ξ ∈ F_ξ for every ξ ∈ C, so f_ξ ∈ F_ξ for every ξ ∈ C.

For any set J = {ξ, η} ∈ [C]^2, set h(J) = min{ζ : f_ξ(ζ) ≠ f_η(ζ)}; then h(J) < min J because if η < ξ then f_ξ↾η ≠ f_η. By 5Cc above there are D ⊆ C, M ⊆ c such that νD = 1, M is countable and h(J) ∈ M for all J ∈ [D]^2. Let η < c be such that M = I_η; set B = {ξ : M ∪ {η} ⊆ ξ ∈ D}, so that νB = 1. Then for every ξ ∈ B we shall have a ζ(ξ) < ξ such that p_{ζ(ξ)} = f_ξ↾M. But if ξ, ξ^′ are distinct members of B we must have h({ξ, ξ^′}) ∈ M so f_ξ↾M ≠ f_ξ′ ↾M; thus ξ → ζ(ξ) : B → κ is an injective regressive function, which is impossible. XXQQQ

(c) Of course the family ⟨A_ξ ⟩_{ξ<c} constructed in (a) is not necessarily a true ♦-sequence as called for in the statement of the theorem. But if we set A^′_ξ = {η : 2η ∈ A_ξ} for each ξ, we obtain such a sequence (see Devlin 84, Ex. III.3A).

Remark 5M-5N are due to Kunen. Of course ♦_κ is true for every two-valued-measurable cardinal κ, by the same argument. See also 9N.

5O Theorem Let κ be a real-valued-measurable cardinal. Then (a) κ → (κ, γ)^2 for every ordinal γ < ω_1; (b) the set

{α : α < κ, α → (α, γ)^2 for every countable ordinal γ}

belongs to the rvm filter of κ.

Notation See A1S for the definition of ‘α → (α, β)^2’.

proof (a) Let γ be a countable ordinal and S ⊆ [κ]^2 any set. Suppose that there is no set B ⊆ κ of order type κ such that [B]^2 ∩ S = ∅; I seek a set C of order type γ such that [C]^2 ⊆ S. For each ξ < κ set S_ξ = {η : ξ < η < κ, {ξ, η} ∈ S}. Fix a normal witnessing probability ν on κ.

(i) If E ⊆ κ then ν(E ∩ S_ξ ) > 0 for ν-almost every ξ ∈ E. PP Set

E^′ = {ξ : ξ ∈ E, ν(E ∩ S_ξ) = 0},

A = {ξ : ξ < κ, ξ /∈ E ∩ S_η ∀ η ∈ ξ ∩ E^′};

then νA = 1 (because ν is normal), and also [A ∩ E^′]^2 ∩ S = ∅, so ν(A ∩ E^′) = 0 and νE^′ = 0. QQQ

(ii) For each n ≥ 1 define a κ-additive probability ν_n on κ^n by setting

ν_nV = ∫ . . . ∫ χV (ξ_1, . . . , ξ_n)ν(dξ_n) . . . ν(dξ_1) for every V ⊆ κ^n. Observe that if V ⊆ κ^{n+1} then ν_{n+1}V = ∫ ν_n{t : ξ^⌢t ∈ V }ν(dξ), writing ξ^⌢(ξ_1, . . . , ξ_n) = (ξ, ξ_1, . . . , ξ_n).

(iii) (The key) If D, F ⊆ κ and n ≥ 1 and ν_{n+1}(S^{n+1}_ξ \ ⋃ η∈D S^{n+1}_η }) = 0 ∀ ξ ∈ F , then for ν-almost every ξ ∈ F ν_n(S^n_ξ \ ⋃ {S^n_η : η ∈ D, ξ ∈ S_η }) = 0.

PP?? If not, there is a δ > 0 such that νE > 0, where E = {ξ : ξ ∈ F, ν_n(S^n_ξ \ ⋃ {S^n_η : η ∈ D, ξ ∈ S_η}) ≥ δ}.

Choose a sequence ⟨ξ_i⟩_{i∈N} as follows. Start with any ξ_0 ∈ E such that ν(E ∩ S_{ξ0} ) > 0; such exists by (i) above. Given ξ_0, . . . , ξ_k ∈ F such that ν(E ∩ ⋂ i≤k S_{ξi} ) > 0, then ν_{n+1}( ⋃ i≤k S^{n+1}_{ξi} \ ⋃ η∈D S^{n+1}_η ) = 0, so for ν-almost all ξ ν_n( ⋃ {S^n_{ξi} : i ≤ k, ξ ∈ S_{ξi} } \ ⋃ {S^n_η : η ∈ D, ξ ∈ S_η}) = 0.

Now for ν-almost all ξ ∈ ⋂ i≤k S_{ξi} , ν_n( ⋃ i≤k S^n_{ξi} \ ⋃ {S^n_η : η ∈ D, ξ ∈ S_η }) = 0, and for ν-almost all ξ ∈ E ∩ ⋂ i≤k S_{ξi} we have ν_n(S^n_ξ \ ⋃ i≤k S^n_{ξi} ) ≥ δ.

We can therefore find a ξ_{k+1} ∈ E ∩ ⋂ i≤k S_{ξi} such that ν(S_{ξk+1} ∩ E ∩ ⋂ i≤k S_{ξi} ) > 0, ν_n(S^n_{ξk+1} \ ⋃ i≤k S^n_{ξi} ) ≥ δ (using (i) again). Continue.

But we now have a disjoint sequence ⟨S^n_{ξk+1} \ ⋃ i≤k S^n_{ξi} ⟩_{i∈N} of subsets of κ^n all of measure at least δ, which is impossible. XXQQQ

(iv) If n ≥ 1 and V ⊆ κ^n is ν_n-negligible, then there is a set A ⊆ κ such that νA = 1 and (ξ_1, . . . , ξ_n) /∈ V whenever ξ_1, . . . , ξ_n ∈ A and ξ_1 < . . . < ξ_n. PP Induce on n. For n = 1 we may take A = κ \ V . For the inductive step to n + 1 ≥ 2, set E = {ξ : ν_n{t : ξ^⌢t ∈ V } > 0}, so that νE = 0. For each ξ ∈ κ \ E, set V_ξ = {t : ξ^⌢t ∈ V }; then ν_nV_ξ = 0 so by the inductive hypothesis there is a set A_ξ ⊆ κ such that νA_ξ = 1 and no strictly increasing sequence in A_ξ can belong to V_ξ . Set A = {ξ : ξ ∈ κ \ E, ξ ∈ A_η ∀ η ∈ ξ \ E}.

Then νA = 1 and no strictly increasing family in A can belong to V . QQQ

(v) For each I ∈ [κ]^{<ω} set R_I = κ ∩ ⋂ ξ∈I S_ξ , R^′_I = {ξ : ξ ∈ R_I , ν(R_I ∩ S_ξ) = 0}, so that νR^′_I = 0, by (i) once again. Set A = {ξ : ξ < κ, ξ /∈ R^′_I ∀ I ∈ [ξ]^{<ω}};

then νA = 1 (see A1E(c-iv)). And an easy induction on sup I shows that νR_I > 0 whenever I ∈ [A]^{<ω} and R_I ≠ ∅.

(vi) Choose ⟨A_ζ ⟩_{ζ<ω1} , ⟨D_ζ ⟩_{ζ<ω1} as follows. A_0 = A, as defined in (v) just above. Given A_ζ , ⟨D_η ⟩_{η<ζ} such that νA_ζ = 1 and each D_η is a countable subset of α_ζ = min A_ζ , set D^′_ζ = ⋃ η<ζ D_η and for I ∈ [D^′_ζ ]^{<ω} set F_{ζI} = A_ζ ∩ R_I . Let D_ζ ⊆ A_ζ be a countable set such that ν_n( ⋃ ξ∈F_{ζI} ∩D_ζ S n ξ ) = sup{ν_n( ⋃ ξ∈D S^n_ξ ) : D ⊆ F_{ζI} is countable}

for every I ∈ [D^′_ζ ]^{<ω}, n ≥ 1. Then we shall have ν_n(S^n_ξ \ ⋃ η∈D_ζ ∩F_{ζI} S n η ) = 0

whenever n ≥ 1, I ∈ [D^′_ζ ]^{<ω} and ξ ∈ F_{ζI} . Consequently, by (iii) above, if I ∈ [D^′_ζ ]^{<ω} and n ≥ 1, then ν_n(S^n_ξ \ ⋃ {S^n_η : η ∈ D_ζ ∩ F_{ζI} , ξ ∈ S_η}) = 0

for almost every ξ ∈ F_{ζI} . Using (iv) we can now find a set A_{ζ+1} ⊆ A_ζ such that νA_{ζ+1} = 1,

D_ζ ⊆ min A_{ζ+1},

ν_n(S^n_ξ \ ⋃ {S^n_η : η ∈ D_ζ ∩ F_{ζI} , ξ ∈ S_η}) = 0

whenever I ∈ [D^′_ζ ]^{<ω}, n ≥ 1, ξ ∈ F_{ζI} ∩ A_{ζ+1}, (ξ_1, . . . , ξ_n) /∈ S^n_{ξ0} \ ⋃ {S^n_η : η ∈ F_{ζI} ∩ D_ζ , ξ_0 ∈ S_η }

whenever I ∈ [D^′_ζ ]^{<ω}, n ≥ 1 and ξ_0, . . . , ξ_n is a strictly increasing family in A_{ζ+1}, with ξ_0 ∈ F_{ζI} .

This deals with D_ζ , A_{ζ+1}. For non-zero countable limit ordinals ζ set A_ζ = ⋂ η<ζ A_η .

(vii) On completing the induction set D^∗ = ⋃ ζ<ω_1 Dζ ; observe that Dζ = D

∗ ∩ α_{ζ+1} \ α_ζ and that D^∗ \ α_ζ ⊆ A_ζ for each ζ. Now suppose that J ∈ [D^∗]^{<ω} is such that [J]^2 ⊆ S. Then for any ζ < ω_1 there is an η ∈ D_ζ such that [J ∪ {η}]^2 ⊆ S. PP Of course we may suppose that J ∩ D_ζ = ∅. Moreover, because J ⊆ A, νR_J > 0; so if J ⊆ D^′_ζ′ then νF_ζ′_J > 0 so there is an η ∈ F_ζ′_J with νS_η > 0 and there must be an η^′ ∈ D_ζ′ ∩ F_ζ′_J , in which case [J ∪ {η^′}]^2 ⊆ S. We may therefore suppose that J \ α_ζ = J \ α_{ζ+1} has at least two members. Set I = J ∩ α_ζ and enumerate J \ I in ascending order as ⟨ξ_i⟩_{i≤n}, where n ≥ 1 and ξ_i ∈ A_{ζ+1} for each i. Now ξ_0 ∈ F_{ζI} and (ξ_1, . . . , ξ_n) /∈ S^n_{ξ0} \ ⋃ {S^n_η : η ∈ F_{ζI} ∩ D_ζ , ξ_0 ∈ S_η}.

But as certainly (ξ_1, . . . , ξ_n) ∈ S^n_{ξ0} , there must be some η ∈ F_{ζI} ∩ D_ζ such that (ξ_0, . . . , ξ_n)∈ S^n_η ; and this means that [J ∪ {η}]^2 ⊆ S, as required. QQQ

(viii) Now, at last, turn to look at γ. Enumerate it as ⟨ζ_n⟩_{n∈N} (the case of finite γ is trivial). Choose ⟨ξ_n⟩_{n∈N} inductively so that ξ_n ∈ D_{ζn} and [{ξ_i : i ≤ n}]^2 ⊆ S for each n. Set C = {ξ_n : n ∈ N}; then [C]^2 ⊆ S and the order type of C is γ.

As S and γ are arbitrary, this proves (a).

(b) This now follows. The statement ‘α → (α, γ)^2 ∀ γ < ω_1’ can readily be expressed in the form ‘(α; <, =; ω_1) ⊨ ϕ’, where ϕ is a Π^1_2 formula. So 4Ob gives the result.

5P Remarks This is due to Kunen; I heard of it first from S.Todorčević.

For two-valued-measurable cardinals enormously more can be said. In fact, if κ is two-valued-measurable, then κ → (κ, κ)^2 and {α : α < κ, α → (α, α)^2} belongs to the rvm filter of κ; this is because, for α > ω, α → (α, α)^2 iff α is a strongly inaccessible weakly Π^1-indescribable cardinal (Erdös Hajnal Máté & Rado, 30.3).

I do not know whether (b) above can be strengthened by describing more exactly those α < κ for which α → (α, γ)^2 for every γ < ω_1.

Version of 14.10.04

6. Measure-theoretic implications.

In this section I discuss the consequences in measure theory of supposing that there is a real-valued-measurable cardinal. Naturally many of these involve the supposed cardinal and its witnessing measure, and they are most interesting if the cardinal is atomlessly-measurable. A theorem which would be here if it had not already been needed is 3A. I start with a similar result on reversing the order of integration (6A). An elaboration of the same techniques gives some results analogous to those of 5A-5B, but for set-valued functions whose values are small in a different sense (6D-6E). In 6B-6C I look at covering numbers for null ideals, and in 6F-6G I look at small non-negligible sets; the latter analysis leads to a version of Shipman’s theorem on changing the order of integration in a multiply-repeated integral (6I) and to a stronger result on repeated integrals of functions with measurable sections (6K). A deeper look at covering numbers gives a description of weakly Π^1-indescribable atomlessly-measurable cardinals (6L). I conclude with descriptions of the way in which real-valued-measurable cardinals appear in the theories of metric measure spaces and vector lattices (6M-6N).

6A Theorem Let κ be a real-valued-measurable cardinal and ν a normal witnessing probability on κ; let (X, μ) be a Radon probability space and f : X × κ → R a bounded function. Then ∫ ( ∫ f(x, ξ)ν(dξ) ) μ(dx) ≤ ∫ (∫ f(x, ξ)μ(dx) ) ν(dξ).

proof ?? Suppose, if possible, otherwise. Adding a constant function to f, if necessary, we may suppose that f(x, ξ) ≥ 0 for all x, ξ.

(a) We are supposing that there is a μ-integrable function g : X → R such that 0 ≤ g(x) ≤ ∫ f(x, ξ)ν(dξ) for every x ∈ X and ∫ g(x) μ(dx) > ∫ ∫ f(x, ξ)μ(dx)ν(dξ).

Let F_0, . . . , F_n be disjoint non-empty measurable subsets of X such that ∑ i≤n t_iμF_i > ∫ ∫ f(x, ξ)μ(dx)ν(dξ),

writing t_i = inf_{x∈Fi} g(x) for each i ≤ n. Then ∫ f(x, ξ)μ(dx) ≥ ∑ i≤n ∫ F_i f(x, ξ)μ(dx) ∀ ξ < κ,

so there must be some i ≤ n such that

t_iμF_i > ∫ ∫ F_i f(x, ξ)μ(dx)ν(dξ).

Set Y = F_i, μ̃ = (μF_i)^{−1}μ⌈F_i, t = t_i; then (Y, μ̃) is a Radon probability space and ∫ ∫ f(y, ξ)μ̃(dy)ν(dξ) < t, t ≤ ∫ f(y, ξ)ν(dξ) for every y ∈ Y .

(b) For each ξ < κ choose a μ̃-measurable function h_ξ : Y → R such that f(y, ξ) ≤ h_ξ(y) for every y ∈ Y and ∫ h_ξ(y)μ̃(dy) = ∫ f(y, ξ)μ̃(dy). By A2Kb, applied to the family of sets of the form {y : h_ξ(y) ≥ s} for ξ < κ and rational s, there is a function ϕ : {0, 1}^κ → Y such that ∫ h_ξ ϕ(v)μ_κ(dv) exists and is equal to ∫ h_ξ(y)μ̃(dy) for every ξ < κ, taking μ_κ to be the usual measure on {0, 1}^κ. So setting f_1(v, ξ) = f(ϕ(v), ξ) for v ∈ {0, 1}^κ, ξ < κ we have

∫ ∫ f_1(v, ξ)μ_κ(dv)ν(dξ) ≤ ∫ ∫ h_ξϕ(v)μ_κ(dv)ν(dξ) = ∫ ∫ h_ξ(y)μ̃(dy)ν(dξ) = ∫ ∫ f(y, ξ)μ̃(dy)ν(dξ) < t,

while t ≤ ∫ f(ϕ(v), ξ)ν(dξ) = ∫ f_1(v, ξ)ν(dξ)

for every v ∈ {0, 1}^κ.

(c) We may choose for each ξ < κ a Baire measurable function h^′_ξ : {0, 1}^κ → R such that f_1(v, ξ) ≤ h^′_ξ (v) for each v ∈ {0, 1}^κ and ∫ h^′_ξ(v)μ_κ(dv) = ∫ f_1(v, ξ)μ_κ(dv) (A2Gf). Now there is a countable set I_ξ ⊆ κ such that h^′_ξ factors through {0, 1}^{Iξ} , that is, h^′_ξ (v) = h^′_ξ(v^′) whenever v↾I_ξ = v^′↾I_ξ .

By 5Cb, there are Γ ⊆ κ, γ < κ such that νΓ = 1 and I_ξ ∩ I_η ⊆ γ whenever ξ, η are distinct members of Γ. Set γ = min Γ.

(d) Set f^′_1(u, ξ) = ∫ h^′_ξ(u^⌢u^′)μ_{κ\γ} (du^′) for u ∈ {0, 1}^γ, ξ < κ. Then, applying Fubini’s theorem to {0, 1}^κ ∼= {0, 1}^γ × {0, 1}^{κ\γ}, we have ∫ f^′_1(u, ξ)μ_γ (du) = ∫ h^′_ξ(v)μ_κ(dv) for every ξ, so that ∫ ∫ f^′_1(u, ξ)μ_γ (du)ν(dξ) = ∫ ∫ f_1(v, ξ)μ_κ(dv)ν(dξ) < t, and ∫ ∫ f^′_1(u, ξ)ν(dξ)μ_γ (du) < t by Theorem 3A. Accordingly there is a u ∈ {0, 1}^γ such that ∫ f^′_1(u, ξ)ν(dξ) < t.

(e) For each ξ ∈ Γ take u^′_ξ ∈ {0, 1}^{κ\γ} such that h^′_ξ(u^⌢u^′_ξ) ≤ f^′_1(u, ξ). Let w ∈ {0, 1}^κ be such that w↾γ = u, w↾I_ξ = (u^⌢u^′_ξ)↾I_ξ ∀ ξ ∈ Γ;

such a w exists because if ξ, η ∈ Γ and ξ < η then I_ξ ∩ I_η ⊆ γ. Now f_1(w, ξ) ≤ h^′_ξ(w) = h^′_ξ(u^⌢u^′_ξ) ≤ f^′_1(u, ξ) for every ξ ∈ Γ, so ∫ f_1(w, ξ)ν(dξ) ≤ ∫ f^′_1(u, ξ)ν(dξ) < t, contradicting the last sentence of (b) above. XX

This completes the proof.

Remark This result was inspired by Lemma 5 of Kunen n70; compare 6E below.

6B Proposition Let κ be an atomlessly-measurable cardinal. If (X, μ) is any Radon measure space with μX > 0, then cov(X, N_μ) ≥ κ.

proof By A2Pb, it is enough to show that cov({0, 1}^κ, N_{μκ} ) ≥ κ, where μ_κ is the usual measure on {0, 1}^κ. Fix on an atomless κ-additive probability ν with domain Pκ. By 3H, there is an inverse-measure -preserving function f : κ → {0, 1}^κ. Now if A is any cover of {0, 1}^κ by μ_κ-negligible sets, {f^{−1}[A] : A ∈ A} is a cover of κ by ν-negligible sets, so must have cardinal at least κ, and #(A) ≥ κ, as required.

6C Corollary If κ is an atomlessly-measurable cardinal and λ ≤ κ is a cardinal of uncountable cardinality, then λ is a precaliber of every probability algebra.

proof If λ < κ this is a corollary of 6B and A2Ua. If λ = κ, we can use 6A and A2Ub. For let (X, T, Σ, μ) be a Radon probability space and ⟨E_ξ ⟩_{ξ<κ} an increasing family in N_μ with union E ∈ Σ. Set

C = {(x, ξ) : ξ < κ, x ∈ E_ξ } ⊆ X × κ.

Then ∫ νC[{x}]μ(dx) = μE, ∫ μ^∗C^{−1}[{ξ}]ν(dξ) = 0,

so 6A, applied to the characteristic function of C, tells us that μE = 0; now A2Ub tells us that κ is a precaliber of the measure algebra of X. But as every probability algebra is (isomorphic to) the measure algebra of some Radon probability space (A2La), we have the result.

6D Lemma Let κ be a real-valued-measurable cardinal and ν a normal witnessing probability on κ. If (X, μ) is any quasi-Radon probability space of weight^1 strictly less than κ, and f : [κ]^{<ω} → N_μ is any function, then ⋂ V ⊆κ,νV =1 ⋃ I∈[V ]^{<ω} f(I) ∈ Nμ.

proof Let F be the filter {A : A ⊆ κ, νA = 1}.

(a) I show by induction on n ∈ N that if g : [κ]^{≤n} → N_μ is any function, then

E(g) = ⋂ V ∈F ⋃ I∈[V ]^{≤n} f(I) ∈ Nμ.

PP(i) For n = 0 this is trivial; E(g) = g(∅) ∈ N_μ. (ii) For the inductive step to n+1, given g : [κ]^{≤n+1} → N_μ, then for each ξ < κ define g_ξ : [κ]^{≤n} → N_μ by setting g_ξ(I) = g(I ∪{ξ}) for each I ∈ [κ]^{≤n}. By the inductive hypothesis, E(g_ξ) ∈ N_μ. Set

C = {(x, ξ) : x ∈ E(g_ξ)} ⊆ X × κ.

Then ∫ μ^∗C^{−1}[{ξ}]ν(dξ) = ∫ μ^∗E(g_ξ )ν(dξ) = 0,

so by 3A ∫ νC[{x}]μ(dx) = 0,

and μD = 0, where D = {g(∅)} ∪ {x : νC[{x}] > 0}.

Take any x ∈ X \ D and set W = κ \ C[{x}] ∈ F. For each ξ ∈ W , x /∈ E(g_ξ ), so there is a V_ξ ∈ F such that νV_ξ = 1 and x /∈ g_ξ(I) for every I ∈ [V_ξ ]^{≤n}. Set

V = {ξ : ξ ∈ W, ξ ∈ V_η ∀ η ∈ W ∩ ξ}.

Then V ∈ F. If I ∈ [V ]^{≤n+1}, either I = ∅ and x /∈ g(I), or there is a least element ξ of I; in the latter case, ξ ∈ W so J = I \ {ξ} ⊆ V_ξ and x /∈ g_ξ(J) = g(I). So x /∈ ⋃ {g(I) : I ∈ [V ]^{≤n+1}}. As x is arbitrary, E(g) ⊆ D ∈ N_μ and the induction proceeeds. QQQ

(b) Now consider G = ⋃ n∈N E(f↾[κ]^{≤n}) ∈ N_μ.

If x ∈ X\G then for each n ∈ N there is a V_n ∈ F such that x /∈ ⋃ {f(I) : I ∈ [V_n]^{≤n}}. Set V = ⋂ n∈N V_n ∈ F;

then x /∈ ⋃ {f(I) : I ∈ [V ]^{<ω} }. As x is arbitrary,

1In the published version ‘Maharam type’ was given instead of ‘weight’. I do not know if the result is true with this hypothesis.

E(f) ⊆ G ∈ N_μ, as required.

Remark This is Lemma 2 of Kunen n70.

6E Proposition Let κ be a real-valued-measurable cardinal with a normal witnessing probability ν. If (X, μ) is a Radon probability space, f : [κ]^{<ω} → N_μ is a function and β < κ, then there is a V ⊆ κ such that β ⊆ V and νV = 1 and ⋃ {f(I) : I ∈ [V ]^{<ω}} ≠ X.

proof (a) Consider first the case (X, μ) = ({0, 1}^κ, μ_κ), where μ_κ is the usual measure on {0, 1}^κ. For any L ⊆ κ let μ_L be the usual measure on {0, 1}^L, and π_L : {0, 1}^κ → {0, 1}^L the canonical map. Write F = {V : V ⊆ κ, νV = 1}.

(i) For each I ∈ [κ]^{<ω}, there is a countable set g(I) ⊆ κ such that μ_{g(I)}(π_{g(I)}[f(I)]) = 0 (see A2Gc); enlarging f(I) if necessary, we may suppose that f(I) = π^{−1}_{g(I)}[π_{g(I)}[f(I)]]. Set θ = max(ω, #(β)) and g^∗(I) = ⋃ {g(I ∪ K) : K ∈ [β]^{<ω} } for each I ∈ [κ]^{<ω}. By 5C there are a set C ∈ F and a function h : [κ]^{<ω} → [κ]^{≤θ} such that g^∗(I) ∩ η ⊆ h(I ∩ η) whenever I ∈ [C]^{<ω} and η < κ. Set Γ = {γ : β ≤ γ < κ, h(I) ⊆ γ ∀ I ∈ [γ]^{<ω}} ∪ {0};

then Γ is a closed unbounded set in κ, because cf(κ) > θ. Let ⟨γ_η ⟩_{η<κ} be the increasing enumeration of Γ; note that γ_0 = 0 and γ_1 ≥ β.

(ii) For η < κ, set M(η) = κ \ γ_η and L(η) = γ_{η+1} \ γ_η ; then μ_{M(η)} can be identified with the product measure μ_{L(η)} × μ_{M(η+1)}. Choose u_η ∈ {0, 1}^{γη} , V_η ⊆ κ inductively, as follows. u_0 = ∅. Given u_η, then for each I ∈ [κ]^{<ω} set f^′_η(I) = {v : v ∈ {0, 1}^{L(η)}, μ_{M(η+1)}{w : u^⌢_η v^⌢w ∈ f(I)} > 0}, and f_η(I) = f^′_η(I) if μ_{L(η)}(f^′_η (I)) = 0, = ∅ otherwise.

By 6D, we can find for each K ∈ [γ_{n+1}]^{<ω} a set E_{ηK} ⊆ {0, 1}^{L(η)} such that μ_{L(η)}E_{ηK} = 1 and for every v ∈ E_{ηK} there is a set V ∈ F such that v /∈ f_η(K ∪ J) for any J ∈ [V ]^{<ω}. Choose v_η ∈ ⋂ {E_{ηK} : K ∈ [γ_{n+1}]^{<ω}} (using 6B); for K ∈ [γ_{n+1}]^{<ω} choose V_{ηK} ∈ F such that v_η /∈ f_η(K ∪ J) for any J ∈ [V_{ηK} ]^{<ω}. Set V_η = ⋂ {V_{ηK} : K ∈ [γ_{η+1}]^{<ω}} ∈ F and u_{η+1} = u^⌢_η v_η ∈ {0, 1}^{γη+1} .

At limit ordinals η with 0 < η ≤ κ, set u_η = ⋃ ξ<η u_ξ ∈ {0, 1}^{γη} .

(iii) Now consider u = u_κ ∈ {0, 1}^κ and V = β ∪ {ξ : ξ ∈ C, ξ ∈ V_η ∀ η < ξ} ∈ F.

If I ∈ [V ]^{<ω} then μ_{M(η)}{w : u^⌢_η w ∈ f(I)} = 0 for every η < κ. PP Induce on η. For η = 0 this says just that μ_κf(I) = 0, which was our hypothesis on f. For the inductive step to η + 1, we have μ_{M(η)}{w : u^⌢_η w ∈ f(I)} = 0 by the inductive hypothesis, so Fubini’s theorem tells us that μ_{L(η)}{v : μ_{M(η+1)}{w : u^⌢v^⌢w ∈ f(I)} > 0} = 0, that is, μ_{L(η)}f^′_η(I) = 0, so that f_η(I) = f^′_η(I). Now setting K = I ∩ γ_{η+1}, J = I \ γ_{η+1} we see that J ⊆ V_η (because of course η < γ_{η+1}, while β ⊆ γ_{η+1}), therefore J ⊆ V_{ηK} and v_η /∈ f_η(K ∪ J) = f^′_η(I); but this says just that μ_{M(η+1)}{w : u^⌢_η v^⌢_η w ∈ f(I)} = 0, that is, that μ_{M(η+1)}{w : u^⌢_{η+1} w ∈ f(I)} = 0, so that the induction continues.

For the inductive step to a non-zero limit ordinal η ≤ κ, there is a non-zero ζ < η such that I ∩ γ_η ⊆ γ_ζ . Set J = I \ β, K = I ∩ β. Then J ⊆ C so g(I) = g(J ∪ K) ⊆ g^∗(J) and g(I) ∩ γ_η ⊆ g^∗(J) ∩ γ_η ⊆ h(J ∩ γ_η ) = h(J ∩ γ_ζ ) ⊆ γ_ζ , by the choice of Γ. But this means that {w : w ∈ {0, 1}^{M(ζ)}, u^⌢_ζ w ∈ f(I)} = {0, 1}^{γη\γζ} × {w : w ∈ {0, 1}^{M(η)}, u^⌢_η w ∈ f(I)}.

By the inductive hypothesis, μ_{M(ζ)}{w : u^⌢_ζ w ∈ f(I)} = 0, so that μ_{M(η)}{w : u^⌢_η w ∈ f(I)} = 0 and the induction continues. QQQ

(iv) But now, given I ∈ [V ]^{<ω}, there is surely some η < κ such that g(I) ⊆ γ_η , and in this case μ_{M(η)}{w : u^⌢_η w ∈ f(I)} = 0 implies that u /∈ f(I).

Thus we have a point u /∈ ⋃ {f(I) : I ∈ [V ]^{<ω}}, as required.

(b) For the general case, we have a function ϕ : {0, 1}^κ → X such that μ_κϕ^{−1}[f(I)] = 0 for every I ∈ [κ]^{<ω}, by A2Kb. Now by (a) there are u ∈ {0, 1}^κ, V ⊆ κ such that β ⊆ V , νV = 1 and u /∈ ϕ^{−1}[f(I)] for every I ∈ [V ]^{<ω}; in which case x = ϕ(u) /∈ f(I) for every I ∈ [V ]^{<ω} and ⋃ {f(I) : I ∈ [V ]^{<ω}} ≠ X.

Remark 6E is implicit in Lemma 5 of Kunen n70. The clause ‘β ⊆ V ’ is a refinement of a type in which I have generally not indulged; but it is useful here for an application in §4 above.

6F Proposition If κ is an atomlessly-measurable cardinal and λ, θ are infinite cardinals less than κ, then there is a set A ⊆ {0, 1}^θ such that #(A) = λ and no uncountable subset of A is negligible for μ_θ, the usual measure on {0, 1}^θ.

proof Let ν be an atomless κ-additive probability defined on Pκ. By 3H there is a function f : κ → ({0, 1}^θ)^λ which is inverse-measure-preserving for ν and the usual measure of ({0, 1}^θ)^λ, identified with {0, 1}^{θ×λ}. For ξ < κ, set A_ξ = {f(ξ)(η) : η < λ} ⊆ {0, 1}^θ.

?? Suppose, if possible, that for every ξ < κ there is a set J_ξ ⊆ λ such that #(J_ξ) = ω_1 but E_ξ = f(ξ)[J_ξ] is μ_θ-negligible. For each ξ choose a countable set I_ξ ⊆ θ such that E^′_ξ = {x : x ∈ {0, 1}^θ, ∃ x^′ ∈ E_ξ, x↾I_ξ = x^′↾I_ξ } is μ_θ-negligible. By 5Ab, there is a countable I ⊆ θ such that νV = 1, where V = {ξ : I_ξ ⊆ I}. For ξ ∈ V set E^∗_ξ = {x↾I : x ∈ E_ξ} ⊆ {0, 1}^I , so that μ_I E^∗_ξ = 0, where μ_I is the usual measure on {0, 1}^I . Fix a sequence ⟨U_m⟩_{m∈N} running over the open-and-closed subsets of {0, 1}^I , and for each ξ ∈ V , n ∈ N choose an open set G_{nξ} ⊆ {0, 1}^I such that E^∗_ξ ⊆ G_{nξ} and μ_I (G_{nξ} ) ≤ 2^{−n}. For m, n ∈ N set D_{nm} = {ξ : ξ ∈ V, U_m ⊆ G_{nξ} }.

For each α < λ, set f_α(ξ) = f(ξ)(α)↾I ∈ {0, 1}^I for ξ < κ; then the functions f_α are all stochastically independent. Consequently, there is for each ξ < κ an α(ξ) ∈ J_ξ such that f_{α(ξ)} is stochastically independent from the countable family {D_{nm} : n, m ∈ N} ⊆ Pκ. Because λ < κ and ν is κ-additive, there is a γ < λ such that B = {ξ : α(ξ) = γ} has νB > 0. Take n ∈ N such that ν(B) > 2^{−n}, and examine C = ⋃ m∈N(D_{nm} ∩ f^{−1}_γ [U_m]).

Because f_γ is independent from all the D_{nm}, and is inverse-measure -preserving for ν and μ_I , νC = (ν × μ_I )(C^′) where

C^′ = ⋃ m∈N(D_{nm} × U_m) ⊆ κ × {0, 1}^I .

But, for each ξ < κ, the vertical section C^′[{ξ}] is just ⋃ {U_m : ξ ∈ D_{nm}} = G_{nξ} , so

(ν × μ_I )(C^′) = ∫ μ_I (G_{nξ} )ν(dξ) ≤ 2^{−n}.

Accordingly νC ≤ 2^{−n} < νB and there must be a ξ ∈ B ∩ V \C. But in this case f_γ (ξ)↾I ∈ E^∗_ξ , because γ = α(ξ) ∈ J_ξ, while f_γ (ξ)↾I /∈ G_{nξ} , because there is no m such that f_γ (ξ)↾I ∈ U_m ⊆ G_{nξ} ; contrary to the choice of G_{nξ} . XX

So take some ξ < κ such that μ^∗_θ (f(ξ)[J]) > 0 for every uncountable J ⊆ λ. Evidently f(ξ) is countableto-one, so A_ξ must have cardinal λ (passing over the trivial case of countable λ), and will serve for A.

Remarks (a) The argument above is due to Solovay and Prikry; the form here is lifted from Fremlin p89d.

(b) Using A2Ka this result can easily be converted into a formally more general result about Radon measure spaces of Maharam type less than κ.

(c) I do not know whether, under the hypothesis of this proposition, there is always a set A ⊆ {0, 1}^θ with #(A) = κ and no uncountable subset of A negligible for μ_θ; see P4d.

6G Corollary Let κ be an atomlessly-measurable cardinal. Writing N_{μθ} for the ideal of negligible subsets of {0, 1}^θ,

(a) non({0, 1}^θ, N_{μθ} ) = ω_1 for ω ≤ θ < κ, (b) non({0, 1}^θ, N_{μθ} ) ≤ κ for κ ≤ θ ≤ min(2^κ, κ^{(+ω)}), (c) non({0, 1}^θ, N_{μθ} ) ≤ θ for 2^κ ≤ θ < κ^{(+ω)}.

proof (a) Immediate from 6F.

(b) If ν is any witnessing probability on κ then we have an inverse-measure -preserving function f : κ → {0, 1}^θ (3H); now f[κ] witnesses that non({0, 1}^θ, N_{μθ} ) ≤ κ.

(c) The point is that if cf(θ) > ω then non(N_{μθ} ) ≤ max(θ, sup_{α<θ} non(N_{μα} )). PP Set δ = max(θ, sup_{α<θ} non(N_{μα} )). For each ordinal α < θ choose A_α ⊆ {0, 1}^α such that A_α /∈ N_{μα} and #(A_α) = non(N_{μα} ). Choose A ⊆ {0, 1}^θ such that #(A) ≤ δ and π_α[A] ⊇ A_α for each α, taking π_α : {0, 1}^θ → {0, 1}^α to be the canonical map. ?? If A ∈ non(N_{μθ} ), then there is an H belonging to the Baire σ-algebra of {0, 1}^θ such that A ⊆ H ∈ N_{μθ} (A2Gc); now, because cf(θ) > ω, there is an α < θ such that H is expressible as π^{−1}_α [H^′], where H^′ ⊆ {0, 1}^α. In this case H^′ ∈ N_{μα} , so A_α ⊈ H^′ and A ⊈ H. XX So A witnesses that non(N_{μθ} ) ≤ δ. QQQ

Now an elementary induction on θ, using (a) when θ < κ, shows that non(N_{μθ} ) ≤ θ whenever ω_1 ≤ θ < κ^{(+ω)}.

(See Fremlin 89, 6.17.)

Version of 18.9.92

6H Lemma Let κ be an atomlessly-measurable cardinal, θ < κ a cardinal, and m ≥ 1 an integer. Set Z = {0, 1}^θ with its usual measure, and suppose that for i < m, u ∈ Z^{m\{i}} we are given a negligible set E(u) ⊆ Z. Then there is a t = ⟨t_i⟩_{i<m} ∈ Z^m such that t_i /∈ E(t↾m \ {i}) for every i < m.

proof For each i < m we can find a set A_i ⊆ Z of cardinal ω_{m+1−i} such that no uncountable subset of A_i is negligible (6F). Now choose t_0, t_1 . . . , t_{m−1} in such a way that

t_j ∈ A_j , t_j /∈ E(u) ∀ u ∈ ∏ i<j {t_i} × ∏ j<i<m Ai

for each j < m; this is possible because A_j cannot be covered by ω_{m−j} or fewer negligible sets, while #( ∏ j<i<m Ai) ≤ ωm−j for each j. Now t = ⟨ti⟩i<m works.

6I Proposition Let κ be an atomlessly-measurable cardinal and m ≥ 1 an integer. Let X_0, . . . , X_{m−1} be Radon probability spaces of Maharam type less than κ, and f : ∏ i<m X_i → R a bounded function.

Suppose that σ : m → m is a permutation such that the two repeated integrals

I = ∫ (. . . ( ∫ f(x_0, . . . , x_{m−1})dx_{m−1}) . . . )dx_0,

I^′ = ∫ (. . . ( ∫ f(x_0, . . . , x_{m−1})dx_{σ(m−1)}) . . . )dx_{σ(0)} both exist. Then I = I^′.

Remark The integrals above may all be taken as existing ‘in the wide sense’, that is, each function being integrated may fail to be defined on a set of measure zero.

proof (a) To begin with, let us suppose that every X_i is {0, 1}^θ for some θ < κ, with its usual measure. Set Z = ({0, 1}^θ)^N; then Z also has a natural measure, identifying Z with {0, 1}^{θ×N}.

Define D_0, . . . , D_m as follows. D_0 = {∅} = Z^0. For 0 < j ≤ m, let D_j be the set of those (t_0, . . . , t_{j−1}) ∈ Z^j such that lim_{n→∞}^1_{n+1} ∑ i≤n ∫ (. . . ( ∫ f(t_{0i}, . . . , t_{j−1,i}, x_j , . . . , x_{m−1})dx_{m−1}) . . . )dx_j exists and is equal to I, taking t_l = ⟨t_{li}⟩_{i∈N} for each l < j. For j < m, u = ⟨u_l⟩_{l≠j} ∈ Z^{m\{j}} set E(u) = ∅ if (u_0, . . . , u_{j−1}) /∈ D_j , E(u) = {t : t ∈ Z, (u_0, . . . , u_{j−1}, t) /∈ D_{j+1}} if (u_0, . . . , u_{j−1}) ∈ D_j . Then E(u) is negligible. PP We need consider only the case (u_0, . . . , u_{j−1}) ∈ D_j . Express u_l as ⟨u_{li}⟩_{i∈N} for each l < j, and for i ∈ N define h_i : {0, 1}^θ → R by setting h_i(x) = ∫ (. . . ( ∫ f(u_{0i}, . . . , u_{j−1,i}, x, x_{j+1}, . . . , x_{m−1})dx_{m−1}) . . . )dx_{j+1} for each x ∈ {0, 1}^θ. Then, because (u_0, . . . , u_{j−1}) ∈ D_j , lim_{n→∞}^1_{n+1} ∑ i≤n ∫ h_i(x)dx exists = I.

Also, because f is bounded, the functions h_i are uniformly bounded. By A2X, lim_{n→∞}^1_{n+1} ∑ i≤n h_i(t_i) exists and is equal to I for almost all t = ⟨t_i⟩_{i∈N} ∈ Z; that is, (u_0, . . . , u_{j−1}, t) ∈ D_{j+1} and t /∈ E(u) for almost all t ∈ Z. QQQ

Now suppose that t = ⟨t_j ⟩_{j<m} = ⟨⟨t_{ji}⟩_{i∈N}⟩_{j<m} ∈ Z^m and that t_j /∈ E(t↾m \ {j}) for each j < m. Then (t_0, . . . , t_{j−1}) ∈ D_j for each j ≤ m, so that t ∈ D_m and lim_{n→∞}^1_{n+1} ∑ i≤n f(t_{0i}, . . . , t_{m−1,i}) = I.

In the same way, we can find for each u ∈ ⋃ j<m Z^{m\{j}} a negligible set E^′(u) such that if t ∈ Z^m and t_j /∈ E^′(t↾m \ {j}) for every j < m then lim_{n→∞}^1_{n+1} ∑ i≤n f(t_{0i}, . . . , t_{m−1,i}) = I^′.

But by Lemma 6H there is a t ∈ Z^m such that t_j /∈ E(t↾m \ {j}) ∪ E^′(t↾m \ {j}) for every j < m, and now I = lim_{n→∞}^1_{n+1} ∑ i≤n f(t_{0i}, . . . , t_{m−1,i}) = I^′, as required.

(b) For the general case, there are inverse-measure -preserving functions g_i : {0, 1}^θ → X_i, where θ < κ is the maximum of ω and the Maharam types of X_i (A2Ka). Applying (a) to F : ({0, 1}^θ)^m → R, where F (y_0, . . . , y_{m−1}) = f(g_0(y_0), . . . , g_{m−1}(y_{m−1})), we obtain the result. Remark This comes from Theorem 1 of Shipman 90. Compare Zakrzewski p91.

6J The following is an elementary corollary of Theorem 3A.

Proposition Let (X, T, Σ, μ) be a totally finite quasi-Radon measure space and (Y, PY, ν) a probability space; suppose that w(X) < add(ν). Let f : X × Y → R be a bounded function such that all the sections x → f(x, y) : X → R are measurable. Then

∫ ∫ f(x, y)ν(dy)μ(dx) exists = ∫ ∫ f(x, y)μ(dx)ν(dy).

proof If μX = 0 this is trivial; otherwise, re-scaling μ if necessary, we may suppose that μX = 1. By 3A, ∫ ∫ f(x, y)ν(dy)μ(dx) ≤ ∫ ∫ f(x, y)μ(dx)ν(dy) = ∫ ∫ f(x, y)μ(dx)ν(dy).

Similarly ∫ ∫ (−f(x, y))ν(dy)μ(dx) ≤ ∫ ∫ (−f(x, y))μ(dx)ν(dy),

so that ∫ ∫ f(x, y)ν(dy)μ(dx) ≥ ∫ ∫ f(x, y)μ(dx)ν(dy).

Putting these together we have the result.

6K Proposition Let κ be an atomlessly-measurable cardinal and (X, T, Σ, μ) and (Y, S, T, ν) Radon probability spaces of weights less than κ. Let f : X × Y → R be a function such that all its horizontal and vertical sections x → f(x, y^∗) : X → R, , y → f(x^∗, y) : Y → R

are measurable. Then

(a) if f is bounded, the repeated integrals ∫ ∫ f(x, y)μ(dx)ν(dy), ∫ ∫ f(x, y)ν(dy)μ(dx)

exist and are equal;

(b) in any case, there is a function g : X × Y → R, measurable for the (ordinary) product measure μ × ν, such that all the sets {x : g(x, y^∗) ≠ f(x, y^∗)}, {y : g(x^∗, y) ≠ f(x^∗, y)} are negligible.

proof (a) By 3I there is a κ-additive measure ν̃ on Y , with domain PY , extending ν. Now 6J tells us, among other things, that the function x → ∫ f(x, y)ν(dy) = ∫ f(x, y)ν̃(dy) : X → R

is μ-measurable. Similarly, y → ∫ f(x, y)μ(dx) is ν-measurable. So returning to 6J we get ∫ ∫ f(x, y)μ(dx)ν(dy) = ∫ ∫ f(x, y)μ(dx)ν̃(dy) = ∫ ∫ f(x, y)ν̃(dy)μ(dx) = ∫ ∫ f(x, y)ν(dy)μ(dx).

(b) Suppose first that f is bounded. By (a), we can define a measure θ on X × Y by saying that θG = ∫ νG[{x}]μ(dx) = ∫ μG^{−1}[{y}]ν(dy)

whenever G ⊆ X × Y is such that G[{x}] ∈ T for almost every x ∈ X and G^{−1}[{y}] ∈ Σ for almost every y ∈ Y . This θ extends the ordinary product measure μ × ν; writing Ω for the σ-algebra of subsets of X × Y generated by {E × F : E ∈ Σ, F ∈ T}, the Radon-Nikodým theorem (Royden 63, chap. 11, §5) tells us that there is an Ω-measurable function h : X × Y → R such that ∫ G f(x, y)θ(dxdy) = ∫ G h(x, y)θ(dxdy) for every G ∈ Ω.

Let U be a base for the topology T, with #(U) < κ. For any U ∈ U consider V_U = {y : ∫ U f(x, y)μ(dx) > ∫ U h(x, y)μ(dx)}.

The argument of (a) shows that y → ∫ U f(x, y)μ(dx) is measurable, so V_U ∈ T , and

∫ V_U ∫ U f(x, y)μ(dx)ν(dy) = ∫ U×V_U

f(x, y)θ(dxdy) = ∫ U×V_U

h(x, y)θ(dxdy) = ∫ V_U ∫ U h(x, y)μ(dx)ν(dy),

so νV_U = 0. Similarly

ν{y : ∫ U f(x, y)μ(dx) < ∫ U h(x, y)μ(dx)} = 0.

Because #(U) < κ, and no non-negligible measurable set in Y can be covered by fewer than κ negligible sets (6B), we must have

ν^∗{y : ∫ U f(x, y)μ(dx) = ∫ U h(x, y)μ(dx) ∀ U ∈ U} = 1.

But because U is a base for the topology of X, we see that

ν^∗{y : f(x, y) = h(x, y) for μ-almost every x} = 1.

But as (again using (a)) the repeated integral ∫ ∫ |f(x, y) − h(x, y)|μ(dx)ν(dy) exists, it must be 0. Thus

ν{y : f(x, y) = h(x, y) for μ-almost every x} = 1.

Similarly,

μ{x : f(x, y) = h(x, y) for ν-almost every y} = 1.

But now, changing h on a set of the form (E × Y ) ∪ (X × F ) where μE = νF = 0, we can get a function g, still (μ × ν)-measurable, such that {(x, y) : f(x, y) ≠ g(x, y)} has all its horizontal and vertical sections negligible.

This deals with bounded f. But for general f we can look at the truncates (x, y) → max(−n, min(n, f(x, y)) for each n to get a sequence ⟨g_n⟩_{n∈N} of functions which will converge at an adequate number of points to provide a suitable g.

Remark (a) above arose in the course of correspondence with P.Zakrzewski. I first learnt of strong Fubini theorems of this type, in the context of random real models, from H.Woodin. See Zakrzewski p91 for further results along these lines.

I have given these results in a general form, allowing the spaces involved to have relatively large Maharam types; but of course they are chiefly interesting in the case in which each factor is [0, 1] with Lebesgue measure.

6L Theorem Let κ be an atomlessly-measurable cardinal with normal witnessing probability ν. Then the following are equivalent:

(i) κ is weakly Π^1-indescribable;

(ii) κ is weakly Π^1-indescribable and the rvm filter of κ includes the Π^1-filter of κ; (iii) cov({0, 1}^κ, N_{μκ} ) > κ, where μ_κ is the usual Radon probability on {0, 1}^κ; (iv) cov(X, N_μ) > κ whenever (X, μ) is a Radon measure space and μX > 0.

proof (i)⇒(iii) Let ν be a normal witnessing probability on κ. Let ⟨A_α⟩_{α<κ} be a family in N_{μκ} . For each α < κ let ⟨F_{αn}⟩_{n∈N} be a disjoint sequence of compact subsets of {0, 1}^κ \ A_α such that μ_κ( ⋃ n∈N F_{αn}) = 1.

By 3H there is a function h : κ → {0, 1}^κ which is inverse-measure -preserving for ν and μ_κ. Set H_α = h^{−1}( ⋃ n∈N F_{αn}); then νH_α = 1. Let H be the diagonal intersection of ⟨H_α⟩_{α<κ}, so that νH = 1. Let ⟨γ_ξ ⟩_{ξ<κ} be the increasing enumeration of H.

For α, ξ < κ set

f_α(ξ) = n if n < ξ, h(γ_ξ) ∈ F_{αn}, = 0 otherwise.

Then each f_α : κ → κ is regressive, so there is a uniform ultrafilter F on κ such that m(α) = lim_{ξ→F} f_α(ξ) exists for each α < κ. Now observe that for any α < κ we have H \ H_α ⊆ α + 1, so that {ξ : γ_ξ /∈ H_α} is bounded above in κ and cannot belong to F. Consequently {ξ : h(γ_ξ) ∈ F_{α,m(α)}} ∈ F. But this implies at once that ⟨F_{α,m(α)}⟩_{α<κ} has the finite intersection property; because all the F_{αn} are compact, there is a y ∈ ⋂ α<κ F_{α,m(α)}, and now y /∈ ⋃ α<κ A_α.

Because ⟨A_α⟩_{α<κ} was arbitrary, cov({0, 1}^κ, N_{μκ} ) > κ.

(iii)⇒(iv) This is standard; see A2Pb.

(iv)⇒(ii) Let ν be any normal witnessing probability on κ, and let (Z, ν̃) be the hyperstonian space of (κ, Pκ, ν); for A ⊆ κ let A^∗ be the open-and-closed subset of Z corresponding to the image A^• of A in A = Pκ/N_ν (see A2L).

Now let ⟨f_α⟩_{α<κ} be a family of regressive functions on κ and A ⊆ κ any set with νA > 0. Because ν is normal and f_α is regressive, there is for each α < κ a countable set D(α) ⊆ κ such that νf^{−1}_α [D(α)] = 1 (1He). For α, η < κ set A_{αη} = f^{−1}_α [{η}]; then ν( ⋃ η∈D(α) Aαη ) = 1 so ν̃( ⋃ η∈D(α) A ∗ αη ) = 1 and E_α = Z \ ⋃ η<κ A^∗_{αη} ∈ N_{ν̃} . By hypothesis (iv), A^∗ ⊈ ⋃ α<κ E_α; take z ∈ A^∗ \ ⋃ α<κ E_α. Then for every α < κ there must be a γ(α) < κ such that z ∈ A^∗_{α,γ(α)}. But this implies that

{A^∗} ∪ {A^∗_{α,γ(α)} : α < κ}

is a centered family of open subsets of Z. It follows that {A^•} ∪ {A^•_{α,γ(α)} : α < κ} is centered in A. What this means is that if I ∈ [κ]^{<ω} then

V_I = A ∩ ⋂ α∈I f^{−1}_α [{γ(α)}]

does not belong to N_ν , and therefore is unbounded in κ. But now of course we can find a uniform ultrafilter F on κ containing every V_I , so that A ∈ F, while lim_{ξ→F} f_α(ξ) = γ(α) for every α < κ.

Look back at where A, ⟨f_α⟩_{α<κ} came from. Taking A = κ to begin with, we see that κ is indeed weakly Π^1-indescribable. But also, letting A vary, we see that any such A must be Π^1-fully stationary, that is, its complement cannot belong to the Π^1-filter W of κ; turning this round, we see that νW = 1 for every W ∈ W, as demanded by (ii).

(ii)⇒(i) is trivial.

6M I now leave these questions in set theory and logic and turn to two more of the problems in abstract measure theory to which real-valued-measurable cardinals are relevant.

Theorem Let (X, ρ) be a metric space.

(a) X is Borel measure-complete iff there is no real-valued-measurable cardinal less than or equal to d(X). (b) If X is complete (as metric space!) then it is Radon iff there is no real-valued-measurable cardinal less than or equal to d(X).

proof (a)(i) If κ ≤ d(X) is real-valued-measurable, let ν be a witnessing probability on κ. Let ⟨x_ξ ⟩_{ξ<κ} be a discrete family in X (see A3Fa). Let μ be the Borel measure on X such that μE = ν{ξ : x_ξ ∈ E} for every Borel set E ⊆ X. Let G be

{G : G ⊆ Xis open, {ξ : x_ξ ∈ G} is finite}.

Then G is an upwards-directed family of open sets in X with union X, so μ( ⋃ G) = μX = 1 > 0 = sup_{G∈G} μG, and X is not Borel measure-complete.

(ii) If X is not Borel measure-complete, let μ be a totally finite Borel measure on X and G an upwardsdirected family of open subsets of X such that μG^∗ > sup_{G∈G} μG, writing G^∗ = ⋃ G. Let ⟨U_n⟩_{n∈N} be a sequence of discrete families of open sets in X such that ⋃ n∈N U_n is a base for the topology of X (A3Fb).

For each Borel set E ⊆ X set

μ_1E = μ(E ∩ G^∗) − sup_{G∈G} μ(E ∩ G);

then μ_1 is a Borel measure on X and μ_1(G^∗) > 0 = sup_{G∈G} μ_1G. For each n ∈ N set

V_n = {U : U ∈ U_n, ∃ G ∈ G, U ⊆ G}, V^∗_n = ⋃ V_n;

then G^∗ = ⋃ n∈N V^∗_n , so there is an n ∈ N such that μ_1(V^∗_n ) > 0. For E ⊆ V_n, set νE = μ_1( ⋃ E); then (V_n, PV_n, ν) is a non- trivial measure space, so its additivity κ is a real-valued-measurable cardinal (1D). But of course κ ≤ #(V_n) ≤ d(X), because any dense subset of X must meet every non-empty member of V_n, and V_n is disjoint.

(b) Now (b) follows from (a) by A2Wb.

Remark For an investigation of the exact properties of metric spaces involved in the arguments used here, see Gardner & Pfeffer 84.

6N Riesz spaces My own introduction to the Banach-Ulam problem was through the following. (For definitions see Fremlin 74. For an account of the elementary theory of Riesz spaces see also Luxemburg & Zaanen 71.)

Theorem Let E be a Dedekind complete Riesz space (= vector lattice) with a sequentially order-continuous positive linear functional on E which is not order-continuous. Then there are a real-valued-measurable cardinal κ and an order-bounded disjoint set A ⊆ E^+, the positive cone of E, of cardinal κ.

proof Suppose that f : E → R is a positive linear functional which is sequentially order-continuous but not order-continuous. Let D ⊆ E^+ be a non-empty, downwards-directed set with infimum 0 such that inf_{x∈D} f(x) > 0. Let ⟨d_n⟩_{n∈N} be a decreasing sequence in D such that lim_{n→∞} f(d_n) = inf_{x∈D} f(x); set d^∗ = inf_{n∈N} d_n. Then (because f is sequentially order-continuous) f(d^∗) = inf_{d∈D} f(d), and if d ∈ D then f(d ∧ d^∗) = lim_{n→∞} f(d ∧ d_n) = f(d^∗) (using the distributivity of Riesz spaces; Fremlin 74, 14D). Let C be the set

{x : x ∈ E, x > 0, ∃ d ∈ D, x ≤ d^∗ − (d ∧ d^∗)};

then f(x) = 0 for every x ∈ C, C is upwards-directed, and sup C = d^∗. Now let A ⊆ C be a maximal set such that x ∧ y = 0 for all distinct x, y ∈ A, and set e = sup A. Then d^∗ = sup_{n∈N}(d^∗ ∧ ne). Because f is sequentially order-continuous, there must be some n ∈ N such that f(d^∗ ∧ ne) > 0, and f(e) > 0. For each B ⊆ A set e_B = sup B, νB = f(e_B). Again because f is sequentially order-continuous, (A, PA, ν) is a non-trivial totally finite measure space and #(A) ≥ add(ν), which is a real-valued-measurable cardinal.

Remark This comes from Luxemburg 67. Note that if (X, PX, μ) is any non-trivial probability space then we can set E = ℓ^∞(X), the Dedekind complete Riesz space of all bounded real-valued functions on X, and ∫ : E → R will be a sequentially order-continuous positive linear functional on E which is not order-continuous.

Version of 16.6.91

Version of 10.12.91

7. Partially ordered sets

I collect here a variety of facts concerning the impact of real-valued-measurable cardinals on partially ordered sets. In 7A-7D I show that if κ is an atomlessly-measurable cardinal there are ccc partially ordered sets P and Q such that P × Q does not satisfy the κ-chain condition. A similar method shows that there are large ‘entangled’ subsets of R (7E-7F). In 7G-7N I discuss the cofinalities of certain partially ordered sets, in particular, of reduced products of families of cardinals. I end the section with an application of these ideas to cardinal exponentiation (7O-7Q).

7A Definition Let a, b ⊆ N. Approximately following Todorčević 86, I write

Δ(a, b) = min(a△b) if a ≠ b, = ∞ if a = b.

We have the following elementary lemma.

7B Lemma Let n, l ∈ N and suppose that m ≥ 3(n^2l)!. Let ⟨a_{ri}⟩_{r<m,i<n} be any family in PN, and for r, s < m set D_{rs} = {Δ(a_{ri}, a_{si}) : i < n} ∩ N. Then there are u(0), . . . , u(l), v(0), . . . , v(l) < m such that u(r) ≠ v(r) for r ≤ l and D_{u(j),v(j)} ∩ D_{u(k),v(k)} = ∅ whenever j < k ≤ l.

proof (a) Given finite sets X and L with #(X) ≥ 3(#(L))! and any function ϕ : [X]^2 → L, there is a J ∈ [X]^3 such that ϕ is constant on [J]^2. PP Induce on #(L). If #(L) ≤ 1 this is trivial. For the inductive step to #(L) = n + 1, take any x ∈ X. For each l ∈ L set X_l = {y : y ∈ X \ {x}, ϕ({x, y}) = l}. Then there must be some l ∈ L such that #(X_l) ≥ 3n!, because (n + 1)(3n! − 1) + 1 < 3(n + 1)! ≤ #(X). If there are distinct y, z ∈ X_l such that ϕ({y, z}) = l, take J = {x, y, z}. Otherwise, consider ϕ↾[X_l]^2 : [X_l]^2 → L \ {l}. By the inductive hypothesis, there is a J ∈ [X_l]^3 such that ϕ is constant on [J]^2, and we’re done. QQQ (b) Now examine the given family ⟨a_{ri}⟩_{r<m,i<n} in PN. If L ∈ [N]^{<ω} and m ≥ 3(n#(L))!, there are distinct r, s < m such that D_{rs} ∩ L = ∅. PP?? Otherwise, we can choose a function ϕ : [m]^2 → n × L such that Δ(a_{ri}, a_{si}) = j whenever r, s < m are distinct and ϕ({r, s}) = (i, j). By (a), there is a J ∈ [m]^3 such that ϕ is constant on [J]^2; suppose that J = {r, s, t} and ϕ({r, s}) = ϕ({r, t}) = ϕ({s, t}) = (i, j). Now Δ(a_{ri}, a_{si}) = Δ(a_{ri}, a_{ti}) = Δ(a_{si}, a_{ti}) = j. But this means that for each pair from a_{ri}, a_{si}, a_{ti} there is exactly one member of the pair containing j; which is ridiculous. XXQQQ

(c) Consequently we can choose u(0), v(0), . . . , u(l), v(l) inductively so that u(r) ≠ v(r), D_{u(r),v(r)} ∩ ⋃ s<r D_{u(s),v(s)} = ∅ for every r ≤ l; and these will serve.

7C Lemma Let κ be an atomlessly-measurable cardinal and R, S two upwards-ccc partially ordered sets, both of size strictly less than κ. Let λ < κ be any cardinal. Then there are partially ordered sets P , Q such that #(P ) ≤ max(ω, λ), #(Q) ≤ max(ω, λ), S(P × R) ≤ ω_1, S(Q × S) ≤ ω_1, S(P × Q) > λ, writing S(P × R) for the Souslin number of P × R, as in A1P.

proof (a) Let ν be a κ-additive extension of the usual measure μ on {0, 1}^N to every subset of {0, 1}^N (1De, A2Gb). Let A ⊆ {0, 1}^N be a set of cardinal λ. For each z ∈ {0, 1}^N set P_z = {I : I ∈ [A]^{<ω}, z(Δ(a, b)) = 1 for all distinct a, b ∈ I}, Q_z = {I : I ∈ [A]^{<ω}, z(Δ(a, b)) = 0 for all distinct a, b ∈ I}, ordering both by ⊆. Then S(P_z × Q_z) > λ because {({a}, {a}) : a ∈ A} is an up-antichain in P_z × Q_z. Also #(P_z ) ≤ max(ω, λ) and #(Q_z ) ≤ max(ω, λ).

(b) I shall therefore be done if I can find a z ∈ {0, 1}^N such that P_z ×R and Q_z ×S are both upwards-ccc. In fact I show that P_z × R is upwards-ccc for ν-almost every z; as the same argument will work for Q_z × S, that will be more than enough. Set H_0 = {z : z ∈ {0, 1}^N, S(P_z × R) > ω_1}.

For each z ∈ H_0 there is a family ⟨(I_α(z), r_α(z))⟩_{α<ω1} enumerating an uncountable up-antichain in P_z × R. There is an n_z ∈ N such that B_z = {α : #(I_α(z)) = n_z} is uncountable. Let ⟨(J_α(z), s_α(z))⟩_{α<ω1} be a re-enumeration of the up-antichain ⟨(I_α(z), r_α(z))⟩_{α∈Bz} in P_z × R.

(c) ?? Suppose now that νH_0 > 0. In this case there is an n ∈ N such that νH_1 > 0, where H_1 = {z : z ∈ H_0, n_z = n}.

Because A and R both have cardinal less than κ, we can find for each α < ω_1 a finite set J^∗_α ⊆ A and an s^∗_α ∈ R such that νE_α > 0, where E_α = {z : z ∈ H_1, J_α(z) = J^∗_α, s_α(z) = s^∗_α}.

Enumerate J^∗_α as ⟨a_{αi}⟩_{i<n} for each i < n. For α, β < ω_1 set D_{αβ} = {Δ(a_{αi}, a_{βi}) : i < n} ∩ N; note that #(D_{αβ} ) ≤ n.

(d) Let γ > 0 be such that T = {α : α < ω_1, νE_α ≥ γ} is uncountable. For each α ∈ T set m_α = sup{Δ(a_{αi}, a_{αj} ) : i < j < n} + 1.

Let m be such that

U = {α : α ∈ T, m_α = m} is uncountable. Because there are only finitely many possibilities for the family ⟨a_{αi} ∩ m⟩_{i<n} (identifying m with the set of its predecessors), there is a family ⟨b_i⟩_{i<n} in Pm such that V = {α : α ∈ U, a_{αi} ∩ m = b_i ∀ i < n} is uncountable.

(e) If α, β are distinct members of V , z ∈ E_α ∩ E_β , and s^∗_α, s^∗_β are upwards-compatible in R, there is a k ∈ D_{αβ} such that z(k) = 0. PP (J^∗_α, s^∗_α) = (J_α(z), s_α(z)) and (J^∗_β , s^∗_β ) are upwards-incompatible in P_z × R; we are supposing that s^∗_α and s^∗_β are upwards-compatible in R, so J^∗_α ∪ J^∗_β /∈ P_z. In this case, there must be a, b ∈ J^∗_α ∪ J^∗_β such that z(Δ(a, b)) = 0. But J^∗_α and J^∗_β do belong to P_z , so neither can contain both a and b, and we may take it that a ∈ J^∗_α and b ∈ J^∗_β . Thus there must be i, j < n such that z(Δ(a_{αi}, a_{βj} )) = 0.

?? If i ≠ j, then Δ(a_{αi}, a_{αj} ) = Δ(b_i, b_j ) = Δ(a_{αi}, a_{βj} ), so z(Δ(a_{αi}, a_{βj} )) = z(Δ(a_{αi}, a_{αj} )) = 1. XX Thus i = j and z(Δ(a_{αi}, a_{βi})) = 0, where Δ(a_{αi}, a_{βi}) ∈ D_{αβ} . QQQ

(f) Let k be so large that (1−2^{−n})^{k+1} ≤^1_3 γ; set l = 3(n^2k)!. By A2S, there is an uncountable set W ⊆ V such that μ^∗( ⋂ α∈L E_α) ≥^2_3 γ whenever L ∈ [W ]^l. By A1Q, there is an L ∈ [W ]^l such that {s^∗_α : α ∈ L} is bounded above. By 7B, there are α(0), . . . , α(k), β(0), . . . , β(k) in L such that α(j) ≠ β(j) for j ≤ k and ⟨D_{α(j),β(j)}⟩_{j≤k} is disjoint. Now however observe that if z ∈ ⋂ α∈L E_α and i ≤ k then s^∗_{α(i)} and s^∗_{β(i)} are upwards-compatible in R, so there is a j ∈ D_{α(i),β(i)} such that z(j) = 0, by (e) above. Thus ⋂ α∈L E_α ⊆ F where F = {z : ∀ i ≤ k ∃ j ∈ D_{α(i),β(i)} such that z(j) = 0}.

But, because ⟨D_{α(i),β(i)}⟩_{i≤k} is disjoint and #(D_{α(i),β(i)}) ≤ n for each i,

μF = ∏ i≤k μ{z : ∃ j ∈ D_{α(i),β(i)}, z(j) = 0} ≤ ∏ i≤k (1 − 2^{−n}) = (1 − 2^{−n})^{k+1} ≤ γ/3.

So^2_3 γ ≤ μ^∗( ⋂ α∈L E_α) ≤^1_3 γ. XX This contradiction shows that S(P_z × R) ≤ ω_1 for ν-almost all z, as required.

7D Theorem Let κ be an atomlessly-measurable cardinal. Then there are ccc partially ordered sets P , Q such that S(P × Q) = κ.

proof Construct ⟨P_ξ ⟩_{ξ<κ}, ⟨Q_ξ ⟩_{ξ<κ}, ⟨P^∗_ξ ⟩_{ξ≤κ}, ⟨Q^∗_ξ ⟩_{ξ≤κ} as follows. Given ⟨P_η ⟩_{η<ξ} and ⟨Q_η⟩_{η<ξ} , then P^∗_ξ and Q^∗_ξ are to be the finite-support products of these families. Given that P^∗_ξ and Q^∗_ξ are ccc and that their cardinals are at most max(ω, #(ξ)), for ξ < κ, then P_ξ and Q_ξ are to be partially ordered sets of size at most max(ω, #(ξ)) such that S(P_ξ × P^∗_ξ ) ≤ ω_1, S(Q_ξ × Q^∗_ξ ) ≤ ω_1, and S(P_ξ × Q_ξ) > #(ξ); Lemma 7C tells us that such can be found. The induction continues because at successor stages P_ξ × P^∗_ξ and Q_ξ × Q^∗_ξ can be embedded as cofinal subsets of P^∗_{ξ+1} and Q^∗_{ξ+1} respectively, so that P^∗_{ξ+1} and Q^∗_{ξ+1} will be ccc if P^∗_ξ and Q^∗_ξ are, while for limit ordinals ξ > 0, P^∗_ξ = ⋃ η<ξ P^∗_η will be ccc because all the preceding P^∗_η are, by the remarks in A1R.

On completing the induction, set P = P^∗_κ , Q = Q^∗_κ. Observe that the finite-support product R of ⟨P_ξ ×Q_ξ⟩_{ξ<κ} can be embedded as a cofinal subset of P ×Q, so that S(P ×Q) = S(R). Also sup{S( ∏ ξ∈J P_ξ × Q_ξ) : J ∈ [κ]^{<ω}} = κ, because S(P_ξ × Q_ξ) > #(ξ) for every ξ < κ, while #( ∏ ξ∈J P_ξ × Q_ξ) < κ for every J ∈ [κ]^{<ω}. Because κ is regular, A1R tells us that S(R) = κ, so that S(P × Q) = κ, as claimed. Remark Note that (if it is consistent to suppose that there is a two-valued-measurable cardinal) it is consistent to suppose that there is an atomlessly-measurable cardinal and that Souslin’s hypothesis is true; see Laver 87.

7E Definition Let (X, ≤) be a totally ordered set. Let ≤_1 be the original order ≤ and ≤_{−1} the reverse total ordering ≥. We say that a set A ⊆ X is ω_1-entangled if for any n ∈ N, ϵ ∈ {−1, 1}^n and every family ⟨x_{ξi}⟩_{ξ<ω1,i<n} of distinct elements of A there are distinct ξ, η < ω_1 such that x_{ξi} ≤_{ϵ(i)} x_{ηi} for every i < n.

7F Proposition Let κ be an atomlessly-measurable cardinal. Then for any λ < κ there is an ω_1-entangled subset of R of cardinal λ.

proof (a) Let X be {−1, 1}^N with its lexicographic total ordering, so that x < y iff x(Δ(x, y)) = −1, y(Δ(x, y)) = 1, writing Δ(x, y) = min{m : x(m) ≠ y(m)} (cf. 7A). The map x → ∑ m∈N 3^{−m}x(m) : X → R is strictly increasing, so that any ω_1-entangled subset of X has an ω_1-entangled direct image in R, and it will be enough to find an ω_1-entangled subset of X of cardinal λ.

(b) Set S = ⋃ n∈N{−1, 1}^n, Z = {−1, 1}^S; let μ be the usual measure on Z (as in A2G), and ν a κ-additive extension of μ to PZ (see 1De, A2Gb). For z ∈ Z define h_z : X → X by writing h_z (x)(m) = x(m) × z(x↾m) ∀ m ∈ N, x ∈ X;

then h_z is a bijection. Observe that if x, y ∈ X and Δ(x, y) = m then h_z(x) <_ϵ h_z(y) iff z(x↾m) = y(m) × ϵ.

(c) Let B ⊆ X be any set of cardinal λ, and for z ∈ Z write A_z = h_z[B] ∈ [X]^λ. I aim to show that A_z is ω_1-entangled for some, in fact for ν-almost every, z ∈ Z.

Let E be {z : z ∈ Z, A_z is not ω_1-entangled}. For each z ∈ E we can find n_z ∈ N, ϵ_z ∈ {−1, 1}^{nz} and a family ⟨x_{zξi}⟩_{ξ<ω1 ,i<nz} of distinct elements of B such that ∀ ξ < η < ω_1 ∃ i < n, h_z(x_{zξi}) ≰_{ϵz(i)} h_z(x_{zηi}).

Because all the x_{zξi} are distinct, there will now be a k_z ∈ N such that C_z = {ξ : x_{zξi}↾k_z ≠ x_{zξj} ↾k_z ∀ i < j < n_z} is uncountable; next, there will be a family ⟨u_{zi}⟩_{i<nz} of distinct elements of {−1, 1}^{kz} such that C^′_z = {ξ : ξ ∈ C_z, x_{zξi}↾k_z = u_{zi} ∀ i < n_z} is uncountable. Let ⟨y_{zξi}⟩_{ξ<ω1,i<nz} be a re-enumeration of ⟨x_{zξi}⟩_{ξ∈C}′_{z ,i<nz} , so that ⟨y_{zξi}⟩_{ξ<ω1 ,i<nz} is a family of distinct elements of B, y_{zξi}↾k_z = u_{zi} for i < n_z, ξ < ω_1, ∀ ξ < η < ω_1 ∃ i < n_z, h_z(y_{zξi}) ≰_{ϵz(i)} h_z(y_{zηi}).

(d) ?? Suppose, if possible, that νE > 0. Then there are n, k ∈ N, ϵ ∈ {−1, 1}^n and a family ⟨u_i⟩_{i<n} in {−1, 1}^k such that νF > 0, where F = {z : z ∈ E, n_z = n, k_z = k, ϵ_z = ϵ, u_{zi} = u_i ∀ i < n}.

Note that the u_i must all be different. Next, because #(B^n) < κ, we can find for each ξ < ω_1 a family ⟨y_{ξi}⟩_{i<n} in B such that νF_ξ > 0, where F_ξ = {z : z ∈ F, y_{zξi} = y_{ξi} ∀ i < n}.

Thus y_{ξi}↾k = u_i for i < n, ξ < ω_1, and if z ∈ F_ξ ∩ F_η , where ξ < η < ω_1, there must be an i < n such that h_z(y_{ξi}) ≰_{ϵ(i)} h_z(y_{ηi}).

(e) Let γ > 0 be such that U = {ξ : νF_ξ ≥ γ} is uncountable. Let l ≥ 1 be such that (1 − 2^{−n})^l ≤^1_3 γ. By A2S, there is an uncountable V ⊆ U such that μ^∗( ⋂ ξ∈L F_ξ ) ≥^2_3 γ for every L ∈ [V ]^{l+1}.

Let ⟨y_i⟩_{i<n} be a cluster point of ⟨⟨y_{ξi}⟩_{i<n}⟩_{ξ∈V} in the sense that ∀ k ∈ N, ζ < ω_1 ∃ ξ ∈ V \ ζ such that y_{ξi}↾k = y_i↾k ∀ i < n.

Note that because F_ξ ∩ F_η ≠ ∅ for ξ, η ∈ V , all the y_{ξi}, for ξ ∈ V and i < n, are distinct; so that there is a cofinite W ⊆ V such that y_{ξi} ≠ y_i for ξ ∈ W , i < n.

(f) Choose strictly increasing sequences ⟨r_j ⟩_{j∈N} in N, ⟨ξ_j ⟩_{j∈N} in W such that r_0 = k and y_{ξj i}↾r_j = y_i↾r_j ∀ i < n, y_{ξj i}↾r_{j+1} ≠ y_i↾r_{j+1} ∀ i < n for every j ∈ N. For j ∈ N, i < n set m_{ji} = Δ(y_{ξj i}, y_i), so that r_j ≤ m_{ji} < r_{j+1} and also m_{ji} = Δ(y_{ξj+1 i}, y_{ξj i}). Set s_{ji} = y_i↾m_{ji} = y_{ξj i}↾m_{ji} = y_{ξj+1 i}↾m_{ji} ∈ S.

Observe that all the s_{ji} are distinct; this is because r_j ≤ m_{ji} < r_{j+1} for all i, j, so that s_{ji} ≠ s_j′_i′ if j ≠ j^′, while r_0 = k, so that s_{ji}↾k = u_i for all i, j and s_{ji} ≠ s_j′_i′ if i ≠ i^′.

(g) If z ∈ Z, j ∈ N, i < n then h_z(y_{ξj i}) ≤_{ϵ(i)} h_z(y_{ξj+1 i}) ⇐⇒ z(s_{ji}) = y_i(m_{ji}) × ϵ(i).

So if we set G = ⋂ j≤l F_{ξj} , then for any z ∈ G we have y_{ξj i} = y_{zξj i} for every j ≤ l, i < n, so for each j < l there must be an i < n such that h_z(y_{ξj i}) ≰_{ϵ(i)} h_z(y_{ξj+1 i}), that is, z(s_{ji}) ≠ y_i(m_{ji}) × ϵ(i).

Accordingly G ⊆ H, where H = {z : ∀ j < l ∃ i < n such that z(s_{ji}) ≠ y_i(m_{ji}) × ϵ(i)}.

Because all the s_{ji} are distinct, μH = (1 − 2^{−n})^l ≤^1_3 γ, so μ^∗G ≤^1_3 γ. But by the choice of V , μ^∗G ≥^2_3 γ. XX This contradiction shows that νE = 0. So we can take a z ∈ Z \ E to yield the required entangled set A_z ⊆ X.

Remark 7F is due to S.Todorčević; it corresponds to Theorem 2 of Todorčević 85, from which it may be deduced using Corollary 4Oa.

Version of 18.9.92

7G κ-measure-bounded partially ordered sets (a) Let P be a partially ordered set and κ a realvalued-measurable cardinal. I will say that P is κ-measure-bounded (upwards) if for every κ-additive probability μ on P with domain PP there is a p ∈ P such that μ{p^′ : p^′ ≤ p} > 0.

(b) Let P and Q be partially ordered sets. I say that a function f : P → Q is an ω-Tukey function if for every q ∈ Q there is a countable set D ⊆ P such that whenever p ∈ P and f(p) ≤ q there is a d ∈ D such that p ≤ d.

(For a systematic discussion of this concept see Fremlin p90.) 7H Elementary facts Let κ be a real-valued-measurable cardinal.

(a) If P and Q are partially ordered sets, f : P → Q is an ω-Tukey function, and Q is κ-measure-bounded, then P is κ-measure-bounded. PP Let μ be a κ-additive probability with domain PP . Let ν = μf^{−1} : PQ → [0, 1]. Then ν is κ-additive, so there is a q ∈ Q such that ν{q^′ : q^′ ≤ q} > 0. Let D ⊆ P be a countable set such that whenever f(p) ≤ q there is a d ∈ D such that p ≤ d. Then 0 < ν{q^′ : q^′ ≤ q} = μ{p : f(p) ≤ q} ≤ ∑ d∈D μ{p : p ≤ d}, so there is a d ∈ D such that μ{p : p ≤ d} > 0. As μ is arbitrary, P is κ-measure-bounded. QQQ

(b) If P is a partially ordered set and Q ⊆ P is cofinal with P , then P is κ-measure-bounded iff Q is. PP The identity function from Q to P is ω-Tukey, and any function f from P to Q such that f(p) ≤ p for every p is also ω-Tukey. QQQ

(c) If P is any partially ordered set such that cf(P ) < κ then P is κ-measure-bounded.

(d) Suppose that P is a κ-measure-bounded partially ordered set and that μ is a κ-additive probability on P with domain PP . (i) If P is upwards-directed then sup_{p∈P} μ{p^′ : p^′ ≤ p} = 1. (ii) If add(P ) > ω (P is ‘countably closed’) then there is a p ∈ P such that μ{p^′ : p^′ ≤ p} = 1. PP (i) For A ⊆ P set

νA = μA − sup_{p∈P} μ{p^′ : p^′ ∈ A, p^′ ≤ p}.

Then ν is a κ-additive measure on P and ν{p^′ : p^′ ≤ p} = 0 for every p ∈ P . Because P is κ-measure-boun-ded, νP must be 0, that is, sup_{p∈P} μ{p^′ : p^′ ≤ p} = 1. (ii) If add(P ) > ω, take a sequence ⟨p_n⟩_{n∈N} in P such that lim_{n→∞} μ{p^′ : p^′ ≤ p_n} = 1; there is a p ∈ P such that p_n ≤ p for every n, and now μ{p^′ : p^′ ≤ p} = 1. QQQ (e) (i) If ⟨P_n⟩_{n∈N} is a sequence of upwards-directed κ-measure-bounded partially ordered sets then P = ∏ n∈N P_n is κ-measure-bounded. (ii) If ⟨P_ζ ⟩_{ζ<λ} is a family of κ-measure-bounded partially ordered sets such that λ < κ and add(P_ζ ) > ω for every ζ < κ, then P = ∏ ζ<λ P_ζ is κ-measure-bounded. PP (i) Let μ be a κ-additive probability with domain PP . For each n ∈ N set μ_n = μπ^{−1}_n : PP_n → [0, 1], where π_n : P → P_n is the canonical map. By (d-i) there is a p_n ∈ P_n such that μ_n{q : q ∈ P_n, q ≤ p_n} ≥ 1 − 2^{−n−2}. Now if we set p = ⟨p_n⟩_{n∈N} ∈ P , we see that μ{p^′ : p^′ ≤ p} ≥^1_2 . (ii) Argue as in (i), but taking p_ζ ∈ P_ζ such that μ_ζ {q : q ≤ p_ζ } = 1, so that μ{p^′ : p^′ ≤ p} = 1, because λ < κ. QQQ

(f) If P is a κ-measure-bounded partially ordered set, Q is another partially ordered set, and f : P → Q is an order-preserving surjection, then Q is κ-measure-bounded. PP Take any g : Q → P such that f(g(q)) = q for every q ∈ Q; then g is ω-Tukey. QQQ

7I Examples (a) N^N is κ-measure-bounded for any real-valued-measurable cardinal κ. (Use 7H(e-i).)

(b) ω^{ω1}_1 is κ-measure-bounded for any real-valued-measurable cardinal κ. (Use 7H(e-ii).)

(c) N^N/F is κ-measure-bounded for any real-valued-measurable cardinal κ, any filter F on N. (Use 7Hf.)

(d) If λ and θ are cardinals then [λ]^{<θ} is κ-measure-bounded for any real-valued-measurable cardinal κ > λ. PP If μ is a κ-additive probability with domain P[λ]^{<θ} we may apply 5Aa with X = [λ]^{<θ}, Y = λ and f the identity map to find an M ∈ X such that μ(PM) > 0. QQQ

(e) Let E be the family of closed Lebesgue negligible subsets of [0, 1], ordered by ⊆. Then E is not κ-measure-bounded for any atomlessly-measurable cardinal κ. PP If κ is atomlessly-measurable, there is a κ-additive extension μ of Lebesgue measure to P[0, 1]. Define f : [0, 1] → E by setting f(a) = {a} for every a ∈ [0, 1], and set ν = μf^{−1} : PE → [0, 1]. Then ν{E : E ⊆ F } = μF = 0 for every F ∈ E, so ν witnesses that E is not κ-measure-bounded. QQQ

Remark I include (e) because (as explained in Fremlin p90) many of the natural partially ordered sets P of analysis allow ω-Tukey functions from E to P , so cannot be κ-measure-bounded.

7J Proposition Suppose that κ is a real-valued-measurable cardinal and that P is a κ-measure-bounded partially ordered set.

(a) If ⟨Q_ξ⟩_{ξ<κ} is an increasing family of subsets of P and Q = ⋃ ξ<κ Q_ξ is cofinal with P , then there is a ξ < κ such that Q_ξ is cofinal with P .

(b) cf(cf(P )) ≠ κ.

proof (a) ?? If no Q_ξ is cofinal with P , then we may choose a function f : κ → P such that f(ξ) ≰ q whenever ξ < κ, q ∈ Q_ξ. Let ν be a witnessing probability on the real-valued-measurable cardinal κ, and set μ = νf^{−1} : PP → [0, 1]. Then there should be a p ∈ P such that μ{p^′ : p^′ ≤ p} > 0. But now there are a q ∈ Q such that p ≤ q and a ξ < κ such that q ∈ Q_ξ, in which case

0 < μ{p^′ : p^′ ≤ p} ≤ ν{η : f(η) ≤ q} ≤ ν{η : η < ξ}, which is impossible. XX

(b) Set λ = cf(P ). ?? If cf(λ) = κ, take a cofinal set Q ⊆ P of cardinal λ. Then there is an increasing family ⟨Q_ξ⟩_{ξ<κ} of subsets of Q, all of cardinal strictly less than λ, therefore not cofinal with P , but with union Q, contradicting (a). XX

7K Corollaries Let κ be a real-valued-measurable cardinal. (a) If F is any filter on N, then cf(cf(N^N/F)) ≠ κ; in particular, cf(d) ≠ κ.

(b) If λ is a cardinal and ⟨θ_ζ ⟩_{ζ<λ} is a family of regular cardinals all greater than λ and less than κ, then cf( ∏ ζ<λ θ_ζ ) < κ.

(c) If α and γ are cardinals less than κ then Θ(α, γ) (see A1Jb) is less than κ. (d) If α, β, γ and δ are cardinals, with δ ≥ ω_1, γ ≤ β, α < κ, then cov_{Sh}(α, β, γ, δ) (see A1Ja) is less than κ.

(e) Θ(κ, κ) = κ and {α : α < κ is a cardinal, Θ(α, α) = α} belongs to the rvm filter of κ.

(f) If κ = c, λ < κ and ⟨P_ζ ⟩_{ζ<λ} is a family of partially ordered sets such that ω < add(P_ζ ), cf(P_ζ ) < κ for every ζ < λ, then cf( ∏ ζ<λ P_ζ ) < κ.

proof (a) Use 7Ic and 7Jb.

(b) ?? If κ ≤ δ = cf( ∏ ζ<λ θ_ζ ), then by A1Ic there is an ultrafilter F on λ such that δ = cf( ∏ ζ<λ θ_ζ /F), and by A1Id there is a family ⟨θ^′_ζ ⟩_{ζ<λ} such that θ^′_ζ ≤ θ_ζ for every ζ < λ and κ = cf( ∏ ζ<λ θ^′_ζ /F). But by 7H(d-ii) and 7Hf, ∏ ζ<λ θ^′_ζ /F is κ-measure-bounded and its cofinality cannot be κ, by 7Jb. XX

(c) ?? Suppose, if possible, otherwise. Then for each ξ < κ there must be a family ⟨θ_{ξζ} ⟩_{ζ<λξ} of regular cardinals less than α such that λ_ξ < θ_{ξζ} for every ζ < λ_ξ and cf( ∏ ζ<λ_ξ θξζ ) ≥ ξ. Because α < κ there is a

cardinal λ < κ such that A = {ξ : ξ < κ, λ_ξ = λ} is unbounded in κ. Now by 5Ab there is a set M ⊆ α, of cardinal at most λ, such that B = {ξ : ξ ∈ A, θ_{ξζ} ∈ M ∀ ζ < λ} is unbounded in κ. Let ⟨θ_ζ ⟩_{ζ<λ}′ be any enumeration of M. By (b), there is a cofinal set F ⊆ ∏ ζ<λ^′ θζ with

#(F ) < κ. Let ξ ∈ B be such that ξ > #(F ). For each f ∈ F define g_f ∈ ∏ ζ<λ θ_{ξζ} by setting

g_f (ζ) = f(ζ^′) whenever θ_{ξζ} = θ_ζ′ . Then {g_f : f ∈ F } is cofinal with ∏ ζ<λ θ_{ξζ} , because if h ∈ ∏ ζ<λ θ_{ξζ} there is an f ∈ F such that

f(ζ^′) ≥ sup{h(ζ) : ζ < λ, θ_{ξζ} = θ_ζ′ } for every ζ^′ < λ^′, and in this case h ≤ g_f . So #(F ) < ξ ≤ cf( ∏ ζ<λ θ_{ξζ} ) ≤ #(F ),

which is absurd. XX

(d) This is trivial if any of the cardinals α, β, γ is finite; let us take it that they are all infinite. In this case cov_{Sh}(α, β, γ, δ) ≤ cov_{Sh}(α, γ, γ, ω_1), and cov_{Sh}(α, γ, γ, ω_1) ≤ Θ(α, γ) < κ, by A1K and (c) above.

(e) From (d) we see that C = {α : α < κ is a cardinal, Θ(β, β) ≤ α ∀ β < α} is a closed unbounded set in κ, so D belongs to the rvm filter of κ, where D is the set of regular cardinals in C (using a fraction of 4K). But if α ∈ D, and ⟨θ_ζ ⟩_{ζ<λ} is a family of regular cardinals with λ < θ_ζ < α for every ζ < λ, set β = sup_{ζ∈I} θ^+_ζ ; then cf( ∏ ζ<λ θ_ζ ) ≤ Θ(β, β) ≤ α.

Accordingly Θ(α, α) = α for every α ∈ D. In the same way Θ(κ, κ) = κ.

(f) By 5E, we have cf( ∏ ζ<λ P_ζ ) ≤ c; by 7H(d-ii) and 7Jb, cf( ∏ ζ<λ P_ζ ) ≠ κ.

Remarks Part (f) comes from Prikry 75, Theorem 2c. Parts (b)-(d) come from Gitik & Shelah p91.

7L Cofinalities II: Proposition Suppose that κ is an atomlessly-measurable cardinal. Let X be a set of cardinal at most min(2^κ, κ^{(+ω)}) and F a filter on X which has a base of cardinal less than κ and contains no countable set. Then cf(N^X /F) ≥ κ.

proof Let ν be a witnessing probability on κ. By the Gitik-Shelah theorem (3F-3H), there is a stochastically independent family ⟨E_{xn}⟩_{x∈X,n∈N} of subsets of κ of measure^1_2 . Define ϕ : κ → N^X by

ϕ(ξ)(x) = min{n : ξ ∈ E_{xn}} if ξ ∈ ⋃ n∈N E_{xn},

= 0 otherwise.

Now let A ⊆ F be a base of cardinal < κ. For f ∈ N^X , A ∈ A set

W_{f A} = {ξ : ξ < κ, ϕ(ξ)(x) ≤ f(x) ∀ x ∈ A}.

Then

νW_{f A} = ∏ x∈A(1 − 2^{−f (x)−1}) = 0

because A is uncountable. If F ⊆ N^X is any set of cardinal less than κ, then

{ξ : ∃ f ∈ F, ϕ(ξ) ≤_F f} = ⋃ f ∈F,A∈A Wf A ∈ Nν ,

so there is a ξ < κ such that ϕ(ξ) ≰_F f for every f ∈ F , and {f^• : f ∈ F } is not cofinal with N^X /F. As F is arbitrary, cf(N^X /F) ≥ κ.

7M Corollary Let κ be an atomlessly-measurable cardinal. (a) cf(N^λ) ≥ κ for every λ > ω. (For cf(N^λ) ≥ cf(N^{ω1} ).)

(b) If λ < κ is a regular uncountable cardinal, and F = {F : F ⊆ λ, #(λ \ F ) < λ} then cf(N^λ/F) ≥ κ. (c) Suppose that c is atomlessly-measurable. Let X be a set of cardinal less than c and F a filter on X with a base of cardinal less than c, not containing any countable set. Then cf(N^X /F) = c. (Use 5E to see that #(N^X ) = c.)

Remark 7L-7M come from Jech & Prikry 84.

7N Remark The results 7Kb-e are interesting; the theory in which they are embedded, partially described in A1H-A1J, is astonishing. But it may well be that the last word has not been said. From 7Kb we see, for instance, that if κ is real-valued-measurable then cf( ∏ n∈N ω_n) < κ. But in fact cf( ∏ n∈N ω_n) < ω_{ω4} (Burke & Magidor 90, Theorem 6.1). We can hope that further inequalities of this type will swallow up 7Kb-e completely.

7O Lemma Let κ be an atomlessly-measurable cardinal, and γ, δ cardinals such that ω ≤ γ < δ < κ, 2^β = 2^γ for γ ≤ β < δ, but 2^δ > 2^γ . Then δ is regular and 2^δ = cov_{Sh}(2^γ , κ, δ^+, δ) = cov_{Sh}(2^γ , κ, δ^+, ω_1) = cov_{Sh}(2^γ , κ, δ^+, 2).

proof δ is regular because 2^δ is at most the cardinal power (max_{β<δ} 2^β)^{cf(δ)}. Of course

cov_{Sh}(2^γ , κ, δ^+, δ) ≤ cov_{Sh}(2^γ , κ, δ^+, ω_1) ≤ cov_{Sh}(2^γ , κ, δ^+, 2) ≤ #([2^γ ]^{≤δ} ) ≤ 2^δ.

For the reverse inequality, let E ⊆ [2^γ ]^{<κ} be a set of cardinal cov_{Sh}(2^γ , κ, δ^+, δ) such that every member of [2^γ ]^{≤δ} is covered by fewer than δ members of E. For each ordinal ξ < δ let ϕ_ξ : Pξ → 2^γ be an injective function. For A ⊆ δ define f_A : δ → 2^γ by

f_A(ξ) = ϕ_ξ (A ∩ ξ) ∀ ξ < δ.

Choose E_A ∈ E such that f^{−1}_A [E_A] is cofinal with δ; such must exist because δ is regular and f_A[δ] can be covered by fewer than δ members of E.

?? If 2^δ > #(E) then there must be an E ∈ E and an A ⊆ Pδ such that #(A) = κ and E_A = E for every A ∈ A. For each pair A, B of distinct members of A set ξ_{AB} = min(A△B) < δ. By 5B, there is a set B ⊆ A, of cardinal κ, such that M = {ξ_{AB} : A, B ∈ B, A ≠ B} is countable. Set ζ = sup M < δ. Next, for each A ∈ B, take η_A > ζ such that f_A(η_A) ∈ E. Let η < δ be such that C = {A : A ∈ B, η_A = η} has cardinal κ. Then we have a map A → f_A(η) = ϕ_η (A ∩ η) : C → E which is injective, because if A, B are distinct members of C then ξ_{AB} ≤ ζ < η, so A ∩ η ≠ B ∩ η. So #(E) ≥ κ; but E ∈ E ⊆ [2^γ ]^{<κ}. XX

7P Theorem If κ is an atomlessly-measurable cardinal, {2^γ : ω ≤ γ < κ} is finite.

proof ?? Suppose, if possible, otherwise.

(a) Define a sequence ⟨γ_n⟩_{n∈N} of cardinals by setting γ_0 = ω, γ_{n+1} = min{γ : 2^γ > 2^{γn} } ∀ n ∈ N.

Then we are supposing that γ_n < κ for every n, so by Lemma 7O every γ_n is regular and 2^{γn+1} = cov_{Sh}(2^{γn} , κ, γ^+_{n+1}, ω_1) ∀ n ∈ N, and by Theorem A1K 2^{γn+1} ≤ Θ(2^{γn} , γ^+_{n+1});

also, of course, Θ(2^{γn} , γ^+_{n+1}) ≤ 2^{γn+1} , for every n. (For the definition of Θ(α, β), see A1J-A1K.) Thus 2^{γn+1} = Θ(2^{γn} , γ^+_{n+1}) for every n.

(b) Now Θ(2^{γn} , γ) = Θ(c, γ) whenever n ∈ N and γ is a regular cardinal with γ_n < γ < κ. PP Induce on n. For n = 0 we have c = 2^{γ0} . For the inductive step to n + 1, if γ is regular and γ_{n+1} < γ < κ, then c ≥ κ ≥ Θ(γ, γ) (7Kb-c), so

Θ(2^{γn+1} , γ) = Θ(Θ(2^{γn} , γ^+_{n+1}), γ) ≤ Θ(Θ(2^{γn} , γ), γ) because γ ≥ γ^+_{n+1} = Θ(Θ(c, γ), γ) by the inductive hypothesis = Θ(c, γ) by Lemma A1L ≤ Θ(2^{γn+1} , γ)

because 2^{γn+1} ≥ c. QQQ In particular, 2^{γn} = Θ(c, γ^+_n ) for every n ≥ 1 (as well as for n = 0).

(c) For each n ∈ N, let α_n be the least cardinal such that Θ(α_n, γ^+_n ) > c. Then ⟨α_n⟩_{n∈N} is non-increasing and α_1 ≤ c, so there are n ≥ 1, α ≤ c such that α_m = α for every m ≥ n. Now for m ≥ n we have

c < Θ(α, γ^+_m) ≤ max(α, ( sup_{α′ <α} Θ(α^′, γ^+_m))^{cf(α)})

≤ max(α, c^{cf(α}) = 2^{cf(α)}, using A1M. Also we still have α ≥ κ > Θ(γ^+_m, γ^+_m) because Θ(α^′, γ^+_m) < κ for every α^′ < κ. So Θ(α, γ^+_m) = Θ(Θ(α, γ^+_m), γ^+_m) ≥ Θ(c, γ^+_m) = 2^{γm} for every m ≥ n; consequently 2^{γm} < 2^{γm+1} ≤ 2^{cf(α)} and cf(α) > γ_m for every m. But this means that

Θ(α, γ^+_m) = sup_α′_{<α} Θ(α^′, γ^+_m) ≤ c

for each m, which is absurd. XX

This contradiction proves the theorem.

Remark This comes from Gitik & Shelah p91.

7Q Corollary Let κ be an atomlessly-measurable cardinal. (a) There is a least cardinal γ < κ such that 2^γ = 2^δ for γ ≤ δ < κ.

(b) If ν is a witnessing probability on κ and λ is the Maharam type of (κ, Pκ, ν) then the cardinal power λ^γ is 2^κ.

(c) If c < κ^{(+ω1)} then γ = ω, that is, 2^δ = c for ω ≤ δ < κ.

proof (a) Immediate from 7P.

(b) Let A be the measure algebra Pκ/N_ν . For ξ < κ let ϕ_ξ : Pξ → Pγ be an injective function. For η < γ, A ⊆ κ set

d_{Aη} = {ξ : η ∈ ϕ_ξ (A ∩ ξ)}^• ∈ A.

If A, B ⊆ κ are distinct then there is a ζ < κ such that ϕ_ξ (A ∩ ξ) ≠ ϕ_ξ (B ∩ ξ) for ζ ≤ ξ < κ, so that (because γ < κ) there is an η < γ such that d_{Aη} ≠ d_{Bη} . Thus 2^κ ≤ #(A)^γ ≤ (λ^ω )^γ = λ^γ , using A2Hb. On the other hand, λ ≤ 2^κ and γ < κ, so λ^γ ≤ 2^κ.

(c)(i) We need the following elementary fact: if α, β, δ are infinite cardinals, with δ regular and cf(α) ≠ δ, then

cov_{Sh}(α, β, δ^+, δ) ≤ max(α, sup_α′_{<α} cov_{Sh}(α^′, β, δ^+, δ)).

PP Set θ = max(α, sup_α′_{<α} cov_{Sh}(α^′, β, δ^+, δ)). For each ξ < α choose E_ξ ⊆ [ξ]^{<β} such that #(E_ξ) = cov_{Sh}(#(ξ), β, δ^+, δ) and every member of [ξ]^{≤δ} can be covered by fewer than δ members of E_ξ. Set E = ⋃ ξ<α E_ξ ; then #(E) ≤ θ. Take any A ∈ [α]^{≤δ} . If cf(α) > δ then A ⊆ ξ for some ξ < α so A is covered by fewer than δ members of E_ξ ⊆ E. If cf(α) < δ, take a cofinal set C ⊆ α of cardinal less than δ; then for each ξ ∈ C there is an A_ξ ∈ [E_ξ ]^{<δ} covering A ∩ ξ, so A = ⋃ ξ∈C A_ξ ∈ [E]^{<δ} (because δ is regular), and A ⊆ ⋃ A. As A is arbitrary, E witnesses that cov_{Sh}(α, β, δ^+, δ) ≤ θ, as required. QQQ

(ii) ?? Now suppose that γ > ω, that is, that 2^γ > c. Let γ_1 be the least cardinal such that 2^{γ1} > c. Then an easy induction on α, using (i) just above, shows that cov_{Sh}(α, κ, γ^+_1 , γ_1) ≤ α whenever 1 ≤ α < κ^{(+γ1)}. In particular, cov_{Sh}(c, κ, γ^+_1 , γ_1) ≤ c. But in 7O we saw that cov_{Sh}(c, κ, γ^+_1 , γ_1) = 2^{γ1} . XX

Remark The case κ = c of (b) is due to Prikry 75.

Version of 10.12.91

8. PMEA and NMA

In this section I give a brief description of two axioms, both much stronger than the assertion ‘c is realvalued-measurable’ but nevertheless apparently consistent, with some of their consequences in set theory and general topology.

8A Theorem If one of the following statements is true, so are the others:

(i) for every cardinal λ, there is a probability space (X, PX, μ) of Maharam type at least λ, and with add(μ) = c;

(ii) for every cardinal λ, there is a c-additive probability with domain P({0, 1}^λ) which extends the usual measure μ_λ of {0, 1}^λ;

(iii) for every Radon measure space (X, T, Σ, μ), there is a c-additive probability with domain PX which extends μ.

proof (a)(i)⇒(ii) Assume (i). Let λ be any cardinal; of course (ii) is surely true for finite λ, so we may take it that λ ≥ ω. Let (X, PX, μ) be a probability space of Maharam type greater than λ and with add(μ) = c. Let E ∈ PX \ N_μ be such that (E, PE, μ⌈E) is Maharam homogeneous with Maharam type at least λ (A2Hh). Setting μ^′A = μA/μE for A ⊆ E, (E, PE, μ^′) is a Maharam homogeneous probability space of

Maharam type at least λ, and add(μ^′) ≥ c. By A2Ka, there is an inverse-measure -preserving function f : E → {0, 1}^λ. Now ν = μ^′f^{−1} (A2Db) is a c-additive extension of μ_λ to P({0, 1}^λ).

(b)(ii)⇒(iii) Assume (ii). Let (X, T, Σ, μ) be any Radon measure space.

case 1 Suppose that μX = 1 and that μ has Maharam type λ. Then there is an inverse-measure - preserving function f : {0, 1}^λ → X (A2Ka). If ν is a c-additive extension of μ_λ to P({0, 1}^λ), then νf^{−1} is a c-additive extension of μ to PX.

case 2 In general, there is a partition ⟨X_i⟩_{i∈I} of X into measurable sets of finite measure such that μE = ∑ i∈I μ(E ∩ X_i) for any E ∈ Σ (A2Ja). By case 1, applied to a suitable normalization of μ⌈X_i (the case μX_i = 0 being trivial), there is an extension of μ⌈X_i to a c-additive measure ν_i with domain PX_i, for each i ∈ I. Now setting νA = ∑ i∈I ν_i(A ∩ X_i) for each A ⊆ X, we get a c-additive extension of μ to PX.

(c)(iii)⇒(ii) and (ii)⇒(i) are trivial.

8B Definition PMEA (the ‘product measure extension axiom’) is the assertion that the statements (i)-(iii) of 8A are true.

8C Theorem [Kunen] If ‘ZFC + there is a strongly compact cardinal’ is consistent, so is ‘ZFC + PMEA’.

proof See Fleissner 84, Theorem 3.4.

8D Proposition Assume PMEA. Then c is atomlessly-measurable.

proof Use 8A(ii), with λ = ω, and 1D.

8E Lemma Assume PMEA. Let X be a normal topological space and ⟨F_i⟩_{i∈I} a discrete family of subsets of X. Suppose that for each x ∈ X we are given a downwards-directed family U_x of sets such that #(U_x) < c and whenever G ⊆ X is open, i ∈ I, and x ∈ F_i ⊆ G there is a U ∈ U_x such that U ⊆ G. Then there is a family ⟨U_x⟩_{x∈X} such that U_x ∈ U_x for every x ∈ X and whenever i, j ∈ I are distinct, x ∈ F_i and y ∈ F_j then U_x ∩ U_y = ∅.

proof For each z ∈ {0, 1}^I let G_z, H_z be disjoint open sets such that F_i ⊆ G_z whenever z(i) = 1 and F_i ⊆ H_z whenever z(i) = 0. Let ν be a c-additive probability on {0, 1}^I extending the usual measure on {0, 1}^I . Write F = ⋃ i∈I F_i.

For x ∈ F , U ∈ U_x write

A(x, U) = {z : z ∈ {0, 1}^I , either z(i) = 1 and U ⊆ G_z or z(i) = 0 and U ⊆ H_z},

where i is that member of I such that x ∈ F_i. For each x ∈ F , {A(x, U) : U ∈ U_x} is an upwards-directed family in P({0, 1}^I ), of cardinal less than c, covering {0, 1}^I . Consequently there is a U_x ∈ U_x such that νA(x, U_x) >^3_4 (A2Ce).

If now x ∈ F_i, y ∈ F_j where i ≠ j, then

ν{z : z ∈ A(x, U_x) ∩ A(y, U_y), z(i) ≠ z(j)} > 0.

Take any z ∈ A(x, U_x) ∩ A(y, U_y) such that z(i) ≠ z(j). Then one of U_x, U_y is included in G_z and the other in H_z, so U_x ∩ U_y = ∅, as required.

8F Theorem Assume PMEA. Let X be a normal topological space in which χ(x, X) < c for every x ∈ X. Then X is collectionwise normal.

proof Let ⟨F_i⟩_{i∈I} be a discrete family of subsets of X. For each x ∈ X let U_x be a base of neighbourhoods of x with #(U_x) = χ(x, X) < c. By 8E there is a family ⟨U_x⟩_{x∈X} such that U_x ∈ U_x for each x ∈ X and U_x ∩ U_y = ∅ whenever x, y ∈ X belong to different F_i. Set G_i = ⋃ {U_x : x ∈ F_i} for each i ∈ I; then ⟨G_i⟩_{i∈I} is a disjoint family of open sets and F_i ⊆ G_i for every i. As ⟨F_i⟩_{i∈I} is arbitrary, X is collectionwise normal.

8G Corollary Assume PMEA. Then every normal Moore space is metrizable.

proof Moore spaces are first-countable; by 8F, assuming PMEA, normal Moore spaces are collectionwise normal. By A3D, a collectionwise normal Moore space is metrizable. So we have the result.

Remarks (a) 8G is due to Nyikos 80; 8F, as stated, is due to Junnila 83.

(b) Of course we can do something with the ideas of 8E-8F without the full strength of PMEA. If we have an extension of the usual measure on {0, 1}^I to a κ-additive measure with domain P({0, 1}^I ), then we can make 8E work if #(U_x) < κ for every x ∈ X. (Compare Kulesza Levy & Nyikos 91, §4.) Thus if κ is atomlessly-measurable, we shall have every normal Moore space of weight at most min(2^κ, κ^{(+ω)}) metrizable, using the Gitik-Shelah theorem (3F, 3I).

(c) Under NMA, stronger results my be obtained by putting 8M below together with 8E-8G.

8H Definition NMA (the ‘normal measure axiom’) is the assertion

For every set I there is a c-additive probability ν on S = [I]^{<c} , with domain PS, such that (i) ν{s : i ∈ s ∈ S} = 1 for every i ∈ I;

(ii) if A ⊆ S and νA > 0 and f : A → I is such that f(s) ∈ s for every s ∈ A, then there is an i ∈ I such that ν{s : s ∈ A, f(s) = i} > 0.

Remarks (a) If we read the above statement as ‘NMA(I)’, with the set I as a parameter, then we see that the truth of NMA(I) depends only on #(I), so that if seeking to prove NMA we need consider only NMA(λ) for cardinals λ. More importantly, we see that NMA(I) implies NMA(J) for every J ⊆ I; for if ν is a probability on [I]^{<c} as above, and we define f : [I]^{<c} → [J]^{<c} by setting f(s) = s ∩ J for every s ∈ [I]^{<c} , then νf^{−1} will witness NMA(J). Consequently NMA will be true iff NMA(λ) is true for arbitrarily large cardinals λ; e.g. for all regular λ ≥ c.

(b) Observe that the condition (ii) of the statement above can be replaced with

(ii)^′ if A ⊆ S and f : A → I is such that f(s) ∈ s for every s ∈ A, then there is a countable D ⊆ I such that f(s) ∈ D for ν-almost all s ∈ A, or with

(ii)^{′′} if A ⊆ S and f : A → I is such that f(s) ∈ s for every s ∈ A, then for every δ > 0 there is a finite D ⊆ I such that ν(A \ f^{−1}[D]) ≤ δ.

8I Theorem If ‘ZFC + there is a supercompact cardinal’ is consistent, so is ‘ZFC + NMA’.

proof Prikry 75, Fleissner 89.

8J Proposition NMA implies PMEA.

proof Assume NMA. Let λ be any cardinal. Let θ be a regular cardinal greater than the cardinal power λ^ω. Let ν be a probability on [θ]^{<c} as in 8H. For ξ < θ define f_ξ : [θ]^{<c} → c by setting

f_ξ(s) = otp(s ∩ ξ) ∀ s ∈ [θ]^{<c} .

Then if ξ < η < θ we have f_ξ(s) < f_η(s) whenever ξ ∈ s, that is, for ν-almost all s.

Let g : c → PN be any injection. For ξ < θ, n ∈ N let a_{ξn} be the equivalence class of {s : n ∈ g(f_ξ(s))} in the measure algebra A of ([θ]^{<c} , P([θ]^{<c} ), ν). Then for any ξ < η < θ there must be an n ∈ N such that a_{ξn} ≠ a_{ηn}, so #(A)^ω ≥ θ > λ^ω . Now #(A) ≤ τ(A)^ω (A2Hb), so τ(A) > λ.

Thus we have (i) of 8A, and PMEA is true.

Remark This result is due to Kunen; the argument above is taken from Fleissner 89.

8K Theorem Assume NMA. Then the singular cardinals hypothesis is true.

proof (a) As noted in A1N, it will be more than enough if I can show that #([λ]^{<c} ) ≤ λ for every regular cardinal λ ≥ c. Let ν be a measure on S = [λ]^{<c} as described in 8H. For each ξ < λ choose a set c_ξ ⊆ ξ, cofinal with ξ, of cardinality cf(ξ).

(b) If ζ < λ there is a ζ^′ < λ such that

ν{s : s ∈ S, c_{sup s} ∩ ζ^′ \ ζ ≠ ∅} = 1.

PP Set E = {s : ζ + 1 ∈ s ∈ S}; then νE = 1. For each s ∈ E, ζ < sup s so there is an f_0(s) ∈ c_{sup s} such that ζ ≤ f_0(s); now f_0(s) < sup s so there is an f(s) ∈ s such that f_0(s) < f(s). As remarked in 8H, there is now a countable D ⊆ λ such that ν{s : s ∈ E, f(s) ∈ D} = 1; as λ is regular, there is a ζ^′ < λ such that D ⊆ ζ^′. Then f_0(s) ∈ c_{sup s} ∩ ζ^′ \ ζ whenever s ∈ E and f(s) ∈ D, so ζ^′ serves. QQQ

(c) So (again because λ is regular) there is a family ⟨ζ_ξ ⟩_{ξ<λ} such that ν{s : c_{sup s} ∩ ζ_{ξ+1} \ ζ_ξ ≠ ∅} = 1 ∀ ξ < λ, ζ_ξ = sup_{η<ξ} ζ_η for limit ordinals ξ < λ.

Set a_ξ = {η : c_ξ ∩ ζ_{η+1} \ ζ_η ≠ ∅} for each ξ < λ; then #(a_ξ) ≤ #(c_ξ ) = cf(ξ) for each ξ. Now ν{s : η ∈ a_{sup s}} = ν{s : c_{sup s} ∩ ζ_{η+1} \ ζ_η ≠ ∅} = 1 for each η < λ.

(d) Set A = {a : ∃ ξ < λ, cf(ξ) < c, a ⊆ a_ξ}.

Then #(A) ≤ max(λ, sup_{δ<c} 2^δ) = λ, by 5E. Also, for any a ∈ S, ν{s : a ⊆ a_{sup s}} = 1;

but if s ∈ S then cf(sup s) < c, so we have a ∈ A. Thus A = S and #(S) ≤ λ, as required. Remark This is Theorem 3(a-b) of Prikry 75. Compare the corresponding theorem concerning strongly compact cardinals (Drake 74, Theorem 3.6 and Corollary 3.8, or Solovay 74, Theorem 1).

8L Theorem Suppose that I is a set and that ν is a measure on S = [I]^{<c} as in 8H. Then (a) If ⟨A_i⟩_{i∈I} is any family of subsets of S with νA_i = 1 for each i ∈ I, then ν{s : s ∈ S, s ∈ A_i ∀ i ∈ s} = 1.

(b) If θ is a cardinal, ω < cf(θ) ≤ θ < c, and f : S → [I]^{<θ} is any function, then there is an M ∈ [I]^{<θ} such that ν{s : s ∈ S, f(s) ∩ s ⊆ M} = 1.

(c) If θ < c is a cardinal and C ⊆ S is cofinal with S then ν{s : s ∈ S, ∃ D ⊆ C, add(D) > θ, ⋃ D = s} = 1.

(Here add(D) is the additivity of the partially ordered set (D, ⊆), as in A1Ac.)

(d) If f : [I]^{<ω} → S is any function then ν{s : s ∈ S, f(J) ⊆ s ∀ J ∈ [s]^{<ω}} = 1.

proof (a) Set A = {s : s ∈ A_i ∀ i ∈ s}.

For each s ∈ S \ A choose f(s) ∈ s such that s /∈ A_{f (s)}. ?? If νA < 1 then ν(S \ A) > 0 so there is an i ∈ I such that ν{s : s ∈ S \ A, f(s) = i} > 0. But now νA_i ≤ 1 − ν{s : f(s) = i} < 1. XX (Compare A1Ea.)

(b) As ω < cf(θ) < c, there is an infinite cardinal δ < θ such that νA = 1, where A = {s : s ∈ S, #(f(s)) ≤ δ}. For s ∈ A let ⟨f_ξ(s)⟩_{ξ<δ} run over f(s) ∪ {0}. Set M = {i : i ∈ I, ∃ ξ < δ, ν{s : f_ξ(s) = i} > 0};

then #(M) ≤ max(ω, δ) < θ. Set B = {s : s ∈ A, f(s) ∩ s ⊈ M}.

For each s ∈ B choose g(s) ∈ f(s)∩s\M. ?? If νB > 0 there is an i ∈ I such that ν{s : s ∈ B, g(s) = i} > 0; but now there is an η < δ such that νB_1 > 0, where B_1 = {s : s ∈ B, f_η(s) = i}, so that i ∈ M; which is absurd. XX

Thus νB = 0 and ν{s : f(s) ∩ s ⊆ M} = 1. (Compare 5A.)

(c) We need consider only the case θ > ω. If #(I) < c the result is trivial (since I ∈ S and ν{I} = 1), so let us take it that #(I) ≥ c; for convenience, let us suppose that c ⊆ I. For s ∈ S write s^∗ = s ∪ {#(s)}; as #(s) ∈ c ⊆ I, s^∗ ∈ S. For each i ∈ I choose c_i ∈ C such that i ∈ c_i, and set

A_i = {s : c^∗_i ⊆ s ∈ S}.

Then νA_i = 1, because #(c^∗_i ) < c = add(ν). Set A = {s : s ∈ S, s ∈ A_i ∀ i ∈ s};

then νA = 1, by (a) above. For s ∈ A set D_s = {c : c ∈ C, c^∗ ⊆ s}.

Then s = ⋃ D_s because i ∈ c_i ∈ D_s for every i ∈ s. Set B = {s : s ∈ A, add(D_s) ≤ θ}.

For each s ∈ B choose a family D^′_s ⊆ D_s with #(D^′_s) ≤ θ and with no upper bound in D_s; set f(s) = {#(d) : d ∈ D^′_s} ⊆ s ∩ c. By (b), there is an M ⊆ c such that #(M) < θ^+ and νB = νB_1, where B_1 = {s : s ∈ B, f(s) ⊆ M}.

As θ < c = cf(c), δ = sup(M ∪ {θ}) < c. Now, for s ∈ B_1, d_s = ⋃ D^′_s has cardinal at most δ. So by (b) again there is an N ⊆ I such that #(N) < δ^+ and νB_2 = νB_1 where B_2 = {s : s ∈ B_1, d_s ∩ s ⊆ N}.

Let c ∈ C be such that N ⊆ c. Then E = {s : c^∗ ⊆ s} has measure 1. But if s ∈ B_2 then D^′_s has no upper bound in D_s, while ⋃ D^′_s ⊆ N ⊆ c, so c /∈ D_s and c^∗ ⊈ s and s /∈ E. Thus E ∩ B_2 = ∅ and νB = νB_2 = 0.

Accordingly ν(A \ B) = 1. But if s ∈ A \ B then D_s ⊆ C has add(D_s) > θ and ⋃ D_s = s, so we are done.

(d) Apply (c) with θ = ω, C = {s : f(J) ⊆ s ∀ J ∈ [s]^{<ω}};

then C ⊇ {s : ∃ D ⊆ C, ⋃ D = s, add(D) ≥ ω}, so νC = 1, as required.

Remark These results may be found, implicitly or explicitly, in Fleissner 89.

8M Proposition Assume NMA. Let X be a Hausdorff space such that χ(x, X) < c for every x ∈ X and every closed set of cardinal at most c is normal. Then X is normal.

proof Let E, F be disjoint closed sets in X. For each x ∈ X let U_x be a base of neighbourhoods of x of cardinal less than c. Let ν be a measure on S = [X]^{<c} as in 8H.

For each s ∈ S, its closure s̄ has cardinal at most c, because if x, y are distinct points of s̄ then {U ∩ s : U ∈ U_x} and {U ∩ s : U ∈ U_y} are distinct members of [Ps]^{<c} , and #([Ps]^{<c} ) ≤ c, by 5E. So there are disjoint relatively open sets G_s, H_s ⊆ s̄ such that E ∩ s̄ ⊆ G_s, F ∩ s̄ ⊆ H_s. For U ⊆ X set A(U) = {s : U ∩ s̄ ⊆ G_s}, B(U) = {s : U ∩ s̄ ⊆ H_s}.

Then for each x ∈ E, y ∈ F there are U_x ∈ U_x, V_y ∈ U_y such that νA(U_x) >^1_2 , νB(V_y ) >^1_2 . But in this case U_x ∩ V_y = ∅. PP?? Otherwise, take z ∈ U_x ∩ V_y ; there is an s such that U_x ∩ s̄ ⊆ G_s, V_y ∩ s̄ ⊆ H_s, z ∈ s; but in this case z ∈ G_s ∩ H_s. XXQQQ

So G = ⋃ {U_x : x ∈ E} and H = ⋃ {V_y : y ∈ F } are open sets separating E from F .

Remark This is due to W.G.Fleissner and I.Juhász (see Juhász 89). I am grateful to P.J.Nyikos for the reference.

Version of 27.11.91 8N Theorem Assume NMA. Then any locally compact normal space is collectionwise normal.

proof (a) Let (X, T) be a locally compact normal Hausdorff space; without loss of generality we may suppose that X ∩ T = ∅. Let ⟨F_i⟩_{i∈I} be a discrete family of subsets of X. Let ν be a measure on S = [X ∪ T]^{<c} as in 8H.

For s ∈ S set

B_x(s) = X ∩ ⋂ {U : x ∈ U ∈ s ∩ T} ⊆ X

for each x ∈ X,

Y_i(s) = ⋃ {B_x(s) : x ∈ F_i ∩ s}

for each i ∈ I.

(b) Set

A_0 = {s : s ∈ S, Y_i(s) ∩ ⋃ j≠i Yj (s) = ∅ ∀ i ∈ I};

then νA_0 = 1. PP For each x ∈ X choose G_x, H_x ∈ T in such a way that if x ∈ F_i then

F_i ⊆ G_x ⊆ G_x ⊆ H_x ⊆ H_x ⊆ X \ ⋃ j≠i Fj ;

this is possible because F_i ∩ ⋃ j≠i Fj = ∅ and X is normal. Set

A^′_0 = {s : s ∈ S, {G_x, X \ H_x} ⊆ s ∀ x ∈ s ∩ X};

by 8Ld, νA^′_0 = 1. But if s ∈ A^′_0 and Y_i(s) ≠ ∅, take x ∈ s ∩ F_i; then Y_i(s) ⊆ G_x and ⋃ j≠i Yj (s) ⊆ X \ Hx,

so Y_i(s) ∩ ⋃ j≠i Yj (s) = ∅. Thus A ′ 0 ⊆ A_0 and νA_0 = 1. QQQ

(c) Set

A_1 = {s : s ∈ S, ⟨Y_i(s)⟩_{i∈I} is discrete}.

Then A_1 is cofinal with S. PP Take any s ∈ S. Because νA_0 > 0, there is an s^′ ∈ A_0 such that s^′ ⊇ s. Set

H = {H : H ∈ T, #({i : H ∩ Y_i(s^′) ≠ ∅}) ≤ 1}.

Then ⋃ i∈I Y_i(s^′) ⊆ ⋃ H, because s^′ ∈ A_0, so F = ⋃ i∈I F_i ∩ s^′ ⊆ ⋃ H; but F is closed, because ⟨F_i⟩_{i∈I} is locally finite. Take G ∈ T such that F ⊆ G ⊆ G ⊆ ⋃ H, and set s^{′′} = s^′ ∪{G} ∈ S. Then s^{′′} ∩F_i = s^′ ∩F_i ⊆ G for each i (this is where I use the requirement ‘X ∩ T = ∅’), so Y_i(s^{′′}) ⊆ Y_i(s^′) ∩ G for every i. Now we see that H meets at most one Y_i(s^{′′}) for every H ∈ H and also for H = X \ G, so that s^{′′} ∈ A_1. QQQ

(d) Set

A_2 = {s : s ∈ S, ⟨Y_i(s)⟩_{i∈I} is locally finite};

then νA_2 = 1. PP Set

A^′_2 = {s : ∃ D ⊆ A_1, add(D) > ω, ⋃ D = s}.

By 8Lc, νA^′_2 = 1. ?? If A^′_2 ⊈ A_2, take s ∈ A^′_2 \ A_2. Let x ∈ X be such that {i : U ∩ Y_i(s) ≠ ∅} is infinite for every neighbourhood U of x. Let K be a compact neighbourhood of x, and J ⊆ I a countably infinite set such that K ∩ Y_i(s) ≠ ∅ for every i ∈ J. For each i ∈ J there is an x(i) ∈ F_i ∩ s such that K ∩ B_{x(i)}(s) ≠ ∅. Now there is a D ⊆ A_1 such that add(D) > ω and s = ⋃ D; so there is a d ∈ D such that x(i) ∈ d for every i ∈ J. In this case B_{x(i)}(d) ⊇ B_{x(i)}(s) for each i, so K ∩ Y_i(d) ≠ ∅ for every i ∈ J. However ⟨Y_i(d)⟩_{i∈I} is supposed to be discrete, and K is supposed to be compact, so this is impossible. XX

Thus A^′_2 ⊆ A_2 and νA_2 = 1, as claimed. QQQ

(e) Consequently νA_1 = 1, as A_1 = A_0 ∩ A_2.

(f) Let A_3 be the set of those s ∈ S for which there is a family ⟨W_x⟩_{x∈X} in s ∩ T such that x ∈ W_x for every x ∈ s ∩ X and if i, j are distinct members of I, x ∈ F_i and y ∈ F_j then W_x ∩ W_y = ∅. Then νA_3 = 1. PP For x ∈ X take a compact neighbourhood K_x of x. Set

A^′_3 = {s : s ∈ S, ∅ ∈ s, U ∩ V ∈ s ∀ U, V ∈ s ∩ T, int(K_x) ∈ s ∀ x ∈ s ∩ X}.

Then νA^′_3 = 1 by 8Ld.

Take s ∈ A^′_3 ∩ A_1. Note that as ⟨Y_i(s)⟩_{i∈I} is disjoint, s ∩ Y_i(s) ∩ ⋃ j∈I F_j = s ∩ F_i for every i ∈ I. For each x ∈ s ∩ ⋃ i∈I F_i, set U_x = {U : x ∈ U ∈ s ∩ T}; for x ∈ X \ (s ∩ ⋃ i∈I F_i), set U_x = {∅}. Then U_x is downwards-directed and #(U_x) < c for every x. If i ∈ I and x ∈ Y_i(s) and G is an open neighbourhood of Y_i(s), then either x /∈ s∩F_i and ∅ ∈ U_x, ∅ ⊆ G, or x ∈ s∩F_i; in the latter case, ⋂ {U : U ∈ U_x} = B_x(s) ⊆ G;

but as U_x is downwards-directed and contains the relatively compact set int(K_x), there must be a member of U_x included in G.

We may therefore apply 8E to X, ⟨Y_i(s)⟩_{i∈I} and ⟨U_x⟩_{x∈X} to see that there is a family ⟨W_x⟩_{x∈X} such that W_x ∈ U_x for every x ∈ X and if x ∈ Y_i(s), y ∈ Y_j (s) with i ≠ j then W_x ∩ W_y = ∅. Evidently ⟨W_x⟩_{x∈X} witnesses that s ∈ A_3.

Thus A^′_3 ∩ A_1 ⊆ A_3 and νA_3 = 1. QQQ

(g) For each s ∈ A_3 take a family ⟨W_x(s)⟩_{x∈X} in s ∩ T as in (f). Now, given any x ∈ X,

ν{s : x ∈ s ∈ A_3} = 1,

so there is a finite set V_x of open neighbourhoods of x such that

ν{s : x ∈ s ∈ A_3, W_x(s) ∈ V_x} >^1_2

(see (ii)^{′′} of Remark (b) in 8H). Set V_x = ⋂ V_x; then V_x is an open neighbourhood of x for each x ∈ X.

If i, j ∈ I are distinct and x ∈ F_i, y ∈ F_j then there is an s ∈ A_3 such that

x ∈ s, y ∈ s, W_x(s) ∈ V_x, W_y(s) ∈ V_y.

Now V_x ∩ V_y ⊆ W_x(s) ∩ W_y(s) = ∅. So if we set

H_i = ⋃ {V_x : x ∈ F_i} ∀ i ∈ I,

⟨H_i⟩_{i∈I} is a disjoint family of open sets and F_i ⊆ H_i for each i ∈ I.

(h) As ⟨F_i⟩_{i∈I} is arbitrary, X is collectionwise normal, as claimed.

Remark This comes from Fleissner 89. Some of the ideas were originally developed in Balogh 91.

8O Definition Let s be a set of ordinals.

(a) A set C ⊆ s is relatively order-closed if it is closed in the intrinsic order topology of s, that is, if

min{ξ : ξ ∈ s, η ≤ ξ ∀ η ∈ C^′} ∈ C

whenever C^′ ⊆ C is non-empty and bounded above in s.

(b) A set A ⊆ s is relatively stationary in s if it meets every cofinal set C ⊆ s which is relatively order-closed in s.

Observe that these definitions correspond to the ordinary notions of ‘closed’ and ‘stationary’ set in the ordinal otp(s).

8P Theorem Let α be an ordinal and ν a measure on S = [α]^{<c} as in 8H. (a) If β < α is an ordinal, then otp(s ∩ β) < otp(s) for ν-almost every s ∈ S. (b) If α is a decomposable ordinal then otp(s) is a decomposable ordinal for ν-almost every s ∈ S. (c) If α is an indecomposable ordinal then otp(s) is an indecomposable ordinal for ν-almost every s ∈ S. (d) #(s) = otp(s ∩ #(α)) for ν-almost every s ∈ S. Consequently (i) if α is a cardinal then otp(s) = #(s) for ν-almost every s ∈ S (ii) if α is not a cardinal then otp(s) is not a cardinal, for ν-almost every s ∈ S.

(e) If α = λ^+ is a successor cardinal then #(s) = (#(s ∩ λ))^+ for ν-almost every s ∈ S. (f) cf(s) = cf(s ∩ cf(α)) for ν-almost every s ∈ S.

(g) If α is a regular infinite cardinal then #(s) is a regular infinite cardinal for ν-almost every s ∈ S. (h) If α is a weakly inaccessible cardinal then #(s) is a weakly inaccessible cardinal for ν-almost every s ∈ S.

(i) If C ⊆ α is closed then s ∩ C is relatively order-closed in s for ν-almost every s ∈ S. (j) If C ⊆ α is cofinal with α then s ∩ C is cofinal with s for ν-almost every s ∈ S. (k) If A ⊆ α is stationary in α then s ∩ A is relatively stationary in s for ν-almost every s ∈ S. (l) If α is a weakly Mahlo cardinal then #(s) is a weakly Mahlo cardinal for ν-almost every s ∈ S. (m) If α is a non-weakly-Mahlo cardinal then #(s) is a non- weakly-Mahlo cardinal for ν-almost every s ∈ S.

proof (a) β ∈ s for almost all s.

(b) Take β, γ < α such that α = β + γ. Let h : α \ β → γ be an order-isomorphism. By 8Ld, with f(J) = h[J] ∪ h^{−1}[J] for each J ∈ [α]^{<ω}, h[s \ β] = s ∩ γ for almost every s ∈ S. So otp(s \ β) = otp(s ∩ γ) < otp(s) for almost every s, using (a), and otp(s) is decomposable for almost every s.

(c) Set A = {s : s ∈ S, otp(s) is decomposable}. For s ∈ A take g(s), h(s) ∈ s and an order-isomorphism f_s : s \ g(s) → s ∩ h(s). ?? If νA > 0, there are β, γ < α such that νA_1 > 0, where A_1 = {s : s ∈ A, g(s) = β, h(s) = γ}. So otp(s \ β) = otp(s ∩ γ) for every s ∈ A_1. Let ϕ : γ → (β + γ) \ β be an order-isomorphism. Then there is an s ∈ A_1 such that ϕ[s ∩ γ] = s ∩ (β + γ) \ β (using 8Ld again) and also β + γ ∈ s, because β + γ < α. But now

otp(s \ β) > otp(s ∩ (β + γ) \ β) = otp(s ∩ γ),

which is impossible. XX

(d) If α < ω_1 this is trivial; suppose that α is uncountable.

Set A = {s : #(s) < otp(s ∩ #(α))}. For s ∈ A, take a surjective function f_s : s ∩ g(s) → s, where g(s) ∈ s∩#(α). ?? If νA > 0, let ζ < #(α) be such that νA_1 > 0, where A_1 = {s : s ∈ A, g(s) = ζ}. By 8Lb, with f(s) = f_s[s∩ζ], θ = max(ω, #(ζ))^+ there is a set M ⊆ α with #(M) ≤ max(ω, #(ζ)) and f_s[s∩ζ] ⊆ M for almost every s. But also f_s[s ∩ ζ] = s ⊈ M for almost all s ∈ A_1. XX Thus #(s) ≥ otp(s ∩ #(α)) for almost all s.

Let g : α → #(α) be any bijection. Then g[s] = s ∩ #(α) for ν-almost every s ∈ S (using 8Ld with f(J) = g[J] ∪ g^{−1}[J] for J ∈ [α]^{<ω}). So #(s) = #(s ∩ #(α)) ≤ otp(s ∩ #(α)) for almost all s.

(e) For λ < ω this is trivial; take λ ≥ ω. By (a) and (d), #(s) = otp(s) > otp(s∩λ) ≥ #(s∩λ) for almost all s. Set A = {s : #(s) > #(s ∩ λ)^+}. For s ∈ A take f(s) ∈ s such that #(s ∩ f(s)) ≥ #(s ∩ λ)^+. ?? If νA > 0, let ζ < α be such that ζ ≥ λ and νA_1 > 0, where A_1 = {s : s ∈ A, f(s) ≤ ζ}. Let h : ζ → λ be any bijection. Then s ∩ ζ = h^{−1}[s ∩ λ] for almost all s ∈ A_1. But of course if s ∈ A_1 then #(s ∩ ζ) > #(s ∩ λ). XX So νA = 0 and #(s) ≤ #(s ∩ λ)^+ for almost all s.

(f) If α is a successor ordinal, or 0, this is trivial; let us take it that cf(α) ≥ ω. Let C be a closed cofinal subset of α of order type cf(α), and let h : cf(α) → C be the increasing enumeration of C. Then (using 8Ld again)

B = {s : ∀ ξ < cf(α), ξ ∈ s ⇐⇒ s ∩ h(ξ + 1) \ h(ξ) ≠ ∅ ⇐⇒ ξ + 1 ∈ s}

has νB = 1. And cf(s ∩ α) = cf(s ∩ cf(α)) for every s ∈ B.

(g) For α = ω this is trivial; take α > ω. Set A = {s : cf(s) < #(s)}. For s ∈ A choose f(s) ∈ s such that cf(s) = otp(s ∩ f(s)). Let ζ < α be such that f(s) ≤ ζ for almost all s ∈ A; say A_1 = {s : s ∈ A, f(s) ≤ ζ}. For s ∈ A_1 let g_s : s ∩ ζ → s be a function with range cofinal in s. By 8Lb, there is a M ⊆ α, with #(M) < α, such that g_s[s ∩ ζ] ⊆ M for almost all s ∈ A_1. However s ∩ M is not cofinal in s, for almost all s, because sup M < α. Thus νA_1 = 0 and νA = 0. Finally, cf(s) = cf(#(s)) for almost all s, by (d-i) above; so cf(#(s)) = #(s) and #(s) is regular, for almost all s.

(h) By (g), #(s) is a regular infinite cardinal for almost all s. Set

A = {s : #(s) is a successor cardinal}.

For s ∈ A choose f(s) ∈ s such that #(s) = #(s ∩ f(s))^+. ?? If νA > 0, there is a ζ < α such that νA_1 > 0, where A_1 = {s : s ∈ A, f(s) = ζ}. Now consider δ = #(ζ)^+. Recall that, as remarked in 8H, we have a measure ν_1 = νϕ^{−1} on [δ]^{<c} , where ϕ(s) = s ∩ δ for each s ∈ S, with the same properties as ν. So we may apply (d) to δ, ν_1 to see that #(s ∩ ζ) < #(s ∩ δ) for almost all s. Also, by (d) as written, #(s ∩ δ) < #(s) for almost all s. So we have #(s ∩ ζ)^+ < #(s) for almost all s, and νA_1 = 0; which is absurd. XX

(i) For each ζ < α set h(ζ) = sup(C ∩ ζ) ∈ C ∪ {0}. Set A = {s : h(ζ) ∈ s ∀ ζ ∈ s}; then νA = 1. If s ∈ A and C^′ ⊆ C ∩ s is non-empty and bounded above in s, set ζ = min{ξ : ξ ∈ s, η ≤ ξ ∀ η ∈ C^′}. Then h(ζ) ∈ s; but of course h(ζ) is also an upper bound for C^′, so h(ζ) = ζ and ζ ∈ C. Thus s ∩ C is relatively order-closed in s for every s ∈ A.

(j) Let h : α → α be such that ξ ≤ h(ξ) ∈ C for every ξ < α. Then h[s] ⊆ s for almost all s; and C ∩ s is cofinal with s whenever h[s] ⊆ s.

(k)(i) If cf(α) ≤ ω then there is a ζ < α such that α \ ζ ⊆ A; now s ∩ A is stationary in s whenever ζ ∈ s. (ii) If cf(α) > ω, set D = {s : s ∩ A is not relatively stationary in s}. For s ∈ D let C_s be a cofinal relatively order-closed subset of s disjoint from A; for s ∈ S \ D, set C_s = s. Set

C = {ξ : ν{s : ξ ∈ C_s} = 1}.

Then C is closed and unbounded in α. PP (α) If ζ < α, then C_s ⊈ ζ for almost all s, so there is a countable set K ⊆ α \ ζ such that C_s ∩ K ≠ ∅ for almost all s. Because cf(α) > ω, we can find an increasing sequence ⟨ζ_n⟩_{n∈N}, starting with ζ_0 = ζ, such that C_s ∩ ζ_{n+1} \ ζ_n ≠ ∅ for almost all s, for every n ∈ N. Take ζ^∗ = sup_{n∈N} ζ_n; then ζ^∗ ∈ C_s for almost all s, that is, ζ^∗ ∈ C, and ζ^∗ ≥ ζ. This shows that C is unbounded in α. (β) If ζ ∈ α \ (C ∪ {0}), then νE > 0, where E = {s : ζ /∈ C_s}. For each s ∈ E, there is a β ∈ s ∩ ζ such that C_s ∩ ζ ⊆ β. So there is a β < α such that νE_1 > 0, where E_1 = {s : C_s ∩ ζ ⊆ β}. Now C ∩ ζ ⊆ β. This shows that C is closed in α. QQQ

Accordingly there is a ζ ∈ A ∩ C. But now νD ≤ ν{s : ζ /∈ C_s} = 0.

(l) Let A be the set of weakly inaccessible cardinals less than α; then A is stationary in α. For each λ ∈ A, otp(s ∩ λ) is a weakly inaccessible cardinal for almost all s, applying (d) and (h) in [λ]^{<c} . So νD = 1, where

D = {s : otp(s ∩ λ) is weakly inaccessible for every λ ∈ s ∩ A}.

On the other hand, we also have s ∩ A relatively stationary in s for almost all s, by (i). Copying these facts into otp(s) for each s, we see that #(s) is a weakly Mahlo cardinal for almost all s.

(m) Let C be a closed unbounded set in α consisting of ordinals which are not weakly inaccessible cardinals. For each γ ∈ C, otp(s ∩ γ) is not a weakly inaccessible cardinal, for almost all s, by (e) and (f). So νD = 1, where

D = {s : otp(s ∩ γ) is not a weakly inaccessible cardinal for every γ ∈ s ∩ C}.

But also C ∩ s is relatively order-closed and cofinal with s for almost all s, by (i) and (j), so otp(s) is not a weakly Mahlo cardinal, for almost all s. On the other hand, #(s) = otp(s) for almost all s, so #(s) is non-weakly-Mahlo for almost all s.

8Q I have given ‘elementary’ proofs of the results in 8P. They are of course just reflection properties, and all can be reached by means of the following.

Theorem (a) Let I be a set and ν a measure on S = [I]^{<c} as in 8H. Let P be the random real p.o.set PS \ N_ν . Let ϕ be a formula of the second- order language L of §A4; let C_1, . . . , C_k be relations on I and ξ_1, . . . , ξ_m members of I. Then the following are equivalent:

(i) ⊩_P (Ǐ; Č_1, . . . , ξ̌_m) ⊨ ϕ;

(ii) {s : s ∈ S, (s; C_1, . . . , ξ_m) ⊭ ϕ} ∈ N_ν .

(b) Suppose that ϕ is a second-order formula and that α is an ordinal such that ⊩_P (α̌; <) ⊨ ϕ for every random real p.o.set P. Then for any measure ν on S = [α]^{<c} as in 8H, we shall have (otp(s); <) ⊨ ϕ for νalmost every s ∈ S.

proof (a) This is a matter of re-writing the proof of 4M. For instance, the step corresponding to 4Ma becomes: Suppose that ⟨ξ_s⟩_{s∈S} is a family in I such that ξ_s ∈ s for almost all s ∈ S. Then we have a P-name ξ̇ for a member of I given by

p ⊩_P ξ̇ = ζ̌ iff ξ_s = ζ for almost every s ∈ p.

(b) This now follows at once, because (otp(s); <) is isomorphic to (s; <).

8R I have concentrated here on properties of well-ordered sets. But 8H-8I allow much more general contexts. For instance, if I is a simple group, then s will be a simple subgroup of I for almost every s ∈ [I]^{<c} . As a further example depending on the presence of a measure ν (rather than just on the ideal N_ν ) I give the following.

Proposition Assume NMA. Let A be a Dedekind σ-complete Boolean algebra such that whenever B ⊆ A is a subalgebra of cardinal less than c there is a functional μ : B → [0, 1] such that

(i) μb = ∑ n∈N μb_n whenever ⟨b_n⟩_{n∈N} is a disjoint sequence in B and b ∈ B is the supremum of {b_n : n ∈ N} in A;

(ii) μb > 0 for every b ∈ B \ {0}. Then A is a measurable algebra.

proof Let ν be a measure on [A]^{<c} as in 8H. For each s ∈ [A]^{<c} let B_s be the subalgebra of A generated by s, so that #(B_s) ≤ max(ω, #(s)) < c, and let μ_s : B_s → [0, 1] be a functional satisfying (i)-(ii) of the hypothesis above. For a ∈ A set μ̄a = ∫ μ_s(a)ν(ds);

note that a ∈ s ⊆ B_s for almost all s, so that the integral is well-defined. Then we have (i) whenever ⟨b_n⟩_{n∈N} is a disjoint sequence in A with supremum b ∈ A, then νE = 1, where E = {s : s ∈ [A]^{<c} , b ∈ s, b_n ∈ s ∀ n ∈ N}, and μ_sb = ∑ n∈N μ_sb_n for every s ∈ E, so by B.Levi’s theorem μ̄b = ∑ n∈N μ̄b_n.

(ii) If a ∈ A \ {0} then μ_sa > 0 for almost all s so μ̄a > 0. Now (A, μ̄) is a measure algebra and A is a measurable algebra.

8S Remark For further topological consequences of PMEA and NMA see Fleissner Hansell & Junnila 82 (with Fleissner 79 and Fremlin Hansell & Junnila 83), Junnila 83, Burke 84, Fleissner 84b, Tall 84, Fleissner 89, Kulesza Levy & Nyikos 91.

Version of 10.12.91 9. Quasi-measurable cardinals

Many of the ideas above can be generalized to contexts outside ordinary measure theory. Here I discuss some of these extensions, concentrating on those which do not involve new concepts. With a few exceptions, the proofs are straightforward adaptations of arguments above, and I therefore omit many of the details.

9A Lemma Let X be a set, λ a cardinal of uncountable cofinality and I a λ-saturated σ-ideal of PX. (a) If E ⊆ PX there is a set E^′ ⊆ E such that #(E^′) < λ and E \ ⋃ E^′ ∈ I for every E ∈ E.

(b) If ⟨E_ξ ⟩_{ξ<λ} is any family in PX \ I then there is an x ∈ X such that {ξ : ξ < λ, x ∈ E_ξ} is infinite. proof (a) ?? Suppose, if possible, otherwise. Then we can choose inductively a family ⟨F_ξ ⟩_{ξ<λ} in E such that G_ξ = F_ξ \ ⋃ η<ξ F_η /∈ I for every ξ < λ. But now ⟨G_ξ⟩_{ξ<λ} is a disjoint family in Pλ \ I, which is impossible, because I is supposed to be λ-saturated. XX

(b) Applying (a) to families of the form E = {E_η : β(n) ≤ η < λ}, we can build inductively a strictly increasing sequence ⟨β(n)⟩_{n∈N} in λ such that E_ξ \ ⋃ β(n)≤η<β(n+1) Eη ∈ I ∀ n ∈ N, ξ ∈ λ \ β(n).

Set β^∗ = sup_{n∈N}β(n) < λ, and consider G_n = E_β∗ \ ⋃ β(n)≤η<β(n+1) Eη ∈ I

for each n ∈ N. Because I is a σ-ideal and E_β∗ /∈ I, there is an x ∈ E_β∗ \ ⋃ n∈N G_n, and now {η : x ∈ E_η } meets β(n + 1) \ β(n) for every n ∈ N, so is infinite.

Remark For a slightly different expression of the same idea, see Fremlin 87, Lemma 1E.

9B Theorem Suppose that κ and λ are cardinals, with ω < cf(λ) ≤ λ ≤ κ, and that there is a proper κ-additive λ-saturated ideal I of Pκ which contains all singletons. Then

(a) κ is weakly inaccessible;

(b) Pκ has a λ-saturated normal ideal.

proof The argument amounts to extracting the essential ideas from 1D and 1G above.

(a) κ = add(I) is regular. ?? If κ = θ^+, choose an injective function f_ξ : ξ → θ for each ξ < κ. Set A_{ηα} = {ξ : η < ξ < κ, f_ξ(η) = α} for η < κ, α < θ. Because I is κ-additive, there is for each η < κ a β_η < θ such that A_{η,βη} /∈ I. Set

B_β = {η : η < κ, β_η = β}

for β < θ. Again because I is κ-additive, there is a β < θ such that B_β /∈ I. Now #(B_β ) = κ ≥ λ and ⟨A_{ηβ} ⟩_{η∈Bβ} is a disjoint family in Pκ \ I, which is impossible, because I is λ-saturated. XX This shows that κ is weakly inaccessible.

(b) Let F be the family of functions f : κ → κ such that f^{−1}[ζ] ∈ I for every ζ < κ. Then there is an f_0 ∈ F such that {ξ : ξ < κ, f(ξ) < f_0(ξ)} ∈ I for every f ∈ F . PP?? If not, we can find a decreasing family ⟨g_α⟩_{α<λ} in F such that

E_α = {ξ : g_{α+1}(ξ) < g_α(ξ)} /∈ I ∀ α < λ,

just as in 1G; we use the κ-additivity of I to be sure that g_α, defined as inf_{β<α}g_β, belongs to F for every non-zero limit ordinal α < λ. By Lemma 9Bb there is a ξ < κ such that A = {α : α < λ, ξ ∈ E_α} is infinite. But now we can find a strictly increasing sequence ⟨α(n)⟩_{n∈N} in A, and ⟨g_{α(n)}(ξ)⟩_{n∈N} will be a strictly decreasing sequence of ordinals, which is impossible. XXQQQ

Set J = {A : A ⊆ κ, f^{−1}_0 [A] ∈ I}. Then J is a proper λ-saturated κ-additive ideal of Pκ because I is. J contains all singletons because f_0 ∈ F . Finally, let f : κ → κ be any function. Because J is κ-saturated and κ is regular, 9Aa tells us that there is an α < κ such that f^{−1}[ζ \ α] ∈ J for every ζ < κ. Set E = {ξ : α ≤ f(ξ) < ξ < κ}. Define f_1 : κ → κ by setting

f_1(ξ) = f(f_0(ξ)) if f_0(ξ) ∈ E, = f_0(ξ) otherwise.

Then f_1 ∈ F so

f^{−1}_0 [E] = {ξ : f_1(ξ) < f_0(ξ)} ∈ I,

and E ∈ J . Because f is arbitrary, J is normal (A1Ed).

Thus J is an ideal of the required kind.

Remarks The results of 9A-9B above are due to Solovay 71.

9C Definition I will call a cardinal κ quasi-measurable if it is uncountable and there is a proper ω_1-saturated κ-additive ideal of Pκ containing singletons; such an ideal being a witnessing ideal.

Observe that every real-valued-measurable cardinal is quasi-measurable, and that a quasi-measurable cardinal κ carries a normal ω_1-saturated ideal.

In the spirit of 1I and 4Ac, we can speak of the qm ideal of a quasi-measurable cardinal κ, being the intersection of all its normal witnessing ideals, and the dual filter, the qm filter of κ.

For results involving quasi-measurable cardinals, see Fremlin 75c, Jech 78, Fremlin Hansell & Junnila 83, Fremlin & Jasiński 86, Fremlin 87, Kamburelis p89 and Główczyński 91.

9D Theorem If κ is a quasi-measurable cardinal, with witnessing ideal I ◁ Pκ, then either κ ≤ c and Pκ/I is atomless, or κ is two-valued-measurable and Pκ/I is purely atomic.

proof (a) If Pκ/I has an atom a, take A ⊆ κ such that A^• = a, and see that

{F : F ⊆ κ, A \ F ∈ I}

is a κ-complete ultrafilter on κ, so that κ is two-valued-measurable.

(b) If Pκ/I is not purely atomic, take A ∈ Pκ \ I such that no atom of Pκ/I is included in A^•. Choose ⟨A_ξ ⟩_{ξ<ω1} inductively, as follows. A_0 = {A}. Given that A_ξ is a disjoint family in PA \ I, then for each B ∈ A_ξ choose disjoint B^′, B^{′′} ⊆ B such that B^′ ∪ B^{′′} = B and neither belongs to I; this is possible because B^• is not an atom in Pκ/I. Given ⟨A_η ⟩_{η<ξ} , where ξ < ω_1 is a non-zero limit ordinal, let A_ξ be a maximal disjoint family in PA \ I such that for every B ∈ A_ξ, η < ξ there is a C ∈ A_η such that B ⊆ C. Continue.

?? If ⋂ ξ<ω_1 ⋃ A_ξ ≠ ∅, take x ∈ ⋂ ξ<ω_1 ⋃ A_ξ and for each ξ < ω_1 take A_ξ ∈ A_ξ such that x ∈ A_ξ. Let B_ξ ∈ A_{ξ+1} be whichever of A^′_ξ, A^{′′}_ξ does not contain x. Then ⟨B_ξ ⟩_{ξ<ω1} is a disjoint family in Pκ \ I; which is impossible. XX So ⋂ ξ<ω_1 ⋃ A_ξ = ∅, and there is a first ξ < ω_1 such that D = A \ ⋃ A_ξ /∈ I. Of course ξ cannot be a successor, because ⋃ A_{η+1} = ⋃ A_η for every η. Now E = D ∩ ⋂ η<ξ ⋃ A_η /∈ I. On E consider the equivalence relation ∼ given by x ∼ y ⇐⇒ ∀ η < ξ ∃ B ∈ A_η containing both x and y.

Because every A_η is countable, and ξ < ω_1, there are at most c equivalence classes for ∼. Also, every equivalence class must belong to I, since otherwise it would have been a candidate for membership of A_ξ. So E is covered by at most c members of I, and κ = add(I) ≤ c.

(c) Because any two-valued-measurable cardinal is greater than c, this completes the proof. 9E Proposition Let X be a set and I an ω_1-saturated σ-ideal of PX. Let G^∗ be the set of bijections g : X → X such that I = {A : A ⊆ X, g^{−1}[A] ∈ I}. Then there is a partition L of X into countable sets such that G^∗ is precisely the set of bijections g : X → X such that ⋃ {L : L ∈ L, g[L] ≠ L} ∈ I.

proof As 1Mb.

Remark See Zakrzewski 91.

9F Theorem If κ is a quasi-measurable cardinal and P is a ccc p.o.set, then ⊩_P κ̌ is quasi-measurable. proof Let I be a proper κ-additive ω_1-saturated ideal of Pκ containing singletons. In V^P, let J be the ideal of Pκ generated by I, that is, if σ is a P-name for a subset of κ, ⊩_P (σ ∈ J ⇐⇒ ∃ A ∈ Ǐ, σ ⊆ A);

or, p ⊩_P σ ∈ J iff for every p^′ ≤ p there are p^{′′} ≤ p^′ and A ∈ I such that p^{′′} ⊩_P σ ⊆ Ǎ. But as P is ccc and I is a σ-ideal, p ⊩_P σ ∈ J iff ∃ A ∈ I such that p ⊩_P σ ⊆ Ǎ.

Clearly, ⊩_P σ ⊆ τ ∈ J ⇒ σ ∈ J .

Because singleton subsets of κ all belong to I, we have ⊩_P {ξ} ∈ J ∀ ξ < κ̌.

Now suppose that λ < κ and that ⟨σ_α⟩_{α<λ} is a family of P-names for subsets of κ. If ⊩_P σ_α ∈ J ∀ α < λ, then for each α < λ we can find an A_α ∈ I such that ⊩_P σ_α ⊆ Ǎ_α.

But now A = ⋃ α<λ A_α ∈ I, because I is κ-additive, and ⊩_P ⋃ α<κ̌ σα ⊆ Ǎ,

so that ⊩_P ⋃ α<κ̌ σα ∈ J . Thus ⊩P J is κ̌-additive.

Finally, suppose that ⟨σ_α⟩_{α<ω1} is a family of P-names for subsets of κ, and that ⊩_P σ_α ∩ σ_β = ∅ ∀ α ≠ β.

For each ξ < κ we may write a_{αξ} = sup{p^∗ : p ⊩_P ξ̌ ∈ σ_α} ∈ A, where A is the regular open algebra of P. In this case we shall have a_{αξ} ∩ a_{βξ} = 0 whenever α ≠ β and ξ < κ. Because P is ccc, there is for each ξ < κ a γ_ξ < ω_1 such that a_{αξ} = 0 whenever γ_ξ ≤ α < ω_1. Because I is ω_1-saturated, there is a γ < ω_1 such that {ξ : γ_ξ = γ^′} ∈ I for every γ^′ ≥ γ; because I is ω_2-additive, A = {ξ : γ_ξ ≥ γ} ∈ I.

Now a_{αξ} = 0 for all ξ ∈ κ \ A, α ≥ γ. So ⊩_P σ_α ⊆ Ǎ ∈ Ǐ for every α ≥ γ. Because ⟨σ_α⟩_{α<ω1} is arbitrary, ⊩_P J is ω̌_1-saturated, as required.

Remark This is due to Prikry (see Solovay 71, Theorem 8).

9G Proposition The following are equiconsistent: (a) ‘ZFC + there is a two-valued-measurable cardinal’; (b) ‘ZFC + there is a quasi-measurable cardinal’;

(c) ‘ZFC + Martin’s Axiom + there is a quasi-measurable cardinal κ < c’; (d) ‘ZFC + Martin’s Axiom + c c is quasi-measurable’.

proof (a)⇒(c) Start with a two-valued-measurable cardinal κ. Let P be a ccc p.o.set such that

⊩_P c = κ̌^+.

Let Q̇ be a P-name for a ccc p.o.set of cardinal κ^+ such that

⊩_P (⊩_{Q̇} MA)

(Kunen 80, §VIII.6). Then P ∗ Q̇ is ccc so ⊩_{P∗Q̇} κ̌ is quasi-measurable.

(a)⇒(d) As above, reading κ for κ^+ at each opportunity.

(c)⇒(b) and (d)⇒(b) are trivial, and (b)⇒(a) is covered by 2D.

9H Algebras PX/I The Gitik-Shelah theorem (3F) may be regarded as an attack on the problem: which measurable algebras A are isomorphic to quotient algebras of the form PX/I where X is a set and I is a σ-ideal of PX? (For if (PX/I, μ̄) is a probability algebra, then it will be the measure algebra of (X, PX, μ), where μA = μ̄A^• for every A ⊆ X.) The Gitik-Shelah theorem tells us that if A is an atomless non-zero measurable algebra isomorphic to PX/I, then τ(A) ≥ min(2^κ, κ^{(+ω)}) for some atomlessly -measurable cardinal κ. The product measure extension axiom (8A-8B) is the assertion that there are such algebras of arbitrarily large size.

Suppose now we extend the question, and seek to describe the class Quot_σ of Boolean algebras isomorphic to algebras of the form PX/I where I is a σ-ideal of PX. If PX/I is non-zero, ccc and atomless then I is ω_1-saturated and add(I) is quasi-measurable. In Gitik & Shelah 89 and Gitik & Shelah p91 a variety of special types of algebra are considered; for instance, writing G_λ for the regular open algebra of {0, 1}^λ, then if G_λ ∈ Quot_σ , there is a quasi-measurable cardinal less than λ. On the other hand, Główczyński 91 points out that (if there can be measurable cardinals) Quot_σ can contain countably-generated ccc algebras. Such algebras are always quotients of the algebra B of Borel subsets of R (Fremlin 84, 12F). But the ideals involved in Główczyński’s construction are necessarily very irregular, and we may reasonably ask if any naturally arising ideal I of B can have B/I in Quot_σ. Similarly, we may ask whether the regular open algebra of a ‘simple’ partially ordered set (P, ≤) (e.g., one in which P is an analytic set in a Polish space, and ≤ is an analytic, or Borel, subset of P × P ) can belong to Quot_σ.

I ought perhaps to mention in passing that any Dedekind complete Boolean algebra is isomorphic to a quotient PX/I for some set X and some ideal I; the problems here depend on the insistence on taking σ-ideals.

9I Theorem Let κ be a regular uncountable cardinal, F a normal filter on κ, I the dual ideal; suppose that I is κ^+-saturated. Let P be either the p.o.set (Pκ/I) \ {0} or the p.o.set Pκ \ I. Let ϕ be a formula of the second-order language L of §A4 and C_1, . . . , C_k relations on κ, ξ_1, . . . , ξ_m ordinals less than κ. Let β ≤ κ. Then the following are equivalent:

(i) ⊩_P (β̌; Č_1, . . . , ξ̌_m) ⊨ ϕ (ii) {α : α < κ, (min(α, β); C_1, . . . , ξ_m) ⊨ ϕ} ∈ F.

In particular, if β < κ then

(β; C_1, . . . , ξ_m) ⊨ ϕ ⇐⇒ ⊩_P (β̌; Č_1, . . . , ξ̌_m) ⊨ ϕ.

proof As in 4M-4N.

9J Theorem Let κ be a quasi-measurable cardinal with qm filter W. Then (i) κ is greatly Mahlo;

(ii) Mh(A) ∈ W for every stationary A ⊆ κ – in particular, W is closed under the operation Mh; (iii) the set of greatly Mahlo cardinals below κ belongs to W.

proof The arguments of 4J-4Ka cover (i) and (ii). Now let A be the set of greatly Mahlo cardinals below κ. If I is any normal witnessing ideal for κ, with dual filter F, then P = Pκ \ I is ccc; so by 9F ⊩_P κ̌ is qm, and ⊩_P κ̌ is greatly Mahlo.

Next, it is evident from 4C that there is a second-order formula ϕ such that for any ordinal α (α; <; ) ⊨ ϕ ⇐⇒ α is a greatly Mahlo cardinal.

So 9I tells us that A ∈ F. As I, F are arbitrary, A ∈ W.

9K Theorem Let κ be a quasi-measurable cardinal, with normal witnessing ideal I and dual filter F; let θ < κ be a cardinal of uncountable cofinality. Then for any function f : [κ]^{<ω} → [κ]^{<θ} there are C ∈ F, f^∗ : [C]^{<ω} → [κ]^{<θ} such that f(I) ∩ η ⊆ f^∗(I ∩ η) whenever I ∈ [C]^{<ω} and η < κ. proof As in 5A-5B.

9L Corollaries (a) If κ is quasi-measurable then there is no Jónsson algebra on κ. (b) If c is quasi-measurable then 2^λ = c for ω ≤ λ < c.

proof As 5D-5E.

9M Proposition If κ is a quasi-measurable cardinal with qm ideal J , then there is no κ-Aronszajn tree, and moreover A = {θ : θ < κ, there is a θ-Aronszajn tree} belongs to J .

proof The arguments of 5F show that there is no κ-Aronszajn tree. But it is easy to find a second-order formula ϕ such that, for any cardinal θ, (θ; <; ) ⊨ ϕ iff there is a θ-Aronszajn tree. So the arguments of 9J show that A ∈ J .

9N Proposition If c is quasi-measurable, then ♦_c is true. proof As 5N.

Remark This is due to Kunen.

9O Theorem Let κ be a quasi-measurable cardinal. (a) If F is any filter on N then cf(cf(N^N/F)) ≠ κ. (b) Θ(α, γ) < κ for all cardinals α, γ < κ.

(c) cov_{Sh}(α, β, γ, δ) < κ whenever α < κ, γ ≤ β and δ ≥ ω_1. (d) If κ ≤ c then {2^γ : ω ≤ γ < κ} is finite.

proof Use the ideas of 7G-7K and 7O-7Q, but replacing ‘κ-measure-bounded’ with the property if I ◁ PP is an ω_1-saturated κ-additive ideal then there is a p ∈ P such that {p^′ : p^′ ≤ p} /∈ I.

9P Remarks 9Od is given in Gitik & Shelah p91.

Many of the results in 9J-9O have generalizations to cardinals κ carrying non-trivial κ-additive ideals which are λ-saturated for some λ < κ.

Version of 18.9.92

Appendix: Useful Facts In this appendix I seek to support the main text by giving definitions and theorems which may not be universally familiar, with some proofs. A1. Combinatorics

I begin with material in (infinitary) combinatorics and set theory.

A1A Partially ordered sets (a) Recall that a partially ordered set is a set P together with a relation ≤ such that, for p, q, r ∈ P , p ≤ q & q ≤ r ⇒ p ≤ r,

p ≤ q & q ≤ p ⇐⇒ p = q.

(b) For a partially ordered set P , say that a subset Q of P is cofinal with P if for every p ∈ P there is a q ∈ Q such that p ≤ q. Now write

cf(P ) = min{#(Q) : Q ⊆ P is cofinal with P },

the cofinality of P .

If P is totally ordered then P has a well-ordered cofinal subset of order type cf(P ), which in this case is either 0 (if P = ∅) or 1 (if P has a greatest element) or an infinite cardinal which is regular, that is, equal to its own cofinality. (But the cofinalities of general partially ordered sets need not be regular.)

(c) For a partially ordered set P with no greatest element, write

add(P ) = min{#(A) : A ⊆ P has no upper bound in P },

the additivity of P . Then add(P ) is either 0 (if P = ∅) or 2 (if P is not upwards-directed) or a regular infinite cardinal. In the last case, there is a family ⟨p_ξ⟩_{ξ<add(P )} in P such that p_ξ ≤ p_η whenever ξ ≤ η < add(P ) and {p_ξ : ξ < add(P )} has no upper bound in P .

If P has a greatest element I will write add(P ) = ∞.

If κ is a cardinal less than or equal to add(P ) (allowing κ < ∞ = add(P )) we say that P is κ-additive; that is, P is κ-additive iff every subset of P of cardinal less than κ has an upper bound in P .

If add(P ) ≠ ∞ then add(P ) ≤ cf(P ). If P is totally ordered and has no greatest element then add(P ) = cf(P ).

A1B Filters and ideals (a) If X is a set and I is an ideal of subsets of X, we may think of I as partially ordered by ⊆, and discuss its additivity (and cofinality) as in A1A. I allow PX as an (improper) ideal of itself.

(b) If X is a set, κ is a cardinal and F is a filter on X, then F is κ-complete if ⋂ A ∈ F whenever A ⊆ F and 0 < #(A) < κ; that is, iff the dual ideal {X \ F : F ∈ F} is κ-additive.

(c) Let X be a set and F a filter on X. Then F is uniform if X \ A ∈ F whenever A ⊆ X and #(A) < #(X).

(d) Let X and Y be sets, F a filter on X, and f : X → Y a function. I write f[[F]] for the filter {G : G ⊆ Y, f^{−1}[G] ∈ F}, that is, the filter on Y generated by {f[F ] : F ∈ F}.

(e) If X is a set and A is any family of sets, I write

non(X, A) = min{#(Y ) : Y ⊆ X, Y ⊈ A ∀ A ∈ A},

allowing non(X, A) = ∞ if X ⊆ A ∈ A.

(f) If X is a set, I is an ideal of subsets of X, and κ is a cardinal, then I is κ-saturated if there is no family ⟨A_ξ ⟩_{ξ<κ} in PX \ I such that A_ξ ∩ A_η ∈ I whenever ξ < η < κ; that is, if there is no disjoint family of size κ in (PX/I) \ {0}. If I is κ-additive, then it is κ-saturated iff there is no disjoint family of size κ in PX \ I.

A1C Filters on N (a) A p-point filter on N is a uniform filter F on N such that for every sequence ⟨F_n⟩_{n∈N} in F there is an F ∈ F such that F \ F_n is finite for every n ∈ N.

(b) A rapid filter on N is a uniform filter F on N such that for every sequence ⟨t_n⟩_{n∈N} of non-negative real numbers converging to 0 there is an F ∈ F such that ∑ n∈F t_n < ∞.

(c) A selective ultrafilter on N is a non-principal ultrafilter F on N such that whenever ⟨A_n⟩_{n∈N} is a disjoint sequence in PN \ F there is an F ∈ F such that #(F ∩ A_n) ≤ 1 for every n ∈ N.

(d) If λ is a cardinal, a p(λ)-point filter on N is a uniform filter F on N such that whenever A ⊆ F and #(A) < λ there is an F ∈ F such that F \ A is finite for every A ∈ A. (Thus a p-point filter is a p(ω_1)-point filter.)

A1D Cardinals and ordinals (a) Let κ be a cardinal. (i) κ is weakly inaccessible if it is uncountable and regular and λ^+ < κ for every cardinal λ < κ. (ii) κ is strongly inaccessible if it is uncountable and regular and 2^λ < κ for every cardinal λ < κ.

(b) Let S be any class of ordinals and f an ordinal-valued function defined on S; then f is regressive if f(ξ) < ξ for every ξ ∈ S \ {0}.

(c) If ξ is any ordinal and A ⊆ ξ, then A is stationary in ξ if A ∩ C ≠ ∅ for every set C ⊆ ξ which is cofinal with ξ and closed (for the order-topology of ξ).

(d) An ordinal α is decomposable if there are smaller ordinals β, γ such that α is equal to the ordinal sum β + γ; that is, if there is an ordinal β < α such that otp(α \ β) < α. Otherwise α is indecomposable.

A1E Lemma Let κ be a regular uncountable cardinal, F a uniform filter on κ, I the dual ideal {κ \ F : F ∈ F}.

(a) F and I are normal (see 1F) iff for every family ⟨F_ξ ⟩_{ξ<κ} in F its diagonal intersection

{ξ : ξ < κ, ξ ∈ F_η ∀ η < ξ}

belongs to F.

(b) The ‘club filter’ on κ, generated by the closed unbounded sets in κ, is normal; the ‘non-stationary ideal’, consisting of the non-stationary subsets of κ, is normal.

(c) If F and I are normal, then

(i) F is κ-complete, I is κ-additive;

(ii) every closed unbounded subset of κ belongs to F;

(iii) if H is a subset of the quotient algebra A = Pκ/I and #(H) ≤ κ, then sup H and inf H are defined in A;

(iv) if ⟨F_I ⟩_{I∈[κ]}<ω is any family in F, then {ξ : ξ < κ, ξ ∈ F_I ∀ I ∈ [ξ]^{<ω}} belongs to F. (d) The following are equivalent:

(i) I is normal and κ-saturated in Pκ;

(ii) I is κ-additive and for every function f : κ → κ there is a ζ < κ such that {ξ : ζ ≤ f(ξ) < ξ} ∈ I; (iii) F is κ-complete and for every regressive f : κ → κ there is a ζ < κ such that f^{−1}[ζ] ∈ F.

proof (a)(i) Suppose that F is normal, and that ⟨F_ξ ⟩_{ξ<κ} is a family in F with diagonal intersection F . Set S = κ \ F , and for ξ ∈ S take f(ξ) < ξ such that ξ /∈ F_{f (ξ)}. Then f is regressive, but f^{−1}[{ξ}] ⊆ κ \ F_ξ ∈ I for every ξ < κ; so S ∈ I and F ∈ F.

(ii) Now suppose that F is closed under diagonal intersections, and that we are given S ∈ Pκ \ I and a regressive function f : S → κ. ?? If A_ξ = f^{−1}[{ξ}] ∈ I for every ξ < κ, set F_ξ = κ \ A_ξ ∈ F for each ξ, and take F to be the diagonal intersection of ⟨F_ξ ⟩_{ξ<κ}, so that F ∈ F. Then there must be a ξ ∈ F ∩ S \ {0}, so that f(ξ) < ξ and ξ ∈ A_{f (ξ)} and ξ /∈ F_{f (ξ)} and ξ /∈ F , which is absurd. XX

(b) It is easy to check that if ⟨C_ξ ⟩_{ξ<κ} is any family of closed unbounded sets in κ, then its diagonal intersection is closed and also (because κ is regular) unbounded. So the club filter is normal and its dual ideal, the non-stationary ideal, is normal.

(Of course the definition of ‘normal’ ideal in 1F above corresponds to the ‘pushing-down lemma’; see Kunen 80, II.6.15, or Jech 78, Theorem 22.)

(c)(i) If λ < κ and ⟨F_ξ ⟩_{ξ<λ} is any family in F, set F_ξ = κ for ξ ∈ κ \ λ, and consider the diagonal intersection F of ⟨F_ξ ⟩_{ξ<κ}. Then F and F \ λ belong to F; but F \ λ ⊆ ⋂ ξ<λ F_ξ . Thus F is κ-complete and I is κ-additive.

(ii) Now take any closed unbounded set C ⊆ κ. For each ξ < κ set γ_ξ = min(C\(ξ+1)), F_ξ = κ\γ_ξ ∈ F; let F be diagonal intersection of ⟨F_ξ ⟩_{ξ<κ}. Then F ∈ F and F \ γ_0 ⊆ C, so C ∈ F.

(iii) If H = ∅ then inf H = 1. Otherwise, let ⟨a_ξ⟩_{ξ<κ} run over H. For each ξ < κ choose A_ξ ⊆ κ such that A^•_ξ = a_ξ in A. Let A be the diagonal intersection of ⟨A_ξ ⟩_{ξ<κ}, and consider a = A^•. Because A \ A_ξ ⊆ ξ + 1 ∈ I, a ⊆ a_ξ for each ξ < κ, and a is a lower bound for H. Now let b be any other lower bound for H in A, and take B ⊆ κ such that B^• = b. For each ξ < κ, we have b ⊆ a_ξ, that is, B \ A_ξ ∈ I; set F_ξ = κ \ (B \ A_ξ) ∈ F. Let F be the diagonal intersection of ⟨F_ξ ⟩_{ξ<κ}, so that F ∈ F. ?? If there is a ξ ∈ (B \ A) ∩ F , then there must be an η < ξ such that ξ /∈ A_η; but now ξ ∈ B \ A_η so ξ /∈ F_η and ξ /∈ F . XX Thus B \ A ⊆ κ \ F ∈ I, and b ⊆ a in A. As b is arbitrary, a = inf H in A.

Thus H has an infimum in A. But applying the argument above to {1 \ a : a ∈ H} we see that H also has a supremum.

(iv) Set E_ξ = ⋂ I∈[ξ]^{<ω} FI for each ξ < κ; by (i), Eξ ∈ F. Let C be the closed unbounded set of limit

ordinals less than κ; set

F = {ξ : ξ ∈ C, ξ ∈ E_η ∀ η < ξ}.

Then {ξ : ξ ∈ F_I ∀ I ∈ [ξ]^{<ω} } ⊇ F ∈ F.

(d)(i)⇒(ii) Of course I is κ-additive, by (c-i). Now let f : κ → κ be any function. Because I is κ-saturated, the set A = {α : f^{−1}[{α}] /∈ I} has cardinal less than κ; because κ is regular, A is bounded above in κ — say A ⊆ ζ < κ. For α ∈ A set F_α = κ; for α ∈ κ \ A set F_α = κ \ f^{−1}[{α}]. Then

F = {ξ : ξ ∈ F_α ∀ α < ξ}

belongs to F. If ζ ≤ f(ξ) < ξ < κ then f(ξ) /∈ A, so ξ /∈ F_{f (ξ)} and ξ /∈ F ; thus {ξ : ζ ≤ f(ξ) < ξ} ⊆ κ\F ∈ I.

(ii)⇒(iii) is elementary.

(iii)⇒(i) Of course I is κ-additive. ?? If it is not κ-saturated, choose a disjoint family ⟨A_ξ ⟩_{ξ<κ} in Pκ \ I; set f(η) = ξ for η ∈ A_ξ \ (ξ + 1), f(η) = 0 for η ∈ κ \ ⋃ ξ<κ(A_ξ \ (ξ + 1)). Then f is regressive, and f^{−1}[ζ] does not meet A_ζ \ (ζ + 1), so does not belong to F, for any ζ < κ. XX

Now suppose that ⟨F_ξ ⟩_{ξ<κ} is any family in F. Let F be its diagonal intersection, and define f : κ → κ by setting f(ξ) = 0 if ξ ∈ F , f(ξ) = min{η : ξ /∈ F_η } if ξ ∈ κ \ F . Let ζ < κ be such that f^{−1}[ζ] ∈ F. Then F ⊇ f^{−1}[ζ] ∩ ⋂ η<ζ F_η ∈ F. This shows that F is normal.

Remark For another version of this material, see Baumgartner Taylor & Wagon 82.

A1F Almost-square-sequences I give here one of Shelah’s lemmas (Shelah #351, Lemma 4.4; Burke & Magidor 90, 7.7) in a form appropriate to Theorem 3F.

Lemma Let κ, λ be infinite cardinals, with κ regular and λ > κ, cf(λ) > ω_1. Then we can find a stationary set S ⊆ λ^+ and a family ⟨C_α⟩_{α∈S} of sets such that (i) for each α ∈ S, C_α is a closed unbounded set in α of order type κ (ii) if α, β ∈ S and γ is a limit point of both C_α and C_β then C_α ∩ γ = C_β ∩ γ.

proof For each γ < λ^+ fix an injection f_γ : γ → λ. Let S_0 be the set of ordinals α < λ^+ of cofinality κ; then S_0 is stationary in λ^+. For each α ∈ S_0 choose an increasing family ⟨N_{αδ}⟩_{δ<λ} of subsets of λ^+ such that (α) N_{α0} is a cofinal subset of α of cardinal κ; (β) if δ < λ then

N_{α,δ+1} = ⋃ {f_γ[N_{αδ} ] ∪ f^{−1}_γ [δ] : γ ∈ N_{αδ}} ∪ N_{αδ} ∪ δ

(taking the closure N_{αδ} in the order topology of λ^+);

(γ) if δ < λ is a non-zero limit ordinal then N_{αδ} = ⋃ δ^′ <δ Nαδ^′ .

Then #(N_{αδ}) ≤ max(κ, #(δ)) < λ for each δ < λ. Now observe that {δ : δ < λ, N_{αδ} ∩ λ = δ} is a closed unbounded set in λ, and in particular contains an ordinal of cofinality ω_1, for every α ∈ S_0. Let δ < λ be such that cf(δ) = ω_1 and

S_1 = {α : α ∈ S_0, N_{αδ} ∩ λ = δ}

is stationary in λ^+. For α ∈ S_1, set C^∗_α = α ∩ N_{αδ} ; then C^∗_α is a closed unbounded set in α and #(C^∗_α) < λ so otp(C^∗_α) < λ. Let ζ < λ be such that

S = {α : α ∈ S_1, otp(C^∗_α) = ζ}

is stationary in λ^+. Observe that as cf(C^∗_α) = cf(α) = κ for each α ∈ S, cf(ζ) = κ.

Take any closed unbounded set C ⊆ ζ of order type κ and for each α ∈ S let C_α be the image of C in C^∗_α under the order-isomorphism between ζ and C^∗_α. Then C_α will be a closed unbounded subset of α of order type κ.

I claim that if α, β ∈ S and γ is a common limit point of C_α, C_β then C_α ∩ γ = C_β ∩ γ. PP case 1 Suppose κ = ω. In this case the only limit point of C_α will be α itself, and similarly for β, so that in this case we have α = β and there is nothing more to do.

case 2 Suppose cf(γ) = ω < κ. Then γ is a limit point of C_α ⊆ N_{αδ} , so there is an increasing sequence in N_{αδ} with supremum γ; as N_{αδ} = ⋃ δ^′<δ Nαδ^′ and cf(δ) = ω1, this sequence lies entirely within Nαδ^′ for

some δ^′ < δ, and γ ∈ N_{αδ}′ ⊆ N_{α,δ}′_{+1}. Now, for δ^′ + 1 ≤ ξ < δ, N_{α,ξ+1} ⊇ f^{−1}_γ [ξ] ∪ f_γ [N_{αξ} ]; consequently N_{αδ} ∩ γ = f^{−1}_γ [N_{αδ} ∩ λ] = f^{−1}_γ [δ]. Similarly, N_{βδ} ∩ γ = f^{−1}_γ [δ]. Now

C^∗_α ∩ γ = N_{αδ} ∩ γ = f^{−1}γ [δ] ∩ γ = C^∗_β ∩ γ.

Thus C_α ∩ γ and C_β ∩ γ must be equal.

case 3 Suppose that cf(γ) > ω, κ > ω. Because γ = sup(C_α ∩ γ) = sup(C_β ∩ γ),

D = {γ^′ : γ^′ is a limit point of both C_α and C_β , γ^′ < γ, cf(γ^′) = ω}

is cofinal with γ, and C_α ∩ γ = ⋃ γ^′∈D Cα ∩ γ

′ = C_β ∩ γ, using case 2. QQQ Thus S, ⟨C_α⟩_{α∈S} have the required properties.

A1G Corollary Let κ, λ be infinite cardinals with κ regular and λ > κ, cf(λ) > ω_1. Then we can find a stationary subset S of λ^+ and a family ⟨g_α⟩_{α∈S} of functions from κ to λ^+ such that, for all distinct α, β ∈ S, (i) g_α[κ] ⊆ α for each α ∈ S (ii) #(g_α ∩ g_β) < κ for each α (iii) if θ < κ is a limit ordinal and α, β ∈ S and g_α(θ) = g_β(θ) then g_α↾θ = g_β ↾θ.

proof Take ⟨C_α⟩_{α∈S} from A1F above and let g_α be the increasing enumeration of C_α.

A1H Products of partially ordered sets (a) Let ⟨P_i⟩_{i∈I} be a family of partially ordered sets. Then X = ∏ i∈I P_i is a partially ordered set, if we say that x ≤ y iff x(i) ≤ y(i) for every i ∈ I.

(b) Now suppose that F is a filter on I. Then we have an equivalence relation ≡_F on X, given by saying that f ≡_F g if {i : f(i) = g(i)} ∈ F. I write X/F for the set of equivalence classes under this relation, the ‘reduced product’ of ⟨P_i⟩_{i∈I} modulo F. Now X/F is again a partially ordered set, writing

f^• ≤ g^• ⇐⇒ f ≤_F g ⇐⇒ {i : f(i) ≤ g(i)} ∈ F.

Observe that if every P_i is totally ordered and F is an ultrafilter, then X/F is totally ordered.

(c) For any filter F on I we have

add(X) ≤ sup_{F ∈F} add( ∏ i∈F P_i) = sup_{F ∈F} min_{i∈F} add(P_i) ≤ add(X/F),

cf(X/F) ≤ min_{F ∈F} cf( ∏ i∈F P_i) ≤ cf(X).

Version of 13.11.91

A1I Scraps of pcf In §7 I need to call on certain results from Shelah’s pcf theory. An admirable exposition of some of this extraordinary development may be found in Burke & Magidor 90, from which most of the ideas here are drawn; but for the reader’s convenience I extract and reproduce the material I wish to use.

Theorem [Shelah] Let λ > 0 be a cardinal and ⟨θ_ζ ⟩_{ζ<λ} a family of regular infinite cardinals, all greater than λ. Set X = ∏ ζ<λ θ_ζ , ordered as in A1H. For any filter F on λ, let π_F : X → X/F be the canonical map. For any cardinal δ set

F_δ = {F : F is an ultrafilter on λ, cf(X/F) = δ},

F^∗_δ = ⋃ δ^′ ≥δ Fδ^′ ;

if F^∗_δ ≠ ∅, let G_δ be the filter ⋂ F^∗_δ . Now (a) if F^∗_δ ≠ ∅, then add(X/G_δ) ≥ δ (Burke & Magidor 90, 1.1);

(b) if F_δ ≠ ∅ then there is a set F ⊆ X such that #(F ) ≤ δ and π_F [F ] is cofinal with X/F for every F ∈ F_δ (Burke & Magidor 90, 7.3);

(c) F_{cf(X)} ≠ ∅ (Burke & Magidor 90, 7.10);

(d) if F is an ultrafilter on λ and κ is a regular cardinal with λ < κ ≤ cf(X/F) then there is a family ⟨θ^′_ζ ⟩_{ζ<λ} of regular cardinals such that λ < θ^′_ζ ≤ θ_ζ for every ζ < λ and cf(X^′/F) = κ, where X^′ = ∏ ζ<λ θ^′_ζ (Burke & Magidor 90, 2.1).

proof The case of finite λ is trivial throughout, as then cf(X) = max_{ζ<λ} θ_ζ ,

F_δ = {F : ∃ ζ, θ_ζ = δ, {ζ} ∈ F},

F^∗_δ = {F : {ζ : θ_ζ ≥ δ} ∈ F},

G_δ = {G : {ζ : θ_ζ ≥ δ} ⊆ G ⊆ λ}.

So henceforth let us take it that λ is infinite.

For any filter F on λ, write f ≤_F g if f, g ∈ X and {ζ : f(ζ) ≤ g(ζ)} ∈ F, that is, if π_F f ≤ π_F g in X/F. Write L = {ζ : θ_ζ = λ^+} ⊆ λ, M = λ \ L.

(a) Set δ^′ = add(X/G_δ).

(i) Evidently δ^′ is a regular cardinal and δ^′ ≥ add(X) = min_{ζ<λ} θ_ζ > λ. If δ = λ^+ then of course δ^′ ≥ δ; so suppose that δ > λ^+. In this case L /∈ F for any F ∈ F^∗_δ (because if L ≠ ∅ then cf( ∏ ζ∈L θ_ζ ) = λ^+), so M ∈ G_δ and δ^′ ≥ min_{ζ∈M} θ_ζ > λ^+.

(ii) ?? If δ^′ < δ there is a family ⟨f_α⟩_{α<δ}′ in X such that f_α ≤_{Gδ} f_β whenever α ≤ β < δ^′ but there is no f ∈ X such that f_α ≤_{Gδ} f for every α < δ^′. Choose ⟨h_ξ ⟩_{ξ<λ}+ in X inductively, as follows. h_0 = f_0. Given h_ξ , set

B_{ξα} = {ζ : ζ ∈ M, h_ξ (ζ) ≥ f_α(ζ)}

for each α < δ^′; let α_ξ < δ^′ be such that f_{αξ} ≰_{Gδ} h_ξ, so that B_{ξα} /∈ G_δ when α_ξ ≤ α < δ^′. Choose F_ξ ∈ F^∗_δ such that B_{ξ,αξ} /∈ F_ξ . Now, because cf(X/F_ξ) ≥ δ > δ^′, there is an h_{ξ+1} ∈ X such that f_α ≤_{Fξ} h_{ξ+1} for every α < δ^′; we may take h_{ξ+1} ≥ h_ξ .

For non-zero limit ordinals ξ < λ^+ take h_ξ(ζ) = sup_{η<ξ} h_η (ζ) for every ζ < λ.

Set α = sup_{ξ<λ}+ α_ξ < δ^′. Then ⟨B_{ξα}⟩_{ξ<λ}+ is an increasing family in Pλ. So there must be a ξ < λ^+ such that B_{ξα} = B_{ξ+1,α}. But (because α ≥ α_ξ) B_{ξα} /∈ F_ξ , while (by the choice of h_{ξ+1}) B_{ξ+1,α} ∈ F_ξ; which is absurd. XX

(b) As in (a-i) above, we must have δ ≥ min_{ζ<λ} θ_ζ > λ, and the case δ = λ^+ is again trivial, for if δ = λ^+ we may take F to be the set of constant functions with values less than λ^+. So suppose from now on that δ > λ^+, so that M ∈ F for every F ∈ F_δ. Of course δ, being the cofinality of a totally ordered set, is regular.

(i) ?? Suppose, if possible, that there is no F of the required type. We can find families ⟨f_{ξα}⟩_{ξ<λ}+_{,α<δ} in X and ⟨F_ξ ⟩_{ξ<λ}+ in F_δ such that

(α) f_{ηα} ≤ f_{ξα} whenever α < δ, η ≤ ξ < λ^+; (β) f_{ηα} ≤_{Fξ} f_{ξ,0} whenever α < δ, η < ξ < λ^+;

(γ) {π_{Fξ} (f_{ξα}) : α < δ} is cofinal with X/F_ξ for every ξ < λ^+; (δ) if ξ < λ^+, α < δ and cf(α) = λ^+ then

f_{ξα}(ζ) = min{sup_{β∈C} f_{ξβ} (ζ) : C is a closed unbounded set in α}

for every ζ ∈ M;

(ϵ) f_{ξα} ≤_{Fξ} f_{ξβ} whenever ξ < λ^+, α ≤ β < δ.

PP Given ⟨f_{ηα}⟩_{η<ξ,α<δ} , there must be an F_ξ ∈ F_δ such that {π_{Fξ} (f_{ηα}) : η < ξ, α < δ} is not cofinal with X/F_ξ; take ⟨g_{ξα}⟩_{α<δ} in X such that {π_{Fξ} (g_{ξα}) : α < δ} is cofinal with X/F_ξ. Choose ⟨f_{ξα}⟩_{α<δ} inductively so that

f_{ηα} ≤_{Fξ} f_{ξ0} for every η < ξ, α < δ;

if α < δ and cf(α) ≠ λ^+ then f_{ηα} ≤ f_{ξα} for every η < ξ, f_{ξβ} ≤_{Fξ} f_{ξα} for every β < α;

if α < δ then g_{ξα} ≤ f_{ξ,α+1};

if α < δ and cf(α) = λ^+ then f_{ηα}(ζ) ≤ f_{ξα}(ζ) whenever η < ξ, ζ ∈ L; if α < δ and cf(α) = λ^+ then

f_{ξα}(ζ) = min{sup_{β∈C} f_{ξβ} (ζ) : C is a closed unbounded set in α}

for every ζ ∈ M. (At this point observe that there will be a closed unbounded set C ⊆ α such that f_{ξα}(ζ) = sup_{β∈C} f_{ξβ} (ζ) for every ζ ∈ M; consequently f_{ξβ} ≤_{Fξ} f_{ξα} for every β ∈ C, and f_{ξβ} ≤_{Fξ} f_{ξα} for every β < α. Also we shall have f_{ηα}(ζ) ≤ sup_{β∈C} f_{ηβ} (ζ) ≤ f_{ξα}(ζ) for every η < ξ, ζ ∈ M.)

It is straightforward to check that this procedure works. QQQ (ii) The next step is to find an increasing family ⟨h_η ⟩_{η<λ}+ in X and a strictly increasing family ⟨γ(η)⟩_{η<λ}+ in δ such that

f_{ξ,γ(η)}(ζ) < h_η(ζ) whenever ξ < λ^+, η < λ^+, ζ ∈ M (choosing h_η ); h_η ≤_{Fξ} f_{ξ,γ(η+1)} whenever ξ < λ^+, η < λ^+ (choosing γ(η + 1)); γ(η) = sup_η′_{<η} γ(η^′) whenever η < λ^+ is a limit ordinal (so γ(0) = 0).

Set h(ζ) = sup_{η<λ}+ h_η(ζ) for ζ ∈ M, h(ζ) = 0 for ζ ∈ L, α = sup_{η<λ}+ γ(η) < δ (because δ = cf(δ) > λ^+); then cf(α) = λ^+. Observe that f_{ξα}(ζ) ≤ sup_{η<λ}+ f_{ξ,γ(η)}(ζ) ≤ h(ζ) for every ξ < λ^+, ζ ∈ M, by (i-δ). So if we set A_ξ = {ζ : ζ ∈ M, f_{ξα}(ζ) = h(ζ)} ∀ ξ < λ^+, we shall have A_η ⊆ A_ξ whenever η ≤ ξ < λ^+, by (i-α).

(iii) There must therefore be some ξ < λ^+ such that A_ξ = A_{ξ+1}. Let C ⊆ λ^+ be a closed unbounded set such that f_{ξ+1,α}(ζ) = sup_{η∈C} f_{ξ+1,γ(η)}(ζ) ∀ ζ ∈ M.

For each η ∈ C write η^′ for the next member of C greater than η; then h_η ≤_{Fξ+1} f_{ξ+1,γ(η+1)} ≤_{Fξ+1} f_{ξ+1,γ(η}′_), f_{ξα} ≤_{Fξ+1} f_{ξ+1,0} = f_{ξ+1,γ(0)} so there is a ζ_η ∈ M such that h_η(ζ_η ) ≤ f_{ξ+1,γ(η}′_)(ζ_η ), f_{ξα}(ζ_η ) ≤ f_{ξ+1,γ(0)}(ζ_η ) < h_0(ζ_η ) ≤ h(ζ_η ).

Let ζ ∈ M be such that B = {η : η ∈ C, ζ_η = ζ} is cofinal with C. Then f_{ξα}(ζ) < h(ζ) so ζ /∈ A_ξ = A_{ξ+1}. On the other hand, f_{ξ+1,α}(ζ) = sup_{η∈C} f_{ξ+1,γ(η)}(ζ) ≥ sup_{η∈B} f_{ξ+1,γ(η}′_)(ζ) ≥ sup_{η∈B} h_η(ζ) = h(ζ).

So ζ ∈ A_{ξ+1}; which is impossible. XX

(c)(i) Set Δ = {δ : F_δ ≠ ∅}, G = ⋃ δ∈Δ G_δ . Then G is a filter on λ so there is an ultrafilter H on λ including G. Now for any δ ∈ Δ, H ⊇ G_δ , so cf(X/H) = add(X/H) ≥ add(X/G_δ) ≥ δ, using (a) above. Consequently δ^∗ = cf(X/H) is the greatest element of Δ.

(ii) For each δ ∈ Δ choose a set F_δ ∈ [X]^{≤δ} such that π_F [F_δ ] is cofinal with X/F for every F ∈ F_δ (using (b) above). Set F = ⋃ δ∈Δ F_δ and G = {sup I : I ∈ [F ]^{<ω}} ⊆ X.

Then #(G) ≤ δ^∗. I claim that G is cofinal with X. PP?? Suppose, if possible, otherwise; take h ∈ X such that h ≰ g for every g ∈ G. Write A_g = {ζ : h(ζ) > g(ζ)} for each g ∈ G. Because G is upwards-directed, {A_g : g ∈ G} is a filter base, and there is an ultrafilter F on λ containing every A_g . Now there is a δ ∈ Δ such that F ∈ F_δ , so that π_F [F_δ ] is cofinal with X/F, and there is an f ∈ F_δ such that h ≤_F f. But in this case A = {ζ : h(ζ) ≤ f(ζ)} and A_f = λ \ A both belong to F. XXQQQ

(iii) Accordingly cf(X) ≤ #(G) ≤ δ^∗. But also of course cf(X/H) ≤ cf(X), so δ^∗ ≤ cf(X) and they are equal. Now we have H ∈ F_δ∗ = F_{cf(X)}.

(d) If κ = λ^+ we may take θ^′_ζ = λ^+ for every ζ; if κ = cf(X/F) we may take θ^′_ζ = θ_ζ ; so let us assume that λ^+ < κ < cf(X/F). Of course M ∈ F.

(i) For each ordinal γ < κ choose a relatively closed cofinal set C_γ ⊆ γ with otp(C_γ ) = cf(γ). Choose ⟨f_α⟩_{α<κ} as follows. Given ⟨f_β⟩_{β<α}, where α < κ, and γ < κ, define g_{αγ} ∈ X by g_{αγ} (ζ) = sup{f_β(ζ) : β ∈ C_γ ∩ α} + 1 if this is less than θ_ζ , = 0 otherwise.

Now choose f_α ∈ X such that f_β ≤_F f_α ∀ β < α, g_{αγ} ≤_F f_α ∀ γ < κ;

this is possible because κ < cf(X/F). Observe that if α = β + 1 then C_α = {β} so that g_{αα} = f_β + 1 and f_α ≰_F f_β . Continue.

(ii) Suppose that for each ζ < λ we are given a set S_ζ ⊆ θ_ζ with #(S_ζ ) ≤ λ. Then there is an α < κ such that ∀ h ∈ ∏ ζ<λ S_ζ , if f_α ≤_F h then f_β ≤_F h ∀ β < κ.

PP?? If not, then (because κ is regular) we can find a family ⟨h_ξ⟩_{ξ<κ} in ∏ ζ<λ S_ζ and a strictly increasing family ⟨ϕ(ξ)⟩_{ξ<κ} in κ such that f_{ϕ(ξ)} ≤_F h_ξ ≤_F f_{ϕ(ξ+1)} for all ξ < κ, ϕ(ξ) = sup_{η<ξ} ϕ(η) for limit ordinals ξ < κ. Set C = {ξ : ξ < κ, ϕ(ξ) = ξ}, so that C is a closed unbounded set in κ. Let α ∈ C be such that α = sup(C ∩ α) and cf(α) = λ^+. Then (because λ^+ ≥ ω_1) C_α ∩ C is cofinal with α.

For β ∈ C ∩ C_α, ζ < λ we have #(C_α ∩ β) ≤ otp(C_α ∩ β) < otp(C_α) = λ^+ ≤ θ_ζ , so θ_ζ > sup_{ξ∈Cα∩β} f_ξ(ζ) + 1 = g_{βα}(ζ). Now g_{βα} ≤_F f_β = f_{ϕ(β)} ≤_F h_β ≤_F f_{ϕ(β+1)} ≤_F f_β′ , where β^′ is the next member of C ∩ C_α greater than β. So there is a ζ_β < λ such that g_{βα}(ζ_β ) ≤ h_β(ζ_β ) ≤ f_β′ (ζ_β ).

Because λ < cf(α) there is a ζ < λ such that B = {β : β ∈ C ∩ C_α, ζ_β = ζ} is cofinal with α. But now observe that if β, γ ∈ B and β^′ < γ then β^′ ∈ C_α ∩ γ so h_β (ζ) ≤ f_β′ (ζ) < g_{γα}(ζ) ≤ h_γ (ζ).

It follows that λ^+ = #(B) = #({h_β (ζ) : β ∈ B}) ≤ #(S_ζ ) ≤ λ, which is absurd. XXQQQ

(iii) Consequently E = {π_F (f_α) : α < κ} has a least upper bound in X/F. PP?? If not, choose ⟨h_ξ ⟩_{ξ<λ}+ inductively, as follows. Because κ < δ, there is an h_0 ∈ X such that f_α ≤_F h_0 for every α < κ. Given h_ξ such that h^•_ξ = π_F (h_ξ ) is an upper bound for E, then h^•_ξ cannot be the least upper bound of E, so there is an h_{ξ+1} ∈ X such that h^•_{ξ+1} is an upper bound of E strictly less than h^•_ξ. For non-zero limit ordinals ξ < λ^+, set S_{ξζ} = {h_η(ζ) : η < ξ} ⊆ θ_{zeta} for each ζ < λ. By (ii) above, there is an α_ξ < κ such that ∀ h ∈ ∏ ζ<λ S_{ξζ} either h ≤_F f_{αξ} or f_α ≤_F h ∀ α < κ.

Set h_ξ(ζ) = min({η : η ∈ S_{ξζ} , f_{αξ} (ζ) ≤ η} ∪ {h_0(ζ)}) ∈ S_{ξζ} for each ζ < λ. Then f_{αξ} ≤_F h_ξ (because f_{αξ} (ζ) ≤ h_ξ(ζ) whenever f_{αξ} (ζ) ≤ h_0(ζ)) and h_ξ ∈ ∏ ζ<λ S_{ξζ} , so f_α ≤_F h_ξ for every α < κ and h^•_ξ is an upper bound for E. Also, if η < ξ, then h_ξ(ζ) ≤ h_η(ζ) whenever f_{αξ} (ζ) ≤ h_η (ζ), so h_ξ ≤_F h_η. Continue.

Having got the family ⟨h_ξ⟩_{ξ<λ}+ , set S_ζ = ⋃ ξ<κ S_{ξζ} = {h_ξ(ζ) : ξ < κ} ⊆ θ_ζ for each ζ < λ. For each α < κ, ζ < λ set g_α(ζ) = min({η : f_α(ζ) ≤ η ∈ S_ζ } ∪ {h_0(ζ)}) ∈ S_ζ .

Then, by the same arguments as above, f_α ≤_F g_α ≤_F h_ξ ∀ α < κ, ξ < λ^+.

For each α < κ there is a limit ordinal ξ < λ^+ such that g_α(ζ) ∈ S_{ξζ} for every ζ < λ. Because λ^+ < κ there is a limit ordinal ξ < λ^+ such that A = {α : g_α(ζ) ∈ S_{ξζ} ∀ ζ < λ} is cofinal with κ. In particular, there is an α ∈ A such that α ≥ α_ξ. In this case f_{αξ} ≤_F f_α ≤_F g_α ≤_F h_{ξ+1} ≤_F h_ξ ≰_F h_{ξ+1}, so there is a ζ < λ such that f_{αξ} (ζ) ≤ f_α(ζ) ≤ g_α(ζ) ≤ h_{ξ+1}(ζ) < h_ξ(ζ).

But now observe that f_{αξ} (ζ) ≤ g_α(ζ) ∈ S_{ξζ} so h_ξ(ζ) ≤ g_α(ζ) < h_ξ (ζ), which is absurd. XX

(iv) Let g ∈ X be such that g^• = sup E in X/F and g(ζ) > 0 for every ζ < λ. For each ζ < λ set θ̂_ζ = cf(g(ζ)) < θ_ζ and choose a cofinal set D_ζ ⊆ g(ζ) of order type θ̂_ζ . For α < κ, ζ < λ set

g_α(ζ) = min{η : f_α(ζ) ≤ η ∈ D_ζ } if f_α(ζ) < g(ζ), min D_ζ otherwise. Then g_α ≤_F g_β whenever α ≤ β < κ. Also if h ∈ Y = ∏ ζ<λ D_ζ then h^• < g^• so there is an α < κ such that h^• ≤ f^•_α ≤ g^•_α. Thus {g^•_α : α < κ} is cofinal with {h^• : h ∈ Y }.

(v) Because each D_ζ is order-isomorphic to θ̂_ζ , we can identify Y with X̂ = ∏ ζ<λ θ̂_ζ , and see that cf(X̂/F) is either 1 or κ. But of course the former is absurd, because it could be so only if {ζ : g(ζ) is a successor ordinal} ∈ F, and in this case there would have to be an α < κ such that g ≤_F f_α; but we saw in (i) above that f_{α+1} ≰_F f_α.

Accordingly cf(X̂/F) = κ.

(vi) It may be that some of the θ̂_ζ are less than or equal to λ. But taking I = {ζ : θ̂_ζ ≤ λ}, we have I /∈ F. PP?? If I ∈ F, then for each ζ ∈ I set S_ζ = D_ζ and for ζ ∈ λ \ I set S_ζ = {0}. By (ii), there is an α < κ such that ∀ h ∈ ∏ ζ<λ S_ζ , if f_α ≤_F h then f_β ≤_F h ∀ β < κ.

But as f_{α+1} ≤_F g, and I ∈ F, there must be an h ∈ ∏ ζ<λ S_ζ such that f_α ≤_F h, and now g ≤_F h because g^• is the least upper bound of E; but h(ζ) < g(ζ) for every ζ ∈ I, so this is impossible. XXQQQ So {ζ : θ̂_ζ ≥ λ^+} ∈ F. But this means that if we set θ^′_ζ = max(λ^+, θ̂_ζ ) for every ζ < λ, X^′ = ∏ ζ<λ θ^′_ζ then X^′/F ∼= X̂/F so cf(X^′/F) = κ, as required. Version of 10.12.91

A1J Shelah covering numbers (a) Let α, β, γ, δ be cardinals. Following Shelah #355 and Shelah #400b, I write cov_{Sh}(α, β, γ, δ) for the least cardinal of any family E ⊆ [α]^{<β} such that for every A ∈ [α]^{<γ} there is a D ∈ [E]^{<δ} with A ⊆ ⋃ D. I diverge insignificantly from the Master in writing cov_{Sh}(α, β, γ, δ) = ∞ in the trivial cases in which there is no such family E.

(b) For infinite cardinals α, γ write Θ(α, γ) for the maximum of α and the supremum of all cofinalities cf( ∏ ζ<λ θ_ζ )

for families ⟨θ_ζ ⟩_{ζ<λ} such that λ < γ is a cardinal, every θ_ζ is a regular infinite cardinal, and λ < θ_ζ < α for every ζ < λ. (This carries some of the same information as the cardinal pp_κ(α) of Shelah #400b.)

A1K Theorem For any infinite cardinals α, γ,

cov_{Sh}(α, γ, γ, ω_1) ≤ Θ(α, γ).

proof (a) To begin with (down to the end of (f) below) let us suppose that we have α ≥ γ = γ^+_0 > cf(α) > ω.

Take a family E ⊆ [α]^{≤γ0} such that

(i) E contains all singleton subsets of α; (ii) E contains a cofinal subset of α; (iii) If E ∈ E then {ξ : ξ + 1 ∈ E} ∈ E;

(iv) if E ∈ E then there is an F ∈ E such that sup(F ∩ ξ) = ξ whenever ξ ∈ E and ω ≤ cf(ξ) ≤ γ_0; (v) if E ∈ E then {ξ : ξ ∈ E, cf(ξ) ≥ γ} ∈ E; (vi) if E ∈ E and cf( ∏ η∈E η) ≤ Θ(α, γ), then {g : g ∈ ∏ η∈E η, g[E] ∈ E} is cofinal with ∏ η∈E η;

(vii) #(E) ≤ Θ(α, γ).

To see that this can be done, observe that whenever E ∈ [α]^{≤γ0} there is an F ∈ [α]^{≤γ0} such that sup(F ∩ξ) = ξ whenever ξ ∈ E and ω ≤ cf(ξ) ≤ γ_0; thus condition (iv) can be achieved, like conditions (iii) and (v), by ensuring that E is closed under suitable functions from [α]^{≤γ0} to itself; while condition (vi) requires that for each E ∈ E we have an appropriate family of size at most Θ(α, γ) included in E.

Write J for the σ-ideal of Pα generated by E.

(b) ?? Suppose now that there is some set in [α]^{<γ} not covered by any sequence from E, that is, not belonging to J . Then there must be a function f : γ_0 → α such that f[γ_0] /∈ J . Accordingly I = {f^{−1}[E] : E ∈ J } is a proper σ-ideal of Pγ_0. By condition (a-i), I contains all singletons in Pγ_0.

Let H be the set of all functions h : γ_0 → α such that f(ξ) ≤ h(ξ) for every ξ < γ_0 and h[γ_0] ∈ J . Because E contains a cofinal set C ⊆ α (condition (a-ii)), we can find an h ∈ H; just take h : γ_0 → C such that f(ξ) ≤ h(ξ) for every ξ.

(c) Because I is a proper σ-ideal, there cannot be any sequence ⟨h_n⟩_{n∈N} in H such that {ξ : h_{n+1}(ξ) ≥ h_n(ξ)} ∈ I for every n ∈ N. Consequently there is an h^∗ ∈ H such that

{ξ : h(ξ) ≥ h^∗(ξ)} /∈ I ∀ h ∈ H.

We know that h^∗[γ_0] ∈ J ; let ⟨E_n⟩_{n∈N} be a sequence in E covering h^∗[γ_0]. For ξ < γ_0 write θ_ξ = cf(h^∗(ξ)), so that each θ_ξ is 0 or 1 or a regular infinite cardinal less than α. Set

I = {ξ : ξ < γ_0, h^∗(ξ) = f(ξ)},

I^′ = {ξ : ξ < γ_0, f(ξ) < h^∗(ξ), θ_ξ = 1} ,

I_n = {ξ : ξ < γ_0, ω ≤ θ_ξ ≤ γ, f(ξ) < h^∗(ξ), h^∗(ξ) ∈ E_n} ∀ n ∈ N,

J_n = {ξ : ξ < γ_0, γ ≤ θ_ξ, f(ξ) < h^∗(ξ), h^∗(ξ) ∈ E_n} ∀ n ∈ N.

(d) For each n ∈ N set G_n = {η : η ∈ E_n, cf(η) ≥ γ} ∈ E. Then cf( ∏ η∈G_n η) ≤ Θ(α, γ). PP For η ∈ Gn

set θ^′_η = cf(η); then θ^′_η is a regular cardinal and #(G_n) ≤ γ_0 < θ^′_η < α for each η ∈ G_n. So cf( ∏ η∈G_n θ ′ η ) ≤ Θ(α, γ)

by the definition of Θ(α, γ). If for each η ∈ G_n we choose a cofinal set C_η ⊆ η of order type θ^′_η, then cf( ∏ η∈G_n η) = cf( ∏ η∈G_n Cη ) = cf( ∏ η∈G_n θ ′ η) ≤ Θ(α, γ). QQQ

Consequently, by (a-vi),

{g : g ∈ ∏ η∈G_n η, g[Gn] ∈ E}

is cofinal with ∏ η∈G_n η.

(e) Define h : γ_0 → α as follows.

(i) If ξ ∈ I set h(ξ) = h^∗(ξ). (ii) If ξ ∈ I^′ set h(ξ) = h^∗(ξ) − 1.

(iii) For each n ∈ N take F_n ∈ E such that η = sup(F_n ∩ η) whenever η ∈ E_n and ω ≤ cf(η) < γ. If ξ ∈ I_n \ ⋃ m<n I_m, take h(ξ) ∈ F_n such that f(ξ) < h(ξ) < h^∗(ξ).

(iv) For each n ∈ N, η ∈ G_n set

f^∗(η) = sup{f(ξ) : ξ < γ_0, h^∗(ξ) = η}.

Then f^∗(η) < η, because γ_0 < cf(η). By (d), there is a g_n ∈ ∏ η∈G_n η such that gn[Gn] ∈ E and f

∗(η) < g_n(η) for every η ∈ G_n. So for ξ ∈ J_n \ ⋃ m<n J_m we may set h(ξ) = g_n(h^∗(ξ)) and see that f(ξ) < h(ξ) < h^∗(ξ), while h(ξ) ∈ g_n[G_n].

(f) Now we see that

h[γ_0] ⊆ h^∗[γ_0] ∪ {η : η + 1 ∈ h^∗[γ_0]} ∪ ⋃ n∈N F_n ∪ ⋃ n∈N g_n[G_n] ∈ J ,

while f(ξ) ≤ h(ξ) for every ξ < γ_0, so h ∈ H. Consequently

I = {ξ : h(ξ) ≥ h^∗(ξ)} /∈ I.

But also

f[I] ⊆ h^∗[γ_0] ∈ J ,

so I ∈ I, which is absurd. XX

(g) Thus the special case described in (a) is dealt with, and we may return to the general case. I proceed by induction on α for fixed γ ≥ ω.

(i) To start the induction, observe that if α < γ then

cov_{Sh}(α, γ, γ, ω_1) = 1 ≤ Θ(α, γ)

for all γ.

(ii) For the inductive step to α when cf(α) ≥ γ, observe that in this case [α]^{<γ} = ⋃ α^′ <α[α

′]^{<γ} . For each α^′ < α, we can find a family E_α′ ⊆ [α^′]^{<γ} such that #(E_α′ ) = cov_{Sh}(α^′, γ, γ, ω_1) and every member of [α^′]^{<γ} can be covered by a sequence from E_α′ ; now ⋃ α^′ <α Eα^′ witnesses that

cov_{Sh}(α, γ, γ, ω_1) ≤ max(α, sup_{α′ <α} cov_{Sh}(α^′, γ, γ, ω_1))

≤ max(α, sup_{α′ <α} Θ(α^′, γ)) ≤ Θ(α, γ)

by the inductive hypothesis.

(iii) For the inductive step to α when cf(α) = ω < α, take an increasing sequence ⟨α_n⟩_{n∈N} in α such that sup_{n∈N} α_n = α. For each n ∈ N choose a set E_n ⊆ [α_n]^{<γ} such that every set in [α_n]^{<γ} can be covered by a sequence from E_n and #(E_n) = cov_{Sh}(α_n, γ, γ, ω_1). Set E = ⋃ n∈N E_n ⊆ [α]^{<γ} . Then if A ∈ [α]^{<γ} , we can find for each n ∈ N a countable set D_n ⊆ E_n covering A ∩ α_n; set D = ⋃ n∈N D_n ∈ [E]^{≤ω}; then A ⊆ ⋃ D. As A is arbitrary, E witnesses that

cov_{Sh}(α, γ, γ, ω_1) ≤ #(E) ≤ max(ω, sup_{n∈N} #(E_n))

= max(ω, sup_{n∈N} cov_{Sh}(α_n, γ, γ, ω_1))

≤ max(ω, sup_{n∈N} Θ(α_n, γ))

by the inductive hypothesis

≤ Θ(α, γ).

(iv) For the inductive step to α when ω < cf(α) < γ < α, observe that [α]^{<γ} = ⋃ δ<γ [α]^{≤δ}.

For each δ < γ we have a set E_δ ⊆ [α]^{≤δ} such that #(E_δ ) ≤ cov_{Sh}(α, δ^+, δ^+, ω_1) and every member of [α]^{≤δ} can be covered by a sequence from E_δ. Set E = ⋃ cf(α)≤δ<γ Eδ; then every member of [α]

<γ can be covered by a sequence from E.

For each E ∈ E, choose a family H_E ⊆ [E]^{<γ} such that #(H_E )= cov_{Sh}(#(E), γ, γ, ω_1) and every member of [E]^{<γ} can be covered by a sequence from H_E . Set H = ⋃ E∈E H_E . If A ∈ [α]^{<γ} , there is a countable set D ⊆ E covering A; now for each D ∈ D there is a countable set G_D ⊆ H_D covering A ∩ D; so that G = ⋃ D∈D G_D is a countable subset of H covering A.

Thus

cov_{Sh}(α, γ, γ, ω_1) ≤ #(H) ≤ max(#(E), sup_{E∈E} #(H_E ))

≤ max(α, sup

cf(α)≤δ<γ

cov_{Sh}(α, δ^+, δ^+, ω_1), sup_{α′ <α} cov_{Sh}(α^′, γ, γ, ω_1))

≤ max(α, sup

cf(α)≤δ<γ

Θ(α, δ^+), sup_{α′<α} Θ(α^′, γ))

by the inductive hypothesis and parts (a)-(f) above ≤ Θ(α, γ).

This completes the proof.

Remark This is taken from Shelah #355, Theorem 5.4, where a stronger result is proved, giving an exact description of many of the numbers cov_{Sh}(α, β, γ, δ) in terms of cofinalities of reduced products ∏ ζ<λ θ_ζ /F.

A1L Lemma Let α and γ be infinite cardinals, with γ regular, and suppose that α ≥ Θ(γ, γ). Then Θ(Θ(α, γ), γ) = Θ(α, γ).

proof ?? Suppose, if possible, otherwise. Note that of course α ≥ γ.

(a) There must be a family ⟨θ_ζ ⟩_{ζ<λ} of infinite regular cardinals such that λ < γ, λ < θ_ζ < Θ(α, γ) for every ζ < λ, and cf( ∏ ζ<λ θ_ζ ) > Θ(α, γ). By A1Ic, there is an ultrafilter F on λ such that cf( ∏ ζ<λ θ_ζ /F) > Θ(α, γ).

Set L = {ζ : ζ < λ, θ_ζ < α}; then cf( ∏ ζ∈L θ_ζ ) ≤ Θ(α, γ), so L /∈ F and M = λ \ L ∈ F. For each ζ ∈ M, we have θ_ζ < Θ(α, γ), so there must be a family ⟨θ_{ζη}⟩_{η<λζ} of regular cardinals with λ_ζ < γ, λ_ζ < θ_{ζη} < α for every η < λ_ζ and θ_ζ ≤ cf( ∏ η<λ_ζ θζη ). Again by A1Ic, there is an ultrafilter Fζ on λζ such that

θ_ζ ≤ cf( ∏ η<λ_ζ θζη /Fζ ). Because λζ < γ ≤ α ≤ θζ , A1Id tells us that there is a family ⟨θ ′ ζη⟩_{η<λζ} of regular cardinals such that λ_ζ < θ^′_{ζη} ≤ θ_{ζη} for every η and θ_ζ = cf( ∏ η<λ_ζ θ ′ ζη/F_ζ ).

(b) Set I = {(ζ, η) : ζ ∈ M, η < λ_ζ },

H = {H : H ⊆ I, {ζ : {η : (ζ, η) ∈ H} ∈ F_ζ } ∈ F}, X = ∏ (ζ,η)∈I θ ′ ζη. Then H is an ultrafilter on I, and cf(X/H) ≥ cf( ∏ ζ∈M θ_ζ /F). PP Let F ⊆ X be a set of cardinal cf(X/H) such that {f^• : f ∈ F } is cofinal with X/H. For each f ∈ X, ζ ∈ M let f_ζ ∈ ∏ η<λ_ζ θ ′ ζ be given by f_ζ (η) = f(ζ, η) for each η < λ_ζ , and let f^•_ζ be the image of f_ζ in ∏ η<λ_ζ θ ′ ζη/F_ζ . For each ζ ∈ M let ⟨u_{ζξ}⟩_{ξ<θζ} be a strictly increasing cofinal family in ∏ η<λ_ζ θ ′ ζη/F_ζ . Now, for f ∈ F , take a function g_f ∈ ∏ ζ∈M θ_ζ such that f^•_ζ ≤ u_{ζ,gf (ζ)} for every ζ ∈ M.

If g ∈ ∏ ζ∈M θ_ζ , then we can find an h ∈ X such that h^•_ζ = u_{ζ,g(ζ)} for each ζ ∈ M. Let f ∈ F be such that h ≤_H f. Then {ζ : g(ζ) ≤ g_f (ζ)} ⊇ {ζ : h^•_ζ ≤ f^•_ζ } ∈ F, so g ≤_F g_f . Accordingly {g_f : f ∈ F } is cofinal with ∏ ζ∈M θ_ζ /F and cf( ∏ ζ∈M θ_ζ /F) ≤ #(F ) = cf(X/H), as claimed. QQQ

(c) Thus cf(X/H) > Θ(α, γ). Set J = {(ζ, η) : (ζ, η) ∈ I, θ^′_{ζη} ≥ γ}. Because γ is regular, #(J) ≤ #(I) < γ, so cf( ∏ (ζ,η)∈J θ ′ ζη) ≤ Θ(α, γ), and J /∈ H. It follows that K = I \ J ∈ H. Set M^′ = {ζ : ζ ∈ M, {η :

(ζ, η) ∈ K} ∈ F_ζ } ∈ F. Then θ_ζ ≤ Θ(γ, γ) ≤ α for ζ ∈ M^′. So in fact θ_ζ = α for ζ ∈ M^′ and we have α ≤ Θ(α, γ) < cf( ∏ ζ∈M^′ θζ ) = cf( ∏ ζ<δ α),

where δ = #(M^′), while at the same time α is regular.

But if α is regular and δ < α, cf( ∏ ζ<δ α) = α,

contradicting the last sentence. XX

This contradiction completes the proof.

A1M Lemma Let α and γ be infinite cardinals. Set δ = sup_α′_{<α} Θ(α^′, γ). (a) If cf(α) ≥ γ then Θ(α, γ) = max(α, δ).

(b) If cf(α) < γ then Θ(α, γ) ≤ max(α, δ^{cf(α)}), where δ^{cf(α)} is the cardinal power.

proof Let ⟨θ_ζ ⟩_{ζ<λ} be a family of regular cardinals with λ < θ_ζ < α for each ζ and λ < γ.

case 1 If α^′ = sup_{ζ<λ} θ_ζ < α, set I = {ζ : ζ < λ, θ_ζ < α^′},

J = {ζ : ζ < λ, θ_ζ = α^′}.

Then cf( ∏ ζ∈I θ_ζ ) ≤ Θ(α^′, γ) ≤ δ, cf( ∏ ζ∈J θ_ζ ) ≤ α^′ ≤ δ so cf( ∏ ζ<λ θ_ζ ) ≤ δ. This completes the proof of (a).

case 2 If sup_{ζ<λ} θ_ζ = α let ⟨α_ξ⟩_{ξ<cf(α)} be an increasing family of cardinals with supremum α and with α_ξ = sup_{η<ξ} α_η for limit ordinals ξ < cf(α). Set P_ξ = ∏ ζ<λ,α_ξ ≤θ_ζ <α_{ξ+1} θζ

for each ξ < cf(α). Then cf(P_ξ ) ≤ δ for each ξ < cf(α), so cf( ∏ ζ<λ θ_ζ ) = cf( ∏ ξ<cf(α) Pξ ) ≤ δ cf(α).

This is enough to deal with (b).

A1N The singular cardinals hypothesis (In this paragraph, all powers will be cardinal exponentiation; λ^θ will be the cardinal of the set of functions from θ to λ.) Recall that the singular cardinals hypothesis is the statement

whenever λ is an infinite cardinal and 2^{cf(λ)} < λ then λ^{cf(λ)} = λ^+ (Jech 78, §8, p. 61). This is equivalent to

whenever λ > c and cf(λ) = ω then λ^ω = λ^+ (Jech 78, Theorem 23b, p.63); evidently the second statement is implied by

whenever λ > c is a successor cardinal then λ^ω = λ, and by Jech 78, Lemma 8.1, p. 62, the third assertion is implied by the first, so that any of the three may be taken as a statement of the singular cardinals hypothesis.

A1O Miscellaneous definitions (a) If X is a set, a Jónsson algebra on X is an algebraic structure with countably many finitary functions and relations such that the only subalgebra of X of cardinal #(X) is X itself.

(b) If κ is a cardinal, a κ-Aronszajn tree is a tree of height κ in which every level has cardinal strictly less than κ but there are no branches of length κ. If κ is weakly Π^1-indescribable, there are no κ-Aronszajn trees (see Fremlin & Kunen n87, 2N).

A1P Souslin numbers I say that two elements p, q in a partially ordered set P are upwardscompatible if {p, q} has an upper bound in P , and that a set A ⊆ P is an up-antichain if no two elements of A are upwards-compatible.

For any partially ordered set P , write

S(P ) = min{λ : there is no up-antichain in P of cardinal λ},

the Souslin number of P . Thus P satisfies the ‘λ-chain condition’ iff λ ≥ S(P ), and is upwards-ccc iff S(P ) ≤ ω_1. Note that if Q is a cofinal subset of P , then S(Q) = S(P ).

Similarly, the Souslin number of a Boolean algebra A is the least cardinal λ such that there is no disjoint set of cardinal λ in A \ {0}; that is, the Souslin number of the partially ordered set A \ {1}: it is called sat(A) in Koppelberg 89, 3.8-3.11.

A1Q Lemma Let R be an upwards-ccc partially ordered set and ⟨r_α⟩_{α<ω1} any family in R. Then there is an infinite M ⊆ ω_1 such that {r_α : α ∈ M} is centered, that is, {r_α : α ∈ L} has an upper bound in R for every finite L ⊆ M.

proof ?? Suppose, if possible, otherwise. For each α < ω_1 let M_α be a maximal subset of ω_1, containing α, such that {r_β : β ∈ M_α} is centered. Because each M_α is finite, there must be an uncountable set W ⊆ ω_1 such that α /∈ M_β whenever α, β ∈ W and β < α. Now, for each α ∈ W , let s_α be an upper bound for {r_β : β ∈ M_α}. In this case, for α, β ∈ W and β < α, r_α ≤ s_α but r_α and s_β are upwards-incompatible in R (or we should have been able to add α to M_β). But this means that {s_α : α ∈ W } is an uncountable up-antichain in R. XX

A1R Finite-support products If ⟨P_ξ ⟩_{ξ∈I} is any family of partially ordered sets, then its finite-support product is the set P of finite functions p such that dom(p) ∈ [I]^{<ω} and p(ξ) ∈ P_ξ for every ξ ∈ dom(p); ordered by saying that p ≤ q if dom(p) ⊆ dom(q) and p(ξ) ≤ q(ξ) for every ξ ∈ dom(p).

Now if ⟨P_ξ ⟩_{ξ∈I} is any family of partially ordered sets with finite-support product P , and

λ = sup{S( ∏ ξ∈J P_ξ) : J ∈ [I]^{<ω}},

then S(P ) = λ if λ is regular, and λ^+ otherwise; see Comfort & Negrepontis 82, Theorem 3.27, where the corresponding theorem is proved for products of topological spaces.

A1S The arrow relation If α, β and γ are ordinals, write α → (β, γ)^2 to mean: if S ⊆ [α]^2 is any set, then either there is a B ⊆ α such that otp(B) = β and [B]^2 ⊆ S, or there is a C ⊆ α such that otp(C) = γ and [C]^2 ∩ S = ∅. (See Erdös Hajnal Máté & Rado 84, 8.2.) Then we have, among many other important results,

(i) α → (α, ω + 1)^2 whenever α is a regular uncountable cardinal (Erdös Hajnal Máté & Rado 84, 11.3);

(ii) c ↛ (ω_1, ω_1)^2 (Erdös Hajnal Máté & Rado 84, 19.7); (iii) if c = ω_1 then c ↛ (c, ω + 2)^2 (Erdös Hajnal Máté & Rado 84, 11.5); (iv) if κ is a regular uncountable cardinal then κ → (κ, κ)^2 iff κ is weakly Π^1-indescribable and strongly inaccessible, that is, ‘weakly compact’ (Erdös Hajnal Máté & Rado 84, 30.3 and 32.1).

Version of 10.12.91

A2. Measure theory

My basic texts for this material are Fremlin 74 and Fremlin 89.

A2A General measure spaces In these notes a measure space will always be a triple (X, Σ, μ) where X is a set, Σ is a σ- algebra of subsets of X, and μ : Σ → [0, ∞] is a countably- additive functional.

Let (X, Σ, μ) be a measure space.

(a) If B ⊆ X, I write

μ^∗B = min{μE : B ⊆ E ∈ Σ}.

(b) If A is any subset of X, I write μ⌈A for the measure on A defined by writing dom(μ⌈A) = {A ∩ E : E ∈ Σ}, (μ⌈A)(B) = μ^∗(B) ∀ B ∈ dom(μ⌈A).

Now μ⌈A is the subspace measure on A.

(c) An atom for μ is a set E ∈ Σ such that μE > 0 and if F ∈ Σ, F ⊆ E then one of μF , μ(E\F ) is zero.

(d) I write N_μ for the σ-ideal of PX consisting of μ-negligible sets, that is, N_μ = {E : E ⊆ X, μ^∗E = 0}.

(e) If (Y, S) is a topological space, a function f : X → Y is measurable if f^{−1}[H] ∈ Σ for every H ∈ S. A2B Taxonomy of measure spaces (see Fremlin 74). Let (X, Σ, μ) be a measure space. (a) (X, Σ, μ) is a probability space if μX = 1 (and in this case I call μ a probability); it is totally finite if μX is finite; it is σ-finite if there is a sequence ⟨E_n⟩_{n∈N} of measurable sets of finite measure covering X. (b) (X, Σ, μ) is semi-finite if μE = sup{μF : F ⊆ E, F ∈ Σ, μF < ∞} for every E ∈ Σ; that is, if whenever E ∈ Σ and μE = ∞ then there is an F ∈ Σ such that F ⊆ E and 0 < μF < ∞. Any σ-finite measure space – a fortiori, any probability space – is semi-finite.

(c) (X, Σ, μ) is locally determined if it is semi-finite and for every A ∈ PX \ Σ there is an F ∈ Σ such that μF < ∞ and F ∩ A /∈ Σ.

(d) (X, Σ, μ) is decomposable (or ‘strictly localizable’) if there is a partition ⟨X_i⟩_{i∈I} of X such that (i) Σ = {E : E ⊆ X, E ∩ X_i ∈ Σ ∀ i ∈ I} (ii) μE = ∑ i∈I μ(E ∩ X_i) for every E ∈ Σ (iii) μX_i < ∞ for every i ∈ I. In this case (X, Σ, μ) is locally determined. (See Fremlin 74, 64G.)

(e) (X, Σ, μ) is atomless if there are no atoms for μ.

(f) (X, Σ, μ) is complete if N_μ ⊆ Σ. Any measure space of the form (X, PX, μ) is surely complete. (g) (X, Σ, μ) is purely atomic if every non-negligible measurable set includes an atom for μ; that is, there is no E ∈ Σ \ N_μ such that μ⌈E is atomless.

A2C Additivity Let (X, Σ, μ) be a measure space. (a) If κ is a cardinal, then μ is κ-additive if μ( ⋃ ξ<λ E_ξ) exists and is equal to ∑ ξ<λ μE_ξ for every disjoint family ⟨E_ξ ⟩_{ξ<λ} in Σ indexed by a cardinal λ < κ.

(b) I write add(μ), the additivity of μ, for the least cardinal κ, if there is one, such that μ is not κ-additive; if μ is κ-additive for every cardinal κ, I write add(μ) = ∞.

(c) We always have add(μ) ≤ add(N_μ), defining add(N_μ) as in A1A-B.

(d) If (X, Σ, μ) is complete and locally determined, then add(μ) = add(N_μ) (see Fremlin 84, A6O). (e) If A ⊆ Σ is upwards-directed and #(A) < add(μ) then μ( ⋃ A) = sup_{A∈A} μA.

(f) If (X, Σ, μ) is a totally finite measure space and F is a uniformly bounded non-empty upwards-directed family of measurable functions from X to R, of cardinal less than add(μ), and if f_0(x) = sup_{f ∈F} f(x) for each x ∈ X, then ∫ f_0 dμ = sup_{f ∈F} ∫ f dμ.

(Use (e).)

A2D Functions between measure spaces (a) If (X, Σ, μ) and (Y,T, ν) are measure spaces, a function f : X → Y is inverse-measure -preserving if f^{−1}[F ] ∈ Σ and μf^{−1}[F ] = νF for every F ∈ T.

(b) Let (X, Σ, μ) be a measure space, Y any set and f : X → Y any function. I write μf^{−1} for the measure on Y defined by writing

(μf^{−1})(F ) = μ(f^{−1}[F ])

for all those F ⊆ Y for which the right-hand-side is well defined, that is, for which f^{−1}[F ] ∈ Σ.

Observe that if ν = μf^{−1} then

N_ν = {F : F ⊆ Y, f^{−1}[F ] ∈ N_μ},

ν is complete if μ is, ν is a probability iff μ is, add(ν) ≥ add(μ) and add(N_ν ) ≥ add(N_μ).

A2E Upper and lower integrals Let (X, Σ, μ) be any measure space and f : X → R any function. Then its upper integral is ∫ f(x) μ(dx) = inf{ ∫ g(x) μ(dx) : g : X → R is integrable, g(x) ≥ f(x) a.e. x ∈ X},

taking inf ∅ = ∞, inf R = −∞, and its lower integral is ∫ f(x) μ(dx) = − ∫ (−f(x)) μ(dx).

A2F Measure algebras (a) A measure algebra is a pair (A, μ̄) where A is a Dedekind σ-complete Boolean algebra and μ̄ : A → [0, ∞] is a functional such that (i) μ̄a = 0 iff a = 0 (ii) μ̄(sup_{n∈N} a_n) = ∑ n∈N μ̄a_n whenever ⟨a_n⟩_{n∈N} is a disjoint sequence in A. It is a probability algebra if moreover μ̄1 = 1.

(b) If (A, μ̄) is a measure algebra with μ̄1 < ∞, it has a natural metric ρ given by setting

ρ(a, b) = μ̄(a△b) for all a, b ∈ A.

(c) A measurable algebra is a Boolean algebra A for which there is a μ̄ making (A, μ̄) a measure algebra in the sense of (a) above and moreover with μ̄1 < ∞. (See Fremlin 89, 2.1.)

(d) Let (X, Σ, μ) be a measure space. Its measure algebra is the quotient Boolean algebra A = Σ/Σ ∩ N_μ, endowed with the induced functional μ̄ defined by saying that μ̄E^• = μE for every E ∈ Σ.

(e) If (X, Σ, μ) and (Y, T, ν) are measure spaces and f : X → Y is inverse-measure -preserving, then we have a corresponding measure-preserving homomorphism ϕ : T/N_ν → Σ/N_μ given by writing ϕ(F^•) = f^{−1}[F ]^• for every F ∈ T (Fremlin 89, 2.16).

(f) Let A be any Boolean algebra. Then A is isomorphic to the algebra of open-and-closed sets in its Stone space Z (Fremlin 74, 41D). I write L^∞(A) for the Banach algebra of continuous real-valued functions on the compact Hausdorff space Z (Fremlin 74, §43). In this context, given a ∈ A, I write χ(a) ∈ L^∞(A) for the characteristic function of the open-and-closed subset of Z corresponding to a.

(g) Let (A, μ̄) be a measure algebra. Then we have a unique continuous linear functional ∫ dμ̄ : L^∞(A) → R such that ∫ χ(a)dμ̄ = μ̄a for every a ∈ A (Fremlin 74, §52). If ν : A → R is a finitely-additive functional with 0 ≤ νa ≤ μ̄a for every a ∈ A, there is a unique u ∈ L^∞(A) such that ∫ a udμ̄ = ∫ u × χ(a)dμ̄ = νa for every a ∈ A; this is a form of the Radon-Nikodým theorem (Fremlin 74, 63J).

A2G The measure of {0, 1}^I Let I be any set.

(a) Write C for the family of ‘cylinder sets’ of the form

C = {x : x ∈ {0, 1}^I , x↾J = z}

for some finite J ⊆ I, z ∈ {0, 1}^J . In this case write ϕ_0(C) = 2^{−#(J)}. Define ϕ : P({0, 1}^I ) → [0, 1] by

ϕ(A) = inf{ ∑ n∈N ϕ_0(C_n) : ⟨C_n⟩_{n∈N} ∈ C^N, A ⊆ ⋃ n∈N C_n}

for every A ⊆ {0, 1}^I . The usual measure of {0, 1}^I is the measure defined by Carathéodory’s method from the outer measure ϕ. For the rest of this paragraph, I will denote it by μ_I and its domain by Σ_I .

(b) ({0, 1}^N, μ_N) is isomorphic, as measure space, to ([0, 1], μ_L), where μ_L is Lebesgue measure on [0, 1].

(c) Let E be any set in Σ_I . (i) There are sets E^′, E^{′′} belonging to the Baire σ-algebra of {0, 1}^I with E^′ ⊆ E ⊆ E^{′′} and μ_I E^′ = μ_I E = μ_I E^{′′}. (ii) E is expressible in the form H△N where H belongs to the

Baire σ-algebra of {0, 1}^I and N ∈ N_{μI} . (iii) For every ϵ > 0 there is an open-and-closed set H ⊆ {0, 1}^I such that μ_I (E△H) ≤ ϵ.

(d) If (X, Σ, μ) is any complete probability space, then any measure-preserving homomorphism ψ from the measure algebra A_I of {0, 1}^I to the measure algebra A of (X, Σ, μ) can be induced by an inversemeasure -preserving function f : X → {0, 1}^I , in the manner of A2Fe; see Fremlin 89, 2.21 and 4.12, and A2Jd below.

(e) If J ⊆ I, K = I \ J then {0, 1}^I can be identified with {0, 1}^J × {0, 1}^K. Under this identification we have a form of Fubini’s theorem: if f : {0, 1}^I → R is μ_I -integrable, then ∫ f(y, z)μ_K (dz) exists for μ_J -almost all y, and ∫ ∫ f(y, z)μ_K (dz)μ_J (dy) exists and is equal to ∫ f(x)μ_I (dx). (Schwartz 73, pp.

73-74.)

(f) If I is infinite, then the measure algebra A_I of {0, 1}^I is homogeneous as Boolean algebra, that is, is isomorphic to all its non-zero principal ideals (Fremlin 89, 3.6 and 3.7b, or otherwise).

(g) If f : {0, 1}^I → R is Σ_I -measurable there are functions f^′, f^{′′}, both measurable with respect to the Baire σ-algebra of {0, 1}^I , such that f^′(x) ≤ f(x) ≤ f^{′′}(x) for every x ∈ {0, 1}^I and μ_I {x : f^′(x) ≠ f^{′′}(x)} = 0. (Use (c).)

A2H Maharam types Let A be a Boolean algebra.

(a) Write τ(A) for the least cardinal of any subset A of A which ‘completely generates’ A in the sense that the smallest order-closed (that is, closed-under-suprema or ‘complete’) subalgebra of A including A is A itself. (See Koppelberg 89, 13.11).

(b) If A is ccc then #(A) is less than or equal to the cardinal power τ(A)^ω . (Fremlin 89, 6.2b.)

(c) If a ∈ A then τ(A⌈a) ≤ τ(A), where A⌈a is the principal ideal of A generated by a (Koppelberg 89, 13.12).

(d) If A is a measurable algebra (A2Fc) and B ⊆ A is an order-closed subalgebra then τ(B) ≤ τ(A) (Fremlin 89, 6.3b).

(e) A is τ-homogeneous if τ(A⌈a) = τ(A) for every a ∈ A \ {0}.

(f) There is a partition of 1 in A, ⟨a_i⟩_{i∈I} say, such that A⌈a_i is τ-homogeneous for every i ∈ I.

(g) If A is the measure algebra of a measure space (X, Σ, μ) then τ(A) is the Maharam type of μ (or of (X, Σ, μ)). If A is τ-homogeneous I say that μ, or (X, Σ, μ), is Maharam homogeneous.

(h) For any decomposable measure space (X, Σ, μ), there is a partition ⟨X_i⟩_{i∈I} of X such that (i) Σ = {E : E ∈ X, E ∩ X_i ∈ Σ ∀ i ∈ I} (ii) μE = ∑ i∈I μ(E ∩ X_i) for every E ∈ Σ (iii) μ⌈X_i is Maharam homogeneous and totally finite for every i ∈ I.

(i) If (A, μ̄) is a probability algebra, then either A and τ(A) are both finite, or τ(A) is precisely the topological density of A when A is given the metric ρ of A2Fb; this is because a topologically closed subalgebra of A is order-closed, so a set A ⊆ A completely generates A iff the subalgebra of A generated by A is topologically dense in A (Fremlin 89, 2.20).

A2I Maharam’s Theorem (a) If (A, μ̄) is a τ-homogeneous probability algebra, with τ(A) = κ, then it is isomorphic, as measure algebra, to the measure algebra A_κ of {0, 1}^κ (Fremlin 89, 3.8).

(b) If (A, μ̄) and (B, ν̄) are probability algebras, and τ(A) ≤ min{τ(B⌈b) : b ∈ B \ {0}}, then there is a measure-preserving Boolean homomorphism from A to B (Fremlin 89, 3.13a, corrected to read ‘if τ(A) ≤ κ and τ(C) < κ, . . . ’).

(c) If (A, μ̄) is a probability algebra and τ(A) = κ, then it is isomorphic, as measure algebra, to an order-closed subalgebra of A_κ.

A2J Topological measure spaces (a) A quasi-Radon measure space is a quadruple (X, T, Σ, μ) such that (i) (X, Σ, μ) is a complete locally determined measure space (ii) T is a topology on X and T ⊆ Σ (iii) if G is any upwards-directed family in T then μ( ⋃ G) = sup_{G∈G} μG (iv) for every E ∈ Σ, μE = sup{μF : F ⊆ E, F is closed} (v) whenever E ∈ Σ and μE > 0 there is an open set G such that μG < ∞ and μ(E ∩ G) > 0. For the general theory of quasi-Radon measure spaces, see Fremlin 74, Fremlin n82d and Fremlin 84. In particular, note that any quasi-Radon measure space is decomposable (Fremlin 74, 72B) and that any subspace of a quasi-Radon measure space is a quasi-Radon measure space (Fremlin 84, A7Da).

(b) A Radon measure space is a quadruple (X, T, Σ, μ) such that (i) (X, Σ, μ) is a complete locally determined measure space (ii) T is a Hausdorff topology on X and T ⊆ Σ (iii) μE = sup{F : F ⊆ E, F is compact} for every E ∈ Σ (iv) every point of X belongs to some open set of finite measure.

(c) Every Radon measure space is a quasi-Radon measure space (Fremlin 74, 73B). The usual measure on {0, 1}^I (A2G above) is always a Radon measure (see the references in Fremlin 89, 1.16). If (X, T, Σ, μ) is a Radon measure space and E ∈ Σ, then (E, T⌈E, Σ ∩ PE, μ⌈E) is a Radon measure space.

(d) Suppose that (X, T, Σ, μ) is a Radon measure space, with measure algebra (A, μ̄), and that (Y,T, ν) is a complete measure space with measure algebra (B, ν̄). Suppose that μX = νY < ∞ and that ϕ : A → B is a measure-preserving homomorphism. Then there is an inverse-measure -preserving function f : Y → X such that f^{−1}[E]^• = ϕ(E^• ) in B for every E ∈ Σ. (See Fremlin 89, 4.12-4.13.)

(e) If (X, T, Σ, μ) is a totally finite quasi-Radon measure space and f : X → R is a bounded function then ∫ f dμ = inf{ ∫ h dμ : h : X → R is lower semi-continuous and f(x) ≤ h(x) ∀ x ∈ X}.

(Use (a-iv). See Schwartz 73, p. 43.)

(f) If (X, T, Σ, μ) is a totally finite quasi-Radon measure space and F is a uniformly bounded non-empty upwards-directed family of lower semi-continuous functions from X to R, and if f_0(x) = sup_{f ∈F} f(x) for each x ∈ X, then ∫ f_0 dμ = sup_{f ∈F} ∫ f dμ.

(Use (a-iii). See Schwartz 73, p.42.)

A2K Corollary (a) If (X, μ) is a Maharam homogeneous probability space of Maharam type λ ≥ ω, and (Y, ν) is a Radon probability space of Maharam type not greater than λ, then there is an inverse-measure - preserving function f : X → Y .

(b) If (X, T, Σ, μ) is a Radon probability space, E ⊆ Σ is a collection of measurable sets, Σ_0 is the σsubalgebra of Σ generated by E, and λ ≥ max(ω, #(E)) is a cardinal, there is a function g : {0, 1}^λ → X such that μ_λg^{−1}[E] is defined and equal to μE for every E ∈ E, where μ_λ is the usual measure of {0, 1}^λ.

(c) If (X, μ) is a complete atomless probability space, there is a function f : X → [0, 1] which is inversemeasure -preserving for μ and Lebesgue measure on [0, 1].

proof (a) Let A be the measure algebra of (X, μ) and B the measure algebra of (Y, ν). By A2Ib there is a measure-preserving homomorphism ϕ : B → A, which by A2Jd is induced by an inverse-measure -preserving f : X → Y .

(b) Let κ be the greater of λ and the Maharam type of (X, μ). Then there is an inverse-measure - preserving f : {0, 1}^κ → X, by (a). For each E ∈ E there are Baire sets G_E , H_E ⊆ {0, 1}^κ such that G_E ⊆ g^{−1}[E] ⊆ H_E and μ_κH_E = μE = μ_κG_E . Now there is a countable set I_E ⊆ κ such that both G_E and H_E factor through the canonical map π_{IE} : {0, 1}^κ → {0, 1}^{IE} ; that is, G_E = π^{−1}_{IE} [π_{IE} [G_E ]], and similarly for H_E . Let I ⊆ κ be a set of cardinal λ including I_E for every E ∈ E. Let z be any point of {0, 1}^{κ\I} and set h(x) = (x, z) for each x ∈ {0, 1}^I , identifying {0, 1}^κ with {0, 1}^I × {0, 1}^{κ\I} . If E ∈ E then π_I [G_E ] ⊆ h^{−1}[f^{−1}[E]] ⊆ π_I [H_E ] so μ_I h^{−1}[f^{−1}[E]] = μ_κG_E = μ_κH_E = μE. So if we set g = fh : {0, 1}^I → X we shall have μ_I g^{−1}[E] = μE for every E ∈ E, and therefore for every E ∈ Σ_0. But of course ({0, 1}^I , μ_I ) ∼= ({0, 1}^λ, μ_λ), so this proves the result.

(c) Argue as in (a), or as in Fremlin 84, A6Ib.

A2L Hyperstonian spaces (a) If (X, Σ, μ) is a totally finite measure space, its hyperstonian space is the Radon measure space (Z, S,T, ν), where (Z, S) is the Stone space of the measure algebra (A, μ̄) of

(X, Σ, μ), and ν is the unique Radon measure on Z such that νE^∗ = μE for every E ∈ Σ, where I write E^∗ for the open-and-closed subset of Z corresponding to the image E^• of E in A. (See Fremlin 89, 2.13-2.14.) In this case, (A, μ̄) is isomorphic, as measure algebra, to the measure algebra of (Z, T, ν) (Fremlin 89, 2.13).

(b) If (X, T, Σ, μ) is a compact Radon measure space and (Z, S,T, ν) is its hyperstonian space, then there is a unique continuous function f : Z → X such that ν(E^∗△f^{−1}[E]) = 0 for every E ∈ Σ. This f is of course inverse-measure -preserving; it is the canonical map from Z to X. (See Fremlin 89, 2.17-2.18.)

(c) If (X, Σ, μ) is any totally finite measure space and (Z, S, T, ν) is hyperstonian space, then for every F ∈ T, ϵ > 0 there is a compact open set W ⊆ F such that νW ≥ νF − ϵ (Fremlin 89, 2.14).

Version of 18.9.92

A2M Lemma Let (X, Σ, μ) be a probability space.

(a) Let ⟨E_n⟩_{n∈N} be a family in Σ such that inf_{n∈N}μE_n = δ > 0. Then there is an x ∈ X such that {n : n ∈ N, x ∈ E_n} is infinite.

(b) Let ⟨E_α⟩_{α<ω1} be a family in Σ \ N_μ. Then there is an x ∈ X such that {α : α < ω_1, x ∈ E_α} is infinite.

proof (a) Set F_n = ⋃ m≥n E_m for n ∈ N; then ⟨F_n⟩_{n∈N} is a decreasing sequence and μF_n ≥ δ > 0 for every n ∈ N. So ⋂ n∈N F_n ≠ ∅; take any x ∈ ⋂ n∈N F_n; this x must belong to infinitely many of the E_n.

(b) There is a δ > 0 such that A = {α : α < ω_1, μE_α > 0} is infinite. Now apply (a) to ⟨E_{α(n)}⟩_{n∈N} for any strictly increasing sequence ⟨α(n)⟩_{n∈N} in A.

Remark For related results see 9A and A2U; also Kanamori & Magidor 78, p. 166, and Fremlin 87, 1E. A2N Lemma Let (X, Σ, μ) be a probability space and T_0 a subalgebra of Σ. Suppose that ⟨C_n⟩_{n∈N} is a sequence of members of Σ which are stochastically independent of each other and of T_0, that is, μ(E ∩ ⋂ i∈I C_i) = μE ∏ i∈I μC_i for every E ∈ T_0, I ⊆ N. If now f is a μ-integrable real-valued function on X and ⟨E_n⟩_{n∈N} is any sequence in T_0,

ϕ_n(f) = ∫ E_n∩C_n f − μCn. ∫ E_n f → 0

as n → ∞.

proof Consider first the case f = χF where F = E ∩ ⋂ i∈I C_i for some E ∈ T_0, I ∈ [N]^{<ω}; this is trivial.

It follows that lim_{n→∞} ϕ_n(f) = 0 whenever f = χF for some set F in the subalgebra T_1 of Σ generated by T_0 ∪ {C_n : n ∈ N}. Also, of course, |ϕ_n(f) − ϕ_n(g)| ≤ 2 ∫ |f − g| for all n ∈ N, integrable f and g, so lim_{n→∞} ϕ_n(f) will be 0 for every T-measurable integrable function f, where T is the σ-subalgebra of Σ generated by T_1. Finally, for a general μ-integrable f, the Radon-Nikodým theorem (Royden 63, chap. 11, §5) tells us that there is a T-measurable g such that ∫ F f = ∫ F g for every F ∈ T, so that ϕ_n(f) = ϕ_n(g) → 0 as n → ∞.

A2O Definition Let (X, μ) be a measure space and E, F two real linear spaces in duality. Say that a function x → u_x : X → E is F -scalarly measurable if x → (f|u_x) : X → R is measurable for every f ∈ F .

A2P(a) Let X be a set and A any family of sets. Write

cov(X, A) = min{#(B) : B ⊆ A, X ⊆ ⋃ B} if X ⊆ ⋃ A, = ∞ otherwise.

(b) For a Radon measure space (X, T, Σ, μ), we have cov(X, N_μ) = 0 iff X = ∅ and cov(X, N_μ) = 1 iff X ≠ ∅ and μX = 0. In any other case, consider the least cardinal κ for which there is an E ∈ Σ with 0 < μE < ∞ and (E, Σ ∩ PE, μ⌈E) is Maharam homogeneous of Maharam type κ; then

cov(X, N_μ) = cov({0, 1}^κ, N_{μκ} ),

where μ_κ is the usual Radon measure on {0, 1}^κ. (See Fremlin 89, 6.14c and 6.15c.) If we write δ_κ = cov({0, 1}^κ, N_{μκ} ) for infinite cardinals κ, then δ_κ ≤ δ_λ whenever ω ≤ λ ≤ κ (Fremlin 89, 6.17(d-i), so there is a least κ_0 such that δ_κ = δ_{κ0} = δ say for every κ ≥ κ_0, and this δ is precisely the least value of cov(X, N_μ) for any non-trivial Radon measure space (X, μ). Moreover, if δ_κ ≤ λ ≤ κ then δ_λ = δ_κ (Fremlin 89, 6.17(d-ii)); it follows that if δ_κ ≥ κ then δ ≥ κ and if δ_κ > κ then δ > κ.

A2Q Liftings Let (X, Σ, μ) be a measure space, with measure algebra A.

(a) A lifting of (X, Σ, μ) is a Boolean homomorphism θ : A → Σ such that (θa)^• = a for every a ∈ A.

(b) The Lifting Theorem If (X, Σ, μ) is complete and decomposable it has a lifting (Fremlin 89, 4.4, or Ionescu Tulcea & Ionescu Tulcea 69, chap. IV, Theorem 3).

(c) If (X, Σ, μ) is a complete probability space, Σ_0 ⊆ Σ is a σ-subalgebra and A_0 = {E^• : E ∈ Σ_0} is the corresponding order-closed subalgebra of A = Σ/N_μ, then any lifting θ_0 : A_0 → Σ_0 extends to a lifting θ : A → Σ (follow the standard proof of the lifting theorem as given in Fremlin 89 or Ionescu Tulcea & Ionescu Tulcea 69).

(d) If (X, Σ, μ) is a complete probability space and θ : A → Σ is any lifting, then ⋃ a∈A θ(a) ∈ Σ for every A ⊆ A. (Ionescu Tulcea & Ionescu Tulcea 69, §V.3.)

A2R Lemma Let (X, Σ, μ) be a probability space, λ a cardinal of uncountable cofinality, ⟨E_ξ ⟩_{ξ<λ} a family of measurable non-negligible sets in X, and 1 ≤ l ∈ N. Then there is a set W ⊆ λ, of cardinal λ, such that ⋂ ξ∈L E_ξ ≠ ∅ for every L ∈ [W ]^l.

proof See Argyros & Kalamidas 82, or Comfort & Negrepontis 82, Theorem 6.15, or Fremlin 88, Proposition 7, where various stronger results are proved.

Remark For the following results, we need only the case X = {0, 1}^I , which is usefully simpler than the general case.

A2S Lemma Let (X, Σ, μ) be a probability space, and Σ_0 a σ-subalgebra of Σ; set μ_0 = μ↾Σ_0 and let μ^∗_0 be the outer measure on X defined from μ_0. Let τ_0 be the Maharam type of μ_0. Suppose that λ is a cardinal with cf(λ) > max(ω, τ_0), and ⟨E_ξ ⟩_{ξ<λ} a family in Σ with inf_{ξ<λ} μE_ξ = γ > 0. Then for any γ^′ < γ, 1 ≤ l ∈ N there is a W ∈ [λ]^λ such that μ^∗_0( ⋂ ξ∈L E_ξ ) ≥ γ^′ for every L ∈ [W ]^l.

Remark For this paper we need only the case τ_0 = ω, λ = ω_1.

proof (a) Consider first the special case in which X = {0, 1}^I for some set I, with μ the usual measure on X, and there is a J ⊆ I of cardinal τ_0 such that Σ_0 = {π^{−1}_J [F ] : F ∈ Σ_J }, writing Σ_J for the domain of the usual measure μ_J on {0, 1}^J , and π_J : X → {0, 1}^J for the canonical map.

(i) We may regard X as the product {0, 1}^J × {0, 1}^{I\J} . Set δ = (γ − γ^′)/(l + 1) > 0. For ξ < λ, z ∈ {0, 1}^{I\J} set E_{ξz} = {y : y ∈ {0, 1}^J , (y, z) ∈ E_ξ }.

Then ∫ μ_J E_{ξz}μ_{I\J} (dz) = μE_ξ ≥ γ

by Fubini’s theorem (A2Ge). Set G_ξ = {z : z ∈ {0, 1}^{I\J} , μ_J E_{ξz} exists ≥ γ};

then μ_{I\J} G_ξ exists and is greater than 0. Let H_ξ ⊆ X be an open-and-closed set such that μ(E_ξ △H_ξ) ≤ δμ_{I\J} G_ξ (A2Gc), and set H_{ξz} = {y : (y, z) ∈ H_ξ } for z ∈ {0, 1}^{I\J} . Then ∫ μ_J (E_{ξz} △H_{ξz})μ_{I\J} (dz) = μ(E_ξ △H_ξ) ≤ δμ_{I\J} G_ξ ,

so μ_{I\J} G^′_ξ > 0, where G^′_ξ = {z : z ∈ G_ξ , μ_J (E_{ξz} △H_{ξz}) ≤ δ}.

Finally, observe that because H_ξ is open-and-closed the set of sections H_{ξz} is finite, and there is an openand-closed set F_ξ ⊆ {0, 1}^J such that μ_{I\J} G^{′′}_ξ > 0, where

G^{′′}_ξ = {z : z ∈ G^′_ξ, H_{ξz} = F_ξ }.

(ii) The number of open-and-closed sets in {0, 1}^J is at most max(ω, #(J)) < cf(λ). So there is an open-and-closed set F ⊆ {0, 1}^J such that U = {ξ : ξ < λ, F_ξ = F } has cardinal λ. Next, by A2R above, there is a W ⊆ U such that #(W ) = λ and ⋂ ξ∈L G^{′′}_ξ ≠ ∅ whenever L ∈ [W ]^l.

Take any L ∈ [W ]^l. There is a z ∈ ⋂ ξ∈L G^{′′}_ξ . For each ξ ∈ L, μ_J E_{ξz} exists ≥ γ, μ_J (E_{ξz} △H_{ξz}) ≤ δ and H_{ξz} = F_ξ = F . So μ_J F ≥ γ − δ and μ_J ( ⋂ ξ∈L E_{ξz} ) ≥ μ_J F − lδ ≥ γ^′.

Now if F^′ ∈ Σ_J and π^{−1}_J [F^′] ⊇ ⋂ ξ∈L E_ξ , we must have F^′ ⊇ ⋂ ξ∈L E_{ξz} , so

μ(π^{−1}_J [F^′]) = μ_J F^′ ≥ γ^′.

As F^′ is arbitrary, μ^∗_0( ⋂ ξ∈L E_ξ) ≥ γ, as required.

(b) It follows that if (A, μ̄) is a probability algebra, A_0 is a order-closed subalgebra of A, λ is a cardinal with cf(λ) > max(ω, τ(A_0)), ⟨a_ξ ⟩_{ξ<λ} is a family in A with inf_{ξ<λ} μ̄a_ξ = γ > 0, 1 ≤ l ∈ N and γ^′ < γ, then there is a W ∈ [λ]^λ such that

min{μ̄b : b ∈ A_0, b ⊇ inf_{ξ∈L} a_ξ} ≥ γ^′

whenever L ∈ [W ]^l. PP We can embed A as a subalgebra of the measure algebra A_I of {0, 1}^I for some set I (A2Ib). If we take a set B ⊆ A_0 of cardinal τ(A_0) which completely generates A_0, then for each b ∈ B we can find a set G_b ⊆ X = {0, 1}^I , belonging to the Baire σ-algebra of X, such that b = G^•_b in A; now there is a set J ⊆ I, of cardinal at most max(ω, #(B)), such that every G_b belongs to Σ_0, if we define Σ_0 from J as in part (a) above.

Set A_1 = {G^• : G ∈ Σ_0}, so that A_1 is a order-closed subalgebra of A and A_0 ⊆ A_1. Let Σ_J be the algebra of measurable subsets of {0, 1}^J , and A_J the measure algebra of {0, 1}^J . Then the inverse-measure-preserving map π_J : X → {0, 1}^J induces an isomorphism ϕ between A_1 and A_J , taking ϕ(π^{−1}_J [G]^•) = G^• for every G ∈ Σ_J . By the lifting theorem (A2Qb) there is a lifting θ_J : A_J → Σ_J . So we have a corresponding Boolean homomorphism θ_1 : A_1 → Σ_0 given by setting θ_1(a) = π^{−1}_J [θ_J (ϕ(a))] for each a ∈ A_1. As remarked in A2Qc, there is an extension θ of θ_1 to a lifting from A to Σ.

Set E_ξ = θ(a_ξ ) for each ξ < λ. By part (a) above, because cf(λ) > max(ω, #(J)), there is a set W ∈ [λ]^λ such that μ^∗_0( ⋂ ξ∈L E_ξ ) ≥ γ^′ whenever L ∈ [W ]^l. Now suppose that L ∈ [W ]^l and that b ∈ A_0, b ⊇ inf_{ξ∈L} a_ξ.

Then θ(b) ⊇ ⋂ ξ∈L E_ξ and θ(b) ∈ Σ_0, so

μ̄b = μ(θ(b)) ≥ μ^∗_0( ⋂ ξ∈L E_ξ ) ≥ γ^′.

Thus we have the set W we need. QQQ

(c) We are now ready for the general case of the lemma. Let (A, μ̄) be the measure algebra of (X, Σ, μ) and set A_0 = {G^• : G ∈ Σ_0}, a_ξ = E^•_ξ for each ξ < λ. By (b), there is a W ∈ [λ]^λ such that μ̄b ≥ γ^′ whenever L ∈ [W ]^l, b ∈ A_0 and b ⊇ inf_{ξ∈L} a_ξ. Now if L ∈ [W ]^l and G ∈ Σ_0 and G ⊇ ⋂ ξ∈L E_ξ , b = G^• ∈ A_0 and b ⊇ inf_{ξ∈L} a_ξ, so that μ_0G = μG = μ̄G^• ≥ γ^′. As G is arbitrary, μ^∗_0( ⋂ ξ∈L E_ξ) ≥ γ^′; as L is arbitrary, we have the required family W .

A2T Precalibers If A is a Boolean algebra and λ is a cardinal, then λ is a precaliber of A if for every family ⟨a_ξ ⟩_{ξ<λ} in A \ {0} there is a set D ∈ [λ]^λ such that {a_ξ : ξ ∈ D} is centered, that is, inf_{ξ∈I} a_ξ ≠ 0 for any non-empty finite I ⊆ D.

A2U Proposition Let (X, Σ, μ) be a complete probability space with measure algebra (A, μ̄), and λ a cardinal of uncountable cofinality which is not a precaliber of A.

(a) There is a family ⟨E_ξ ⟩_{ξ<λ} in N_ν such that ⋃ ξ<λ E_ξ ∈ Σ \ N_μ.

(b) If λ is regular, there is an increasing family ⟨E_ξ ⟩_{ξ<λ} in N_μ such that ⋃ ξ<λ E_ξ ∈ Σ \ N_μ.

proof Let ⟨a_ξ ⟩_{ξ<λ} be a family in A \ {0} with no centered subfamily of cardinal λ. Let θ : A → Σ be a lifting (A2Q). If D ∈ [λ]^λ then {a_ξ : ξ ∈ D} is not centered so there is a finite set I ⊆ D such that ⋂ ξ∈I θ(a_ξ ) = θ(inf_{ξ∈I} a_ξ) = ∅. Consequently #({ξ : x ∈ θ(a_ξ )}) < λ for every x ∈ X.

(a) Choose inductively countable sets C_α ⊆ λ, for α < λ, such that

C_α ⊆ λ \ ⋃ β<α C_β ,

sup{a_ξ : ξ ∈ C_α} = sup{a_ξ : ξ ∈ λ \ ⋃ β<α C_β }

for each α < λ. Setting s_α = μ̄(sup{a_ξ : ξ ∈ C_α}) for each α, we see that ⟨s_α⟩_{α<λ} is decreasing; as cf(λ) > ω, there is a γ < λ such that s_γ = s_α for γ ≤ α < λ. Set

H_α = ⋃ {θ(a_ξ) : ξ ∈ C_α}

for α < λ. Then ⋂ α<λ H_α = ∅, because the C_α are disjoint. Also μ(H_γ \ H_α) = 0 for every α, because H^•_α = sup{a_ξ : ξ ∈ C_α} in A. So if we set E_ξ = H_γ \ H_ξ , we have a witness for (a).

(b) Now suppose that λ is regular. For each α < λ set H^′_α = ⋃ α≤ξ<λ θ(aξ ); then H ′ α ∈ Σ (A2Qd).

The family ⟨H^′_α⟩_{α<λ} is decreasing; because cf(λ) > ω, there is a γ < λ such that μH^′_α = μH_γ whenever γ ≤ α < λ. ?? If x ∈ ⋂ α<λ H^′_α, set D = {ξ : x ∈ θ(a_ξ)}; then D is cofinal with λ so (because λ is regular) #(D) = λ. XX Thus ⋂ α<λ H_α = ∅. But now ⟨H_γ \ H_α⟩_{α<λ} is an increasing family in N_μ with union H_γ ∈ Σ \ N_μ.

A2V More topological measure spaces Let X be a topological space. A Borel measure on X is a measure μ with domain the algebra B of Borel subsets of X. A Borel measure μ on X is τ-additive if μ( ⋃ G) = sup_{G∈G} μG for every non-empty upwards-directed family G of open sets in X. (If X is regular, a totally finite Borel measure on X is τ-additive iff its completion is a quasi-Radon measure.) X is Borel measure-complete if every totally finite Borel measure on X is τ-additive. A Borel measure μ on X is inner regular for the compact sets if μE = sup{μK : K ⊆ E is compact} for every E ∈ B. (If X is Hausdorff and μ is a totally finite Borel measure on X, μ is inner regular for the compact sets iff its completion is a Radon measure.) X is Radon if it is Hausdorff and every totally finite Borel measure μ on X is inner regular for the compact sets. Evidently a Radon topological space is Borel measure-complete. See Gardner & Pfeffer 84.

A2W Proposition Let X be a complete metric space.

(a) A semi-finite τ-additive Borel measure on X is inner regular for the compact sets. (b) X is Radon iff it is Borel measure-complete.

proof (a) It will be enough to show that a totally finite τ-additive Borel measure on X is inner regular for the compact sets. Let μ be such a measure. Let E ⊆ X be a Borel set and ϵ > 0.

For each n ∈ N let G_n be the family of open sets of diameter less than or equal to 2^{−n}; then ⋃ G_n = X.

Because μ is τ-additive there is a finite H_n ⊆ G_n such that μ( ⋃ H_n) ≥ μX − 2^{−n}ϵ. Set K_0 = ⋂ n∈N ⋃ H_n;

then K_0 is closed and totally bounded, therefore compact, and μK_0 ≥ μX − 2ϵ.

Now K_0 is compact and metrizable, so the Borel measure μ⌈K_0 is inner regular for the compact sets (Schwartz 73, p. 117, Proposition 6). Consequently

μE ≤ μ(E ∩ K_0) + 2ϵ ≤ sup{μK : K ⊆ E is compact} + 2ϵ.

As E and ϵ are arbitrary, μ is inner regular, as claimed.

(b) follows at once.

A2X Strong Law of Large Numbers We need this classical result in the following form. If (X, Σ, μ) is a probability space and ⟨h_i⟩_{i∈N} is a uniformly bounded sequence of measurable real-valued functions on X, then for almost all ⟨t_i⟩_{i∈N} ∈ X^N we have

lim_{n→∞}^1_{n+1} ∑ i≤n(h(t_i) − ∫ h_i) = 0.

A proof may be found in Shiryaev 84, chap. IV, §3, Theorem 2 (p. 364).

A2Y Lemma If (X, Σ, μ) is a Maharam homogeneous totally finite measure space and μ_1 is another measure on X with domain Σ such that μ_1E ≤ μE for every E ∈ Σ and μ_1X > 0, then μ and μ_1 have the same Maharam type.

proof Take E ∈ N_{μ1} such that μE is maximal. Then N_{μ1} = {A : A ⊆ X, A \ E ∈ N_μ}. So the measure algebra PX/N_{μ1} is isomorphic (as Boolean algebra) to the principal ideal of PX/N_μ generated by (X \ E)^•; which has the same Maharam type as the whole algebra PX/N_μ.

Version of 14.11.91

A3. General topology

We need only a handful of definitions and a couple of standard theorems.

A3A If X is any topological space, a regular open set in X is an open subset G of X such that G = int G. Now the family G of all regular open subsets of X is a Boolean algebra, taking G ∧ H = G ∩ H, G ∨ H = int G ∪ H, 1 \ G = int (X \ G) for G, H ∈ G; G is the regular open algebra of X. (See Koppelberg 89, 1.36-1.37.)

A3B If X is any topological space, its Baire σ-algebra is the σ-algebra of subsets of X generated by the zero sets, that is, by sets of the form f^{−1}[{0}] where f : X → R is continuous. When X = {0, 1}^λ this is precisely the σ-algebra generated by sets of the form {x : x(ξ) = 1} for ξ < λ.

A3C Definitions (a) A Moore space is a regular Hausdorff topological space X with a sequence ⟨G_n⟩_{n∈N} of open covers such that for any x ∈ X, any neighbourhood U of x there is an n ∈ N such that ⋃ {G : x ∈ G ∈ G_n} ⊆ U. (Engleking 89, p. 334.)

(b) An indexed family ⟨F_i⟩_{i∈I} of subsets of a topological space X is discrete if for every x ∈ X there is an open set containing x which meets F_i for at most one i ∈ I. An indexed family ⟨x_i⟩_{i∈I} of points of X is discrete if for every x ∈ X there is an open set containing x which contains x_i for at most one i. (Engelking 89, p. 16.)

(c) A topological space X is collectionwise normal if for every discrete family ⟨F_i⟩_{i∈I} of closed sets in X there is a disjoint family ⟨G_i⟩_{i∈I} of open sets such that F_i ⊆ G_i for every i ∈ I. (Engelking 89, p. 305.)

A3D Proposition A collectionwise normal Moore space is metrizable.

proof Engelking 89, Theorem 5.4.1.

A3E Definitions Let X be a topological space.

(a) The density of X, d(X), is the least cardinal of any dense subset of X. (Engelking 89, p. 25.)

(b) If x ∈ X then χ(x, X) is the least cardinal of any base of neighbourhoods of x in X. (Engelking 89, p. 12.)

(c) The weight of X, w(X), is the least cardinal of any base for the topology of X. (Engleking 89, p. 12.)

A3F Proposition Let X be a metrizable topological space. (a) There is a discrete family ⟨x_ξ ⟩_{ξ<d(X)} in X.

(b) There is a base for the topology of X which is expressible as {G_{ni} : n ∈ N, i ∈ I_n} where ⟨G_{ni}⟩_{i∈In} is discrete for each n ∈ N.

proof (a) is elementary; see Engelking 89, 4.1.15. (b) is Theorem 4.4.3 of Engelking 89.

Version of 10.12.91

A4. Indescribable cardinals

For the second half of §4 above, we need some ideas from elementary model theory. The point is that certain results of the form ‘if κ is a real-valued-measurable cardinal, there are many α < κ such that Φ(α)’ can be effectively approached through an analysis of the logical structure of the assertion ‘Φ(α)’. Here I describe a second-order language L which provides a suitable classification of most of the sentences we are interested in.

A4A The language L Let L be the primitive second-order language in which there are countable infinities of first-order variables x, y, . . . and second-order relational variables R, S, . . . ; it being understood that each relational variable S has a determinate number of places, so that an expression ‘∀S’ must be read as ‘for every n-place relation S’ for some n, whose value should be evident from the use of S in the rest of the formula. Atomic formulae of L are of the form S(y_1, . . . , y_n), where S is an n-place relation symbol, and compound formulae are constructed from these with the ordinary logical connectives ∧ (‘and’), ∨ (‘or’), ¬ (‘not’), → (‘implies’) etc., and quantifiers ∀S, ∃S, ∀y, ∃y. We can now define a notion of satisfaction (A; C_1, . . . , C_k; a_1, . . . , a_m) ⊨ ϕ where A is a set, C_1, . . . , C_k are finitary relations on A, a_1, . . . , a_m are points of A, and ϕ is a formula of L with k free relational variables (of place-numbers matching the place-numbers of the C_i) and m free first-order variables. See Chang & Keisler 73, §1.3, or Ebbinghaus Flum & Thomas 84, §IX.1 for a proper discussion of ‘satisfaction’; intuitively, (A; C_1, . . . , C_k; a_1, . . . , a_m) ⊨ ϕ means that ϕ(C_1, . . . , C_k, a_1, . . . , a_m) is ‘true’ when bound variables in ϕ are taken to run over the members of A or the relations on A.

There is a problem here; of course the assertion (A; C_1, . . . , C_k; a_1, . . . , a_m) ⊨ ϕ depends on an assumed assignment of the relations C_i and points a_j to the free variables of ϕ. For our purposes here it will possible to adhere to the convention (an impracticable one for any extended work) that (A; C_1, . . . , C_k; a_1, . . . , a_m) ⊨ ϕ includes the assertion that the names of the free variables of ϕ are R_i, x_j , with 1 ≤ i ≤ k and 1 ≤ j ≤ m; that each R_i has the same number of places as the corresponding C_i; and that in the interpretation of ϕ the relations C_i are assigned to the variables R_i and the points a_j are assigned to the variables x_j .

It will be convenient on occasion to write the formulae above without checking on the domains of the relations C_i nor on whether every a_j belongs to A. In this case it is to be understood that (A; C_1, . . . , C_k; a_1, . . . , a_m) ⊨ ϕ means a_1, . . . , a_m ∈ A and (A; C_1↾A, . . . , C_k↾A; a_1, . . . , a_m) ⊨ ϕ, where C_i↾A is the restriction of the relation C_i to A.

A4B Π^1_n formulae Among the formulae of L we can distinguish the Π^1_n and Σ^1_n formulae, as follows. A Π^1_0 or Σ^1_0 formula is one in which all quantifiers are of the form ∀y or ∃y. A Π^1_{n+1} formula is one of the form ∀S_1∀S_2 . . . ∀S_kϕ where ϕ is Σ^1_n; a Σ^1_{n+1} formula is one of the form ∃S_1 . . . ∃S_kϕ where ϕ is Π^1_n. (Here I allow, conventionally, k = 0, so that a Π^1_n formula is also Σ^1_{n+1} and Π^1_{n+1}.) Examples It may help readers new to these ideas if I give some examples. I concentrate on the properties of cardinals and ordinals because that is the context in which we shall be working.

(i) If we say ‘(X, ≤) is totally ordered’ we are saying just that (X; =, ≤; ) ⊨ ϕ_1, where ϕ_1 is the Π^1_0 formula

∀u∀v∀w ( (R_2(u, v) ∧ R_2(v, w)) → R_2(u, w) ) ∧ ( (R_2(u, v) ∧ R_2(v, u) ↔ R_1(u, v) ) ∧ ( R_2(u, v) ∨ R_2(v, u) ) .

(ii) If we say ‘(X, ≤) is well-ordered’ we are saying just that (X; =, ≤; ) ⊨ ϕ_2, where ϕ_2 is the Π^1 formula

∀S(∃aS(a)) → ∃b ( S(b) ∧ ∀c(S(c) → R_2(b, c)) ) ∧ ϕ_1.

(iii) If we say ‘(X, ≤) is well-ordered and its order type is a limit cardinal’, we are saying that (X; =, ≤ ; ) ⊨ ϕ_3, where ϕ_3 is the formula ∃G∀F ∀x∃y ( χ(G) ∧ G(x, y)

∧ χ(F ) → (∃zR_2(z, y) ∧ (∀tR_2(t, x) → ¬F (t, z))) ) ∧ ϕ_2, χ(F ) being an abbreviation for the formula ∀u∀v∀w(F (u, v) ∧ F (u, w)) → R_1(v, w).

If we move the quantifier ∀S in ϕ_2 up with ∀F , we get a Σ^1_2 formula logically equivalent to ϕ_3.

A4C Indescribability (a) Let n ∈ N. An ordinal α is weakly Π^1_n-indescribable if it is not 0 and whenever C_1, . . . , C_k are relations on α, ξ_1, . . . , ξ_m < α and ϕ is a Π^1_n formula such that (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ, then there is an ordinal β < α such that (β; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ.

I will say that α is weakly Π^2_0-indescribable if it is weakly Π^1_n-indescribable for every n ∈ N.

(b) If α is weakly Π^1_n-indescribable and ϕ is a Π^1_n formula, C_1, . . . , C_k are relations on α, ξ_1, . . . , ξ_m are ordinals less than α, and (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ, then we have a non-empty set A(ϕ, C_1, . . . , C_k, ξ_1, . . . , ξ_m) = {β : β < α, (β; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ} ⊆ α.

The intersection of two such sets is another (because ϕ ∧ ψ is logically equivalent to a Π^1_n formula whenever ϕ and ψ are), so they generate a filter on α; this is the Π^1_n-filter of α. The dual ideal is the Π^1_n-ideal of α.

In the same way, if α is weakly Π^2_0-indescribable then it has a Π^2_0-filter, which is just the union of its Π^1_n-filters, and a dual Π^2_0-ideal.

It will be convenient to say that if α is an ordinal which is not weakly Π^1_n-indescribable, then its ‘Π^1_n-ideal’ is Pα; and similarly that the Π^2_0-ideal of α is Pα if α is not weakly Π^2_0-indescribable. Remark A subset of α belongs to the Π^1_n-filter on α iff it is Π^1_n-enforceable at α in the terminology of Lévy 71. Baumgartner Taylor & Wagon 77 use the phrase ‘ordinal Π^1-indescribable’ where I write ‘weakly Π^1-indescribable’.

A4D Proposition (a) A weakly Π^1_0-indescribable ordinal θ is an uncountable regular cardinal, and every closed unbounded set in θ belongs to the Π^1_0-filter of θ.

(b) c is not weakly Π^1-indescribable. proof (a)(i) If α is a successor ordinal then (α; =; α − 1) ⊨ R_1(x_1, x_1), (β; =; α − 1) ⊭ R_1(x_1, x_1) ∀ β < α.

(ii) If α = ω then (α; <; 0) ⊨ ∀y_1∃y_2 R_1(y_1, y_2) but

(β; <; 0) ⊭ ∀y_1∃y_2 R_1(y_1, y_2) for every β < α.

(iii) If ω ≤ cf(α) < α take ξ < α and f : ξ → α such that f[ξ] is cofinal with α; let F be the corresponding binary relation, so that F (η, ζ) iff f(η) = ζ; then (α; <, F ; ξ) ⊨ ∀y(R_1(y, x_1) → ∃z R_2(y, z)), but (β; <, F ; ξ) ⊭ ∀y(R_1(y, x_1) → ∃z R_2(y, z)), for every β < α.

(iv) Thus θ cannot be either a successor, nor ω, nor of cofinality less than θ, and must be an uncountable regular cardinal.

Let C be any closed unbounded set in θ. Write F (ξ, η) for ‘ξ ≤ η ∈ C’. Then (θ; F ; 0) ⊨ ∀y∃z R_1(y, z), and if α < θ is such that (α; F ; 0) ⊨ ∀y∃z R_1(y, z) then α ∈ C. So C belongs to the Π^1_0-filter of θ.

(b) Let f : c → Pω be a surjection, and write F (ξ, η) for ‘η ∈ f(ξ)’. Let ϕ be the formula ∀S∃y∀z(R_1(z, x_1) → (S(z) ↔ R_2(y, z))).

Then for α ≤ c, (α; <, F ; ω) ⊨ ϕ means just that f[α] = Pω, which is true iff α = c. Because ϕ is a Π^1 formula, c is not weakly Π^1- indescribable.

Remarks (a) In fact, an ordinal α is weakly Π^1_0-indescribable iff it is a regular uncountable cardinal, and in this case its Π^1_0-filter is just the filter generated by the closed unbounded sets. See Lévy 71, Theorem 6, or Hanf & Scott 61.

(b) Of course the argument above shows that 2^λ is not weakly Π^1-indescribable for any cardinal λ. More generally, no cardinal power λ^θ can be weakly Π^1-indescribable if 1 < λ < λ^θ.

A4E For the next theorem we need names for some relations on the class On of ordinals. (i) Let p : On× On → On be the bijection corresponding to the familiar well-ordering of On× On: p(ξ, η) < p(ξ^′, η^′) iff either max(ξ, η) < max(ξ^′, η^′) or max(ξ, η) = max(ξ^′, η^′) and ξ < ξ^′ or ξ = ξ^′ and η < η^′. Let P_1 be the corresponding ternary relation on On, so that P (ξ, η, ζ) iff p(ξ, η) = ζ. (ii) Let P_2, P_3 be the ternary relations on On corresponding to ordinal addition and multiplication. (iii) Let q_1 and q_2 be the projections of p^{−1}, so that ξ = p(q_1(ξ), q_2(ξ)) for every ξ ∈ On. Let P_4 be the ternary relation corresponding to the function (l, ξ) → q_2(q^l_1(ξ)) : ω × On → On.

Theorem For each n ≥ 1 there is a Π^1_n formula ϕ such that whenever ψ is a Π^1_n formula, C_1, . . . , C_k are relations on On, ξ_1, . . . , ξ_m are ordinals, then there is a one-place relation C on On such that for every infinite cardinal α (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ψ ⇐⇒ (α; <, P_1, P_2, P_3, P_4, C; ) ⊨ ϕ.

proof Lévy 71, Theorem 8.

A4F Theorem Let κ be a weakly Π^1_n-indescribable cardinal, where n ≥ 1. Then the Π^1_n-filter on κ is a normal filter closed under Mahlo’s operation. proof Lévy 71, Theorems 9 and 15.

A4G Theorem Let κ be a weakly Π^1_{n+1}-indescribable cardinal, where n ∈ N. Then the set of weakly Π^1_n-indescribable cardinals less than κ belongs to the Π^1_{n+1}-filter on κ. proof Lévy 71, Theorem 16b.

A4H Theorem Let κ be an infinite cardinal and A a subset of κ. Then the following are equivalent: (a) A does not belong to the Π^1-ideal of κ (so that, in particular, κ is weakly Π^1-indescribable);

(b) A is Π^1-fully stationary in the sense of 4D.

proof (a)⇒(b)(i) ?? Suppose, if possible, that (a) is true but (b) is false. Let ⟨f_ξ⟩_{ξ<κ} be a family of regressive functions on κ witnessing not-(b); that is, such that there is no uniform ultrafilter F on κ, containing A, for which lim_{α→F} f_ξ(α) exists for every ξ. Because κ is regular (A4Da), this means that for any g ∈ κ^κ the family {A \ ζ : ζ < κ} ∪ {f^{−1}_ξ [{g(ξ)}] : ξ < κ} is not included in any ultrafilter on κ, that is, does not have the finite intersection property. So we have ∀ g ∈ κ^κ ∃ ζ < κ, I ∈ [κ]^{<ω} such that ∀ η ∈ A \ ζ ∃ ξ ∈ I such that g(ξ) ≠ f_ξ(η). (*) Evidently (*) can be coded as a Π^1 formula; the details are as follows. Let h : κ → [κ]^{<ω} be any surjection, and write E(ζ, η) for ‘ζ ≤ η ∈ A’, H(ξ, γ, η, δ) for ‘ξ ∈ h(γ) and f_ξ(η) ≠ δ’. Let ϕ be the formula ∀S(∀u∃vS(u, v)) →

∃z∃c∀y ( R_1(z, y) → ∃x∃dS(x, d) ∧ R_2(x, c, y, d) ) . Then (*) says just that (κ; E, H; ) ⊨ ϕ.

Accordingly the set B = {α : α < κ, (α; E, H; ) ⊨ ϕ} belongs to the Π^1-filter W of κ.

(ii) Let C be the set of non-zero limit ordinals α < κ such that h[α] = [α]^{<ω} . Then C is a closed unbounded set in κ so C ∈ W, by A4Da. Consequently A ∩ B ∩ C is stationary. But if α ∈ B ∩ C then ∀ g ∈ α^α ∃ ζ < α, I ∈ [α]^{<ω} such that ∀ η ∈ α ∩ A \ ζ ∃ ξ ∈ I such that g(ξ) ≠ f_ξ(η).

It will be helpful to put this into a logically equivalent form. For 0 < α < κ let g_α : κ → α be given by setting g_α(ξ) = f_ξ(α) for every ξ < κ. Then for α ∈ B ∩ C we have ∀ g ∈ α^α ∃ ζ < α, I ∈ [α]^{<ω} such that g_η↾I ≠ g↾I ∀ η ∈ α ∩ A \ ζ.

In particular, there are ζ_α < α and I_α ∈ [α]^{<ω} such that g_η↾I_α ≠ g_α↾I_α for every η ∈ α ∩ A \ ζ_α. Because α is a limit ordinal we may take it that I_α ∪ g_α[I_α] ⊆ ζ_α.

Now A ∩ B ∩ C is stationary, so by the pressing-down lemma there is a ζ < κ such that A_1 = {α : α ∈ A ∩ B ∩ C, ζ_α = ζ} is stationary; next, g_α↾I_α ⊆ ζ × ζ for every α ∈ A_1, so there is a finite function e such that A_2 = {α : α ∈ A_1, g_α↾I_α = e} is stationary. Of course I_α = dom(e) = I say, for every α ∈ A_2. Now take α, β ∈ A_2 such that ζ < β < α. Then β ∈ α ∩ A \ ζ_α, so g_β ↾I_α ≠ g_α↾I_α; but on the other hand g_β↾I_α = e = g_α↾I_α. XX

So (a)⇒(b).

(b)⇒(a) ?? Suppose, if possible, that (b) is true but that (a) is false; either κ is not weakly Π^1-indescribable or κ \ A belongs to the Π^1-filter on κ. In either case there must be a Π^1 formula ϕ and relations C_1, . . . , C_k, ordinals ξ_1, . . . , ξ_m such that (κ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ, (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊭ ϕ ∀ α ∈ A.

We may suppose that ϕ is of the form ∀R_{k+1} . . . R_{k+r} ∃x_{m+1}∀x_{m+2} . . . ∃x_{m+2s−1}∀x_{m+2s}ψ where ψ has no quantifiers, since ϕ is surely logically equivalent to such a formula. Set A^′ = {α : α ∈ A, ξ_j < α ∀ j ≤ m}. For α ∈ A^′, saying that (α; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊭ ϕ means just that there are relations D_{α1}, . . . , D_{αr} on α and functions f_{α1} : α → α, f_{α2} : α^2 → α, . . . , f_{αs} : α^s → α such that whenever η_1, . . . , η_s < α then (α; C_1, . . . , C_k, D_{α1}, . . . , D_{αr}; ξ_1, . . . , ξ_m, η_1, f_{α1}(η_1), . . . , η_s, f_{αs}(η_1, . . . , η_s)) ⊨ ¬ψ.

Choose such D_{αi}, f_{αj} for α ∈ A^′. For η̄ = (η_1, . . . , η_j ) ∈ κ^j , where 1 ≤ j ≤ s, set g_{η̄}(α) = f_{αj} (η_1, . . . , η_j ) if max(η_1, . . . , η_j ) < α ∈ A^′, = 0 otherwise.

Set G = {g_{η̄} : η̄ ∈ ⋃ 1≤j≤s κ

j } ∈ [Regr(κ)]^{≤κ}.

Now (b) tells us that there is a uniform ultrafilter F on κ, containing A, such that lim_{α→F} g(α) exists for every g ∈ G. Because F is uniform, A^′ ∈ F. Set h_j (η̄) = lim_{α→F} g_{η̄}(α) = lim_{α→F} f_α(η̄) for j ≤ s, η̄ ∈ κ^j . For i ≤ r, write D_i(η̄) for ‘{α : D_{αi}(η̄) ∈ F}’. Now for any formula χ without quantifiers, and any η_1, . . . , η_s < κ, we have (κ; C_1, . . . , C_k, D_1, . . . , D_r; ξ_1, . . . , ξ_m, η_1, h_1(η_1), . . . , η_s, h_s(η_1, . . . , η_s)) ⊨ χ if and only if the set of α < κ for which (α; C_1, . . . , C_k, D_{α1}, . . . , D_{αr}; ξ_1, . . . , ξ_m, η_1, f_{α1}(η_1), . . . , f_{αs}(η_1, . . . , η_s)) ⊨ χ belongs to F; this is an easy induction on the length of χ. In particular, it is valid when χ is ¬ψ. But this means that (κ; C_1, . . . , C_k, D_1, . . . , D_r; ξ_1, . . . , ξ_m, η_1, h_1(η_1), . . . , η_s, h_s(η_1, . . . , η_s)) ⊨ ¬ψ for all η_1, . . . , η_s, so that D_1, . . . , D_r and h_1, . . . , h_s witness that (κ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊭ ϕ, contrary to hypothesis. XX

Thus (b)⇒(a).

Remark This is due to Kunen and J.E.Baumgartner; in the form here it is taken from Fremlin & Kunen n87. The point is that it puts meat onto Theorem A4E by actually exhibiting a universal Π^1 formula ϕ. In §4 above I show how it can be used to investigate weakly Π^1-indescribable cardinals without further recourse to the logical characterization. Compare ‘Baumgartner’s principle’ as described in Erdös Hajnal Máté & Rado 84, 30.6 and 31.3.

It seems that no corresponding combinatorial characterization of weakly Π^1_2-indescribable cardinals is known.

A4I Theorem Let κ be an infinite cardinal, ϕ a formula of L, C_1, . . . , C_k relations on κ, ξ_1, . . . , ξ_m members of κ. For each set I let A_I be the measure algebra of {0, 1}^I and P_I the p.o.set A_I \ {0}. Now if I and J are any sets both of cardinal strictly greater than κ, and β ≤ κ,

⊩_{PI} (β̌;Č_1, . . . , Č_k; ξ̌_1, . . . , ξ̌_m) ⊨ ϕ

⇐⇒ ⊩_{PJ} (β̌; Č_1, . . . , Č_k; ξ̌_1, . . . , ξ̌_m) ⊨ ϕ.

proof I begin with some preliminary remarks. It will be convenient to suppose that I and J are disjoint; this is legitimate because P_I is determined up to isomorphism by the cardinal of I. Recall that if K ⊆ I then we may regard P_K as a subset of P_I , corresponding to the canonical map from {0, 1}^I to {0, 1}^K and the induced measure-preserving homomorphism from A_K to A_I ; and that we may also think of P_I as an iteration P_K ∗ P_{I\K} (Kunen 84, 3.13), if you will allow me to write P_{I\K} rather than Ṗˇ_{I\}ˇ_K for what is really a P_I -name.

Now for the main argument, which proceeds by induction on the length of ϕ. (a) If ϕ has no quantifiers the result is trivial, since, for instance, ⊩_{PI} Č_i(ξ̌_{j1} , . . . , ξ̌_{jn} ) ⇐⇒ C_i(ξ_{j1} , . . . , ξ_{jn} ),

⊩_{PI} ξ̌_j < β̌ ⇐⇒ ξ_j < β.

(b) Suppose that ϕ is of the form ∃Sψ and that

⊩_{PI} (β̌; . . . ) ⊨ ϕ.

Then there must be a P_I -name Ṙ for a relation on β such that ⊩_{PI} (β̌; . . . , Ṙ, . . . ) ⊨ ψ.

Because P_I is ccc, the P_I -name Ṙ can be described in terms of not more than max(ω, κ) = κ members of P_I ; now there is a K ⊆ I of cardinal at most κ such that P_K , regarded as a subset of P_I , contains all of these; so that we may think of Ṙ as a P_K -name.

Let L ⊆ J be a set of the same size as K. Then any bijection between K and L gives rise to an isomorphism between P_K and P_L. Let Ṡ be a P_L-name for a relation on β corresponding to Ṙ under such an isomorphism. If we regard P_I as the iteration P_K ∗ P_{I\K} then we have ⊩_{PK} ( ⊩_{PI\K} (β̌; . . . , Ṙ, . . . ) ⊨ ψ ) . So ⊩_{PL} ( ⊩_{PI\K} (β̌; . . . , Ṡ, . . . ) ⊨ ψ ) . At this point we move to the intermediate model V^{PL} . From this standpoint Ṡ represents a fixed relation on β. Also I \ K and J \ L both have cardinals greater than κ. So we can use the inductive hypothesis to see that ⊩_{PL} ( ⊩_{PJ\L} (β̌; . . . , Ṡ, . . . ) ⊨ ψ ) , that is, ⊩_{PJ} (β̌; . . . , Ṡ, . . . ) ⊨ ψ.

So Ṡ witnesses that ⊩_{PJ} (β̌; . . . ) ⊨ ϕ, and we have ⊩_{PI} (β̌; . . . ) ⊨ ϕ ⇒ ⊩_{PJ} (β̌; . . . ) ⊨ ϕ;

of course the reverse implication is equally valid.

(c) If ϕ is of the form ∀Rψ we can argue similarly; given ⊩_{PI} (β̌; . . . ) ⊨ ϕ and a P_J -name Ṡ for a relation on β, we express Ṡ as a P_L-name for some L ⊆ J of size at most κ, copy this into a P_K -name Ṙ for K ⊆ I, and use the inductive hypothesis on ⊩_{PI\K} (β̌; . . . , Ṙ, . . . ) ⊨ ψ in V^{PJ} to see that ⊩_{PJ} (β̌; . . . , Ṡ, . . . ) ⊨ ψ, as required.

(d) If ϕ is of the form ∀xψ or ∃xψ the same arguments apply, taking K and L to be countable if we wish. A4J Proposition Let n ∈ N and let κ be a weakly Π^1_n-indescribable cardinal such that the cardinal power κ^ω is equal to κ. Let λ > κ be any cardinal; let A_λ be the measure algebra of {0, 1}^λ and P_λ the p.o.set A_λ \ {0}. Then ⊩_{Pλ} κ̌ is weakly Π^1_n-indescribable.

Remark This is due to Kunen. I omit the proof because I shall not rely on it. A sketch of the argument for the corresponding theorem for Cohen reals may be found in Kunen 71.

A4K Π^2_1-indescribability For the next step we need a higher-order language. Let L_3 be the extension of L in which third-order relational variables R are added, with corresponding atomic formulae R(u_1, . . . , u_l), where each u_i is either a first-order or second-order variable. In L_3, the Π^2_0 formulae are those in which all quantifiers govern first- and second-order variables, and the Π^2_1 formulae are those of the form

∀R_1 . . . ∀R_kψ,

where ψ is a Π^2_0 formula. Now a non-zero ordinal κ is weakly Π^2_1-indescribable if whenever ϕ is a Π^2_1 formula in L_3 with no free third-order variables and C_1, . . . , C_k are relations, ξ_1, . . . , ξ_m are members of κ such that

(κ; ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ,

then there is an α < κ such that

(α; ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ.

For such κ, the sets

{α : (α; ; C_1, . . . , C_k; ξ_1, . . . , ξ_m) ⊨ ϕ}

where ϕ, C_1, . . . are such that (κ; ; C_1, . . . ) ⊨ ϕ and ϕ is Π^2_1, generate the Π^2_1-filter on κ. Finally, κ is Π^2_1-indescribable if it is weakly Π^2_1-indescribable and 2^λ < κ for every λ < κ.

A4L Now I can state one of the basic results of the theory of large cardinals, due originally to Hanf & Scott 61. I omit the proof, as it has appeared more than once in hard covers, but I recommend comparing it with the arguments given in these notes for the corresponding results for atomlessly-measurable cardinals (4P et seq.).

Theorem If κ is two-valued-measurable, it is Π^2_1- indescribable, and its Π^2_1-filter is included in its rvm filter.

proof See Drake 74, §9.3, Jech 78, p. 385, Lemma 32.2 or Kanamori & Magidor 78, §I.4. Version of 18.9.92

Problems

I collect here some of the questions which arise more or less naturally from the work above and seem to be open.

P1 Construction of atomlessly-measurable cardinals The most important problem is surely something like this.

(P1) Let N be a model of ZFC and κ ∈ N an atomlessly-measurable cardinal in N. Does it follow that there are an inner model M ⊆ N, containing κ, such that κ is a two-valued-measurable cardinal in M, and an M-generic filter G in a random real p.o.set P ∈ M such that G ∈ N and N ∩ Pκ ⊆ M[G]?

Put in this form, it is hard to believe in the possibility of an affirmative answer (though note Theorem 2D). But so long as the question remains open, we have no way of proving consistency results for atomlessly -measurable cardinals except through Solovay’s construction in Theorem 2C above. This construction is not wholly inflexible (see, for instance, 2E, 2I, 2L, 4Lb). But atomlessly-measurable cardinals built in this way share a vast number of special properties. Some are known to be possessed by atomlessly-measurable cardinals in general; many of the results in these notes were suggested by this approach. But others seem inaccessible to present techniques. By and large, positive answers to the other problems here could be taken as (weakly) suggesting a positive answer to P1; while negative answers would often imply a negative answer to P1.

P2 Measure algebras of atomlessly-measurable cardinals The Gitik-Shelah theorem (3F) tells us that if κ is an atomlessly-measurable cardinal and ν is a witnessing probability on κ then the Maharam type λ of (κ, Pκ, ν) is at least min(2^κ, κ^{(+ω)}); and of course it cannot be greater than 2^κ. So if 2^κ < κ^{(+ω)} then λ = 2^κ. We get a scrap more information in 7Q; if γ is the least cardinal such that 2^γ = 2^δ for γ ≤ δ < κ, then γ < κ and λ^γ = 2^κ, so that either 2^γ = 2^κ or 2^γ < λ. Of course this still does not specify λ completely. So we may ask

(P2a) Is there a combinatorial characterization of λ?

An affirmative answer would have a variety of consequences; not least, that any witnessing probability on κ would have the same Maharam type – equivalently, that every witnessing probability on κ would be Maharam homogeneous (3L). So a less ambitious question is

(P2b) If κ is an atomlessly-measurable cardinal and ν is a witnessing probability on κ, must (κ, Pκ, ν) be Maharam homogeneous?

Conceivably it makes a difference if ν is normal; so I add

(P2c) If κ is an atomlessly-measurable cardinal and ν is a normal witnessing probability on κ, must (κ, Pκ, ν) be Maharam homogeneous?

It may be that a negative answer can be achieved using Solovay’s construction on an appropriately complex two-valued-measurable cardinal. For in 2H we saw that if κ is a two-valued-measurable cardinal and P is a random real p.o.set, then the possible Maharam types of (κ, Pκ, ν̃) in V^P are determined by the cardinals Tr_I (κ; λ). So I ask

(P2d) If κ is a two-valued-measurable cardinal with two κ-additive ultrafilters F_1, F_2 and corresponding maximal ideals I_1, I_2, and if λ ≥ κ is a cardinal, are Tr_{I1} (κ; λ) and Tr_{I2} (κ; λ) necessarily equal?

Of course Tr_{I1} (κ; κ) = 2^κ = Tr_{I2} (κ; κ). Note also that in the langauage of Jech 78, §28, Tr_{Ii} (κ; λ) = #(j_{Fi} (λ)), where j_{Fi} : V → V^κ/F_i is the standard elementary embedding.

The construction of 3Mb is relevant to P2a-P2b above. For take γ < κ such that 2^γ = 2^δ for γ ≤ δ < κ (7P). Then Tr_{[κ]}<κ (κ; 2^γ ) = 2^κ. Assume that 2^γ < 2^κ. In this case, if ν is any Maharam homogeneous normal witnessing probability on κ, with Maharam type λ, then (as remarked above) 2^γ < λ, so Tr_{Nν} (κ; λ) = 2^κ, and there is a witnessing probability ν_1 on κ of Maharam type 2^κ. We may therefore ask

(P2e) If κ is an atomlessly-measurable cardinal with witnessing probability ν, and 2^δ < 2^κ for every δ < κ, does it follow that the Maharam type of (κ, Pκ, ν) is 2^κ?

As a special case of this we have

(P2f) If c is atomlessly-measurable, with witnessing probability ν, does it follow that the Maharam type of (c, Pc, ν) is 2^c ?

P3 Indescribability In 4R we saw that if κ is an atomlessly-measurable cardinal constructed by Solovay’s method, then either κ is not weakly Π^1-indescribable, or κ is weakly Π^2_0-indescribable and its Π^2_0-filter is included in its rvm filter. We also have a characterization of weak Π^1-indescribability in terms of covering numbers (6L). This begs many questions. For instance:

(P3a) If κ is a weakly Π^1-indescribable atomlessly-measurable cardinal, must it be weakly Π^2_0-indescribable?

(P3b) If κ is a weakly Π^1_n-indescribable atomlessly-measurable cardinal, must its Π^1_n-filter be included in its rvm filter?

(For n = 0 and n = 1, yes; see 6L.)

(P3c) If κ is an atomlessly-measurable cardinal strictly less than c, must it be weakly Π^1- indescribable?

P4 The cardinals of analysis A great many cardinals between ω_1 and c have been named and studied by analysts; see Vaughan 90. The existence of an atomlessly-measurable cardinal is known to have a dramatic effect on the patterns formed by these cardinals. For instance, if κ is an atomlessly-measurable cardinal, then

(i) non(R, N ) = ω_1, where N is the ideal of Lebesgue negligible sets (6Ga); it follows that cov(R, M) = add(M) = add(N ) = p = ω_1, where M is the ideal of meager subsets of R and p = m_{σ-centered}, as in Fremlin 84 and Douwen 84; see Fremlin 85 or Bartoszyński & Judah p90.

(ii) b < κ, where b = add(N^N/F_0) , writing F_0 for the Fréchet filter on N (5Lb). (iii) cf(d) ≠ κ, where d = cf(N^N) (7Ka).

(iv) cov(R, N ) ≥ κ (in fact, cov(X, N_μ) ≥ κ for any non-trivial Radon measure space (X, μ)) (6B). Consequently κ ≤ non(R, M) ≤ cf(M) ≤ cf(N ) (Fremlin 85 or Bartoszyński & Judah p90 again).

Once again, there are obvious gaps. The principal one seems to be

(P4a) If κ is an atomlessly-measurable cardinal, must d be less than κ? Concerning covering numbers, we have

(P4b) If there is an atomlessly-measurable cardinal, must cov(R, N ) be exactly c? (see 2Hb). Then concerning the numbers non(., .) we have

(P4c) If κ is an atomlessly-measurable cardinal, must non({0, 1}^κ,N_{μκ} ) be ω_1?

Because we know that non({0, 1}^θ, N_{μθ} ) = ω_1 for θ < κ (6G), we can apply results from §4; it is not hard to construct a Σ^1_2 formula ϕ such that, for ordinals α > ω_1, (α; ; ω, ω_1) ⊨ ϕ iff non({0, 1}^α, N_{μα} ) = ω_1. Now if non({0, 1}^κ, N_{μκ} ) > ω_1, then (κ; ; ω, ω_1) ⊨ ¬ϕ while (α; ; ω, ω_1) ⊭ ¬ϕ for every α < κ, and κ is not weakly Π^1_2-indescribable.

An associated question comes from 6F:

(P4d) If κ is an atomlessly-measurable cardinal, must there be a set A ⊆ R, of cardinal κ, such that no uncountable subset of A is Lebesgue negligible?

Again, we get a positive answer if κ is weakly Π^1_2-indescribable, using 6F.

A curious question arises from 3Bb.

(P4e) Let κ be an atomlessly-measurable cardinal and A a subset of R. Must there be a set B ⊆ A such that #(B) < κ and μ^∗_LB = μ^∗_LA, writing μ_L for Lebesgue measure?

If #(A) ≤ κ, yes, by 3Bb; but the general question seems to be open.

A question closely related in form, if not in content, to P4d, is

(P4f) If κ is an atomlessly-measurable cardinal, must there be ccc partially ordered sets P and Q such that S(P × Q) > κ?

As before, this corresponds to a Σ^1_2 formula, so that 7D shows that we shall have an affirmative answer if κ is weakly Π^1_2-indescribable. The same route leads from 7F to

(P4g) If κ is an atomlessly-measurable cardinal, must there be an ω_1-entangled subset of R of cardinal κ?

Returning to named cardinals, let a be the smallest cardinal of any infinite maximal disjoint family in the algebra PN/[N]^{<ω}; then b ≤ a (Douwen 84, Theorem 3.1a); but

(P4h) If κ is atomlessly-measurable, must a be less than κ?

P5 Cofinalities The remarkable results from Shelah’s pcf theory which give us 7Ka-d leave some natural questions open. The most important has already been listed as P4a. But it seems that even the following bold conjecture might be true:

(P5a) Let κ be an atomlessly-measurable cardinal. Let ⟨P_ζ ⟩_{ζ<λ} be a family of partially ordered sets where λ < κ and cf(P_ζ ) < κ and add(P_ζ ) > ω for every ζ < λ. Does it follow that cf( ∏ ζ<λ P_ζ ) < κ?

If κ = c, yes (7Kf); if add(P_ζ ) > λ for every ζ, yes. A positive answer to P9b below would settle the general question. A natural special case of P5a is

(P5b) Let κ be an atomlessly-measurable cardinal. Must cf(ω^{ω1}_1 ) be less than κ?

P6 More measure algebras In paragraph P2 above I listed the known facts concerning the Maharam types of witnessing probabilities on atomlessly-measurable cardinals. But if we allow ourselves general probability spaces (X, PX, μ) we can expect other phenomena. Indeed, Theorem 8A shows that PMEA implies that there are probability spaces (X, PX, μ) of arbitrarily large Maharam type. Now in this context the question arises

(P6) Is it consistent to suppose that there is a cardinal λ_0 such that for every cardinal λ ≥ λ_0 there is a Maharam homogeneous probability space (X, PX, μ) of Maharam type λ?

P7 Qm ideals If a cardinal κ is real-valued-measurable, it is of course also quasi-measurable; so we have both an rvm ideal J_{rvm}(κ) (1I) and a qm ideal J_{qm}(κ) (9C). Evidently J_{rvm}(κ) ⊇ J_{qm}(κ), and they are equal if κ is two-valued-measurable (9D).

Now suppose that κ is two-valued-measurable and that P is a random real p.o.set. If we have a P-name İ for a normal ω_1-saturated ideal of Pκ, then I_1 = {B : B ⊆ κ, ⊩_P B̌ ∈ İ} is a normal ω_1-saturated ideal of Pκ (because P is ccc; compare 2Jb), and therefore is the null ideal of some normal probability ν_1 on κ. Now if ν̃_1 is the corresponding P-name for a probability on κ, as in 2C, we have ⊩_P N_{ν̃1} ⊆ İ, by 2J(a-ii). It follows easily that, in V^P, İ is the null ideal for a measure ν̇ on κ (in V^P, take a member Ė of İ of maximal ν̃_1-measure, and set ν̇Ȧ = ν̃_1(Ȧ \ Ė) for every Ȧ).

So in this case we surely have

⊩_P J_{rvm}(κ̌) = J_{qm}(κ̌).

But the question now arises,

(P7) If κ is a real-valued-measurable cardinal, is it necessarily true that J_{rvm}(κ) = J_{qm}(κ)?

P8 Sequential cardinals A question going back to Mazur 52 is: for which cardinals κ, if any, is there a sequentially continuous function f : {0, 1}^κ → R which is not continuous? Let us call such cardinals ‘sequential’ for the moment. It is easy to see that a real-valued-measurable cardinal is sequential, and it is known that the first sequential cardinal, if there is one, is quasi-measurable. (See Plebanek p91 for a survey of known results, with references; also Fremlin 84, 24D-E.) But the following, raised by Keisler & Tarski 64, p. 270, seems still to be open:

(P8) Must the first sequential cardinal, if there is one, be real-valued-measurable?

P9 The measure of κ^I Let κ be a real-valued-measurable cardinal, and ν a normal witnessing probability on κ. For any set I we can form the simple (completed) product probability on κ^I , as described in Fremlin 84, A6Kb; let us call it ν_I . What can be said about ν_I ?

The most important question seems to concern the covering number cov(κ^I , N_{νI} ) (see A2P). If I is finite, then there is a κ-additive probability with domain P(κ^I ) extending ν_I (use the construction of part (a-ii) of the proof of 5O; the same idea appears in 2Mb, 4K and 5J), so that cov(κ^I , N_{νI} ) ≥ κ. But I ask (P9a) If κ is a real-valued-measurable cardinal, ν a normal witnessing probability on κ, and ν_N the completed product probability on κ^N, must cov(κ^N, N_{νN} ) be κ?

A reason for believing that there may be a positive answer to this question is that if ν is constructed from a normal ultrafilter on a two-valued-measurable cardinal κ by the method of 2C, then cov(κ^I , N_{νI} ) = κ for every non-empty set I of cardinal less than κ. A reason for taking the problem seriously is that a positive answer would solve the following problem positively:

(P9b) If κ is a real-valued-measurable cardinal and ν is a normal witnessing probability on κ and A ⊆ Pκ \ N_ν has cardinal less than κ, does it follow that there is a countable N ⊆ κ such that A ∩ N ≠ ∅ whenever A ∈ A?

(To answer P9b from P9a, consider the family {(κ \ A)^N : A ∈ A}; if cov(κ^N, N_{νN} ) ≥ κ this cannot cover κ^N.) With a positive answer to P9b we could deal with P5a, or go on to

(P9c) If κ is a real-valued-measurable cardinal with normal witnessing probability ν, Y a set of cardinal less than κ, I a σ-algebra of subsets of Y and f : κ → I a function, must there be a set M ∈ I such that ν{ξ : f(ξ) ⊆ M} = 1?

(Set A_y = {ξ : y ∈ f(ξ)} for each y ∈ Y , A = ⋃ {A_y : y ∈ Y, νA_y = 0}. If N ∈ [κ]^{≤ω} is such that N ∩ A_y ≠ ∅ whenever νA_y > 0, set M = ⋃ ξ∈N f(ξ) ∈ I; then f(ξ) ⊆ M whenever ξ ∈ κ \ A.)

With a positive answer to P9c we could now prove generalisations of 5Ca and 5Da with arbitrary σ-ideals in the place of [Y ]^{<θ}. Another class of special cases is suggested by 3Bc. æ Version of 18.9.92

References

Argyros S. & Kalamidas N.D. [82] ‘The K_{αn} property on spaces with strictly positive measure’, Canadian J. Math. 34 (1982) 1047-1058. [A2R.]

Balogh Z. [91] ‘On collectionwise normality of locally compact, normal spaces’, Trans. Amer. Math. Soc. 323 (1991) 389-341. [8N.]

Bartoszyński T. & Judah H. [p90] Measure and Category: The Asymmetry. In preparation, 1990. [P4.] Baumgartner J.E., Martin D.A. & Shelah S. [84] (eds.) Axiomatic Set Theory. Amer. Math. Soc., 1984 (Contemporary Mathematics 31).

Baumgartner J.E., Taylor A.D. & Wagon S. [77] ‘On splitting stationary subsets of large cardinals’, J. Symbolic Logic 42 (1977) 203-214. [4Ab, 4C, 4Dc, 4I.]

Baumgartner J.E., Taylor A.D. & Wagon S. [82] Structural Properties of Ideals. Dissertationes Math. 197 (1982). [A1E.]

Bing R.H. [50] ‘Metrizations of topological spaces’, Canadian J.Math. 3 (1951) 175-186. Burke D.K. [84] ‘PMEA and first countable, countably paracompact spaces’, Proc. Amer. Math. Soc.

92 (1984) 455-460. [8S.]

Burke M.R. & Magidor M. [90] ‘Shelah’s pcf theory and its applications’, Ann. Pure and Applied Logic 50 (1990) 207-254. [7N, A1F, A1I.]

Chang C.C. & Keisler H.J. [73] Model Theory. North-Holland, 1973. [A4A.]

Comfort W.W. & Negrepontis S. [82] Chain Conditions in Topology. Cambridge U.P., 1982. [A1R, A2R.]

Devlin K.J. [84] Constructibility. Springer, 1984. [5N.]

Douwen E. van [84] ‘The integers and topology’, pp. 111-167 in Kunen & Vaughan 84. [P4.] Drake F. [74] Set Theory. North-Holland, 1974. [Intro., A4L, 8K.]

Ebbinghaus H.-D., Flum J. & Thomas W. [84] Mathematical Logic. Springer, 1984. [A4A.] Engelking R. [89] General Topology. Heldermann, 1989 (Sigma Series in Pure Mathematics 6). [Intro., A3C, A3D, A3F.]

Erdös P., Hajnal A., Máté A. & Rado R. [84] Combinatorial Set Theory: Partition Relations for Cardinals. Akadémiai Kiado, 1984 (Disquisitiones Math. Hung. 13). [1E, 5D, 5P, A1S, A4H.]

Fleissner W.G. [79] ‘An axiom for non-separable Borel theory’, Trans. Amer. Math. Soc. 251 (1979) 309-328. [8S.]

Fleissner W.G. [82] ‘If all normal Moore spaces are metrizable, then there is an inner model with a measurable cardinal’, Trans. Amer. Math. Soc. 273 (1982) 365-373.

Fleissner W.G. [84] ‘The normal Moore space conjecture and large cardinals’, pp. 733-760 in Kunen & Vaughan 84. [8C.]

Fleissner W.G. [84b] ‘Homomorphism axioms and lynxes’, pp. 79-97 in Baumgartner Martin & Shelah 84. [8S.]

Fleissner W.G. [89] ‘Normal measure axiom and Balogh’s theorems’, Tensor (N.S.) 48 (1989) 123-143. [8I, 8J, 8L, 8N, 8S.]

Fleissner W.G., Hansell R.W. & Junnila H.J.K. [82] ‘PMEA implies Proposition P’, Topology and its Appl. 13 (1982) 255-262. [8S.]

Fremlin D.H. [74] Topological Riesz Spaces and Measure Theory. Cambridge U.P., 1974. [Intro., 6N, A2Bd, A2F, A2J, A2W.]

Fremlin D.H. [75c] ‘Inextensible Riesz spaces’, Math. Proc. Cambridge Phil. Soc. 77 (1975) 71-89. [9C.] Fremlin D.H. [84] Consequences of Martin’s Axiom. Cambridge U.P., 1984. [Intro., 2A, A2Cd, A2Ja, P4, P8.]

Fremlin D.H. [85] ‘Cichoń’s Diagram’, Sém. d’Inititation à l’Analyse (G.Choquet, M.Rogalski, J.Saint- Raymond), Univ. Pierre et Marie Curie, Paris, 23 (1983-84) 5.01-5.23. [P4.]

Fremlin D.H. [87] Measure-additive coverings and measurable selectors. Dissertationes Math. 260 (1987). [9A, 9C, A2M.]

Fremlin D.H. [88] ‘Large correlated families of positive random variables’, Math. Proc. Cambridge Phil. Soc. 103 (1988) 147-162. [A2R.]

Fremlin D.H. [89] ‘Measure algebras’, pp. 876-980 in Monk 89. [A2F, A2G, A2H, A2I, A2J, A2L, A2P, A2Q.]

Fremlin D.H. [n82d] ‘Quasi-Radon measure spaces’, Note of 2.6.82. [A2Ja.] Fremlin D.H. [p89d] ‘On the average of inner and outer measures’, to appear in Fund. Math. [6F.] Fremlin D.H. [p90] ‘The partially ordered sets of measure theory and Tukey’s ordering,’ to appear in Note di Matematica. [7G, 7I.]

Fremlin D.H., Hansell R.W. & Junnila H.J.K. [83] ‘Borel functions of bounded class’, Trans. Amer. Math. Soc. 277 (1983) 835-849. [8S, 9C.]

Fremlin D.H. & Jasiński J. [86] ‘G_δ covers and large thin sets of reals’, Proc. London Math. Soc. (3) 53 (1986) 518-538. [9C.]

Fremlin D.H. & Kunen K. [91] ‘Essentially unbounded chains in compact sets’, Math. Proc. Cambridge Phil. Soc. 109 (1991) 149-160. [5L.]

Fremlin D.H. & Kunen K. [n87] ‘Indescribable cardinals and G_δ-covering numbers’, Note of 13.7.87. [4I, A1O, 5F.]

Galvin F. [80] ‘Chain conditions and products’, Fund. Math. 108 (1980) 33-48. Gardner R.J. & Pfeffer W.F. [84] ‘Borel measures’, pp. 961-1043 in Kunen & Vaughan 84. [6M, A2V.] Gitik M. & Shelah S. [89] ‘Forcings with ideals and simple forcing notions’, Israel J. Math. 68 (1989) 129-160. [Intro., §3 Intro., 3K, 9H.]

Gitik M. & Shelah S. [p91] ‘More on simple forcing notions and forcings with ideals’, preprint, 1991. [§3 Intro., 3K, 7K, 7P, 9H, 9P.]

Główczyński W. [91] ‘Measures on Boolean algebras’, Proc. Amer. Math. Soc. 111 (1991) 845-849. [9C, 9H.]

Hanf W. & Scott D. [61] ‘Classifying inaccessible cardinals’, Notices of the Amer. Math. Soc. 8 (1961) 445. [Intro., A4L, A4D.]

Henkin L. [74] (ed.) Proceedings of the Tarski Symposium, 1971. Amer. Math. Soc., 1974.

Ionescu Tulcea C & Ionescu Tulcea A. [69] Topics in the Theory of Lifting. Springer, 1969. [A2Q.]

Jech T. [78] Set Theory. Academic, 1978. [Intro., A4L, 2C, 2D, 2K, 5G, 9C, A1E, A1N, P2.] Jech T. & Prikry K. [84] ‘Cofinality of the partial ordering of functions from ω_1 to ω under eventual domination’, Math. Proc. Cambridge Phil. Soc. 95 (1984) 25-32. [7M.]

Juhász I. [89] ‘On a problem of van Douwen’, Studia Scientiarum Math. Hungarica 24 (1989) 385-389. [8M.]

Junnila H.J.K. [86] ‘Some topological consequences of the Product Measure Extension Axiom’, Fund. Math. 115 (1983) 1-8. [8G, 8S.]

Kamburelis A. [n89] ‘A mathematical proof of the Gitik-Shelah theorem’, Note of May 1989. [§3 Intro., 3B.]

Kamburelis A. [p89] ‘On cardinal numbers related to the Baire property’, preprint, 1989. Kanamori A. & Magidor M. [78] ‘The evolution of large cardinal axioms in set theory’, pp. 99-275 in Müller & Scott 78. [Intro., A2M, A4L.]

Keisler H.J. & Tarski A. [64] ‘From accessible to inaccessible cardinals’, Fund. Math. 53 (1964) 225-308; errata Fund. Math. 57 (1965) 119. [Intro., 1H, 4Ab, 5F, P8.]

Koppelberg S. [89] General Theory of Boolean Algebras, vol. 1 of Monk 89. [A1P, A2H, A3A.] Kulesza J., Levy R. & Nyikos P.J. [91] ‘Extending discrete-valued functions, Trans. Amer. Math. Soc.

324 (1991) 293-302. [8G, 8S.]

Kunen K. [70] ‘Some applications of iterated ultrapowers in set theory’, Ann. Math. Logic 1 (1970) 179-227. [2D, 2K.]

Kunen K. [71] ‘Indescribability and the continuum’, pp. 199-203 in Scott 71. [A4J.] Kunen K. [80] Set Theory. North-Holland, 1980. [Intro., 2A, 9G, A1E.] Kunen K. [84] ‘Random and Cohen reals’, pp. 887-911 in Kunen & Vaughan 84. [2H, A4I.] Kunen K. [n70] ‘Π^1 reflection at the continuum’, Note of January 1970. [4S, 5D, 6A, 6D, 6E.] Kunen K. & Paris J. [71] ‘Boolean extensions and measurable cardinals’, Ann. Math. Logic 2 (1971) 359-378.

Kunen K. & Vaughan J.E. [84] (eds.) Handbook of Set-Theoretic Topology. North-Holland, 1984.

Laver R. [82] ‘Saturated ideals and non-regular ultrafilters’, pp. 297-305 in Metakides 82. Laver R. [87] ‘Random reals and Souslin trees’, Proc. Amer. Math. Soc. 100 (1987) 531-534. [7D.] Lévy A. [71] ‘The sizes of the indescribable cardinals’, pp. 205-218 in Scott 71. [4Ab, 4Dc, A4C, A4D, A4E, A4F, A4G.]

Luxemburg W.A.J. [67] ‘Is every integral normal?’, Bull. Amer. Math. Soc. 73 (1967) 685-688. [6N.]

Luxemburg W.A.J. & Zaanen A.C. [71] Riesz Spaces I. North-Holland, 1971. [6N.]

Martin D.A. & Solovay R.M. [70] ‘Internal Cohen extensions’, Ann. Math. Logic 2 (1970) 143-178. Mazur S. [52] ‘On continuous mappings on Cartesian products’, Fund. Math. 39 (1952) 229-238. [P8.] Metakides G. [82] (ed.) Patras Logic Symposium. North-Holland, 1982. Mill J. van & Reed G.M. [90] (eds.) Open Problems in Topology. Elsevier, 1990. Miller A.W. [82] ‘The Baire category theorem and cardinals of countable cofinality’, J. Symbolic Logic 47 (1982) 275-288. [2H.]

Monk J.D. [89] (ed.) Handbook of Boolean Algebra. North-Holland, 1989.

Müller G.H. & Scott D.S. [78] (eds.) Higher Set Theory. Springer, 1978 (Lecture Notes in Mathematics 669).

Nyikos P.J. [80] ‘A provisional solution to the normal Moore space problem’, Proc. Amer. Math. Soc. 78 (1980) 429-435. [8G.]

Plebanek G. [p91] ‘Remarks on measurable Boolean algebras and sequential cardinals’, preprint, 1991. [P8.]

Prikry K. [75] ‘Ideals and powers of cardinals’, Bull. Amer. Math. Soc. 81 (1975) 907-909. [5D, 5E, 7K, 7Q, 8I, 8K.]

Roitman J. [79] ‘Adding a random or a Cohen real; topological consequences and the effect on Martin’s axiom’, Fund. Math. 103 (1979) 47-60.

Royden H.L. [63] Real Analysis. Macmillan, 1963. [6K, A2N.]

Schwartz L. et al. [73] Radon Measures on arbitrary topological spaces and cylindrical measures. Oxford U.P., 1973. [A2Ge, A2J, A2W.]

Scott D.S. [71] (ed.) Axiomatic Set Theory. Amer. Math. Soc., 1971 (Proceedings of Symposia in Pure Mathematics XIII, vol. 1).

Shelah S. [#351] ‘Reflecting stationary sets and successors of singular cardinals’, 1989, to appear in Archiv für Math. Logik [A1F.]

Shelah S. [#355] ‘ℵ_{ω+1} has a Jónsson algebra’, 1990; to appear in Shelah #400. [A1J, A1K.] Shelah S. [#400] ‘Cardinal arithmetic’, in preparation for Oxford U.P.

Shelah S. [#400b] ‘Cardinal arithmetic for skeptics’, 1990, to appear in Bull. Amer. Math. Soc. [A1J.] Shipman J. [90] ‘Cardinal conditions for strong Fubini theorems’, Trans. Amer. Math. Soc. 321 (1990) 465-481. [6I.]

Shiryayev A. [84] Probability. Springer, 1984. [A2X.]

Silver J. [70] ‘Some applications of model theory in set theory’, Ann. Math. Logic 3 (1970) 45-110. [5F.] Solovay R.M. [71] ‘Real-valued measurable cardinals’, pp. 397-428 in Scott 71. [1H, 2C, 2D, 5D, 9B, 9E.]

Solovay R.M. [74] ‘Strongly compact cardinals and the GCH’, pp. 365-372 in Henkin 74. [8K.] Szymański A. [88] ‘Some remarks on real-valued measurable cardinals’, Proc. Amer. Math. Soc. 104 (1988) 596-602.

Tall F.D. [84] ‘Normality versus collectionwise normality’, pp. 685-732 in Kunen & Vaughan 84. [8S.] Todorčević S. [85] ‘Remarks on chain conditions in products’, Compositio Math. 55 (1985) 295-302. [7F.] Todorčević S. [86] ‘Remarks on cellularity in products’, Compositio Math. 57 (1986) 357-372. [7A.]

Ulam S. [30] ‘Zur Masstheorie in der allgemeinen Mengenlehre’, Fund. Math. 16 (1930) 140-150. [Intro., 1E.]

Vaughan J.E. [90] ‘Small uncountable cardinals and topology’, pp. 197-218 in Mill & Reed 90. [P4.]

Zakrzewski P. [91] ‘Paradoxical decompositions and invariant measures’, Proc. Amer. Math. Soc. 111 (1991) 533-539. [1J, 9E.]

Zakrzewski P. [p91] ‘Strong Fubini theorems from measure extension axioms’, preprint, 1991. [6I, 6K.]

Version of 18.9.92

Index

References in bold type indicate definitions; references in italics indicate passing references.

additivity of a measure 1D, 3A, 3G, 3H, 8A, A2C (A2Cb), A2Db; see also κ-additive measure (A2Ca), τ-additive measure (A2V)

additivity of a partially ordered set 7K, A1Ac, A1Ba, A1H, A1I, P4 additivity of an ideal A2Cd, A2Db, P4; see also κ-additive ideal (A1Bf) antichain 2A, A1P Aronszajn tree see κ-Aronszajn tree (A1Ob) arrow relation 5O, 5P, A1S atom in a measure space A2Ac, A2Bg atomless Boolean algebra 9D atomless measure space A2Be, A2Kc atomlessly-measurable cardinal 1C

Baire σ-algebra A2G, A3B Banach-Ulam problem 1A, 1B Baumgartner J.E. A4H Borel measure on a topological space A2V Borel measure-complete topological space 6M, A2V, A2W

cardinal exponentiation 5E, 7P, 7Q, 9L, 9O ccc Boolean algebra A2Hb ccc p.o.set 9F ccc partially ordered set 7C, 7D, P4 chains in PN 5K club filter A1E, A4D cofinal set in a partially ordered set A1Ab cofinality of a partially ordered set 7H, 7J, 7K, 7L, 7M, 7N, 9O, A1A (A1Ab), A1Ba, A1H, A1I, P4, P5 collectionwise normal topological space 8F, 8N, A3Cc, A3D compatible elements 2A, A1P complete filter see κ-complete filter (A1Bb) complete measure space A2Bf, A2Cd, A2Db, A2Gd, A2J, A2Kc, A2Q complete metric space 6M, A2W completely generating set in a Boolean algebra A2Ha consistency of axioms 1E, 2E, 2I, 2L, 8C, 8I, 9G covering number see cov(X, A) (A2Pa), cov(X, N_μ), cov_{Sh}(α, β, γ, δ) (A1J) cylinder set A2Ga

decomposable measure space A2Bd, A2Hh, A2Ja decomposable ordinal 8P, A1Dd Dedekind σ-complete Boolean algebra 8R dense subset of a p.o.set 2A density of a topological space 6M, A2Hi, A3Ea diagonal intersection of a family of sets 4B, A1E diamond see ♦_c discrete family of points A3Cb, A3F discrete family of sets 8E, A3C (A3Cb), A3F down-topology of a p.o.set 2A duality between linear spaces A2O

elementary embedding P2 entangled set 7E, 7F

finite-support product of partially-ordered sets A1R

Fleissner W.G. 8M forcing 2A Fubini’s theorem see repeated integral fully stationary see Π^1-fully stationary (4Db)

GCH 2D, 2E Gitik M. Intro.

Gitik-Shelah theorem 3F, 9H greatly Mahlo cardinal 4Ac, 4B, 4C, 4G, 4I, 4K, 9J greatly Mahlo filter 4Ac, 4B, 4G, 4K

Haydon R.G. Intro. Hilbert space 5H homogeneous Boolean algebra A2Gf hyperstonian space A2L (A2La)

ideal of sets A1Ba image measure A2Db inaccessible cardinal see weakly inaccessible (A1Da), strongly inaccessible (A1Da) incompatible elements in a p.o.set 2A indecomposable ordinal 8P, A1Dd indescribable cardinal see Π^m_n -indescribable, weakly Π^m_n -indescribable (§A4) inner model 2D, P1 inner regular measure A2J, A2V, A2W inverse-measure -preserving function 1J, 3H, A2Da, A2Fe, A2Gd, A2Jd, A2K, A2Lb

Jónsson algebra 5D, 9L, A1Oa Jensen R. 1H Juhász I. 8M

Kunen K. Intro., 1E, 2C, 3A, 4L, 4T, 5G, 5L, 5N, 5P, 8C, 8J, 9N, A4H, A4J

Lebesgue H. Intro.

Lebesgue measure Intro., 1A, 1D, A2Gb, A2Kc, P4 lifting of a measure space A2Q (A2Qa) Lifting Theorem A2Q locally compact topological space 8N locally determined measure space A2B (A2Bc), A2Cd, A2J lower integral 6A, A2E lower semi-continuous function A2J Luxemburg W.A.J. Intro.

Maharam homogeneous measure 1G, 1I, 2H, 3J-3M, A2H (A2Hg), A2Ka, A2Y, P2 Maharam type of a measure space 2H, 2I, 3F, 3G, 3H, 3I, 3J, 3K, 3L, 3M, 6D, 6I, 7Q, 8A, A2Hg, A2Ka, A2Y, P2, P6 Maharam’s Theorem A2I Mahlo cardinal see weakly Mahlo (4Aa), greatly Mahlo (4Ac), α-Mahlo (4B) Mahlo’s operation 4A (4Ab), 4B, 4F, 9J, A4F Martin’s Axiom 9G Mathias A.R.D. Intro. meager sets in R P4 measurable algebra 2B, 8R, A2Fc measurable cardinal see two-valued-measurable (1Cb) measurable function A2Ae, A2Gg measure algebra 6C, A2F (A2Fa), A2G, A2I, A2Jd, A2La, A2Q, P2, P6 measure algebra of a measure space A2Fd, A2La, A2U measure space A2A measure-preserving homomorphism A2Fe, A2Gd, A2Ib, A2Jd measure-preserving transformation 1J; see also inverse-measure -preserving (A2Da) metric of a measure algebra A2Fb, A2Hi metric space 6M, A2W metrizable space 8G, A3D, A3F Moore space 8G, A3Ca, A3D

negligible set A2Ad NMA 8G, 8H, 8I, 8J, 8K, 8M, 8N, 8R, 8S non-stationary ideal A1E normal filter 1Fb, 1G, 1I, 4Ac, 4F, 9I, A1E, A4F normal ideal 1F (1Fa), 9B, 9C, 9K, A1E, P7 normal measure 1Fc, 1G, 8H normal measure axiom see NMA (8H) normal topological space 8E, 8F, 8G, 8M, 8N normal witnessing probability 1H, 1I, 2J, 3L, 6A, P2, P7

Nyikos P.J. 8M

order-closed subalgebra of a Boolean algebra A2H, A2Ic order-continuous linear functional 6N

partially ordered set A1Aa; see also p.o.set (2A) partition relations see arrow relation (A1S) pcf theory A1I PMEA 8B, 8C-8G, 8J, 8S, 9H p.o.set 2A; see also partially ordered set (A1Aa) precaliber of a Boolean algebra 5D, 6C, A2T, A2U Prikry K. Intro., 6F, 9F principal ideal in a Boolean algebra A2Gf, A2Hc probability A2Ba probability algebra A2Fa probability space A2Ba product measure A2G, P9 product measure extension axiom see PMEA (8B) product of partially ordered sets 7C, 7D, 7H, 7I, 7K-7N, 9O, A1H, A1I, A1R , P5 purely atomic Boolean algebra 9D purely atomic measure space A2Bg pushing-down lemma A1E

qm filter 9C, 9J qm ideal 9C, P7 quasi-Radon measure space 3A, 3B, 6D, A2J (A2Ja), A2V quasi-measurable cardinal §9 (9C), P7, P8

Radon measure space 3H, 3I, 6A, 6B, 6E, 6I, 6L, 8A, A2J (A2Jb), A2K, A2L, A2Pb, A2V, P4 Radon topological space 6M, A2V, A2W Radon-Nikodým theorem 2C, A2Fg random real p.o.set 2B, 2C, 2J, 4O, 8Q, P1, P7 rapid filter 5G, A1Cb real-valued-measurable cardinal 1C rectangle algebras 5J reduced product of partially ordered sets 7I, 7K, 7L, 7M, 9O, A1H , A1I regressive function 1Fa, A1Db, A1E regular cardinal 8P, A1Ab regular open algebra 2A, 2B, 9H, A3A regular open set A3A relatively order-closed set 8O, 8P relatively stationary set 8O, 8P repeated integral 3A, 5H, 5I, 6A, 6I, 6J, 6K, A2Ge Riesz space 6N rvm filter 1I, 2K, 2L, 4K, 4N, 4P, 4Q, 4R, 5D, 6L, 7K, A4L, P3 rvm ideal 1I, 2J, 2L, 4K, 4N, 4P, 4S, 5F, P7

saturated ideal see κ-saturated ideal (A1Bf) scalarly measurable function 5H, A2O second-order language A4A selective ultrafilter A1Cc semi-finite measure space A2B (A2Bb) sequential cardinal P8 sequentially continuous function P8 sequentially order-continuous functional 6N Shelah S. Intro., 5D, A1I Shelah covering number see cov_{Sh}(α, β, γ, δ) (A1J) simple group 8R singular cardinals hypothesis 8K, A1N Solovay R.M. Intro., 1E, 1H, 6F Solovay’s construction 2C, 2H, 2J, 4R, P1, P2, P3, P7, P9 Souslin number of a partially ordered set 7C, 7D, A1P, A1R, P4; of a Boolean algebra 5D, A1P Souslin’s hypothesis 7D stationary set 4Aa, 4F, A1Dc, A1F, A1G strictly localizable measure space A2Bd strong law of large numbers A2X strongly compact cardinal 8C strongly inaccessible cardinal 1D, A1Da, A1S subspace of a measure space A2Ab, A2J successor cardinal 8P supercompact cardinal 8I

third-order language A4K Todorčević S. 5P, 7F topology base A3F totally finite measure A2Ba totally ordered set 7E, A1Ac trivial measure space 1A, 1B, 1D two-valued-measurable cardinal 1Cb, 1D, 1E, 1Gb, 1Ha, 1I, 2D, 2E, 2H, 2I, 2K, 2L, 5N, 5P, 9G, A4L, P1, P7

Ulam S. Intro. Ulam matrix 1E Ulam’s Dichotomy 1E Ulam’s Theorem 1D uniform filter A1Bc up-antichain in a partially ordered set A1P upper integral 3A, 6A, A2E, A2Je upwards-ccc partially ordered set A1Q upwards-compatible elements in a partially ordered set A1P usual measure on {0, 1}^I A2G (A2Ga), A2I, A2Jc, A2Pb

vector lattice 6N

weakly compact cardinal A1S weakly Π^1_0-indescribable cardinal A4C (A4Ca), A4D weakly Π^1-indescribable cardinal 4Dc, 4F, 4G, 4H, 4I, 4K, 4L, 4R, 6L, A1Ob, A1S, A4C (A4Ca), A4D, A4H, P3 weakly Π^1_2-indescribable cardinal A4Ca, P4 weakly Π^1_n-indescribable cardinal A4C (A4Ca), A4F, A4G, A4J weakly Π^2_0-indescribable cardinal 4P, 4Q, 4R, A4C (A4Ca), P3 weakly Π^2_1-indescribable cardinal A4K, A4L weakly Mahlo cardinal 4Aa, 4B, 8P weakly inaccessible cardinal 1D, 4Aa, 8P, 9B, A1Da weight of a topological space 3A, 3B, 6J, 6K, A3Ec witnessing ideal 9C witnessing probability 1C, P2 Woodin H. 6K

Zakrzewski P. 1J, 6K

a P4 A⌈a A2Hc add(P ) see additivity of a partially ordered set (A1Ac) add(μ) see additivity of a measure (A2Cb) b P4 c = 2^ω 1D, 4L, 5E, 5N, 9D, 9L, 9N, 9O, A4D cf(P ) see cofinality of a partially ordered set (A1Ab) cov(X, A) A2P (A2Pa), P4 cov(X, N_μ) 2H, 6B, 6L, A2Pb, A2U, P4 cov_{Sh}(α, β, γ, δ) 7K, 7O, 9O, A1Ja, A1K d 7K, P4 ℓ^∞(X) 6N L A4A L_3 A4K L(I) 2D, 2K L^∞(A) 2C, A2Ff, A2Fg Mh(A) see Mahlo’s operation (4Ab) N_μ 2J, A2Ad ; see also cov(X, N_μ), non(X, N_μ) non(X, A) A1Be non(X, N_μ) 6G, P4 p P4 p-point filter 5G, A1Ca p(κ)-point filter 5L, A1Cd Regr(κ) 4Da S(P ) see Souslin number (A1P) sat(A) see Souslin number (A1P) Tr(κ) 3D, 3E, 3K Tr_I (X; Y ) 2F, 2G, 2H, 3D, 3M, 5D, P2 U_F 4Da, 4E , 4H

α-Mahlo cardinal 4B α → (β, γ)^2 5O, 5P, A1S Θ(α, γ) 7K, 9O, A1Jb, A1K, A1L, A1M κ-additive ideal 2D, 9B, 9C, 9E, A1B (A1Ba), A1E κ-additive measure 1C, A2Ca; see also additivity of a measure (A2Cb) κ-additive partially ordered set A1Ac κ-Aronszajn tree 5F, 9M, A1Ob κ-chain condition A1P κ-complete filter 1C, 1G, A1Bb, A1E κ-measure-bounded partially ordered set 7G, 7H, 7I, 7J κ-saturated ideal 2D, 9A, 9B, 9E, 9I, 9P, A1Bf μf^{−1} A2Db μ⌈A A2Ab μ^∗ A2Aa Π^1-filter 4Dc, 4F, 4G, 4I, 6L, A4Cb Π^1 formula 4T, A4B Π^1-fully stationary 4Db, 4Dc, 4K, A4H Π^1-ideal A4Cb, A4H Π^1_n-filter A4Cb, A4F, A4G, P3 Π^1_n formula A4B, A4E Π^1_n-ideal A4Cb Π^2_0-filter 4Q, 4R, A4Cb Π^2_0 formula 4O, 8Q, A4K Π^2_0-ideal 4P, A4Cb Π^2_1-filter A4K, A4L Π^2_1-indescribable cardinal A4K, A4L σ-finite measure space A2Ba, A2Bb σ-ideal 9A , P9 Σ^1 formula 4S, A4B Σ^1_n formula A4B τ-additive measure A2V, A2W τ-homogeneous Boolean algebra A2He, A2Hf, A2Ia τ(A) A2H (A2Ha), A2I χ(a) A2Ff χ(x, X) 8F, 8M, A3Eb ω-Tukey function 7G, 7H, 7I ω_1-saturated ideal 9C, 9H

⊨ A4A {0, 1}^I A2G ♦_c 5N, 9N → see α → (β, γ)^2 (A1S) ⌈ see subspace measure (A2Ab)

Version of 22.5.00

Supplement to ‘Real-valued-measurable cardinals’

D.H.Fremlin

University of Essex, Colchester, England

This note contains further results on real-valued-measurable cardinals, supplementing my paper ‘Real-valued-measurable cardinals’ (pp. 151-304 in Israel Math. Conference Proc. 6 (1993), ed. H.Judah), with which it should be read. References of the form ‘7C’, ‘A2J’ are directions to paragraphs in that paper, and unexplained notation is defined there. References of the form ‘SA2Ac’ are directions to paragraphs below.

Section numbers follow those of ‘Real-valued measurable cardinals’, except that a new section S6^′ (‘Topological implications’) has been added.

Version of 27.10.94

S5. Combinatorial implications

S5A The arguments of 5E may be refined, as follows.

Theorem Let κ be an atomlessly-measurable cardinal, and ω ≤ δ ≤ λ < κ. If 2^δ < κ^{δ+} , then 2^λ = 2^δ. proof Induce on λ.

(a) For the inductive step to λ, where cf(λ) > δ, choose an injection θ_ξ : Pξ → c for each ξ < λ; set g_A(ξ) = θ_ξ(A ∩ ξ) for A ⊆ λ, ξ < λ. ?? If 2^λ > 2^δ, let N ⊆ 2^δ be a set of minimal cardinal such that A_N = {A : A ⊆ λ, g^{−1}_A [N] is cofinal with λ} has cardinal greater than 2^δ. Then cf(λ) ≤ cf(#(N)) ≤ λ. PP (i) If γ < λ and N = ⋃ α<γ N_α then A_N = ⋃ α<γ A_{Nα} . (ii) If γ > λ is regular and ⟨N_α⟩_{α<γ} is an increasing family with union N, then again A_N = ⋃ α<γ A_{Nα} . QQQ But there is no cardinal γ such that κ ≤ γ < κ^{+δ+} and δ < cf(γ) ≤ λ, so #(N) < κ. Let h : κ → A_N be injective. For α < β < κ set f({α, β}) = min{ζ : h(α) ∩ ζ ≠ h(β) ∩ ζ}. By 5Ca, there is a set C ⊆ κ such that #(C) = κ and M = {f(I) : I ∈ [C]^2} is countable, therefore bounded above in λ; set ζ = sup M, so that h(α) ∩ ζ ≠ h(β) ∩ ζ for all distinct α, β ∈ C. Next, there is a ξ ∈ λ \ ζ such that C_1 = {α : α ∈ C, g_{h(α)}(ξ) ∈ N} has cardinal κ. But now α → g_{h(α)}(ξ) = θ_ξ(h(α ∩ ξ)) is an injective function from C_1 to M, while #(M) < κ = #(C_1). XX

This deals with the inductive step if cf(λ) > δ.

(b) If cf(λ) ≤ δ, then 2^λ ≤ (sup_{γ<λ} 2^γ )^{cf(λ)} = 2^δ, so the induction proceeds.

S5B Proposition Suppose there is an atomlessly-measurable cardinal κ. Then there is a family ⟨A_α⟩_{α<ω1} of sets such that

(i) A_α ⊆ α for every α < ω_1;

(ii) if α ≤ β < ω_1, then A_α△(A_β ∩ α) is finite; (iii) if C ⊆ ω_1 is uncountable, then {α : C ∩ A_α is infinite}, {α : (C ∩ α) \ A_α is infinite} are both uncountable.

proof (a) Choose a family ⟨e_α⟩_{α<ω1} such that (i) each e_α is an injective function from α to N (ii) if α ≤ β then {ξ : ξ < α, e_α(ξ) ≠ e_β (ξ)} is finite (SA1A). Let ν be an extension of the usual measure μ of PN (corresponding to the usual measure on {0, 1}^N) to P(PN). For each a ⊆ N set A_{aα} = e^{−1}_α [a] ⊆ α.

Then whenever α ≤ β < ω_1, A_{aα}△(α ∩ A_{aβ} ) ⊆ {ξ : ξ < α, e_α(ξ) ≠ e_β (ξ)} is finite. Thus every a ⊆ N provides a family satisfying conditions (i) and (ii).

(b) Let S be the set of those a ⊆ N for which there is some uncountable set C_a ⊆ ω_1 such that {α : C_a∩A_{aα} is infinite} is countable. ?? Suppose, if possible, that νS > 0. Then there is an α_0 < ω_1 such that {α : C_a ∩ A_{aα} is infinite} ⊆ α_0 for ν-almost every a ∈ S; set T = {a : a ∈ S, C_a ∩ A_α is finite for every α ≥ α_0}.

For each ξ < ω_1, set T_ξ = {a : a ∈ T, ξ ∈ C_a}; then 0 < νS = νT ≤ ∑ ξ≥β νT_ξ for every β < ω_1, so {ξ : νT_ξ > 0} is uncountable and there is a δ > 0 such that B is uncountable, where B = {ξ : νT_ξ ≥ δ}.

By S6F (I apologize for the forward reference, but you can easily check that there is no circularity) there is an infinite D ⊆ B such that μ^∗( ⋂ ξ∈D T_ξ) > 0. Take α ≥ α_0 such that D ⊆ α. If a ∈ ⋂ ξ∈D T_ξ, then D ⊆ C_a, while C_a ∩ A_{aα} is finite, so D ∩ A_{aα} is finite. But E = {a : D ∩ A_{aα} is finite} = {a : a ∩ e_α[D] is finite} is μ-measurable and has zero measure, so μ^∗( ⋂ ξ∈D T_ξ) = 0, which is impossible. XX Thus νS = 0.

(c) Now consider the set S^′ of those a ⊆ N for which there is some uncountable set C_a such that {α : (C_a ∩ α) \ A_{aα} is infinite} is countable. ?? Suppose, if possible, that νS^′ > 0. Then there is an α_0 < ω_1 such that {α : C_a ∩ α \ A_{aα} is infinite} ⊆ α_0 for ν-almost every a ∈ S^′; set T = {a : a ∈ S, C_a ∩ α \ A_α is finite for every α ≥ α_0}.

For each ξ < ω_1, set T_ξ = {a : a ∈ T, ξ ∈ C_a}; then 0 < νS^′ = νT ≤ ∑ ξ≥β νT_ξ

for every β < ω_1, so {ξ : νT_ξ > 0} is uncountable and there is a δ > 0 such that B is uncountable, where B = {ξ : νT_ξ ≥ δ}.

By S6F there is an infinite D ⊆ B such that μ^∗( ⋂ ξ∈D T_ξ) > 0. Take α ≥ α_0 such that D ⊆ α. If a ∈ ⋂ ξ∈D T_ξ, then D ⊆ C_a, while C_a ∩ α \ A_{aα} is finite, so D \ A_{aα} is finite. But

E = {a : D \ A_{aα} is finite} = {a : e_α[D] \ a is finite} is μ-measurable and has zero measure, so μ^∗( ⋂ ξ∈D T_ξ) = 0, which is impossible. XX Thus νS^′ = 0.

(d) There must therefore be an a ⊆ N not belonging to either S or S^′, and the corresponding family ⟨A_{aα}⟩_{α<ω1} has the required property.

Remark This comes from Todorčević 93, §7.

Version of 22.5.00

S6^′. Topological implications

S6^′A Proposition Suppose there is an atomlessly-measurable cardinal. Then there is a locally compact locally countable Hausdorff topology T on ω_1 such that every closed set is either countable or cocountable.

proof (a) Let κ be an atomlessly-measurable cardinal, and ν_0 a Maharam homogeneous atomless probability measure with domain Pκ; let λ be the Maharam type of ν. By 3F, λ > κ > ω_1. Let g : κ → {0, 1}^λ be a function representing an isomorphism from the measure algebra of the usual measure on X = {0, 1}^λ = X and the measure algebra of ν_0 (A2Gd). Let ν be the image measure ν_0g^{−1}, so that ν extends the usual measure on X, and setting E_ξ = {x : x ∈ X, x(ξ) = 1} for ξ < λ, ⟨E_ξ⟩_{ξ<λ} is a stochastically independent family of sets of measure^1_2 such that {E^•_ξ : ξ < λ} τ-generates the measure algebra of ν. For Γ ⊆ λ write Σ_Γ for the σ-algebra generated by {E_ξ : ξ ∈ Γ} ∪ {E : νE = 0}, so that PX = ⋃ {Σ_Γ : Γ ∈ [λ]^{≤ω}}. Write Ω for the set of non-zero countable limit ordinals; for α ∈ Ω, enumerate α as ⟨e_α(n)⟩_{n∈N}. Fix a bijection ϕ : {0, 1}^N → [0, 1]^N which is an automorphism for the usual measures (Fremlin p00*, 344I). For α ∈ Ω, n ∈ N define ϕ_{αn} : X → [0, 1] by writing ⟨ϕ_{αn}(x)⟩_{n∈N} = ϕ(⟨x(α + n)⟩_{n∈N}) for every x ∈ X.

(b) For x ∈ X, ξ < ω_1 choose B_x(ξ) as follows. If ξ < ω then B_x(ξ) = {ξ}. Suppose that B_x(ξ) has been defined for every ξ < α, where α ∈ Ω. Set C_x(α, n) = B_x(e_α(n)) \ ⋃ i<n B_x(e_α(i)) for each n. Set

B_x(α + n) = {α + n} ∪ ⋃ {C_x(α, i) : i ∈ N, 2^{−n−1} ≤ ϕ_{αi}(x) < 2^{−n}} for each n.

Let T_x be the topology on ω_1 generated by {B_x(ξ) : ξ < ω_1}∪{ω_1 \B_x(ξ) : ξ < ω_1}. Then T_x is Hausdorff and locally countable. PP It is Hausdorff because if ξ < η then ξ ∈ B_x(ξ) and η /∈ B_x(ξ). (The point is that if α is a limit ordinal and n ∈ N, then α + n ∈ B_x(α + n) ⊆ {α + n} ∪ α.)

It is locally countable because every B_x(ξ) is countable. QQQ

(c) For α ∈ Ω, let T_{xα} be the topology on α generated by {B_x(ξ) : ξ < α} ∪ {α \ B_x(ξ) : ξ < α}. Then an easy induction shows that C_x(β, n) ∩ α and B_x(η) ∩ α are open-and-closed in T_{xα} for every β ∈ Ω, n ∈ N and η ∈ ω_1, so that T_{xα} is the subspace topology on α induced by T_x. Now B_x(ξ) is T_{xα}-compact whenever α ∈ Ω, n ∈ N and ξ < α. PP Induce on α. For α = ω, every B_x(ξ) is a singleton, so the induction starts. If α = β + ω, where β ∈ Ω, and ξ < α, either ξ < β so B_x(ξ) ⊆ β is T_{xβ}-compact, therefore T_{xα}-compact, or ξ = α + n for some n. In this case, B_x(e_β (n)) is always T_{xβ}-compact and T_{xβ}-open, so ⟨C_x(β, i)⟩_{i∈N} is a partition of β into T_{xβ}-compact and T_{xβ}-open sets, and B_x(β + n) must be T_{x,β+ω}-compact. If α is a limit member of Ω, then for every ξ < α there is a β ∈ Ω such that ξ < β < α, and the inductive hypothesis tells us that B_x(ξ) is T_{xβ}-compact, therefore T_{xα}-compact. Thus the induction proceeds. QQQ It follows that every B_x(ξ) is T_x-compact, so that T_x is locally compact, for every x ∈ X.

(d) The essential fact to note about this construction is that {x : ξ ∈ B_x(η)}, {x : ξ ∈ C_{β,n}} belong to Σ_α whenever α ∈ Ω, ξ < ω_1, η < α, β ∈ α ∩ Ω and n ∈ N.

(e) ?? Suppose, if possible, that for every x ∈ X there is a set D_x ⊆ ω_1 which is T_x-closed but neither countable nor cocountable. For ξ < ω_1 set H_ξ = {x : ξ ∈ D_x} ⊆ X. Then there is a countable set Γ_ξ ⊆ λ such that H_ξ ∈ Σ_{Γξ} . Note also that, for any ξ < ω_1, ⋃ η>ξ H_η = X, so there is a countable Δ_ξ ⊆ ω_1 \ ξ such that ⋃ η∈Δ_ξ Hη is conegligible. Let A be

{α : α ∈ Ω, (Γ_ξ ∩ ω_1) ∪ Δ_ξ ⊆ α for every ξ < α};

then A is a club set in ω_1. Take any α ∈ A. Set Γ = ⋃ ξ<α Γ_ξ , so that Γ ∩ ω_1 ⊆ α.

Let Y be {y : y ∈ X, D_y ∩ α is cofinal with α}, so that Y ⊇ ⋂ ξ<α ⋃ η∈Δ_ξ Hη is conegligible. For every

x ∈ X, D_x does not include ω_1 \ α, so there is a least ζ_x ≥ α such that ζ_x /∈ D_x; let ζ ∈ ω_1 \ α be the least ordinal such that Q = {x : ζ_x = ζ} is not negligible. Set Y_1 = {y : y ∈ Y, ζ_y ≥ ζ}, so that Y_1 is conegligible. Express ζ as β + n where β ∈ Ω, n ∈ N. Observe that H_ξ is conegligible, so belongs to Σ_Γ, for every ξ ∈ β \ α, so H_ξ ∈ Σ_Γ for every ξ < β.

For x ∈ X, set I_x = {m : m ∈ N, D_x ∩ C_x(β, m) ≠ ∅}. Observe that

{x : m ∈ I_x} = ⋃ ξ<β {x : ξ ∈ D_x ∩ C_x(β, m)} ∈ Σ_{Γ∪β}

for every m ∈ N. If y ∈ Y_1, D_y ∩ β is cofinal with β, whether or not β = α, because D_y ∩ α is cofinal with α and β \ α ⊆ D_y. Since

sup C_y(β, m) ≤ sup B_y(e_β (m)) = e_β (m) < β

for every m, I_y is infinite, for every y ∈ Y_1.

On the other hand, setting F_m = {x : 2^{−n−1} ≤ ϕ_{βm}(x) < 2^{−n}} for m ∈ N, ⟨F_m⟩_{m∈N} is a stochastically independent sequence of sets of measure 2^{−n−1} all belonging to Σ_{(β+ω)\β}, which is independent from Σ_{Γ∪β}. Set J_x = {m : x ∈ F_m}. Then

G = {x : I_x is infinite, I_x ∩ J_x is finite}

is negligible. PP Set h_1(x) = I_x, h_2(x) = J_x, h(x) = (I_x, J_x), so that h_1 and h_2 are functions from X to PN. Let μ_1, μ_2 be the Radon measures on PN such that h_1 and h_2 are inverse-measure -preserving. Then h_1 is inverse-measure -preserving for ν↾Σ_{Γ∪β} and μ_1, and h_2 is inverse-measure -preserving for ν↾Σ_{(β∪ω)\β} and μ_2, so h is inverse-measure -preserving for ν and the product measure μ_1 × μ_2 on PN × PN. Now the set

{(I, J) : I ∈ [N]^ω, J ⊆ N, I ∩ J is finite}

is a Borel set in PN × PN which has μ_2-negligible vertical sections, so is μ_1 × μ_2-negligible, and its inverse image G is ν-negligible. QQQ

There is therefore some y ∈ Q ∩ Y_1 \ G. But in this case ζ /∈ D_y, so B_y(ζ) ∩ D_y is a T_y-compact set not containing ζ. Since

B_y(ζ) = {ζ} ∪ ⋃ m∈J_y Cy(β, m),

there must be a finite set K ⊆ J_y such that B_y(ζ) ∩ D_y ⊆ ⋃ m∈K C_y(β, m). Since I_y is infinite and y /∈ G, there is an m ∈ I_y ∩ J_y \ K, and C_y(β, m) ∩ D_y is not empty; which is impossible. XX

This contradiction shows that for at least one x ∈ X, every T_x-closed set is either countable or cocountable.

Remarks This proposition is based on ideas of J.Moore.

Observe that, for a topology T as described, ω_1 is hereditarily separable. PP?? If A ⊆ ω_1 is not separable, of course it is uncountable. For ξ < ω_1, choose α_ξ , β_ξ in A, and countable open sets G_ξ ⊆ ω_1 inductively, as follows. Given ⟨α_η ⟩_{η<ξ} , let β_ξ ∈ A be such that β_ξ /∈ {α_η : η < ξ} ∪ (A ∩ ξ). Let G_ξ be a countable open set containing β_ξ and not meeting {α_η : η < ξ}. Given ⟨G_η ⟩_{η≤ξ} , take α_ξ ∈ A \ (ξ ∪ ⋃ η≤ξ G_η ).

Now consider F = {α_ξ : ξ < ω_1}. Then α_ξ ∈ F and β_ξ /∈ F for every ξ. Since α_ξ , β_ξ ≥ ξ for every ξ, F is neither countable nor cocountable, which is impossible. XXQQQ

Version of 21.5.00 S6. Measure-theoretic implications

S6A Proposition Let κ be an atomlessly-measurable cardinal and λ < κ a cardinal. Then there is a cardinal θ < κ such that whenever X is a T_0 topological space of cardinal at least θ and weight at most λ then there is an atomless τ-additive Borel probability on X. proof ?? Suppose, if possible, otherwise.

(a) We are supposing that for each ζ < κ there is a T_0 space X_ζ , of cardinal at least #(ζ) and of weight at most λ, with no atomless τ-additive Borel probability. Note that any τ-additive Borel probability μ̃ on any subspace D of X_ζ gives rise to a τ-additive Borel probability μ̃_1 on X_ζ , writing μ̃_1E = μ̃(D ∩ E) for every Borel set E ⊆ X_ζ , which would be atomless if μ̃ were atomless; so we may take it that #(X_ζ ) is precisely #(ζ). Let ⟨U_{ζξ}⟩_{ξ<λ} run over a base for the topology of X_ζ . Define f_ζ : X_ζ → X = {0, 1}^λ by writing f_ζ (x)(ξ) = 1 if x ∈ U_{ζξ}, 0 if x ∈ X_ζ \ U_{ζξ}.

Note that f_ζ is injective, because X_ζ is a T_0 space, so we may enumerate Y_ζ = f_ζ [X_ζ ] as ⟨y_{ζξ}⟩_{ξ<ζ} .

(b) Let ν be a normal witnessing probability on κ. Define μ : P(X × κ) → [0, 1] by setting μE = ∫ ν{ζ : (y_{ζξ}, ζ) ∈ E}ν(dξ) for E ⊆ X × κ. Then μ is a κ-additive probability on X × κ. By SA2B below there is a family ⟨μ_ζ ⟩_{ζ<κ} of Radon probabilities on X such that μ(H × A) = ∫ A μ_ζ Hν(dζ) for every set H in the Baire σ-algebra of X and every A ⊆ κ.

Let V be the algebra of open-and-closed subsets of X. (c) For any C ⊆ X × κ, μC ≤ ∫ μ^∗_ζ C^{−1}[{ζ}]ν(dζ). PP The set W of sets expressible as a finite disjoint union of sets V × A, where V ∈ V and A ⊆ κ, is a subalgebra of P(X × κ), and for every W ∈ W we have μW = ∫ μ_ζ W^{−1}[{ζ}]ν(dζ).

Now take ϵ > 0. For each ζ < κ choose an open set G_ζ ⊇ C^{−1}[{ζ}] such that μ_ζ G_ζ ≤ μ^∗_ζ C^{−1}[{ζ}] + ϵ. Set E = {(y, ζ) : ζ < κ, y ∈ G_ζ } = ⋃ V ∈V {(y, ζ) : y ∈ V ⊆ Gζ }.

Then C ⊆ E so μC ≤ μE. Because μ is κ-additive and #(V) ≤ max(λ, ω) < κ, there is a finite V_0 ⊆ V such that μW ≥ μE − ϵ, where W = ⋃ V ∈V_0 {(y, ζ) : y ∈ V ⊆ Gζ }.

But W ∈ W, so μW = ∫ μ_ζ W^{−1}[{ζ}]ν(dζ) ≤ ∫ μ_ζ G_ζ ν(dζ).

Putting these together, μC ≤ ∫ μ_ζ G_ζ ν(dζ) + ϵ ≤ ∫ μ^∗_ζ C^{−1}[{ζ}]ν(dζ) + 2ϵ.

As ϵ is arbitrary, we have the result. QQQ

Taking complements, we see now that μC ≥ ∫ (μ_ζ )_∗C^{−1}[{ζ}]ν(dζ) for every C ⊆ X × κ, writing (μ_ζ )_∗D = sup{μ_ζ H : H ⊆ D is μ_ζ -measurable} for every D ⊆ X, ζ < κ.

(d) μ^∗_ζ Y_ζ = 1 for ν-almost every ζ. PP Set C = {(y, ζ) : ζ < κ, y ∈ Y_ζ } ⊆ X × κ. Then (y_{ζξ}, ζ) ∈ C whenever ξ < ζ < κ, so μC = 1. By (c),

1 = μC ≤ ∫ μ^∗_ζ C^{−1}[{ζ}]ν(dζ) = ∫ μ^∗_ζ Y_ζ ν(dζ).

Thus μ^∗_ζ Y_ζ = 1 for almost all ζ. QQQ

Set A_0 = {ζ : μ^∗_ζ Y_ζ = 1}.

(e) μ_ζ is atomless for almost all ζ ∈ A_0. PP Set B = {ζ : ζ ∈ A_0, μ_ζ has an atom},

C = {(y, ζ) : ζ < κ, y ∈ Y_ζ , μ_ζ {y} > 0}.

If ζ ∈ B, then (because μ_ζ is a Radon measure) there is a y ∈ X such that μ_ζ {y} > 0; but as μ^∗_ζ Y_ζ = 1, y ∈ Y_ζ and (y, ζ) ∈ C. For each ζ < κ, C^{−1}[{ζ}] is countable, so is expressible as {y_{ζξ} : ξ ∈ I_ζ }, where I_ζ ⊆ ζ is countable. Let I ⊆ κ be a countable set such that I_ζ ⊆ I for almost all ζ (5Ab). Now ν{ζ : y_{ζξ} ∈ C} = 0 for every ξ ∈ κ \ I, so μC = 0. Consequently, by the last remark of (c) above, ∫ (μ_ζ )_∗C^{−1}[{ζ}]ν(dζ) = 0.

But of course (μ_ζ )_∗C^{−1}[{ζ}] > 0 for every ζ ∈ B, so νB = 0, as claimed. QQQ

(f) There must therefore be some ζ < κ such that μ_ζ is atomless and μ^∗_ζ Y_ζ = 1. Write μ^′_ζ for the quasi-Radon subspace probability μ_ζ ⌈Y_ζ (A2Ja). f^{−1}_ζ : Y_ζ → X_ζ is continuous, so we have a τ-additive Borel probability μ̃ on X_ζ defined by saying that μ̃E = μ^′_ζ (f_ζ [E]) for every Borel set E ⊆ X_ζ . Now take ϵ > 0. Because μ_ζ is atomless, every point of X is contained in an open set of μ_ζ -measure at most ϵ. Because X is compact, we have a finite cover of X by basic cylinder sets of the form U_w = {y : y↾I = w}, where I ⊆ λ is finite and w ∈ {0, 1}^I , all of μ_ζ -measure at most ϵ. Now f^{−1}_ζ [U_w] is a Borel set in X_ζ for every w (examine the original definition of f_ζ in (a) above), and μ̃f^{−1}_ζ [U_w] = μ^′_ζ (Y_ζ ∩ U_w) = μ_ζ U_w, so X_ζ has a partition into finitely many Borel sets of μ̃-measure at most ϵ. As ϵ is arbitrary, μ̃ is atomless.

But this contradicts the choice of X_ζ . XX This contradiction completes the proof.

S6B Corollary Let κ be an atomlessly-measurable cardinal and λ < κ a cardinal. Then there is a cardinal θ < κ such that

(a) whenever X is a regular T_0 topological space of cardinal at least θ and weight at most λ then there is an atomless quasi-Radon probability on X;

(b) whenever Z is a compact Hausdorff space of weight at most λ and X ⊆ Z has cardinal at least θ, then there is an atomless Radon probability μ on Z such that μ^∗X = 1.

proof Take θ from S6A.

(a) There is an atomless τ-additive Borel probability on X, which by SA2A extends to a quasi-Radon probability on X.

(b) There is an atomless τ-additive Borel probability μ_0 on X; setting μE = μ_0(X ∩ E) for Borel sets E ⊆ Z, we get a τ-additive Borel probability on Z for which μ^∗X = 1; by SA2A the completion μ̂ of μ is quasi-Radon, and of course μ̂ is atomless and μ̂^∗X = 1. Because Z is compact, μ̂ is inner regular for the compact sets and is therefore a Radon measure.

S6C Corollary Let κ be an atomlessly-measurable cardinal. Then there is a θ < κ such that no subset of R of cardinal θ or more can be universally negligible.

proof Apply S6Bb with λ = ω, X = [a, b], where a ≤ b in R.

S6D Proposition If κ is an atomlessly-measurable cardinal and (X, μ) is an atomless Radon probability space of Maharam type at most κ, then cf(N_μ) = cf(N ), where N is the Lebesgue null ideal.

proof Use S7B below and 6.14 of Fremlin 89.

S6E Lemma Let κ be an atomlessly-measurable cardinal, and λ ≤ κ a cardinal of uncountable cofinality. Let (X, μ) be a Radon probability space and ⟨E_ξ ⟩_{ξ<λ} a family of non-negligible measurable subsets of X. Then there is an x ∈ X such that #({ξ : x ∈ E_ξ }) = λ.

proof By 6C, λ is a precaliber of the measure algebra A of (X, μ). For each ξ < κ, choose a compact non-negligible F_ξ ⊆ E_ξ. Then there is a set D ∈ [λ]^λ such that {F^•_ξ : ξ ∈ D} is centered. But this means that {F_ξ : ξ ∈ D} has the finite intersection property; because the F_ξ are compact, there is a point in ⋂ ξ∈D F_ξ , and this will serve for x.

S6F Lemma Let κ be an atomlessly-measurable cardinal. Let (X, Σ, μ) be a probability space, and Σ_0 a σ-subalgebra of Σ; set μ_0 = μ↾Σ_0 and let μ^∗_0 be the outer measure on X defined from μ_0. Suppose that the Maharam type τ_0 of μ_0 is less than κ. Let ⟨E_ξ ⟩_{ξ<λ} be a family in Σ with inf_{ξ<λ} μE_ξ = γ > 0, where λ > max(ω, τ_0). Then for any γ^′ < γ there is an infinite W ⊆ λ such that μ^∗_0( ⋂ ξ∈W E_ξ ) ≥ γ^′.

Remark Compare A2S.

proof It is enough to consider the case λ = max(ω_1, τ^+_0 ), so that cf(λ) > ω and λ ≤ κ.

(a) Consider first the special case in which X = {0, 1}^I for some set I, with μ the usual measure on X, and there is a J ⊆ I of cardinal τ_0 such that Σ_0 = {π^{−1}_J [F ] : F ∈ Σ_J }, writing Σ_J for the domain of the usual measure μ_J on {0, 1}^J , and π_J : X → {0, 1}^J for the canonical map.

We may regard X as the product {0, 1}^J × {0, 1}^{I\J} . For ξ < λ, z ∈ {0, 1}^{I\J} set

E_{ξz} = {y : y ∈ {0, 1}^J , (y, z) ∈ E_ξ }.

Then ∫ μ_J E_{ξz}μ_{I\J} (dz) = μE_ξ ≥ γ

by Fubini’s theorem (A2Ge). Set

G_ξ = {z : z ∈ {0, 1}^{I\J} , μ_J E_{ξz} exists ≥ γ};

then μ_{I\J} G_ξ exists and is greater than 0. By S6E, there is a z ∈ {0, 1}^{I\J} such that U = {ξ : z ∈ G_ξ } has cardinal λ.

Let (A_0, μ̄_J ) be the measure algebra of μ_J . Then the topological density of A_0 is at most max(ω, τ_0) < λ (Fremlin 89, 6.3b). So there is a b ∈ A_0 such that {ξ : ξ ∈ U, μ̄_J (b△E^•_{ξz}) ≤ δ} is infinite for every δ > 0. Of course μ̄_J b ≥ inf_{ξ∈U} μ̄_J E^•_{ξz} ≥ γ. Let ⟨ξ_n⟩_{n∈N} be a sequence of distinct elements of U such that ∑ n∈N μ̄_J (b△E^•_{ξnz}) ≤ γ − γ^′. Then

μ_J ( ⋂ n∈N E_{ξnz}) = μ̄_J (inf_{n∈N} E^•_{ξnz}) ≥ μ̄_J b − ∑ n∈N μ̄_J (b \ E^•_{ξnz}) ≥ γ^′.

Set W = {ξ_n : n ∈ N}. If F^′ ∈ Σ_J and π^{−1}_J [F^′] ⊇ ⋂ ξ∈W E_ξ , we must have F^′ ⊇ ⋂ n∈N E_{ξnz}, so

μ(π^{−1}_J [F^′]) = μ_J F^′ ≥ γ^′.

As F^′ is arbitrary, μ^∗_0( ⋂ ξ∈W E_ξ) ≥ γ^′, as required.

(b) It follows that if (A, μ̄) is a probability algebra, A_0 is an order-closed subalgebra of A with τ(A_0) = τ_0 < κ, λ is a cardinal greater than max(ω, τ(A_0)), ⟨a_ξ ⟩_{ξ<λ} is a family in A with inf_{ξ<λ} μ̄a_ξ = γ > 0, and γ^′ < γ, then there is an infinite W ⊆ λ such that

min{μ̄b : b ∈ A_0, b ⊇ inf_{ξ∈W} a_ξ} ≥ γ^′.

PP We can embed A as a subalgebra of the measure algebra A_I of {0, 1}^I for some set I (A2Ib). If we take a set B ⊆ A_0 of cardinal τ_0 which completely generates A_0, then for each b ∈ B we can find a set G_b ⊆ X = {0, 1}^I , belonging to the Baire σ-algebra of X, such that b = G^•_b in A; now there is a set J ⊆ I, of cardinal at most max(ω, τ_0), such that every G_b belongs to Σ_0, if we define Σ_0 from J as in part (a) above.

Set A_1 = {G^• : G ∈ Σ_0}, so that A_1 is an order-closed subalgebra of A and A_0 ⊆ A_1. Let Σ_J be the algebra of measurable subsets of {0, 1}^J , and A_J the measure algebra of {0, 1}^J . Then the inverse-measure-preserving map π_J : X → {0, 1}^J induces an isomorphism ϕ between A_1 and A_J , taking ϕ(π^{−1}_J [G]^•) = G^• for every G ∈ Σ_J . By the lifting theorem (A2Qb) there is a lifting θ_J : A_J → Σ_J . So we have a corresponding Boolean homomorphism θ_1 : A_1 → Σ_0 given by setting θ_1(a) = π^{−1}_J [θ_J (ϕ(a))] for each a ∈ A_1. As remarked in A2Qc, there is an extension θ of θ_1 to a lifting from A to Σ.

Set E_ξ = θ(a_ξ ) for each ξ < λ. By part (a) above, there is an infinite set W ⊆ λ such that μ^∗_0( ⋂ ξ∈W E_ξ ) ≥ γ^′. Now suppose that b ∈ A_0 and b ⊇ inf_{ξ∈W} a_ξ. Then θ(b) ⊇ ⋂ ξ∈L E_ξ and θ(b) ∈ Σ_0, so μ̄b = μ(θ(b)) ≥ μ^∗_0( ⋂ ξ∈W E_ξ ) ≥ γ^′.

Thus we have the set W we need. QQQ

(c) We are now ready for the general case of the lemma. Let (A, μ̄) be the measure algebra of (X, Σ, μ) and set A_0 = {G^• : G ∈ Σ_0}, a_ξ = E^•_ξ for each ξ < λ. By (b), there is an infinite W ⊆ λ such that μ̄b ≥ γ^′ whenever b ∈ A_0 and b ⊇ inf_{ξ∈W} a_ξ. Now if G ∈ Σ_0 and G ⊇ ⋂ ξ∈W E_ξ , b = G^• ∈ A_0 and b ⊇ inf_{ξ∈W} a_ξ, so that μ_0G = μG = μ̄G^• ≥ γ^′. As G is arbitrary, μ^∗_0( ⋂ ξ∈W E_ξ ) ≥ γ^′, and we have a suitable set W .

S6G Proposition Let κ be an atomlessly-measurable cardinal.

(a) Let X be a Hausdorff space such that χ(X) < κ. Then any Radon probability measure on X has Maharam type at most max(ω, χ(X)).

(b) Let X be a Hausdorff space such that χ(x, X) < κ for every x ∈ X. Then any Radon probability measure on X has Maharam type less than κ.

proof ?? Suppose, if possible, otherwise. By SA2D, X has a Maharam homogeneous Radon probability measure μ of Maharam type λ, where λ = max(ω_1, χ(X)^+) in (a) and λ = κ in (b). Let A be the measure algebra of μ; then A can be expressed as the union of a strictly increasing family ⟨A_ξ⟩_{ξ<λ} of closed subalgebras. For each x ∈ X choose a base U_x of open neighbourhoods of x with #(U_x) = χ(x, X). Set

X_ξ = {x : x ∈ X, U^• ∈ A_ξ for every U ∈ U_x}.

Because cf(λ) = λ > χ(x, X) for every x, ⋃ ξ<λ X_ξ = X.

By 6C/S6E, sup_{ξ<λ} μ^∗X_ξ = 1; because cf(λ) > ω, there is a ξ < λ such that μ^∗X_ξ = 1. Now let G be any open subset of X. Set

H = {H : H ⊆ G is open, H^• ∈ A_ξ}, H_0 = ⋃ H. Then H_0 ⊇ G ∩ X_ξ. So G \ H_0 must be negligible, and

G^• = H^•_0 = sup_{H∈H} H^• ∈ A_ξ.

As G is arbitrary, A = A_ξ, which is absurd. XX

Remark This is derived from Plebanek 95.

Version of 22.5.00

S7^′. Topological implications

S7^′A Proposition Suppose there is an atomlessly-measurable cardinal. Then there is a locally compact locally countable Hausdorff topology T on ω_1 such that every closed set is either countable or cocountable.

proof (a) By , there is an ω_2-additive measure ν on X = {0, 1}^{ω1} extending the usual measure on X. We may suppose that ν is Maharam homogeneous, with Maharam type λ say, and that we have an independent family ⟨E_ξ ⟩_{ξ<λ} of measurable sets generating the measure algebra of ν, starting with E_ξ = {x : x(ξ) = 1} for ξ < ω_1 (). For Γ ⊆ λ write Σ_Γ for the σ-algebra generated by {E_ξ : ξ ∈ Γ} ∪ {E : νE = 0}, so that PX = ⋃ {Σ_Γ : Γ ∈ [λ]^{≤ω} ). Write Ω for the set of non-zero countable limit ordinals; for α ∈ Ω, enumerate α as ⟨e_α(n)⟩_{n∈N}. Fix a bijection ϕ : {0, 1}^N → [0, 1]^N which is an automorphism for the usual measures (Fremlin p00*, 344I). For α ∈ Ω, n ∈ N define ϕ_{αn} : X → [0, 1] by writing ⟨ϕ_{αn}(x)⟩_{n∈N} = ϕ(⟨x(α+n)⟩_{n∈N}) for every x ∈ X.

(b) For x ∈ X, ξ < ω_1 choose B_x(ξ) as follows. If ξ < ω then B_x(ξ) = {ξ}. Suppose that B_x(ξ) has been defined for every ξ < α, where α ∈ Ω. Set C_x(α, n) = B_x(e_α(n)) \ ⋃ i<n B_x(e_α(i)) for each n. Set

B_x(α + n) = {α + n} ∪ ⋃ {C_x(α, i) : i ∈ N, 2^{−n−1} ≤ ϕ_{αi}(x) < 2^{−n}}

for each n.

Let T_x be the topology on ω_1 generated by {B_x(ξ) : ξ < ω_1} ∪ {ω_1 \ B_x(ξ) : ξ < ω_1}. Then T_x is Hausdorff, locally countable and locally compact. PP It is Hausdorff because if ξ < η then ξ ∈ B_x(ξ) and η /∈ B_x(ξ). (The point is that if α is a limit ordinal and n ∈ N, then

α + n ∈ B_x(α + n) ⊆ {α + n} ∪ α.)

It is locally countable because every B_x(ξ) is countable. Finally, an induction on ξ shows that every B_x(ξ) is compact, because if, for α ∈ Ω, we take T_{xα} to be the topology on α generated by {B_x(ξ) : ξ < α} ∪ {α \ B_x(ξ) : ξ < α}, then every C_x(β, n) ∩ α and every B_x(η) ∩ α, for β ∈ Ω \ α, η ∈ ω_1 \ α are open-and-closed for T_α. Now, given α ∈ Ω, the inductive hypothesis tells us that C_x(α, i) is always compact for T_{xα}, so that B_x(α + n) is compact for T_{x,α+ω} and therefore for T_x. So T_x is locally compact. QQQ

(c) The essential fact to note about this construction is that {x : ξ ∈ B_x(η)}, {x : ξ ∈ C_{β,n}} belong to Σ_α whenever α ∈ Ω, ξ < ω_1, η < α, β ∈ α ∩ Ω and n ∈ N.

?? Suppose, if possible, that for every x ∈ X there is a set D_x ⊆ ω_1 which is T_x-closed but neither countable nor cocountable. For ξ < ω_1 set H_ξ = {x : ξ ∈ D_x} ⊆ X. Then there is a countable set Γ_ξ ⊆ λ such that H_ξ ∈ Σ_{Γξ} . Note also that, for any ξ < ω_1, ⋃ η>ξ H_η = X, so there is a countable Δ_ξ ⊆ ω_1 such that ⋃ η∈Δ_ξ,η>ξ Hη is conegligible. Let A be

{α : α ∈ Ω, (Γ_ξ ∩ ω_1) ∪ Δ_ξ ⊆ α for every ξ < α};

then A is a club set in ω_1. Let α be the supremum of a strictly increasing set in A. Set Γ = ⋃ ξ<α Γ_ξ , so that Γ ∩ ω_1 ⊆ α.

Let Y be {y : D_y ∩ α is cofinal with α}, so that Y is conegligible. For every x ∈ X, D_x does not include ω_1 \ α, so there is a least ζ_x ≥ α such that ζ_x /∈ D_x; let ζ ∈ ω_1 \ α be the least ordinal such that Y_2 = {y : y ∈ Y, ζ_y = ζ} is not negligible. Set Y_1 = {y : y ∈ Y, ζ_y ≥ ζ}, so that Y_1 is conegligible. Express ζ as β + n where β ∈ Ω, n ∈ N. Observe that H_ξ is conegligible, so belongs to Σ_Γ, for every ξ ∈ β \ α, so H_ξ ∈ Σ_Γ for every ξ < β.

For x ∈ X, set I_x = {m : m ∈ N, D_x ∩ C_y(β, m) ≠ ∅}. Observe that

{x : m ∈ I_x} = ⋃ ξ<β {x : ξ ∈ D_x ∩ C_x(β, m)} ∈ Σ_{Γ∪β}

for every m ∈ N. If y ∈ Y_1, D_y ∩ β is cofinal with β, whether or not β = α, because D_y ∩ α is cofinal with α and β \ α ⊆ D_y. Since

sup C_y (β, m) ≤ B_y(e_β (m)) = e_β(m) < β

for every m, I_y is infinite, for every y ∈ Y_1.

On the other hand, setting F_m = {x : 2^{−n−1} ≤ ϕ_{βm}(x) < 2^{−n}} for m ∈ N, ⟨F_m⟩_{m∈N} is a stochastically independent sequence of sets of measure 2^{−n−1} all belonging to Σ_{(β+ω)\β}, which is independent from Σ_{Γ∪β}. Set J_y = {m : y ∈ F_m}. Then

G = {y : I_y is infinite, I_y ∩ J_y is finite}

is negligible. (Set h_1(y) = I_y , h_2(y) = J_y, h(y) + (I_y, J_y), so that h_1 and h_2 are functions from X to PN. Let μ_1, μ_2 be the Radon measures on PN such that h_1 and h_2 are inverse-measure -preserving, and h is inverse-measure -preserving for the product measure μ_1 × μ_2 on PN × PN. Now the set

{(I, J) : I ∈ [N]^ω, J ⊆ N, I ∩ J is finite}

is a Borel set in PN × PN which has μ_2-negligible vertical sections, so is μ_1 × μ_2-negligible, and its inverse image G is ν-negligible.)

There is therefore some y ∈ Y_2 \ G. But in this case, ζ /∈ D_y, so B_y(ζ) ∩ D_y is a T_y-compact set not containing ζ. Since

B_y(ζ) = {ζ} ∪ ⋃ m∈J_y Cy(β, m),

there must be a finite set K ⊆ J_y such that B_y(ζ) ∩ D_y ⊆ ⋃ m∈K C_y(β, m). Since I_y is infinite and y /∈ G, there is an m ∈ I_y ∩ J_y \ K, and C_y(β, m) ∩ D_y is not empty; which is impossible. XX

This contradiction shows that for at least one x ∈ X, every T_x-closed set is either countable or cocountable.

Remarks This proposition is based on ideas of J.Moore.

Observe that, for a topology T as described, ω_1 is hereditarily separable. PP?? If A ⊆ ω_1 is not separable, of course it is uncountable. For ξ < ω_1, choose α_ξ , β_ξ in A, and countable open sets G_ξ ⊆ ω_1 inductively, as follows. Given ⟨α_η ⟩_{η<ξ} , let β_ξ ∈ A be such that β_ξ /∈ {α_η : η < ξ} ∪ (A ∩ ξ). Let G_ξ be a countable open set containing β_ξ and not meeting {α_η : η < ξ}. Given ⟨G_η ⟩_{η≤ξ} , take α_ξ ∈ A \ (ξ ∪ ⋃ η≤ξ G_η ).

Now consider F = {α_ξ : ξ < ω_1}. Then α_ξ ∈ F and β_ξ /∈ F for every ξ. Since α_ξ , β_ξ ≥ ξ for every ξ, F is neither countable nor cocountable, which is impossible. XXQQQ Version of 26.10.94

S7. Partially ordered sets

S7A Cofinalities III: Lemma Let κ be a real-valued-measurable cardinal and ⟨α_i⟩_{i∈I} a countable family of ordinals less than κ and of cofinality at least ω_2. Then there is a set F ⊆ ∏ i∈I α_i such that (i) F is cofinal with ∏ i∈I α_i (ii) if ⟨f_ξ⟩_{ξ<ω1} is an increasing family in F then sup_{ξ<ω1} f_ξ ∈ F (iii) #(F ) < κ.

proof We have cf( ∏ i∈I α_i) = cf( ∏ i∈I cf(α_i)) < κ, by 7Kb. So we may find a cofinal set F_0 ⊆ ∏ i∈I α_i of cardinal less than κ. Now for 0 < ζ ≤ ω_2 define F_ζ by saying that

F_{ζ+1} = {sup_{ξ<ω1} f_ξ : ⟨f_ξ⟩_{ξ<ω1} is an increasing family in F_ζ },

F_ζ = ⋃ η<ζ F_η for non-zero limit ordinals ζ ≤ ω_2.

Then #(F_ζ ) < κ for every ζ. PP Induce on ζ. For the inductive step to ζ + 1, ?? suppose, if possible, that #(F_ζ ) < κ but #(F_{ζ+1}) ≥ κ. For each h ∈ F_{ζ+1} choose an increasing family ⟨f_{hξ}⟩_{ξ<ω1} in F_ζ with supremum h. The set h[I] of values of h is a countable subset of Y = ⋃ i∈I α_i. By 5A, taking X = F_{ζ+1} and μ a non-trivial κ-additive measure on X, there is a set H ⊆ F_{ζ+1}, of cardinal κ, such that M = ⋃ h∈H h[I] is countable. Now, for each h ∈ H, there is a γ(h) < ω_1 such that whenever i ∈ I and β ∈ M then h(i) > β iff f_{h,γ(h)}(i) > β. If g, h ∈ H and i ∈ I and g(i) < h(i), then f_{g,γ(g)}(i) ≤ g(i) < f_{h,γ(h)}(i), because g(i) ∈ M. Thus h → f_{h,γ(h)} : H → F_ζ is injective; but #(F_ζ ) < κ = #(H). XX

Thus #(F_{ζ+1}) < κ if #(F_ζ ) < κ. At limit ordinals ζ the induction proceeds without difficulty because cf(κ) > ζ. QQQ

So #(F_{ω2} ) < κ and we may take F = F_{ω2} .

S7B Theorem Let κ be a real-valued-measurable cardinal. (a) For any cardinal θ, cf([κ]^{<θ}) ≤ κ. (b) For any cardinal λ < κ, any θ, cf([λ]^{<θ}) < κ.

proof (a)(i) Consider first the case θ = ω_1. Write G_1 for the set of ordinals less than κ of cofinality less than or equal to ω_1; for δ ∈ G_1 let ψ_δ : cf(δ) → δ enumerate a cofinal subset of δ. Next, write G_2 for κ \ G_1, and for every countable set A ⊆ G_2 let F (A) ⊆ ∏ α∈A α be a cofinal set, of cardinal less than κ, closed under suprema of increasing families of length ω_1; such exists by S7A above.

(ii) It is worth observing at this point that if ⟨A_ζ ⟩_{ζ<ω1} is any family of countable subsets of G_2, D = ⋃ ζ<ω_1 Aζ , and g ∈ ∏ α∈D α, then there is an f ∈ ∏ α∈D α such that f ≥ g and f↾A_ζ ∈ F (A_ζ ) for every ζ < ω_1. PP Let ⟨ϕ(ξ)⟩_{ξ<ω1} run over ω_1 taking every value uncountably often. Choose an increasing family ⟨f_ξ⟩_{ξ<ω1} in ∏ α∈D α in such a way that f_0 = g and f_{ξ+1}↾A_{ϕ(ξ)} ∈ F (A_{ϕ(ξ)}) for every ξ; this is possible because F (A) is cofinal with ∏ α∈A α for every A. Set f = sup_{ξ<ω1} f_ξ; this works because every F (A) is closed under suprema of increasing families of length ω_1. QQQ

(iii) We can now find a family A of countable subsets of κ such that

(α) {α} ∈ A for every α < κ;

(β) whenever A, A^′ ∈ A, ζ < ω_1 then A ∪ A^′, A ∩ G_2, {ψ_α(ξ) : α ∈ A ∩ G_1, ξ < min(ζ, cf(α))} all belong to A;

(γ) whenever A ∈ A, A ⊆ G_2 then f[A] ∈ A for every f ∈ F (A); (δ) #(A) ≤ κ.

(iv) ?? Suppose, if possible, that cf([κ]^{≤ω}) > κ. Because [κ]^{≤ω} = ⋃ λ<κ[λ]^{≤ω}, there is a cardinal λ < κ such that cf([λ]^{≤ω} ) > κ. We can therefore choose inductively a family ⟨a_ξ ⟩_{ξ<κ} of countable subsets of λ such that

a_ξ ⊈ ⋃ η∈A∩ξ aη

whenever ξ < κ, A ∈ A. By 5A, there is a set W ⊆ κ, of cardinal κ, such that ⋃ ξ∈W a_ξ is countable. Let δ < κ be such that W ∩ δ is cofinal with δ and of order type ω_1.

(v) I choose a family ⟨A_{kζ} ⟩_{ζ<ω1 ,k∈N} in A as follows. Start by setting A_{0ζ} = ψ_δ [ζ] for every ζ < ω_1; then A_{0ζ} ∈ A by (iii)(α-β). Given ⟨A_{kζ} ⟩_{ζ<ω1} , set A^′_{kζ} = A_{kζ} ∩ G_2 for each ζ < ω_1. For α ∈ D_k = ⋃ ζ<ω_1 A ′ kζ , set g_k(α) = sup(α ∩ W ∩ δ) < α; choose f_k ∈ ∏ α∈D_k α such that gk ≤ fk and fk↾A ′ kζ ∈ F (A^′_{kζ} ) for every ζ;

this is possible by (ii) above. Set

A_{k+1,ζ} = A_{kζ} ∪ f_k[A^′_{kζ} ] ∪ {ψ_α(ξ) : α ∈ A_{kζ} ∩ G_1, ξ < min(ζ, cf(α))} ∈ A

for each ζ < ω_1, and continue. An easy induction on k shows that ⟨A_{kζ} ⟩_{ζ<ω1} is increasing for every k; also, every A_{kζ} is a subset of δ.

(vi) Set V_k = ⋃ ζ<ω_1 Akζ , bk = ⋃ {a_ξ : ξ ∈ W ∩ V_k }; then b_k is countable and there is a β(k) < ω_1 such that b_k = ⋃ {a_ξ : ξ ∈ W ∩ A_{k,β(k)}}. Now ⋃ k∈N A_{k,β(k)} is a countable subset of δ, so there is a member γ of W ∩ δ greater than its supremum. We have

a_γ ⊈ ⋃ {a_η : η ∈ A_{k,β(k)}}

for every k, so a_γ ⊈ b_k and γ /∈ V_k, for each k.

Set V = ⋃ k∈N V_k , γ_0 = min(W ∩ δ \ V ). Because V_0 = ψ_δ [ω_1] is cofinal with δ, V \ γ_0 ≠ ∅; let γ_1 be its least member. Then γ_1 > γ_0. Suppose γ_1 ∈ A_{kζ} . Observe that if α ∈ V ∩ G_1 then V ∩ α is cofinal with α; but V ∩ γ_1 ⊆ γ_0, so γ_1 /∈ G_1 and γ_1 ∈ D_k. But now f_k(γ_1) ∈ A_{k+1,ζ} ⊆ V and γ_0 ≤ g_k(γ_1) ≤ f_k(γ_1) < γ_1, so γ_1 ≠ min(V \ γ_0). XX

(vii) This contradiction shows that cf([κ]^{≤ω}) ≤ κ. Now consider cf([κ]^{≤δ} ), where δ < κ is an infinite cardinal. Then

cov_{Sh}(κ, δ^+, δ^+, ω_1) = sup_{λ<κ} cov_{Sh}(λ, δ^+, δ^+, ω_1) ≤ κ

by 7Kd. (See A1J for the definition of cov_{Sh}.) So there is a family B ⊆ [κ]^{≤δ}, of cardinal at most κ, such that every member of [κ]^{≤δ} is covered by a sequence in B. But now there is a family C of countable subsets of B which is cofinal with [B]^{≤ω} and of cardinal at most κ; setting D = { ⋃ C : C ∈ C}, we have D cofinal with [κ]^{≤δ} and of cardinal at most κ. So cf([κ]^{≤δ}) ≤ κ.

Finally, of course, [κ]^{<θ} = ⋃ δ<θ[κ]^{≤δ}, so cf([κ]^{<θ}) ≤ sup_{δ<θ} cf([κ]^{≤δ}) ≤ κ whenever θ ≤ κ. For θ > κ we have cf([κ]^{<θ}) = 1, so cf([κ]^{<θ}) ≤ κ for every θ.

(b) If A is cofinal with [κ]^{<θ} then {A ∩ λ : A ∈ A} is cofinal with [λ]^{<θ}, so cf([λ]^{<θ}) ≤ cf([κ]^θ) ≤ κ, by (a). But by 7Id and 7Jb, cf([λ]^{<θ} ) ≠ κ. Thus cf([λ]^{<θ}) < κ, as claimed.

Remark This result is taken from Shelah #430.

S7C Corollary Let κ be a real-valued-measurable cardinal. Let ⟨P_ζ ⟩_{ζ<λ} be a family of partially ordered sets such that λ < add(P_ζ ) ≤ cf(P_ζ ) < κ for every ζ < κ. Then cf( ∏ ζ<λ P_ζ ) < κ.

proof For each ζ < λ let Q_ζ be a cofinal subset of P_ζ of cardinal less than κ. Set P = ∏ ζ<κ P_ζ , Z = ⋃ ζ<λ Q_ζ ;

then #(Z) < κ so cf([Z]^{≤λ}) < κ, by S7Bb. Let A be a cofinal subset of [Z]^{≤λ} with #(A) < κ. For each A ∈ A choose f_A ∈ P such that f_A(ζ) is an upper bound for A ∩ P_ζ for every ζ; this is possible because add(P_ζ ) > #(A). Set F = {f_A : A ∈ A}.

If g ∈ P , then there is an h ∈ ∏ ζ<λ Q_ζ such that g ≤ h. Now h[λ] ∈ [Z]^{≤λ} so there is an A ∈ A such that h[λ] ⊆ A. In this case h ≤ f_A. Accordingly F is cofinal with P and cf(P ) ≤ #(F ) < κ, as required.

S7D The techniques of 7C can be adapted to give a further combinatorial result.

Theorem Let κ be an atomlessly-measurable cardinal, and λ < κ an infinite cardinal. Then there is a function f : [λ^+]^2 → N such that whenever I is a disjoint family of finite subsets of λ^+ with #(I) = λ^+, and k ∈ N, there are distinct I, J ∈ I such that f({ξ, η}) = k for every ξ ∈ I, η ∈ J.

proof (a) For ξ < λ^+ let e_ξ : ξ → λ be an injective function. Give N the Radon measure μ_0 defined by saying that μ_0{n} = 2^{−n−1} for every n ∈ N, and give N^λ the product measure μ. Then μ is an atomless Radon probability measure with Maharam type λ, so there is a κ-additive measure ν, defined on every subset of N^λ, extending μ (3I).

For w ∈ N^λ, define f_w : [λ^+]^2 → N by setting

f_w({ξ, η}) = w(e_η (ξ)) whenever ξ < η < λ^+.

(b) ?? Suppose, if possible, that no f_w witnesses the truth of the theorem. Then for every w ∈ N^λ there are a k_w ∈ N and a disjoint I_w ⊆ [λ^+]^{<ω} such that #(I_w ) = λ^+ and whenever I, J are distinct members of I_w there are ξ ∈ I, η ∈ J such that f_w({ξ, η}) ≠ k_w. Take k ∈ N such that νR > 0, where R = {w : w ∈ N^λ, k_w = k}.

For every α < λ^+, w ∈ N^λ there is an I ∈ I_w such that I ∩ α = ∅; because #([λ^+ \ α]^{<ω}) < κ, there is an I ⊆ λ^+ \ α such that ν{w : w ∈ R, I ∈ I_w} > 0. We may therefore choose ⟨I_α⟩_{α<λ}+ inductively so that ξ < η whenever ξ ∈ I_α, η ∈ I_β and α < β < λ^+,

νS_α >0 for every α < λ,

where S_α = {w : w ∈ R, I_α ∈ I_w}.

Take δ > 0, n ∈ N such that #(A) = λ^+, where A = {α : α < λ^+, #(I_α) = n, νS_α ≥ δ}.

Take l ∈ N such that (1 − 2^{−(k+1)n2} )^l ≤^1_3 δ.

(b) By A2S, there is a set B ⊆ A, of cardinal λ^+, such that μ^∗( ⋂ α∈L S_α) ≥^2_3 δ whenever L ⊆ B and #(L) ≤ l + 1. Take β ∈ B such that B ∩ β is infinite. Now for each η ∈ I_β , e_η : η → λ is injective. Accordingly we can find a set L ⊆ B ∩ β such that #(L) = l and e_η[I_α] ∩ e_η′ [I_α′ ] = ∅ whenever α, α^′ are distinct members of L and η, η^′ ∈ I_β . For α ∈ L set K_α = {e_η(ξ) : ξ ∈ I_α, η ∈ I_β };

then ⟨K_α⟩_{α∈L} is disjoint and #(K_α) ≤ n^2 for every α.

Consider E = {w : w ∈ N^λ, ∀ α ∈ L ∃ ζ ∈ K_α such that w(ζ) ≠ k}.

Then μE = ∏ α∈L(1 − 2^{−(k+1)#(Kα)}) ≤^1_3 δ.

On the other hand, if w ∈ S_β ∩ ⋂ α∈L S_α, I_β ∈ I_w and I_α ∈ I_w for every α ∈ L. So for every α ∈ L there are ξ ∈ I_α, η ∈ I_β such that f_w({ξ, η}) ≠ k_w, that is, w(e_η (ξ)) ≠ k; and we have a ζ ∈ K_α such that w(ζ) ≠ k. Thus ⋂ α∈L∪{β} Sα ⊆ E,

and (by the choice of B) we get 2 3 δ ≤ μ^∗( ⋂ α∈L∪{β} Sα) ≤ μE ≤ 1 3 δ, which is absurd. XX

(d) Thus there is a w ∈ N^λ for which f_w is a suitable function.

S7E Corollary Let κ be an atomlessly-measurable cardinal, and λ < κ an infinite cardinal. Then there is a function g : [λ^+]^2 → N such that whenever I is a disjoint family of finite subsets of λ^+ with #(I) = λ^+, and h : N × N → N is a function, there are distinct I, J ∈ I such that g({ξ, η}) = h(#(I ∩ ξ), #(J ∩ η)) whenever ξ ∈ I, η ∈ J and ξ < η.

proof Take f : [λ^+]^2 → N from S7D. Enumerate as ⟨h_k⟩_{k∈N} the set of all maps from finite products {0, 1}^m ×{0, 1}^m to N; take the domain of h_k to be {0, 1}^{mk} ×{0, 1}^{mk} . Choose a family ⟨w_ξ ⟩_{ξ<λ}+ of distinct elements of {0, 1}^N. Now, given ξ < η < λ^+, set k = f({ξ, η}) and try g({ξ, η}) = h_k(w_ξ ↾m_k, w_η ↾m_k).

Suppose that I is a disjoint family of finite subsets of λ^+ with cardinal λ^+, and that h : N × N → N is any function. Let m, n be such that

J = {I : I ∈ I, #(I) = n, w_ξ ↾m ≠ w_η↾m for all distinct ξ, η ∈ I} has cardinal λ^+, and ⟨v_i⟩_{i<n} such that K = {I : I ∈ J , w_ξ ↾m = v_i whenever ξ ∈ I, #(ξ ∩ I) = i < n} has cardinal λ^+. Take k ∈ N such that m_k = m and h_k(v_i, v_j ) = h(i, j) for all i, j < n. (Note that v_i ≠ v_j if i ≠ j, because w_ξ↾m ≠ w_η ↾m if ξ, η are distinct members of any I ∈ J .) Then there are distinct I, J ∈ K such that f({ξ, η}) = k for ξ ∈ I, η ∈ J. So if ξ ∈ I, η ∈ J, ξ < η we have g({ξ, η}) = h_k(w_ξ ↾m, w_η ↾m) = h_k(v_i, v_j ) = h(i, j), where i = #(I ∩ ξ), j = #(J ∩ η). And this is what we need.

S7F Corollary If there is an atomlessly-measurable cardinal, there is a ccc Hausdorff abelian topological group whose square is not ccc.

proof (a) Let g : [ω_1]^2 → N be such that whenever I is an uncountable disjoint family of finite subsets of ω_1, and h : N × N → N is a function, there are distinct I, J ∈ I such that g({ξ, η}) = h(#(I ∩ ξ), #(J ∩ η)) whenever ξ ∈ I, η ∈ J and ξ < η. Set X = ω_1 × {0, 1}, and let G be the family of finite subsets of X with the group operation a + b = a△b. For β < ω_1 let H_β be the set of those a ∈ G such that (β, 0), (β, 1) /∈ a, if α < β and g({α, β}) = i ≤ 1 then (α, i) /∈ a, if α < β and g({α, β}) ≥ 2 then (α, 0) ∈ a iff (α, 1) ∈ a.

Note that H_β is a subgroup of G. Give G the topology generated by the subgroups H_β and their cosets for β < ω_1. This is a topological-group topology, and because ⋂ β<ω_1 Hβ = {∅} it is Hausdorff.

(b) It may make the idea behind this definition clearer if I show first that G × G is not ccc. PP Consider W_ξ = ({(ξ, 0)} + H_ξ) × ({(ξ, 1)} + H_ξ) for ξ < ω_1.

If ξ < η < ω_1 and a ∈ ({(ξ, 0)} + H_ξ) ∩ ({(η, 0)} + H_η), then a + {(ξ, 0)} ∈ H_ξ, so (ξ, 0) ∈ a and (ξ, 1) /∈ a. But now (ξ, 0) ∈ a + {(η, 0)} and (ξ, 1) /∈ a + {(η, 0)}; since a + {(η, 0)} ∈ H_η , we must have g({ξ, η}) = 1.

If ξ < η < ω_1 and b ∈ ({(ξ, 1)} + H_ξ) ∩ ({(η, 1)} + H_η), then b + {(ξ, 1)} ∈ H_ξ , so (ξ, 0) /∈ b and (ξ, 1) ∈ b. But now (ξ, 0) /∈ b + {(η, 1)} and (ξ, 1) ∈ b + {(η, 1)}; since b + {(η, 1)} ∈ H_η, we must have g({ξ, η}) = 0.

Since these cannot happen together, W_ξ ∩ W_η = ∅ whenever ξ < η < ω_1, and we have an uncountable disjoint family of open subsets of G × G. QQQ

(c) G is ccc. PP Let ⟨U_ξ⟩_{ξ<ω1} be a family of non-empty open subsets of G. For each ξ < ω_1 take a_ξ ∈ U_ξ, I_ξ ∈ [ω_1]^{<ω} such that a_ξ + ⋂ β∈I_ξ Hβ ⊆ Uξ. Let A ⊆ ω1 be an uncountable set such that ⟨aξ⟩ξ∈A, ⟨Iξ ⟩ξ∈A

are Δ-systems with roots a, I respectively; set a^′_ξ = a_ξ \ a for ξ ∈ A. Set J = I ∪ {(α, 0) : α ∈ a} ∪ {(α, 1) : α ∈ a}, J_ξ = (I_ξ \ I) ∪ {α : (α, 0) ∈ a^′_ξ } ∪ {α : (α, 1) ∈ a^′_ξ },

m_ξ = #(J_ξ ), and enumerate J_ξ in ascending order as ⟨α_{ξi}⟩_{i<mξ} . Define h_ξ : m_ξ → {0, 1, 2} by setting

h_ξ(i) = 0 if (α_{ξi}, 0) /∈ a^′_ξ, (α_{ξi}, 1) ∈ a^′_ξ, = 1 if (α_{ξi}, 0) ∈ a^′_ξ, (α_{ξi}, 1) /∈ a^′_ξ, = 2 otherwise.

Let m, h : m → {0, 1, 2} be such that B = {ξ : ξ ∈ A, m_ξ = m, h_ξ = h} is uncountable. Because any α < ω_1 can belong to at most three of the J_ξ , there is an uncountable C ⊆ B such that (i) α < β whenever α ∈ J and β ∈ J_ξ for some ξ ∈ C (ii) α < β whenever ξ, η ∈ C, ξ < η, α ∈ J_ξ and β ∈ J_η . Now, by the choice of g, there must be ξ, η ∈ C such that ξ < η and g({α_{ξi}, β}) = h(i) whenever i < m, β ∈ J_η .

What this means is that for α ∈ J_ξ, β ∈ J_η,

g({α, β}) = 0 if (α, 0) /∈ a^′_ξ , (α, 1) ∈ a^′_ξ ,

= 1 if (α, 0) ∈ a^′_ξ , (α, 1) /∈ a^′_ξ , = 2 otherwise. Set b = a_ξ ∪ a_η = a_ξ + a^′_η = a_η + a^′_ξ.

I seek to show that b ∈ U_ξ ∩ U_η ; it will be enough if I can show that a^′_η ∈ H_β for every β ∈ I_ξ and a^′_ξ ∈ H_β for every β ∈ I_η .

(i) Suppose β ∈ I. In this case β ∈ J so β < α whenever either (α, 0) or (α, 1) belongs to a_ξ △a_η = a^′_ξ ∪a^′_η; consequently a^′_ξ, a^′_η belong to H_β .

(ii) Suppose β ∈ I_ξ \ I. In this case β < α whenever either (α, 0) or (α, 1) belongs to a^′_η. So a^′_η ∈ H_β . (iii) Suppose β ∈ I_η \ I. In this case α < β whenever either (α, 0) or (α, 1) belongs to a^′_ξ . In particular, neither (β, 0) nor (β, 1) belongs to a^′_ξ. If α < β and g({α, β}) = i ≤ 1, then either α /∈ J_ξ, in which case (α, i) certainly does not belong to a^′_ξ, or α ∈ J_ξ, in which case again (α, i) /∈ a^′_ξ. While if α < β and g({α, β}) ≥ 2, then either α /∈ J_ξ and neither (α, 0) nor (α, 1) belongs to a^′_ξ, or α ∈ J_ξ and (α, 0) ∈ a^′_ξ iff (α, 1) ∈ a^′_ξ. Thus a^′_ξ ∈ H_β .

Putting these together, we see that all the requirements for b ∈ U_ξ ∩ U_η are met, so that U_ξ ∩ U_η ≠ ∅. As ⟨U_ξ⟩_{ξ<ω1} is arbitrary, G is ccc. QQQ

Remark S7D-S7F are taken from §2 of Todorčević 93.

Version of 18.9.92

S9. Quasi-measurable cardinals

S9A Theorem Let κ be a quasi-measurable cardinal. (a) cf([κ]^{<θ}) ≤ κ for every cardinal θ.

(b) If λ < κ then cf([λ]^{<θ}) < κ for every cardinal θ.

(c) If ⟨P_ζ ⟩_{ζ<λ} is a family of partially ordered sets with λ < add(P_ζ ) ≤ cf(P_ζ ) < κ for every ζ < λ, then cf( ∏ ζ<κ P_ζ ) < κ.

Version of 2.9.92

Appendix: Useful Facts

SA2. Measure theory

SA2A τ-additive Borel measures Let X be a regular topological space and μ a totally finite τ-additive Borel measure on X. Then the completion μ̂ of μ is a quasi-Radon measure on X. PP If H ⊆ X is open, then (because X is regular) H = ⋃ G, where G = {G : G ⊆ X is open, G ⊆ H}. Consequently μH = sup_{G∈G} μG = sup{μL : L ⊆ H is closed}.

Now let F be the family of closed sets in X and write ϕF = μF for F ∈ F. Then (i) ϕ∅ = 0 (ii) if E, F are closed subsets of X and E ⊆ F ,

ϕF − ϕE = μF − μE

= μ((X \ E) ∩ F ) = sup{μ(L ∩ F ) : L ⊆ X \ E is closed} = sup{ϕL : L ⊆ F \ E is closed}

(iii) whenever K ⊆ F is non-empty and downwards-directed and ⋂ K = ∅, then inf_{K∈K} ϕK = μX − sup_{K∈K} μ(X \ K) = 0 because {X \ K : K ∈ K} is an upwards-directed family of open sets with union X. By Fremlin 74, Theorem 72A, there is a complete measure μ_1 on X, extending ϕ, which is inner regular for the closed sets. Now for any Borel set E ⊆ X,

μ_1E = sup{μ_1F : F ⊆ E is closed} = sup{ϕF : F ⊆ E is closed} = sup{μF : F ⊆ E is closed} ≤ μE;

similarly, μ_1(X \ E) ≤ μ(X \ E); but μ_1X = ϕX = μX, so in fact μ_1E = μE, and μ_1 extends μ. It follows at once that μ_1 is actually the completion of μ. Now μ_1 = μ̂ is τ-additive and inner regular for the closed sets, therefore quasi-Radon. QQQ (Compare Gardner & Pfeffer 84, .)

SA2B Disintegrations Let (X, T) be a compact Hausdorff space and (Y, T, ν) a complete probability space. Let μ be a probability on X × Y such that (i) μ(E × F ) is defined whenever E ∈ Σ, the Baire σ-algebra of X, and F ∈ T (ii) μ(X × F ) = νF for every F ∈ T. Then there is a family ⟨μ_y⟩_{y∈Y} of Radon probabilities on X such that ∫ F μ_yEν(dy) exists and is equal to μ(E × F ) whenever E ∈ Σ and F ∈ T.

proof Write L^∞ for the space of bounded T-measurable functions from Y to R. Because (Y, T, ν) is complete, there is a ‘linear lifting’ ρ : L^∞ → L^∞ such that

ρ(f + g) = ρ(f) + ρ(g), ρ(αf) = αρ(f) for all f, g ∈ L^∞ and α ∈ R; if f = 0 ν-a.e. then ρ(f) = 0; ρ(f) = f ν-a.e. for every f ∈ L^∞; if f ≥ 0 then ρ(f) ≥ 0; if f is constant then ρ(f) = f (Ionescu Tulcea & Ionescu Tulcea 69, p. 46, Theorem 3, or Fremlin 89, ). Write C(X) for the set of continuous functions g : X → R. For each g ∈ C(X), we have a functional ν_g : T → [0, 1] given by the formula ν_g F = ∫ X×F g(x)μ(dxdy) for every F ∈ T; now ν_g is additive and dominated by ν, so by the Radon-Nikodým theorem (Fremlin 74, 63J) there is a bounded T-measurable function f_g : Y → R such that ν_gF = ∫ F f_gdν for every F ∈ T. Set f^′_g = ρ(f_g ). If g, h ∈ C(X), then ν_{g+h} = ν_g + ν_h so f_{g+h} = f_g + f_h ν-a.e. and f^′_{g+h} = f^′_g + f^′_h. Similarly, f^′_{αg} = αf_g for every g ∈ C(X), α ∈ R. Also, if g ≥ 0 in C(X), then ν_g ≥ 0 so f_g ≥ 0 a.e. and f^′_g ≥ 0.

For each y ∈ Y , define ϕ_y : C(X) → R by setting ϕ_y(g) = f^′_g (y) for every g ∈ C(X). Then ϕ_y is a positive linear functional. Also, writing 1 for the function with constant value 1, ν_1 = ν so f_1 = 1 a.e. and f^′_1 = 1 everywhere; thus ϕ_y (1) = 1 for every y. By the Riesz representation theorem (Fremlin 74, 73D) there is for each y ∈ Y a Radon probability μ_y on X such that ∫ gdμ_y = ϕ_y (g) for every g ∈ C(X). Consequently, if g ∈ C(X) and F ∈ T, ∫ F ( ∫ gdμ_y)ν(dy) = ∫ F f^′_g(y)ν(dy) = ∫ F f_gdν = ν_g F = ∫ X×F g(x)μ(dxdy).

Consider the set H of functions h : X → [0, 1] such that ∫ F (∫ h(x)μ_y (dx) ) ν(dy) = ∫ X×F h(x)μ(dxdy) ∀ F ∈ T.

H contains all continuous functions from X to [0, 1] and lim_{n→∞} h_n ∈ H whenever ⟨h_n⟩_{n∈N} is a pointwise convergent sequence in H. Consequently H contains the characteristic function of any set E ∈ Σ; that is, ∫ F μ_yEμ(dy) = μ(E × F )

for every E ∈ Σ, F ∈ T, as required. (Compare Ionescu Tulcea & Ionescu Tulcea 69, chap. IX.)

SA2C Universally negligible sets If X is a Polish space (that is, a separable metrizable space in which the topology can be defined by a complete metric) a set A ⊆ X is universally negligible if it is negligible for every Radon measure on X.

Version of 27.10.94

Appendix: Useful Facts

SA1 Combinatorics

SA1A Lemma There is a family ⟨e_α⟩_{α<ω1} such that

(i) for each α, e_α is an injective function from α to N; (ii) if α ≤ β < ω_1, {ξ : ξ < α, e_α(ξ) ≠ e_β (ξ)} is finite.

proof Construct the e_α inductively. The inductive hypothesis must include a third condition (iii) N \ e_α[α] is infinite for every α.

The induction starts trivially with e_0 = ∅. For the inductive step to β + 1, take any n ∈ N \ e_β[β], and set e_{β+1}(ξ) = e_β (ξ) if ξ < β, e_{β+1}(β) = n.

For the inductive step to a non-zero limit ordinal β < ω_1, take a strictly increasing sequence ⟨β_n⟩_{n∈N} with supremum β, starting with β_0 = 0. Observe that, for any n, A_n = N \ ⋃ i≤n e_{βi} [β_i] ⊇ (N \ e_{βn} [β_n]) \ {e_{βi} (ξ) : i ≤ n, ξ < β_i, e_{βi} (ξ) ≠ e_{βn} (ξ)} is infinite. So we can choose a sequence ⟨m_n⟩_{n∈N} of distinct integers such that m_n ∈ A_n for every n. Set B = {m_n : n ∈ N}; then B is infinite and B ∩ e_{βn} [β_n] is finite for every n.

Set C_{mn} = {ξ : ξ < β_m, e_{βm} (ξ) ≠ e_{βn} (ξ)} for m ≤ n ∈ N. These sets are all finite, so C_n = e^{−1}_{βn+1} [B ∪ ⋃ m≤n e_{βm} [C_{m,n+1}]] is always finite. If ξ ∈ D_n = β_{n+1} \ (β_n ∪ C_n), then e_{βn+1} (ξ) /∈ ⋃ m≤n e_{βm} [β_m]. PP If m ≤ n and η < β_m, then either η /∈ C_{m,n+1}, so that e_{βm} (η) = e_{βn+1} (η) ≠ e_{βn+1} (ξ), or η ∈ C_{m,n+1} so that e_{βn+1} (ξ) ≠ e_{βm} (η) because ξ /∈ e^{−1}_{βn+1} [e_{βm} [C_{m,n+1}]]. QQQ

Set C = ⋃ n∈N C_n \ β_n = β \ ⋃ n∈N D_n, and let f : C → B be an injective function such that B \ f[C] is infinite. Now define e_β : β → N by setting

e_β(α) = e_{βn+1} (α) if α ∈ D_n, = f(α) if α ∈ C.

I check the three requirements of the inductive hypothesis in turn.

(i) Because f and all the e_{βn} are injective and e_{βn+1} [D_n] ∩ e_{βm} [β_m] = e_{βn+1} [D_n] ∩ B = ∅ whenever m ≤ n, e_β is injective.

(ii) For n ∈ N, set E_n = {ξ : ξ < β_n, e_{βn} (ξ) ≠ e_β(ξ)}. Then E_{n+1} ⊆ ⋃ m≤n(E_m ∪ C_{m,n+1}) ∪ C_n for each n, so every E_n is finite. If α < β, then there is some n such that α ≤ β_n, so that {ξ : ξ < α, e_α(ξ) ≠ e_β (ξ)} ⊆ E_n ∪ {ξ : ξ < α, e_α(ξ) ≠ e_{βn} (ξ)} is finite.

(iii) Because e^{−1}_{βn+1} [B] ⊆ C_n, e_{βn+1} [D_n] ∩ B = ∅ for every n, so e_β[β] does not meet B \ f[C] is N \ e_β[β] is infinite.

Thus the induction continues. Remark This is due to .

Version of 22.5.00 SA2. Measure theory

SA2A τ-additive Borel measures Let X be a regular topological space and μ a totally finite τ-additive Borel measure on X. Then the completion μ̂ of μ is a quasi-Radon measure on X. PP Fremlin p00*, 415Cb. QQQ

SA2B Disintegrations Let (X, T) be a compact Hausdorff space and (Y, T, ν) a complete probability space. Let μ be a probability on X × Y such that (i) μ(E × F ) is defined whenever E ∈ Σ, the Baire σ-algebra of X, and F ∈ T (ii) μ(X × F ) = νF for every F ∈ T. Then there is a family ⟨μ_y⟩_{y∈Y} of Radon probabilities on X such that ∫ F μ_yEν(dy) exists and is equal to μ(E × F ) whenever E ∈ Σ and F ∈ T.

proof Write L^∞ for the space of bounded T-measurable functions from Y to R. Because (Y, T, ν) is complete, there is a ‘linear lifting’ ρ : L^∞ → L^∞ such that

ρ(f + g) = ρ(f) + ρ(g), ρ(αf) = αρ(f) for all f, g ∈ L^∞ and α ∈ R; if f = 0 ν-a.e. then ρ(f) = 0; ρ(f) = f ν-a.e. for every f ∈ L^∞; if f ≥ 0 then ρ(f) ≥ 0; if f is constant then ρ(f) = f (Ionescu Tulcea & Ionescu Tulcea 69, p. 46, Theorem 3, or Fremlin p00*, §341). Write C(X) for the set of continuous functions g : X → R. For each g ∈ C(X), we have a functional ν_g : T → [0, 1] given by the formula ν_g F = ∫ X×F g(x)μ(dxdy) for every F ∈ T; now ν_g is additive and dominated by ν, so by the Radon-Nikodým theorem (Fremlin 74, 63J) there is a bounded T-measurable function f_g : Y → R such that ν_gF = ∫ F f_gdν for every F ∈ T. Set f^′_g = ρ(f_g ). If g, h ∈ C(X), then ν_{g+h} = ν_g + ν_h so f_{g+h} = f_g + f_h ν-a.e. and f^′_{g+h} = f^′_g + f^′_h. Similarly, f^′_{αg} = αf_g for every g ∈ C(X), α ∈ R. Also, if g ≥ 0 in C(X), then ν_g ≥ 0 so f_g ≥ 0 a.e. and f^′_g ≥ 0.

For each y ∈ Y , define ϕ_y : C(X) → R by setting ϕ_y(g) = f^′_g (y) for every g ∈ C(X). Then ϕ_y is a positive linear functional. Also, writing 1 for the function with constant value 1, ν_1 = ν so f_1 = 1 a.e. and f^′_1 = 1 everywhere; thus ϕ_y (1) = 1 for every y. By the Riesz representation theorem (Fremlin 74, 73D) there is for each y ∈ Y a Radon probability μ_y on X such that ∫ gdμ_y = ϕ_y (g) for every g ∈ C(X). Consequently, if g ∈ C(X) and F ∈ T, ∫ F ( ∫ gdμ_y)ν(dy) = ∫ F f^′_g(y)ν(dy) = ∫ F f_gdν = ν_g F = ∫ X×F g(x)μ(dxdy).

Consider the set H of functions h : X → [0, 1] such that ∫ F (∫ h(x)μ_y (dx) ) ν(dy) = ∫ X×F h(x)μ(dxdy) ∀ F ∈ T.

H contains all continuous functions from X to [0, 1] and lim_{n→∞} h_n ∈ H whenever ⟨h_n⟩_{n∈N} is a pointwise convergent sequence in H. Consequently H contains the characteristic function of any set E ∈ Σ; that is, ∫ F μ_yEμ(dy) = μ(E × F )

for every E ∈ Σ, F ∈ T, as required. (Compare Ionescu Tulcea & Ionescu Tulcea 69, chap. IX, and Fremlin p00*, §452.)

SA2C Universally negligible sets If X is a Polish space (that is, a separable metrizable space in which the topology can be defined by a complete metric) a set A ⊆ X is universally negligible if it is negligible for every Radon measure on X.

SA2D Theorem Let X be a Hausdorff space and suppose that there is a Radon probability measure μ on X with Maharam type κ ≥ ω. Then whenever ω ≤ λ < κ there is a Maharam homogeneous Radon probability measure μ_1 on X with Maharam type λ.

proof

Version of 22.5.00

Index

This is a joint index to both the present supplement and the original ‘Real-valued-measurable cardinals’. References in bold type indicate definitions; references in italics indicate passing references.

additivity of a measure 1D, 3A, 3G, 3H, 8A, A2C (A2Cb), A2Db; see also κ-additive measure (A2Ca), τ-additive measure (A2V)

additivity of a partially ordered set 7K, A1Ac, A1Ba, A1H, A1I, P4 additivity of an ideal A2Cd, A2Db, P4; see also κ-additive ideal (A1Bf) antichain 2A, A1P Aronszajn tree see κ-Aronszajn tree (A1Ob) arrow relation 5O, 5P, A1S atom in a measure space A2Ac, A2Bg atomless Boolean algebra 9D atomless measure space A2Be, A2Kc atomlessly-measurable cardinal 1C

Baire σ-algebra A2G, A3B Banach-Ulam problem 1A, 1B Baumgartner J.E. A4H Borel measure on a topological space A2V Borel measure-complete topological space 6M, A2V, A2W

cardinal exponentiation 5E, 7P, 7Q, 9L, 9O ccc Boolean algebra A2Hb ccc p.o.set 9F ccc partially ordered set 7C, 7D, P4 chains in PN 5K club filter A1E, A4D cofinal set in a partially ordered set A1Ab cofinality of a partially ordered set 7H, 7J, 7K, 7L, 7M, 7N, 9O, A1A (A1Ab ), S6D, S7B, S7C, S9A (A1Ab), A1Ba, A1H, A1I, P4, P5 collectionwise normal topological space 8F, 8N, A3Cc, A3D compatible elements 2A, A1P complete filter see κ-complete filter (A1Bb) complete measure space A2Bf, A2Cd, A2Db, A2Gd, A2J, A2Kc, A2Q complete metric space 6M, A2W completely generating set in a Boolean algebra A2Ha consistency of axioms 1E, 2E, 2I, 2L, 8C, 8I, 9G covering number see cov(X, A) (A2Pa), cov(X, N_μ), cov_{Sh}(α, β, γ, δ) (A1J) cylinder set A2Ga

decomposable measure space A2Bd, A2Hh, A2Ja decomposable ordinal 8P, A1Dd Dedekind σ-complete Boolean algebra 8R dense subset of a p.o.set 2A density of a topological space 6M, A2Hi, A3Ea diagonal intersection of a family of sets 4B, A1E diamond see ♦_c discrete family of points A3Cb, A3F discrete family of sets 8E, A3C (A3Cb), A3F disintegration of a measure SA2B down-topology of a p.o.set 2A duality between linear spaces A2O

elementary embedding P2 entangled set 7E, 7F

finite-support product of partially-ordered sets A1R Fleissner W.G. 8M forcing 2A Fubini’s theorem see repeated integral fully stationary see Π^1-fully stationary (4Db)

GCH 2D, 2E Gitik M. Intro.

Gitik-Shelah theorem 3F, 9H greatly Mahlo cardinal 4Ac, 4B, 4C, 4G, 4I, 4K, 9J greatly Mahlo filter 4Ac, 4B, 4G, 4K

Haydon R.G. Intro. hereditarily separable topological space S7’A Hilbert space 5H homogeneous Boolean algebra A2Gf hyperstonian space A2L (A2La)

ideal of sets A1Ba image measure A2Db inaccessible cardinal see weakly inaccessible (A1Da), strongly inaccessible (A1Da) incompatible elements in a p.o.set 2A indecomposable ordinal 8P, A1Dd indescribable cardinal see Π^m_n -indescribable, weakly Π^m_n -indescribable (§A4) inner model 2D, P1 inner regular measure A2J, A2V, A2W inverse-measure -preserving function 1J, 3H, A2Da, A2Fe, A2Gd, A2Jd, A2K, A2Lb

Jónsson algebra 5D, 9L, A1Oa Jensen R. 1H Juhász I. 8M

Kunen K. Intro., 1E, 2C, 3A, 4L, 4T, 5G, 5L, 5N, 5P, 8C, 8J, 9N, A4H, A4J

Lebesgue H. Intro.

Lebesgue measure Intro., 1A, 1D, A2Gb, A2Kc, P4 lifting of a measure space A2Q (A2Qa) Lifting Theorem A2Q locally compact topological space 8N , S7’A locally countable topological space S7’A

locally determined measure space A2B (A2Bc), A2Cd, A2J lower integral 6A, A2E lower semi-continuous function A2J Luxemburg W.A.J. Intro.

Maharam homogeneous measure 1G, 1I, 2H, 3J-3M, A2H (A2Hg), A2Ka, A2Y, P2 Maharam type of a measure space 2H, 2I, 3F, 3G, 3H, 3I, 3J, 3K, 3L, 3M, 6D, 6I, 7Q, 8A, A2Hg, A2Ka, A2Y, P2, P6 Maharam’s Theorem A2I Mahlo cardinal see weakly Mahlo (4Aa), greatly Mahlo (4Ac), α-Mahlo (4B) Mahlo’s operation 4A (4Ab), 4B, 4F, 9J, A4F Martin’s Axiom 9G Mathias A.R.D. Intro. meager sets in R P4 measurable algebra 2B, 8R, A2Fc measurable cardinal see two-valued-measurable (1Cb) measurable function A2Ae, A2Gg measure algebra 6C, A2F (A2Fa), A2G, A2I, A2Jd, A2La, A2Q, P2, P6 measure algebra of a measure space A2Fd, A2La, A2U measure space A2A measure-preserving homomorphism A2Fe, A2Gd, A2Ib, A2Jd measure-preserving transformation 1J; see also inverse-measure -preserving (A2Da) metric of a measure algebra A2Fb, A2Hi metric space 6M, A2W metrizable space 8G, A3D, A3F Moore space 8G, A3Ca, A3D

negligible set A2Ad

NMA 8G, 8H, 8I, 8J, 8K, 8M, 8N, 8R, 8S non-stationary ideal A1E normal filter 1Fb, 1G, 1I, 4Ac, 4F, 9I, A1E, A4F normal ideal 1F (1Fa), 9B, 9C, 9K, A1E, P7 normal measure 1Fc, 1G, 8H normal measure axiom see NMA (8H) normal topological space 8E, 8F, 8G, 8M, 8N normal witnessing probability 1H, 1I, 2J, 3L, 6A, P2, P7 Nyikos P.J. 8M

order-closed subalgebra of a Boolean algebra A2H, A2Ic order-continuous linear functional 6N

partially ordered set A1Aa; see also p.o.set (2A) partition relations see arrow relation (A1S) pcf theory A1I PMEA 8B, 8C-8G, 8J, 8S, 9H p.o.set 2A; see also partially ordered set (A1Aa) precaliber of a Boolean algebra 5D, 6C, A2T, A2U Prikry K. Intro., 6F, 9F principal ideal in a Boolean algebra A2Gf, A2Hc probability A2Ba probability algebra A2Fa probability space A2Ba product measure A2G, P9 product measure extension axiom see PMEA (8B) product of partially ordered sets 7C, 7D, 7H, 7I, 7K-7N, 9O, A1H, A1I, A1R , P5, S7C, S9A purely atomic Boolean algebra 9D purely atomic measure space A2Bg pushing-down lemma A1E

qm filter 9C, 9J qm ideal 9C, P7 quasi-Radon measure space 3A, 3B, 6D, A2J (A2Ja), A2V , S6B, SA2A quasi-measurable cardinal §9 (9C), P7, P8

Radon measure space 3H, 3I, 6A, 6B, 6E, 6I, 6L, 8A, A2J (A2Jb), A2K, A2L, A2Pb, A2V, P4 , S6B, SA2B Radon topological space 6M, A2V, A2W Radon-Nikodým theorem 2C, A2Fg random real p.o.set 2B, 2C, 2J, 4O, 8Q, P1, P7 rapid filter 5G, A1Cb real-valued-measurable cardinal 1C rectangle algebras 5J reduced product of partially ordered sets 7I, 7K, 7L, 7M, 9O, A1H , A1I regressive function 1Fa, A1Db, A1E regular cardinal 8P, A1Ab regular open algebra 2A, 2B, 9H, A3A regular open set A3A relatively order-closed set 8O, 8P relatively stationary set 8O, 8P repeated integral 3A, 5H, 5I, 6A, 6I, 6J, 6K, A2Ge Riesz space 6N rvm filter 1I, 2K, 2L, 4K, 4N, 4P, 4Q, 4R, 5D, 6L, 7K, A4L, P3 rvm ideal 1I, 2J, 2L, 4K, 4N, 4P, 4S, 5F, P7

saturated ideal see κ-saturated ideal (A1Bf) scalarly measurable function 5H, A2O second-order language A4A selective ultrafilter A1Cc semi-finite measure space A2B (A2Bb) sequential cardinal P8 sequentially continuous function P8 sequentially order-continuous functional 6N Shelah S. Intro., 5D, A1I Shelah covering number see cov_{Sh}(α, β, γ, δ) (A1J) simple group 8R singular cardinals hypothesis 8K, A1N Solovay R.M. Intro., 1E, 1H, 6F Solovay’s construction 2C, 2H, 2J, 4R, P1, P2, P3, P7, P9 Souslin number of a partially ordered set 7C, 7D, A1P, A1R, P4; of a Boolean algebra 5D, A1P Souslin’s hypothesis 7D stationary set 4Aa, 4F, A1Dc, A1F, A1G strictly localizable measure space A2Bd strong law of large numbers A2X strongly compact cardinal 8C strongly inaccessible cardinal 1D, A1Da, A1S subspace of a measure space A2Ab, A2J successor cardinal 8P supercompact cardinal 8I

third-order language A4K Todorčević S. 5P, 7F topological group S7E topology base A3F totally finite measure A2Ba totally ordered set 7E, A1Ac trivial measure space 1A, 1B, 1D two-valued-measurable cardinal 1Cb, 1D, 1E, 1Gb, 1Ha, 1I, 2D, 2E, 2H, 2I, 2K, 2L, 5N, 5P, 9G, A4L, P1, P7

Ulam S. Intro. Ulam matrix 1E Ulam’s Dichotomy 1E Ulam’s Theorem 1D uniform filter A1Bc universally negligible set S6C, SA2C up-antichain in a partially ordered set A1P upper integral 3A, 6A, A2E, A2Je upwards-ccc partially ordered set A1Q upwards-compatible elements in a partially ordered set A1P usual measure on {0, 1}^I A2G (A2Ga), A2I, A2Jc, A2Pb

vector lattice 6N

weakly compact cardinal A1S weakly Π^1_0-indescribable cardinal A4C (A4Ca), A4D weakly Π^1-indescribable cardinal 4Dc, 4F, 4G, 4H, 4I, 4K, 4L, 4R, 6L, A1Ob, A1S, A4C (A4Ca), A4D, A4H, P3 weakly Π^1_2-indescribable cardinal A4Ca, P4 weakly Π^1_n-indescribable cardinal A4C (A4Ca), A4F, A4G, A4J weakly Π^2_0-indescribable cardinal 4P, 4Q, 4R, A4C (A4Ca), P3 weakly Π^2_1-indescribable cardinal A4K, A4L weakly Mahlo cardinal 4Aa, 4B, 8P weakly inaccessible cardinal 1D, 4Aa, 8P, 9B, A1Da weight of a topological space 3A, 3B, 6J, 6K, A3Ec witnessing ideal 9C witnessing probability 1C, P2 Woodin H. 6K

Zakrzewski P. 1J, 6K

a P4 A⌈a A2Hc add(P ) see additivity of a partially ordered set (A1Ac) add(μ) see additivity of a measure (A2Cb) b P4 c = 2^ω 1D, 4L, 5E, 5N, 9D, 9L, 9N, 9O, A4D cf(P ) see cofinality of a partially ordered set (A1Ab) cov(X, A) A2P (A2Pa), P4 cov(X, N_μ) 2H, 6B, 6L, A2Pb, A2U, P4 cov_{Sh}(α, β, γ, δ) 7K, 7O, 9O, A1Ja, A1K d 7K, P4 ℓ^∞(X) 6N L A4A L_3 A4K L(I) 2D, 2K L^∞(A) 2C, A2Ff, A2Fg Mh(A) see Mahlo’s operation (4Ab) N_μ 2J, A2Ad , S6D; see also cov(X, N_μ), non(X, N_μ) non(X, A) A1Be non(X, N_μ) 6G, P4 p P4 p-point filter 5G, A1Ca p(κ)-point filter 5L, A1Cd Regr(κ) 4Da S(P ) see Souslin number (A1P) sat(A) see Souslin number (A1P) Tr(κ) 3D, 3E, 3K Tr_I (X; Y ) 2F, 2G, 2H, 3D, 3M, 5D, P2 U_F 4Da, 4E , 4H

α-Mahlo cardinal 4B α → (β, γ)^2 5O, 5P, A1S Θ(α, γ) 7K, 9O, A1Jb, A1K, A1L, A1M κ-additive ideal 2D, 9B, 9C, 9E, A1B (A1Ba), A1E κ-additive measure 1C, A2Ca; see also additivity of a measure (A2Cb) κ-additive partially ordered set A1Ac κ-Aronszajn tree 5F, 9M, A1Ob κ-chain condition A1P κ-complete filter 1C, 1G, A1Bb, A1E κ-measure-bounded partially ordered set 7G, 7H, 7I, 7J κ-saturated ideal 2D, 9A, 9B, 9E, 9I, 9P, A1Bf μf^{−1} A2Db μ⌈A A2Ab μ^∗ A2Aa Π^1-filter 4Dc, 4F, 4G, 4I, 6L, A4Cb Π^1 formula 4T, A4B

Π^1-fully stationary 4Db, 4Dc, 4K, A4H Π^1-ideal A4Cb, A4H Π^1_n-filter A4Cb, A4F, A4G, P3 Π^1_n formula A4B, A4E Π^1_n-ideal A4Cb Π^2_0-filter 4Q, 4R, A4Cb Π^2_0 formula 4O, 8Q, A4K Π^2_0-ideal 4P, A4Cb Π^2_1-filter A4K, A4L Π^2_1-indescribable cardinal A4K, A4L σ-finite measure space A2Ba, A2Bb σ-ideal 9A , P9 Σ^1 formula 4S, A4B Σ^1_n formula A4B τ-additive measure A2V, A2W, S6A, SA2A τ-homogeneous Boolean algebra A2He, A2Hf, A2Ia τ(A) A2H (A2Ha), A2I χ(a) A2Ff χ(x, X) 8F, 8M, A3Eb ω-Tukey function 7G, 7H, 7I ω_1-saturated ideal 9C, 9H

⊨ A4A {0, 1}^I A2G ♦_c 5N, 9N → see α → (β, γ)^2 (A1S) ⌈ see subspace measure (A2Ab)

Version of 22.5.00

References

The list here comprises only works referred to in this supplement, but shows where they have been used in the main text as well as the supplement.

Fremlin D.H. [74] Topological Riesz Spaces and Measure Theory. Cambridge U.P., 1974. [Intro., 6N, A2Bd, A2F, A2J, A2W, SA2A, SA2B.]

Fremlin D.H. [89] ‘Measure algebras’, pp. 876-980 in Monk 89. [A2F, A2G, A2H, A2I, A2J, A2L, A2P, A2Q, SA2B, S6F.]

Fremlin D.H. [p00*] Measure Theory, in preparation. Drafts may be obtained by anonymous ftp from

ftp.essex.ac.uk/pub/measuretheory.

Gardner R.J. & Pfeffer W.F. [84] ‘Borel measures’, pp. 961-1043 in Kunen & Vaughan 84. [6M, A2V, SA2A.]

Ionescu Tulcea C & Ionescu Tulcea A. [69] Topics in the Theory of Lifting. Springer, 1969. [A2Q, SA2B.] Kunen K. & Vaughan J.E. [84] (eds.) Handbook of Set-Theoretic Topology. North-Holland, 1984. Monk J.D. [89] (ed.) Handbook of Boolean Algebra. North-Holland, 1989.

Plebanek G. [95] ‘On Radon measures on first-countable compact spaces’, Fundamenta Math. 148 (1995) 159-164. [S6G.]

Shelah S. [#430] ‘Further cardinal arithmetic’, Israel J. Math. 95 (1996) 61-114. Todorčević S. [93] ‘Some applications of S and L combinatorics’, Ann. New York Academy of Sciences 705 (The Work of Mary Ellen Rudin) (1993) 130-167. [S5B, S7D.]