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1. Definitions Let « , A and P be cardinals, with 1<8<2A< « .
Let ue[0,1] . Say that
(c,w) = (1%
if: whenever <EI>I 6[“)5 is a family of Lebesgue measurable subsets

of [0,1] such that ).AEI > u for every I € [u:]B , then there is a

K € [x:l'A such that ﬂIE[K]a EI AP .

Remark Observe that [0,1] can be replaced by any isomorphic measure
atomless
space; in particular, by any[Radon probability on a Polish space.

2. Lemma If 1< g k<reN and ue€0,1] and (u),u):@[r]k,

then there are u' < u and m & N such that (m,u')%[r]k .

proof Suppaxey '? If not, then for each m > r there is a family

m n ]
<EI>1e[m]k of Lebesgue measurable sets such that f"EI >u- - for

each I ¢ [m]k and ﬂ =@ for every K € [m]r . Let F

Te[KI¥E1
be a non-mskmemkmduprincipal ultrafilter on E and for each finite

¢ (MK set 8y = 1imwwﬂlég EI) .  Because [’Ii]k is countable,
there is a family <FI>Ie[N]k of measurable sets in [0,1] such that

).(/\ FI) = 8, for every finite ﬂ C [ﬁ]k 3 the FI can be swepmwei

4

taken to be finite unions of open intervals. We see that

pFL = 8(q) = 1imm_,qrx? >u ¥ Ierm*,

Ie



.

}*({\Ie[xJkFI) - limm_,w’*(nle[K]kE?) =0 Y xkem™.

Because each FI is open,it follows that nIe[K]kFI = # whenever

Kel(N", so that (K o A .

remark This result was a precursor of Theorem 3Da of [2].

3. Proposition If 1<k<r<w <« and ue[0,1] and

(K+,u)=§[r+1]k+1 then (K,u):—’)[r]k.

proof I prove the contrapositive. Suppose that (K,u):;é)[r}k . Let

<\E(I) '>Ie[-<]k be a family of sets of measure > u such that f\le[K]kE,(.I) =g

for every K e [K}r . For a<« let fa: a * K be an injection.

k+1

For J e [v(+] set FJ = E(fa[Jf\ a]) where a =maxJ . Then

r+1

+]k+1 . Suppose K e [K+} . Set

/.FJ > u for every J e [
o = max K . Then
NiF:detk™ ) ¢ NF; 23 exx

/\{ E(fa[Jna]) :J e [1’(]1{""| , @ = max J }

ket s a = max J }

]

n

NCEW) 1§ =01 [KAadl®) = 8,
because fa[Kn o) € k1 . So <FJ>J6[»<+]I"”1 wimmtnesses that

(x* ) 7é’)[r-¢»’l]k+1 .
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4. Lemma (a) Let w be an infinite cardinal AR=WCEE=z If
P : [(2K)+]<w ~ K is any function, there is a set AL 9* ,
of order type «* , Buxh and a function n.‘, : [A1<%+ k such that
(F(Iu{{}) = 4{I) whenever I € [AT and max I < fea.
(b) W If ¢ e [w1]<u - N is any functions,

there is an infinite set B¢ ), and a function 4 : [B]<> N

1
<W
such that (.f(Ju{{}) = AJ) whenever J e [B]" and max J < €eB.
(c) lepz Bz I1f ¢ : 1< =~ N is any function, there
D
is an infinite set Bgd:+ suzk and a function ¢ : [B]5= N such
- <
that c?(xu{§,~}}) = x(K) whenever K €[B] {;,r) € B and

maxK<§<1.

proof (a) Let <(§>§<K+ be a strictly increasing family in (2%)7*

such that whenever C C gg’ %(C) <« , and S.g <BK (2%  there

is a Yy such that 7 §< <v < §§+1 and LP(JU{B}) = LP(JU{Y})

for every J e [C]QJ; this is possible bcause there are mmkxy at

most 2° Pumzkiummxfram sets C & CK,; 1<% and at most 2" functions
<W

from [C]~ to ® for each C . Set § = sup§-<K+ §§ . Now choose

a SEHREPYSSHictaidetdiy family <a{/§<~<+ #2% such that g{ S ag < +1

and  ¢(Ju € = ie(JU{ag)) for every J € [{ a,, : '; <{ }]<'*"'f for

each <’ . Set A={ ac : <), D) = pUOIGY) for

J e [a1%

(b) Choose inductively B, <w,, CCw ,for nel, as

follows. Gixem C = O . Given C_, set B_ = min C_ and let
o 1 n n n

Cn+1g Cn\{Bn} be an uncountable set such that (f (o)) =

(f(Ju’{x)}) for every J<& { By #i<n} andall {,qecn+1 .

On completing the induction, set B = { Bn :nélN} .,



e

(¢) Put (a) (with x = @) and (b) together.

Note This lemma is due to P.Erdos & R.Rado.

5. Iheorem Suppose that 1< k<r &N and that ue [0,1] .
(a) 1If (w,u) ﬁ[r]k then (t«)1,u),—&)[r+1]k+1 and
@) S [re2)2 |

(0 If kK > ¢ and (&,W)=>[r]¥ then ((29*,w)=n[r+135*7 .

proof (a) Let m>r and &> O be such that

(m,u-maﬁ) %[r]k
(Lemma 1). Let ¥ be a countgble family of measurable sets such that
for every measurable EZC [0,1] there is an He § such that

).\(EAH) <b.

() 1r <EI>Ie[w1]k+1 is a family of measurable sets of measure

k+1
> u , choose for each I € [w,] an H e &’é such that }"‘(EIAHI)

<6 . By b4b there is an inzfinite BC W ,nd a function

1
xX: [B]k - §# such that HJu{{} = A(J) whenever J e[B]k and

max J < € B. Let CC B be aset of size m and take any y € B

with € max C <y . Set
F; =(){EJU{{}=§e.C;u{§}.maxJ<§)\1‘ Jerck.
Then
/‘*(FJAEJUK}) < me J <€ eCuf() ”(EJQK}A k()
< (m+1-k)6
50 )AFJ 2 u-mb for each J e[C]k . Because (m,u-mzb)'—'—')[r_'lk ’
there is a K € [C]¥ such that nJetKJkFJ A& . Now

Migrigiert By A9, where L= K0(§) € [w,3™" . e <EI>Ie[°~>13m
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is arbitrary, (is)1,u)=-‘-)[r+1]k+1 .

(1) 1If Q"I>Ie[<rf]k+2 is a family of measurable sets of measure

>u , then for each I € [<D+]k+2 choose H. &€ such that
= I

M(BEaH) <& . By bc, there is an infinite BL <« and a function
L ¢+ (B ~ & such that ng,.,) = x(K) whenever Ke [B]*,
§,i!eB and maxK<§<7. Take Ce[B]m,(,BeB
such that max C < { <®. For Ke [C]k set

AT Em){g,?} : £, €ecol(®) , max K<<y ).
Then )&FK >u- mab for each K e,[C]k so there is an Le [C]¥
such that f)(e[L}kFK Z% . 1In this case /\Ie[M}k"'zEI # @ where
M =Lu{{,D} ¢ [C+]r+2 . As <EI>Ie[d:+}k+2 is arbitrarpy,

(@ u) S[r+2152 .

\ . .
(b) If <EI/I€[(2K)+]k+1 is any family of measurable sets, all

ghenxfax of measure > u , then for each I < [(29*1%* choose a

Borel set F'Ig_,EI of the same measure. As there are only € < «
Borel sets, there is an AL (2%* , of ortler type w | suzhxkRak

- s rami \
and a family <GJ J3el A]k such that

k
FJu{g} = G:J whenever J € [A]T and max J < {( € A . Because

(K'.',u)——g[r]k , there is a set C & [a]¥ such that < %

f\Je[C]kGlJ #% . Take any Yy € A such that Y > max C and set

K=Culy) 5 then [\ iqiby £ -
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6. Proposition (a) (w,2)s5[41° .
®) (2,006 irf u> 2.
(& (e 7514’ .

@ (@, =>4 iff u>o0.

proof (a) ILet X = (0,1,2}E and let ¥ be the natural Radon measure
on X , the product of the unifmorm measure on each factor. Tk x

I X R hneiexu®E For 1 = {i,j,k} € [N]° set

E; = { x: either x(i) , x(j) , x(k) are all different

or x(i) + x(j) + x(k) = 1 mod 3} .

5 3 2
Then vEI =3 for every 1 e [’Ii] but ﬂIeEK]3hI = @ for every

K e [EJL* .

(b) By Prop. 3 and Theorem 5a, (01,u)‘—‘3[‘+]3 iff (Q,u):—%[}]z .

But Mthis happens iff u >-;— (C11, Theorem 1, or [2], 3G).

(¢) Let X = {O,‘!}E and let v be the usual Radon measure on
X . Iet < be the lexigographic ordering of X and let + be the
natural group operation (identifying each factor {o0,1} with the cyclic
group 52 ). Let @ :€ =X be any injection. If I G[(:J3 , express
I as K,r},(} where & <v} < [, and set
E; = {x:xeX, x+ (P(§)<x+t(>(7),x+¢€(§)<x+(p('))}.

a 3 _ . L

Then VEI 21 for each I € [€]” but mIs[K]}EI =@ if Ke«] .

(d) By Theorem 5a, (¢+,u) @[4]3 whenever (L,u) ‘-‘-‘9[2]1 H

which is true whenever u> O . And of course (dff,O):;é)[h]} .
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7. Problems (a) Find inf{ u : (wO,u) ':—?[4]3} . (The methods

of [#2] are presumably relevant.)

(b) Is it consistent to suppose that (d:,-;-')ﬁ[l&]3 ? or that

1 . 3.,

References [1] P.ERdos & A.Hajnal, "Some remarks on set® theory, IX.
Combinatorial problems in measure theory and set theory",
Mich. Math. J. 11 (1964) 107-127.

[2] D.H.Fremlin & M.Talagrand, "Subgraphs of random graphsP?, Trns.

Amer. Math. Soc. 291 (1985) 551-582.

Note added 6.4.87 (in response to a question of J. Steprans): For

- ) . definiti . — . >
finite s the definition in §1 can be re-written: whenever EI IGEK]Q
is a family of Lebesgue measurable subsets of [0,1] such that fEI 2u
for every I € [K]s , then there is a K € [K])‘ such that

# Mt

@ is ga multiplicative lifting for Lebesgue measure.)

BEI) > 0 . (Because we can replace the E; by ¢(E.) where

ded 11.11.88) 1Iet X be a set with n >

X] 4 ; then

elements,

j < I:X]3 a set suck that [Kljé K for every K

#(4) < n(n-1)(2n-3)/

proof For J e [X]2 set :JCIe §4)) . Then

iJe[X}Z‘ ay = 3m where m Also, if I & j , then

a;<2n-3
IJﬂnaJ

because writing } then A 2AJ must be empty

Je[1]
I = I\J has just one member

for each J & [132 , and 2(n-3) + 3 =2n-
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Supplement 30.11188

I add a note to integrate the above with the work of [3].

9. Definition If 1< k<r<sé€N, wite T*(k,r,s) for

max{ #(4) : {1, k"¢ & kelal" ).

10. Lemma If 1<k<r<sé€N ,dmeoeek ue [0,1] then

(s,u)@[r]k iff u>T'(k,r,s)/(§) .

proof (a) If u> T"(k,r,s)/(i) and <EI>I€[sJk is a family of measurable
subsets of [0,1] all of measure > u , then there must be a mwex t € [0,1]
such that At ={I:t-~- E_[ } has cardinal at least (i)u > T™(k,r,s) ;

in which case there is a K € [s]” such that [K]kg ’&t i.e.

t €lf\i&£K}k EI .

(b) Fix Ag[@k , of carmdinal T*(k,r,s) , such that [K]k¢A

for every K € [s]r . lLet F be the set of all bijections from s to s
: Ay A
and let ¢p: [0,1] = F be a function such that }Jcp [{f}] = = for
every f€F . For 1 e:[s]k set
EL = (t: ¢)IIel ) ;

then nBp = #(Q)/(7) foreach I . If Kelsl®,t €[0,1] then
there is a J é‘.[(.?(t) '[K]]k A so that t & EI where I = (.F(t)—1[J]

k . . k
€[K]" . Thus <LI>1e[s]k witnesses that (s,u)[r]> where u =

T (k,r,8)/()) .
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1. Lemma fax If O<K k<M s < s+k<ne N then

k
- kK« ,n-i -k .
@ 2 CRIOGD = LR Note () = ACwh) i
18=
k 02k K2 om (n—k)2 (n) to be taken as O if
(E) ;ig(n-i-s)(i) /(i) = sk / s’ i<0 or i>n.
i =

proof (for completemness; these are'standard" facts)

(a) set

ky

k k
n-2k |, ky,n-i,, n- ,nmk Ky ,n-2k n-i
o= OO = (T YH

= s=2k+i’ ‘k-i
K | .

= S A GKLM : Keln\k*, MerK?, kCLenm®,
i=0
N KNL =K\M, M{J ¢ (¥ 3)

= B WD Keln\K", kglelnl®, K\LET 0" D)
1=0

]

n-k,y ,
(s-k)p

where
p' = #({ (J,K) : K& [n\k]k , K\s<J e[n]k} .
Similarly, if we write

G IS IR R =<2 T

9 = s k'x

k
k

Q' = #( K : Ke [n\gd®, T elsl® ) .

then q = (:: )q' where

I claim that p' = q' . To see this, it will be enough to check that for
every D n\s ,
4 ( (J,K) : J e[nl®, Ke [n\KI®, DC K\J })
= 4 0,0 :Jern®, ke nN\kI¥, DCJT)) .

But if 4¥(D) = i then these quantities are,respectively,

(n—i)(n—k—i) _ (n-i)t(n-k-i)!
k k-i = ki(n-k-i)!(k-i)!(n-2k)!

and

(n—i)(n-k) _ (n-i)t(n-k)!
k-i’" k = (n~-k)!(k-i)'(n-2k) k!
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which of course are equal. So p'=q' and p=q and (a) is

proved.

(b) Now (b) follows at once on multiplying both sides of (a)

by (g-i)(n)( Ybecause

n-i,, n-ky ,n (n-i)!(n-k)!st(n-s) !ki(s-k)! Ky ,,n
GG (D= e e sy e /() -

12. Theorem If 1< k<r< #s <{s+k<neN then
Ky n-2k
(o T*(kyry8) = €50

T*(k,r,m) <
n'k) G I G V(&)

proof Take .% < [n]k 3 sugickRakcooockxxkxex B Kk ek xxandxxkkk set
m=#(A) and for He[n® set X, = #{S:HDS€Q) . For

i<k set
a, = #{ (T, :1,0ed, #Tn =1)),
b, = #{ LI10) 1,5k, L e [Indl? Y .
Then
k ko
by = 2 (j)ay = .z.(j-i)ai '
J=1 J=1
s0 k
n-2k n-2k J n-2k J
S, = i - Gva- 210 (D2 -Z,(z_(n Ceei) ()2,
i=0 B’ i&j
_ n-2k+j
= ;%;( nes )aj

@M 1 ,5e &, IOICHE [n]®))
= ZHé[n]S )ﬁ .

Now bk =m and for i<k

b, = chﬂx (R 1 Lgxe,&}»z

1

]

v

@D :1e8, Lelnl* DD
2,k\2 ,/n
m (i) /(i) .

(]

(ile[n]i BMI:1Ll1e /&})2/(2) (by Cauchy's inequality)
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So

DI z<“‘2k (/) + w(T

i+s-2k

Now suppose that [K]k¢;4 for every K € [n]* . 1In this case
:&(8{\ [L]k) < T*(k,r,s) for every L& [n]® i.e. X; < 7*(x,r,s) for
every Heé& [(n]® . But in thais case

2 .
iHe[n]s Xy < T(kry8) ZH&[an Xy

T*(k,r,s) #{ (I,H) : Te § ,ICHE [n]®)}

T‘(k,r,s)rn(::i) .

So

T(k,re) (0D 2 (029 Z( pe2k dm D%/ ()

j+s-2k

v

n-2k n-k\2 ,,n n-2k n
= (s-k) + m (s-k) /(S) - m (s_k)/(k)
by Lemma 11(b). Turning this into an inequality of the form m < ...

we have the required result.
Remark This is taken directly from [3] .

13. Gorollary If 1< k<r<#7K < s gommk €N and <2

T*(k,r,s) - 1
s
(k)-1

>
k
then (w,u)=[r]" .

Proof An elementary computation shows that

n=-Kyme n-2k
limn_,w ( )T (k rgS) - ( ) . (n) _ T*(k,r,s) -1

n'k>2/<“> - (“‘2“)/<> SR S

so there is some n such that u > T*(k,r,n)/(ﬁ) and (n,u)$§>[r]k

so of course (u),u)=59[r]k .
wa 3
14. Corollary If u> T then (e3,u) =H[4]7 .

proof As reported in [3], T*(3,4,8) = 36 .
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Remark added 16.72.88 My own calculations confirm that T*(3,4,8) = 36.

Reference [3] D. de Caen, "A note on the probabilistic approach to Turan's

problem", J. Combinatorial Theory (b) 34 (1983) 340-349.



