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FAMILIES OF RANDOM TRIPLES

D. FREMLIN

I discuss some problems in combinatorial measure theory arising from work

of P. Erdds and A. Hajnal ([1]).

1. DEFINITION : Let © , A\, k be cardinals, 1<9<i<x , and u € [0,1].

I say that

(1% u) » 21°

Ie[x]
WE, > u for every I € [oc]e s Where u <is Lebesgue measure, there is

a'KG[K])‘ such that n E’I#ﬂ.
_re[K]e

2. The case 6=1, )\ countable is simple. We see easily that ([K]l,u) = [A]1

iff for every family <Eg> of measurable set of measure > u , there is a
E<K

K€ [K]}‘ such that N E_. # @ , that is to say, there is an s € [0,1] such

EEK™

3

if for every family <E > g ©Of measurable subsets of [0,1] such that
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that #({¢ : séEs}) 2 A . S if 1 <) < min(k,w) , ([K]l,u) - [)\]l iff

either (o) « 1is finite and A < ku + 1

or (B) « 1is infinite and u>0 .

3. The case 6 = 2 , A countable, « infinite has been resolved.

If 2<A<w<ck, ([k13,u) » [A]% iff

either (a) A <k=w, u> %E% (11, 2

or (B) K>w, u>0

or (vy) kww, u=1,

The case principally of interest to us here is when 6 = 3 , The remaining

results of this note are proved in [3].

4, LEMMA : If 1gkgr<w and u € [0,1] and ([w]g,u) = [r]k , then there

are a u' <u and an m<w such that ([m]z,u’) - [r]k .

Proof : A compactness argument ; see [3], Lemma 2.

+.k+1

5. PROPOSITION : If 1<k<r<w<k and u€[0,1] and ([x"] k+1

su) =» [r+1]

then ([K]k,u) - [r]k .

Proof : The contrapositive is a straighforward construction ; see [3], Propo-

sition 3.

6. THEOREM : If 1<k<r<w and u € [0,1], then

+

(@ if (lw » 1 then (10,70 » e11* ana

([rz'+]k+2,u) - [M21k+2 ;

(b) if x>0 and ([0 = 1% then (129710 » o217
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Proof : This is more complicated ; it uses the ideas of the Erdds-Rado Stepping-

up Lemma. See [3], Theorem 5.

7. PROPOSITION : (a) ([w]3,g) # [41° .

®) (Lo, %u) = 141° ifr u> g

(e) (101%,3) #o1a1® .

(@) (1" 1%,u) = 141 iff w0 .

Proof : (_g_) Let X = {0,1,2}m and let Vv be the standard measure on X .

For I = {i,j,k} € [w]> set

E. = {x : x€X , either x(i) , x(j) , x(k) are all different
or x(i) + x(j) + x(k) = 1 mod 3}.

Then vEI -g— for every I but N EI = @ for every KE [w]4 . Since

1€x]3

(X,v) 1is isomorphic to ([0,1],u), this shows that ([w]3,=;) #[4]3 .

(b) Use Prop. 5 (with k= w , r=3, k=2), Theorem 6a (with r=3, k=2)

and 3a (with A=3).

(c) Let X be {0,1}* and v the standard measure on X . Let < be
the lexicographic ordering of X and + the group operation on X , identified

with E‘;. If I = {x,y,2} € [X]3, where x<y<z in X , set
E.={w:WEX , w+X <w+y , wtz <w+y} .

Then VE; = -;- if there is an n such that x[n =y[n = z}n while
x(n) = z(n) # y(n) , and 7]" otherwise. But if x<y<z<t in X , then

4
E{x,y,z} n E{y,z,t} =@ . So n , E @ whenever K€ [X] .
1€[K]

(d) Use 28 and 6a (with r=2, k=1).
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8. REMARKS AND PROBLEMS : (a) Is there a u >-g such that ([m]3,u) ke [4]3 ?

By analogy with the results of [2], it is possible that this comes to the

same thing as asking :

are there an integer p»1 and a set HC p3 such that #(H) > 5p3/9

and for every f : 4-p there is an
I={i,j,k} € [4]° such that (£(i),£(i),£(k)) € H ?

The point is that such a p , H could be used to construct an example along the

lines of 7a, which can be got by taking p-3 ’

H= {(i,j,k) : either i, j,k are all different

or i+j+k =1 mod 3} .

In [1] and [2] a large variety of similar problems, in two rather than three

dimensions, are reduced to similar combinatorial questions.

(b) 1Is it consistent to suppose that ([E]3,%) - [4]3 or that
([0,1%,3) = 141 2
The example of 7c seems somehow less economical than that of 7a, so there

may be room for improvement in it.

9. ACKNOWLEDGEMENTS : Prop. 7b is an answer to a question of P. ErdSs. Prop. 7a

was known to Erdos ; I understand it to be due to P. Turan.
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