Version of 15.7.06

Problem GI D.H.Fremlin University of Essex, Colchester, England

1 Definitions (a) The centering number of a Boolean algebra A is the smallest cardinal of any family of centered subsets of A covering A \ {0}; it is the topological density of the Stone space of A (Fremlin 08?, 514C).

For n ≥ 2, a Boolean algebra A is σ-n-linked if A \ {0} is expressible as ⋃ k∈N A_k where inf_{i<n} a_i ≠ 0 for any family ⟨a_i⟩_{i∈n} in any A_k.

(b) N will be the null ideal of Lebesgue measure on R, and cf N its cofinality (see Fremlin 08?, §522). (c) I will say that Gaifman’s algebra is the algebra constructed in Fremlin 02, 391N, based on ideas in Gaifman 64. To recapitulate: let I be the set of half-open intervals of the form [q, q^′[ where q, q^′ ∈ Q and q < q^′. Then I is countable; enumerate it as ⟨I_k ⟩_{k∈N}. For each n ∈ N let J_k ⊆ I be a disjoint family of subintervals of I_k such that #(J_k ) = (k + 1)^2. Give PR its usual topology, so that it is a compact Hausdorff space. Set X = ⋂ k∈N{x : x ∈ PR, #({J : J ∈ J_k, x ∩ J ≠ ∅}) ≤ k + 1}.

Gaifman’s algebra is the algebra of open-and-closed subsets of X. As noted in Fremlin 02, 391Yh, Gaifman’s algebra is σ-n-linked for every n.

2 Theorem The centering number of Gaifman’s algebra is at most cf N . proof (a) For each n ∈ N set Φ_n = ∏ 4^n≤k<4^{n+1} [Jk]

n+1, M_n = #(Φ_n) and let ⟨ϕ_{ni}⟩_{i<Mn} be an enumeration of Φ_n; for i < M_n set K_{ni} = ⋂ 4^n≤k<4^{n+1} (R \ ⋃ J_k) ∪ ⋃ ϕ_{ni}(k) so that {J : J ∈ J_k, K_{ni} ∩ J ≠ ∅} ⊆ ϕ_{ni}(k) has at most n + 1 members if 4^n ≤ k < 4^{n+1}.

For n ∈ N, f ∈ ∏ k<4^n [Jk]

k+1 set

L_f = ⋂ k<4^n (R \ ⋃ J_k) ∪ ⋃ f(k), so that {J : J ∈ J_k, L_f ∩ J ≠ ∅} ⊆ f(k) has at most k + 1 members if k < 4^n. Set S = {S : S ⊆ N × N, S[{n}] ⊆ M_n and #(S[{n}]) ≤ 2^n for every n ∈ N}, and for n ∈ N, f ∈ ∏ k<4^n [Jk]

k+1 and S ∈ S set

x_{f S} = L_f ∩ ⋂ m≥n ⋃ i∈S[{m}]∩M_m Kmi.

(b) x_{f S} ∈ X whenever n ∈ N, f ∈ ∏ k<4^n [Jk]

≤k+1 and S ∈ S. PP If k < 4n then x

S ⊆ L_f so {J : J ∈ J_k, x_S ∩ J ≠ ∅} ⊆ {J : J ∈ J_k, L_f ∩ J ≠ ∅} has at most k+1 members. If k ≥ 4^n, let m ≥ n be such that 4^m ≤ k < 4^{m+1}; then x_S ⊆ ⋃ i∈S[{m}]∩M_m Kmi, so #({J : J ∈ J_k, x_S ∩ J ≠ ∅}) ≤ ∑ i∈S[{m}]∩M_m

#({J : J ∈ J_k, K_{mi} ∩ J ≠ ∅})

≤ 2^m(m + 1) ≤ 4^m ≤ k + 1. QQQ 1

(c) cf N is the least cardinal of any R ⊆ S such that for every h ∈ N^N there is an R ∈ R such that h \ R is finite. PP Fremlin 08?, 522M. QQQ Of course this is equal to the least cardinal of any R ⊆ S such that for every h ∈ N^N there is an R ∈ R covering h.

(d) If x ∈ X is finite, there are n ∈ N, f ∈ ∏ k<4^n [Jk]

k+1 and R ∈ R such that x ⊆ x_{f R}. PP For k ∈ N let g(k) ∈ [J_k]^{k+1} be such that {J : J ∈ J_k, x ∩ J ≠ ∅} ⊆ g(k). For m ∈ N let h(m) < M_m be such that g(k) = ϕ_{m,h(m)}(k) for 4^m ≤ k < 4^{m+1}; then there are R ∈ R and n ≥ #(x) such that h(m) ∈ R[{m}] ∩ M_m for every m ≥ n. Set f = g↾4^n. Then x ∈ L_f . Also, for m ≥ n and 4^m ≤ k < 4^{m+1}, g(k) = ϕ_{m,h(m)}(k); so x ⊆ ⋂ 4^m≤k<4^{m+1} (R \ ⋃ J_k ) ∪ ⋃ g(k) = K_{m,h(m)} ⊆ ⋃ i∈R[{m}]∩M_m Kmi.

So x ⊆ x_{f R}. QQQ

(e) For any x ∈ X, Px ⊆ X, and Px is separable just because #(x) ≤ c. So Y = ⋃ {Px_{f R} : R ∈ R, n ∈ N, f ∈ ∏ k<4^m Jk}

has density at most cf N . But (d) tells us that Y includes X ∩ [R]^{<ω}, so Y is dense in X and d(X), the centering number of Gaifman’s algebra, is at most cf N .

3 Example For an example of a Boolean algebra, σ-n-linked for every n, with centering number exactly cf N , take S as in the proof above. Let P be the set of triplets (I, m, F ) where n ∈ N, F : m → [N]^{<ω} is a function, I ∈ [N^N]^{≤m} is a finite set, f(i) ∈ F (i) whenever i < n and f ∈ I, and #(F (i)) ≤ 2^i whenever i < m. Say (I, l, F ) ≤ (J, m, G) if I ⊆ J and G extends F . If R ⊆ P is upwards-directed, then there is an S ∈ S such that f ⊆ S whenever (I, m, F ) ∈ R and f ∈ I. Conversely, any expression of P as a union of upwards-directed sets leads to a family in S covering every function. So the upwards-centering number d^↑(P ) is cf N precisely, by Fremlin 08?, 522M again.

On the other hand, given n ≥ 2, and G : mn → [N]^{<ω} such that #(G(i)) ≤ 2^i for every i < mn, then

{(I, mn, G) : I ∈ [N^N]^{≤m}, f(i) ∈ G(i) whenever f ∈ I and i < mn}

is upwards-n-linked, and the union of these n-linked sets is cofinal with P ; so P is σ-n-linked upwards.

If we now take A to be the regular open algebra of P , then A is σ-n-linked for every n ≥ 2 and has centering number cf N (Fremlin 08?, 514O).

4 Example (See Todorčević 86, Theorem 11.) Let n ≥ 2. Then there is a partially ordered set P such that P is σ-n-linked upwards but link^↑_{n+1}(P ) = c. So there is a σ-n-linked Boolean algebra A which has (n + 1)-linking number c. In particular, there is a σ-linked Boolean algebra with centering number c.

proof (a) There is an injective function f : N^N → N^N such that N^N cannot be covered by fewer than c sets on which f is continuous. PP Enumerate N^N as ⟨x_ξ ⟩_{ξ<c} and [N^N]^{≤ω} as ⟨D_ξ ⟩_{ξ<c} in such a way that D_ξ ⊆ {x_η : η < ξ} for every ξ. Choose ⟨f(x_ξ )⟩_{ξ<c} inductively in such a way that, for every η < ξ < c, f(x_ξ ) ≠ f(x_η), if x_ξ ∈ D_η and lim_{x∈Dη ,x→xξ} f(x) is defined, then f(x_ξ ) is not equal to this limit.

If now A is a cover of N^N by fewer than c sets, take η_A, for A ∈ A, such that D_{ηA} is dense in A, and let ξ < c be such that η_A < ξ for every A ∈ A. Then there is an A ∈ A such that x_ξ ∈ A; but now f↾D_{ηA} ∪ {x_ξ} cannot be continuous, so f↾A is not continuous. QQQ

(b) Give N^N the metric ρ where ρ(x, y) = 2^{−m} if x↾m = y↾m and x(m) ≠ y(m). Let P be the family of all finite sets p ⊆ N^N such that

if x ∈ p and m ∈ N then #({ρ(x, y) : y ∈ p, ρ(f(x), f(y)) = 2^{−m}}) < n,

ordered by inclusion.

(i) P is σ-n-linked upwards. PP For k ∈ N, K ∈ [N^k]^{<ω} and h : K → N^k, set

A(k, K, h) = {p : p ∈ P, f(x)↾k ≠ f(y)↾k for all distinct x, y ∈ p, f(x)↾k = h(x↾k) for every x ∈ p}.

If p_i ∈ A(k, K, h) for i < n, set p = ⋃ i<n p_i. Take x ∈ p and m ∈ N; let j < n be such that x ∈ p_j . If m ≤ k then

{ρ(x, y) : y ∈ p, ρ(f(x), f(y)) = 2^{−m}} = {ρ(x, y) : y ∈ p_j , ρ(f(x), f(y)) = 2^{−m}}

has fewer than n members. If m > k then {ρ(x, y) : y ∈ p, ρ(f(x), f(y)) = 2^{−m}} does not meet p_j and meets p_i in at most one point for each i ≠ j, so again has fewer than n members. So p ∈ P .

This shows that each A(k, K, h) is upwards-n-linked; as P is covered by countably many sets of this type, it is σ-n-linked upwards. QQQ

(ii) If A ⊆ P is upwards-(n + 1)-linked, then f↾ ⋃ A is continuous. PP?? Otherwise, there are x ∈ p ∈ A and sequences ⟨p_n⟩_{n∈N}, ⟨x_n⟩_{n∈N} such that x_n ∈ p_n ∈ A and ⟨x_n⟩_{n∈N} → x and all the x_n are distinct, but ⟨f(x_n)⟩_{n∈N} ↛ f(x). Taking a subsequence if necessary, we can suppose that there is an m ∈ N such that ρ(f(x_n), f(x)) = 2^{−m} for every n and 0 < ρ(x, x_{n+1}) < ρ(x, x_n) for every n. But now p, p_0, . . . , p_{n−1} have no upper bound in P . XXQQQ

By the choice of f, link^↑_{n+1}(P ) = c.

(c) Now set A = RO^↑(P ).

5 Problems (a) Problem GI asks: can we find, in ZFC alone, a Boolean algebra which is σ-n-linked for every n and has centering number exactly c? In Example 3 we have one with centering number cf N . Note that the measure algebra B_c of the usual measure ν_c on {0, 1}^c is σ-n-linked for every n ≥ 2 (Dow & Steprāns 94, or Fremlin 08?, 524M), and its centering number is the uniformity non N_c of the null ideal of ν_c (Fremlin 08?, 524N). If non N = ω_1 and cf N = c = ω_2 then non N_c = ω_1 < cf N (Kraszewski 01, or Fremlin 08?, 523J). I do not know whether non N_c can be greater than cf N .

(b) In Theorem 2 I have not used the full strength of Bartoszyński’s result as described in Fremlin 08?, 522M; so perhaps a change in (c) of the proof can give a stronger result.

Acknowledgements Correspondence with S.Todorčević.

References

Dow A. & Steprāns J. [94] ‘The σ-linkedness of the measure algebra’, Canad. Math. Bulletin 37 (1994) 42-45.

Fremlin D.H. [02] Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002. Fremlin D.H. [08?] Measure Theory, Vol. 5: Set-theoretic measure theory, in preparation. Partial drafts available via http://www.essex.ac.uk/maths/staff/fremlin/mt.htm. Note that paragraph references are subject to fluctuation.

Gaifman H. [64] ‘Concerning measures on Boolean algebras’, Pacific J. Math. 14 (1964) 61-73. Kraszewski J. [01] ‘Properties of ideals on the generalized Cantor spaces’, J. Symbolic Logic 66 (2001) 1303-1320.

Todorčević S. [86] ‘Remarks on cellularity in products’, Compositio Math. 57 (1986) 357-372.