filename probDQ.tex Version of 29.10.02

Half Cohen reals D.H.Fremlin University of Essex, Colchester, England; Fields Institute, Toronto

The problem Is there a partially ordered set P such that (a) there is a P-name ⌜h⌝ for a function from N to N such that for every f ∈ N^N we have ⊩_P∃ n ∈ N, ⌜h⌝(n) = f(n), (b) for every P-name ⌜g⌝ for a function from N to N there is a sequence ⟨σ_n⟩_{n∈N} in S^∗ = ⋃ n∈N N^n such that every member of S^∗ is an initial segment of some σ_n and ⊩_P∀ n ∈ N, σ_n ⊈ ⌜g⌝? Definition Let T be the set of all T ⊆ S^∗ such that σ ∈ T ⇒ σ↾k ∈ T for every k ≤ #(σ), for every σ ∈ T and f ∈ N^N there is a τ ∈ T such that σ ⊆ τ and τ ∩ f ≠ ∅.

Give T the ordering ⊆; we think of T as active downwards. Note that if T ∈ T then (i) for every n ∈ N there is a σ ∈ T ∩ N^n (ii) for every σ ∈ T , T_σ = {τ : τ ∈ T , either τ ⊆ σ or σ ⊆ τ} belongs to T . We therefore have a T -name ⌜h⌝ for a function from N to itself defined by saying if σ(n) = i whenever σ ∈ T and #(σ) > n then T ⊩_T ⌜h⌝(n) = i;

and now for every f ∈ N^N we have ⊩_P∃ n ∈ N, ⌜h⌝(n) = f(n). Thus T satisfies (a) of the problem.

Lemma If σ ∈ T ∈ T there is an n ∈ N such that for every i ∈ N there is a τ ∈ T , extending σ, with τ(n) = i.

proof ?? Otherwise, for each n ∈ N, we can choose f(n) such that (n, f(n)) /∈ τ whenever σ ⊆ τ ∈ T . XXX Proposition There are a T^∗ ∈ T and a T -name ⌜g⌝ for a function from N to N such that whenever ⟨σ_n⟩_{n∈N} is a sequence in S^∗ such that every member of S^∗ is an initial segment of some σ_n then T^∗ ⊩_P∃ n ∈ N, σ_n ⊆ ⌜g⌝. proof (a) Let q : S^∗ → N be a bijection such that q(σ) ≥ #(σ) for every σ ∈ S^∗. We must have q(∅) = 0. For σ ∈ S^∗, i ∈ N define τ_{σi} ∈ N^{q(σ)+1} by saying

Typeset by AMS-TEX 1

τ_{σi}(n) = σ(n) if n < #(σ), = 0 if #(σ) ≤ n < q(σ), = i if n = q(σ).

Let R ⊆ S^∗ be the smallest set such that ∅ ∈ R and τ_{σi} ∈ R whenever σ ∈ R and i ∈ N, and set T^∗ = {σ↾k : σ ∈ R, k ≤ #(σ)}. Then T^∗ ∈ T .

For σ ∈ R define υ(σ) ∈ S^∗ by saying that υ(∅) = ∅, for every σ ∈ R and i ∈ N, υ(τ_{σi}) = υ(σ)^⌢q^{−1}(i).

Let ⌜g⌝ be a T -name for a function from N to itself such that T^∗_σ ⊩_T ⌜g⌝ ⊇ υ(σ) for every σ ∈ R.

(b) The point is that if T ∈ T and σ ∈ T ⊆ T^∗ then there is a σ^′ ∈ R such that σ ⊆ σ^′ and τ_σ′_i ∈ T for every i ≥ 1. PPP There must be an n ≥ #(σ) such that for every i ∈ N there is a τ_i ∈ T such that σ ⊆ τ_i and τ_i(n) = 1. Now there are τ^′_i ∈ R such that τ^′_i ⊇ τ_i, so τ^′_i (n) = 1. But this means that (at least for i ≠ 0) there is a σ^′_i ∈ R such that n = q(σ^′_i) and τ^′_i ⊇ τ_σ′_{i,i}. Because q is bijective, all the σ^′_i, for i ≥ 1, are the same; call the common value σ^′; we now have τ_σ′_i ⊆ τ_i ∈ T for every i ≥ 1. QQQ

(c) Now suppose that ⟨σ_n⟩_{n∈N} is a sequence in S^∗ such that S^∗ = {σ_n↾k : n ∈ N, k ≤ #(σ_n)}. ?? If T^∗ ⊮_P∃ n ∈ N, σ_n ⊆ ⌜g⌝, then for some T ∈ T such that T ⊆ T^∗ we have T ⊩_P∀ n ∈ N, σ_n ⊈ ⌜g⌝. Applying (b) with σ = ∅, we see that there is a σ^′ ∈ R such that τ_σ′_i ∈ T for every i ≥ 1. Let n ∈ N be such that σ_n properly extends υ(σ^′). Let i ∈ N be such that σ_n = υ(σ^′)^⌢q(i); because q(∅) = 0, i ≥ 1, so τ_σ′_i ∈ T . But in this case T_{τσ′i} ⊆ T and T_{τσ′i} ⊩_P σ_n = υ(τ_σ′_i) ⊆ ⌜g⌝, which is supposed to be impossible. XXX

So T^∗ and ⌜g⌝ have the required properties.

Definition Let T^∗ ⊆ T be the set of those T ∈ T such that

for every σ ∈ T there is an n ∈ N such that whenever m ≥ n and i ∈ N there is a τ ∈ T such that τ ⊇ σ and τ(m) = i.

Note that if T ∈ T^∗ then T_σ ∈ T^∗ for every σ ∈ T .

Proposition Suppose that ⟨Q_k⟩_{k∈N} is a sequence of down-open coinitial subsets of T^∗. Then for every T ∈ T^∗ there are a T^′ ∈ T^∗ and a sequence ⟨n_k⟩_{k∈N} in N such that T^′ ⊆ T and T^′_σ ∈ Q_k whenever σ ∈ T^′ and #(σ) = n_{k+1}.

proof (a) Fix a well-ordering ≼ of S^∗ of order type ω. Choose ⟨n_k⟩_{k∈N}, ⟨T^{(k)}⟩_{k∈N}, ⟨S_k⟩_{k∈N}, ⟨m_σ⟩_{σ∈Sk} inductively, as follows. The inductive hypothesis will be

T^{(k)} ∈ T^∗, n_k ∈ N, S_k ⊆ T^{(k)} is finite, m_σ ≤ n_k for every σ ∈ S_k, if σ ∈ S_k, m ≥ m_σ , i ∈ N then there is a τ ∈ T^{(k)} such that σ ⊆ τ and τ(m) = i, and the induction will proceed in such a way that

n_{k+1} > n_k, T^{(k+1)} ⊆ T^{(k)}, σ ∈ T^{(k+1)} whenever σ ∈ T^{(k)} and #(σ) ≤ n_{k+1}, T^{(k+1)} σ ∈ Q_k whenever σ ∈ T^{(k+1)} and #(σ) = n_{k+1}, S_{k+1} ⊇ S_k.

The induction starts with n_0 = 0, T^{(0)} = T , S_0 = ∅.

(b) Inductive step First add the ≼-first member of T^{(k)} \ S_k to S_k to form S_{k+1}. Let S̃_{k+1} be the set of maximal elements of S_{k+1}, and for each σ ∈ S̃_{k+1} choose U k,σ ∈ Q_k such that U^{k,σ} ⊆ T^{(k)}_σ . Let n_{k+1} > n_k be so large that for every σ ∈ S̃_{k+1}, m ≥ n_{k+1} and i ∈ N there is a τ ∈ U^{k,σ} such that τ(m) = i. For each τ ∈ T^{(k)} such that #(τ) = n_{k+1}, choose V^{k,τ} ∈ Q_k such that V^{k,τ} ⊆ T^{(k)}τ ; do this in such a way that if σ ∈ S̃_{k+1} and τ ∈ U^{k,σ} then V^{k,τ} = U^{k,σ}_τ . (There is no problem with this because the different members of S̃_{k+1} are incompatible, so no τ of length n_{k+1} can belong to more than on U^{k,σ}.) Set T^{(k+1)} = ⋃ {V^{k,τ} : τ ∈ T^{(k)}, #(τ) = n_{k+1}}. If σ is the member of S_{k+1}\S_k set m_σ = n_{k+1}.

If σ ∈ T^{(k+1)} there is a τ ∈ T^{(k)} such that #(τ) = n_{k+1} and σ ∈ V^{(k,τ)} ∈ T^∗. Now there is an n ∈ N such that for every m ≥ n, i ∈ N there is a τ^′ ∈ V^{(k,τ)}, extending σ, with τ^′(m) = i; in which case σ ⊆ τ^′ ∈ T^{(k+1)}. As σ is arbitrary, T^{(k+1)} ∈ T^∗. Of course T^{(k+1)} includes {σ : σ ∈ T^{(k)}, #(σ) = n_{k+1}} and therefore includes {σ : σ ∈ T^{(k)}, #(σ) ≤ n_{k+1}}.

If σ ∈ S_{k+1}, m_σ ≤ m and i ∈ N, then if m < n_{k+1} we have σ ∈ S_k so there is a τ ∈ T^{(k)} such that σ ⊆ τ and τ(m) = i. We may suppose that #(τ) = n_{k+1} and now τ ∈ V^{k,τ} ⊆ T^{(k+1)}. If m ≥ n_{k+1} then there is a σ̃ ∈ S̃_{k+1} such that σ ⊆ σ̃ and there is a τ ∈ U^{k,σ̃} such that τ(m) = i; now τ ∈ U^{k,σ̃}_τ ′ = V^{k,τ ′} ⊆ T^{(k+1)} where τ^′ = τ↾n_{k+1}.

If σ ∈ T^{(k+1)} and #(σ) = n_{k+1} then T^{(k+1)}_σ = V^{k,σ} ∈ Q_k.

(c) At the end of the induction set T^′ = ⋂ k∈N T^{(k)}. If σ ∈ T^′, then there is some k ∈ N such that σ ∈ S_k. If now m ≥ m_σ and i ∈ N, let l ≥ k be such that m < n_l. As σ ∈ S_l, there is a τ ∈ T^{(l)} such that σ ⊆ τ and τ(m) = i. We may suppose that #(τ) ≤ n_l, in which case τ ∈ T^′. This shows that T^′ ∈ T^∗.

If k ∈ N, σ ∈ T^′ and #(σ) = n_{k+1}, then σ ∈ T^{(k+1)} and T^′_σ ⊆ T^{(k+1)}_σ ∈ Q_k so T^′_σ ∈ Q_k.

Acknowledgements Hospitality of Fields Institute.