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Cech-analytic spaces Note of 8 December 1980

1 introduce a class of completely regular Hausdorff spaces which form a common
generalization of the (completely regular) K-analytic spaces and the '"absolutely

analytic" metric spaces, in much the same way that the "5ech—comp1ete" spaces form

locally
a common generalization of the(compact Hausdorff spaces and the complete metric

spaces. This was meimudsfss originally designed to provide a formulation of
Theorem (2 below.

I have not attempted to discuss spaces which are not completely regular and
Hausdorff. Possibly Proposition T offers a definition of a more general type

of 5ech—analytic space.

1. Notation Write g(m) for L)keNmk y the set oef all finite sequences in
) w

N (including the empty sequence @ ). TFor T €N write #(9) for the

number fof terms in ¥ (which is also the domain of & , if we identify N with

(N)

the set of finite Wadinals). If ¢, Tt €N and a € N} , write @ € £<Ca

to mean theat o is an extension of T and that T is an extension of < .

¥

If ae‘I\_TE,. TelN , n€jN write a]n=Q(i)\ eN(E) =

/i<n ~ ] q-]n =
o\ 0 . . i
<¢(1)/i<min(n, @) € ,IlI(N 3 9™n m&hm:mmm = Q‘U(#(V‘),n) € .

d
2. Definition A competely regular Hausdorff space A 1is Cech-analytic if

there is a compact Hausdorff space 2 and a set RC EEXZ such that R is
expressible as the intersection of a closed set with a Gé set and A 1is homeomorphic

to nz[R] c7zZ.

v
5. Proposition If X 1is a compact Hausdorff space and ‘A f;IX is a =k Cech-
analytic set, then there is a set I{Q_ENJfX such that R is expressible as the

intersection of a closed set with a G. set and A = nz[R} .
O

proof We know that there is a compact Hausdorff space Z , a set sgyﬁxz which

is expressible as the intersection of a closed set with a G, set, and a homeomorhhism

&
f:A- nz[SJ . Suppose that § = Vn(\rmﬁwn where V 1is closed and each Wn is



open. Set

T = (@D e, T ek, @, fEN €57 € M =X

L ¢ (vs : HU_g_gh'xX open, g open wggﬁxz ,'v?gwn .

£ 5 UN (R xA) )
where f,‘(oc,t) = (a,f(t)) for every a GEE ,t€A . Set R = Tnnnf—NUn .
I claoim that R = feckeseamdone f:‘J[lS] X
P (1) If (a,t) e fﬂ[S} then (a,t) € fﬂ[S] =T . Also, for each

né€N, (o, f(t)) € wn ;  as §NXZ is regular, there is an open W such that
(a,f(t)) ¢ W and Wgwn . DNow (a,t) e f;q[W] and f‘l is continuous for the
induced topology on yl\lx!\ y 80 there is an open UC L\:I"\{ xX such that f;ll[‘w]] =
UA(QNXA) , and (a,t) € UL Un . 8z As #xyk n is arbitrary, (a,t) € R ;

25 (x,t) is arbitrary, f:].,l[S] CR.

(ii) If (on,;cl) € R, then for each n & N we have (a,t) € Un , S0 there

#& are open Wr'lslﬂuxz s Ul"lg- EEXX such that (a,t) € U;l s f;1[bd;1} =

Ur'lf\(}jﬁ XA) , and W C® . Now for each né& N, neighbourhood G of t

in X , set

n A

Cagg = { (Byf(w) : Bln =aln, u€AnG }r\f\iSnW'i/\S .

noo_ . - ' =14

Dy = { (B :Bln=aln,ueck Gln (\iSnUif\f1 rs] .
Then Cg = f'l[DiG] . Because Dg is the intersection of a neighbourhood of
(ayt) with f:""[S} , and (a,t) @ T, no Dg is empty and no Cg is empty.

. n n

Consequently there is a v € mn’Gna[CG] €z, and (a,v) énn,GcG . But now

S W C = rs] = .
(0,v) € snﬂnc_ﬁwng mﬂneywn S. So venyls] = f[A] As v € TLANG]
for every neighbourhood G of t in X ; afind f 1is a homeogmorphism between
A and f[A] , we must have v = f(t) . So (a,f(t)) € S .mmiemk As (a,t)
. . ~1r
is arbitrary, RC f,] sl . G
Npw A = f-1[n?[s]] = nz[f;1[S]] = na[R} , and R 1is expressible as the i

intersection of a closed set with a Gb set.
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L. Theorem (a) #wormemiwsdeng The product of a countable family of ech-

analytic spaces is éech-analytic.

(b) If X 1is a completely regular Hausdorff space, the set of Cech-
analytic subspaces of X is closed under the Souslin operation.

(¢) If A is a 5ech-analytic space, every Borel subset of A is Cech-
analytic.

() If X and Y are completely regular Hausdorff spaces of which Y is

L
Souslin, and AC XXY is \éech—analytic, then n,][A] C X is Cech-analytic.

proof (a)
. , .\. 1 5 - i Se
peaswscknasldpkddx  Let Al/léI be a countable faily of Cech-analytic spaces

.'_'Ri] where Ri is a subset of mezi

For each i € 8I express A, as m,

expressible as the intersection of a closed set with a G

T,

5 set, ommia Zi being

A —
a compact Hausdorff space. Then ﬂEI may be identified with nz[R] in IIiGIZi =

is M
where R = TrieIRi regarded as a subset of (Eh)Ixz zZ . As R 1is also the

v
A, is Cech-analytic.

intersection of a closed set with a G6 set, l’iGI N

\ 3 s - 3 cihasxt o £ W
(b) Let <<%IAT€N(N) be a family of Cech-analytic# subszts of X .  Embed

Pg

X in its Stone-Cech compactification Z . Express each Aq as KZERWJ where
RrC AISNXZ is expressible as the intersection of a closed set and a G{7 set #

N y(
(this is possible by Proposition 3). In II}_I."X(‘I_\I_N)" X 7 set

R

i

{ (O("<Bﬂ'>q'eN(N>9t) : (Baln,t) € Raln V naﬁ}
=N, O ey,

where S, = { (a,<&.\/q_eg(lﬂ),t) :aln=1 , (,Bt,t) € Ry } . For each 7T € N,

Sr is expressible as the intersection of a closed sot with a G, set; as the
(N)
H NN Ve
Sg all lie in distinct sets of a partition of E? x(yﬁ)& X Z into open sets,

L) St is also expressible as the intersection of a closed set with a G, set,
T 5

and R 1is expressible as the intersection of a closed set with a Gb set. Also

Z

]



" I

o

N NN . N
r = P "U A~ 3 £
nthJ 9, QNN mn?_’lenln C X and N¥X(M) is ho#meomorphic to N~ ,
({v -4 p << . . .
S0 u N n>1Aa|n is Cech-analytic. As A¢> (y) 1s arbitrary, (b) is
(xé}\," — q“él\']' ~
proved.

v
(¢) By (v), {B:BCA, B and ANB are both Cech-analytic } is a
g -kalgebra of subsets of A . Clearly it contains k%%% closed sets =mt sO

must contain all Borel sets.

(d) ILet Z , W be compact Hausdorff spaces with XC€Z , YQW . By
Proposition 3, there is a set R ggExew such that R 1is expressible as the
intersection of a closed set with a Gb set and A 1is the projection of R onto
XV . Since Y is Souslin, there is a continuous surjection f : ﬁ; -~ Y (the
case Y =@ is trivial). Now S = { (a,B,t) : a , B € ~E ,tez, (a,t,f(B)) @ R}

is expressible as the intersection of a closed set with a G& set, so its projection

gmke in X is Eech—analytic; but this is just n1[A] .

5 ol (ah If is-2 com H orffW
CecW-anelytic™iff It is the prodectiord”of a Borel se n NN X .

5. Theorem Let X be a compact Hausdorff space, A a subset of X . Then
the following are equivalent:
. v
(i) A 1is Cech-analytic;
(ii) A 1is obtainable by the Souslin operation from { E : EC X is either
open or closed } ;

(1ii) A 1is the projection of a Borel set in ‘I:II'\-I'XX .

proof (a)(i)=D(ii) Let Rél}_ﬁxx be of the form Vn nnern , where wawk V is

closed and each wn is open, with na[R] = A . For each T& ﬁ(ﬂ) set U =

(a:aDT}C N . Set
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n '
Gq. = L){(z:Gg__X open, Uq.XG_C_‘Wn} .

- NN
XGg . Set Fg = n,[VA(IE¥X)] . In N=xN*xX

A~

so that Wn = L)

ﬁ‘e}ﬁ_(m%

consider
n

S = ([ (oByt) : b&F | NG, V nen).
Let B be the projection of S 1in X ; it is easy to see that B 1is

) . . . ¢ (N) n . ()
obtainable by the Souslin operation from {X,#}V{ Fg : Te N =" JO( Gg: nel , T€N'*).
But also A =B . ‘, (i) If t € A then there is an o € ﬁg such that (a,t) € R .
We have (a,t) € Vf\(Ualn)(X) s0 t e Faln for every n€ N . Also, for each
nel, (a,t) €W so there is a @ Ca such that t & G:;_ i set B(n) = #@)

n
then (a,B,t) €S and teB. (ii) If t € B then there are a , B € Eﬁ
such that (o,8,t) € S . Now t e Faln for every n€ N so that (a,t) €V s
n
i X

(because V is closed). Also, for each ne N, (a,t) € UalB(n) GalB(n)qa

Wo. So (a,t) €R and teh . @
(b)(1i)=(i) Immediate from Theorem k.
(c)(1)(iii) by Proposition 3.

(d)(iii)=Xi) by Theorem 4, parts (a), (c¢) and (d). (The point is that

T

EA is a Gb set in K some mempiwkkemoessrprat@ytdF compactification, therefore
;4 . N . X X , . N .
Cech-analytic, so that N~xX is Cech-analytic and any Borel set in N*xX is

aech—analytic.)

v
5. Corollary (a) Every completely regular K-analytic space is Cech-analytic.
(For if A 1is a completely regular K-analytic space, there is an usco-compact
relation Ré'l‘\I_G-XA with n2[R] = A 3 now R is closed in ‘I\‘I‘I‘\leA <)

(b)

A éech—complete space 1is

v
Cech-analytic (being a G6 subset of a compact Hausdorff space); in particular,

4
a complete metric space is Cech-analytic.
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(¢) An absolutely analytic metric space is Cech-analytic (being an

F-analytic subset of its completion). In fact we have the following:

v

6. Proposition A metric space X is Cech-analytic iff X is an F-analytic

subset of its comﬂetion X .
A v
proof If X is F-analytic in X , it is Cech-analytic, by Theorem L, since
A v v
X is a Gb set in its Stone-Cech compactification. If X 1is Cech-analytic,
A

then embed X in its Stone—gech compactification Z . We have X = nz[R]
where R C ;;I_E Xx®Z is the intersection of a closed set and a G() set. Now iR

. N % . N . N .
R 1is a subset of L\I XX and in }:I;-xX is an Fq-a set, because N*xX is

metrizable. So n2[R] is F-analytic in X .

7. Proposition Iet X be a completely regular Hausdorff space. Then X
is éech—analytic iff there is a set Rc__yﬂxx and a fSeaesX sequence <€ n>nGN
o8f families of open sets in N°xX such that

(i) RC L’gn V nen

(ii) whenever ‘& is a filter on ﬂE*X , containing R , meeting every
@n , and such that Tc,l[[?]] converges in NN' , then F has a cluster point
in R ;

(iii) nz[R] =X .

v . N
proof (a) If X is Cech-analytic, let R € M xBX be such that REERJ = X

T
and R is expressible as VN ﬂmywp where each Wn is open in E‘I\‘VXBX and

1l

V is closed. Let én { G/'A('IjIi xX) : G gﬂl‘\leX is open, ngn } . Then

RC %n for each ne&eN . If ? is a filter on g'NXX , containing R ,
to a ,
meeting every gn , and n,‘[[?]] convergesA then nz[[?]] has a cluster point

t€ Z and (a,t) is a cluster point of F . For each n ¢ N , there is a
G QﬁNXBX such that E_C_ Wn and G/\(ﬁm xX) e F , so (a,t) Gag Wn . Also

_ AN
Re F so (a,t) € RCV; thus (a,t) €R. So R, <¢n>ne satisfy (i)—(ﬁ-

-~
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(b) Now suppose that there exist #am R , <6n>neﬂ satisfying (i)-(iii).
Embed X in its Stone-bech compactification PBX , and take V =R din JSXpX .
Set W = U{vw:vwg QN BX open, wn(glﬁxx) e@n} . I claim that R =
VA ﬂnt_ywn . P w s re Ugn = wnn(NNxx) for each ne N, RC Vn ﬂnern .

(_@) Suppose that (a,t) € Vn AnEan . Let be the filter on NN X

generated by ( RAU : U is a neighbourhood of (a,t) } . (There is such a
filter because (a,t) € V = R .) Then n,‘[[?}] - . Also, for each n € N ,
Srasasinmmeigibaushanst  (,t) € W, so there is an open Wg M xBX such that
(x,t) € W and WA (}EljxX) 3 %n ; now WA (.N_Ex X) € ?nqn . By hypothesis
(i1), & has a cluster point in R ; but because l\'Il\'Ix BX is Hausdorff, this
must be (a,t) , and (a,t) € R , as required. Q So R is expressible as the

v
intersection of a closed set with a Gb set and & X is Cech-analytic.

. v s
8. Proposition A hereditarily Lindelof Cech-analytic space is K-analytic.

proof Let A Dbe a hereditarily Lindeldf Eech-—analytic space embedded in a compact

Hausdorff space X . Let RQQI\EEXX be such that ﬂa[Rj =A and R = Vn/\quWn

where V 1is closed and every Wn is open. For each ne N , Te E(E) let
Q:l_: { G: GC X a cozero set, Uq,x Ggwn } where Ug = {a: 2T ) . Then

there is a countable '#qn_s g:. such that An()%;l SU"‘; . Set W! =

ny . . s . L ) )
UO‘eN(N-)(U"x OKy) 5 then W' is Kg, so R' = vnf\neﬁwn is K-analytic.

As wx'lgwn for every n€ N, R' SR . But in fact R = R' . p Take any

(a,t) € R . Then for each n e€ }E there is a cozero neighbourhood G of t

n n
and a ¢ € « such that va GC wn . So G € %T and t € AnU@v. and there
must be an H € #: such that t € H; now (a,t) € LL_KHS \r-lr'1 . As n is arbitrary,

(a,t) €R' Q S0 A =mnJR] ==

5 2[R'] is K-analytic.
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9. Example Theorem L covets many of the properties that we expect a class
of "analytic' sets to have; Theorem 5 shows that (for instance) a 5ech—analytic
subset of a completely regular space is universally measurable and has the strong
Baire property. Since any discrete space is &ech—complete, therefore Cech-
alusays v v
analytic, we do not[have the continuous image of a Cech-analytic space Cech-
analytic. Nor do we have a set which is both ééch-analytic and co—ééch—analytio
necessarily Borekl. ‘, Give [0,1] i#ts usual topology, 031 its discrete
topology; let X = [0,11X 031 , 50 that X 1is a complete metric space and is

G@ in its Stone-Cech compactification 3X . For each & < <£% let Eg be
a Borel set in [C,1] of Borel class _>_§ . Then there is a closed set F( <

Wx[0,1] such that B = n (Rl . In NxX let

F o= { (a,t,8) : (a,t) € Fg } s
then F is c¢losed, so that nz[F] is Eech-analytic. Similarly, X\\na[F]
is gech—analytic wxr (and BX‘\nafF} is Eech-analytic also). So E = ng[F]
is both Eech-analytic and co—Eech—analytic (in both X and BX ). But E cannot

be Borel because the E{ are not of bounded Borel class. ‘Q

1C. Example I do not know of a useful necessary and sufficient condition for
a‘éech-analytic space to be K-analytic. '"Hereditarily Lindelof" is sufficdint
(proposition 8) but not necessary; '"Lindelof" is necessary but not sufficient.
‘) Let X Ybe an uncountable §§§§§§§§ set; adjoing one point & PO | and say

that = GC X0 {®e} is open if either @ X\G

is countable ofr 6© & G . Now XO{e@} is the union of two locally compact =mx

v .. .
subspaces so is Cech-analytic. ® Clearly it is Lindelof. But it is not K-analytic
because any uncountable K-analytic space has a non-eventually-constant sequence with

a cluster point, which Xo{ee} does not have. Q
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11. Example Give w1 its order topology. Then for a set AC (.Q1 the
following are equivalent:
(i) A is ‘c'ech-analytic;
(ii) A is Borel;
(iii) A is expressible as unéN(anGn) , where each F_ is closed and
each Gn open;

2
(iv) there is an uncountable closed set Fg_ LJ,] such that either AiF

ofr ANnF = ¢ .

proof (1)D(iv)D (i11)D ({1)=a(3) .

12. Theorem (see [1], Theorem 2.1) Let X be a first-countable completely
v
regular Hausdorff space, A € X a Cech-analytic set which is not Fq. . Suppose

perfecy noruat and
either that X is ooy paragompact or that A is hereditarily Lindelof.

Then there is a compact set KS X such that KNA 1is countable, dense in K ,

and has no isolated points.

proof (a) Let Z be the Stone-—\éech compactification of X ; hensceforth all
notions of closure, interior will be taken in Z . Let Rgl\:gxz be a set
such that nZER] = A and R is expressible as Vn nnern where V is closed
and every W_  is open (P‘;position 3). Let ﬂ be the ¢=ideal of subsets of
A generated by {F : FCaA , Fr\Xg A} ; our hypothesis that A is not kg in
X becomes just AEY§ . Let A be

{B:BCA,BZY,BNGE § whenever G open, BANG £ ¢} .

(b) If B A and % is a collecticn of open sets such that BnG e J
for every Ge% , then Bnog cs . @ (i) If A is hereditarily

Liﬁdelé'f, then Bn% is Lindeldof, so there is a countable @og-% such

that Bn0§ =Bn()<;oed v (i ——— A —
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(ii) If X is perfectly normal and paracompact, then Xn U@ is relatively

T m
each m € N, UmeNEmz}(/\UQ . ? If BnU@ Z9 , there is an m €N

; : > R T T i E =B
F, in X ; let <E"L>”€E be such that Em/\X for

such that B/\Em 4 . As ¥ 1is paracompact, there is a refinement % of
q such that EmQU# and every point of X has a neighbourhcod meeting only
finitely many elements of *6 . For each H € ﬁ s, BNH e J so that there

. n\ oo n on . -
is a sequence <FH/ne,I£ such that B/\AI‘; U I\JFHﬂ and FyAXCA for every

né

A

. _ n . = _ .} < n>
neN. Set F_-= UHG“FH ; then F AX = UHG“FH;\X C A because {Fyke o
is locally finite in X . Now 13/\Lm - B/\U% ;l UnGL\IFn e J x So
Bn U@ e-_(] , as reguired. Q
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. N N PRV .
A e e e A e ¢ T ettt

A " “ B 5 ; — f’?n\ .
[ I‘I/HGE A" c‘uﬂM
B ok )l —;n,“: _
o n€- H= N i - IO EVEJ_.Y II @“n; . o) on e TnP

n = n n
- €

s

n (<
i-—x—_um_ﬁ-.q-ug—-&n-eﬁ i) ?ﬂ—w
- Uneﬁ,He H= ne€l n

(¢) Soif BCA and BE Y there isa CCB such that ce % .

P set c-B\U(G:Gopen, BnGe § ) . Q

(&) If SCR and n €N and ne[S} 45 , there is an sqgs such that

n2[51]¢5 and T%'q'gwn. p Tor G e E(E) set U‘__—:{a : agv}gﬁ‘l\l,
@q_:{G : G Z open, Uq.ngwn} . G¢=U€v° We have Sc_wn=

« . ()
O (_N)I‘L'XGQ‘ . So there is a q € N'~" such that nz[Sf\(vaGqJ] ¢$ .

TeN
Now m.[5n (UgX Cqd] = m,[5N (Up%Z)INGq so by part (b) there is a G € gq.

such that m[SA(Ugx2)ING €Y . Set 5. =5N(Ugxa) . @

(e) We can now 1121 L inductively, for § e ﬁ(k)

Ng-+ te such that, for every T € E(g) ’

(1) @ e sV | @) = WD 4 1

(ii) if @' <€ ¢ then TWE') C TE@)

(P , Sq

(iii) S¢ € Rr\(Uq;&Z) , Se< w*(ﬂ
(iv) if '€ @ then S, 2 Sq

(v) sppecBeRX nzfsq.] AR na‘[S'.] C Ng

(vi) tq € Xan,[5g] \A

(vii)  seheacdooedloe nztsq_,,i]nn2[sq_,\j] =@ if i #£]

(viii) <N¢"i\/iGN is a decreasing sequence forming a neighbourhood base

f L -
orq_
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o ; - 1 - T - .
construction Set N¢ =7 . We have A = neLR} = U#(t) 1 2[R‘\(U x2)] ;

take T(Z) w@# such that M(HM) =1, TRA(Uy (% 2)] €8 . Let

SgC RN (Uy )X Z) be such that S;C W nd m,(S. & 4 (using (d) above).
Having chosen §p < RN (Y ) X Z) such that nz[sv] € 4 , proceed as

follows. Let Ce€ S be such that C - na[S,.] (part (c) above). Since

Cg§, while C < A, we must have Xr\ag_t_A ; choose tg € XNC \A , so that

t € Xnn.t v] \4a . Because X is fisst-countable, tq.. must have a countable

e of open sets
base of neighbourhoods in 2 ; take <<Nv”i>i€N to enumerate a decreasing sequencef

forming such a base. Choose <Si/ie§ , all distinct, such that S; (4 Can"‘i .
Choose neighbourhoods Hi of g such that all the ?I: are disjoint and Hig
Nq"‘i for each i€ N . Because Ce R and sie C(\H:.L , we have C(\Hi & 5 .
Also, for each i € } , we have
r = #)
CnE, € m[§] = Uk an_s AU @i X2
so there must be a k(i) € N such that

Set (" i) = "c(v-)"k(i) . Set

-1

Pi = sq_n( e )xz)nn2 [CnHi]
so that = [P_] ‘ﬁ ; choose Sv”ig Pi such that S #(q_) 1 and
L Sv,‘lj (4 3 It is easy to check that this procedure gives us (i)-(viii).

s (N)""‘ s ( )

(£) Take K= {tg: Te N~ }<CZ. Then K\ to:veN~ }CA.
P Let t € K\{ tq: T € N(L) } . Let SF be an ultraxfilter on N(~) such
that t = lim tq. 6 Suppose, if possible, that there is an n € N such

that {(q: T T, } € 9 for every q'o C}_\I . Then there is a least such n ,
and n> 0 . Let T, € En_1 be such that (T :T D 0‘0 } € ? . Of course

{To}ég, because t;étq_ . S {T:v2 T, yT(n) >m} e T for every
o

m€N. Nowif ¢Oq , ¥(n) =j>n,

t¢ € mlS] & natsq-o"j] s Ncro"
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So t €& me'ISNWO"m .« But { Nq_o,‘m :m €N} is a neighbourhood base for 2
so t = tq_o . x

. . ' n .
Accordingly there is for each n € N a T, € I° such that {q : &7 2 9 }
€ F. There must now be an a € I:I_N such that v, = aln for every ne€ N .

jus A o I e . [5
As just above, we have tq_ € nEESaln] whenever < Dafn , so that t & nzLoa]n}

for every né& N .

Now let f" be the filmter on 'I‘\I'NXZ generated by

.

{ Saln :neljoi L\JN'XG : G is a neighbourhood of t } .

Tla
sk chypaiianimen (e) above shows that there is a B e ,I‘\T_I‘E ssMuch that

We have U ( In)XZ -'?Socln (] “ for each ne€ I . But the conditions (ii) am of

(x|n) €B for every n&@N . Now 11;1[['3] - 8, so that "‘ -~ (B,t) . As

Re¥ , (8,t) € RECV . Also, for each ne N , s%!ngwn , so that (B,t) € W_ .

Thus (B,t) € Vr\/\neﬁwn and (B,t) €R and t € A, as required.

(g) It follows that KCX; as K is closed in 2 , K is compact.
BN

We have K\ A = { tv : ¢ € N'~’} countable and dense in K . Also, because

A~

. . _ .
tq-"i € KZEST"i] - Nq"i for each ¢ , i we have llmiq‘o° tV"i = tq_ for each O,
and K\ A is without isolated points. (Note that all the tv"i are distinct,

by (vii) of (e).)

13. Applications Cases in which the hypotheses are satisfied include:

(a) X any metrizable space, A C X an absolutely andytic set (because now

erfc aocrual Gnd
is PMPEM Kﬂ )

X paracompact) .

(b) X a Sieedwmsatmkmia perfegtly normal spess Hausdorff pspace, AC X

a K-analytic set. In this case I have to show that A is hereditarily Lindelof.
But AANF is K-analytic, therefore Lindeldf, for every closed FC X , and therefore

for every Fq, set FC X ; and open sets in X are o - (This is the case given

in [1J. Observe that actually any Lindelof Eech—analytic set A will do.)
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4. Remarks The main value of Theorem 12 seems to be that KNA cannot
be an Fg set (because K 1is not the union of countably many nowhere dense

closed sets). In [1] some further remarks on the structure of K are given.

taxxxRraklem
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