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1 Proposition Let X be a set, ¥ a o-algebra of subsets of X and W a member of ¥®%. Then W = W1
iff W is in the o-algebra of subsets of X2 generated by {E?: E € ¥}.

Remark Following FREMLIN 00 and FREMLIN 01 we write ¥®Y. for the o-algebra of subsets of X2 generated
by {Ex F:E, FeX}and W= for {(y,z) : (z,y) € W}.

proof (a) Write W for the o-algebra of subsets of X2 generated by {E? : E € X}. Because {W : W~1 = W}
is a o-algebra of subsets of X? containing A? for every A C X, W~ = W for every W € W.

(b) Suppose that £, F € ¥ and ENF = {.

(i) For every W € Y®Y there is a W) € W such that W, N (E x F) = W N (E x F). P Consider the
set

Y ={V:V C X? and there is a W7 € W such that VN (E x F) =W N (E x F)}.

Then V is a o-algebra of subsets of X. If G, H € ¥ set
Wi=(GNEYUHNF)2\(GNE>UHNF)?)eW

and observe that
WiNn(ExXF)=(GNE)x (HNF)=(GxH)N(E xF).

So G x HeV. As G and H are arbitrary, V D 2R%. Q

(ii) f W € @Y% and W = W~ then W N ((E x F)U (F x E)) € W. P Observe first that
(ExF)U(FxE)=(EUF)?\ (E>?UF?) eW.
Now (i) tells us that there is a W; € W such that Wi N (E x F) =W N (E x F). So

WNEFEXE)=W'n(FxE)=(Wn(ExF)!
=Win(ExF) ' =W, 'n(FxE)=W,N(F x E)
and
WN(ExF)U(FxE)=WiNn(ExF)U(FxE)eWw. Q

(c) Now take any W € L&Y such that W = W', Then there is a sequence (H,)nen in ¥ such that
W € T®T where T is the o-subalgebra of ¥ generated by (H,,)nen.

(i) For each n € N let T,, be the finite subalgebra of T generated by {H; : i < n}. Let A, be the set
of atoms of T, and set V,, = Uy 4 A% By (b-ii), W N ((Ax A)U (A" x A)) € W whenever A, A’ € A,
are distinct. So

WAVe =Uanea, aza WN((AXxA)U (A x A))
belongs to W. Setting V = (,,cy Vo WAV =U,cn W \ Vi, belongs to W.

(i) V = Nper F?U (X \ E)%. P (a) Take any (z,y) € V. If i € N then (z,y) € Viy1 and = € H; iff
y € H;, since any atom of T, is either included in H; or disjoint from H;. Now

(E:E€T, (z,y) € B2U (X \ E)?}
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is a o-subalgebra of T containing H; for every i, so is the whole of T, and (z,y) € Nger £2 U (X \ E)2.
(B) Conversely, if (z,y) € X2\ V, there are A, A’ € T such that AN A’ = () and (z,y) € A x A’, so that
(z,y) ¢ A2U(X\ 4. Q

(iii) The map z + (z,z) : X — X? is (T, T®T)-measurable, so E = {z : (z,z) € W} belongs to T.
Now WNV =(ExE)nV. P For (z,y) €V,

(v,y) EEXFE < x€Fandy€eF
zeFE
(x,x) e W

y € W[{z}]

1ot

(because the map z — (z,2) : X — X2 is (T, T®T)-measurable, so W[{z}] = {z : (z,2) € W belongs to T)
= (z,9) V. Q

So WNV € W. Putting this together with (i) just above, W € W.
(iv) Thus we see that W € W whenever W € ¥®Y and W = W', and the proof is complete.

2 Remark The natural question arises: if W C X3 belongs to S®L®Y and is fully symmetric in the
sense that if (x,y,z) € W then (y, 2, z), (2,2,y), (z,2,v), (y,, 2), (2,y,2) all belong to W, does W belong
to the o-algebra generated by {E® : E € X}? This is certainly not the case, even if X = {0,1} and ¥ = PX;
consider W = {(1,0,0), (0,1,0), (0,0,1)}. We do not know if there is any other interesting way of generating
the o-algebra of fully symmetric measurable sets.

3 Theorem Let X be a set, G a finite group, and « an action of G on X. Let C be an algebra of subsets
of X such that geC € C whenever g € G, C € C. Write D for {C' : C € C, g«C = C for every g € G}. If
E belongs to the o-algebra of sets generated by C and geFE = F for every g € G, then E belongs to the
o-algebra generated by D.

proof (a) Consider first the case in which C is countable. Write W, for the o-algebra generated by D.

(i) For z, y € X say that c ~y if {C: 2 € C €(C} ={C :y € C € C}. Then ~ is an equivalence
relation on X. If z ~ y and g € G, then

{C:gxeCell={gC:zcCecCl={g'C:ycCecC}
(because g~ '+C € C for every C € C)
={C:gsyc CeC},

so gex ~ gey. It follows that if x, y € X and g € G, then gex ~ gey iff x ~ y.
Note that if x, y € X and z ¢ y, there is a C € C such that € C and y ¢ C, because X \ C € C for
every C € C.

(ii) For z € X, set H, = {h : h € G, hex ~ z}, so that H, is a subgroup of G. Then there is a C € C
such that x € C, H, C H, for every y € C and heC = C for every h € H,. P For g€ G\ H,, g~ ¢ H,
so we can choose C,; € C be such that x € C, and g~ tex ¢ C,. Set ¢’ = X N Ngeca, (Cg \ g+Cy). Then
zeC e€C. Ifye ' and g € G\ Hy, then gey € g+Cy, goy ¢ Cy, goy # y and g ¢ Hy. So Hy C H,.
Now set C' =, cpy, h+C’; then C € C, heC' = C’ for every h € H,, H, C H, for every y € (", and x € C
because x € C' and x ~ hex for every h € H,. Q

(iii) For n € N, set V;, = {x : #(H,) = n}. Then g+V,, =V, for every g € G. P If z € V,,, then
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Hyey = {h: hegew ~ g} = {h : g~ ehegea ~ z}
={h: (g7 hg)ew ~a} ={h: g~ hg € H;} = gH.g™",
$0 #(Hgez) =#(Hz) =nand gz € V,,. Q
(iv) If n € Nand x € U, Vi, there is a D € D such that € D C {J,,, Vi. P By (ii), there is a

C € C such that € C and #(H,) < #(H,) < n for every y € C. By (iii), #(H,.,) < n} whenever y € C
and g € G. So if we set D = UQGG g*C, we have D C UignVi and x € D € D. Q Because C is countable,

U;<n Vi € Wo. As this is true for every n, V,, € Wy for every n.

(v) Now suppose that n € N and z € V,,. Let C be a set as in (ii) above. If B € C thereisa D € D
such that CNV,NB=CNV,ND. PIfy e CNV,, then H, C H,, but #(H,) = #(H), so Hy = H, and
gey ~y for every g € H,. Now D =J 5 g+(BNC) belongs to D and C NV, N D =CNV,N B, because
if y € CNV, ND there is a g € G such that g~'ey € BN C; in this case, y € CN (g~ *+C), so g € H, = Hy,
y~gleyc Bandyc B. Q

Of course the set Uy ey (£ : CNV,NW =C NV, N E} is a o-algebra of sets, because Wy is; and we
have just seen that it includes C.

(vi) Now suppose that F is in the o-algebra generated by C and that geF = E for every g € G. Take
any x € E. Then there are an n € N and D € D such that t € DNV, and DNV, NE € W,. P Set
n = #(H,) so that x € V,,. By (v), there are a C € C and W € W, such that CNV, "W =CNV,NE.
Set D = Ugec g+C. Since V,,, W and E are all invariant under the action of G,

DNV,nE=|J(gC)nVanE=|J(gC) N (g*Vn) N (g+E)

geG geG
=g (CnVuinE)= g (CNV,nW) =DV, nW e Wp. Q
geG geG

As x is arbitrary, we see that
E=U{DnV,nW:DeD,neN, DNV, NW € Wp}.

As D is countable, F is a countable union of members of Wy and itself belongs to Wy. As E is arbitrary,
we have the result, at least if C is countable.

(b) For the general case, take E in the o-algebra generated by C such that geF = F for every g € G.
Then there is a countable set Cy C C such that F is in the o-algebra generated by Cy. Let C’ be the smallest
family of sets such that

C’0 g C/7

CcNnC’, X\C, gC € whenever C, " € C' and g € G.

Then C' is a countable algebra of subsets of X. Set D' = {D : D € (', gD = D for every g € G}. By (a),
E belongs to the o-algebra generated by D’, so certainly belongs to the o-algebra generated by D. Thus we
have the result in the general case.
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