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Lectures 1-3

Measure algebras Let (2,3, 1) be a probability space. Then we have an equivalence relation ~ on ¥
defined by saying that E ~ F if u(EAF) = 0. Let 2 be the set of equivalence classes a = E* for E € X.
Then we have operations U, n, \ and A on 2 defined by saying that

E*UF*=(EUF)", E*nF*=(ENF),

E*\F*=(E\F), E*AF*=(EAF)*

for E, F' € 3. These operations behave in the same way as the ordinary Boolean operations U, N, \ and A,
so that, for instance,

an(buc)=(aub)n(auc)
for all a, b, c € A. We have a zero 0 = ()* and a unit 1 = Q°* in 2, so that, for instance,

1\ (aub) = (1\a)n(1\b);
2 is a Boolean algebra. Next, we have a partial ordering C on 2 defined by saying that

aCh < a=anb < b=aub < a\b=0,

just like C; for this partial ordering, a nb = inf{a,b} and aub = sup{a, b} for all a, b € A, and A is a dis-
tributive lattice. For countable infinitary operations, we get a simple correspondence with the corresponding
operations in P:

(UnEN En). — SuanN E’r'u (ﬂnEN En)' = inanN E»,.I

for all sequences (E,,),en in X. For uncountable infinitary operations, there is a difference. In the probability
spaces of interest in this course, not all families A C ¥ have unions in ¥; but in any measure algebra 2
defined from a probability space, every subset of 2 has a supremum and an infimum in 2 (counting sup @
as 0 and inf @) as 1), that is, 2 is Dedekind complete with greatest and least elements.

On A, we have a ‘measure’ i defined by saying that gpFE* = uFE for every E € 3; we have the ordinary
rules

10=0, fplaub)=pa+pbifanb=0, pl=1
of elementary probability theory. In addition we have
fi(sup A) = Sup,¢ 4 fia

whenever A C 2l is non-empty and upwards-directed, that is, for any a, b € A there is a ¢ € A such that
aCcandbCec.

L°-spaces Let (2,3, 1) be a probability space, and write L° for the set of all ¥-measurable real-valued
functions defined on €. Then we have an equivalence relation ~ on £° defined by saying that
f~gif f=.e g, that is, {w: f(w) # g(w)} is negligible.
Let L° be the set of equivalence classes u = f* for f € L% Then we have operations 4+, x on L%, and a
scalar multiplication, defined by saying that
frre=0+9)r, af=(af), frxg =(fxg),

for f, g € LY and a € R. L° is a commutative algebra with additive identity 0 = (x0)* and multiplicative
identity (x©)°*. Next, L° has a partial ordering defined by saying that
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f*<g® = f<ae g, thatis, {w:g(w) < f(w)} is negligible;
this makes L a Dedekind complete distributive lattice with
Vgt =max(f,g),  f*Ag"=min(f,g)"
for f, g € L9, The familiar algebraic rules apply in L° as in LY, e.g.,
ux(tw)=uxvtuxw, u<v=utw<v+tw, uxv>0ifu, v>0;

LY is an f-algebra. We have a map x : 2 — L° defined by saying that x(E*) = (xE)* for E € X.

Mappings on L° If b : R — R is any Borel measurable function, we have a function h : L0 — L° defined
by saying that

h(f*) = (hf)* for every f € L°,

where hf here is the composition hof : 2 — R. The most important special case is when h(z) = || for
x € R, so that h(u) = |u| = uV (—u) for u € L.

Regions in 2 For u, v € LY, @ € R and Borel sets E C R we can define ‘regions’ [u > o], [u € EJ,
Ju = v] in A by saying that

[f*>a] ={w: f(w)>a}, [f*€E]=(f[E])",
[f*=9"] ={w: f(w) = g(w)}*

when f* = v and g* = v. For some purposes it is helpful to think of a member u of L° as being defined by
the family ([u > a])aer. If A C L° is non-empty and v € LY, then v = sup A iff [v > o] = sup, 4 [u > o]
for every a € R.

L' spaces and integration If we write L! for the space of measurable integrable functions f : Q — R,
and L' = L], for {f*: f € L'}, we get a linear subspace of L which is solid, that is, if u € L' and |v] < |u|
then v € L'. I will write E = E; for the corresponding notion of integration in L', so that

E(f*) = [, f(w)pu(dw)
for f e L1

Convergence in measure We have a functional 6 = 6 : L° — [0, oo[ defined by setting

0(u) = E(Ju| A x1) for u € L°,

0(f*) = [ min(|f(w)], )pu(dw) for f € LO.
Now
O(u+v) <O(u)+0(v), Olau) <O(u)if |a| <1, lim,_ob(au)=0
for all u, v € LY, so we have a metric (u,v) — 6(u —v) on LY which defines a linear space topology on LY,
not normally locally convex; this is the topology of convergence in measure on L°. Under this metric,
LY is complete.
If {fn)nen is asequence in L2 and f € L9, then f* = lim,, ., £ for the topology of convergence in measure

iff every subsequence (fy, )ken of (fn)nen has a sub-subsequence (fy, )ien such that f(w) = lim; o fr,, (w)
for almost every w € ).

o-subalgebras of ¥, closed subalgebras of 2 Let (2,%, 1) be a probability space with measure
algebra 2. If T is a o-subalgebra of ¥, that is,

heT, Q\Ee€T whenever E €T,

Unen En € T whenever (E,),en is a sequence in T,

then B = {E* : E € T} is a closed subalgebra of 2, that is,
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0€B, 1\ac€ B whenever a € ‘B,

sup A € B for every A C 8.

In this case, (2, T, u|T) is a probability space, and its measure algebra can be identified with (B, [ B),
while LY(B) can be identified with

{u:ue LOR), [u> a] € B for every a € R},
and L1 (B, ii] B) with L°(B)NLY (2, 1). LO(B) is closed in L (2A) for the topology of convergence in measure.

Lecture 4

Filtrations Let (€2, %, 1) be a probability space. A family (¥;);>¢ of o-subalgebras of 3 is a filtration
if ¥, C X whenever s < t. Associated with this is the family (;)¢>0 where 2, = {E* : E € ¥;} for t > 0;
this is a ‘filtration of closed subalgebras’.

A filtration (%;);>0 is right-continuous if 2; = () _, A for every t. If every ¥; contains every set of

measure 0, this will be the case iff ¥; = ﬂs>t Y for every t.

Stopping times If (¥;);>¢ is a filtration of o-subalgebras of ¥, a function h : 2 — [0, 0] is a stopping
time if {w : h(w) > t} belongs to 3, for every ¢ > 0. In this case, we have a corresponding ‘stopping time’
T = (at)r>0 where a; = {w : h(w) > t}* for every ¢t > 0. The family (a;);>o will have the properties

a; €Ay, Ay = SUP,; As for every t > 0.
In this context I will write [7 > t] for as.
If t > 0, we have a constant stopping time 7 defined by
[t>s]=1ifs<t 0if s>t

The lattice of stopping times Let 7 C tho 2 be the set of all stopping times associated with a
filtration (A;)¢>0. We have a partial ordering on 7 defined by saying that

o <71if [o >1t] C [r > t] for every t > 0.
Under this ordering, 7 is a Dedekind complete Boolean lattice with lattice operations defined by saying that
[cvT>t]=[o>tjulr>t], [eAT>t]=[o>t]n]r>1]
for t > 0, while if A C 7 is not empty,
[sup A > t] =sup,c4 [T > t]

for all t. 7 has a least element min7 = 0 such that [min7 > t] = 0 for every ¢, and a greatest element
max 7 such that [max7 > t] =1 for every t.

I will write 7} for the set of finite stopping times 7 such that inf;>¢ [7 > t] = 0, and 7; for the set of
bounded stopping times 7 such that [r > t] = 0, that is, 7 < £, for some t > 0.

The algebra associated with a stopping time If 7 is a stopping time, write
A ={a:a\[r>t] €A for every t > 0}.

Then 2 is a closed subalgebra of 2. We have 2; = 2, for every ¢, and A, C 2, if ¢ < 7. Generally,
Aopr = A, N2, for all o, 7€ 7.

Regions associated with stopping times If o, 7 are stopping times, set

[o < 7] =sup;>q [ > ]\ [0 > ],
[o=7]=1\(Jo < rJu]r < o]).
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4
We find that [o < 7], [o = 7], [T < o] form a partition of unity and all belong to Ay .

Stopping-time intervals If o, 7 are stopping times, with ¢ < 7, write ¢(o, 7) for the stopping-time
interval

(Ir > I\ o > thhizo € [Ti50 -

In this context, it is helpful to think of the product ® = [],-,%: as a Boolean algebra (using coordinate-
by-coordinate definitions of the Boolean operations). If we think of a stopping time 7 as neither more nor less
than the family ([7 > t]):>0, then 7 actually becomes an element of © (not arbitrary, because we demand
the property

[T > t] =supys, [T > 5]

for every t > 0), and c¢(o,7) is the Boolean difference 7\ o, interpreted in ©. Note that o < 7, as defined
above, iff o C 7 when they are thought of as elements of ®. Note also that the expression of a stopping-time
interval e as ¢(o, 7) is practically never unique. In fact we have

cloym)y=clo’,7)iff [o<r] =[]0’ <7] Co=d]n[r="7].

Now suppose that I C 7 is a finite sublattice of 7. If we interpret I as a subset of ©, with greatest
and least elements min I and max I, it generates a finite subalgebra g of ®. %, being in itself a finite
Boolean algebra, has (finitely many) ‘atoms’ (minimal non-zero elements), all disjoint, and each element of
Dy is the supremum of the atoms it includes. We can identify these atoms as being either ¢(min 7, min I),
c(max I, max7) or of the form c(o,7) where o, 7 € I. The latter I will call I-cells.

Lecture 5

Fully adapted processes Suppose that S is a sublattice of 7. A fully adapted process with domain
S is a family 4 = (u,)secs such that
uy € L°(A,), [o=7] C [us = u,]

forall o, 7 € S.

Theorem 1 Suppose that (2, ji) is the measure algebra of a complete! probability space (2,3, 1), and
that ¥, = {E: E € X, E* € 2} for t > 0. Let (X;);>0 be a family of real-valued random variables on
which is progressively measurable, that is, (s,w) — X,(w) : [0,#] x Q — R is B([0, t])®%;-measurable for
every t > 0, where B([0,t])®%; is the o-algebra of subsets of [0, ] x Q generated by {[a,b]x E: 0 < a < b < t,
E €Y%},

(a) For any stopping time h : Q — [0, 00[, the function X} = (Xj(w)(w))weq is Xp-measurable, where
Yph={E:FEeX E\{w:h(w) >t} € for every t > 0}.

(b) We have a fully adapted process u = (u,),c7; defined by saying that u, = X; whenever h :  — [0, oo|
is a stopping time and 7 = h* is the corresponding finite stopping time.

The class of fully adapted processes Let S be a sublattice of 7 and M = M(S) C (L°)S the set
of fully adapted processes with domain S. Then M is an f-subalgebra of (L) (that is, a linear subspace
closed under multiplication and the lattice operations), and h(u) = (h(uy))oes € M whenever u = (uy)yes
belongs to M and h : R — R is Borel measurable.

Riemann sums Suppose that S is a sublattice of 7 and u = (us)ses, ¥ = (Us)ses are fully adapted
processes.

For a stopping-time interval e with endpoints in S, we can define A, (u, dv) by saying that

Ae(u, dv) = uy X (v — V)
LA measure space (2, %, 1) is complete if F € ¥ whenever £ € ¥, uE =0 and F C E.
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whenever e = ¢(o,7) where 0 < 7 in S.
For a finite sublattice I of S, set
SI(IU’? d’l)) = Ze is an I-cell Ae(’u’? d’l))

The stochastic integral Suppose that S is a sublattice of 7 and u, v are fully adapted processes defined
on §. Write Z(S) for the set of finite sublattices of S. Then

fS udv = limmz(s) S[ (u, d’U)

if this is defined in L° for the topology of convergence in measure; that is, f sudv =z iff
for every € > 0 there is a J € Z(S) such that 8(z — S;(u, dv)) < € whenever I € Z(S) and J C I.

Warning! This is not quite the standard stochastic integral. PROTTER 03 would call it [u_ dv, because
in the Riemann sums we always use the value u, at the lower end of the interval ¢(o, 7).

The deterministic case Consider the case in which 2 is the trivial Boolean algebra {0,1} with two
elements (corresponding to the case in which  has just one point). In this case, every 2(; has to be equal
to 2, the only possible values for a region [r > t] are 0 and 1 (so every stopping time is either a constant
stopping time or max 7'), and every member of L° is of the form ax1 for some a. So we can identify 7 with
[0,00] and L with R. Every subset of [0,00] is a sublattice, and if I = {tg,...,t,} where ty < ... < tp,
then the I-cells are the intervals [t;,t;11] for i < n. So to calculate f[O,oo[ fdg, where f, g :[0,00] — R are
real-valued functions, we look at sums of the form Z?;OI Ft)(g(tiv1) — g(t:)).

This looks like a Stieltjes integral of some kind. But it is not the Lebesgue-Stieltjes integral, even if g
is non-decreasing, so that we have an associated Radon measure on R. Consider, for instance, the case in
which

flx)=gx)=0ifz < 1,

=1ifx>1.
If we look at a term A, (f,dg) = f(s)(g(t) — g(s)), this will always be zero, because either s < 1 and
f(s) =0, 0r s >1and g(s) = g(t). So we get f[o OO[fdg = 0. But if we look at a measure v, on [0, 0] to
represent dg, the only candidate is the Dirac measure concentrated at 1, in which case f fdvg=f(1) =1

Lecture 6

Basic properties of the integral: Theorem 2 Let S be a sublattice of 7.
(a) If u, v, v/, v" are fully adapted processes with domain S, and « € R, then

f3u+u’dv:fsudv+f$u’dv,
fsud(v+v’)=f8udv+fsudv’,

fs(au) dv = fsud(av) = afsudv
whenever the right-hand sides are defined.

(b) Suppose that u, v are fully adapted processes with domain S, and 7 € S. Set SAT={cAT:0 €
S}=8Nmin7,7],SVr={ocVr:0€8}=8N[r,maxT]. Then

fsudv = fS/\TUdv + fSVTUdv

if either side is defined.
(c) Suppose that u, v are fully adapted processes with domain S, and that | sudv is defined. Set
2r = [go, udv for 7 € S.
(i) The indefinite integral ii,(u) = (z;),cs is a fully adapted process.
(ii) If S # 0, then lim;|s 2 = 0 and limy1s 2, = [gudv.

D.H.FREMLIN
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Remark What I am calling i, (u) would (allowing for a different definition of the integral) be denoted u - v
by most authors.

Simple processes Let S be a sublattice of 7. A fully adapted process 4 = (uy),es is simple, with
breakpoints 79, ... ,7, and root value u,, if

T, €Sforeveryt <n, 719<...< Ty,
[o <70] € [ue =us], [rn <o) C Jue =us,],

[ri <o]nfo < 7it1] € [ue = us,] for every i <n
for every o € S.

In this case, if 7 € S and we write SAT = {oc AT : 0 € S}, then u[S A 7 is simple, with breakpoints
TONT,... , T, AT and root value wu,.

Integrating simple processes Let S be a sublattice of 7 and u = (us)ses, ¥ = (Vo )oes fully adapted
processes, of which u is simple, with breakpoints 79, ... , 7, and root value u,. Suppose that v| = lim, s v,
and vy = lim,15 v, are defined in L°. Then /. sudv is defined and equal to

Us X (Vry —v]) + Z?;ol Ur, X (Vryy — V) + Ur, X (V1 —0r,).

Lecture 7

Near-simple processes A fully adapted process 4 = (u,)yes is order-bounded if {u, : ¢ € S} is
bounded above and below in L°. In this case, write sup |u| for sup,cg |us| (taking the supremum in (L%)T,
so that sup Ju| = 0 if S is empty).

An order-bounded fully adapted process 4 = (u,)scs is near-simple if for every € > 0 there is a simple
process 4’ = (u’ ),es such that f(sup ju —u'|) <e.

Integrators: Definitions (a) Let S be a sublattice of 7 and v = (v,)scs a fully adapted process. The
capped-stake variation set of v over S is the set Qs(dv) of Riemann sums Sy (u, dv) where I € Z(S), u
is a fully adapted process with domain I and sup |u| < x1.

(b) v is an integrator if
Qs(dv) is topologically bounded in LY, that is, for every ¢ > 0 there is a § > 0 such that
0(dz) < e for every z € Qs(dv),
either S is empty or lim,|s v, and lim,1s v, are defined in L.

Remark Actually the second condition here, on the existence of limits at each end of S, is redundant, being
provable from the topological boundedness of (). But this seems to be deep, and for the elementary theory
it is much easier to carry the extra condition through the arguments.

Theorem 3 Let S be a sublattice of 7 and u, v fully adapted processes with domain S. If u is near-simple
and v is an integrator, then [gwudv is defined.

proof Let € > 0. Let § > 0 be such that 8(6z) < € whenever z € Qs(dv). Let u’ be a simple process such
that O(sup Ju — u'|) < de; then a = [sup |u — u'| > ] has measure at most e. It follows that 0(S(u,dv) —
Sr(u', dv)) < 2¢ for every I € Z(S). PP Set

w = med(—1, %(u —u'),1).
Then sup |w| < x1 so S;(w, dv) € Qs(dv) and 0(6S;(w,dv)) < €. Now

[Sr(u —u' — dw, dv) # 0]

N

sup [u, — ul, # dw,] = sup [lue — ul| > ]
oel oel

N

[sup [u —u'| > d] C q,
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0(Sr(u,dv) — Sp(u/,dv)) < 0(6Sr(w, dv)) + 0(Sr(u — v’ — dw, dv)) < 2¢. Q

We know that w = [su' dv is defined; let J € Z(S) be such that §(w — S7(u/, dv)) < € whenever I € Z(S)
and I O J. Then §(w — S;(u,dv)) < 3¢ whenever I € Z(S) and I O J. As € is arbitrary, and L° is a
complete linear topological space, fsud'v = limyy7(s) S1(u, dv) is defined.

Proposition Sums and scalar multiples of integrators are integrators.

Cadlag processes Suppose that S is a sublattice of 7 which is order-convex, that is, 0 € & whenever
7,7 € Sand 7 < o < 7', and has a least element. I say that a fully adapted process u = (uy)ocs is cadlag
if

ur = limy| 4 ¥y whenever A C S is non-empty and downwards-directed and has infimum 7,
limy1 4 uy is defined in L° whenever A C S is non-empty and upwards-directed and has an
upper bound in S.

Theorem 4 Let S be an order-convex sublattice of 7 with a least element, and u a fully adapted process
with domain S.

(a) If uw is cadlag, it is locally near-simple, that is, u[S A 7 is near-simple for every 7 € S.

(b) Suppose that (2;);>¢ is right-continuous. If u is locally near-simple, it is cadlag.

Theorem 5 Suppose that (2, ) is the measure algebra of a complete probability space (€, 3, 1), that
Y, ={E: E* € A} for every t > 0, that (;);>0 is right-continuous, and that (X;);>¢ is a progressively
measurable stochastic process with corresponding fully adapted process u defined on 7;. If almost every
path t — X;(w) : [0,00] — R is a cadlag real function, then u is cadlag.

Remark The ‘usual conditions’ of most authors include the hypothesis that the filtration is right-continuous;
integration is normally over order-convex sublattices with least elements; and processes are normally assumed
to be cadlag.

Lecture 8

Variations on integration: adapted local interval functions A general feature of ‘gauge integrals’,
such as the stochastic integral described here, is that they suggest variations. We have a structure with
elements

S, I(S), {e:eisan I-cell}
and a formula
Ac(u, dv) = uy X (v — vy)

leading naturally to Riemann sums S;(u,dv) and integrals |, sudv. If we replace the difference v, — v, by
a more general function ¢ (o, 7), we shall be able to proceed as before provided that we always have

Ug X 77/}(037') = Ugr X ¢(0/77'/)

whenever c(o,7) = c¢(o’,7'), that is, whenever [o < 7] = [¢’ < 7'] C [o = ¢'] n[r = 7']. For this we shall
need, first,

Y(o,7) =Y(o’,7") whenever [o < 7] =o' <7']Co=0]n][r="7],
and then
[¢¥(o,7) #0] € [o < 7]
For a general theory which will be useful in the present context, we need also

(o, 7) € L°(2A,) whenever o < 7.

D.H.FREMLIN
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Such a function v, defined on {(o,7) : ¢ < 7 in S} for a sublattice S of T, I will call an adapted local
interval function; the associated constructions are

Ac(u,dv)) = ue x ¥(o,7), S, d) =", i an 1-cen De(, dv),

Jsudd =limpzs) Si(u, dy)
when this is defined.

Examples (a) ¢(o,7) = v, — v, where v is fully adapted.

(b) ¥(o,7) = h(¢(o,7)) for an adapted local interval function ¢ and a Borel measurable h : R — R.
When ¢(o,7) = |v; — v, for a fully adapted process v, I will write A, (u, |dv]|), etc.

(¢) Sums and products of adapted local interval functions.

Bounded variation Let S be a sublattice of 7, and v = (vs),es a fully adapted process. I will say
that v is non-negative if v, > 0 for every ¢ € S, non-decreasing if v, < v, whenever o, 7 € S and
o < 7, and of bounded variation if it is expressible as the difference of two order-bounded non-negative
non-decreasing fully adapted processes.

Theorem 6 A process of bounded variation is an integrator.

Lecture 9

The identity process It is time I introduced some particular fully adapted processes. In Lecture 4 T
described stopping times 7 € Ty as being those for which inf;>o [T > t] = 0; in terms of the representation
of T by a stopping time h :  — [0, o0], this corresponds to saying that h is finite almost everywhere. So in
fact 7 can be represented as h* where h : Q — [0, co[ takes only finite values, and can be thought of as an
element of L (of a special kind, as h is non-negative and {w : h(w) > t} must belong to 3; for every ¢ > 0).
In this case, we can think of 7 as an element of L°. Thus we have a family ¢ = (T)reT;. It is straightforward
to check that ¢ is fully adapted in the sense of Lecture 5; I will call it the identity process.

Brownian motion The most important of all continuous-time stochastic processes is ‘Brownian motion’.
There are many ways of describing this. For definiteness I will take the following formulation from FREMLIN
032. Let Q be the set of continuous functions w : [0, 0o[ — R such that w(0) = 0. For t > 0 set X;(w) = w(t).
Let X9 be the o-algebra of subsets of € generated by these coordinate functionals, and 2§0) the o-algebra
generated by {X; : s < ¢} for t > 0. Then there is a unique probability measure 19 with domain () such
that

whenever 0 < s < t, X; — X, is normally distributed with expectation 0 and variance ¢t — s, and

is independent of 220).
Let p be the completion of x(®) and set ¥y = {EAF : E € EEO), wF = 0} for each t. Then the conditions
of Theorem 1 are satisfied. Let w be the stochastic process defined by the construction there, based on the
measure algebra of u. I will call w Brownian motion.

The Poisson process The fact that Brownian motion has continuous sample paths gives it a large num-
ber of special properties. ‘Modern’ theories of stochastic calculus, from the 1960s on, have been developed
to deal with discontinuous processes, of which the most important is the ‘Poisson process’. Once again, I
fix on a formulation based on material in FREMLIN 03. Let Q be the set of infinite, locally finite subsets of
]0,00[. For t >0, set X;(w) = #(w N [0,#]). Once again, let £(°) be the o-algebra of subsets of 2 generated
by these functionals, and Z§°) the o-algebra generated by {X; : s < ¢} for ¢ > 0. Then there is a unique
probability measure ;(?) with domain 2(©) such that

WheI(le)VGI‘ 0 < s < t, X;— X has a Poisson distribution with expectation ¢t —s, and is independent
of ZSO .

2Later editions only.
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Let p be the completion of 4(*) and set ¥y = {EAF : E € EEO), wF = 0} for each ¢t. Then the conditions of
Theorem 1 are satisfied. I will say that the stochastic process v defined by the construction there, based on
the measure algebra of u, is the Poisson process.

Remarks Let v be the Poisson process as just described. Note that the sample paths ¢ — X;(w) are
cadlag, so Theorem 5 is applicable, and v is cadlag, therefore locally near-simple. Next, v is non-decreasing,
so is a local integrator, that is, v] domw A 7 is an integrator for every 7 € domwv. Consequently we shall
have, for instance, an indefinite integral ii, (v) = ( f[min 7Y dv)re71; defined everywhere on 7y = domw.

Even if you work through all the details of all the proofs of the theorems I have given so far, you will find
yourselves singularly lacking in techniques for evaluating particular integrals. If I say that

iy (v) = 2 (v —v),

you have at least a chance of checking this by methods based on the definition I gave of the integral. The
corresponding formula for Brownian motion

i (w) = 2 (w? — 1)

where ¢ = (7),c7; is the identity process, seems to be much harder. In fact while we can use Theorem
5 to see that w is locally near-simple, I have not even shown that it is a local integrator, so it is far from
clear that 4iy (w) is defined. For this we need the first really hard theorem of the subject, which I will give
in the next lecture.

Lecture 10

Revision and clarification.

Lecture 11

Conditional expectations If (2, i) is a probability algebra and 9B is a closed subalgebra of 2, (B, i[B)
is again a probability algebra. The Radon-Nikodym theorem tells us that for every u € Lll-L = LY(A, i) we
have a unique Pu € L'(B, i[B) = L}, N L°(B) such that E(Pu x xb) = E(u x xb) for every b € B. The map
P : L} — L}, is linear, positive (Pu > 0 if u > 0), of norm 1 (|| Pull; = E(|Pul) < [jul|; for every u € L}), a
projection (P% = P), and ||Pul|s < |lu|leo for every u € Lo (1) (that is, whenever |u| < yx1 for some 7).

We shall need to know that
—— ifue L%(B),ve L, and u x v e LL, then P(u x v) = u x Puv,
——ifve L}, h:R— Ris convex and h(v) € L}, then h(Pv) < P(h(v)).

So, for instance, if v € L2, that is, v* € L, then Pv € L2 and |[Pv|l2 < ||v]2.

Finite martingales Now suppose that 2o C ... C 2, are closed subalgebras of 2. A finite sequence

(Vi)i<n in L}] is a martingale adapted to (;);<, if v; € L°(2;) (that is, v; € L' (2;, @[ 2;)) for each i < n
and Pv; = v; whenever 7 < j, where P; : L, — L, is the conditional expectation associated with 2;.

Theorem 7 Let (v;);<,, be a martingale adapted to (2;);<,. Suppose that (u;);<, is such that u; € L°(2;)

and |u;| < x1 for i < n. Take M, § > 0. Setting z = Z?:_Ol u; X (Vi1 — vp),

0(62) < OM + [ lvall1.

Doob’s maximal inequality Let (v;);<, be a martingale. Setting v = sup,,, [vil,

T 1
alo > M] < L fous

D.H.FREMLIN
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for every M > 0.

Lemma 1 Let (2, 1) be a probability algebra and (v;);<, a martingale in L}] adapted to a sequence
(2;)i<n of closed subalgebras of 2. Suppose that M > 0. Then there are a probability algebra (8, 7) with
closed subalgebras By, ... ,Bs,, a martingale (wj>j§2n adapted to (%j>j§2m and an embedding of A as a
closed subalgebra of 8 such that

QlZ:Qlﬂ‘Bgl fOI‘iS’Il,
wo; = v; for i < n,
[lw;] > M] € [lvol > M]u supy<; [lwk| = M] for j < 2n.

Lemma 2 Let (2, i) be a probability algebra and (v;);<, a martingale in L,11 adapted to a sequence
(;);<y of closed subalgebras of 2. Suppose that M > 0. Then there are a probability algebra (B, 7) with
closed subalgebras €y C ... C €, a martingale (0;);<, adapted to (€;);<,, and an embedding of 2 as a
closed subalgebra of B such that

A; =ANC; for i < n,

[0;] < Mx1 for i <mn,
_ N 1
v(sup;<p, [vi 7 0:]) < 37 llvnlls-

proof of theorem from Lemma 2 Regarding the u; as members of L°(¢&;) C L°(B), set
E= Y0 wi X (D1 — B).
Then
[0z # 62] = [2 # 2] € sup;<, [vi # ]

has measure at most ﬁ”vnﬂl, and 0(6z —6%) < ﬁ”“n“l Next, setting 2; = Z;L:_Ol Uj X (0j41 —0;) for i <n

(starting from 2y = 0), we see that 2; € L°(€;) while 2,11 — 2; = u; x (D;11 — ;) so, taking P; to be the
conditional expectation associated with &;,
E(él X (21'_;,_1 — 21)) = E(él X u; X (ZA)i_._l — ”LA}Z)) = E(Pz(fgl X u; X (’lA)H_l — TA)Z)))

=E(2; X ui x Pi(041 — 0;)) = E(2; x u; X (Pivi1 — ;) = 0.

Consequently
1Zi41l3 = B((Zi + (Big1 — 2))?) = E(2]) + E((2i31 — 20)%)
= E(£7) + E(uf x (41— 0:)%)
< E(2) + E((Di41 — 0:)%) = E(87) + E(07,,) — E(8})

for i < n. It follows that
[12all3 < 19nll3 — lI90]13 < M?
and
0(62) = 6(02n) < E(0]2n]) = 6[|2nll1 < 6[|2n]l2 < 6M.
Putting these together,

0(62) < 0(02) + 0(62 — 62) < 5M + - lva 1.

proof of Lemma 2 from Lemma 1 Set €; = By;, so A; = AN C; for each 7. Start by taking w;- =

w; X x[lwo| < M]; then (w’);<o, is a martingale and [|w’,| > M] C sup,; [|w}| = M] for j < 2n. Now let
J jlis J k<j k

(;);<2n be the stopped martingale which freezes (w});<2n at the first time it takes the value £M, so that

MEASURE THEORY
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|w;| < Mx1 for every j < 2n,

sup;j<op [W; # wi] € supgcy, [|wy| = M].
Set ¥; = wq; for i < n; then (9;);<, is a martingale adapted to (€;);<, and

sup [v; # ;] € sup [wa; # wi;] U sup [wy; # o]

i<n i<n i<n

[lwol = M]u sup [jwy| > M] C sup [Jwy| > M]
k<2n k<2n

N

has measure at most
lwzalli = - onll:
M M

by Doob’s maximal inequality.

Lecture 12
Martingale processes Returning to the context developed in Lectures 1-8, let S be a sublattice of 7
and v = (v,)ses a fully adapted process. Then v is a martingale if

Vg € Lll1 for every o0 € S,
vy = Pyv; whenever ¢ < 7in S,
where P, : L}L — L}L is the conditional expectation operator corresponding to the closed subalgebra .

Proposition Suppose that a v is a cadlag fully adapted process with domain 7; and that v|7 is a
martingale, where 7 is the lattice of constant stopping times. Then v is a martingale.

Corollary The restriction w|7, of Brownian motion to the bounded stopping times is a martingale.

Lemma Suppose that I is a non-empty finite sublattice of 7.
(a) There are 09 < ... < 0y, in I such that {¢(o;,0441) 1 @ < n} is the set of I-cells.
(b) If u, v are fully adapted processes with domains including I,

Sl(uﬂ d’l)) = Zzlz_ol Ug; X (v0i+1 - UUq‘,)'

Theorem 8 If S is a sublattice of 7 and v = (v,)scs a martingale, then v is a local integrator.
proof (a) Suppose that to begin with that S has a greatest member 7. Of course lim,1s vy = vy is defined.
If (o) nen is any non-increasing sequence in S then lim,, ., v, is defined by the reverse martingale theorem;
it follows that v| = lim,|s v, is defined (because L° is complete).

(b) Now consider Qs(dv). Let € > 0. Let M, § > 0 be such that M + ﬁ||v7—||1 < e. Suppose that

z € Qs(dv). Then there are a finite sublattice I of S and a fully adapted process u = (uy),e; with domain
I such that |uys| < x1 for every o € I and and z = S;(u, dv). By the lemma, there are oy < ..., in I such

that z = Z?;ol Ug, X (Vo — Vo, )-
Applying Theorem 7 to (Ug, Yi<n, (Vo,)i<n and (Uq,)i<n, We see that

1 1 1
0(6z) < 5M+M””0n“1 = 5M+MHP%UTH1 < 5M+M||U'r”1 <€

and this is true for every z € Qs(dv).

(c) As € is arbitrary, Qs(dv) is topologically bounded and v is an integrator. This was on the assumption
that S had a greatest member. For general lattices S and martingales v with domain S, apply this to SA T
and v[S A T to see that v is a local integrator.

Corollary Brownian motion is a local integrator.

D.H.FREMLIN
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Lecture 13

We are collecting a classification of stochastic processes: so far, I have talked about simple processes, order-
bounded processes, near-simple processes, integrators, cadlag processes, processes of bounded variation and
martingales, with ‘local’ versions of many of these. Associated with every class is a string of natural questions:
is it closed under addition/scalar multiplication/multiplication/lattice operations/operations u ~— h(u) (and
for which functions h), restriction to sublattices, restriction to initial segments S A 77 And then we have
the operation of indefinite integration: when can we deduce properties of 7, (u) from properties of v and u?
Some of these questions are easy, some are hard, some depend on whether the filtration is right-continuous.
I can testify that there are months of innocent enjoyment to be had from them. Here I can mention only a
handful.

The class of simple processes on a given sublattice S is closed under all the operations described, including
(u,v) — diy(u); and also under restriction to initial segments, but not restriction to arbitrary sublattices.
Integration you would probably have to think about, the rest are straightforward. After this, things get
trickier. Near-simple processes are closed under the operation u +— h(u) for continuous h, but not for general
Borel functions h. If u is near-simple and v is a near-simple integrator, then ii,(u) is near-simple; the ideas
of the proof of Theorem 3 are essentially sufficient for this. We have a couple of further results of this kind;
the first straightforward and useful, the second really important.

Theorem 9 Let S be a sublattice of 7 and u, v fully adapted processes with domain S such that u is
near-simple and v is of bounded variation. Then ii,(u) is of bounded variation.
proof If & =suplu| and o = fs |dv|, and e = ¢(o, T) is a stopping-time interval with endpoints in S, then

|Ac(u, dv)| < ux Ac(1,|dv]),

|Sr(u, dv)| < @ x Sp(1,|dv]) < |dv|,

ux fSﬂ[minI,maxI]
A (1, |diiy(u)]) = |f$m[aﬂud'u\ <X me[U’T] |dv],
SiL \diiy@)) < ax [o o fdo] <axn,

g |diiy(u)] < ux o.

Definitions Let S be a sublattice of 7.

(a) A covering ideal of S is a sublattice S’ of S such that
o AT €S8 whenever 0 € S’ and 7 € S,
SUpycs [0 =7] =1 for every 7 € S.

Remarks In this case, any fully adapted process with domain &’ has a unique extension to a fully adapted
process with domain S. A process u with domain S is a (local) integrator iff u[S’ is a (local) integrator.
Note that 73 is a covering ideal of 7;.

(b) A fully adapted process u with domain S is a local martingale if there is a covering ideal S’ of S
such that u|S’ is a martingale.

Remarks Note that I am not talking about restrictions «[S A 7! Observe that Brownian motion, regarded

as defined on 7y, is a local martingale. Local martingales are local integrators.

Lemma Let S be a sublattice of 7 and u, v = (v, ),es fully adapted processes such that u is near-simple,
sup |u| < x1, v is a martingale, and v, € L% for every o € §. Then ii,(u) is a martingale.

Theorem 10 Suppose that the filtration (2;);>¢ is right-continuous. Let S be an order-convex sublattice
of 7 with a least element and u, v fully adapted processes with domain S such that u is cadlag and v is a

local martingale. Then 4, (u) is a local martingale.

MEASURE THEORY
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Lecture 14

It is easy to check that sums and scalar multiples of integrators are integrators; the key fact is that

Qs(dv+w)) ={Sr(u,d(v+w)) : I € Z(S), sup |u| < x1}
= {S1(u,dv) + S;F(u,dw) : I € Z(S), sup |u| < x1} € Qs(dv) + Qs(dw)

and the linear sum of topologically bounded sets (in any linear topological space) is topologically bounded.
But products v x w are harder. We can get at these through the following theorem.

Theorem 11 Let S be a sublattice of 7, v = (Vo )oes an integrator, and h : R — R a convex function.
Then h(v) is an integrator.

proof (a) First note that, because h is continuous,
limy s B(va) = ﬁ(limgis Vo)
is defined, and similarly for o T S.

(b) Write Q for Qs(dv), Q* for Qs(dh(v)). Let g be the right derivative of h, that is, g(x) =
limylw% for z € R, so that ¢ is non-decreasing and (y — z)g(z) < h(y) — h(z) for all z, y € R.
Consequently

9(vs) % (v —vs) < h(vr) — h(vs)
whenever o < 7 in §. Suppose for the time being that |g(x)| < M for every x € R.

(c) Check that integrators are always order-bounded (this is not quite trivial), so v is order-bounded,
and consequently (because h is bounded on bounded intervals) h(v) is order-bounded. Set @ = sup |h(v)|.

(d) Ap = [-2w,w] + MQ, its solid hull A; = {u : |u] < |v| for some v € Ag} and A = A; + MQ are
topologically bounded. Now @* C A. P Suppose that I € Z(S), sup|u| < x1 and z = Sy(u,dh(v)). Let
00 <...< o0, €1 be such that {c(o;,0441) : i < n} is the set of I-cells (see the Lemma in Lecture 12). For
1 <n set

wi = h(vo,,,) = Mvey) = Y520 G(Va,) X (Vayy — Ve,) € [~210,200] + MQ = Ay,
We have
Wit1 — Wi = B(vﬂi-u) - }_L(Udi) - g(vﬂi) X (qu‘,+1 - Um‘,) > 0

for each 7. Now

=1
n—1 n—1

= Zuﬂz‘ X (wi+1 - wi) + Zum‘ X g(vdi) X (UUi+1 - Udi)'
i=1 i=1

But
n—1 n—1
12211 Uoy X (Wip1 —wy)| < 3000 wiv1 — w; = wy, € Ay,
Z?;ll Ug; X g(vdi) X (v6i+1 - UUi) € MQ?
soz€ A1+ MQ=A.Q

(e) Thus Qs(dh(v)) is topologically bounded and h(v) is an integrator, at least when its right derivative
is bounded. In general, look at

hK(l‘)

h(z) if |z] < K,
hMEK)+ (K —2)g(K)if x > K,
hM(-K)+ (-K —z)g(—K) if < —K;

D.H.FREMLIN
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use (b)-(d) to see that Qs(dhg (v)) is always topologically bounded; and show that Qs(dh(v)) is approxi-
mated in the right way by Qs(dhk (v)), for large K, to be topologically bounded.

Corollary If v, w are integrators, then v?, v xw = %((v—l—w)2 —v?—w?) and |v| are integrators. Moreover,

if h: R — R is twice continuously differentiable, so that it is the difference of two convex functions, then
h(v) is an integrator.

Lecture 15

Integrating interval functions In Lecture 8 I briefly mentioned the possibility of integrating with
respect to an ‘adapted local interval function’. I now return to this idea.

Definition Let S be a sublattice of 7. An integrating interval function on S is an adapted local interval
function ¥ on S such that

Jsdv = [s1dip is defined,

Qs(dy) = {Sr(u,dy) : I € Z(S), sup |u| < x1} is topologically bounded.

Theorem 12 If S is a sublattice of 7, u is a near-simple process with domain S, and 1 is an integrating
interval function on S, then |, sudy is defined.

proof As Theorem 3.

Theorem 13 Let S be a sublattice of 7, u a near-simple process with domain S, and 1 an integrating
interval function on S.

(a) Set v = 7iy (u), that is, v, = [5, wdy for 7 € S. Then v is an integrator.

(b) Let ut) be the interval function defined by saying that (ut))(o,7) = u, x (0, 7) for ¢ < 7in S. Then
uy is an integrating interval function.

(¢) [gwdv = [swd(uy) = [qw x udy for any near-simple process w with domain S.

Corollary Let S be a sublattice of 7 and v = (v,),es an integrator. Then Qs((dv)?) is topologically
bounded.
proof Set ¥(0,7) =v; —v, for o <7in S. If I € Z(S) and u = (uy)ses is fully adapted,
Uy X (Ur — V5)? = Uy X (V2 —02) = 2uy X V5 X (Vr — V).
Hence
Qs((dv)?) C Qs(d(v?)) — 2Qs(vdy)
is topologically bounded.

Quadratic variation Let S be a sublattice of 7 and v a near-simple integrator with domain S. The
quadratic variation v* of v is v? — vfl — 24y (v), where v| = lim,|s v,

Definition Let S be a sublattice of 7, and v a fully adapted process defined on §. Then we have an
adapted local interval function ¢(o,7) = (vr —v,)? for 0 <7 in S. T will write [gu (dv)? for [udiy when
this is defined.

Theorem 14 Let S be a sublattice of 7 and v a near-simple integrator with domain S. Then v* is an
integrator and

sz(dv)2 = fszd(vQ) - 2fsz xvdv = fszdv*
for every near-simple process z with domain S.
proof For o <7 in S,

(vy —v5)% = (V2 = v2) — 2v, X (v; — v,),

MEASURE THEORY
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SO

/Sz(dv)Qz/Szd(vQ)—Z/Szxvdv
:/Szd(vQ)—Z/szd(iiv(v))z/szdv*.

Corollary v* is non-negative and non-decreasing, for any near-simple integrator v.

Lecture 16

The original development of stochastic calculus was based on ‘continuous’ processes, that is, processes
with continuous sample paths. In the language I am using here the following concept seems to be a useful
way of focusing on these.

Definitions Let S be a sublattice of 7 and u a fully adapted process with domain S.
(a) If u is order-bounded, set
Oscllng () = sup ez (s),7o1 SUPe is a J-cent Ae (1, |dul)
for I € Z(S).
(b) u is jump-free if it is order-bounded and inf;c7(sy 6(Osclln} (u)) = 0.
(¢) u is locally jump-free if u[S A 7 is jump-free for every 7 € S.

Proposition Let S be a sublattice of 7 and u, v jump-free processes with domain S. If o € R and
h:R — R is continuous, then u + v, au, u X v and h(u) are jump-free.

Proposition A jump-free process is locally jump-free and near-simple.

Theorem 15 Suppose that (2, i) is the measure algebra of a complete probability space (2, X, 1), that
X, ={E: E* € A} for every t > 0, that (A;);>0 is right-continuous, and that (X;);>¢ is a progressively
measurable stochastic process with corresponding fully adapted process w defined on 7;. If almost every
path t — X;(w) : [0,00] — R is a continuous real function, then u is locally jump-free.

proof (a) Reduce to the case in which every path is continuous. Take 7 € 7y and € > 0. For w € Q set
ho(w) =0 and

hpt1(w) =1inf{t : t > hy(w), | Xt(w) — hn(w)| > €} if hy(w) is finite
(counting inf () as oo)

= 00 if hy(w) = .

Then every h,, : Q — [0, 00] is a stopping time. If n € N and h,41(w) < oo then
|th+1 (w) - th (w)| =6

| X (w) — Xs(w)] < 2e whenever hy,(w) < s <t < hyp1(w).
Note that lim, e hpn(w) = 0o for every w.

(b) For n € N let 7, € T be the stopping time represented by h,. Then sup,cy7, = max7. Set
an = [t > 7). Then inf,ena, = 0 so lim,_,« fia, = 0 and there is an n such that fia, <e.

Note that u is cadlag, therefore locally near-simple, and u[[min 7, 7] is order-bounded; set @ = sup, < |ty |.

Set I = {r; AT :i < n}. If Jis a finite sublattice of [min7,7] including I and e is a J-cell, we can
express e as ¢(o,0’) where either 7; < 0 < ¢’ < 7341 for some i < n, or 7, AT < o < ¢’ < 7. In the former
case, A (1, |dv]) < 2ex1; in the latter, A (1, |dv]) < 24 X xa,. So
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Osclln(u) < 2ex1 + 2 X xan, 6(Oscllny(u)) < 2¢+ 2fa, < 4e.
As € and 7 are arbitrary, u is locally jump-free.

Examples The identity process and Brownian motion are locally jump-free, but the Poisson process is
not.

Lecture 17

1t6’s Formula, first form: Theorem 16 Let S be a sublattice of 7, v = (v;),cs a jump-free integrator,
and v* its quadratic variation. If h : R — R is a twice-differentiable function with continuous second
derivative, then

— 1 — %
fsh’(v)dv+5f8h”(v)dv
is defined and equal to h(vt) — h(v)), where
vy = limy15 vy, v = limg|s v,
proof (a) Being jump-free, v is near-simple, so A'(v) and h'(v) are near-simple, and v* is defined; being

non-negative and non-decreasing, v* is an integrator; so both integrals are defined. Moreover, h(v) is an
integrator, so

h(vi) — h(v)) = limgs h(vy) — limy s h(v,) = fs dh(v).
Finally, Qs ((dv)?) is topologically bounded, by the Corollary in Lecture 15.

(b) Consider first the case in which A" is uniformly continuous. Let € > 0. Let n > 0 be such that
O(nw) < e for every w € Qs((dv)?). Then there is a § > 0 such that |h”(a) — h”(B)] < n whenever
| — B] < 2§. Now take any such o and 8. By Taylor’s theorem with remainder, there is a 7 lying between
«a and § such that

h(B) = h(a) + (B — a)h'(a) + 5(8 — a)*h" (),

so that
1

[1(B) = h(@) = (B — a)l' (@) = 5 (B — a)*h"(a)| < m(B — ).

It follows that if w, w’ € LY then [|Jw’ — w| < §] is included in

[IA(w') = h(w) = B (w) x (' = w) = 28" (w) x (w' = w)?| < nlw’ - w)?.

Let J € Z(S) be such that 8(z) < de, where z = Osclln’;(v). Then a = [z < §] has measure at least 1 —e.
Take any I € Z(S) such that I O J. Now if e = ¢(0,0") is any I-cell, and we set

e = Ac(L d(h(v)) — Ac(h(v),dv) — S A (R (). (dv)?)
= h(ve) = h(vy) = B (vg) % (vr — v6) = 2B (v6) X (vr = v5)?,

we have
[vr — vo| = Ae(1, |dv]|) < Oscllng(v) < z
and
a C [lvr —vo| < 6] € [lyel < nvr —vs)?] = [lyel < nA(1, (dv)?].
Summing over the I-cells e,

a € [|S1(1, dh(v)) = Si(h'(v), dv) — Si(h" (v), (dv)*)| < 1S1(1, (dv)*)]
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and
9(51(17dﬁ(v)) — Si(W (v),dv) — Sr(h (v), (d’u)g)) < a(1\a) +0(nSr(1, (dv)?)) < 2
by the choice of . And this is true whenever I O J. Accordingly, taking the limit as I 1 Z(S), we have
h(vy) — h(v)) — / ' (v) dv — %/ B (v) dv*
S

S

:h(vT)—mw)—/h/(v)dv—g/sﬁ"(v) (dv)? = 0

S

as required.

(c) For the general case, in which h need not be uniformly continuous, set ¥ = sup |v|. Take ¢ > 0 and
let M > 0 be such that ¢ = [ < M] has measure at least 1 — e. Let g : R — R be such that its second
derivative is uniformly continuous and g(z) = h(x) for |z| < M. Then ¢'(z) = h/(z) and ¢"(x) = h"(z) for
2] < M, so

¢ € [W(ve) = g(vo)] 1 (v5) = §' (vo)] N [W (vs) = 7' (v5)]
for every o € S; consequently
c < [h(vy) = g(v)] n[h(v)) = g(v})],
cc [Sr(h (v), dv) = S1(7'(v), dv)]
for every I € Z(S), and

Similarly
Consequently

and similarly

Since

as € is arbitrary,

as required.

It6’s Formula, second form: Theorem 17 Let k& > 1 be an integer, and h : R* — R a twice-
differentiable function with continuous second derivative. Denote its first partial derivatives by hq,... , hg
and its second partial derivatives by hi1,...,hgk. Let S be a sublattice of 7, and vy, ... ,v; jump-free
integrators with domain S; let u be a near-simple fully adapted process with domain S. Write V =
(v1,...,vg). Then
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_ X - 1 . T *
Jsudh(V) =0, [qux hi(V)doy + 53570, S0 [oux hig(V) dlv; Tvj).
where [v; Jv;] is the covariation

1 .. ..
5((’1)7; +’Uj)* —’U;K —’U;) =v; X ’l)j — (Uii X Ujl)]' — Zlvi(’l)j) — Zlvj (’Ul)

= ( dvidv;)cs;
SAT

just as in Theorem 14,
fsud[v(i) 0] = fsudv(i)dv(j)

for every near-simple u.

Oops! We don’t know what the quadratic variation of Brownian motion is.

Lecture 18

Definition Let S be a sublattice of 7. I will say that a sublattice S’ of S is separating in S if whenever
7,7 €S and [t < 7] #0, there is a 0 € &’ such that [t < o]n[o < 7] #0.

Example If t > 0, then {5 : s <t} is separating in [0,7] C 7.

Theorem 18 Let S be an order-convex sublattice of 7 with a least element, and u, v fully adapted
processes such that z = fs'u,d'v is defined. Suppose that v is cadlag and u is order-bounded. Let &’ be a
sublattice of S, cofinal with &, which is separating in S. Then f o udv is defined and equal to z.

Corollary Suppose that ¢t > 0, that u, v are cadlag fully adapted processes defined on [0,7] and that
z = f[() q udv is defined. Set &’ = {5:s <t}. Then fs, u dv is defined and equal to z.

Remarks Thus we can (in the most important cases) calculate an integral [u dv directly from the values
Uz, Vs.

Note however that it is possible for |, (5 u dv is not.

s<t}

u dv to be defined when f[() q

Corollary If w is Brownian motion, its quadratic variation w* is equal to the identity process ¢ on 7%.

proof I show first that w} = tx1 for t > 0. P Set &' = {5 : s < t}. Then &' is separating in [0,7]. We have

[0,7] [0,7] [0,7]

= /’d(wz) —2//wd'w = /,(dw)2 = S1(1, (dw)?)

for all sufficiently large I € Z(S’). Expressing I as {3g,...,3,} where 0 =59 <...<s, =1,
Si(1, (dw)?) = Y705 (ws,, —ws,)? = Y0y (siv1 — 812
where zg, ..., 2, 1 are independent and identically distributed and have the x?(1)-distribution with mean

1 and variance 2. But this means that S;(1, (dw)?) has mean ¢ and variance 2 Z?gol(siﬂ —5;)?=0and is
close to tx1 for the topology of convergence in measure. Q
Because w* is non-decreasing, w} = 7 for every 7 € 75.

Brownian processes Brownian motion, as I have described it, is attached explicitly to a particular
probability space and filtration. This is inadequate for investigating more complex evolving worlds (e.g., two-
dimensional Brownian motion) in which a simple Brownian process is only part of the structure. Probabilists
since Kolmogorov have generally approached such models in terms of probabilities on product spaces. In the
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measure-algebra context, this leads us to closed subalgebras. If we have a probability algebra (2, i) with
a filtration (A;);>0 and a closed subalgebra 9B, we can look at the filtration (B;);>0, where B; = A, N B
for ¢ > 0, and the corresponding lattice 7g C 7 = Ty of stopping times. We find that if 7 < 7’ in 7y then
T N [1,7] is separating in [7,7'] C Ty, so that if u is a cadlag process and v is a cadlag integrator, both
defined on [r,7'], [ o udv will be defined and equal to [, udv.

This is most useful when u,, v, belong to L°(8) N LY(2A,) = L°(B,,) for every o € Ty N [7,7'], as then
we can think of ngﬂ[T,‘r’] udv as an integral in the structure based on (B, a8, (Bi)i>0).

It does not quite follow that v[7Zg N [7, 7] will be a martingale whenever v is a martingale on [r, 7], even
if v € Li‘ar% = L, N L°(B); for this we need B and 2, to be relatively independent over B, for every
t, that is, the conditional expectation on 2(; of any z € Lll1 N L°(%B) must belong to L°(B;).3

I will say that a Brownian process is a cadlag process v, defined on 7, such that there is a closed
subalgebra B of A, with B and 2, relatively independent over B; = B N A, for every t, v, € LO(B) for
every 7 € Ty N7, and

(B, 1B, (Bi)i>0, T, v [ Ts)

is isomorphic to Brownian motion as described in Lecture 9. In this case, v will be jump-free, v[7, will be
a martingale, and v* will be ¢, all these being interpreted in 7.

Lecture 19

Change of law I have been speaking so far as though the ‘law’, or measure, i was immutable. But if
we look at the structures discussed in the lectures so far, we find that it does not enter directly into most of
the formulae. In setting up the probability algebra (2, i) itself from a probability space (€2, %, i), the most
important thing was not j, but the ideal A" of negligible sets. The same is true of the space L°. ‘Filtrations’
(and ‘right-continuity’ of filtrations) don’t refer to the measure at all, and so 7 is describable in terms of
the triple (2, %, ), as are fully adapted processes and the Riemann sums of Lecture 5.

When we come to integration, of course, we do need to involve the measure. The notions of L! = L}L,
E = E; and 0 = 0; from Lecture 2 directly involve p and fi. But at this point we have a striking
fact. We can easily find probability measures v on Q with domain ¥ and null ideal N for instance, take
vE = [}, f(w)u(dw) where f is any strictly positive function such that [, f(w)u(dw) is defined and equal to
1. But if we do this we find that although 7 and E; (derived from integration with respect to ) may seem
very different from fi and Eg, the functionals 05 and 05 are mutually absolutely continuous; that is,

for every € > 0 there is a § > 0 such that 6;(u) < € whenever u € L% and 0 (u) < 4,

for every € > 0 there is a § > 0 such that 6;(u) < e whenever u € LY and 0;(u) < 4.

But this means that the metrics on LY defined by 6, and 6, are uniformly equivalent, and in particular
0z and 65 give the same topology of convergence in measure. Since integration is defined in Lecture 5 in
terms of limits for this topology, we get exactly the same notion of stochastic integration in the structures
(Q[v H, <mt>t20’ Lov 0/17 T) and (le v, <Qlt>t207 L07 0z, T)

Working through the definitions, we find that ‘simple’ processes (Lecture 6), ‘order-bounded’ processes
(Lecture 7), ‘bounded variation’ (Lecture 8) and ‘separating sublattice’ (Lecture 18) are defined from
(2, (A¢)y>0, L°, T) alone, and that ‘near-simple’ processes, ‘integrators’ and ‘cadlag’ processes (Lecture 7),
‘integrating interval functions’ (Lecture 13), ‘jump-free processes’ (Lecture 16) and Itd’s formula (Lecture
17) depend on the topology but not on the measure (because changing 6 to a mutually absolutely continous
functional has no effect on the truth of a statement of the form

‘for every € > 0 there is a ... such that 0(...) <¢€).

Similarly, of course, the operation (u,v) +— ii,(u) (Lecture 6) is unaffected by change of law, so ‘quadratic
variation’ (Lecture 13) also is.

Where the measure does intervene essentially is in the notions of ‘conditional expectation’ and ‘martingale’
(Lecture 11). If we change the law, we are surprised if there is a single non-constant martingale which is still

3The definition of ‘relative independence’ is usually expressed rather differently; see FREMLIN 03, §458.
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a martingale. But of course many processes cannot possibly be martingales under any law. So the following
result (a version of the Bichteler-Dellacherie theorem) is very striking.

Theorem 19 Let S be a sublattice of 7 and v an integrator with domain S. Then there is a functional
v : A — [0, 1] such that (2, D) is a probability algebra and whenever € > 0 there are fully adapted processes
9 and v/, both with domain S, such that v[v # 0 +v'] < ¢, ¥ is a P-uniformly integrable 7-martingale, and
v’ is of bounded variation.

Remarks Recall that a set A C L' is uniformly integrable if for every e > 0 there is an M > 0 such that
sup,ea E((Ju] = Mx1)*") < ¢ equivalently, if A is relatively weakly compact.
By [v # u] I mean [sup |v —u| # 0].

The ucp topology: Definitions Let S be a sublattice of 7.

(a) Write My, s = M, 5(S) for the set of near-simple fully adapted processes with domain S. Then M, ¢
is an f-subalgebra of (L°)° closed under the action of continuous functions h : R — R.
(b) For u € M, set gg(u) = O(sup |u|). Then fs defines a linear space topology on M, for which

u — h(u) is continuous whenever h : R — R is continuous.

I will call this the ucp topology. Note that a change of law does not change M, _s and changes 55 into
an equivalent functional, so does not change the ucp topology.

Theorem 20 Let S be a sublattice of 7, and v a near-simple integrator with domain S. Then i, (u) €
M, whenever u € M, s = M, (S), and i, : M,,s — M, is continuous for the ucp topology.

Remark This theorem seems to be difficult; my method is, in effect, to prove it for v of bounded variation
(which is easy) and for martingales v (which involves an elaboration of Theorem 7), and then to quote the
Bichteler-Dellacherie theorem. The result that 44, : M,s — (L°)° is continuous, where (L°)° is given its
product topology, is much easier.

Theorem 21 Let S be a sublattice of 7, and v a jump-free integrator with domain S. Then i, (u) is
jump-free for every u € M, s = M, <(S).

proof Deal with simple u, using the formula in Lecture 6, and then extend by continuity, using Theorem
20.

Remark Recall Theorems 9 and 10; indefinite integration with respect to a process of bounded variation
yields a process of bounded variation, and (under rather more restricted conditions) indefinite integration
with respect to a martingale yields a local martingale.

Corollary Let S be a sublattice of 7, and v a near-simple jump-free integrator with domain S; then v*
is jump-free.
proof v* = v? — v}1 — 2iiy (v).

Theorem 22 Let S be a sublattice of 7. Suppose that v, v, u, z are near-simple fully adapted processes,
all with domain S, of which v and v’ are integrators. Set w = 4iy(u). Then [¢zdwdv' = [z X udvdv’.

Remarks Compare Theorem 13: this gives fs zdw = fs zxudv. Ido not think it is safe just to tack the dv’
on the ends of these formulae, because it is not normally the case that z, X (W, —w,) = 25 X Uy X (V7 — V).
I think in fact that Theorem 22 demands a deeper look, and my own proof depends on the continuity of the
operators iy, ity, which in turn depends on the Bichteler-Dellacherie theorem.

Corollary Let S be a sublattice of 7. Suppose that v, v', u, ¥’ and z are near-simple processes, all
with domain S, of which v and v’ are integrators. Set w = iiy(u) and w’ = iiy (u'). Then [z dwdw' =
Jsz xuxu dvdv'.

proof [¢zdwdw' = [¢z X udvdw' = [z x u x u' dvdw’.
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Corollary Let S be a sublattice of 7. Suppose that v and u are near-simple processes, both with domain
S, of which v is an integrator. Set w = iiy(u). Then w* = iiy- (u?).

proof Taking v’ =u, v =v and z = 1 in the last corollary,

fS/\ dw fS

Lecture 20

Revision and clarification.

Lecture 21
In Lecture 18, I showed how to calculate w* = ¢ for Brownian motion w. In effect, this shows that
we cannot ignore terms of the form f (dv)?; in the multidimensional It6’s formula, we have terms

[ dvidv; = [...d[v;{v;]. The questlon arises, whether we must expect to have to deal with terms
J... (dv)? or [ ... dvidv;dvy. In Itd’s formula, these seem not to have appeared; is there a reason for this?

Examples (a) Let ¢ be the identity process. Then ¢* = 0. I Use the method of Lecture 18. If ¢ > 0
and &’ = {§: s <t} then

;= fo 0.1 fs, (de)? 1,(de)?) =30 o(siv1 — si)*x1 < exl
if I ={3,...,8,} where 0 = 50 < ... < s, =1 and max;<, $;+1 — 8; < % So 7 = for every t and ¢* = 0.

(b) Let v be the Poisson process. Then v* = v. P Take 2 C P([0,00]), ¥ and p as in Lecture 9. Set
ho(w) = 0 and for n > 1 let h,,(w) be the nth point of w, so that w = {h1(w), ha(w), ...} and (h,(w))nen
is strictly increasing and unbounded. The set {w : hy(w) > t} = {w : #(w N [0,t]) < n} belongs to X, for
every t, so we have a corresponding stopping time 7, = h;, € 7y; we have 79 = 0, [T < Th+1] =1 for every
n, and sup, ey 7, = max7. Now [v, =n] = [7, < o] n[o < 7,41] whenever o € Ty and n € N.

If 1, <o <0’ <7py1, then [uyr — v, € {0,1}] = 1, 50 (Vo —v5)? = v —v,. Consequently S;(1, (dv)?) =
S1(1,dv) whenever n € N, 7 < 7,, and [ is a finite sublattice of [6 7] containing 7 A7; for ¢ < n. Accordingly

F= S (@) = [ dv =

whenever 7 < 7,,. Because sup,, oy [T < Tn]] =1, vJ = v, whenever 7 € 7.

Remarks Let S be a non-empty sublattice of 7 and v a near-simple integrator.

(a) By the definition of v*,

v? — 0?2 =limv? —v? = lim 2 vdv —vF
i v = limor —oj .
SAT

™1

:lim2/ 'vd'v—/ dv*:Q/'vdv—/d'v*
1S Jsar SAT S S
1 2
:2/vd ”/(dv)
S 2 Js

exactly as declared by It6’s formula with h(z) = x2.

(b) If 0 < 7in 7 then

(see (c-ii) of Theorem 3)

(vr —v5)3 =03 — 302 X (v; — Vy) — 3Vg (Vr — Vy)% — V3,

so, writing (dv)? to represent the adapted local interval function (o, 7) +— (v, — v4)3,
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fs (dv)? —v —v 3f vzd'v—?)f
as with It6’s formula, we can make the step to
fud —3fu><v dv+3fu><vdv +f

or, setting h(x) = 23,

f wdh(v f ux h'(v dv+%f5u><B”('v)(dv)z—i—%fsuxﬁ”’(v)(dv)3

whenever u is a near-simple process with domain S. The reason this works so generally is of course that the
Taylor series

h(y) = h(I) + (y — x)h/(x) + %(y _ x)2h//(x) + é(y _ x)gh/"(x)

is exactly valid for all x and y.

We have already seen that with jump-free integrators we can expect to be able to ignore cubic terms
(dv)? (and therefore, we can hope, terms dv;dv;dvy). There are important cases in which we can ignore
quadratic terms.

Proposition Let S be a sublattice of 7, u an order-bounded process, v a jump-free process and w a process
of bounded variation, all with domain S. Then [gu dvdw = 0.

proof Take @ = sup [u|, W = [4 |dw| and € > 0. Then there is a § > 0 such that (% x @ x z) < ¢ whenever
6(z) < 4. Let I € Z(S) be such that 6(Osclln}(u)) < §. Suppose that J € Z(S) and J D I. If e = ¢(o,7) is
a J-cell, then

|A (u, dvdw)| = |uy X (vr — vy) X (Wr — wy)| < @ X Oscllny(v) X A(1, |dw]).
So
|S7(u, dvdw)| < @ x Osclln}(v) x S;(1,|dw|) < @ x Oscllnj(v) x @
and

0(S(u, dvdw)) < 6(u x w x Osclln}(v)) < e.

Corollary Suppose that S is a sublattice of 7, v is a jump-free integrator and w is a near-simple process
of bounded variation, both with domain S.

(a) [vjw] =0.

(b) (v +w)* =v* +w*.

Lecture 22

A stochastic differential equation I suppose we can all solve the equation

dz

5 z(0) = 2o

for a real function z of a real variable v. Can we make sense of this for stochastic processes? A naive view
would start from

Zr—Z2o
-
Vr—Vo

for 0 < 7 and 7 = ¢. The division might be problematic, so perhaps we are better off with
Zr — Zo = 25 X (Ur —Vy), dz = zdv.

Again, it is unclear what sort of approximation we should look for, but if we integrate both sides we get an
equation

Zr — 25 = f(;zdv, z =251 + iiy(2)
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which looks much more manageable.

In the differential form, it is plain that jumps in v will give special problems. These are not so evidently
disastrous in the integral form, but Itd’s formula gives us an effective tool for handling jump-free integrators,
so let us start with these.

Theorem 23 Let S be a non-empty sublattice of 7. Suppose that v is a locally jump-free local integrator,
and u a locally near-simple fully adapted process with domain S. Set v| = lim,|sv, and z = exp(v —v;1 —
1v*). Then z is a locally jump-free local integrator, z = 1 + iiy(2) and ii,(u) = iiy(u X 2).

proof Setw =v —v;1 — %’v*. Then w is a locally jump-free local integrator, so z = exp(w) also is. We

have w) =v| —v| — %vf =0 (using (c-ii) of Theorem 3). So z; = x1.
For any 7 € S,

*

— 1 J—
zr —xl= fS/\T exp(w) dw + ifS/\T exp(w) dw

by It6’s formula. But w* = v* (see Lecture 21). So

Rr — Xl = fS/\TzdIv B %fS/\TZd,U* - %fS/\TZd,U* - fS/\TZdv

for every 7 € S, and z = 1 + i1, (2).
The extension to 7i,(u) = #iy(u X 2z) comes from the version

fSATud%(w) = fSATu x exp(w) dw + %fsAT“ x exp(w) dw*
of 1td’s formula.
Corollary Let S be a non-empty sublattice of 7. Suppose that v is a locally jump-free local integrator,
and z € LY(N,csUo). Set v| =lim, | sv, and 2’ = 2z x &xp(v — vj1 — $v*). Then 2’ = 21 + iiy (2).
proof Taking z =exp(v —v;1 — %'v*)7 we have
Z2L X (U — V) = 2 X 2o X (V7 — Vg,
whenever 0 < 7 in S,
Si(2',dv) = z x Si(z,dv)
whenever I € Z(S), and
2 =zxXzr=2zX (xl—l—fSMzdv) :z—l—fSATz’dv

for every 7 € S.
We need to assume that z € L°((, .5 Us) to be sure that 2’ is a fully adapted process.
Lecture 23
Theorem 24 Suppose that (2;);>¢ is right-continuous. Let S be an order-convex sublattice of 7 with a

least element, and v a jump-free local martingale with domain S. Set z = eXp(v — Vmins1 — %’u*) Then 2
is a local martingale.

proof z = 1 + ii,(2), and ii,(2) is a local martingale by Theorem 10.
Corollary If w is Brownian motion, exp(w — %L) is a local martingale.

Theorem 25 In Theorem 24, if sup, g ]E(@(%(UU — Umins))) is finite, then z is a uniformly integrable
martingale.

Corollary If w is Brownian motion, exp(w — %L) [T, is a martingale.

D.H.FREMLIN



24

Distributions Given u € L, its distribution is the Radon probability measure v, on R such that
1, (]0,a]) = Bfu < o] for every a € R; in this case v, (E) = fu € E] for every Borel set E C R. Similarly,
if up,... ,ux € LY, we have the notion of ‘joint distribution’ vy of U = (uy, ... ,uy) defined by saying that

vy(E) = ji[U € E] for Borel sets E C R¥. (If u; = f7, where f; : @ — R is measurable for each 4, then
[[U 6 E]] ={w: ( ( )y fr(w)) € EY) If h : R¥ — R is a bounded Borel measurable function, then
U)) = ka x)vy (dz). The characteristic function ¢,,, of vy or U is now given by

buu) = [ e uptde) = [ costy.a @) +i [ sintyapm (o)

RE
= E(@(mul + ...+ nkuk)) + iE(ﬁ(mul + ...+ nkuk))

for y = (m1,... ,mk) € R¥.

Viys o Vay,

Lecture 24

Lemma Suppose that (2;)¢>o is right-continuous. Let S be an order-convex subset of 7 with a least

member, and v a jump-free local martingale such that vy, s = 0 and v* is an L°-process. Then
Sin(v) x &p(1v*),  ws(v) x exXp(Lv")
are martingales.
proof Apply It6’s formula with h(z,y) = sinz exp(3y) to see that
sin(v) x exp(3v*) = iiy(cos(v) x exp(3v*))

is a local martingale. If 7 € S, the local martingale sin(v) x exp(zv*)|S A 7 is uniformly bounded (by

exp(3]|v]|s)) therefore uniformly integrable, and is a martingale; so sin(v) x eXp(4v*) itself is a martingale.
Similarly,

cos(v) x exp(3v*) = 1 — iiy(sin(v) x exp(5v*))

is a martingale.

Lemma Suppose that (2;)¢>0 is right-continuous, and o < 7 in 7. Let v be a jump-free martingale with
domain [0, 7] and quadratic variation v*. If v, = 0 and v* = yx1 for some v > 0, then v, has a normal
distribution with mean 0 and variance v and is independent of 2.

proof

E(Sin(v,)) = E(P, (i(v,))) = ¢ V/?E(P, (in(o,) x exp(40)))
— e E(sin(v,) x ep(e3) = 0,

and similarly
E(cos(v,)) = e/2E(c08(v,) x exp(iv})) = e7/2.

2

Applying the same argument to the martingale av with quadratic variation a“v*, we see that

E(sin(av,)) =0, E(cos(av,)) = e /2

for any @ € R. So v, has the same characteristic function a +— e=79*/2 a5 the normal distribution with
mean 0 and variance 7, and must have that distribution.
A refinement of the argument shows that v, is independent of 2.

Lemma Suppose that (2;);>¢ is right-continuous. Suppose that 79 < ... < 7, in T and that v is a
jump-free martingale with domain [rg, 7] and quadratic variation v*. If v,, = 0 and vz, =7x1 for j <k,
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where 0 = 79 < 71 < ... < g, then (vr,...,vs,) has a centered Gaussian distribution with covariance
matrix E(vr, X vr) = Ymin(y) for j, 1 < k.

Lévy’s characterisation of Brownian motion: Theorem 26 Suppose that (2(;);> is right-continuous.
Let v be a jump-free martingale defined on 7, such that v5 = 0 and v} = tx1 for every ¢ > 0. Then v* =1
and v is a Brownian process as described in Lecture 18.

Time change: Theorem 27 Suppose (;);>¢ is right-continuous. Let family (7;);>0 be a non-decreasing
family in 7. Then (B;);>0 = (Uz,)¢>0 is a filtration. Write Q for the lattice of (3B,);>o-stopping times.
(a) We have a lattice homomorphism p — o, : @ — T such that
op=Tifort >0, Omaxg=max7, B,=%A, forpe Q,
if S C 7 is a sublattice and (uq)ses is a process fully adapted to (2;)>0, then S’ ={p: 0, €
S} is a sublattice of Q and (u,,),es is fully adapted to (By)¢>o-
(b) If 7 = infss 75 for every t > 0, then (By);>¢ is right-continuous and oine p = inf,cp o, for every
D Co.

Theorem 28 Suppose that (;);>¢ is right-continuous. Let S be an order-convex sublattice of 7 with a
least element, and v a jump-free martingale defined on S such that vy, s = 0 and for every ¢ > 0 there is a
7 € S such that vX > tx1. Then there is a right-continuous time change (7;);>0 such that the corresponding
family (v,,)pes’ is a Brownian process.

Lecture 25
The Black-Scholes model (http://en.wikipedia.org/wiki/Black-Scholes)
Start from a differential equation
du = oud + fudw, ug=wu
(¢ being the identity process and w a Brownian process), with (unique) solution
u = ul + aii, (u) + Biiy (u) = ul + iig(u)
= u X exp(w — fﬁQ )

where w = at + Sw, so that w* = B2w* = % (see Lecture 22). We suppose that we have an ‘option’ v
in the ‘stock’ u whose value at time t is h(z,t) if u has value x at that time; so that v = h(u,t). (If v
corresponds to a process (V;);>o and u to a process (Uy;);>0, we are supposing that Vi (w) = h(Uy(w), ) for
most pairs (w,t).) Suppose also that h is twice continuously differentiable. Then we have

v = h(u,),

vT—v():f[é,]h(uz, du+f ho(u,t) de+ = f huuz,)du

by It6’s formula for two variables (because u and ¢ are jump-free local integrators, and ¢* = [t ju] = 0). To
get an expression for the integral [ ...du*, we use the second corollary to Theorem 22 to see that it is

f...quﬂJ*:ﬂzf...quw*:ﬁQI...uzdL

So we have
vaqu:f[O’]h(uL du+f (ho(u,e)de + = 62u2xh11(u1,))d/,

Now consider a hedged version of v; holding v, we hedge by a quantity hi(u,t) in the stock u to give us
a portfolio ¥ = v — iiy (h1(u,¢)). This is feasible if we can adjust the hedge at stopping time intervals small
compared with the evolution of u, so that

Vot — Vg = Vgt — Vg — h1(tg,0) X (Ugr — Uy)

with an approximation sufficiently close to ensure that
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<
3
|
3
=7
Ip

vy — vy — / hi(u,t) du
0,7]
_ 7 1o2,2 7
—/ hQ(’U,,L)-i-Eﬂ u® X hi1(u,t)de.
[0,7]
But now approximations of the same kind tell us that
Tor = T = (ha(tg, 0) + 3 Fu2 X i (g, 0)) % (0" = 7).
Since you are choosing the stopping time intervals, the step
(ha(ug, 0) + 3 822 X ha1 (ug, 0)) % (0 = o)

is risk-free; at time o you know just how your gain or loss depend on the time ¢’. And so does everyone
else, so (in a perfect market with no hysteresis or arbitrage or transaction costs)

Vgt — Vo = p(Ve — h1(tg, ) X uy) X (¢! — o)

where p is the interest rate on risk-free investments.

[T ought to pause for a moment here. The argument depends on the notion of ‘hedge’. If hj(u,,o) is
negative, then a hedge of —hi(uy, ) corresponds to buying a positive quantity —hy(ug, o) of stock with the
intention of selling it again very soon. If hy(u,,o) is positive, then a hedge of —h;(u,,o) corresponds to
‘selling short’, that is, selling stock you don’t possess, with a promise that you will very soon buy it back at
the price then ruling. This is not an option, it is a contract. From the point of view of your counterparty, it is
just like buying real stock. Of course they have to trust you, but it is part of the theory of ‘perfect markets’
that the agents do trust each other, and (among themselves) lend and borrow at the risk-free rate p. There
is a question about who decides the buy-back time o', but your counterparty doesn’t mind, because they
will be able to buy replacement stock in the market whenever you ask (remember, you will be paying the
price at the time o', and this is a perfect market, so there will always be buyers and sellers at that price).

I must also try to explain why your investment is vy — hq (U, o) X ty. The v, is just the current value of
the option you are holding (you are marking-to-market continuously; if this value is different from what you
originally paid for the option, you have already declared your profit or written off your loss, and it’s water
under the bridge, irrelevant to your future decisions). If k1 (u,, o) is negative, you increased your investment
by the amount you just paid for the stock. If it is positive, you hold the cash for the ‘sale’ you made, and
you will separately have invested it in something risk-free, so that the reckoning on the portfolio v shouldn’t
count it.]

Taking the limit in the usual way,

so that

f[é A ho(u,t) + %5%2 x hi1(u,t) + pu x hy(u,t) — ph(u,t) de = 0.

If this is to be true for every 7, or at least for every 7 in an order-convex sublattice S containing 0, we must
have

ha(ug,0) + %ﬂng X h11 (g, ) + py X hi(Us,0) — ph(tuy, o) =0
for every o € S, so that for relevant z, y we shall need

1
ha(x,y) + 55296%11(%3/) + pzhi(z,y) — ph(z,y) =0

or, if you prefer,
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which is the Black-Scholes equation.

1g2,20%h | Ok 4
+26:r oz T PT5, ph =0
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