Version of 19.3.10
Baker’s product measures
D.H.FREMLIN
University of Essex, Colchester, England

I discuss variations on the measures described in BAKER 04. My notation generally follows FREMLIN 03.

1 Infinite products

1A Definition Let I be a set and F a filter on [I]<* containing {J : ¢ € J € [I]<%} for every i € I. For
a family (a;);cr in [0, 0o] write HEQ a; for lim s 7 [ ;¢ ; o if this is defined in [0, oo].
For definiteness, count [],., o as 1.

When F is precisely the filter F([I]<“1) generated by {{J : i € J € [I|<% : i € I}, write [],.; a; for

(F) .
iel Y-

1B Remarks Suppose that I and F are as in 1A.

(a) If {(a;)ier is a family in [0, 00] and a = HEQ «; is defined and finite, then
either o = 0, in which case lim;_, » HieJ\K a; = 0 for every K C I such that []; , o; is
defined, finite and not 0,
orlimg_.7lim;_ 7 HieJ\K o; = 1.

(b) If 0 < o; < B; for every i € I and 8 = H(}—) 3; is defined and finite, then o = H(}—) o; is defined; if

iel i€l
B =0, then a = 0; if 3> 0, then % =11 % So if & > 0 then {i : o; < §;} must be countable.

iel
1C Lemma Let I be a set, (I)rex a partition of I, and (;)ics a family in |0, oo[ such that a = [],.; as

is defined and finite. Then [, cx [T;c;, i is defined and equal to a.

proof The point is that [],.; max(1, ;) must be finite, so it will be enough to deal separately with the
cases (i) a; > 1 for every ¢ (i) a; < 1 for every .

2 The basic construction

2A Definitions Let ((X;,Y;, 11;))ier be a family of measure spaces, and F a filter on the set [I]<% of
finite subsets of I containing {J : i € J € [I]<*} for every i € I. Set X = [],.; Xy, and let C C PX be

Ehe meily of sets of the form C' =[], ; E; where FE; € ¥; for every i € [ and 7C = HEQ ;B is defined in
0, c0l.

Note that 7C' is well-defined because [[,.; E; can be equal to [];.; F; only if either some E; is empty or
if B; = F; for every i. If there is any 4 such that p; F; = oo there must be a j such that p4;F; = 0, and in
this case 7C' = 0.

Let D C PX be the family of sets of the form D = J,. ;{7 : x € X, z(i) € E;} where u; E; = 0 for every
i € I;set 7D =0 for every D € D. It is easy to check that in the exceptional case that there isa D € CND
then 7D = 0 on either definition.

icl

2B Lemma Suppose that I, F, C, D and 7 are as in 2A. If C € CUD, (Cy)nen is a sequence in C U D
and C C U, ey Cn, then 7C < 3 7C,.

proof (a) It is enough to consider the case 7C' > 0, so that C' € C; express C as [[,.; Ei. Set Lo = {n :
Cn € D}; for n € Ly, let (En;)icr be such that Cp, = U, {z : (i) € E,} and p;E,; = 0 for every i; for
n € N\ Lo, let (Eyi)icr be such that C,, = [[,c; Eni and Ey; € ¥; for every . Set

Ly ={n:neN\ Ly, 7C, > 0},

Ly={n:neN\ (LyULy), u;E,; >0 for every i},
1



E; = E;\U{Eni :n €N, p;Ep; =0} foreach i € I, C' =]][,c; Ej;
then C' N, = for every n € N\ (L1 U La), so " € U,.c1,up, Cn, while 7C" = 7C.

(b) ? Suppose if possible, that 7C' > Y">° / 7C,. Then there is a v < 1 such that Y -, 7C,, < y7C".
Set 3 = 42 min(1,7C"). Let (Ym)men be a strictly increasing sequence, with limit v, such that > o> 7C, <
Yo1C". By 1Ba, there is a non-decreasing sequence (J,,)men in [I]<%, starting from Jy = (), such that

lim;_, 7 Hz‘eJ\Jm wi Bl > [ for every m € N,
HieJm+1\Jm w Bl > (3 for every m € N,
limjy_, 7 HieJ\Jm wiEni > 1—2"™ whenever m > 1, n € Ly and n < m,

lims_ 7 HieJ\Jm wiEl < 1+2"™ whenever m > 1,

. . _ Om
Hie.lm+1\.1m wiBmi < B(1 ’Ym+1) whenever m € L.

Form € Nand z € [[;c; X set

Ay = limJ_,]: HiEJ\Jm ‘LLZ'E;,
Ay, = limy_ 7 HiGJ\Jm wiFy; for n € Ly U Loy,
K (z)={n:n¢€ L1 UL, 2(i) € Ey,; for every i € Jp,},

9m(2) = Lne k() Omn-
We are supposing that g,,(0) < y9ap. Now, for each m € N, write A, for the c.l.d. product measure on
Dy = HieJmH\Jm X;, and set

Hy,

H E,;ifme Loy,
1€Jm+t1\JIm

= () otherwise,
Fm HvGJm+1\Jm El F/n = Fm \ Hmv an = HiEJnL+1\Jm, E’”

for n € N. Then we shall always have

AmHp < B(1— 27) < (1= 22 ) Xy F,,

Ym+1 Ym+1
’Ym)\ F < '7m+1<)\mFm - )\mHm) S 7m+1)\mF7/n
In this case, for m € Nand z € [[;, X

gm(z) = Z Omn = Z )\Oanam+1,n
n€K, (z) ne€K,, (z)
mneK,,

/ i (d0) = [ gmia (o w)hn(dw).

m

m neKm+1 zow)
So if 2z € [[;c; X is such that
gm(Z) < ImOm = ’Y'm)\mFm 41 < 'Ym-l—lAmF;n T Omt1,
there must be a w € F}, such that

Gm41(27W) < Ymg1 Qg1



We can therefore choose (z)men, (Wm)men inductively such that
Zm € Hie]m Ei’ gm(Zm) S TmO&m, Zm+1 = Zmﬁwma Wm ¢ Hm

for each m, starting with zo = .

At the end of this construction, take x € [[;; E; such that x[J,, = 2z, for every m. Then there is an
n € L1 U Ly such that x € Hie] E,;. Note that n cannot belong to Lo, because w,, = x[J,4+1 \ J, never
belongs to Hy; so n € Ly. We therefore have

hm'rn—>oo am S 1?
lim,,— o0 Qmn > 1,

Qmn < YO,

for every m, which is absurd. X

2C Definition Let ((X;,%;, t;))ier be a family of measure spaces, and F a filter on [I]<“ containing
{J:ieJel[l]<¥} for every i € I. Defining X, C, D and 7 as in 2A, define 6 : PX — [0, oo] by setting

0A =inf{d> " 7C, : C,, e CUD for every n € N, A C J,,cn Cn },

counting inf () as 0. Then 6 is an outer measure. Let Ag be the measure defined from 6 by Carathéodory’s
method, and A the c.l.d. version of A; I will call A the Baker F-product of {u;);cr, or just the Baker
product if F is the filter generated by {{J:i€ J € [I|<¥ :i € I}.

2D Theorem Let ((X;,3;, u;))icr be a family of measure spaces, F a filter on [[]<% containing {J : i €
J € [I]=%} for every i € I, and A the Baker F-product of {u;)ier on X = [[,.; X;; write A for the domain

of .
(a) ®ie[2i CA.
(b) If A; C X is p-conegligible for every i, then [[,.; A; is A-conegligible.
(c) If (Ei)ier € [L;e; Xiy then [, By € A; if a = HEQ pil; is defined and finite, then A([];c; Ei) = o
(d) Let C be the family of subsets of X expressible as Hie ; B where E; € 3); for every 7 € I and HEQ wi By
is defined and finite. Let K be the set of countable intersections of finite unions of members of C. Then A

is inner regular with respect to K.

proof Let D, 7, § and )y be as in 1C-1D. By 2B, 6C = 7C for every C € CUD. Let Ay be the domain of
Ao-

(a)Ifjeland E€ X, Ao measures W ={z: 2z € X, z(j) € E}. PIf C € C, express C as []

icl

icq Li; set

E!=E;NEifi=j,

= F; for other i € I,
E! =FE;\Eifi=j,

= FE; for other i € I.

Then CNW = [[,c; B and C\ W = [[;c; Ef, so 7C = 7(CNW) + 7(C \ W). It follows that 04 =

O(ANW) 4+ 0(A\ W) for every A C X, so that A\g measures W. Q
Consequently &), %; € Ao C A.

(b) For each i € I let E; C A; be a measurable conegligible set; then D = X \ [[,.;
AD = XD =60D =7D=0and [[,.; A; 2 X \ D is A\o-conegligible and A-conegligible.

(c) Let C* be the set of all products [];.; E; such that E; € ¥; for every i € I. If C € C and C* € C*
then there is a W € Ag such that CNC* = CNW. P If I = () this is trivial; suppose otherwise. Express
C* as [[;c; Bi and C as [[,c; Fi, so that CNC* =[], (E; N Fy); set o = pi(E; N Fy), B = piF; for each
i. If 7(CNC*) =0 then C' N C* itself belongs to Ag. Otherwise, as remarked in 1Bb, K = {i : a; # f;} is
countable. Let (iy,)nen Tun over a subset K’ of I including K. For n € N set

W,={x:2€X, x(im) € F;,, for m <n, z(i,) ¢ E;, };

FE; belongs to D, so



set

D = UiGI\K/{x : $(Z) € F; \Ez}
Then
C\C*"=U,cn(CnW,)u(CN(D\CY))=CnW
where W’ = (D \ C*) UUJ,,.y Wn belongs to Ag. Now CNC* =CNW where W = X \ W’ belongs to Ay.
Q
It follows that C* C Ag and A\gC = 7C for every C € C; consequently A\C' = 7C' for every C € C.

neN

(d) (i) Note first that K is closed under finite unions and countable intersections.

(i) If C, C" € C and € > 0, then there is a K € K such that K C C'\ C" and AK > A\(C\ (') —e.
P Express C, C" as [[;c; Bs and [[;c; F; respectively. Set f; = piEy, oy = pi(E; N F;) for each 4,
8 = HEQ Bi = AC. If B = 0 we can stop. Otherwise, A(C'\ C") = (1 — [],¢; %) and there is a
finite L C I such that 3(1 —[]..; 32) > 3 —¢. For j € L set

JEL By
then

)‘(C \ UjeL Cj) = 6HjeL g_j

o) )\(UJEL Cj)>p—e€ Set K = UjeL C;. Q
Note that if C' € C and D € D then there is a Cy € C such that Cy C C'\ D and ACy = AC.

(iii) Suppose that W € A and AW > 0. Then there is a K € K such that K C W and AK > 0. P
There is a W71 € Ag such that W7, C W and 0 < AW < oco. In this case, 817 is finite, so there is a sequence
(Cn)nen in CUD such that Wi C |J, oy Crn. Now there is an n € N such that Wy = X\o(W1 N C,,) > 0.
Of course C,, must belong to C. Let (C/ )men be a sequence in C U D such that Cp, \ W2 C C!. and
Yoo M0 < MChj set Ws =(1,,cn Cm \ Cry, 50 that AW3 > 0.

For each m € N we have a K,,, € K such that K,,, C C,,\ C/, and AK,,, > \(C,,\ C/,,)) — 27" 2A\W5. Now
K=NpenKm CW3CW, K€K and \K >0. Q

meN

(iv) As K is closed under finite unions, this is enough to show that A is inner regular with respect to

K.

2E Two special cases: Proposition Let ((X;,%;, pt;))icr, F, X and A be as in 2D.
(a) If I is finite, then X is the c.l.d. product measure on X.

(b) If I is countable and 8 = HEQ w;X; is defined, finite and not zero, set u =
let X' be the product probability measure on X; then A = S\.

1
i X

u; for each 7, and

proof In both parts, because I is countable, we see that the outer measure 6 of 2C can be defined from C
alone, since every member of D is included in the union of countably many sets C' € C with 7C = 0.

(a) If I is finite, then, looking at the construction in FREMLIN 01, §251, we see that Ay, as defined in 2C,
is just the primitive product measure, so its c.l.d. version A is the c.l.d. product measure.

(b) A direct calculation, using 1B, shows that §][,.; piE; = 0C whenever E; € %; for every i and
C = [lie; Ei- So if we write ' for the outer measure described in FREMLIN 01, 251A-251B, we shall have
0 = 86" and A\g = BN. Since Aq is totally finite, we now have A = 8\.

2F Subspaces: Proposition Let ((X;, X;, 1;))ier be a family of measure spaces, and F a filter on [I]<¢
containing {J : i € J € [I|<¥} for every ¢ € I. For each i € I take a Y¥; € ¥; and write T;, v; for the
subspace o-algebra and measure on Y;. Let A be the Baker F-product measure on X = [],.; X;. Then the
Baker F-product measure of (v;);er is the subspace measure Ay induced on Y =[], ¥; by A.

proof Defining C, 7, 8 and A\ as in 2C, and C’, 7/, 8" and A{, by the same process applied to ((Y;, Ty, v;)Yicr,
we see that



C'={CnY:CecC}

7C'=min{rC :C e, C"=CnY} for C' €,

0 =0IPY,

Y € dom A (see the proof of 2Dc).
It follows that A{ is the subspace measure on Y induced by A¢g (FREMLIN 01, 214H(b-ii)), and it is now easy
to check that Ay is the c.l.d. version of A, so is the Baker F-product of (v;)c;.

3 Associative law

3B Theorem (cf. BAKER 04, Theorem II) Let I be a set, ((X;, %, 1t;))icr a family of measure spaces,
and (X, A, ) the Baker product of (u;);er. Let (I, I1) be a partition of I; for each k < 1, let Agx be the
Baker product measure on Yy = Hielk X;. Let v be the c.l.d. product measure of \g and A\ on Z = Y, x Y.
Let ¢ : X — Z be the natural bijection. Then ¢ is an isomorphism between A and v.

proof (a) Let C be the family of subsets of X expressible in the form [],_; E; where E; € X; for every i € I
and [[,c; i is finite, and K the family of countable intersections of finite unions of members of C, as in
2Dd, so that A is inner regular with respect to KX Now v¢[K] = AK for every K € K. P If K = () this is
trivial. If K € C\ {0}, express it as [[,.; Es where [],.; pi E; is finite; then

)\K = AO(HiEIO E,) . Al(HiEh E1) = l/gf)[K]
As C is closed under finite intersections, v¢[K] = AK for every K € K (see FREMLIN 01, 136Xc!). Q

(b) Now, for k = 0 and k = 1, let C;, be the family of subsets of Zj expressible in the form [[,.; E;
where E; € X; for every i € I, and [, I, w; By is finite, and Cj, the family of countable intersections of finite
unions of members of Cx. Then Agg is inner regular with respect to K. Writing £ = {¢[K] : K € K}, we
see that L is closed under finite unions and countable intersections and contains Cy x C7 whenever C}, € Cy
for both k. It therefore contains Ky x K; whenever K} € K for both &k, and v must be inner regular with
respect to £, by FREMLIN 03, 412R. By FREMLIN 03, 412L, ¢ must be a measure space isomorphism.

4 Topological Baker products

4A Theorem Let ((X;,%;,%;, pt;))ics be a family of Radon measure spaces, and F a filter on [I]<“
containing {J : i € J € [I]<¥} for every ¢ € I. Let Ci be the family of sets C C X expressible in the form

C = [l;e; Es where E; C X; is compact for every i and 7C = HEQ wiE; is defined and finite. Then there

is a unique complete locally determined topological measure Aon X = [1:;c; X, inner regular with respect
to the compact sets, such that
AC = 7C for every C € Cg;

AA = 0 whenever A C X is such that A(A N C) = 0 for every C € Cx.

proof (a) Define C C PX and 7:C — [0,00] as in 2A. Let C[, C C be the family of sets expressible in the
form C' = [[,.; pi B where E; € ¥; for every i, E; is compact and self-supporting (FREMLIN 03, 411Na) for
all but countably many i, and 7C' = HEQ FE; is defined and finite. Set

0 A =inf{> > 7C, :C, € Cl, for every n € N, C C |, cpy Cn}
for A C X (cf. 2C); as before, interpret inf @) as oo, so that 6, is an outer measure. By 2B, 6,C = 7C for
every C' € C,. Let Agp be the measure on X defined from 6, by Carathéodory’s method, and Ay its c.l.d.
version; write Agr and Ay for their respective domains.

(b)If j eI and E € &, A\op measures W = {z : z € X, z(j) € E}. P Argue as in 2Da. If C € C|,
express it as [ [, Ei; set

iel

neN

E!=E;NEifi=j,

= F; for other i € I,
E! =E;\Eifi=j,

= F; for other i € I.

ILater editions only.
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Then CNW = [[;c; B and C\ W = [[,.; E{ both belong to C, and 7C = 7(CNW) + 7(C\ W). It
follows that 0, A = 0,(ANW) + 0, (A\ W) for every A C X, so that W € Agi,. Q
¥; C Aok

Consequently &), ;

c) Let C! be the family of sets expressible in the form [[,.; E; where E; € 3; for every ¢ € I and E; is
c el
closed for all but countably many .

(i) f C* € C, and C € ([, then 6,(CNC*)+6,(C\C*) < 7C. P If 7C = 0, this is trivial. Otherwise,
express C* as Hie ; Ei and C as [[,.; F; where E; is closed and F; is compact and self-supporting for all

but countably many i. Set

el

L={i: E;isnot closed} U {i: p;(F; N F;) < p; F;}
U {é: F; is not a compact self-supporting set}.
() If L is uncountable, then there must be a § > 0 such that {7 : p;(E;NF;) < (1—9§)u; F;} is infinite, and a
countable L' C I such that [];.,, % = 0. Setting F/ = E;NF; fori € L', F; for i € I\ L', we see that
C" = [1;e; Fi belongs to C and 7C" = 0. As C" 2 CNC*, 6, (CNC*) = 0 and 0, (CNC*)+0,(C\C*) < 7C.

(6) If L is countable, set W = {x : x € X, (i) € E; forevery i € L}; then W € @ Y, and CNC* = CNW,

SO

el
05(C N C*) + 0,(C\ C) = 0, (COAW) + 0:(C\ W) = 0,C = 7C. Q

(ii) It follows that C. C Agg; in particular, C, C Aok, s0 AoxC = 0,C = 7C for every C € C|,.

(iii) In fact Aox(C N C*) = 7(C' N C*) whenever C € Ci, and C* € C.. P Express C, C* as [[,.; F,
[I.c; Ei respectively, as in (i) above. If 7C' = 0 then of course 7(C'N C*) = Agx(C N C*) = 0. Otherwise,
again set

L= {i:E;isnot closed} U{i: p;(E; NF;) < p; F;}
U {i: F; is not a compact self-supporting set}.

As in (i), if L is uncountable then 7(C'NC*) = Agx(C N C*) = 0. But if L is countable, then C N C* € Cj,
so surely 7(C N C*) = \p(CNC*). Q

(iv) We find also that A\,C = 7C for every C € C,. I We know from (ii) that C' belongs to Agy so
is measured by \,. Express C' as [[,.; E; where every E; is compact. For each 4, let E; C E; be a self-
supporting compact set with the same measure as F;; then C= 11
Aok We also have

Mp(C'NC)=7(C"'NC)=7(C"'NC) = Ai(C'NC), Ap(C'NC\C)=0
for every C € Cl,, so A\ (C'\ C) = 0 and
MC=MC=7C=7C. Q

el E; belongs to Cj, and is measured by

(d) Let Cyss € Cy, be the family of subsets of X of the form [[,.; F; where E; is a compact self-supporting

subset of X; for every 7 and HEQ i E; is defined and finite. Let i be the family of countable intersections
of finite unions of members of Cigs. Then K is closed under finite unions and countable intersections, and
every member of Ky is compact.

If C,C" e Cy and € > 0, there is a K C C'\ C' such that K € K and Ap K > Aop(C\ C') — 3. P
Express C, C" as [[;c; Ei, [1;c; Ei respectively; set 8; = p;E; for each i, 3 = 7C. If 3 = 0 we can take
K = () and stop. Otherwise, since Ly = {i : E; is not a compact self-supporting set} is countable, we can

find (3)icr, such that 0 < 8] < 3; for i € Ly and G- [] 5/
self-supporting F; C E; such that u;F; > 3}; for i € I\ Lo set F; = E;, and set C = [Lic; Fi € Ciss. For

i€Lg E
; R ) — A TTF) A A _ A
every i € I set v; = p;iFy, and v = 7C = [[;2; vi- Then X\opC =y > 3 — € and A\ (C'\ C) < e.
Next, for i € I, set a; = p;(F; N Ef). By (c-iii) above,

> (B —e. For i € Ly choose a compact



Aor(CNC) =TI} @i =7 TLies o
and
(1 - Hzel 7 5 = Aok(C\ C") > Ao (C\ C") —
There is now a finite L C I such that v(1 — [];cp, ?;_,]) > Aok(C \ C') — 2¢. Let (a))jer be such that

v(1 — H]EL ) > X (C'\ C') — 3e and o > aj for each j € L. For j € L take a compact self-supporting
set H; C F; \E’ such that p; H; > ~; — o/. and set

Cj={z:xecC, z(j) c Hy};
then C; € Ciss for each j, C'\ Uy, Cj € Cl, and

Ar(C\ | J C) =7({z :x € C, x(j) ¢ Hj for every j € L})
jeEL

_ uJF\H) o

=1l =107

jeL jeL

so K =|J..; C; belongs to Kj, and

JjeL
MorEK = dow(Ujer, Cf) = (1 — HJEL ) > Aok(C\ C7) —

as required. Q
Now we can use the argument in (d-iii) and (d-iv) of the proof of 2D to see that Ay is inner regular with
respect to Cp.

(e) Let Kf be the family of those compact sets K C X included in some member of K. By FREMLIN
03, 4130, there is a complete locally determined measure Aon X , extending A, and inner regular with
respect to /. By FREMLIN 03, 412]a, A measures every closed set and is a topological measure; of course
it is inner regular with respect to the compact sets. By (c-iv), A\C = 7C for every C € Cp,.

If AC X is such that A(ANC) = 0 for every C € Cy, then of course A(ANC) = 0 for every C € Cyss,
and S\(A N K) = 0 for every K € K'; it follows that A is A-negligible (FREMLIN 03, 412Jb).

(f) Thus ) satisfies the conditions of the theorem. Now suppose that v is another measure on X with
these properties. Let £ be the ring of sets generated by Cr. Because Cy is closed under finite intersections
and v and \ agree on Cg, they agree on £. It follows that they agree on any compact set K included in a
member of £. P Every member of £ is included in a finite union of members of Ci, which will always be
compact; so there is a compact Vy € € including K. Let V be the family of compact members of £ including
K and included in Vj. Then V is downwards-directed and K C (V. If # € X \ K, there is an open set U,
of the form {y : y(i) € U; for i € J} where J C X is finite and U; C X; is open for every ¢ € J, such that
x € U C X\ K; in which case V \ U is a compact set, belonging to £, including K and not containing .
Thus K = (V. Because both v and \ are topological measures inner regular with respect to the compact
sets and finite on Vj,

vK = iIlfVeV vV = infva S\V = S\K Q

On the other hand, the final clause in the specifications for A implies that both A and v are inner regular
with respect to the family of compact sets included in members of £. Since they are both complete locally
determined topological measures, they are identical (FREMLIN 03, 412L).

4B There are significant simplifications for countable products, as follows.

Proposition Let ((X;,%;, u;))ier be a countable family of measure spaces, and F a filter on [I]<“ containing
{J i€ Je[I]<“} for every i € I. Let X be the Baker F-product measure on X = J],.; X;. Suppose that
each X; is endowed with a topology, and that X has the product topology.

(i) If every p; is inner regular with respect to the closed sets, so is .



(ii) If every p; is inner regular with respect to the zero sets, so is A.
(iii) If every u; is inner regular with respect to the closed compact sets, so is A.

proof (a) If for each ¢ € I we are given a family K; C PX; such that u; is inner regular with respect to K;,
and if M C PX is closed under finite unions and countable intersections and contains [[;.; K; whenever
K, € K; for every i, then X is inner regular with respect to M. B As in 2D, let C be the family of sets
expressible as Hie ; B where E; € ¥; for every ¢ and HEQ w; E; is defined and finite, and K the family of
sets expressible as countable intersections of finite unions of members of C. Because I is countable, we find
that whenever C' € C and € > 0 there is an M € M such that M C C' and AM > \C — ¢. It follows that
whenever K € IC and € > 0 there is an M € M such that M C K and AM > MK — e. As A is inner regular
with respect to IC (2Dd), it is inner regular with respect to M. Q

(b) Now all we have to do is apply (a) with suitable families K;, as in the proof of 412T in FREMLIN 03.

4C Proposition Let ((X;,%;, X;, i1i))ier be a countable family of Radon measure spaces, and F a filter
on [I]<“ containing {J : i € J € [I|<“} for every ¢ € I. Let A be the Baker F-product measure on
X =[I;c; Xi, and X be the product topological measure defined in Theorem 4A. Then A extends A.

proof In the language of the proof of 4A, C| . = C. So 0, Aox and Ag, as defined there, coincide with 6, Ag
and A as defined in 2C. But we saw in part (e) of the proof of 4A that A\ extends A.

4D Let I be any set and suppose that (X;,¥;, ;) is R with Lebesgue measure for every i € I. Let F be
a filter on [I]<“ containing {J : i € J € [[|<“} for every i € I, and A the Baker F-product measure on RZ.
Then A is translation-invariant. B In the construction of 2A, C, D and 7 are all translation-invariant. @
Similarly, A\(—W) = AW whenever either is defined. By 2Dd, {z : # > y} and {2 : < y} are measured by
A, for every y € RE.

The subspace measure on £°(I) induced by A is a translation-invariant measure in which a ball B(z, «)
hasmeasureOifoz<%, 1ifoz:%andooifa>%.

The magnitude of X is ¢ (because there are just ¢ compact subsets of X) and its additivity is the additivity
of Lebesgue measure (use 2F and 2Eb). So if these are equal, A is strictly localizable (FREMLIN 08, 521K?).
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