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1 Definition For a cardinal , write (B, 7, ) for the measure algebra of the usual measure on {0,1}".
For a cardinal x and real a € ]0, 1], write lk(k, @) for the least cardinal of any family of linked subsets of
B, covering Cyo, = {a: a € By, Vya > a}. (Recall that a set A C B, is linked if and # 0 for all a, b € A;
see FREMLIN 08, 511Dd.)

2 Lemma Let » > 1 be an integer, and S,, C R™*! the unit sphere in (r + 1)-dimensional Euclidean
space. If (F});<, is a cover of S, by closed sets, then there are a u € S, and an ¢ < r such that v and —u
both belong to S,.

proof ? Otherwise, there is a § > 0 such that ||u + v|| > ¢ whenever ¢ < r and u, v € F;. For each i <,
u—vl| (or oo if F; =0). Then

set fi(v) = max(0,1 — %p(v,Fi)) for every v € S, setting p(v, F;) = inf,cr,

fv) =301 fi(v) > 1 for every v € S,. Set g(v) = (J;j((;)))ﬁgr for v € S;; then g is a continuous function
from S, to {z:z e R"™, Y7 z(i) = 1} 2 R". By the Borsuk-Ulam theorem (HATCHER 02, 2B.7), there
is a w € S, such that g(w) = g(—w). In this case, there is an i < r such that f;(w) > 0, and we must also
have f;(—w) > 0. So there are u, v € F; such that ||u — w|| < 34 and also ||v +w| < 36; but it follows that

lu+ v]| <6, contrary to the definition of §. X

3 Theorem (a) If o € | 1,1] then lk(k, ) = 1 for every .
(b) Ik(k, ) = 2 for every k > 1.

(c) If k < X are cardinals and a < 3, then lk(k, ) < 1k(\, ).
() fw<k<cand 0 < a < i, then Ik(k, a) = w.

proof (a) In this case, Cj,, itself is linked.

(b) Since Cy 1/ is not linked, lk(x, %) > 2. In the other direction, let Ay, A; be a partition of C,, such
that 1\ a € A; for every a € Ag; then Ag and A; are both linked, so 1k(k, %) < 2.

(c) There is a measure-preserving Boolean homomorphism 7 : B, — By, and 7[Crg] C Cro. So if A is
a family of linked subsets of B, covering C\q, of cardinal lk(\, 8), {m~1[A] : A € ™A} is a family of linked
subsets of B, covering Cyg, of cardinal at most lk(\, 3).

(d) Since B, is o-linked (FREMLIN 08, 524L), lk(k,a) < w. In the other direction, lk(k,a) > r +1
for every integer » > 1. P? If Ik(k, ) < r + 1, let (A;);<, be a family of linked subsets of B, covering
Cupa- Asin §2, let S, € R™ ! be the unit sphere. Let pp, be Hausdorff r-dimensional measure on S,; set

n= p 1S wrr. Because p is an atomless Radon probability measure on a compact metrizable space,
HrOr

and v, are isomorphic (FREMLIN 02, 344K), and the measure algebra (2, i) of p is isomorphic to (B, 7,);
there is therefore a measure-preserving homomorphism 7 : 2 — 9B,. Let § > 0 be such that p{z : z € S,,
x(0) > 6} = a, and for u € S, set

D,={z:z€S,,xz.u>6}, d,=7D; € Cpa.
For each ¢ < r, set H; = {u:u € S,, ¢, € A;}. Then S, = UKT H;, so there are w € S, and 7 < r such
that w and —w both belong to H;, by Lemma 2. Let u, v € H; be such that |ju — w|| < § and |jv +w]| < 6.
Then D, N D, # 0; take x € D, N D,; we have
row>zu—06>0, z.(—w)>z.v—3§>0,

which is impossible. X Thus lk(w,a) >7r+ 1. Q
Since r is arbitrary, lk(k, @) > w, as required.



4 Problem What about x > ¢, a < £?

5 Lemma Let x be an infinite cardinal and k£ > 1 an integer; set n = 4k. For I € [k]™, enumerate I in
increasing order as (§;);i<y, and set I, = {&; : ¢ < 2k}, I, = {€2i41 : 1 < 2k}. Set

Er={z:2€{0,1}*, #(, nx"[{1}]) > #[. Nz~ [{1}])}.
Then
(a) v Er > % — 27k for every I € [k]",
(b) if J € [k]"™"! then B\ fmax s} and Ep\ (min s} are disjoint.

proof (a) Let (X;);<, be independent random variables, each taking the values 0, 1 with probability %; set
Xe = 21220_1 X2i7 Xo = Z?ﬁal X2i+1. Then

veEr =Pr(X.— X, >0) = %(1 —Pr(X, =X.)) > >(1 —maxPr(X, =r))

r<2k
(because X,, X, are independent, so Pr(X, = X.) = Ziio Pr(X. =r)Pr(X, =r))
1 —k
27,

N | =

_1 (k)
_5( B (Qk;)!) =2

(b) Setting I = J \ {maxJ} and I' = J \ {min J}, we see that
I'=1,, I =(I\{minJ})U{maxJ}.

(&

Soif x € Er,

#(I N [{1) = #U N e {1}]) <1+ #(L na™ [{1}]) — #(L N2 [{1}]) < 1
and = ¢ E.

6 An arrow relation If x, )\ are cardinals and n is an integer, consider the statement
P(k,n,)\): whenever f : [k]® — X is a function, there is a J € [k]"*! such that f(J \

{max J}) = f(J\ {min J}).

7 Proposition Suppose that k > 1 is an integer and that &, A are infinite cardinals such that P(k, 4k, \)
is true. Then Ik(k, 1 —27F) > X,
proof ? Otherwise, let (A,),<x be a family of linked sets in B, covering Cy,, where a = % — 27k, For
I € [k]", define E; as in Lemma 5; then E} € Cyq, by 5a. Set f(I) = min{n : E} € A,} for I € [x]".
Let J € [k]"*! be such that f(J \ {maxJ}) = f(J \ {minJ}); then En fmaxs1 N Ej\fmin sy # 0; but this
contradicts 5b. X

8 Problem Is there any n € N such that P(ct,n,w) is true? By the Erdés-Rado theorem (JUST &
WEESE 97, 15.13), P(c¢*t,2,w) is false.
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