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Give a penny, take a penny
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1 A game

1A Definition (MODEL 96, ABRAHAM & SCHIPPERUS 07) For k € N,/ <m in N and a cardinal K > m
consider the following game MG(k,m, [, k):
start from Iy = m;
given I,, € [k]™, Remover plays I/, € [I,,]™ !,
given I! € [k]™~!, Adder plays I,,4+1 € [x]™ such that I,,4q 2 I/,
Remover wins if #(U,,en(j5n 1) < k-

1B Elementary remarks (a) On the ordinary rules for infinite games, Remover has a winning strategy
whenever [ > 1, since he can delete points in the order in which they are introduced.

(b) On the other hand, Remover can have a winning tactic only if k& > m — [, since Adder can always
replace the points which Remover has just deleted to make I,, = m, I, = I for every n. (Of course, if
k > m — [, then Remover necessarily wins.)

(c) So we look at time-dependent tactics for Remover, that is, functions f : N x [k]™ — [k]™~! such

that f(n,I) C I for every I and n, and a corresponding run of the game will have I/ = f(n,I,) for every n.

2 Winning tactics
2A Proposition If m < k + [ then Remover has a winning time-dependent tactic in MG(k, m, [, k).
proof Trivial.

2B Proposition (B.I.Model) If k < ¢ and m < (k+1)(I+1) then Remover has a winning time-dependent
tactic in MG(k, m, [, k).

proof Because k < ¢ there is a family (K,,;)nen i<k such that K,; N K,; = 0 whenever i, j < k are distinct
and whenever K € [k]*T! there are infinitely many n such that K meets K,,; for every i < k. Now, given
J € [k]™ and n € N, there must be an i < k such that #(J N K,;) <; take f(n,J) C J\ K,; for such an
i. T If Iy, I}, ... is a run of the game, consistent with f, in which Remover loses, let K € [x]**1, ng € N be
such that K C I/, for every n > ng. There is an n > ng such that K N K,,; for every i < k; but there is an
i < k such that I', N K,,; = 0. X So f is a winning time-dependent tactic.

2C Theorem (ABRAHAM & SCHIPPERUS 07, 2.1) If k, I, m € N, 1 <1 < m, and k < wy, there is a
winning time-dependent tactic for Remover in MG(wy, m, [, k).

proof Fix [ > 1.

(a) T show by induction on k, simultaneously for all m > [, that that there is a winning time-dependent
tactic fir for Remover in MG(wg, m, [, k) such that
(*) for every K € [wg]®T! there is a ¢ € N such that
whenever I, Ij), . .. , 14, I, is a finite sequence such that I,, € [wy|™ and I}, = frx(n, I,,)
for every n < g and I/, C I,,11 for n < ¢

then K (1, I,

(Note that I, I}, . .. here need not be quite a finite partial run of MG(wy, m, [, k) because there is no promise
that IO = m)

(b) To start the induction, with k& = 0, all we need to do is take a function fy,o: N x [w]™ — w™ ! such
that
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fmo(27(2i +1),1) C T\ {5}
for all 4, j € Nand I € [w]™.
The rest of the proof will be devoted to the inductive step to k > 1, for a given m > .

(c) Of course if m = [ then we have to take frn,,(I) = 0 for every I € |wg]™, and this will do what
we want. So we may suppose that [ < m. In this case, if £ < wg is an ordinal and [ < p < m, then we
can copy the function f, 51N x [#(€)]P into a function ggp : N x [€]P — [€]P~! such that gep(n, ) C 1
whenever I € [¢]P and n € N, and whenever K € [£]¥ there is a ¢ € N such that K ¢ <4 L7, whenever
Io, Iy, ..., 14, 1} are such that I,, € [£]P and I}, = gep(Iy) for n < g, while I}, C I, for n < q.

(d) The tactic f = fr will be based on ‘cycles’, ‘phases’ and ’steps’, as follows. Cycle ¢, for ¢ > 1,
will consist of m — [ phases labelled with phase numbers p = m — 1,... |l in decreasing order. Phase p of
cycle ¢ will consist of ¢ steps. So each cycle ¢ will take g(m — [) steps; accordingly cycle ¢ will begin at time
%q(q —1)(m —1). Time n will therefore be step i of phase p of cycle ¢ where g > 1, m—1>p > 1, i < q and

n=gala = )(m—1)+(m—1-p+i

Next we need the notion of ‘pivot’. If we are at step ¢ of phase p of cycle ¢, with n = %q(q —D(m—-10)+
(m—1-—p)qg+i, and I C wy has m members, the pivot of I will be that £ € I such that #(IN¢&) =p. In
this case, Remover’s move will be

f(n,I) = (I\§) Ugep(i IN¢) € (1™

(e) A run of MG(wg, m, 1, k) in which Remover follows this tactic will therefore see him using the tactics gep
in an irregular succession, because the pivots will change in response to the moves by Adder. So the key to the
proof is the fact that these changes are limited in the presence of fixed points, as follows. Suppose that £ < wy,
and that we have a finite sequence corresponding to a whole cycle, that is, I, I}, Iry1, 1] 1, -+, Iy (m—1)q>
where r = 1¢(q — 1), such that I,, € [wg]™ and I, = f(n,I,) C I41 for r < n < r+ (m —1)q, such that
¢ e mr§n<r+(m—l)q I,. Then there will be a phase of the cycle ¢ during the whole of which ¢ is the pivot.
P Form—1>p>m—1Ilandi<gq,setny =r+(m—1-p)g+i,andlet §,; € I,,, be the corresponding
pivot, so that #(Inpi N&pi) = p and lepi = (Inpi \ §pi) U gépip(iv Iy, N Epi)-

In this case, for each p, we see that

#(Inp,i+l N gpi) = #(Inpi+1 N §pi) <Ii+ #(Ir/LW- N fpi) =1+ #(f(npi>lnpi) N gpi)

whenever ¢ < ¢ — 1. But this will mean that £, ;41 > &, that is, the pivots are non-decreasing during the
phase p.

In the final phase p = I, we have gg,,;(i,J) = () for every i and every J € [¢;]', so that & > &, for every
i < ¢q. There is therefore a first (that is to say, greatest) p such that £, ,—1 < & 2 If {0 < &, we have
¢ €I, and #(I,, NE) > p. Of course this means that p < m —1 and & = £, 11,41 is defined and greater
than &. But now

#(Inpo N f) S #(Inpo mé'/) -1
< l+ #(g£’7p+1(lnp+1,q71 N 5/)) -1= p
and £ < &0. X Thus & < &y and &,; = £ for every i < g, as required. Q

(f) Now suppose that K € [wi]*T1. Set ¢ = max K. For each p such that m —1>p > [ thereisa g, € N
such that if Iy, Iy),... , I, , I/ are such that I; € [£]P, I} = g¢p(i,1;) for @ < qp, Ii11 D I} for i < gp, then

dp’ “qp
Kn¢dg ﬂi<qp I]. Take any ¢ > max{g, : | <p < m —1}. Then if r = %q(q —1)and I, 1,... . Lij(m—i)q
are such that I, € [wg]™ and I}, = f(n,In) C Lnyy for r <n <r+(m —1)q, then K (), <\t (m_iyq In-

P? Otherwise, there must be a phase p, with [ < p < m — 1, such that £ is the pivot throughout the phase,
that is, setting r' =r + (m — 1 — p)q,

I’;L = f(na In) = (In \ f) U gﬁp(n -7, I, N f)
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for ’ <n <1’ +q. But in this case K N¢ € [€]* and K N & C gep(i, Lr44) for i < g, which is impossible.
XQ
(g) In particular, taking ¢ = max{g, : | < p < m — 1}, we see that the hypothesis (*) is satisfied by

f. But we also see that if K € [wi]**! and Iy, I}, ... is a run of MG (wg,m, [, k) consistent with f, then
K ZN,>, I, forany r € N, so f is a winning tactic for Remover, and the induction continues, with f,, = f.

(h) Finally, if k < wg, then f,, [Nx[£]™ is a winning time-dependent tactic for Remover in MG(k, m, [, k).

3 When there is no winning tactic

3A Proposition (MODEL 96, ABRAHAM & SCHIPPERUS 07, 3.1) If K > w; and [ < m then Remover
has no winning time-dependent tactic in MG(x, m, 1, 0).

proof Let f:Nx [5]™ — [£]™ ! be a time-dependent tactic for Remover in MG(k,m,[,0). Let D C w; be
the set of those § < w; such that whenever n € N, J € [k]™~! and max J = § there is an I € [w;]™ such that
I 2 Jand § = max f(n,I). Then D is infinite. P? Otherwise, for § € w; \ D, take ns € N and Js € [wi]™ !
such that 6 = max Js and § # max f(ns,I) whenever Js C I € [w;1]™. By the Pressing-Down Lemma, there
are n* € N and J* € [w]™ ! such that C = {0 : n* = ng, Js = J* U{6}} is stationary. But now take any
I € [w1]™ such that J* C T C J*UC and every member of I\ J* is greater than every member of J*. Set
0 =max f(n*,I). Then 6 € C, Js = J*U{é} C I and § = max f(ns,I), which is supposed to be impossible.
XxQ
Now let g : N x [5]™~! — []™ be a function such that
g(n,J) CJU(D\m),
if maxJ € D then max f(n+ 1,¢g(n,J)) = max J.
Now consider a run (Ig, I}, ...) in MG(k,m,[,0) in which I, = f(n,I,) and, for every n,
I,C 1, C U (D \m),
if max I/, € D then max(f(n+1),I,) = max I);
such a run exists by the definition of D. In this case, either I), = I for every n, or there is an n such that
max [ j’ = max I/, for every j > n; in either case, Remover loses. As f is arbitrary, we have the result.

3B Theorem (see ABRAHAM & SCHIPPERUS 07, §4) If k, l € N, m = k+1+41, and & > Jy(x41)/2, then
there is no winning time-dependent tactic for Remover in MG(k, m, [, k).

proof (a) Induce on k. The induction starts with k = 0, K > w and m = [ + 1, which is covered by
Proposition 3A. For the inductive step to k > 0, given I € N and £ > Jyg41)/2, let f : Nx [g]FTHE — [g]r+1
be a time-dependent tactic for Remover in MG(k,k + 1+ 1,1, k). For n € N, set

S, ={J:J e[k J# f(n,I) whenever J C I € [s]F+H1},
Note that if I € [£]*¥T!*! then f(n,I) € [I]FT1\ S,. By the Erdés-Rado theorem (KANAMORI 03, 7.3) there
isa D C '\ m such that #(D) > J(k+1)/2)—k and either [D]¥1 is included in some S,, or [D]*! is disjoint
from every S,,. The former is impossible, so [D]**1 N S,, = () for every n.

(b) Let us say that a sensible partial run of MG(k, k+14 1,1, k) is a finite sequence (Iy, 1)), ... , In,I})
such that I = m, I} = f(j,1;) for every j <n, and I; 11 C I} U D for every j < n. Among the sensible
partial runs, choose one, (Io,. .. ,I}) say, for which K = I/, \ m has as many elements as possible. Note that
as I}l Cl, CmUD, KCD. Set L=mn I}L. The argument now divides.

(c) Suppose that L = (. In this case, K = I, belongs to [D]**'. Choose (Io, I}, ..) such that

if j < then I; = I; and I = I,
if j > n then I; € [k]***1 is such that K C I; and f(j,I;) = K, while I =K.
Then (Io, I}, ...) is a run of MG(k, k + 1+ 1,1, k), consistent with f, such that #(

members, so Remover loses.

(d) Now suppose that L # ().

(i) Set k' = #(K) —1 < k, so that #(L) = k—k'. Take M € [D]*+'*! including K. Let MG (D, k' +
141,10, k") be the variant of MG(#(D), k' +1+ 1,1,k’) in which

I'Y=Khas k+1

jZh ]



the players start from Jy = M
given J,, € [D]¥'++1 Remover plays J!, € [J,]F'*1,
given J! € [D]¥'*1, Adder plays J,, 41 € [D]* H1*1 such that J, 11 2 J/,
Remover wins if #(U,,enNjsn J5) < K-
Since #(D) > J(k(k+1)/2)—k = S(k—1)k/2 = Dk (k'+1)/2, the inductive hypothesis tells us that Remover has no
winning time-dependent tactic in either MG (#(D), k' +1+ 1,1, k") or in the isomorphic game MG/ (D, k" +
[+1,1,K).
Let g : N x [D]¥ 141 — [D]¥+1 be such that
g(i, J) € [+, g(,J) € f(R+i+1,JUL)\ L
for every i € Nand J € [D]¥' '+, Then g is a time-dependent tactic for Remover in MGy (D, k' +141,1, k).
It cannot be a winning tactic, so there is a run (Jo, J§,...) of MGy (D, k' + 1+ 1,1, k"), consistent with g,
and an n € N such that ﬂj>n J; has more than k" members.
(i) Consider the sequence (I, I, ...) where
if j < then I; = I; and I} = I',
ifj>ﬁthean:Jj,ﬁ,1ULandI’—J/ _JUL.
Since
Iiy1 =JoUL=MULDKUL=1I,

this is a run of MG(k, k+1+1,1, k), and since ;. ,,, 5 [; = LU[;,, J; has more than k members, Remover
loses the run.

(iii) However, the run is consistent with the time-dependent tactic f. P*? Otherwise, there is a first
J € N such that I} # f(j, I;); in this case, since these sets both have k+ 1 members, I}  f(j, ;). We know
that Iz’ = f(i, L) for every i, so j > n and

IL=LUJ, , ,=LUg(j—n—1,J;_41)
cLu (f(]> Ji—aim1 UL)\ L) € LU f(j,Jj—a—1 UL) = LU f(j,1;).
So f(j,I;) does not include L. On the other hand,

fG,I)C L, CDUL,  #(D0fG, 1) > #(f(, ;) — #(L) = K + 1.
Now (Io, I, ... ,Lj-1,1;_1,1;, f(4,1;)) is a sensible partial run of MG(k, k + [ + 1,1, k) in which the final
term meets D in more than k’ + 1 = #(K) elements, contradicting the choice of (fo, . ,f;) XQ

(e) Thus in both cases we have a run of MG(k, k + 1+ 1,1, k), consistent with f, in which Remover loses,
and f is not a winning time-dependent tactic for Remover. As f is arbitrary, the induction proceeds.

3C Proposition If m > k + [ and x > J,, then Remover has no winning time-dependent tactic in
MG(k,m, 1, k).

proof (a) Fix a time-dependent tactic f : N x [k]™ — [k]™! tactic for Remover in MG(k,m,l, k). We
need a re-coding of f, as follows. Let F be the set of functions from N x [2m]™ to [2m]™~!. For I C , let
¢r :otp(I Um) — I Um be the order-isomorphism between the ordinal otp(I Um) and the well-ordered set
I'Um. Define g : [x \ m]™ — F by saying that

g(I)(n. J) = ¢1 ' [f(n, é1[J))]
whenever I € [\ m]™, n € Nand J € [2m]|™. Now #(F) = ¢ = 3y, so the Erdés-Rado theorem tells us
that if x > 3,,, there must be an uncountable set L* C x \ m such that g is constant on [L*]™. Let L C L*
be a set of size m such that between any two members of L, and also below the first member of L and above
the last member of L, there are at least [ members of L*.

(b) The aim of the argument is to devise a tactic for player Adder in MG(x,m, [, k) which will defeat the
time-dependent tactic f. What we find is that for any J € [LUm]™ " and n € N there is a I € [L* Um]™
such that 7 2 J, f(n+1,I) C LU (JNm) and if f(n+1,I)Nm = JNm then f(n+1,I) =J. P Set



5

r=m—#(JNm), and let N € [2m]™~! be the constant value of g(I)(n + 1,(J Nm) U ((m +r) \ m)) for
I € [L*]™. Let T be the set of those I € [L* Um]™ such that I O J and IN'm = J N'm. For each I € 7,
there is an I’ € [L*]™ such that I \ m is an initial segment of I’, and now

or [f(n+ 1,0 =, [f(n+1,1)]
(because I Um is an initial segment of I’ Um)
=g(I")(n+1,67,'1]) = g(I')(n + 1,(J Nm) U ((m + 1) \ m)) = N,

and f(n+1,I) = ¢;[N]. We have ¢;(i) =i for i < m, so
Nnm=fn+1,)NnmCINmCJ

for every I € 7.

If NNm is a proper subset of JNm, then we can take I to be any member of Z included in LUm. Otherwise,
N\ m and J \ m both have r — [ members, so there is an order-preserving bijection 1) : N\ m — J\ m.
Since J \ m C L, and there are many points of L* \ L, we can extend v to an order-preserving bijection
between subsets My of 2m \ m and M; of L*, both of cardinal r. Setting I = M; U (JNm), we have I D J,
Inm=JnNmand f(n+1,1) = ¢7|N] = J, as required. Q

(c) Now consider the run Iy, I, ... of the game MG(k,m,[, k) in which I/, = f(n,I,) and I,41 = I/, as
defined in (b), for every n. Then

Lyynm=fn+ 1) NmC Inm

for every n, and if I}, . "m = I], \'m then I}, ; = I;,. But this means that (I},)ncy is eventually constant
and (J,,cy ﬂj>n I]{ has m — [ > k members, so Remover loses and f is not a winning time-dependent tactic.
As f is arbitrary, we have the result.

4 Problems

4A Does Remover have a winning time-dependent tactic in MG(ws,4,1,1)?

By 2B, Remover has winning time-dependent tactics in MG(ws,4,2,1) and MG(w2,4,1,2); by 2C, he
has a winning time-dependent tactic in MG(wq,4,1,1). Remover does not have a winning time-dependent
tactic in MG(w2,4,1,0), by 3A, or in MG(3s,4,1,1), by 3C; if ¢ = wq, then he does not have a winning
time-dependent tactic in MG (w2, 3,1, 1), by 3B.

4B Generally, there is a large gap between the positive results of §2, dealing with games MG(R,,m, [, k),
and the negative results of §3, dealing with games MG(37,m, [, k).

Acknowledgments Hospitality of Fields Institute, Toronto; seminar by B.I.Model; conversation with
I.Farah.
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