Version of 7.6.10

Measure-centering ultrafilters

D.H.Fremlin

University of Essex, Colchester, England

Like pure mathematicians in general, measure theorists in the last hundred years have often used ultrafilters as a tool. I suppose that the first person to notice that ultrafilters have intrinsic properties expressible in terms of measure theory was Sierpiński (Sierpiński 45), who showed that if ⟨E_n⟩_{n∈N} is a stochastically independent sequence of measurable subsets of [0, 1], and F is a non-principal ultrafilter on N, then lim_{n→F} E_n has inner measure 0 and outer measure 1. But if you are starting from an interest in ultrafilters rather than an interest in measure theory, your attention will be directed to ways in which measure theory can display differences between different classes of ultrafilter. In §538 of my book Fremlin 08, I looked at p-point filters, Ramsey ultrafilters, rapid filters, ‘measure-converging’ filters (an idea due to Matt Foreman), and filters with what I call the ‘Fatou property’. Rather than try to cover such a range here, however, I will concentrate on a single class, the ‘measure-centering’ or ‘property M’ ultrafilters. The most interesting results are due to Michael Benedikt.

The plan of this note is to begin with statements of the principal definitions and results, with some discussion (§1). Proofs are given in §§3-6, after a preliminary section §2 examining ‘dependently selective’ filters. Finally I comment on some open questions in §7.

1 Definitions and results

1A I start by defining the class of ultrafilters I mean to study. Its nature will perhaps be clearer if I move to a slightly more general context than is strictly necessary for the main theorems to follow. If A is a Boolean algebra, a functional ν : A → [0, 1] is additive if ν(a ∪ b) = νa+νb whenever a, b ∈ A and a ∩ b = 0. In this language, we can define measure-centering ultrafilters (‘property M ultrafilters’) as follows.

Definition An ultrafilter F on a set I is measure-centering if whenever A is a Boolean algebra, ν : A → [0, 1] is an additive functional such that ν(1_A) = 1, and ⟨a_i⟩_{i∈I} is a family in A such that inf_{i∈I} νa_i > 0, then there is a J ∈ F such that ν(inf_{i∈K} a_i) > 0 for every finite K ⊆ J.

1B Principal ultrafilters are obviously measure-centering. There do not have to be any others (see Theorem 1Mj below). Subject to appropriate special axioms (in particular, the continuum hypothesis), we have a variety of types of measure-centering ultrafilter, which it is the purpose of this note to examine. To begin with, we have the following.

Theorem (a)(see Henson & Wattenberg 81) A Ramsey ultrafilter is measure-centering.

(b) If κ is an infinite cardinal and cov N_κ = 2^κ, then there is a uniform measure-centering ultrafilter on κ.

(c) If cov N_{Leb} = c, there is a measure-centering ultrafilter on N which contains no set of zero asymptotic density.

(For the proof, see 3E-3G.) As you see, we are going to need rather a lot of definitions. Most of them are to be found in Fremlin 08, but it will I expect help if I repeat some here. In particular:

Definitions (α)(Comfort & Negrepontis 74) If I is an infinite set, an ultrafilter F on I is Ramsey (or ‘selective’) if it is uniform and for every S ⊆ [I]^2 there is a J ∈ F such that either [J]^2 ⊆ S or [J]^2 ∩ S ≠ ∅.

(β) If (X, Σ, μ) is a measure space, set μ^∗A = inf{μE : E ∈ Σ, E ⊇ A} for every A ⊆ X. The null ideal of μ is N = {A : μ^∗A = 0}. N_{Leb} will be the null ideal of Lebesgue measure on [0, 1].

(γ) For any set I, I will write ν_I for the usual probability measure on {0, 1}^I , the completed product measure if each copy of {0, 1} is given the uniform probability in which each point has measure^1_2 ; N_I will be its null ideal. 1

(δ) If X is a set and I is an ideal of subsets of X such that X = ⋃ I, then its covering number cov I will be the least cardinal of any set A ⊆ I such that X = ⋃ A. (ϵ) If A ⊆ N then the upper asymptotic density of A is d^∗(A) = lim sup_{n→∞}^1_n #(A ∩ n).

A has zero asymptotic density if d^∗(A) = 0.

Recall that the continuum hypothesis is sufficient to ensure that there are Ramsey ultrafilters on N; in fact it is sufficient to suppose that cov M = c, where M is the ideal of meager subsets of R (Fremlin 08, 538Fg). For an uncountable cardinal κ, there is a Ramsey ultrafilter on κ iff κ is two-valued-measurable, and in this case an ultrafilter on κ is Ramsey iff it is isomorphic to a normal ultrafilter (Comfort & Negrepontis 74, 9.6). There appears to be no bar to the number of such cardinals κ, but of course they must all be enormous. Note that if there is a Ramsey ultrafilter F on κ, then κ is regular and F is κ-complete.

To get a notion of the scope of (b) in this theorem, note that cov N_κ ≤ cov N_{Leb} ≤ c for every infinite cardinal κ (Fremlin 08, 523F), with equalities if Martin’s axiom is true (Fremlin 08, 524Na or Fremlin 84, 32C); moreover, Martin’s axiom implies that 2^κ = c whenever ω ≤ κ < c (Fremlin 08, 517Rb or Fremlin 84, 21C). So we see that we can have many cardinals less than c with uniform measure-centering ultrafilters.

Martin’s axiom is sufficient to ensure that there are Ramsey ultrafilters on N (because it implies that cov M = c, or otherwise). But there is another important context in which (b) can be applied in the absence of any Ramsey ultrafilters at all. If we start with a model of ZFC and an uncountable regular cardinal λ such that 2^κ ≤ λ for every κ < λ, and add λ random reals, then in the resulting forcing language we shall have

cov N_κ = 2^κ = c for every infinite κ < c, but there are no Ramsey ultrafilters on N

(Fremlin 08, 552B, 552G and 553H). The position is similar in any model in which c is real-valued-measurable (Fremlin 93, 5E, 6B and 5G).

1C In 1A I gave a definition of ‘measure-centering’ ultrafilter in a context well removed from the ordinary concerns of elementary measure theory. The original conception derived, as you would expect, from ideas closer to home, looking at filters on N and Lebesgue measure. To relate Lebesgue measure to the next result, recall that the usual measure on {0, 1}^N is isomorphic to Lebesgue measure on [0, 1] (Fremlin 01, 254K).

Proposition Let I be a set, and F an ultrafilter on I. Then the following are equiveridical, that is, if one is true so are the others:

(i) F is measure-centering;

(ii) whenever ⟨a_i⟩_{i∈I} is a family in B_I such that inf_{i∈I} ν̄_I a_i > 0, there is an A ∈ F such that {a_i : i ∈ A} is centered in B_I ;

(iii) whenever ⟨E_i⟩_{i∈I} is a family of measurable subsets of {0, 1}^I such that inf_{i∈I} ν_I E_i > 0, there is an A ∈ F such that ⋂ i∈A E_i ≠ ∅;

(iv) whenever (X, Σ, μ) is a compact probability space and ⟨E_i⟩_{i∈I} is a family in Σ, then μ^∗(lim_{i→F} E_i) ≥ lim_{i→F} μE_i.

(For the proof, see 3C.) Of course this calls for some more definitions from modern abstract measure theory.

Definitions (α) If A is a Boolean algebra, a family ⟨a_i⟩_{i∈I} in A is centered if inf_{i∈K} a_i ≠ 0 for every finite K ⊆ I.

(β) If (X, Σ, μ) is a measure space, and N the null ideal of μ, the measure algebra of μ is the quotient Boolean algebra A = Σ/Σ ∩ N together with the functional μ̄ : A → [0, ∞] defined by setting μ̄E^• = μE for every E ∈ Σ. For any cardinal κ, I will write (B_I , ν̄_I ) for the measure algebra of ν_I , the usual measure on {0, 1}^I .

(γ) A family K of sets is a compact class if ⋂ L is non-empty whenever L ⊆ K has the finite intersection property, that is, ⋂ L^′ ≠ ∅ for every finite L^′ ⊆ L. If (X, Σ, μ) is a measure space, μ is inner regular with respect to a family K of sets if whenever E ∈ Σ and 0 ≤ γ < μE there is a K ∈ K ∩ Σ such that K ⊆ E and μK ≥ γ. A measure space (X, Σ, μ) is compact if μ is inner regular with respect to some compact class of sets.

(δ) If ⟨E_i⟩_{i∈I} is a family of sets and F is an ultrafilter on I, I write lim_{i→F} E_i for ⋃ A∈F ⋂ i∈A E_i = ⋂ A∈F ⋃ i∈A E_i = {x : {i : x ∈ E_i} ∈ F},

the limit of ⟨E_i⟩_{i∈I} along F in PX if X is any set including ⋃ i∈I E_i and PX ∼= {0, 1}^X is given its usual compact Hausdorff topology.

For basic results on compact measure spaces, see Fremlin 02, §342. I remark here that a family K of subsets of a set X is a compact class iff there is a compact (not necessarily Hausdorff) topology on X such that every member of K is closed (Fremlin 02, 342D); thus all Radon measures, and in particular Lebesgue measure, are compact measures in this sense.

1D It is natural to seek to explore the relationship of the class of measure-centering ultrafilters with the ordinary operations of the theory of ultrafilters. At an elementary level, we have the following.

Proposition (a) Let I and J be sets, f : I → J a function, and F a measure-centering ultrafilter on I. Then the image ultrafilter f[[F]] is a measure-centering ultrafilter on J.

(b)(Benedikt 98) If F is a non-principal ultrafilter, then F ⋉ F is not measure-centering.

(Proof in 3H.) Some relevant definitions are as follows.

Definitions (α) If I and J are sets, f : I → J is a function and F is a filter on I, then the image filter f[[F]] is {B : B ⊆ J, f^{−1}[B] ∈ F}, that is, the filter on J generated by {f[A] : A ∈ F}.

(β) If F, G are filters on sets I, J respectively, then I write F ⋉ G for the filter

{A : A ⊆ I × J, {i : i ∈ I, A[{i}] ∈ G} ∈ F};

here A[{i}] = {j : (i, j) ∈ A}.

1E Extension of measures The original impulse to study measure-centering ultrafilters arose because they give an interesting expression of an ultrapower construction which I will describe shortly. The first result is a theorem on extension of probability measures.

Theorem Let (X, Σ, μ) be a compact probability space, and F a measure-centering ultrafilter on a set I. Let A be the family of all sets of the form lim_{i→F} E_i where ⟨E_i⟩_{i∈I} is a family in Σ. Then there is a unique complete probability measure λ on X such that λ is inner regular with respect to A and λ(lim_{i→F} E_i) = lim_{i→F} μE_i for every family ⟨E_i⟩_{i∈I} in Σ.

(Proof in 3I. I ought perhaps to note that a measure λ is complete if λA is defined whenever λ^∗A = 0; thus Lebesgue measure is complete.) Note that in the context of this theorem, λ must extend μ, because we can apply the defining formula to constant families ⟨E_i⟩_{i∈I} .

1F Reduced products of probability algebras We now need an abstract construction from the theory of measure algebras.

(a) First, let me define measure algebras in the abstract, as opposed to those constructed from measure spaces as in Definition 1C above. A measure algebra is a pair (A, μ̄) where

A is a Boolean algebra, A is Dedekind σ-complete, that is, every countable subset of A has a least upper bound in A, μ̄ : A → [0, ∞] is countably additive, that is, μ̄0 = 0 and μ̄(sup_{n∈N} a_n) =

∑_∞ n=0 μ̄a_n whenever ⟨a_n⟩_{n∈N} is a disjoint sequence in A.

It is straightforward to check that the measure algebras of Definition 1Cb are measure algebras in this sense. Conversely, any measure algebra as defined here is isomorphic to the measure algebra of some measure space (Fremlin 02, 321J). A probability algebra is a measure algebra (A, μ̄) such that μ̄1 = 1, that is, (A, μ̄) is isomorphic to the measure algebra of a probability space.

(b) Let ⟨(A_i, μ̄_i)⟩_{i∈I} be a family of probability algebras and F an ultrafilter on I. Write B for the product Boolean algebra ∏ i∈I A_i, so that if a = ⟨a_i⟩_{i∈I} and b = ⟨b_i⟩_{i∈I} belong to B, then a ∗ b = ⟨a_i ∗ b_i⟩_{i∈I} for all the Boolean operations ∗ = △ , ∩ , ∪ and \ . Define ν : B → [0, 1] by setting ν(⟨a_i⟩_{i∈I} ) = lim_{i→F} μ̄a_i whenever ⟨a_i⟩_{i∈I} ∈ B. Then ν is additive. Set I = {a : a ∈ B, νa = 0}; then I ◁ B. Let C be the quotient Boolean algebra B/I. Then we have a functional ν̄ : C → [0, 1] defined by saying that ν̄(a^•) = νa for every a ∈ B; and it turns out that (C, ν̄) is a probability algebra. I will call it the reduced product ∏ i∈I (A_i, μ̄_i)|F. (See 4A below.)

1G Note that the construction in 1Fb does not depend on any property of the ultrafilter F. When F is a measure-centering ultrafilter, however, we have the following result.

Theorem Let (X, Σ, μ) be a compact probability space and (A, μ̄) its measure algebra. Let I be a set and F a measure-centering ultrafilter on I; write λ for the corresponding extension of μ as described in Theorem 1E, and (C, ν̄) for the reduced power (A, μ̄)^I |F as described in 1Fb. Then we have a natural isomorphism between (C, ν̄) and the measure algebra (D, λ̄) of λ defined by saying that ⟨E^•_i ⟩^•_{i∈I} ∈ C is matched with (lim_{i→F} E_i)^• ∈ D for every family ⟨E_i⟩_{i∈I} in Σ.

(Proof in 4C.)

1H Products of filters As will I hope become clear when we come to the proofs in §§3-4, all the results so far are more or less elementary, though some of them, naturally enough, demand graduate-level measure theory – in particular, Maharam’s theorem and the lifting theorem – for their full strength. I want now to explain an astonishing theorem from Benedikt 98. This will depend on a construction of iterated products of filters, which may be of independent interest. I look at finite products of filters first.

Definition For n ∈ N and filters F_0, . . . , F_n, define the product F_0 ⋉ . . . ⋉ F_n inductively by saying that it is F_0 when n = 0 and (F_0 ⋉ . . . ⋉ F_{n−1}) ⋉ F_n when n ≥ 1.

Proposition If 0 ≤ m < n and F_0, . . . , F_n are filters on I_0, . . . , I_n respectively, then the natural bijection between ((. . . (I_0 × I_1) × . . . ) × I_m) × ((. . . (I_{m+1} × I_{m+2}) × . . . ) × I_n) and ((. . . (I_0 × I_1) × . . . ) × I_n) identifies F_0 ⋉ . . . ⋉ F_n with (F_0 ⋉ . . . ⋉ F_m) ⋉ (F_{m+1} ⋉ . . . ⋉ F_n).

(The proof is a simple induction on n.)

1I Iterated products of filters The next bit works best for filters on N and countable iterations, but something can be done in a more general context.

(a) First, a scrap of notation. Let I be a set. If m, n ∈ N, σ ∈ I^m and τ ∈ I^n, define the concatenation σ^⌢τ ∈ I^{m+n} by setting

(σ^⌢τ)(k) = σ(k) if k < m,

= τ(k − m) if m ≤ k < m + n.

For i ∈ I write <i> for the member of I^1 with value i.

(b) Now suppose that ζ > 0 is an ordinal, ⟨I_ξ ⟩_{1≤ξ≤ζ} a family of sets, and F_ξ a filter on I_ξ for 1 ≤ ξ ≤ ζ. Set I = ⋃ 1≤ξ≤ζ Iξ and S ∗ = ⋃ i∈N I^i. Fix a function θ such that θ(ξ, i) < ξ for 1 ≤ ξ ≤ ζ and i ∈ I_ξ . For ξ ≤ ζ, define G_ξ ⊆ PS^∗ inductively, as follows. Start by taking G_0 to be the principal filter generated by {∅}. For 1 ≤ ξ ≤ ζ, given that G_η has been defined for every η < ξ, set

G_ξ = {A : A ⊆ S^∗, {i : i ∈ I_ξ , {τ : <i>^⌢τ ∈ A} ∈ G_{θ(ξ,i)}} ∈ F_ξ}.

It is elementary to check that every G_ξ is a filter. Moreover, if every F_ξ is an ultrafilter, so is every G_ξ .

1J We are now ready for the statements of the main theorems.

Theorem In the construction of 1Ib above, suppose that ζ is countable, I_ξ = I whenever 1 ≤ ξ ≤ ζ, ⟨F_ξ ⟩_{1≤ξ≤ζ} is a family of Ramsey ultrafilters on I, no two isomorphic, and {i : i ∈ I, θ(ξ, i) ≥ η} ∈ F_ξ whenever η < ξ ≤ ζ. Then G_ζ is measure-centering.

(Proof in 5B. You will lose very little by restricting yourself to the case in which every sequence ⟨θ(ξ, i)⟩_{i∈N} is non-decreasing, and is constant with value η when ξ = η+1 is a successor ordinal.) The point of this theorem is that there will be for each ξ ∈ [1, ζ] a function f : S^∗ → I such that f[[G_ζ ]] = F_ξ; starting from the family ⟨F_ξ⟩_{1≤ξ≤ζ} of Ramsey ultrafilters on I, we can find a single measure-centering ultrafilter on S^∗ from which they can all be derived. I ought to point out straight away that if ζ is infinite, then the Ramsey ultrafilter F_ω contains all the sets {i : θ(ω, i) ≥ n}, for n < ω, but not their intersection, so is not ω_1-additive. In this case, of course, I = I_ω cannot be uncountable. Thus we have either a finite iteration in which G_ζ is the extension to ⋃ n∈N I^n of the filter F_m ⋉ F_{m−1} ⋉ . . . ⋉ F_1 on I^m, or a countably infinite iteration in which I can be identified with N. The finite-iteration case is in fact the hard part of a more general result: the skew product of finitely many non-isomorphic Ramsey ultrafilters is always measure-centering (Proposition 5E).

1K The second theorem is a universal extension theorem for Ramsey ultrafilters on N.

Theorem Let (X, Σ, μ) be a compact probability space. Then there is a measure λ on X, extending μ, such that λ(lim_{i→F} E_i) is defined and equal to lim_{i→F} μE_i whenever F is a Ramsey ultrafilter on N and ⟨E_i⟩_{i∈N} is a sequence in Σ.

(Proof in 5J.) The idea here will be that for each countable family F of Ramsey ultrafilters on N, we can define a measure-centering ultrafilter G_F on S^∗ dominating every member of F, and that this can be done in such a way that the measures defined from the G_F by the process of Theorem 1E will have a common extension.

1L Perfect measure spaces Readers familiar with Benedikt 98 and Benedikt 99 may have noted that I speak of ‘compact’ measures where Benedikt deals with ‘perfect’ measures. The latter form a larger class, so it is not obvious that the results in this note really cover Benedikt’s. The point is that a probability space (X, Σ, μ) is perfect iff (X, T, μ↾T) is compact for every countably generated σ-subalgebra T of Σ (Sazonov 66, or Fremlin 03, 451F). Using this, it is easy to check that we have a variant on condition (iv) of Proposition 1C for filters on N:

if F is an ultrafilter on N, it is measure-centering iff whenever (X, Σ, μ) is a perfect probability space and ⟨E_n⟩_{n∈N} is a sequence in Σ, then μ^∗(lim_{n→F} E_n) ≥ lim_{n→F} μE_n.

Versions of Theorems 1E and 1G for perfect probability spaces and ultrafilters on N are now easy to deduce. With a little more trouble – it is probably easiest to check that the proof in 5J applies essentially unchanged – we can confirm that Theorem 1K is true for all perfect probability spaces (X, Σ, μ).

1M Of course there are many classes of ultrafilters, associated with those considered above, which have been studied over the years. Six of them are the following.

Definitions Let F be an ultrafilter on a set I.

(α)(Daguenet-Tessier 79) An ultrafilter F on a set I is Hausdorff (or has ‘property C’) if whenever J is a set and f : I → J, g : I → J are functions such that {i : f(i) ≠ g(i)} ∈ F, then f[[F]] ≠ g[[F]].

(β) F is nowhere dense if for every function f : I → R the image filter f[[F]] contains a nowhere dense subset of R.

(γ)(Blass 74) F is weakly Ramsey if whenever S_0, S_1, S_2 are disjoint subsets of [I]^2 there is a J ∈ F such that [J]^2 is disjoint from at least one of S_0, S_1, S_2.

(δ)(Baumgartner & Taylor 78) F is an arrow ultrafilter if whenever S ⊆ [I]^2 and k ∈ N then either there is a K ∈ [I]^k such that [K]^2 ∩ S = ∅ or there is a J ∈ F such that [J]^2 ⊆ S.

(ϵ)(Benedikt 99) F is measure-linking if whenever A is a Boolean algebra, ν : A → [0, 1] is an additive functional such that ν(1_A) = 1, and ⟨a_i⟩_{i∈I} is a family in A such that inf_{i∈I} νa_i > 0, then there is a J ∈ F such that ν(a_i ∩ a_j ) > 0 for all i, j ∈ J.

(ζ)(Baumgartner 95) F is closed Lebesgue null if for every function f : I → [0, 1] the image filter f[[F]] contains a closed Lebesgue negligible set.

An obvious strengthening of (ϵ) is

(η) F is strongly measure-linking if whenever A is a Boolean algebra, ν : A → [0, 1] is an additive functional such that ν(1_A) = 1, and ⟨a_i⟩_{i∈I} is a family in A such that inf_{i∈I} νa_i > 0, then there is a J ∈ F such that inf_{i,j∈J} ν(a_i ∩ a_j ) > 0.

(I ought to remark that in all of Daguenet-Tessier 79, Blass 74, Baumgartner & Taylor 78, Baumgartner 95 and Benedikt 99 only non-principal ultrafilters on countable sets are considered; that what I call ‘measure-linking’ is what Benedikt 99 calls ‘property M_2’; and that what I call ‘closed Lebesgue null’ is what Baumgartner 95 calls ‘measure zero’.) Evidently Ramsey ultrafilters are weakly Ramsey, measure-centering ultrafilters are measure-linking, strongly measure-linking ultrafilters are measure-linking, and closed Lebesgue null filters are nowhere dense; it is also the case that p-point ultrafilters on N are closed Lebesgue null (Baumgartner 95). Subject to the continuum hypothesis, there are non-principal weakly Ramsey ultrafilters on N which are not Ramsey (Blass 74). The results I wish to present here are the following:

Theorem (a)(Benedikt 98) A measure-linking ultrafilter is Hausdorff.

(b)(Shelah 98) A measure-centering ultrafilter is nowhere dense.

(c)(see Baumgartner & Taylor 78, Corollary 2.5) A weakly Ramsey ultrafilter is an arrow ultrafilter.

(d)(i)(see Benedikt 99, p. 214, Proposition 3) An arrow ultrafilter is strongly measure-linking.

(ii) An arrow ultrafilter on N is nowhere dense.

(e) A strongly measure-linking ultrafilter on N contains a set of zero asymptotic density. (f) A closed Lebesgue null ultrafilter on N contains a set of zero asymptotic density. (g) If cov N_{Leb} = c, there is a measure-centering ultrafilter on N which is neither strongly measure-linking nor closed Lebesgue null.

(h) If c = ω_1, there is a strongly measure-linking ultrafilter on N which is not nowhere dense, so is neither measure-centering nor an arrow ultrafilter.

(i) If p = c, there is a Hausdorff p-point ultrafilter which is not measure-centering. (j)(see Shelah 98) It is relatively consistent with ZFC to suppose that every measure-centering ultrafilter is a principal ultrafilter.

(Proof in 6A, 6C, 6E, 6H, 6L and 6O. Recall that p is the least cardinal of any family A of infinite subsets of N such that ⋂ A_0 is infinite for any finite A_0 ⊆ A, but there is no infinite B ⊆ N such that B \ A is finite for every A ∈ A.)

2 Dependently selective filters

A particularly important property of Ramsey ultrafilters is preserved under certain intersections of such ultrafilters, and it is in this form that it will be used in §5. I therefore isolate it in the next definition. The results which will be needed in the proofs of Theorems 1Ba, 1J and 1K are special cases of Propositions 2D and 2E, but I think it is worth while expressing the intermediate lemmas 2B and 2C in their full natural strength.

2A Definition Let F be a filter on a set I. I will say that F is dependently selective if it has the following property:

whenever S ⊆ [I]^{<ω} is such that ∅ ∈ S and {i : K ∪ {i} ∈ S} ∈ F for every K ∈ S, then there is a J ∈ F such that [J]^{<ω} ⊆ S.

In the present paper I will give only those results which are necessary for the applications in §5; for a fuller account of this class of filters, see my note Fremlin n09.

2B Lemma A uniform dependently selective ultrafilter is a Ramsey ultrafilter.

proof Let F be a uniform dependently selective ultrafilter on a set I. It will be enough to consider the case in which I = κ is a cardinal. Take any S ⊆ [κ]^2. For ξ < κ set A_ξ = {η : {ξ, η} ∈ S}. Let S be the family of finite subsets K of κ such that for all ξ, η ∈ K such that ξ < η, {ξ, η} ∈ S iff A_ξ ∈ F. If K ∈ S, then (because F is an ultrafilter) there is a J ∈ F such that, for every ξ ∈ K, J is either included in A_ξ or disjoint from A_ξ. Now K ∪ {η} ∈ S whenever η ∈ J and η > ξ for every ξ ∈ K. So S satisfies the condition of 2A. Let J ∈ F be such that [J]^{<ω} ⊆ S. In this case, if ξ, η ∈ J and ξ < η, {ξ, η} ∈ S iff A_ξ ∈ F. Now

J_1 = {ξ : ξ ∈ J, A_ξ ∈ F}, J_0 = {ξ : ξ ∈ J, A_ξ /∈ F}

have union J and one of them must belong to F; while [J_0]^2 ∩ S = ∅ and [J_1]^2 ⊆ S. As S is arbitrary, F is a Ramsey ultrafilter.

2C Lemma (a) Let I be an infinite set, F a Ramsey ultrafilter on I, and A ⊆ F a set of size at most #(I). Then there is a C ∈ F such that #(C \ A) < #(I) for every A ∈ A.

(b) Let κ be an infinite cardinal, λ ≤ κ another cardinal, and ⟨F_α⟩_{α<λ} a family of distinct Ramsey ultrafilters on κ. Then there is a disjoint family ⟨A_α⟩_{α<λ} of subsets of κ such that A_α ∈ F_α for every α < λ.

proof (a) Set A^∗ = κ ∩ ⋂ A. If A^∗ ∈ F, we can set C = A^∗ and stop. Otherwise, enumerate A as ⟨A_α⟩_{α<λ}, where λ ≤ κ. For i ∈ I, set f(i) = min{α : α < λ, i /∈ A_α \ A^∗}. Then there is a C ∈ F such that f↾C is either constant or injective (Comfort & Negrepontis 74, 9.6). The former is impossible, because {i : f(i) = α} ⊆ A^∗ ∪ (κ \ A_α) never belongs to F. So f↾C is injective and C \ A_α ⊆ {i : i ∈ C, f(i) ≤ α} has cardinal less than κ for every α < λ.

(b) For α < β < λ, take A_{αβ} ∈ F_β \ F_α. For each α < κ, there is a B_α ∈ F_α such that #(B_α ∩ A_{αβ} ) < κ for every β > α (apply (a) to {I \ A_{αβ} : α < β < λ} ⊆ F_α)). Set

A_β = B_β \ ⋃ α<β B_α

for β < λ. Of course ⟨A_β ⟩_{β<λ} is disjoint. On the other hand, for each β < λ, A^′_β = B_β ∩ ⋂ α<β A_{αβ} belongs to F because F is κ-complete; and A^′_β \ A_β ⊆ ⋃ α<β A_{αβ} ∩ B_α has cardinal less than κ, so A_β also belongs to F.

2D Proposition Let I be an infinite set, and F a non-empty family of non-isomorphic Ramsey ultrafilters on I with #(F) ≤ #(I). Then H = ⋂ F is a dependently selective filter on I.

proof (a) It is enough to consider the case in which I = κ is a cardinal. Let ⟨F_α⟩_{α<λ} be an enumeration of F.

(b) If ⟨A_α⟩_{α<λ} is such that A_α ∈ F_α for α < λ, then there is a family ⟨D_α⟩_{α<λ} such that D_α ∈ F_α and D_α ⊆ A_α for every α < λ, and whenever ξ < η < κ, α, β < λ are such that ξ ∈ D_α and η ∈ D_β , there is a ζ ∈ A_β such that ξ ≤ ζ < η. PP By 2Cb, we may suppose that ⟨A_α⟩_{α<λ} is disjoint. For any ζ < κ, {α : α < λ, A_α ∩ ζ ≠ ∅} has cardinal less than κ; so there is a closed cofinal set F ⊆ κ, containing 0, such that A_α ∩ ζ^′ \ ζ ≠ ∅ whenever ζ < ζ^′ in F , α < λ and A_α ∩ ζ ≠ ∅. Set f(ξ) = max{ζ : ζ ∈ F , ζ ≤ ξ} for ξ < κ. Then ⟨f[[F_α]]⟩_{α<λ} is a family of κ-complete uniform ultrafilters on F , so there must be a cofinal set V ⊆ F not belonging to any of them. (We can easily build inductively a family ⟨V_ξ ⟩_{ξ<κ}+ of cofinal subsets of F such that #(V_ξ ∩ V_η) < κ whenever ξ < η < κ^+, and now each f[[F_α]] can contain V_ξ for at most one ξ, so there is a ξ left over for which we can set V = V_ξ .) Set M = f^{−1}[V ]; then A_α \ M ∈ F_α for each α.

Define g : κ → κ by setting g(ξ) = min{ζ : ξ ≤ ζ ∈ V } for ξ < κ. For each α < λ, there is a B_α ∈ F_α on which g is injective (Comfort & Negrepontis 74, 9.6), so that g[[F_α]] is a Ramsey ultrafilter on κ isomorphic to F_α. Because the F_α are non-isomorphic, all the g[[F_α]] are different. By 2Cb again, there is a disjoint family ⟨G_α⟩_{α<λ} of sets such that G_α ∈ g[[F_α]] for every α. Set C_α = A_α ∩ B_α ∩ g^{−1}[G_α] \ M, D_α = C_α \ {min C_α} ∈ F_α

for each α < λ. Suppose that ξ ∈ D_α, η ∈ D_β and ξ < η. Then g(ξ) < g(η). (If α = β, this is because g↾B_α is injective; otherwise, it is because G_α ∩ G_β is empty.) It follows that g(ξ) < η. Let η_0 be the least member of C_β . We have η_0 < η. If ξ ≤ η_0, then η_0 is a member of A_β ∩ η \ ξ. Otherwise, A_β ∩ g(ξ) ≠ ∅, so there is a ζ ∈ A_β ∩ γ \ g(ξ), where γ is the next member of F above g(ξ). Now γ \ g(ξ) = f^{−1}[{g(ξ)}] ⊆ M is disjoint from D_β , so γ ≤ η and ζ ∈ A_β ∩ η \ ξ.

Thus ⟨D_α⟩_{α<λ} is a suitable family. QQQ

(c) Now suppose that S is a family of finite subsets of κ such that ∅ ∈ S and {ξ : K ∪ {ξ} ∈ S} ∈ H for every K ∈ S. Set

S = {{ξ, η} : ξ < η < κ, K ∪ {η} ∈ S whenever K ∈ S and K ⊆ ξ + 1}.

For each α < λ, there is an A_α ∈ F_α such that [A_α]^2 is either included in or disjoint from S. But taking ξ = min A_α, we see that {η : η > ξ, K ∪ {η} ∈ S} belongs to H ⊆ F_α for every K ∈ S; because F_α is κ-complete, there must be an η ∈ A_α such that η > ξ and K ∪ {η} ∈ S whenever K ∈ S and K ⊆ ξ + 1, in which case {ξ, η} ∈ S. So we must have [A_α]^2 ⊆ S. Set A^′_α = {ξ : ξ ∈ A_α, {ξ} ∈ S}; then A^′_α ∈ F_α because {ξ : {ξ} ∈ S} ∈ H ⊆ F_α.

By (b), we have a family ⟨D_α⟩_{α<λ} of sets such that D_α ∈ F_α and D_α ⊆ A^′_α for every α < λ, and whenever ξ < η < κ, α, β < λ are such that ξ ∈ D_α and η ∈ D_β, there is a ζ ∈ A^′_β such that ξ ≤ ζ < η. Set A = ⋃ α<λ D_α ∈ H. Then [A]^n ⊆ S for every n. PP Induce on n. The case n = 0 is trivial, and the case n = 1 has been dealt with when defining A^′_α. For the inductive step to n + 1 ≥ 2, suppose that I ∈ [A]^{n+1}. Let ξ < η be the two greatest points of I; suppose that η ∈ D_β . Then there is a ζ ∈ A^′_β such that ξ ≤ ζ < η. In this case, K = I \ {η} belongs to [A]^n ⊆ S and K ⊆ ζ + 1. Also {ζ, η} ∈ [A_β ]^2 ⊆ S, so I = K ∪ {η} ∈ S. Thus the induction continues. QQQ

So [A]^{<ω} ⊆ S. As S is arbitrary, F is dependently selective.

Remark In particular, every Ramsey ultrafilter is dependently selective. Compare the ‘weak T -ideals’ of Grigorieff 71, and also §4 of Blass 88.

2E Proposition Let I be a set, and F a non-empty countable family of non-isomorphic dependently selective ultrafilters on I. Then

(a) there is a disjoint family ⟨A_F ⟩_{F∈F} of sets such that A_F ∈ F for every F ∈ F, (b) H = ⋂ F is dependently selective.

proof (a) For each F ∈ F, let I_F ∈ F be a set of minimal size. Let K be the countable set {#(I_F ) : F ∈ F}; for κ ∈ K, set F_κ = {F : F ∈ F, #(I_F ) = κ} and J_κ = ⋃ F∈F_κ IF , so that #(Jκ) = κ. (For if κ = 1, any

member of F_κ is a principal ultrafilter, and there can be at most one such.) Set J^′_κ = J_κ \ ⋃ λ∈K,λ<κ Jλ for

κ ∈ K; then ⟨J^′_κ⟩_{κ∈K} is disjoint and J^′_κ ∈ F whenever κ ∈ K and F ∈ F_κ.

For F ∈ F, let F^′ = F ∩ PJ^′_κ be the trace of F on J^′_κ, where κ ∈ K is such that F ∈ F_κ. It is easy to check that F^′ is dependently selective, so is either principal (if κ = 1) or a Ramsey ultrafilter (Lemma 2B). Moreover, F^′ and G^′ must be non-isomorphic whenever F, G are distinct members of the same F_κ. So 2Cb tells us that we have for each κ ∈ K a disjoint family ⟨A_F ⟩_{F∈Fκ} of subsets of J^′_κ such that A_F ∈ F^′ for every F ∈ F_κ, and 2D tells us that H_κ = ⋂ {F^′ : F ∈ F_κ} is dependently selective for every κ ∈ K. Assembling the families ⟨A_F ⟩_{F∈Fκ} , we have a disjoint family ⟨A_F ⟩_{F∈F} such that A_F ∈ F for every F ∈ F.

(b) Evidently

H = {A : A ⊆ I, A ∩ J^′_κ ∈ H_κ for every κ ∈ K}.

Now suppose that S ⊆ [I]^{<ω} is such that ∅ ∈ S and {i : K ∪ {i} ∈ S} ∈ H for every K ∈ S. Choose ⟨B_κ⟩_{κ∈K} inductively, as follows. Given that κ ∈ K, that B_λ ∈ H_λ has been defined for λ ∈ K ∩ κ and that [ ⋃ λ∈K∩κ Bλ]

<ω ⊆ S, note that #( ⋃ λ∈K∩κ J ′ λ) < κ, because if κ > ω then κ is two-valued-measurable and certainly has uncountable cofinality. So C_κ = ⋃ λ∈K∩κ Bλ and [Cκ]

<ω have cardinal less than κ. Set S_κ = {K : K ∈ [J^′_κ]^{<ω}, K ∪ L ∈ S for every L ∈ [C_κ]^{<ω}}.

Then ∅ ∈ S_κ, by the hypothesis on C_κ. If K ∈ S_κ, then for each L ∈ [C_κ]^{<ω} the set C_L = {i : i ∈ J^′_κ, K ∪ L ∪ {i} ∈ S} belongs to H_κ; but H_κ, being an intersection of κ-complete filters, is again κ-complete, so C = ⋂ {C_L : L ∈ [C_κ]^{<ω}} ∈ H_κ, and K ∪ {i} ∈ S_κ for every i ∈ C. As H_κ is dependently selective, there is a B_κ ∈ H_κ such that [B_κ]^{<ω} ⊆ S_κ and [B_κ ∪ C_κ]^{<ω} ⊆ S.

The inductive hypothesis [ ⋃ λ∈K∩κ Bλ]

<ω ⊆ S

gives no difficulty when κ ∈ K is a limit in K, so the induction proceeds to the end. Setting A = ⋃ κ∈K B_κ, we have A ∈ H and [A]^{<ω} ⊆ S. As S is arbitrary, H is dependently selective.

3 Proofs of Theorems 1B-1E

The main work of this paper begins with proofs of the relatively elementary results up to Theorem 1E. These will not be done in exactly the order in which they were presented in §1; in the hope of minimising confusion, I will restate the results as I come to prove them. I begin with a review of basic fragments of measure theory which will be used later.

3A Measure spaces: definitions and facts

(a)(i) Let (X, Σ, μ) be a measure space. Its completion is the measure space (X, Σ̂, μ̂), where Σ̂ = {E△F : E ∈ Σ, F belongs to the null ideal of μ} and μ̂ is the unique monotonic extension of μ to Σ̂ (Fremlin 01, 212C).

(ii) If a measure is inner regular with respect to a class K of sets, so is its completion (Fremlin 03, 412H).

(iii) If X is a set and μ_1, μ_2 are two complete probability measures on X such that μ_1 is inner regular with respect to {K : K ∈ dom μ_1 ∩ dom μ_2, μ_1K = μ_2K}, then μ_2 extends μ_1 (Fremlin 03, 412K).

(iv) If X is a set and μ_1, μ_2 are two complete probability measures on X both inner regular with respect to {K : K ∈ dom μ_1 ∩ dom μ_2, μ_1K = μ_2K}, they are equal (Fremlin 03, 412L).

(b) Let X be a set, and Λ a family of probability measures on X such that (α) for all λ_0, λ_1 ∈ Λ there is a λ ∈ Λ which extends both λ_0 and λ_1 (β) for every countable Λ_0 ⊆ Λ there is a probability measure on X (not necessarily belonging to Λ) extending every measure in Λ_0. Then there is a probability measure on X extending every measure in Λ. (Fremlin 03, 457G.)

(c) A Radon probability space is a quadruple (X, T, Σ, μ) where (X, T) is a Hausdorff topological space, μ is a complete probability measure on X with domain Σ, T ⊆ Σ (so that μ measures every Borel subset of X), and μ is inner regular with respect to the family of compact subsets of X. The usual measure ν_I on {0, 1}^I is always a Radon probability measure (Fremlin 03, 416Ub).

(d) Suppose that Z is a zero-dimensional compact Hausdorff space and A is the Boolean algebra of open-and-closed subsets of Z. If ν : A → [0, 1] is an additive functional such that νZ = 1, there is a unique Radon probability measure on Z extending ν (Fremlin 03, 416Qa).

(e) Let I be an infinite set.

(i) #(B_I ) is the cardinal power #(I)^ω (Fremlin 08, 524Ma).

(ii) Let T_I be the domain of ν_I . If F ∈ T_I and ν_I F > 0, set Σ = T_I ∩ PF and μE =^1_{νI F} ν_I E for

E ∈ Σ; then (F, Σ, μ) is isomorphic to ({0, 1}^I , T_I , ν_I ) (Fremlin 02, 344L^1). Writing N_I for the null ideal of ν_I , so that N_I ∩ PF is the null ideal of μ, we see that N_I and N_I ∩ PF are isomorphic, and have the same covering number.

(iii) Suppose that E ⊆ T_I is a non-empty downwards-directed family of measurable sets such that #(E) < cov N_I and γ = inf_{E∈E} ν_I E > 0. Then ⋂ E ≠ ∅. PP For n ∈ N we can find F_n ∈ E such that ν_I F_n ≤ γ + 2^{−n}; because E is downwards-directed, we can suppose that ⟨F_n⟩_{n∈N} is non-decreasing, so that F = ⋂ n∈N F_n has measure lim_{n→∞} ν_I F_n = γ. If E ∈ E, then ν_I (E ∩ F_n) ≥ γ for each n, so ν_I (E ∩ F ) = γ and ν_I (F \ E) = 0. As #(E) is less than cov N_I , which by (ii) is the covering number of the subspace measure on F , F cannot be covered by {F \ E : E ∈ E}, and ⋂ E is non-empty. QQQ

(f) Let X be a set, Σ an algebra of subsets of X, and ν : Σ → [0, 1] an additive functional such that νX = 1 and lim_{n→∞} νE_n = 0 whenever ⟨E_n⟩_{n∈N} is a non-increasing sequence in Σ with empty intersection. Then ν has a unique extension to a complete probability measure on X which is inner regular with respect to the family Σ_δ of intersections of sequences in Σ (Fremlin 03, 413K).

3B Measure algebras: definitions and facts

(a) If (A, μ̄) is a probability algebra, then A is ccc (Fremlin 02, 322G). So if A ⊆ A is any set, there is a countable B ⊆ A with the same upper bounds as A (Fremlin 02, 316E), and A has a least upper bound. (Thus A is Dedekind complete.) μ̄ is order-continuous in the sense that

1Later editions only; obtainable through http://www.essex.ac.uk/maths/staff/fremlin/mtcont.htm. Note to reader: do you know of a more satisfactory reference for this result?

—– if A ⊆ A is non-empty and upwards-directed, with supremum c, then μ̄c = sup_{a∈A} μ̄a, —– if A ⊆ A is non-empty and downwards-directed, with infimum c, then μ̄c = inf_{a∈A} μ̄a.

(Fremlin 02, 321C and 321F).

(b) If A is a Boolean algebra and A ⊆ A, I say that A τ-generates A if A is the smallest order-closed subalgebra of itself including A. The Maharam type τ(A) is the least cardinal of any set A ⊆ A which τ-generates A. If (A, μ̄) is a probability algebra, I is an infinite set and τ(A) ≤ #(I), then (A, μ̄) can be embedded in (B_I , ν̄_I ) in the sense that there is an injective Boolean homomorphism π : A → B_I such that ν̄_I (πa) = μ̄a for every a ∈ A (Fremlin 02, 332N).

(c) If (X, Σ, μ) is a measure space with measure algebra (A, μ̄), and E ⊆ Σ σ-generates Σ in the sense that Σ is the σ-algebra of subsets of X generated by E, then {E^• : E ∈ E} τ-generates A. (If A^′ is an order-closed subalgebra of A including {E^• : E ∈ E}, then {F : F^• ∈ A^′} must be a σ-subalgebra of Σ including E, so is the whole of Σ.)

(d) Let (X, Σ, μ) be a measure space with measure algebra (A, μ̄). A lifting for μ is a Boolean homomorphism θ : A → Σ such that (θa)^• = a for every a ∈ A. Every complete probability measure has a lifting (Fremlin 02, 341K).

If (X, Σ, μ) is a probability space with measure algebra (A, μ̄), θ : A → Σ is a lifting, and A ⊆ A is a non-empty set with supremum c in A, then θc \ ⋃ a∈A θa is negligible. PP There is a sequence ⟨a_n⟩_{n∈N} in A such that c = sup_{n∈N} a_n ((a) above). Now ( ⋃ n∈N θ(a_n))^• = sup_{n∈N} θ(a_n)^• = sup_{n∈N} a_n = c = (θc)^•,

so θc \ ⋃ a∈A θa ⊆ θc \ ⋃ n∈N θ(a_n) is negligible. QQQ

(e) If I is an infinite set, I will say that the standard generating family in the probability algebra B_I is the family ⟨e_i⟩_{i∈I} = ⟨E^•_i ⟩_{i∈I} where E_i = {x : x ∈ {0, 1}^I , x(i) = 1} for each i ∈ I. Note that ν̄_I e_i =^1_2 and ν̄_I (e_i \ e_j ) =^1_4 for all distinct i, j ∈ I.

3C We are ready to begin work on the proofs of results announced in §1.

Proof of Proposition 1C Let I be a set, and F an ultrafilter on I. Then the following are equiveridical:

(i) F is measure-centering;

(ii) whenever ⟨a_i⟩_{i∈I} is a family in B_I such that inf_{i∈I} ν̄_I a_i > 0, there is an A ∈ F such that {a_i : i ∈ A} is centered in B_I ;

(iii) whenever ⟨E_i⟩_{i∈I} is a family of measurable subsets of {0, 1}^I such that inf_{i∈I} ν_I E_i > 0, there is an A ∈ F such that ⋂ i∈A E_i ≠ ∅;

(iv) whenever (X, Σ, μ) is a compact probability space and ⟨E_i⟩_{i∈I} is a family in Σ, then μ^∗(lim_{i→F} E_i) ≥ lim_{i→F} μE_i.

proof The case in which F is a principal ultrafilter is trivial, so I shall assume henceforth that F is nonprincipal; in particular, that I is infinite.

(i)⇒(ii) is trivial.

not-(iv)⇒not-(ii) Suppose there are a compact probability space (X, Σ, μ) and a family ⟨E_i⟩_{i∈I} in Σ such that lim_{i→F} μE_i > μ^∗(lim_{i→F} E_i). Let F ∈ Σ be such that lim_{i→F} μE_i ⊆ F and μF < lim_{i→F} μE_i; let γ > 0 be such that lim_{i→F} μE_i > μF + γ, and set C = {i : μE_i > γ + μF }, so that C ∈ F and μ(E_i \ F ) > γ for every i ∈ C.

Let K be a compact class such that μ is inner regular with respect to K. For i ∈ C, let K_i ∈ K ∩ Σ be such that K_i ⊆ E_i \ F and μK_i ≥ γ. For i ∈ I \ C, set K_i = X. Observe that

lim_{i→F} K_i ⊆ lim_{i→F} (E_i \ F ) = (lim_{i→F} E_i) \ F = ∅.

Let T be the σ-subalgebra of Σ generated by {K_i : i ∈ I}, and ν = μ↾T. Then the measure algebra (B, ν̄) of (X, T, ν) is a probability algebra of Maharam type at most #(I), by 3Bc. By 3Bb, there is a measure-preserving Boolean homomorphism π : B → B_I . Set a_i = π(K^•_i ) for i ∈ C; then ν̄_I a_i = μK_i ≥ γ for every i ∈ I.

If A ∈ F, then A ∩ C ∈ F so

⋂ i∈A K_i ⊆ ⋂ i∈A∩C Ei \ F ⊆ (limi→F Ei) \ F = ∅.

As K is a compact class, there must be a finite set J ⊆ A ∩ C such that ⋂ i∈J K_i = ∅. But this means that

inf_{i∈J} a_i = inf_{i∈J} π(K^•_i ) = π(inf_{i∈J} K^•_i ) = π(( ⋂ i∈J K_i)^•)

= π(∅^•) = π0 = 0

in B_I . This shows that {a_i : i ∈ A} is not centered. As A is arbitrary, ⟨a_i⟩_{i∈I} witnesses that (ii) is false.

(iv)⇒(i) Suppose that (iv) is true. Take a Boolean algebra A, an additive functional ν : A → [0, ∞[ such that ν1 = 1, and a family ⟨a_i⟩_{i∈I} in A such that inf_{i∈I} νa_i > 0. Let Z be the Stone space of A, so that Z is a compact Hausdorff space and A can be identified with the algebra of open-and-closed subsets of Z. Then there is an extension of ν to a Radon probability measure μ on Z (Fact 3Ad). Since μ is inner regular with respect to the compact class of compact subsets of Z, (Z, μ) is a compact probability space.

Let G be the family of μ-negligible open subsets of Z, and H its union. Then H is an open set, so μH is defined. If K ⊆ H is compact, K is covered by finitely many members of G, so μK = 0; as μ is inner regular with respect to the compact sets, μH = 0.

By (iv),

μ^∗( lim_{i→F} (a_i \ H)) ≥ lim_{i→F} μ(a_i \ H) ≥ inf_{i∈I} μ(a_i \ H)

= inf_{i∈I} μa_i = inf_{i∈I} νa_i > 0.

So lim_{i→F} (a_i \ H) is non-empty and there is a z ∈ Z \ H such that A = {i : z ∈ a_i} ∈ F. If J ⊆ A is finite and not empty, then ⋂ i∈J a_i is an open set containing z, so is not included in H and does not belong to G, and 0 < μ( ⋂ i∈J a_i) = ν(inf_{i∈J} a_i).

Thus A ∈ F has the property demanded in Definition 1A; as A, ν and ⟨a_i⟩_{i∈I} are arbitrary, F is measurecentering.

(iv)⇒(iii) is elementary, once we know that every ν_I is a Radon measure (Fact 3Ac).

(iii)⇒(ii) Suppose that (iii) is true, and that ⟨a_i⟩_{i∈I} is a family in B_I such that ϵ = inf_{i∈I} ν̄_I a_i is greater than 0. Write T_I for the domain of ν_I , and let θ : B_I → T_I be a lifting (Fact 3Bd); set E_i = θa_i for each i ∈ I. Then

ν_I E_i = ν̄_I (E^•_i ) = ν̄_I a_i ≥ ϵ

for every i ∈ I. By (iii), there is an A ∈ F such that ⋂ i∈A E_i ≠ ∅. If J ⊆ A is finite and not empty, then

θ(inf_{i∈J} a_i) = ⋂ i∈J θa_i = ⋂ i∈J E_i ≠ ∅,

so inf_{i∈J} a_i ≠ 0; as J is arbitrary, {a_i : i ∈ A} is centered in B_I ; as ⟨a_i⟩_{i∈I} is arbitrary, (ii) is true.

3D In Definition 1A, it is clear that we can expect to have more difficulty in finding a centering set in F if inf_{i∈I} νa_i is nearly 0, and it is natural to focus on that case as the essence of the definition. As it happens, however, it makes no difference.

Proposition Let F be an ultrafilter on a set I, and suppose that γ < 1 is such that whenever A is a Boolean algebra, ν : A → [0, 1] is an additive functional such that ν1 = 1, and ⟨a_i⟩_{i∈I} is a family in A such that νa_i ≥ γ for every i, then there is a J ∈ F such that ν(inf_{i∈K} a_i) > 0 for every finite K ⊆ J. Then F is measure-centering.

proof Suppose that A is a Boolean algebra, ν : A → [0, 1] is an additive functional such that ν1 = 1, and ⟨a_i⟩_{i∈I} is a family in A such that inf_{i∈I} νa_i = ϵ > 0. Let m ∈ N be such that (1 − ϵ)^m ≤ 1 − γ, and let C = ⨂ m A be the free product of m copies of A, so that we have Boolean homomorphisms ε_k : A → C, for k < m, such that inf_{k<m} ε_kb_k ≠ 0 whenever b_k ∈ A \ {0} for every k < m (Fremlin 02, §315). Let λ : C → [0, 1] be the additive functional such that λ(inf_{k<m} ε_kb_k) = ∏ k>m ν_kb_k whenever ⟨b_k⟩_{k<m} ∈ A^m (Fremlin 02, 326Q). For i ∈ I, set c_i = sup_{k<m} ε_ka_i; then

λ(1 \ c_i) = (ν(1 \ a_i))^m ≤ (1 − ϵ)^m ≤ 1 − γ

and λc_i ≥ γ for every i ∈ I. By hypothesis, there is a J ∈ F such that λ(inf_{i∈K} c_i) > 0 for every finite K ⊆ J. Let D ⊆ C be a maximal set such that c_i ∈ D for every i ∈ J and λ(inf D_0) > 0 for every finite D_0 ⊆ D. Then for every i ∈ J there is a k_i < m such that ε_{ki} (a_i) ∈ D. Because F is an ultrafilter, there is a k < m such that J^′ = {i : i ∈ J, k_i = k} belongs to F; and now ν(inf_{i∈K} a_i) = λ(inf_{i∈K} ε_ka_i) > 0 for every finite K ⊆ J^′. As A, ν and ⟨a_i⟩_{i∈I} are arbitrary, F is measure-centering.

3E Proof of Theorem 1Ba A Ramsey ultrafilter is measure-centering.

proof Let F be a Ramsey ultrafilter on a set I, and ⟨a_i⟩_{i∈I} a family in B_I such that ϵ = inf_{i∈I} ν̄_I a_i is greater than 0. For C ⊆ I set b_C = sup_{i∈C} a_i; then ν̄_I b_C ≥ ϵ for every C ∈ F. Set b = inf_{C∈F} b_C ; because F is downwards-directed, so is {b_C : C ∈ F}, and ν̄_I b ≥ ϵ (Fact 3Ba). In particular, b ≠ 0.

Let S be the set of those finite subsets K of I such that b ∩ inf_{i∈K} a_i is non-zero, counting inf ∅ as 1, so that ∅ ∈ S. If K ∈ S, then C = {i : K ∪ {i} ∈ S} belongs to F. PP?? Otherwise, I \ C ∈ F and b ⊆ b_{I\C} . Set d = b ∩ inf_{k∈K} a_k ⊆ b_{I\C} = sup_{i∈I\C} a_i;

as d ≠ 0, there is a j ∈ I \ C such that d ∩ a_j ≠ 0. But d ∩ a_j = b ∩ inf_{i∈K∪{j}} a_i, so K ∪ {j} ∈ S and j ∈ C, which is absurd. XXQQQ

So S satisfies the conditions of 2A. Since F is dependently selective (Proposition 2D), there is a J ∈ F such that [J]^{<ω} ⊆ S, that is, {a_i : i ∈ J} is centered. As ⟨a_i⟩_{i∈I} is arbitrary, F is measure-centering.

3F Proof of Theorem 1Bb If κ is an infinite cardinal and cov N_κ = 2^κ, then there is a uniform measure-centering ultrafilter on κ.

proof (a) #(B_κ) = κ^ω (Fact 3A(e-i)), so we can enumerate B^κ as ⟨a_ζ ⟩_{ζ<2}κ . Let T_κ be the domain of ν_κ and θ : B_κ → T_κ a lifting. Set λ = cf κ. If λ = κ, set I_α = {α} for every α < κ; otherwise, let ⟨κ_α⟩_{α<λ} be a strictly increasing family of cardinals less than κ with supremum κ, and set I_α = κ^+_α \ ⋃ β<α I_β for α < λ, so that ⟨I_α⟩_{α<λ} is a partition of κ and otp(I_α) = κ^+_α for every α < λ.

(b) Construct families ⟨C_{αζ} ⟩_{α<λ,ζ≤2}κ , ⟨D_ζ ⟩_{ζ<2}κ , ⟨C_{αζ} ⟩_{α<λ,ζ≤2}κ and ⟨D_ζ ⟩_{ζ<2}κ inductively, as follows. Start by setting C_{α0} = {I_α \ ξ : ξ ∈ I_α}, so that C_{α0} is a filter base of subsets of I_α of cardinal less than κ; let D_0 be {λ}. Given that ζ < 2^κ, that D_ζ is a filter base of subsets of λ of cardinal at most max(ω, #(ζ)), and C_{αζ} is a filter base of subsets of I_α of cardinal at most max(κ, #(ζ)) for each α < λ, consider a_ζ = ⟨a_ξ⟩_{ξ<κ} say. Set ϵ = inf_{ξ<κ} ν̄_κa_ξ . If ϵ = 0, set D_{ζ+1} = λ and C_{α,ζ+1} = I_α for every α < λ. Otherwise, set b_C = sup_{ξ∈C} a_ξ for C ⊆ κ, and c_α = inf_{C∈Cαζ} b_C for α < λ; as in 3E above, ν̄_κc_α = inf_{C∈Cαζ} ν̄_κb_C ≥ ϵ. Set d_D = sup_{α∈D} c_α for D ∈ D_ζ and e = inf_{D∈Dζ} d_D; then the same arguments show that ν̄_κe ≥ ϵ.

For each C ⊆ κ, θ(b_C ) \ ⋃ ξ∈C θ(a_ξ ) is negligible (Fact 3Bd). So E_{αC} = θ(c_α) \ ⋃ ξ∈C θ(a_ξ ) is negligible whenever α < λ and C ∈ C_α. Similarly, E_D = θ(e) \ ⋃ α∈D θ(c_α) is negligible for every D ∈ D. Now D_ζ ∪ {(α, C) : α < λ, C ∈ C_{αζ} } has cardinal at most max(ω, #(ζ), #(κ)) < 2^κ, so {E_D : D ∈ D_ζ } ∪ {E_{αC} : α < λ, C ∈ C_{αζ} } cannot cover the non-negligible measurable set θ(e) (Fact 3A(e-iii)), and there must be an x_ζ ∈ θ(e) such that x_ζ /∈ ⋃ D∈D_ζ ED ∪ ⋃ α<λ,C∈C_α EαC . Set Dζ = {α : α < λ, xζ ∈ θ(cα)}; then Dζ meets

every member of D_ζ . For α ∈ D_ζ , set C_{αζ} = {ξ : ξ ∈ I_α, x_ζ ∈ θ(a_ξ )}; for α ∈ κ \ D_ζ , set C_{αζ} = I_α; then C_{αζ} meets every member of C_{αζ} .

Now define D_{ζ+1}, C_{α,ζ+1} by setting

D_{ζ+1} = D_ζ ∪ {D ∩ D_ζ : D ∈ D_ζ },

C_{α,ζ+1} = C_{αζ} ∪ {C ∩ C_{αζ} : C ∈ C_{αζ} }

for α < λ. Then D_{ζ+1} is a filter base of subsets of λ of cardinal at most max(ω, #(ζ + 1)), and C_{α,ζ+1} is a filter base of subsets of I_α of cardinal at most max(κ, #(ζ + 1)) for every α < λ.

For non-zero limit ordinals ζ ≤ 2^κ, set D_ζ = ⋃ ξ<ζ D_ξ and C_{αζ} = ⋃ ξ<ζ C_{αξ}; once again, D_ζ will be a filter base of subsets of λ of cardinal at most max(ω, #(ζ)), and C_{αζ} will a filter base of subsets of I_α of cardinal at most max(κ, #(ζ)) for each α < λ.

(c) At the end of the induction, let F be an ultrafilter on κ containing all sets of the form ⋃ α∈D C_α where D ∈ D_2κ and C_α ∈ C_{α,2}κ for every α ∈ D. Then F is measure-centering. PP Let a = ⟨a_ξ ⟩_{ξ<κ} ∈ B^κ be such that inf_{ξ<κ} ν̄_κa_ξ > 0. Then there is a ζ < 2^κ such that a = a_ζ . In this case, x_ζ is defined and J = ⋃ α∈D_ζ Cαζ belongs to F. If α ∈ Dζ and ξ ∈ Cαζ , then xζ ∈ θ(aξ ). But this means that if K ⊆ J is

finite and not empty,

x_ζ ∈ ⋂ ξ∈K θ(a_ξ ) = θ(inf_{ξ∈K} a_ξ ),

and inf_{ξ∈K} a_ξ ≠ 0. Thus {a_ξ : ξ ∈ J} is centered. As a is arbitrary, F is measure-centering, by Proposition 1C(ii). QQQ

(d) Of course I should note that F is uniform because if D ∈ D_2κ and C_α ∈ C_{α,2}κ for every α ∈ D, then D meets every member of D_0, so has cardinal λ. Set B = ⋃ α∈D C_α. Since C_α meets every member of C_{α0}, #(C_α) = #(I_α) for every α ∈ D, and #(B) = #( ⋃ α∈D I_α) = κ.

3G Proof of Theorem 1Bc If cov N_{Leb} = c, there is a measure-centering ultrafilter on N which contains no set of zero asymptotic density.

proof (a) I start with a general fact about upper asymptotic density d^∗ : PN → [0, 1]. Let (X, Σ, μ) be a probability space, I ∈ PN \ Z, and ⟨E_n⟩_{n∈N} a sequence in Σ with inf_{n∈N} μE_n = γ > 0. For x ∈ X set J_x = {n : n ∈ I, x ∈ E_n}. Then μ{x : d^∗(J_x) > 0} ≥ γ.

PP Set δ = d^∗(I); then there is a disjoint sequence ⟨K_n⟩_{n∈N} of non-empty finite subsets of N, all of the form {i : k ≤ i < 2k}, such that #(I ∩ K_n) ≥^1_3 δ#(K_n) for every n. If n ∈ N then

γ#(I ∩ K_n) ≤ ∑ i∈I∩K_n μEi = ∫ ∑ i∈I∩K_n χEi(x)μ(dx) = ∫ #(J_x ∩ K_n)μ(dx),

so if η > 0

μ{x : #(J_x ∩ K_n) ≥ η#(I ∩ K_n)} ≥ γ − η.

Consequently

μ{x : d^∗(J_x) ≥^1_6 δη}

≥ μ{x : for infinitely many n, #(J_x ∩ K_n) ≥^1_3 δη#(K_n)}

≥ μ{x : for infinitely many n, #(J_x ∩ K_n) ≥ η#(I ∩ K_n)} ≥ γ − η.

As η is arbitrary, μ{x : d^∗(J_x) > 0} ≥ γ. QQQ

(b) Now, given that cov N_{Leb} = c, enumerate the family of all sequences ⟨E_n⟩_{n∈N} of Borel subsets of {0, 1}^ω such that inf_{n∈N} νE_n > 0 as ⟨⟨E_{ξn}⟩_{n∈N}⟩_{ξ<c}. Build filter bases E_ξ ⊆ PN, for ξ ≤ c, as follows. Start with E_0 = {N}. The inductive hypothesis will be that #(E_ξ ) ≤ max(ω, #(ξ)) and E_ξ ∩ Z = ∅. For the inductive step to ξ + 1, set ϵ = inf_{n∈N} νE_{ξn}. For each I ∈ E_ξ, set

F_I = {x : d^∗(J_x ∩ I) > 0},

where J_x = {n : x ∈ E_{ξn}}. By (a), νF_I ≥ ϵ; because ⟨F_I ⟩_{I∈Eξ} is downwards-directed, and #(E_ξ) < cov N_{Leb} = cov N_ω, there is a point x ∈ ⋂ I∈E_ξ FI (Fact 3A(e-iii)). Set Iξ = Jx,

E_{ξ+1} = E_ξ ∪ {I ∩ I_ξ : I ∈ E_ξ}.

Then E_{ξ+1} is a filter base, including E_ξ, disjoint from Z, of cardinal at most max(ω, #(ξ +1)), and containing a set I_ξ such that ⋂ n∈I_ξ Eξn is non-empty. At non-zero limit ordinals ξ ≤ c, set Eξ = ⋃ η<ξ E_η.

Let G be the filter on N generated by E_c . Then G∩Z = ∅, so there is an ultrafilter F on N, including G, and still disjoint from Z. If ⟨F_n⟩_{n∈N} is any sequence of measurable subsets of {0, 1}^N such that inf_{n∈N} νF_n > 0, there is a ξ < c such that E_{ξn} ⊆ F_n for every n; now I_ξ ∈ F and ⋂ n∈I_ξ Fn ≠ ∅. By Proposition 1C(iii), F

is measure-centering.

3H Proof of Proposition 1D (a) Let I and J be sets, f : I → J a function, and F a measure-centering ultrafilter on I. Then the image ultrafilter f[[F]] is a measure-centering ultrafilter on J.

(b) If F is a non-principal ultrafilter, then F ⋉ F is not measure-centering.

proof (a) Let A be a Boolean algebra, ν : A → [0, 1] an additive functional such that ν1 = 1, and ⟨a_j ⟩_{j∈J} a family in A such that inf_{j∈J} νa_j > 0. Set b_i = a_{f (i)} for i ∈ I; then inf_{i∈I} νb_i > 0, so there is an A ∈ F such that ν(inf_{i∈K} b_i) > 0 for every K ∈ [A]^{<ω}. Now f[A] ∈ f[[F]], and if L ⊆ f[A] is finite there is a finite K ⊆ A such that L = f[K], so that ν(inf_{j∈L} a_j ) = ν(inf_{i∈K} b_i) > 0.

This shows that f[[F]] has the property of Definition 1A and is measure-centering.

(b) Let I be a set and F a non-principal ultrafilter on I. Let ⟨e_i⟩_{i∈I} be the standard generating family in B_I , and for i, j ∈ I set

a_{ij} = e_i \ e_j if i ≠ j, = 1 if i = j.

Then ν̄_I a_{ij} ≥^1_4 for all i, j ∈ I. If A ∈ F ⋉ F, then B = {i : A[{i}] ∈ F} belongs to F. Take any i ∈ B; then B must meet A[{i}] in more than one point, because F is non-principal; take j ∈ B ∩ A[{i}] \ {i} and k ∈ A[{j}] \ {j}. The points (i, j) and (j, k) are distinct points of A and a_{jk} ∩ a_{ij} ⊆ e_j \ e_j = 0. As A is arbitrary, F ⋉ F cannot be measure-centering.

Remark I include (b) here to show that in Theorem 1J we really need to have non-isomorphic filters. In fact rather more can be said; the argument here already shows that F ⋉ F is not measure-linking, and in fact it is not Hausdorff (Daguenet-Tessier 79).

3I Proof of Theorem 1E Let (X, Σ, μ) be a compact probability space, and F a measure-centering ultrafilter on a set I. Let A be the family of all sets of the form lim_{i→F} E_i where ⟨E_i⟩_{i∈I} is a family in Σ. Then there is a unique complete probability measure λ on X such that λ is inner regular with respect to A and λ(lim_{i→F} E_i) = lim_{i→F} μE_i for every family ⟨E_i⟩_{i∈I} in Σ.

proof (a) The key fact is that if ⟨E_i⟩_{i∈I} and ⟨F_i⟩_{i∈I} are two families in Σ such that lim_{i→F} E_i = lim_{i→F} F_i, then lim_{i→F} μE_i = lim_{i→F} μF_i. PP We have

| lim_{i→F} μE_i − lim_{i→F} μF_i| = lim_{i→F} |μE_i − μF_i| ≤ lim_{i→F} μ(E_i△F_i)

≤ μ^∗( lim_{i→F}(E_i△F_i))

(by Proposition 1C(iv)) ≤ μ^∗( lim_{i→F} E_i△ lim_{i→F} F_i) = μ^∗∅ = 0. QQQ

(b) The formula ϕ(lim_{i→F} E_i) = lim_{i→F} μE_i therefore defines a functional ϕ : A → [0, 1]. If ∗ is any of the Boolean operations \, ∩ and ∪, then lim_{i→F} E_i ∗ lim_{i→F} F_i = lim_{i→F} (E_i ∗ F_i)

for all families ⟨E_i⟩_{i∈I} and ⟨F_i⟩_{i∈I} in Σ, so A is an algebra of subsets of X. As noted in 1E, ϕ extends μ. If ⟨E_i⟩_{i∈I} and ⟨F_i⟩_{i∈I} are two families in Σ, ϕ( lim_{i→F} E_i ∪ lim_{i→F} F_i) + ϕ( lim_{i→F} E_i ∩ lim_{i→F} F_i)

= ϕ( lim_{i→F} (E_i ∪ F_i)) + ϕ( lim_{i→F} (E_i ∩ F_i))

= lim_{i→F} μ(E_i ∪ F_i) + lim_{i→F} μ(E_i ∩ F_i)

= lim_{i→F} μ(E_i ∪ F_i) + μ(E_i ∩ F_i)

= lim_{i→F} μE_i + μF_i = ϕ( lim_{i→F} E_i) + ϕ( lim_{i→F} F_i));

so ϕ(A ∪ B) + ϕ(A ∩ B) = ϕA + ϕB for all A, B ∈ A. Because ϕ∅ = μ∅ = 0, this is enough to show that ϕ : A → [0, 1] is additive.

(c) If ⟨A_n⟩_{n∈N} is a non-increasing sequence in A and 0 ≤ γ < inf_{n∈N} ϕA_n, then there is an A ∈ A such that A ⊆ ⋂ n∈N A_n and ϕA ≥ γ. PP For each n, express A_n as lim_{i→F} E_{ni}, where E_{ni} ∈ Σ for each i ∈ I;

replacing E_{ni} by ⋂ m≤n E_{mi} if necessary, we may suppose that E_{ni} ⊆ E_{mi} whenever m ≤ n and i ∈ I. For each i ∈ I, define F_i by saying that

F_i = X if μE_{0i} < γ,

= E_{ni} if n ∈ N and μE_{ni} ≥ γ > μE_{n+1,i}, = ⋂ n∈N E_{ni} if μE_{ni} ≥ γ for every n ∈ N.

Then μF_i ≥ γ for every i ∈ I, and F_i ⊆ E_{ni} whenever n ∈ N, i ∈ I and μE_{ni} ≥ γ. For each n ∈ N, therefore, {i : F_i ⊆ E_{ni}} belongs to F, and A = lim_{i→F} F_i ⊆ A_n; while ϕA ≥ γ. QQQ

(d) In particular, ϕ is countably additive in the sense that if ⟨A_n⟩_{n∈N} is a non-increasing sequence in A such that ⋂ n∈N A_n is empty, then lim_{n→∞} ϕA_n = 0. There is therefore an extension of ϕ to a complete probability measure λ on X which is inner regular with respect to A_δ , the family of subsets of X expressible as the intersection of a sequence in A (Fact 3Af). From (c) we see that if B ∈ A_δ and γ < λB, there must be an A ∈ A such that A ⊆ B and ϕA ≥ γ. So in fact λ is inner regular with respect to A.

(e) Thus we have a suitable extension of μ. By 3A(a-iv), λ is uniquely defined.

Remark If you have seen a construction of Loeb measure (Loeb 75), you will recognise the method above; the special properties of measure-centering ultrafilters and compact measure spaces mean, in effect, that the original set X has full outer measure in the Loeb measure space.

4 Reduced products of probability algebras

The construction offered in 1F is straightforward enough, but requires some support, in particular in the assertion that the reduced product (C, λ̄) there is a probability algebra in the full sense of the phrase as used here. In this section I fill in the details, with a proof of Theorem 1G, and also of a further result, Proposition 4B, which will be needed for the proof of Theorem 1J in the next section.

4A I start with a slightly expanded version of 1Fb.

Proposition Let ⟨(A_i, μ̄_i)⟩_{i∈I} be a family of probability algebras and F an ultrafilter on I. Let B be the product Boolean algebra ∏ i∈I A_i. Define ν : B → [0, 1] by setting ν(⟨a_i⟩_{i∈I} ) = lim_{i→F} μ̄a_i whenever ⟨a_i⟩_{i∈I} ∈ B, and set I = {a : a ∈ B, νa = 0}.

(a) ν is additive; I is an ideal of B; and if C is the quotient Boolean algebra B/I, we have an additive functional ν̄ : C → [0, 1] defined by saying that ν̄(a^•) = νa for every a ∈ B. If ⟨a_i⟩_{i∈I} , ⟨b_i⟩_{i∈I} ∈ B, then —– if {i : a_i ⊆ b_i} ∈ F, then ⟨a_i⟩^•_{i∈I} ⊆ ⟨b_i⟩^•_{i∈I} ; —– if {i : a_i = b_i} ∈ F, then ⟨a_i⟩^•_{i∈I} = ⟨b_i⟩^•_{i∈I} .

(b) (C, ν̄) is a probability algebra.

proof (a) is entirely elementary.

(b)(i) Perhaps I should begin by remarking that

ν̄(1_C) = ν̄(1^•_B) = ν(1_B) = ν(⟨1_{Ai} ⟩_{i∈I} ) = lim_{i→F} μ_i(1_{Ai} ) = 1.

Next, if c ∈ C \ {0}, then c = b^• for some b ∈ B \ I, so ν̄c = νb is non-zero.

(ii) If ⟨c_n⟩_{n∈N} is a non-decreasing sequence in C, there is a c ∈ C such that c_n ⊆ c for every n ∈ N and ν̄c = sup_{n∈N} ν̄c_n. PP For each n ∈ N, let ⟨a_{ni}⟩_{i∈I} ∈ B be such that c_n = ⟨a_{ni}⟩^•_{i∈I} . Set a^′_{ni} = sup_{m≤n} a_{mi} for n ∈ N and i ∈ I; then c_n = ⟨a^′_{ni}⟩^•_{i∈I} for each n, and ⟨a^′_{ni}⟩_{n∈N} is non-decreasing for each i ∈ I. Let γ be sup_{n∈N} ν̄c_n = sup_{n∈N} lim_{i→F} μ_ia^′_{ni}, and for i ∈ I set

a_i = a^′_{ni} if μ_ia^′_{ni} ≤ γ + 2^{−n} and μ_ia^′_{n+1,i} > γ + 2^{−n−1}, = sup_{n∈N} a^′_{ni} if μ_ia^′_{ni} ≤ γ + 2^{−n} for every n ∈ N.

Consider c = ⟨a_i⟩^•_{i∈I} . For any n ∈ N,

{i : a^′_{ni} ⊆ a_i, μ_ia_i ≤ γ + 2^{−n}} ⊇ {i : μ_ia^′_{ni} ≤ γ + 2^{−n}} ⊇ {i : μ_ia^′_{ni} ≤ lim_{j→F} μ_j a^′_{nj} + 2^{−n}} ∈ F, so c_n = ⟨a^′_{ni}⟩^•_{i∈I} ⊆ ⟨a_i⟩^•_{i∈I} = c.

It follows at once that ν̄c ≥ γ. At the same time, ν̄c ≤ γ + 2^{−n} for every n, so ν̄c ≤ γ. QQQ

(iii) C is Dedekind σ-complete. PP If C ⊆ C is a countable set, take a sequence ⟨c_n⟩_{n∈N} running over C ∪ {0_C}. Set c^′_n = sup_{m≤n} c_m for each n. By (ii), there is a c ∈ C such that c^′_n ⊆ c for every n and ν̄c = sup_{n∈N} ν̄c^′_n. Because c_n ⊆ c^′_n ⊆ c for every n, c is an upper bound of C. If c^′ is any other upper bound of C, then c^′ ⊇ c^′_n for every n ∈ N, so

ν̄(c \ c^′) ≤ inf_{n∈N} ν̄(c \ c^′_n) ≤ inf_{n∈N} ν̄c − ν̄c^′_n = 0,

c \ c^′ = 0 and c ⊆ c^′. Thus c is the least upper bound of C; as C is arbitrary, C is Dedekind σ-complete. QQQ

(iv) ν̄ is countably additive. PP This time, let ⟨c_n⟩_{n∈N} be a disjoint sequence in C. Again set c^′_n = sup_{m≤n} c_m for each n ∈ N. Re-running the argument of (iii), we see that if c is the least upper bound sup_{n∈N} c^′_n then

ν̄c = sup_{n∈N} ν̄c^′_n = sup_{n∈N}

∑_n m=0 ν̄c_m =

∑_∞ n=0 ν̄c_n,

while c is also the least upper bound of {c_n : n ∈ N}. QQQ

Putting these together, (C, ν̄) is a probability algebra.

4B Directed families Some further phenomena appear if ⟨(A_i, μ̄_i)⟩_{i∈I} is appropriately linked, as follows.

Proposition Let (I, ≤) be a non-empty pre-ordered set (that is, ≤ is a reflexive transitive relation on I), and ⟨(A_i, μ̄_i)⟩_{i∈I} a family of probability algebras. Suppose that for i ≤ j in I we are given a measure-preserving Boolean homomorphism π_{ji} : A_i → A_j , and that π_{ki} = π_{kj} π_{ji} whenever i ≤ j ≤ k in I. Let F be an ultrafilter on I such that {j : i ≤ j} belongs to F for every i ∈ I, and let (C, ν̄) be the reduced product ∏ i∈I (A, μ̄_i)|F.

(a) For each i ∈ I we have a measure-preserving Boolean homomorphism π_i : A_i → C defined by saying that π_ia = ⟨a_j ⟩^•_{j∈I} whenever ⟨a_j ⟩_{j∈I} ∈ ∏ j∈I A_j is such that a_j = π_{ji}a_i for every j ≥ i.

(b) π_i = π_j π_{ji} whenever i ≤ j in I. (c) ⟨a_i⟩^•_{i∈I} ⊆ sup_{j∈A} π_j a_j whenever ⟨a_i⟩_{i∈I} ∈ ∏ i∈I A_i and A ∈ F.

proof (a) π_i is well-defined because {j : j ≥ i} ∈ F; now it is a measure-preserving Boolean homomorphism because every π_{ji} is.

(b) If a_k = π_{ki}a for k ≥ i, then a_k = π_{kj} π_{ji}a for k ≥ j, so π_j π_{ji}a = ⟨a_k⟩^•_{k∈I} = π_ia. (c) Set c = sup_{j∈A} π_j a_j in C. For every ϵ > 0, there is a finite K ⊆ A such that ν̄c ≤ ϵ + ν̄(sup_{j∈K} π_j a_j ), because ν̄ is order-continuous (Fact 3Ba). The set B = {k : k ∈ I, j ≤ k for every j ∈ K} belongs to F; fix k ∈ B, and set b = sup_{j∈K} π_{kj} a_j ∈ A_k,

b_i = π_{ik} b if k ≤ i, = 0_{Ai} for other i ∈ I.

Then ⟨b_i⟩^•_{i∈I} = π_kb = π_k(sup_{j∈K} π_{kj} a_j ) = sup_{j∈K} π_k π_{kj} a_j = sup_{j∈K} π_j a_j ⊆ c.

If i ∈ A and i ≥ k, then

μ̄_i(a_i \ b_i) = ν̄(π_ia_i \ π_ib_i) = ν̄(π_ia_i \ π_iπ_{ik}b) = ν̄(π_ia_i \ π_kb) = ν̄(π_ia_i \ sup_{j∈K} π_j a_j ) ≤ ν̄(c \ sup_{j∈K} π_j a_j ) ≤ ϵ

by the choice of K. Because {i : i ∈ A, i ≥ k} ∈ F,

ν̄(⟨a_i⟩^•_{i∈I} \ c) ≤ ν̄(⟨a_i⟩^•_{i∈I} \ π_k b) = ν̄(⟨a_i \ b_i⟩^•_{i∈I} ) = lim_{i→F} μ̄_i(a_i \ b_i) ≤ sup_{i∈A,i≥k} μ̄_i(a_i \ b_i) ≤ ϵ.

As ϵ is arbitrary, ν̄(⟨a_i⟩^•_{i∈I} \ c) = 0 and ⟨a_i⟩^•_{i∈I} ⊆ c.

4C Proof of Theorem 1G Let (X, Σ, μ) be a compact probability space and (A, μ̄) its measure algebra. Let I be a set and F a measure-centering ultrafilter on I; write λ for the corresponding extension of μ as described in Theorem 1E, and (C, ν̄) for the reduced power (A, μ̄)^I |F. Then we have a natural isomorphism between (C, ν̄) and the measure algebra (D, λ̄) of λ defined by saying that ⟨E^•_i ⟩^•_{i∈I} ∈ C is matched with (lim_{i→F} E_i)^• ∈ D for every family ⟨E_i⟩_{i∈I} in Σ.

proof If ⟨E_i⟩_{i∈I} and ⟨F_i⟩_{i∈I} are families in Σ, then (lim_{i→F} E_i)^• = (lim_{i→F} F_i)^• in D iff ⟨E^•_i ⟩^•_{i∈I} = ⟨F^•_i ⟩^•_{i∈I} in C. PP

( lim_{i→F} E_i)^• = ( lim_{i→F} F_i)^• ⇐⇒ ( lim_{i→F} E_i)^• △ ( lim_{i→F} F_i)^• = 0_D ⇐⇒ (( lim_{i→F} E_i) △ ( lim_{i→F} F_i))^• = 0_D ⇐⇒ ( lim_{i→F} E_i △ F_i)^• = 0_D ⇐⇒ λ( lim_{i→F} E_i △ F_i) = 0 ⇐⇒ lim_{i→F} μ(E_i △ F_i) = 0 ⇐⇒ lim_{i→F} μ̄(E_i △ F_i)^• = 0 ⇐⇒ lim_{i→F} μ̄(E^•_i △ F^•_i ) = 0 ⇐⇒ ν̄(⟨E^•_i △ F^•_i ⟩^•_{i∈I} ) = 0 ⇐⇒ ν̄(⟨E^•_i ⟩^•_{i∈I} △ ⟨F^•_i ⟩^•_{i∈I} ) = 0 ⇐⇒ ⟨E^•_i ⟩^•_{i∈I} △ ⟨F^•_i ⟩^•_{i∈I} = 0_C ⇐⇒ ⟨E^•_i ⟩^•_{i∈I} = ⟨F^•_i ⟩^•_{i∈I} . QQQ

We therefore have a function π : D → C defined by saying that π(⟨E^•_i ⟩^•_{i∈I} ) = (lim_{i→F} E_i)^• for every family ⟨E_i⟩_{i∈I} in Σ. Following the formulae just above, we see that the same ideas tell us that π is a Boolean homomorphism and that λ̄π = ν̄. Next, π[C] = {A^• : A ∈ A}, where A is the family of Theorem 1E. But this means that every d ∈ D is the supremum of a non-decreasing sequence in π[C] and is expressible as sup_{n∈N} πc_n for some non-decreasing sequence ⟨c_n⟩_{n∈N} in C. In this case, if c = sup_{n∈N} c_n, we must have d ⊆ πc and λ̄d = λ̄(πc), so that d = πc ∈ π[C]. This shows that π is an isomorphism between C and D, as required.

5 Products of filters

I come now to the proofs of Theorems 1J and 1K, based on the ideas of §§2-4. The first step is to find a way of simultaneously representing many reduced products inside a single probability algebra.

5A Lemma Let ζ ≥ 1 be an ordinal, and suppose that for 1 ≤ ξ ≤ ζ we are given a set I_ξ , an ultrafilter F_ξ on I_ξ , and a function i → θ(ξ, i) : I_ξ → ξ such that {i : i ∈ I_ξ, θ(ξ, i) ≥ η} ∈ F_ξ for every η < ξ. Set I = ⋃ 1≤ξ≤ζ Iξ , and let ⟨Gξ ⟩ξ≤ζ be the family of ultrafilters on S ∗ = ⋃ i∈N I^i constructed from ⟨F_ξ⟩_{1≤ξ≤ζ} and θ as in 1I. Let (A, μ̄) be a probability algebra. Then there are a probability algebra (C, ν̄), a family ⟨C_ξ ⟩_{ξ≤ζ} of closed subalgebras of C, a measure-preserving Boolean homomorphism π : A → C such that π[A] = C_0, and a family ⟨ψ_ξ ⟩_{1≤ξ≤ζ} such that, for 1 ≤ ξ ≤ ζ, ψ_ξ : ∏ i∈I_ξ Cθ(ξ,i) → Cξ is a Boolean homomorphism and

ν̄ψ_ξ(⟨c_i⟩_{i∈Iξ} ) = lim_{i→Fξ} ν̄c_i, ψ_ξ(⟨c_i⟩_{i∈Iξ} ) ⊆ sup_{i∈A} c_i

whenever ⟨c_i⟩_{i∈Iξ} ∈ ∏ i∈I_ξ Cθ(ξ,i) and A ∈ Fξ.

proof Define families ⟨(A_ξ , μ̄_ξ)⟩_{ξ≤ζ} , ⟨ϕ_{ξη} ⟩_{η≤ξ≤ζ} inductively, as follows. The inductive hypothesis will be that each (A_ξ, μ̄_ξ) is a probability algebra and that each ϕ_{ξη} is a measure-preserving Boolean homomorphism from A_η to A_ξ such that ϕ_{ξη}′ ϕ_η′_η = ϕ_{ξη} whenever η ≤ η^′ ≤ ξ.

Start with (A_0, μ̄_0) = (A, μ̄) and ϕ_{00} : A_0 → A_0 the identity map. Given ⟨(A_η, μ̄_η )⟩_{η<ξ} and ⟨ϕ_η′_η ⟩_{η≤η}′_{<ξ}, where 0 < ξ ≤ ζ, let (A_ξ, μ̄_ξ) be the reduced power ∏ i∈I_ξ (Aθ(ξ,i), μ̄θ(ξ,i))|Fξ , as defined in 1Fb/4A. Let

≤_ξ be the pre-order on I_ξ defined by saying that i ≤_ξ j iff θ(ξ, i) ≤ θ(ξ, j); then our hypothesis on θ ensures that {j : i ≤_ξ j} ∈ F_ξ for every i ∈ I_ξ. For i ≤_ξ j ∈ I_ξ , ϕ̃_{ji} = ϕ_{θ(ξ,j),θ(ξ,i)} : A_{θ(ξ,i)} → A_{θ(ξ,j)} is defined; and if i ≤_ξ j ≤_ξ k, then ϕ̃_{ki} = ϕ̃_{kj}ϕ̃_{ji}. By 4B, we have measure-preserving Boolean homomorphisms ϕ̃_i : A_{θ(ξ,i)} → A_ξ such that ϕ̃_i = ϕ̃_jϕ̃_{ji} for i ≤_ξ j. If i ≤_ξ j and η ≤ θ(ξ, i), then

ϕ̃_j ϕ_{θ(ξ,j),η} = ϕ̃_j ϕ_{θ(ξ,j),θ(ξ,i)}ϕ_{θ(ξ,i),η} = ϕ̃_iϕ_{θ(ξ,i),η},

so we can take this common value for ϕ_{ξη} : A_η → A_ξ. If η ≤ η^′ < ξ, take i ∈ I_ξ such that η^′ ≤ θ(ξ, i), and see that

ϕ_{ξη}′ ϕ_η′_η = ϕ̃_iϕ_{θ(ξ,i),η}′ ϕ_η′_η = ϕ̃_iϕ_{θ(ξ,i),η} = ϕ_{ξη} ,

so the induction proceeds.

At the end of the induction, set C = A_ζ , ν̄ = μ̄_ζ , π_ξ = ϕ_{ζξ} : A_ξ → C and C_ξ = π_ξ[A_ξ] ⊆ C. If η ≤ ξ ≤ ζ, then π_η = π_ξϕ_{ξη} , so C_η ⊆ C_ξ.

For each ξ > 0, we have a canonical map ⟨a_i⟩_{i∈Iξ} → ⟨a_i⟩^•_{i∈Iξ} : ∏ i∈I_ξ Aθ(ξ,i) → Aξ. Since πη : Aη → Cη

is always a measure-preserving isomorphism, we have corresponding maps ψ_ξ : ∏ i∈I_ξ Cθ(ξ,i) → Cξ. Reading

off the basic facts from 4A-4B, we see that

ν̄ψ_ξ (⟨c_i⟩_{i∈Iξ} ) = lim_{i→Fξ} ν̄c_i whenever ⟨c_i⟩_{i∈Iξ} ∈ ∏ i∈I_ξ Cθ(ξ,i),

ψ_ξ(⟨c_i⟩_{i∈Iξ} ) ⊆ sup_{i∈A} c_i whenever ⟨c_i⟩_{i∈Iξ} ∈ ∏ i∈N C_{θ(ξ,i)} and A ∈ F_ξ

(we can take the suprema in C because C_ξ, being a closed subalgebra, is regularly embedded in C, as noted in Fremlin 02, 314Ga).

5B Proof of Theorem 1J Let ζ ≥ 1 be a countable ordinal, and I an infinite set. Suppose that for 1 ≤ ξ ≤ ζ we are given a Ramsey ultrafilter F_ξ on I, and a function i → θ(ξ, i) : I → ξ such that {i : θ(ξ, i) ≥ η} belongs to F_ξ for every η < ξ. Let ⟨G_ξ ⟩_{ξ≤ζ} be the family of ultrafilters on S^∗ = ⋃ n∈N I^n constructed from ⟨F_ξ⟩_{1≤ξ≤ζ} and θ as in 1I. Suppose further that all the F_ξ are non-isomorphic. Then G_ζ is measure-centering.

proof (a) It is enough to consider the case in which I = κ is a cardinal. Let (A, μ̄) be a probability algebra, and ⟨a_τ ⟩_{τ ∈S}∗ a family in A such that ϵ = inf_{τ ∈S}∗ μ̄a_τ is greater than 0. By 5A, there are a probability algebra (C, ν̄), a family ⟨C_ξ⟩_{ξ≤ζ} of closed subalgebras of C, a measure-preserving Boolean homomorphism π : A → C such that π[A] = C_0, and a family ⟨ψ_ξ ⟩_{1≤ξ≤ζ} such that, for 1 ≤ ξ ≤ ζ, ψ_ξ : ∏ δ<κ C_{θ(ξ,δ)} → C_ξ is a Boolean homomorphism and ν̄ψ_ξ(⟨c_δ ⟩_{δ<κ}) = lim_{δ→Fξ} ν̄c_δ, ψ_ξ(⟨c_δ ⟩_{δ<κ}) ⊆ sup_{δ∈A} c_δ whenever ⟨c_δ⟩_{δ<κ} ∈ ∏ δ<κ C_{θ(ξ,δ)} and A ∈ F_ξ.

(b) By 2Ea, there is a disjoint family ⟨A_ξ ⟩_{1≤ξ≤ζ} of subsets of I such that A_ξ ∈ F_ξ for every ξ. (This is where we need to know that ζ is countable.) Define T ⊆ S^∗ and α : T → [0, ζ] as follows. Start by saying that ∅ ∈ T and that α(∅) = ζ. Having determined T ∩ κ^n and α : T ∩ κ^n → [0, ζ], where n ∈ N, then for τ ∈ κ^{n+1} say that τ ∈ T iff τ is of the form σ^⌢<δ> where σ ∈ T ∩ κ^n, α(σ) > 0, δ ∈ A_{α(σ)}, σ(m) < δ for every m < n, and in this case set α(τ) = θ(α(σ), δ). Continue. Observe that every member of T is a strictly increasing finite sequence in κ. For D ⊆ κ, set T_D = T ∩ ⋃ n∈N D^n.

(c) Set H = ⋂ 1≤ξ≤ζ Fξ. Then T ∗ D = {τ : τ ∈ T_D, α(τ) = 0} belongs to G_ζ for every D ∈ H. PP I aim to show by induction on ξ that if τ ∈ T_D and α(τ) = ξ then {σ : τ^⌢σ ∈ T^∗_D} ∈ G_ξ. The induction starts with α(τ) = 0 and {σ : τ^⌢σ ∈ T^∗_D} = {∅} ∈ G_0. For the inductive step to α(τ) = ξ > 0,

{δ : {σ : τ^⌢<δ>^⌢σ ∈ T^∗_D} ∈ G_{θ(ξ,δ)}} ⊇ {δ : δ ∈ D, τ^⌢<δ> ∈ T, α(τ^⌢<δ>) = θ(ξ, δ)} (by the inductive hypothesis) = {δ : δ ∈ A_ξ ∩ D, τ(m) < δ for every m < dom τ} ∈ F_ξ,

so {σ : τ^⌢σ ∈ T^∗_D} ∈ G_ξ . At the end of the induction, we can apply this to τ = ∅ and ξ = ζ. QQQ (d) Set c_τ = πa_τ for τ ∈ S^∗ \T . For τ ∈ T define c_τ ∈ C_{α(τ )} by induction on α(τ), as follows. If α(τ) = 0, set c_τ = πa_τ . For the inductive step to α(τ) = ξ > 0, α(τ^⌢<δ>) = θ(α(τ), δ) < α(τ) whenever τ^⌢<δ> ∈ T . So c_τ ⌢_{<δ>} is defined and belongs to C_{θ(ξ,δ)} for every δ < κ. We can therefore set c_τ = ψ_ξ(⟨c_τ ⌢_{<δ>}⟩_{δ<κ}), and continue. Inducing on α(τ) when τ ∈ T , we see that ν̄c_τ ≥ ϵ for every τ ∈ S^∗.

(e) For K ⊆ I, set e_K = inf_{τ ∈TK} c_τ ; let S be the family of those finite sets K ⊆ I such that e_K ≠ 0. Interpreting inf ∅ as 1_C, ∅ ∈ S. Moreover, if K ∈ S, then {δ : K ∪ {δ} ∈ S} belongs to H. PP Set γ = sup K. Take any ξ such that 1 ≤ ξ ≤ ζ. Set d_δ = inf{c_τ ⌢_{<δ>} : τ ∈ T_K , α(τ) = ξ} for δ < κ, B = {δ : δ ∈ A_ξ, δ > γ, d_δ ∩ e_K ≠ 0}.

If δ ∈ B, then T_{K∪{δ}} = T_K ∪ {τ^⌢<δ> : τ ∈ T_K , α(τ) = ξ}, because every member of T is strictly increasing and τ^⌢<δ> can belong to T only when δ ∈ A_{α(τ )}, that is, when α(τ) = ξ. So e_{K∪{δ}} = d_δ ∩ e_K ≠ 0 and K ∪ {δ} ∈ S.

?? If B /∈ F_ξ, then B^′ = {δ : δ ∈ A_ξ, δ > γ, d_δ ∩ e_K = 0} belongs to F_ξ. So

e_K ⊆ inf{c_τ : τ ∈ T_K , α(τ) = ξ}

= inf_{τ ∈TK}

α(τ )=ξ

ψ_ξ(⟨c_τ ⌢_{<δ>}⟩_{δ<κ}) = ψ_ξ(⟨ inf_{τ ∈TK}

α(τ )=ξ

c_τ ⌢_{<δ>}⟩_{δ<κ})

(because ψ_ξ is a Boolean homomorphism and T_K is finite)

⊆ sup_{δ∈B′} inf_{τ ∈TK}

α(τ )=ξ

c_τ ⌢_{<δ>}

(as noted in (a) above) = sup_{δ∈B′} d_δ.

But e_K ∩ d_δ = 0 for every δ ∈ B^′ and e_K ≠ 0. XX

Thus {δ : K ∪ {δ} ∈ S} ⊇ B belongs to F_ξ. As ξ is arbitrary, {δ : K ∪ {δ} ∈ S} ∈ H. QQQ

(f) At this point, recall that H is dependently selective, by 2D. So there is a D ∈ H such that [D]^{<ω} ⊆ S, that is, e_K ≠ 0 for every K ∈ [D]^{<ω}, that is, {c_τ : τ ∈ T_D} is centered in C. It follows that {c_τ : τ ∈ T^∗_D} is centered; but for τ ∈ T^∗_D, c_τ = πa_τ , so {a_τ : τ ∈ T^∗_D} is centered, while T^∗_D ∈ G_ζ , by (c). As (A, μ̄) and ⟨a_τ ⟩_{τ ∈S}∗ are arbitrary, G_ζ is measure-centering, by Proposition 1C(ii).

5C Lemma Suppose that I, J are sets and that F, G are measure-centering ultrafilters on I, J respectively such that F is #(J)^+-complete. If (A, μ̄) is a probability algebra and ⟨a_{ij} ⟩_{i∈I,j∈J} is a family in A such that inf_{i∈I,j∈J} μ̄a_{ij} > 0, there are A ∈ F, B ∈ G such that {a_{ij} : i ∈ A, j ∈ B} is centered.

proof If J is finite then G is principal; taking B = {j} to be the singleton belonging to G, there is an A ∈ F such that {a_{ij} : i ∈ A} is centered, and we’re done. Otherwise, let κ be the greatest cardinal such that F is κ-complete. Then κ is two-valued-measurable and greater than #(J), so must be greater than 2^{#(J)}. For K ∈ [J]^{<ω} and i ∈ J set b_{iK} = inf_{j∈K} a_{ij} . Because F is κ-complete, there is a family ⟨γ_K ⟩_{K∈[J]}<ω in [0, 1] such that A^∗ = {i : μ̄b_{iK} = γ_K for every finite K ⊆ I} belongs to F. Take any i_0 ∈ A^∗; then there must be a B ∈ G such that {a_{i0j} : j ∈ B} is centered, so that γ_K > 0 for every K ∈ [B]^{<ω}. In this case, for each K ∈ [B]^{<ω}, there is an A_K ∈ F such that {b_{iK} : i ∈ A_K } is centered. Set A = A^∗ ∩ ⋂ K⊆B is finite AK ; then

A ∈ F and {a_{ij} : i ∈ A, j ∈ B} is centered.

5D Lemma Suppose that F_0, . . . , F_n are filters on sets I_0, . . . , I_n. Let (K, L) be a non-trivial partition of {0, . . . , n}, and (i_0, . . . , i_k), (j_0, . . . , j_l) the increasing enumerations of K, L respectively. For A ⊆ I_{i0} × . . . × I_{ik} and B ⊆ I_{j0} × . . . × I_{jl} set

A#B = {(x_0, . . . , x_n) : (x_{i0} , . . . , x_{ik} ) ∈ A, (x_{j0} , . . . , x_{jl} ) ∈ B} ⊆ I_0 × . . . × I_n.

If A ∈ F_{i0} ⋉ . . . ⋉ F_{ik} and B ∈ F_{j0} ⋉ . . . ⋉ F_{jl} then A#B ∈ F_0 ⋉ . . . ⋉ F_n.

proof Induce on n. The induction starts with n = 1 and k = l = 0 and either A#B = A × B with A ∈ F_0 and B ∈ F_1, or A#B = B × A with B ∈ F_0 and A ∈ F_1; in either case the result is trivial.

For the inductive step to n > 1, suppose to begin with that 0 ∈ K. If K = {0}, then we have A ∈ F_0 and B ∈ F_1 ⋉ . . . ⋉ F_n, so that A#B can be identified with A × B ∈ F_0 ⋉ (F_1 ⋉ . . . ⋉ F_n), identified with F_0 ⋉ . . . ⋉ F_n. Otherwise, set K^′ = K \ {0}, so that (K^′, L) is a non-trivial partition of {1, . . . , n}. For x ∈ I_0, it is easy to see that

(A#B)[{x}] = {(x_1, . . . , x_n) : (x, x_1, . . . , x_n) ∈ A#B} and A[{x}]#B = {(x_{i1} , . . . , x_{ik} ) : (x, x_{i1} , . . . , x_{ik} ) ∈ A}#B

are equal, where the interleaving A[{x}]#B is computed with regard to the partition (K^′, L) and the increasing enumerations (i_1, . . . , i_k) and (j_0, . . . , j_l). Now

{x : (A#B)[{x}] ∈ F_1 ⋉ . . . ⋉ F_n} = {x : A[{x}]#B ∈ F_1 ⋉ . . . ⋉ F_n} ⊇ {x : A[{x}] ∈ F_{i1} ⋉ . . . ⋉ F_{ik} } (by the inductive hypothesis, because B ∈ F_{j0} ⋉ . . . ⋉ F_{jl} ) ∈ F_{i0} = F_0

because A ∈ F_{i0} ⋉ . . . ⋉ F_{ik} . So A#B ∈ F_0 ⋉ . . . ⋉ F_n.

If 0 ∈ L, the same argument applies, but looking at sections B[{x}] rather than A[{x}] and the partition (K, L \ {0}) of {1, . . . , n}. So the induction proceeds.

5E Proposition Suppose that F_0, . . . , F_n are non-isomorphic Ramsey ultrafilters. Then F_0 ⋉ . . . ⋉ F_n is measure-centering.

proof It is enough to consider the case in which every F_i is based on a cardinal λ_i. Induce on n. If n = 0 we just use Theorem 1Ba. For the inductive step, set κ = max_{i≤n} λ_i, K = {i : i ≤ n, λ_i = κ}, L = {i : i ≤ n, λ_i < κ}. If K = {0, . . . , n} then we can use Theorem 1J with I = κ and ζ = n + 1. Otherwise, (K, L) is a proper partition of {0, . . . , n}. Let (i_0, . . . , i_k) and (j_0, . . . , j_l) be the increasing enumerations of K, L respectively. Then the inductive hypothesis tells us that G = F_{i0} ⋉ . . . ⋉ F_{ik} and H = F_{j0} ⋉ . . . ⋉ F_{jl} are measure-centering. Observe next that as every F_{im} is κ-complete, so is G, while the base set of H is λ_{j0} × . . . × λ_{jl} , which has cardinal less than κ.

Let (A, μ̄) be a probability measure, and ⟨a_x⟩_{x∈I} a family in A such that inf_{x∈I} μ̄a_x > 0, where I = λ_0 × . . . × λ_n. For x ∈ I, set x^′ = (x_{i0} , . . . , x_{ik} ) and x^{′′} = {x_{j0} , . . . , x_{jl} ), so that x → (x^′, x^{′′}) is a bijection between I and (I_{i0} × . . . × I_{ik} ) × (I_{j0} × . . . × I_{jl} ). By Lemma 5C, there are sets A ∈ G, B ∈ H such that {a_x : x^′ ∈ A, x^{′′} ∈ B} is centered; that is, in the language of Lemma 5D, {a_x : x ∈ A#B} is centered. But 5D tells us that A#B ∈ F_0 ⋉ . . . ⋉ F_n. As ⟨a_x⟩_{x∈I} is arbitrary, F_0 ⋉ . . . ⋉ F_n is measure-centering, and the induction continues.

5F To prove Theorem 1K, we need to know a little more both about the extensions of measures described in 1E and about the iterated products of 1I. It will be convenient to have a name for a relation extending the Rudin-Keisler pre-ordering of the ultrafilters on a given set.

Definition If F and G are filters on sets I, J respectively, I will say that F ≤_{RK} G if there is a function f : J → I such that F = f[[G]]. Observe that ≤_{RK} is a reflexive transitive relation on the class of all filters.

5G Proposition Let F and G be measure-centering ultrafilters such that F ≤_{RK} G. Let (X, Σ, μ) be a compact probability space, and λ_F , λ_G the extensions of μ defined from F and G as in Theorem 1E. Then λ_G extends λ_F .

proof Set I = ⋃ F and J = ⋃ G, and let f : J → I be such that F = f[[G]]. Defining A_F and A_G from F and G as in 1E, A_F ⊆ A_G and λ_G A = λ_F A for every A ∈ A_F . PP Express A as lim_{i→F} E_i where ⟨E_i⟩_{i∈I} is a family in Σ. For j ∈ J, set F_j = E_{f (j)}; then A = lim_{j→G} F_j ∈ A_G and

λ_F A = lim_{i→F} μE_i = lim_{j→G} μF_j = λ_G A. QQQ

Since λ_F and λ_G are complete probability measures and λ_F is inner regular with respect to A_F , λ_G extends λ_F , by 3A(a-iii).

5H Proposition Let F_0, . . . , F_n be filters. (a) F_0 ≤_{RK} F_0 ⋉ F_1 and F_1 ≤_{RK} F_0 ⋉ F_1.

(b) If G_0, . . . , G_n are filters such that G_k ≤_{RK} F_k for every k ≤ n, then G_0 ⋉ . . . ⋉ G_n ≤_{RK} F_0 ⋉ . . . ⋉ F_n. (c) If 0 ≤ k_0 < k_1 < . . . < k_m ≤ n, then F_{k0} ⋉ . . . ⋉ F_{km} ≤_{RK} F_0 ⋉ . . . ⋉ F_n.

proof Let I_k = ⋃ F_k be the base set of F_k for each k.

(a) If f_0 : I_0 × I_1 → I_0 and f_1 : I_0 × I_1 → I_1 are the canonical projections, it is easy to see that F_0 = f_0[[F_0 ⋉ F_1]] and F_1 = f_1[[F_0 ⋉ F_1]].

(b)(i) If n = 1, set J_k = ⋃ G_k and let f_k : I_k → J_k be such that G_k = f_k[[F_k]] for k = 0 and k = 1. Setting h(i, j) = (f_0(i), f_1(j)) for i ∈ I_0 and j ∈ J_0, it is easy to check that G_0 ⋉ G_1 = h[[F_0 ⋉ F_1]] ≤_{RK} F_0 ⋉ F_1.

(ii) For n ≥ 2 the result now follows by induction.

(c)(i) Induce on n to see that F_k ≤_{RK} F_0 ⋉ . . . ⋉ F_n whenever 0 ≤ k ≤ n; for the case n = k > 0, apply (a) to the product (F_0 ⋉ . . . ⋉ F_{k−1}) ⋉ F_k; for the inductive step to n + 1 > k, observe that

F_k ≤_{RK} F_0 ⋉ . . . ⋉ F_n ≤_{RK} (F_0 ⋉ . . . ⋉ F_n) ⋉ F_{n+1}

by the other half of (a).

(ii) Now induce on m; the inductive step to m + 1 is

(F_{k0} ⋉ F_{k1} ⋉ . . . ⋉ F_{km} ) ⋉ F_{km+1} ≤_{RK} (F_0 ⋉ F_1 ⋉ . . . ⋉ F_{km} ) ⋉ (F_{km +1} ⋉ . . . ⋉ F_n) ∼= F_0 ⋉ . . . ⋉ F_n,

using the inductive hypothesis, (i) here and (b) above for the first step.

5I These have been easy. For the next result we have to think a little harder, but the principles are the same.

Proposition Let ζ, ⟨I_ξ ⟩_{1≤ξ≤ζ} , ⟨F_ξ⟩_{1≤ξ≤ζ} , I, S^∗, θ and ⟨G_ξ ⟩_{ξ≤ζ} be as in 1Ib, and suppose that {i : i ∈ I_ξ, θ(ξ, i) ≥ η} ∈ F_ξ whenever η < ξ ≤ ζ. Then F_{ξn} ⋉ . . . ⋉ F_{ξ0} ≤_{RK} G_ζ whenever 1 ≤ ξ_0 < ξ_1 < . . . < ξ_n ≤ ζ. proof (a) The first step is to show that F_ξ ≤_{RK} G_ξ whenever 1 ≤ ξ ≤ ζ. PP Let f : S^∗ → I_ξ be such that f(τ) = τ(0) whenever τ ≠ ∅ and τ(0) ∈ I_ξ . For A ⊆ I_ξ,

f^{−1}[A] ∈ G_ξ ⇐⇒ {i : i ∈ I_ξ , {τ : <i>^⌢τ ∈ f^{−1}[A]} ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ {i : i ∈ I_ξ , {τ : f(<i>^⌢τ) ∈ A} ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ {i : i ∈ A, S^∗ ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ A ∈ F_ξ.

So F_ξ = f[[G_ξ]] ≤_{RK} G_ξ . QQQ

(b) Next, G_η ≤_{RK} G_ξ whenever η ≤ ξ ≤ ζ. PP Induce on ξ. If ξ = η, the result is trivial. For the inductive step to ξ > η, set J = {i : i ∈ I_ξ , θ(ξ, i) ≥ η}; then J ∈ F_ξ, by hypothesis. For i ∈ J, the inductive hypothesis tells us that G_η ≤_{RK} G_{θ(ξ,i)}; let g_i : S^∗ → S^∗ be such that g_i[[G_{θ(ξ,i)}]] = G_η . Now let g : S^∗ → S^∗ be such that g(<i>^⌢σ) = g_i(σ) whenever σ ∈ S^∗ and i ∈ J. For A ⊆ S^∗,

g^{−1}[A] ∈ G_ξ ⇐⇒ {i : i ∈ I_ξ , {τ : g(<i>^⌢τ) ∈ A} ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ {i : i ∈ J, {τ : g_i(τ) ∈ A} ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ {i : i ∈ J, g^{−1}_i [A] ∈ G_{θ(ξ,i)}} ∈ F_ξ ⇐⇒ {i : i ∈ J, A ∈ G_η } ∈ F_ξ ⇐⇒ A ∈ G_η ,

so G_η = g[[G_ξ ]] ≤_{RK} g[[G_ξ]]. QQQ

(c) It follows that if 1 ≤ ξ_0 < . . . < ξ_n ≤ ζ then F_{ξn} ⋉ . . . ⋉ F_{ξ0} ≤ G_{ξn} . PP Induce on the pair (n, ξ_n). If ξ_n = 1 then n = 0 and we just have to know that F_1 ≤_{RK} G_1, as in (a). For the inductive step to ξ_n > 1, if n = 0 we again have only to know that F_{ξ0} ≤_{RK} G_{ξ0} ≤_{RK} G_{ξn} , this time using (b). If n > 0, let J be {i : i ∈ I_{ξn} , θ(ξ_n, i) ≥ ξ_{n−1}} ∈ F_{ξn} . For i ∈ J, F_{ξn−1} ⋉ . . . ⋉ F_{ξ0} ≤_{RK} G_{ξn−1} ≤_{RK} G_{θ(ξn,i)} by the inductive hypothesis; let h_i : S^∗ → I_{ξn−1} × . . . × I_{ξ0} be a function witnessing this. Now let h : S^∗ → I_{ξn} ×I_{ξn−1} ×. . .×I_{ξ0} be such that h(<i>^⌢σ) = (i, h_i(σ)) whenever i ∈ J and σ ∈ S^∗. For A ⊆ I_{ξn} ×. . .×I_{ξ0} ,

h^{−1}[A] ∈ G_{ξn} ⇐⇒ {i : i ∈ I_{ξn} , {τ : h(<i>^⌢τ) ∈ A} ∈ G_{θ(ξn,i)}} ∈ F_{ξn} ⇐⇒ {i : i ∈ J, {τ : h(<i>^⌢τ) ∈ A} ∈ G_{θ(ξn,i)}} ∈ F_{ξn} ⇐⇒ {i : i ∈ J, {τ : h_i(τ) ∈ A[{i}]} ∈ G_{θ(ξn,i)}} ∈ F_{ξn} ⇐⇒ {i : i ∈ J, A[{i}] ∈ h_i[[G_{θ(ξn,i)}}]] ∈ F_{ξn} ⇐⇒ {i : i ∈ J, A[{i}] ∈ F_{ξn−1} ⋉ . . . ⋉ F_{ξ0} } ∈ F_{ξn} ⇐⇒ A ∈ F_{ξn} ⋉ (F_{ξn−1} ⋉ . . . ⋉ F_{ξ0} ) ∼= F_{ξn} ⋉ . . . ⋉ F_{ξ0} .

So h witnesses that F_{ξn} ⋉ . . . ⋉ F_{ξ0} ≤_{RK} G_{ξn} , and the induction proceeds. QQQ

(d) Finally, if 1 ≤ ξ_0 < . . . < ξ_n ≤ ζ then F_{ξn} ⋉ . . . ⋉ F_{ξ0} ≤ G_{ξn} ≤_{RK} G_ζ .

5J Proof of Theorem 1K Let (X, Σ, μ) be a compact probability space. Then there is a measure λ on X, extending μ, such that λ(lim_{i→F} E_i) is defined and equal to lim_{i→F} μE_i whenever F is a Ramsey ultrafilter on N and ⟨E_i⟩_{i∈N} is a sequence in Σ.

proof (a) If there are no Ramsey ultrafilters on N, we can set λ = μ and stop; so let us suppose that there is at least one Ramsey ultrafilter. Let F be a family of Ramsey ultrafilters on N consisting of just one member of each isomorphism class. Fix a well-ordering ≼ of F with greatest member F^∗ and a ladder system ⟨θ(ξ, i)⟩_{1≤ξ<ω1 ,i∈N} such that ⟨θ(ξ, i)⟩_{i∈N} is a non-decreasing sequence in ξ, and {θ(ξ, i) : i ∈ N} is cofinal with ξ, whenever 1 ≤ ξ < ω_1.

(b)(i) For any non-empty finite set V ⊆ F, list it in ≼-increasing order as F_0 ≺ F_1 ≺ . . . ≺ F_n, and set H_V = F_n ⋉ . . . ⋉ F_0.

(ii) For any non-empty countable set W ⊆ F containing F^∗, list it in ≼-increasing order as ⟨F_ξ⟩_{1≤ξ≤ζ} , where ζ ≥ 1 is a countable ordinal, and let G_W be the final ultrafilter on S^∗ = ⋃ n∈N N^n defined from ⟨F_ξ⟩_{1≤ξ≤ζ} and ⟨θ(ξ, i)⟩_{1≤ξ≤ζ,i∈N} by the process of 1Ib. By Theorem 1J, G_W is measure-centering.

(iii) If V ⊆ W ⊆ F, W is countable and contains F^∗, and V is finite and not empty, then H_V ≤_{RK} G_W , by 5I; so H_V is measure-centering (Proposition 1Da). Let λ_V be the corresponding extension of μ as described in Theorem 1E.

(c) Consider the family Λ = {λ_V : V ∈ [F]^{<ω} \ {∅}}. This is a collection of probability measures on X. It is upwards-directed in the sense that if we have any two members of Λ they have a common extension belonging to Λ. PP If V_0, V_1 are non-empty finite subsets of F with union V , then H_{V0} ≤_{RK} H_V , by 5Hc, so λ_V extends λ_{V0} , by 5G; and similarly λ_V extends λ_{V1} . QQQ Next, if Λ_0 ⊆ Λ is countable, then there is a measure on X extending every member of Λ_0. PP Let W ⊆ F be a non-empty countable set, containing F^∗, such that Λ_0 ⊆ {λ_V : V ∈ [W ]^{<ω} \ {∅}}. Let λ^# be the extension of μ corresponding to the measurecentering ultrafilter G_W . If V ⊆ W is finite and non-empty, then H_V ≤_{RK} G_W , so λ^# extends λ_V ; thus λ^# extends every member of Λ_0. QQQ

By 3Ab, there is a measure λ on X extending every member of Λ.

(d) Suppose that ⟨E_i⟩_{i∈N} is a sequence in Σ and that F is a Ramsey ultrafilter on N. Then there is a F^′ ∈ F such that F^′ = H_{{F} ′_} is isomorphic to F. Let f : N → N be such that f[[F^′]] = F, and set F_j = E_{f (j)}, as in the proof of 5G; then lim_{i→F} E_i = lim_{j→F} ′ F_j and

λ(lim_{i→F} E_i) = λ(lim_{j→F} ′ F_j ) = λ_{{F} ′_}(lim_{j→F} ′ F_j )

is defined and equal to lim_{j→F} ′ μF_j = lim_{i→F} μE_i. So λ has the required property.

6 Other kinds of ultrafilter

I return to the relatively concrete context of a proof of Theorem 1M, describing the relationships between various classes of ultrafilters.

6A Proof of Theorem 1M, parts (a), (c) and (j) As usual, I begin by repeating the statements of the results in question.

(a) A measure-linking ultrafilter is Hausdorff. (b) A measure-centering ultrafilter is nowhere dense.

(j) It is relatively consistent with ZFC to suppose that every measure-centering ultrafilter is principal.

proof (a) Let F be a measure-linking ultrafilter on a set I, and f : I → J, g : I → J two functions such that A = {i : f(i) ≠ g(i)} ∈ F}. Let ⟨e_j ⟩_{j∈J} be the standard generating family in B_J (Definition 3Be), and for i ∈ I set

a_i = e_{f (i)} \ e_{g(i)} if i ∈ A, = 1 otherwise.

Then inf_{i∈I} ν̄_J a_i ≥^1_4 , so there is a B ∈ F such that a_i ∩ a_j ≠ 0 for all i, j ∈ B; we can suppose that B ⊆ A. Now f[B] ∩ g[B] = ∅. PP?? Otherwise, there are i, j ∈ B such that f(i) = g(j). In this case,

0 ≠ a_i ∩ a_j ⊆ e_{f (i)} \ e_{g(j)} = 0. XXQQQ

Since f[B] ∈ f[[F]] and g[B] ∈ g[[F]], f[[F]] ≠ g[[F]]; as f and g are arbitrary, F is a Hausdorff ultrafilter.

(b) Let I be a set, F a measure-centering ultrafilter on I and f : I → R a function. Let μ be Lebesgue measure on R. Let G ⊆ R be an open set, including Q, of measure at most^1_2 ; for x ∈ R, write <x> = x−⌊x⌋ for the fractional part of x. For each i ∈ I, set

K_i = [0, 1] \ (G + <f(i)>).

Then μK_i ≥^1_2 . Applying the definition 1A with A the algebra of measurable subsets of [0, 1], we see that there is an A ∈ F such that μ( ⋂ i∈L K_i) > 0 for every non-empty finite L ⊆ A. Because all the sets K_i are closed subsets of the compact set [0, 1], there must be a point x of ⋂ i∈A K_i. In this case, x /∈ G + <f(i)> for every i ∈ A, that is, <f(i)> /∈ x − G for every i ∈ A. Now x − G is a dense open subset of R, so H = (x − G) ∩ ]0, 1[ is a dense open subset of ]0, 1[, and H + Z is a dense open subset of R; while f(i) /∈ H + Z for every i ∈ A. Thus f[A] is nowhere dense in R; as f is arbitrary, F is nowhere dense.

(j)(α) The point is that if there is a non-principal measure-centering ultrafilter F on a set I, then either there is a non-principal nowhere dense ultrafilter on N, or there is a two-valued-measurable cardinal. PP If F is not closed under countable intersections, there is a partition of I into a sequence ⟨A_n⟩_{n∈N} of sets not belonging to F. Setting f(i) = n for i ∈ A_n, we get a function f : I → N such that f[[F]] is a non-principal ultrafilter on N. By Proposition 1Da f[[F]] is measure-centering, and by (b) above it is nowhere dense. On the other hand, if F is closed under countable intersections, then there is a two-valued-measurable cardinal (Comfort & Negrepontis 74, 8.31; Jech 03, 10.2). QQQ

(β) In Shelah 98, Theorem 3.1, Shelah proved that if c = ω_1 and ♦_{ω2} ({γ : γ < ω_2, cf γ = ω_1}) is true, then there is a proper forcing notion P of cardinality ω_2 such that

P there are no non-principal nowhere dense ultrafilters on N.

In particular, this is so if we start from a model of V = L (Jech 03, 13.20 & Exercise 27.4). Now, if we begin with such a model, so that there are no two-valued-measurable cardinals (Jech 03, 17.1), then we shall certainly have

P there are no two-valued-measurable cardinals

(Jech 03, 21.2). So (α) tells us that

P all measure-centering ultrafilters are principal.

6B Lemma (a) (cf. Blass 74, Theorem 5) Let F be a uniform κ-complete weakly Ramsey ultrafilter on a regular infinite cardinal κ. If ⟨A_ξ ⟩_{ξ<κ} is any family in F, there is an A ∈ F such that #(A \ A_ξ ) < κ for every ξ < κ.

(b) Let F be a weakly Ramsey ultrafilter on a set I, and D a disjoint family of subsets of κ, none belonging to F. Set Q = ⋃ D∈D[D]^2. Then for any S ⊆ [κ]^2 there is an A ∈ F such that Q ∩ [A]^2 is either included in S or disjoint from S.

(c) Let F be a weakly Ramsey ultrafilter on a set I. If A ∈ F, then F⌈A is weakly Ramsey, where F⌈A = F ∩ PA.

(d) Let F be an ultrafilter on a set I, and suppose that there is an A ∈ F such that F⌈A is an arrow ultrafilter. Then F is an arrow ultrafilter.

proof (a) For α < κ, set h(α) = min{ξ : ξ < κ, α /∈ A_ξ \ ξ}. Note that h^{−1}[ξ] /∈ F for every ξ < κ, because F is uniform and κ-complete; so sup h[A] = κ for every A ∈ F. Set

S_0 = {{α, β} : α < β < κ and h(α) > h(β)},

S_1 = {{α, β} : α < β < κ and h(α) = h(β)},

S_2 = {{α, β} : α < β < κ and h(α) < h(β)},

If A ∈ F then [A]^2 ∩ S_2 ≠ ∅. PP?? Otherwise, h(α) ≥ h(β) whenever α, β ∈ A and α < β. Set ξ = min h[A] and let α ∈ A be such that h(α) = ξ; then h(β) = ξ whenever β ∈ A \ α. But this means that A \ α and A_ξ \ ξ are disjoint sets both belonging to F. XXQQQ

Because F is weakly Ramsey, there is an A ∈ F such that [A]^2 is disjoint from at least one of S_0 and S_1.

case 0 If [A]^2 ∩ S_0 = ∅, then h(α) ≤ h(β) whenever α, β ∈ A and α < β. If ξ < κ, take α ∈ A such that h(α) > ξ. If β ∈ A \ α, then h(β) ≥ h(α) > ξ so β ∈ A_ξ \ ξ; thus A \ A_ξ ⊆ A ∩ α has cardinal less than κ. case 1 If [A]^2 ∩ S_1 = ∅, then h↾A is injective. If ξ < κ, take α such that h(β) > ξ for every β ∈ A \ α;

then again A \ A_ξ ⊆ A ∩ α has cardinal less than κ, as required.

(b) There is an A ∈ F such that [A]^2 is disjoint from at least one of Q ∩ S, Q \ S and [I]^2 \ Q. Since A ⊈ D for any D ∈ D, [A]^2 \ Q ≠ ∅. So [A]^2 ∩ Q is either disjoint from S or included in S.

(c) If S_0, S_1, S_2 are disjoint subsets of [A]^2, then there is a B ∈ F such that [B]^2 is disjoint from some S_j , and now A ∩ B ∈ F⌈A and [A ∩ B]^2 ∩ S_j = ∅.

(d) If S ⊆ [I]^2 and k ∈ N, then either there is a K ∈ [A]^k such that [K]^2 ∩ (S ∩ [A]^2) = ∅ (in which case K ∈ [I]^k and [K]^2 ∩ S = ∅) or there is a B ∈ F⌈A such that [B]^2 ⊆ S ∩ [A]^2 (in which case B ∈ F and [B]^2 ⊆ S).

6C Proof of Theorem 1Mc Every weakly Ramsey ultrafilter is an arrow ultrafilter.

proof (a)(i) To begin with, I will suppose that F is a uniform κ-complete weakly Ramsey ultrafilter on an infinite cardinal κ. Note that it follows at once that κ is regular, since if A ∈ [κ]^{<κ} then ⋂ ξ∈A κ \ ξ belongs to F and cannot be empty. I aim to show, by induction on k, that if S ⊆ [κ]^2 is such that [K]^2 meets S for every K ∈ [κ]^k then there is an A ∈ F such that [A]^2 ⊆ S.

(ii) The cases k = 0 and k = 1 are vacuous, since there is a K ∈ [κ]^k and [K]^2 = ∅; and the case k = 2 is trivial, since if [K]^2 ∩S ≠ ∅ for every K ∈ [κ]^2 then S = [κ]^2. For the inductive step to k ≥ 3, take S ⊆ [κ]^2 such that [K]^2 meets S for every K ∈ [κ]^k. For each ξ < κ set A_ξ = {η : η < κ, {ξ, η} ∈ S} ∪ {ξ}. If there is any ξ such that A_ξ /∈ F, then there is an A ∈ F such that [A]^2 ⊆ S. PP Set B = κ \ A_ξ, S^′ = S ∪ ([κ]^2 \ [B]^2); because F is an ultrafilter, B ∈ F. If K ∈ [κ]^{k−1} and K ⊈ B, then certainly [K]^2 meets S^′. If K ∈ [B]^{k−1}, then K^′ = K ∪ {ξ} belongs to [κ]^k and there is an L ∈ S such that L ⊆ K^′; now ξ /∈ L so L ⊆ K and [K]^2 meets S^′. By the inductive hypothesis, there is a C ∈ F such that [C]^2 ⊆ S^′; now A = B ∩ C belongs to F and [A]^2 ⊆ S. QQQ

(iii) So we may suppose that A_ξ ∈ F for every ξ < κ. By 6Ba, there is an A ∈ F such that #(A\A_ξ ) < κ for every ξ < κ. Because κ is regular, we can define inductively a strictly increasing family ⟨ξ_α⟩_{α<κ} in κ by saying that ξ_α is to be the least ordinal such that ξ_α > ξ_β for every β < α and A \ A_η ⊆ ξ_α whenever η < sup_{β<α} ξ_β . Note that ξ_α = sup_{β<α} ξ_β whenever α < κ is a limit ordinal. Set D_α = ξ_{α+1} \ ξ_α for each α; then ⟨D_α⟩_{α∈κ} is a partition of κ. Write Q for ⋃ α<κ[D_α]^2.

One of ⋃ α<κ is even Dα, ⋃ α<κ is odd Dα belongs to F. Call this B. Then [A ∩ B]

2 ⊆ S ∪ Q. PP If ξ, η ∈ A ∩ B and ξ < η, let α ≤ β be such that ξ ∈ D_α and η ∈ D_β . If α = β then {ξ, η} ∈ [D_α]^2 ⊆ Q. Otherwise, ξ < α + 1 < β and A \ A_ξ ⊆ ξ_{α+2} does not meet D_β , so η ∈ A_ξ and {ξ, η} ∈ S. QQQ

(iv) There is a C ∈ F such that Q ∩ [C]^2 ⊆ S. PP By 6Bb, there is a C_0 ∈ F such that Q ∩ [C_0]^2 is either included in S or disjoint from S. In the former case, we can take C = C_0 and stop. In the latter case, #(C_0 ∩ D_α) < k for every α < κ, so there is a C ∈ F such that #(C ∩ D_α) ≤ 1 for every α < κ. But in this case Q ∩ [C]^2 is empty so is included in S. QQQ

(v) Now A ∩ B ∩ C ∈ F and

[A ∩ B ∩ C]^2 = [A ∩ B]^2 ∩ [C]^2 ⊆ S ∪ (Q ∩ [C]^2) = S.

So we have a suitable member of F. Thus the induction continues, and it is the case for every k ∈ N that if S ⊆ [κ]^2 is such that S ∩ [K]^2 ≠ ∅ for every K ∈ [κ]^k, then there is an A ∈ F such that [A]^2 ⊆ S; that is, F is an arrow ultrafilter.

(b) Accordingly the theorem is proved in the case of a uniform κ-complete ultrafilter on an infinite cardinal κ. Now suppose that F is a uniform weakly Ramsey ultrafilter on an infinite cardinal κ, and is not κ-complete. Then there are a cardinal λ < κ and a family ⟨A_λ⟩_{α<λ} in F such that ⋂ α<λ A_λ is empty. For ξ < κ, set h(ξ) = min{α : α < λ, ξ /∈ A_α}; for α < λ, set D_α = h^{−1}[{α}], so that ⟨D_α⟩_{α<λ} is a partition of κ into sets not belonging to F. Set Q = ⋃ α<λ[D_α]^2.

Let S ⊆ [κ]^2 and k ∈ N be such that [K]^2 ∩ S ≠ ∅ whenever K ∈ [κ]^k. Set S_0 = [κ]^2 \ (S ∪ Q) and S_1 = S \ Q. Then there is a B ∈ F such that [B]^2 is disjoint from at least one of Q, S_0 and S_1. Since #(B) = κ > λ, there is some α < λ such that #(B ∩ D_α) ≥ 2, and [B]^2 meets Q. Since B meets infinitely many D_α, there is a K ∈ [B]^k such that #(K ∩ D_α) ≤ 1 for every α; now [B]^2 ∩ S_1 ⊇ [K]^2 ∩ S is non-empty. So [B]^2 ∩ S_0 = ∅, that is, [B]^2 ⊆ Q ∪ S.

By 6Bb again, there is a C ∈ F such that Q ∩ [C]^2 is either included in S or disjoint from S. Since #(C) = κ > λ, there must be an α < λ such that #(C ∩ D_α) ≥ k, in which case [C ∩ D_α]^2 meets S; so we must have Q ∩ [C]^2 ⊆ S. So if we set A = B ∩ C, A belongs to F and [A]^2 ⊆ S ∪ (Q ∩ [C]^2) = S. As S and k are arbitrary, F is an arrow ultrafilter.

(c) Putting (a) and (b) together, we see that any uniform weakly Ramsey ultrafilter on an infinite set is an arrow ultrafilter. Of course any principal ultrafilter is an arrow ultrafilter, so all uniform weakly Ramsey ultrafilters are arrow ultrafilters. Finally, if F is any weakly Ramsey ultrafilter on any set I, let A ∈ F be a set of minimal size; then F⌈A is uniform; by 6Bc, F⌈A is weakly Ramsey, therefore an arrow ultrafilter; by 6Bd, F is an arrow ultrafilter. So the proof is complete.

6D The following lemma is very well known in essence, though it is usually expressed in less quantitative forms.

Lemma Let A be a Boolean algebra, and ν : A → [0, 1] an additive functional such that ν1 = 1. Suppose that ϵ, δ ∈ [0, 1] are such that δ < ϵ^2, and that ⟨a_i⟩_{i∈I} is a family in A such that νa_i ≥ ϵ and ν(a_i ∩ a_j ) ≤ δ

for all distinct i, j ∈ I. Then #(I) ≤^1_{ϵ2−δ} .

proof It is enough to deal with the case in which I is finite and A is generated by {a_i : i ∈ I}, so that A is finite and can be identified with a power set PX. Consider u = ∑ i∈I χa_i ∈ R^X . By Cauchy’s ineqality,

( ∑ x∈X u(x)ν{x})^2 ≤ ∑ x∈X ν{x} · ∑ x∈X u(x)^2ν{x}

= νX · ∑ x∈X u(x)^2ν{x} = ∑ x∈X u(x)^2ν{x}.

Now, setting m = #(I), ∑ x∈X u(x)ν{x} = ∑ x∈X ∑ i∈I χa_i(x)ν{x} = ∑ i∈I ∑ x∈X χa_i(x)ν{x} = ∑ i∈I νa_i ≥ ϵm,

∑ x∈X u(x)^2ν{x} = ∑ x∈X,i,j∈I

χa_i(x)χa_j (x)ν{x} = ∑ i,j∈I

ν(a_i ∩ a_j ) = ∑ i∈I νa_i + ∑ i≠j

ν(a_i ∩ a_j ) ≤ m + δm(m − 1).

So we get

ϵ^2m^2 ≤ m + δm^2, m ≤^1_{ϵ2−δ} ,

as claimed.

6E Proof of Theorem 1Md (i) An arrow ultrafilter is strongly measure-linking. (ii) An arrow ultrafilter on N is nowhere dense.

proof (i) Let F be an arrow ultrafilter on a set I, A a Boolean algebra, ν : A → [0, 1] an additive functional such that ν(1_A) = 1, and ⟨a_i⟩_{i∈I} a family in A such that inf_{i∈I} νa_i = ϵ > 0. Take any δ ∈ ] 0, ϵ^2 [ and set

S = {{i, j} : i, j ∈ I are distinct, ν(a_i ∩ a_j ) ≥ δ}. Let k ∈ N be such that k >^1_{ϵ2−δ} . If K ∈ [I]^k then by

Lemma 6D there are distinct i, j ∈ K such that ν(a_i ∩ a_j ) ≥ δ, that is, [K]^2 meets S. Because F is an arrow ultrafilter, there is a J ∈ F such that [J]^2 ⊆ S, that is, ν(a_i ∩ a_j ) ≥ δ for all i, j ∈ J. As A, ν and ⟨a_i⟩_{i∈I} are arbitrary, F is strongly measure-linking.

(ii)(α) The key to the proof is the following: if D ⊆ ]0, 1] is a countable set, there is a set S ⊆ [D]^2 such that [K]^2 ∩ S ≠ ∅ for every K ∈ [D]^3 and A is nowhere dense whenever A ⊆ D, [A]^2 ⊆ S and 0 ∈ A. PP Let ≼ be a well-ordering of D in order type at most ω. Let ⟨ϵ_t⟩_{t∈D} be a family of strictly positive real numbers with sum at most 1. For m, k ∈ N set H_{mk} = ]2^{−m}k, 2^{−m}(k + 1)[; for t ∈ D let m_t ∈ N be such that 2^{−mt−1} < t ≤ 2^{−mt} . Define G_t inductively, for t ∈ D, following the well-ordering ≼, in such a way that, writing m for m_t,

G_t ⊆ ]2^{−m}, 1[, s /∈ G_t if s ≺ t, G_t ∩ G_s = ∅ if s ≺ t and m_s > m, for 1 ≤ k < 2^m, G_t ∩ H_{mk} is a non-empty open interval of length at most 2^{−m}ϵ_t.

To see that this is possible, note that when we come to choose G_t the forbidden points in ⋃ 1≤k<2^m Hmk

consist of some of the the finitely many s ≺ t, together with ⋃ s≺t,m_s>m Gs; and the latter meets each Hmk

in a finite union of intervals of total length at most ∑ s≺t 2^{−m}ϵ_s < 2^{−m}, so there must be a gap remaining.

Note that m_s < m_t whenever s ∈ G_t. On completing the inductive construction, set

S = {{s, t} : s, t ∈ D are distinct, s /∈ G_t and t /∈ G_s}.

If K ∈ [D]^3 then either there are distinct s, t ∈ K such that m_s = m_t, in which case {s, t} ∈ S ∩ [K]^2, or K = {s, t, u} where m_s < m_t < m_u. If {t, u} /∈ S, then t ∈ G_u so u ≺ t and G_t ∩ G_u is empty. But this means that one of {s, t}, {s, u} belongs to S. So in all cases we have [K]^2 ∩ S ≠ ∅.

Now suppose that A ⊆ D is such that 0 ∈ A and [A]^2 ⊆ S. For each m ∈ N and k ≥ 1 there is a t ∈ A such that m_t > m. In this case, A cannot meet G_t, so A cannot include H_{mk}. As m and k are arbitrary, A is nowhere dense. QQQ

(β) Let F be an arrow ultrafilter on N, and f : N → R a function. Set g(n) = arctan f(n) for n ∈ N;

then g is bounded; set z = lim_{n→F} g(n). Set h(n) =^1_π |g(n) − z| for n ∈ N; then h takes values in [0, 1] and

lim_{n→F} h(n) = 0.

If A_0 = {i : h(i) = 0} belongs to F, then f[A_0] is a singleton, and is certainly nowhere dense. Otherwise, set D = h[N] \ {0}, and let S ⊆ [D]^2 be as in (α). Set

S_1 = {{i, j} : i, j ∈ N, either i ∈ A_0 or j ∈ A_0 or h(i) = h(j) or {h(i), h(j)} ∈ S}.

If K ⊆ N and [K]^2 ∩ S_1 = ∅, then h↾K is injective, h[K] ⊆ D and [h[K] ]^2 ∩ S = ∅, so #(K) ≤ 2. Because F is an arrow ultrafilter, there is an A ∈ F such that [A]^2 ⊆ S_1; we can suppose that A ∩ A_0 is empty, so that h[A] ⊆ D and [h[A] ]^2 ⊆ S. But now recall that lim_{n→F} h(n) = 0, so 0 ∈ h[A] and h[A] is nowhere dense, by the choice of S. In this case, B = h[A] ∪ (−h[A]) is nowhere dense, g[A] ⊆ z + πB is nowhere dense, and f[A] = tan[g[A]] is nowhere dense. As f is arbitrary, F is a nowhere dense filter.

6F The next lemma is a version of one which I learnt from Michel Talagrand when visiting him in 1987. He claims to have no recollection of it.

Lemma (M.Talagrand) (a) For finite I, J ⊆ N, say that I ≼ J if #(I) = #(J) and #(I \ k) ≤ #(J \ k) for every k ∈ N.

(i) ≼ is a transitive relation.

(ii) If I ≼ J, there are I_0, . . . , I_r such that I = I_0 ≼ I_1 ≼ . . . ≼ I_r = J and #(I_k △I_{k+1}) = 2 for every k < r.

(iii) Suppose that m ≥ 1. For n ∈ N, set I_n = {I : I ⊆ n, #(I ∩ J) ≥ m whenever J ⊆ n and J ≽ I}.

Then #(I_n) ≤^{2n} √ n m . (b) If 1 ≤ m ≤ n ∈ N, I ⊆ Pn and #(I ∩ J) ≥ m for all I, J ∈ I, then #(I) ≤^{2n} √ n m . proof (a)(i) is trivial.

(ii) Induce on r = #(I \ J). If r = 0 then I = J and we can stop. For the inductive step to r + 1, set i_0 = max(I \ J), j_0 = max(J \ I). Then i_0 < j_0. PP #(I \ j_0) ≤ #(J \ j_0) = #(I ∩ J \ j_0) so I \ j_0 = I ∩ J \ j_0 does not contain i_0, and i_0 ≤ j_0; but of course i_0 ≠ j_0. QQQ

Set J^′ = J△{i_0, j_0}. Then

#(I \ k) ≤ #(J \ k) = #(J^′ \ k) if k ≤ i_0 or j_0 < k, = #(I ∩ J \ k) ≤ #((J \ {j_0}) \ k) = #(J^′ \ k) if i_0 < k ≤ j_0,

so I ≼ J^′ ≼ J. Also #(I \ J^′) = r and #(J^′△J) = 2. By the inductive hypothesis, there are I_0, . . . , I_r such that I = I_0 ≼ I_1 ≼ . . . ≼ I_r = J^′ and #(I_k △I_{k+1}) = 2 for every k < r; setting I_{r+1} = J, we have an appropriate chain to complete the inductive step.

(iii) For I ⊆ N and n ∈ N, set h_n(I) = min{#(I ∩ J) : I ∩ n ≼ J ⊆ n}. Then we find that

h_{n+1}(I) = h_n(I) + 1 if n ∈ I,

= max(0, h_n(I) − 1) otherwise.

PP (α) If n ∈ I, then for J ⊆ n+1 we have I ∩(n+1) ≼ J iff n ∈ J and I ∩n ≼ J ∩n; so h_{n+1}(I) = h_n(I)+1. (β) If n /∈ I, let J be such that I ∩ n ≼ J ⊆ n and #(I ∩ J) = h_n(I). If h_n(I) = 0 then J witnesses that h_{n+1}(I) = 0. Otherwise, take any i_0 ∈ I ∩ J, and consider J^′ = J△{i_0, n}; we shall have I ∩ (n + 1) = I ∩ n ≼ J ≼ J^′ ⊆ n + 1, so h_{n+1}(I) ≤ #(I ∩ J^′) = h_n(I) − 1. Thus h_{n+1}(I) ≤ max(0, h_n(I) − 1). (γ) Again supposing that n /∈ I, take J ⊆ n + 1 such that I ∩ (n + 1) ≼ J and #(I ∩ J) = h_{n+1}(I). If n /∈ J, then I ∩ n = I ∩ (n + 1) ≼ J ⊆ n so h_n(I) ≤ #(I ∩ J) = h_{n+1}(I). If n ⊆ J, then I ∩ n ≼ J ∩ n and again h_n(I) ≤ h_{n+1}(I). If n ∈ J but n ⊈ J, set j_0 = max(n \ J) and J^′ = J△{j_0, n}. For k ∈ N,

#(I ∩ n \ k) ≤ #(J \ k) = #(J^′ \ k) if k ≤ j_0, ≤ n − k = #(J^′ \ k) if j_0 ≤ k ≤ n, = 0 = #(J^′ \ k) if k ≥ n.

So I ∩ n ≼ J^′ and h_n(I) ≤ #(I ∩ J^′) ≤ #(I ∩ J) + 1 = h_{n+1}(I) + 1.

Thus we must have h_{n+1}(I) ≥ h_n(I) − 1, and of course h_{n+1}(I) ≥ 0, so h_{n+1}(I) ≥ max(0, h_n(I) − 1). QQQ We have h_{n+1} = h_n + g_n where g_n(I) = 1 if n ∈ I,

= −1 if h_n(I) > 0 and n /∈ I, = 0 if h_n(I) = 0 and n /∈ I.

Giving PN its usual probability measure, matching ν_N on {0, 1}^N, and writing E for expectation with respect to this measure, we have E(h^2_{n+1}) = E(h^2_n) + 2E(h_n × g_n) + E(g^2_n).

Now E(h_n × g_n) = 0, because given that h_n(I) ≠ 0 then g_n(I) is equally likely to be ±1; while E(g^2_n) ≤ 1. Since h_0(I) = 0 for every I, we see by induction that E(h^2_n) ≤ n for every n ∈ N. Consequently E(h_n) ≤ √ n. Now I_n = {I ∩ n : h_n(I) ≥ m}, so

#(I_n) = 2^n Pr(h_n ≥ m) ≤^{2n}_m E(h_n) ≤^{2n} √ n m . (b) Induce on w(I) = ∑ I∈I ∑ i∈I (n − i). If w(I) = 0 then I must be empty and the result is trivial.

For the inductive step to w(I) = k + 1, then if I ⊆ I_n, as defined in (a-iii), we can stop. Otherwise, there must be an I_0 ∈ I \ I_n and J_0 ⊆ n such that J_0 ≽ I_0 and #(I_0 ∩ J_0) < m, so that J_0 /∈ I.

By (a-ii), I_0 and J_0 are linked by a ≼-chain of sets each differing from the preceding one at just two points; so there must be I_1 ∈ I, J_1 ∈ Pn \ I such that I_1 ≼ J_1 and #(I_1△J_1) = 2. Let i_1 be the member of I_1 \ J_1 and j_1 the member of J_1 \ I_1; of course i_1 < j_1. Define ϕ : I → Pn by saying that

ϕ(I) = I△{i_1, j_1} if i_1 ∈ I, j_1 /∈ I and I△{i_1, j_1} /∈ I, = I otherwise.

Then ϕ is injective. Set J = ϕ[I], so that #(I) = #(J ), while w(J ) < w(I). Now #(J ∩ J^′) ≥ m for all J, J^′ ∈ J . PP Set I = ϕ^{−1}(J), I^′ = ϕ^{−1}(J^′). Then

—– if I = J and I^′ = J^′, surely #(J ∩ J^′) = #(I ∩ I^′) ≥ m; —– if I ≠ J and I^′ ≠ J^′, then #(J ∩ J^′) = #((I△{i_1, j_1}) ∩ (I^′△{i_1, j_1}) = #(I ∩ I^′) ≥ m because i_1 ∈ I ∩ I^′ and j_1 /∈ I ∪ I^′;

—– if I = J and I^′ ≠ J^′ and j_1 ∈ I, then j_1 /∈ I^′, J^′ = I^′△{i_1, j_1} so #(J ∩ J^′) = #(I ∩ J^′) ≥ #(I ∩ I^′) ≥ m;

—– if I = J and I^′ ≠ J^′ and i_1 /∈ I, then i_1 ∈ I^′, J^′ = I^′△{i_1, j_1} so #(J ∩ J^′) = #(I ∩ J^′) ≥ #(I ∩ I^′) ≥ m;

—– if I = J and I^′ ≠ J^′ and i_1 ∈ I and j_1 /∈ I, then I^{′′} = I△{i_1, j_1} ∈ I so #(J ∩ J^′) = #((I^{′′}△{i_1, j_1}) ∩ (I^′△{i_1, j_1})) = #(I^{′′} ∩ I^′) ≥ m because i_1 ∈ I^′ \ I^{′′} and j_1 ∈ I^{′′} \ I^′.

Similarly, #(J ∩ J^′) ≥ m if I^′ = J^′ and I ≠ J. Thus in all cases we have #(J ∩ J^′) ≥ m. QQQ By the inductive hypothesis,

2^n √ n m ≥ #(J ) = #(I)

and the induction continues.

6G Proposition (V.Bergelson-M.Talagrand) There are a probability algebra (A, μ̄) and a sequence ⟨a_n⟩_{n∈N} in A such that μ̄a_n ≥^1_2 for every n and I has zero asymptotic density whenever I ⊆ N and inf_{m,n∈I} μ̄(a_m ∩ a_n) > 0.

proof For r ∈ N, set K_r = {n : 2^r − 1 ≤ n ≤ 2^{r+1} − 2} and

K_r = {I : I ⊆ r + 1, #(I) >^{r+1}_2 } ∪ {I : 0 ∈ I ⊆ r + 1, #(I) =^{r+1}_2 },

so that #(K_r) = #(K_r) = 2^r. For each r ∈ N let h_r : K_r → K_r be a bijection. Set X = ∏ r∈N(r + 1), with the product μ of the uniform probabilities on the factors; let (A, μ̄) be the measure algebra of μ. Define A_n ⊆ X, for n ∈ N, by saying that A_n = {x : x ∈ X, x(r) ∈ h_r(n)} for that r such that n ∈ K_r; as #(h_r(n)) ≥^{r+1}_2 , μA_n ≥^1_2 . Set a_n = A^•_n ∈ A, so that μ̄a_n ≥^1_2 for every n.

Let I ⊆ N and ϵ > 0 be such that μ̄(a_m ∩ a_n) ≥ ϵ for all m, n ∈ I. For r ∈ N, set J_r = h_r[I ∩ K_r]. If J, J^′ ∈ J_r, then #(J ∩ J^′) ≥ ϵ(r + 1). So, setting m_r = ⌈ϵ(r + 1)⌉,

#(I ∩ K_r) = #(J_r ) ≤^{2r+1} √ r+1 m_r

for each r, by 6Fb, and

2^{−r}#(I ∩ K_r) ≤^2 √ r+1 ϵ(r+1) → 0

as r → ∞. So I has zero asymptotic density, as claimed.

6H Proof of Theorem 1M, parts (e)-(g) (e) A strongly measure-linking ultrafilter on N contains a set of zero asymptotic density. (f) A closed Lebesgue null ultrafilter on N contains a set of zero asymptotic density. (g) If cov N_{Leb} = c, there is a measure-centering ultrafilter on N which is neither strongly measure-linking nor closed Lebesgue null.

proof For I ⊆ N write d^∗(I) for its upper asymptotic density; write Z for the asymptotic density ideal {I : d^∗(I) = 0}.

(e) Let (A, μ̄) and ⟨a_n⟩_{n∈N} be as in 6G. If F is a strongly measure-linking ultrafilter on N, there is an I ∈ F such that inf_{m,n∈I} μ̄(a_m ∩ a_n) > 0, so I ∈ Z.

(f) Let ⟨t_n⟩_{n∈N} be a sequence in [0, 1] which is equidistributed for Lebesgue measure, and F a closed Lebesgue null ultrafilter on N. Then there is an I ∈ F such that F = {t_n : n ∈ I} is negligible. So d^∗(I) = 0 (Fremlin 03, 491B).

(g) By Theorem 1Bc, we have a measure-centering ultrafilter on N which contains no set of zero asymptotic density, so can be neither strongly measure-linking nor closed Lebesgue null.

6I I turn now to the proofs of 1Mh-1Mi. While these are expected results, they seem to depend on some non-trivial combinatorial probability theory. For the rest of this section, I will write N wd for the ideal of nowhere dense subsets of R and I for the ideal {A : A ⊆ R, A ∩ [0, ϵ] ∈ N wd for some ϵ > 0}.

Lemma Suppose that D ⊆ R.

(a)(i) If D /∈ N wd there is a D^′ ⊆ D, with no isolated points, such that D^′ /∈ N wd.

(ii) If D /∈ I there is a D^′ ⊆ D, with no isolated points, such that D^′ /∈ I. (b) Suppose that S ⊆ [D]^2 is such that {t : {s, t} /∈ S} ∈ N wd for every s ∈ D.

(i) If D /∈ N wd there is a D^′ ⊆ D such that [D^′]^2 ⊆ S and D^′ /∈ N wd. (ii) If D /∈ I there is a D^′ ⊆ D such that [D^′]^2 ⊆ S and D^′ /∈ I.

proof (a) Set G = int D, D^′ = D ∩ G; then D^′ has no isolated points and D \ D^′ ⊆ D \ G is nowhere dense. So D^′ /∈ N wd if D /∈ N wd and D^′ /∈ I if D /∈ I.

(b) By (a), we can suppose that D has no isolated points. Let ⟨V_n⟩_{n∈N} enumerate a base for the topology of R and choose ⟨s_n⟩_{n∈N} inductively so that

s_n ∈ D, {s_i, s_n} ∈ S for i < n, if V_n ∩ D ≠ ∅ then s_n ∈ V_n

for each n. Set D^′ = {s_n : n ∈ N}; then [D^′]^2 ⊆ S and D^′ is dense in D. So D^′ /∈ N wd if D /∈ N wd and D^′ /∈ I if D /∈ I.

6J Lemma Suppose that D ⊆ R, and that S ⊆ [D]^2 and k ∈ N are such that [K]^2 ∩ S ≠ ∅ for every K ∈ [D]^k.

(a) If D /∈ N wd, then there is a D^′ ⊆ D such that D^′ /∈ N wd and [D^′]^2 ⊆ S. (b) If D /∈ I, there is a D^′ ⊆ D such that D^′ /∈ I and {t : t ∈ D^′, {s, t} /∈ S} ∈ I for every s ∈ D^′.

proof For t ∈ D set S^′_t = {s : s ∈ D \ {t}, {s, t} /∈ S}.

(a) Induce on k. If k ≤ 1 the result is vacuous and for k = 2 it is trivial. For the inductive step to k ≥ 3, if S^′_t ∈ N wd for every t ∈ D, then 6I(b-i) tells us that there is a D^′ ⊆ D such that [D^′]^2 ⊆ S and D^′ /∈ N wd. Otherwise, take t such that S^′_t /∈ N wd. If K ∈ [S^′_t]^{k−1} then K ∪ {t} ∈ [D]^k so there is a J ∈ [K ∪ {t}]^2 ∩ S; since K ⊆ S^′_t, t /∈ J and J ⊆ K. By the inductive hypothesis, there is a D^′ ⊆ S^′_t such that [D^′]^2 ⊆ S and D /∈ N wd.

(b) Again induce on k; as before, the case k ≤ 2 is trivial. For the inductive step to k ≥ 3, if there is a t ∈ D such that S^′_t does not belong to I, then we can apply the inductive hypothesis to S^′_t.

6K Lemma Suppose that D ⊆ R, (A, μ̄) is a probability algebra and that ⟨a_t⟩_{t∈D} is a family in A such that ϵ = inf_{t∈D} μ̄a_t is greater than 0.

(a) Take any δ < ϵ^2, and set S = {{s, t} : s, t ∈ D are distinct, μ̄(a_s ∩ a_t) ≥ δ}. If k >^1_{ϵ2−δ} , then

[K]^2 ∩ S ≠ ∅ for every K ∈ [D]^k.

(b) If D /∈ N wd and δ, η > 0 then there are an e ∈ A and a D^′ ⊆ D such that D^′ /∈ N wd, μ̄(a_s \ e) ≤ η for every s ∈ D^′, and whenever d ⊆ e, μ̄d ≥ δ then {s : s ∈ D^′, μ̄(a_s ∩ d) ≤ ημ̄d} ∈ N wd.

(c) If D /∈ I there are a D^′ ⊆ D and an η > 0 such that D^′ /∈ I and {s : s ∈ D^′, s > t, μ̄(a_s ∩ a_t) ≤ η} ∈ N wd for every t ∈ D^′.

(d) If D /∈ I there are a D^′ ⊆ D and an η > 0 such that D^′ /∈ I and {t : t ∈ D^′, t < s, μ̄(a_s ∩ a_t) ≤ η} ∈ N wd for every s ∈ D^′.

(e) If D /∈ I there are a D^′ ⊆ D and an η > 0 such that D^′ /∈ I and μ̄(a_s ∩ a_t) ≥ η for all s, t ∈ D^′.

proof (a) This is immediate from Lemma 6D.

(b) Set

γ = inf{μ̄d : d ∈ A, {s : s ∈ D, μ̄(a_s \ d) ≤ η(1 − μ̄d)} /∈ N wd}.

Let e ∈ A be such that D^′ = {s : s ∈ D, μ̄(a_s \ e) ≤ η(1 − μ̄e)} is not in N wd and μ̄e < γ + δ. If d ⊆ e and μ̄d ≥ δ, set C = {s : s ∈ D^′, μ̄(a_s ∩ d) ≤ ημ̄d}. For any s ∈ C,

μ̄(a_s \ (e \ d)) = μ̄(a_s \ e) + μ̄(a_s ∩ d) ≤ η(1 − μ̄e) + ημ̄d = η(1 − μ̄(e \ d)).

But also μ̄(e \ d) < γ; by the definition of γ, C ∈ N wd, as required.

(c) The proof proceeds by induction on the least n >^1_ϵ . The case n ≤ 2 is trivial, because if ϵ >^1_2 then

we can take D^′ = D and η = ϵ −^1_2 . For the inductive step to n ≥ 3, take A, μ̄ and ⟨a_t⟩_{t∈D} as described.

Let δ > 0 be such that δ < ϵ −^1_n ; set η_0 = δ^2.

case 1 Suppose that whenever A, B ⊆ D, A /∈ N wd and B /∈ I there are A^′ ⊆ A, B^′ ⊆ B such that A^′ /∈ N wd, B^′ /∈ I and {s : s ∈ A^′, μ̄(a_s ∩ a_t) ≤ η_0} ∈ N wd for every t ∈ B^′. In this case, choose ⟨A_n⟩_{n∈N}, ⟨B_n⟩_{n∈N} inductively, as follows. Start with B_0 = D ∩ [0, ∞[. Given that B_n /∈ I, let α ∈ ]0, 2^{−n}] be such that B_n \ [0, α] /∈ N wd. Then there are A_n ⊆ B_n \ [0, α] and B_{n+1} ⊆ B_n ∩ [0, α] such that A_n /∈ N wd, B_{n+1} /∈ I and {s : s ∈ A_n, μ̄(a_s ∩ a_t) ≤ η_0} ∈ N wd for every t ∈ B_n. Continue.

At the end of the induction, choose for each n ∈ N an A^∗_n ⊆ A_n such that A^∗_n /∈ N wd and μ̄(a_s ∩ a_t) ≥ η_0 for every s, t ∈ A^∗_n; this is possible by (a) above and Lemma 6Ja. Set D^′ = ⋃ n∈N A^∗_n, η = η_0; this works.

case 2 Otherwise, take A, B ⊆ D such that A /∈ N wd, B /∈ I and whenever A^′ ⊆ A, B^′ ⊆ B, A^′ /∈ N wd and B^′ /∈ I, then {s : s ∈ A^′, μ̄(a_s ∩ a_t) ≤ η_0} /∈ N wd for some t ∈ B^′. By (b), there are e ∈ A, A^′ ⊆ A such that A^′ /∈ N wd, μ̄(a_s \ e) ≤ δ for every s ∈ A^′, and whenever d ⊆ e and μ̄d ≥ η_0 then {s : s ∈ A^′, μ̄(a_s ∩ d) ≤ δμ̄d} ∈ N wd.

Set B^′ = {t : t ∈ B, μ̄(a_t ∩ e) ≥ δ}. ?? If B^′ /∈ I, then there is a t ∈ B^′ such that C = {s : s ∈ A^′, μ̄(a_s ∩ a_t) ≤ η_0} /∈ N wd. But C ⊆ {s : s ∈ A^′, μ̄(a_s ∩ (a_t ∩ e)) ≤ δμ̄(a_t ∩ e)}, which is nowhere dense, by the choice of A^′ and e. XX

Accordingly B^′ ∈ I; set D_1 = B \ B^′ /∈ I. Since there are s ∈ A^′ and t ∈ D_1, we have

ϵ − δ ≤ μ̄a_s − δ ≤ μ̄e = μ̄(e ∪ a_t) + μ̄(e ∩ a_t) − μ̄a_t ≤ 1 + δ − ϵ < 1,

and 1 \ e ≠ 0. Consider the principal ideal A_{1 \ e} with the normalized measure ν̄ where ν̄a =^{μ̄a}_{1−μ̄e} for

a ∈ A_{1 \ e}; set a^′_t = a_t \ e for t ∈ D_1. Then

ν̄a^′_t ≥^{ϵ−δ}_{1−ϵ+δ} >^1_{n−1}

(by the choice of δ) for every t ∈ D_1. So the inductive hypothesis tells us that there are a D^′ ⊆ D_1 and an η > 0 such that D^′ /∈ I and {s : s ∈ D^′, s > t, μ̄(a_s ∩ a_t) ≤ η} ∈ N wd for every t ∈ D^′.

(d) Set δ =^1_3 ϵ^2, η_0 =^1_2 δ^2. Putting (a) here and Lemma 6Jb together, there is a D_1 ⊆ D such that D_1 /∈ I and {t : t ∈ D_1, μ̄(a_s ∩ a_t) ≤ δ} ∈ I for every s ∈ D_1. Let ⟨α_n⟩_{n∈N} be a strictly decreasing sequence in ]0, 1] such that α_{n+1} ≤^1_2 α_n and A_n = D_1 ∩ ]α_{n+1}, α_n[ /∈ N wd for every n ∈ N. By (b), we can find for each n ∈ N an A^′_n ⊆ A_n and an e_n ∈ A such that A^′_n /∈ N wd, μ̄(a_s \ e_n) ≤^1_2 δ for every s ∈ A^′_n and whenever d ⊆ e_n and μ̄d ≥ η_0 then {s : s ∈ A^′_n, μ̄(a_s ∩ d) ≤^1_2 δμ̄d} ∈ N wd; moreover, by Lemma 6I(a-i), we can suppose that A^′_n has no isolated points. Of course μ̄e_n ≥ ϵ − δ for every n; since δ < (ϵ − δ)^2, there is an infinite J ⊆ N such that μ̄(e_m ∩ e_n) ≥ δ whenever m, n ∈ J and m < n. (Apply Ramsey’s theorem to {{m, n} : m < n, μ̄(e_m ∩ e_n) < δ}.)

If m ∈ J and J^′ ⊆ J is infinite, there are an infinite J^{′′} ⊆ J^′ and a set A^{′′}_m ⊆ A^′_m such that A^{′′}_m is dense in A^′_m and μ̄(a_s ∩ e_n) ≥ η_0 whenever s ∈ A^{′′}_m and n ∈ J^{′′}. PP Let ⟨V_n⟩_{n∈N} enumerate a base for the topology of R. Choose ⟨s_n⟩_{n∈N}, ⟨j_n⟩_{n∈N} inductively, as follows. j_0 is to be any member of J^′ greater than m. Given that j_i > m for i ≤ n,

{s : s ∈ A^′_m, μ̄(a_s ∩ e_{ji} ) ≤ η_0} ⊆ {s : s ∈ A^′_m, μ̄(a_s ∩ e_{ji} ) ≤^1_2 δμ̄(e_m ∩ e_{ji} )}

∈ N wd

for every i ≤ n, so there is an s_n ∈ A_m such that μ̄(a_{sn} ∩ e_{ji} ) ≥ η_0 for every i ≤ n, and if A_m ∩ V_n is not empty then we can take s_n ∈ V_n. Given s_i for i < n, where n ≥ 1, then there is an r ∈ N such that {t : t ∈ D_1 ∩ [0, α_r], μ̄(a_{si} ∩ a_t) ≤ δ} is nowhere dense for each i < n; so if we take j_n ∈ J^′ such that j_n > max(j_{n−1}, r), there is a t ∈ A^′_{jn} such that μ̄(a_{si} ∩ a_t) ≥ δ for every i < n, in which case μ̄(a_{si} ∩ e_{jn} ) ≥ δ−^1_2 δ ≥ η_0 for every i < n. Continue; at the end, set A^{′′}_m = {s_i : i ∈ N} and J^{′′} = {j_i : i ∈ N}. QQQ We can therefore find an infinite I ⊆ J and a family ⟨A^{′′}_m⟩_{m∈I} of sets such that A^{′′}_m is dense in A^′_m and μ̄(a_s ∩ e_n) ≥ η_0 whenever m < n in I and s ∈ A^{′′}_m. But this will mean that {t : t ∈ A^{′′}_n, μ̄(a_s ∩ a_t) ≤^1_2 δη_0} ∈ N wd whenever m < n in I and s ∈ A^{′′}_m.

Finally, by Lemma 6Ja, there is for each m ∈ I an A^∗_m ⊆ A^{′′}_m such that A^∗_m /∈ N wd and {t : t ∈ A^∗_m, μ̄(a_s ∩ a_t) ≤ δ} ∈ N wd for every s ∈ A^∗_m. So setting D^′ = ⋃ m∈I A^∗_m we shall have a suitable set, with η =^1_2 δη_0.

(e) Putting (c) and (d) together, we see that there are an η > 0 and a D_1 ⊆ D such that D_1 /∈ I and {t : t ∈ D_1, μ̄(a_s ∩ a_t) ≤ η} ∈ N wd for every s ∈ D_1. By Lemma 6I(b-ii) there is a D^′ ⊆ D_1 such that D^′ /∈ I and μ̄(a_s ∩ a_t) ≥ η for all s, t ∈ D^′.

6L Proof of Theorem 1Mh If c = ω_1, there is a strongly measure-linking ultrafilter on N which is not nowhere dense, therefore not measure-centering nor an arrow ultrafilter.

proof (a) Set D = Q ∩ [0, 1]. Let ⟨⟨a_{ξt}⟩_{t∈D}⟩_{ξ<ω1} run over all families ⟨a_t⟩_{t∈D} in B_ω such that inf_{t∈D} ν̄_ωa_t > 0. Choose a family ⟨D_ξ ⟩_{ξ<ω1} of subsets of D inductively, as follows. The inductive hypothesis will be that ⋂ η∈J D_η /∈ I for every finite J ⊆ ξ. Start with D_0 = D. Given ⟨D_η ⟩_{η<ξ}, where 1 ≤ ξ < ω_1, let ⟨θ(ξ, n)⟩_{n∈N} run over ξ, and take a strictly decreasing sequence ⟨α_n⟩_{n∈N}, with infimum 0, such that C_n = ]α_{n+1}, α_n[ ∩ ⋂ i≤n D_{θ(ξ,i)} /∈ N wd for every n ∈ N. Then C = ⋃ n∈N C_n /∈ I. By Lemma 6Ke, there is a D_ξ ⊆ C such that D_ξ /∈ I and inf_{s,t∈Dξ} ν̄_ω(a_{ξs} ∩ a_{ξt}) > 0. Since D_ξ ∩ [0, α_n[ ⊆ ⋂ i≤n D_{θ(ξ,i)} for every n, D_ξ ∩ ⋂ η∈J D_η /∈ I for every finite J ⊆ ξ, and ⋂ η∈J D_η /∈ I for every finite J ⊆ ξ + 1. Continue.

(b) At the end of the induction, let F be an ultrafilter on D containing every D_ξ and no nowhere dense set; then F is not nowhere dense. But F is strongly measure-linking. PP If A is a Boolean algebra, ν : A → [0, 1] an additive functional such that ν1 = 1, and ⟨a_t⟩_{t∈D} is a family in A such that inf_{t∈D} νa_t > 0, then (as in (iv)⇒(i) of the proof in 3C) there is a Radon probability measure μ on the Stone space Z of A, identified with the algebra of open-and-closed subsets of Z, which extends ν. Taking T to be the σ-algebra of subsets of Z generated by {a_t : t ∈ D}, (B, μ̄) to be the measure algebra of (Z, T, μ↾T) and a^•_t ∈ B the equivalence class of a_t ∈ T for each t ∈ D, we see that inf_{t∈D} μ̄a^•_t > 0. As in part (ii)⇒(iv) of the proof in 3C, there is a measure-preserving Boolean homomorphism π : B → B_ω , and now there must be a ξ < ω_1 such that πa^•_t = a_{ξt} for every t ∈ D. In this case, D_ξ ∈ F and

inf_{s,t∈Dξ} ν(a_s ∩ a_t) = inf_{s,t∈Dξ} ν̄_ω(a_{ξs} ∩ a_{ξt}) > 0.

As A, ν and ⟨a_t⟩_{t∈D} are arbitrary, F is strongly measure-linking. QQQ

(c) Thus we have a strongly measure-linking ultrafilter on the countably infinite set D which is not nowhere dense. Of course it follows at once that there is such an ultrafilter on N. By parts (b) and (d-ii) of Theorem 1M it cannot be either measure-centering or an arrow ultrafilter.

6M To convert the last result into a proof that there can be a Hausdorff p-point ultrafilter which is not measure-centering, I use the language of ‘game strategies’. Let G^{H|m-c} be the game for two players, Empty and Non-empty, in which

Empty chooses m ≥ 1, Non-empty chooses k ∈ N, Empty chooses n ≥ 1, a set B with mn members, and a set L_0 ⊆ [B]^n, given i < k and L_i, Non-empty chooses f_i, g_i : L_i → N with f_i(a) ≠ g_i(a) for every a ∈ L_i, given i < k and L_i, f_i and g_i, Empty chooses L_{i+1} ⊆ L_i such that f_i[L_{i+1}] ∩ g_i[L_{i+1}] = ∅.

A run of the game ends when Empty has chosen L_k; Empty wins if ⋂ L_k = ∅; otherwise Non-empty wins.

Note that the game is determined, that is, one of the players has a winning strategy. (Since the game always terminates after finitely many moves, it is an ‘open’ game in the usual terminology of infinite games.)

6N Lemma Empty has a winning strategy in the game G^{H|m-c}.

proof (a) To begin with, suppose that c = ω_1.

(i) By Theorem 1Mh, there is a strongly measure-linking ultrafilter F on N which is not measurecentering. By Theorem 1Ma, F is a Hausdorff ultrafilter. Let ⟨a_j ⟩_{j∈N} be a sequence in B_ω such that ϵ = inf_{j∈N} ν̄_ωa_i is greater than 0, but there is no A ∈ F such that {a_j : j ∈ A} is centered

(ii) Let L_0 be the family of finite subsets L of N such that inf_{j∈L} a_j = 0 in B_ω, and for i ∈ N set L_{i+1} = {L : L ∈ L_i and for every pair f, g of nowhere equal functions defined on L there is an L^′ ∈ L_i such that L^′ ⊆ L and f[L^′] ∩ g[L^′] = ∅}.

By the choice of ⟨a_j ⟩_{j∈N}, every member of F has a finite subset belonging to L_0. In fact, if A ∈ F and i ∈ N, A has a finite subset belonging to L_i. PP Induce on i. For the inductive step to i + 1, ?? suppose, if possible, that A ∈ F has no finite subset belonging to L_{i+1}. For each r ∈ N, A ∩ r /∈ L_{i+1}, so there are nowhere equal functions f_r, g_r defined on A ∩ r such that if L ⊆ A_r is such that f_r[L] ∩ g_r[L] is empty, then L /∈ L_i. Adjusting f_r, g_r if necessary, we can suppose that f_r(j) ≤ 2j and g_r(j) ≤ 2j + 1 for every j ∈ A ∩ r. In this case, there will be functions f : A → N, g : A → N such that for every finite L ⊆ A there is an r ∈ N such that L ⊆ r, f↾L = f_r↾L and g↾L = g_r↾L; of course f and g are nowhere equal. Because F is a Hausdorff ultrafilter, there is an A^′ ⊆ A such that A^′ ∈ F and f[A^′] ∩ g[A^′] = ∅. Now A^′ has a finite subset L ∈ L_i, by the inductive hypothesis. Take r such that f_r↾L = f↾L and g_r↾L = g↾L; since f_r[L] ∩ g_r[L] = ∅, L /∈ L_i, which is absurd. XXQQQ

(iii) I am now in a position to describe a winning strategy for Empty. His first move should be m ≥ 1 such that^1_m < ϵ. Suppose that Non-empty responds with k ∈ N. By (ii), L_k is not empty; take L_0 ∈ L_k. Let B be the finite subalgebra of B_ω generated by {a_j : j ∈ L_0}; let r be the number of atoms of B. Let

n ≥ r be such that^r_{mn} ≤ ϵ −^1_m and every atom of B has measure at least^1_{mn} , and let C be a partition of unity in B_ω such that every member of C has measure^1_{mn} and for every atom b of B the number of members of C included in b is the maximum possible value ⌊mnμ̄(b)⌋. For j ∈ L_0, set K_j = {c : c ∈ C, c ⊆ a_j }; then #(K_j ) ≥ n (because the number of members of C not included in any atom of B is at most r ≤ mnϵ − n, so #(K_j ) ≥ mnμ̄(a_j ) − (mnϵ − n) ≥ n). Take K^′_j ⊆ K_j to be a set of size n for each j ∈ L_0; because n ≥ r, we can suppose that whenever b is an atom of B included in a_j , there is a c ∈ K^′_j included in b. Consequently j → K^′_j : L_0 → [C]^n is injective. Finally, Empty plays (n, C, L^′_0) for his second move, where L^′_0 = {K^′_j : j ∈ L_0}.

For subsequent moves, given that i < k, Empty has played L^′_i ⊆ L^′_0 and Non-empty has played nowhereequal functions f^′_i , g^′_i, the rule for Empty is as follows. The inductive hypothesis will be that L_i = {j : K^′_j ∈ L^′_i} belongs to L_{k−i}. Define f_i, g_i on L_i by saying that f_i(j) = f^′_i (K^′_j ), g_i(j) = g^′_i(K^′_j ) for j ∈ L_i; because L_i ∈ L_{k−i}, there is an L_{i+1} ∈ L_{k−i−1} such that L_{i+1} ⊆ L_i and f_i[L_{i+1}] ∩ g_i[L_{i+1}] is empty. Now Empty plays L^′_{i+1} = {K^′_j : j ∈ L_{i+1}}, and the run continues.

At the end of the run, we get L_k ∈ L_0. But this means that inf_{j∈Lk} a_j = 0, so ⋂ j∈L_k K ′ j must be empty, and Empty has won the run. Thus we have a winning strategy for Empty.

(b) This proves the result on the assumption that c = ω_1. But now look at the logical nature of the statement ‘Empty has a winning strategy in G^{H|m-c}’. It makes no difference if Empty is required to choose a member of N for the set B in his second move, following which all Non-empty’s moves will have to belong to the countable set N^{[[N]<ω]<ω} , all Empty’s moves will be in the countable set [[N]^{<ω}]^{<ω}, and the deciding move L_k wins iff it too belongs to a specific countable set (the family of finite subsets of [N]^{<ω} with empty intersection). We therefore have in fact a Borel code for the set of winning strategies for Empty. By Shoenfield’s theorem (Jech 78, Theorem 98, or Jech 03, 25.20), the assertion that it is non-empty is absolute for inner models of ZFC. Consequently it is absolute for forcing, that is, if P is any forcing notion, then

Empty has a winning strategy in G^{H|m-c} iff_P Empty has a winning strategy in G^{H|m-c}.

Now take any forcing notion P such that

P c = ω_1;

for instance, take P to be the partially ordered set of functions from countable ordinals to R, active upwards. Then we shall have

P c = ω_1, so Empty has a winning strategy in G^{H|m-c},

and it follows that Empty has a winning strategy in G^{H|m-c} in the ordinary universe.

Remark No doubt there is a more illuminating proof of this lemma which does not employ considerations of absoluteness.

6O Proof of Theorem 1Mi If p = c, there is a Hausdorff p-point ultrafilter on N which is not measurecentering.

proof (a) By Lemma 6N, Empty has a winning strategy in G^{H|m-c}; let m ≥ 1 be such that Empty has a winning strategy with first move m. For each n ∈ N, fix a set B_n of size mn. For n ∈ N, set I_n = [B_n]^n; set I = ⋃ n∈N I_n,

L_0 = ⋃ n≥1{L : L ⊆ I_n, ⋂ L = ∅},

and for i ∈ N set

L_{i+1} = {L : L ∈ L_i and whenever f, g are nowhere equal functions defined on L, there is an L^′ ∈ L_i such that L^′ ⊆ L and f[L^′] ∩ g[L^′] = ∅}.

An easy induction shows that if i, n ∈ N, L ⊆ L^′ ⊆ I_n and L ∈ L_i, then L^′ ∈ L_i.

For L ∈ L_0, say that the depth depth(L) of L is the greatest k such that L ∈ L_k; observe that depth(L) ≤ #(L) for every L. (The point is that every member of L_0 has at least two members, so that for every L ∈ L_0 there are nowhere equal functions f and g defined on L such that if L^′ ⊆ L and f[L^′] is disjoint from g[L^′], L^′ is a proper subset of L.) Say that A ⊆ I is deep if sup_{n≥1,A∩In∈L0} depth(A ∩ I_n) is infinite. Note that if A ⊆ B ⊆ I, then depth(B ∩ I_n) ≥ depth(A ∩ I_n) whenever the latter is defined, so B will be deep if A is.

Now let σ be a winning strategy for Empty in G^{H|m-c} with first move m; we can suppose that σ is such that whenever Empty plays (n, B, L_0) = σ(k) for his second move, he actually chooses B = B_n.

(b) Suppose that (m, k, (n, B_n, L_0), (f_0, g_0), L_1, (f_1, g_1), . . . , L_i), where i ≤ k, is any partial run of the game in which Empty follows the strategy σ. Then L_i ∈ L_{k−i}. PP Induce downwards on i, starting with i = k. At the end of the run, Empty must win, so we certainly have L_k a subset of L_0 ⊆ I_n with empty intersection, in which case L_k ∈ L_0. For the inductive step down to i < k, given that Empty has just played L_i, let f, g be any nowhere-equal functions defined on L_i. Then Empty will reply with L_{i+1} = σ(k, (f_0, g_0), . . . , (f, g)) ⊆ L_i such that f[L_{i+1}] ∩ g[L_{i+1}] = ∅; by the inductive hypothesis, L_{i+1} ∈ L_{k−i−1}; as f and g are arbitrary, L_i ∈ L_{k−i}, as required. QQQ

It follows that I is deep. PP For every k ∈ N there is a partial run, following Empty’s strategy, of the form (m, k, (n, B_n, L_0)), where (n, B_n, L_0) = σ(k), so that L_0 ∈ L_k and the depth of I_n is at least k. QQQ

(c) If A ⊆ I is deep and A^′ ⊆ A, then at least one of A^′, A \ A^′ is deep. PP Define f, g : I → {0, 1} by setting

f(a) = 1 if a ∈ A^′,

= 0 otherwise, g(a) = 1 − f(a) for every a ∈ I.

For every k, there is an n_k ∈ N such that A ∩ I_{nk} ∈ L_{k+1}. Since f and g are nowhere equal on A ∩ I_{nk} , there is an L_k ⊆ A ∩ I_{nk} such that L_k ∈ L_k and f[L_k] ∩ g[L_k] = ∅, that is, L_k is either included in A^′ or disjoint from A^′. If L_k ⊆ A^′ for infinitely many k, then A^′ is deep; otherwise, L_k ⊆ A \ A^′ for infinitely many k and A \ A^′ is deep. QQQ

(d) If A ⊆ I is deep and f, g are nowhere equal functions defined on I, then there is a deep A^′ ⊆ A such that f[A^′] and g[A^′] are disjoint. PP (i) If there is some j such that A ∩ f^{−1}[{j}] is deep, we can take this for A^′; similarly, if there is some j such that A ∩ g^{−1}[{j}] is deep, this will serve for A^′. By (c), we can therefore restrict our attention to the case in which A \ (f^{−1}[M] ∪ g^{−1}[M]) is deep for every finite set M. (ii) Choose ⟨n_k⟩_{k∈N}, ⟨M_k⟩_{k∈N} inductively in such a way that, for each k ∈ N,

M_k = ⋃ i<k f[I_{ni} ] ∪ g[I_{ni} ], n_k > n_i whenever i < k, depth(A ∩ I_{nk} \ (f^{−1}[M_k] ∪ g^{−1}[M_k])) ≥ k + 1.

Then we have for each k an L_k ⊆ A ∩ I_{nk} \ (f^{−1}[M_k] ∪ g^{−1}[M_k]) such that depth(L_k) ≥ k and f[L_k] is disjoint from g[L_k]. Setting A^′ = ⋃ k∈N L_k, we see that A^′ ⊆ A is deep and f[A^′] ∩ g[A^′] = ∅. QQQ

(e) If ξ < p and ⟨A_η ⟩_{η<ξ} is a family of deep subsets of I such that A_η \ A_ζ is finite whenever ζ ≤ η < ξ, then there is a deep set A ⊆ I such that A \ A_η is finite for every η < ξ. PP Let P be the set of pairs (J, D) where J ⊆ I, D ⊆ ξ are finite, ordered by saying that (J, D) ≤ (J^′, D^′) if J ⊆ J^′, D ⊆ D^′ and J^′ \ J ⊆ A_η for every η ∈ D. Then P is a partially ordered set, σ-centered upwards. For every k ∈ N, Q_k = {(J, D) : (J, D) ∈ P , there is an n ∈ N such that depth(J ∩ I_n) ≥ k} is cofinal with P , because if D ⊆ ξ is finite then I ∩ ⋂ η∈D A_η is deep. For every η < ξ, Q^′_η = {(J, D) : (J, D) ∈ P , η ∈ D} is cofinal with P . By Bell’s theorem (Fremlin 84, 14C) there is an upwards-directed R ⊆ P meeting every Q_k and every Q^′_η; set A = ⋃ {J : (J, D) ∈ R}. QQQ

(f) Let ⟨(f_ξ , g_ξ)⟩_{ξ<c} enumerate the set of pairs (f, g) of nowhere equal functions from I to N. Because p = c, we can use (d) and (e) to find a family ⟨A_ξ⟩_{ξ<c} of deep subsets of I such that

A_ξ \ A_η is finite whenever η ≤ ξ < c, f_ξ[A_{ξ+1}] is disjoint from g_ξ[A_{ξ+1}] for every ξ < c.

Let F be the filter on I generated by {A_ξ \J : ξ < c, J ∈ [I]^{<ω}}. If f, g are any two nowhere-equal functions on I, then (because f[I] ∪ g[I] must be countable) there is a ξ < c such that for all a, b ∈ I, f(a) = g(b) iff f_ξ(a) = g_ξ(b); so f[A_{ξ+1}] ∩ g[A_{ξ+1}] = ∅. It follows that F is a Hausdorff ultrafilter. (It is an ultrafilter by the argument in (c) above.) By construction, F is a p-point ultrafilter.

(g) F is not measure-centering. PP Let (A, μ̄) be any atomless probability algebra. For each n ∈ N let π_n : PB_n → A be a Boolean homomorphism which is measure-preserving for the uniform probability measure on PB_n. For n ∈ N and a ∈ I_n set d_a = π_na; then μ̄d_a =^{#(a)}_{#(Bn)} =^1_m . If A ∈ F, there is a ξ < c

such that A_ξ \ A is finite, so A is deep; in particular, there is some n ∈ N such that A ∩ I_n ∈ L_0, that is, A ∩ I_n has empty intersection. But now {d_a : a ∈ A} ⊇ π_n[A ∩ I_n] is not centered. So ⟨d_a⟩_{a∈I} witnesses that F is not measure-centering. QQQ

Transferring F from the countably infinite set I to N, we have the required example.

7 Problems

7A If Martin’s axiom is true, the constructions used in the proof of Theorem 1B, given in 3F-3G, and in the proof of existence of Ramsey ultrafilters in Fremlin 08, provide three essentially different classes of free measure-centering ultrafilters on N, and further measure-centering ultrafilters on κ for ω < κ < c; moreover, since there are 2^c Ramsey ultrafilters (Fremlin 84, 26Ed), we get further measure-centering ultrafilters on N from Theorem 1J. I know of no construction for a uniform measure-centering ultrafilter on c. Indeed, Martin’s axiom ensures that there is no such ultrafilter, for the following reason. A cardinal κ is a measure-precaliber of probability algebras if whenever (A, μ̄) is a probability algebra and ⟨a_ξ⟩_{ξ<κ} is a family in A such that inf_{ξ<κ} μ̄a_ξ > 0, there is a set J ⊆ κ, of cardinal κ, such that {a_ξ : ξ ∈ J} is centered. If F is a uniform measure-centering ultrafilter on κ, there will always be such a set belonging to F, so κ will certainly be a measure-precaliber of probability algebras. Now Martin’s axiom (or much less) ensures that c is not a measure-precaliber of probability algebras (see Fremlin 08, 525D and 525O); so it is certainly consistent to suppose that there is no uniform measure-centering ultrafilter on c. On the other hand, it is also consistent to suppose that c is a measure-precaliber of probability algebras (this happens, for instance, if c = ω_2 and there is a subset of R of cardinal ω_1 which is not Lebesgue negligible; see Fremlin 08, 525L). So my question is: is it consistent with ZFC to suppose that there is a uniform measure-centering ultrafilter on c? Could it even be consistent to suppose that for every infinite cardinal κ there is a uniform measure-centering ultrafilter on κ?

7B I have been unable to answer the following question from Andreas Blass: is a weakly Ramsey ultrafilter on N necessarily measure-centering?

7C Under what circumstances is the product F ⋉ G of two measure-centering ultrafilters measurecentering? For instance, when the product is Hausdorff, will it always be measure-centering?

7D Is every Hausdorff ultrafilter measure-linking?

Acknowledgments I am greatly indebted to Dr Di Nasso and the organizers of the Ultramath 2008 conference for inviting me to speak there. In addition I should like to mention conversations with M.Benedikt, V.Bergelson, A.Blass, I.Farah, R.Jin, D.Raghavan and M.Talagrand, and correspondence with W.Comfort. Some of the ideas of §6 were worked out while I was a guest of the Fields Institute at the University of Toronto.A referee made several helpful suggestions.

References

Baumgartner J.E. [95] ‘Ultrafilters on ω’, J. Symbolic Logic 60 (1995) 624-639. Baumgartner J.E. & Taylor A.D. [78] ‘Partition theorems and ultrafilters’, Trans. Amer. Math. Soc. 241 (1978) 283-309.

Benedikt M. [98] ‘Ultrafilters which extend measures’, J. Symbolic Logic 63 (1998) 638-662. Benedikt M. [99] ‘Hierarchies of measure-theoretic ultrafilters’, Ann. Pure Appl. Logic 97 (1999) 203-219. Blass A. [74] ‘Ultrafilter mappings and their Dedekind cuts’, Trans. Amer. Math. Soc. 188 (1974) 327-340. Blass A. [88] ‘Selective ultrafilters and homogeneity’, Ann. Pure Appl. Logic 38 (1988) 252-285. Comfort W.W. & Negrepontis S. [74] The Theory of Ultrafilters. Springer, 1974. Daguenet-Tessier M. [79] ‘Ultrafiltres à la façon de Ramsey’, Trans. Amer. Math. Soc. 250 (1979) 91-120.

Fremlin D.H. [84] Consequences of Martin’s Axiom. Cambridge U.P., 1984. Fremlin D.H. [93] ‘Real-valued-measurable cardinals’, pp. 151-304 in Judah 93. Fremlin D.H. [01] Measure Theory, Vol. 2: Broad Foundations. Torres Fremlin, 2001. Fremlin D.H. [02] Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002. Fremlin D.H. [03] Measure Theory, Vol. 4: Topological Measure Spaces. Torres Fremlin, 2003. Fremlin D.H. [08] Measure Theory, Vol. 5: Set-theoretic Measure Theory. Torres Fremlin, 2008. Fremlin D.H. [n09] ‘Dependently selective filters’, note of 30.1.09 (http://www.essex.ac.uk/maths/

staff/fremlin/preprints.htm).

Grigorieff S. [71] ‘Combinatorics on ideals and forcing’, Ann. Math. Logic 3 (1971) 363-394. Henson C.W. & Wattenberg B. [81] ‘Egoroff’s theorem and the distribution of standard points in a non-standard model’, Proc. Amer. Math. Soc. 81 (1981) 455-461.

Jech T. [78] Set Theory. Academic, 1978 (ISBN 0-120-381950-4). Jech T. [03] Set Theory, Millennium Edition. Springer, 2003 (ISBN 3540440852). Judah H. [93] (ed.) Proceedings of the Bar-Ilan Conference on Set Theory and the Reals, 1991. Amer.

Math. Soc. (Israel Mathematical Conference Proceedings 6), 1993.

Loeb P.A. [75] ‘Conversion from nonstandard to standard measure spaces and applications in probability theory’, Trans. Amer. Math. Soc. 211 (1975) 113-122.

Makowsky J.A. & Ravve E.V. (eds.) [98] Logic colloquium ’95. Springer, 1998 (Lecture Notes in Logic 11).

Sazonov V.V. [66] ‘On perfect measures’, Amer. Math. Soc. Transl. (Ser. 2) 48 (1966) 229-254. Shelah S. [98] ‘There may be no nowhere dense ultrafilter’, pp. 305-324 in Makovsky & Ravve 98. Sierpiński W. [45] ‘Sur une suite infinie de fonctions de classe 1 dont toute fonction d’accumulation est non mesurable’, Fund. Math. 33 (1945) 104-105.