Version of 27.6.06

Random hypergraphs

D.H.Fremlin

University of Essex, Colchester, England

I examine permutation-invariant probability measures on spaces of hypergraphs, discussing extreme points (1J) and theorems of T.Tao on removable intersections (1N) and hypergraphs (2B).

1 Permutation-invariant measures on P([I]^{<ω})

1A The context Let I be a set. Then P([I]^{<ω}) is a compact Hausdorff space. Let G_I be the set of permutations of I, and for ϕ ∈ G_I , R ⊆ [I]^{<ω} set

ϕ^•R = {ϕ[a] : a ∈ R},

so that^• is a continuous action of G_I on P([I]^{<ω}) when G_I is given its topology of pointwise convergence (compare 441Yj in Fremlin 03). Let P_I be the set of Radon probability measures on P([I]^{<ω}) which are invariant under the action of G_I . P_I is a closed convex subset of the set of all Radon probability measures on P([I]^{<ω}) in its narrow topology (Fremlin 03, §437).

For R ⊆ [I]^{<ω} and J ⊆ I I write R⌈J for the trace R ∩ PJ ⊆ [J]^{<ω} of R on J. If we take V to be the family of sets of the form {R : R ⊆ [I]^{<ω}, R⌈J = S} where J ⊆ I is finite and S ⊆ PJ, then V is a base for the topology of P([I]^{<ω}) and every open-and-closed subset of P([I]^{<ω}) is expressible as a finite disjoint union of members of V. Consequently two Baire measures on P([I]^{<ω}) which agree on V will be the same. Observe also that if we take W to be the family of sets of the form {R : R ⊆ [I]^{<ω}, R⌈J ∈ S} where J ⊆ I is countable and S ⊆ PJ, then W is a σ-algebra of subsets of P([I]^{<ω}) including V, so contains every Baire set.

If I, J are sets and f : I → J is a function, I define f̃ : P([J]^{<ω}) → P([I]^{<ω}) by setting f̃(R) = {a : a ∈ [I]^{<ω}, f[a] ∈ R} for R ⊆ [J]^{<ω}. Note that f̃ is continuous, since {R : a ∈ f̃(R)} = {R : f[a] ∈ R} is a basic open-and-closed set in P([J]^{<ω}). If I ⊆ J and f is the identity function, then f̃(R) = R⌈I for every R ⊆ [J]^{<ω}.

If X is a set and T, T^′ are two σ-algebras of subsets of X, T ∨ T^′ will be the σ-algebra generated by T ∪ T^′. If ⟨T_i⟩_{γ∈Γ} is a family of σ-algebras of subsets of X, I will write ⋁ γ∈Γ T_γ for the σ-algebra generated by ⋃ γ∈Γ T_γ .

1B Proposition Let I, J be sets and f : I → J an injective function. If μ ∈ P_J then the image measure μf̃^{−1} belongs to P_I .

proof f̃ is continuous, so μf̃^{−1} is a Radon probability measure on P([I]^{<ω}) (Fremlin 03, 418I). If ϕ ∈ G_I , then there is a ψ ∈ G_J such that fϕ^{−1} = ψ^{−1}f. (We can take ψ(j) = j for j ∈ J \ f[I].) Writing ϕ̂ : P([I]<ω) → P([I]<ω) for the map R → ϕ_•R,

ϕ̂(f̃(R)) = ϕ̂({a : f[a] ∈ R}) = {ϕ[a] : f[a] ∈ R} = {b : f[ϕ^{−1}[b]] ∈ R}

= {b : ψ^{−1}[f[b]] ∈ R} = {b : f[b] ∈ ψ^•R = ψ̂(R)} = f̃(ψ̂(R))

for every R ⊆ [I]^{<ω}, so ϕ̂f̃ = f̃ψ̂. Now

(μf̃^{−1})ϕ̂^{−1} = μ(ϕ̂f̃)^{−1} = μ(f̃ψ̂)^{−1} = (μψ̂^{−1})f̃^{−1} = μf̃^{−1}.

As ϕ is arbitrary, μf̃^{−1} ∈ P_I .

1C Proposition For any set I, P_I is metrizable in its narrow topology.

proof If I is countable, then [I]^{<ω} is countable and P([I]^{<ω}) is metrizable, so the set of all Radon probability measures on P([I]^{<ω}) is metrizable in its narrow topology (Fremlin 03, 437Ra). If I is infinite, let J ⊆ I 1 be a countably infinite set. Applying 1B to the identity function f from J to I, we have a continuous map R → f̃(R) = R⌈J : P([I]^{<ω}) → P([J]^{<ω}) and a corresponding map μ → μf̃^{−1} : P_I → P_J . But observe now that this is injective. PP Suppose that μ, μ^′ ∈ P_I and μf̃^{−1} = μ^′f̃^{−1}. Let K ⊆ I be a finite set and S ⊆ PK. Then there are a finite set K^′ ⊆ J and an S^′ ⊆ [K^′]^{<ω} such that (K, S) is isomorphic to (K^′, S^′). Now

μ{R : R ⊆ [I]^{<ω}, R⌈K = S} = μ{R : R ⊆ [I]^{<ω} , R⌈K^′ = S^′} = μf̃^{−1}[{R : R ⊆ [I]^{<ω}, R⌈K^′ = S^′}] = μ^′f̃^{−1}[{R : R ⊆ [I]^{<ω}, R⌈K^′ = S^′}] = μ^′{R : R ⊆ [I]^{<ω}, R⌈K = S}.

As K and S are arbitrary, μ and μ^′ agree on the Baire σ-algebra of P([I]^{<ω}) and must be identical. QQQ So in fact we have a homeomorphism between P_J and P_I , and P_I is metrizable (indeed, homeomorphic to P_N).

1D Lemma Suppose that I is infinite and that μ ∈ P_I . Let J, K ⊆ I be disjoint finite sets of the same size; suppose that S ⊆ PJ and S^′ ⊆ PK are isomorphic. Then μ{R : R⌈J = S, R⌈K = S^′} ≥ (μ{R : R⌈J = S})^2.

proof Let ⟨J_n⟩_{n∈N} be a disjoint sequence of subsets of I all of the same size as J and K; for each n ∈ N let S_n ⊆ [J_n]^{<ω} be isomorphic to S, and set E_n = {R : R ⊆ [I]^{<ω}, R⌈J_n = S_n}. Set α = μ{R : R⌈J = S} and β = μ{R : R⌈J = S, R⌈K = S^′}. Then μ(E_m) = α and μ(E_m ∩ E_n) = β for all m, n ∈ N. But sup_{m≠n} μ(E_m ∩ E_n) ≥ α^2 (Fremlin 88, or 525U of Fremlin 08?). So β ≥ α^2, as claimed.

1E Definition For any set I, write EP_I for the set of those μ ∈ P_I such that whenever J, K ⊆ I are disjoint finite sets, S ⊆ PJ and S^′ ⊆ PK, then μ{R : R⌈J = S, R⌈K = S^′} = μ{R : R⌈J = S} · μ{R : R⌈K = S^′};

that is, the random variables R⌈J, R⌈K are μ-independent whenever J, K ⊆ I are disjoint. Observe that EP_I is closed for the narrow topology on P_I .

1F Lemma Let I be a set and μ ∈ EP_I .

(a) If J ⊆ I then the measure ν on P([J]^{<ω}) induced by μ belongs to EP_J .

(b) If J_0, . . . , J_n are disjoint finite subsets of I then the random variables R → R⌈J_0, . . . , R → R⌈J_n are independent.

proof (a) If K, L ⊆ J are disjoint and finite, S ⊆ PK and S^′ ⊆ PL then

ν{R : R ⊆ [J]^{<ω}, R⌈K = S, R⌈L = S^′} = μ{R : R ⊆ [I]^{<ω}, (R⌈J)⌈K = S, (R⌈J)⌈L = S^′} = μ{R : R ⊆ [I]^{<ω}, R⌈K = S, R⌈L = S^′} = μ{R : R ⊆ [I]^{<ω}, R⌈K = S} · μ{R : R ⊆ [I]^{<ω}, R⌈L = S^′} = ν{R : R ⊆ [J]^{<ω}, R⌈K = S} · ν{R : R ⊆ [J]^{<ω}, R⌈L = S^′}.

(b) Induce on n. For the inductive step to n, suppose that S_i ⊆ [J_i]^{<ω} for i ≤ n. Set J = J_0 ∪ . . . ∪ J_{n−1}, and let T = {T : T ⊆ PJ, T ⌈J_i = S_i for every i < n}.

Then μ{R : R⌈J_i = S_i for every i ≤ n} = ∑ T ∈T

μ{R : R⌈J = T, R⌈J_n = S_n} = ∑ T ∈T

μ{R : R⌈J = T } · μ{R : R⌈J_n = S_n}

= μ{R : R⌈J_i = S_i for i < n} · μ{R : R⌈J_n = S_n} = ∏ i≤n μ{R : R⌈J_i = S_i}

by the inductive hypothesis.

1G Theorem If I is infinite, then P_I is the closed convex hull of EP_I . proof We may suppose that N is a subset of I.

(a) For each S ⊆ [I]^{<ω} and n ≥ 1 define θ_{Sn} : n^I → P([I]^{<ω}) by saying that θ_{Sn}(x) = {a : a ∈ [I]^{<ω}, x[a] ∈ S}.

Let λ_n be the usual product measure on n^I where each copy of n is given the uniform measure, and let ν_{Sn} be the image measure λ_nθ^{−1}_{Sn} on P([I]^{<ω}). Because λ_n is a Radon measure (Fremlin 03, 416Ua) and θ_{Sn} is continuous, ν_{Sn} is a Radon measure (Fremlin 03, 418I). Because λ_n is invariant under permutations of I, so is θ_{Sn}. If J, K are disjoint (finite) subsets of I, then the maps x → x↾J and x → x↾K are independent random variables for λ_n, so the maps R → R⌈J and R → R⌈K are independent random variables for ν_{Sn}; thus ν_{Sn} ∈ EP_I .

(b) If E ⊆ P([I]^{<ω}) is of the form {R : R⌈J = T } where J ⊆ I is finite and T ⊆ PJ, then μE = lim_{n→∞} ∫ ν_{Sn}E μ(dS). PP Take ϵ > 0, and let n be so large that^{n!}_{(n−m)!nm} ≥ 1 − ϵ, where m = #(J). For each x ∈ n^I such that x↾J is injective, we have {S : θ_{Sn}(x) ∈ E} = {S : S⌈x[J] = T_x} where T_x ⊆ P(x[J]) is the image of T under x. Because μ ∈ P_I and (J, T ), (x[J], T_x) are isomorphic, μ{S : θ_{Sn}(x) ∈ E} = μE.

If we set F = {(x, S) : x ∈ n^I , S ⊆ [I]^{<ω}, θ_{Sn}(x) ∈ E}, then F is a finite union of measurable cylinders in n^I × P([I]^{<ω}), so is measured by the product measure λ_n × μ, and (λ_n × μ)(F ) = ∫ μ{S : (x, S) ∈ F }λ_n(dx).

But if we set W = {x : x ∈ n^I , x↾J is injective}, then λ_nW =^{n!}_{(n−m)!nm} ≥ 1−ϵ, and μ{S : (x, S) ∈ F } = μE for x ∈ W ; so |μE − (λ_n × μ)(F )| ≤ ϵ.

On the other hand,

(λ_n × μ)(F ) = ∫ λ_n{x : (x, S) ∈ F }μ(dS) = ∫ λ_nθ^{−1}_{Sn} [E]μ(dS) = ∫ ν_{Sn}E μ(dS).

Thus |μE − ∫ ν_{Sn}E μ(dS)| ≤ ϵ. This is true for any n large enough, so we have the result. QQQ (c) It follows that ∫ f dμ = lim_{n→∞} ∫∫ f dν_{Sn}μ(dS) for every f ∈ C(P([I]^{<ω})). PP Consider first the case in which f = χV for some open-and-closed set V ⊆ P([I]^{<ω}). Then there is a finite J ⊆ I such that V is determined by coordinates in J in the sense that if R ∈ V , R^′ ⊆ [I]^{<ω} and R⌈J = R^′⌈J then R^′ ∈ V . So V is expressible in the form ⋃ T ∈T {R : R⌈J = T }

for some T ⊆ PJ, and μV = ∑ T ∈T

μ{R : R⌈J = T } = ∑ T ∈T

lim_{n→∞} ν_{Sn}{R : R⌈J = T }μ(dS) = lim_{n→∞} ν_{Sn}(V )μ(dS).

Since finite linear combinations of such characteristic functions are ‖ ‖_∞-dense in C(P([I]^{<ω})), we have the result. QQQ

(d) Consequently μ belongs to the closed convex hull of {ν_{Sn} : S ⊆ [I]^{<ω}, n ∈ N} ⊆ EP_I .

1H Lemma Suppose that k ≥ 1 is finite, and ϵ > 0. Then there is an n_0 ∈ N such that whenever n ≥ n_0 and X is a set of cardinal k^n, there is a family Q of partitions Q of X such that ⋃ Q ⊆ [X]^k, Q is disjoint, #([X]^k \ ⋃ Q) ≤ ϵ#([X]^k).

proof Since lim_{n→∞}^{(kn)!}_{knk (kn−k)!} = 1, we can find an n_0 so large that ( 1 −^{k!}_{kk}

)_n

≤^{ϵ(kn)!}

k^{nk}(k^n−k)!k!

for every n ≥ n_0. Suppose that n ≥ n_0, and consider X = Z^n_k with its usual group operation +. For a ∈ [X]^k, i < n set J_i(a) = {x(i) : x ∈ a} ⊆ Z_k; set

A_i = {a : a ∈ [X]^k, #(J_i(a)) = k}, B_i = A_i \ ⋃ j<i A_j

for i < n. Note that, writing a+y = {x+y : x ∈ a} and A+x = {a+x : x ∈ A}, A_i +x = A_i and B_i +x = B_i for every i < n and x ∈ X. Set H_i = {x : x ∈ X, x(i) = 0} for i < n, and let Q be the set of partitions of X of the form {a + x : x ∈ H_i} where i < n and a ∈ B_i. The point is that if a ∈ B_i and x, x^′ ∈ H_i and y ∈ (a + x) ∩ (a + x^′), then y − x and y − x^′ both belong to a ∈ A_i; but (y − x)(i) = y(i) = (y − x^′)(i) so y − x = y − x^′ and x = x^′; secondly, if a ∈ B_i, x ∈ H_i, a^′ ∈ B_j , x^′ ∈ H_j and a + x = a^′ + x^′ then a + x and a^′ + x^′ both belong to B_i ∩ B_j and i = j, so that a, a^′ belong to the same member of Q. So Q is a disjoint family of partitions of X into k-element sets. Finally, consider

{w : w ∈ X^k, w[k] /∈ ⋃ Q} = {w : w ∈ (Z^n_k )^k : #({w(j)(i) : j < k}) < k for every i < n}.

This has (k^k − k!)^n members, so

#([X]^k \ ⋃ Q) ≤ (k^k − k!)^n = k^{kn} ( 1 −^{k!}_{kk}

)_n ≤ ϵ^{(kn)!}

(k^n−k)!k! = ϵ#([X] k), as required.

1I Lemma Let k ≥ 1 be an integer, S ⊆ Pk and ϵ > 0. For a non-empty set X and R ⊆ [X]^{<ω}, set γ(R) =^1_{#(X)k} #({z : z ∈ X^k, z̃(R) = S}). Then there is an n_0 ∈ N such that whenever n ≥ n_0, #(X) = k^n, k ⊆ X, μ ∈ EP_X and μ{R : R⌈k = S} = α, then

μ{R : γ(R) ≥ α − 2ϵ} ≥ 1 − ϵ.

proof (a) Take n_0 so large that whenever n ≥ n_0 then

(α) whenever X is a set of cardinal k^n, there is a family Q of partitions Q of X such that ⋃ Q ⊆ [X]^k, Q is disjoint and^{#(X)k}_{k!} − #( ⋃ Q) ≤^{ϵ#(X)k}_{k!}

(this is possible by Lemma 1H, recalling that^{#(X)k}_{k!} ≏ #([X]^k) whenever X is big enough),

(β) k!k^{nk} exp(−2k^{n−1}ϵ^2) ≤ ϵ (this is possible because lim_{m→∞} m^k exp(−2mϵ^2/k) = 0).

(b) Suppose that k ⊆ X and #(X) = k^n for some n ≥ n_0, and that μ ∈ EP_X ; set α = μ{R : R⌈k = S}. Take Q as in (a-α). Give X a total ordering and for each bijection π : k → k let Z_π be the set of those z ∈ X^k such that zπ : k → X is strictly increasing. Observe that if z ∈ Z_π then z is determined by z[k] ∈ [X]^k, while μ{R : z̃(R) = S} = α.

For Q ∈ Q, π ∈ G_k and R ⊆ [X]^{<ω} set M_{Qπ}(R) = #({z : z ∈ Z_π, z[k] ∈ Q, z̃(R) = S}).

Then M_{Qπ} is a sum of {0, 1}-valued random variables all with expectation α, and by 1Fb these variables are independent. By Hoeffding’s inequality (Hoeffding 63, or Fremlin 01, 272V^1, μ{R : M_{Qπ}(R) ≤ (α − ϵ)#(Q)} ≤ exp(−2ϵ^2#(Q)).

So if we set E = {R : R ⊆ [X]^k, M_{Qπ}(R) ≥ (α − ϵ)#(Q) for every Q ∈ Q and every π ∈ G_k}, we have μE ≥ 1 − #(Q)#(G_k ) exp(−2k^{n−1}ϵ^2) ≥ 1 − k!k^{nk} exp(−2k^{n−1}ϵ^2) ≥ 1 − ϵ by (a-β); of course #(Q) = k^{n−1} for every Q ∈ Q. But if R ∈ E then

#({z : z ∈ X^k, z̃(R) = S}) ≥ ∑ π∈G_k ,Q∈Q

M_{Qπ}(R)

≥ (α − ϵ) ∑ π∈G_k ,Q∈Q

#(Q) = (α − ϵ)k!#( ⋃ Q) and γ(R) ≥ (α − ϵ)^{k!#(} ⋃ Q) #(X)^k ≥ (α − ϵ)(1 − ϵ) ≥ α − 2ϵ.

So n has the required property.

1J Theorem Let I be an infinite set, and μ ∈ P_I . Then the following are equiveridical. (i) μ is an extreme point of P_I . (ii) μ ∈ EP_I .

(iii) Whenever J, K ⊆ I are disjoint finite sets of the same size and S ⊆ PJ and S^′ ⊆ PK are isomorphic, then μ{R : R⌈J = S, R⌈K = S^′} = (μ{R : R⌈J = S})^2.

(iv) There is a sequence ⟨(m_n, T_n)⟩_{n∈N} such that

(α) ⟨m_n⟩_{n∈N} is a sequence in N and lim_{n→∞} m_n = ∞, (β) T_n ⊆ [m_n]^{<ω} for each n, (γ) whenever J ⊆ I is finite and S ⊆ PJ, then μ{R : R⌈J = S} is

lim_{n→∞}^1_{m#(J)n} #({z : z ∈ m^J_n, z̃(T_n) = S}).

(v) There are a sequence ⟨(m_n, T_n)⟩_{n∈N} and a non-principal ultrafilter F on N such that (α) ⟨m_n⟩_{n∈N} is a sequence in N and lim_{n→F} m_n = ∞, (β) T_n ⊆ [m_n]^{<ω} for each n, (γ) whenever J ⊆ I is finite and S ⊆ PJ, then μ{R : R⌈J = S} is

lim_{n→F}^1_{m#(J)n} #({z : z ∈ m^J_n, z̃(T_n) = S}).

proof (a)(i)⇒(ii) Because EP_I is closed for the narrow topology and P_I is included in the closed convex hull of EP_I (1G), every extreme point of P_I must belong to EP_I (Fremlin 03, 461Xe).

(b)(ii)⇒(iii) is trivial (because we are supposing that μ ∈ P_I , of course).

1Later editions only.

(c)(iii)⇒(i) Suppose that μ^′, μ^{′′} ∈ P_I and that μ =^1_2 (μ^′ +μ^{′′}) satisfies the condition (iii). Take J ∈ [I]^{<ω} and S ⊆ PJ; because I is infinite, there is a K ⊆ I \ J with #(K) = #(J); take S^′ ⊆ PK such that (K, S^′) and (J, S) are isomorphic. Set α = μ^′{R : R⌈J = S} = μ^′{R : R⌈K = S^′}, β = μ^′{R : R⌈J = S, R⌈K = S^′} ≥ α^2 (Lemma 1D), γ = μ^{′′}{R : R⌈J = S} = μ^{′′}{R : R⌈K = S^′}, δ = μ^{′′}{R : R⌈J = S, R⌈K = S^′} ≥ γ^2.

Then α+γ 2 = μ{R : R⌈J = S} = μ{R : R⌈K = S^′}, β+δ 2 = μ{R : R⌈J = S, R⌈K = S^′} =^{(α+γ)2}_4 .

But this means that α^2 + γ^2 ≤ β + δ =^1_2 (α + γ)^2 and α = β. As J and S are arbitrary, μ^′ = μ^{′′}; as μ^′ and μ^{′′} are arbitrary, μ is extreme. QQQ (d)(ii)⇒(iv)(α) We may suppose that N ⊆ I. For m ∈ N let μ_m be the image of μ on P(Pm), as in 1B.

Then μ_m ∈ EP_m, by 1Fa. If k ∈ N and ϵ > 0 then there are an m ≥ k and a T ⊆ [m]^{<ω} such that whenever S ⊆ [k]^{<ω} then |μ_m{R : R ⊆ [m]^{<ω}, R⌈k = S} −^1_{mk} #({z : z ∈ m^k, z̃(T ) = S})| ≤ ϵ.

PP Let η > 0 be such that 2η#(P(Pk)) ≤ min(ϵ, 1). By Lemma 1I, there is an m ≥ k such that whenever ν ∈ EP_m, S ⊆ Pk and ν{R : R⌈k = S} then ν{R : γ_S (R) ≥ α − 2η} ≥ 1 − η, where γ_S (R) =^1_{mk} #({z : z ∈ m^k, z̃(R) = S}). In particular, this is true for ν = μ_m. Because η#(P(Pk)) < 1 there is a T ⊆ Pm such that γ_S (T ) ≥ μ_m{R : R⌈k = S} − 2η for every S ⊆ Pk. Because 2η#(P(Pk)) ≤ ϵ, and ∑ S⊆Pk γS (T ) ≤ 1 = ∑ S⊆Pk μm{R : R⌈k = S},

T must have the required property. QQQ

It follows now that if j ≤ k and S ⊆ Pj then |μ_m{R : R ⊆ Pm, R⌈j = S} −^1_{mj} #({z : z ∈ m^j , z̃(T ) = S})| ≤ ϵ#(P(Pk)). PP 1 m^j #({z : z ∈ m

j , z̃(T ) = S}) =^1_{mk} #({z : z ∈ m^k, (z↾j)^∼(T ) = S})

=^1_{mk} #({z : z ∈ m^k, z̃(T )⌈j = S}) = ∑ S^′⊆Pk,S^′ ⌈j=S 1 m^k #({z : z ∈ m

k, z̃(T ) = S^′})

= ∑ S^′⊆Pk,S^′ ⌈j=S 1 m^k #({z : z ∈ m

k, z̃(T ) = S^′}) ≏ ∑ S^′⊆Pk,S^′ ⌈j=S

μ_m{R : R⌈k = S^′} = μ_m{R : R⌈j = S}

with an error of at most ϵ#(P(Pk)) at ‘≏’. QQQ

(β) It follows that for every n ∈ N we can find an m_n ≥ n and a T_n ⊆ [m_n]^{<ω} such that whenever k ≤ n and S ⊆ Pk then |μ_{mn} {R : R ⊆ Pm_n, R⌈k = S} −^1_{mkn} #({z : z ∈ m^k_n, z̃(T_n) = S})| ≤ 2^{−n}.

Since μ_{mn} {R : R ⊆ Pm_n, R⌈k = S} = μ{R : R ⊆ [I]^{<ω}, R⌈k = S} whenever k ≤ m_n, we have |μ{R : R ⊆ [I]^{<ω}, R⌈k = S} −^1_{mkn} #({z : z ∈ m^k_n, z̃(T_n) = S})| ≤ 2^{−n} whenever k ≤ n and S ⊆ Pk; consequently |μ{R : R ⊆ [I]^{<ω}, R⌈J = S} −^1_{m#(J)n} #({z : z ∈ m^J_n, z̃(T_n) = S})| ≤ 2^{−n} whenever J ⊆ I, #(J) ≤ n and S ⊆ PJ. So ⟨(m_n, T_n)⟩_{n∈N} witnesses (iv).

(e)(iv)⇒(v) is trivial, as we can take any non-principal ultrafilter F on N.

(f)(v)⇒(ii) Suppose that (v) is true. Take disjoint finite J, K ⊆ I and S ⊆ PJ, S^′ ⊆ PK. Let T be the set of those T ⊆ P(J ∪ K) such that T ⌈J = S and T ⌈K = S^′. Then

μ{R : R⌈J = S, R⌈K = S^′} = ∑ T ∈T

μ{R : R⌈J ∪ K = T } = ∑ T ∈T

lim_{n→F}^1_{m#(J∪K)} n #({z : z ∈ m^{J∪K}_n , {a : a ⊆ J ∪ K, z[a] ∈ T_n} = T }) = ∑ T ∈T

lim_{n→F}^1_{m#(J∪K)} n #({z : z ∈ m^{J∪K}_n is injective,

{a : a ⊆ J ∪ K, z[a] ∈ T_n} = T }) (because lim_{n→F} m_n = ∞) = lim_{n→F}^1_{m#(J∪K)} n ∑ T ∈T

#({z : z ∈ m^{J∪K}_n is injective,

{a : a ⊆ J ∪ K, z[a] ∈ T_n} = T }) = lim_{n→F}^1_{m#(J∪K)} n #({z : z ∈ m^{J∪K}_n is injective, {a : a ⊆ J, z[a] ∈ T_n} = S, {a : a ⊆ K, z[a] ∈ T_n} = S^′}) = lim_{n→F}^1_{m#(J∪K)} n #({z : z ∈ m^{J∪K}_n , {a : a ⊆ J, z[a] ∈ T_n} = S, {a : a ⊆ K, z[a] ∈ T_n} = S^′}) = lim_{n→F}^1_{m#(J)n} #({z : z ∈ m^J_n, {a : a ⊆ J, z[a] ∈ T_n} = S} ·^1_{m#(K)n} #({z : z ∈ m^K_n , {a : a ⊆ K, z[a] ∈ T_n} = S^′}) = lim_{n→F}^1_{m#(J)n} #({z : z ∈ m^J_n, {a : a ⊆ J, z[a] ∈ T_n} = S}) · lim_{n→F}^1_{m#(K)n} #({z : z ∈ m^K_n , {a : a ⊆ K, z[a] ∈ T_n} = S^′}) = μ{R : R⌈J = S} · μ{R : R⌈K = S^′}.

As J, K, S and S^′ are arbitrary, μ ∈ EP_I .

1K Theorem Let I be an infinite set, and μ ∈ P_I . Then there is exactly one Radon probability measure λ on EP_I such that μ is the barycenter of λ.

proof Let V be the linear subspace of C(P([I]^{<ω}))^∗ consisting of G_I -invariant linear functionals. Then V is a Riesz subspace of C(P([I]^{<ω} ))^∗. PP Each ϕ ∈ G_I acts on P([I]^{<ω}) as a homeomorphism and on C(P([I]^{<ω} )) as a Riesz space isomorphism T_ϕ say. If h ∈ V , then h^+, taken in C(P([I]^{<ω} ))^∗, is given by

h^+(v) = sup{h(u) : u ∈ C(P([I]^{<ω})), 0 ≤ u ≤ v}

for every v ∈ C(P([I]^{<ω} ))^+. So

h^+(T_ϕv) = sup{h(u) : 0 ≤ u ≤ T_ϕv} = sup{h(T_ϕu) : 0 ≤ u ≤ v} = sup{h(u) : 0 ≤ u ≤ v} = h^+(v)

for every v ≥ 0, and T^′_ϕh^+ = h^+; as ϕ is arbitrary, h^+ ∈ V ; as h is arbitrary, V is a Riesz subspace. QQQ Next, we can identify P_I with {h : h ∈ V^+, ‖h‖ = 1}, so that every member of V^+ is uniquely expressible as a scalar multiple of a member of P_I . Since P_I is metrizable (1C), Choquet’s theorem (Choquet 56, or Phelps 66, §9, or Fremlin 03, 461P^2) tells us that every member of P_I is uniquely expressible as the barycenter of a Radon probability measure on the set of extreme points of P_I , which by 1J is EP_I .

1L Lemma Let I be a set, and μ ∈ P_I . For J ⊆ I write Σ_J for the σ-algebra of subsets of P([I]^{<ω}) generated by sets of the form E_a = {R : a ∈ R ⊆ [I]^{<ω}} where a ∈ [J]^{<ω}. Write T for the set of σ-subalgebras of dom μ. For T ∈ T, write V_T for the norm-closed Riesz subspace of L^1(μ) consisting of equivalence classes of T-measurable functions, and A_T : L^1(μ) → V_T for the conditional expectation operator (Fremlin 01, 242J).

(a) We have an action of G_I on P(P([I]^{<ω})) defined by saying that

ϕ^•E = {ϕ^•R : R ∈ E} = {R : R ⊆ [I]^{<ω}, ϕ^{−1 •}R ∈ E}

for ϕ ∈ G_I and E ⊆ P([I]^{<ω}). If a ∈ [I]^{<ω} and ϕ ∈ G_I , ϕ^•E_a = E_{ϕ[a]}.

(b) We have an action of G_I on R^{P([I]<ω)} defined by saying that

(ϕ^•f)(R) = f(ϕ^{−1•}R)

for ϕ ∈ G_I , f : P([I]^{<ω}) → R and R ⊆ [I]^{<ω}.

(c)(i) We have an action of G_I on L^0(μ) defined by saying that

ϕ^•f^• = (ϕ^•f)^•

whenever ϕ ∈ G_I and f : P([I]^{<ω}) → R is (dom μ)-measurable. For any p ∈ [1, ∞], u ∈ L^p(μ) and ϕ ∈ G_I , ϕ^•u ∈ L^p(μ) and ‖ϕ^•u‖_p = ‖u‖_p.

(ii) If ϕ ∈ G_I , J ⊆ I and ϕ(i) = i for i ∈ J, then ϕ^•u = u for every u ∈ V_{ΣJ} . (d)(i) We have an action of G_I on T defined by saying that

ϕ^•T = {ϕ^•E : E ∈ T}

for ϕ ∈ G_I and T ∈ T.

(ii) If ⟨T_γ ⟩_{γ∈Γ} is a family in T, then ϕ^•( ⋁ γ∈Γ T_γ ) = ⋁ γ∈Γ ϕ^•T_γ for every ϕ ∈ G_I .

(iii) If ϕ ∈ G_I and J ⊆ I then ϕ^•Σ_J = Σ_{ϕ•J} .

(iv) If T ∈ T and f : P([I]^{<ω}) → R is T-measurable, then ϕ^•f is ϕ^•T-measurable for every ϕ ∈ G_I . So ϕ^•u ∈ V_{ϕ•T} whenever T ∈ T, u ∈ V_T and ϕ ∈ G_I .

(v) If ϕ ∈ G_I , T ∈ T and u ∈ L^1(μ), then ϕ^•A_Tu = A_{ϕ•T}(ϕ^•u).

proof (a) It is elementary to check that the formulae for ϕ^•E agree and define an action of G_I on P(P([I]^{<ω})), just because we are starting from an action of G_I on P([I]^{<ω}).

If a ∈ [I]^{<ω} then

ϕ^•E_a = {ϕ^•R : a ∈ R} = {ϕ^•R : ϕ[a] ∈ ϕ^•R} = E_{ϕ[a]}.

2Later editions only.

(b) Again because we are starting from an action of G_I on P([I]^{<ω}), the formula defines an action of G_I on R^{P([I]<ω )}.

(c)(i) Again, this is just because we are starting from an action of G_I on P([I]^{<ω}) and μ is G_I -invariant (Fremlin 03, 441J-441K).

(ii) If a ∈ [J]^{<ω} then ϕ^•E_a = E_{ϕ[a]} = E_a, as noted in (a). So ϕ^•E = E for every E ∈ Σ_J , ϕ^•f = f for every Σ_J -measurable f and ϕ^•u = u for every u ∈ V_{ΣJ} .

(d)(i)-(ii) Actually, of course, the formula ϕ^•T = {ϕ^•E : E ∈ T} defines an action of ϕ on the set of all σ-algebras on P([I]^{<ω}) which preserves the operation ⋁ ; and because μ is G_I -invariant, ϕ^• dom μ = dom μ, so ϕ^•T ∈ T for every T ∈ T.

(iii) If ϕ ∈ G_I and a ∈ [J]^{<ω} then ϕ^•E_a = {ϕ^•R : a ∈ R} = {ϕ^•R : ϕ[a] ∈ ϕ^•R} = E_{ϕ[a]} ∈ Σ_{ϕ[J]}.

It follows easily that ϕ^•E ∈ Σ_{ϕ[J]} for every E ∈ Σ_J . Similarly, ϕ^{−1 •}F ∈ Σ_J for every F ∈ Σ_{ϕ[J]}, so ϕ^•Σ_J = Σ_{ϕ[J]}.

(iv) If α ∈ R, then, setting E = {R : f(R) ≥ α} ∈ T,

{R : (ϕ^•f)(R) ≥ α} = {R : f(ϕ^{−1•}R) ≥ α} = {R : ϕ^{−1•}R ∈ E} = ϕ^•E ∈ Σ_{ϕ•T};

as α is arbitrary, ϕ^•f is (ϕ^•T)-measurable. If u ∈ V_T then there is some T-measurable μ-integrable f : P([I]^{<ω}) → R such that u = f^•, and now ϕ^•u = (ϕ^•f)^• where ϕ^•f is (ϕ^•T)-measurable and μ-integrable, so that ϕ^•u ∈ V_{ϕ•T}.

(v) Express u as f^• where f : P([I]^{<ω}) → R is T-measurable and μ-integrable. Then ϕ^•f is (ϕ^•T)- measurable, by (iv), and μ-integrable, by (c), so ϕ^•u = (ϕ^•f)^• belongs to V_{ϕ•T}.

Take any E ∈ ϕ^•T. Then ∫ E ϕ^•u = ∫ E ϕ^•f = ∫ (ϕ^•f) × χE = ∫ (ϕ^•f) × (ϕ^•ϕ^{−1 •}χE) = ∫ ϕ^•(f × (ϕ^{−1 •}χE)) = ∫ f × (ϕ^{−1 •}χE) = ∫ ϕ^{−1}•E u = ∫ ϕ^{−1}•E

A_Tu

because ϕ^{−1 •}E ∈ T. Applying this to A_Tu in place of u, we see that ∫ E ϕ^•(A_Tu) = ∫ ϕ^{−1}•E AT(ATu) = ∫ ϕ^{−1}•E ATu = ∫ E ϕ^•u,

and this is true for every E ∈ ϕ^•T. Since (iv) tells us that ϕ^•(A_Tu) ∈ V_{ϕ[J]}, ϕ^•(A_Tu) satisfies the defining characterization of A_{ϕ•T}(ϕ^•u), and they are equal.

1M I continue with the notation from 1L.

Lemma Let I be a set and μ ∈ P_I . Let ⟨J_γ ⟩_{γ∈Γ} be a non-empty finite family of subsets of I with ⋂ γ∈Γ J_γ infinite, and set T = ⋁ γ∈Γ Σ_{Jγ} . Let K ⊆ I be finite, and S ⊆ PK; for each γ ∈ Γ let K_γ ⊆ I be finite and S_γ ⊆ PK_γ ; suppose that K ∩ K_γ ⊆ J_γ for each γ ∈ Γ. Set E = {R : R ⊆ [I]^{<ω}, R⌈K = S} and F = ⋂ γ∈Γ{R : R ⊆ [I]^{<ω}, R⌈K_γ = S_γ }. Then E and F are relatively independent over T.

Remark For the basic theory of relative independence, see Fremlin 03, §458. proof (a) For L ⊆ I set T_L = ⋁ γ∈Γ Σ_{Jγ ∩L} ⊆ T. For any u ∈ L^2(μ) and ϵ > 0 there is a finite L ⊆ I such that ‖A_T′ u − A_Tu‖_2 ≤ ϵ whenever T^′ is a σ-subalgebra of T including T_L. PP Because T is the σ-algebra generated by ⋃ L⊆I is finite ⋃ γ∈Γ Σ_{Jγ ∩L}, ⋃ L⊆I is finite L

2(μ) ∩ V_{TL} is norm-dense in L^2(μ) ∩ V_T, and there are a finite L ⊆ I and a v ∈ L^2(μ) ∩ V_{TL} such that ‖v − A_Tu‖_2 ≤ ϵ. If now T_L ⊆ T^′ ⊆ T, v ∈ L^2(μ) ∩ V_T′ , while A_T′ ↾L^2(μ) is the orthogonal projection onto L^2(μ) ∩ V_T′ (Fremlin 01, 244Nb), so

‖A_T′ u − A_Tu‖_2 = ‖A_T′ A_Tu − A_Tu‖_2 ≤ ‖v − A_Tu‖_2 ≤ ϵ. QQQ (b) Let g, h : P([I]^{<ω}) → [0, 1] be T-measurable functions which are conditional expectations of χE, χF respectively on T. Set u = χE^• and v = χF^•, so that g^• = A_Tu and h^• = A_Tv. Let ϵ > 0; by (a), there is an L ∈ [I]^{<ω} such that ‖A_T′ u − A_Tu‖_2 ≤ ϵ, ‖A_T′ v − A_Tv‖_2 ≤ ϵ, ‖A_T′ (u × v) − A_T(u × v)‖_2 ≤ ϵ whenever T^′ is a σ-subalgebra of T including T_L. Set M = ⋃ γ∈Γ K_γ \ K. Because J = I ∩ ⋂ γ∈Γ J_γ is infinite, there is a set M^′ ⊆ J \ (L ∪ K ∪ ⋃ γ∈Γ K_γ ) such that #(M^′) = #(M); let ϕ ∈ G_I be such that ϕ[M] = M^′, ϕ^2 is the identity and ϕ(i) = i for i ∈ I \ (M ∪ M^′). Then ϕ(i) = i for i ∈ K, ϕ[J_γ ∩ L] ⊆ J_γ for γ ∈ Γ because if i ∈ J_γ ∩ L, either ϕ(i) = i ∈ J_γ or i ∈ M and ϕ(i) ∈ M^′ ⊆ J_γ , ϕ[K_γ ] ⊆ J_γ for γ ∈ Γ because if i ∈ K_γ then either i ∈ K_γ ∩ K ⊆ J_γ and ϕ(i) = i ∈ J_γ or i ∈ M and ϕ(i) ∈ J_γ . Now ϕ^•u = u by 1L(c-ii); also ‖ϕ^•(A_{TL} u) − A_Tu‖_2 ≤ ϵ.

PP Set T^′ = ⋁ γ∈Γ Σ_{Jγ ∩L} ∨ Σ_{ϕ[Jγ ∩L]}.

Then ϕ^•T^′ = T^′, by 1L(d-ii) and 1L(d-iii), so ϕ^•(A_T′ u) = A_T′ (ϕ^•u) = A_T′ u, by 1L(d-v). Because ϕ[J_γ ∩L] ⊆ J_γ for every γ, T^′ ⊆ T, and of course T_L ⊆ T^′. But now ‖ϕ^•(A_{TL} u) − A_Tu‖_2 ≤ ‖ϕ^•(A_{TL} u) − ϕ^•(A_T′ u)‖_2 + ‖A_T′ u − A_Tu‖_2 = ‖A_T′ u − A_{TL} u‖_2 + ‖A_T′ u − A_Tu‖_2 ≤ 2‖A_T′ u − A_Tu‖_2 + ‖A_Tu − A_{TL} u‖_2 ≤ 3ϵ. QQQ Set T^∗ = ⋁ γ∈Γ Σ_{Kγ ∪(Jγ ∩L)∪ϕ[Jγ ∩L]}.

Then T^∗ and ϕ^•T^∗ = ⋁ γ∈Γ Σ_{ϕ[Kγ ]∪ϕ[Jγ ∩L]∪(Jγ ∩L)} include T_L, while ϕ^•T^∗ ⊆ T. Also F ∈ T^∗, because {R : R ⊆ [I]^{<ω}, R⌈K_γ = S_γ } belongs to Σ_{Kγ} ⊆ T^∗ for every γ. Now

‖A_Tu × A_Tv − A_{TL} u × A_{TL} v‖_2 ≤ ‖A_Tu × (A_Tv − A_{TL} v)‖_2 + ‖(A_Tu − A_{TL} v) × A_{TL} v‖_2 ≤ ‖A_Tv − A_{TL} v‖_2 + ‖A_Tu − A_{TL} v‖_2 (because ‖A_Tu‖_∞ and ‖A_{TL} v‖_∞ are both at most 1) ≤ 2ϵ, and ‖A_{TL} (u × v) − A_{TL} u × A_{TL} v‖_2 = ‖A_{TL} A_T∗ (u × v) − A_{TL} u × A_{TL} v‖_2 = ‖A_{TL} (v × A_T∗ u) − A_{TL} (v × A_{TL} u)‖_2 (because v ∈ V_T∗ , see Fremlin 01, 242L)

≤ ‖v × A_T∗ u − v × A_{TL} u‖_2 ≤ ‖A_T∗ u − A_{TL} u‖_2 (because ‖v‖_∞ ≤ 1) = ‖ϕ^•(A_T∗ u) − ϕ^•(A_{TL} u)‖_2 = ‖A_{ϕ•T}∗ u − ϕ^•(A_{TL} u)‖_2 ≤ ‖A_{ϕ•T}∗ u − A_Tu‖_2 + ‖A_Tu − ϕ^•(A_{TL} u)‖_2 ≤ 4ϵ.

Putting these together,

‖A_T(u × v) − A_Tu × A_Tv‖_2 ≤ ‖A_T(u × v) − A_{TL} (u × v)‖_2 + ‖A_{TL} (u × v) − A_{TL} u × A_{TL} v‖_2 + ‖A_Tu × A_Tv − A_{TL} u × A_{TL} v‖_2 ≤ 7ϵ.

As ϵ is arbitrary, A_T(u × v) = A_Tu × A_Tv, that is, g × h is a conditional expectation of χ(E ∩ F ) on T, and E and F are relatively independent over T.

1N Still in the same notation, we come to a theorem of T.Tao.

Theorem (Tao p06) Let I be a set and μ ∈ P_I . Let J be a filter on I not containing any finite set. Then whenever J_0 ∈ J and K, K^′ ⊆ J are such that J ∩ J_0 ∈ K^′ for every J ∈ K, Σ_{J0} and ⋁ J∈K Σ_J are relatively independent over ⋁ J∈K^′ ΣJ .

proof Write T for ⋁ J∈K^′ ΣJ .

(a) Suppose that K_0 ⊆ K is finite and not empty, K ∈ [J_0]^{<ω}, K_J ∈ [J]^{<ω} for every J ∈ K_0, S ⊆ PK, E = {R : R ⊆ P([I]^{<ω}), R⌈K = S}, S_J ⊆ PK_J for J ∈ K_0, and F = {R : R ⊆ [I]^{<ω}, R⌈K_J = S_J for every J ∈ K_0}. Then E and F are relatively independent over T. PP Set u = χE^• and v = χF^• in L^2(μ), and take ϵ > 0. Then there is a finite set K_1 ⊆ K^′, including {J ∩ J_0 : J ∈ K_0}, such that, setting T^′ = ⋁ J∈K_1 ΣJ ,

‖A_T′ u − A_Tu‖ ≤ ϵ, ‖A_T′ v − A_Tv‖ ≤ ϵ, ‖A_T′ (u × v) − A_T(u × v)‖ ≤ ϵ. Set Γ = (K_0 × {0}) ∪ (K_1 × {1}), and fix J_1 ∈ K_0. Define ⟨J^′_γ ⟩_{γ∈Γ}, ⟨K^′_γ ⟩_{γ∈Γ} and ⟨S^′_γ ⟩_{γ∈Γ} by saying —– if γ = (J, 0) where J ∈ K_0, then J^′_γ = J ∩ J_0, K^′_γ = K_J , S^′_γ = S_J , —– if γ = (J, 1) where J ∈ K_1 then J^′_γ = J, K^′_γ = ∅ and S^′_γ = S_{J1} ∩ {∅}.

Then J^′_γ ∈ J for every γ ∈ Γ, so ⋂ γ∈Γ J^′_γ is infinite; K ∩ K^′_γ ⊆ J^′_γ for every γ ∈ Γ; F = {R : R⌈K^′_γ = S^′_γ for every γ ∈ Γ}; and T^′ = ⋁ γ∈Γ Σ_J ′_γ . So Lemma 1M tells us that A_T′ (u × v) = A_T′ u × A_T′ v. Consequently ‖A_T(u × v) − A_Tu × A_Tv‖_2 ≤ 3ϵ. As ϵ is arbitrary, A_T(u × v) = A_Tu × A_Tv and E, F are relatively independent over T. QQQ

(b) Suppose that K_0 ⊆ K is finite and not empty, K ∈ [J_0]^{<ω}, K_J ∈ [J]^{<ω} for every J ∈ K_0, E ∈ Σ_K and F ∈ ⋁ J∈K_0 ΣKJ . Then E and F are relatively independent over T. PP E and F can be expressed as ⋃ l∈L E_l and ⋃ m∈M F_m where ⟨E_l⟩_{l∈L} is a finite partition of E, ⟨F_m⟩_{m∈M} is a finite partition of F , and E_l, F_m satisfy the conditions of (a) for suitable S, S_J . In this case E_l and F_m are relatively independent over T for all l and m, so E and F also are. QQQ

(c) Suppose that E ∈ Σ_{J0} and F ∈ ⋁ J∈K Σ_J . Then E and F are relatively independent over T. PP If K is empty, this is trivial. Otherwise, for any ϵ > 0 there are E_1, F_1 such that μ(E△E_1) ≤ ϵ^2 and μ(F △F_1) ≤ ϵ^2 and E_1 ∈ Σ_K for some K ∈ [J_0]^{<ω}, while F_1 ∈ ⋁ J∈K_0 ΣKJ for some non-empty finite K0 ⊆ K and suitable

finite sets K_J ⊆ J. In this case, setting u = χE^•, v = χF^•, u_1 = χE^•_1 and v_1 = χF^•_1 , ‖u − u_1‖_2 ≤ ϵ, ‖v − v_1‖_2 ≤ ϵ, ‖u × v − u_1 × v_1‖_2 ≤ 2ϵ,

‖A_Tu − A_Tu_1‖_2 ≤ ϵ, ‖A_Tv − A_Tv_1‖_2 ≤ ϵ,

‖A_T(u × v) − A_T(u_1 × v_1)‖_2 ≤ 2ϵ,

‖(A_Tu × A_Tv) − (A_Tu_1 × A_Tv_1)‖_2 ≤ 2ϵ,

while

A_T(u_1 × v_1) = A_Tu_1 × A_Tv_1

by (b); consequently

‖A_T(u × v) − A_Tu × A_Tv‖_2 ≤ 4ϵ.

As ϵ is arbitrary, A_T(u × v) = A_Tu × A_Tv and E, F are relatively independent over T. QQQ But this is just the definition of relative independence for the σ-algebras Σ_{J0} and ⋁ J∈K Σ_J .

1O Removable intersections For the next result we need another concept. Let (X, Σ, μ) be a probability space, T an algebra of subsets of X and ⟨Σ_γ ⟩_{γ∈Γ} a family of σ-subalgebras of Σ. I will say that ⟨Σ_γ ⟩_{γ∈Γ} has T-removable intersections^3 if whenever Δ ⊆ Γ is finite and not empty, E_γ ∈ Σ_γ for γ ∈ Δ, ⋂ γ∈Δ E_γ is negligible and ϵ > 0, we can find F_γ ∈ T ∩ Σ_γ , for γ ∈ Δ, such that ⋂ γ∈Γ F_γ is empty and μ(E_γ \ F_γ ) ≤ ϵ for every γ ∈ Δ.

Now Tao’s Removal Theorem (Tao p06, Theorem 4.2; Fremlin n06) is the following.

Theorem Let (X, Σ, μ) be a probability space, and T a subalgebra of Σ. Let Γ be a partially ordered set such that γ ∧ δ = inf{γ, δ} is defined in Γ for all γ, δ ∈ I, and ⟨Σ_γ ⟩_{γ∈Γ} a family of σ-subalgebras of Σ such that

(i) T ∩ Σ_γ is metrically dense in Σ_γ^4 for every γ ∈ Γ, (ii) if γ, δ ∈ Γ and γ ≤ δ then Σ_γ ⊆ Σ_δ, (iii) if γ ∈ Γ and Δ, Δ^′ are finite subsets of Γ such that δ ∧ γ ∈ Δ^′ for every δ ∈ Δ, then Σ_γ and ⋁ δ∈Δ Σ_δ are relatively independent over ⋁ δ∈Δ^′ Σδ.

Then ⟨Σ_γ ⟩_{γ∈Γ} has T-removable intersections.

1P The following is now easy.

Theorem (Tao p06) Let I be a set and μ ∈ P_I . Let J be a filter on I not containing any finite set. Let T be the algebra of open-and-closed subsets of P([I]^{<ω}). Then, defining Σ_J as in 1L, ⟨Σ_J ⟩_{J∈J} has T-removable intersections.

proof If J ⊆ I and a ∈ [J]^{<ω} then {R : a ∈ R} belongs to T∩Σ_J ; accordingly Σ_J is the σ-algebra generated by T ∩ Σ_J and T ∩ Σ_J is metrically dense in Σ_J . Ordering J by ⊆, condition (ii) of 1O is obviously satisfied, and condition (iii) is just Theorem 1N. So Theorem 1O gives the result.

2 The hypergraph removal lemma

2A Definition If I, J are sets, R ⊆ PI and S ⊆ PJ, I will say for the purposes of this section that an embedding of (I, R) in (J, S) is an injective function f : I → J such that f[a] ∈ S for every a ∈ R, that is, R ⊆ f̃(S).

2B Theorem (Nagle Rödl & Schacht 06, Theorem 3) Let L be a finite set with r members, and T ⊆ PL. Then for every ϵ > 0 there is a δ > 0 such that whenever I is a finite set, R ⊆ PI and the number of embeddings of (L, T ) in (I, R) is at most δ#(I)^r, there is an S ⊆ PI such that #(R ∩ [I]^k \ S) ≤ ϵ#(I)^k for every k and there is no embedding of (L, T ) in (I, S).

proof (Tao p06) ?? Suppose, if possible, otherwise.

(a) We have a sequence ⟨(m_n, T_n)⟩_{n∈N} such that

m_n ∈ N, T_n ⊆ Pm_n; the number of embeddings of (L, T ) in (m_n, T_n) is at most 2^{−n}m^r_n; if S ⊆ Pm_n and #(T_n ∩ [m_n]^k \ S) ≤ ϵm^k_n for every k then there is an embedding of (L, T ) in (m_n, S)

3Tao p06 calls a version of this the ‘uniform intersection property’ or UIP. 4That is, whenever E ∈ Σ_γ and ϵ > 0 there is an F ∈ T ∩ Σ_γ such that μ(F △E) ≤ ϵ.

for every n ∈ N. Of course (L, T ) always has at least one embedding in (m_n, T_n) so lim_{n→∞} m_n = ∞. Let I be an infinite set including L and F a non-principal ultrafilter on N. Let μ ∈ EP_I be the measure defined from ⟨(m_n, T_n)⟩_{n∈N} and F by the process of 1J(v).

(b) Let J be {J : I \ L ⊆ J ⊆ I, J ∩ L ∈ T }. For J ∈ J let Σ_J be the σ-algebra of subsets of P([I]^{<ω}) generated by sets of the form E_a = {R : a ∈ R ⊆ [I]^{<ω}} where a ∈ [J]^{<ω}. By Theorem 1P, ⟨Σ_J ⟩_{J∈J} has T-removable intersections.

(c) Set E_J = {R : R ∈ [I]^{<ω}, J ∩ L ∈ R} for J ∈ J . Then E_J ∈ Σ_J for every J ∈ J , and μ( ⋂ J∈J E_J ) = μ{R : T ⊆ R} = ∑ T ⊆T^′⊆PL

μ{R : R⌈L = T^′} = ∑ T ⊆T^′⊆PL

lim_{n→F}^1_{mrn} #({z : z ∈ m^L_n , z̃(T_n) = T^′})

= lim_{n→F}^1_{mrn} ∑ T ⊆T^′ ⊆PL

#({z : z ∈ m^L_n , z̃(T_n) = T^′})

= lim_{n→F}^1_{mrn} #({z : z ∈ m^L_n , T ⊆ z̃(T_n)})

= lim_{n→F}^1_{mrn} #({z : z ∈ m^L_n is injective, T ⊆ z̃(T_n)})

= lim_{n→F}^1_{mrn} #({z : z is an embedding of (L, T ) in (m_n, T_n)}) = 0.

(d) Take η > 0 such that 2η#(J ) < ϵ, and ⟨F_J ⟩_{J∈J} such that ⋂ J∈J F_J = ∅ and F_J ∈ T ∩ Σ_J and μ(E_J \ F_J ) ≤ η for every J ∈ J . Every F_J is open-and-closed, so there is an M ∈ [I]^{<ω} such that L ⊆ M and every F_J is determined by coordinates in M, that is, F_J = {R : R ∈ [I]^{<ω}, R⌈M ∈ H_J } for some H_J ⊆ PM. Because ⋂ J∈J F_J is empty, so is ⋂ J∈J H_J .

For J ∈ J set E^′_J = {S : J ∩ L ∈ S ⊆ PM}; note that E^′_J , H_J and therefore E^′_J \ H_J are determined by coordinates in (J ∩ L) ∪ (M \ L).

(e) Let n ≥ r be such that 1 m^{#(M )} n #({z : z ∈ m^M_n , z̃(T_n) ∈ E^′_J \ H_J }) ≤ η + μ{R : R⌈M ∈ E^′_J \ H_J } = η + μ{R : R ∈ E_J \ F_J } ≤ 2η

for every J ∈ J . For w ∈ m^{M\L}_n and J ∈ J set Q_{wJ} = {z↾J ∩ L : w ⊆ z ∈ m^M_n , z↾L is injective, z̃(T_n) ∈ E^′_J \ H_J }.

Then ∑ J∈J ,w∈m^{M \L}_n

m^{#(L\J)} n #(Q_{wJ} ) ≤ ∑ J∈J ,w∈m^{M \L}_n

#({z↾L : w ⊆ z ∈ m^M_n , z̃(T_n) ∈ E^′_J \ H_J }) = ∑ J∈J #({z : z ∈ m^M_n , z̃(T_n) ∈ E^′_J \ H_J })

≤ 2η#(J )m^{#(M)}_n ,

so there must be a w ∈ m^{M\L}n such that ∑ J∈J m^{#(L\J)} n #(Q_{wJ} ) ≤ 2η#(J )m^r_n < ϵm^r_n.

(f) Consider

S = T_n \ ⋃ k∈N ⋃ J∈J ,#(J∩L)=k{z[J ∩ L] : z ∈ QwJ }.

Then

#(T_n ∩ [m_n]^k \ S) = #(T_n ∩ [m_n]^k ∩ ⋃ J∈J #(J∩L)=k

{z[J ∩ L] : z ∈ Q_{wJ} })

(because z↾L is injective whenever z ∈ ⋃ J∈J Q_{wJ} ) ≤ ∑ J∈J ,#(J∩L)=k

#(Q_{wJ} )

=^1_{mr−kn} ∑ J∈J ,#(J∩L)=k

m^{#(L\J)} n #(Q_{wJ} )

≤^1_{mr−kn} ∑ J∈J m^{#(L\J)} n #(Q_{wJ} ) < ϵm^k_n

for every k. So by the choice of (m_n, T_n) there is an embedding v of (L, T ) in (m_n, S); take z = v ∪ w, so that w ⊆ z ∈ m^M_n and z↾L = v is injective and z[a] ∈ S for every a ∈ T . There is some J ∈ J such that z̃(T_n) /∈ H_J . On the other hand, z[J ∩ L] ∈ S ⊆ T_n, so J ∩ L ∈ z̃(T_n) and z̃(T_n) ∈ E^′_J . But now z ∈ Q_{wJ} and z[J ∩ L] cannot belong to S. XX This contradiction proves the theorem.

2C Corollary: the Hypergraph Removal Lemma For every ϵ > 0 and r ≥ 2 there is a δ > 0 such that whenever I is a finite set, R ⊆ [I]^r and #({J : J ∈ [I]^{r+1}, [J]^r ⊆ R}) ≤ δ#(I)^{r+1}, there is an S ⊆ R such that #(R \ S) ≤ ϵ#(I)^r and there is no J ∈ [I]^{r+1} such that [J]^r ⊆ S. proof Take #(L) = r + 1, T = [L]^r in Theorem 2B.

2D Corollary: Szemerédi’s Theorem (Szemerédi 75) For every ϵ > 0 and r ≥ 2 there is an n_0 ∈ N such that whenever n ≥ n_0, A ⊆ n and #(A) ≥ ϵn there is an arithmetic progression of length r + 1 in A.

proof (Frankl & Rödl 02) Set η =^1_{r!} (^ϵ_{2r!} )^r. Take δ > 0 such that whenever I is a finite set, R ⊆ [I]^r and #({J : J ∈ [I]^{r+1}, [J]^r ⊆ R}) ≤ δ#(I)^{r+1}, there is an S ⊆ R such that #(R \ S) ≤^η_{2(r+1)r} #(I)^r and there is no J ∈ [I]^{r+1} such that [J]^r ⊆ S. Let n_0 be such that ϵn ≥ 2r · r! and n(r + 1)^{r+1}δ ≥ 1 whenever n ≥ n_0. Take n ≥ n_0 and A ⊆ n such that #(A) ≥ ϵn.

Let C ⊆ n^r be the set {(i_0, i_1, . . . , i_{r−1}) :

∑_{r−1}

j=0 (j + 1)i_j ∈ A}.

Then #(C) ≥ ηn^r. PP For m < r! set A_m = {i : i ∈ A, i ≡ m mod r!}. Then there is an m such that #(A_m) ≥^{ϵn}_{r!} . Now we have an injection ϕ : [A_m]^r → C given by saying that if l_0 < . . . l_{r−1} in A_m then ϕ({l_0, . . . , l_{r−1}})(j) = l_0 if j = 0 =^1_{j+1} (l_j − l_{j−1}) if 0 < j < r. So #(C) ≥ #([A_m]^r) ≥^1_{r!} (^{ϵn}_{r!} − r)^r ≥^1_{r!} (^{ϵn}_{2r!} )^r = ηn^r. QQQ Let I be n × (r + 1) and for c = (i_0, . . . , i_{r−1}) ∈ C set J_c = {(i_j , j) : j < r} ∪ {(

∑_{r−1}

j=0 i_j , r)} ∈ [I]^{r+1}.

Observe that if c, c^′ ∈ C are distinct, then [J_c]^r ∩ [J_c′ ]^r = ∅, since given any face of J_c we can read off all but at most one of the coordinates of c and calculate the last. Set R = ⋃ c∈C [J_c]^r ⊆ [I]^r.

?? Suppose, if possible, that the only r-simplices J ∈ [I]^{r+1} such that [J]^r ⊆ R are of the form J_c for some c ∈ C. Then there are at most

#(C) ≤ n^r ≤ δ#(I)^{r+1}

such simplices; by the choice of δ, there is an S ⊆ R such that R \ S covers no r-simplices and

#(S) ≤^η_{2(r+1)r} #(I)^r =^η_2 n^r < #(C).

But every J_c must have a face in S, and no two J_c share a face, so this is impossible. XX So we have an r-simplex J ∈ [I]^{r+1}, which is not of the form J_c where c ∈ C, such that [J]^r ⊆ R. Now since the only faces put into R come from the J_c, and therefore meet each of the r + 1 levels n × {k} in at most one point, J must be of the form {(i_j , j) : j < r} ∪ {(l, r)}. Since {(i_j , j) : j < r} is a face of some J_c, c = (i_0, . . . , i_{r−1}) ∈ C. Set l^′ = i_0 + . . . + i_{r−1}; then l^′ ≠ l because J ≠ J_c. For each k < r, J \ {(i_k, k)} is a face of J and therefore of J_c′ for some c^′ ∈ C; now J_c′ must be

(J \ {(i_k, k)}) ∪ {(l − ∑ j<r,j≠k ij , k)} = (J \ {(ik, k)}) ∪ {(ik + l − l

′, k)} and ∑_r j=0(j + 1)i_j + (k + 1)(l − l^′)

belongs to A. Since this is true for every k < r, and we also have

∑_r j=0(j + 1)i_j ∈ A because c ∈ C, we have an arithmetic progression in A of length r + 1, as required.

Acknowledgements Correspondence with T.D.Austin, J.Solymosi.

References

Aronov B., Basu S., Pach J. & Sharir M. [03] (eds.) Discrete and Computational Geometry; the Goodman- Pollack Festschrift, Springer, 2003.

Choquet G. [56] ‘Unicité des représentations intégrales au moyen des points extrémaux dans les cônes convexes réticulés’, C.R.A.S. Paris 243 (1956) 555-557.

Frankl P. & Rödl V. [02] ‘Extremal problems on set systems’, Random Structures Algorithms 20 (2002) 2. Fremlin D.H. [88] ‘Large correlated families of positive random variables’, Math. Proc. Cambridge Phil.

Soc. 103 (1988) 147-162.

Fremlin D.H. [01] Measure Theory, Vol. 2: Broad Foundations. Torres Fremlin, 2001. Fremlin D.H. [03] Measure Theory, Vol. 4: Topological Measure Spaces. Torres Fremlin, 2003. Fremlin D.H. [08?] Measure Theory, Vol. 5: Set-theoretic Measure Theory, in preparation. Partial drafts available via http://www.essex.ac.uk/maths/staff/fremlin/mt.htm. Note that paragraph references are subject to fluctuation.

Fremlin D.H. [n06] ‘Tao’s removal lemma’, note of 29.4.06 (http://www.essex.ac.uk/maths/staff/

fremlin/preprints.htm).

Hoeffding W. [63] ‘Probability inequalities for sums of bounded random variables’, J. Amer. Statistical Association 58 (1963) 13-30.

Nagle B., Rödl V. & Schacht M. [06] ‘The counting lemma for regular k-uniform hypergraphs’, Random Structures and Algorithms 28 (2006) 113-179.

Phelps R.R. [66] Lectures on Choquet’s Theorem. van Nostrand, 1966.

Solymosi J. ‘Note on a generalization of Roth’s theorem’, pp. 825-827 in Aronov Basu Pach & Sharir 03. Szemerédi, E. [75] ‘On sets of integers containing no k elements in arithmetic progression’, Acta Arithmetica 27 (1975) 199-245.

Tao T. [p06] ‘A correspondence principle between (hyper)graph theory and probability theory, and the (hyper)graph removal lemma’, arXiv:math.CO/0602037.