Version of 4.8.08

Talagrand’s example

D.H.Fremlin

University of Essex, Colchester, England

I rewrite the construction from Talagrand 06 of an exhaustive submeasure which is not uniformly exhaustive. For basic definitions, see Fremlin 02. Interjections of the form ‘(T2.3)’ or ‘(T§2.3)’ indicate the approximate equation number or section number containing the corresponding idea in Talagrand p06.

1A I begin with two elementary combinatorial facts.

Lemma (T§2.3) Suppose that ⟨I_k⟩_{k∈K} is a non-empty finite family of subsets of N and r ∈ N is such that #(I_k ) ≥ r#(K) for every k ∈ K. Then we have an enumeration ⟨k_i⟩_{i<m} of K and a strictly increasing family ⟨n_i⟩_{i≤m} such that #(I_{ki} ∩ n_{i+1} \ n_i) = r for every i < m.

proof Choose n_i, k_i inductively, as follows. Start with n_0 = 0. Given j < #(K), n_j ∈ N and ⟨k_i⟩_{i<j} such that #(I_k \ n_j ) ≥ r(#(K) − j) for every k ∈ K_j = K \ {k_i : i < j}, set n_{j+1} = min{n : #(I_k ∩ n \ n_j ) ≥ r for some k ∈ K_j } and choose k_j ∈ K_j such that #(I_{kj} ∩ n_{j+1} \ n_j ) ≥ r. Observe that #(I_k ∩ n_{j+1} \ n_j ) ≤ r for every k ∈ K_j , so that #(I_{kj} ∩ n_{j+1} \ n_j ) must in fact be equal to r and #(I_k \ n_{j+1}) ≥ r(#(K) − j − 1) for every k ∈ K_j ; thus the induction proceeds.

1B Lemma (T3.17) Suppose that J_0, . . . , J_s are finite subsets of N, all of size at least r ≥ 2, such that max J_j < min J_{j+1} for j < s. Let ⟨(I_k , w_k)⟩_{k∈K} be a family in ([N]^{<ω} \ {∅}) × [0, ∞[, and set a = � k∈K w_k.

Then we can find u_j , v_j ∈ J_j such that u_j < v_j for each j and, setting W = � j≤s v_j \ u_j , � k∈K,#(I_k ∩W )≥^1_2 #(I_k ) wk ≤ 2a r−1 .

proof Set J = � j≤s J_j and for i ∈ J \ {max J} let i^′ be the next member of J above i. For z ∈ Z = � j≤s(J_j \ {max J_j }) set W (z) = � j≤s z(j)^′ \ z(j),

S(z) = � k∈K,#(I_k ∩W (z))≥^1_2 #(I_k ) wk .

Consider the uniform probability measure λ on Z. For any set I ⊆ N, � #(I ∩ W (z))λ(dz) = s� j=0 � #(I ∩ z(j)^′ \ z(j))λ(dz)

= s� j=0 � i∈J_j \{max J_j } 1 #(J_j )−1 #(I ∩ i

′ \ i)

= s� j=0 #(I∩max J_j \min J_j ) #(J_j )−1 ≤

#(I)

r−1 .

So, writing V_I = {z : #(I ∩ W (z)) ≥^1_2 #(I)}, λV_I ≤^2_{r−1} for any non-empty I. Now � S(z)λ(dz) = � k∈K w_k λV_{Ik} ≤^2_{r−1} � k∈K w_k =^{2a}_{r−1} , 1

2 1B

so there must be a z ∈ Z such that S(z) ≤^{2a}_{r−1} , and we can take u_j = z(j), v_j = z(j)^′ for each j.

1C Definitions We are now ready to begin work. The construction is complex and demands a large volume of special notation.

(a) (T2.1) We shall work throughout with X = � n∈N T_n where ⟨T_n⟩_{n∈N} is a sequence of non-empty finite sets and sup_{n∈N} #(T_n) is infinite. X may be regarded as a compact Hausdorff space with the product of the discrete topologies on the T_n. For each n ∈ N, B_n will be the algebra of subsets of X determined by coordinates less than n and A_n the set of its atoms, that is, the family of sets of the form {x : z ⊆ x ∈ X} for some z ∈ � i<n T_i. B = � n∈N B_n will be the algebra of open-and-closed subsets of X.

(b) We shall need two sequences ⟨α_k⟩_{k∈N} and ⟨N_k⟩_{k∈N}. It is easy enough to give appropriate formulae but perhaps the ideas will be clearer if instead I declare the properties they must have, without apologizing for the redundancies.

(i) (T3.3) ⟨α_k ⟩_{k∈N} is non-increasing,

�_∞

k=0 α_k ≤^1_2 , and α_k > 0 and (2^{k+5})^{αk} ≤ 2 for every k ∈ N.

(ii) (T4.2, 5.2) N_k ∈ N and 2^{−k}(2^{−2k−12}N_k)^{αk} ≥ 2^4 for every k ∈ N.

(c) (T3.1) Now we come to some of the key ideas. For I ⊆ PX × PN × [0, ∞[, define its ‘spread’ spr I to be � (E,I,w)∈I E and its ‘weight’ wt I to be � (E,I,w)∈I w.

(d) (T3.2) For any family E ⊆ PT × PN × [0, ∞[ define ϕ_E : B → [0, ∞] by setting

ϕ_E E = inf{wt I : I ⊆ E is finite, E ⊆ spr I},

counting inf ∅ as ∞. So ϕ_∅∅ = 0 and ϕ_∅E = ∞ for E ∈ B \ {∅}.

(e) (T2.8) For E ⊆ X and I ⊆ N set

θ_I (E) = {y : y ∈ X, y↾I = x↾I for some x ∈ E}.

(f) (T§3.4)(i) If m < n in N, ϕ : B → [0, ∞] is a function and E ∈ B, then E is ϕ-thin between m and n if ϕ(X \ θ_{n\m}(A ∩ E)) ≥ 1 for every A ∈ A_m.

(ii) If I ⊆ N, ϕ : B → [0, ∞] is a function and E ∈ B, then E is ϕ-thin along I if it is ϕ-thin between m and n whenever m, n ∈ I and m < n.

(g) (T§4.0) For k ≤ p ∈ N define C_{kp} and ν_{kp} by downwards induction on k, as follows. Start with C_{pp} = ∅ for every p. Given C_{kp}, set ν_{kp} = ϕ_{Ckp} . Given that k < p and C_{k+1,p} and ν_{k+1,p} = ϕ_{Ck+1,p} have been defined, set E_{kp} = {(E, I, w) : E ∈ B, I ⊆ N, 1 ≤ #(I) ≤ N_k,

w ≥ 2^{−k}

�_{Nk}

#(I)

�_{αk} , E is ν_{k+1,p}-thin along I},

C_{kp} = E_{kp} ∪ C_{k+1,p}

and continue.

(h) (T§5.0) Define ⟨c_k⟩_{k∈N} by setting c_0 = 8, c_{k+1} = 2^{2αk} c_k for every k.

1D Very elementary facts In the hope of aiding digestion of the definitions here, of which 1Cf and 1Cg are likely to be wholly obscure to anyone who has not worked through this proof before, I run over some obvious facts which will be used below.

(a) (T3.2) If E ⊆ PX × PN × [0, ∞[ is such that ϕ_E X is finite (that is, there is a finite I ⊆ E such that spr I = X), then ϕ_E : B → [0, ∞[ is a submeasure. (Subadditivity and monotonicity are written into the definition.)

(b) If I, J ⊆ N then θ_I θ_J = θ_{I∩J} . If I ⊆ N then θ_I (E ∩ θ_I (F )) = θ_I (F ∩ θ_I (E)) for all E, F ⊆ X. For any I ⊆ N and any family E of subsets of X, θ_I ( � E) = � E∈E θ_I (E).

For n ∈ N and E ⊆ X, E ∈ B_n iff θ_n(E) = E. If E ∈ B and I ⊆ N, θ_I (E) ∈ B. If m ≤ n in N, A ∈ A_m and A_1 ∈ A_n, then A ∩ θ_{n\m}(A_1) ∈ A_m. If A ∈ A_m then E → θ_{N\m}(A ∩ E) : B → B is a Boolean homomorphism.

(c) If m < n, ϕ : B → [0, ∞] is a function, E ∈ B is ϕ-thin between m and n and E^′ ∈ B is included in E, then E^′ is ϕ-thin between m and n^′ for every n^′ ≥ n.

(d) All the classes E_{kp}, C_{kp} are closed under increases in the scalar variable and decreases in the first variable, that is,

—– if k < p, (E, I, w) ∈ E_{kp}, E^′ ∈ B, E^′ ⊆ E and w^′ ≥ w then (E^′, I, w^′) ∈ E_{kp}, —– if k ≤ p, (E, I, w) ∈ C_{kp}, E^′ ∈ B, E^′ ⊆ E and w^′ ≥ w then (E^′, I, w^′) ∈ C_{kp}.

(e) If k ≤ p in N, C_{kp} = � k≤l<p Elp.

(f) If k < p in N, ν_{kp} ≤ ν_{k+1,p}, because C_{kp} ⊇ C_{k+1,p}.

(g) 8 ≤ c_k ≤ 16 for every k ∈ N, because

�_∞ k=0 2α_k ≤ 1.

(h) If k < p in N, then (X, {0}, 2^{−k}N^{αk}_k ) ∈ E_{kp} so ν_{kp}X ≤ 2^{−k}N^{αk}_k and ν_{kp} is a submeasure.

1E Lemma (T§5.2) Suppose that k ≤ p, m ∈ N, A ∈ A_m and (E, I, w) ∈ C_{kp}. Suppose that n > m and I^′ = I ∩ n \ m is non-empty. Set E^′ = θ_{n\m}(E ∩ A). Then (E^′, I^′, w^′) ∈ C_{kp} where w^′ =

�_{#(I)}

#(I^′ )

�_{αk} w. proof Suppose that (E, I, w) ∈ E_{lp} where k ≤ l < p. Then E^′ is ν_{l+1,p}-thin along I^′. PP Suppose that i, j ∈ I^′ and i < j, so that m ≤ i < j < n. Take any A_1 ∈ A_i, and set A_2 = A ∩ θ_{n\m}(A_1), so that A_2 also belongs to A_i. Then, using the list in 1Db,

θ_{j\i}(E^′ ∩ A_1) = θ_{j\i}(A_1 ∩ θ_{n\m}(E ∩ A)) = θ_{j\i}(θ_{n\m}(A_1 ∩ θ_{n\m}(E ∩ A))) = θ_{j\i}(θ_{n\m}(E ∩ A ∩ θ_{n\m}(A_1))) = θ_{j\i}(θ_{n\m}(E ∩ A_2)) = θ_{j\i}(E ∩ A_2). So ν_{l+1,p}(X \ θ_{j\i}(E ∩ A_1)) = ν_{l+1,p}(X \ θ_{j\i}(E ∩ A_2)) ≥ 1 because E is ν_{l+1,p}-thin between i and j. As i, j and A_1 are arbitrary, E^′ is ν_{l+1,p}-thin along I^′. QQQ Of course #(I^′) ≤ #(I) ≤ N_l. Finally, we have w ≥ 2^{−l}

�_{Nl}

#(I) ) α_l , so that (because α

k ≥ α_l) w^′ ≥

2^{−l}

�_{Nl}

#(I^′ ) ) α_l . Thus (E′, I ′, w′) ∈ E

lp ⊆ C_{kp}.

1F Corollary (a) Suppose that n ∈ N and k ≤ p and that I ⊆ C_{kp} is a finite set such that #(I ∩ n) ≥ 1 4 #(I) whenever (E, I, w) ∈ I. Then ν_{kp}(θ_n(spr I)) ≤ 4^{αk} wt I.

(b) Suppose that m ∈ N, k ≤ p and A ∈ A_m. Let I be a finite subset of C_{kp} such that #(I \ m) ≥^1_4 #(I) whenever (E, I, w) ∈ I. Then ν_{kp}(θ_{N\m}(A ∩ spr I]) ≤ 4^{αk} wt I.

(c) Suppose that m < n in N, k ≤ p and A ∈ A_m. Let I be a finite subset of C_{kp} such that #(I ∩ n \ m) ≥ 2^{−k−5}#(I) whenever (E, I, w) ∈ I. Then ν_{kp}(θ_{n\m}(A ∩ spr I)) ≤ 2 wt I.

proof (a) For each (E, I, w) ∈ I set E^′ = θ_n(E) ∈ B_n, I^′ = I ∩ n and

w^′ =

�_{#(I)}

#(I^′)

�_{αk} w ≤ 4^{αk} w.

By Lemma 1E, with m = 0 and A = X, (E^′, I^′, w^′) ∈ C_{kp}. Set J = {(E^′, I^′, w^′) : (E, I, w) ∈ I} and B = spr J . Then B = � (E,I,w)∈I θn(E) = θn(spr I) and ν_{kp}B ≤ wt J = � (E,I,w)∈I w

′ ≤ 4^{αk} wt I, as required.

(b) This time, take n > m so large that I ⊆ n whenever (E, I, w) ∈ I. For (E, I, w) ∈ I, set E^′ = θ_{n\m}(A ∩ E), I^′ = I \ m = I ∩ n \ m, w^′ =

�_{#(I)}

#(I^′ )

�_{αk}

w ≤ 4^{αk} w.

Then Lemma 1E tells us that (E^′, I^′, w^′) ∈ C_{kp}. Setting J = {(E^′, I^′, w^′) : (E, I, w) ∈ I}, θ_{N\m}(A ∩ spr I] = � (E,I,w)∈I θN\m(A ∩ E) ⊆ � (E,I,w)∈I E

′ = spr J , so ν_{kp}(θ_{N\m}(A ∩ spr I) ≤ wt J ≤ 4^{αk} wt I.

(c) For (E, I, w) ∈ I set E^′ = θ_{n\m}(A ∩ E), I^′ = I ∩ n \ m, w^′ =

�_{#(I)}

#(I^′)

�_{αk} w ≤ (2^{k+5})^{αk} w ≤ 2w.

Then (E^′, I^′, w^′) ∈ C_{kp}. Setting J = {(E^′, I^′, w^′) : (E, I, w) ∈ I}, θ_{n\m}(A ∩ spr I) = � (E,I,w)∈I θn\m(A ∩ E) = � (E,I,w)∈I E

′ = spr J , so ν_{kp}(θ_{n\m}(A ∩ spr I)) ≤ wt J ≤ 2 wt I.

1G We are at the centre of the argument.

Lemma (T§5.1) Suppose that r ∈ N and t ∈ T_n, and set Y_{rt} = {x : x ∈ X, x(r) = t}. Then ν_{kp}Y_{rt} ≥ c_k whenever k ≤ p in N.

proof (a) Induce on p − k. If k = p then C_{pp} = ∅, ν_{pp}Y_{rt} = ∞.

For the downwards step to k < p, given that ν_{k+1,p}Y_{rt} ≥ c_{k+1}, take a finite set I ⊆ C_{kp} such that wt I < c_k.

(b) Express I as I_1 ∪ I_2 where I_1 ⊆ E_{kp} and I_2 ⊆ C_{k+1,p}. Set s = #(I_1). For (E, I, w) ∈ I_1 we have w ≥ 2^{−k}, so s ≤ 2^kc_k ≤ 2^{k+4} (Fact Dg). Also, for (E, I, w) ∈ I_1, 2^{−k}

�_{Nk}

#(I)

�_{αk} ≤ w ≤ c_k ≤ 2^4, so #(I) ≥ 2^{2k+12} ≥ 2^{k+8}s, by the choice of N_k. By Lemma 1A, we can find m_0 < m_1 < . . . < m_s and an enumeration ⟨(E_i, I_i, w_i)⟩_{i<s} of I_1 such that #(I_i ∩ m_{i+1} \ m_i) ≥ 2^{k+8} for i < s.

For each i < s, set u^′_i = sup(I_i ∩ (r + 1)) and I^′_i = (I_i \ {u^′_i}) ∩ m_{i+1} \ m_i, so that #(I^′_i ) ≥ 2^{k+8} − 1. By Lemma 1B we can find u_i < v^′_i in I^′_i , for i < s, such that, setting W^′ = � i<s v^′_i \ u_i,

S^′ = � (E,I,w)∈I2 #(I∩W ′)≥ 12 #(I)

w ≤^2_{2k+8−2} � (E,I,w)∈I_2

w ≤^{25}_{2k+8−2} ≤ 2^{−k−2}.

Now, for i < s, let v_i be the least element of I_i greater than u_i, and set W = � i<s v_i \ u_i; then S = � (E,I,w)∈I2 #(I∩W )≥ 12 #(I)

w ≤ S^′ ≤ 2^{−k−2}, and r /∈ W , because u_i ≠ u^′_i for each i.

(c) Set I_3 = {(E, I, w) : (E, I, w) ∈ I_2, #(I ∩ W ) ≥^1_2 #(I)}, I_4 = I_2 \ I_3;

then wt I_3 = S ≤ 2^{−k−2} ≤^1_4 .

For i < s set I_{3i} = {(E, I, w) : (E, I, w) ∈ I_3, #(I ∩ v_i \ u_i) ≥ 2^{−k−5}#(I)}.

Since s ≤ 2^{k+4}, I_3 = � i<s I_{3i}.

(d) Suppose that i < s and A ∈ A_{ui} . Then there is an A^′ ∈ A_{vi} such that A^′ ⊆ A \ (E_i ∪ spr I_{3i}). PP Set C = θ_{vi\ui} (A ∩ spr I_{3i}) ∈ B_{vi} . By Corollary 1Fc, applied to C_{k+1,p}, ν_{k+1,p}C ≤ 2 wt I_{3i} < 1.

As (E_i, I_i, w_i) ∈ E_{kp}, E_i is ν_{k+1,p}-thin between u_i and v_i, ν_{k+1,p}(X \ θ_{vi\ui} (A ∩ E_i)) ≥ 1 and C does not include X \ θ_{vi\ui} (A ∩ E_i). Since these sets both belong to B_{vi} there is an A_1 ∈ A_{vi} disjoint from both C and θ_{vi\ui} (A ∩ E_i), that is, disjoint from θ_{vi \ui} (A ∩ (E_i ∪ spr I_{3i})). Now A^′ = A ∩ θ_{vi\ii} (A_1) belongs to A_{vi} , is included in A and is disjoint from E_i ∪ spr I_{3i}. QQQ

(e) We can therefore find a function Γ : X → X such that

for j ∈ N \ W , Γ(x)(j) = x(j) for every x ∈ X, for each i < s and A ∈ A_{ui} there is an A^′ ∈ A_{vi} , disjoint from E_i ∪ spr I_{3i}, such that Γ(x) ∈ A^′ for every x ∈ A.

Observe that Γ[X] is disjoint from spr(I_1 ∪ I_3), while Γ(x)↾r is determined by x↾r for every r ∈ N.

(f) Take (E, I, w) ∈ I_4 and consider ν_{k+1,p}(Γ^{−1}[E]). There is an l such that k + 1 ≤ l < p and (E, I, w) ∈ E_{lp}. Now if m, n ∈ I are such that m < n and n \ m is disjoint from W , Γ^{−1}[E] is ν_{l+1,p}-thin between m and n. PP Take any A ∈ A_m. Then we can find an A^′ ∈ A_m such that Γ[A] ⊆ A^′. In this case, A ∩ Γ^{−1}[E] ⊆ Γ^{−1}[Γ[A] ∩ E] ⊆ Γ^{−1}[A^′ ∩ E] ⊆ θ_{n\m}(A^′ ∩ E) because Γ(x)(i) = x(i) whenever x ∈ X and i ∈ n \ m. So θ_{n\m}(A ∩ Γ^{−1}[E]) ⊆ θ_{n\m}(A^′ ∩ E) and ν_{l+1,p}(X \ θ_{n\m}(A ∩ Γ^{−1}[E])) ≥ ν_{l+1,p}(X \ θ_{n\m}(A^′ ∩ E)) ≥ 1 because E is ν_{l+1,p}-thin between m and n. QQQ

Note that 2^{−l}

�_{Nl}

#(I) ) α_l ≤ w ≤ 16

so that, as in (b), #(I) ≥ 2^{2l+12} ≥ 4s.

For each i < s such that I ∩ (u_i + 1) ≠ ∅ let u^′_i be the largest element of I which is less than or equal to u_i. Set I^′ = I \ (W ∪ {u^′_i : i < s, I ∩ (u_i + 1) ≠ ∅}). Then #(I^′) ≥^{#(I)}_2 − s ≥^{#(I)}_4 .

Now Γ^{−1}[E] is ν_{l+1,p}-thin along I^′. PP Suppose that m, n ∈ I^′ and m < n. Let n^′ be the least element of I such that m < n^′. Then n^′ ≤ n. ?? If W ∩ n^′ \ m ≠ ∅, there is an i < s such that n^′ \ m meets v_i \ u_i, that is, m < v_i and u_i < n^′. Since m ∈ I^′ ⊆ N \ W , m ≤ u_i and u^′_i is defined; now m ≠ u^′_i so m < u^′_i ∈ I and n^′ ≤ u^′_i ≤ u_i. XX Thus W ∩ n^′ \ m is empty and (ii) tells us that Γ^{−1}[E] is ν_{l+1,p}-thin between m and n^′, therefore ν_{l+1,p}-thin between m and n (Fact 1Dc). As m and n are arbitrary, Γ^{−1}[E] is ν_{l+1,p}-thin along I^′. QQQ If we now set w^′ = 4^{αl} w, we see that

1 ≤ #(I^′) ≤ N_l, w^′ ≥ 2^{−l}4^{αl}

�_{Nl}

#(I)

�_{αl} ≥ 2^{−l}

�_{Nl}

#(I^′ )

�_{αl} , so (Γ^{−1}[E], I^′, w^′) ∈ E_{lp} ⊆ C_{k+1,p} and ν_{k+1,p}(Γ^{−1}[E]) ≤ w^′ ≤ 4^{αk} w.

(g) We are nearly done. Applying (f) to each member of I_4, ν_{k+1,p}(Γ^{−1}[spr I_4]) ≤ 4^{αk} wt I_4 < 4^{αk} c_k = c_{k+1} ≤ ν_{k+1,p}Y_{rt} by the inductive hypothesis in its full strength. So there is a z ∈ Y_{rt} \ Γ^{−1}[spr I_4]. With (e), this means that Γ(z) does not belong to spr(I_1 ∪ I_3 ∪ I_4) = spr I.

On the other hand, Γ(z) ∈ Y_{rt} because r /∈ W . As I was arbitrary, ν_{kp}Y_{rt} must be at least c_k, which is what we need to know to proceed with the induction.

1H Definitions (T4.1) I present the last two definitions required. Fix on a non-principal ultrafilter U on N. For k ∈ N, set ν_kE = lim_{p→U} ν_{kp}E ∈ [0, ∞] for every E ∈ B; finally, write ν for ν_0.

1I Proposition (a) (T§6.2) For every k ∈ N, ν_k is a submeasure and ν_kX ≥ 8. (b) (T§4.1) ν is not uniformly exhaustive.

proof (a) By Fact 1Dh, ν_kX ≤ 2^{−k}N^{αk}_k is finite. It now follows directly from the definition in Fremlin 02, 392G that ν_k, being a limit of submeasures, is a submeasure. By Lemma 1G, ν_kX = lim_{p→U} ν_{kp}X ≥ c_k ≥ 8.

(b) For any n ∈ N and t ∈ T_n, set Y_{nt} = {x : x(n) = t}. Then νY_{nt} = lim_{p→∞} ν_{0p}Y_{nt} ≥ 8 by Lemma 1G. As sup_{n∈N} #(T_n) is infinite, and ⟨Y_{nt}⟩_{t∈Tn} is disjoint for every n, ν is not uniformly exhaustive.

1J Lemma Suppose that k ∈ N, E ∈ B, I ∈ [N]^{<ω} and E is^1_2 ν_k-thin along I. Then {p : p ≥ k, E is ν_{kp}-thin along I} ∈ F.

If k ≥ 1 and #(I) ≥ N_{k−1}, then ν_{k−1}E ≤ 2^{−k+1}.

proof If m, n ∈ I, m < n and A ∈ A_m, then ν_k(X \ θ_{n\m}(A ∩ E)) ≥ 2. So U_{An} = {p : p ≥ k, ν_{kp}(X \ θ_{n\m}(A ∩ E)) ≥ 1} belongs to F. Setting U = � m<n in I,A∈A_m UAn, U ∈ F and E is νkp-thin along I for every p ∈ U.

If k ≥ 1 and #(I) ≥ N_{k−1}, then (E, I, 2^{−k+1}) ∈ E_{k−1,p} for every p ∈ U, so ν_{k−1,p}E ≤ 2^{−k+1} for every p ∈ U and ν_{k−1}E ≤ 2^{−k+1}.

1K Lemma (T§6.5) Let m, k ∈ N and let ⟨E_i⟩_{i∈N} be a sequence in B such that

every E_i is determined by coordinates in N \ m, ν_k( � i≤n E_i) < 2 for every n ∈ N.

Then for every η > 0 there is a C ∈ B, determined by coordinates in N \ m, such that ν_kC ≤ 4 and ν_k(E_i \ C) ≤ η for each i. proof (a) For each n > m, set

Ẽ_n = �{E_i : i ≤ n, E_i ∈ B_n}, so that Ẽ_n is determined by coordinates in n \ m and ν_kẼ_n < 2. Set U_n = {p : p ≥ k, ν_{kp}Ẽ_n < 2} ∈ U.

For p ∈ U_n we can find a finite I_{np} ⊆ C_{kp} such that Ẽ_n ⊆ spr I_{np} and wt I_{np} ≤ 2. For r > m set

I_{npr} = {(E, I, w) : (E, I, w) ∈ I_{np}, #(I ∩ (r − 1) \ m) <^1_2 #(I) ≤ #(I ∩ r \ m)},

and set I^′_{np} = {(E, I, w) : (E, I, w) ∈ I_{np}, #(I ∩ m) ≥^1_4 #(I)}.

Set B_{np} = θ_m(spr I^′_{np}); then ν_{kp}B_{np} ≤ 4^{αk} wt I^′_{np} ≤ 4, by Corollary 1Fa. Since ν_{kp}X ≥ c_k ≥ 8 (Lemma 1G), B_{np} ≠ X and there is an A_{np} ∈ A_m disjoint from spr I^′_{np}. Next, for m < r ≤ n set J_{npr} = {(θ_{r\m}(A_{np} ∩ E), I ∩ r \ m, 2w) : (E, I, w) ∈ I_{npr}}.

By Lemma 1E, J_{npr} ⊆ C_{kp}, and of course wt J_{npr} ≤ 2 wt I_{npr}. Note that spr J_{npr} is determined by coordinates in r \ m. Now if m < j ≤ n, Ẽ_j ⊆ � m<r≤j spr Jnpr. PP?? Otherwise, since both sets are

determined by coordinates in j \ m, and since A_{np} ∈ A_m, there is an A ∈ A_j with A ⊆ A_{np} ∩ Ẽ_j \ � m<r≤j spr Jnpr.

Since θ_{r\m}(A_{np} ∩ E) ⊇ E ∩ A_{np} for every E, A must be disjoint from � m<r≤j spr Inpr. Since A is also

disjoint from spr I^′_{np} and A ⊆ Ẽ_j ⊆ spr I_{np}, A ⊆ spr I, where

I = I_{np} \ (I^′_{np} ∪ � m<r≤j

I_{npr})

⊆ {(E, I, w) : (E, I, w) ∈ I_{np}, #(I \ j) ≥^1_4 #(I)}.

Since I ⊆ C_{kp},

8 ≤ ν_{kp}X = ν_{kp}(θ_{N\j} (A ∩ spr I)) ≤ 4^{αk} wt I (Corollary 1Fb) ≤ 2 wt I_{np} ≤ 4. XXQQQ

(b) For r > m we can find F_r ∈ B such that �_∞

r=m+1 νkFr ≤ 4,

Ẽ_j ⊆ �_{m<r≤j} F_r for every j > m, F_r is determined by coordinates in r \ m.

PP For m < r ≤ n ∈ N and p ∈ U_n set K_{npr} = {E : (E, I, w) ∈ J_{npr}} ⊆ B_r.

Because PB_r is finite, there is a family K_{nr} such that {p : p ∈ U_n, K_{npr} = K_{nr}} belongs to U. Next, for each r > m there is a family K_r such that {n : n ∈ N, K_{nr} = K_r} belongs to U. Take F_r = � K_r. Then ν_kF_r ≤ � E∈K_r

ν_kE = lim_{n→U} � E∈K_{nr}

ν_kE

= lim_{n→U} � E∈K_{nr}

lim_{p→U} ν_{kp}E = lim_{n→U} lim_{p→U} � E∈K_{nr}

ν_{kp}E

= lim_{n→U} lim_{p→U} � E∈K_{nrp}

ν_{kp}E ≤ lim_{n→U} lim_{p→U} wt J_{npr}

(because for any E ∈ K_{nrp} there are I, w such that (E, I, w) ∈ J_{nrp} ⊆ C_{kp}, in which case ν_{kp}E ≤ w) ≤ 2 lim_{n→U} lim_{p→U} wt I_{npr}. So ∞� r=m+1

ν_kF_r = sup_{s≥m+1} s� r=m+1

ν_kF_r ≤ 2 sup_{s≥m+1} s� r=m+1

lim_{n→U} lim_{p→U} wt I_{npr}

≤ 2 sup_{s≥m+1} lim_{n→U} lim_{p→U} s� r=m+1

wt I_{npr} ≤ 2 lim_{n→U} lim_{p→U} wt I_{np} ≤ 4.

If j > m, n > m and p ∈ U_n set K̃_{npj} = � m<r≤j Knpr, K̃nj = � m<r≤j Knr and K̃j = � m<r≤j Kr. Then,

for any j > m, {p : p ∈ U_n, K̃_{npj} = K̃_{nj} } ∈ U for every n > m, {n : n > m, K̃_{nj} = K̃_j } ∈ U.

If x ∈ Ẽ_j , then whenever n ≥ j and p ∈ U_n, x ∈ � m<r≤j spr Jnpr = � m<r≤j � K_{npr} = �~ K_{npj} , and there is an E ∈ K̃_{npj} containing x. As U_n ∈ U, there is an E ∈ K̃_{nj} containing x. This is true for every n ≥ j; as {n : n ≥ j} ∈ U, there is an E ∈ K̃_j such that x ∈ E ⊆ � m<r≤j Fr. Thus Ẽj ⊆ � m<r≤j Fr.

Finally, take any r > m. Referring back to the definition of J_{npr}, we see that (because A_{np} ∈ A_m) E is determined by coordinates in r \ m whenever (E, I, w) ∈ J_{npr}. So E is determined by coordinates in r \ m whenever E ∈ � n∈N,p∈U_n Knpr ⊇ � n∈N K_{nr} ⊇ K_r, and F_r is also determined by coordinates in r \ m. QQQ

(c) Let r_0 ≥ m be such that

�_∞

r=r_0+1 νkFr < η. Set C = � m<r≤r_0 Fr. Then C is determined by

coordinates in N \ m and ν_kC ≤

�_{r0}

r=m+1 νkFr ≤ 4.

For any i ∈ N, there is some j > m such that E_i ⊆ Ẽ_j , in which case E_i \ C ⊆ � r_0<r≤j Fr and ν_k(E_i \ C) ≤

�_j

r=r_0+1 νkFr ≤ η,

as required.

1L Lemma (T§6.6) Suppose that k ∈ N, ϵ > 0, m ∈ N, B ∈ B_m and that ⟨E_i⟩_{i∈N} is a disjoint sequence in B. Then there are n > m and B^′ ∈ B_n such that B^′ ⊆ B, B^′ is^1_2 ν_k-thin between m and n and lim sup_{i→∞} ν_k(E_i ∩ B \ B^′) ≤ ϵ.

proof Set η =^ϵ_{#(Am )} . For those A ∈ A_m included in B define C^′_A ⊆ A as follows.

case 1 If there is some r such that ν_k(θ_{N\m}(A ∩ � i≤r E_i)) ≥ 2, set C^′_A = A \ � i≤r E_i, so that 1 2 ν_k(θ_{N\m}(A \ C^′_A)) ≥ 1 and E_i ∩ A \ C^′_A = ∅ for i > r.

case 2 If ν_k(θ_{N\m}(A∩ � i≤r E_i)) < 2 for every r, then by Lemma 1K, applied to the sequence ⟨θ_{N\m}(A∩ E_i)⟩_{i∈N}, we can find a C ∈ B, determined by coordinates in N \ m, such that ν_kC ≤ 4 and ν_k(θ_{N\m}(A ∩ E_i) \ C) ≤ η for every i. Set C^′_A = C ∩ A. Because C is determined by coordinates in N \ m and A ∈ A_m, ν_k(θ_{N\m}(C^′_A)) = ν_kC ≤ 4. Also E_i ∩ A \ C^′_A ⊆ θ_{N\m}(A ∩ E_i) \ C so ν_k(E_i ∩ A \ C^′_A) ≤ η for every i. Set B^′ = � {C^′_A : A ∈ A_m, A ⊆ B}.

Then B^′ ⊆ B and

lim sup i→∞ ν_k(E_i ∩ B \ B^′) ≤ � A∈A_m,A⊆B

lim sup i→∞ ν_k(E_i ∩ A \ C^′_A) ≤ � A∈A_m,A⊆B

η ≤ ϵ.

Let n > m be such that C^′_A ∈ B_n whenever A ∈ A_m and A ⊆ B. Then B^′ is^1_2 ν_k-thin between m and n. PP Take any A ∈ A_m and set C̃ = θ_{n\m}(A ∩ B^′). If A ⊈ B then A ∩ B^′ and C̃ are empty and ν_k(X \ C̃) ≥ 8 (Proposition 1Ia). Otherwise, A ∩ B^′ = C^′_A ∈ B_n so C̃ = θ_{N\m}(A ∩ C^′_A) is disjoint from θ_{N\m}(A \ C^′_A) (see the last remark in 1Db). If C^′_A was chosen as in case 1 above,

ν_k(X \ C̃) ≥ ν_k(θ_{N\m}(A \ C^′_A)) ≥ 2.

If C^′_A was chosen as in case 2,

ν_k(X \ C̃) = ν_k(X \ θ_{N\m}(C^′_A)) ≥ ν_kX − ν_k(θ_{N\m}(C^′_A)) ≥ 8 − 4.

So in all three cases we have^1_2 ν_k(X \ C̃) ≥ 1, as required. QQQ

Thus we have an appropriate B^′.

1M Theorem (T§6.6) ν is exhaustive.

proof Let ⟨E_i⟩_{i∈N} be a disjoint sequence in B. Take any k ∈ N and ϵ > 0, and choose ⟨B_j ⟩_{j∈N} and ⟨n_j ⟩_{j∈N} inductively, as follows. B_0 = X and n_0 = 0. Given that B_j ∈ B_{nj} , take n_{j+1} > n_j and B_{j+1} ∈ B_{nj+1} such that B_{j+1} ⊆ B_j , B_{j+1} is^1_2 ν_{k+1}-thin between n_j and n_{j+1}, and lim sup_{i→∞} ν_{k+1}(E_i ∩ B_j \ B_{j+1}) ≤ ϵ (Lemma 1L). Continue. Note that lim sup_{i→∞} ν_{k+1}(E_i \ B_j ) ≤ jϵ for every j.

Set I = {n_j : j < N_k} and B = B_{Nk−1}. Then B is^1_2 ν_{k+1}-thin along I (use Fact 1Dc). So U = {p : p ≥ k + 1, B is ν_{k+1,p}-thin along I} belongs to U, by Lemma 1J. But now (B, I, 2^{−k}) ∈ E_{kp} for every p ∈ U, so ν_{kp}B ≤ 2^{−k} for every p ∈ U and ν_kB ≤ 2^{−k}.

Of course ν ≤ ν_k ≤ ν_{k+1}. So

lim sup_{i→∞} νE_i ≤ ν_kB + lim sup_{i→∞} ν_{k+1}(E_i \ B) ≤ 2^{−k} + (N_k − 1)ϵ.

As k, ϵ and ⟨E_i⟩_{i∈N} are arbitrary, ν is exhaustive.

1N Proposition Give X the metric σ defined by setting σ(x, y) = 2^{−n} if x↾n = y↾n and x(n) ≠ y(n), and let G be the isometry group of X. Then ν is G-invariant.

proof I show by downwards induction on k that (g[E], I, w) ∈ E_{kp} whenever k ≤ p in N, (E, I, w) ∈ E_{kp} and g ∈ G. The case k = p is trivial. For the downwards step to k < p, observe first that the inductive hypothesis will ensure that g[E] ∈ C_{k+1,p} whenever g ∈ G and E ∈ C_{k+1,p}. It follows that ν_{k+1,p} is Ginvariant. PP If F ∈ B, ν_{k+1,p}F < η and g ∈ G, then there is a finite set I ⊆ C_{k+1,p} such that F ⊆ spr I and wt I < η. Set J = {(g[E], I, w) : (E, I, w) ∈ I}; then J ⊆ C_{k+1,p}, g[F ] ⊆ g[spr I] = spr J and wt J = wt I < η, so ν_{k+1,p}g[F ] < η. As η is arbitrary, ν_{k+1,p}g[F ] ≤ ν_{k+1,p}F ; applying the same argument to g^{−1}, ν_{k+1,p}g[F ] = ν_{k+1,p}F ; as F and g are arbitrary, ν_{k+1,p} is G-invariant. QQQ

Now suppose that E ∈ B and m < n are such that E is ν_{k+1,p}-thin between m and n. Then g[E] is ν_{k+1,p}-thin between m and n. PP Suppose that A ∈ A_m. Set A^′ = g^{−1}[A] and F = A^′ ∩ E; then A^′ ∈ A_m.

(If z ∈ A, then A^′ = {x : σ(x, g^{−1}(z)) < 2^{−m}}.) Define π_A(x), for x ∈ X, by saying that π_A(x) ∈ A and π_A(x)(i) = x(i) for i ≥ m (T§3.3). Define h : X → X by setting

h(x)(i) = x(i) if i < m

= g^{−1}(π_A(x))(i) if i ≥ m for every x ∈ X. Then h ∈ G, and π_A′ h = g^{−1}π_A.

If x ∈ X, then

x ∈ θ_{N\m}(A ∩ g[E]) ⇐⇒ x ∈ θ_{N\m}(g[F ]) ⇐⇒ there is a y ∈ F such that x↾N \ m = g(y)↾N \ m ⇐⇒ there is a y ∈ F such that π_A(x) = g(y) (because if y ∈ F then g(y) ∈ A) ⇐⇒ g^{−1}(π_A(x)) ∈ F ⇐⇒ π_A′ (h(x)) ∈ F ⇐⇒ h(x) ∈ θ_{N\m}(F ).

Thus

θ_{n\m}(A ∩ g[E]) = θ_{n\m}(θ_{N\m}(A ∩ g[E])) = θ_{n\m}(h^{−1}[θ_{N\m}(A^′ ∩ E)]) = h^{−1}[θ_{n\m}(θ_{N\m}(A^′ ∩ E))] (because h ∈ G) = h^{−1}[θ_{n\m}(A^′ ∩ E)] and

ν_{k+1,p}(X \ θ_{n\m}(A ∩ g[E])) = ν_{k+1,p}h^{−1}[X \ θ_{n\m}(A^′ ∩ E)] = ν_{k+1,p}(X \ θ_{n\m}(A^′ ∩ E)) (because ν_{k+1,p} is G-invariant) ≥ 1.

As A is arbitrary, g[E] is ν_{k+1,p}-thin between m and n. QQQ

It follows that if (E, I, w) ∈ E_{kp} then g[E] is ν_{k+1,p}-thin along I and (g[E], I, w) ∈ E_{kp}. Thus the induction continues.

At the end of the induction, we have, for any E ∈ B and g ∈ G, νg[E] = lim_{p→U} ν_{0p}g[E] = lim_{p→U} ν_{0p}E = νE, so ν also is G-invariant.

1O Corollary (a) If we give each T_n a group structure and X the product group structure, then ν is translation-invariant.

(b) ν is strictly positive.

proof (a) Translations will all belong to the isometry group G as described in Proposition 1N.

(b) If E ∈ B is non-empty, then X can be covered by finitely many translates of E.

1P The Maharam algebra of ν Because ν is strictly positive, we have a metric ρ on B defined by setting ρ(E, F ) = ν(E△F ) for E, F ∈ B, and can form the metric completion ^B of B; the continuous extension ν̂ of ν to ^B is now a strictly positive Maharam submeasure on the Dedekind complete Boolean algebra ^B (Fremlin 02, 393H^1). Note that because G acts on B as a subgroup of the isometry group of B, it acts on ^B as a subgroup of the automorphism group of ( ^B, ν̂).

2 The exhaustivity rank of ν

In Fremlin 08?, §539, I discuss the exhaustivity ranks of exhaustive submeasures. (See also Fremlin n06, §7.) For the example described in §1 above, we can compute an estimate of its exhaustivity rank. Of course the argument is just a refinement of the ideas in 1K-1M.

2A Well-founded partial orders (a) Recall that if (P, ≤) is a partially ordered set which is wellfounded, that is, every non-empty subset of P has a minimal element, then P has a rank function rank : P → On such that rank(p) = sup{rank(q) + 1 : q < p} for every p ∈ P . The height of P is now sup_{p∈P} rank(p) + 1.

(b) Conversely, if (P, ≤) is a partially ordered set and r : P → On is such that r(p) < r(q) whenever p < q, then P is well-founded and rank(p) ≤ r(p) for every p ∈ P .

(c) Recall that an ordinal ξ is indecomposable if it is not expressible as the ordinal sum η + ζ where η and ζ are both less than ξ. In this case, if I is a non-empty finite set and we give the Cartesian product ξ^I its product partial order, the height of ξ^I is ξ. PP Define r : ξ^I → ξ as follows. Given that η_i < ξ for each i ∈ I, express η_i in its Cantor normal form

η_i = ω^{βi0} + ω^{βi1} + . . .

where ⟨β_{ij} ⟩_{j<mi} is non-increasing (Jech 03, Theorem 2.26). Re-enumerate ⟨β_{ij} ⟩_{i∈I,j<mi} as a non-increasing sequence ⟨β_j ⟩_{j<m} and set

r(⟨η_i⟩_{i∈I} ) = ω^{β0} + ω^{β1} + . . . ;

because ξ is indecomposable, this is less than ξ. Now if ⟨η_i⟩_{i∈I} , ⟨η^′_i⟩_{i∈I} ∈ ξ^I , η_i ≤ η^′_i for every i, and there is some i such that η_i < η^′_i, we shall have r(⟨η_i⟩_{i∈I} ) < r(⟨η^′_i⟩_{i∈I} ). By (b), ξ^I is well-founded, with height at most ξ. Because I is non-empty, the height is exactly ξ. QQQ

(d) If (P, ≤) is a partially ordered set, ⟨P_i⟩_{i∈I} is a finite cover of P , and every P_i (with the induced partial order) is well-founded, then P is well-founded; if ξ ≥ ω is an indecomposable ordinal and every P_i has height at most ξ, then P has height at most ξ. PP For each i, we have a rank function rank_i : P_i → ξ. Define f : P → ξ^I by setting f(p)(i) = sup{rank_i(q) + 1 : q ∈ P_i, q < p} for p ∈ P and i ∈ I. If p < q in P , then f(p) < f(q) in ξ^I (if i ∈ I and p ∈ P_i, then f(p)(i) = rank_i(p) < f(q)(i)). Since we have a rank function from ξ^I to ξ, by (c), we can compose this with f to give a function r : P → ξ and apply (b). QQQ

(e) Note that the ordinal power ω^β is indecomposable for every ordinal β.

(f) If ξ, η are ordinals, then the ordinal product ξ · η is the order type of the lexicographic ordering on η × ξ (Jech 03, 2.24). So if n ∈ N, the order type of the lexicographic ordering on the Cartesian product ξ^n is the ordinal power ξ^n.

2B Lemma (Compare 1K.) Suppose that m, k ∈ N. Let V be the set

V = {V : V ∈ B is determined by coordinates in N \ m, ν_kV < 2}.

Then for each V ∈ V there is a sequence ⟨F_r⟩_{r∈N} such that

F_r ∈ B is determined by coordinates in r \ m for every r ∈ N, H ⊆ � j≤r F_j whenever r ∈ N, H ∈ B_r and H ⊆ V , �_∞

r=0 ν_kF_r ≤ 4.

proof (a)(i) Set U = {p : p ∈ N, ν_{kp}V < 2} ∈ F. For p ∈ U, choose a finite set I_p ⊆ C_{kp} such that V ⊆ spr I_p and wt I_p ≤ 2; set

I^′_p = {(E, I, w) : (E, I, w) ∈ I_p, #(I ∩ m) ≥^1_4 #(I)}, B_p = θ_m(spr I^′_p).

1Formerly 393B.

By 1Fa, ν_{kp}B_p ≤ 2 wt I^′_p ≤ 4. Since ν_{kp}X ≥ 8, B_p ≠ X and there is an A_p ∈ A_m disjoint from spr I^′_p. Next, for p ∈ U and r > m, set

I_{pr} = {(E, I, w) : (E, I, w) ∈ I_p, #(I ∩ (r − 1)) <^1_2 #(I) ≤ #(I ∩ r)},

J_{pr} = {(θ_{r\m}(A_p ∩ E), I ∩ r, 2w) : (E, I, w) ∈ I_{pr} }, F_{pr} = spr J_{pr}. For completeness, set F_{pr} = J_{pr} = I_{pr} = ∅ if r ≤ m. By 1E, J_{pr} ⊆ C_{kp}, and of course ν_{kp}F_{pr} ≤ wt J_{pr} ≤ 2 wt I_{pr} , so �_∞

r=0 ν_{kp}F_{pr} ≤ 2

�_∞ r=0 wt I_{pr} ≤ 2 wt I_p ≤ 4.

Note that each F_{pr} is determined by coordinates in r \ m and includes A_p ∩ spr I_{pr}.

(ii) If H ∈ B_r and H ⊆ V , then H ⊆ � j≤r F_{pj} . PP?? Otherwise, since V is determined by coordinates in N\m and is certainly not equal to X, r > m. Since V is determined by coordinates in N\m, H^′ = θ_{N\m}H is included in V . Since both H^′ and � j≤r F_{pj} are determined by coordinates in r \ m, there is an A ∈ A_r such that A ⊆ A_p and A ⊆ H^′ \ � j≤r F_{pj} . Since A is also disjoint from spr I^′_p and A ⊆ spr I_p, A ⊆ spr I, where

I = I_p \ (I^′_p ∪ � j≤r I_{pr}) ⊆ {(E, I, w) : (E, I, w) ∈ I_p, #(I \ r) ≥^1_4 #(I)}.

Since I ⊆ C_{kp},

8 ≤ ν_{kp}X = ν_{kp}(θ_{N\r}A) = ν_{kp}(θ_{N\r}(A ∩ spr I)) ≤ 2 wt I (Corollary 1Fb) ≤ 4. XXQQQ

(b) Because every B_r is finite, there is for each r ∈ N an F_r such that {p : p ∈ U, F_{pr} = F_r} ∈ F; of course F_r is determined by coordinates in r \ m. Now

�_∞ r=0 ν_kF_r ≤ 4. If r ∈ N, H ∈ B_r and H ⊆ V , then there is a p ∈ U such that F_{pj} = F_j for every j ≤ r, and now H ⊆ � j≤r F_{pj} = � j≤r F_j .

2C Lemma Let m, k ∈ N, η > 0. Set B^{(m)} = {E : E ∈ B is determined by coordinates in N \ m},

B^{(m)}r = B^{(m)} ∩ B_r = {E : E ∈ B is determined by coordinates in r \ m} for every r ∈ N, V = {E : E ∈ B^{(m)}, ν_k(X \ E) < 2}.

(a) For E ∈ V use Lemma 2B to choose a sequence ⟨F_r (E)⟩_{r∈N} such that

F_r(E) ∈ B^{(m)}r for every r ∈ N, H ⊆ � j≤r F_j (E) whenever r ∈ N, H ∈ B^{(m)}_r and H ⊆ X \ E, �_∞

r=0 ν_kF_r(E) ≤ 4;

set r^∗(E) = min{r : E ∈ B^{(m)}_r } and F (E) = � r≤r^∗(E) Fr(E). For E ∈ B

(m) \ V, set F (E) = E. Then F (E) ∈ B^{(m)} and ν_k(X \ F (E)) ≥ 2 for every E.

(b) For E, E^′ ∈ B^{(m)} say that E^′ ≼ E if either E^′ = E or E^′ ⊂ E and

—– either E ∈ V and E^′ /∈ V —– or E^′ ∈ V and ν_k(X \ (E^′ ∪ F (E))) ≥ η.

Then ≼ is a partial ordering on B^{(m)}. If E, E^′, E^{′′} ∈ B^{(m)} and E^{′′} ⊆ E^′ ≺ E, then E^{′′} ≺ E.

(c) ≼ is well-founded, with height at most the ordinal power ω^{n+1}, where n = ⌊4/η⌋.

proof (a) For every E ∈ V, F_r(E) ∈ B^{(m)} for every r, so F (E) ∈ B^{(m)}; if E ∈ B^{(m)} \ V, F (E) = E ∈ B^{(m)}. If E ∈ V then ν_kF (E) ≤ 4 and ν_k(X \F (E)) ≥ 8−4 ≥ 2; if E ∈ B^{(m)} \V then ν_k(X \F (E)) = ν_k(X \E) ≥ 2.

(b) If E, E^′ ∈ B^{(m)}, E^′ ⊆ E and E^′ ∈ V, then of course E ∈ V. If E, E^′, E^{′′} ∈ V, E^′ ≺ E and E^{′′} ⊆ E^′, then ν_k(X \ (E^{′′} ∪ F (E))) ≥ ν_k(X \ (E^′ ∪ F (E))) ≥ η and E^{′′} ≺ E; accordingly ≼ is a partial order, with every element of B^{(m)} \ V below every element of V.

If E, E^′, E^{′′} ∈ B^{(m)} and E^{′′} ⊆ E^′ ≺ E, then E^{′′} ⊂ E ∈ V and

—– if E^{′′} ∈ V, then E^{′′} ≺ E, as noted above; —– if E^{′′} /∈ V and E ∈ V, then E^{′′} ≺ E.

(c)(i) Consider first the upper segment V. It is helpful to note immediately that X \ E ⊆ F (E) for every E ∈ V; so that we can suppose that F_r(E) = ∅ for r > r^∗(E). Now the key fact is this: if E, E^′ and E^{′′} belong to V, E^{′′} ≼ E^′ ≺ E, l ∈ N and F_r(E^{′′}) ⊆ F (E) for every r ≤ l, then � l<r≤r^∗(E^′) νkFr(E

′′) ≥ η. PP X \ E^′ ∈ B^{(m)}_{r∗(E′ )} and X \ E^′ ⊆ X \ E^{′′}, so X \ E^′ ⊆ � r≤r^∗(E^′) Fr(E

′′),

(X \ (E^′ ∪ F (E))) ⊆ (X \ E^′) \ � r≤l F_r(E^{′′}) ⊆ � l<r≤r^∗(E^′) Fr(E ′′) and � l<r≤r^∗(E^′) νkFr(E

′′) ≥ ν_k(X \ (E^′ ∪ F (E))) ≥ η. QQQ

(ii) For E ∈ V, set s_E = max{j : jη ≤

�_r∗_{(E)} r=0 ν_kF_r(E)}, and for j ≤ s_E let r_j (E) be minimal subject to jη ≤

�_{rj (E)}

r=0 ν_kF_r(E); set F̃_j (E) = � r≤r_j (E) Fr (E). Now the remark in (a) becomes: if E, E

′ and E^{′′} belong to V, E^{′′} ≼ E^′ ≺ E, j ≤ min(s_E , s_E′′ ) and F̃_j (E^{′′}) = F̃_j (E), then s_E′′ ≥ j + 1 and F̃_{j+1}(E^{′′}) ∈ B^{(m)}_{r∗(E′)}. PP � r≤r_j (E^{′′}) Fr(E

′′) ⊆ F (E), so � r_j (E^{′′})<r≤r^∗(E^′) νkFr(E

′′) ≥ η, � r≤r^∗(E^′ ) νkFr (E

′′) ≥ η + � r≤r_j (E^{′′} ) νkFr (E

′′) ≥ η + jη = (j + 1)η and r_{j+1}(E^{′′}) ≤ r^∗(E^′). Accordingly F̃_{j+1}(E′′) ∈ B^{(m)}_{rj+1 (E′′)} ⊆ B^{(m)}_{r∗(E′)}. QQQ

(iii) For σ ∈ � r≤n+1(B

(m))^r, write V_σ for

{E : E ∈ V, s_E ≥ #(σ) − 1, F̃_j (E) = σ(j) for j < #(σ)}.

I show by downwards induction on #(σ) that V_σ is well-founded under ≼ and has height at most the ordinal power ω^{n−#(σ)+1}. PP To start the induction, note that s_E ≤ n for every E ∈ V, because

�_∞ r=0 ν_kF_r (E) ≤ 4.

If σ ∈ (B^{(m)})^{n+1} and E ∈ V_σ , then (c) tells us that E must be minimal in V_σ , so the height of V_σ is at most 1 = ω^0. For the inductive step down to #(σ) = r ≤ n, take σ ∈ (B^{(m)})^r and E, E^′ ∈ V_σ such that E^′ ≺ E. If E^{′′} also belongs to V_σ and E^{′′} ≼ E^′, then (c) tells us that s_E′ ≥ r and F̃_r(E^{′′}) ∈ B^{(m)}_{r∗(E′)}. So {E^{′′} : E^{′′} ∈ V_σ , E^{′′} ≼ E^′} ⊆ � G∈B^{(m)}_{r∗(E′)} Vσ^⌢ <G>

is a union of finitely many sets, on each of which ≼ is well-founded with height at most ω^{n−r}, and therefore itself is well-founded with height at most max(ω, ω^{n−r}), by 2Ad. Consequently V_σ is also well-founded, with height at most max(ω, ω^{n−r}) + 1 < ω^{n−r+1}. QQQ

(iv) In particular V = V_∅ is well-founded, with height at most ω^{n+1}. Consequently B^{(m)} is wellfounded, with height at most the ordinal sum 1 + ω^{n+1} = ω^{n+1}.

2D Construction Fix k ≥ 1. Set N = N_{k−1} − 1. For m ∈ N set η_m =^{2−k}_{N#(Am )} and let V_m be {E : E ∈ B^{(m)}, ν_k(X \ E) < 2}, F_m : B^{(m)} → B^{(m)} the function, and ≼_m the well-founded partial order on B^{(m)} defined from k, m and η_m by the processes of Lemma 2C. Set

T = � n∈N {τ : τ ∈ B^n, ν_{k−1}τ(i) ≥ 2^{−k+2} for every i < n,

τ(i) ∩ τ(j) = ∅ whenever i < j < n}.

For j ≤ N, τ ∈ T define E_j (τ), m_j (τ), B_j (τ) inductively, as follows. If τ = ∅ then E_j (∅) = X for every j. Given ⟨E_j (τ)⟩_{j≤N} , set B_0(τ) = X, m_0(τ) = 0. If j < N_k and m_j (τ), B_j (τ) have been defined, set B_{j+1}(τ) = � A∈A_{mj (τ )} ,A⊆B_j (τ ) A ∩ Fmj (τ )(θN\mj (τ )(A ∩ Ej (τ))),

and take m_{j+1}(τ) minimal such that m_{j+1}(τ) > m_j (τ) and B_{j+1}(τ) ∈ B_{mj+1 (τ )}. Observe that B_{j+1}(τ) ⊆ B_j (τ).

This ensures that B_{j+1}(τ) is^1_2 ν_k-thin between m_j (τ) and m_{j+1}(τ). PP If A ∈ A_{mj} (τ), then A ∩ B_{j+1}(τ) is either empty or A ∩ F_{mj (τ )}(θ_{N\mj (τ )}(A ∩ E_j (τ))). In the latter case, setting m = m_j (τ), n = m_{j+1}(τ), E = θ_{N\m}(A ∩ E_j (τ)), θ_{n\m}(A ∩ F_m(E)) = θ_{N\m}(A ∩ F_m(E)) = F_m(E) because A ∈ A_m and F_m(E) ∈ B^{(m)}. So ν_k(X \ θ_{n\m}(A ∩ B_{j+1}(τ))) = ν_k(X \ F_m(E) ≥ 2. QQQ Consequently, setting I(τ) = {m_j (τ) : j < N}, B_N (τ) is^1_2 ν_k-thin along I and ν_{k−1}B_N (τ) ≤ 2^{−k+1}, by 1J. Now for the rule defining E_j (τ) for #(τ) ≥ 1. Induce on #(τ). The inductive hypothesis will include the requirement E_j (τ) ⊇ X \ � i<#(τ ) τ(i) for every j ≤ N.

Suppose that τ^′ = τ^⌢<H> where ⟨E_j (τ)⟩_{j≤N} has been defined and ν_{k−1}H ≥ 2^{−k+2}. Since ⟨B_j (τ)⟩_{j≤N} is non-increasing, B_0(τ) = X and ν_{k−1}B_N (τ) ≤ 2^{−k+1}, there must be an l < N such that ν_{k−1}(H ∩ B_l(τ) \ B_{l+1}(τ)) ≥^{2−k}_N , and an Â ∈ A_{ml(τ )} such that Â ⊆ B_l(τ) and

ν_{k−1}(Â ∩ H \ B_{l+1}(τ)) ≥ η_{ml(τ )}.

Set E_l(τ^′) = E_l(τ) \ (Â ∩ H); for j ≠ l, set E_j (τ^′) = E_j (τ). Then we certainly have E_j (τ^′) ⊇ X \ � i<#(τ^′) τ

′(i) for every j ≤ N, and we can continue the induction.

2E Lemma If k ≥ 1 and T is the tree described in 2D, there is a function rank from T to the ordinal power ω^{ω·N} such that rank(τ) < rank(σ) whenever σ, τ ∈ T and τ properly extends σ. proof (a)(i) Let ⟨V_m⟩_{m∈N}, ⟨η_m⟩_{m∈N}, ⟨F_m⟩_{m∈N}, ⟨≼_m⟩_{m∈N} N, ⟨E_j (τ)⟩_{τ ∈T,j≤N} , ⟨B_j (τ)⟩_{τ ∈T,j≤N} and ⟨m_j (τ)⟩_{τ ∈T,j≤N} be as in 2C-2D. By Lemma 2C there is for each m ∈ N a rank function rank_m : B^{(m)} → ω^ω such that rank_m(E^′) < rank_m(E) whenever E, E^′ ∈ B^{(m)} and E^′ ≺_m E.

(ii) For each m ∈ N, set Q_m = (B^{(m)})^{Am} with the product partial ordering; then Q_m is well-founded with height at most ω^ω, by 2Ac.

Accordingly, there is a function rank^′_m : B → ω^ω such that rank^′_m(E^′) < rank_m(E) whenever θ_{N\m}(A ∩ E^′) ≼_m θ_{N\m}(A ∩ E) for every A ∈ A_m and there is some A ∈ A_m such that θ_{N\m}(A ∩ E^′) ≠ θ_{N\m}(A ∩ E).

(b)(i) Examining the construction in 2D, we see that whenever τ ∈ T and τ^′ = τ^⌢<H> is a one-term extension of τ, then there is exactly one l < N such that E_l(τ^′) ≠ E_l(τ). As E_j (τ^′) = E_j (τ) for j < l, B_j (τ^′) = B_j (τ) and m_j (τ^′) = m_j (τ) for j ≤ l. Set m = m_l(τ) = m_l(τ^′). Then there is an Â ∈ A_m such that Â ⊆ B_l(τ) and E_l(τ^′) = E_l(τ) \ (Â ∩ H).

(ii) Now θ_{N\m}(Â ∩ E_l(τ^′)) ≺_m θ_{N\m}(Â ∩ E_l(τ)).

3A 15

PP Set E = θ_{N\m}(Â ∩ E_l(τ)), E^′ = θ_{N\m}(Â ∩ E_l(τ^′)) = θ_{N\m}(Â ∩ E_l(τ) \ H), so that both E and E^′ belong to B^{(m)} and E^′ ⊆ E. ?? If E /∈ V_m, F_m(E) = E. In this case, Â ∩ B_{l+1}(τ) = Â ∩ F_m(E) = Â ∩ E = Â ∩ E_l(τ). But E_l(τ) ⊇ X \ � i<#(τ ) τ(i) ⊇ H,

so Â ∩ B_{l+1}(τ) ⊇ Â ∩ H, which is impossible, since ν_{k−1}(Â ∩ H \ B_{l+1}(τ)) > 0. XX

Thus E ∈ V_m. If E^′ /∈ V_m, then certainly E^′ ≺_m E. Otherwise, Â ∩ H is disjoint from Â ∩ E_l(τ^′), so is also disjoint from E^′. Accordingly Â ∩ H \ F_m(E) is disjoint from both E^′ and F_m(E), and ν_k(X \ (E^′ ∪ F (E))) ≥ ν_k(Â ∩ H \ F_m(E)) = ν_k(Â ∩ H \ B_{l+1}(τ)) ≥ ν_{k−1}(Â ∩ H \ B_{l+1}(τ)) ≥ η_m, so that E^′ ≺_m E. QQQ

(iii) It follows that, in the terminology of (a-ii), rank^′_m(E_l(τ^′)) < rank^′_m(E_l(τ)). (c) For each τ ∈ T , we have a corresponding family ⟨rank^′_{mj (τ )}(E_j (τ))⟩_{j<N} in ω^ω; and if τ^′ is a oneterm extension of τ, then there is an l < N such that E_j (τ^′) = E_j (τ) for j < l and rank^′_{ml(τ} ′_)(E_j (τ^′)) < rank^′_{ml(τ )}(E_j (τ)). We therefore have a function rank from T to the ordinal power (ω^ω)^N = ω^{ω·N} such that rank(τ^′) < rank(τ) whenever τ^′ is a one-term extension of τ (2Af).

2F Theorem The exhaustivity rank of ν is at least the ordinal power ω^ω and at most ω^{ω2} . proof By Fremlin 08?, 539T, the exhaustivity rank of ν is at least ω^ω. In the other direction, given ϵ > 0, let k ≥ 1 be such that 2^{−k+2} ≤ ϵ, and let T ⊆ � n∈N B^n be the corresponding tree as described in 2D. By Lemma 2E, we have a function rank : T → ω^{ω·N} , where N = N_{k−1} − 1, such that rank(τ) < rank(σ) whenever τ properly extends σ. For E ∈ B, set r(E) = min{rank(τ) : τ ∈ T , τ(i) ∩ E = ∅ whenever i < #(τ)}.

Then r(E^′) < r(E) whenever E^′ ⊆ E and ν(E \ E^′) ≥ ϵ, because then τ^⌢<E \ E^′> ∈ T whenever τ ∈ T and � i<#(τ ) τ(i) is disjoint from E. Consequently, defining rϵ as in Fremlin 08?, 539Q, rϵ(X) ≤ r(X) < ω

ω·N .

As this is true for every ϵ > 0, the exhaustivity rank sup_{ϵ>0} r_ϵ(X) of ν is at most ω^{ω2} . 3 Problems

3A Let ^B be the metric completion of B under the metric defined by ν (Remark 1P). (a) Does ^B have an order-closed subalgebra isomorphic to the measure algebra of Lebesgue measure? In particular, if we take z ∈ X and C ⊆ B to be the algebra of sets generated by sets of the form {x : x ∈ X, x(n) = z(n)} for n ∈ N, is ν↾C uniformly exhaustive? (Suggested by M.Talagrand.)

(b) Does every ν̂-preserving automorphism of ^B correspond to the action of an element of the group G of Proposition 1N?

(c) Is the automorphism group Aut_{ν̂} ( ^B) ergodic, in the sense that for any non-zero elements a, b of ^B there is a ν̂-preserving automorphism π of ^B such that a ∩ πb ≠ 0?

(d) Is ^B a homogeneous Boolean algebra?

(e) Does ^B have an atomless rigid order-closed subalgebra?

(vi) Locate ^B \ {1} in the Tukey classification (Fremlin 08?, chap. 52).

(vii) Find wdistr( ^B), π( ^B) and d( ^B) in terms of the cardinals of Cichoń’s diagram (Fremlin n06, §9).

16 3B

3B In Definition 1H, do we in fact have lim_{p→∞} ν_{kp}E defined for every E ∈ B and k ∈ N, so that no kind of selection procedure is needed at this point?

3C Suppose that instead of taking large sets T_n, we simply set T_n = {0, 1} for every n, but otherwise used the same construction. Should we then find that ν was uniformly exhaustive? (This might be relevant to 3A(a) above.)

3D Let μ be the Radon submeasure extending ν (Fremlin 03, 496F^2, or Fremlin n06, §10). Does μ have a lifting? (Fremlin n06, Problem 11N; Fremlin 08?, 539Zb.)

Acknowledgements I am most grateful to Michel Talagrand for sending me an advance copy of his construction, and to David Preiss for giving me an opportunity to go through it at his seminar. The version in §1 here owes something to comments at that seminar, and a good deal to the effort of preparing for it.

References

Farah I. [04] ‘Examples of ϵ-exhaustive pathological submeasures’, Fundamenta Math. 181 (2004) 257-272. Fremlin D.H. [02] Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002. Fremlin D.H. [03] Measure Theory, Vol. 4: Topological Measure Spaces. Torres Fremlin, 2003. Fremlin D.H. [08?] Measure Theory, Vol. 5: Set-theoretic Measure Theory, in preparation. Draft available via http://www.essex.ac.uk/maths/staff/fremlin/mt.htm. Note that paragraph references are subject to fluctuation.

Fremlin D.H. [n06] ‘Maharam algebras’, note of 17.1.06 (http://www.essex.ac.uk/maths/staff/fremlin/

preprints.htm).

Jech T. [03] Set Theory, Millenium Edition. Springer, 2003. ISBN 3540440852 Kechris A.S. [95] Classical Descriptive Set Theory. Springer, 1995.

Kranz P. & Labuda I. [93] (eds.) Proceedings of the Orlicz Memorial Conference, 1991 , unpublished manuscript, available from first editor (mmkranz@olemiss.edu).

Roberts, J.W. [93] ‘Maharam’s problem’, in Kranz & Labuda 93.

Talagrand M. [06] ‘Maharam’s problem’, C.R.Acad.Sci. Paris 342 (2006) 501-503; (http://arxiv.org/

pdf/math.FA/0601689).

2Later editions only.