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The generalized McShane integral
D.H.FREMLIN
University of Essex, Colchester, England

I develop an extension of the McShane integral and discuss its relationships with the Pettis,
Talagrand and Bochner integrals.

Introduction A large number of different methods of integration of Banach-space-valued functions have
been introduced, based on the various possible constructions of the Lebesgue integral. They commonly
run fairly closely together when the range space is separable (or has w*-separable dual) and diverge more
or less sharply for general range spaces. Here I describe a natural extension of the McShane integral to
functions from any of a wide class of topological measure spaces to a Banach space, and give both positive
and negative results concerning it and the other four integrals listed above.

1. The McShane integral I propose to use this name for a method of integrating vector-valued functions
which is adapted from the integration process described in [McS83]. As I wish to make rather a large step
(from real-valued functions defined on R™ or RY to vector-valued functions defined on o-finite outer regular
quasi-Radon measure spaces), I give a full list of the definitions and theorems in the elementary theory as I
develop it, even though most of the proofs will not involve any new ideas.

1A Definitions Let (S,%, %, u) be a non-empty o-finite quasi-Radon measure space which is outer
regular, that is, such that uFE = inf{uG : E C G € %} for every E € X. A generalized McShane
partition of S is a sequence ((E;, t;));en such that (E;);cn is a disjoint family of measurable sets of finite
measure, (S \ U;cy £i) = 0 and t; € S for each i. A gauge on S is a function A : S — T such that
s € A(s) for every s € S. A generalized McShane partition ((E;,t;))ien is subordinate to a gauge A if
E; C A(t;) for every i € N.

Now let X be a Banach space. I will say that a function ¢ : § — X is McShane integrable, with
McShane integral w, if for every € > 0 there is a gauge A : S — T such that

lim SUPp— 0o H’LU - Zign MEZ¢(t1)|| Se

for every generalized McShane partition ((E;,t;));en of S subordinate to A.

1B Remarks (a) For the elementary theory of quasi-Radon measure spaces see [Fr74], [Frn82] and [Fr84];
the same idea, expressed in a more general context, underlies the ‘Radon spaces of type (H)’ of B.Rodriguez-
Salinas ([RSJG79], [RS91]). The principal examples of o-finite outer regular quasi-Radon measure spaces
are

(i) all totally finite Radon and quasi-Radon measure spaces;

(ii) all Lindel6f Radon measure spaces (e.g., Lebesgue measure on R");
(iii) all subspaces of such spaces (1L below);
(iv) finite products of such spaces ([Frn82], 4C, or [Fr84], A7Ea);

(v) all products of probability spaces of these types ([Frn82], 4F, or [Fr84], ATED).

(b) The essential facts I shall need here are that a quasi-Radon measure p is inner regular for the
closed sets (that is, pF = sup{uF : F C E, F is closed} for every measurable E) and 7-smooth (that is,
1(UG) = supgeg pG for every non-empty upwards-directed family G of open sets).

(¢) In addition, we shall need to know that an outer regular quasi-Radon measure is locally finite (that
is, every point belongs to an open set of finite measure). Moreover, it has the following property, formally
stronger than what is declared by the usual definition of ‘outer regular’: if E is any measurable set, and
€ > 0, there is an open set G O E such that u(G \ E) < e. Another elementary fact about outer regular
measures is that if g is an outer regular measure on S, and f : S — [0,00[ is an integrable function, then
for any € > 0 there is a lower semi-continuous function h : S — R such that f(t) < h(t) for every ¢t € S and
Jh<e+ [f.
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(d) I had better remark straight away that my version of the McShane integral is well-defined, in the
sense that any given function has at most one value of the integral. Of course this is just because there
are enough generalized McShane partitions: if S # () and A : S — ¥ is any gauge, there is a generalized
McShane partition subordinate to it. To see this, observe that

G={G:GeZ, uG<o0,3 s€8, GCA(s)}
is an open cover of S, so that (because p is 7-smooth) we have
wH = sup{p(H NYUGo) : Go C G is finite}
for every open H C S; now, because p is o-finite, there is a sequence (G)ien in G such that u(S\J;cy Gi) =
0. If we choose for each i a ¢; € S such that G; C A(t;), and write E; = G; \ U,;_; G; for i € N, we shall
have a generalized McShane partition ((E;, t;));en subordinate to A.

Now because the family of gauges on S is directed downwards (if Ag and A; are gauges, so is s +—
Ap(s) N Aq(s)) this shows that for any particular ¢ there will be at most one w satisfying the definition
above.

j<i

(e) There is a technical fault in the definition of the McShane integral above. It ignores the case S = ().
On the other hand, I certainly wish to count the empty set as a quasi-Radon measure space, and to accept
the empty function as McShane integrable, with integral zero. Of course this is a triviality, and in the proofs
below I shall systematically pass the case S = @) by, though I do wish it to be included in the statements of
the results.

(f) Tt is in fact possible to define a McShane integral on outer regular quasi-Radon measure spaces which
are not o-finite. As however such a space must consist of a o-finite part together with a family of closed
sets, of strictly positive measure, on each of which the topology is indiscrete (see [GP84], §13), the McShane
integral outside the o-finite part corresponds just to unconditional summability of appropriate families in X;
and the extra technical complications (we have to use uncountable families ((F;, ¢;));er instead of sequences)
seem more trouble than they’re worth.

1C We are now ready for some elementary facts about the McShane integral. I give no proofs as the
arguments are of a type familiar from [McS83].

Proposition Let (S,%,%, 1) be a o-finite outer regular quasi-Radon space and X a Banach space.

(a) If ¢, ¥ : S — X are McShane integrable functions with McShane integrals w, z respectively then
¢ + ¢ is McShane integrable, with integral w + z.

(b) Let Y be another Banach space and T : X — Y a bounded linear operator. If ¢ : S — X is McShane
integrable, with McShane integral w, then T'¢ : S — Y is McShane integrable, with McShane integral Tw.

(¢) If C C X is a closed cone and ¢ : S — C'is a McShane integrable function, then its McShane integral
belongs to C.

Remark Of course the principal use of (b) is with ¥ = R, and the principal use of (c) is with X = R,
C =10,00][.

1D Readers familiar with [McS83] will already have observed that my definition of the McShane integral
is significantly different from (and more complex than) the most natural generalisations of the work in
[McS83]; a much simpler expression is used in [FMp91] and [Frp91]. The extra elaboration of my definition
here is necessary to deal with the wider context in which I operate. However I must of course justify my
terminology by showing that in the limited contexts considered in [McS83] and [Go90] my formulations agree
with the simpler ones. The first point is that for compact spaces S there is no need to take infinite McShane
partitions. Let us say that a finite strict generalized McShane partition of S is a family ((E;, ¢;))i<n
such that Ey,...,E, is a finite disjoint cover of S by measurable sets (I find it convenient still to allow
E; = ) for some 7) and t; € S for each ¢ < n. Now we have the following:

1E Proposition Let (5, %, X, i) be a compact Radon measure space and X a Banach space; let ¢ : S — X
be a function. Then ¢ is McShane integrable, with McShane integral w, if and only if for every € > 0 there
is a gauge A : S — ¥ such that whenever ((E;,t;))i<n is a finite strict generalized McShane partition of S
subordinate to A then ||w — >, pE;d(t;)]| < e

Remark I follow [Fr74] in taking a Radon measure space to be a Hausdorff locally finite quasi-Radon
measure space in which the measure is inner regular for the compact sets.
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proof Evidently any McShane integrable function ¢ : S — X must satisfy the condition offered, as this
merely restricts the class of partitions considered (of course a finite McShane partition can be extended to
an infinite one by adding empty E;.) For the reverse implication, suppose that ¢, w satisfy the condition.
Let € > 0 and let A : § — T be a gauge such that |w—)", ., uF;¢(t;)|| < e for every finite strict generalized
McShane partition ((E;,t;))i<n subordinate to A. Now let ((E;,t;))ien be an infinite generalized McShane
partition subordinate to A. Because S is compact, we can find a finite cover of it by sets of the form
A(t); accordingly, adding finitely many negligible sets E; to the beginning of the sequence if necessary, we
may take it that S = |J..; E;. For each i € N choose an open set G; such that E; C G; C A(t;) and
w(Gi\ Ei)|o(t)]| < 27 %€

There is a finite k € N such that S = J,., Gi. Now if n > k, we have S = J,.,, Gi, so there is a disjoint
family (E)i<, of measurable sets such that E; C E! C G, for every i <n and S = U;<,, Ei- But in this
case {(El,t;))i<n is a finite strict generalized McShane partition of S subordinate to A, so we must have

llw—=3"<n nELO(L:)] < €.
On the other hand, we also have ‘
| Zign nEi(t:) — Zign pEi¢(t:)] < Zign(/‘Ez{ — pE)|lot:)] < Zign 27" < 2e.

lw =3 i<n nEiG(:)]| < 3e
for all n > k; as € is arbitrary, ¢ is McShane integrable with integral w.

il

So

1F The definitions of [McS83] do not as a rule refer to partitions into arbitrary measurable sets; instead
they use various types of ‘interval’ for the E; — e.g., half-open intervals in R. I can give a general criterion
for the applicability of such methods, as follows.

Proposition Let (S,%,%, 1) be a compact Radon measure space and X a Banach space. Let A C X be
a subalgebra of ¥ such that whenever F' C G C S, F is closed and G is open there is an A € A such
that ' C A C G; let C C A be such that every member of A is a finite disjoint union of members of C.
Then a function ¢ : S — X is McShane integrable, with McShane integral w, iff for every € > 0 there is a
gauge A : S — T such that [Jw — ), pCio(t;)|| < e for every finite strict generalized McShane partition
((Cs,t:))i<n of S, subordinate to A, such that C; € C for every i < n.

proof (a) Of course a McShane integrable function (as I have defined it) must satisfy the condition.
(b) For the converse, I use the following facts.

(i) If EecX¥and ECG e T andn >0 thereis an A € A such that A C G and u(EAA) < n. For take
any closed set F' C F, open set H O E such that u(H \ F) <n, and take A such that FC ACGNH.

(i) Suppose that A : S — % is a gauge and that ((E;,t;))i<n is a strict finite generalized McShane
partition of S subordinate to A. Then for any € > 0 there are Ag,...,A, € A such that ((A;,t;))i<n is
a strict finite generalized McShane partition of S, subordinate to A, and ). u(A;AE;)|[o(t:)|| < e. To
see this, take 77 > 0 so small that 2(n + 1)27 3 .., [¢(t;)|| < e. Now for each i < n take A} € A such
that A} C A(t;) and p(E;AAL) <n. Set A= S\ U<, A: € A. Because S is compact and Hausdorff and
S = U<, Ati), the set {G: G €%F,3 i <n,GC A(t;)} is an open cover of S and has a finite subcover,
and there are closed sets Fy, ..., F, such that F;, C A(t;) for each ¢ and |J,.,, F; = S; consequently there
are AJ, ..., Al € Asuch that AY C A(t;) for each i and |J;.,, A/ = S (take A/ such that F; C A C G, for
each 7). Now set -

A= (A; U (A N A;’)) \ Uj<z' Aj
for each ¢ < n. Evidently Ay, ..., A, are disjoint, belong to A and cover S, and A; C A(t;) for each i. Also
(B AA;) < (B AAG) + pA+ 30 (B NAY) <n+(n+1)n+in < (2n+2)n
for each i. So
Yicn MEAA) o) < 20+ 1)*n 3, 0t < e,

as required.

(c) Now suppose that ¢ satisfies the condition. Let e > 0 and let A : S — ¥ be a gauge such that
[w—=> 1<, nCi¢(t;)|| < e whenever ((Cy,t;))i<n is a strict finite generalized McShane cover of S by members

of C subordinate to A. Let ((E;,t;))i<n be any strict finite generalized McShane cover of S subordinate
to A. By (b), there are disjoint Ao,..., A, € A such that {J,., 4 = S, 4; C A(t;) for each i and
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D oicn ME;AA )| 0(t;)]| < €. By the hypothesis on C, we can express each non-empty A; as a disjoint union

CioU...UC; k() of members of C. Now write ¢;; = t; for each j < k(i); we see that ((Cij,tij))i<n,j<k() 19
a strict finite generalized McShane cover of S subordinate to A, so

lw =Y nEig(t)] < llw =Y pAip(t)| + Y |uE: — pAil|6(t:)]]

i<n i<n i<n
Sllw— Y pCyo(t:)l +e
i<n,j<k(i)
< 2e.

As € is arbitrary, the criterion of 1E shows that ¢ is McShane integrable.

1G Examples Examples relevant to the work of [McS83] are (i) S = [a,b], C = {[e,d[: a < ¢ < d <
by U {{b}} (ii) S = [1;<,lai; bi), C = {]];<,,Ci : C; € C; ¥V i < n} where C; consists of intervals, as in (i).
For infinite products, if each S; (in a countable or uncountable product) is a compact Radon probability
space with an associated family C;, then the corresponding cylinder sets in S = [, S;, of the form [], C;
where each C; belongs to C; U {S;} and {i : C; # S;} is finite, do the same for S.

Of course [McS83] uses gauge functions of the form ¢ : S — ]0, 0o[ rather than of the form A : S — %;
but the translation from one to the other, in a metric space (S, p), is trivial, if we match 0(s) to the open
set A(s) = {t: p(t,s) <d(s)}.

In [Go90], [FMp91] and [Frp91] ‘partitions’ into non-overlapping closed intervals are used systematically;
but of course these could be read throughout as half-open intervals without it making any difference.

1H The next step is to show that my version of the McShane integral agrees with the ordinary integral
in the case X = R. For the case S = [0, 1], this is already covered by 1F and the results of [Go90]; for other
S we still have some work to do. In fact I show a more general result in one direction: for any Banach
space X, if ¢ : S — X is Bochner integrable, with Bochner integral w, then it is McShane integrable, with
McShane integral w. (For the definition and elementary properties of the Bochner integral, see [DS58]).
We need two fairly straightforward lemmas.

1I Lemma Let (S, %, 3, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach space.
Let £ C X be a set of finite measure and x € X; let ¢ : S — X be the function which takes the value x on
E, 0 elsewhere. Then ¢ is McShane integrable, with integral w = pF.x.

proof Let ¢ > 0. Let F be a closed set and G an open set such that FF C E C G and pu(G\ F) < e
Set A(s) = Gifs e F, G\ Fifse G\F, S\Fifse S\G Then an easy calculation shows
that lim, o [[w — >, ., nE;d(t;)|| < €l|z|| whenever ((E;,t;))ien is a generalized McShane partition of S
subordinate to A.

1J Lemma Let (S,%,%, 1) be an outer regular quasi-Radon measure space and X a Banach space.
Let ¢ : § — X be a function and suppose that h : § — R is a lower semi-continuous function such that
l(s)|| < h(s) for every s € S. Then there is a gauge A : S — T such that Y,y pEil|¢(t;)|| < [ h for every
n whenever ((E;, t;))ien is a generalized McShane partition of S subordinate to ¢.

proof Set A(s) = {t: h(t) > ||#(s)||} for each s; this works.

1K Theorem Let (S,%,3, u) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. Let ¢ : S — X be a Bochner integrable function with Bochner integral w. Then ¢ is McShane
integrable with McShane integral w.

proof Let € > 0. Then there is a ‘simple’ function ¢ : S — X, of the form

Y(s) =x; when s € F;, 0if s ¢ |, ., Fi,
where Fy, ..., F, are disjoint sets of finite measure and each x; € X, such that S llo(s) —v(s)||p(ds) < e.
Set wo = Y, -, iFix;; then [|w —wq|| < e. As remarked in 1Bc above, there must be a lower semi-continuous
function A : S — R such that [|¢(s) — 9(s)|| < h(s) for each s € S and [h < 2. Now Lemma 11 tells us
that 1 is McShane integrable, with McShane integral wg; let Ag be a gauge such that

limsup,, . lwo — X<, nEp(t:)]| <€
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whenever ((E;,1;))ien is a generalized McShane partition of S subordinate to Ag. Also Lemma 1J tells us
that there is a gauge A; on S such that
S nEillo(t) — w(t)]] < 26
whenever ((F;,t;))ien is a generalized McShane partition of S subordinate to Aj.
If we now take A(s) = Ag(s) N Ay(s) for each s € S, we see that A is a gauge on S and that
for every generalized McShane partition ((Ej;,t;))sen of S subordinate to A. As e is arbitrary, ¢ is McShane
integrable with McShane integral w.

1L My next objective is to prove a result in the opposite direction: if ¢ : S — R is McShane integrable,
it is integrable in the usual sense. This will lead directly to a more general result: if ¢ : S — X is McShane
integrable, it is Pettis integrable. My route to this takes us past some further useful facts.

Recall that if (S, %, 3, u) is any quasi-Radon space, and A C S is any set (not necessarily measurable),
then (A,%T 4, X4, 1a) is a quasi-Radon measure space, where T 4 is the induced topology on A, ¥4 = {ENA:
E e ¥}, and pua(B) =min{uE : B=ANE} for B € £4. (See [Frn82], 5B and [Fr84], A7D.) It is easy to
see that if (S, %, %, 1) is o-finite or outer regular, so is (4,%4,¥ 4, 1ua). Accordingly, if X is a Banach space
and ¢ : S — X is a function, we may discuss the McShane integrability of ¢[A : A — X. Now we have the
following results. The first is an elementary lemma.

1M Lemma Let (S, %, %, 1) be a non-empty o-finite outer regular quasi-Radon measure space and X a
Banach space. Suppose that ¢ : S — X has the property that for every ¢ > 0 there is a gauge A : S — %
such that
whenever ((E;,t;))ien and ((F;, u;))ien are generalized McShane partitions of X subordinate to A. Then ¢
is McShane integrable.

proof Take €, A as above. The point is that if ((F;,u;)):en is a generalized McShane partition of S
subordinate to A, and 7 : N — N is any bijection, than ((Fy (), ur()))ien is also a generalized McShane
partition of S subordinate to A, so that
lim SUPy— 00 || Eign /J’Fl(b(ul) - Zign iu’FW(’L)qb(uﬂ(l))H Se
It follows at once that there is some k € N such that
sup,> . |w =32 <,, nFip(wi)|| < 2,
where w =Y., uF;¢(t;). Now
- lim SUPp— o0 ||w - Zi<n ME’L(Z)(tZ)H < 3e

whenever ((E;,t;))ien is a generalized McShane partition of S subordinate to A.

If for each € > 0 we use the method above to find a gauge A, and a vector we, we see that ||we — w,| <
3(e +n) for all €, n > 0; so that w = lim, o w, is defined in X (this is one of the few points where we need
X to be complete), and of course w will be the McShane integral of ¢.

1N Theorem Let (S,%,3, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. If ¢ : § — X is McShane integrable, then ¢[ A is McShane integrable for every A C S.

proof Let w be the McShane integral of ¢, and € > 0. Let A : S — T be a gauge such that limsup,, . ||w—
> icn BEid(t:)]| < € whenever ((E;,t;))ien is a generalized McShane partition of S subordinate to A.

Let Aa(s) = ANA(s) for s € A; then A 4 is a gauge on A. Let ((E;, t;))ien and ((F}, u;))ien be generalized
McShane partitions of A subordinate to As. For each i € N choose E;, F; € ¥ such that E; = E; N A,
paE; = pE;, F; = F,NA and paF; = pF;. ~Set 3

H = Uen(Ei 0 A(E:)) N Ujen(Fi N Aug)).
For i € N set ~
Ef=H ﬂ?i NA)\U,;<; E7
Fy=H0F0Aw)\U,.,; F.
Then U;cn Ef = U;en Fi° = H.

Fix any generalized McShane partition ((H;,v;));en of S subordinate to A. Define H/, v;, H!, v by

writing
Hj; = Ef, v =i, Hy (g = Hi \ H, vy, =i,
Hy; = F, vy = ug, Hyypy = Hiy \ H, v3; 1 = v;
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for each ¢ € N. Then ((H/,v}))ien and ((H/',v!'))ien are both generalized McShane partitions of S subordi-
nate to A. So
limsup,, oo || 22i<, HHIG(V]) = 35y ] d(v])]] < 2e.
But on translating this through the definitions above, we see that
Hmsup, oo | D 2i<, aBip(ti) — D2, HaFid(uwi)]| < 2e.
So the criterion of Lemma 1M is satisfied, and ¢[ A is McShane integrable.

Remark I give this as a theorem about arbitrary subspaces, because of course this is one of the most
important constructions of quasi-Radon measure spaces (see [Frn82], 6G). However the applications below
will be to measurable A, in which case the argument can be slightly simplified.

See also 2B below.

10 Theorem Let (S,%,%, 1) be a o-finite outer regular quasi-Radon measure space and h : S — R a
function. Then h is McShane integrable iff it is integrable in the ordinary sense, and the two integrals are
equal.

proof If & is integrable in the ordinary sense, it is Bochner integrable, and therefore McShane integrable, by
1K. If h is McShane integrable, it is measurable; this is a special case of 3Ea below, so I omit the argument
here; the argument of 3Ea can be substantially simplified for this case. If we set E = {s : h(s) > 0},
then by Theorem 1N we have a McShane integral (McS) [, h. Now if g : E — [0, 00[ is any function which
is integrable in the ordinary sense, and dominated by h, we must have [, g = (McS) [, g < (McS) [}, h;
because h is measurable, it follows that || g I is defined. Similarly, /. S\E h is defined, so that h is integrable.

2. Convergence theorems

Since Lebesgue’s time, the search for ‘convergence theorems’ has been central to the study of integration
theories. Here I show that the integral I have defined performs well in this direction. I begin with a result
of a technical type (Proposition 2B), showing that we can form integrals of the type [ g ¢ without problems.

2A Lemma Let (S,%,%, 1) be a o-finite outer regular quasi-Radon measure space, X a Banach space
and ¢ : S — X a McShane integrable function. Let F be an upwards-directed family of measurable subsets
of S such that uFE = sup{u(ENF): F € F} for every E € ¥. Then for every ¢ > 0 there are an F' € F
and a gauge A : S — T such that || Y., u(E;)é(t;)|| < € whenever Ey, ... , E, are measurable sets of finite
measure disjoint from each other and from F, and t; € S is such that E; C A(t;) for each i < n.

proof Let w be the McShane integral of ¢, and let A be a gauge on S such that
limsup, o | — 3, nEi(t:)] < £
for every generalized McShane partition ((E;,t;));en of S subordinate to A.

Suppose, if possible, that there is no F € F witnessing the truth of the lemma. Then we may choose
Fy, ((Eristri))i<n(x) inductively, as follows. Take Fy to be any member of F. Given Fy € F, choose
((Ekis tri))i<n(r) such that the Ej; are measurable sets disjoint from each other and from F}, and included
in A(tki), and || Zzgn(k) NEki¢(tki)|| > ¢. Now take Fk—i—l € F such that Fk‘—i—l D Fj and || Zign(k) ,LL(EM N
Fiy1)@(ti)|| = €. Continue. At the end of the induction write £ = ey U<y Eri N Frga

Let ((E;,t:))ien be any generalized McShane partition of S subordinate to A. Set m(k) = 3>, (n(j) +2)
for each k, and define ((H;,u;))ien as follows. For k € N, i < n(k) set

Hp)+i = Brki 0 Fra1, Um(e)+i = tri;
now take Hy, (k) 4n(k)+1 = Lk \ E, Um(k)4n(k)+1 = Lk for each k.

Evidently ((H;, u;))en is a generalized McShane partition of S subordinate to A. So there must be some
N € N such that ||w =3, ., uH;p(u;)|| < 5 for every » > N. On the other hand,

12 ) <i<my+n(iy P B[l = 1| 22i <) #(Eri N Fry1)d(tri)[| = €
for every k; which is impossible if £ > N.
This contradiction proves the lemma.

2B Proposition Let (S, T, %, i) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. Let E' € ¥ and let ¢ : S — X be a function which is zero on S\ E. Then ¢ is McShane integrable iff
¢ E is McShane integrable, and in this case the integrals are equal.

proof The case E = (} is trivial and as usual I will ignore it. We have already seen in Theorem 1N that if ¢
is McShane integrable then ¢[ FE is McShane integrable. Now suppose that ¢ E is McShane integrable with
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integral w. Let € > 0, and let Ag : E — T be a gauge such that limsup,,_, . [[w — >, ., uLip(t;)|| < €
whenever ((E;,t;))ien is a generalized McShane partition of E subordinate to Ag. Let F be the family of
subsets of E which are closed in S; then (because p is inner regular for the closed sets) we have pypH =
suppcr pr(H N F) for every H € ¥ g, so by Lemma 2A we can find an F' € F and a gauge A; on E such
that || >, ., uEi¢(t;)|| < € whenever to,... ,t, € E, Ey,...,E, are measurable subsets of E disjoint from
each other and from F, and E; C Ay (t;) for every i.

For each n € N choose an open set G,, 2 E such that (G, \ E) <27 "¢/(n+1). Now let A: S — ¥ be
a gauge such that

(i) if s € E then A(s) N E C Ag(s) N Ay(s);

(i) if s € E and n < ||¢(s)|| < n+ 1 then A(s) C Gp;

(iii) if s € S\ E then A(s) C S\ F.

Let ((F;,t;))ien be a generalized McShane partition of S subordinate to A. Write I = {i : t; € E},
H = J,c; Ei; observe that F' C H. Let ((F},u;))ien be any generalized McShane partition of E subordinate
to Ag. Fix some u € E. Define ((F/,u}));en by setting

Fj,=E;NE, )y =t;ific I
F),=0,t, =uifi e N\ [;
Fy 1 =F;\ H, uy; ; = u; for all i € N.
Then ((F},u}))ien is a generalized McShane partition of E subordinate to Ag, so
lim SUP;, 00 ||U) - Zi<n /JFZ(Z)(U;)H <e
On the other hand, if n € N, -

IS uBs(t) = S uFel =1 S BN EYo(ts) + 3 u(F \ H)o(w:)|
i<n 1<2n i<n,i€l i<n

<> Y (k+Du(EN\E) +e

keEN k<||p(t) || <k+1

< Tk + DGR\ E) + ¢
keN

< 227’“6 +e< 3¢
keN

because E; C G if i € I and k < ||¢p(t;)|| < k + 1, while (F; \ H);<y, is a disjoint family of subsets of E\ F
with F; \ H C Aq(u;) for each i. So

As € is arbitrary, w is the McShane integral of ¢.

2C For the principal theorem of this section, we need to recall some well-known facts concerning vector
measures. Suppose that X is a o-algebra of sets and X a Banach space.

(i) Let us say that a function v : ¥ — X is ‘weakly countably additive’ if f(v(U;cn Ei)) = D sen f(VES)
for every disjoint sequence (E;);cn in ¥ and every f € X*. The first fact is that in this case v is countably
additive, that is, D, ¥ E; is unconditionally summable to v(|J;cy £;) for the norm topology whenever
(E;)ien is a disjoint sequence of measurable sets with union E ([Ta84], 2-6-1; [DU77], p. 22, Corollary 4).

(ii) If now g is a measure with domain ¥ such that vE = 0 whenever pE = 0, then for every € > 0 there
is a ¢ > 0 such that ||vE|| < e whenever yuFE < 4.

(iii) Thirdly, suppose that (1, )nen is a sequence of countably additive functions from ¥ to X such that
vE =lim,_ . v, F exists in X, for the weak topology of X, for every E € 3J; then v is countably additive.
(Use Nikodym’s theorem ([Di84], p. 90) to see that v is weakly countably additive.)

If (S, %, %, 1) is a o-finite outer regular quasi-Radon measure space and ¢ : S — X is a McShane integrable
function, then by Theorem 1N we have an indefinite integral v : ¥ — X given by vE = [ ¢] E; now Theorem
10 shows us that v is weakly countably additive, and accordingly countably additive.

2D Lemma Let (S,%,%, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. If ¢ : S — X is McShane integrable with McShane integral w, then

lwll < [llo@®)llp(dt).
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proof Take any f in the unit ball of X*. By 1C, f(w) is the McShane integral of f¢ : S — R, and by
Theorem 10 this is the ordinary integral of f¢. So we have

[f)[ =1 [ fol < [1fol < [ll4ll.
As f is arbitrary, [w]| < [l¢].

2E Lemma Let (S,%,%, 1) be a o-finite outer regular quasi-Radon measure space, X a Banach space
and ¢ : S — X a McShane integrable function. Then for any € > 0 there is a gauge A : S — ¥ such that
lim SUPp— 0o H Zign :uEiQS(ti) - fE QS” <e
whenever Ey, ... are disjoint sets of finite measure with union F and tg,... € S are such that E; C A(t;)
for each 1.

proof Recall that by Theorem 1N we can speak of || g0 = J ¢ E, and by Proposition 2B we can identify
this with the integral of xg x ¢, so that [¢ = [, qS—l—fS\E ¢ for every E € 3. Let A : S — T be a gauge such
that limsup,, . || [ ¢ — > ;< wEid(t;)|| < i€ whenever ((E;, t;))ien is a generalized McShane partition of
S subordinate to A. Now let Ey,... be disjoint sets of finite measure with union F, and tg,... € S such
that E; C A(t;) for each i. Let ((F;,u;))ien be a generalized McShane partition of S\ E, subordinate to A,
such that limsup,,_, . | [, s\5 P~ > icn BEO(ui)[| < 1e. (Readers will have no difficulty in dealing separately
with the case E = S.)
If we set
By = Ei, ty; = ti, By = Fi, th o =
for i € N, then ((F/,t}))ien is a generalized McShane partition of S subordinate to A. So

1771

limsup||/E¢— ZuEi¢(ti)||

n—oo .
<n

<timsup(| [ 6— 3 nEi()] + | /S\E<z> S wFio(ws))

n—ee i<2n i<n

<e€

— )
as required.

2F Theorem Let (S,%,3, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. Let (¢, )nen be a sequence of McShane integrable functions from S to X, and suppose that ¢(t) =
lim,, o ¢ (t) exists in X for every t € S. If moreover the limit
vE =lim, o0 [ On
exists in X, for the weak topology, for every E € X, ¢ is McShane integrable and [ ¢ = v/S.

proof Fix € > 0.

(a) Fort € S, n € N set q,(t) = sup,>;>, [9;(t) — ¢i(t)|. Let h: S — R be a strictly positive function
such that [h < e. For each t, write r(t) = min{n : g,(t) < h(t), ||¢(t)|| < n}; set Ay = {t : r(t) = k} for
each k. For each k € N, let W}, O Ay, be a measurable set with p. (W \ Ax) = 0; set Vi, = Wi\ Uj<,C W, for
each k, so that (Vi)ken is a disjoint cover of S by measurable sets, and Ay C ;< V; and p. (Vi \ Ax) =0
for each k. For each k, write Vi = U<, Vj = U,<; Wy; take 6 > 0 such that [[vE|| < 27"¢ whenever

pE < 3 (see (ii) of 2C above); let G 2 V;* be an open set such that p(Gy \ V;*) < min(dg, 27 %¢).

(b) If k € N and E C V}! is measurable, then |[vE — [, ¢ < [, h. To see this, it is enough to consider
the case &/ C V; where j < k. In this case, observe that

IVE = [ éll <lmsup, oo || [z ¢n = [ Okl < suppsp [ 160 (t) — ¢x(8)]|(dt)
by Lemma 2D. Now . (E \ A;) =0 and for t € A; we have ||¢n(t) — ¢r(t)|| < g;(t) < h(t) for every n > k,
S0

S Nén() = or(Olu(dt) < [h

for every n > k, giving the result.

(c) Let A’ : S — T be a gauge such that limsup,,_ | [ h— 3", pEi-h(t;)| < e whenever ((Ei,t;))ien
is a generalized McShane partition of S subordinate to A’; then ), puf;.h(t;) < 2¢ for any such partition.
For each k € N let Ay : S — ¥ be a gauge such that



1S5 &k = Xicn nEidr(t:)]| < 27"
whenever Ey, ..., E, are disjoint measurable sets with union E and to, ... ,t, € S are such that E; C A(t;)
for each i; such a gauge exists by Lemma 2E. Define A : S — ¥ by setting A(t) = Ag(t) N A'(t) N Gy, for
te A

(d) Let ((E;, t;))ien be a generalized McShane partition of S subordinate to A. I seek to estimate vS—x,,
where x, = >, pE;¢(t;). Fix n for the moment.

Set I, = {i :ES n, t; € Ay} for each k; of course all but finitely many of the I, are empty. For i € I}, set
E} = E;NV;. We have E; C A(t;) € G, 50 Y ,cp u(Ei \ Ej) <2 %, and Y., u(Ei\ E))||¢(t:)|| < 27 Fke,
because ||¢(t)|| < k for t € Ai. Consequently, if we write

Yo = Eign nE;o(t:),
we shall have ||z, — yol| < 3o 2 ke = 2e.
For each i < n, let k(i) be such that ¢; € Ay@;). Then we have ||¢(t;) — ¢y (t:)|| < h(t;) for each i. So
Yicn PEO(t:) — drey ()l < Xoien nEih(ti) < 26,
because ((F;,t;))ien is subordinate to A’. Accordingly, writing
Y1 =D icn HE bk (ti),
we have ||z, — y1]| < 4e.
Set Hy, = \{E} : i € I} for each k. Because E] C Ay(t;) for each i € Ij, we have
1 icr, nEd(t:) — [y, ol < 27"
Consequently, writing
Y2 = ZkeN fHk ks
we have ||z, — y2]| < 6e.
Next, for any &k, H;, C V;*, so we have
lvHy = [ okl < [y, B
by (b) above. So writing y3 = >_, .y ¥Hi we have ||y —ys|| < [k and |z, — ys|| < Te.

If we set H), = J{E; : i € I}, then u(Hj \ Hy) < 0k, so that |[vH}, — vH| < 27%¢, for each k.

Accordingly ||z, — yal| < 9¢, where
Ya =D pen VHp = v(Upen Hy) = V(Uign E;).

[(Uicn Bi) = 2oi<n nEid(t:)]| < 9e.
Because v is countably additive,

limsup,, ¢ [v5 = 32i<, nE:id(t:)]| < 9e.
This shows that ¢ is McShane integrable, with integral vS.

Thus

Remark This generalizes Theorem 21 of [FMp91].

2G Corollary Let (S,%,%, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach
space.

(a) Let (¢n)nen be asequence of McShane integrable functions from S to X such that ¢(t) = limy, o ¢n(t)
exists in X for every t € S. If

C={fon:feX" |Ifl <1, neN}

is uniformly integrable, then ¢ is McShane integrable.

(b) Let ¢ : S — X be a Pettis integrable function and (E;);en a cover of S by measurable sets. Suppose
that ¢[ F; is McShane integrable for each i. Then ¢ is McShane integrable.

proof (a) The point is that ¢,,, ¢ satisfy the conditions of Theorem 2F. To see this, take E € ¥ and € > 0.
Because C' is uniformly integrable, there are a set F of finite measure and a § > 0 such that [ gl < e
whenever ¢ € C and u(H N F) < §; consequently || fE\G ¢nl| < € for all n € N whenever G € ¥ and
w(F\ G) < 6. Now set
A =A{t: [|¢i(t) — ¢;(D)[|pF <€ V i, j > n};
then (A, )nen is an increasing sequence with union S, so there is an n such that p*(F N A,) > uF —§. Let
G € ¥ be such that A, N FF C G C F and uG = p*(A, N F). Then whenever i, j > n we have
1 ene @ = Jone @il < [ l0i#) = ¢ ()llu(dt) < pGsupea, [16:(t) — &5 (Bl < e



10

Also || fE\G ¢i|| and || fE\G ¢;] are both less than or equal to €, so || [, ¢ — [ ¢;]| < 3e. This shows that

( 5 ®i)ien is a Cauchy sequence and therefore convergent, for every £/ € ¥. Accordingly the conditions of
2F are satisfied and ¢ is McShane integrable.

(b) Apply 2F with ¢, (t) = ¢(t) for t € U;<,, Ei, 0 elsewhere.

3. Relations with other integrals

I come now to a discussion of the relationship between the McShane integral, as I have defined it, and
other integrals of vector-valued functions. I have already observed that any Bochner integrable function is
McShane integrable (1K). Complementing this we have Theorem 3B: every McShane integrable function is
Pettis integrable.

3A Definitions Let (5,3, 1) be a probability space and X a Banach space, with dual X*.

(a) A function ¢ : S — X is Pettis integrable if for every E € ¥ there is a wy € X such that
I f(é(x))p(dx) exists and is equal to f(wg) for every f € X*; in this case wg is the Pettis integral of ¢,
and the map F — wg : ¥ — X is the indefinite Pettis integral of ¢.

(b) A function ¢ : S — X is Talagrand integrable, with Talagrand integral w, if w = lim,,_, % D ien O(83)
for almost all sequences (s;);en € S, where SN is given its product probability. (See [Ta87], Theorem 8.)

3B Theorem Let (S,%,3, 1) be a o-finite outer regular quasi-Radon measure space and X a Banach
space. If ¢ : § — X is McShane integrable, with McShane integral w, then it is Pettis integrable, with
Pettis integral w.

proof For every E € ¥ we have a McShane integral wg of ¢[F, by IN. If g € X* then g¢[E : E — R is
McShane integrable, with integral g(wg), by Proposition 1C. But we have seen in 10 that this means that
J 5 9¢ exists and is g(wg). As g is arbitrary, ¢ is Pettis integrable, with indefinite Pettis integral £ — wpg;
and the Pettis integral of ¢ is wg = w.

Remark This generalises Theorem 2C of [FMp91].

3C I come now to a result connecting the McShane and Talagrand integrals. Recall that if (S, X, u) is a
probability space, a set A of real-valued functions is stable (in Talagrand’s terminology) if for every E € X,
with pF > 0, and all real numbers « < 3, there are m, n > 1 such that .o, Z(A4, E,m,n, o, 3) < (uE)™",
where throughout the rest of paper I write Z(A, E, I, J, «, 3) for

{t,u):te B ue B/, 3 fe A fti) <a Viecl, fu(§)>p VY jeJ},
and ), . is the ordinary product outer measure on S™ x S™. Now if X is a Banach space, a function
¢ : S — X is properly measurable if {h¢ : h € X*, |h]| < 1} is stable. Talagrand proved ([Ta87],
Theorem 8) that ¢ is Talagrand integrable iff it is properly measurable and the upper integral [{|¢(¢)||p(dt)
is finite.

The next proposition requires a lemma about gauges in quasi-Radon spaces.

3D Lemma Let (S,%,%, 1) be a quasi-Radon probability space and A : S — T a gauge. Then
(a) {z: 2 € SN, p(U;en A((i))) = 1} has outer measure 1 in S™;
(b) writing u,, for the quasi-Radon product measure on S™,

1imy, oo [ 11U < A(u(@))) i (du) = 1.

Remark The definition and properties of product quasi-Radon measures are sketched in [Fr84], ATE and
discussed in detail in [Frn82]. For the purposes of this paper it would be enough to prove the lemma with
1y the ordinary product measure of S™. The crucial fact is that both product measures satisfy Fubini’s
theorem in the sense that if I, J are disjoint sets and pu;, wy, prus the measures of ST, etc., then for
any 17, -measurable set W C STY7 we have almost every section W, = {v : u~v € W} measurable, and

S s (W) pr(du) = prosW.

proof (a) Suppose, if possible, otherwise.
(i) Set h(z) = p(U;en A(z(4))) for each z € SN. For any set I let p; be the product quasi-Radon
measure on S7.
There is a closed set W C SN such that uyW > 0 and h(x) < 1 for every z € W. Set
T =U,en{u:ue S, pm,{v:ve SN v oeW} > o0}
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For u € T'set g(u) = p(U;<qom(w) A(u(2))). Choose a sequence (un)nen in T as follows. ug is to be the
empty sequence. Given u, € T, choose u,+1 € T such that u,y; properly extends w, and g(un4+1) >
sup{g(u) : u, C u € T} —2~". Now we see that if u,, € S¥ for each n, (k(n))ney is strictly increasing, so
& =, en un € SV; also, for each n € N,

{v:ve SN (21Ek(n) v e W} #0,
so © € W because W is closed. Consequently h(x) < 1.

Let I C S\ U;en A(2(4)) be a non-empty self-supporting closed set, so that u(F N G) > 0 for every
open set G meeting F. Then, in particular, u(F N A(t)) > 0 for every t € F, so there is a § > 0 such that
w*D > 0, where

D={t:teF, u(FNA(t)>d}.

(ii) Because (g(un))nen is a bounded non-decreasing sequence, there is an n € N such that g(up4+1) —
g(up) +27" < 5. We have
PN\ k()10 : upv € W >0,

while

i gyl 2 3 @ = k(n), v(i) € D} =1,
so there is some ¢ > k(n) such that

i k(10 = upv € W 0(i) € D} > 0.
Set m=i+1,

E={w:we ™M g {y:ugw y € W} >0}
then E is fim\x(n)-measurable and
P\ k()10 2 upv € W vlm\k(n) ¢ E} = 0.

Consequently there is a v € SN\F() buch that v[m\k(n) € E and v(i) € D. But now consider

u=u, (vim\k(n)).

g(u) < g(untr) +277.

We see that v € T and w,, C u, so

On the other hand, u(i) € D, so

g9(u) = g(un) > p(A@)\ |J A
j<k(n)
> p(Au(@)) N F) > 6.
Thus
9(unt1) > g(u) —27" > g(un) — 27" 44,
contrary to the choice of n.
This contradiction proves the first part of the lemma.

(b) The second part follows. For each n € N define h,, : SN — [a, b] by setting
h(@) = 1Uscn Alw(D) ¥ @ € 57
Then lim,, n( ) ( ) for every z, so

= T (x)pun(dx) = lim, fh x)pun(dr) = lim, fu (Uj < Au(@) pin (du),
as required.

3E Proposition Let X be a Banach space such that the unit ball B of X* is w*-separable. If (S, %, %, u)
is a quasi-Radon probability space and ¢ : S — X is a McShane integrable function, then it is properly
measurable.

proof (a) Let w be the McShane integral of ¢. Set A = {h¢ : h € X*, ||| < 1} C R?; we have to show
that A is stable. Note that because the unit ball of X* is separable for the w*-topology on X*, and the map
h — h¢ : X* — RS is continuous for the w*-topology on X* and the topology of pointwise convergence on
R®, A has a countable dense subset Ag. Take F € ¥, with uF > 0,anda <o’ < <finR. Form,n > 1
set Hyp = Z(A,E,m,n, o, ), H},,, = Z(Ag, E,m,n, o', 3"); then H,,, C H,,,, and H,,  is measurable for
the usual (completed) product measure on E™ x E™. We seek an m with [LgmH Lo < (WE)*™.
Set e = %(ﬂ’ —a)uFE > 0. Let A : S — T be a gauge such that
lim SUP jCT is finite ||’U) - Zie] /“LEZQS(tl)H Se
whenever ((F;,t;))ier is a generalized McShane partition of S subordinate to A.
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The set F, with its induced topology and measure, is a quasi-Radon measure space. So we may apply
Lemma 3D to F, with an appropriate normalization of its measure, to see that there is an m € N such that
D > 0, where

D={t:tcE™, u(U;cpm

Suppose, if possible, that pa,, H.,,, = (uE)*™. Then H/ .

(t,u) € H),,,- Set
H = Ujcpn AW0) VU <y Aluld);
then pH > SpuE. Let (t(i))m<ien be any sequence in S such that 1({J;,, A(t(i))) =1 (see §3 above).

Choose disjoint covers (E;)icm, (Fi)icm of H by measurable sets such that E; C A(t(i)) and F; C
A(u(i)) for each i < m. Choose a disjoint cover (E;)i>m of U,;,, A(t(i)) \ H by measurable sets such that
E; € A(t(4)) for each i > m. Set u(i) = t(i), F; = E; for i > m. Then we see that ((E;,t(i)))ien and
((F;,u(%)))ien are both generalized McShane partitions of S subordinate to the gauge A. So we must have

5P, (|3, 1) B(E0)) — 3, i Fr)-0(u(0))] < 26,
by the choice of A. But this says just that
| i HE: G(H(0)) — 1P d(u(i))] < 2e.
Now (t,u) € H},,., so is there is an f € A such that f(¢(7)) < o and f(u(i)) > §' for every i < m. f is
of the form h¢ for some h of norm at most 1, so
IS s WS (40)) — pF (i) < 2.
However, f(t(i)) < o for each i and ), pE; = puH, so
S HEJ () < o/t
similarly >, wF;. f(u(i)) > B'pH, and we get
2¢ > (6" — o' )uH > (' — o' )3pE = 3¢,

ENA()) = 2uB}.
must meet D?; take t, u € D such that

which is absurd.
This shows that A is indeed stable, so that ¢ is properly measurable.

3F Corollary Let (S,%,3, 1) be a quasi-Radon probability space and X _a Banach space such that the
unit ball of X* is w*-separable. If ¢ : S — X is McShane integrable and [||¢(s)||u(ds) < oo, then ¢ is
Talagrand integrable.

Remark These generalise Proposition 2L and Corollary 2M of [FMp91].

3G Corollary Let (S,%,X%, u) be a quasi-Radon probability space and X a Banach space. If ¢ : S — X
is McShane integrable then its indefinite Pettis integral has totally bounded range.

proof By 4-1-5 of [Ta84], it is enough to show that C = {f¢ : f € X*, ||f]| < 1} is totally bounded for
I |l1- This will be so iff every countable subset of C is totally bounded. But 3E shows that any countable
subset of C' is stable, and therefore totally bounded by [Ta84], 9-5-2.

3H I conclude with some questions left open by the work above.

Problems (a) Suppose that (S,%,%, 1) is a quasi-Radon probability space, X is a Banach space, and
¢ : S — X a Pettis integrable function. Does it follow that the indefinite integral of ¢ has totally bounded
range?

(b) Suppose that (S, %, u) is a o-finite measure space, X is a Banach space, and ¢ : S — X is a function.
Suppose that T; and To are two topologies on S making it an outer regular quasi-Radon measure space. If
¢ is McShane integrable for T;, must it be McShane integrable for To7

As a special case of this, take S = [0, 1] with its usual measure, ¥; the topology associated with a strong
lifting ([Frn82], 3G), and o the usual topology.

If the unit ball of X* is w*-separable, then the answer is ‘yes’; see [Frn92].

(c) Suppose that (S,%,%, 1) is a quasi-Radon probability space, X a Banach space, and ¢ : S — X a
measurable Pettis integrable function. Must ¢ be McShane integrable? (If there is no real-valued-measurable
cardinal, yes.)
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