Version of 30.11.05

Hausdorff measures

D.H.Fremlin

University of Essex, Colchester, England

1 Theorem Let (X, ρ) be an analytic metric space, and suppose that s ≥ 0 is less than the Hausdorff dimension of X. Then there is a continuous surjection f : X → [0, 1] such that μ_{Hs}f^{−1}[{α}] ≥ 1 for every α ∈ [0, 1], where μ_{Hs} is s-dimensional Hausdorff measure on X.

proof (a) For δ > 0, t ≥ 0, A ⊆ X set

θ_{tδ} (A) = inf{

�_∞ i=0(diam A_i)^t : ⟨A_i⟩_{i∈N} is a cover of A by sets of diameter at most δ}.

We know that there is a t > s such that μ_{Ht}X > 0; by Howroyd’s theorem (Fremlin 03, 471S), or otherwise, there is a compact set K ⊆ X such that μ_{Ht}K > 0. Let ⟨K_i⟩_{i∈I} be a maximal disjoint family of compact subsets of K such that 1 < μ_{Hs}K_i < ∞ for every i. Then I is uncountable. PP?? Otherwise, we have μ_{Ht}K_i = 0 for every i (Fremlin 03, 471L), so μ_{Ht}(K \ � i∈I K_i) > 0 and μ_{Hs}(K \ � i∈I K_i) = ∞; now by Howroyd’s theorem there is a compact set K^′ ⊆ K \ � i∈I K_i with 1 < μ_{Hs}K^′ < ∞ and we ought to have added K^′ to ⟨K_i⟩_{i∈I} . XXQQQ

(b) Since μ^∗_{Hs}A = sup_{δ>0} θ_{sδ}A for every A ⊆ X, there is a δ > 0 such that J = {i : i ∈ I, θ_{sδ} K_i ≥ 1} is uncountable. Let G be the family of relatively open subsets G of K such that {i : i ∈ J, K_i ⊆ G} is uncountable. Then for every G ∈ G there are G_0, G_1 ∈ G such that G_0, G_1 are disjoint and included in G. PP Let U be a countable base for the topology of K closed under finite unions. Let ⟨j_ξ ⟩_{ξ<ω1} be a family of distinct elements of J such that K_{jξ} ⊆ G for every ξ < ω_1. For each ξ, there are U_ξ, V_ξ ∈ U such that K_{jξ} ⊆ U_ξ, K_{jξ+1} ⊆ V_ξ , U_ξ ∩ V_ξ = ∅ and U_ξ ∪ V_ξ ⊆ G. Because U is countable, there are G_0, G_1 ∈ U such that {ξ : G_0 = U_ξ, G_1 ∈ V_ξ} is uncountable; and these will serve. QQQ

(c) Set S^∗ = � n∈N{0, 1}^n. By (b), we can choose ⟨G_σ ⟩_{σ∈S}∗ inductively in G such that G_∅ = K and G_σ⌢_0, G_σ⌢_1 have disjoint closures included in G_σ for every σ ∈ S^∗. Since every G_σ includes some K_i, θ_{sδ} G_σ ≥ 1 for every σ. For z ∈ {0, 1}^N, set L_z = � n∈N G_{z↾n}; then μ_{Hs}L_z ≥ 1. PP?? Otherwise, there is a cover ⟨A_i⟩_{i∈N} of L_z by sets of diameter at most^δ_2 such that

�_n

i=0(diam A_i)^s < 1. Expanding the A_i slightly, we can find a cover ⟨H_i⟩_{i∈N} of L_z by open sets of diameter at most δ with

�_∞ i=0(diam H_i)^s < 1. But now there is some n ∈ N such that G_{z↾n} ⊆ � i∈N H_i and θ_{sδ} G_{z↾n} ≤ 1. XXQQQ

(d) Setting L = � z∈{0,1}^N Lz = � n∈N � σ∈{0,1}^N Gσ,

we have a continuous function h : L → {0, 1}^N such that h(x) = z for x ∈ L_z. Let g : {0, 1}^N → [0, 1] be a continuous surjection, and f : X → [0, 1] a continuous function extending g. Then f has the required property, since f^{−1}[{α}] ⊇ L_z whenever g(z) = α.

2 Corollary Suppose that X is an analytic space and that 0 ≤ s < dim_H X. Let μ_{Hs} be Hausdorff sdimensional measure on X and let λ be the c.l.d. product of μ_{Hs} and Lebesgue measure μ on [0, 1], as defined in Fremlin 01. Then there is a set W ⊆ X × [0, 1], measured by λ, such that {α : μ_{Hs}W^{−1}[{α}] = 0} is not measured by μ.

proof Take f : X → [0, 1] as in Theorem 1; identify f with its graph, so that it is a closed subset of X ×[0, 1]. Let A ⊆ [0, 1] be any non-measurable set. Set W = f ∩ (X × A). Then

{α : μ_{Hs}W^{−1}[{α}] = 0} = [0, 1] \ A

is not measured by μ. Also W is measured by λ. PP If E ⊆ X and μ_{Hs}E < ∞, then C = {α : μ_{Hs}(E ∩ f^{−1}[{α}]) > 0} is countable. Now V = f ∩ (E × ([0, 1] \ C)) belongs to the Borel σ-algebra B(X × [0, 1]) = B(X)^⊗B([0, 1]), so is measured by λ; and as all the sections V^{−1}[{α}] are empty if α ∈ C and negligible if 1 α ∈ [0, 1] \ C, λV = 0, by Fubini’s theorem applied to the subspace measure on E × [0, 1] (using Fremlin 01, 251P to see that this is itself a product measure). So (E × [0, 1]) ∩ W = (E × A) ∩ f = ((E × C) ∩ f) ∪ ((X × A) ∩ V ) is measured by the (complete) measure λ. As E is arbitrary, W is measured by λ (Fremlin 01, 251H). QQQ So we have found a suitable set.

3 These ideas can be used to give a generalization of a result of M.Elekes, as follows. We need some notation.

Definitions (a) Write N for the Lebesgue null ideal and add N for its additivity. Note that if (X, ρ) is an analytic metric space, r > 0 and μ_{Hr} X > 0, then the additivity of μ_{Hr} is add N (Fremlin 07?, 527B).

(b) In this paragraph and the next, let λ be the c.l.d. product (Fremlin 01, §251) of counting measure on [0, 1] with Lebesgue measure on [0, 1], so that λW = � α∈[0,1] μW [{α}] whenever W ⊆ [0, 1]

2 is such that all its vertical sections are measured by Lebesgue measure μ. For W ∈ Λ = dom λ set

λ^′W = ∞ if #(W^{−1}[ [0, 1] ]) = c, = λW otherwise.

Then ([0, 1]^2, Λ, λ^′) is a measure space (not, of course, semi-finite).

4 Theorem Suppose that add N = c. Then (X, μ_{Hr} ) is isomorphic to ([0, 1]^2, λ^′) whenever (X, ρ) is an analytic metric space and 0 < r < dim_H (X).

proof (a) Because X is separable and metrizable, its Borel σ-algebra has cardinal at most c; let ⟨E_ξ ⟩_{ξ<c} run over the Borel sets of finite measure for μ_{Hr}. Set Ê_ξ = � η<ξ E_η for ξ ≤ c. Write Σ for the domain of μ_{Hr} . Let f : X → [0, 1] be a continuous surjection such that μ_{Hr} f^{−1}[{α}] ≥ 1 for every α, as in Theorem 1. By Howroyd’s theorem, there is a Borel set H_α ⊆ f^{−1}[{α}] with 1 ≤ μ_{Hr}H_α < ∞. Choose a disjoint family ⟨F_ξ ⟩_{ξ<c} of sets of μ_{Hr} -measure 1 inductively, as follows. Given ⟨F_η ⟩_{η<ξ} where ξ < c, F̂_ξ = � η<ξ F_η belongs to Σ, because we are supposing that c = add N = add μ_{Hr} . Observe that if η < ξ, then {α : α ∈ [0, 1], μ_{Hr} (H_α ∩ F_η ) > 0} is countable; accordingly there are distinct α, β ∈ [0, 1] such that

μ_{Hr}(H_α ∩ F̂_ξ ) = � η<ξ μ_{Hr} (H_α ∩ F_η) = 0 = μ_{Hr}(H_β ∩ F̂_ξ ).

Since there is some ζ such that E_ζ = H_α ∪ H_β, there is a first ζ_ξ < c such that μ_{Hr}(Ê_{ζξ +1} \ F̂_ξ ) > 1. Let F_ξ be such that Ê_{ζξ} \ F̂_ξ ⊆ F_ξ ⊆ Ê_{ζξ +1} \ F_ξ, μ_{Hr} F_ξ = 1,

and continue.

(b) The construction ensures that ⟨ζ_ξ ⟩_{ξ<c} is non-decreasing. For every ξ < c we have a ζ^′_ξ ≤ ζ_ξ such that μ_{Hr} (F_ξ ∩ E_ζ′_ξ ) > 0; also {ξ : ζ^′_ξ = ζ} is countable for every ξ; so sup_{ξ<c} ζ_ξ = sup_{ξ<c} ζ^′_ξ = c. This means that every E_ζ is included in F̂_ξ for some ξ < c. In particular, X = � ξ<c F_ξ .

(c) If E ∈ Σ, then of course E ∩ F_ξ ∈ Σ for every ξ < c. Conversely, if E ⊆ X and E ∩ F_ξ ∈ Σ for every ξ, then E ∈ Σ. PP If A ⊆ X and μ^∗_{Hr} A < ∞, there is some ζ < c such that A ⊆ E_ζ and μ^∗_{Hr}A = μ_{Hr} E_ζ . Now if ξ < c is such that E_ζ ⊆ F̂_ξ ,

μ^∗_{Hr} (A ∩ E) + μ^∗_{Hr} (A \ E) ≤ μ^∗_{Hr}(E_ζ ∩ E) + μ^∗_{Hr} (E_ζ \ E) ≤ μ^∗_{Hr}(E_ζ ∩ F̂_ξ ∩ E) + μ^∗_{Hr} (E_ζ ∩ F̂_ξ \ E) = � η<ξ μ_{Hr} (E_ζ ∩ F_η ∩ E) + � η<ξ μ_{Hr}E_ζ ∩ F_η \ E)

(once again because add μ_{Hr} = c)

= � η<ξ μ_{Hr} (E_ζ ∩ F_η) = μ_{Hr} (E_ζ ∩ F̂_ξ )

= μ_{Hr}E_ζ = μ^∗_{Hr} A.

As A is arbitrary, E ∈ Σ. QQQ

(d) If E ∈ Σ and E ⊆ F̂_ξ for some ξ < c, then

μ_{Hr} E = � η<ξ μ_{Hr} (E ∩ F_η ) = � η<c μ_{Hr} (E ∩ F_η ).

If E ∈ Σ and E ⊈ F̂_ξ for any ξ < c, then E ⊈ E_ζ for any ζ < c, so μ_{Hr}E = ∞. Note that as c = add N is regular (Fremlin 07?, 513Ca), there is a ξ < c such that E ⊆ F̂_ξ iff #({η : E ∩ F_η ≠ ∅}) < c.

(e) Observe now that, for each ξ < c, the subspace measure on F_ξ is isomorphic to Lebesgue measure on [0, 1], being an atomless Radon probability measure on a separable metrizable space (put 471Dg, 471F, 416Wa and 433B of Fremlin 03 together with 344I of Fremlin 02). Let ⟨α_ξ ⟩_{ξ<c} be an enumeration of [0, 1]; for each ξ < c, let ϕ_ξ : F_ξ → [0, 1] be a measure space isomorphism; and define ϕ : X → [0, 1]^2 by setting ϕ(x) = (α_ξ , ϕ_ξ (x)) if x ∈ F_ξ. Then (c)-(d) tell us that ϕ is an isomorphism between (X, μ_{Hr} ) and ([0, 1]^2, λ^′), because c = add N is regular.

4 The measurable envelope property Let μ_{H1} be one-dimensional Hausdorff measure on R^2 with the Euclidean metric. I do not know whether μ_{H1} ever has the measurable envelope property (Fremlin 02, 213Xl). However under certain special axioms it does not.

(a) Suppose that non N = cf N , where N is the null ideal of Lebesgue measure on R. Then μ_{H1} does not have the measurable envelope property. PP Set κ = non N . Then there is a universally negligible set Y ⊆ R of cardinal κ (Fremlin 03, 439Fc); enumerate Y as ⟨y_ξ⟩_{ξ<κ}. Also, writing Σ for the family of Lebesgue measurable subsets of R, ci(Σ \ N ) = cf N = κ (Fremlin 07?, 524Pb); let ⟨F_ξ ⟩_{ξ<κ} enumerate a coinitial family in Σ \ N . Finally, take a set D ⊆ R such that both D and its complement meet every uncountable compact set in a set of cardinal c, and set A = D × Y .

?? If E ⊇ A is a measurable envelope of A for μ_{H1}, then for each ξ < κ the set E^{−1}[{y_ξ}] is Lebesgue measurable and includes D, so is conegligible and F_ξ ∩ E^{−1}[{y_ξ}] \ D has cardinal c. We can therefore choose a family ⟨x_ξ ⟩_{ξ<κ} of distinct points such that x_ξ ∈ F_ξ ∩ E^{−1}[{y_ξ}] \ D for every ξ. Consider the set H = {(x_ξ, y_ξ) : ξ < κ}. Then H ⊆ E \ A. Because the projection of H on the vertical axis is universally negligible and every horizontal section of H is universally negligible, H is universally negligible and is measured by μ_{H1}. But the projection of H on the horizontal axis is not Lebesgue negligible so μ_{H1}H > 0. XXQQQ

(b) Suppose that non N < cov N . Then μ_{H1} does not have the measurable envelope property. PP Again, set κ = non N . This time, enumerate a D of full outer measure for Lebesgue measure on R as ⟨x_ξ ⟩_{ξ<κ} (Fremlin 07?, 523Dc) and set A = {(x_ξ, x_η ) : η ≤ ξ < κ}. ?? If E ⊇ A is a measurable envelope of A for μ_{H1}, then for each ξ < κ the set E^{−1}[{x_ξ}] is Lebesgue measurable and includes all but a negligible subset of D, so must be conegligible. Because κ < cov N there is an x ∈ � ξ<κ E^{−1}[{x_ξ}], so that D is included in the vertical section E[{x}]. Accordingly E[{x}] is not Lebesgue negligible. But every vertical section of A is Lebesgue negligible, so F = E[{x}] \ A[{x}] is Lebesgue measurable and not Lebesgue negligible and H = {x} × F ⊆ E \ A is measured by μ_{H1} but not negligible. XXQQQ

Acknowledgement Some of these ideas were worked out while I was at the CARTEMI conference in Ischia, July 2004, supported by the Università Federico II di Napoli, in response to a question from W.Wilczyński. I am grateful to T.O’Neil for bringing Elekes p04 to my attention.

References

Elekes M. [p04] ‘Hausdorff measures of different dimensions are isomorphic under the Continuum Hypothesis’, to appear in Real Analysis Exchange.

Fremlin D.H. [01] Measure Theory, Vol. 2: Broad Foundations. Torres Fremlin, 2001. Fremlin D.H. [02] Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002. Fremlin D.H. [03] Measure Theory, Vol. 4: Topological Measure Theory. Torres Fremlin, 2003.

Fremlin D.H. [07?] Measure Theory, Vol. 5: Set-theoretic measure theory, in preparation. Partial drafts available via http://www.essex.ac.uk/maths/staff/fremlin/mt.htm. Note that paragraph references are subject to fluctuation.