Version of 29.11.09

Four problems in measure theory

D.H.Fremlin

University of Essex, Colchester, England

1 The control measure problem

1A The problem Let X be a set and Σ an algebra of subsets of X. Let ν : Σ → [0, ∞[ be a function such that

(i) ν∅ = 0 (ii) νE ≤ νF whenever E, F ∈ Σ and E ⊆ F (iii) ν(E ∪ F ) ≤ νE + νF whenever E, F ∈ Σ (ν is a submeasure)

(iv) lim_{n→∞} νE_n = 0 whenever ⟨E_n⟩_{n∈N} is a disjoint sequence in Σ (ν is exhaustive). Does there necessarily exist a functional μ : Σ → [0, ∞[ which is additive, that is, μ(E ∪ F ) = μE + μF whenever E, F ∈ Σ are disjoint, and such that ν is absolutely continuous with respect to μ, that is, for every ϵ > 0 there is a δ > 0 such that νE ≤ ϵ whenever μE ≤ δ?

This was for many years one of the classic outstanding problems of measure theory. It was important because it is equivalent to a large number of questions in apparently different topics. I will present one of these in 1I-1K below. Here I will try to give one major theorem, due to Kalton & Roberts 83, and some examples. The (negative, as expected) solution may be found in Talagrand 08, my own note Fremlin n08, or in the web version of Fremlin 02, §394.

1B Definitions We shall need the following ideas.

(a) A submeasure ν on an algebra Σ is uniformly exhaustive if for every ϵ > 0 there is an n ∈ N such that min_{i≤n} νE_i ≤ ϵ whenever E_0, . . . , E_n ∈ Σ are disjoint.

(b) If A is a family of sets, its intersection number is the greatest number δ ≥ 0 such that whenever ⟨A_i⟩_{i∈I} is a finite family in A (with repetitions allowed), there is a J ⊆ I, with #(J) ≥ δ#(I), such that � i∈J A_i ≠ ∅.

1C Kelley’s theorem Let X be a non-empty set and A a family of subsets of X with intersection number δ. Then there is a finitely additive functional μ : PX → [0, 1] such that μX = 1 and μA ≥ δ for every A ∈ A.

proof If A has the finite intersection property, let F be an ultrafilter on X including A, and set μC = 1 if C ∈ F, 0 otherwise; this works. Otherwise, on the linear space ℓ^∞(X) of bounded real-valued functions on X define a functional p by setting

p(u) = (1 − δ) inf{ n� i=0 α_i : α_0, . . . , α_n ≥ 0, |u| ≤ n� i=0 α_iχ(X \ A_i)

for some A_0, . . . , A_n ∈ A}.

Because A does not have the finite intersection property, p(u) is well-defined. It is easy to see that p is a seminorm. Also p(χX) ≥ 1. PP?? Otherwise, we have α_0, . . . , α_k ≥ 0 and A_0, . . . , A_k ∈ A such that (1 − δ)

�_k

i=0 α_i < 1 and χX ≤

�_k

i=0 α_iχ(X \ A_i). Increasing the α_i fractionally if necessary, we may suppose that they are all rational; say α_i = r_i/m where r_i ∈ N, m ∈ N \ {0}. Set n =

�_k i=0 r_i and set

B_j = A_i for 0 ≤ i ≤ k, � l<i r_l ≤ j < � l≤i r_l. Then χX ≤

�_{n−1} j=0 1 m χ(X \ B_j ), while (1 − δ)

�_{n−1} j=0 1 m < 1.

But there must be a set J ⊆ {0, . . . , n − 1} such that #(J) ≥ δn and � j∈J B_j ≠ ∅. Take x ∈ � j∈J B_j ; then we have 1

1 = χX(x) ≤ n� j=0 1 m χ(X \ B_j )(x) ≤^{n−#(J)}_m ≤^{n(1−δ)}_m < 1,

which is impossible. XXQQQ

There is therefore a linear functional h : ℓ^∞(X) → R such that h(χX) = 1 and h(u) ≤ p(u) for every u ∈ ℓ^∞(X). Set λ_0D = h(χD) for D ⊆ X; then λ_0 : PX → R is an additive functional, λ_0X = 1, λ_0D ≤ p(χX) for every D ⊆ X and λ_0D ≤ 1 − δ whenever A ∈ A and D ⊆ X \ A. Set λ_1C = sup{λ_0D : D ⊆ C} for C ⊆ X; it is easy to check that λ_1 : PX → [0, ∞[ is additive, and λ_1(X) ≥ 1, λ_1(X \ A) ≤ 1 − δ for every A ∈ A. Set μC =^1_{λ1 X} λ_1C for C ⊆ X; then μ : PX → [0, 1] is additive, μX = 1 and μ(X \ A) ≤ 1 − δ for every A ∈ A. But this means that μA ≥ δ for every A ∈ A.

1D Lemma Suppose that k, l, m ∈ N are such that 3 ≤ k ≤ l ≤ m and 18mk ≤ l^2. Let L, M be sets of sizes l, m respectively. Then there is a set R ⊆ M × L such that (i) each vertical section of R has just three members (ii) #(R[I]) ≥ #(I) whenever I ∈ [M]^{≤k}; so that for every I ∈ [M]^{≤k} there is an injective function f : I → L such that (x, f(x)) ∈ R for every x ∈ I.

notation [M]^{≤k} = {I : I ⊆ M, #(I) ≤ k}, [M]^k = {I : I ⊆ M, #(I) = k}, R[I] = {y : ∃ x ∈ I, (x, y) ∈ R}. proof (a) We need to know that n! ≥ 3^{−n}n^n for every n ∈ N; this is immediate from the inequality �_n

i=2 ln i ≥

�_n

1 ln x dx = n ln n − n + 1 for every n ≥ 2.

(b) Let Ω be the set of those R ⊆ M × L such that each vertical section of R has just three members, so that #(Ω) = #([L]^3)^m =

�_{l!}

3!(l−3)!

�_m . Let us regard Ω as a probability space with the uniform probability.

If J ∈ [L]^n, where 3 ≤ n ≤ k, and x ∈ M, then

Pr(R[{x}] ⊆ J) =^{#([J]3)}_{#([L]3)}

(because R[{x}] is a random member of [L]^3) =^{n(n−1)(n−2)}

l(l−1)(l−2) ≤ n^3 l^3 .

So if I ∈ [M]^n and J ∈ [L]^n, then

Pr(R[I] ⊆ J) = � x∈I Pr(R[{x}] ⊆ J)

(because the sets R[{x}] are chosen independently) ≤^{n3n}_{l3n} .

Accordingly

Pr(there is an I ⊆ M such that #(R[I]) < #(I) ≤ k) ≤ Pr(there is an I ⊆ M such that 3 ≤ #(R[I]) ≤ #(I) ≤ k) (because if I ≠ ∅ then #(R[I]) ≥ 3)

≤ k� n=3 � I∈[M]^n � J∈[L]^n

Pr(R[I] ⊆ J) ≤ k� n=3 #([M]^n)#([L]^n)^{n3n}_{l3n}

= k� n=3 m! n!(m−n)! l! n!(l−n)!

n^{3n} l^{3n} ≤ k� n=3 m^nl^nn^{3n} n!n!l^{3n} ≤ k� n=3 m^nn^n3^{2n} l^{2n}

(using (a)) = k� n=3 �_{9mn}

l^2

�_n ≤ k� n=3 1 2^n < 1.

There must therefore be some R ∈ Ω such that #(R[I]) ≥ #(I) whenever I ⊆ M and #(I) ≤ k.

(c) If now I ∈ [M]^{≤k}, the restriction R_I = R ∩ (I × L) has the property that #(R_I [I^′]) ≥ #(I^′) for every I^′ ⊆ I. By Hall’s Marriage Lemma there is an injective function f : I → L such that (x, f(x)) ∈ R_I ⊆ R for every x ∈ I.

1E Lemma Let Σ be an algebra of subsets of X and ν : Σ → [0, ∞[ a uniformly exhaustive submeasure. Then for any ϵ ∈ ]0, ν1] the set E_ϵ = {E : νE ≥ ϵ} has intersection number greater than 0. proof (a) If νX = 0 this is trivial, so we may assume that νX > 0; since neither the hypothesis nor the conclusion is affected if we multiply ν by a positive scalar, we may suppose that νX = 1. Because ν is uniformly exhaustive, there is an r ≥ 1 such that whenever ⟨G_i⟩_{i∈I} is a disjoint family in Σ then #({i : νG_i >^1_5 ϵ}) ≤ r, so that � i∈I νG_i ≤ r +^1_5 ϵ#(I). Set δ = ϵ/5r, η =^1_{74} δ^2, so that δ − η ≥^1_{18} (δ − η)^2 ≥^1_{18} (δ^2 − 2η) = 4η.

(b) Let ⟨E_i⟩_{i∈I} be a non-empty finite family in E_ϵ. Let m be any multiple of #(I) greater than or equal to 1/η. Then there are integers k, l such that

3η ≤^k_m ≤ 4η ≤^1_{18} (δ − η)^2, δ − η ≤^l_m ≤ δ,

in which case 3 ≤ k ≤ l ≤ m, 18mk ≤ m^2(δ − η)^2 ≤ l^2.

(c) Take a set M of the form I × S where #(S) = m/#(I), so that #(M) = m. For q = (i, s) ∈ M set H_q = E_i. Let L be a set with l members. By Lemma 1D, there is a set R ⊆ M × L such that every vertical section of R has just three members and whenever Q ∈ [M]^{≤k} there is an injective function f_Q : Q → L such that (q, f_Q(q)) ∈ R for every q ∈ Q.

For Q ⊆ M set b_Q = � q∈Q H_q \ � q∈M\Q Hq ,

so that ⟨b_Q⟩_{Q⊆M} is a partition of X into members of Σ. For q ∈ M, j ∈ L set G_{qj} = � {b_Q : q ∈ Q ∈ [M]^{≤k}, f_Q(q) = j}.

If p, q are distinct members of M and j ∈ L then G_{pj} ∩ G_{qj} = � {b_Q : p, q ∈ Q ∈ [M]^{≤k}, f_Q(p) = f_Q(q) = j} = ∅, because every f_Q is injective. Set m_j = #({q : q ∈ M, G_{qj} ≠ ∅}) for each j ∈ L. Note that G_{qj} = ∅ if (q, j) /∈ R, so � j∈L m_j ≤ #(R) = 3m.

We have � q∈M νG_{qj} ≤ r +^1_5 ϵm_j

for each j, by the choice of r; so

� q∈M,j∈L

νG_{qj} ≤ rl +^1_5 ϵ � j∈L m_j ≤ rl +^3_5 mϵ

≤ (rδ +^3_5 ϵ)m =^4_5 ϵm < ϵm

by the choice of l and δ. There must therefore be some q ∈ M such that ν( � j∈L G_{qj} ) ≤ � j∈L νG_{qj} < ϵ ≤ νH_q ,

and H_q cannot be included in � j∈L G_{qj} = � {b_Q : q ∈ Q ∈ [M]^{≤k}}.

But as � {b_Q : q ∈ Q ⊆ M} is just H_q , there must be an Q ⊆ M, of cardinal greater than k, such that b_Q ≠ ∅.

Recall now that M = I × S, and that

k ≥ 3ηm = 3η#(I)#(S).

The set J = {i : ∃ s, (i, s) ∈ Q} must therefore have more than 3η#(I) members, since Q ⊆ J × S. But also H_{(i,s)} = E_i for each (i, s) ∈ Q, so that � i∈J E_i ⊇ b_Q ≠ ∅.

(d) As ⟨E_i⟩_{i∈I} is arbitrary, the intersection number of E_ϵ is at least 3η > 0.

1F The Kalton-Roberts theorem Let Σ be an algebra of subsets of X, and ν : Σ → [0, ∞[ a uniformly exhaustive submeasure. Then there is an additive functional μ : Σ → [0, ∞[ such that ν is absolutely continuous with respect to μ.

proof If νX = 0 this is trivial. Otherwise, for each n, E_n = {a : νa ≥ 2^{−n}νX} has intersection number δ_n > 0. By 1C, there is a finitely additive functional μ_n : PX → [0, 1] such that μ_nX = 1 and μ_nE ≥ δ_n for every E ∈ E_n. Set μH =

�_∞ n=0 2^{−n}μ_nH for H ∈ Σ; then μ : Σ → [0, 2] is finitely additive and νE < 2^{−n} whenever μE < 2^{−n}δ_n. So ν is absolutely continuous with respect to μ.

1G Example The following example, taken from Talagrand 80, shows that most of the natural routes to a positive answer to the question in 1A are blocked.

Fix n ≥ 1, and let I be the set {0, 1, . . . , 2n − 1}, X = [I]^n, so that X is a finite set. For each i ∈ I set A_i = {a : i ∈ a ∈ X}. For E ⊆ X set

νE =^1_{n+1} inf{#(J) : J ⊆ I, E ⊆ � i∈J A_i}

=^1_{n+1} inf{#(J) : a ∩ J ≠ ∅ for every a ∈ E}.

It is elementary to check that ν : PX → [0, ∞[ is a submeasure, therefore (because PX is finite) a Maharam submeasure.

The essential properties of ν are twofold: (i) νX = 1; (ii) for any non-negative additive functional μ such that μE ≤ νE for every E ⊆ X, μX ≤^2_{n+1} . PP (i)(α) If J ⊆ I and #(J) ≤ n, there is an a ∈ [I \ J]^n, so that a ∈ X \ � i∈J A_i and X ⊈ � i∈J A_i. This means that X cannot be covered by fewer than n + 1 of the sets A_i, so that νX must be at least 1. (β) On the other hand, if J ⊆ I is any set of cardinal n + 1, a ∩ J ≠ ∅ for every a ∈ X, so that X = � i∈J A_i and νX ≤ 1. (ii) Every member of X belongs to just n of the sets A_i, so

nμX = � i∈I μA_i ≤^{#(I)}_{n+1} =^{2n}_{n+1} ,

and μX ≤^2_{n+1} . QQQ

1H Example For the next example, I present a much deeper idea from Roberts 93.

Let B be the algebra of open-and-closed subsets of {0, 1}^N. Then for any ϵ > 0 we can find a submeasure ν : B → [0, 1] such that

(i) for every n ∈ N there is a disjoint sequence S_{n0}, . . . , S_{nn} in B such that νS_{ni} = 1 for every i ≤ n; (ii) if ⟨E_n⟩_{n∈N} is any disjoint sequence in B then lim sup_{n→∞} νE_n ≤ ϵ.

proof (a) For each n ∈ N let I_n be the finite set {0, . . . , n}, given its discrete topology; set X = � n∈N I_n, with the product topology; let C be the algebra of subsets of X generated by sets of the form S_{ij} = {x : x(i) = j}, where i ∈ N and j ≤ i. Note that X is compact and Hausdorff and that every member of C is open-and-closed (because all the S_{ij} are). Also C is atomless, countable and non-zero, so is isomorphic to B. It will therefore be enough if I can describe a submeasure ν : C → [0, 1] with the properties (i) and (ii) above, and this is what I will do.

(b) For each n ∈ N let A_n be the set of non-empty members of C determined by coordinates in {0, . . . , n}; note that A_n is finite. For k ≤ l ∈ N, say that E ∈ C is (k, l)-thin if for every A ∈ A_k there is an A^′ ∈ A_l such that A^′ ⊆ A \ E. Note that if k^′ ≤ k ≤ l ≤ l^′ then A_k′ ⊆ A_k and A_l ⊆ A_l′ , so any (k, l)-thin set is also (k^′, l^′)-thin.

Say that every E ∈ C is (k, 0)-small for every k ∈ N, and that for k, r ∈ N a set E ∈ C is (k, r+1)-small if there is some l ≥ k such that E is (k, l)-thin and (l, r)-small. Observe that E is (k, 1)-small iff it is (k, l)-thin for some l ≥ k, that is, there is no member of A_k included in E. Observe also that if E is (k, r)-small then it is (k^′, r)-small for every k^′ ≤ k.

Write S = {S_{ij} : j ≤ i ∈ N}.

(c) Suppose that E ∈ C and k ≤ l ≤ m are such that E is both (k, l)-thin and (l, m)-thin. Then whenever A ∈ A_k, S ∈ S and A ∩ S ≠ ∅, there is an A^′ ∈ A_m such that A^′ ⊆ A \ E and A^′ ∩ S ≠ ∅. PP Take S = S_{ni} where i ≤ n. (i) If n ≤ l, then A ∩ S ∈ A_l; because E is (l, m)-thin, there is an A^′ ∈ A_m such that A^′ ⊆ (A ∩ S) \ E. (ii) If n > l, there is an A^′ ∈ A_l such that A^′ ⊆ A \ E, because E is (k, l)-thin; now A^′ ∈ A_m, and A^′ ∩ S is non-empty because A^′ is determined by coordinates less than n. QQQ

(d) It follows that if S ∈ S, k ∈ N, A ∈ A_k, A ∩ S ≠ ∅, r ∈ N and E_0, . . . , E_{r−1} are (k, 2r)-small, then A ∩ S is not covered by E_0, . . . , E_{r−1}. PP Induce on r. The case r = 0 demands only that A ∩ S should not be covered by the empty sequence, that is, A ∩ S ≠ ∅, which is one of the hypotheses. For the inductive step to r + 1, we know that for each j ≤ r there are l_j , m_j such that k ≤ l_j ≤ m_j and E_j is (k, l_j )-thin and (l_j , m_j )-thin and (m_j , 2r)-small. Rearranging E_0, . . . , E_r if necessary we may suppose that m_r ≤ m_j for every j ≤ r; set m = m_r. By (c), there is an A^′ ∈ A_m such that A^′ ∩ S ≠ ∅ and A^′ ⊆ A \ E_r. Now every E_j , for j < r, is (m_j , 2r)-small, therefore (m, 2r)-small, so by the inductive hypothesis A^′ ∩ S ⊈ � j<r E_j .

Accordingly A ∩ S ⊈ � j≤r E_j and the induction continues. QQQ

(e) Now suppose that ⟨E_n⟩_{n∈N} is a disjoint sequence in C. Then for any k ∈ N there are l, n^∗ ∈ N such that E_n is (k, l)-thin for every n ≥ n^∗. PP Consider G_n = � j≥n E_j for each n ∈ N. Then every G_n is open and � n∈N G_n = ∅. If A ∈ A_k, then A, with its subspace topology, is compact, so Baire’s theorem (3A3G) tells us that there is an n_A such that G_{nA} ∩ A is not dense in A; let l_A be such that A \ G_{nA} includes a member of A_{lA} . Set n^∗ = max{n_A : A ∈ A_k}, l = max{l_A : A ∈ A_k}. If n ≥ n^∗, A ∈ A_k there is an A^′ ∈ A_{lA} ⊆ A_l such that

A^′ ⊆ A \ G_{nA} ⊆ A \ E_n.

As A is arbitrary, E_n is (k, l)-thin. QQQ

It follows at once that for any r ∈ N we can find n^∗_r , k_0 < k_1 < . . . < k_r ∈ N such that E_n is (k_j , k_{j+1})-thin for every j < r and n ≥ n^∗_r ; so that E_n is (0, r)-small for every n ≥ n^∗_r .

(f) Take an integer r ≥ 1/ϵ. Let U be the set of (0, 2r)-small members of C. Set

νE =^1_r min{m : E ⊆ E_1 ∪ . . . ∪ E_m for some E_1, . . . , E_m ∈ U}

if E can be covered by r or fewer members of U, 1 otherwise. It is easy to check that ν : C → [0, 1] is a submeasure. By (d), no member of S can be covered by r or fewer members of U, so νS_{ni} = 1 whenever i ≤ n ∈ N. By (e), if ⟨E_n⟩_{n∈N} is any disjoint sequence in C, E_n belongs to U for all but finitely many n, so that νE_n ≤^1_r ≤ ϵ for all but finitely many n. Thus ν has the required properties.

1I An equivalent problem Consider the question

Let X be a set, Σ an algebra of subsets of X, and ν : Σ → [0, ∞[ a non-zero exhaustive submeasure. Does there necessarily exist a non-zero additive functional μ : Σ → [0, ∞[ such that μ is absolutely continuous with respect to ν?

It is very striking that asking for an additive functional which will dominate ν (in the sense of 1A) should come to the same thing as asking for an additive functional dominated by ν. Here I will briefly sketch what I think are the essential reasons for this coincidence. The details may be found in Fremlin 02, §393.

1J Boolean algebras defined from submeasures (a) If X is a set, Σ an algebra of subsets of X, and ν : Σ → [0, ∞[ a submeasure, then I = {E : νE = 0} is an ideal of the Boolean algebra Σ, that is, ∅ ∈ I, E ∪ F ∈ I for all E, F ∈ I, E ∈ I whenever E ∈ Σ and E ⊆ F ∈ I.

We therefore have an equivalence relation E ∼ F ⇐⇒ E△F ∈ I on Σ, and can form a quotient Boolean algebra A = Σ/I made up of the equivalence classes under Σ with Boolean operations defined by E^• ∪ F^• = (E ∪ F )^•, E^• ∩ F^• = (E ∩ F )^•, E^• \ F^• = (E \ F )^•, E^• △ F^• = (E△F )^•, E^• ⊆ F^• ⇐⇒ E \ F ∈ I (Fremlin 02, §312). Moreover, it is easy to see that νE = νF whenever E ∼ F , so that we have a functional ν̄ : A → [0, ∞[ defined by setting ν̄E^• = νE for every E ∈ Σ.

This will be a submeasure in the sense that ν̄0 = 0, ν̄a ≤ ν̄b whenever a ⊆ b, ν̄(a ∪ b) ≤ ν̄a + ν̄b for all a, b ∈ A.

Moreover, ν̄ is exhaustive in the sense that lim_{n→∞} ν̄a_n = 0 whenever ⟨a_n⟩_{n∈N} is a sequence in A such that a_m ∩ a_n = 0 for every m, n ∈ N, since in this case, if a_n = E^•_n for every n, ν̄a_n = ν(E_n \ � i<n E_i) → 0 as n → ∞. The difference between ν and ν̄ is that ν̄ is strictly positive, that is, if a ∈ A \ {0}, so that a = E^• for some E ∈ Σ \ I, then ν̄a = νE > 0.

(b) This means that if we set ρ(a, b) = ν̄(a △ b) for a, b ∈ A, then ρ is a metric on A. (For the triangle inequality we need check only that a △ c ⊆ (a △ b) ∪ (b △ c) for all a, b, c ∈ A.) It is elementary now to confirm that for all four Boolean operations ∗ = ∪ , ∩ , \ and △ , ρ(a ∗ a^′, b ∗ b^′) ≤ ρ(a, b) + ρ(a^′, b^′) because (a ∗ a^′) △ (b ∗ b^′) ⊆ (a △ b) ∪ (a^′ △ b^′), while |ν̄a − ν̄b| ≤ max(ν̄a − ν̄(a ∩ b), ν̄b − ν̄(a ∩ b)) ≤ ρ(a, b) for all a, b, a^′, b^′ ∈ A. Thus the Boolean operations, and ν̄, are uniformly continuous.

(c) Suppose now we complete A under the metric ρ to form a complete metric space (^A, ρ̂). Then the Boolean operations extend to ^A, and this is still a Boolean algebra; moreover, ν̄ extends to a functional ν̂ : ^A → [0, ∞[. Because ν̂(a ∩ b) ≤ ν̂b, ν̂(a ∪ b) ≤ ν̂a + ν̂b, ν̂a = ρ̂(a, 0) for all a, b ∈ ^A, ν̂ is still a strictly positive submeasure on ^A.

More surprising is the fact that ν̂ is still exhaustive. (This requires a slightly deeper argument; see Fremlin 03, 393B.) It follows that if ⟨a_n⟩_{n∈N} is a non-increasing sequence in ^A, it is a Cauchy sequence for ρ̂, and has a limit. For any b ∈ ^A, the sets {c : c ⊆ b} = {c : ρ̂(c, c ∩ b) = 0}, {c : b ⊆ c} = {c : ρ̂(b, c ∩ b) = 0}

are closed; it follows that a = inf_{n∈N} a_n in the partially ordered set ^A. Turning this round, if ⟨a_n⟩_{n∈N} is a non-decreasing sequence in ^A with infimum 0, then it converges topologically to 0, so lim_{n→∞} ν̄a_n = lim_{n→∞} ρ(a_n, 0) = 0; ν̂ is a Maharam submeasure. At the same time, we see that ^A is Dedekind σ-complete, that is, any countable subset of ^A has a supremum and infimum in ^A.

(d) There is more. Because ^A has a strictly positive exhaustive submeasure, it must be ccc, that is, every disjoint set is countable. This means that if A ⊆ ^A is a non-empty downwards-directed set with infimum 0, there is a non-increasing sequence in A with infimum 0 (Fremlin 02, 316E), so that inf_{a∈A} ν̂a = 0. Because ν̂ is sequentially order-continuous, we find also that ^A is weakly (σ, ∞)-distributive, that is, whenever ⟨A_n⟩_{n∈N} is a sequence of non-empty downwards-directed sets in ^A all with infimum 0, then B = {b : ∀ n ∈ N ∃ a ∈ A_n, a ⊆ b} has infimum 0.

(For given ϵ > 0 we can find a_n ∈ A_n such that ν̂a_n ≤ 2^{−n}ϵ; now b = sup_{n∈N} a_n belongs to B and ν̂b ≤ 2ϵ.)

(e) The remaining facts we need are the following.

(i) Any Boolean algebra A is isomorphic to some algebra of sets. (Fremlin 02, §311.)

(ii) If A is a Dedekind σ-complete Boolean algebra, and μ, ν two Maharam submeasures on A such that μa = 0 whenever νa = 0, then μ is absolutely continuous with respect to ν. (Copy the standard proof for the case when A is a σ-algebra of sets and μ, ν are both countably additive measures.)

(iii) If A is a Boolean algebra, and μ : A → [0, ∞[ is an additive functional, and we set νb = inf{sup_{a∈A} μa : A ⊆ A is a non-empty upwards-directed set with supremum b} for every b ∈ A, then ν is an order-continuous additive functional (Fremlin 02, 362Bd); and if A is weakly (σ, ∞)-distributive and μ is strictly positive, so is ν (Fremlin 02, 391D).

(iv) If A is a Boolean algebra, and a ∈ A, then the principal ideal A_a = {b : b ⊆ a}, with the inherited operations ∪ , ∩ and △ , is a Boolean algebra in its own right (Fremlin 02, 312D); and if A is weakly (σ, ∞)-distributive, so is A_a.

1K We are now ready to look at the statements which I claim are equiveridical. Consider the statements (†) whenever X is a set, Σ is an algebra of subsets of X, and ν is an exhaustive submeasure on Σ, then there is an additive functional μ : Σ → [0, ∞[ such that ν is absolutely continuous with respect to μ;

(‡) whenever X is a set, Σ is an algebra of subsets of X, and ν is a non-zero exhaustive submeasure on Σ, then there is a non-zero additive functional μ : Σ → [0, ∞[ such that μ is absolutely continuous with respect to ν.

proof that (†) ⇒ (‡)

(†) ⇒ (‡) (†) ⇒ (‡) Suppose that (†) is true. Let X be a set, Σ an algebra of subsets of X, and ν a non-zero exhaustive submeasure on Σ. Build A, μ̄, ^A and ν̂ as in 1J. Now ν̂ is an exhaustive submeasure on ^A. ^A is constructed as an abstract Boolean algebra, but it is isomorphic to an algebra of sets (1J(e-i)), so (†) tells us that there is an additive functional μ : ^A → [0, ∞[ such that ν̂ is absolutely continuous with respect to μ. In particular, because ν̂ is strictly positive, so is μ. Now 1J(e-iii) tells us that there is an order-continuous additive functional μ_1 : ^A → [0, ∞[ which is still strictly positive; as μ_1 is a Maharam submeasure, it is absolutely continuous with respect to ν̂ (1J(e-ii)). We have a natural homomorphism E → E^• : Σ → A ⊆ ^A; setting μ_2E = μ_1E^• for E ∈ Σ, it is easy to check that μ_2 is an additive functional and is absolutely continuous with respect to ν. Also μ_2E = 0 iff νE = 0, so μ_2 is non-zero.

proof that (‡) ⇒ (†)

(‡) ⇒ (†) (‡) ⇒ (†) Suppose that (‡) is true. Let X be a set, Σ an algebra of subsets of X, and ν a non-zero exhaustive submeasure on Σ. Build A, μ̄, ^A and ν̂ as in 1J. Now ν̂ is an exhaustive submeasure on ^A. It follows that if ν̂ is non-zero then there is a non-zero additive functional absolutely continuous with respect to ν̂; but we need a little more. Let D ⊆ ^A be the set of those d ∈ ^A such that there is a strictly positive additive functional on the principal ideal ^A_d. Then every non-zero a ∈ ^A includes a non-zero member of D. PP If a ∈ ^A \ {0}, then ν̂↾ ^A_a is a non-zero exhaustive submeasure on ^A_a. By (‡), there is a non-zero additive functional λ : ^A_a → [0, ∞[ which is absolutely continuous with respect to ν̂. Now B = {b : λb = λa} is a downwards-directed set and inf_{b∈B} ν̂b > 0, so B cannot have infimum 0 (1Jd); let d be a non-zero lower bound for B. If 0 ≠ c ⊆ d, then a \ c /∈ B so λc > 0; thus λ↾ ^A_d is strictly positive and d ∈ D. QQQ By Zorn’s lemma, there is a maximal disjoint subset D_1 of D. For each d ∈ D_1, let λ_d : ^A_d → [0, ∞[ be a strictly positive additive functional. Because ^A is ccc (1Jd), D_1 is countable; let ⟨ϵ_d⟩_{d∈D1} be a summable family of strictly positive real numbers. Set

μa = � d∈D_1 ϵ_d 1+λ_dd λd(a

∩ d)

for every a ∈ ^A. Then μ : ^A → [0, ∞[ is additive. If μa = 0 then a ∩ d = 0 for every d ∩ D_1, so a cannot include any member of D and must be zero; thus μ is strictly positive. Once again, we have an ordercontinuous strictly positive additive functional μ_1 on ^A, and a corresponding additive functional μ_2 on Σ. This time, we use 1J(e-ii) to see that ν̄ is absolutely continuous with respect to μ_1, so that ν is absolutely continuous with respect to μ_2.

Basic references: Fremlin 02, §§391-394, and Talagrand 08. Origin of problem: Maharam 47. Further reading: Kalton 89, Roberts 93.

2 The lifting problem

2A Liftings Let (X, Σ, μ) be a measure space. A lifting for μ is a Boolean homomorphism ϕ : Σ → Σ (that is, a function such that ϕX = X, ϕ(E ∩ F ) = ϕE ∩ ϕF and ϕ(E△F ) = ϕE△ϕF for all E, F ∈ Σ), such that ϕE = ∅ whenever μE = 0 and μ(E△ϕE) = 0 for every E ∈ Σ.

For any measure space (X, Σ, μ) we have an equivalence relation ∼ on Σ defined by saying that E ∼ F if μ(E△F ) = 0. The measure algebra of (X, Σ, μ) is (A, μ̄) where A is the set of equivalence classes in Σ under ∼ and μ̄E^• = μE for every E ∈ Σ. We have a Boolean algebra structure on A defined by saying that E^• ∩ F^• = (E ∩ F )^•, E^• ⊆ F^• iff μ(E \ F ) = 0, etc. Now if ϕ : Σ → Σ is a lifting, we have a Boolean homomorphism θ : A → Σ defined by setting θE^• = ϕE for every E ∈ Σ, and (θa)^• = a for every a ∈ A; θ is a right inverse of the canonical Boolean homomorphism E → E^•.

2B Theorem (Maharam 58) If (X, Σ, μ) is a probability space which is complete, that is, E ∈ Σ whenever E ⊆ F ∈ Σ and μF = 0, then μ has a lifting.

I will not give a proof here; the general argument depends on a thorough understanding of Boolean algebras and the martingale theorem; see Fremlin 02, §341.

2C Maharam’s theorem It helps to know the following. First, we say that a probability space (X, Σ, μ) is Maharam homogeneous, with Maharam type κ (where κ is a cardinal), if there is a stochastically independent family ⟨E_ξ ⟩_{ξ<κ} of measurable sets of measure^1_2 such that, writing Σ_0 for the σ-algebra generated by {E_ξ : ξ < κ}, every member of Σ differs by a negligible set from some member of Σ_0. Now Maharam’s theorem (Maharam 42, or Fremlin 02, §331) is: for every probability space (X, Σ, μ), there is a partition of X into countably many measurable sets E of non-zero measure such that the normalized subspace measure on E is Maharam homogeneous.

The relevance of this theorem is the following fact.

2D Proposition Let κ be a cardinal such that ν_κ↾Ba_κ has a lifting, where ν_κ is the usual measure on {0, 1}^κ and Ba_κ is the σ-algebra of Baire subsets of {0, 1}^κ, that is, the σ-algebra generated by the sets H_ξ = {z : z ∈ {0, 1}^κ, z(ξ) = 1}. Then every Maharam probability space (X, Σ, μ) of Maharam type κ has a lifting.

proof Let ⟨E_ξ ⟩_{ξ<κ} and Σ_0 be as in the definition 2C. Define f : X → {0, 1}^κ by setting f(x)(ξ) = χE_ξ(x) for x ∈ X, ξ < κ; then E_ξ = f^{−1}[H_ξ ] for every ξ and Σ_0 = {f^{−1}[H] : H ∈ Ba_κ}; also μf^{−1}[H] = ν_κH for every H ∈ Ba_κ. Let ψ : Ba_κ → Ba_κ be a lifting for ν_κ↾Ba_κ. Then we can define ϕ : Σ → Σ by saying that ϕE = f^{−1}[ψH] whenever E ∈ Σ, H ∈ Ba_κ and μ(E△f^{−1}[H]) = 0, and ϕ is a lifting for μ.

2E Corollary The following are equiveridical: (i) every probability measure has a lifting; (ii) ν_κ↾Ba_κ has a lifting for every cardinal κ.

proof Proposition 2D tells us that if (ii) is true then every Maharam homogeneous probability measure has a lifting; now Maharam’s theorem quickly gives the result.

2F Filtrations The best results known for non-complete probability spaces are based on the following method. First, if P is any partially ordered set, we say that it has countable cofinality if there is a countable set Q ⊆ P which is cofinal with P , that is, for every p ∈ P there is a q ∈ Q such that p ≤ q. Next, if A is a Boolean algebra, a tight ω_1-filtration for A (Geschke 02) is a family ⟨a_ξ ⟩_{ξ<ζ} in A, for some ordinal ζ, such that, writing A_α for the subalgebra of A generated by {a_ξ : ξ < α}, (i) A_ζ = A (ii) for every α < ζ and a ∈ A_{α+1}, the set {b : b ∈ A_α, b ⊆ a} has countable cofinality.

Now the theorem is the following.

2G Theorem Let (X, Σ, μ) be a measure space such that μX > 0, and suppose that its measure algebra has a tight ω_1-filtration. Then μ has a lifting.

proof Let ⟨a_ξ ⟩_{ξ<ζ} be a tight ω_1-filtration in A; write A_α for the subalgebra of A generated by {a_ξ : ξ < α}. Define Boolean homomorphisms θ_α : A_α → Σ inductively, as follows. Start with A_0 = {0, 1}, θ_00 = ∅, θ_01 = X. (This is where we need to know that μX > 0, so that 0 ≠ 1 in A.) Given θ_α, let B, B^′ ⊆ A_α be countable sets such that B is cofinal with {b : b ∈ A_α, b ⊆ a_α} and B^′ is cofinal with {b : b ∈ A_α, b ⊆ 1 \ a_α}. Choose any E ∈ Σ such that E^• = a_α and set

E_α = (E ∪ � b∈B θ_αb) \ � b∈B^′ θαb.

Because B and B^′ are both countable, E_α ∈ Σ. Because they are cofinal with {b : b ∈ A_α, b ⊆ a_α} and {b : b ∈ A_α, b ⊆ 1 \ a_α} respectively, θb ⊆ E_α whenever {b : b ∈ A_α and b ⊆ a_α, while θb ∩ E_α = ∅ whenever {b : b ∈ A_α and b ⊆ 1 \ a_α. This means that we can define a Boolean homomorphism θ_{α+1} : A_{α+1} → Σ by setting

θ_{α+1}((b ∩ a_α) ∪ (c \ a_α)) = (θ_αb ∩ E_α) ∪ (θ_αc \ E_α

for all b, c ∈ A_α.

This is the inductive step to a successor ordinal. For the inductive step to a non-zero limit ordinal α ≤ ζ, A_α = � ξ<α A_ξ and we can define θ_α by setting θ_αa = θ_ξa whenever ξ < α and a ∈ A_ξ.

An easy induction now shows that a = (θ_αa)^• whenever α ≤ κ and a ∈ A_α, so that θ_ζ : A → Σ is a lifting for μ.

2H Proposition (a) (Mokobodzki 75) Suppose that the continuum hypothesis is true. If (X, Σ, μ) is a probability space with a measure algebra of cardinal at most c^+ = ω_2, then its measure algebra is tightly ω_1-filtered, so μ has a lifting.

(b) (T.J.Carlson) If we add ω_2 Cohen reals to a model of the generalized continuum hypothesis, then in the resulting model the Lebesgue measure algebra is tightly ω_1-filtered, so μ_L↾B has a lifting, where B is the Borel σ-algebra of [0, 1] and μ_L is Lebesgue measure.

Remark It is easy to prove that ([0, 1], B, μ_L↾B) is isomorphic to ({0, 1}^ω, Ba_ω, ν_ω↾Ba_ω) (cf. Fremlin 01, 254K).

2I Theorem (Shelah 83) It is relatively consistent with ZFC to suppose that μ_L↾B has no lifting.

2J Problem Is there a probability space without a lifting?

Remark By 2E, it is enough to consider ({0, 1}^κ, Ba_κ, ν_κ↾Ba_κ) where κ is a cardinal. Since Mokobodzki’s theorem deals with κ ≤ ω_2 when c = ω_1, the key case to consider seems to be κ = ω_3. Here I note that it is a theorem of Geschke 02 that a probability algebra of cardinal ω_3 or more cannot be tightly ω_1-filtered.

2K Further questions. Let B be the algebra of Borel subsets of [0, 1] and μ_L Lebesgue measure on R.

(a) Shelah’s construction of a model in which μ_L↾B has no lifting is interesting and important. But there are many well-known models in which c > ω_1 (e.g., random real models or models of Martin’s axiom), and in none of these, except Cohen’s original model of not-CH, do we know whether μ_L↾B has a lifting. For instance, it seems quite possible that whenever c > ω_2 then μ_L↾B has no lifting.

(b) A.H.Stone noted that even when c = ω_1, so that we have a lifting for μ_L↾B, the methods available give no control over the Borel classes of ϕE, as E runs over B. So he asked: is it possible to have a lifting ϕ of μ_L↾B such that all the lifted sets ϕE are of bounded Borel class?

(c) Can there be a lifting ϕ for μ^{(2)}_L ↾B_2, where B_2 is the algebra of Borel subsets of [0, 1]^2 and μ^{(2)}_L is Lebesgue measure on R^2, which respects coordinates, i.e., is such that if E, F ∈ B then ϕ(E × F ) is of the form E^′ × F^′?

(d) Even for complete probability spaces there remain some puzzles. For instance: let μ be the measure on {0, 1} such that μ{0} =^1_3 , μ{1} =^2_3 , and let λ be the (completed) product of countably many copies of μ, so that λ is a probability measure on {0, 1}^N. Is there a lifting ϕ for λ which respects coordinates in the sense that ϕE is determined by coordinates in J whenever E ∈ dom λ is determined by coordinates in J?

Basic reference: Fremlin 02, §§341, 344-346.

Further reading: Shelah 83, Just 92, Burke 93, Geschke 02.

3 Radon spaces

3A Definition A Hausdorff space X is Radon if every totally finite Borel measure on X is tight (that is, μE = sup{μK : K ⊆ E is closed and compact} whenever μ measures E).

3B Basic facts (a) A complete metric space X is Radon iff κ = w(X) is measure-free (that is, any probability measure on κ with domain Pκ gives positive measure to some singleton). In particular, any Polish space is Radon.

(b) If X is a Hausdorff space, the set of subsets of X which are Radon spaces in the subspace topologies is closed under Souslin’s operation.

(c) ω_1 and ω_1 + 1, with their order topologies, are not Radon.

(d) For a set I, [0, 1]^I is Radon iff {0, 1}^I is Radon iff I is countable.

(e) A hereditarily Lindelöf K-analytic Hausdorff space is Radon; in particular, the split interval is Radon.

(f) If X is a Banach space with an equivalent Kadec norm (e.g., a weakly K-countably determined Banach space, or a Banach lattice with an order-continuous norm), then X is a Radon space in its weak topology iff w(X) is measure-free.

(g) If X is an Eberlein compact, it is a Radon space iff w(X) is measure-free.

3C Proposition (a) In a Radon Hausdorff space, countably compact sets are compact. (b) Any Radon compact Hausdorff space is countably tight.

proof (a) Let X be a Radon Hausdorff space and C ⊆ X a countably compact set. Let E be a non-empty family of relatively closed subsets of C with the finite intersection property; let E^∗ ⊇ E be a maximal family of relatively closed subsets of C with the finite intersection property. Then E^∗ is closed under countable intersections. PP?? Otherwise, there is a sequence ⟨E_n⟩_{n∈N} in E^∗ with intersection E /∈ E^∗. By the maximality of E^∗, there must be F_0, . . . , F_m ∈ E^∗ such that F_0 ∩ . . . ∩ F_m ∩ E = ∅. But now {F_i : i ≤ m} ∪ {E_i : i ∈ N} is a countable family of relatively closed subsets of C which has the finite intersection property and empty intersection; which contradicts the hypothesis that C is countably compact. XXQQQ Set Σ = {A : A ⊆ X, there is an E ∈ E^∗ such that either E ⊆ A or E ∩ A = ∅}.

Because E^∗ is closed under countable intersections, Σ is a σ-algebra of subsets of X and we have a measure μ_0 with domain Σ defined by setting μ_0A = 1 if A includes some member of E^∗, 0 otherwise. If F ⊆ X is closed, then either F ∩ C ∈ E^∗ and μ_0F = 1, or there are F_0, . . . , F_m ∈ E^∗ such that F ∩ � i≤m F_i = ∅ and μ_0F = 0. So every closed set, therefore every Borel set, belongs to Σ, and the restriction μ of μ_0 to the Borel σ-algebra B(X) is a Borel measure on X.

Since μX > 0 and X is a Radon space, there is a compact set K ⊆ X such that μK > 0. Now K cannot be covered by any finite family of negligible open sets, and is therefore not covered by the family of all negligible open sets. Let x ∈ K be such that every open set containing x has non-zero measure. ?? If E ∈ E^∗ and x /∈ E, then μ{x} = 0 and μ(X \ {x}) > 0; so there is a compact set L ⊆ X \ {x} such that μL > 0. But now there must be an F ∈ E^∗ such that F ⊆ L, so that X \ L is a negligible open set containing x. XX Thus x ∈ � E^∗ ⊆ � E and E has non-empty intersection. As E is arbitrary, C is compact.

(b) If X is a Radon compact Hausdorff space and A ⊆ X, set C = � {B : B ⊆ A is countable}. Then D ⊆ C for every countable set D ⊆ C, so every sequence in C has a cluster point and C is countably compact. By (i), C is compact, therefore closed, and must be the closure of A. As A is arbitrary, X is countably tight.

3D Questions (a) Is the continuous image of a Radon compact Hausdorff space always Radon? (b)(P.J.Nyikos) Is every Radon compact Hausdorff space sequentially compact? (If 2^t > c, yes, because in this case countably tight compact Hausdorff spaces are sequentially compact.)

(c) Is there a pair of Radon spaces with a product which is not Radon? (If either there is an atomlesslymeasurable cardinal or m = c, yes; see Wage 80 and Fremlin prW.)

(d) Is there a Banach space with weight ω_1 which is not Radon when given its weak topology? There is certainly a space with weight c which is not Radon (Fremlin 03, 466Ia).

(e) If c is measure-free, is ℓ^∞ a Radon space in its weak topology?

Basic reference: Fremlin 03, §434; also §§466-467. Original source: Schwartz 73.

4 The vector-valued McShane integral

4A Vector-valued gauge integrals Let X be a set, C a family of subsets of X, T ⊆ [X × C]^{<ω} a nonempty set of ‘tagged partitions’, F a filter on T and U a normed space. For t ∈ T , set W_t = � {C : (x, C) ∈ t}, the footprint of t. If δ ⊆ X × PX, say that t ∈ T is δ-fine if t ⊆ δ. If R ⊆ PX, say that t is R-filling if X \ W_t ∈ R.

For f : X → U, ν : C → R and t ∈ T , set S_t = � (x,C)∈t νC · f(x). Now set

I_{ν,F} (f) = lim_{t→F} S_t(f)

if this is defined in X for the norm topology. Then I_{ν,F} is a linear functional defined on a linear subspace of U^X , a gauge integral for U-valued functions.

4B Definitions It will be helpful to have some further terminology, following Fremlin 01 and Fremlin 03. (a) Let (X, Σ, μ) be a measure space.

(i) I say that μ is inner regular with respect to a family K of sets if μE = sup{μK : K ∈ K ∩ Σ, K ⊆ E} for every E ∈ Σ. (Thus a ‘tight’ measure is one which is inner regular with respect to the closed compact sets.)

Similarly, μ is outer regular with respect to a family H of sets if μE = inf{μH : H ∈ H ∩ Σ, H ⊇ E} for every E ∈ Σ.

(ii) I will write Σ^f for {E : E ∈ Σ, μE < ∞}. Now (X, Σ, μ) is semi-finite if μ is inner regular with respect to Σ^f .

(iii) (X, Σ, μ) is locally determined if it is semi-finite and A ∈ Σ whenever A ⊆ X is such that A ∩ E ∈ Σ for every E ∈ Σ such that μE < ∞.

(iv) (X, Σ, μ) is totally finite if μX < ∞.

(v) (X, Σ, μ) is atomless if whenever E ∈ Σ and μE > 0 then there is an F ∈ Σ such that F ⊆ E, μF > 0 and μ(E \ F ) > 0.

(c) Let (X, Σ, μ) be a measure space and T a topology on X.

(i) μ is a topological measure if it measures every open set (and therefore every Borel set).

(ii) μ is τ-additive if μ( � G) = sup_{G∈G} μG whenever G is a non-empty upwards-directed family in T ∩ Σ with union in T ∩ Σ.

(iii) μ is effectively locally finite if μE = sup{μ(G ∩ E) : G ∈ T ∩ Σ, μG < ∞} for every E ∈ Σ.

(iv) μ is a quasi-Radon measure if it is a complete locally determined τ-additive effectively locally finite topological measure on X which is inner regular with respect to the closed sets. (Remark: on a regular topological space, any τ-additive effectively locally finite topological measure which is inner regular with respect to the Borel sets is inner regular with respect to the closed sets; see Fremlin 03, 414Mb.)

(d)(i) If X and Y are topological spaces, μ is a measure on X and ϕ : X → Y is a function, I say that ϕ is measurable if μ measures ϕ^{−1}[H] for every open set H ⊆ Y , and almost continuous if μ is inner regular with respect to {K : K ⊆ X, ϕ↾K is continuous}.

(ii) If (X, Σ, μ) and (Y, T, ν) are measure spaces, a function ϕ : X → Y is inverse-measure-preserv-ing if μf^{−1}[F ] is defined and equal to νF for every F ∈ T.

4C The McShane integral Let (X, T, Σ, μ) be a quasi-Radon measure space. Let T = T (X, Σ^f ) be the family of finite subsets t of X × Σ^f such that C ∩ C^′ is empty whenever (x, C), (x^′, C^′) are distinct members of t. Let Δ = Δ(X, T) be the set of all neighbourhood gauges on X, that is, families δ ⊆ X × PX such that, for each x ∈ X, {C : (x, C) ∈ δ} is of the form PG for some open set G containing x. Note that δ_1 ∩ δ_2 ∈ Δ for all δ_1, δ_2 ∈ Δ. For any H ∈ Σ^f and η > 0, let R_{Hη} be the set {F : F ∈ Σ, μ(F ∩ H) ≤ η}. Let F be the filter on T generated by sets of the form

{t : t ∈ T is δ-fine and R_{Eη} -filling}

where δ runs over Δ, E over Σ^f and η over ]0, ∞[. (Because μ is an effectively locally finite τ-additive topological measure, there is indeed such a filter; see part (a) of the proof of 4E below.) The corresponding functional I_{μ,F} = McS � dμ is the McShane integral for vector-valued functions defined on X.

4D Remarks The definition here matches that of Bongiorno di Piazza & Musial 00; it differs significantly from that in Fremlin 95, and even more from that in Gordon 90 and Fremlin & Mendoza 94, but coincides with the earlier definitions in the contexts in which they were set out. For the identification of the integral here with that of Fremlin 95, see Bongiorno di Piazza & Musial 00 or Fremlin prET. Rather than appeal to these, I will repeat some of the theorems of Fremlin 95 in the new formulation.

4E Saks-Henstock Lemma (compare Fremlin 03, 482B) Let (X, T, Σ, μ) be a quasi-Radon measure space, U a Banach space, and f : X → U a McShane integrable function. Define T as in 4C. Then we have a unique additive function F : Σ → U such that F (X) = McS � fdμ and for every ϵ > 0 there are a neighbourhood gauge δ on X, an H ∈ Σ^f and an η > 0 such that whenever t ∈ T is δ-fine, W_t ⊆ E ∈ Σ and μ(H ∩ E \ W_t) ≤ η, then ‖S_t(f) − F (E)‖ ≤ ϵ.

proof (a) For any E ∈ Σ, let T_E be the set of those tagged partitions t ∈ T such that, for (x, C) ∈ t, C ⊆ E whenever x ∈ E and C ⊆ X \ E whenever x ∈ X \ E. Set R_{Hη} = {E : E ∈ Σ, μ(E ∩ H) ≤ η}, as in 4C. Then for any neighbourhood gauge δ on X, H ∈ Σ^f , η > 0 and finite E ⊆ Σ, there is a δ-fine R_{Hη} -filling t ∈ � E∈E T_E . PP Replacing E by the set of atoms in the finite algebra of sets which it generates, if necessary, it is enough to consider the case in which E is a partition of X. For x ∈ X set G_x = � {C : (x, C) ∈ δ}, so that G_x is an open set containing x. For each E ∈ E, {G_x : x ∈ E} is an open cover of H ∩ E, so there is

a finite set I_E ⊆ E such that μ(H ∩ E \ � x∈I_E Gx) ≤ η #(E) (see Fremlin 03, 414E; I am passing over the

trivial case E = X = ∅). Enumerate I_E as ⟨x(E, i)⟩_{i<nE} , and set C(E, i) = H ∩ E ∩ G_{x(E,i)} \ � j<i G_{x(E,j)} for i < n_E . Then t = {(x(E, i), C(E, i)) : E ∈ E, i < n_E } has the required properties. QQQ

(b) We therefore have a filter F^∗ on T generated by the sets

{t : t is δ-fine}

for neighbourhood gauges δ,

{t : t is R_{Hη} -filling}

for H ∈ Σ^f and η > 0, and the sets T_E for E ∈ Σ. For E ∈ Σ and t ∈ T , set t_E = {(x, C) : (x, C) ∈ t, x ∈ E}. Then

F (E) = lim_{t→F} ∗ S_{tE} (f)

is defined in U for every E ∈ Σ. PP Let ϵ > 0. Then there are a neighbourhood gauge δ and H ∈ Σ^f , η > 0 such that ‖S_t(f) − McS � fdμ‖ ≤ ϵ for every δ-fine, R_{H,2η}-filling t ∈ T . Now suppose that s, t ∈ T_E are δ-fine and R_{Hη} -filling. In this case, set t^′ = s_E ∪ t_{X\E} . Then t^′ is δ-fine and R_{H,2η} -filling. So

‖S_{sE} (f) − S_{tE} (f)‖ = ‖S_t′_E (f) − S_{tE} (f)‖ = ‖S_t′ (f) − S_t(f)‖ ≤ 2ϵ.

As {t : t ∈ T_E is δ-fine and R_{Hη} -filling} belongs to F^∗, and U is complete, this is enough to show that lim_{t→F} ∗ S_{tE} (f) is defined in U. QQQ

(c) To see that F is additive, observe that if E, E^′ ∈ Σ are disjoint, and t ∈ T_E ∩ T_E′ , then S_{tE∪E′} (f) = S_{tE} (f) + S_{tE′} (f); taking the limit along F^∗, F (E ∪ E^′) = F (E) + F (E^′).

As for McS � fdμ, this is just the limit of S_t(f) along the smaller filter on T generated by the gauges and the residual families, so must be equal to F (X).

(d) Now for the approximating property claimed for F . Given ϵ > 0, take a neighbourhood gauge δ, an H ∈ Σ^f and an η > 0 such that ‖S_t(f) − McS � fdμ‖ ≤^1_3 ϵ for every δ-fine R_{H,2η} -filling t. Suppose that t ∈ T is δ-fine, E ⊇ W_t and μ(H ∩ E \ W_t) ≤ η. Then (using the technique in (a)) we can find a δ-fine s ∈ T such that W_s ⊆ X \ E and μ((H \ E) \ W_s) ≤ η. At the same time, there is a δ-fine R_{Hη} -filling u ∈ T_E such that ‖F (E) − S_{uE} (f)‖ ≤^1_3 ϵ. In this case, both t ∪ s and u_E ∪ s are δ-fine and R_{H,2η} -filling. So

‖F (E) − S_t(f)‖ ≤ ‖F (E) − S_{uE} (f)‖ + ‖S_{uE ∪s}(f) − S_{t∪s}(f)‖

≤^1_3 ϵ + ‖S_{uE ∪s}(f) − McS � fdμ‖ + ‖ McS � fdμ − S_{t∪s}(f)‖ ≤ ϵ

as required.

(e) Of course this requirement determines F completely. So the proof is complete.

4F Theorem Let (X, T, Σ, μ) be a quasi-Radon measure space and f : X → R a McShane integrable function. Let F : Σ → R be the Saks-Henstock indefinite integral as defined in 4E. Then the f is integrable in the ordinary sense, and � E fdμ = F (E) for every E ∈ Σ.

proof For each m ∈ N, choose a neighbourhood gauge δ_m on X, an H_m ∈ Σ^f and an η_m ∈ ]0, 2^{−m}] such that ‖F (E) − S_t(f)‖ ≤ 2^{−m} whenever t ∈ T is δ_m-fine, W_t ⊆ E ∈ Σ and μ(H_m ∩ E \ W_t) ≤ η_m.

(a) f is measurable. PP?? If not, then, because μ is complete and locally determined, there are a set E_0 ∈ Σ^f and α < β in R such that A = {x : x ∈ E_0, f(x) ≤ α} and B = {x : x ∈ E_0, f(x) ≥ β} both have outer measure μE_0 > 0 (see Fremlin 03, 413G). Take any m ∈ N. Set G_x = � {C : (x, C) ∈ δ_m} for each x ∈ X; then � x∈A G_x is an open set including A, so μ(E_0 ∩ � x∈A G_x) = μE_0 and there is a finite sequence ⟨x_i⟩_{i<n} in A such that μ(E_0 \ � i<n G_{xi} ) ≤ η_m. Set C_i = E_0 ∩ G_{xi} \ � j<i G_{xj} for each i < n, t = {(x_i, C_i) : i < n}. Then W_t = � i<n C_i ⊆ E_0 and μ(E_0 \ W_t) ≤ η_m ≤ 2^{−m}, while t is δ_m-fine. So

F (E_0) ≤ S_t + 2^{−m} ≤ αμW_t + 2^{−m} ≤ αμE_0 + 2^{−m}(1 + |α|).

Similarly, F (E_0) ≥ βμE_0−2^{−m}(1+|β|), so (β−α)μE_0 ≤ 2^{−m}(2+|α|+|β|). As m is arbitrary, (β−α)μE_0 = 0, which is impossible. XXQQQ

(b) Now set V = {x : f(x) ≥ 0}. Then � V fdμ ≤ F (V )+3. PP?? Otherwise, we can find a simple function g such that 0 ≤ g ≤ f^+ and � g dμ ≥ F (V ) + 3. Express g as

�_n i=0 α_iχE_i where E_0, . . . , E_n are disjoint measurable sets of finite measure and α_i ≥ 0 for every i. Let η ∈ ]0, η_0] be such that η max_{i≤n} α_i ≤ 1. Then we can find a δ_0-fine t ∈ � i≤n T_{Ei} ∩ T_V (as defined in the proof of 4E) such that μ((H_0 ∪ � i≤n E_i) \ W_t) ≤ η.

In this case, setting s = {(x, C) : (x, C) ∈ t, x ∈ V }, s is δ_0-fine and μ(V ∩ H_0 \ W_s) ≤ η_0, so

F (V ) ≥ S_s(f) − 1 ≥ n� i=0 α_iμ(E_i ∩ W_s) − 1

(because if (x, C) ∈ s, then f(x) ≥ 0, while if C ∩ E_i ≠ ∅ then C ⊆ E_i and x ∈ E_i) ≥ n� i=0 α_iμE_i − 2 > F (V ),

which is impossible. XXQQQ

Similarly, � X\V f ≥ F (X \ V ) − 3, so f is integrable in the usual sense.

(c) For the identification between F and the ordinary indefinite integral of f, take any m ∈ N. Then we can find H ∈ Σ^f and η > 0 such that H ⊇ H_m, η ≤^1_2 η_m and � E |f| ≤ 2^{−m} whenever μ(E ∩ H) ≤ η.

Let k ∈ N be such that μ{x : x ∈ H, |f(x)| ≥ 2^k} ≤ η and 2^{−k}μH ≤ 2^{−m}, and for −4^k ≤ i ≤ 4^k set E_i = {x : x ∈ H, 2^{−k}i ≤ f(x) < 2^{−k}(i + 1)}. Now suppose that E ∈ Σ. Then we can find a δ_m-fine R_{Hη} -filling t ∈ � |i|≤4^k TE∩Ei . Taking s = {(x, C) : (x, C) ∈ t, x ∈ � |i|≤4^k E ∩ Ei}, s is δm-fine, Ws ⊆ E and μ(H_m ∩ E \ W_s) ≤ μ(H ∩ E \ � |i|≤4^k Ei) + μ(H ∩ � |i|≤4^k Ei \ Wt) ≤ 2η ≤ ηm.

So |F (E) − S_s(f)| ≤ 2^{−m}. On the other hand, whenever (x, C) ∈ s and y ∈ C, there is some i such that x ∈ E_i and C ⊆ E_i, so that |f(x) − f(y)| ≤ 2^{−k}; accordingly

|S_sf − � W_s

fdμ| ≤ � (x,C)∈s

|f(x)μC − � C fdμ| ≤ � (x,C)∈s

2^{−k}μC

= 2^{−k}μW_s ≤ 2^{−k}μH ≤ 2^{−m}.

Finally, because μ(H \ � |i|≤4^k Ei) and μ(E ∩ H ∩ � |i|≤4^k Ei \ Ws) ≤ μ(E ∩ H \ Wt) are both at most

η, | � E fdμ − � W_s fdμ| ≤ 2

−m+1. Putting these together, |F (E) − �

E fdμ| ≤ 2^{−m+2}; as m is arbitrary, F (E) = � E fdμ.

4G Theorem Let (X, T, Σ, μ) be a quasi-Radon measure space, U and V Banach spaces, and P : U → V a continuous linear operator. If f : X → U is McShane integrable, so is P f : X → V , and McS � P fdμ = P (McS � fdμ). Moreover, if F : Σ → U is the Saks-Henstock indefinite integral of f, then P F : Σ → V is the Saks-Henstock indefinite integral of P f.

proof We have only to note that for every tagged partition t we shall have S_t(P f) = P (S_t(f)), and take appropriate limits.

4H Theorem Let (X, T, Σ, μ) be a quasi-Radon measure space, U a Banach space, and f : X → U a McShane integrable function. Then f is Pettis integrable, and its Saks-Henstock indefinite integral is its indefinite Pettis integral.

proof Let F be the Saks-Henstock indefinite integral of f. Applying 4G to linear operators h ∈ U^∗, we see that hf is McShane integrable, with Saks-Henstock indefinite integral hF . By 4F, � E hfdμ is defined and equal to h(F (E)) for every E ∈ Σ, h ∈ U^∗; but this is just the definition of Pettis integrability and indefinite Pettis integral.

4I Theorem Let (X, T, Σ, μ) be a quasi-Radon measure space in which μ is outer regular with respect to the open sets, and U a Banach space. If f : X → U is Bochner integrable, then f is McShane integrable.

proof (a) Suppose first that f is of the form χE_0 ·u where E_0 ∈ Σ^f , so that f(x) = u if x ∈ E_0, 0 otherwise. Let ϵ > 0. Because μ is inner regular with respect to the closed sets and outer regular with respect to the open sets, there are a closed set E_1 ⊆ E_0 and an open set G ⊇ E_0 such that μ(G \ E_1) ≤ ϵ. Let δ be the neighbourhood gauge

{(x, C) : x ∈ X, C ⊆ X, x ∈ G ⇒ C ⊆ G, x /∈ E_1 ⇒ C ∩ E_1 = ∅}.

If t ∈ T = T (X, Σ^f ) is δ-fine and R_{E0 ϵ}-filling, set s = {(x, C) : (x, C) ∈ t, x ∈ E_0}, so that S_t(f) = μW_s · u. Also

E_0 \ W_s ⊆ (E_0 \ W_t) ∪ (E_0 \ E_1)

because C ∩ E_1 = ∅ if (x, C) ∈ t and x /∈ E_0, while

W_s \ E_0 ⊆ G \ E_0

because C ⊆ G if (x, C) ∈ t and x ∈ E_0. Accordingly

μ(E_0△W_s) ≤ μ(E_0 \ W_t) + μ(E_0 \ E_1) + μ(G \ E_0) ≤ 2ϵ, and ‖S_t(f) − B � fdμ‖ = ‖μW_s · u − μE_0 · u‖ ≤ 2ϵ‖u‖.

As ϵ is arbitrary, McS � fdμ is defined and equal to B � fdμ.

(b) It follows at once that McS � fdμ = B � fdμ for every ‘simple’ function f : X → U, that is, a measurable function taking finitely many values such that {x : f(x) ≠ 0} has finite measure.

(c) Now observe that if f : X → U is a measurable function and γ > � ‖f‖dμ, there is a neighbourhood gauge δ on X such that ‖S_t(f)‖ ≤ γ for every δ-fine tagged partition t. PP Set E = {x : f(x) ≠ 0}; then E is covered by a sequence of sets of finite measure, so there is a g_0 : X → [0, ∞[ such that g_0(x) > ‖f(x)‖ for every x ∈ E and � g dμ < γ. Because μ is outer regular with respect to the open sets, there is a lower semi-continuous function g : X → [0, ∞] such that g_0 ≤ g and � g dμ ≤ γ (Fremlin 03, 412W).

Set G_x = {y : g(y) > ‖f(x)‖} for x ∈ E, X for x ∈ X \ E; then δ = {(x, C) : x ∈ X, C ⊆ G_x} is a neighbourhood gauge on X. Let t ∈ T be any δ-fine tagged partition. Then for each (x, C) ∈ t we have either f(x) = 0 or g(y) > ‖f(x)‖ for every y ∈ C, so

‖S_t(f)‖ ≤ � (x,C)∈t ‖f(x)‖μC ≤ � (x,C)∈t � C g dμ ≤ γ. QQQ

(d) Now let f : X → U be any Bochner integrable function, and ϵ > 0. Then there is a simple function f_0 : X → U such that � ‖f −f_0‖dμ ≤ ϵ. By (b), there are a neighbourhood gauge δ_1 on X, an H ∈ Σ^f and an η > 0 such that ‖S_t(f_0) − B � f_0dμ‖ ≤ ϵ for every δ_1-fine R_{Hη} -filling t ∈ T . By (c), there is a neighbourhood gauge δ_2 such that ‖S_t(f − f_0)‖ ≤ 2ϵ for every δ_2-fine t ∈ T . Now δ = δ_1 ∩ δ_2 is a neighbourhood gauge on X, and if t ∈ T is δ-fine and R_{Hη} -filling then

‖S_t(f) − B � fdμ‖ ≤ ‖S_t(f − f_0)‖ + ‖S_t(f_0) − B � f_0dμ‖ + ‖ B � f_0dμ − B � fdμ‖ ≤ 4ϵ.

As ϵ is arbitrary, McS � fdμ is defined and equal to B � fdμ.

4J Corollary Let (X, T, Σ, μ) be a quasi-Radon measure space in which μ is outer regular with respect to the open sets, and U a separable Banach space. Then the Pettis, Bochner and McShane integrals coincide for bounded functions from X to U.

proof Because U is separable, the Pettis and Bochner integrals coincide (); now 4I and 4H tell us that (because μ is outer regular) the McShane integral agrees with both.

4K The problem Can the McShane integral be described in terms of the measure space (X, Σ, μ) without reference to the topology? I have been able to show that if U = ℓ^∞ and X is the union of a sequence of open sets of finite measure then the McShane integral always coincides with the Birkhoff integral (Fremlin n92), so the topology is irrelevant. Di Piazza & Preiss p03 give examples of spaces U of arbitrarily large weight for which the McShane and Pettis integrals must coincide, so again the McShane integral cannot depend on the topology. But for arbitrary U, I do not know whether we can have two topologies S, T on [0, 1] for both of which Lebesgue measure is quasi-Radon but the McShane integrals for U-valued functions are different.

4L Lemma Let (X, Σ, μ) be an atomless totally finite measure space, and G_0, . . . , G_n ∈ Σ. Suppose that α_0, . . . , α_n ≥ 0 are such that � i∈I α_i ≤ μ( � i∈I G_i) for every I ⊆ n + 1. Then there are disjoint E_0, . . . , E_n ∈ Σ such that E_i ⊆ G_i for every i and μE_i = α_i for every i.

proof Bollobás & Varopoulos 75, or use the max-flow min-cut theorem.

4M Lemma Let (X, T, Σ, μ) be an atomless totally finite quasi-Radon measure space, U a Banach space, f : X → U a McShane integrable function with McS � fdμ = w and ϵ > 0. Then there are an η > 0 and a family ⟨G_x⟩_{x∈X} in T such that x ∈ G_x for every x and ‖w − � i<n α_if(x_i)‖ ≤ ϵ whenever x_i ∈ X, α_i ≥ 0 are such that � i<n α_i ≥ μX − η and � i∈J α_i ≤ μ( � i∈J G_{xi} ) for every J ⊆ n.

proof Let δ ∈ Δ(X, T), η > 0 be such that ‖w − S_t(f)‖ ≤ ϵ whenever t ∈ T = T (X, Σ) is δ-fine and μW_t ≥ μX − η. Set G_x = � {C : (x, C) ∈ δ} for each x ∈ X, so that G_x is open and δ = {(x, C) : x ∈ X, C ⊆ G_x}. Suppose that x_i ∈ X, α_i ≥ 0 are such that � i<n α_i ≥ μX − η and � i∈J α_i ≤ μ( � i∈J G_{xi} ) for every J ⊆ n. By Lemma 4L, there are disjoint measurable F_i ⊆ G_{xi} , for i < n, such that μF_i = α_i for each i. So t = {(x_i, F_i) : i < n} belongs to T and is δ-fine, and μW_t = � i<n α_i ≥ μX − η. Accordingly

‖w − � i<n α_if(x_i)‖ = ‖w − S_t(f)‖ ≤ ϵ.

As x_i and α_i are arbitrary, we have appropriate G_x and η.

4N Theorem Suppose that (X, T, Σ, μ) and (Y, S, T, ν) are atomless quasi-Radon probability spaces, and ϕ : X → Y an almost continuous inverse-measure-preserving function. If U is a Banach space and f : Y → U is McShane integrable, then fϕ : X → Y is McShane integrable, with the same integral.

proof Write w for McS � f dν. Let ϵ > 0. By Lemma 4M, there are an η > 0 and a family ⟨H_y⟩_{y∈Y} in S such that y ∈ H_y for every y and ‖w− � i<n α_if(y_i)‖ ≤ ϵ whenever y_i ∈ Y , α_i ≥ 0 are such that � i<n α_i ≥ 1−3η and � i∈J α_i ≤ ν( � i∈J H_{yi} ) for every J ⊆ n.

For each n ∈ N, let K_n ⊆ X be a closed set such that ϕ↾K_n is continuous and μ(X \ K_n) ≤ 2^{−n} min(η, ϵ). For x ∈ X, let n_x ∈ N be such that n_x ≤ ‖f(ϕ(x))‖ < n_x + 1 and take G_x ∈ T such that x ∈ G_x and K_{nx} ∩ G_x ⊆ ϕ^{−1}[H_{ϕ(x)}]. Let δ be the neighbourhood gauge {(x, C) : x ∈ X, C ⊆ G_x}. Suppose that s ∈ T (X, Σ) is δ-fine and such that μW_s ≥ 1 − η. Set

s^′ = {(x, E ∩ K_{nx} ) : (x, E) ∈ s}.

so that s^′ ∈ T (X, Σ) is δ-fine. Then

‖S_s(fϕ) − S_s′ (fϕ)‖ ≤ � (x,E)∈s

‖f(x)‖μ(E \ K_{nx} )

= ∞� n=0 � (x,E)∈s nx=n

‖f(x)‖μ(E \ K_{nx} )

≤ ∞� n=0 (n + 1)μ(X \ K_n) ≤ ∞� n=0 2^{−n}(n + 1)ϵ = 4ϵ,

μ(W_s \ W_s′ ) ≤ � (x,E)∈s

μ(E \ K_{nx} )

= ∞� n=0 � (x,E)∈s nx=n

μ(E \ K_{nx} )

≤ ∞� n=0 μ(X \ K_n) ≤ ∞� n=0 2^{−n}η = 2η.

Enumerate s^′ as ⟨(x_i, E_i)⟩_{i<n}. Then � i∈J μE_i ≤ μ( � i∈J ϕ^{−1}[H_{ϕ(xi)}]) = ν( � i∈J H_{ϕ(xi)})

for any J ⊆ n, while � i<n μE_i = μW_s′ ≥ μW_s − 2η ≥ 1 − 3η. So ‖w − S_s′ (fϕ)‖ = ‖w − � i<n μE_i · f(ϕ(x_i))‖ ≤ ϵ,

and ‖w − S_s(fϕ)‖ ≤ 5ϵ. As ϵ is arbitrary, McS � fϕ dμ = w, as required.

remark The hypothesis ‘atomless’ can be omitted; see Fremlin prET.

4O The following fact will be useful below (in the special case X = [0, 1], for which the proof can be shortened a good deal), and seems to be interesting in itself.

Lemma Let (X, T, Σ, μ) be a σ-finite quasi-Radon measure space with countable Maharam type, and ϵ > 0. Then there is an order-preserving function ψ : Σ → T such that μ(E \ψE) = 0 and μ(ψE \E) ≤ ϵ min(1, μE) for every E ∈ Σ, while ψE = ψF if E△F is negligible.

Remark Of course the phrase ‘ψE = ψF if E△F is negligible’ tells us that really we are dealing with a function defined on the measure algebra.

proof (a) Consider first the case in which X = {0, 1}^N with its usual topology and μ is a probability measure. Let C be the family of all sets C of the form {x : x ∈ X, x↾n = z} where n ∈ N and z ∈ {0, 1}^n. For E ∈ Σ set

ψE = � {C : C ∈ C, μ(E ∩ C) ≥^1_{1+ϵ} μC}.

Then ψE is always open. By Lévy’s martingale theorem (Fremlin 01, 275I), applied to the finite σ-algebras Σ_n = {E : E ∈ Σ is determined by coordinates < n}, E \ψE is negligible for every E ∈ Σ. Clearly ψE ⊆ ψF whenever E ⊆ F , and ψE = ψF if E△F is negligible. To estimate μ(ψE), note that C is an inverted tree.

So if we set A = {C : C ∈ C, μ(E ∩ C) ≥^1_{1+ϵ} μC} and look at the set A_1 of maximal elements of A, these are disjoint and their union is ψE; so that

μ(ψE) = � C∈A_1 μC ≤ � C∈A_1 (1 + ϵ)μ(E ∩ C) ≤ (1 + ϵ)μE.

So μ(ψE \ E) ≤ ϵμE.

(b) Evidently the result of (a) applies to any totally finite Radon measure on {0, 1}^N. Now let (X, T, Σ, μ) be any quasi-Radon probability measure with countable Maharam type. Because μ has countable Maharam type, there is a sequence ⟨E_n⟩_{n∈N} in Σ such that {E^•_n : n ∈ N} generates the measure algebra A of μ; because μ is σ-finite, A is ccc and is the σ-subalgebra of itself generated by {E^•_n : n ∈ N}. This means that, writing Σ_0 for the σ-algebra of sets generated by {E_n : n ∈ N}, every member of Σ differs by a negligible set from some member of Σ_0. Define f : X → {0, 1}^N by setting f(x)(n) = (χE_n)(x) for all x ∈ X, n ∈ N. Then f is measurable; because {0, 1}^N is separable and metrizable, and μ is inner regular with respect to the closed sets, f is almost continuous (Fremlin 03, 418J).

Because μ is effectively locally finite, it is inner regular with respect to the family K of measurable sets K included in open sets of finite measure such that f↾K is continuous. Because μ is σ-finite, there is a disjoint sequence ⟨K_n⟩_{n∈N} in K such that � n∈N K_n is conegligible. For each n ∈ N, there is an open set G_n ⊇ K_n of finite measure; again because μ is inner regular with respect to the closed sets, we can find a non-increasing sequence ⟨G_{ni}⟩_{i∈N} of open sets including K_n such that μ(G_{ni} \ K_n) ≤ 2^{−n−i−2}ϵ for each i ∈ N.

(c) For each n ∈ N, we have a Radon measure ν_n on {0, 1}^N defined by setting ν_nF = μ(K_n ∩ f^{−1}[F ]) for every Borel set F ⊆ {0, 1}^N; let T_n be the domain of ν_n. Write S for the topology of {0, 1}^N, and let ψ_n : T_n → S be an order-preserving function such that

ν_n(F \ ψ_nF ) = 0, ν_n(ψ_{ni}F \ F ) ≤ 2^{−n−2}ϵ min(1, ν_nF )

for every F ∈ T_n, and ψ_nF = ψ_nF^′ whenever ν_n(F △F^′) = 0. Then we can define ψ : Σ → T by setting

ψE = ∅ if μE = 0, = � n∈N (G_{ni} \ K_n) ∪ (K_n ∩ f^{−1}[ψ_nF ])

whenever i = min{j : j ∈ N, μE ≥ 2^{−j} } and F is a Borel subset of {0, 1}^N such that μ(E△f^{−1}[F ])) = 0. Because E is equivalent to the inverse image of a Borel set, we can always find such an F ; because ψ_nF = ψ_nF^′ whenever ν_n(F △F^′) = 0, it won’t matter which we take. Because ψ_nF is open and f↾K_n is continuous for every n, ψE will be open. Because � n∈N K_n is conegligible and F \ ψ_nF is always ν_n-negligible, E \ ψE is μ-negligible.

Consider μ(ψE \ E). If μE = 0, this is zero, as ψE = 0. Otherwise, set i = min{j : μE ≥ 2^{−j} }, so that min(1, μE) ≥ 2^{−i}. Then μ(ψE \ E) ≤ ∞� n=0 μ(G_{ni} \ K_n) + μ(K_n ∩ f^{−1}[ψ_nF ] \ E)

≤ ∞� n=0 2^{−n−i−2}ϵ + μ(K_n ∩ f^{−1}[ψ_nF ] \ f^{−1}[F ])

= 2^{−i−1}ϵ + ∞� n=0 ν_n(ψ_nF \ F )

≤ 2^{−i−1}ϵ + ∞� n=0 2^{−n−2}ϵ min(1, ν_nF )

≤^1_2 ϵ min(1, μE) +^1_2 ϵ ∞� n=0 min(2^{−n−1}, μ(K_n ∩ E))

≤^1_2 ϵ min(1, μE) +^1_2 ϵ min(1, μE) = ϵ min(1, μE),

which is what we need. Finally, if E ⊆ E^′ and μE = 0, of course ψE ⊆ ψE^′. If μE > 0, then for any corresponding F and F^′ we must have ν_n(F \ F^′) = 0 for every n, so that ψ_nF = ψ_n(F ∩ F^′) ⊆ ψ_nF^′; at the same time, if i = min{j : μE ≥ 2^{−j} } and i^′ = min{j : μE ≥ 2^{−j} }, then i ≥ i^′ so G_{ni} ⊆ G_{ni}′ for every n. Assembling these, we have ψE ⊆ ψE^′, as required.

4P Problem ET Let μ_L be Lebesgue measure on [0, 1]. Consider the statement

(†) whenever ⟨G_x⟩_{x∈[0,1]} is a family of open subsets of R such that μ_L(A \ � x∈A G_x) = 0 for every A ⊆ [0, 1], and ϵ > 0, there is a family ⟨H_x⟩_{x∈[0,1]} of open sets such that x ∈ H_x for every x ∈ [0, 1] and μ_L( � x∈A H_x \ � x∈A G_x) ≤ ϵ for every A ⊆ [0, 1].

If this is true, we have the following result.

4Q Proposition Let T be the usual topology on [0, 1], and S another topology on [0, 1] with respect to which Lebesgue measure μ_L on [0, 1] is quasi-Radon. Let U be a Banach space, and I_T, I_S the U-valued McShane integrals. Then I_S extends I_T, and if (†) in 4P is true, then I_S = I_T.

proof (a) Write Σ for the σ-algebra of Lebesgue measurable subsets of [0, 1]. The identity map ι from ([0, 1], Σ) to ([0, 1], T) is measurable; because T is separable and metrizable, and μ_L is inner regular with respect to the S-closed sets, ι is almost continuous (Fremlin 03, 418J), so every I_T-integrable function is I_S-integrable with the right integral (Proposition 4N).

(b) Now suppose that (†) is true, U is a Banach space and f : [0, 1] → U is such that w = I_S(f) is defined. Let ϵ > 0. Then there are an η > 0 and a family ⟨W_x⟩_{x∈[0,1]} in S such that ‖w − � i<n α_if(x_i)‖ ≤ ϵ whenever x_i ∈ [0, 1], α_i ≥ 0 are such that � i<n α_i ≥ 1 − 5η and � i∈J α_i ≤ μ_L( � i∈J W_{xi} ) for every J ⊆ n.

For each n ∈ N, let ψ_n : Σ → T be an order-preserving function such that E \ ψ_nE is negligible and μ_L(ψ_nE \ E) ≤ 2^{−n}η for every E ∈ Σ (4O). Set A_n = {x : x ∈ [0, 1], n ≤ ‖f(x)‖ < n + 1} for n ∈ N. For x ∈ A_n, set G_x = ψ_nW_x. Then μ_L(A \ � x∈A G_x) = 0 for every A ⊆ [0, 1]. PP {W_x : x ∈ A} ⊆ S; because μ_L is a τ-additive topological measure for S, there is a countable A^′ ⊆ A such that � x∈A W_x \ � x∈A^′ Wx

is negligible. But now A \ � x∈A G_x ⊆ ( � x∈A W_x \ � x∈A^′ Wx) ∪ � x∈A^′ Wx \ Gx

is negligible. QQQ So (†) tells us that for each n ∈ N we have a family ⟨W^′_{nx}⟩_{x∈[0,1]} in T such that x ∈ W^′_{nx} for every x and μ_L( � x∈A W^′_{nx} \ � x∈A G_x) ≤ 2^{−n}η for every A ⊆ [0, 1]. Set

δ^′ = � n∈N{(x, C) : x ∈ A_n, C ⊆ W^′_{nx}},

so that δ^′ is a T-neighbourhood gauge on [0, 1].

If A ⊆ A_n, then μ_L( � x∈A W^′_{nx} \ � x∈A W_x) ≤ 2^{−n+1}η. PP

� x∈A W^′_{nx} \ � x∈A W_x ⊆ ( � x∈A W^′_{nx} \ � x∈A G_x) ∪ ( � x∈A G_x \ � x∈A W_x) ⊆ ( � x∈A W^′_{nx} \ � x∈A G_x) ∪ (ψ_n( � x∈A W_x) \ � x∈A W_x)

because ψ_n is order-preserving; but each item in the last expression has measure at most 2^{−n}η. QQQ Let t ∈ T be δ^′-fine and such that μ_LW_t ≥ 1 − η. For each n ∈ N, set

H_n = � (x,E)∈t,x∈A_n W ′ nx \ � (x,E)∈t,x∈A_n Wx,

so that μ_LH_n ≤ 2^{−n+1}η. Set α_{(x,E)} = μ_L(E \ H_n) when (x, E) ∈ t and x ∈ A_n. Then for any s ⊆ t, � (x,E)∈s

α_{(x,E)} = ∞� n=0 � (x,E)∈s x∈An

μ_L(E \ H_n)

= μ_L( � n∈N ( � (x,E)∈s x∈An

E \ H_n))

≤ μ_L( � n∈N ( � (x,E)∈s x∈An

W^′_{nx} \ H_n))

≤ μ_L( � n∈N � (x,E)∈s x∈An

W_x) = μ_L( � (x,E)∈s

W_x).

Also � (x,E)∈t

(μ_LE − α_{(x,E)}) = ∞� n=0 � (x,E)∈t x∈An

μ_L(E ∩ H_n)

≤ ∞� n=0 μ_LH_n ≤ 4η, so � (x,E)∈t α(x,E) ≥ 1 − 5η. By the choice of ⟨Wx⟩x∈[0,1] and η, ‖w − � (x,E)∈t α(x,E)f(x)‖ ≤ ϵ. On the

other hand

‖S_t(f) − � (x,E)∈t

α_{(x,E)}f(x)‖ ≤ ∞� n=0 � (x,E)∈t x∈An

(n + 1)|μ_LE − α_{(x,E)}|

= ∞� n=0 (n + 1) � (x,E)∈t x∈An

μ_L(E ∩ H_n)

≤ ∞� n=0 (n + 1)μ_LH_n

≤ ∞� n=0 2^{−n+1}(n + 1)η = 8η ≤ 8ϵ.

So ‖w − S_t(f)‖ ≤ 9ϵ. As ϵ is arbitrary, I_T(f) = w; as f is arbitrary, I_S = I_T.

4R Remarks (a) It is easy to show that if ⟨G_x⟩_{x∈[0,1]} is any family of relatively open subsets of [0, 1] such that A\ � x∈A G_x is negligible for every A ⊆ [0, 1], and S is the topology on [0, 1] generated by the usual topology and {{x} ∪ G_x : x ∈ [0, 1]}, then Lebesgue measure is τ-additive for S, therefore quasi-Radon. So families of this kind can be taken as representative of neighbourhood gauges for topologies on [0, 1] which are compatible in this sense with Lebesgue measure.

(b) Suppose that ⟨G_x⟩_{x∈[0,1]} is a family of relatively open subsets of [0, 1] such that lim sup_{η↓0}^1_{2η} μ_L(G_x ∩ [x − η, x + η]) > 0 for every x ∈ [0, 1]. Then A^′ = A \ � x∈A G_x is negligible for every A ⊆ [0, 1]. PP?? If not, then there is an x ∈ A^′ such that lim_{η↓0}^1_{2η} μ^∗_L(A^′ ∩ [x − η, x + η]) = 1 (Fremlin 01, 261D). But as A^′ ∩ G_x = ∅ this is impossible. XXQQQ (Compare Fremlin 03, 453Xk.)

Even for families of this kind I have not been able to determine whether (†) is true.

Basic references: Fremlin 03, §§481-482, Fremlin 95, Fremlin prET. Further reading: Fremlin n92.

References

Items marked * are obtainable via my home page

http://www.essex.ac.uk/maths/staff/fremlin.

Bollobás B. & Varopoulos N.Th. [75] ‘Representation of systems of measurable sets’, Math. Proc. Cambridge Phil. Soc. 78 (1975) 323-325.

Bongiorno B., di Piazza L. & Musial K. [00] ‘An alternate approach to McShane integral’, Real Analysis Exchange 25 (2000) 829-848.

Burke M.R. [93] ‘Liftings for Lebesgue measure’, pp. 119-150 in Judah 93.

di Piazza L. & Preiss D. [p03] ‘When do McShane and Pettis integrals coincide?’, to appear in Illinois J. Math.

Fremlin D.H. [89] ‘Measure algebras’, pp. 876-980 in Monk 89.

Fremlin D.H. [95] ‘The generalized McShane integral’, Illinois J. Math. 39 (1995) 39-67. Fremlin D.H. [00] Measure Theory, Vol. 1: The Irreducible Minimum. Torres Fremlin, 2000. Fremlin D.H. [01]* Measure Theory, Vol. 2: Broad Foundations. Torres Fremlin, 2001. Fremlin D.H. [02]* Measure Theory, Vol. 3: Measure Algebras. Torres Fremlin, 2002. Fremlin D.H. [03]* Measure Theory, Vol. 4: Topological Measure Theory. Torres Fremlin, 2003. Fremlin D.H. [08]* Measure Theory, Vol. 5: Set-theoretic measure theory. Torres Fremlin, 2008. Fremlin D.H. [n92]* ‘The McShane and Birkhoff integrals of vector-valued functions’, University of Essex Mathematics Department Research Report 92-10, 1992.

Fremlin D.H. [n08]* ‘Talagrand’s example’, note of 4.8.08. Fremlin D.H. [prET]* ‘Problem ET’, note of 13.5.03. Fremlin D.H. [prW]* ‘Problem W’, note of 14.5.03.

Fremlin D.H. & Mendoza J. [94] ‘On the integration of vector-valued functions’, Illinois J. Math. 38 (1994) 127-147.

Geschke S. [02] ‘On tightly κ-filtered Boolean algebras’, Algebra Universalis 47 (2002) 69-93. Gordon R.A. [90] ‘The McShane integral of Banach-valued functions’, Illinois J. Math. 34 (1990) 557-567. Gordon R.A. [94] The Integrals of Lebesgue, Denjoy, Perron and Henstock. Amer. Math. Soc., 1994 (Graduate Studies in Mathematics 4).

Henstock R. [91] The General Theory of Integration. Oxford U.P., 1991.

Judah H. [93] (ed.) Proceedings of the Bar-Ilan Conference on Set Theory and the Reals, 1991. Amer. Math. Soc. (Israel Mathematical Conference Proceedings 6), 1993.

Just W. [92] ‘A modification of Shelah’s oracle-c.c., with applications’, Trans. Amer. Math. Soc. 329 (1992) 325-356.

Kalton N.J. [89] ‘The Maharam problem’, Sém. d’Initiation à l’Analyse, Publ. Math. Univ. Pierre et Marie Curie (Univ. Paris VI) (1989) 18.01-18.03.

Kalton N.J. & Roberts J.W. [83] ‘Uniformly exhaustive submeasures and nearly additive set functions’, Trans. Amer. Math. Soc. 278 (1983) 803-816.

Kranz P. & Labuda I. [93] (eds.) Proceedings of the Orlicz Memorial Conference, 1991 , unpublished manuscript, available from first editor (mmkranz@olemiss.edu).

Maharam D. [42] ‘On homogeneous measure algebras’, Proc. Nat. Acad. Sci. U.S.A. 28 (1942) 108-111. Maharam D. [47] ‘An algebraic characterization of measure algebras’, Ann. Math. 48 (1947) 154-167. Maharam D. [58] ‘On a theorem of von Neumann’, Proc. Amer. Math. Soc. 9 (1958) 987-994. Meyer P.A. [75] Séminaire de Probabilités IX. Springer, 1975 (Lecture Notes in Mathematics 465). Mokobodzki G. [75] ‘Relèvement borelien compatible avec une classe d’ensembles négligeables. Application à la désintégration des mesures’, pp. 437-442 in Meyer 75.

Monk J.D. [89] (ed.) Handbook of Boolean Algebra. North-Holland, 1989. Roberts J.W. [93] ‘Maharam’s problem’, in Kranz & Labuda 93.

Schwartz L. et al. [73] Radon Measures on arbitrary topological spaces and cylindrical measures. Oxford U.P., 1973.

Shelah S. [83] ‘Lifting problem of the measure algebra,’ Israel J. Math. 45 (1983) 90-96. Talagrand M. [80] ‘A simple example of a pathological submeasure’, Math. Ann. 252 (1980) 97-102. Talagrand M. [08] ‘Maharam’s problem’, Annals of Math. 168 (2008) 981-1009.

Wage M. [80] ‘Products of Radon spaces’, Russian Math. Surveys 35:3 (1980) 185-187.