filename n02l14.tex Version of 14.1.03 SSP and wQN D.H.Fremlin University of Essex, Colchester, England; Fields Institute, Toronto

1 Definitions (a) A topological space X has the SSP if whenever ⟨⟨f_{ni}⟩_{i∈N}⟩_{n∈N} is a family in C(X) such that lim_{i→∞} f_{ni}(x) = 0 for every x ∈ X and n ∈ N, then there is a sequence ⟨i_n⟩_{n∈N} such that lim_{n→∞} f_{n,in} (x) = 0 for every x ∈ X.

(b) A topological space X is wQN (‘weakly quasi-normal’) if whenever ⟨f_i⟩_{i∈N} is a sequence in C(X) such that lim_{i→∞} f_i(x) = 0 for every x ∈ X, then there is a strictly increasing sequence ⟨i_n⟩_{n∈N} such that {n : |f_{in} (x)| ≥ 2^{−n}} is finite for every x ∈ X.

(c) A topological space X is an s_1-space (Fremlin 94) if whenever A ⊆ C(X) and ⟨⟨f_{ni}⟩_{i∈N}⟩_{n∈N}, ⟨f_n⟩_{n∈N}, f are such that f_{ni} ∈ A for all n, i ∈ N, f_n ∈ C(X) for every n ∈ N, f ∈ C(X), lim_{i→∞} f_{ni}(x) = f_n(x) for all n ∈ N, x ∈ X, lim_{n→∞} f_n(x) = f(x) for all x ∈ X, then there is a sequence ⟨g_n⟩_{n∈N} in A such that ⟨g_n(x)⟩_{n∈N} → f(x) for all x ∈ X.

2 Proposition For a topological space X, the following are equiveridical: (i) X is wQN;

(ii) X has the SSP; (iii) X is an s_1-space.

proof (i)⇒(ii) Suppose that X is wQN. Let ⟨⟨f_{ni}⟩_{i∈N}⟩_{n∈N} be a family in C(X) such that lim_{i→∞} f_{ni}(x) = 0 for every x ∈ X and n ∈ N. Set g_i(x) = ∑_∞ n=0 min(^1_{2n} , max(0, 2^n|f_{ni}(x)| − 1)).

Then each g_i : X → [0, 2] is continuous and lim_{i→∞} g_i(x) = 0 for every x ∈ X. Because X is wQN, there is a strictly increasing sequence ⟨i_n⟩_{n∈N} such that {n : g_{in} (x) ≥ 2^{−n}} is finite for every x. But now observe that, for any n, i ∈ N and x ∈ X, g_i(x) < 2^{−n} ⇒ 2^n|f_{ni}(x)| − 1 < 2^{−n} ⇒ |f_{ni}(x)| ≤^{1+2−n}_{2n} . So lim_{n→∞} f_{n,in} (x) = 0 for every x. As ⟨f_{ni}⟩_{n,i∈N} is arbitrary, X has the SSP.

(ii)⇒(iii) (Bukovský, Recław & Repický 01^1) Suppose that X has the SSP. Let A, ⟨f_{ni}⟩_{n,i∈N}, ⟨f_n⟩_{n∈N}, f be as in 1(c). Then lim_{i→∞} f_{ni}(x) − f_n(x) = 0 for every n and x, so there is a sequence ⟨i_n⟩_{n∈N} such that lim_{n→∞} f_{n,in} (x) − f_n(x) = 0 for every x. Now 1 query

Typeset by AMS-TEX

2 ⟨f_{n,in} ⟩_{n∈N} is a sequence in A and lim_{n→∞} f_{n,in} (x) = f(x) for every x. As A, ⟨f_{ni}⟩_{n,i∈N}, ⟨f_n⟩_{n∈N} and f are arbitrary, X is an s_1-space.

(iii)⇒(i) (Bukovský, Recław & Repický 01^2) Suppose that X is an s_1-space. Let ⟨f_i⟩_{i∈N} be a sequence in C(X) such that lim_{i→∞} f_i(x) = 0 for every x ∈ X. Set h_{ni}(x) = 2^n|f_i(x)| + 2^{−i} + 2^{−n}, h_n(x) = 2^{−n} for n, i ∈ N and x ∈ X, and A = {h_{ni} : n, i ∈ N}. Then lim_{i→∞} h_{ni} = h_n for every n and lim_{n→∞} h_n = 0, so there is a sequence ⟨g_k⟩_{k∈N} in A such that lim_{k→∞} g_k(x) = 0 for every x. Express g_k as h_{nk jk} ; as h_{nk jk} (x) ≥ 2^{−jk} + 2^{−nk} for every x and k, lim_{k→∞} j_k = lim_{k→∞} n_k = ∞; there is therefore a strictly increasing sequence ⟨k_r⟩_{r∈N} such that ⟨j_{kr} ⟩_{r∈N} is strictly increasing and n_{kr} ≥ r for every r. Set i_r = j_{kr} ; then g_{kr} (x) ≥ 2^r|f_{ir} (x)| for every x and r, while lim_{r→∞} g_{kr} (x) = 0. So {r : |f_{ir} (x)| ≥ 2^{−r}} is finite for every x. As ⟨f_i⟩_{i∈N} is arbitrary, X is wQN.

Acknowledgements Hospitality of Fields Institute; conversation with L.Bukovský.

References

Bukovský L. & Haleš J. [p02] ‘On Hurewicz properties’, to appear in Topology and its Applications.

Bukovský L., Recław I. & Repický M. [91] ‘Spaces not distinguishing pointwise and quasinormal convergence of real functions’, Topology and its Applications 41 (1991) 25- 40. Bukovský L., Recław I. & Repický M. [01] ‘Spaces not distinguishing convergences of real-valued functions’, Topology and its Applications 112 (2001) 13-40.

Fremlin D.H. [94] ‘Sequential convergence in C_p(X)’, Comment. Math. Univ. Carolinae 35 (1994) 27-37.

2 query