filename n02k16.tex Version of 16.11.02 The Generalized Banach Contraction Theorem D.H.Fremlin University of Essex, Colchester, England; Fields Institute, Toronto I present a simplified proof of the Generalized Banach Contraction Theorem from Arvanitakis p02.

1. Definitions (a) For m ≥ 1, a subset I of N is m-syndetic if I ∩ [k, k + m[ is non-empty for every k ∈ N.

(b) If (X, ρ) is a metric space, m ≥ 1 and γ ∈ [0, 1[, a function f : X → X is an (m, γ)-g-contraction if for any x, y ∈ X there is an i with 1 ≤ i ≤ m such that ρ(f^i(x), f^i(y)) ≤ γ^iρ(x, y). (c) For a set I ⊆ N, its upper Banach density is

d^∗_s(I) = sup{νP : ν : PN → [0, 1] is a translation-invariant additive functional with νN = 1} = inf_{m≥1} sup_{k∈N}^1_m #(I ∩ [k, k + m[)

(Fremlin n02). Note that d^∗_s is subadditive. If I is m-syndetic then ⋃ i<m I − i covers N so d^∗_s(I) ≥^1_m .

2. Lemma If (X, ρ) is a metric space and f : X → X is an (m, γ)-g-contraction then for any x, y ∈ X the set I = {i : i ∈ N, ρ(f^i(x), f^i(y)) ≤ γ^iρ(x, y) is m-syndetic. proof The point is just that 0 ∈ I and that if i ∈ I there is a j ∈ [1, m] such that i + j ∈ I.

3. Lemma Let (X, ρ) be a metric space and f : X → X an (m, γ)-g-contraction. If x ∈ X is such that f^n(x) = x for some n ≥ 1, then f(x) = x.

proof We may suppose that n is the first integer greater than or equal to 1 such that f^n(x) = x. ?? If n ≥ 2, set δ = min{ρ(f^i(x), f^j(x)) : 0 ≤ i < j < n} = min{ρ(f^i(x), f^j(x)) : i, j ∈ N, i − j is not a multiple of n}.

Take i, j such that 0 ≤ i < j < n and ρ(f^i(x), f^j(x)) = δ. Then there is a k ∈ [1, m] such that ρ(f^{k+i}(x), f^{k+j}(x)) ≤ γ^kδ < δ, which is impossible. XXX So n = 1 and f(x) = x.

4. Lemma (Arvanitakis p02, 4.2) Let R ⊆ N × N be such that

Typeset by AMS-TEX 1

(i) {i : (i, 0) ∈ R} is m-syndetic, where m ≥ 1;

(ii) whenever (i, j) ∈ R then {k : (i + k, j + k) ∈ R} is m-syndetic.

Then there is an I ⊆ N such that d^∗_s(I) ≥^1_{2m2} and for every i, j ∈ I there is a k ∈ N such that (k, i) ∈ R and (k, j) ∈ R.

proof (a) Note first that R meets [l, l + 2m[ ∩ [k, k + m[ whenever k ≤ l. PPP There is an i ∈ [l − k, l − k + m[ such that (i, 0) ∈ R, and now there is a j ∈ [k, k + m[ such that (i + j, j) ∈ R. QQQ

(b) Let F be any non-principal ultrafilter on N. For each i ∈ N and j < 2m, set L_{ij} = {l : (l + j, i) ∈ R}, and for j < 2m set I_j = {i : L_{ij} ∈ F}. Observe that if k ∈ N then ⋃ i∈[k,k+m[,j<2m Lij ⊇ N \k so there are some i < m, j < 2m such that Lij ∈ F. This shows that ⋃ j<2m Ij is m-syndetic and there is some j < 2m such that d ∗ s(I_j) ≥^1_{2m2} .

(c) If i, i^′ ∈ I_j , then L_{ij} and L_i′_j both belong to F, so cannot be disjoint, and there is some l such that (l + j, i) and (l + j, i^′) both belong to R. So we can take I = I_j .

5. Lemma (Merryfield Rothschild & Stein 01) If (X, ρ) is a metric space, f : X → X is an (m, γ)-g-contraction and x ∈ X, then there is an M ≥ 0 such that I = {i : ρ(f^i(x), x) ≤ M} is m-syndetic.

proof Set M =^1_{1−γ} max_{i<m} ρ(f^i(x), x). Then 0 ∈ I. If i ∈ I, there is a j ∈ [1, m[ such that ρ(f^{j+i}(x), f^j(x)) ≤ γ^jρ(f^i(x), x) ≤ γM, and now ρ(f^{j+i}(x), x) ≤ γM + ρ(f^j(x), x) ≤ γM + (1 − γ)M = M, so j + i ∈ I.

6. Lemma (Arvanitakis p02, 4.1) Let (X, ρ) be a metric space, f : X → X an (m, γ)- g-contraction and x ∈ X. Then there is a set I ⊆ N such that d^∗_s(I) > 0 and ⟨f^i(x)⟩_{i∈I} is Cauchy, in the sense that for any ϵ > 0 there is an n ∈ N such that ρ(f^i(x), f^j(x)) ≤ ϵ whenever i, j ∈ I \ n.

proof By Lemma 5, we have an M ≥ 0 such that {i : ρ(f^i(x), x) ≤ M} is m-syndetic. Let R ⊆ N × N be the relation {(i, j) : ρ(f^i(x), f^j(x)) ≤ Mγ^j}. By the choice of M, {i : (i, 0) ∈ R} is m-syndetic. If (i, j) ∈ R, then {k : (i + k, j + k) ∈ R} ⊇ {k : ρ(f^{i+k}(x), f^{j+k}(x)) ≤ γ^kρ(f^i(x), f^j(x))} is m-syndetic by Lemma 2. By Lemma 4, there is a set I ⊆ N with d^∗_s(I) > 0 such that for all i, j ∈ I there is a k ∈ N such that (k, i) and (k, j) both belong to R. In this case, ρ(f^i(x), f^j(x)) ≤ ρ(f^k(x), f^i(x)) + ρ(f^k(x), f^j(x)) ≤ Mγ^i + Mγ^j → 0, as i, j → ∞, so ⟨f^i(x)⟩_{i∈I} is Cauchy.

7. Generalized Banach Contraction Theorem (Arvanitakis p02) Let (X, ρ) be a complete metric space and f : X → X an (m, γ)-g-contraction. Then f has a fixed point.

proof (a) Let x ∈ X. By Lemma 6, there is a set I ⊆ N such that d^∗_s(I) > 0 and ⟨f^i(x)⟩_{i∈I} is Cauchy. Fix a translation-invariant additive functional ν : PN → [0, 1] such that νI > 0. Because X is complete, z = lim_{i→I} f^i(x) is defined in X. For j ∈ N, δ > 0 set I_{δj} = {i : ρ(f^i(x), f^j(z)) ≤ δ}. Observe that if δ > 0 then I \I_{δ0} is finite, so νI_{δ0} ≥ νI > 0.

(b) Suppose that k ∈ N and δ > 0. Then ∑_{k+m−1} j=k νI_{δj} ≥ νI. PPP For any i ∈ I_{δ0}, the set {j : i + j ∈ I_{δj} } = {j : ρ(f^{i+j}(x), f^j(z)) ≤ δ} ⊇ {j : ρ(f^{i+j}(x), f^j(z)) ≤ γ^jρ(f^i(x), z)} is m-syndetic (Lemma 1), so meets [k, k + m[. For j ∈ [k, k + m[ set A_j = {i : i ∈ I_{δ0}, i + j ∈ I_{δj}}. Then ⟨A_j⟩_{j∈[k,k+m[} covers I_{δ0} and A_j + j ⊆ I_{δj} for each j, so k+m−1 ∑ j=k νI_{δj} ≥ k+m−1 ∑ j=k ν(A_j + j) = k+m−1 ∑ j=k νA_j (because ν is translation-invariant) ≥ νI_{δ0} ≥ νI. QQQ (c) Now observe that if i, j are such that f^i(z) ≠ f^j (z), I_{δi} ∩ I_{δj} = ∅ for all sufficiently

small δ. But this means that if n >^1_{νI} then z, f(z), f^2(z), . . . , f^{mn−1}(z) cannot all be distinct. By Lemma 3, f has a fixed point.

Acknowledgements Conversation with A.D.Arvanitakis, and preprint; hospitality of Fields Institute.

References

Arvanitakis A.D. ‘A proof of the generalized Banach contraction conjecture’, 2002. Fremlin D.H. [n02] ‘Well-distributed sequences and Banach density’, note of 7.11.02. Merryfield J., Rothschild B. & Stein J.D.Jr [01] ‘An application of Ramsey’s theorem to the Banach contraction principle’, Proc. Amer. Math. Soc. 130 (2001) 927-933.