
Version of 10.6.16

Errata and addenda for Volume 4, 2006 printing

I collect here known errors and omissions, with their discoverers, in Volume 4 of my book Measure Theory

(see my web page, http://www1.essex.ac.uk/maths/people/fremlin/mt.htm).

Part I

p 15 l 13 (411Gh): for ‘
∫
G
|f | ≤

∫
E
f ≤ ‖f‖p‖χE‖q’ read ‘

∫
G
|f | ≤

∫
E
|f | ≤ ‖f‖p‖χE‖q’.

p 18 l 25 (411Xe): for ‘p ∈ [0,∞]’ read ‘p ∈ [1,∞]’.

p 18 l 42 (411X) Add new exercise:

(k) Let 〈(Xi,Ti)〉i∈I be a family of topological spaces, and µi a strictly positive probability
measure on Xi for each i. Show that the product measure on

∏
i∈I Xi is strictly positive.

p 19 l 11 (411Y) Add new exercise:

(d) Let (X,T,Σ, µ) be a second-countable atomless topological probability space with a strictly
positive measure, E the Jordan algebra of µ as defined in 411Yc, (A, µ̄) the measure algebra of
µ and E the image {E• : E ∈ E} ⊆ A. Let B be a Boolean algebra and ν : B → [0, 1] a
finitely additive functional. Show that (B, ν) ∼= (E, µ̄↾E) iff (α) ν is strictly positive and properly
atomless in the sense of 326F, and ν1 = 1 (β) there is a countable subalgebra B0 of B such that
νb = sup{νc : c ∈ B0, c ⊆ b} for every b ∈ B (γ) whenever A, B ⊆ B are upwards-directed sets
such that a ∩ b = 0 for every a ∈ A and b ∈ B and sup{ν(a ∪ b) : a ∈ A, b ∈ B} = 1, then supA
is defined in B.

p 21 l 9 (part (b) of the proof of 412C): for ‘ ⊆ {L• : L ∈ L, L ⊆ H}’ read ‘ ⊆ sup{L• : L ∈ L, L ⊆ H}’.
p 22 l 14 Part (b) of Proposition 412H is wrong as stated, and should read

(b) Now suppose that µ is semi-finite and that

(‡) ⋂n∈N
Kn ∈ K whenever 〈Kn〉n∈N is a non-increasing sequence in K.

If either µ̂ or µ̃ is inner regular with respect to K then µ is inner regular with respect to K.

p 24 l 27 Corollary 412L has been elaborated, and is now

412M Proposition Let X be a set and K a family of subsets of X. Suppose that µ and ν
are two complete locally determined measures on X, with domains including K, and both inner
regular with respect to K.

(a) If µK ≤ νK for every K ∈ K, then µ ≤ ν in the sense of 234P.
(b) If µK = νK for every K ∈ K, then µ = ν.

412M is now 412L.

p 26 l 19 (proof of 412R): for ‘A = {E × F : E ∈ Σ} ∪ {X × F : F ∈ T}’ read ‘A = {E × Y : E ∈
Σ} ∪ {X × F : F ∈ T}’.

p 27 l 41 (proof of 412Wa) The argument given assumes that f is finite-valued. If E = {x : f(x) = ∞}
is non-empty, it is negligible; choose a sequence 〈Hn〉n∈N of measurable open sets such that E ⊆ Hn and
µHn ≤ 2−nη for every n, and add

∑∞
n=0 χHn to the given formula for g; with an adjustment to the formula

for η, this will work.

p 29 l 13 (412X) Add new exercises:

(f) Let 〈µi〉i∈I be a family of measures on a set X, with sum µ. Suppose that K is a family
of sets such that every µi is inner regular with respect to K. Show that if either K ⊆ domµ

Extract from Measure Theory, results-only version, by D.H.Fremlin, University of Essex, Colchester. This material

is copyright. It is issued under the terms of the Design Science License as published in http://dsl.org/copyleft/dsl.txt.

This is a development version and the source files are not permanently archived, but current versions are normally accessible

through https://www1.essex.ac.uk/maths/people/fremlin/mt.htm. For further information contact david@fremlin.org.

1



2 Volume 4 412X

or
⋂
n∈N

Kn ∈ K for every non-increasing sequence 〈Kn〉n∈N in K, then µ is inner regular with
respect to K.

(g) Let X be a topological space, and µ a tight topological measure on X. Suppose that F
is a non-empty downwards-directed family of closed compact subsets of X with intersection F0,
and that γ = infF∈F µF is finite. Show that µF0 = γ.

p 30 l 11 Exercise 412Xr (now 412Xu) is wrong as written, and should be

(u) Let X be a topological space and µ a measure on X which is inner regular with respect
to the closed sets and outer regular with respect to the open sets. Show that if f : X → R is
integrable and ǫ > 0 then there is a lower semi-continuous g : X → ]−∞,∞] such that f ≤ g and∫
g − f ≤ ǫ.

Other exercises have been moved: 412Xa-412Xd are now 412Xb-412Xe, 412Xe-412Xs are now 412Xh-412Xv,
412Xt is now 412Xa, 412Xu is now 412Ya.

p 30 l 38 (412Y) Add new exercise:

(d) Give an example of a measure space (X,Σ, µ) and a family K of sets such that

(‡) ⋂n∈N
Kn ∈ K whenever 〈Kn〉n∈N is a non-increasing sequence in K

and the completion of µ is inner regular with respect to K, but µ is not.

412Ya-412Yb are now 412b-412Yc, 412Yc-412Ye are now 412Ye-412Yg.

p 32 l 27 (statement of 413B): for ‘φ : X → [0,∞]’ read ‘φ : PX → [0,∞]’.

p 33 l 7 (part (a) of the proof of 413C): for ‘µA <∞’ read ‘φA <∞’. K.Yates

p 36 l 33 Add new result:

413H Proposition Let (X,Σ, µ) be a complete totally finite measure space, (Y,T, ν) a mea-
sure space, and S a Hausdorff topology on Y such that ν is inner regular with respect to the
closed sets. Let 〈fn〉n∈N be a sequence of inverse-measure-preserving functions from X to Y . If
f(x) = limn→∞ fn(x) is defined in Y for every x ∈ X, then f is inverse-measure-preserving.

413H-413O are now 413I-413P.

p 36 l 41 In clause (α) of the statement of Lemma 413H (now 413I), read ‘sup{φ0K ′ : K ′ ∈ K, K ′ ⊆
K \ L}’ for ‘sup{φ0K ′ : K ∈ K, K ′ ⊆ K \ L}’.

The error is repeated in the statement of 413I (now 413J).

p 40 l 8 (now 413K): for Fm =
⋂
n≤mEnn read Fm =

⋂
i,j≤mEji. A.P.Pyshchev.

p 43 l 41 The following definitions have been brought together as a new paragraph:

413Q Definitions Let P be a lattice and f : P → [−∞,∞[ a function.
(a) f is supermodular if f(p ∨ q) + f(p ∧ q) ≥ f(p) + f(q) for all p, q ∈ P .
(b) f is submodular if f(p ∨ q) + f(p ∧ q) ≤ f(p) + f(q) for all p, q ∈ P .
(c) f is modular if f(p ∨ q) + f(p ∧ q) = f(p) + f(q) for all p, q ∈ P .

413P-413S are now 413R-413U.

p 48 l 8 Exercise 413Xk is wrong as stated, and has been dropped. 413Xl-413Xr are now 413Xk-413Xq.

p 47 l 41 (Exercise 413Xo, now 413Xn): for ‘non-decreasing sequence 〈Hi〉i∈N’ read ‘non-increasing
sequence 〈Hi〉i∈N’.

p 49 l 5 (413X) Add new exercise:

(r) Let X be a set and K a sublattice of PX containing ∅. Let λ : K → [0,∞[ be such that
λK ≤ ∑∞

n=0(λKn − λLn) whenever K ∈ K and 〈Kn〉n∈N, 〈Ln〉n∈N are sequences in K such that
Ln ⊆ Kn for every n and 〈Kn \Ln〉n∈N is a disjoint cover of K. Show that there is a measure on
X extending λ.

p 49 l 6 (413Y) Add new exercises:

(a) Let A be a Boolean algebra, (S,+) a commutative semigroup with identity e and φ : A → S
a function such that φ0 = e. Show that

B = {b : b ∈ A, φa = φ(a ∩ b) + φ(a \ b) for every a ∈ A}

Measure Theory (abridged version)
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is a subalgebra of of A, and that φ(a ∪ b) = φa+ φb for all disjoint a, b ∈ B.
(d)(i) Find a measure space (X,Σ, µ), with µX > 0, and a sequence 〈Xn〉n∈N of subsets

of X, covering X, such that whenever E ∈ Σ, n ∈ N and µE > 0, there is an F ∈ Σ such
that F ⊆ E \ Xn and µF = µE. (ii) For A ⊆ X set φA = sup{µE : E ∈ Σ, E ⊆ A}. Set
T = {G : G ⊆ X, φA = φ(A∩G)+φ(A \G) for every A ⊆ X}. Show that φ↾T is not a measure.

(h) Let A be a Boolean algebra and ν is a submeasure on A which is either supermodular or
exhaustive and submodular. Show that ν is uniformly exhaustive.

(i)Let X be a set, K a sublattice of PX containing ∅, and f : K → R a modular functional
such that f(∅) = 0. Show that there is an additive functional ν : K → R extending f .

(j) Let (X,Σ, µ) be a semi-finite measure space, λ the c.l.d. product measure on X × R

when R is given Lebesgue measure, and λ∗ the associated inner measure. Show that for any
f : X → [0,∞[,∫

f dλ = λ∗{(x, α) : x ∈ X, 0 ≤ α < f(x)} = λ∗{(x, α) : x ∈ X, 0 ≤ α ≤ f(x)}.

413Ya-413Yb are now 413Yb-413Yc, 413Yc-413Ye are now 413Ye-413Yg.

p 49 l 18 (Exercise 413Yd, now 413Yf): for ‘every non-decreasing sequence in K’ read ‘every non-
increasing sequence in K’.

p 52 l 19 (part (b) of the statement of 414E): for ‘supG∈G

∫
f ’ read ‘supG∈G

∫
G
f ’.

p 57 l 29 (414X) Add new exercise, formerly part of 416Xf:

(u) Let (X,T,Σ, µ) be a complete locally determined effectively locally finite τ -additive topo-
logical measure space. Show that there is a decomposition 〈Xi〉i∈I for µ in which every Xi is
expressible as the intersection of a closed set with an open set.

p 57 l 41 Exercise 414Yd has been incorporated into 414Xk. 414Ye-414Yh are now 414Yd-414Yg.

p 58 l 5 (Exercise 414Yf, now 414Ye): for ‘E \ φ(E)’ read ‘E \ φ(E)’.

p 59 l 36 In Proposition 415D, we need to suppose from the beginning that X is regular.

p 65 l 3 (part (a-α) of the proof of 415L): for ‘µF ≥ µ0(E0 \ E1)− ǫ’ read ‘µ0F ≥ µ0(E0 \ E1)− ǫ’.

p 65 l 8 (part (a-α) of the proof of 415L): for ‘µ∗
0L+ µ∗

0K
′ > µ∗K’ read ‘µ∗

0L+ µ∗
0K

′ > µ∗
0K’.

p 69 l 43 (part (e-ii) of the proof of 415Q): for ‘Let W ∈ T be a measurable envelope of F ∈ Σ such
that ν(W△F ∗) = 0’ read ‘Let W ∈ T be a measurable envelope of R−1[A], and take F ∈ Σ such that
ν(W△F ∗) = 0’.

p 71 l 38 Exercise 415Xn has been dropped. Add new exercises:

(h) Let (X,T,Σ, µ) be a quasi-Radon measure space, (A, µ̄) its measure algebra, and Af the
ideal {a : a ∈ A, µ̄a < ∞}. Show that {G• : G ∈ T, µG < ∞} is dense in Af for the strong
measure-algebra topology.

(p) Find a second-countable Hausdorff topological space X with a τ -additive Borel probability
measure which is not inner regular with respect to the closed sets.

(q) Find a second-countable Hausdorff space X, a subset Y and a quasi-Radon probability
measure on Y which is not the subspace measure induced by any quasi-Radon measure on X.

Other exercises have been rearranged: 415Xh is now 415Xi, 415Xi-415Xm are now 415Xk-415Xo, 415Xo-
415Xq are now 415Xr-415Xt, 415Xr is now 415Xj.

p 72 l 25 Exercise 415Yf, rewritten, is now 415Xq. 415Yg-415Ym are now 415Yf-415Yl.

p 74 l 43 (416D) Add new part:

(e) Let X be a Hausdorff space and 〈µi〉i∈I a family of Radon measures on X. Let µ =
∑
i∈I µi

be their sum. Suppose that µ is locally finite. Then it is a Radon measure.

p 78 l 14 (part (b) of the proof of 416K) For ‘φ0K ≤ ν̃(H0 ∪H1) ≤ ν̃H0 + ν̃H1 ≤ φ0L+φ0K
′ +2ǫ’ read

‘φ0K ≤ ν̃(H0 ∪H1) ≤ ν̃H0 + ν̃H1 ≤ φ0L+ φ0K1 + 2ǫ’.

D.H.Fremlin
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p 78 l 35 (condition γ in the statement of 416L) For ‘open set G containing X’ read ‘open set G
containing x’.

p 79 l 41 (proof of 416M) For ‘φ′1K ≤ φ0K
′ ≤ ψG ≤ φK + ǫ’ read ‘φ′1K ≤ φ0K

′ ≤ ψG ≤ φ1K + ǫ’.

p 83 l 41 (416S) Add new part:

(b) If ν is a Radon measure on X and νK = 0 whenever K ⊆ X is compact and µK = 0, then
ν is an indefinite-integral measure over µ.

p 85 l 45 In Exercise 416Xb, we must assume that the topology of X is Hausdorff.

p 86 l 10 Part (ii) of 416Xf is now 414Xu.

p 86 l 14 Exercises 416Xh, 416Xi, 416Xm and 416Xo have been dropped.
Other exercises have been rearranged: 416Xd is now 416Xf, 416Xe is now 416Xd, 416Xf is now 416Xe,

416Xj-416Xk are now 416Xh-416Xi, 416Xl is now 416Xk, 416Xn is now 416Xj, 416Xp-416Xr are now 416Xn-
416Xp, 416Xs-416Xt are now 416Xl-416Xm, 416Xu-416Xz are now 416Xq-416Xv.

p 88 l 5 (416Y) Add new exercise:

(f) In 416Qb, show that µ is atomless iff ν is properly atomless in the sense of 326F.

Other exercises have been rearranged: 416Ya-416Yc are now 416Yb-416Yd, 416Yd is now 416Ya, 416Yf-
416Yg are now 416Yg-416Yh, 416Yh is now 416Yj.

p 88 l 15 (416Y) Add new exercises:

(h) Let (X,T,Σ, µ) be a Radon measure space and A ⊆ Σ a countable set. Let S be the
topology generated by T ∪ A. Show that µ is S-Radon.

(i) In 245Yh, show that if we start from a continuous inverse-measure-preserving f : [0, 1] →
[0, 1]2, as in 134Yl, we get a continuous inverse-measure-preserving surjection g : [0, 1] → [0, 1]N.

p 89 l 36 Add another part to (i)-(iii) in Lemma 417A:

(iv) whenever K, G are families of sets such that

(α) µ is inner regular with respect to K,
(β) K ∪K ′ ∈ K for all K, K ′ ∈ K,
(γ)

⋂
n∈N

Kn ∈ K for every sequence 〈Kn〉n∈N in K,
(δ) for every A ∈ A there is a G ∈ G, including A, such that G \A ∈ Σ,
(ǫ) K \G ∈ K whenever K ∈ K and G ∈ G,

then µ′ is inner regular with respect to K.

p l Theorems 417C and 417E have been revised in order to support a definition of ‘τ -additive product
measure’ (417G) without supposing that the factor measures are inner regular with respect to the Borel
sets.

p l Clause (v) of the statement of 417C should read ‘the support of λ̃ is the product of the supports of
µ and ν’.

p l Clause (iv) of the statement of 417E should read ‘the support of λ̃ is the product of the supports
of the µi’.

p 98 l 37 (part (e-iv) of the proof of 417E): for ‘λ(W ∩ F ) = λW = λU =
∏
i∈J µiUi > 0’ read

‘λ̃(W ∩ F ) = λ̃W ≥ λU =
∏
i∈J µiGi > 0’.

p l Corollary 417F has been dropped, and replaced by

417H Corollary Let (X,T,Σ, µ) and (Y,S,T, ν) be two complete locally determined ef-

fectively locally finite τ -additive topological measure spaces. Let λ̃ be the τ -additive product
measure on X × Y , and Λ̃ its domain. If A ⊆ X, B ⊆ Y are non-negligible sets such that
A×B ∈ Λ̃, then A ∈ Σ and B ∈ T.

417G-417H are now 417F-417G.

p 102 l 5 (proof of 417J): for ‘
∏
j∈J

∏
i∈Kj

Ei =
∏
i∈I Ei’ read ‘

∏
j∈J

∏
i∈Kj

µiEi =
∏
i∈I µiEi’.

Measure Theory (abridged version)
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p l There is a catastrophic error in the proof of 417K, but the result can easily be proved from 417H
(now 417G) by the method outlined in 252Xc.

p l Exercise 417Xb is covered by 411Xi, and has been dropped. Exercise 417Xs is wrong, and should
be deleted. 417Xt-417Xx are now 417Xs-417Xw.

Add new exercise:

(x) (i) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a finite family of effectively locally finite τ -additive topo-
logical measure spaces, and let Λ be the σ-algebra of subsets of X =

∏
i∈I Xi generated by

⊗̂
i∈IΣi together with the open subsets of X. Show that there is a unique effectively locally

finite τ -additive measure λ with domain Λ such that λ(
∏
i∈I Ei) =

∏
i∈I µiEi whenever Ei ∈ Σi

for i ∈ I. (ii) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces,

and let Λ be the σ-algebra of subsets of X =
∏
i∈I Xi generated by

⊗̂
i∈IΣi together with the

open subsets of X. Show that there is a unique τ -additive measure λ with domain Λ extending

the usual product measure on
⊗̂

i∈IΣi.

p 109 l 9 (Exercise 417Ya): for ‘λ, λ′’ read ‘µ, µ′’.

p 109 l 39 (Exercise 417Ye): the topologies T, S need to be Hausdorff. Similarly, in 417Yg, the topologies
Tn need to be Hausdorff.

p 113 l 40 (part (c) of the proof of 418D): for ‘µE1 ≥ µ(E ∩ f−1[Yn] \ E1) − ǫ’ read ‘µE1 ≥ µ(E ∩
f−1[Yn])− ǫ’.

p l Add new result:

418V Proposition Let (X,Σ, µ) be a σ-finite measure space, T a topology on X such that
µ is inner regular with respect to the Borel sets, (Y,S) a topological space and f : X → Y an
almost continuous function. Then there is a Borel measurable function g : X → Y which is equal
almost everywhere to f .

p 114 l 40 (statement of Proposition 418Ha): for ‘effectively locally finite τ -additive measure on X’ read
‘effectively locally finite τ -additive topological measure on X’.

p 119 l 34 Proposition 418O has been re-written, as follows:

Proposition Suppose that (I,≤), 〈(Xi,Ti, µi,Σi)〉i∈I and 〈fij〉i≤j∈I are such that

(I,≤) is a non-empty upwards-directed partially ordered set,

every (Xi,Ti, µi,Σi) is a compact Radon measure space,

fij : Xj → Xi is a continuous inverse-measure-preserving function whenever i ≤ j
in I,

fijfjk = fik whenever i ≤ j ≤ k in I.

Then there are a compact Hausdorff spaceX and a family 〈gi〉i∈I such that (I, 〈Xi〉i∈I , 〈fij〉i≤j∈I , X,
〈gi〉i∈I) satisfy all the hypotheses of 418M.

p 121 l 12 (part (d-ii) of the proof of 418P): for

‘Fk = {x : x ∈ ∏
j∈I K

∗
j , x(k) = z, fjkx(k) = x(j) whenever j ≤ k}’

read

‘Fk = {x : x ∈ ∏
j∈I K

∗
j , x(i) = z, fjkx(k) = x(j) whenever j ≤ k}’.

p 121 l 16 (part (d-ii) of the proof of 418P): for ‘x(k) = z’ read ‘x(i) = z’.

p 123 l 38 Add new paragraph:

*418U Independent families of measurable functions In §455 we shall have occasion to
look at independent families of random variables taking values in spaces other than R. We can
use the same principle as in §272: a family 〈Xi〉i∈I of random variables is independent if 〈Σi〉i∈I is
independent, where Σi is the σ-subalgebra defined by Xi for each i (272D). Of course this depends
on agreement about the definition of Σi. The natural thing to do, in the context of this section,
is to follow 272C, as follows. Let (X,Σ, µ) be a probability space, Y a topological space, and f a

D.H.Fremlin
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Y -valued function defined on a conegligible subset dom f of X, which is µ-virtually measurable,
that is, such that f is measurable with respect to the subspace σ-algebra on dom f induced by
Σ̂ = dom µ̂, where µ̂ is the completion of µ. (Note that if Y is not second-countable this may not
imply that f↾D is Σ-measurable for a conegligible subset D of X.) Now the ‘σ-algebra defined
by f ’ will be

{f−1[F ] : F ∈ B(Y )} ∪ {(Ω \ dom f) ∪ f−1[F ] : F ∈ B(Y )} ⊆ Σ̂,

where B(Y ) is the Borel σ-algebra of Y ; that is, the σ-algebra of subsets of X generated by
{f−1[G] : G ⊆ Y is open}.

Now, given a family 〈(fi, Yi)〉i∈I where each Yi is a topological space and each fi is a Σ̂-
measurable Yi-valued function defined on a conegligible subset of X, then I will say that 〈fi〉i∈I
is independent if 〈Σi〉i∈I is independent (with respect to µ̂), where Σi is the σ-algebra defined
by fi for each i.

Corresponding to 272D, we can use the Monotone Class Theorem to show that 〈fi〉i∈I is
independent iff

µ̂(
⋂
j≤n f

−1
ij

[Gj ]) =
∏
j≤n µ̂f

−1
ij

[Gj ]

whenever i0, . . . , in ∈ I are distinct and Gj ⊆ Yij is open for every j ≤ n.

p 125 l 34 (418X) Add new exercises:

(a) Let (X,Σ, µ) be a measure space, and (X, Σ̂, µ̂) its completion. (i) Show that if Y is

a second-countable topological space, a function f : X → Y is Σ̂-measurable iff there is a Σ-
measurable g : X → Y such that f =a.e. g. (ii) Show that if X is endowed with a topology, and
Y is a topological space, then a function from X to Y is µ-almost continuous iff it is µ̂-almost
continuous.

(v) Let X be a compact Hausdorff space. Show that there is an atomless Radon probability
measure on X iff X is non-scattered.

Other exercises have been rearranged: 418Xa-418Xk are now 418Xb-418Xl, 418Xl-418Xs are now 418Xn-
418Xu, 418Xt-418Xw are now 418Xw-418Xz, 418Xx is now 418Xm.

p 126 l 44 (418Y) Add new exercises:

(k) Let (X,Σ, µ) be a semi-finite measure space and T a topology on X such that µ is inner
regular with respect to the closed sets. Suppose that Y and Z are separable metrizable spaces,and
f : X×Y → Z is a function such that x 7→ f(x, y) is measurable for every y ∈ Y , and y 7→ f(x, y)
is continuous for every x ∈ X. Show that µ is inner regular with respect to {F : F ⊆ X, f↾F ×Y
is continuous}.

(m) Let X be a set, Σ a σ-algebra of subsets of X and (Y,T, ν) a σ-finite measure space
with countable Maharam type. (i) Let f : X → L1(ν) be a function such that x 7→

∫
F
f(x)dν

is Σ-measurable for every F ∈ T. Show that f is Σ-measurable for the norm topology on L1(ν).
(ii) Let g : X × Y → R be a function such that

∫
g(x, y)ν(dy) is defined for every x ∈ X, and

x 7→
∫
F
g(x, y)ν(dy) is Σ-measurable for every F ∈ T. Show that there is an h ∈ L

0(Σ⊗T) such
that, for every x ∈ X, g(x, y) = h(x, y) for ν-almost every y.

(n) Use 418M and 418O to prove 328H.

(o) Let X be a set, Σ a σ-algebra of subsets of X, (Y,T, ν) a σ-finite measure space and
W ∈ Σ⊗̂T. Then there is a V ⊆ W such that V ∈ Σ⊗̂T, W [{x}] \ V [{x}] is negligible for every
x ∈ X, and

⋂
x∈I V [{x}] is either empty or non-negligible for every finite I ⊆ X.

(p) Let X be a compact Hausdorff space, Y a Hausdorff space, ν a Radon probability measure
on Y and R ⊆ X ×Y a closed set such that ν∗R[X] = 1. Show that there is a Radon probability
measure µ on X such that µR−1[F ] ≥ νF for every closed set F ⊆ Y .

Other exercises have been rearranged: 418Ye-418Yj are now 418Yd-418Yi, 418Yk is now 418Yl, 418Ym is
now 418Yj.

p 138 l 35 (419Y) Add new exercise:

Measure Theory (abridged version)
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(d) Give an example of a Lebesgue measurable function φ : R2 → R such that dom
∂φ

∂ξ1
is not

measurable.

p 141 l 36 (421C) Add new part, formerly 421Xn:

(f)(i) I will say that a Souslin scheme 〈Eσ〉σ∈S∗ is fully regular if Eσ ⊆ Eτ whenever σ,
τ ∈ S∗, #(τ) ≤ #(σ) and σ(i) ≤ τ(i) for every i < #(σ).

(ii) Let E be a family of sets such that E ∪F and E ∩F belong to E for all E, F ∈ E . Then
every member of S(E) can be expressed as the kernel of a regular Souslin scheme in E .

p 146 l 12 My apologies: in §562 I find that a slightly different definition of ‘rank’ of a tree gives cleaner
results. So I have changed the definition of the iterated derivation operator: ∂ξT is to be

⋂
η<ξ ∂(∂

ηT )

rather than ∂(
⋂
η<ξ ∂

ηT ). Practically no other formulae need changing, but the meanings become slightly

different. A change which is necessary is in part (a) of the proof of 421O, where

{x : σ ∈ ∂ξTx} = {x : σ ∈ ∂(
⋂

η<ξ

∂ηTx)} =
⋃

i∈N

{x : σai ∈
⋂

η<ξ

∂ηTx}

=
⋃

i∈N

⋂

η<ξ

{x : σai ∈ ∂ηTx} ∈ Σ

becomes

{x : σ ∈ ∂ξTx} = {x : σ ∈
⋂

η<ξ

∂(∂ηTx)} =
⋂

η<ξ

⋃

i∈N

{x : σai ∈ ∂ηTx}

∈ Σ.

p 147 l 14 (part (b) of the proof of 421O): for ‘∂ξ+1Tx ⊆ ∂ξTx’ read ‘∂ξ+1Tx ⊇ ∂ξTx’.

p 147 l 17 (part (b) of the proof of 421O): for ‘∅ ∈ ∂ξTx’ read ‘∂ξTx 6= ∅’.
p 148 l 7 Exercise 421Xc has been moved to 421Yb; consequently 421Xd-421Xo are now 421Xc-421Xn,

421Yb-421Yd are now 421Yc-421Ye.

p 149 l 5 Exercise 421Ya is wrong as it stands; we must strengthen the hypothesis by adding ‘E ∩F ∈ E
for all E, F ∈ E ’.

p 151 l 36 (Lemma 422D) Add new part:

(h) Let Y be a Hausdorff space and R ⊆ NN × Y an usco-compact relation. Set

R′ = {(α, y) : α ∈ NN, y ∈ Y and there is a β ≤ α such that (β, y) ∈ R}.
Then R′ is usco-compact.

p 155 l 31 (part (c) of the proof of 422K): for ‘R[Iφ↾n] ∩ S[Iψ↾n] is empty’ read ‘R[Iφ↾n] ∩ S[Iψ↾n] is
empty’.

p 155 l 43 The exercises for §422 have been rearranged: 422Xd is now 422Xf, 422Xe-422Xf are now
422Xd-422Xe, 422Yb-422Ye are now 422Yc-422Yf, 422Yf is now 422Yb.

p 156 l 26 (422Y) Add new exercise:

(g) Let X be a Hausdorff space, K the family of K-analytic subsets of X, Y a set and H a
family of subsets of Y containing ∅. Show that R[X] ∈ S(H) for every R ∈ S({K ×H : K ∈ K,
H ∈ H}).

p 161 l 16 Add new result:

423J Proposition Let (X,T) be an analytic Hausdorff space, and Σ a countably generated
σ-subalgebra of the Borel σ-algebra B(X,T) which separates the points ofX. Then Σ = B(X,T).

p 163 l 31 Add new result:
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423O Corollary Let X be an analytic Hausdorff space, Y a set and T a σ-algebra of subsets
of Y which is closed under Souslin’s operation. Suppose that W ∈ S(B(X)⊗̂T) where B(X) is
the Borel σ-algebra of X. Then W [X] ∈ T and there is a T-measurable function f :W [X] → X
such that (f(y), y) ∈W for every y ∈W [X].

423J-423M are now 423K-423N, 423N-423Q are now 423P-423S.

p 164 l 16 Corollary 423O (now 423Q) has been revised, and now reads

Let X and Y be analytic Hausdorff spaces, A an analytic subset of X and f : A → Y a Borel
measurable function. Let T be the σ-algebra of subsets of Y generated by the Souslin-F subsets
of Y . Then f [A] ∈ T and there is a T-measurable function g : f [A] → A such that fg is the
identity on f [A].

p 165 l 1 (Remark 423Qb, now 423Sb) for ‘analytic subset of NN \A’ read ‘analytic subset of NN \A0’.

p 165 l 3 Add new paragraph:

423T Coanalytic and PCA sets Let X be a Polish space.
(a) A subset A of X is coanalytic if X \ A is analytic, and PCA if there is a coanalytic set

R ⊆ NN ×X such that R[NN] = A.
(b) Every PCA set A ⊆ X can be expressed as the union of at most ω1 Borel sets.
(c) A subset of X is Borel iff it is both analytic and coanalytic. The union and intersection of

a sequence of coanalytic subsets of X are coanalytic. If Y is another Polish space and h : X → Y
is continuous, then h−1[B] is coanalytic in X for every coanalytic B ⊆ Y . If Y is a Gδ subset of
X, and B ⊆ Y is coanalytic in Y then B is coanalytic in X.

(d) If X and Y are Polish spaces, A ⊆ X is PCA and f : X → Y is a Borel measurable
function, then f [A] is a PCA subset of Y .

p 165 l 22 (Exercise 423Xf) for ‘f :W [X] → Y ’ read ‘f :W [X] → X’.

p 172 l 26 (Exercise 424Xh): part (i) (‘f [X] ∈ T∗’) is wrong, and should be omitted.

p 172 l 31 Exercise 424Xj has been moved to 424Ye, and 424Xk to 425Xb.

p 172 l 37 (424X) Add new exercise:

(j) Let (X,Σ, µ) be a σ-finite measure space in which Σ is countably generated. Let A be the
set of atoms A of the Boolean algebra Σ such that µA > 0, and set H = X \⋃A. Show that the
subspace measure on H is atomless.

p 172 l 45 (Exercise 424Ya) Add new part:

(iii) Show that Σ is the Borel σ-algebra of C when C is given its Fell topology.

p 173 l 8 (424Y) Add new exercises:

(e) Let (X,Σ) be a standard Borel space. Show that if X is uncountable, Σ has a countably
generated σ-subalgebra not isomorphic either to Σ or to PI for any set I.

(f) Let (X,Σ, µ) be a σ-finite countably separated perfect measure space. Show that there is
a standard Borel space (Y,T) such that Y ∈ Σ, T ⊆ Σ and µ is inner regular with respect to T.

p 173 l 28 I have added a new section §425, ‘Realization of automorphisms’, to cover a theorem of
A.Törnquist. The principal results are as follows.

425A Proposition (a) Let (X,Σ) and (Y,T) be non-empty standard Borel spaces, and I,
J σ-subalgebras of Σ, T respectively; write A = Σ/I and B = T/J for the quotient algebras.
For E ∈ Σ, F ∈ T write ΣE , TF for the subspace σ-algebras on E, F respectively.

(a) If π : A → B is a sequentially order-continuous Boolean homomorphism, there is a (T,Σ)-
measurable f : Y → X which represents π in the sense that πE• = f−1[E]• for every E ∈ Σ.

(b) If π : A → B is a Boolean isomorphism, there are G ∈ I, H ∈ J and a bijection
h : Y \ H → X \ G which is an isomorphism between (Y \ H,TY \H) and (X \ G,ΣX\G), and

represents π in the sense that πE• = h−1[E \G]• for every E ∈ Σ.
(c) If π : A → A is a Boolean automorphism, there is a bijection h : X → X which is an

automorphism of (X,Σ) and represents π in the sense of (a).
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(d) If #(X) = #(Y ) = c, A and B are ccc, and π : A → B is a Boolean isomorphism, there is
a bijection h : Y → X which is an isomorphism between (Y,T) and (X,Σ), and represents π in
the sense of (a).

425B Lemma Let G be a group, G0 a subgroup of G, H another group, and X, Z sets;
let •r be the right shift action of H on ZH . Suppose we are given a group homomorphism
θ : G → H, an injective function f : N × ZH → X and an action •0 of G0 on X such that
π•0f(n, z) = f(n, θ(π)•rz) whenever n ∈ N and z ∈ ZH .

(a) If #(X \ f [N× ZH ]) ≤ #(Z), there is an action • of G on X extending •0.
(b) Suppose that H is countable, X and Z are Polish spaces, and f is Borel measurable when

N× ZH is given the product topology. If x 7→ π•0x is Borel measurable for every π ∈ G0, then •

can be chosen in such a way that x 7→ ψ•x is Borel measurable for every ψ ∈ G.

425D Törnquist’s theorem Let (X,Σ) be a standard Borel space and I a σ-ideal of Σ
containing an uncountable set. Let A be the quotient algebra Σ/I, and G ⊆ AutA a subgroup
with cardinal at most ω1. Then there is an action • of G on X which represents G in the sense
that π•E belongs to Σ, and (π•E)• = π(E•), for every E ∈ Σ and π ∈ G.

p 175 l 19 (Theorem 431D) Add new part, formerly 431Xc:

(b) If 〈Eσ〉σ∈S∗ is fully regular, then µA = sup{µ(⋂n≥1Eψ↾n) : ψ ∈ NN}, and if moreover µ

is totally finite, µA = sup{infn≥1 µEψ↾n : ψ ∈ NN}.
p 177 l 8 Add new result:

431G Theorem Let X be a set, Σ a σ-algebra of subsets of X and I ⊆ Σ a σ-ideal of subsets
of X. If Σ/I is ccc then Σ is closed under Souslin’s operation.

p 177 l 14 Exercise 431Xc is now 431Db; 431Xd-431Xe are now 431Xc-431Xd.

p 177 l 29 (431Y) 431Yc has been moved to 431G; 431Yb is now 431Yc. Add new exercises:

(b) Let (X,Σ, µ) be a totally finite measure space, Y a set and T a σ-algebra of subsets of Y .
Suppose that A ∈ S(Σ⊗̂T). Show that {y : µA−1[{y}] > α} belongs to S(T) for every α ∈ R.

(d) Let r ≥ 1 be an integer and f : Rr → R a Borel measurable function. Show that the

domain of its first partial derivative ∂f
∂ξ1

is coanalytic, therefore Lebesgue measurable, but may

fail to be Borel.

p 180 l 21 Add new result:

432I Corollary Let X be a K-analytic Hausdorff space, and U a subbase for the topology of
X. Let (Y,T, ν) be a complete totally finite measure space and φ : Y → X a function such that
φ−1[U ] ∈ T for every U ∈ U . Then there is a Radon measure µ on X such that

∫
fdµ =

∫
fφ dν

for every bounded continuous f : X → R.

432I-432J are now 432J-432K.

p 180 l 28 (432I, now 432J) Add definition:

(b) A Choquet capacity c on X is outer regular if c(A) = inf{c(G) : G ⊇ A is open} for
every A ⊆ X.

p 181 l 3 Add new result:

432L Proposition Let (X,T) be a topological space.
(a) Let c0 : T → [0,∞] be a functional such that

c0(G) ≤ c0(H) whenever G, H ∈ T and G ⊆ H;
c0 is submodular;
c0(

⋃
n∈N

Gn) = limn→∞ c0(Gn) for every non-decreasing sequence 〈Gn〉n∈N in T.

Then c0 has a unique extension to an outer regular Choquet capacity c onX, and c is submodular.
(b) Suppose thatX is regular. LetK be the family of compact subsets ofX, and c1 : K → [0,∞]

a functional such that

c1 is submodular;
c1(K) = infG∈T,G⊇K supL∈K,L⊆G c1(L) for every K ∈ K.
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Then c1 has a unique extension to an outer regular Choquet capacity c on X such that

c(G) = sup{c(K) : K ⊆ G is compact} for every open G ⊆ X,

and c is submodular.

p 181 l 23 (432X) Add new exercises:

(j) Let P be a lattice, and c : P → R an order-preserving functional. Show that the following
are equiveridical: (i) c is submodular; (ii) (p, q) 7→ 2c(p∨ q)− c(p)− c(q) is a pseudometric on P ;
(iii) setting cr(p) = c(p ∨ r)− c(r), cr(p ∨ q) ≤ cr(p) + cr(q) for all p, q, r ∈ P .

(k) Let X be a topological space, c : X → [0,∞] a Choquet capacity, and f : [0,∞] → [0,∞]
a non-decreasing function. (i) Show that if f is continuous then fc is a Choquet capacity. (ii)
Show that if f↾ [0,∞[ is concave and c is submodular, then fc is submodular.

(l) Let X be a Hausdorff space, c a Choquet capacity on X, and K a non-empty downwards-
directed family of compact subsets of X. Show that c(

⋂K) = infK∈K c(K).

p 181 l 27 (432Y) Add new exercise:

(b) Let X, Y be Hausdorff spaces, R ⊆ X × Y an usco-compact relation and µ a Radon
probability measure on X such that µ∗R

−1[Y ] = 1. Show that there is a Radon probability
measure on Y such that ν∗R[A] ≥ µ∗A for every A ⊆ X.

p 184 l 1 Add new result:

433H Proposition Let (X,Σ, µ) be a complete locally determined space, and Y an analytic
Hausdorff space. Suppose that W ⊆ X × Y belongs to S(Σ⊗̂B(Y )), where B(Y ) is the Borel
σ-algebra of Y . Then W−1[Y ] ∈ Σ and there is a Σ-measurable function f : W−1[Y ] → Y such
that (x, f(x)) ∈W for every x ∈W−1[X].

433H-433K are now 433I-433L.

p 189 l 35 (part (b) of the proof of 434F): for ‘νK ≥ µY Y − ǫ’ read ‘µYK ≥ µY Y − ǫ’.

p 196 l 46 (Proposition 434P): add new part

(f) A quasi-dyadic space is ccc.

p 198 l 45 (part (f) of the proof of 434Q): in this part of the proof, you need to take it that every ξ is
supposed to be a member of C, so that ‘ξ > γ’ should be read as ‘ξ ∈ C \ (γ + 1)’, etc.

p 199 l 30 (part (a-α) of the proof of 434R): for ‘with union W [{x}]’ read ‘with union W [{x0}]’.
p 201 l 37 Add new result:

434U Proposition Let X and Y be compact Hausdorff spaces and f : X → Y a continuous
open map. If µ is a completion regular topological measure on X, then the image measure µf−1

on Y is completion regular.

p 202 l 8 The exercises for §434 have been re-arranged: 434Xe-434Xy are now 434Xf-434Xz, 434Yc is
now 434Yd, 434Ye-434Yi are now 434Yf-434Yj, 434Yp is now 434Yq, 434Yq is now 434Yp, 434Ys is now
434Yc.
Add new exercise:

(e) Let Σum be the algebra of universally measurable subsets of R, and µ the restriction of
Lebesgue measure to Σum. Show that µ is translation-invariant, but has no translation-invariant
lifting.

p 204 l 4 (434Y) Add new exercises:

(c) If X is a topological space, a set A ⊆ X is universally capacitable if c(A) = sup{c(K) :
K ⊆ A is compact} for every Choquet capacity c on X. (i) Show that if X is a Hausdorff space
and π1, π2 : X×X → X are the coordinate maps, then we have a capacity c on X×X defined by
saying that c(A) = 0 if A ⊆ X ×X and there is a Borel set E ⊆ X including π1[A] and disjoint
from π2[A], and c(A) = 1 for other A ⊆ X ×X. (ii) Show that there is a universally measurable
subset of R which is not universally capacitable.
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(e) Let X be a Hausdorff space such that there is a countable algebra A of universally Radon-
measurable subsets of X which separates the points of X in the sense that whenever I ∈ [X]2

there is an A ∈ A such that #(I ∩ A) = 1. Show that two totally finite Radon measures on X
which agree on A are identical.

p 204 l 8 Exercises 434Yd and 434Yj are wrong, and should be deleted.

p 209 l 15 (part (b) of the proof of 435G): for ‘µA = µA′ = µ∗A
′ ≤ (ν1)∗A

′ = ν∗1A
′ ≤ µ∗A′ = µA’ read

‘µA = µA′ = µ∗A′ ≤ ν∗1A
′ = (ν1)∗A

′ ≤ µ∗A
′ = µA’.

p 210 l 45 (Exercise 435Xl) should read ‘show that there is a continuous function f : X → [0, 1] which
is inverse-measure-preserving for the completion of µ and Lebesgue measure on [0, 1]’. Similarly, 435Xm(iii)
should read ‘show that if µ is an atomless probability measure there is a continuous f : X → [0, 1] which is
inverse-measure-preserving for the completion of µ and Lebesgue measure’.

p 211 l 4 (435X) Add new exercises:

(n) Let X be a topological space and G the family of cozero sets in X. Show that a functional
ψ : G → [0,∞[ can be extended to a Baire measure on X iff ψ is modular and limn→∞ ψGn = 0
whenever 〈Gn〉n∈N is a non-increasing sequence in G with empty intersection. (Hint : if ψ satisfies
the conditions, first check that ψ∅ = 0 and that ψG ≤ ψH whenever G ⊆ H; now apply 413J
with φK = inf{ψG : K ⊆ G ∈ G} for zero sets K.)

(o) Let X be a countably compact topological space and µ a totally finite Baire measure on
X. Show that µ has an extension to a Borel measure which is inner regular with respect to the
closed sets.

p 214 l 12 (part (b) of the proof of 436E): for ‘non-decreasing’ read ‘non-increasing’.

p 218 l 38 Add new result, formerly given as Exercise 436Xr:

*436M Corollary Let A be a Boolean algebra, and M(A) the L-space of bounded finitely
additive functionals on A. Let U ⊆M(A) be a norm-closed linear subspace such that a 7→ ν(a ∩ b)
belongs to U whenever ν ∈ U and b ∈ A. Then U is a band in M(A).

p 219 l 16 (Exercise 436Xe) Add two more parts:

(ii) Let X be a regular Lindelöf space. Show that every positive linear functional on C(X) is
smooth, so corresponds to a totally finite quasi-Radon measure on X. (iii) Let X be a K-analytic
Hausdorff space. Show that every positive linear functional on C(X) corresponds to at least one
totally finite Radon measure on X.

p 220 l 23 Exercise 436Xr is now given in 436M, so 436Xs becomes 436Xr.
Add new exercise:

(s) Let X be a locally compact Hausdorff space. (i) Write M∞+
R for the set of all Radon

measures on X. For µ ∈ M∞+
R , let Sµ be the corresponding functional on Ck(X), defined by

setting (Sµ)(u) =
∫
u dµ for every u ∈ Ck(X). Show that S(µ+ ν) = Sµ+Sν and S(αµ) = αSµ

whenever µ, ν ∈ M∞+
R and α ≥ 0, where addition and scalar multiplication of measures are

defined as in 234G and 234Xf. (ii) WriteM+
R for the set of totally finite Radon measures onX. For

µ ∈M+
R , let Tµ be the corresponding functional on C0(X), defined by setting (Tµ)(u) =

∫
u dµ

for every u ∈ C0(X). Show that T (µ + ν) = Tµ + Tν and T (αµ) = αTµ whenever µ, ν ∈ M+
R

and α ≥ 0.

p 221 l 19 (436Y) Add new exercise:

(g) Let X be any topological space. (i) Let Ck be the set of continuous functions u : X → R

such that {x : u(x) 6= 0} is compact, and f : Ck → R a positive linear functional. Show that
there is a tight quasi-Radon measure µ on X such that f(u) =

∫
u dµ for every u ∈ Ck. (ii) Let

C̃k be the set of continuous functions u : X → R such that {x : u(x) 6= 0} is relatively compact,

and f : C̃k → R a positive linear functional. Show that there is a tight quasi-Radon measure µ
on X such that f(u) =

∫
u dµ for every u ∈ Ck.
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p l Add sentence to 437Jd:

Writing δx for the Dirac measure on X concentrated at x, x 7→ δx : X → Ptop is a homeomor-
phism between X and {δx : x ∈ X}.

p 230 l 15 (437J, vague and narrow topologies): There is an embarrassing blunder in part (e): even for a
Hausdorff space X, the narrow topology on the space M+

qR of totally finite quasi-Radon measures need not

be Hausdorff. What is true (and is adequate for the later applications in this book) is that if X is Hausdorff,
the narrow topology on the space M+

R of totally finite Radon measures is Hausdorff.
Add new subparagraphs:

(f) If u : X → R is bounded and lower semi-continuous, then ν 7→
∫
u dν : M̃+ → R is lower

semi-continuous for the narrow topology.
(g) Let M̃+

σ be the space of totally finite topological measures on X. If u : X → [0,∞] is a

lower semi-continuous function, then ν 7→
∫
u dν : M̃+

σ → [0,∞] is lower semi-continuous.

(h) Let X and Y be topological spaces, φ : X → Y a continuous function, and M̃+(X),

M̃+(Y ) the spaces of functionals described in (d). For a functional ν defined on a subset of
PX, define νφ−1 by saying that (νφ−1)(F ) = ν(φ−1[F ]) whenever F ⊆ Y and φ−1[F ] ∈ dom ν.

Then νφ−1 ∈ M̃+(Y ) whenever ν ∈ M̃+(X), and the map ν 7→ νφ−1 : M̃+(X) → M̃+(Y ) is
continuous for the narrow topologies. If X and Y are Hausdorff spaces, we therefore have a
continuous map ν 7→ νφ−1 from M+

R (X) to M+
R (Y ).

p 231 l 6 (statement Corollary 437L) Add new fact: In particular, the narrow topology on Mτ is
completely regular.

p 231 l 7 Theorem 437M has been revised, and now reads

437M Theorem For a topological space X, write M+
qR(X) for the space of totally finite

quasi-Radon measures on X, PqR(X) for the space of quasi-Radon probability measures on X,
and Mτ (X) for the L-space of signed τ -additive Borel measures on X.

(a) Let X and Y be topological spaces. If µ ∈ M+
qR(X) and ν ∈ M+

qR(Y ), write µ × ν ∈
M+

qR(X × Y ) for the τ -additive product measure on X × Y . Then (µ, ν) 7→ µ × ν is continuous

for the narrow topologies on M+
qR(X), M+

qR(Y ) and M+
qR(X × Y ).

(b) Let 〈Xi〉i∈I be a family of topological spaces, with product X. If 〈µi〉i∈I is a family of
probability measures such that µi ∈ PqR(Xi) for each i, write

∏
i∈I µi ∈ PqR(X) for their τ -

additive product. Then 〈µi〉i∈I 7→
∏
i∈I µi is continuous for the narrow topology on PqR(X) and

the product of the narrow topologies on
∏
i∈I PqR(Xi).

(c) Let X and Y be topological spaces.
(i) We have a unique bilinear operator ψ :Mτ (X)×Mτ (Y ) →Mτ (X×Y ) such that ψ(µ, ν)

is the restriction of the τ -additive product of µ and ν to the Borel σ-algebra of X × Y whenever
µ, ν are totally finite Borel measures on X, Y respectively.

(ii) ‖ψ‖ ≤ 1.
(iii) ψ is separately continuous for the vague topologies on Mτ (X), Mτ (Y ) and Mτ (X×Y ).

(d) In (c), suppose that X and Y are compact and Hausdorff. If B ⊆Mτ (X) and B′ ⊆Mτ (Y )
are norm-bounded, then ψ↾B ×B′ is continuous for the vague topologies.

p 233 l 38 The later part of §437 has been substantially revised, with new material in 437R, also
incorporating the old 437O. The new statements of the results are

437N Proposition (formerly 437Q) (a) Let X and Y be Hausdorff spaces, and φ : X → Y a
continuous function. Let M+

R (X), M+
R (Y ) be the spaces of totally finite Radon measures on X

and Y respectively. Write φ̃(µ) for the image measure µφ−1 for µ ∈M+
R (X).

(i) φ̃ :M+
R (X) →M+

R (Y ) is continuous for the narrow topologies on M+
R (X) and M+

R (Y ).

(ii) φ̃(µ+ ν) = φ̃(µ) + φ̃(ν) and φ̃(αµ) = αφ̃(µ) for all µ, ν ∈M+
R (X) and α ≥ 0.

(b) If Y is a Hausdorff space, X a subset of Y , and φ : X → Y the identity map, then φ̃ is a
homeomorphism between M+

R (X) and {ν : ν ∈M+
R (Y ), ν(Y \X) = 0}.

437O Uniform tightness (formerly 437T) Let X be a topological space. If ν is a bounded
additive functional on an algebra of subsets of X, I say that it is tight if
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νE ∈ {νK : K ⊆ E, K ∈ dom ν, K is closed and compact}
for every E ∈ dom ν, and that a set A of tight functionals is uniformly tight if every member
of A is tight and for every ǫ > 0 there is a closed compact set K ⊆ X such that νK is defined
and |νE| ≤ ǫ whenever ν ∈ A and E ∈ dom ν is disjoint from K.

437P Proposition (formerly 437U) Let X be a topological space.

(a) Let M+
qR be the set of totally finite quasi-Radon measures on X. Suppose that A ⊆ M+

qR

is uniformly totally finite and for every ǫ > 0 there is a closed compact K ⊆ X such that
µ(X \K) ≤ ǫ for every µ ∈ A. Then A is relatively compact in M+

qR for the narrow topology.

(b) Suppose now that X is Hausdorff, and that M+
R is the set of Radon measures on X. If

A ⊆ M+
R is uniformly totally finite and uniformly tight, then it is relatively compact in M+

R for
the narrow topology.

437Q Two metrics (a) If X is a set and µ, ν are bounded additive functionals defined on
algebras of subsets of X, set

ρtv(µ, ν) = |µ− ν|(X) = supE,F∈domµ∩dom ν(µ− ν)(E)− (µ− ν)(F ).

In this generality, ρtv is not even a pseudometric, but when ρ↾M ×M is a metric I will call it
the total variation metric on M .

(b) Suppose that (X, ρ) is a metric space. Write M+
qR for the set of totally finite quasi-Radon

measures on X. For µ, ν ∈M+
qR set

ρKR(µ, ν) = sup{|
∫
u dµ−

∫
u dν| : u : X → [−1, 1] is 1-Lipschitz}.

Then ρKR is a metric on M+
qR.

437R Theorem (formerly 437O and 437R) Let X be a topological space; write M+
qR =

M+
qR(X) for the set of totally finite quasi-Radon measures on X, and if X is Hausdorff write

M+
R = M+

R (X) for the set of totally finite Radon measures on X, both endowed with their
narrow topologies.

(a) If X is regular then M+
qR is Hausdorff.

(b) If X has a countable network then M+
qR has a countable network.

(c) Suppose that X is separable.

(i) If X is a T1 space, then M+
qR is separable.

(ii) If X is Hausdorff, M+
R is separable.

(d) If X is a K-analytic Hausdorff space, so is M+
qR =M+

R .

(e) If X is an analytic Hausdorff space, so is M+
qR =M+

R .

(f)(i) If X is compact, then for any real γ ≥ 0 the sets {µ : µ ∈ M+
qR, µX ≤ γ} and

{µ : µ ∈M+
qR, µX = γ} are compact.

(ii) If X is compact and Hausdorff, then for any real γ ≥ 0 the sets {µ : µ ∈M+
R , µX ≤ γ}

and {µ : µ ∈M+
R , µX = γ} are compact. In particular, the set PR of Radon probability measures

on X is compact.

(g) Suppose that X is metrizable and ρ is a metric on X inducing its topology. For µ, ν ∈M+
qR

set

ρKR(µ, ν) = sup{|
∫
u dµ−

∫
u dν| : u : X → [−1, 1] is 1-Lipschitz}.

(i) ρKR is a metric on M+
qR inducing the narrow topology.

(ii) If (X, ρ) is complete then M+
qR =M+

R is complete under ρKR.

(h) If X is Polish, so is M+
qR =M+

R .

437S Proposition (formerly 437P) Let X be a Hausdorff space, and PR the set of Radon
probability measures on X. Then the extreme points of PR are just the Dirac measures on X.

Other paragraphs have been rearranged, so that 437S is now 437T, 437V is now 437U, 437W is now 437V.
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p 239 l 37 The exercises to §437 have likewise been revised and restructured. 437Xc-437Xf are now
437Xd-437Xg. The former 437Xg(i) has been deleted, 437Xg(ii) is now part of 437Xr. 437Xi is now part of
437Xq, 437Xj is now 437Xr, 437Xk is now 437Xq, 437Xl is now 437Xi, 437Xm is now part of 437Jf, 437Xn
is now 437Xl. Part (ii) of 437Xo has been deleted, the rest is now in 437Xt. 437Xp is now part of 437Xt,
437Xq is now part of 436Xn, 437Xr is now 437Xv, 437Xs-437Xt are now 437Xw-437Xx.

437Ye, revised, is now 437Ym, 437Yh is now 437Yj. 437Yi, corrected and revised, is now divided between
437Yo and 437Yp. 437Yj, corrected and expanded, is now 437Yi, 437Yk-437Yl are now 437Yq-437Yr,
437Ym is now 437Yk, 437Yn-437Yo are now 437Yx-437Yy.

Rewritten and new exercises are

437Xc Let I ⊆ R be a non-empty interval. (i) Show that if g : I → R is of bounded variation
on every compact subinterval of I, there is a unique signed tight Borel measure µg on I such
that µg[a, b] = limx↓b g(x) − limx↑a g(x) whenever a ≤ b in I, counting limx↑a g(x) as g(a) if
a = min I, and limx↓b g(x) as g(b) if b = max I. (ii) Show that if h : I → R is another function of
bounded variation on every compact subinterval, then µh = µg iff {x : h(x) 6= g(x)} is countable
iff {x : h(x) = g(x)} is dense in I. (iii) Show that if ν is any signed Baire measure on I there is
a g of bounded variation on every compact subinterval such that ν = µg.

(j) Let X be a topological space, and Σ an algebra of subsets of X containing every open set;
let M(Σ)+ be the set of non-negative real-valued additive functionals on Σ, endowed with its
narrow topology, E a member of Σ, and ∂E its boundary. Show that ν 7→ νE :M(Σ)+ → [0,∞[
is continuous at ν0 ∈M(Σ)+ iff ν0(∂E) = 0.

(m) Let X be a topological space, Y a regular topological space and M+
qR(X), M+

qR(Y ) the
spaces of totally finite quasi-Radon measures on X, Y respectively. For a continuous φ : X → Y
define φ̃ :M+

qR(X) →M+
qR(Y ) by saying that φ is inverse-measure-preserving for µ and φ̃(µ) for

every µ ∈M+
qR(X) (418Hb). Show that φ̃ is continuous for the narrow topologies.

(n) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a countable family of Radon probability spaces, and Q the set
of Radon probability measures µ on X =

∏
i∈I Xi such that image of µ under the map x 7→ x(i)

is µi for every i ∈ I. Show that Q is uniformly tight and compact for the narrow topology on the
set of measures on X.

(o) Let X be any topological space, and M+
qR the space of totally finite quasi-Radon measures

on X. Show that M+
qR is complete in the total variation metric.

(p) Let X and Y be topological spaces, and ρX , ρY , ρX×Y the total variation metrics on
the spaces M+

qR(X), M+
qR(Y ) and M+

qR(X × Y ) of quasi-Radon measures. Let µ1, µ2 be totally
finite quasi-Radon measures on X, ν1, ν2 totally finite quasi-Radon measures on Y , and µ1 × ν1,
µ2 × ν2 the quasi-Radon product measures. Show that

ρX×Y (µ1 × ν1, µ2 × ν2) ≤ ρX(µ1, µ2) · ν2Y + µ1X · ρY (ν1, ν2).
(q) (i) Show that the set M+

σ (B(X)) of totally finite Borel probability measures on X is T0 in
its narrow topology for any topological space X. (ii) Give X = ω1 + 1 its order topology. Show
that the narrow topology on M+

σ (B(X)) is not T1.

(r) LetX be any topological space and M̃+ the set of non-negative additive functionals defined

on subalgebras of PX containing every open set. For µ, ν ∈ M̃+ define µ + ν ∈ M̃+ by setting
(µ + ν)(E) = µE + νE for E ∈ domµ ∩ dom ν. (i) Show that addition on M̃+ is continuous

for the narrow topology. (ii) Show that (α, µ) 7→ αµ : [0,∞[ × M̃+ → M̃+ is continuous for

the narrow topology on M̃+. (iii) Writing P̃ for {µ : µ ∈ M̃+, µX = 1}, and δx for the Dirac
measure concentrated at x for each x ∈ X, show that the convex hull of {δx : x ∈ X} is dense in

P̃ for the narrow topology. (iv) Suppose that A and B are uniformly tight subsets of M̃+ and
γ ≥ 0. Show that A ∪ B, A + B = {µ + ν : µ ∈ A, ν ∈ B} and {αµ : µ ∈ A, 0 ≤ α ≤ γ} are
uniformly tight.

(t) Let X be a Hausdorff space, and PR the set of Radon probability measures on X with its
narrow topology. For x ∈ X let δx be the Dirac measure on X concentrated at x. Show that
x 7→ δx is a homeomorphism between X and its image in PR.

(u) Let X be a non-empty compact metrizable space, and φ : X → X a continuous function.
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Show that there is an x ∈ X such that limn→∞
1

n+1

∑n
i=0 f(φ

i(x)) is defined for every f ∈ C(X).

(v) Let X be a T0 topological space, and PqR the set of quasi-Radon probability measures
on X. Show that the extreme points of PqR are just the Dirac measures on X concentrated on
points x such that {x} is closed.

(y) Let X and Y be analytic spaces, and P = PR(X) the space of Radon probability measures
on X with its narrow topology. (i) Let V be an analytic subset of (P × Y ) × X. Show that
{(µ, y) : µ ∈ P , y ∈ Y , µV [{(µ, y)}] > α} is analytic for every α ∈ R. (ii) Let W be a coanalytic
subset of (P × Y ) × X. Show that {(µ, y) : µ ∈ P , y ∈ Y , W [{(µ, y)}] is not µ-negligible} is
coanalytic.

(z) Let X be a second-countable topological space, P = Pτ (X) the space of τ -additive prob-
ability measures on X with its narrow topology and C the space of closed subsets of X with the
Fell topology. For µ ∈ P write suppµ for the support of µ. (i) Show that {(x,C) : C ∈ C, x ∈ C}
is a Borel subset of X×C. (ii) Show that {(µ, x) : µ ∈ P , x ∈ suppµ} is a Borel subset of P ×X.
(iii) Show that µ 7→ suppµ : P → C is Borel measurable. (Cf. 424Ya.)

437Ye Show that in 437Ib the operator S : L∞(ΣuRm) → C0(X)∗∗ is multiplicative if C0(X)∗∗

is given the Arens multiplication described in 4A6O based on the ordinary multiplication (u, v) 7→
u× v on C0(X).

(h) Let X be a topological space, µ0 a totally finite τ -additive topological measure on X,

and f : X → R a bounded function which is continuous µ0-a.e. Let M̃+
σ be the set of totally

finite topological measures on X, with its narrow topology. Show that ν 7→
∫
fdν : M̃+

σ → R is
continuous at µ0.

(i) Let X be a Hausdorff space, andM∞+
R the set of all Radon measures on X. Define addition

and scalar multiplication (by positive scalars) on M∞+
R as in 234G, 234Xf and 416De and ≤ by

the formulae of 234P or 416Ea. (i) Show that M∞+
R is a Dedekind complete lattice. (ii) Show

that if A ⊆ M∞+
R is upwards-directed and non-empty, it is bounded above iff {G : G ⊆ X is

open, supν∈A νG <∞} covers X, and in this case dom(supA) =
⋂
ν∈A dom ν and (supA)(E) =

supν∈A νE for every E ∈ dom(supA). (iii) Show that if µ, ν ∈M∞+
R then ν = supn∈N ν ∧ nµ iff

every µ-negligible set is ν-negligible. (iv) Show that if µ, ν ∈M∞+
R then ν is uniquely expressible

as νs + νac where νs, νac ∈∈ M∞+
R , µ ∧ νs = 0 and νac = supn∈N νac ∧ nµ. (v) Show that

if µ, ν ∈ M∞+
R then dom(µ ∨ ν) = domµ ∩ dom ν and (µ ∨ ν)(E) = sup{µF + ν(E \ F ) :

F ∈ domµ ∩ dom ν, F ⊆ E} for every E ∈ dom(µ ∨ ν). (vi) Show that if µ, ν ∈ M∞+
R then

dom(µ∧ ν) = {E ∪F : E ∈ domµ, F ∈ dom ν}. (vii) Show that if µ, ν ∈M∞+
R then µ∧ ν = 0 iff

there is a set E ⊆ X which is µ-negligible and ν-conegligible. (viii) Show that there is a Dedekind
complete Riesz space V such that the positive cone of V is isomorphic to M∞+

R .

(l) Let X be a topological space, and M̃ the space of bounded additive functionals defined on

subalgebras of PX containing every open set. For ν ∈ M̃ , say that |ν|(E) = sup{νF − ν(E \F ) :
F ∈ dom ν, F ⊆ E} for E ∈ dom ν. Show that a set A ⊆ M̃ is uniformly tight in the sense of
437O iff {|ν| : ν ∈ A} is uniformly tight.

(m) Let X be a completely regular space and PqR the space of quasi-Radon probability
measures on X. Let B ⊆ PqR be a non-empty set. Show that the following are equiveridical: (i)
B is relatively compact in PqR for the narrow topology; (ii) whenever A ⊆ Cb(X) is non-empty
and downwards-directed and infu∈A u(x) = 0 for every x ∈ A, then infu∈A supµ∈B

∫
u dµ = 0; (iii)

whenever G is an upwards-directed family of open sets with union X, then supG∈G infµ∈B µG = 1.

(n) Let X be a topological space, and M+
qR the set of totally finite quasi-Radon measures on

X, with its narrow topology. (i) Show that if X is regular then M+
qR is regular and Hausdorff.

(ii) Find a second-countable Hausdorff space X such that the space PqR(X) of quasi-Radon
probability measures on X is not Hausdorff in its narrow topology.

(o) Let (X, ρ) and (Y, σ) be metric spaces, and give M+
qR(X) and M+

qR(Y ) the corresponding

metrics ρ̄KR, σ̄KR as in 437Rg. For a continuous function φ : X → Y , let φ̃ :M+
qR(X) →M+

qR(Y )

be the map described in 437Xm. (i) Show that if φ is γ-Lipschitz, where γ ≥ 0, then φ̃ is γ-

Lipschitz. (ii) (J.Pachl) Show that if φ is uniformly continuous, then φ̃ is uniformly continuous
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on any uniformly totally finite subset of M+
qR(X). (iii) Show that if (X, ρ) is R with its usual

metric, then ρ̄KR is not uniformly equivalent to Lévy’s metric as described in 274Yc. (For a
discussion of various metrics related to ρ̄KR, see Bogachev 07, 8.10.43-8.10.48.)

(p) Let (X, ρ) be a metric space. For f ∈ Cb(X)∼σ , set ‖f‖KR = sup{|f(u)| : u ∈ Cb(X), ‖u‖∞ ≤
1, u is 1-Lipschitz}. (i) Show that ‖ ‖KR is a norm on Cb(X)∼σ . (ii) Let (X

′, ρ′) and (X ′′, ρ′′) be
metric spaces, and ρ the ℓ1-product metric onX = X ′×X ′′ defined by saying that ρ((x′, x′′), (y′, y′′)) =
ρ′(x′, y′) + ρ′′(x′′, y′′). Identifying the spaces Mτ (X

′), Mτ (X
′′) and Mτ (X) of signed τ -additive

Borel measures with subspaces of Cb(X
′)∼σ , Cb(X

′′)∼σ and Cb(X
′)∼σ , as in 437E-437H, show that

the bilinear map ψ :Mτ (X
′)×Mτ (X

′′) →Mτ (X) described in 437Mc has norm 1 whenMτ (X
′),

Mτ (X
′′) and Mτ (X) are given the appropriate norms ‖ ‖KR.

(q) Let X be a topological space and M̃+ the set of non-negative real-valued additive func-
tionals defined on algebras of subsets of X containing every open set, endowed with its narrow
topology. Show that w(M̃+) ≤ max(ω,w(X)).

(s) Let 〈(Ai, µ̄i)〉i∈I be a non-empty family of probability algebras, and F an ultrafilter on
I. Let (A, µ̄) =

∏
i∈I(Ai, µ̄i)|F be the reduced product as defined in 328C. For each i ∈ I, let

(Zi, νi) be the Stone space of (Ai, µ̄i); giveW = {(z, i) : i ∈ I, z ∈ Zi} its disjoint union topology,
and let βW be the Stone-Čech compactification of W . For each i ∈ I, define fi : Zi →W ⊆ βW
by setting fi(z) = (z, i) for z ∈ Zi, and let νif

−1
i be the image measure on βW . Let ν be the

limit limi→F νif
−1
i for the narrow topology on the space of Radon probability measures on W ,

and Z its support. Show that (Z, ν) can be identified with the Stone space of (A, µ̄).

(t) (i) Show that there are a continuous φ : {0, 1}N → [0, 1] and a positive linear operator
T : C({0, 1}N) → C([0, 1]) such that T (fφ) = f for every f ∈ C([0, 1]). (Hint : if Iσ = {x : σ ⊆
x ∈ {0, 1}N for σ ∈ ⋃

n∈N
{0, 1}n, arrange that {t : T (χIσ)(t) > 0} is always an interval of length

( 23 )
#(σ).) (ii) Show that there are a continuous φ̃ : ({0, 1}N)N → [0, 1]N and a positive linear

operator T̃ : C(({0, 1}N)N) → C([0, 1]N) such that T̃ (hφ̃) = h for every h ∈ C([0, 1]N). (Hint :
if, in (i), (Tg)(t) =

∫
g dνt for t ∈ [0, 1] and g ∈ C({0, 1}N), take νttt to be the product measure∏

n∈N
νtn for ttt = 〈tn〉n∈N ∈ [0, 1]N.)

(u) Let X be a separable metrizable space and P = PR(X) the set of Radon probability
measures on X, with its narrow topology. Show that there is a family 〈fµ〉µ∈P of functions from
[0, 1] to X such that (i) (µ, t) 7→ fµ(t) is Borel measurable (ii) writing µL for Lebesgue measure
on [0, 1], µ = µLf

−1
µ for every µ ∈ P (iii) whenever 〈µn〉n∈N is a sequence in P converging to

µ ∈ P , there is a countable set A ⊆ [0, 1] such that fµ(t) = limn→∞ fµn
(t) for every t ∈ [0, 1] \A.

(Hint : first consider the cases X = [0, 1] and X = {0, 1}N, then use 437Yt to deal with [0, 1]N

and its subspaces. See Bogachev 07, §8.5.)
(v) Let (A, µ̄) be a measure algebra, and Af the ideal of elements of A of finite measure. For

a ∈ Af and u ∈ L0 = L0(A), let νau be the totally finite Radon measure on R defined by saying
that νau(E) = µ̄(a ∩ [[u ∈ E]]) (definition: 364G, 434T) for Borel sets E ⊆ R. For a ∈ Af and
u, v ∈ L0 set ρ̄a(u, v) = ρKR(νau, νav), where ρKR is the metric on M+

R = M+
R (R) defined from

the usual metric on R. (i) Show that the family P = {ρ̄a : a ∈ Af} of pseudometrics defines
the topology of convergence in measure on L0 (definition: 367L). (ii) Show that if (A, µ̄) is semi-
finite then the uniformity U defined from P is metrizable iff (A, µ̄) is σ-finite and A has countable
Maharam type. (iii) Show that if (A, µ̄) is semi-finite then L0 is complete under U (definition:
3A4F) iff A is purely atomic.

(z) Let X be a regular Hausdorff topological space and C a non-empty narrowly compact set
of totally finite topological measures on X, all inner regular with respect to the closed sets. Set
c(A) = supµ∈C µ

∗A for A ⊆ X. Show that c : PX → [0,∞[ is a Choquet capacity.

As for corrections, we have the following.

p 239 l 9 (hint to part (i) of 437Xa): for ‘f(vn∧uk(n)) ≤ f(vn)+2−n’ read ‘f(vn∨uk(n)) ≤ f(vn)+2−n’.
(J.Pachl.)

p 241 l 32 Parts (ii) and (iii) of Exercise 437Yi (now 437Yp) are wrong. (J.P.)

p 245 l 9 (part (d) of the proof of 438C): for ‘κ \⋃ξ<κA(β, ξ)’ read ‘κ+ \⋃ξ<κA(β, ξ)’.
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p 249 l 23 (part (c) of the proof of 438N): for ‘Dn is a relatively open family’ read ‘Dn is an isolated
family’.

p 250 l 11 Proposition 438P has been split into two parts and generalized, as follows:

438P Lemma Let X be a Polish space, and C̃´´ = C̃´´(X) the family of functions ω : R → R

such that lims↑t ω(s) and lims↓t ω(s) are defined in X for every t ∈ R.
(a) For A ⊆ B ⊆ R and f ∈ XB , set

jumpA(f, ǫ) = sup{n : there is an I ∈ [A]n such that ρ(f(s), f(t)) > ǫ

whenever s < t are successive elements of I}.

Now a function ω ∈ XR belongs to C̃´´ iff jump[−n,n](ω, ǫ) is finite for every n ∈ N and ǫ > 0.

(b) If ω ∈ C̃´´ then ω is continuous at all but countably many points of R.

(c) If ω ∈ C̃´´ then ω[ [−n, n] ] is relatively compact in X for every n ∈ N.

438Q Theorem LetX be a Polish space, and C̃´´ = C̃´´(X) the family of functions ω : R → X
such that lims↑t ω(s) and lims↓t ω(s) are defined in X for every t ∈ R.

(a) C̃´´, with its topology of pointwise convergence inherited from the product topology of XR,
is K-analytic.

(b) C̃´´ is hereditarily weakly θ-refinable.

Consequently 438Q is now 438R.

p 251 l 26 (case 1 of part (b-iv) of the proof of 438P, now 438Q): for ‘H =
⋃
τ∈T∗ Hqqqτ is negligible’ read

‘H =
⋃
τ∈T∗ Hqqqτ belongs to J (G)’.

p 252 l 41 Add a paragraph on càllàl functions:

438S Proposition Let X be a Polish space. Let C´´ be the set of càllàl functions from [0,∞[
to X, with its topology of pointwise convergence inherited from the product topology of X [0,∞[.

(a)(i) If ω ∈ C´´, then ω is continuous at all but countably many points of [0,∞[.

(ii) If ω, ω′ ∈ C´´, D is a dense subset of [0,∞[ containing every point at which ω is
discontinuous, and ω′↾D = ω↾D, then ω′ = ω.

(b) C´´ is K-analytic.

438R-438S are now 438T-438U.

p 255 l 37 (438X) Add new exercises:

(e) Let (X,Σ, µ) be a complete locally determined measure space, (Y,T, ν) a strictly localizable
measure space, and f : X → Y an inverse-measure-preserving function. Suppose that the
magnitude of ν is either finite or a measure-free cardinal. Show that µ is strictly localizable.

(f) Let (X1,Σ1, µ1), (X2,Σ2, µ2), (Y1,T1, ν1) and (Y2,T2, ν2) be measure spaces, and λ1,
λ2 the product measures on X1 × Y1, X2 × Y2 respectively; suppose that f : X1 → X2 and
g : Y1 → Y2 are inverse-measure-preserving functions, and that h(x, y) = (f(x), g(y)) for x ∈ X1,
y ∈ Y1. Show that if µ2 and ν2 are both strictly localizable, with magnitudes which are either
finite or measure-free cardinals, then h is inverse-measure-preserving. (Compare 251L.)

Other exercises in 438X have been re-named: 438Xe-438Xk are now 438Xg-438Xm, 438Xl-438Xp are now
438Xo-438Xs, 438Xq is now 438Xn.

p 255 l 4 (Exercise 438Xg, now 438Xi): add ‘where hx(y) = h(x, y) for (x, y) ∈ domh’.

p 255 l 8 (Exercise 438Xh, now 438Xj): for ‘Wx’ read ‘W [{x}]’.
p 255 l 36 (Exercise 438Xq, now 438Xn): for ‘refining

⋃G’ read ‘refining G’.
p 256 l 11 Exercise 438Yh has been moved to 438P. 438Yi-438Yk are now 438Yh-438Yj.

p 256 l 22 (438Y) Add new exercises:

(k) Let Z be a regular Hausdorff space, T a Dedekind complete totally ordered space with
least and greatest elements a, b, and x : T → Z a function such that lims↑t x(s) and lims↓t x(s)

D.H.Fremlin



18 Volume 4 438Y

are defined in Z for every t ∈ T (except t = a in the first case and t = b in the second). Show
that x[T ] is relatively compact in Z.

(l) Let (X, ρ) be a metric space, and PBor the set of Borel probability measures on X. For
µ, ν ∈ PBor set ρ̄KR(µ, ν) = sup{|

∫
u dµ −

∫
u dν| : u : X → [−1, 1] is 1-Lipschitz}. (i) Show

that ρ̄KR is a metric on PBor. (ii) Let TKR be the topology it induces on PBor. Show that TKR

is finer than the narrow topology on PBor (437J), and that the two topologies coincide iff κ is
measure-free.

(m) Let (X,Σ, µ) be a complete locally determined measure space, and θ = 1
2 (µ

∗ + µ∗) the
outer measure described in 413Xd. Show that if the measure µθ defined by Carathéodory’s
method is not equal to µ, then there is a set A ⊆ X such that 0 < µ∗A < ∞ and the subspace
measure on A induced by µ measures every subset of A.

p 261 l 33 (part (c) of the proof of 439H): for ‘µ∗
H1(A∩Γ)+µ∗

H1(A∩Γ)’ read ‘µ∗
H1(A∩Γ)+µ∗

H1(A\Γ)’.
(M.Burke.)

p 268 l 21 (part (b-iii) of the proof of 439Q): for ‘measure ν on X’ read ‘measure ν on X2’. (J.P.)

p 268 l 35 (proof of 439R): for ‘ν̃Y ’ read ‘µ̃Y ’.

p 270 l 15 (Exercise 439Xc) for ‘complete locally determined’ read ‘with locally determined negligible
sets’.

p 270 l 37 Exercise 439Xi is now 439Fb, so has been dropped. In its place is

(i) Let X be a Polish space, A ⊆ X an analytic set which is not Borel (423Sb, 423Ye), and
〈Eξ〉ξ<ω1

a family of Borel constituents of X \ A (423R). Suppose that xξ ∈ Eξ \
⋃
η<ξ Eη for

every ξ < ω1. Show that {xξ : ξ < ω1} is universally negligible. Hence show that any probability
measure with domain Pω1 is point-supported.

439Xn (now 439Xp) has been revised, and reads

(p) (i) Suppose that X is a completely regular space and there is a continuous function f
from X to a realcompact completely regular space Z such that f−1[{z}] is realcompact for every
z ∈ Z. Show that X is realcompact (definition: 436Xg). (ii) Show that the spaces X of 439K
and X2 of 439Q are realcompact.

Other exercises have been re-named: 439Xm is now 439Xo, 439Xo is now 439Xm.

p 271 l 40 Exercise 439Yf (now 439Xn) has been re-phrased, and reads

(n) Show that a semi-finite Borel measure on ω1, with its order topology, must be purely
atomic.

A second part has been added to 439Yj:

(j)(ii) Show that Rc is not a Prokhorov space.

Add new exercise:

(k) Show that the Sorgenfrey line is not a Prokhorov space.

Other exercises have been re-arranged; 439Yd-439Ye are now 439Ye-439Yf, 439Yk is now 439Yd.

p 274 l 7 (441A) Parts 441Ac and 441Ad have been moved to 4A5Cc-4A5Cd. In their place is

(c) If a group G acts on a set X and a measure µ on X is G-invariant, then
∫
f(a•x)µ(dx)

is defined and equal to
∫
f dµ whenever f is a virtually measurable [−∞,∞]-valued function

defined on a conegligible subset of X and
∫
f dµ is defined in [−∞,∞].

p 274 l 29 (proof of 441B): the argument makes better sense if we switch things round, and say

Next, the inequality ≤ in the hypotheses is an insignificant refinement; since we must also
have

µU = µ(a−1
•a•U) ≤ µ(a•U)

in (a),

µK = µ(a−1
•a•K) ≤ µ(a•K)

in (b), we always have equality here.

(J.Grahl.)
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p 275 l 20 (part (c-iii) of the proof of 441C): for ‘⌈A : U⌉ ≤ ⌈b−1
•b•A : U⌉ = ⌈A : U⌉’ read ‘⌈A : U⌉ =

⌈b−1
•b•A : U⌉ ≤ ⌈b•A : U⌉’.

p 276 l 28 (proof of 441E): for ‘uv−1 ∈ G \M ’ read ‘u−1v ∈ G \M ’.

p 280 l 45 (Exercise 441Xp) Add new part

(v) Show that if (X, ρ) is complete then G is complete under its bilateral uniformity.

p 281 l 13 (441X) Add new exercises:

(c) Let r ≥ 1 be an integer, and X = [0, 1[
r
. Let G be the set of r × r matrices with

integer coefficients and determinant ±1, and for A ∈ G, x ∈ X say that A•x =



<η1>
. . .
<ηr>


 where



η1
. . .
ηr


 = Ax and <α> is the fractional part of α for each α ∈ R. (i) Show that • is an action

of G on X, and that Lebesgue measure on X is G-invariant. (ii) Show that if X is given the
compact Hausdorff topology corresponding to the bijection α 7→ (cos 2πα, sin 2πα) from X to the
unit circle in R2, and G is given its discrete topology, the action is continuous.

(u) Let X be a set with its zero-one metric and G the group of permutations of X with
its topology of pointwise convergence. Let W ⊆ P(X2) be the set of total orderings of X.
Show that W is compact for the usual topology of P(X2). For g ∈ G and W ∈ W write
g•W = {(g(x), g(y)) : (x, y) ∈ W}; show that • is a continuous action of G on W. Show that
there is a unique G-invariant Radon probability measure µ on W such that µ{W : (xi, xi+1) ∈W

for every i < n} =
1

(n+1)!
whenever x0, . . . , xn ∈ X are distinct.

441Xc-441Xs are now 441Xd-441Xt,

p 281 l 34 (Exercise 441Ye, now 441Yf) The formula given for T⊤T is wrong; it should be




2

1−z2
0 0

0 2 2z
0 2z 2


.

p 282 l 26 (441Y) Add new exercises:

(g) Let H be the division ring of the quaternions, that is, R4 with its usual addition and
with multiplication defined by the rule

(ξ0, ξ1, ξ2, ξ3)× (η0, η1, η2, η3) = (ξ0η0 − ξ1η1 − ξ2η2 − ξ3η3, ξ0η1 + ξ1η0 + ξ2η3 − ξ3η2,

ξ0η2 − ξ1η3 + ξ2η0 + ξ4η1, ξ0η3 + ξ1η2 − ξ2η1 + ξ3η0).

For Lebesgue measurable E ⊆ H \ {0}, set νE =
∫
E

1

‖x‖4
dx. Show that (i) ‖x× y‖ = ‖x‖‖y‖ for

all x, y ∈ H (ii) H \ {0} is a group (iii) ν is a (two-sided) Haar measure on H \ {0}.
(o) Let •X be an action of a group G on a set X, µ a G-invariant measure on X, (A, µ̄) its

measure algebra and •A the induced action on A. Set Z = XG; define φ : X → Z by setting
φ(x) = 〈g−1

•x〉g∈G for x ∈ X; let ν be the image measure µφ−1, and (B, ν̄) its measure algebra.
Set (g•Zz)(h) = z(g−1h) for g, h ∈ G and z ∈ Z; show that this defines a ν-invariant action on
Z, with an induced action •B on B. Show that (A, µ̄, •A) and (B, ν̄, •B) are isomorphic.

(p) Let X be a topological space, G a topological group and • a continuous action of G on
X. Let M+

qR be the set of totally finite quasi-Radon measures on X. As in 4A5B-4A5C, write

a•E = {a•x : x ∈ E} for a ∈ G and E ⊆ X, and (a•f)(x) = f(a−1
•x) for a ∈ G, x ∈ X and a

real-valued function f defined at a−1
•x. (i) Show that we have an action • of G on M+

qR defined

by saying that (a•ν)(E) = ν(a−1
•E) whenever a ∈ G, ν ∈ M+

qR and E ⊆ X are such that ν

measures a−1
•E. (ii) Show that this action is continuous if we giveM+

qR its narrow topology. (iii)

Show that if ν ∈M+
qR, f ∈ L

1(ν) is non-negative and fν is the corresponding indefinite-integral

measure, then a•(fν) is the indefinite-integral measure (a•f)(a•ν) for every a ∈ G.
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(q) Let X be a set, G a group acting on X and µ a totally finite G-invariant measure on
X with domain Σ. Suppose there is a probability measure ν on G, with domain T, such that
(a, x) 7→ a−1

•x : G×X → X is (T⊗̂Σ,Σ)-measurable and ν is invariant under the left action of
G on itself. Let u ∈ L0(µ) be such that a•u = u for every a ∈ G. Show that there is an f ∈ L

0(µ)
such that f• = u and a•f = f for every a ∈ G.

(r) Let X be a topological space, G a compact Hausdorff group, • a continuous action of G
on X, and µ a G-invariant quasi-Radon measure on X. Let u ∈ L0(µ) be such that a•u = u for
every a ∈ G. Show that there is an f ∈ L

0(µ) such that f• = u and a•f = f for every a ∈ G.

Other exercises have been rearranged: 441Yb-441Ye are now 441Yc-441Yf, 441Yf is now 441Yk, 441Yg-
441Yi are now 441Yh-441Yj, 441Yj-441Yl are now 441Yl-441Yn, 441Ym is now 441Yb.

p 286 l 7 (442H) The sentence ‘note that if A ⊆ X is such that A∩K ∈ Σ for every compact set K ⊆ X,
then A ∈ Σ; if A ⊆ X and A ∩K ∈ N for every compact K ⊆ X, then A ∈ N ’ assumes that we have a
locally compact group, and should be deleted.

p 289 l 26 (442Y) Add new exercise:

(d) Let (X, ρ) be a metric space, and µ, ν two non-zero quasi-Radon measures on X such
that µB(x, δ) = µB(y, δ) and νB(x, δ) = νB(y, δ) for all δ > 0 and x, y ∈ X. Show that µ is a
multiple of ν.

p 289 l 28 (Problem 442Z): for ‘autohomeomorphisms of Z’ read ‘autohomeomorphisms of X’.

p 294 l 9 I have added another fragment to Theorem 443G, so that part (c) is now

(c) We have shift actions of X on L0 defined by setting

a•lf
• = (a•lf)

•, a•rf
• = (a•rf)

•, a•cf
• = (a•cf)

•

for a ∈ X and f ∈ L
0. If

↔

is the reversal operator on L0, we have

a•l
↔

u = (a•ru)
↔, a•c

↔

u = (a•cu)
↔

for every a ∈ X and u ∈ L0.
(d) If we give L0 its topology of convergence in measure these three actions, and also the

reversal operator ↔, are continuous,

and parts (d)-(e) are now parts (e)-(f).

p 297 l 15 (part (b-i) of the proof of 443J: for ‘
⋃
m∈N

(
E ∩ Hin \ ⋃

n∈N
Fimn

)
’ read ‘

⋃
m∈N

(
E ∩ Him \⋃

n∈N
Fimn

)
’.

p 297 l 38 (443K, part (b) of the proof): for ‘because X is locally compact’ read ‘because X̂ is locally
compact’.

p 297 l 40 (443K, part (b) of the proof): for ‘G ⊆ X’ read ‘G ⊆ X̂’.

p 297 l 46 (443K, part (b) of the proof): for ‘ν̃K = νK = 0’ read ‘µ̃K = νK = 0’.

p 298 l 25 (part (a) of the proof of 443L): for ‘νH = µF ≥ γ’ read ‘νH = µE ≥ γ’.

p 298 l 28 (part (a) of the proof of 443L): for ‘E ∩ f−1[F ] ∈ domµ’ read ‘E ∩ φ−1[F ] ∈ domµ’.

p 300 l 26 Add new result:

443O Proposition Let X be a topological group and µ a left Haar measure on X. Then the
following are equiveridical:

(i) µ is not purely atomic;
(ii) µ is atomless;
(iii) there is a non-negligible nowhere dense subset of X;
(iv) µ is inner regular with respect to the nowhere dense sets;
(v) there is a conegligible meager subset of X;
(vi) there is a negligible comeager subset of X.

443O-443T are now 443P-443U.
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p 301 l 13 (part (a-ii) of the proof of 443O, now 443P): for ‘(Tf)(x0)’ read ‘(Tf)(πx0)’.

p 301 l 29 (part (a-vi) of the proof of 443O, now 443P): for ‘h′(z) ∈ Ck(Z)’ read ‘h′ ∈ Ck(Z)’.

p 304 l 7 A final step in part (c) of the proof of 443P, now 443Q, is missing:

(iv) If π−1[D] is Haar negligible, then, in (iii) above, we shall have
∫
νz(G∩π−1[D∩L])λ(dz) =

0, so that λ(D ∩ L) = 0; as L is arbitrary, λD = 0, by 412Ib or 412Jc.

p 308 l 12 In part (b) of the proof of 443T, now 443U, every ‘φ’ should be ‘π’, as in the statement of
the result.

p 308 l 26 (part (c) of the proof of 443T, now 443U): for ‘if x ∈ X and H ⊆ X/Yz is measured by λ’
read ‘if x ∈ X and H ⊆ X/Yz is measured by λ′’.

p 308 l 35 (part (c) of the proof of 443T, now 443U): for ‘νxYz
(G) = ν(Y ∩ x−1G)’ read ‘νxYz

(G) =
ν(Yz ∩ x−1G)’.

p 309 l 22 The exercises to §443 have been re-arranged; 443Xa is now 443Xb, 443Xb is now 443Xa,
443Xd and 443Xe are now together as 443Xd, 443Xf is now 443Yb, 443Xg-443Xq are now 443Xf-443Xp,
443Xr is now 443Yk, 443Xs-443Xu are now 443Xq-443Xs, 443Xv-443Xz are now 443Xu-443Xy, 443Yb is now
443Yc, 443Yc is now 443Yh, 443Yd is now 443Yg, 443Ye is now 443Yl, 443Yf is now 443Ym, 443Yg is now
443Yi, 443Yh is now 443Yj, 443Yi is now 443Yn, 443Yj is now 443Yq, 443Yk is now 443Xt, 443Yl-443Yo
are now 443Yr-443Yu, 443Yp is now 443Yo.

p 309 l 26 Exercise 443Xb (now 443Xa) has been amended, and now reads

(a) Let X be a topological group and µ a left Haar measures on X. (i) Show that the quasi-
Radon product measure λ = µ × µ on X × X is a left Haar measure for the product group
operation on X ×X. (ii) Show that the maps (x, y) 7→ (y, x), (x, y) 7→ (x, xy), (x, y) 7→ (y−1x, y)
are automorphisms of the measure space (X ×X,λ). (iii) Show that the map (x, y) 7→ (x−1, yx)
is an automorphism of the measure space (X×X,λ) (iv) Show that the maps (x, y) 7→ (y−1, xy),
(x, y) 7→ (yx, x−1), (x, y) 7→ (y3x, x−1y−2) are automorphisms of (X ×X,λ).

p 310 l 13 Exercise 443Xk (now 443Xj) has been elaborated, and now reads

(j) Let X be a topological group carrying Haar measures. Show that X is totally bounded for
its bilateral uniformity iff X is totally bounded for its right uniformity iff its Haar measures are
totally finite.

p 310 l 27 Exercise 443Xo (now 443Xn) has been elaborated, and now reads

(n) In 443L, show that (i) φ[A] is Haar negligible in Z whenever A is Haar negligible in X
(ii) ∆X = ∆Zφ, where ∆X , ∆Z are the left modular functions of X, Z respectively (iii) φ[X] is
dense in Z (iv) Z is unimodular iff X is unimodular.

p 311 l 10 Exercise 443Xu(ii) (now 443Xs(ii)) is wrong, and should read

In 443R, suppose that there is an open set G ⊆ X such that GY has finite measure for the
left Haar measures of X. Show that Z has an X-invariant Radon probability measure.

p 311 l 14 (part (i) of Exercise 443Xv, now 443Xu): for ‘X/Y ’ read ‘X/Y1’ (twice).

p 311 l 34 (443X) Add new exercises:

(e) Let (A, µ̄) be a measure algebra. Show that it is isomorphic to the measure algebra of a
topological group with a Haar measure iff it is localizable and quasi-homogeneous in the sense of
374G-374H.

(z) Show that 443G is equally valid if we take functions to be complex-valued rather than
real-valued, and work with Lp

C
rather than Lp.

p 312 l 1 (443Y) Add new exercises:

(d) Let X be a compact Hausdorff topological group and A its Haar measure algebra. Let Y
be a subgroup of X; for y ∈ Y , define ŷ ∈ AutA by setting ŷ(a) = y•la for a ∈ A. Show that
{ŷ : y ∈ Y } is ergodic iff Y is dense in X.
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(e) Let A be a Boolean algebra, G a group, and • an action of G on A such that a 7→ g•a is a
Boolean automorphism for every g ∈ G. (i) Show that we have a corresponding action of G on
L∞ = L∞(A) defined by saying that, for every g ∈ G, g•χa = χ(g•a) for a ∈ A and u 7→ g•u is
a positive linear operator on L∞. (ii) Show that if A is Dedekind σ-complete, this action on L∞

extends to an action on L0 = L0(A) defined by saying that [[g•u > α]] = g•[[u > α]] for g ∈ G,
u ∈ L0 and α ∈ R.

(f) Let (A, µ̄) be a measure algebra, G a topological group, and • a continuous action of G on
A (giving A its measure-algebra topology) such that a 7→ g•a is a measure-preserving Boolean
automorphism for every g ∈ G. Show that the corresponding action of G on L0(A), as defined in
443Ye, is continuous, and induces continuous actions of G on Lp(A) for 1 ≤ p <∞.

(p) Find a non-discrete locally compact Hausdorff topological group X such that if Y is a
normal subgroup of X which is a zero set in X then Y is open.

p 312 l 38 Exercise 443Yo (now 443Yu) is wrong as written; we need an extra hypothesis ‘{x : α <
∆(x) < β} is non-empty’.

p 312 l 44 Part (ii) of exercise 443Yp (now 443Yo) is wrong as written; in this part we need to suppose
that X is σ-compact. In part (iii) of the same exercise, read ‘AA’ for ‘A+A’.

p 313 l 25 (Notes to §443): for ‘443Yd’ read ‘443Yg’ (now 443Yi).

p 317 l 35 (part (c-iii) of the proof of 444F): for ‘A2n+1’ read ‘A2n+2’.

p 317 l 42 (part (c-iv) of the proof of 444F): for ‘limn→∞(a•E)•’ read ‘limn→∞(a•En)
•’.

Similarly on the first line of the next page.

p 318 l 21 (part (d-ii) of the proof of 444F): for ‘
∑∞
n=0 2

−n−1χci’ read ‘
∑∞
n=0 2

−n−1χcn’.

p 321 l 8 In part (b-ii) of the proof of 444K, I write ‘Similarly, (f ∗ ν)(x) is defined in R for every x’;
this need not be so, since the left modular function ∆ may well be unbounded. However, since∫∫

∆(y−1)f(xy−1)χG(x)ν(dy)µ(dx) = (fµ ∗ ν)(G) <∞
for every open set G of finite µ-measure, (f ∗ ν)(x) is defined µ-a.e., which is good enough.

p 329 l 13 444Sb has been rewritten, and is now

(b) In particular, ∗ : L1 × L1 → L1 is associative; L1 is a Banach algebra. It is commutative
if X is abelian.

(c) Let B be the Borel σ-algebra of X and Mτ the Banach algebra of signed τ -additive Borel
measures on X, as in 444E. If, for f ∈ L

1 = L
1(µ) and E ∈ B, we write (fµ↾B)(E) =

∫
E
fdµ,

then fµ↾B ∈ Mτ . We have an operator T : L1 → Mτ defined by setting T (f•) = fµ↾B for
f ∈ L

1. T is a norm-preserving Riesz homomorphism, and is an embedding of L1 as a subalgebra
of Mτ .

p 329 l 26 (part (a) of the proof of 444T): for ‘Mpηp’ read ‘Mpη’; and again in line 3 of the next page.

p 332 l 19 (part (b-ii) of the proof of 444V): for ‘G’ read ‘X’, and again on the next line.

p 333 l 8 The exercises for §444 have been rearranged: 444Xm-444Xu are now 444Xn-444Xv. 444Yf-
444Yi are now 444Yg-444Yj, 444Yj-444Yn are now 444Yl-444Yp, 444Yo is now 444Yk.

p 334 l 39 (444X) Add new exercises:

(w) (i) Let X1, X2 be topological groups with totally finite quasi-Radon measures λi, νi
on Xi for each i. Let λ = λ1 × λ2, ν = ν1 × ν2 be the quasi-Radon product measure on the
topological group X = X1 × X2. Show that λ ∗ ν = (λ1 ∗ ν1) × (λ2 ∗ ν2). (ii) Let 〈Xi〉i∈I be
a family of topological groups, and λi, νi quasi-Radon probability measures on Xi for each i.
Let λ =

∏
i∈I λi, ν =

∏
i∈I νi be the quasi-Radon product measures on the topological group∏

i∈I Xi. Show that λ ∗ ν =
∏
i∈I λi ∗ νi.

(x) Show that 444C, 444O, 444P, 444Qb and 444R-444U remain valid if we work with complex-
valued, rather than real-valued, functions, and with L

p
C
and Lp

C
rather than L

p and Lp.
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(y) Let X be a topological group with a left Haar measure µ and left modular function ∆.

Write ∆∆∆ ∈ L0 = L0(µ) for the equivalence class of the function ∆. For u ∈ L0 write u∗ for
↔

u×
↔

∆∆∆.
Show that (i) (u∗)∗ = u for every u ∈ L0 (ii) u 7→ u∗ : L0 → L0 is a Riesz space automorphism
(iii) u∗ ∈ L1 for every u ∈ L1 = L1(µ) (iv) u 7→ u∗ : L1 → L1 is an L-space automorphism (v)
u∗ ∗ v∗ = (v ∗ u)∗ for all u, v ∈ L1.

p 335 l 15 (Exercise 444Ye): for ‘if Y is another Polish group’ read ‘if X and Y are Polish groups’.

p 335 l 26 (Exercise 444Yg, now 444Yh): part (ii) is wrong, and should be replaced by

(ii) Show that ‖Tν‖ ≤ ‖ν‖ for every ν ∈M+
τ . (iii) Give an example in which ‖Tν‖ < ‖ν‖.

p 336 l 23 (Exercise 444Yo, now 444Yk): part (iv) is wrong, and I have re-written the exercise, as
follows:

(k) Let X be a topological group with a left Haar measure µ and left modular function ∆. (i)
Suppose that f ∈ L

0(µ). Show that the following are equiveridical: (α) f(yx) = ∆(y)f(xy) for
(µ × µ)-almost every x, y ∈ X; (β) (a•cf)

• = ∆(a−1)f• for every a ∈ X. (ii) Show that in this
case f(x) = 0 for almost every x such that ∆(x) 6= 1. (iii) Suppose that f ∈ L

1(µ). Show that
the following are equiveridical: (α) f(yx) = ∆(y)f(xy) for (µ × µ)-almost every x, y ∈ X; (β)
(f ∗ g)• = (g ∗ f)• for every g ∈ L

1(µ).

p 336 l 27 (444Y) Add new exercises:

(f) Suppose that the continuum hypothesis is true. Let ν be Cantor measure on R (256Hc).
Show that there is a set A ⊆ R such that ν(x + A) = 0 for every x ∈ R, but A is not Haar
negligible.

(q) Let X be a topological group and M+
qR the set of totally finite quasi-Radon measures on

X. For ν ∈M+
qR, define

↔

ν ∈M+
qR by saying that

↔

ν (E) = νE−1 whenever E ⊆ X and ν measures

E−1. (i) Show that if λ, ν ∈M+
qR then

↔

λ ∗↔

ν = (ν ∗λ)↔. (ii) Taking •l, •r to be the left and right

actions of X on itself, and defining corresponding actions of X on M+
qR as in 441Yp, show that

a•l(λ ∗ ν) = (a•lλ) ∗ ν and a•r(λ ∗ ν) = λ ∗ (a•rν) for λ, ν ∈M+
qR and a ∈ X.

p 344 l 8 (part (d) of the proof of 445I): for ‘fk = y−1
k

•lf ’ read ‘fk = yk•lf ’.

p 344 l 18 (part (d) of the proof of 445I): for ‘|θ(x)− φ(x)| ≤ ǫ’ read ‘|θ(x)− χ(x)| ≤ ǫ’.

p 387 l 45 (445X) Add new exercise:

(q) Let X be a locally compact Hausdorff abelian topological group. Show that if two totally
finite Radon measures on X have the same Fourier-Stieltjes transform, they are equal.

p 358 l 43 (445Y) Add new exercise:

(m) Let µ be Lebesgue measure on [0,∞[. (i) For f , g ∈ L
1(µ) define (f ∗g)(x) =

∫ x
0
f(y)g(x−

y)µ(dy) whenever the integral is defined. Show that f ∗ g ∈ L
1(µ). (ii) Show that we can define

a bilinear operator ∗ on L1(µ) by setting f• ∗ g• = (f ∗ g)• for f , g ∈ L
1(µ), and that under this

multiplication L1(µ) is a Banach algebra. (iii) Show that if φ : L1(µ) → R is a multiplicative linear
operator then there is some s ≥ 0 such that φ(f•) =

∫∞

0
f(x)e−sxµ(dx) for every f ∈ L

1(µ).

p 362 l 18 Paragraphs 446E-446G are now 446G, 446E and 446F.

p 374 l 41 Exercise 446Xa has been dropped. 446Xb-446Xc are now 446Xa-446Xb.

p 375 l 6 (446Y) Add new exercise:

(c) Let κ be an infinite cardinal, and (Bκ, ν̄κ) the measure algebra of the usual measure on
{0, 1}κ. Give the group Autν̄κ(Bκ) of measure-preserving automorphisms of Bκ its topology of
pointwise convergence. Let X be a compact Hausdorff topological group of weight at most κ.
Show that there is a continuous injective homomorphism from X to Autν̄κ(Bκ).

p 380 l 22 (part (e) of the proof of 447F): add ‘Let λ̃ be the invariant Radon measure on X/Y derived
from µ and µY as in 447Ea.’
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p 382 l 12 (part (i) of the proof of 447F): for ‘µY measures Y ∩x−1E’ read ‘µY measures Y ∩x−1(E1\E2)’.

p 383 l 17 (part (c) of the proof of 447G): for ‘gEn is ΣY -measurable . . . gEn(xy) = gEn(x) whenever
x ∈ X, y ∈ Y ’ read ‘gEn is ΣYn

-measurable . . . gEn(xy) = gEn(x) whenever x ∈ X, y ∈ Yn’.

p 383 l 21 (part (c) of the proof of 447G): for ‘〈gEn〉n∈N → gE ’ read ‘〈gEn〉n∈N → χE’.

p 389 l 8 (part (a) of the proof of 448F): I think we need an argument to show that c∗ belongs to C, e.g.,

If φ ∈ G, then

φc∗ = sup{φπa : π ∈ G} ⊆ c∗

because φ is order-continuous and φπ ∈ G for every π ∈ G. Similarly φ−1c∗ ⊆ c∗ and c∗ ⊆ φc∗.
Thus φc∗ = c∗; as φ is arbitrary, c∗ ∈ C.

Later (line 12) we should take the infimum in C rather than in A.

p 390 l 25 (Lemma 448J) To support the proof of 448M, we need the result corresponding to 395Ke, as
follows:

(e) If c ∈ C is such that a ∩ c is a relative atom over C, then c ⊆ [[⌈b : a⌉ − ⌊b : a⌋ = 0]].

448Je is now 448Jf.

p 393 l 14 (part (e) of the proof of 448O): for ‘〈π̃bn〉n∈N’ read ‘〈π̃nbn〉n∈N’.

p 393 l 22 (part (e) of the proof of 448O): the definition of the operator ψ is defective, because there is
no guarantee that {d∗} ∪ {an \ d∗ : n ∈ N} has supremum 1. To remedy this, we can amend the definition
of d∗, replacing it by

d∗ = upr(d ∪ d′,C)

where d′ = 1 \ supn∈N an; d
′ ∈ I because supn∈N a

•

n = 1 in B.

p 396 l 13 I have added a version of Mackey’s theorem on the realization of group actions, as follows:

448Q Lemma Let (X,Σ, µ) be a σ-finite measure space with countable Maharam type. Write
L0(Σ) for the set of Σ-measurable functions from X to R. Then there is a function T : L0(µ) →
L0(Σ) such that

(i) u = (Tu)• for every u ∈ L0,
(ii) (u, x) 7→ (Tu)(x) : L0 ×X → [−∞,∞] is (B⊗̂Σ)-measurable,

where B is the Borel σ-algebra of L0 with the topology of convergence in measure.

448R Lemma Let (X,Σ, µ) be a σ-finite measure space with countable Maharam type.
(a) L0 = L0(µ), with its topology of convergence in measure, is a Polish space.
(b) Let A be the measure algebra of µ, and Af the set {a : a ∈ A, µ̄ < ∞}. Then the

Borel σ-algebra B = B(L0) is the σ-algebra of subsets of L0 generated by sets of the form
{u : µ̄(a ∩ [[u ∈ F ]]) > α}, where a ∈ Af , F ⊆ R is Borel, and α ∈ R.

448S Mackey’s theorem Let G be a locally compact Polish group, (X,Σ) a standard Borel
space and µ a σ-finite measure with domain Σ. Let (A, µ̄) be the measure algebra of µ with its
measure-algebra topology. Let ◦ be a Borel measurable action of G on A such that a 7→ g ◦a is
a Boolean automorphism for every g ∈ G. Then we have a (B(G)⊗̂Σ,Σ)-measurable action • of
G on X such that

g ◦E• = (g•E)•

for every g ∈ G and E ∈ Σ, writing g•E for {g•x : x ∈ E} as usual.

448T Corollary Let G be a σ-compact locally compact Hausdorff group, X a Polish space,
µ a σ-finite Borel measure on X, and (A, µ̄) the measure algebra of µ, with its measure-algebra
topology. Let ◦ be a continuous action of G on A such that a 7→ g ◦a is a Boolean automorphism
for every g ∈ G. Then we have a Borel measurable action • of G on X such that

g ◦E• = (g•E)•

for every g ∈ G and E ∈ B(X), writing g•E for {g•x : x ∈ E} as usual.
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p 396 l 18 (Exercise 448Xc): for ‘Σ = C’ read ‘Σ = B’.
p 396 l 22 (448X) The former exercise 448Xe has been corrected and strengthened and moved to 448Y;

it now reads

(c) Let (X,Σ) be a standard Borel space, Y any set, T a σ-algebra of subsets of Y and J a
σ-ideal of subsets of T. Let θ : Σ → L∞(T/J ) be a non-negative, sequentially order-continuous
additive function. Show that there is a non-negative, sequentially order-continuous additive
function φ : Σ → L∞(T) such that θE = (φE)• for every E ∈ Σ.

Other exercises have been renamed: 448Xf-448Xk are now 448Xe-448Xj.

p 398 l 7 (part (a-ii) of the proof of 449B) At several points in this section, • and •l have got confused.
Here, ‘‖f − a−1

•lf‖∞’ should be ‘‖f − a−1
•f‖∞’.

p 398 l 41 (part (b-ii) of the proof of 449B): for ‘‖a−1
•f − a−1

•f‖’ read ‘‖a−1
•f − b−1

•f‖’.
p 401 l 5 (part (c) of the statement of 449D): for ‘a•lb̂ = âb’ read ‘a•b̂ = âb’.

p 401 l 41 (part (c) of the proof of 449D): for ‘(a•lb̂)(f)’ read ‘(a•b̂)(f)’. Similarly, in the next line,

‘a•lb̂ = âb’ should be ‘a•b̂ = âb’, as in the statement of the result.

p 402 l 4 (part (d) of the proof of 449D): for ‘φ(a•lb̂)’ read ‘φ(a•b̂)’.

p 402 l 25 (part (ii)⇒(i) of the proof of 449E): for ‘µ(a•lφ
−1[F ])’ read ‘µ(a•φ−1[F ])’.

p 402 l 37 (Corollary 449F) Add new parts:

(a)(ii) A dense subgroup of an amenable topological group is amenable.
(b) Let G be a topological group. Suppose that for every sequence 〈Vn〉n∈N of neighbourhoods

of the identity e of G there is a normal subgroup H of G such that H ⊆ ⋂
n∈N

Vn and G/H is
amenable. Then G is amenable.

p 404 l 20 Add a note:

449I Notation If G is any locally compact Hausdorff group, ΣG will be the algebra of Haar
measurable subsets of G and NG the ideal of Haar negligible subsets of G, and BG the Borel
σ-algebra of G.

Theorem 449I has become 449J. Condition (vi) from the list has been dropped, and is now Exercise 449Xk.
In their place, four other equiveridical conditions have been added:

(iii) there is an additive functional φ : ΣG → [0, 1] such that φG = 1, φ(aE) = φE for every
E ∈ Σ and a ∈ G, and φE = 0 for every E ∈ NG;

(iv) there is a finitely additive functional φ : BG → [0, 1] such that φG = 1, φ(aE) = φE for
every E ∈ B and a ∈ G, and φE = 0 for every Haar negligible E ∈ BG;

(ix) for any finite set K ⊆ G and ǫ > 0, there is a compact set L ⊆ G with non-zero measure
such that µ(L△aL) ≤ ǫµL for every a ∈ K;

(xii) there is a q ∈ [0,∞[ such that for any finite set I ⊆ G ǫ > 0, there is a u ∈ Lq(µ) such
that ‖u‖q = 1 and ‖u− a•lu‖q ≤ ǫ for every a ∈ I.

The former (ix) has been sharpened to

(x) for every compact set K ⊆ G and ǫ > 0, there is a symmetric compact neighbourhood L
of the identity e in G such that µ(L△aL) ≤ ǫµL for every a ∈ K.

The former conditions (iv) and (x) are now (vi) and (xi).

p 404 l 25 (part (ii) of the statement of 449I, now 449J): for ‘every u ∈ Cb(X)’ read ‘every f ∈ Cb(X)’.

p 410 l 24 Add new result:

449K Proposition Let G be an amenable locally compact Hausdorff group, andH a subgroup
of G. Then H is amenable.

449J-449M are now 449L-449O.

p 413 l 8 The exercises to §449 have been greatly changed. 449Xg is now 449F(a-ii); 449Xl and 449Xo
have been dropped; 449Xm, 449Xn and 449Xq have been absorbed into the new conditions (x), (xii) and
(iv) of 449J (formerly 449I).
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p 413 l 13 (Exercise 449Xi, now 449Xg): for ‘supx∈X
∑n
i=0 f(xi)−f(ai•xi) ≥ 0’ read ‘supx∈X

∑n
i=0 fi(x)−

fi(ai•x) ≥ 0’.

p 414 l 13 (449X) Add new exercises:

(e) Prove 449Cg directly from 441C, without mentioning Haar measure.
(k) Let G be a locally compact Hausdorff group, and µ a left Haar measure on G. Show

that G is amenable iff for every finite set I ⊆ G, finite set J ⊆ L
∞(µ) and ǫ > 0, there is an

h ∈ Ck(G)
+ such that

∫
h dµ = 1 and such that |

∫
f(ax)h(x)µ(dx) −

∫
f(x)h(x)µ(dx)| ≤ ǫ for

every a ∈ I and f ∈ J .
(m) Let G be a locally compact Hausdorff group and BaG its Baire σ-algebra. Show that G

is amenable iff there is a non-zero finitely additive φ : BaG → [0, 1] such that φ(aE) = νE for
every a ∈ G and E ∈ BaG.

(n) A symmetric Følner sequence in a group G is a sequence 〈Ln〉n∈N of non-empty finite

symmetric subsets of G such that limn→∞
#(Ln△aLn)

#(Ln)
= 0 for every a ∈ G. Show that a group

G has a symmetric Følner sequence iff it is countable and amenable when given its discrete
topology.

p 414 l 26 Exercise 449Yb has been incorporated into the new 449Xj.

p 415 l 7 Parts (i) and (ii) of Exercise 449Yg (now 449Yj) are wrong, and should read

(j)(i) Show that there is a partition (A,B,C,D) of F2 such that aA = A ∪ B ∪ C and
bB = A ∪ B ∪ D. (ii) Let S2 be the unit sphere in R3. Show that if S, T are the matrices of
449Yi, there is a partition (A,B,C,D,E) of S2 such that E is countable, S[A] = A∪B ∪C and
T [B] = A ∪B ∪D.

p 415 l 14 (449Y) Add new exercises:

(e) Let G be a group with a symmetric Følner sequence 〈Ln〉n∈N, and • an action of G on
a reflexive Banach space U such that u 7→ a•u is a linear operator of norm at most 1 for every

a ∈ G. For n ∈ N set Tnu =
1

#(Ln)

∑
a∈Ln

a−1
•u for u ∈ U . Show that for every u ∈ U the

sequence 〈Tnu〉n∈N is norm-convergent to a v ∈ U such that a•v = v for every a ∈ G.
(g) Let G be a group and • an action of G on a set X. Let Σ be an algebra of subsets of X

such that g•E ∈ Σ for every E ∈ Σ and g ∈ G, and H a member of Σ; write ΣH for {E : E ∈ Σ,
E ⊆ H}. Let ν : ΣH → [0,∞] be a functional which is additive in the sense that ν∅ = 0 and
ν(E ∪ F ) = νE + νF whenever E, F ∈ ΣH are disjoint, and locally G-invariant in the sense
that g•E ∈ Σ and ν(g•E) = νE whenever E ∈ ΣH , g ∈ G and g•E ⊆ H. Show that there is an
extension of ν to a G-invariant additive functional ν̃ : Σ → [0,∞].

Other exercises have been rearranged: 449Xc is now 449Xh, 449Xd-449Xe are now 449Xc-449Xd, 449Xh is
now 449Xi 449Xi is now 449Xg, 449Xk is now 449Xl, 449Xp is now 449Yf, 449Xr is now 449Xp, 449Xs is
now 449Xo, 449Xt-449Xu are now 449Xq-449Xr, 449Xv is now 449Xn, 449Ye-449Yg are now 449Yh-449Yj,
449Yh is now 449Yb.

p 422 l 35 Proposition 451K has been elaborated, as follows.

Proposition Let 〈Xi〉i∈I be a family of sets with product X, and Σi a σ-algebra of subsets

of Xi for each i. Let λ be a perfect totally finite measure with domain Σ =
⊗̂

i∈IΣi. Set
πJ(x) = x↾J for x ∈ X and J ⊆ I.

(a) Let K be the set {V : V ⊆ X, πJ [V ] ∈ ⊗̂
i∈JΣi for every J ⊆ I}. Then λ is inner regular

with respect to K.

(b) Let λ̂ be the completion of λ.

(i) For any J ⊆ I, the completion of the image measure λπ−1
J on

∏
i∈J Xi is the image

measure λ̂π−1
J .

(ii) If W is measured by λ̂ and W is determined by coordinates in J ⊆ I, then there is a
V ∈ Σ such that V ⊆W , V is determined by coordinates in J and W \ V is λ-negligible.
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p 424 l 18 (part (b) of the statement of 451O, now 451P): for ‘ν = µφ−1’ read ‘ν = µf−1’.

p 424 l 41 (part (a) of the proof of 451P, now 451Q): for ‘assume that µ is totally finite’ read ‘assume
that µ is complete and totally finite’.

In part (e) of the proof, take µ̂G to be the completion of µG, so that µ̂G is complete, totally finite and
compact, and apply (a)-(d) to µ̂G rather than µG.

p 425 l 22 (part (c) of the proof of 451P, now 451Q): for ‘Kξ ∈ Kξ’ read ‘Kξ ∈ K’. (R.M.Solovay.)

p 427 l 25 (part (d) of the proof of 451T, now 451U): for ‘{z : z ∈ W ′, h1(z) < 1}’ read ‘{z : z ∈ W ′,
h(z) < 1}’.

p 427 l 28 (part (d) of the proof of 451T, now 451U): for ‘hπJ [X ∩ π−1
J [W ]]’ read ‘hπJ [X ∩ π−1

J [W ′′]]’.

p 429 l 18 Proposition 451V has been moved to 451L; consequently 451L-451U are now 451M-451V.

p 430 l 32 (451X) Add new exercises:

(f) Let (X,Σ, µ) be a semi-finite measure space and K a family of subsets of X such that
whenever E ∈ Σ and µE > γ there is a K ∈ K such that K ⊆ E and µ∗K ≥ γ. (i) Show that if
K is a compact class then µ is a compact measure. (ii) Show that if K is a countably compact
class then µ is a countably compact measure.

(j) Let A ⊆ [0, 1] be a set with outer Lebesgue measure 1 and inner measure 0. Show that
there is a Borel measure λ on A× [0, 1] such that λ is not inner regular with respect to sets which
have Borel measurable projections on the factor spaces.

(s) In the ‘third construction’ of 439A, show that ν is countably compact.

p 430 l 16 (451X) There is an error in Exercise 451Xi; part (iv) should be deleted. R.O.Cavalcante
Other exercises have been renamed: 451Xf-451Xh are now 451Xg-451Xi, 451Xi-451Xp are now 451Xk-451Xr.

p 431 l 7 (Exercise 451Ye): for ‘metacompact’ read ‘hereditarily metacompact’.

p 431 l 29 (451Y) Add new exercises:

(g) Let (X,T,Σ, µ) be a Radon measure space. Suppose that Y is a separable metrizable
space and Z is a metrizable space, and that f : X × Y → Z is a function such that x 7→ f(x, y)
is measurable for every y ∈ Y , and y 7→ f(x, y) is continuous for every x ∈ X. Show that µ is
inner regular with respect to {F : F ⊆ X, f↾F × Y is continuous}.

(s) Let X be a set, and 〈µi〉i∈I a family of weakly α-favourable measures on X with sum µ.
Show that if µ is semi-finite, it is weakly α-favourable.

(t) Let X and Y be locally compact Hausdorff groups and φ : X → Y a group homomorphism
which is Haar measurable in the sense of 411L, that is, φ−1[H] is Haar measurable for every open
H ⊆ Y . Show that φ is continuous.

(u) Let µ be a measure on R which is quasi-Radon for the right-facing Sorgenfrey topology.
Show that µ is weakly α-favourable.

Other exercises have been renamed: 451Yg-451Yq are now 451Yh-451Yr.

p 432 l 34 452A-452D have been rephrased in slightly more general forms, as follows:

452A Lemma Let (Y,T, ν) be a measure space, X a set, and 〈µy〉y∈Y a family of measures on
X. Let A be the family of subsets A of X such that θE =

∫
µyE ν(dy) is defined in R. Suppose

that X ∈ A.
(a) A is a Dynkin class.
(b) If Σ is any σ-subalgebra of A then µ = θ↾Σ is a measure on X.

(c) Suppose now that every µy is complete. If, in (b), µ̂ is the completion of µ and Σ̂ its

domain, then Σ̂ ⊆ A and µ̂ = θ↾Σ̂.

452B Theorem (a) Let X be a set, (Y,T, ν) a measure space, and 〈µy〉y∈Y a family of
measures on X. Let E be a family of subsets of X, closed under finite intersections, containing
X, such that

∫
µyE ν(dy) is defined in R for every E ∈ E .

(i) If Σ is the σ-algebra of subsets of X generated by E , we have a totally finite measure µ
on X, with domain Σ, given by the formula µE =

∫
µyE ν(dy) for every E ∈ Σ.
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(ii) If µ̂ is the completion of µ and Σ̂ its domain, then
∫
µ̂yE ν(dy) is defined and equal to

µ̂E for every E ∈ Σ̂, where µ̂y is the completion of µy for each y ∈ Y .
(b) Let Z be a set, (Y,T, ν) a measure space, and 〈µy〉y∈Y a family of measures on Z. Let H

be a family of subsets of Z, closed under finite intersections, containing Z, such that
∫
µyH ν(dy)

is defined in R for every H ∈ H.
(i) If Υ is the σ-algebra of subsets of Z generated by H, we have a totally finite measure µ

on Y × Z, with domain T⊗̂Υ, defined by setting µE =
∫
µyE[{y}]ν(dy) for every E ∈ T⊗̂Υ.

(ii) If µ̂ is the completion of µ and Σ̂ its domain, then
∫
µ̂yE[{y}]ν(dy) is defined and equal

to µ̂E for every E ∈ Σ̂, where µ̂y is the completion of µy for each y ∈ Y .

452C Theorem (a) Let Y be a topological space, ν a τ -additive topological measure on Y ,
(X,T) a topological space, and 〈µy〉y∈Y a family of τ -additive topological measures on X such
that

∫
µyXν(dy) is defined and finite. Suppose that there is a base U for T, closed under finite

unions, such that y 7→ µyU is lower semi-continuous for every U ∈ U .
(i) We can define a τ -additive Borel measure µ on X by writing µE =

∫
µyE ν(dy) for every

Borel set E ⊆ X.
(ii) If µ̂ is the completion of µ and Σ̂ its domain, then

∫
µ̂yE ν(dy) is defined and equal to

µ̂E for every E ∈ Σ̂, where µ̂y is the completion of µy for each y ∈ Y .
(b) Let Y be a topological space, ν a τ -additive topological measure on Y , (Z,U) a topological

space, and 〈µy〉y∈Y a family of τ -additive topological measures on Z such that
∫
µyZν(dy) is

defined and finite. Suppose that there is a base V for U, closed under finite unions, such that
y 7→ µyV is lower semi-continuous for every V ∈ V.

(i) We can define a τ -additive Borel measure µ on Y ×Z by writing µE =
∫
µyE[{y}]ν(dy)

for every Borel set E ⊆ Y × Z.

(ii) If µ̂ is the completion of µ and Σ̂ its domain, then
∫
µ̂yE[{y}]ν(dy) is defined and equal

to µ̂E for every E ∈ Σ̂, where µ̂y is the completion of µy for each y ∈ Y .

452D Theorem (a) Let (Y,S,T, ν) be a Radon measure space, (X,T) a topological space,
and 〈µy〉y∈Y a uniformly tight family of Radon measures on X such that

∫
µyX ν(dy) is defined

and finite. Suppose that there is a base U for T, closed under finite unions, such that y 7→ µyU
is lower semi-continuous for every U ∈ U . Then we have a totally finite Radon measure µ̃ on X
such that µ̃E =

∫
µyE ν(dy) whenever µ̃ measures E.

(b) Let (Y,S,T, ν) be a Radon measure space, (Z,U) a topological space, and 〈µy〉y∈Y a
uniformly tight family of Radon measures on Z such that

∫
µyZ ν(dy) is defined and finite.

Suppose that there is a base V for U, closed under finite unions, such that y 7→ µyV is lower
semi-continuous for every V ∈ V. Then we have a totally finite Radon measure µ̃ on X = Y ×Z
such that µ̃E =

∫
µyE[{y}]ν(dy) whenever µ̃ measures E.

p 433 l 10 (part (a) of the proof of 452B): for ‘A ⊆ P(Y × Z)’ read ‘A ⊆ PX’.

p 434 l 7 (part (b) of the proof of 452C): for ‘µ′
y′G[{y′}] > γ’ read ‘µ′

y′U > γ’.

p 434 l 31 (452E, definition of ‘consistent disintegration’: for ‘µyf
−1[F ] = 1 for ν-almost every y ∈ Y ’

read ‘µyf
−1[F ] = 1 for ν-almost every y ∈ F ’.

p 434 l 40 (452E): delete the clause ‘Clearly this disintegration is consistent with the function (y, z) 7→
y : X → Y ’.

p 435 l 6 (part (a) of the proof of 452F): for ‘limn→∞ 2−n
∑∞
k=1 µEnk’ read ‘limn→∞ 2−n

∑4n

k=1 µEnk’.

p 437 l 6 (part (e) of the proof of 452H): for ‘µy for y ∈ Y \ F0’ read ‘µ′
y for y ∈ Y \ F0’.

p 440 l 15 (part (b) of the proof of 452M): the prescription ‘just apply the argument of (a) to the
completion of ν’ calls for a bit of explanation, since µ is declared to have domain T⊗̂Υ, and the domain of
its completion will not be of this form. The following is a possible patch:

If the original measure ν is not complete, let µ̂ and ν̂ be the completions of µ and ν, and T̂
the domain of ν̂. The projection onto Y is inverse-measure-preserving for µ and ν, so is inverse-
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measure-preserving for µ̂ and ν̂ (234Ba), and µ̂measures every member of T̂⊗̂Υ; set µ′ = µ̂↾T̂⊗̂Υ.
Next, the marginal measure of µ′ on Z is still λ (since both must have domain Υ). So we can
apply (a) to µ′ to get the result.

p 443 l 26 Add new result:

452T Theorem Let X be a locally compact Hausdorff space, G a compact Hausdorff topo-
logical group and • a continuous action of G on X. Suppose that µ is a G-invariant Radon
probability measure on X. For x ∈ X, write f(x) for the corresponding orbit {a•x : a ∈ G} of
the action. Let Y = f [X] be the set of orbits, with the topology {W : W ⊆ Y , f−1[W ] is open
in X}. Write ν for the image measure µf−1 on Y .

(a) Y is locally compact and Hausdorff, and ν is a Radon probability measure.
(b) For each yyy ∈ Y , there is a unique G-invariant Radon probability µyyy on X such that

µyyy(yyy) = 1.
(c) 〈µyyy〉yyy∈Y is a disintegration of µ over ν, strongly consistent with f .

p 443 l 42 (Exercise 452Xd): for ‘Y ×Z’ and ‘µ̃E =
∫
µyE[{y}]ν(dy)’ read ‘X’ and ‘µ̃E =

∫
µyEν(dy)’.

p 444 l 34 (Exercise 452Xp): for ‘µ̂E =
∫
µyE

−1[{y}]ν(dy)’ read ‘µ̂E =
∫
µyE[{y}]ν(dy)’.

p 444 l 44 (452X) Add new exercises:

(s) Let (X0,Σ0, µ0) and (X1,Σ1, µ1) be σ-finite measure spaces. For each i, let (Yi,Ti, νi) be

a measure space and 〈µ(i)
y 〉y∈Yi

a disintegration of µi over νi. Show that 〈µ(0)
y0 ×µ(1)

y1 〉(y0,y1)∈Y0×Y1

is a disintegration of µ0 × µ1 over ν0 × ν1, where each product here is a c.l.d. product measure.
(t) In 452M, suppose that Z is a metrizable space and K is the family of compact subsets of

Z, and let (Y, T̂, ν̂) be the completion of (Y,T, ν). Show that y 7→ µy is a T̂-measurable function
from Y to the set of Radon probability measures on Z with its narrow topology.

(u) SU(r), for r ≥ 2, is the set of r×r matrices T with complex coefficients such that detT = 1
and TT ∗ = I, where T ∗ is the complex conjugate of the transpose of T . (i) Show that under
the natural action (T, u) 7→ Tu : SU(r) × Cr → Cr the orbits are the spheres {u : u . ū = γ},
for γ > 0, together with {0}. (ii) Show that if a Borel set C ⊆ Cr is such that γC ⊆ C for
every γ > 0, and µ0, µ1 are two SU(r)-invariant Radon probability measures on Cr such that
µ0{0} = µ1{0}, than µ0C = µ1C.

(v) Let 〈Xi〉i∈I be a family of compact Hausdorff spaces with product X, and µ a completion
regular topological measure on X. Show that all the marginal measures of µ are completion
regular.

p 445 l 5 (Exercise 452Ya): for ‘µE = sup{∑n
i=0

∫
Fi
µ(E[{y}]∩Hi)ν(dy)’ read ‘µE = sup{∑n

i=0

∫
Fi
µy(E[{y}]∩

Hi)ν(dy)’.

p 445 l 20 (452Y) Add new exercises:

(g) Let X be a set, and 〈µi〉i∈I a family of countably compact measures on X with sum µ.
Show that if µ is semi-finite, it is countably compact.

(h) Let X be a locally compact Hausdorff space, G a compact Hausdorff group, and • a
continuous action of G on X. Let H be another group and ◦ a continuous action of H on X
which commutes with • in the sense that g•(h◦x) = h◦(g•x) for all g ∈ G, h ∈ H and x ∈ X. (i)
Show that ((g, h), x) → g•(h◦x) : (G×H)×X → X is a continuous action of the product group
G×H on X. (ii) Suppose that the action in (i) is transitive. Show that if µ, µ′ are G-invariant
Radon probability measures on X and E ⊆ X is a Borel set such that h◦E = E for every h ∈ H,
then µE = µ′E.

p 447 l 3 (part (a) of the proof of 453C): for ‘T (χGα) = αT (χ(φGα)) ≥ αT (χGα)’ read ‘T (χGα) =
αχ(φGα) ≥ αχGα’.

p 450 l 23 (part (b-ii) of the proof of 453I): for ‘ψx : Σ → {0, 1}’ read ‘ψx : Λ → {0, 1}’.
p 451 l 30 Part (a) of the proof of 453K refers to an extinct version of §452, and should be rewritten:

(i) Suppose first that X is compact, µ is a probability measure and that f is continuous.
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Turn back to the proofs of 452H-452I. In part (a) of the proof of 452H, suppose that the lifting
θ : B → T corresponds to an almost strong lifting φ : T → T (see 341Ba). Set B =

⋃
H∈SH\φH,

so that B is negligible. Take K to be the family of compact subsets of X. Then all the µy, as
constructed in 452H, will be Radon probability measures. For every y, f−1[{y}] is a closed set,
so is necessarily measured by µy. But also it is µy-conegligible for every y ∈ Y \ B. PPP Let
K ⊆ X \ f−1[{y}] be a compact set. Then f [K] is a compact set not containing y. Because Y is
Hausdorff, there is an open set H containing y such that H ∩ f [K] = ∅ (4A2F(h-i)). Now

y ∈ H \B ⊆ φH ⊆ φH.

Let E be the compact set f−1[H]. Taking T : L∞(µ) → L∞(ν) as in part (a) of the proof of
452I, T (χE•) = χH

•

, so

ψyE = (ST (χE•))(y) = (S(χH
•

))(y) = (χ(φH))(y) = 1.

Because E ∈ K, µyE ≥ ψyE; since we always have µyX = 1, E is µy-conegligible. But K∩E = ∅,
so µyK = 0. As K is arbitrary, µy(X \ f−1[{y}]) = 0. QQQ

Thus µyf
−1[{y}] = µyX = 1 whenever y ∈ Y \B, which is almost always.

(ii) The result for totally finite µ and ν and continuous f follows at once.

(J.Miller.)

p l (proof of 453Ma): for

‘ ⇐⇒ F ⊆ g−1
φ [F ∗] for every closed set F ⊆ X

⇐⇒ F ⊆ φF for every closed set F ⊆ X’

read

‘ ⇐⇒ g−1
φ [F ∗] ⊆ F for every closed set F ⊆ X

⇐⇒ φF ⊆ F for every closed set F ⊆ X.’

(M.R.Burke.)

p 458 l 4 Exercise 453Xe ought to read

(e) Let (X,T,Σ, µ) be a topological measure space which has an almost strong lifting. Show
that any non-zero indefinite-integral measure over µ has an almost strong lifting.

p 462 l 22 (part (b) of the proof of 454H): for ‘
∫
Zn

∫
Xn

f(z, ξn+1)νz(dξn+1)µ̃n(dz)’ read ‘
∫
Zn

∫
Xn

f(z, ξn)νz(dξn)µ̃n(dz)’.

p 463 l 24 (part (b) of the proof of 454J): for ‘ν{x : φ(x)(ir) ≤ αr for r ≤ n}’ read ‘µ{ω : φ(ω)(ir) ≤
αr for r ≤ n}’.

p 463 l 38 454L-454P are now 454O-454S, and 454Q, in a different form, is now 434U. Add new results:

454L Theorem Let (Ω,Σ, µ) be a probability space and 〈Xi〉i∈I a family of real-valued
random variables on Ω, with distribution ν on RI . Then 〈Xi〉i∈I is independent iff ν is the c.l.d.
product of the marginal measures on R.

454M Proposition Let I be a set, and suppose that for each finite J ⊆ I we are given a
Radon probability measure νJ on RJ such that whenever K is a finite subset of I and J ⊆ K,
then the canonical projection from RK to RJ is inverse-measure-preserving. Then there is a
unique complete probability measure ν on RI , measuring every Baire set and inner regular with
respect to the zero sets, such that the canonical projection from RI to RJ is inverse-measure-
preserving for every finite J ⊆ I.

454N Proposition Let Ω be a Hausdorff space, µ and ν two Radon probability measures
on Ω, and 〈Xi〉i∈I a family of continuous functions separating the points of Ω. If µ and ν give
〈Xi〉i∈I the same distribution, they are equal.

p l Add new results:
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454T Convergence of distributions (a) Let I be a set. WriteM for the set of distributions
on RI . I will say that the vague topology on M is the topology generated by the functionals
ν 7→

∫
fdν as f runs over the space Cb(R

I) of bounded continuous real-valued functions on RI .
(b) The vague topology on M is Hausdorff.

454U Theorem Let (Ω,Σ, µ) be a probability space, and I a set. Let M be the set of
distributions on RI ; for a family XXX = 〈Xi〉i∈I of real-valued random variables on Ω, let νXXX be its
distribution. Then the function XXX 7→ νXXX : L0(µ)I → M is continuous for the product topology
on L

0(µ)I corresponding to the topology of convergence in measure on L
0(µ) and the vague

topology on M .

454V Distributions of processes in L0(A)I (a)(i) If A is a Dedekind σ-complete Boolean
algebra, I is a set, and u ∈ L0(A)I , we have a sequentially order-continuous Boolean homomor-
phism E 7→ [[u ∈ E]] : Ba(RI) → A defined by saying that

[[u ∈ {x : x ∈ RI , x(i) ≤ α}]] = [[u(i) ≤ α]]

whenever i ∈ I and α ∈ R.
(ii) If h : RI → R is a Baire measurable function, there is a function h̄ : L0(A)I → L0(A)

defined by saying that [[h̄(u) ∈ E]] = [[u ∈ h−1[E]]] for every Borel set E ⊆ R.
(b) Suppose that (A, µ̄) is a probability algebra, I is a set and u ∈ L0(A)I . Then there is a

unique complete probability measure ν on RI , measuring every Baire set and inner regular with
respect to the zero sets, such that

ν{x : x ∈ RI , x(i) ∈ Ei for every i ∈ J} = µ̄(infi∈J [[u(i) ∈ Ei]])

whenever J ⊆ I is finite and Ei ⊆ R is a Borel set for every i ∈ J .
(c) I call ν the (joint) distribution of u.
(d) Let (A, µ̄) and (A′, µ̄′) be probability algebras, and u ∈ L0(A)I , u′ ∈ L0(A′)I families with

the same distribution. Suppose that 〈hj〉j∈J is a family of Baire measurable functions from RI

to R. Then 〈h̄j(u)〉j∈J and 〈h̄j(u′)〉j∈J have the same distribution.
(e) If (A, µ̄) is a probability algebra, I a set, and we write νu for the distribution of u ∈ L0(A)I ,

u 7→ νu is continuous for the product topology on L0(A)I corresponding to the topology of
convergence in measure on L0(A) and the vague topology on the space of distributions on RI .

p 467 l 23 Exercise 454Xj is wrong as written, and has been replaced by

(j) Let 〈Xi〉i∈I be an independent family of normal random variables. Show that its distribu-
tion is a quasi-Radon measure on RI .

p 467 l 34 (454X) Add new exercise:

(k) Give an example of a metrizable space Ω with a continuous injective functionX : Ω → [0, 1]
and two different quasi-Radon probability measures µ, ν on Ω giving the same distribution to
the random variable X.

454Xk-454Xm are now 454Xl-454Xn.

p 468 l 42 Section 455 (Markov processes and Brownian motion) has been very substantially expanded,
with some material moved to the new §477, and the notes here include only corrections of errors; for the
new version see http://www1.essex.ac.uk/maths/people/fremlin/cont45.htm.

p 469 l 4 In the statement of Theorem 455A the word ‘unique’ is put in the wrong sentence. The measure

µ is not uniquely defined by the formula ‘µt =
∫
ν
(s,t)
x µs(dx) when s < t’; we need to specify the formulae

for
∫
fdµ̃J , as given afterwards, to fix the joint distributions.

p 473 l 5 (Theorem 455D, now 477B) I have decided that it is more convenient to regard Wiener measure
as a Radon probability measure defined on C([0,∞[)0 = {ω : ω ∈ C([0,∞[), ω(0) = 0}.

p 473 l 27 (part (c) of the proof of 455D, now 477B): The step ‘Pr(supt∈D∩[q,q′] |Xt − Xq| ≥ ǫ) =

limn→∞ Pr(supt∈In |Xt−Xq| ≥ ǫ’ is illegitimate; it should be ‘Pr(supt∈D∩[q,q′] |Xt−Xq| > ǫ) = limn→∞ Pr(supt∈In |Xt−
Xq| > ǫ’. The simplest fix is to change all the ‘≥ ǫ’ and ‘≥ 3ǫ’, from the beginning of (c) to the end of (e),
into ‘> ǫ’ and ‘> 3ǫ’.
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p 474 l 26 (part (f) of the proof of 455D, now 477B): for ‘C([0, 1[)’ read ’C([0,∞[)’. (J.G.)

p 475 l 15 (Exercise 455Xe, now 455Xj): for ‘
1

γ
limγ↓0 λγ [1,∞[’ read ‘limγ↓0

1

γ
λγ [1,∞[’.

p 475 l 30 (Exercise 455Ya): for ‘g(t) + f(s− t) if s ≥ t’ read ‘g(t) + f(s− t) if s > t’.

p 480 l 1 In Section 456 some new results (456C, 456E) have been added, and other material has been
re-arranged, so that 456C-456L are now 456G-456P, 456M is now 456F and 456N is now 456D.

p 480 l 1 Exercise 456Xa has been moved into the main argument, as follows.

456C Theorem Let I be a set and 〈σij〉i,j∈I a family of real numbers. Then the following
are equiveridical:

(i) 〈σij〉i,j∈I is the covariance matrix of a centered Gaussian distribution on RI .
(ii) There are a (real) Hilbert space U and a family 〈ui〉i∈I in U such that (ui|uj) = σij for

all i, j ∈ I.
(iii) For every finite J ⊆ I, 〈σij〉i,j∈J is the covariance matrix of a centered Gaussian distri-

bution on RJ .
(iv) σij = σji for all i, j ∈ I and

∑
i,j∈J αiαjσij ≥ 0 whenever J ⊆ I is finite and 〈αi〉i∈J ∈

RJ .

p 480 l 1 Add new result:

456E Proposition (a) Let 〈Xi〉i∈I be a centered Gaussian process. Then 〈Xi〉i∈I is indepen-
dent iff E(Xi ×Xj) = 0 for all distinct i, j ∈ I.

(b) Let 〈Xi〉i∈I be a centered Gaussian process on a complete probability space (Ω,Σ, µ), and
J a disjoint family of subsets of I; for J ∈ J let ΣJ be the σ-algebra of subsets of Ω generated
by {X−1

i [F ] : i ∈ J , F ⊆ R is Borel}. Suppose that E(Xi ×Xj) = 0 whenever J , J ′ are distinct
members of J , i ∈ J and j ∈ J ′. Then 〈ΣJ 〉J∈J is independent.

p 481 l 19 (part (b) of the proof of 456D, now 456H): for ‘x ∈ X’ read ‘x ∈ RI ’.

p 483 l 30 (statement of 456H, now 456L): for ‘F ⊆ RI ’ read ‘F ∈ domµ’.

p 484 l 24 (part (c) of the proof of 456H, now 456L): for ‘y ∈ V whenever x ∈ RI and . . . ’ read ‘x ∈ V
whenever x ∈ RI and . . . ’.

p 486 l 19 (part (a-v) of the proof of 456I, now 456M): for ‘B(x, 2δ)’ read ‘B(z, 2δ)’ (twice).

p 487 l 20 (part (c-i) of the proof of 456I, now 456M): for ‘x 7→ x↾L : RI → RL’ read ‘x 7→ x↾L × n :
RI×n → RL×n’.

p 490 l 2 (part (f) of the proof of 456J, now 456N): for ‘φn(i) ∈ K ∩φn[InV k]}’ read ‘φn(i) ∈ φn[InV k]}’.

p 491 l 34 Add new result:

456Q Proposition Let I be a set and R the set of functions σ : I × I → R which are
symmetric and positive semi-definite in the sense of 456C; give R the subspace topology induced
by the usual topology of RI×I . Let PqR(R

I) be the space of quasi-Radon probability measures
on RI with its narrow topology. For σ ∈ R, let µσ be the centered Gaussian distribution on RI

with covariance matrix σ, and µ̃σ the quasi-Radon measure extending µσ. Then the function
σ 7→ µ̃σ : R→ PqR(R

I) is continuous.

p 491 l 35 Exercise 456Xa has been moved to 456C.

p 492 l 3 (Exercise 456Xd, now 456Xe): part (i) is wrong, and should be deleted.

p 492 l 22 Exercise 456Xg has been deleted.

p 492 l 24 Exercise 456Xh is now 456Ea.

p 492 l 25 (456X) Add new exercises:
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(a) Let I be a set, and µ
(I)
G the standard centered Gaussian distribution on RI . (i) Show

that if y ∈ ℓ1(I) then
∫ ∑

i∈I |y(i)x(i)|µ
(I)
G (dx) =

2√
2π

‖y‖1. (ii) Show that if y ∈ ℓ2(I) then
∫ ∑

i∈I |y(i)x(i)|2µ
(I)
G (dx) = ‖y‖22.

(c) Let G be a group, and h : G→ R a real positive definite function. (i) Show that we have
a centered Gaussian distribution µ on RG with covariance matrix 〈h(a−1b)〉a,b∈G. (ii) Show that
µ is invariant under the left shift action •l of G on RG.

(h) Let I be a set, and let H be a Hilbert space with orthonormal basis 〈ei〉i∈I . For i ∈ I,

x ∈ RI set fi(x) = x(i). Show that there is a bounded linear operator T : H → L1(µ
(I)
G ) such

that Tei = f•

i for every i ∈ I, and that ‖Tu‖1 =
2√
2π

‖u‖2 for every u ∈ H.

Other exercises have been re-named: 456Xc is now 456Xd, 456Xe-456Xf are now 456Xf-456Xg.

p 492 l 41 Exercise 456Ye has been moved to the new 477Yb.

p 488 l 38 In parts (iv) and (v) of the statement of 457A, replace ‘whenever i0, . . . , in ∈ I’ by ‘whenever
i0, . . . , in ∈ I are distinct’. In part (v), for ‘

∑∞
i=0’ read ‘

∑n
i=0’.

p 494 l 28 (part (b-iii) of the statement of 457C): for ‘νE1 ≤ νE2’ read ‘ν1E1 ≤ ν2E2’.

p 498 l 28 (proof of 457G): for ‘En ⊆ ⋃
i∈J Σi’ read ‘En ∈ ⋃

i∈J Σi’.

p 499 l 22 (part (b) of the proof of 457I): for ‘νπ−1
i [E] = µE’ read ‘νπ−1

i [E] = µLE’.

p 500 l 17 Add new results:

457K Definition Let (X, ρ) be a metric space. For quasi-Radon probability measures µ, ν
on X, set

ρKR(µ, ν) = sup{|
∫
u dµ−

∫
u dν| : u : X → R is bounded and 1-Lipschitz}.

457L Theorem Let (X, ρ) be a metric space and PqR the set of quasi-Radon probability
measures on X; define ρKR as in 457K.

(a) For all µ, ν and λ in PqR,

ρKR(µ, ν) = ρKR(ν, µ), ρKR(µ, λ) ≤ ρKR(µ, ν) + ρKR(ν, λ),

ρKR(µ, ν) = 0 iff µ = ν.

(b) If µ, ν ∈ PqR, then ρKR(µ, ν) = infλ∈Q(µ,ν)

∫
ρ(x, y)λ(d(x, y)), where Q(µ, ν) is the set of

quasi-Radon probability measures on X ×X with marginal measures µ and ν.
(c) In (b), if µ and ν are Radon measures, Q(µ, ν) is included in PR(X × X), the space of

Radon probability measures on X ×X, and is compact for the narrow topology on PR(X ×X);
and there is a λ ∈ Q(µ, ν) such that ρKR(µ, ν) =

∫
ρ(x, y)λ(d(x, y)).

(d) If ρ is bounded, then ρKR is a metric on PqR inducing the narrow topology.

457M Theorem Let X be a Hausdorff space and 〈νi〉i∈I a non-empty finite family of locally
finite measures on X all inner regular with respect to the closed sets.

(a) For A ⊆ X × [0,∞[, set

c(A) = inf{
∑

i∈I

∫
hidνi : hi : X → [0,∞] is dom νi-measurable for each i ∈ I,

α ≤
∑

i∈I

hi(x) whenever (x, α) ∈ A}.

(i) c is a Choquet capacity.
(ii) For every A ⊆ X × [0,∞[, the infimum in the definition of c(A) is attained.

(b) Let f : X → [0,∞[ be a function such that {x : f(x) ≥ α} is K-analytic for every α > 0.
Then

D.H.Fremlin



34 Volume 4 457K

inf{
∑

i∈I

∫
hidνi : hi : X → [0,∞] is dom νi-measurable for each i ∈ I, f ≤

∑

i∈I

hi}

= sup{
∫
f dµ : µ is a Radon measure on X and µ ≤ νi for every i ∈ I}.

p 500 l 29 (Exercise 457Xd): for ‘{0, {i}, X \ {i}, X}’ read ‘{∅, {i}, X \ {i}, X}’.
p 500 l 43 The exercises 457X have been rearranged: 457Xg-457Xk are now 457Xj-457Xn, 457Xl-457Xn

are now 457Xg-457Xi.

p 501 l 11 (Exercise 457Xl, now 457Xg): part (i) is quite wrong, and should be deleted. Parts (ii) and
(iii) are wrong as written; they need ν to be non-negative.

p 501 l 23 (457X) Add new exercises:

(o) Let X be a topological space and PqR the set of quasi-Radon probability measures on X.
For µ, ν ∈ PqR, write Q(µ, ν) for the set of quasi-Radon probability measures on X ×X which
have marginal measures µ on the first copy of X, ν on the second. (i) For a bounded continuous
pseudometric ρ on X, set ρKR(µ, ν) = inf{

∫
ρ(x, y)µ(d(x, y)) : µ ∈ Q(µ, ν)}. Show that ρKR is

a pseudometric on PqR. (ii) Show that if X is completely regular and P is a family of bounded
pseudometrics defining the topology of X, then {ρKR : ρ ∈ P} defines the narrow topology of
PqR.

(p) Suppose that X, 〈νi〉i∈I and c : P(X × [0,∞[) → [0,∞] are as in 457M. (i) Show that c
is a submeasure. (ii) Show that if every νi is outer regular with respect to the open sets, then c
is an outer regular Choquet capacity.

(q) Show that if the metric ρ is bounded, then 457Lc can be deduced from 457Mb and part
(b-i) of the proof of 457L.

(r) Let 〈(Xi,Ti,Σi, µi)〉i≤n be a finite family of Radon probability spaces, X =
∏
i∈I Xi, and

f : X → R a bounded Baire measurable function. Show that

inf{
∫
fdµ : µ is a Radon measure on X with marginal measure µi on each Xi}

= sup{
n∑

i=0

∫
hidµi : hi ∈ ℓ∞(Xi) is Σi-measurable for each i,

n∑

i=0

hi(ξi) ≤ f(x) whenever x = (ξ0, . . . , ξn) ∈ X}.

p 501 l 34 (457Y) Add new exercise:

(e) Give an example of a compact Hausdorff space X, a sequence 〈νn〉n∈N of probability
measures on X all inner regular with respect to the closed sets, and a Kσ set E ⊆ X such that

inf{∑∞
n=0

∫
hndνn : χE ≤ ∑∞

n=0 hn} = 1,

sup{µE : µ is a Radon measure on X and µ ≤ νn for every n ∈ N} ≤ 1

2
.

p 502 l 13 Section 458 has been substantially rewritten. I have found an inordinate number of detailed
errors, starting with an incorrect definition at the very beginning, and have added new paragraphs 458B,
458C, 458D, 458F and 458M. Other material has been rearranged: 458B is now 458G, 458C-458E are now
458I-458K, 458F is now 458H, 458G is now 458E, 458H-458P are now 458L-458U.

p 502 l 24 The first part of Definition 458Aa is incorrect, and should be as follows.

I say that a family 〈Ei〉i∈I in Σ is relatively (stochastically) independent over T if
whenever J ⊆ I is finite and not empty, and gi is a conditional expectation of χEi on T for each
i ∈ J , and F ∈ T, then µ(F ∩⋂

i∈J Ei) =
∫
F

∏
i∈J gidµ.
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p 502 l 35 Add new results:

458B Lemma Let (X,Σ, µ) be a probability space, T a σ-subalgebra of Σ, and 〈Σi〉i∈I a
family of σ-subalgebras of Σ at least one of which includes T. Suppose that whenever J ⊆ I is
finite and not empty, Ei ∈ Σi and gi is a conditional expectation of χEi on T for each i ∈ J ,
then µ(

⋂
i∈J Ei) =

∫ ∏
i∈J gidµ. Then 〈Σi〉i∈I is relatively independent over T.

458C Proposition Let (X,Σ, µ) be a probability space, T a non-empty upwards-directed
family of σ-subalgebras of Σ, and 〈Σi〉i∈I a family of σ-subalgebras of Σ which is relatively
independent over T for every T ∈ T. Then 〈Σi〉i∈I is relatively independent over the σ-algebra
T∗ generated by

⋃
T.

458D Proposition Let (X,Σ, µ) be a probability space, T a σ-subalgebra of Σ and 〈Σi〉i∈I
a family of subalgebras of T which is relatively independent over T.

(a) If J ⊆ I and Σ′
i is a subalgebra of Σi for i ∈ J , then 〈Σ′

j〉i∈J is relatively independent over
T.

(b) Let Σ∗
i be the σ-algebra generated by Σi ∪T for i ∈ I. Then 〈Σ∗

i 〉i∈I is relatively indepen-
dent over T.

(c) If E ⊆ ⋃
i∈I Σi, then 〈Σi〉i∈I is relatively independent over the σ-algebra generated by

T ∪ E .
458F Proposition Let (X,Σ, µ) be a probability space and T a σ-subalgebra of Σ.
(a) Let 〈fi〉i∈I be a family of non-negative µ-integrable functions on X which is relatively

independent over T. For each i ∈ I let gi be a conditional expectation of fi on T. Then for any
F ∈ T and i0, . . . , in ∈ I, ∫

F

∏n
j=0 gij ≤

∫
F

∏n
j=0 fij

with equality if all the ij are distinct.
(b) Suppose that Σ1, Σ2 are σ-subalgebras of Σ which are relatively independent over T, and

that f ∈ L
1(µ↾Σ1). If g is a conditional expectation of f on T, then it is a conditional expectation

of f on T ∨ Σ2.

458M Proposition Let (A, µ̄) be a probability algebra and B, C closed subalgebras of A.
Write PB, PC and PB∩C for the conditional expectation operators associated with B, C and B∩C.
Then the following are equiveridical:

(i) B and C are relatively independent over B ∩ C;
(ii) P (v × w) = Pv × Pw whenever v ∈ L∞(B) and w ∈ L∞(C);
(iii) PBPC = PB∩C;
(iv) PBPC = PCPB;
(v) PB(χc) ∈ L0(C) for every c ∈ C.

p 502 l 37 Lemma 458B (now 458G) must be rephrased in terms of the correct definition of ‘relative
independence’, as follows:

Lemma Let (X,Σ, µ) be a probability space, T a σ-subalgebra of Σ, and 〈Σi〉i∈I a family of
σ-subalgebras of Σ. Let T be the family of finite subalgebras of T. For Λ ∈ T write AΛ for the
set of non-negligible atoms in Λ. For non-empty finite J ⊆ I, 〈Ei〉i∈J ∈ ∏

i∈J Σi and F ∈ T, set

φΛ(F, 〈Ei〉i∈J ) =
∑
H∈AΛ

µ(H ∩ F ) ·∏i∈J
µ(Ei∩H)

µH
.

Then 〈Σi〉i∈I is relatively independent over T iff limΛ∈T,Λ↑ φΛ(F, 〈Ei〉i∈J) = µ(F ∩ ⋂
i∈J Ei)

whenever J ⊆ I is finite and not empty and Ei ∈ Σi for every i ∈ J .

p 503 l 5 (part (a) of the proof of 458B, now 458G): for ‘If H is an atom of Λ and µH > 0, then there
are integers ki, for i ∈ J , such that 2−nki ≤ gi(x) < 2−n(ki + 1) for every i ∈ J and x ∈ H’ read ‘If H is an
atom of Λ and µH > 0, then there are integers kiH , for i ∈ J , such that 2−nkiH ≤ gi(x) < 2−n(kiH +1) for
every i ∈ J and x ∈ H’; and similarly in the next two sentences.

p 503 l 11 (part (a) of the proof of 458B, now 458G): for
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|φΛ(F, 〈Ei〉i∈J)−
∫

F

∏

i∈J

gidµ| ≤ max(

∫
|
∏

i∈J

g′in −
∏

i∈J

gi|dµ,
∫

|
∏

i∈J

g′′in −
∏

i∈J

gi|dµ)

≤ max(

∫ ∑

i∈J

|g′in − gi|dµ,
∫ ∑

i∈J

|g′′in − gi|dµ)

read

|φΛ(F, 〈Ei〉i∈J)−
∫

F

∏

i∈J

gidµ| ≤
∫ ∏

i∈J

g′′in −
∏

i∈J

g′idµ ≤
∫ ∑

i∈J

g′′in − g′idµ.

p 503 l 19 (458C, now 458I) There is a confusion in the definition of ‘relative distribution’ which I have
resolved by simply declaring

Let (X,Σ, µ) be a probability space, T a σ-subalgebra of Σ, and f ∈ L
0(µ). Then a relative

distribution of f over T will be a family 〈νx〉x∈X of Radon probability measures on R such that
x 7→ νxH is a conditional expectation of χf−1[H] on T, for every Borel set H ⊆ R.

p 503 l 31 (part (a) of the proof of 458D, now 458J): for ‘λW =
∫
λxW

−1[{x}]µ0(dx)’ read ‘λW =∫
λxW [{x}]µ0(dx)’.

p 504 l 20 (part (a) of the proof of 458E, now 458K): for ‘
∫
F

∏n
i=0 νixHiµ(dx)’ read ‘

∫
F

∏
i∈J νixHiµ(dx)’.

p 505 l 7 (458F, now 458H): I have added a converse to the result, so that it now reads

Proposition Let (X,Σ, µ) be a probability space and T a σ-subalgebra of Σ. Let 〈Σi〉i∈I be
a family of σ-subalgebras of Σ which is relatively independent over T. Let 〈Ij〉j∈J be a partition

of I, and for each j ∈ J let Σ̃j be the σ-algebra of subsets of X generated by
⋃
i∈Ij

Σi.

(a) If 〈Σi〉i∈I is relatively independent over T, then 〈Σ̃j〉j∈J is relatively independent over T.

(b) Suppose that 〈Σ̃j〉j∈J is relatively independent over T and that 〈Σi〉i∈Ij is relatively inde-
pendent over T for every j ∈ J . Then 〈Σi〉i∈I is relatively independent over T.

p 505 l 17 (proof of 458F, now 458Ha): for ‘〈Wj〉j∈J ∈WWW ’ read ‘〈Wj〉j∈K ∈WWW ’.

p 506 l 11 (458Ha, now 458La): add

Corresponding to 458Ab, we can say that a family 〈wi〉i∈I in L0(A) is relatively (stochasti-
cally) independent over C if 〈Bi〉i∈I is relatively stochastically independent, where Bi is the
closed subalgebra of A generated by {[[wi > α]] : α ∈ R} for each i.

Corresponding to 458C, we see that if 〈Bi〉i∈I is a family of subalgebras of A which is relatively
independent over C, and B∗

i is the closed subalgebra of A generated by Bi ∪ C for each i, then
〈B∗

i 〉i∈I is relatively independent over C.

p 506 l 17 (458H, now 458L): parts (b)-(c) are now parts (f)-(g).

p 506 l 21 (458Hb, now 458Lf): for ‘[[
∏
i∈J ui]]’ read ‘[[

∏
i∈J ui > 0]]’.

p 506 l 26 Add a new part to 458H, now 458L:

(g) Let (A, µ̄) be a probability algebra, C a closed subalgebra of A, and P : L1(A, µ̄) →
L1(C, µ̄↾C) the conditional expectation operator. Suppose that 〈Bi〉i∈I is a family of closed
subalgebras of A which is relatively independent over C. Then∫

c

∏n
j=0 Puj ≤

∫
c

∏n
j=0 uj

whenever c ∈ C, i0, . . . , in ∈ I and uj ∈ L1(Bij , µ̄↾Bij )
+ for each j ≤ n, with equality if

i0, . . . , in are distinct.

p 506 l 39 (part (a-i) of the proof of 458J, now 458O): for ‘i ∈ I, a ∈ A’ read ‘i ∈ I, a ∈ Ai’.

p 507 l 26 (part (a-iv) of the proof of 458J, now 458O): following ‘and that di ∈ φi[Ai] for each i ∈ J ’,
add ‘and d ∈ D’.
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p 507 l 27 (part (a-iv) of the proof of 458J, now 458O): for ‘φia = di’ read ‘φiai = di’.

p 507 l 36 (part (b) of the proof of 458J, now 458O): for ‘D′ = π[C]’ read ‘D′ = π′[C]’.

p 507 l 38 (part (b) of the proof of 458J, now 458O): for ‘µ̄(a ∩ πc)’ read ‘µ̄(φia ∩ πc)’.

p 508 l 33 (part (a) of the proof of 458K, now 458P): for

µ̄(a ∩ πic) = µ̄′ψi(a ∩ πic) = µ̄′(ψia ∩ π′
iψc) =

∫
ψc
ui,ψia

read

µ̄i(a ∩ πic) = µ̄′
iψi(a ∩ πic) = µ̄′

i(ψia ∩ π′
iψc) =

∫
ψc
u′i,ψia

dν̄′.

p 508 l 34 (part (a) of the proof of 458K, now 458P): for ‘Tuia = ui,ψi(a)’ read ‘Tuia = u′i,ψi(a)
’.

p 509 l 5 (part (b) of the proof of 458K, now 458P): for ‘λ = ν̄θ′’ read ‘λ = µ̄′θ’.

p 509 l 10 (part (c) of the proof of 458K, now 458P): for ‘measure-preserving on φ[A]’ read ‘measure-
preserving on φ[B]’.

p 509 l 23 (458L, now 458Q; (†) of the definition of ‘relative product measure’): for ‘the functional
F 7→ µi(E ∩ π−1

i [F ]) : T → [0, 1]’ read ‘the functional F 7→ µi(Ei ∩ π−1
i [F ]) : T → [0, 1]’.

p 510 l 12 (part (b) of the proof of 458M, now 458R): following ‘set uiE = Tg•

iE ∈ L∞(D)’, add ‘where

giE is a Radon-Nikodým derivative with respect to ν of the functional F 7→ µi(E ∩ π−1
i [F ])’.

p 511 l 28 (part (b) of the proof of 458O, now 458T): for ‘W =
∏
i∈J φ

−1
i [Gi]’ read ‘W =

⋂
i∈J φ

−1
i [Gi]’.

Similarly, a couple of lines later, replace
∏

by
⋂

in ‘W ′ =
∏
i∈J φ

−1
i [Ki]’, ‘λ̃(

∏
i∈J φ

−1
i [Ki]) = λ0(

∏
i∈J φ

−1
i [Ki])’.

p 511 l 37 (part (b) of the proof of 458O, now 458T): for ‘the support Y0 of Y ’ read ‘the support Y0 of
ν’.

p 512 l 10 (part (c) of the proof of 458O, now 458T): for ‘µ(
⋂
i∈J φ

−1
i [Ei])’ read ‘µ(∆ ∩⋂

i∈J φ
−1
i [Ei])’.

Similarly, in the following line, Υ should be the σ-algebra generated by {∆ ∩ φ−1
i [E] : i ∈ I, E ∈ Σi}.

p 512 l 24 (458P, now 458U) The first sentence of the proof needs expanding, as the definition in 458Lb
(now 458Qb) must be applied to fi × χ(π−1

i F ) rather than to fi.

p 512 l 39 (458X) Delete Exercise 458Xc. Add new exercises:

(b) Let (X,Σ, µ) be a probability space and T, Σ1 and Σ2 σ-subalgebras of Σ. Show that if
Σ1 ⊆ T then Σ1 and Σ2 are relatively independent over T.

(c) Let (X,Σ, µ) be a probability space and T a σ-subalgebra of Σ. Let 〈Ei〉i∈I be a family
of subsets of Σ such that (i) each Ei is closed under finite intersections (ii) 〈Ei〉i∈I is relatively
independent over T whenever Ei ∈ Ei for every i. For each i ∈ I, let Σi be the σ-subalgebra of
Σ generated by Ei. Show that 〈Σi〉i∈I is relatively independent over T.

(f) Let (X,Σ, µ) be a probability space and Σ1, Σ2 and T σ-subalgebras of Σ such that Σ1 and
Σ2 are relatively independent over T and Σ2 ⊇ T. Suppose that g is a conditional expectation
on T of f ∈ L

1(µ↾Σ1). Show that g is a conditional expectation of f on Σ2.
(m) (i) Show that there is a set X ⊆ [0, 1]2 with outer planar Lebesgue measure 1 and just

one point in each vertical section. (Hint : 419H-419I.) (ii) Set X1 = X2 = X and µ1 = µ2 the
subspace measure on X; let (Y,T, ν) be [0, 1] with Lebesgue measure, and π1 = π2 the first-
coordinate projection from X to Y . Show that (µ1, π1) and (µ2, π2) have no relative product
measure over ν.

Other exercises have been rearranged: 458Xb is now 458Xe, 458Xd-458Xi are now 458Xg-458Xl, 458Xj-
458Xs are now 458Xn-458Xw, 458Xt is now 458Xd.

p 514 l 18 (458Y) Replace 458Ya with the following:

(a) Let (X,Σ, µ) be a probability space, 〈Tn〉n∈N a non-increasing sequence of σ-subalgebras
of Σ with intersection T, and 〈Σi〉i∈I a family of subalgebras of Σ. Suppose that 〈Σi〉i∈I is
relatively independent over Tn for every n. Show that it is relatively independent over T. (Hint :
275K.)
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p 514 l 23 (458Y) Add new exercises:

(b) Let X be a set, Σ a σ-algebra of subsets of X, and T a σ-subalgebra of Σ. Let 〈Ei〉i∈I
be a family of subsets of Σ such that (i) E ∩ F ∈ Ei whenever i ∈ I and E, F ∈ Ei (ii) 〈Ei〉i∈I
is relatively independent over T whenever Ei ∈ Ei for every i ∈ I. For each i ∈ I, let Σi be the
σ-algebra generated by Ei. Show that 〈Σi〉i∈I is relatively independent over T.

(g) Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces, (Y,T, ν) a probability space, and
πi : Xi → Y a surjective inverse-measure-preserving function for each i ∈ I. Suppose that
〈(µi, πi)〉i∈J has a relative product measure for every countable J ⊆ I. Show that 〈(µi, πi)〉i∈I
has a relative product measure.

(h) Let 〈(Xi,Σi, µi)〉i∈I be a countable family of perfect probability spaces, (Y,T, ν) a count-
ably separated probability space, and πi : Xi → Y an inverse-measure-preserving function for
each i ∈ I. Show that 〈(µi, πi)〉i∈I has a relative product measure over ν.

(i) Let (A, µ̄) be a probability algebra and C a closed subalgebra of A. Let C0 ⊆ C be the core
subalgebra described in the canonical form of such structures given in 333N. Show that there is
a closed subalgebra B of A, including C0, such that B and C are relatively independent over C0,
and A is the closed subalgebra of itself generated by B ∪ C.

Other exercises have been rearranged; 458Yb-458Ye are now 458Yc-458Yf.

p 514 l 42 (Exercise 458Ye, now 458Yf) Delete condition (iii).

p 515 l 1 (458Y) The former 458Yf has been moved to 457Xo. In its place are now

p 515 l 3 (Exercise 458Yf, now 457Xo): the pseudometrics considered must all be bounded.

p 520 l 39 Lemma 459F has been replaced by

459F Lemma LetX be a Hausdorff space and PR(X) the space of Radon probability measures
on X with its narrow topology. If 〈Kn〉n∈N is a disjoint sequence of compact subsets of X, then
A = {µ : µ ∈ PR(X), µ(

⋃
n∈N

Kn) = 1} is a K-analytic subset of PR(X).

459G Lemma Let X be a topological space, (Y,S,T, ν) a totally finite quasi-Radon measure
space, y 7→ µy a continuous function from Y to the space M+

qR(X) of totally finite quasi-Radon
measures on X with its narrow topology, and U a base for the topology of X, containing X and
closed under finite intersections. If µ ∈M+

qR(X) is such that µU =
∫
µyU ν(dy) for every U ∈ U ,

then 〈µy〉y∈Y is a disintegration of µ over ν.

459G is now 459H.

p 524 l 24 Add new results:

459I Lemma Let (X,Σ, µ) be a probability space and I a set. For a family T of subalgebras
of PX, write

∨
T for the σ-algebra generated by

⋃
T. Let G be the group of permutations φ of

I such that {i : φ(i) 6= i} is finite. Suppose that • is an action of G on X such that x 7→ φ•x is
inverse-measure-preserving for each φ ∈ G; set φ•A = {φ•x : x ∈ A} for φ ∈ G and A ⊆ X. Let
〈ΣJ 〉J⊆I be a family of σ-subalgebras of Σ such that

(i) for every J ⊆ I, ΣJ is the σ-algebra generated by
⋃
K⊆J is finite ΣK ;

(ii) if J ⊆ I, E ∈ ΣJ and φ ∈ G, then φ•E ∈ Σφ[J];
(iii) if J ⊆ I, E ∈ ΣJ and φ ∈ G is such that φ(i) = i for every i ∈ J , then

φ•E = E.

Suppose that J ∗ is a filter on I not containing any infinite set, and that K ⊆ I, K ⊆ PI and
J ⊆ J ∗ are such that for every K ′ ∈ K there is a J ∈ J such that K ∩K ′ ⊆ J . Then ΣK and∨
K′∈K ΣK′ are relatively independent over

∨
J∈J ΣJ .

459J Corollary Let (X,Σ, µ) be a probability space and I a set. Let G be the group of
permutations φ of I such that {i : φ(i) 6= i} is finite. Suppose that • is an action of G on X
such that x 7→ φ•x is inverse-measure-preserving for each φ ∈ G. Let 〈ΣJ 〉J⊆I be a family of
σ-subalgebras of Σ such that

(i) for every J ⊆ I, ΣJ is the σ-algebra generated by
⋃
K⊆J is finite ΣK ;

(ii) if J ⊆ I, E ∈ ΣJ and φ ∈ G, then φ•E ∈ Σφ[J];
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(iii) if J ⊆ I, E ∈ ΣJ and φ ∈ G is such that φ(i) = i for every i ∈ J , then
φ•E = E.

Then if J ⊆ I is infinite and 〈Kγ〉γ∈Γ is a family of subsets of I such that Kγ ∩Kδ ⊆ J for all
distinct γ, δ ∈ Γ, 〈ΣKγ

〉γ∈Γ is relatively independent over ΣJ .

459H is now 459K.

p 526 l 23 (459X) Add new exercise:

(f) Let X, I be sets, Σ a σ-algebra of subsets of X and µ a probability measure with domain⊗̂
IΣ which is transposition-invariant in the sense that for every transposition τ : I → I the

function x 7→ xτ : XI → XI is inverse-measure-preserving. For J ⊆ I, let ΣJ be the σ-algebra

W :W ∈ ⊗̂
IΣ, W is determined by coordinates in J}.

Show that if J ⊆ I is infinite and 〈Kγ〉γ∈Γ is a family of subsets of I such that Kγ ∩Kδ ⊆ J for
all distinct γ, δ ∈ Γ, 〈ΣKγ

〉γ∈Γ is relatively independent over ΣJ (i) using 459D (ii) using 459J.

Part II

p 9 l 25 (proof of 461G): initialize the proof with ‘Set φ(g) =
∫
g dµ for g ∈ X∗’.

p 13 l 25 (statement of Lemma 461N): for ‘extreme points of X’ read ‘extreme points of K’.

p 16 l 1 Proposition 461Q now reads

Proposition (a) Let A be a Dedekind σ-complete Boolean algebra and π : A → A a sequen-
tially order-continuous Boolean homomorphism. Let Mσ be the L-space of countably additive
real-valued functionals on A, and Q the set

{ν : ν ∈Mσ, ν ≥ 0, ν1 = 1, νπ = ν}.
If ν ∈ Q, then the following are equiveridical: (i) ν is an extreme point of Q; (ii) νa ∈ {0, 1}
whenever πa = a; (iii) νa ∈ {0, 1} whenever a ∈ A is such that ν(a△ πa) = 0.

(b) LetX be a set, Σ a σ-algebra of subsets ofX, and φ : X → X a (Σ,Σ)-measurable function.
Let Mσ be the L-space of countably additive real-valued functionals on Σ, and Q ⊆ Mσ the set
of probability measures with domain Σ for which φ is inverse-measure-preserving. If µ ∈ Q, then
µ is an extreme point of Q iff φ is ergodic with respect to µ.

p 18 l 12 Exercise 461Xn has been changed, and now reads:

(n) Let A be a Boolean algebra andM the L-space of bounded finitely additive functionals on
A, and π : A → A a Boolean homomorphism. (i) Show that U = {ν : ν ∈M , νπ = ν} is a closed
Riesz subspace of M . (ii) Set Q = {ν : ν ∈ U , ν ≥ 0, ν1 = 1}. Show that if µ, ν are distinct
extreme points of Q then µ ∧ ν = 0. (iii) Set Qσ = {ν : ν ∈ Q, ν is countably additive}. Show
that any extreme point of Qσ is an extreme point of Q. (iv) Set Qτ = {ν : ν ∈ Q, ν is countably
additive}. Show that any extreme point of Qτ is an extreme point of Q.

p 18 l 23 (461X) Add new exercise:

(q) Let X and Y be Hausdorff locally convex linear topological spaces, A ⊆ X a convex set and
φ : A→ Y a continuous function such that φ[A] is bounded and φ(tx+(1−t)y) = tφ(x)+(1−t)φ(y)
for all x, y ∈ A and t ∈ [0, 1]. Let µ be a topological probability measure on A with a barycenter
x∗ ∈ A. Show that φ(x∗) is the barycenter of the image measure µφ−1 on Y .

p 18 l 29 (Exercise 461Ya): for ‘whenever M0, . . . ,Mn are compact convex sets with empty intersection’
read ‘whenever M0, . . . ,Mn are compact convex subsets of K with empty intersection’.

p 18 l 35 Exercise 461Yc is wrong, and has been deleted. 461Yd-461Yg are now 461Yc-461Yf.

p 19 l 8 Exercise 461Yf (now 461Ye): for ‘Let Qφ be the set of Radon measures on XN for which φ is
inverse-measure-preserving’ read ‘Let Qφ be the set of Radon probability measures on XN for which φ is
inverse-measure-preserving’
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p 19 l 11 Exercise 461Yg (now 461Yf): I think we need to suppose that X is locally convex.

p 19 l 14 (461Y) Add new exercise:

(g) Let G be an amenable topological group, and • an action of G on a reflexive Banach space
U , continuous for the given topology on G and the weak topology of U , such that u 7→ a•u is a
linear operator of norm at most 1 for every a ∈ G. Set V = {v : v ∈ U , a•v = v for every a ∈ G}.
Show that {u+ v − a•u : u ∈ U , v ∈ V , a ∈ G} is dense in U .

p 20 l 27 I have transposed Theorem 462B and Proposition 462C.

p 22 l 41 There are several inadequate proofs in §462. In part (d) of the proof of 462E, I say that Tp, the
topology of pointwise convergence on C0(X) whereX is locally compact and Hausdorff, is angelic; this is true,
but the reference to 462B (now 462C) is inadequate; I think we need to note that C0(X) is homeomorphic
(for the pointwise topologies) to a subspace of C(X∗), where X∗ is the one-point compactification of X.
In 462G, I fail to explain why, if µ is a Tp-Radon measure, it measures every T∞-Borel set. This is easily
filled in. More seriously, in 462I, the conclusion claims that ‘φ↾C is continuous for every relatively countably
compact set C ⊆ X’; but the proof works only for sets C which are actually countably compact.

As it happens, the result as written is true, but I think that it demands a rather more penetrating
analysis, starting with a stronger version of 462F. I have therefore re-written this part of the section. The
results are now

462F Lemma Let X be a topological space, and Q a relatively countably compact subset
of X. Suppose that K ⊆ Cb(X) is ‖ ‖∞-bounded and Tp-compact, where Tp is the topology of
pointwise convergence on Cb(X). Then then map u 7→ u↾Q : K → Cb(Q) is continuous for Tp on
K and the weak topology of Cb(Q).

462G Proposition (formerly 462F) Let X be a countably compact topological space. Then
a subset of Cb(X) is weakly compact iff it is norm-bounded and compact for the topology of
pointwise convergence.

462H Lemma Let X be a topological space, Q a relatively countably compact subset of
X, and µ a totally finite measure on Cb(X) which is Radon for the topology Tp of pointwise
convergence on C(X). Let T : Cb(X) → Cb(Q) be the restriction map. Then the image measure
ν = µT−1 on Cb(Q) is Radon for the norm topology of Cb(Q).

462I Theorem (formerly 462G) Let X be a countably compact topological space. Then the
totally finite Radon measures on C(X) are the same for the topology of pointwise convergence
and the norm topology.

So 462H-462J are now 462J-462L.

p 24 l 31 There is a similar blunder in the statement of 462J (now 462L). I state the hypotheses as

(†) whenever h ∈ RX is such that h↾Q is continuous for every relatively countably compact
Q ⊆ X, then h is continuous,

(‡) suph∈K,x∈C |h(x)| is finite for any countably compact set C ⊆ X.

Of course these don’t fit together, and the proof deals with the case in which the ‘relatively’ in (†) is omitted.
In 463H I quote the form in which ‘relatively countably compact’ appears in both (†) and (‡), so this is the
form which I have chosen in the corrected version.

p 25 l 36 (462Y) Add new exercise:

(e) (i) Let X and Y be Polish spaces, and write B1(X;Y ) for the set of functions f : X → Y
such that f−1[H] is Gδ in X for every closed set H ⊆ Y (Kuratowski 66, §31). Show that
B1(X;Y ), with the topology of pointwise convergence inherited from Y X , is angelic. (Hint :
Bourgain Fremlin & Talagrand 78.) (ii) Let X be a Polish space. Show that the space

C̃´´(X) of 438P-438Q is angelic.

p 28 l 20 (part (ii) of the proof of 463D): for ‘φ(f)(x) = min(hJ(x),max(f(x), gJ (x)))/(hJ (x)− gJ(x))’

read ‘φ(f)(x) =
med(0,f(x)−gJ(x),hJ(x)−gJ(x))

hJ(x)−gJ(x)
’.
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p 29 l 44 In part (a) of the proof of 463G, delete the clause ’this time all dominated by q′, so that
K ′ ⊆ L

2(µ)’.

p 31 l 10 (part (b-iii) of the proof of 463I): for ‘ψ(z)(n) = 1 if z(n) = 0, 1 otherwise’ read ‘ψ(z)(n) = 1
if z(n) = 0, 0 otherwise’.

p 33 l 34 Proposition 463M has been re-written in fractionally more general form, and now reads

463M Proposition Let X0, . . . , Xn be countably compact Hausdorff spaces, each carrying
a σ-finite perfect strictly positive measure which measures every Baire set. Let X be their
product and Ba(Xi) the Baire σ-algebra of Xi for each i. Then any separately continuous

function f : X → R is measurable with respect to the σ-algebra
⊗̂

i≤nBa(Xi) generated by

{∏i≤nEi : Ei ∈ Ba(Xi) for i ≤ n}.

p 34 l 22 (part (a) of the proof of 463N): it need not be the case that C ⊆ Z; but Z is µ-conegligible,
so we can still conclude that f is Σ-measurable.

p 39 l 32 (464Fc): for ‘θ ∈M+’ read ‘θ ∈M+ \ {0}’.

p 43 l 11 (part (e-ii-β) of the proof of 464H): for ‘β < w < γ µ-a.e.’ read ‘β ≤ w ≤ γ µ-a.e.’.

p 48 l 40 (464Y) Add new exercises:

(d)(i) Let θ : PN → R be a T-measurable finitely additive functional. Show that {θ{n} : n ∈
N} is bounded. (ii) Let θ : PN → R be an additive functional which is universally measurable
for the usual topology of PN. Show that θ is bounded. (iii) Let A be a Dedekind σ-complete
Boolean algebra and θ : A → R an additive functional which is universally measurable for the
order-sequential topology on A. Show that θ is bounded and that θ+ is universally measurable.

(e) Show that there is a finitely additive functional θ : PN → R which is T-measurable in the
sense of 464I, but is not bounded.

p 50 l 38 Proposition 465C has been rearranged, with an extra fragment, and now reads

465C Proposition Let (X,Σ, µ) be a semi-finite measure space.
(a) Let A ⊆ RX be a stable set.

(i) Any subset of A is stable.

(ii) A, the closure of A in RX for the topology of pointwise convergence, is stable.
(iii) γA = {γf : f ∈ A} is stable, for any γ ∈ R.
(iv) If g ∈ L

0 = L
0(Σ), then A+ g = {f + g : f ∈ A} is stable.

(v) If g ∈ L
0, then A× g = {f × g : f ∈ A} is stable.

(vi) Let h : R → R be a continuous non-decreasing function. Then {hf : f ∈ A} is stable.
(b)(i) Suppose that A ⊆ RX , E ∈ Σ, n ≥ 1 and α < β are such that 0 < µE < ∞ and

(µ2n)∗Dn(A,E, α, β) < (µE)2n. Then

limk→∞
1

(µE)2k
(µ2k)∗Dk(A,E, α, β) = 0.

(ii) If A, B ⊆ RX are stable, then A ∪B is stable.
(iii) If A ⊆ L

0 is finite it is stable.
(iv) If A ⊆ RX is stable, so is {f+ : f ∈ A} ∪ {f− : f ∈ A}.

(c) Let A be a subset of RX .
(i) If µ̂, µ̃ are the completion and c.l.d. version of µ, then A is stable with respect to one of

the measures µ, µ̂, µ̃ iff it is stable with respect to the others.
(ii) Let ν be an indefinite-integral measure over µ. If A is stable with respect to µ, it is

stable with respect to ν and with respect to ν↾Σ.
(iii) If A is stable, and Y ⊆ X is such that the subspace measure µY is semi-finite, then

AY = {f↾Y : f ∈ A} is stable in RY with respect to the measure µY .
(iv) A is stable iff AE = {f↾E : f ∈ A} is stable in RE with respect to the subspace measure

µE whenever E ∈ Σ has finite measure.
(v) A is stable iff An = {med(−nχX, f, nχX) : f ∈ A} is stable for every n ∈ N.
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(d) Suppose that µ is σ-finite, (Y,T, ν) is another measure space and φ : Y → X is inverse-
measure-preserving. If A ⊆ RX is stable with respect to µ, then B = {fφ : f ∈ A} is stable with
respect to ν.

p 56 l 12 (part (a) of the proof of 465H): for ‘M
((k−n)!

k!
− 1

kn

)
’ read ‘

Mk!

(k−n)!

((k−n)!

k!
− 1

kn

)
’.

p 66 l 27 (part (b-iii) of the proof of 465N): the argument won’t do, as h−1 isn’t defined on the whole
of R. However there is an easy fix using the new 465C(c-vi).

p 68 l 37 There is a catastrophic error in the proof presented for part (b) of Theorem 465P, and I have
no reason to suppose that the claimed result is true. I have therefore rewritten the theorem in the following
less general form.

Theorem Let (X,Σ, µ) be a semi-finite measure space, with measure algebra (A, µ̄).
(a) Suppose that A ⊆ L

0(Σ) and that Q = {f• : f ∈ A} ⊆ L0(µ), identified with L0 = L0(A).
Then Q is stable iff every countable subset of A is stable.

(b) Suppose that µ is complete and strictly localizable and Q is a stable subset of L∞(µ),
identified with L∞(A) (363I). Then there is a stable set B ⊆ L

∞(Σ) such that Q = {f• : f ∈ B}.

p 74 l 32 (proof of 465T): replace the displayed formulae

Dk(A,X,α, β) =
⋃

f∈A

{w : w ∈ X2k, f(w(2i)) < α,

f(w(2i+ 1)) > β for i < k},

µ̃2kDk(A,E, α, β) = µ̃2kDk(A
′, E, α, β),

(µ̃2k)∗Dk(A,E, α, β) ≤ µ̃2kDk(A,E, α
′, β′) = µ̃2kDk(A

′, E, α′, β′)

≤ µ̃2kDk(A
′, E, α′, β′) < (µE)2k

with

D′
k(A,X,α, β) =

⋃

f∈A

{w : w ∈ X2k, f(w(2i)) < α,

f(w(2i+ 1)) > β for i < k},

µ̃2kD′
k(A,E, α, β) = µ̃2kD′

k(A
′, E, α, β),

(µ̃2k)∗Dk(A,E, α, β) ≤ µ̃2kD′
k(A,E, α

′, β′) = µ̃2kD′
k(A

′, E, α′, β′)

≤ µ̃2kDk(A
′, E, α′, β′) < (µE)2k.

p 76 l 14 (part (d) of the proof of 465U): for ‘µ(V ∩∏
j<mE

′
kj) > 0’ read ‘µm(V ∩∏

j<mE
′
kj) > 0’.

p 77 l 40 465Xh is now covered by 465C(c-v), so has been dropped. Add new exercises:

(h) Let (X,Σ, µ) be a semi-finite measure space and A a subset of RX . Suppose that for
every ǫ > 0 there is a stable set B ⊆ RX such that for every f ∈ A there is a g ∈ B such that
‖f − g‖∞ ≤ ǫ. Show that A is stable.

(i) Let (X,Σ, µ) be a semi-finite measure space and 〈En〉n∈N a sequence in Σ. (i) Suppose
that whenever F ∈ Σ and µF < ∞ there is a k ≥ 1 such that

∑∞
n=0(µ(F ∩ En)µ(F \ En))k is

finite. Show that 〈χEn〉n∈N is stable. (ii) Suppose that µX = 1, that 〈En〉n∈N is independent,
and that

∑∞
n=0((1− µEn)µEn)

k = ∞ for every k ≥ 1. Show that 〈χEn〉n∈N is not stable.

p 78 l 3 Exercise 465Xk is wrong as stated, and has been changed to

(k) Let (X,Σ, µ) be a semi-finite measure space and A ⊆ RX a stable set such that {f(x) :
f ∈ A} is bounded for every x ∈ X. Let A be the closure of A for the topology of pointwise
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convergence. Show that {f• : f ∈ A} is just the closure of {f• : f ∈ A} ⊆ L0(µ) for the topology
of convergence in measure.

Other exercises have been rearranged: 465Xe is now 465Cd, 465Xi-465Xj are now 465Ya-465Yb, 465Xl is
now 465Xj, 465Xm-465Xu are now 465Xl-465Xt, 465Ya-465Yi are now 465Yc-465Yk.

p 79 l 18 Exercise 465Yg (now 465Yi) has been corrected, and now reads

(i) Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space. Show
that a countable R-stable subset of RX is stable.

p 83 l 40 (part (b) of the proof of 466H): for ‘K spans X’ read ‘K spans X∗’.

p 86 l 30 I have added a fragment on Gaussian measures on linear topological spaces.

466N Definition If X is a linear topological space, a probability measure µ on X is a
centered Gaussian measure if its domain includes the cylindrical σ-algebra of X and every
continuous linear functional on X is either zero almost everywhere or a normal random variable
with zero expectation.

466O Proposition Let X be a separable Banach space, and µ a probability measure on X.
Suppose that there is a linear subspace W of X∗, separating the points of X, such that every
element of W is domµ-measurable and either zero a.e. or a normal random variable with zero
expectation. Then µ is a centered Gaussian measure with respect to the norm topology of X.

p 87 l 25 (466X) Add new exercises:

(m) Let X be a linear topological space and µ a centered Gaussian measure on X. (i) Let Y
be another linear topological space and T : X → Y a continuous linear operator. Show that the
image measure µT−1 is a centered Gaussian measure on Y . (ii) Show that X∗ ⊆ L

2(µ). (iii) Let
us say that the covariance matrix of µ is the family 〈σfg〉f,g∈X∗ , where σfg =

∫
f × g dµ for f ,

g ∈ X∗. Suppose that ν is another centered Gaussian measure on X with the same covariance
matrix. Show that µ and ν agree on the cylindrical σ-algebra of X.

(n) Let 〈Xi〉i∈I be a family of linear topological spaces with product X. Suppose that for each
i we have a centered Gaussian measure µi on Xi. Show that the product probability measure∏
i∈I µi is a centered Gaussian measure on X.
(o) LetX be a linear topological space. Show that the convolution of two quasi-Radon centered

Gaussian measures on X is a centered Gaussian measure.
(p) Let X be a separable Banach space, and µ a complete measure on X. Show that the

following are equiveridical: (i) µ is a centered Gaussian measure on X; (ii) µ extends a centered
Gaussian Radon measure on X; (iii) there are a set I, an injective continuous linear operator
T : X → RI and a centered Gaussian distribution λ on RI such that T is inverse-measure-
preserving for µ and λ; (iv) whenever I is a set and T : X → RI is a continuous linear operator
there is a centered Gaussian distribution λ on RI such that T is inverse-measure-preserving for
µ and λ.

Other exercises have been moved:
466Xg is now 466Xh, 466Xh-466Xi are now 466Xk-466Xl, 466Xj-466Xk are now 466Xi-466Xj, 466Xl-

466Xm are now 466Xq-466Xr, 466Xn is now 466Xg.

p 87 l 31 (466Y) Add new exercises:

(b) Let X be a normed space and T a linear space topology on X such that the unit ball of X
is T-closed and the topology on the unit sphere S induced by T is finer than the norm topology
on S. Show that every norm-Borel subset of X is T-Borel.

(c) (i) Let X be a Banach space. Set S =
⋃
n∈N

{0, 1}n and suppose that 〈Kσ〉σ∈S is a family
of non-empty weakly compact convex subsets of X such that Kσ ⊆ Kτ whenever σ, τ ∈ S and
σ extends τ . (α) Show that there is a weakly Radon probability measure on X giving measure
at least 2−n to Kσ whenever n ∈ N and σ ∈ {0, 1}n. (β) Show that there are a σ ∈ S and
x ∈ Kσa<0>, y ∈ Kσa<1> such that ‖x− y‖ ≤ 1. (ii) Let X be a locally convex Hausdorff linear
topological space. and 〈Aσ〉σ∈S a family of non-empty relatively weakly compact subsets of X
such that Aσ ⊆ Aτ whenever σ, τ ∈ S and σ extends τ . For σ ∈ S, set Cσ = Aσa<1>−Aσa<0>.

Show that 0 ∈ ⋃
σ∈S Cσ.
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(e) Let X be a Hausdorff locally convex linear topological space and µ a Radon probability
measure on X. Suppose that there is a linear subspaceW of X∗, separating the points of X, such
that every member of W is either zero a.e. or a normal random variable with zero expectation.
Show that µ is a centered Gaussian measure.

466Yb is now 466Yd.

p 114 l 24 Add new result:

471T Proposition Let (X, ρ) be a metric space, and r > 0.
(a) If X is analytic and µHrX > 0, then for every s ∈ ]0, r[ there is a non-zero Radon measure

µ on X such that
∫∫ 1

ρ(x,y)s
µ(dx)µ(dy) <∞.

(b) If there is a non-zero topological measure µ on X such that
∫∫ 1

ρ(x,y)r
µ(dx)µ(dy) is finite,

then µHrX = ∞.

p 102 l 38 (part (g) of the proof of 471D): for ‘Ai = U(xi,
1
2ρ(xi, x1−i))’ read ‘Ai = A∩U(xi,

1
2ρ(xi, x1−i))’.

p 104 l 14 (part (a-iii) of the proof of 471G): for ‘γCmi’, ‘γCmj ’ read ‘γmi’, ‘γmj ’.

p 105 l 11 (part (a-vi) of the proof of 471G): for

‘≤ limn∈I,n→∞ diamDni ≤ limn∈I,n→∞ diamCni + 4αi + 4ζi’

read

‘≤ lim infn∈I,n→∞ diamDni ≤ lim infn∈I,n→∞ diamCni + 4αi + 4ζi’.

p 107 l 18 Corollary 471H has been strengthened, and now ends ‘θr∞ is an outer regular Choquet
capacity on X’.

p 108 l 31-36 (proof of 471J): for ‘φ’ read ‘f ’, throughout.

p 112 l 14 (part (c) of the proof of 471P): for ‘
⋃
n∈N

Ã2−n \A’ read ‘
⋂
n∈N

Ã2−n \A’.
p 114 l 28 (471X) Add new exercises:

(c) Let r ≥ 1 be an integer, and give Rr the metric ((ξ1, . . . , ξr), (η1, . . . , ηr)) 7→ maxi≤r |ξi−
ηi|. Show that Lebesgue measure on Rr is Hausdorff r-dimensional measure for this metric.

(e) Show that all the outer measures θrδ described in 471A are outer regular Choquet capac-
ities.

Other exercises have been renamed: 471Xb is now 471Xd, 471Xc-471Xh are now 471Xf-471Xk, 471Xi is now
471Xb.

p 102 l 38 (part (g) of the proof of 471D): for ‘Ai = U(xi,
1
2ρ(xi, x1−i))’ read ‘Ai = A∩U(xi,

1
2ρ(xi, x1−i))’.

p 104 l 14 (part (a-iii) of the proof of 471G): for ‘γCmi’, ‘γCmj ’ read ‘γmi’, ‘γmj ’.

p 105 l 11 (part (a-vi) of the proof of 471G): for ‘≤ limn∈I,n→∞ diamDni ≤ limn∈I,n→∞ diamCni +
4αi + 4ζi’ read ‘≤ lim infn∈I,n→∞ diamDni ≤ lim infn∈I,n→∞ diamCni + 4αi + 4ζi’.

p 107 l 18 Corollary 471H has been strengthened, and now ends ‘θr∞ is an outer regular Choquet
capacity on X’.

p 108 l 31-36 (proof of 471J): for ‘φ’ read ‘f ’, throughout.

p 112 l 14 (part (c) of the proof of 471P): for ‘
⋃
n∈N

Ã2−n \A’ read ‘
⋂
n∈N

Ã2−n \A’.
p 114 l 28 (471X) Add new exercises:

(c) Let r ≥ 1 be an integer, and give Rr the metric ((ξ1, . . . , ξr), (η1, . . . , ηr)) 7→ maxi≤r |ξi−
ηi|. Show that Lebesgue measure on Rr is Hausdorff r-dimensional measure for this metric.

(e) Show that all the outer measures θrδ described in 471A are outer regular Choquet capac-
ities.

Other exercises have been renamed: 471Xb is now 471Xd, 471Xc-471Xh are now 471Xf-471Xk, 471Xi is now
471Xb.
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p 115 l 29 (471Y) Add new exercise:

(f) Let ρ be a metric on R inducing the usual topology. Show that the corresponding Hausdorff
dimension of R is at least 1.

p 116 l 14 Exercises 471Yh-471Yi are wrong as stated, and have been replaced by

(j) Let ρ be the metric on {0, 1}N defined in 471Xa. Show that for any integer k ≥ 1 there are
a γk > 0 and a bijection f : [0, 1]k → {0, 1}N such that whenever 0 < r ≤ 1, µH,rk is Hausdorff rk-
dimensional measure on [0, 1]k (for its usual metric) and µ̃Hr is Hausdorff r-dimensional measure
on {0, 1}N, then µ∗

H,rkA ≤ γkµ̃
∗
Hrf [A] ≤ γ2kµ

∗
H,rkA for every A ⊆ [0, 1]k.

(k) Let (X, ρ) be a metric space, and r > 0. Give X×R the metric σ where σ((x, α), (y, β)) =
max(ρ(x, y), |α−β|). Write µL, µr and µr+1 for Lebesgue measure on R, r-dimensional Hausdorff
measure on (X, ρ) and (r+1)-dimensional Hausdorff measure on (X×R, σ) respectively. Let λ be

the c.l.d. product of µr and µL. (i) Show that ifW ⊆ X×R then
∫
µ∗
rW

−1[{α}]dα ≤ µ∗
r+1W . (ii)

Show that if I ⊆ R is a bounded interval, A ⊆ X and µ∗
rA is finite, then µ∗

r+1(A×I) = µ∗
rA ·µLI.

(iii) Give an example in which there is a compact set K ⊆ X × R such that µr+1K = 1 and
λK = 0. (iv) Show that if µr is σ-finite then µr+1 = λ.

Other exercises have been moved: 471Yf-471Yg are now 471Yg-471Yh, 471Yj is now 471Yi, 471Yk has been
dropped, 471Yl is now 442Yd.

p 120 l 30 (part (a) of the proof of 472D): when claiming that
∫
⋃

I0
fdλ ≤

∫
E
fdλ + ǫ I seem to have

taken it for granted that G ⊆ B(0, n); which demands in turn that Anqq′ ⊆ intB(0, n). The simplest fix
seems to be to change the definition of Anqq′ to

Anqq′ = {y : y ∈ Z ∩ dom f, ‖y‖ < n, f(y) ≤ q, lim supδ↓0
1

λB(y,δ)

∫
B(y,δ)

fdλ > q′}

and then to demand that E and G are both included in intB(0, n).

p 123 l 4 (472X) Add new exercise:

(d) Let λ be a Radon measure on Rr, and f a locally λ-integrable function. Show that

E = {y : g(y) = limδ↓0
1

λB(y,δ)

∫
B(y,δ)

f dλ is defined in R} is a Borel set, and that g : E → R is

Borel measurable.

p 123 l 22 (Exercise 472Yc) 9r looks a touch optimistic; 9r+1 is what the easy argument seems to give.

p 123 l 28 (472Y) Add new exercises:

(d) Let A ⊆ Rr be a bounded set, and I a family of non-trivial closed balls in Rr such that
whenever x ∈ A and ǫ > 0 there is a ball B(y, δ) ∈ I such that ‖x− y‖ ≤ ǫδ. Show that there is
a family 〈Ik〉k<5r of subsets of I such that each Ik is disjoint and

⋃
k<5r Ik covers A.

(e) Give an example of a strictly positive Radon probability measure µ on a compact metric
space (X, ρ) for which there is a Borel set E ⊆ X such that

lim infδ↓0
µ(E∩B(x,δ))

µB(x,δ)
= 0, lim infδ↓0

µ(E∩B(x,δ))

µB(x,δ)
= 1

for every x ∈ X.

Other exercises have been moved: 472Yd-472Ye are now 472Yf-472Yg.

p 126 l 20 (473Cd) for ‘g′(t) = (y − x) . grad f(g(t))’ read ‘g′(t) = (y − x) . grad f((1− t)x+ ty)’.

p 129 l 14 (part (e) of the proof of 473E): for ‘2(n+1)2h′((n+1)2t2)q(t)’ here, and two lines later, read
‘2(n+ 1)2th′((n+ 1)2t2)q(t)’.

p 131 l 20 (473I) There seem to be two miscalculations in part (c) of the proof. In the greater scheme
of things these are trivial, but in terms of the formulae as written in this book they propagate dramatically,
reaching into §474. To begin with, the statement of this lemma ought to read

For any Lipschitz function f : B(0, 1) → R,
∫
B(0,1)

|f |r/(r−1)dµ ≤
(
2r+4

√
r
∫
B(0,1)

‖ grad f‖+ |f |dµ
)r/(r−1)

,

‘1 +
√
r’ being replaced by ‘4

√
r’.
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p 132 l 8 (The first error, in part (c) of the proof.) For ‘
∂f1

∂ξi
(φ(x)) · 1

‖x‖2
−∑r

j=1
∂f1

∂ξj
(φ(x)) · ξiξj

‖x‖4
’ read

‘
∂f1

∂ξi
(φ(x)) · 1

‖x‖2
− 2

∑r
j=1

∂f1

∂ξj
(φ(x)) · ξiξj

‖x‖4
’.

p 132 l 17 (The second error) The estimate for ‖ grad f2(x)‖ seems to be completely off target; correct
would I think be

|∂f2
∂ξi

(x)| ≤ ‖ grad f1(φ(x))‖‖x‖+2|ξi|
‖x‖3

≤ 4‖ grad f1(φ(x))‖,

‖ grad f2(x)‖ ≤ 4
√
r‖ grad f1(φ(x))‖

for almost every x ∈ F .

p 135 l 4 (statement of 473K) for ‘c = 2r+2(1 +
√
r)(1 + 2r+1)’ read ‘c = 2r+4

√
r(1 + 2r+1)’.

p 136 l 15 (statement of 473L) for ‘c = 2r+2(1 +
√
r)(1 + 2r+1)’ read ‘c = 2r+4

√
r(1 + 2r+1)’.

p 138 l 14 In 474Bd, we ought to start by confirming that f × φ is Lipschitz.

p 139 l 2 (proof of Proposition 474C): for ‘
∑r
j=1 δjj = divφ(x)’ read ‘

∑r
j=1 δjj = divφ(Tx)’.

p 141 l 2 In part (d) of the proof of 474E, I think we need to say that ǫ = 1
3 (λ

∂
E(G0) − γ) rather than

that ǫ = 1
2 (λ

∂
E(G0)− γ), so that later we can say that

∑r
i=1

∫
fmi × ψidλ

∂
E ≥ λ∂E(G0)− 3ǫ = γ.

p 145 l 6 (statement of 474L) for ‘c = 2r+2(1 +
√
r)(1 + 2r+1)’ read ‘c = 2r+4

√
r(1 + 2r+1)’.

p 147 l 23 (part (c) of the proof of 474M): for

|
∫
((g × φ)− φ) .ψdλ∂E | ≤

∫
B(y,δ+η)\B(y,δ)

‖φ‖dλ∂E
read

|
∫
((g × φ) .ψ dλ∂E −

∫
B(y,δ)

φ .ψ dλ∂E | ≤
∫
B(y,δ+η)\B(y,δ)

‖φ‖dλ∂E .

p 148 l 9 (statement of 474N) for ‘c = 2r+2(1 +
√
r)(1 + 2r+1)’ read ‘c = 2r+4

√
r(1 + 2r+1)’.

p 150 l 12 474Q-474S are now 474R-474T. Part of the proof of the former Theorem 474Q has been
extracted, in the following form:

474Q Lemma Set c′ = 2r+3
√
r − 1(1 + 2r). Suppose that c∗, ǫ and δ are such that

c∗ ≥ 0, δ > 0, 0 < ǫ <
1√
2
, c∗ǫ3 < 1

4βr−1, 4c′ǫ ≤ 1
8βr−1.

Set Vδ = {z : z ∈ Rr−1, ‖z‖ ≤ δ} and Cδ = Vδ × [−δ, δ], regarded as a cylinder in Rr. Let f ∈ D

be such that
∫
Cδ

‖ gradr−1 f‖+max(
∂f

∂ξr
, 0)dµ ≤ c∗ǫ3δr−1,

where gradr−1 f = (
∂f

∂ξ1
, . . . ,

∂f

∂ξr−1

, 0). Set

F = {x : x ∈ Cδ, f(x) ≥ 3

4
}, F ′ = {x : x ∈ Cδ, f(x) ≤ 1

4
}.

and for γ ∈ R set Hγ = {x : x ∈ Rr, ξr ≤ γ}. Then there is a γ ∈ R such that

µ(F△(Hγ ∩ Cδ)) ≤ 9µ(Cδ \ (F ∪ F ′)) + (c∗βr−1 + 16c′)ǫδr.

p 150 l 17 (part (a) of the proof of 474Q, now rewritten as 474Q-474R): for

‘c′ = 2r+1(1 +
√
r − 1)(1 + 2r),

c1 = 1 +max
(
4πβr−2, (3r)

r2r+3(1 +
√
r)(1 + 2r+1)

)
’
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read

‘c′ = 2r+3
√
r − 1(1 + 2r),

c1 = 1 +max
(
4πβr−2, (3r)

r2r+5
√
r(1 + 2r+1)

)
’

p 156 l 26 (part (b) of the proof of 474R, now 474S): for ‘|λ∂EB(y, η) − βr−1η
r−1| ≤ ǫδr−1’ read

‘|λ∂EB(y, η)− βr−1η
r−1| ≤ ǫηr−1’.

p 157 l 14 (part (b) of the proof of 474R, now 474S): for ‘
5π

r
βr−2ζδ

r(1 + ǫ)r + ζδr(1 + ǫ)r’ read

‘
5π

r
βr−2ζδ

r(1 + ǫ)r + ζδr(1 + ǫ)r’.

p 158 l 7 (part (b-i) of the proof of 474S, now 474T) for ‘c1 = 2r+3(1 + 2r+1)(1 +
√
r)r+1’ read

‘c1 = 2r+5(1 + 2r+1)
√
r)r(1 + 2

√
r)’.

p 158 l 13 (part (b-i) of the proof of 474S, now 474T) for ‘c = 2r+2(1 +
√
r)(1 + 2r+1)’ read ‘c =

2r+4
√
r(1 + 2r+1)’.

p 159 l 14 (474X) Exercise 474Xa has been deleted. Other exercises have been re-labelled: 474Xb is
now 474Xa, 474Xf is now 474Xb.

p 164 l 10 (part (a-ii) of the proof of 475F): for

H ∩B(0, δ) includes

(H0 ∩B(0, δ)) ∪ {u : u ∈ Rr−1, ‖u‖ ≤ 1

2
δ} × [0, α]

read

H ∩B(0, δ) includes

(H0 ∩B(0, δ)) ∪ ({u : u ∈ Rr−1, ‖u‖ ≤ 1

2
δ} × [0, α′])

where α′ = min(|α|,
√
3

2
δ) > ηδ).

Two lines later we need 2−r+1βr−1δ
r−1α′ in place of 2−r+1βr−1δ

r−1α. Similarly, when looking at the
possibility that α < −ηδ, we need 2−r+1βr−1δ

r−1α′ rather than 2−r+1βr−1δ
r−1|α|.

p 165 l 13 (part (c) of the proof of 475F): for ‘k ≥ n0’ read ‘k > n0’.

p 165 l 23 (part (d) of the proof of 475F): Every K2 in this part of the proof should be replaced by
K2 ∩B(y, 2−n−1).

p 167 l 1 (part (b) of the proof of 475H): for ‘≤ νA’ read ‘≤ νA+ ǫ’.

p 167 l 13 (part (a) of the proof of 475I): for ‘
µ(B(x,2−m

√
r)\A)

µB(x,2−m
√
r)

’ read ‘
µ∗(B(x,2−m

√
r)\A)

µB(x,2−m
√
r)

’.

p 168 l 9 (part (a-i) of the proof of 475J): for ‘f : Rr−1 → [−∞, q]’ read ‘fq : R
r−1 → [−∞, q]’.

p 168 l 33 (part (a-iii) of the proof of 475J): for ‘f ′q(u) = inf(Hu∩ ]u,∞[)’ read ‘f ′q(u) = inf(Hu∩ ]q,∞[)’.

p 172 l 36 (part (b) of the proof of 475O): for

Fn = Fqn \⋃m<n{u : u ∈ Fqm , fqm(u) < qn < f ′qm(u)}
read

Fn = F ′
qn \⋃m<n{u : u ∈ F ′

qm , fqm(u) < qn < f ′qm(u)}.

p 172 l 39 (part (b) of the proof of 75O): for ‘u ∈ Fqn ’ read ‘u ∈ Fn’.

p 176 l 8 Theorem 475Q has been expanded, and now reads

Theorem (a) Let E ⊆ Rr be a set with finite perimeter. For v ∈ Sr−1 write Vv for {x : x .v =
0}, and let Tv : R

r → Vv be the orthogonal projection. Then
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perE = ν(∂*E) =
1

2βr−1

∫

Sr−1

∫

Vv

#(∂*E ∩ T−1
v [{u}])ν(du)ν(dv)

= lim
δ↓0

1

2βr−1δ

∫

Sr−1

µ(E△(E + δv))ν(dv).

(b) Suppose that E ⊆ Rr is Lebesgue measurable. Set

γ = supx∈Rr\{0}
1

‖x‖µ(E△(E + x)).

Then γ ≤ perE ≤ rβrγ

2βr−1

.

p 178 l 4 (part (b) of the proof of 475S): for ‘the unique point of C closest to x’ read ‘the unique point
of C closest to x’.

p 178 l 6 (part (b) of the proof of 475S): for ‘‖x − φ(x) − ǫe‖ ≥ ‖x − φ(x)‖’ read ‘‖x − φ(x) + ǫe‖ ≥
‖x− φ(x)‖’.

p 179 l 12 The formula in Exercise 475Xc is wrong as written, and should be

∂*(A ∩B)△((B ∩ ∂*A) ∪ (A ∩ ∂B)) ⊆ A ∩ ∂B \ ∂*A.

p 179 l 32 (475X) Add new exercises:

(l) Let E ⊆ Rr be a set with finite measure and finite perimeter, and f : Rr → R a Lipschitz
function. Show that for any unit vector e ∈ Rr, |

∫
E
e . grad f | ≤ ‖f‖∞ perE.

(m) For measurable E ⊆ Rr set p(E) = supx∈Rr\{0}
1

‖x‖µ(E△(E + x)). (i) Show that for any

measurable E, p(E) = lim supx→0

1

‖x‖µ(E△(E + x)). (ii) Show that for every ǫ > 0 there is an

E ⊆ Rr such that perE = 1 and p(E) ≥ 1 − ǫ. (iii) Show that if E ⊆ Rr is a non-trivial ball

then perE =
rβr

2βr−1

p(E). (iv) Show that if E ⊆ Rr is a cube then perE =
√
rp(E).

(n) Suppose that E ⊆ Rr is a bounded set with finite perimeter, and φ, ψ : Rr → R two
Lipschitz functions such that gradφ and gradψ are also Lipschitz. Show that∫

E
φ×∇2ψ − ψ ×∇2φ dµ =

∫
∂*E

(φ× gradψ − ψ × gradφ) .vx ν(dx)

where, for x ∈ ∂*E, vx is the Federer exterior normal to E at x. (This is Green’s second
identity.)

p 179 l 35 (475Y) Add new exercises:

(b) Let (X, ρ) be a metric space and µ a strictly positive locally finite topological measure on
X. Show that we can define operations cl*, int* and ∂* on PX for which parts (a)-(f) of 475C
will be true.

(e) Let 〈fn〉n∈N be a sequence of functions from Rr to R which is uniformly bounded and
uniformly Lipschitz in the sense that there is some γ ≥ 0 such that every fn is γ-Lipschitz.
Suppose that f = limn→∞ fn is defined everywhere in Rr. (i) Show that if E ⊆ Rr has finite mea-
sure and finite perimeter, then

∫
E
z . grad fdµ = limn→∞

∫
E
z . grad fndµ for every z ∈ Rr. (ii)

Show that for any convex function φ : Rr → [0,∞[,
∫
φ(grad f)dµ ≤ lim infn→∞

∫
φ(grad fn)dµ.

(f) Let E ⊆ Rr be a measurable set with locally finite perimeter. Show that

supx∈Rr\{0}
1

‖x‖µ(E△(E + x)) = sup‖v‖=1

∫
∂*E

|v .vx|ν(dx),

where vx is the Federer exterior normal of E at x when this is defined.
(g) Let E ⊆ Rr be Lebesgue measurable. (i) Show that int*E is an Fσδ set. (ii) Show that if

E is not negligible and cl*E has empty interior, then int*E is not Gδσ.

475Yb-475Yc are now 475Yc-475Yd, 475Yd is now 474Xb.
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p l (statement of 476A(a-i)): for ‘µ↾C : C → R’ read ‘µ↾C : C → [0,∞[’.

p l Add new fragment to Lemma 476E:

(b)(ii) For any A ⊆ X, ν∗ψ(A) ≤ ν∗A ≤ 2ν∗ψ(A).

p l (part (e-ii) of the proof of 476E) For ‘ν∗(B(x, δ) ∩ ψ(A)) = ν∗(B(x, δ) ∩A)’ read
‘µ∗(B(x, δ) ∩ ψ(A)) ≤ µ∗(B(x, δ) ∩A) ≤ 2µ∗(B(x, δ) ∩ ψ(A))

where µ is Lebesgue measure on Rr’.

p 186 l 11 (part (a) of the proof of 476G): for ‘E 7→ λU(E, ǫ;σ)’ and, on the next line, ‘F 7→ λ(U(F, ǫ)×
U(F, ǫ))’, read ‘E 7→ νU(E, ǫ;σ)’ and ‘F 7→ ν(U(F, ǫ)× U(F, ǫ))’.

p 186 l 12 (part (a) of the proof of 476G): for ‘{(F, ǫ) :
∫
U(F,ǫ)×U(F,ǫ)

‖x − y‖λ(d(x, y)) ≤ β}’ read
‘{F :

∫
U(F,ǫ)×U(F,ǫ)

‖x− y‖λ(d(x, y)) ≤ β}’.

p l (part (b) of the proof of 476K): for ‘
∫
F
(1 + (x|e0))ν(dx) ≥

∫
F1
(1 + (x|e0))ν(dx) for every F ∈ F ’

read ‘
∫
F
(1 + (x|e0))ν(dx) ≤

∫
F1
(1 + (x|e0))ν(dx) for every F ∈ F ’.

p l (proof of 476L) for ‘ν∗A1’ read ‘ν∗XA1’.

p 190 l 29 (476Y) Add new exercise:

(b) Let r ≥ 1 be an integer, and g ∈ C0(R
r) a non-negative γ-Lipschitz function, where

γ ≥ 0. Let φ : Rr → [0,∞[ be a convex function. Let F be the set of non-negative γ-Lipschitz
functions f ∈ Cb(R

r) such that f has the same decreasing rearrangement as g with respect to
Lebesgue measure µ on Rr and

∫
φ(grad f)dµ ≤

∫
φ(grad g)dµ. (i) Show that F is compact for

the topology of pointwise convergence. (ii) Show that there is a g∗ ∈ F such that g∗(x) = g∗(y)
whenever ‖x‖ = ‖y‖.

p 190 l 41 Three new sections have been added to Chapter 47:

477 Brownian motion
478 Harmonic functions
479 Newtonian capacity

These aim to give a foundation for the study of Newtonian capacity based on the theory of Brownian motion.
For more information see https://www1.essex.ac.uk/maths/people/fremlin/cont47.htm.

p 194 l 32 (481H, part (d)): for ‘D = supc∈C0,c′∈C1
Dcc′ ’ read ‘D =

⋃
c∈C0,c′∈C1

Dcc′ ’.

p 195 l 13 (481I, the proper Riemann integral): to match 481G(iv), we need to allow the empty set as
a member of C. The same is required in setting up the Henstock integral (481J, 481K) and the McShane
integral (481M).

p 195 l 34 (481K): for ‘the family of all non-empty intervals’ read ‘the family of all non-empty bounded
intervals’.

p 200 l 2 (Exercise 481Xd): for ‘Sttt(f, µ)’ read ‘Sttt(f, µ)’.

p 200 l 30 (481X) Add new exercise:

(j) Let X be a set, Σ an algebra of subsets of X, and ν : Σ → [0,∞[ an additive functional. Set
Q = {(x,C) : x ∈ C ∈ Σ} and let T be the straightforward set of tagged partitions generated by
Q. Let E be the set of disjoint families E ⊆ Σ such that

∑
E∈E νE = νX, and ∆ = {δE : E ∈ E},

where

δE = {(x,C) : (x,C) ∈ Q and there is an E ∈ E such that C ⊆ E}
for E ∈ E. Set R = {Rǫ : ǫ > 0} where Rǫ = {E : E ∈ Σ, νE ≤ ǫ} for ǫ > 0. Show that
(X,T,∆,R) is a tagged-partition structure allowing subdivisions, witnessed by Σ.

p 200 l 31 (Exercise 481Ya): for ‘[[0, 1]× C]<ω’ read ‘[[a, b]× C]<ω’.
p 203 l 25 (part (c) of the proof of 482B) There is a not-quite-trivial slip in the proof here. In the

(admittedly unimportant) case in which ∅ ∈ C and ν∅ 6= 0, it is not necessarily true that
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StttE∪E′ (f, ν) = StttE (f, ν) + StttE′ (f, ν)

for every ttt ∈ TE ∩ TE′ , even when E ∩ E′ = ∅; rather, we have

StttE∪E′ (f, ν) + StttE∩E′ (f, ν) = StttE (f, ν) + StttE′ (f, ν)

for all E, E′ ∈ E , so that F (E ∪E′) + F (E ∩E′) = F (E) + F (E′). So we need to show that F (∅) = 0. But
this is true, because if ttt is δ-fine and sss ∈ T is δ-fine and R-filling, then sss′ = sss \ ttt∅, sss′′ = sss∪ ttt∅ are δ-fine and
R-filling, and

Sttt∅(f, ν) = Ssss′′(f, ν)− Ssss′(f, ν).

Accordingly, given ǫ > 0, we can find δ ∈ ∆ and R ∈ R such that |Ssss′′(f, ν)− Ssss′(f, ν)| ≤ ǫ whenever sss′′, sss′

are δ-fine and R-filling, and we shall now have |Sttt∅(f, ν)| ≤ ǫ whenever ttt is δ-fine, so that F (∅) = 0.

p 205 l 6 To make Theorem 482E apply to the Pfeffer integral (§484), the condition (iv) needs to be
relaxed fractionally. Instead of

(iv) ∆ is a downwards-directed family of neighbourhood gauges onX containing all the uniform
metric gauges,

we need

(iv)(α) ∆ is a downwards-directed family of gauges on X containing all the uniform metric
gauges;

(β) if δ ∈ ∆, there are a negligible set F ⊆ X and a neighbourhood gauge δ0 on X such
that δ ⊇ δ0 \ (F × PX)

p 205 l 29 (proof of 482E): for ‘
⋃
i<m Ci = Wttt belongs to R′’ read ‘X \⋃i<m Ci = X \Wttt belongs to

R′’.

p 206 l 32 (part (b) of the proof of 482F): for ‘Because
⋃
i<n Ci ∈ R’ read ‘Because X \⋃i<n Ci ∈ R’.

p 207 l 22 (part (a) of the proof of 482G): for ‘
⋃
i≤m Ci ∩ (F ∪F ′) = ∅’ read ‘

⋃
i≤m Ci ∩ (Fn ∪F ′

n) = ∅’.
p 208 l 12 (part (c) of the proof of 482G): for ‘for each i’ read ‘for each m’.

p 209 l 22 The definitions of ‘full’ and ‘countably full’ families of gauges (482Ia) have been moved to
481Ec. 482Ib is now 482J, and 482J is now 482I.

p 210 l 21 B.Levi’s theorem, 482K, has been fractionally strengthened, and now reads

Let (X,T,∆,R) be a tagged-partition structure allowing subdivisions, witnessed by C, such
that ∆ is countably full, and ν : C → [0,∞[ a function which is moderated with respect to T and
∆.

Let 〈fn〉n∈N be a non-decreasing sequence of functions fromX to R with supremum f : X → R.
If γ = limn→∞ Iν(fn) is defined in R, then Iν(f) is defined and equal to γ.

p 211 l 32 (Fubini’s theorem, 482M): the hypotheses given are not sufficient to support the argument
here. In order to apply Lemma 482L as called for at the end of part (b-i) of the proof, we need a further
hypothesis

(vi) whenever δ ∈ ∆1 and sss ∈ T1 is δ-fine, there is a δ-fine sss′ ∈ T1, including sss, such that
Wsss′ = X1.

p 214 l 23 (482X) Add new exercise:

(m) Let (X,T,∆,R), Σ and ν be as in 481Xj, so that (X,T,∆,R) is a tagged-partition
structure allowing subdivisions, witnessed by an algebra Σ of subsets of X, and ν : Σ → [0,∞[
is additive. Let Iν be the corresponding gauge integral, and V ⊆ RX its domain. (i) Show that
χE ∈ V and Iν(χE) = νE for every E ∈ Σ. (ii) Show that if f ∈ RX then f ∈ V iff for every ǫ > 0
there is a disjoint family E ⊆ Σ such that

∑
E∈E νE = νX and

∑
E∈E νE ·supx,y∈E |f(x)−f(y)| ≤

ǫ. (iii) Show that if 〈fn〉n∈N is a non-decreasing sequence in V with supremum f ∈ RX , and
γ = supn∈N Iν(fn) is finite, then Iν(f) is defined and equal to γ. (iv) Show that Iν extends

∫
dν

as described in 363L, if we identify L∞(Σ) with a space L
∞ of functions as in 363H. (v) Show

that if Σ is a σ-algebra of sets then Iν extends
∫
dν as described in 364Xj.
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p 214 l 24 (482Y) Add new exercise:

(a) Let X be the interval [0, 1], C the family of subintervals of X, Q the set {(x,C) : C ∈ C, x ∈
intC}, T the straightforward set of tagged partitions generated by Q, ∆ the set of neighbourhood
gauges onX, andR the singleton {[X]<ω}. Show that (X,T,∆,R) is a tagged-partition structure
allowing subdivisions, witnessed by C. For C ∈ C set νC = 1 if 0 ∈ intC, 0 otherwise, and let
f be χ{0}. Show that Iν(f) = limttt→F(T,∆,R) Sttt(f, µ) is defined and equal to 1. Let F be the
Saks-Henstock indefinite integral of f . Show that F (]0, 1]) = 1.

Exercises 482Ya-482Yc are now 482Yb-482Yd.

p 229 l 11 (part (a-vi) of the proof of 483R): for ‘F̃ (x) =
∫ x
a∗
f × χAdµ’ read ‘F̃ (x) =

∫ x
a∗

|f | × χAdµ’.

p 230 l 32 (part (b-iii) of the proof of 483R): for ‘supC∈C,C⊆I F (supC)−F (inf C)’ read ‘supC∈C,C⊆I |F (supC)−
F (inf C)|’.

p 231 l 36 Some of the exercises for §483 have been moved: 483Xl is now 483Yh, 483Xm is now 483Xl,
483Xn is now 483Yd, 483Xo is now 483Yi; 483Ye-483Yf are now 483Yf-483Yg, 483Yg is now 483Yj.

p 231 l 36 (part (iii) of Exercise 483Xl, now 483Yh): for ‘whenever f ∈ U and I is a disjoint family
of non-empty open intervals’ read ‘whenever f ∈ RR and I is a disjoint family of non-empty open intervals
such that f × χI ∈ U for every I ∈ I’.

p 232 l 18 (483X) Add new exercise:

(m) For integers r ≥ 1, write Cr for the family of subsets of Rr of the form
∏
i<r Ci where

Ci ⊆ R is a bounded interval for each i < r. Set Qr = {(x,C) : C ∈ Cr, x ∈ C}; let Tr be the
straightforward set of tagged partitions generated by Qr, ∆r the set of neighbourhood gauges
on Rr, and Rr = {RC : C ∈ Cr} where RC = {Rr \ C ′ : C ⊆ C ′ ∈ Cr} for C ∈ Cr. Let νr
be the restriction of r-dimensional Lebesgue measure to Cr. (i) Show that (Rr, Tr,∆r,Rr) is a
tagged-partition structure allowing subdivisions, witnessed by Cr. (ii) For a function f : Rr → R

write H
∫
f(x)dx for the gauge integral Iνr (f) associated with this structure when it is defined.

Show that if r, s ≥ 1 are integers, f : Rr+s → R has compact support and H
∫
f(z)dz is defined,

then, identifying Rr+s with Rr ×Rs, H
∫
g(x)dx is defined and equal to H

∫
f(x, y)d(x, y) whenever

g : Rr → R is such that g(x) = H
∫
f(x, y)dy for every x ∈ Rr for which this is defined.

p 232 l 21 (Exercise 483Ya): for ‘[0,∞[’ read ‘]0,∞[’.

p 233 l 5 (483Y) Add new exercises:

(k) Find a function f : R2 → R, with compact support, such that H
∫
f is defined in the sense

of 483Xm, but H
∫
fT is not defined, where T (x, y) =

1√
2
(x+ y, x− y) for x, y ∈ R.

(l) Show that for a function g : R → R the following are equiveridical: (i) there is a function
h : R → R, of bounded variation, such that g =a.e. h (ii) g is a multiplier for the Henstock
integral, that is, f × g is Henstock integrable for every Henstock integrable f : R → R.

p 235 l 20 (part (c) of the proof of 484B): for ‘lim inft↓0 h(t) ≥ 1

2r
lim inft↓0(1 − αg(t)1/r)’ read

‘lim inft↓0,t∈dom g′ h(t) ≥ 1

2r
lim inft↓0,t∈dom g′(1− αg(t)1/r)’.

p 236 l 28 (part (d-iii) of the proof of 484C): for ‘ν(Di∩∂*E) ≥ j’ and ’ν{x} ≥ j’ read ‘ν(Di∩∂*E) ≥ j
2 ’

and ’ν{x} ≥ j
2 ’.

p 239 l 30 (part (b-iii) of the proof of 484F): for ‘H ⊆ R’ read ‘H ⊆ Rr’.

p 240 l 10 (part (b-v) of the proof of 484F): for

By the choice of D0,
⋃D1 ∈ R′′; by the choice of R′′, E \Wttt = E ∩⋃D1 belongs to R′. But

we know also that C ∩ V \E ∈ R′, that is, C \E ∈ R′, because R′ = R(V )
η . By the choice of R′,

C \Wttt ∈ R. And ttt ∈ T ′ is a δ-fine member of Tα.

read
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By the choice of D0,
⋃D′

1 ∈ R′′; by the choice of R′′, E \Wttt′ = E ∩⋃D′
1 belongs to R′. But

we know also that C ∩ V \E ∈ R′, that is, C \E ∈ R′, because R′ = R(V )
η . By the choice of R′,

C \Wttt′ ∈ R. And ttt′ ∈ T ′ is a δ-fine member of Tα.

p 240 l 30 (part (c) of the statement of 484H): for ‘whenever E ∈ R’ read ‘whenever E ∈ C ∩ R’.

p 241 l 6 (part (d) of the proof of 484H): for ‘µ, C, Tα, ∆ and R’ read ‘µ, Cα, Tα, ∆ and R’.

p 245 ll 29-32 (part (d) of the proof of 484N): for ‘µH ′
n’, ‘µµ(Hn \H ′

n)’ read ‘µr−1H
′
n’, ‘µr−1(Hn \H ′

n)’.

p 246 l 32 (part (b) of the proof of 484O): for ‘diamC ≤ δ’ read ‘diamC ≤ ζ’.

p 248 l 36 (part (a) of the proof of 484R): for ‘lim supζ↓0
µ∗(B(φ(x),ζ)∩φ[A]

µB(φ(x),ζ)
≥ ǫ

γr
’ read ‘lim supζ↓0

µ∗(B(φ(x),ζ)∩φ[A]

µB(φ(x),ζ)
≥

ǫ

γ2r
’.

p 251 l 16 (484X) Add new exercises:

(f) (Here take r = 2.) Let 〈δn〉n∈N be a strictly decreasing summable sequence in ]0, 1]. Define

f : R2 → R by saying that f(x) =
(−1)n

n(δ2n−δ2n+1)
if n ∈ N and δn+1 ≤ ‖x‖ < δn, 0 otherwise. Show

that limδ↓0

∫
R2\B(0,δ)

fdµ is defined, but that f is not Pfeffer integrable.

(g) (Again take r = 2.) Show that there are a Lebesgue integrable f1 : R → R and a Henstock
integrable f2 : R → R, both with bounded support, such that (ξ1, ξ2) 7→ f1(ξ1)f2(ξ2) : R

2 → R

is not Pfeffer integrable.
(i) Show that there is a Lipschitz function f : Rr → [0, 1] such that Rr \ dom f ′ is not thin.

(Hint : there is a Lipschitz function f : R → [0, 1] not differentiable at any point of the Cantor
set.)

484Xf is now 484Xh.

p 257 l 19 The proof of Theorem 491F is confused, with a potentially catastrophic misquotation of a
result from Volume 2, so I have re-written it.

p 259 l 12 (part (a-ii) of the proof of 491H): for the second ‘|
∫
f(yxz)(λ ∗ ν)(dx) − α| ≤ ǫ for every y,

z ∈ X’ read ‘|
∫
f(yxz)(ν ∗ λ)(dx)− α| ≤ ǫ for every y, z ∈ X’.

p 259 l 26 (part (b) of the proof of 491H): for

‘Because A is dense, xV −1 ∩ A 6= ∅ is not empty for every x ∈ X, that is, AV = X; once
more because X is compact, there are x0, . . . , xn ∈ A such that X =

⋃
i≤n xiV . Set Ei =

xiV \⋃j<i xjV for each i ≤ n.’

read

‘Because A is dense, V −1x∩A 6= ∅ for every x ∈ X, that is, V A = X; once more because X is
compact, there are x0, . . . , xn ∈ A such that X =

⋃
i≤n V xi. Set Ei = V xi \

⋃
j<i V xj for each

i ≤ n.’

p 263 l 370 (Example 491Ma): for ‘µL ≥ 1− µK + ǫ’ read ‘µL ≥ µX − µK + ǫ’.

p 265 l 15 (part (c) of the proof of 491N): delete all references to ‘compactness’; all sets K, L are to be
taken to belong to K.

p 266 l 20 (proof of 491P): for ‘open G’ and ‘closed set F ’, read ‘cozero set G’ and ‘zero set F ’.

p 267 l 26 (part (a) of the proof of 491R): the construction of the set I is muddled; for this subproof
the following works:

PPP For each m ∈ N, set Im = {n : xn ∈ Gm}. We know that lim infn→∞
1

n
#(Im ∩n) ≥ µGm ≥

µK for each m, so we can find a strictly increasing sequence 〈km〉m∈N such that
1

n
#(Im ∩ n) ≥

µK − 2−m whenever m ∈ N and n > km. Set I =
⋃
m∈N

Im ∩ km+1. If km < n ≤ km+1,

1

n
#(I ∩ n) ≥ 1

n
#(Im ∩ n) ≥ µK − 2−m;
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so lim infn→∞
1

n
#(I ∩ n) ≥ µK. On the other hand, for any m ∈ N,

{n : n ∈ I, xn /∈ Fm} ⊆ I \ Im ⊆ km+1

is finite, so

lim sup
n→∞

1

n
#(I ∩ n) ≤ lim sup

n→∞

1

n
#({i : i < n, xi ∈ Fm})

≤ µFm ≤ µK + 2−m.

Accordingly lim supn→∞
1

n
#(I ∩ n) ≤ µK and d(I) is defined and equal to µK. QQQ

p 268 l 25 Add new paragraph:

491S The asymptotic density filter (a) Set

Fd = {N \ I : I ∈ Z} = {I : I ⊆ N, limn→∞
1

n
#(I ∩ n) = 1}.

Then Fd is a filter on N, the (asymptotic) density filter.
(b) For a bounded sequence 〈αn〉n∈N in C, the following are equiveridical: (i) limn→Fd

αn = 0;

(ii) limn→∞
1

n+1

∑n
k=0 |αk| = 0.

(c) For any m ∈ N and A ⊆ N, A+m ∈ Fd iff A ∈ Fd.

p 269 l 1 Add new fragments to 491Xc:

(i) Show that there is a J ⊆ I such that d∗(J) = d∗(I \ J) = d∗(I). (iii) Show that if d(I) is
defined and 0 ≤ α ≤ d(I) there is a J ⊆ I such that d(J) is defined and equal to α.

p 269 l 3 Add new fragment to 491Xd:

(i)(α) Show that if I, K ⊆ N are such that d(I) and d(K) are defined, there is a J ⊆ N such
that d(J) is defined and d(J) = d∗(J ∩ I) = d∗(K ∩ I).

p 269 l 16 Add new fragment to 491Xe, now 491Xg:

(iv) Show that a sequence 〈ti〉i∈N in [0, 1] is equidistributed iff limn→∞
1

n+1

∑n
i=0 f(ti) is defined

and equal to R
∫ 1

0
f for every Riemann integrable function f : [0, 1] → R.

p 269 l 24 (Exercise 491Xi, now 491Yk): for ‘where g(t) = (t, 1) for t ∈ Z’ read ‘where g(t, 0) = g(t, 1) =
(t, 1) for t ∈ Z’.

p 270 l 44 Part (ii) of Exercise 491Xy (now 491Xw) has been dropped.
The exercises in 491X have been rearranged; 491Xe-491Xf are now 491Xf-491Xg, 491Xg is now 491Xi,

491Xh is now 491Ye, 491Xi is now 491Yk, 491Xu-491Xv are now 491Yp-491Yq, 491Xw-491Xy are now
491Xu-491Xw, 491Xz is now 491Xe.

New exercises are

(e) Let (X,Σ, µ) be a probability space and 〈En〉n∈N a sequence in Σ. For x ∈ X, set
Ix = {n : n ∈ N, x ∈ En}. Show that

∫
d∗(Ix)µ(dx) ≥ lim infn→∞ µEn.

(h) Let X be a topological space, µ a probability measure on X measuring every zero set,

and 〈xi〉i∈N an equidistributed sequence in X. Show that limn→∞
1

n+1

∑n
i=0 f(xi) is defined and

equal to
∫
f dµ for every bounded f : X → R which is continuous almost everywhere.

(x) LetX be a topological space. A sequence 〈xn〉n∈N inX is called statistically convergent
to x ∈ X if d({n : xn ∈ G}) = 1 for every open set G containing x. (i) Show that if X is first-
countable then 〈xn〉n∈N is statistically convergent to x iff there is a set I ⊆ N such that d(I) = 1
and 〈xn〉n∈I converges to x in the sense that {n : n ∈ I, xn /∈ G} is finite for every open set G
containing x. (ii) Show that a bounded sequence 〈αn〉n∈N in R is statistically convergent to α iff

limn→∞
1

n

∑n−1
i=0 |αi − α| = 0.
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p 271 l 1 As for 491Y, 491Yb-491Yf are now 491Yf-491Yj, 491Yg-491Yh are now 491Yl-491Ym, 491Yj-
491Yl are now collected into 491Yo, 491Ym is now 491Yr, 491Yo is now 491Ys.

New exercises are

(b) Let A be a Boolean algebra, and ν : A → [0,∞] a submeasure. Show that ν is uniformly
exhaustive iff whenever 〈an〉n∈N is a sequence in A such that infn∈N νan > 0, there is a set I ⊆ N

such that d∗(I) > 0 and inf i ∈ I ∩ nai 6= 0 for every n ∈ N.
(t) Let A be a Boolean algebra, A ⊆ A \ {0} a non-empty set and α ∈ [0, 1]. Show that

the following are equiveridical: (i) there is a finitely additive functional ν : A → [0, 1] such that
νa ≥ α for every a ∈ A (ii) for every sequence 〈an〉n∈N in A there is a set I ⊆ N such that
d∗(I) ≥ α and infi∈I∩n ai 6= 0 for every n ∈ N.

(k) Let Z = PN/Z and d̄∗ : Z → [0, 1] be as in 491I. Show that d̄∗ is order-continuous
on the left in the sense that whenever A ⊆ Z is non-empty and upwards-directed and has a
supremum c ∈ Z, then d̄∗(c) = supa∈A d̄

∗(a).
(q) Let (X,T,Σ, µ) be a τ -additive topological probability space. A sequence 〈xn〉n∈N in X is

completely equidistributed if, for every r ≥ 1, the sequence 〈〈xn+i〉i<r〉n∈N is equidistributed
for some (therefore any) τ -additive extension of the c.l.d. product measure µr onXr. (i) Show that
if there is an equidistributed sequence in X, then there is a completely equidistributed sequence
in X. (ii) Show that if T is second-countable, then µN-almost every sequence in X is completely
equidistributed. (iii) Show that if X has two disjoint open sets of non-zero measure, then no
sequence which is well-distributed in the sense of 281Ym can be completely equidistributed.

(r) Suppose, in 491O, that µ is a topological measure. Show that Tπf
• ≤ RSf for every

bounded lower semi-continuous f : X → R.

p 271 l 26 (Exercise 491Yg, now 491Yl): add second part

(ii) Show that there is a separable compact Hausdorff space with a Radon measure which has
no equidistributed sequence.

p 271 l 29 Exercise 491Yi is wrong (unless we have a rather sophisticated definition of ‘non-trivial’), so
has been deleted.

p 271 l 38 Exercise 491Yn(i) is wrong (unless you assume the continuum hypothesis, or something of
the sort). I am not sure about part (iii). Part (ii) has been moved to 491Yo.

p 279 l 33 (part (b) of the proof of 493B): the second ‘{x : a•x = x for every a ∈ I}’ should be
‘{x : a•x = x for every a ∈ HI}’.

p 280 l 10 Proposition 493C is now 493Be. 493D-493F are now 493C-493E.

p 280 l 40 (part (c) of the proof of 493D, now 493C): ‘Take any non-negative f ∈ U ’ should be followed
by ‘and ǫ > 0’.

p 283 l 23 Lemma 493G and Theorem 493H have been moved to 494I-494L. 493I-493K are now 493F-
493H.

p 286 l 11 (proof of 493I, now 493F): delete ‘orthonormal’.

p 286 l 22 (proof of 493I, now 493F): for ‘λ′XQ1 ≥ 1
2ǫ’ read ‘λ′XQ

′
1 ≥ 1

2ǫ’. In the next line, for

‘λXQ
′
2 ≥ 1

2ǫ’ read ‘λ′XQ
′
2 ≥ 1

2ǫ’, and for ‘X-invariant’ read ‘HX -invariant’.

p 288 l 45 Exercise 493Xa is now 493Bf, and 493Xe is now 494Be. 493Xb-493Xd are now 493Xa-493Xc,
and 493Xf-493Xg are now 493Xe-493Xf.

In addition there are new exercises:

(d) Prove 493G for infinite-dimensional inner product spaces over C.
(g) If X is a (real or complex) Hilbert space, a bounded linear operator T : X → X is

unitary if it is an invertible isometry. Show that the set of unitary operators on X, with its
strong operator topology, is an extremely amenable topological group.

p 289 l 17 (Exercise 493Ya): for ‘{g : ag 6= e} is finite’ read ‘{g : ag 6= 0} is finite’.
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p 289 l 30 Exercises 493Yb and 493Yd are now 494Xl and 494Xf. 493Yc is now split between 494Cc
and 494Yf.

p 289 l 42 (493Yd, now 494Xf): for ‘limn→∞ ‖ 1

n+1

∑n
i=0 χ(π

id)−µ̄d·χd‖1 = 0’ read ‘infn∈N ‖ 1

n+1

∑n
i=0 χ(π

id)−
µ̄d · χ1‖1 = 0’.

p 290 l 19 A new section §494, ‘Groups of measure-preserving automorphisms’, has been introduced.
The former §494 is now §498.

p 291 l 6 There is a blunder in Proposition 494B, which now reads

498B Proposition Let (X,T,Σ, µ) be an atomless Radon measure space, (Y,S,T, ν) an ef-

fectively locally finite τ -additive topological measure space and λ̃ the τ -additive product measure
on X × Y . Then if W ⊆ X × Y is closed and λ̃W > 0 there are a non-scattered compact set
K ⊆ X and a closed set F ⊆ Y of positive measure such that K × F ⊆W .

p 294 l 4 (part (b) of the proof of 495B): for ‘j ∈ Ii’ read ‘j ∈ Ji’.

p 294 l 9 (part (b) of the proof of 495B): for ‘whenever 〈Ei〉i∈N is a sequence in Σ with union E’ read
‘whenever 〈Ei〉i∈N is a disjoint sequence in Σ with union E’.

p 294 l 22 (part (d) of the proof of 495B): for ‘disjoint family in Σ’ read ‘disjoint family in Σf ’.

p 295 l 4 (statement of Lemma 495C): for ‘ni ∈ I’ read ‘ni ∈ N’.

p 295 l 12-13 (proof of 495C): in ‘Let E be the subring of PX generated by dom q’ and ‘Hq =⋃
q⊆q′∈Q,dom q′=E Hq′ ’ replace E by some other symbol.

p 295 l 13 (proof of 495C): in ‘Hq =
⋃
q⊆q′∈Q,dom q′=E′ Hq′ is the union of a finite disjoint family in T’

replace ‘finite’ by ‘countable’.

p 296 l 24 Add new result:

495F Proposition Let (X,Σ, µ) be an atomless measure space, 〈Xi〉i∈I a countable partition
of X into measurable sets and γ > 0, Let ν be the Poisson point process of (X,Σ, µ) with intensity
γ; for i ∈ I let νi be the Poisson point process of (Xi,Σi, µi) with intensity γ, where µi is the
subspace measure on Xi and Σi its domain. For S ⊆ X set φ(S) = 〈S ∩ Xi〉i∈I ∈ ∏

i∈I PXi.
Then φ is an isomorphism between ν and the product measure

∏
i∈I νi on

∏
i∈I PXi.

p l Exercise 495Xb(i) (now 495Xc) has been moved to the main exposition, as follows:

495H Lemma Let (X,Σ, µ) be an atomless σ-finite measure space, and γ > 0; let ν be the
Poisson point process on X with intensity γ. Suppose that f : X → R is a Σ-measurable function
such that µf−1[{α}] = 0 for every α ∈ R. Then ν{S : S ⊆ X, f↾S is injective} = 1.

p l Add new result:

495I Proposition Let (X,Σ, µ) be an atomless countably separated measure space and γ > 0.
Let ν′ be a complete probability measure on PX such that ν′{S : S ⊆ X, S ∩ E = ∅} is defined
and equal to e−γµE whenever E ∈ Σ has finite measure. Then ν′ extends the Poisson point
process ν on X with intensity γ.

p 299 l 14 (part (b-ii) of the proof of 495H) All the formulae written are, I believe, correct; but in the
line

ν ′H =
∑
σ∈Ns ν ′H ′

σ =
∑
σ∈Ns

∫
ν ′T (H

′
σ)ν̃(dT ) =

∫
ν ′T (H)ν̃(dT )

there seems to be a rather large jump. To plug the gap, we can rewrite this bit, as follows:

(ii) For the general case, set Crj = [0, 1] \ ⋃
i<r Cij , Erj = Fj × Crj for each j < s. For

σ ∈ N(r+1)×s, set

Hσ = {S : S ⊆ X ′, #(S ∩ Eij) = σ(i, j) for every i ≤ r and j < s}.
By (i), we have ν ′Hσ =

∫
ν ′T (Hσ)ν̃(dT ) for every σ ∈ N(r+1)×s.

Set
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J = {σ : σ ∈ N(r+1)×s, σ(i, j) = nij for i < r, j < s}, K = N(r+1)×s \ J ,

H ′
1 =

⋃
σ∈J Hσ, H ′

2 =
⋃
σ∈K Hσ.

Then H ′
1 ⊆ H, H ′

2 ∩H = ∅ and

H ′
1 ∪H ′

2 = {S : S ∩ Eij is finite for all i ≤ r, j < s}
is ν ′-conegligible. Accordingly we have

∫
(ν ′T )∗(H)ν̃(dT ) ≥

∫
(ν ′T )∗(H

′
1)ν̃(dT )

≥
∑

σ∈J

∫
ν ′T (Hσ)ν̃(dT ) =

∑

σ∈J

ν ′Hσ,

∫
(ν ′T )∗(PX ′ \H)ν̃(dT ) ≥

∫
(ν ′T )∗(H

′
2)ν̃(dT )

≥
∑

σ∈K

∫
ν ′T (Hσ)ν̃(dT ) =

∑

σ∈K

ν ′Hσ,

while
∑
σ∈J ν

′Hσ +
∑
σ∈K ν

′Hσ = 1.

It follows (because all the ν ′T are complete) that
∫
ν ′T (H)ν̃(dT ) is defined and equal to

∑
σ∈J ν

′Hσ =
ν ′H, as required. QQQ

p 300 l 20 (part (e) of the proof of 495H): for ‘H = {S : S ⊆ X ′, #(S ∩ Êi) = ni for every i < r}’ read
‘H = {S : S ⊆ X ′, #(S ∩ Ei) = ni for every i < r}’.

p 300 l 22 (part (e) of the proof of 495H): for ‘the σ-algebra T generated by H0’ read ‘the σ-algebra T′

generated by H0’.

p 300 l 32 (part (ii) of the statement of 495I): for ‘if µ is strongly consistent with f ’ read ‘if 〈µt〉t∈X̃ is
strongly consistent with f ’.

p 301 l 12 (part (a) of the proof of 495I): for ‘z↾T is injective’ read ‘fz↾T is injective’.

p 301 l 18 (part (b) of the proof of 495I): for ‘let ν ′T be the image measure λψ−1
T on PX ′’ read ‘let ν ′T

be the image measure λ′ψ−1
T on PX ′’.

p 301 l 20 (part (b) of the proof of 495I): for ‘fi(t) =
∑
j<i µtEj for t ∈ Y1 and i < r’ read ‘fi(t) =∑

j<i µtEj for t ∈ Y1 and i ≤ r’.

p 301 l 24 (part (b) of the proof of 495I): for ‘#(S′ ∩ E′
i) = ni’ read ‘#(S ∩ E′

i) = ni’.

p 304 l 31 Add new part:

(b) If f ∈ L
1(µ) ∩ L

2(µ),
∫
Q2
fdν is defined and equal to γ

∫
f2dµ+ (γ

∫
fdµ)2.

Parts (b) and (c) are now (c)-(d).

p 306 l 4 Propositions 495N and 495O have been extended, as follows.

495Q Proposition Let (X,T,Σ, µ) be a Radon measure space such that µ is outer regular
with respect to the open sets, and γ > 0. Give the space C of closed subsets of X its Fell topology.

(a) There is a unique quasi-Radon probability measure ν̃ on C such that

ν̃{C : #(C ∩ E) = ∅} = e−γµE

whenever E ⊆ X is a measurable set of finite measure.
(b) If E0, . . . , Er are disjoint sets of finite measure, none including any singleton set of non-zero

measure, and ni ∈ N for i ≤ r, then

ν̃{C : #(C ∩ Ei) = ni for every i ≤ r} =
∏r
i=0

(γµEi)ni

ni!
e−γµEi .
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(c) Suppose that µ is atomless and ν is the Poisson point process on X with density γ.
(i) C has full outer measure for ν, and ν̃ extends the subspace measure νC .
(ii) If moreover µ is σ-finite, then C is ν-conegligible.

(d) If X is locally compact then ν̃ is a Radon measure.
(e) If X is second-countable and µ is atomless then ν̃ = νC .

495R Proposition Let (X,T) be a σ-compact locally compact Hausdorff space and M+
R (X)

the set of Radon measures on X. Give M+
R (X) the topology generated by sets of the form

{µ : µG > α} and {µ : µK < α} where G ⊆ X is open, K ⊆ X is compact and α ∈ R. Let C be
the space of closed subsets of X with the Fell topology, and PR(C) the set of Radon probability
measures on C with its narrow topology. For µ ∈M+

R (X) and γ > 0 let ν̃µ,γ be the Radon measure

on C defined from µ and γ as in 495Q. Then the function (µ, γ) 7→ ν̃µ,γ :M+
R (X)×]0,∞[ → PR(C)

is continuous.

An extra fragment of argument required in 495O is now part (a) of the proof.

p 307 l 34 (part (a) of the proof of 495O, now part (b)) for ‘ǫ > 0’ read ‘η > 0’.

p 307 l 36 (part (a) of the proof of 495O, now part (b)) for ‘µ(X\E) > µ0(X\E)−ǫ’ read ‘µE < µ0E+ǫ’.

p 307 l 39 (parts (b) and (c) of the proof of 495O, now parts (c) and (d)): to allow for the possibility
that we have to look at sets of the form {C : C ∩K = ∅} and therefore need to consider the case C = ∅,
most of the clauses ‘i ≤ r’ should be replaced with ‘i < r’.

p 308 l 14 (part (c) of the proof of 495O, now part (d)): for ‘
∏
A∈I e

−γµA
∏
A∈A\I(1 − e−γµA)’ read

‘
∏
A∈A\I e

−γµA
∏
A∈I(1− e−γµA)’.

p 309 l 14 (part (b) of the proof of 495P): for ‘hkn(S) = gk,n+1(S) − gkn(S)’ read ‘hkn(S) = gkn(S) −
gk,n−1(S)’.

p 309 l 30 (part (d), or more properly part (c), of the proof of 495P): for ‘infβ>α lim infi→∞ Pr(hki ≤ β)’
read ‘infβ>α lim infk→∞ Pr(hki ≤ β)’.

p 310 l 8 (495X) These exercises have been rearranged: 495Xa-495Xg are now 495Xb-495Xh, 495Xh is
now 495Yb, 495Xm has been deleted, 495Xn-495Xp are now 495Xm-495Xo, 495Yb is now 495Yc, 495Yc is
now 495Yd.

p 311 l 35 (Exercise 495Ya): for ‘L1(A, µ̄)’ read ‘U ’.

p 311 l 37 (Exercise 495Yb, now 495Yc): for ‘L0
C
(B)’ read ‘L0

C
(A)’.

p 311 l 42 Exercise 495Yc, now 495Yd, has been amended, and is now

(d) Let (X, ρ) be a totally bounded metric space, µ a Radon measure on X and γ > 0. Let C
be the set of closed subsets of X, and ν̃ the quasi-Radon measure of 495Q; let ρ̃ be the Hausdorff
metric on C \ {∅}. Show that the subspace measure on C \ {∅} induced by ν̃ is a Radon measure
for the topology induced by ρ̃.

p 312 l 51 Two new sections have been added: §496 on Maharam submeasures, and §497 on Szemerédi’s
theorem.

p 313 l 25 (4A1A) Add new fragment:

(c)(ii) If #(A) ≤ c and D is countable, then #(AD) ≤ c.

The former (c-ii) is now (c-iii).

p 317 l 30 (part (b) of the proof of 4A1N: for ‘Cξ =
⋃
i∈N

f(θξ(i))’ read ‘Cξ =
⋃
i≥1 f(θξ(i))’.

p 318 l 26 (4A2A) Add new definitions:

Baire space A topological space X is a Baire space if
⋂
n∈N

Gn is dense in X whenever
〈Gn〉n∈N is a sequence of dense open subsets of X.

càdlàg If X is a Hausdorff space, a function x : [0,∞[ → X is càdlàg (‘continue à droit,
limites à gauche’) or RCLL (‘right continuous, left limits’) if lims↓t x(s) = x(t) for every t ≥ 0
and lims↑t x(s) is defined in X for every t > 0.
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càllàl If X is a Hausdorff space, a function f : [0,∞[ → X is càllàl (‘continue à l’une, limite
à l’autre’) if f(0) = lims↓0 f(s) and, for every t > 0, lims↓t f(s) and lims↑t f(s) are defined in X,
and at least one of them is equal to f(t).

perfect A topological space is perfect if it is compact and has no isolated points.

p 321 l 47 (4A2B) Add new parts:

(d)(vii) If f : X → [−∞,∞] is lower semi-continuous, and F is a filter on X converging to
y ∈ X, then f(y) ≤ lim infx→F f(x).

(viii) If X is compact and f : X → [−∞,∞] is lower semi-continuous then K = {x : f(x) =
infy∈X f(y)} is non-empty and compact.

(ix) If f , g : X → [0,∞] are lower semi-continuous and f + g is continuous at x and finite
there, then f and g are continuous at x.

(f)(iii) Let X and Y be topological spaces and f : X → Y a continuous open map. Then
H 7→ f−1[H] is an order-continuous Boolean homomorphism from the regular open algebra of Y
to the regular open algebra of X. If f is surjective, then π is injective, and for H ⊆ Y , H is a
regular open set in Y iff π−1[H] is a regular open set in X.

(f)(iv) If X0, Y0, X1, Y1 are topological spaces, and fi : Xi → Yi is an open map for each i,
then (x0, x1) 7→ (f0(x0), f1(x1)) : X0 ×X1 → Y0 × Y1 is open.

(j) Let X be a topological space and D a dense subset of X, endowed with its subspace
topology.

(i) A set A ⊆ D is nowhere dense in D iff it is nowhere dense in X.
(ii) A set G ⊆ D is a regular open set in D iff it is expressible as D ∩H for some regular

open set H ⊆ X.

p 324 l 5 (part (a) of 4A2E): add new fragment

(iv) Any continuous image of a ccc topological space is ccc.

p 328 l 29 (4A2G) Add new parts:

(m) If X is a Hausdorff space, Y is a compact space and F ⊆ X × Y is closed, then its
projection {x : (x, y) ∈ F} is a closed subset of X.

(n) If X is a locally compact topological space, Y is a topological space and f : X → Y is a
continuous open surjection, then Y is locally compact.

p 330 l 34 Add new parts:

(b) Let (X,W) be a uniform space with associated topology T. If W is countably generated
and T is Hausdorff, there is a metric ρ on X defining W and T.

(i) Let (X,U) and (Y,V) be uniform spaces. If F is a Cauchy filter on X and f : X → Y is a
uniformly continuous function, then f [[F ]] is a Cauchy filter on Y .

4A2Jb-4A2Jg are now 4A2Jc-4A2Jh.

p 339 l 41 (4A2Tc): for ‘If X is T1’ read ’If X is Hausdorff’.

p 340 l 49 (4A2T(g-ii)): for ‘F ∈ V whenever F ∈ C \ {∅} and ρ̃(E,F ) < ǫ’ read ‘F ∈ V whenever
F ∈ C \ {∅} and ρ̃(E,F ) < 2ǫ’.

p l Add new remark to 4A2Ub: NN is homeomorphic to R \Q.

p 341 l 18 (4A2U) Add new part:

(e) Give the space C([0,∞[) the topology Tc of uniform convergence on compact sets.
(i) C([0,∞[) is a Polish locally convex linear topological space.
(ii) Suppose that A ⊆ C([0,∞[) is such that {f(0) : f ∈ A} is bounded and for every a ≥ 0

and ǫ > 0 there is a δ > 0 such that |f(s)− f(t)| ≤ ǫ whenever f ∈ A, s, t ∈ [0, a] and |s− t| ≤ δ.
Then A is relatively compact for Tc.

p 343 l 27 (4A3G) Add new part:

(b) If X is any topological space, Y is a T0 second-countable space, and f : X → Y is Borel
measurable, then (the graph of) f is a Borel set in X × Y .

Measure Theory (abridged version)



4A4J February 2006 59

p 343 l 38 To support the proof of 448P, we need to strengthen 4A3I to include the assertion that T′

can be taken to be zero-dimensional.

p 344 l 15 (part (c) of the proof of 4A3J): for ‘ω1 \E and E belong to Σ’ read ‘ω1 \E and E are Borel
sets’.

p 345 l 23 (part (a) of the proof of 4A3N): for ‘π̃J is (
⊗̂

i∈IB(Xi),
⊗̂

i∈JB(Xj))-measurable, so f is
⊗̂

i∈JB(Xj)-measurable’ read ‘π̃J is (
⊗̂

i∈IB(Xi),
⊗̂

j∈JB(Xj))-measurable, so f is
⊗̂

i∈IB(Xi)-measurable’.

p 346 l 14 In 4A3O, parts (d) and (e) have been exchanged.

p 346 l 33 Add new paragraph:

4A3Q Càdlàg functions Let X be a Polish space and Cdlg the set of càdlàg functions from

[0,∞[ to X, with its pointwise topology induced by the product topology of X [0,∞[.

(a) Ba(Cdlg) is the subspace σ-algebra induced by Ba(X [0,∞[).
(b) (Cdlg,Ba(Cdlg)) is a standard Borel space.
(c)(i) For any t ≥ 0, let Bat(Cdlg) be the σ-algebra of subsets of Cdlg generated by the functions

ω 7→ ω(s) for s ≤ t. Then (s, ω) 7→ ω(s) : Cdlg × [0, t] → X is B([0, t])⊗̂Bat(Cdlg)-measurable.

(ii) (ω, t) 7→ ω(t) : Cdlg × [0,∞[ → X is B([0,∞[)⊗̂Ba(Cdlg)-measurable.
(d) The set C([0,∞[ ;X) of continuous functions from [0,∞[ to X belongs to Ba(Cdlg).

4A3Q-4A3V are now 4A3R-4A3W.

p 346 l 40 In Proposition 4A3R (now 4A3S), parts (a-i) and (a-ii) have been rewritten, and are now

(a) Let A ⊆ X be any set.
(i) There is a largest open set G ⊆ X such that A ∩G is meager.
(ii) H = X \G is the smallest regular open set such that A \H is meager; H ⊆ A.

p 349 l 42 Part (ii) of Exercise 4A3Xa has been upstaged by the new 4A3Ya, so has been dropped.

p 350 l 9 The exercises 4A3X have been rearranged: 4A3Xf is now 4A3Xg, 4A3Xg is now 4A3Xh, 4A3Xh
is now 4A3Xf.

p 350 l 16 (4A3Y) Add new exercise:

(a) Give an example of a Hausdorff space X with a countable network and a metrizable space
Y such that B(X × Y ) 6= B(X)⊗̂B(Y ).

(c) Give an example of compact Hausdorff spaces X, Y and a function f : X → Y which is
(Ba(X),Ba(Y ))-measurable but not Borel measurable.

4A3Ya is now 4A3Yb, 4A3Y-4A3Yc are now 4A3Yb-4A3Ye.

p 351 l 33 Parts (f) and (g) of 4A4B (‘bounded sets in linear topological spaces’) have been moved to
3A5N. Consequently 4A4Bh-4A4Bk are now 4A4Bf-4A4Bi. I have added a new part (j):

(j) If U is a first-countable Hausdorff linear topological space which (regarded as a linear
topological space) is complete, then there is a metric ρ on U , defining its topology, under which
U is complete.

p 356 l 18 (4A4J) Add new parts:

(i) Let U be an inner product space over R

C
, and 〈ei〉i∈I an orthonormal family in U . Then∑

i∈I |(u|ei)|2 ≤ ‖u‖2 for every u ∈ U .

(j) Let U be an inner product space over R

C
, and C ⊆ U a convex set. Then there is at most

one point u ∈ C such that ‖u‖ ≤ ‖v‖ for every v ∈ C.

p 356 l 34 (4A4M) for ‘T [U ] is the closed linear span of {Tv : v is an eigenvector of T}’ read ‘T [U ] is
included in the closed linear span of {Tv : v is an eigenvector of T}’.

p 356 l 18 (4A4J) Add new part:

(i) Let U be an inner product space over R

C
, and 〈ei〉i∈I an orthonormal family in U . Then∑

i∈I |(u|ei)|2 ≤ ‖u‖2 for every u ∈ U .
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p 357 l 37 (4A5B) Add new part:

(g) If • is an action of a group X on a set Z, then sets of the form {a•z : a ∈ X} are called
orbits of the action; they are the equivalence classes under the equivalence relation ∼, where
z ∼ z′ if there is an a ∈ X such that z′ = a•z.

p 359 l 2 (4A5E) Add new part:

(m) If Y is a subgroup of X, its closure Y is a subgroup of X.

p 359 l 29 Proposition 4A5J has been expanded, with an initial part dealing with quotients under group
actions, and a couple of extra facts about quotient groups; it now reads as follows.

Theorem (a) Let X be a topological space, Y a topological group, and • a continuous action
of Y on X. Let Z be the set of orbits of the action, and for x ∈ X write π(x) ∈ Z for the orbit
containing x.

(i) We have a topology on Z defined by saying that V ⊆ Z is open iff π−1[V ] is open in X.
The canonical map π : X → Z is continuous and open.

(ii)(α) If Y is compact and X is Hausdorff, then Z is Hausdorff.
(β) If X is locally compact then Z is locally compact.

(b) Let X be a topological group, Y a subgroup of X, and Z the set of left cosets of Y in X.
Set π(x) = xY for x ∈ X.

(i) We have a topology on Z defined by saying that V ⊆ Z is open iff π−1[V ] is open in X.
The canonical map π : X → Z is continuous and open.

(ii)(α) Z is Hausdorff iff Y is closed.
(β) If X is locally compact, so is Z.
(γ) If X is locally compact and Polish and Y is closed, then Z is Polish.
(δ) If X is locally compact and σ-compact and Y is closed and Z is metrizable, then Z is

Polish.
(iii) We have a continuous action of X on Z defined by saying that x•π(x′) = π(xx′) for any

x, x′ ∈ X.
(iv) If Y is a normal subgroup of X, then the group operation on Z renders it a topological

group.

p 362 l 37 (Proposition 4A5Q) Add a further equivalent condition:

(v) the bilateral uniformity of X is metrizable.

p 365 l 20 In Lemmas 4A6M and 4A6N some constants were imperfectly adjusted. In the statement of
part (a) of Lemma 4A6M, we need ‘max(‖u‖, ‖v‖) ≤ 2

3 ’ rather than ‘max(‖u‖, ‖v‖) ≤ 1
2 ’. The proof works

unchanged, except that on the last line we need ‘γ ≤ 2
3 ’ instead of ‘γ ≤ 1

2 ’. In the proof of 4A6N we can

now change the false claim ‘‖2vn‖ ≤ 1
3 ’ into the true statement ‘‖2vn‖ ≤ 2

3 ’ before quoting 4A6Ma.

p 366 l 29 Add new result:

4A6O Proposition Let U be a normed algebra, and U∗, U∗∗ its dual and bidual as a normed
space. For a bounded linear operator T : U → U let T ′ : U∗ → U∗ be the adjoint of T and
T ′′ : U∗∗ → U∗∗ the adjoint of T ′.

(a) We have bilinear operators, all of norm at most 1,

(f, x) 7→ f ◦x : U∗ × U → U∗,

(φ, f) 7→ φ◦f : U∗∗ × U∗ → U∗,

(φ, ψ) 7→ φ◦ψ : U∗∗ × U∗∗ → U∗∗

defined by the formulae

(f ◦x)(y) = f(xy),

(φ◦f)(x) = φ(f ◦x),

(φ◦ψ)(f) = φ(ψ ◦f)

for all x, y ∈ U , f ∈ U∗ and φ, ψ ∈ U∗∗.
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(b)(i) Suppose that S : U → U is a bounded linear operator such that S(xy) = (Sx)y for all
x, y ∈ U . Then S′′(φ◦ψ) = (S′′φ)◦ψ for all φ, ψ ∈ U∗∗.

(ii) Suppose that T : U → U is a bounded linear operator such that T (xy) = x(Ty) for all
x, y ∈ U . Then T ′′(φ◦ψ) = φ◦(T ′′ψ) for all φ, ψ ∈ U∗∗.

p 368 l 50 In the reference

Froĺık Z. [61] ‘On analytic spaces’, Bull. Acad. Polon. Sci. 8 (1961) 747-750

the volume and page number should be Bull. Acad. Polon. Sci. 9 (1961) 721-726. P. Monteiro
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