Version of 15.12.16

Errata and addenda for Volume 1, 2001 printing

I collect here known errors and omissions, with their discoverers, in my book Measure Theory (see my
web page, http://wwwl.essex.ac.uk/maths/people/fremlin/mt.htm).

p 15116 (Notes to §111): for ‘A and X 4 belong to PX’ read ‘A and ¥ 4 belong to P(PX)’.

p 16 1 29 (112Bd) Following ‘Now (X, X, ) is a measure space’, add ‘I will call measures of this kind
point-supported’.

p 17128 (112Da) for ‘E C ¥’ read ‘E € . [P.Wallace Thompson]
p 17135 (112Db): add ‘I will call N the null ideal of the measure p’.

p 18117 (112D) Add new part:

(g) When f and g are real-valued functions defined on conegligible subsets of a measure space,
I will write f =.¢. 9, f <ae. g or f >.. g to mean, respectively,

f =g ae., that is, {z : € dom(f) Ndom(g), f(z) = g(z)} is conegligible,
f < g ae., that is, {z : € dom(f) Ndom(g), f(x) < g(z)} is conegligible,
f > g ae., that is, {z : € dom(f) Ndom(g), f(z) > g(x)} is conegligible.

p 18 117 112E-112F (on image measures) have been moved to §234.

P 19 1 5 The exercises to §112 have been rearranged, as follows: 112Xd is now 234Ec, 112Xe has been
deleted (the material is now in §234), 112Xf is now 112Xd, 112Yb-112Yf are now 112Ya-112Ye.

p 19 1 18 (Part (iii) of exercise 112Xf, now 112Xd): for ‘u(U,cn Npmsn Em)’ read ‘U, en Nz Em'-
(A.Andretta)
p 191 20 (112X) Add new exercise:
(e) Let (X,X, 1) be a measure space, and ® the set of real-valued functions whose domains
are conegligible subsets of X. (i) Show that {(f,9) : f, g € ®, f <. g} and {(f,9): f, g9 €
D, f >a.. g} are reflexive transitive relations on @, each the inverse of the other. (ii) Show that
{(f,9): f, g €®, f=ac g} is their intersection, and is an equivalence relation on .

p 19 1 32 Exercise 112Yd (now 112Y¢) is wrong as written, and should be replaced by
(d) Let X be a set and ¥ a o-algebra of subsets of X.
(i) Suppose that vy, ... ,v, are measures on X, all with domain . Set
,U,E = iIlf{Z?zO v F; - Fb7 . ,Fn € E, E C U Fi}
for E € X. Show that y is a measure on X.
(ii) Let N be a non-empty family of measures on X, all with domain . Set

i<n

nk = inf{z UnFy :((Un)nen is a sequence in N,
n=0

(Fn)nen is a sequence in X, E C U F.}
neN
for £ € 3. Show that y is a measure on X.
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(iii) Let N be a non-empty family of measures on X, all with domain X, and suppose that
there is some 7 € N such that 7X < co. Set

ILLE:in{Z;L:OViFiZHEN, Voy... ,Vp €N, Fp, ... ,FnEZ,EQUKnFi}

for £ € 3. Show that u is a measure on X.

(iv) Suppose, in (iii), that N is downwards-directed, that is, for any vy, v2 € N there is a
v € N such that vE < min(v1 E,1»FE) for every E € X. Show that uF = inf,cx vE for every
EeX.

(v) Show that in all the cases (i)-(iii) the measure p constructed is the greatest measure
with domain ¥ such that uF < inf,cn vE for every E € X.

p 231 36 (Exercise 113Yd): we need to suppose that Af) = 0. [P.W.T

p 24116 (Exercise 113Yh): for ‘. : PX — [0,00[ read ‘p. : PX — [0, 00]". [P.W.T

p 24 1 20 (Exercise 113Yi): for ‘every A € A’ read ‘every E € A’.

p 24 1 29 (Exercise 113Yj): for ‘'YX ={E: E € T,0E = 0(ENA)+6(E\ A) for every A € T} read
Y={E:EcT,0A=0(ANE)+6(A\E) for every A € T}
p 24130 (113Y) Add new exercise:
(k) Let X, 7: PX — [0,00] and 0 be as in 113Yd; let 1 be the measure defined by Carathéo-

dory’s method from 6, and ¥ the domain of p. Suppose that E C X is such that §(C N E) +
0(C \ E) < AC whenever C C X is such that 0 < A\C < co. Show that E € X.

p 26 1 30 (part (a-iv) of the proof of 114D): for ‘lim,, o Z%ZO M, 1, read limpr_oo Z%:o M, 1,
[P.W.T]

p 30 1 8 (Exercise 114Yh): for ‘v : B — [0,00[ read ‘v : B — [0, 00]’. [P.W.T]

p 30119 (114Y) Add new exercise:

(1) Write u for Lebesgue measure on R. Show that there is a countable family F of Lebesgue
measurable subsets of R such that whenever pE is defined and finite, and € > 0, there is an
F € F such that u(EAF) <e.

p 31 11 33-39 (part (b) of the proof of 115B) In the formulae \(I; N He¢) (twice), A(I; N H,,,,) and
A(I; N Hy), read ‘A1’ for ‘N [P.W.T\]
p 32 1 18 (part (e) of the proof of 115B, mislabeled (d)): for ‘(1 + €) Z?:o Arp1(l; N Hg, ) read
(A+e) 2720 M1 (L N Hg, ) [Georg Meyer|

p 34 1 3 (statement of Lemma 115F): for ‘%4 < m’ read ‘4 < r’.

p 351 8 (part (d) of the proof of 115G): for ‘infeso [[;_,(8; — a1 +€)’ read ‘infeso [T\, (Bi — i +€).
[G.M.]

p 35 1 37 Exercise 115Ya has been re-written, as follows:

(i) Suppose that M is a strictly positive integer and k;, I; are integers for 1 < i < r. Set
a; = k;/M and B; = l;/M for each i, and I = [a,b]. Show that A\ = #(J)/M", where J is
{z:2€Z", {7z € I}. (ii) Show that if a half-open interval I C R" is covered by a finite sequence
Iy, ..., I, of half-open intervals, and all the coordinates involved in specifying the intervals I,
Iy, ..., I, are rational, then A\I < Z;‘n:() Al;. (iii) Assuming the Heine-Borel theorem in the form

whenever [a, b] is a closed interval in R” which is covered by a sequence (Ja¥), b@)[);en
of open intervals, there is an m € N such that [a,b] C Ujgm]a(j), b() [,

prove 115B. (Hint: if [a,b] C U,y [, b ], replace [a, b] by a smaller closed interval and each
[a(j ), b7 [ by a larger open interval, changing the volumes by adequately small amounts.)

p 40 1 36 (part (g) of the proof of 121E): for ‘is for the form’ read ‘is of the form’. [P.W.T]
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p 43 1 2 (part (b-i) of the proof of 1211): for ‘E, = D, N D’ read ‘Dy = E,ND’. (AA)
p 43 1 25 (statement of Lemma 121J): for ‘Borel subsets of R’ read ‘Borel subsets of R". (AA)
p 43 1 32 (part (b) of the proof of 121J): for ‘121Df’ read ‘121Ef’.

p 44113 (part (a-i) of the proof of 121K): for ‘R\ E € T’ read ‘R" \ E € T’ [G.M.]

p 44 1 22 The exercises for §121 have been re-arranged, as follows: 121Xc has become 121Xa, 121Xa has
become 121Xb, 121Xb has become 121Xc, 121Yb has become 121Y¢, 121Yc has become 121Ye, 121Yd has
become 121Yb, 121Ye has become 121Xf and 121Yf has become 121Yd.

p 44 1 34 (Exercise 121Xc): for ‘limsup,,cy’ read ‘limsup,,_, ..’ [P.W.T]

p 45 1 8 Exercise 121Ya is wrong, and should be re-written, as follows:
(a) Let X and Y be sets, ¥ a o-algebra of subsets of X, ¢ : X — Y a function and g a real-
valued function defined on a subset of Y. Set T = {F : F C Y, ¢~ ![F] € X}; then T is a o-algebra
of subsets of ¥ (see 111Xc). (i) Show that if g is T-measurable then g¢ is X-measurable. (ii)
Give an example in which g¢ is ¥-measurable but ¢ is not T-measurable. (iii) Show that if g¢ is
Y-measurable and either ¢ is injective or dom(g¢) € ¥ or ¢[X] C dom g, then g is T-measurable.
[P.W.T]

p 45 1 14 (Exercise 121Yb, now 121Yc¢): add new part
Suppose that A C T is such that T is the o-algebra of subsets of Y generated by A (111Gb).
Show that ¢ : X — Y is (X, T)-measurable iff ¢~![A] € ¥ for every A € A.

p 45 1 39 (part (iv) of 121Yf, now 121Yd): for ‘any continuous function from a subset of R* to R” is
measurable’ read ‘any continuous function from a subset of R® to R" is Borel measurable’.

p 46 1 34 (Definition 122Aa): for ‘121A’ read ‘121C’.

p 47 1 13 (part (a) of the proof of 122C): for i < n’ read ‘k < n’. [P.W.T]
p 47129 (statement of Corollary 122D): the clause ‘and f : X — R a simple function’ should be deleted.
(D.Werner)

p 50 1 24 (Remark 122Na): for ‘it can be expressed as fi — fo where f; and fy are simple functions’
read ‘it can be expressed as f; — fo where f; and f are non-negative simple functions’.

p 511 3 (part (a) of the proof of 1220): for ‘f4+g = (fi+91)—(fo—g2) read ‘f+g = (f1+91)— (f2+92) .
[P.W.T]

p 53 1 48 Exercise 122Yg is wrong as stated; it works if we assume that f is defined everywhere on X.
[T.Helineva|

p 54 1 34 (Notes on §122): for ‘122Xb’ read ‘122YD’.

p 56 1 26 (part (a-iv) of the proof of 123A): in the formula ‘g < f,, + MxG,, + Mx(X \ E) + exH’, the
‘<’ should be ‘<,..’. An improvement in the whole sentence would be
Then, for any x € E,

9(z) < fulz) + exH (z) + MXGn(2),
SO
9 <ae fo+ MxG, +exH
and
[9< [ fot MuGy +euH < c+ e(M + pH).
[P.W.T]

p 57 1 3 (proof of 123B) The assertion that g, is integrable needs more support. The sentence now reads
Set g, = inf,,>, f;,; then each g, is measurable (121Fc), non-negative and defined on the
conegligible set (,,~.,, Em, and g, <ac. fn; by 122Re and 122Ra, |f,| belongs to U, as defined
in 122H, while |g,| <ae |fnl, SO g is integrable (122P) with [ g, < inf,,>, [ fm <c.
[A.-P.Fortin]
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p 77 17?7 (Exercise 123Xd): for’ [ limsup,,_, ., fn > limsup,,_, f» read’[limsup,,_, . fn > limsup, o [ fn"

T.H.
p 7?7 17?7 Exercise 123Ya is wrong, and should read
Let (X,¥, 1) be a measure space, Y any set and ¢ : X — Y any function; let u¢~—! be the
image measure on Y (112Xf). Show that if h : Y — R is u¢~!-integrable then h¢ is p-integrable,
and the integrals are then equal.
[T.H.]

p 60 1 29 Definition 131B has been extended, as follows:

When X = R", where r > 1, and g is Lebesgue measure on R", I will call a subspace measure
wi Lebesgue measure on H.

p 6114 (part (a) of the proof of 131E): for ‘3" jaunE; = > o puEi read Y0 aipuE; =Y iy aipk;’.
[P.W.T
p 61118 (part (d) of the proof of 131E): for ‘g < f pp-a.e.’ read ‘g < |f| py-a.e.’.

p 62 1 21 Exercise 131Ya is wrong as written; it can be salvaged by adding the hypothesis that dom f,
is measurable for every n. [P.W.T]

p 64113 (132D) For ‘E C X' read ‘E € 3. [P.W.T.]

p 64120 (Lemma 132E): add new part

(d) Let (An)nen be a sequence of subsets of X. Suppose that each A, has a measurable
envelope Ej,. Then (J, .y En is a measurable envelope of | J, ¢y An-
Parts (d) and (e) become (e) and (f).

p 65 1 1 Proposition 132G has been moved to 234F.

p 65 1 34 Delete exercise 132Xf; rename exercises 132Xg-132Xk as 132Xf-132Xj. Add a new exercise:

(k) Let (X,X, ) be a measure space and p* the outer measure defined from p. Show that
p(AUB)+p*(ANB) < pu*A+p*Bforal A BC X.

p 66120 (132Y) Add new exercises:

(f) Let (X,X, ) be a measure space. Show that p* : PX — [0,00] is alternating of all
orders, that is,

ZJg,#(J) is even N*(A U UiGJ Ai) < Z]g[,#(]) is odd :“*(A U UieJ Ai)

whenever I is a non-empty finite set, (A;);cs is a family of subsets of X and A is another subset
of X.

(g) Let (X,X, u) be a measure space. Suppose that A C B C C C X and that p*(B\ A) =
w*B. Show that p*(C'\ A) = u*C.

p 69 1 5 (Upper and lower integrals) The definition in 1331 should be re-written, as follows:
Let (X, 1) be a measure space and f a real-valued function defined almost everywhere in
X. Its upper integral is

Tf = inf{fg : fg is defined in the sense of 133A, f <... g},
allowing oo for inf{oo} and —oc for inf R. Similarly, the lower integral of f is
ff = sup{fg : fg is defined, f >.. g},
allowing —oo for sup{—oo} and oo for supR.

p 69 1 11 (Proposition 133J) Add new facts:
(a)(i) If [f is finite, and g is an integrable function such that f <,. g and [g = [f, then
A={x:z edomfndomg, g(x) < f(x)+ €}

has full outer measure for every € > 0.
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(ii) If if is finite, and h is an integrable function such that f >, h and [h = if, then
{z:z €dom f Ndomh, f(x) < h(z)+ €}
has full outer measure for every € > 0.
(e) u*A = [xA for every A C X.
p 70 1 2 (part (iii)(«) of the proof of 133J): for ‘cfi < cf a.e.’ read ‘cf < cfy a.e.’

p 701 28 (part (a) of the proof of 133K): for ‘f,,(z) < fn41(z) for every n’ read ‘f,,(z) < gn(z) for every
n.
p 70 1 36 Add new result:
*133L Proposition Let (X, u) be a measure space and f a real-valued function defined

almost everywhere in X. Suppose that hy, ho are non-negative virtually measurable functions
defined almost everywhere in X. Then

ffX(h1+h2):fth1+fth2.

p 70 1 37 The exercises to §133 have been rearranged; 133Xf is now 133Xa and 133Xa-133Xe are now
133XDb-133Xf.

p 711 30 (Exercise 133Xe, now 133Xf): for ‘ [ limsup,,_,., > limsup,_, ., [f read ‘[limsup, . fn >

limsup,,_, ifn’ [P.W.T]
p 71141 (Exercise 133Yc): for ‘}(s) = (\/217)r 75 e f(z)da’ read ‘f(s) = (\/217)T fe_is'mji(x)dx’.]
P.W.T.

p 72117 (133Y) The old Exercise 133Yf is wrong; a corrected version is now 133J(a-i).

p 7515 (part (c-i) of the proof of 134D): for ‘w(FNE, NC) + u(FNE,\C) read ‘u*(FNE,NC) +
p(FNE,\C). [P.W.T\]

p 76 1 9 (part (b-i) of the proof of 134F): for *>">_ (G, \ En) read > (G \ Em)’.
p 79 11 18-19 (part (a) of 134I): for ‘I;,,’ read ‘I,;’ (three times).

p 81125 (part (a) of the proof of 134L): for ‘inf,c(q 4 0<|y—z|<s f(y)" read ‘infyciq p),jy—z|<s f(y)'. Sim-
ilarly, on the next line, read ‘h(x) = sup,c(q 4], |y—z|<s f(¥) -

p 82 1 10 The exercises to §134 have been rearranged, as follows: 134Xc is now 134Xd, 134Xd is now
134Xg, 134Xf is now 134Xh, 134Xg is now 134Xc.

p 821 33 (134X) Add new exercises:

(e) Let E C R” be a measurable set, and € > 0. (i) Show that there is an open set G 2 F
such that u(G\ E) < e. (Hint: apply 134Fa to each set E N B(0,n).) (ii) Show that there is a
closed set F' C E such that u(E\ F) <e.

(i) (i) Show that there is a disjoint sequence (A, )nen of subsets of [0,1]" all of outer measure
1. (ii) Show that there is a function f : [0,1]" — ]0,1[ such that [f=0and [f=1.

(j) Let f be a measurable real function and ¢ a real function such that domg \ dom f and
{z : 2z € domgndom f, g(x) # f(x)} are both negligible. Show that g is measurable.

p 83 1 27 (Hint to exercise 134Y1): for ‘f, }[D] = Ip’ read ‘f,,[Ip] C D’. [P.W.T]

p 89 1 14 Concerning upper and lower integrals of functions taking infinite values, a restatement of the
definitions is formally required:

Let (X, 3, 1) be a measure space and f a [—o0, co]-valued function defined almost everywhere
in X. Its upper integral is

Tf = inf{fg : fg is defined in the sense of 135F and f <,.. g},
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allowing oo for inf{oo} and —oo for inf|—o0, 0] or inf[—o0, c0]. Similarly, the lower integral

of fis
Jf=sup{[g: [gis defined, f >,.. g}.

p 89 1 19 Add new paragraph on subspace measures:
1351 Proposition Let (X, ¥, ) be a measure space, and H € ¥; write ¥y for the subspace
o-algebra on H and pp for the subspace measure. For any [—oo, co]-valued function f defined
on a subset of H, write f for the extension of f defined by saying that f(x) = f(z) if z € dom f,
Oifz € X\ H.
(a) Suppose that f is a [—00, oc]-valued function defined on a subset of H.

(i) dom f is pg-conegligible iff dom f is p-conegligible.

(ii) f is pg- -virtually measurable iff f is p-virtually measurable.

(iii) [, fdum = [y fdp if either is defined in [—o0, 0c].
(b) Suppose that h is a [—o0,00]-valued function defined almost everywhere in X. Then
Sy (RIH)dpg = [ h x xH dy if either is defined in [—o0, c0].

(¢) If b is a [—o0, oo]-valued function and [ hdp is defined in [—oo, oc], then [y, (h] H)dug is
defined in [— oo7oo].

(d) Suppose that h is a [—00, co]-valued function defined almost everywhere in X. Then

[ (W H)dug = [ hx xHdp.

p 87 140 (Exercise 135Xc): add new part
(iv) a real-valued function h defined on a subset of [—oo, 0] is Borel measurable iff h¢~! is
Borel measurable.

p 87 1 43 (Exercise 135Xd): for ‘134Ea’, ‘134Ef’ and ‘134Eg’ read ‘135Ea’, ‘135Ef’ and ‘135Eg’.

p 88112 (135Y) Add new exercise:
(b) Let (X,X, ) be a measure space, and f, g two [—o0, cc0]-valued functions, defined on
subsets of X, such that [ f and [ g are both defined in [—o00,00]. (i) Show that [ fV g and
[ f Ag are defined in [0, oc], where (£ V g)(z) = max(f(z), 9(2)), (f Ag)(x) = min(f(z), g(z))
for z € dom f Ndomg. (ii) Show that [ fV g+ [ fAg= [ f+ [ g in the sense that if one of the
sums is defined in [—o0, 00] so is the other, and they are then equal.

p 911 23 Add new result:
*136H Proposition Let (X, X, 1) be a measure space such that uX < oo, and £ a subalgebra
of ¥; let ¥’ be the o-algebra of subsets of X generated by £. If F € ¥’ and € > 0, there is an
E € & such that u(EAF) <e.

p 91 1 23 (Hint for exercise 136Xc): for ‘u,I = p(EN1I,) read ‘pu,F = pu(ENI,). [P.W.T]
p 92 1 15 Exercise 136X1 seems a little harder than the others, and I have moved it to 136Yc.

p 951 21 (part (c) of 1A1B); for ‘(i)-(ii) above’ read ‘(a)-(b) above’. [P.W.T]
p 97 1 1 Add new paragraph:

1A1J Notation For definiteness, I remark here that I will say that a family A of sets is a
partition of a set X whenever A is a disjoint cover of X, that is, X = JA and AN A’ =0 for
all distinct A, A’ € A; in particular, the empty set may or may not belong to A. Similarly, an
indexed family (A;)ics is a partition of X if | J,.; A; = X and A;NA; = 0 for all distinct 4, j € I;
again, one or more of the A; may be empty.

i€l
p 100 1 15 (statement of 1A3Bb): for ‘liminf, ,~ a, = liminf,, . a, = @’ read ‘limsup,,_, ., a, =
liminf,, o0 a, = u’.

p 100 1 4 (proof of part (a) of 1A3B): for ‘lim,, o0 infy, > Gy = limsup,,_, o, @, read ‘lim,,—, o infry >y am =
liminf, — oo an’. [K.Yates]
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