Version of 31.10.17
Chapter 65
Applications

At long last I turn again to some of the results for which the theory outlined in this volume was developed.
I start with some relatively elementary ideas using nothing more advanced than §624, showing that locally
jump-free virtual local martingales are associated with ‘exponential’ processes of the same kind (651C).
These in turn are associated with identities for integral equations (651G, 651K) and change-of-law results
(651I). Ideas at the same level take us to Lévy’s characterization of Brownian motion (653F); going deeper,
and using the time-changes of §635, we can represent many locally jump-free local martingales in terms of
Brownian motion (653G).

The exponential processes of §651 can be thought of as solutions of a particularly simple kind of stochastic
differential equation. Working very much harder, we find that we have versions of Picard’s theorem, for
integral equations with a Lipschitz condition on the integrand, for both the Riemann-sum integral (654G)
and the S-integral (654L). A twist in the theory of exponential processes, with a refinement inspired by the
theory of financial markets, leads us to the famous Black-Scholes equation (655D).

Version of 11.9.23

651 Exponential processes

Associated with any jump-free integrator is an ‘exponential process’ (651B); if the integrator is a mar-
tingale, the exponential process may be a uniformly integrable martingale (651D-651E). This gives us an
important class of non-negative martingales which we can use in change-of-law results (651J).

651 A Notation

651B Theorem Let S be a non-empty sublattice of 7. Suppose that v is a locally jump-free local
integrator, and u a locally moderately oscillatory process, both with domain S. Set z = exp(v —v;1 — %v*)
Then z is a locally jump-free local integrator, z = 1414, (2) and ii,(u) = @i, (u x 2). If v is in fact a jump-free
integrator and 4 a moderately oscillatory process, then z is a jump-free integrator

651C Corollary Let S be a non-empty sublattice of T, and v a locally jump-free virtually local mar-
tingale with domain S. Then z = exp(v — v;1 — %v*) is a locally jump-free virtually local martingale.

651D Theorem Let S be a non-empty finitely full sublattice of 7 and v = (v,)ses a locally jump-
free virtually local martingale. Let z = exp(v — vy1 — Jv*) be the associated exponential process. If
sup,es E(exp(3 (v, —v,))) is finite, then 2 is a uniformly integrable martingale.

651E Corollary Let S be a non-empty sublattice of 7 and v a locally jump-free virtually local martingale
with domain S. Let z = exp(v —v;1 — %'u*) be the associated exponential process.

(a) If exp(4v*) is || [|i-bounded, then z is a uniformly integrable martingale.

(b) If v* is an L*-process, then z is a martingale.

651F Corollary If w is Brownian motion, then exp(w — %L) [Ty is a martingale.

651G Theorem Let S be a non-empty sublattice of 7, and v, w locally jump-free local integrators with
domain S. Set z = exp(v — v;1 — 3v*) and y = w — [v [w]. Then

Tlyxz (W) = Giy (U X 2) + iy(u X y X 2)
for any locally moderately oscillatory process u with domain S.
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2 Applications 651H

651H Corollary Let S be a non-empty sublattice of 7, and v, w locally jump-free virtually local
martingales. Set z = exp(v —vy1 — $v*) and y = w — ['wTv]. Then y x z is a virtually local martingale.

6511 Proposition Let S be a non-empty sublattice of T and v = (v, ),es, w locally jump-free virtually
local martingales such that z = exp(v —v; 1 — 1v*) is a uniformly integrable martingale and limy1s (v, — 207)
is defined in LY, where v* = (v%),es. Set y = w — ['wT'v]. Then there is a change of law on 2 rendering y a
virtually local martingale.

651J Corollary Let S be a non-empty sublattice of 7, u a locally moderately oscillatory process such
that v = ||u||o is finite, and w a locally jump-free virtually local martingale with quadratic variation w*
such that exp(3y?*w*) is a || ||;-bounded process. Set y = w + iiy- (u). Then there is a change of law on 2A
rendering y a virtually local martingale.

651K S-integrals: Theorem Suppose that (;):c7 is right-continuous, and that S is a non-empty
order-convex sublattice of T. Let v = (v,)ses be a jump-free integrator, and « an S-integrable process with
domain S. Set z = exp(v — vy 1 — 2v*).
(a)
fsxdz = fox x zdv.
(b) Suppose that w is another jump-free integrator with domain S. Set y = w — ['va]. Then

fsxd(y x2) = fox x zdw+ $5x xy x zdv.

Version of 7.1.23/18.2.23

652 Lévy processes

When defining the Poisson process in 612U, I referred to 455P in Volume 4. §455 is hard work; it is the
longest section in the whole treatise and bristles with technical difficulties. Some of these are exacerbated
by the generality which seemed natural at that point — for instance, it is meant to support the treatment
of multidimensional Brownian motion in Chapter 47. The processes described in the last quarter of §455
take values in Polish groups which need not even be abelian. But these processes have always been the
standard-bearers for the theory of stochastic processes I have set out to describe in the present volume, and
the time has come to link the approaches.

652B Independence (a) If (A, i) is a probability algebra, two subalgebras B, € of 2 are (stochastically)
independent if fi(bnc¢) = fib - fic whenever b € B and ¢ € €; more generally, a family (2B;);cs of subalgebras
of 2 is independent if fi(inf;e s b;) = [[;c; b; whenever J C I is finite and b; € 9B; for every i € J. Turning
to families in L® = L9(A), (u;)ier is independent if (B;);c; is independent where B; = {[u; € E] : E C R
is Borel} is the closed subalgebra generated by u; for each i € I. u € L° is independent of an algebra € C A
if B and € are independent where B is the closed subalgebra generated by u. More elaborately, a family
(ui)ier in LY is independent of €, where € is a subalgebra of 2, if B and € are independent, where 9B is the
smallest closed subalgebra of 2 including all the subalgebras generated by the ;.

(b) Using the Monotone Class Theorem, we see that if B, C' C 2 are such that both B and C are closed
under N and fi(bne) = @b - fic for all b € B and ¢ € C, then the closed subalgebras B, € generated by B,
C respectively are independent.

(c) If B is a closed subalgebra of 2, the set C = {u : u € LY, u is independent of B} is closed for the
topology of convergence in measure.

652C Definition Let (2, i, [0, 00[, (UAs)t>0, T, (Ar)re7) be a right-continuous real-time stochastic in-
tegration structure. I will say that a fully adapted process (vs),c7; is a Lévy process if it is locally
near-simple and
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652G Lévy processes 3

whenever s, t > 0, v(s44)- — vz is independent of s and has the same distribution as v;.
Examples (i) The identity process is a Lévy process.
(ii) Brownian motion, is a Lévy process.

(iii) The standard Poisson process is a Lévy process.

652D Lemma If (2, i, [0, 0o, (As)i>0, T, (Ar)re7) is a right-continuous real-time stochastic integration
structure and v = (vy)oe7; @ Lévy process, then vg = lim o vy = 0.

652E Proposition Let (2, fi, [0, 00[, (As)>0, T, (A )re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (v;),e7;, W = (Wr)re7; two Lévy processes. If v; = w; for every ¢ > 0, then
v =w.

652F Classical Lévy processes: Proposition Let Cqiz be the space of cadlag real-valued functions
on [0, o[, endowed with its topology of pointwise convergence. Let (A);~0 be a family of distributions such
that the convolution A * A; is equal to As4; for all s, ¢t > 0, and lim; o \yG = 1 for every open subset G of
R containing 0. Let ji be the completion regular quasi-Radon probability measure on Cgj; defined by saying
that

f{w : w € Caig, w(s0) € Ep, w(s;) —w(si—1) € E; for 1 <i <n}

= doEp - H Asi—si1 B (%)
i=1
whenever 0 = sp < ... < s, in [0,00[ and Ey, ..., E, C R are Borel sets, and ¥ its domain. For ¢ > 0, set

¥, = {F:Fe¢ ¥, w' € F whenever w € F, w' € Caig and W'[[0,t] = w[[0, 1]},

S = {FAA:F ey, AeN(jp)}

so that (3;);>0 is a right-continuous filtration of o-subalgebras of 3. Let (€, /i) be the measure algebra of

(Cag, 2, ji) and set ¢, = {E*:E € f]t} for t > 0, so that (€, ji, [0, 00[, (€;)¢>0) is a right-continuous stochas-
tic integration structure with associated set T of stopping times and family (€, ),c7 of closed subalgebras.
Setting Xy (w) = w(t) for w € Q and t > 0, (X;);>0 is progressively measurable and gives rise to a locally
near-simple process 4 = (uq),e7; such that if o € Ty is represented by a stopping time A : Cqig — [0, 00[

adapted to (3;)¢>0, and Xp,(w) = Xp () (w) for w € Caig, then u, = X5 in L°(u). Now u is a Lévy process,
and the distribution of u; is A; for every t > 0.

652G Sums of stopping times Let (2, i, [0, 00[, (Ai)i>0, T, (A )re7) be a real-time stochastic inte-
gration structure.
(a) If 7 € T and s > 0 we have an element 7 + § of 7 defined by saying that

[T+s>t]=[r>t—s]if s <t,
=1lifs>t.

(b)i) 7V 3§ <7+ § whenever 7 € T and s > 0.
(ii)freT and s, s >0then T+ (s+5) =(r+3)+ 3.
(iii) 7+ 0 =7 for every 7 € T.
(iv)If s, >0then §+3 = (s+ ).
(v)Ift 7,7 €T and s >0then [r <7 C[r+35<7 +3].
(vi) For any 7 € T, {7 + 3 : s > 0} separates 7 V 7.
(vii) Suppose that (;)¢>0 is right-continuous. If A C T, s > 0 and we write A+ 3§ for {o+35:0 € A},
i
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4 Applications 652H

652H Proposition Let (2, , [0, co[, (Us)1>0, T, (A+)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (vy)oe7; @ Lévy process.

(a) For any s > 0 and 7 € Ty, v-45 — v, is independent of 2 and has the same distribution as v;.

(b) For any 7 € T, (Ur45 — vr)s>0 is independent of 2, and has the same distribution as (vs)s>o0.

6521 Theorem Let (2, fi, [0, c0[, (As)t>0, T, (Ar)re7) be a right-continuous real-time stochastic integra-
tion structure, and v = (v, )se7; a Lévy process such that Osclln(v[[0,7]) € L>=(2) for every 7 € Tp. Then
v[ Ty is an L'-process.

652J Proposition Let (U, i, [0, 00[, (As)1>0, T, (Ar)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (v,)se7; a Lévy process such that v[7, is an L'-process. Then there is an
a € R such that v — a¢ is a local martingale.

652K Theorem Let (2, fi, [0, co[, (Ae)i>0, T, (Ar)reT) be a right-continuous real-time stochastic inte-
gration structure, and v = (vs)sc7; a Lévy process. Then v is a semi-martingale, therefore a local integrator.

652L Proposition Let (2, fi, [0, 00[, (2¢)i>0, T, (A:)re7) be a right-continuous real-time stochastic in-
tegration structure, and v = (vy)se7; @ Lévy process. Then its quadratic variation v* is a Lévy process.

652M The Cauchy process (a) If ¢t > 0, then we have a distribution A; on R with density function
& W, the Cauchy distribution with centre 0 and scale parameter t.

(b)(i) For t > 0 the characteristic function of \; is &~ e~*I¢l,

.e o0 1—cosn
(ii) fo p dn:g.

(c) If s, t >0 Ag* At = Asq¢. We can apply the construction of 652F with the family (\;)¢~o to obtain
a probability space (Caig, %, ji), a stochastic integration structure (€, ji, [0, 00[, (€;)¢>0) and a classical Lévy
process u, the Cauchy process.

(d) Writing C([0, co[) € Caig for the set of continuous functions from [0, co[ to R, jiC([0, 00[) = 0.

652N Alternative description of the Cauchy process Let i be the probability measure on Cqje

defined in 652M. Let pp be the indefinite-integral measure over pjy corresponding to the function & — % :
T

R\ {0} — [0,00[, p1 the subspace measure on [0, 0] induced by pr, and p = po X py the c.l.d. product

measure on S = R x [0, 00[. Let v be the Poisson point process on (.5, 1) with intensity 1, and ji the measure

on Cyjz described in 652Mc. For w € Cyjy write Jump(w) for
{(&:1) : £ € RA\{O}, £ >0, w(t) = limep w(s) + £}
Then Jump : Cqig — PS is inverse-measure-preserving for ji and v. If £ C S is such that pF is defined and
finite then ji{w : £ N Jump(w) = 0} = e~ *E; in particular, if t > 0 and « > 0, then
ji{w : Jump(w) N ([a, 00 x [0,2]) # B} =1 — et/
Suppose that pE is defined and finite, and (—¢, s) € £ whenever (£, s) € E. Setting Xg(w) = > (¢ o e prjump(w) &
E(Xg) =0 and E(X3) = [, £u(d€) is finite.
For ji-almost every w € Cgig, Jump(w) N (R x [0,]) is countably infinite and can be enumerated as

((Ent(w), snt(w)))nen where €414 (w)| < [€ne(w)] for every n, for every ¢t > 0. For any particular ¢ > 0,
w(t) =307 o &nt(w) for ji-almost every w.

6520 Third construction for the Cauchy process (a) Write uy = puw2 for two-dimensional Wiener
measure on the space 2 = C([0, co[; R?)g of continuous functions from [0, 00[ to R? starting at zero. For

w € Q, write wp, wy for its coordinates in C([0, co[)o.
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653C Brownian processes 5

(b) For t > 0, let h; be the Brownian hitting time to J¢, 00 x R, and set
Zi(w) = wi (b (w)) if wo[[0, 0[] = R,
= 0 otherwise.

Then <Zt)t20 has the same distribution as the process (Z;)¢>o of 652N, and ¢ Zt(w) is cadlag for every
w € Q.

(c) Writing 3 for the domain of uyy,
Y:={E:E€X, W € E whenever w € E, w € Q and w'[[0,t] = w]0,]},

Z;Lt:{E:EeQ,Eﬂ{w:Bt(w)Ss}eEs for every s > 0},

T, ={EAA:E €, %;, A€ Nuw)}

fort > 0, (T)>0 is a right-continuous filtration of o-algebras. Z, is Ty-measurable and Z,— Z, is independent
of T; whenever 0 <t < s.

(d) Applying the construction of 631D to (Q, %, uw ), (Tt)¢>0 and (Z;)i>0 we get a Lévy process (Zo)oeT;
in which the distribution of Z; is the Cauchy distribution with scale parameter ¢ for every ¢ > 0.

652Z Problem Is the Cauchy process, as described in 652Mc, a local martingale?

Version of 22.9.20/30.9.23

653 Brownian processes

In 624F, we saw that the quadratic variation of Brownian motion is the identity process. In fact, under
suitable conditions, this characterizes Brownian motion among local martingales (653F). Elaborating on the
argument, we can show that (again under suitable conditions) general locally jump-free local martingales
can be described in terms of Brownian motion and a time-change of the type considered in §635.

653B Distributions (a) If ¥ > 1 and uy,... ,ux € L, we have a sequentially order-continuous function
E  [(u1,...,ux) € E] from the Borel o-algebra By of R* to 2. This leads us to a Borel probability
measure E — fiJu € E] : By, — [0, 1]; the completion of this measure is a Radon probability measure vy on
RF, the distribution of U = (uy,... ,u).

If h: R¥ — R is a bounded Borel measurable function, then E(h(U)) = [ hdvy.

(b) We can now speak of the corresponding characteristic function ¢,,, where

Vo (y) = /eiy‘mVU(dx) = /cos(y.x)uy(dx) + i/sin(y.x)VU(da:)
= E(cos(nug + ... +nrug)) + iE(sin(mur + ... + npug))

for y = (1,... ,mk) € R¥, the characteristic function of U = (uy,... ,ux). If now V € (L°)* has the same
characteristic function as U, it must have the same distribution as U.

(¢) If uy,...,u are stochastically independent, then the distribution vy of U = (uq,...,ux) is the
product of the distributions v, of u;.

653C Lemma Let S be a non-empty sublattice of 7 and v = (vs),es a locally jump-free virtually local
martingale such that its quadratic variation v* is an L*-process. Writing v for the starting value of v,

21 =sin(v — 1) x exp(dv*), 22 = cos(v — v,1) x exp(Lv*)

are martingales.

(©) 2014 D. H. Fremlin
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6 Applications 653D

653D Lemma Let S be a sublattice of 7 with least element 7 and greatest element 7/, and v = (v, )es a
locally jump-free virtually local martingale with quadratic variation v* = (v})secs. If v; =0 and v}, = yx1
for some v > 0, then v,s has a normal distribution with mean 0 and variance v and is independent of 2.

653E Lemma Let S be a sublattice of 7 with least element 7 and greatest element 7/, and v = (v, )secs
a locally jump-free virtually local martingale with quadratic variation v* = (v}),cs, starting from v, = 0.
Ifr=7<...<7 inSand vy =v;xl for j <k, where 0 =7 <y < ... <y, then (Vrgs--. ,Vs, ) has a
centered Gaussian distribution with covariance matrix (Ymin(j,1))j,1<k-

653F Theorem Let (2, i, [0, 00[, (At)i>0, T, (Ar)re7) be a right-continuous real-time stochastic inte-
gration structure and v = (v;),e7; a locally jump-free local martingale such that
() the quadratic variation of v is the identity process,
(8) 2 is the closed subalgebra of itself defined by {v; : t > 0},
() for each ¢t > 0, 2, is the closed subalgebra of 2 defined by {v; : s < t}.
Then (2, fi, [0, 00[, (At >0, T, (A7) re7,v) is isomorphic to Brownian motion.

653G Theorem Suppose that ()t is right-continuous. Let S be an order-convex sublattice of 7" with
a least member, v = (v;);cs a locally jump-free local martingale such that vpmins = 0, and v* = (vF),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € § such that v > nyly. Let
(€, 7,(€)r>0, Q,w) be Brownian motion as described in 612T, again writing Q for the set of stopping times
associated with (&,),>0. Express w as (ws)ocg,. Then there are ¢, # and Q' such that
¢ : € — 2 is a measure-preserving Boolean homomorphism,
: @ — T is a right-continuous lattice homomorphism,
Q ={p:pe€ Qy, w(p) € S} is an ideal in Q including the ideal Q; of bounded stopping
times,
taking Ty : L°(€) — L°(2) to be the f-algebra homomorphism associated with ¢ and (1,),c0,
to be the identity process on Qf, vz(p) = Ty(w,) and v} ) =Ty (1,) for every p € Q,
ifu = (u:)res and 2z = (z,),c o are locally moderately oscillatory processes such that Ty(z,) =
Uz (p) for every p € Q', then [, udv = T¢,(fQApz dw) whenever 7 € S and p € Q' are such that

vy =Ty (p)-

6531 Corollary Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of 7 with
a least member, v = (v;),es a locally jump-free local martingale such that vmins = 0, and v* = (v¥),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € S such that v¥ > nyly. Let
(€, 7,{€)re[0,00], @, w) be Brownian motion. Then there are ¢ and 7 such that
¢ : € — 2 is a measure-preserving Boolean homomorphism,
#:Q — T is a lattice homomorphism,
if f:R? — R is continuous, then, taking T, : L°(¢) — L°(2A) to be the f-algebra homomor-

phism associated with ¢, fs/\ﬁ(p) flv,v*)dv = T¢(fg/\p f(w,¢) dw) whenever p € Qf N7 1S].

653J Corollary Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T with
a least member, v = (v;),es a locally jump-free local martingale such that vmins = 0, and v* = (v¥),cs
the quadratic variation of v. Suppose that for every n € N there is a 7 € S such that v¥ > nyly. Let
(€, 7,{€)re[0,00], @, w) be Brownian motion. Then there are ¢ and 7 such that
¢ : € — 2 is a measure-preserving Boolean homomorphism,
T :Q — T is a lattice homomorphism,
if h : R? — R is locally bounded and Borel measurable then, taking T, : L%(€) — LO(2A)

to be the f-algebra homomorphism associated with ¢, fsm(p) h(v,v*) dv = Ty( fQ/\p h(w, ) dw)
whenever p € QO N7 1[S].
653K Brownian processes: Definition A Brownian-type process is a locally jump-free virtually
local martingale v, defined on a lattice S of stopping times based on a real-time stochastic integration

structure, such that the quadratic variation of v is ¢[S.
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654F Picard’s theorem 7

Version of 26.9.24
654 Picard’s theorem

The general theory of solutions of ordinary differential equations begins with a classical existence and
uniqueness theorem: if h is a continuous function of two variables which is Lipschitz in the first variable,
then the differential equation

or, equivalently, the integral equation
z(t) = 2, + fot h(z(s),s)ds

has a unique solution. In this section I present corresponding results for stochastic integral equations of this
type, first for the Riemann-sum integral (654G) and then for the S-integral (654L).

654B Lemma (a) Let S be a non-empty sublattice of 7 such that inf cssup,cs [T < o] = 0, and
u = (uy)yes a fully adapted process.
(a) If u is locally order-bounded, it is order-bounded.

)

(b) If u is locally moderately oscillatory, it is moderately oscillatory.

(c) If u is locally near-simple, it is near-simple.

654C Lemma Let S be a sublattice of 7 and h : R*¥ — R a continuous function. Then h(uy,... ,uy) €
Moy, = Moy, (S) whenever uq,... ,ur € Moy, and h : Mf_b — M.y, is continuous for the ucp topology on
M,y

654D Lemma Let S be a sublattice of T with a greatest element, and define z = (z,),cs by setting
2o = X[o < max 8] for o € S.
(a) Suppose that u is a moderately oscillatory process and v an integrator. Then

2 X iiy(U) = 2 X 10y (2 X U) = 2 X liyxy(u)

and [qudv = [gz X udv.

(b) Let w be a process of bounded variation, and w' its cumulative variation. Then [g|d(z x w)| <
sup |z x (w' + |wl)]|.

(c) Suppose that S has a least member and that w = (w,)scs is an order-bounded fully adapted process
starting from wmyin s = 0. Then sup |w| < sup |z x w| + Osclln(w).

(d) Suppose that w = (we)ses is a fully adapted process and that ov > 0 is such that [o < maxS] C [Jw,| < o]
for 0 € S. Then w is order-bounded, || sup |z X w|||oc < @ and ||w]|e < a + || Osclln(w)]| co-

(e) f u € Mpyo(S) then uce = (2 X u)<.

654E Lemma Let S be a sublattice of 7. Write MY for the space of moderately oscillatory processes
u = (Uy)ses With starting value 0. For an integrator v, write v* for its quadratic variation. Suppose that
U € Mpo = Myo(S) and that w, w' € M2 are such that w is a virtually local martingale and w’ is of
bounded variation; set v = w +w’. Then

Isup fiiy ()] ]|z < 2(v/Tw* [l + || [ |de’[[|oo) || sup fe -

654F Lemma Let S be a sublattice of 7 with a greatest element. Suppose that h : R2 — R is a
continuous function and that K > 0 is such that |h(a, 8) — h(c/, )] < Kla — /| for all a, o/, § € R; let
W = (Wy)oes, W = (W) )secs be processes with domain S such that w is a virtually local martingale, w’ is of
bounded variation and both start fom 0. Write w* for the quadratic variation of w, w'T for the cumulative
variation of w’; and z for (x[o < maxS]),ecs. Suppose that

2K (/[lw*[loo + 2[l2 x w'Toc) < 1.

Set v = w 4+ w’. Then for any u,, Yy € Mo = Mmo(S) there is a unique u € My, such that

U = U, + iy (h(u,y)).
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8 Applications 654G

654G Theorem Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T
with a least member. Suppose that h : R?2 — R is a continuous function and that K > 0 is such that
|h(c, B) — h(a/, B)] < Kla — | for all o, &/, § € R. Let v be a locally near-simple local integrator with
domain §. Then for any locally moderately oscillatory processes u,, y with domain S there is a unique
locally moderately oscillatory process u with domain S such that

U = U, + iy (h(u,y)).

654H Lemma Suppose that (2;);er is right-continuous, and that & = [min S, max S] is an interval in
T. Define z = (z5)oes by setting z, = x[o < maxS] for o € S. Suppose that x € Mg ;(S), and that
v € My« = M, <(S) is an integrator.

(a) 2 X Siiy(x) = 2 X Stizgxy(T).

(b) Siiy(z)<« = Stiy(z X T)<.

6541 Lemma Suppose (;)ser is right-continuous and that & = [min S, max S] is an interval in 7. Let
MI?_S be the space of near-simple processes 4 = (uy)scs with domain S such that umns = 0. For a near-
simple integrator v, write v* for its quadratic variation. Suppose that w, w’ € M?  are such that w is a

martingale and w’ is of bounded variation; set v = w +w’. If £ € M2 ,(S), u € My,0(S) and |z| < u., then

Isup [Siiy (@)|ll2 < 2(v/Tlw*[loo + || 5 lde’llloo) | sup fs] -

654J Lemma Suppose that (2;);cr is right-continuous. Let & = [minS,maxS] be an interval in
T. Suppose that h : R? — R is a locally bounded Borel measurable function and that K > 0 is such that
|h(a, B)—h(a/, B)| < Kla—d/| for all a, &/, B € R; let w = (wy)pes, w = (W ),es be near-simple processes
with domain S such that w is a martingale, w’ is of bounded variation and wyins = w;, s = 0. Write
w* for the quadratic variation of w, w'" for the cumulative variation of w’, and z for (x[o < maxS])yes-
Suppose that 2K (1/|[w*][co +2[|2 xw'T||s) < 1. Set v = w+w’. Then for any z,, y € Ms.; = Mg ;(S) there
is a unique process x € Mg_; such that

x =z, + Siiy(h(z,y))<.

654K Lemma Suppose that (2;)¢cr is right-continuous, and that S C T is an order-convex sublattice
with a least member. Let h : R? = R be a locally bounded Borel measurable function. Take processes x,

T, Yy € Mgi(S) and an integrator v € M, (S). Set u = Siiy(h(x,y)) and express u as (Us)oecs, U< as

<u<rr>065~
Fix 7 € S. Set

S'=8A1, =z|§, v=vS y=ylS, =z ==z,
S//:S\/T, m//:er//’ v/I:UrS/I7 y/I:yrS// x:{/:x*rs//_’_j*

where &, = u; 1) 4 (u, —u,)187, B _
(a) Siiy (h('.4/)) = Siiy (h(@.y)) 15", s0 Sy (h(',4/))< = Sit (h(z.9))< |5
(b) =/ € Ms(S").

(¢) & =z, + Siiy(h(z,y))< if and only if
z' =z + Siiy (h(z',y))< and 2" =z + Siiy/ (h(z",y"))<.

654L Theorem Suppose that (2;):cr is right-continuous. Let S be an order-convex sublattice of T with
a least member. Suppose that h : R? — R is a locally bounded Borel measurable function and that K > 0 is
such that |h(a, 8) —h(c/, B)| < K|la— | for all o, o/, 8 € R. Let v be a locally near-simple local integrator
with domain S. Then for any locally S-integrable processes ,, ¥ with domain S there is a unique locally
S-integrable process £ with domain S such that

x =, + Siiy(h(z,y))<.

MEASURE THEORY (abridged version)
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Version of 13.2.21
655 The Black-Scholes model

This volume is supposed to be an introduction to stochastic integration for a mathematically sophisticated
but otherwise untutored readership. You will find it difficult to persuade anyone else to take your efforts
seriously if you do not have something to say about its most famous applications, starting with BLACK &
ScHOLES 73. I will therefore take the space to give a very short account of the simplest model derived by
their method, even though the mathematical content is no more than direct quotes from the work so far,
and all the interesting ideas relate to the theory of financial markets.

655A Stochastic differential equations In §§651 and 653, I expressed every result in terms of integral
equations; so that Theorem 651B, for instance, reads

fsudz = fsu X z dv.
But the mnemonic for it, in the style of §617, would be

dz ~ z dv,

and some authors are happy to express this in the form Z—Z = z. Similarly, where in Theorem 654G I write

U = Uy + ity (h(u,y)),
others might write
UminS = Usmins,  du ~ du, + h(u,y)dv
or perhaps

du _ du.
v dv

+ h(u,y).

UminS = Ux,min S

655B A model of stock prices For the rest of this section, I will suppose that (2, f, [0, 0o, (Ut )¢>0,
T,{:)-c7) is a right-continuous real-time stochastic integration structure and S is a non-empty ideal of
T. Let ¢ be the identity process and w a Brownian-type process on S. Consider the differential equation

du ~ oude + Budw, uy = u,
or
u = uy 1 + @ii, (u) + Biiy(u) = u,d + iig (u)
where w = cu + Sw and u, € L°(2y). Then w is a locally jump-free local integrator and its quadratic
variation w* is 3%¢. So the equation has solution
u = u, exp(w — 55%),

which is a locally jump-free local integrator and is unique.

655C A model for options Now suppose that we have an ‘option’ in a ‘stock’ whose value is accurately
modelled by the process u. Our objective is to find a rational approach leading to a way of determining
the value v of this option. We assume that there is a function h such that v = h(u,¢). (If u and v are
represented by real-valued processes (U;)¢>0 and (Vi)i>¢ with cadlag sample paths, we are supposing that
Vi(w) = h(Ut(w),t) for most pairs (w,t).) The terms of the option will give us some information about the
function h; for instance, a call option, allowing us to buy a quantity ¢ of the stock for a strike price z; at
expiry time ¢, will then have value h(x,t;) = cmax(x — x1,0), because we shall be able to buy the stock at
price z1 and sell it at price x; if x < x1, we just do nothing.

We assume that h is twice continuously differentiable, with partial derivatives hy, ho and second partial
derivatives hq1,...,hos. Then

v = h(us, 0) + i (B (u,0)) + i (ha(w,0) + 3 520 X Ty (u,0).

D.H.FREMLIN



10 Applications 655D

655D Hedging and a risk-free portfolio Still supposing that there is such a function h, consider a
hedged version of the option. In addition to the option, we ‘hedge’ by a suitably varying quantity g(u,¢) in
the stock u to give us a portfolio ¥ = v — iy, (g(u, ¢)) in which the value of v is modified by the accumulated
losses and gains of our hedging strategy. The idea of a ‘hedge’ is that we can ‘sell the stock short’, that
is, sell stock we don’t necessarily possess; we take cash now, and promise to buy the stock back soon at
the price then ruling. This is not an option, it is a contract. From the point of view of our counterparty, it
is just like buying real stock. The idea behind this is that if we possess a call option, we stand to make
money if the stock rises in value, and not if it falls; by going short, we hedge our bet to make our prospects
more even.

We allow g to take negative values; this is because we can ‘go long’, that is, buy some stock with the
intention of selling it again if our strategy calls on us to do so. Note that we believe that u is jump-free, so
can imagine adjusting the hedge rapidly compared with changes in u.

We shall have
0 = h(ty,0) + iiy (h1(u, ) — G(u,¢)) + ii,(ha(u,t) + %ﬂ2u2 X hi1(u,t)).
So if we set g = hy, we get

& = h(us, 0) + iy (ha(u,0) + 5 62U X b1 (u,0)),

dv ~ (ha(u,t) + %6211,2 X hi1(u,¢))de.

Now this is ‘risk-free’; for a short time interval [o, '],

'l~)0./ — 170 = (hQ(UU,U) + %ﬁzﬁll(uavo—)) X (OJ - J)

is well approximated by something calculable from knowledge of the stopping times o, ¢’ and the situation
at the starting time o, but not requiring any foreknowledge of the evolution of 4 or w. Suppose that we can
be sure of being able to borrow, or lend, cash, at an interest rate p, with complete safety. We are supposed
to be operating in a perfect market, in which every agent knows just what we know about w and u, and
can do the same calculations, so that the process h(u,t) describes the evolution of the market price, either
buying or selling, of the option. We therefore expect ¥, — 7, the agreed expected profit from holding the
portfolio ¢ from time o to time o', to be very close to the expected income over that time period if we sell
our option and our holding in the stock u, and invest the net proceeds in a bond at interest rate p.

At this point I need to remark that these net proceeds will not be the current value 9,. The process v
takes past gains and losses into account in the term ii, (g(u,¢)). Our holding at, and immediately after, the
time o is v, — §(ug, o) X Uy, because if ¢ is positive, that is, we are shorting the stock, we shall have to buy
it back at once to liquidate our position, while if g is negative, that is, we are holding some stock, we will
sell it. So we expect that

Uyt — Vg = p(vg — h1(tUg,0) X ug) x (¢ — o),
that is,
dv ~ p(v — hy(u,1) x u)de,
and matching the two formulae for dv we get

ho(u,t) + %BQUQ X hi1(u,t) = p(v —u x hy(u,e)) = p(h(u,t) —u x hy(u,t)).
To ensure this, we shall have to have
ha () + 3 8% ha (1) = p(h(w,t) — o (2, 1))

for all relevant x and ¢, that is,

202h

Oh | 159 20%h Oh 5 _
ot T3P T gm T ATy, —Ph=0
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which is the Black-Scholes equation for the evolution of the value h(z,t) of an option in a stock with
price x at time .
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