Version of 8.3.24
Chapter 63
Structural alterations

One of the daunting things about stochastic calculus is the amount of preliminary material required before
one can approach the main theorems, let alone the interesting applications. Before proceeding to Chapter
64 we must do some more work more or less at the level of Chapters 61-62, and this is what I will try to
deal with in the present chapter.

I start with a quick run through the properties of near-simple processes (§631) which got pushed out of
Chapter 61 due to shortage of space. The real work of the chapter begins in §632, with ‘right-continuous’
filtrations (A¢)er. For such stochastic integration structures, which include the most important examples
(632D), there are useful simplifications in the theory (632C, 632F, 6321, 632J), so it is not surprising that
most presentations of this material take right-continuity of the filtration as a standard hypothesis.

The integral f sudv, as T have defined it, depends on an elaborate structure: a probability algebra 2 R),
a filtration (s)ier and the sublattice S. We anticipate that changing any of these will change the value
of the integral. But there are many cases in which this doesn’t happen. The simplest of these is ‘change
of law’. As long as we have a strictly positive countably additive measure on the given algebra 2A, we shall
have the same integrals, as I pointed out right at the beginning in 613I. Next, there are important classes
of pairs &', S of lattices for which we can expect equality of the integrals | s and /. g+ For these we have to
work fairly hard, since it is certainly not enough just to have min &’ = min § and maxS’ = maxS. In §633
I explore sufficient conditions to make a sublattice S’ of S behave as if it had full outer (Riemann) measure,
so that an integral over S will be the same when taken over S’ (633K).

We are now in a position to look at the effect of replacing (A, i, (U)ier) with (B, 4B, (B N Ap)ier)
where B is a subalgebra of 2[. As long as we are just looking at integrals, we need only quote from §633;
but if we want to understand martingales (6341), we need the theory of relative independence from Chapter
48. And there is a yet more radical change which we can consider, where the filtration (;):c7 is replaced
by (2, )rer for some family (m,),cr of stopping times. This is what I do in §635.

Version of 4.5.21/21.1.22

631 Near-simple processes

My presentation so far has focused on ‘moderately oscillatory’ integrands, with regular mentions of
‘simple’ processes, and an excursion into ‘jump-free’ processes in §§618-619. Later on, however, there will
be many important results applying to an intermediate class, the ‘near-simple’ processes.

631B Definitions Let S be a sublattice of 7.

(a) A fully adapted process u with domain § is near-simple if it is in the closure of Mgimp(S) for the
ucp topology on M, 1, (S); that is, it is order-bounded and for every e > 0 there is a simple process v with
domain S such that §(sup [u —v|) <e.

(b) A fully adapted process u with domain S is locally near-simple if u[S A 7 is near-simple for every
TES.

631C Proposition (a) (Locally) near-simple processes are (locally) moderately oscillatory.
(b) (Locally) jump-free processes are (locally) near-simple.
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2 Structural variations 631D

631D Where near-simple processes come from: Theorem Let (2, X, 1) be a complete probability
space and (3;);>0 a filtration of o-subalgebras of ¥, all containing every negligible subset of Q. Suppose
that we are given a family (X;);>¢ of real-valued functions on  such that X; is ¥;-measurable for every ¢
and t — X;(w) : [0, 00[ = R is cadlag for every w € Q.

In this case, (X;)¢>0 is progressively measurable, and if (4, i, [0, 00[, (U)¢>0, T, (Ur)re7) and (24)oeT;
are defined as in 612H, then = (z5),c7; is locally near-simple.

631E Proposition (a) If T' = [0, o[, then the identity process on Ty is locally near-simple.
(b) Brownian motion is locally near-simple.
(¢) The Poisson process is locally near-simple.

631F Proposition Let S be a sublattice of T.
(a) Write M, for the set of near-simple processes with domain S.
(i) If h: R — R is continuous, then hu € M, for every u € M,,.
(ii) M, is an f-subalgebra of M, = My, (S).
(iii) M,_s is complete for the ucp uniformity.
(iv) If 7 € S and u € Mg, (S), then u is near-simple iff u[S A 7 and u[S V 7 are both near-simple.
(v) Ifu € My and z € LO(2AN (N, cs Ao), then zu belongs to M.
(vi) If u is near-simple it is locally near-simple.
(b) Write My,,_s for the set of locally near-simple processes with domain S.
(i) If h : R — R is continuous, then hu € My, ¢ for every u € M.
(ii) My is an f-subalgebra of the space Mjop, = Mo (S) of locally order-bounded processes with
domain S.
(iii) If w € M (S) and 7 € S, then u is locally near-simple iff u[S A 7 and u[S V 7 are both locally
near-simple.
(iv) fu € Mg and z € LO(AN (), o5 Ao ), then zu € M.
(v) Ifu € M, (S) and {0 : 0 € S, u]S A o is near-simple} covers S, then u € M.
(c) Suppose that u is a moderately oscillatory process with domain S.
(i) fulS N7, 7'] is near-simple whenever 7 < 7/ in S, then w is near-simple.
(ii) If u is locally near-simple it is near-simple.

631G Proposition Let S be a sublattice of T, S its covered envelope, u = (uy)ses a fully adapted
process, and % its fully adapted extension to S.

(a) u is near-simple iff % is near-simple.

(b) u is locally near-simple iff @ is locally near-simple.

631H Proposition Let S be a sublattice of 7 and u a process of bounded variation with domain S.
(i) [sudv is defined for every v € M,(S).
(11) v [sudv : Myo(S) = L° is continuous for the ucp topology on M, (S) and the topology of
convergence in measure on L°.
(b)(i) The indefinite integral ii,(u) is near-simple for every v € M,_«(S).
(i) v = ity (u) : Mys(S) = Mys(S) is continuous for the ucp topology.

6311 Proposition Let S be a sublattice of T, 4 a moderately oscillatory process and v a near-simple
integrator, both with domain S. Then 4, (%) is near-simple.

631J Proposition Let S be a sublattice of 7.

(a) If v, w are near-simple integrators with domain S, then ['va] and v* are near-simple.

(b) If v, w are locally near-simple local integrators with domain S, then [va] and v* are locally near-
simple.

631K Theorem Let S be a sublattice of T, and v a near-simple process of bounded variation. Then its
cumulative variation v' is near-simple.
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631Q Near-simple processes 3

631L Corollary Let S be a sublattice of 7 and v a fully adapted process with domain S. Then v is
near-simple and of bounded variation iff it is expressible as the difference of two non-negative non-decreasing
near-simple processes.

631M Theorem Let S be a sublattice of 7 and &’ a sublattice of & which is coinitial with S.
(a)(i) There is a unique function ® : Mimp(S’) = Mgimp(S) such that, for every u € Mg, (S'), ®(u)
extends u and has a breakpoint string in S’.
(ii) ®(hu) = h®(u) for every Borel measurable h : R — R and every u € Mgimp(S').
(iii) @ is a multiplicative Riesz homomorphism.
(iv) If 8" # 0 then u and ®(u) have the same starting value for every u € Mgimp(S').
(v) sup |®(u)| = sup |u| for every u € Mgimp(S').
(b)(i) There is a unique function ¥ : M, s(S") — M,.s(S) such that ¥ extends ® and is continuous with
respect to the ucp topologies on M, 4(S’) and M, 4(S).
(ii) U(u)[S" = u and sup |V (u)| = sup |u| for every u € M, (S’).
(iii) ¥ is a multiplicative Riesz homomorphism and ¥(hu) = hV¥(u) for every continuous h : R — R
and every u € M, «(S’).
(iv) For u € M, s(S’), ¥(u) is non-decreasing iff u is non-decreasing.
(v) For u € My, 4(S’), sup |¥(u)| = sup |ul|, so [¥(u) # 0] = [u # 0].
(c) Now suppose that sup,cgs [0 < 7] =1 for every o € S.
(i) If v is an integrator with domain S, then [q, udv = [ ¥(u)dv for every u € M, (S’).
(ii) There is a unique function U* : M, s(S") = Mins(S) extending the map ® : Mgmp(S) = Maimp(S)
and such that sup |¥*(u)[S A 7| = sup |u|S’ A 7| whenever u € M), 4(S) and 7 € §'.
(iii) U*(u)[S" = u for every u € My, ¢(S’), ¥* is a multiplicative Riesz homomorphism, ¥*(hu) =
h¥*(u) for every continuous h : R — R and every u € My, o(S’), and ¥*(u) is non-decreasing whenever
u € My,s(S') is non-decreasing.

631N Lemma Let S be a sublattice of T, 4 = (uy,)ses a locally near-simple process, and A C S a
non-empty set such that inf A € S. If u, = 0 for every p € A, then ujur4 = 0.

6310 Witnessing sequences Let S be a sublattice of 7 with greatest and least elements, and u =
(ug)oes a fully adapted process.

(a) SL;(u) is the statement
for every 6 > 0 there is a non-decreasing sequence (7;);cn in S such that
(o) 7o =min S,
B) [tr, — ur,| < 0] C [7i41 = max S] for every i € N,
v) infien [ < maxS] =0,
8) o < 7ix1] € [Jue — ur,| < 8] whenever i € N and o € SN [y, i11].

P

(b) SLs
for every § > 0 there is a non-decreasing sequence (7;);en in S such that
(o) 790 = min S,
(B) llwryy, — ur,| < 0] C [Tiy1 = max S] for every i € N,
(v) infen [z < maxS] =0,
()
(

—~

u) is the statement

lo < 7i+1] C [lus — ur;| < 0] whenever i € N and o € S N 74, Tix1],
€) [tr, ., —ur| <0 for every i € N.

631P Proposition Let S be a sublattice of T with greatest and least elements and u a fully adapted
process with domain S.

(a) If SLj(u) is true, then u is near-simple.

(b) If SLa(u) is true, then u is jump-free.

631Q Lemma Let S be a finitely full sublattice of 7 with a greatest member such that inf A € S for
every non-empty A C S, and u a near-simple process with domain §. Take § > 0 and construct (D;);en
and (y;)ien from u and 6 as in 615M. Then inf D; € D; and wins p, = y; for every i € N.
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4 Structural variations 631R

631R Stopping Lemmas: Theorem Let S be a finitely full sublattice of 7 with greatest and least
members such that inf A € S for every non-empty A C S, and 4 a moderately oscillatory process with
domain S.

(a) u is near-simple iff SL;(u) is true.

(b) u is jump-free iff SLo(u) is true.

631S Proposition Let S be a finitely full sublattice of 7 with greatest and least members and u =
(ug)oes a moderately oscillatory process. If inf A € S and uinra = limy 4 u, for every non-empty
downwards-directed A C S, then u is near-simple.

631T Lemma Let S be a sublattice of 7, and C' the set of non-negative non-decreasing order-bounded
near-simple processes with domain S. If u belongs to C' and Osclln(u) # 0, there is a non-zero simple process
v € C such that u —v € C.

631U Theorem Let S be a non-empty sublattice of 7 and w a non-negative, order-bounded, non-
decreasing near-simple process with domain S§. Then for any € > 0 there are non-negative, non-decreasing
processes v, w with domain § such that v is simple, w is jump-free, ¥ — v — w is non-negative and non-
decreasing, and f(sup ju —v —w|) <e.

631V Corollary Let S be a non-empty sublattice of 7 and u a near-simple process of bounded variation
with domain §. Then for any € > 0 there are processes v, w with domain S such that v is simple, w is
jump-free and of bounded variation and ([ |d(u —v —w)|) <.

Version of 14.8.20/6.12.21
632 Right-continuous filtrations

Up to this point, we have been able (with some effort) to work in the full generality of stochastic integration
structures (U, i, T, (A¢)ter) as described in §§611-613. We are now approaching territory in which we shall
need to have filtrations which are ‘right-continuous’ in the sense of 632B. These include the standard examples
(632D). The results I present here are a quick run through new features of the structures developed in §§611-
612 (632C) and an important characterization of near-simple processes on infimum-closed full sublattices
(632F). With this in hand, we see that in the most familiar contexts local martingales will be locally near-
simple (632I) and we have a useful test for being a martingale (632J). In 632N I describe a classic example
of a local martingale.

632B Definition I will say that (2;)ser or (2, i, T, () eer) or (A, i, T, (As)eer, T, (Ar)re7) is right-
continuous if 2; = ﬂs>t A, whenever ¢ € T is not isolated on the right.

If P and @ are partially ordered sets, an order-preserving function f : P — @ is right-continuous if
inf f[C] is defined and equal to f(inf C') whenever C' C P is non-empty and downwards-directed and has an
infimum in P.

632C Proposition Suppose that (2;)er is right-continuous.
(a) Suppose that C' C T is non-empty.

(i)
[infC >t] = iné [T > t] if ¢ is isolated on the right,
TE

= ssli;t) Tlrelg [T > s] otherwise.
(ii) [inf C' < 7] = sup, e [v < 7] for every 7 € T.
(iii) Aintc = Nyec Ar-
(b) If C, D C T are non-empty, then inf C Vint D =inf{oV7:0€ C, 7 € D}.
(c) If S is a sublattice of T, u = (uy)ses is a fully adapted process and A C S is a non-empty downwards-
directed set such that u = lim, 4 u, is defined in L°, then u € LO(Ains 4).

MEASURE THEORY (abridged version)



*632N Right-continuous filtrations 5

632D Examples (a) In the construction of Brownian motion in 612T, (€;);>¢ is right-continuous.

(b) In the construction of the standard Poisson process in 612U, (2;);>¢ is right-continuous.

632E Lemma Suppose that (;)ier is right-continuous. Let S be a sublattice of T, u = (us)pes a
locally near-simple process, and A C S a non-empty downwards-directed set such that 7 = inf A belongs to
S. Then u, = limy| 4 Uy, and in fact for every e > 0 there is a 0 € A such that 0(sup e snyr,0] [up — ur|) < €.

632F Theorem Suppose that (2;);cr is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € S whenever A C S is non-empty and has a lower bound in S. If u = (u,)scs is a fully adapted
process, then u is locally near-simple iff it is locally moderately oscillatory and

(1) Uit a = lifrjug for every non-empty downwards-directed A C S
o

with a lower bound in S.

632G Corollary Suppose that (2;):cr is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € S for every non-empty A C § with a lower bound in S, and a € . Set u, = x(upr(a,2,)) for
o €S8, and u = (uy)ses. Then u is near-simple.

632H Corollary Suppose that (2;);cr is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € S for every non-empty A C § with a lower bound in S, and v = (v;),es a locally jump-free
non-decreasing process. Then v : S — LC is an order-continuous lattice homomorphism.

6321 Theorem Suppose that (s)ier is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € S for every non-empty A C S. Then a virtually local martingale with domain S is a locally
near-simple local martingale.

632J Where martingales come from: Proposition Suppose that (2;);cr is right-continuous. Let
(u¢)rer be a martingale in the sense that u; € L}L and ug is the conditional expectation of u; on 245 whenever
s<tinT. If w = (w;),e7; is a locally near-simple process such that w; = u; for every t € T, then w is a
martingale.

632K Lemma Let (Q,%, 1) be a probability space with measure algebra (A, i), and (X;);>0 a right-
continuous filtration of o-subalgebras of ¥. If we set 2, = {E* : E € %,} for ¢t > 0, then (;);>0 is a
right-continuous filtration.

632L Proposition Let (2,3, 1) be a complete probability space and (¥;)¢cjo,00[ & right-continuous
filtration of o-subalgebras of 3, all containing every negligible subset of 2. Suppose that we are given a
family (X;);>o of measurable real-valued functions on 2 such that t — X, (w) is cadlag for every w and X,
is a conditional expectation of X; on ¥, whenever 0 < s <t. Define (2, fi, (%¢):>0) and u = (u,),e7; as in
612H and 631D. Then u[7, is a martingale and u is a local martingale.

632M Proposition Let v = (v;)c7; be the Poisson process.
(a) If ¢ is the identity process, (v —¢)[7T} is a martingale, so that v — ¢ is a local martingale.
(b) The previsible variation of v [Ty is ¢]7Tp.

*632N Example (a) Let p = uw be three-dimensional Wiener measure on = C([0, 00[; R?)g, X its
domain, and (2, 1) its measure algebra. For ¢ > 0 set

Y, ={F:Fe¥% w e F whenever w € F, w € Q and w'[[0,t] = w[[0, ]},
S, = {FAH : F € S, uH =0},
A = {F*: F €%}

() >0 is right-continuous.

D.H.FREMLIN



6 Structural variations 632Nb

(b) Let e be a unit vector in R3. Set Q' = {w: w € Q, e is not a value of w}. For t > 0 and w € Q set

Yi(w) if we

_ 1
llew(t)—ell
= 0 otherwise .

Then Y; is Yi-measurable for every ¢ and ¢ — Y;(w) is continuous for every w, so we have a corresponding
locally jump-free process v.

(c) im0 E(Y;) =0. o is not a martingale.

(d) If n € N and h,, is the Brownian hitting time to the ball B(e,27™), then h,, represents a stopping
time 7,, adapted to (As)¢>0. Set S =, cn{7:7 € T, 7 <75} S is a covering ideal.

(e) At the same time, for each n € N, (vs)s<-, is a martingale. v is a local martingale.

Version of 18.12.20/30.10.23
633 Separating sublattices

At various points, I have looked at relations between a process 4 = (u,)scs and its fully adapted extension
to the covered envelope of S; turning these round, we find connections between the properties of 4 and its
restriction to a covering sublattice of S. When the filtration is right-continuous and we have a near-simple
process we can go much farther, and an effective concept is that of ‘separating’ sublattice (633B). Once
again we have a useful result on equality of integrals (633K) and many correspondences between properties
of u and u[S’ (6330, 633P).

633B Definition Let S be a sublattice of 7 and A, B subsets of S.
(a) I will say that A separates B if [0 < 7] = sup,c4([oc < p]n[o < 7]) for all o, 7 € B.

(b) If v = (v,)ses is a fully adapted process, I will say that A v-separates B if whenever o, 7 € B then
[o <7lnlve # vr] € suppeallo < plnlp <7]).

633C Lemma Let S be a sublattice of 7 and A, B, C, D subsets of S.
(a) If AC B, C C D and A separates D then B separates C.
(b) A separates its covered envelope.
(c) If A separates B and B separates C' then A separates C.
(d) If A separates B and 7* is an upper bound of B in T then AA7* = {0 A7* : 0 € A} separates B.
(e) A separates B iff A v-separates B for every fully adapted process v with domain S.

633D Proposition Let S be a sublattice of T.

(a) If To C T is dense for the order topology of T and contains every point of T' which is isolated on the
right in 7', then Ty = {f : t € Ty} separates S.

(b)(i) If A C T separates S, B C S is coinitial with § and C C S is cofinal with S, then A’ =
{med(7,0,7"): 7€ B, 0 € A, 7" € C} separates S.

(ii) If v is a fully adapted process with domain S, A C T wv-separates S, B C S is coinitial with § and

C C § is cofinal with S, then S is v-separated by A’ = {med(r,0,7"): 7€ B,oc € A, 7' € C}.

633E Lemma Let S be a finitely full sublattice of 7 such that inf A € S whenever A C § is non-empty
and has a lower bound in S, §’ a sublattice of S, 5‘} the finitely-covered envelope of ', and 7 an element
of Uyess SN 0.

(a) A={o:7<0c€ 3}} is non-empty and downwards-directed, and inf A € S.

(b) If &’ separates S then inf A = 7.

(¢) f v = (Vo )oes is fully adapted and S’ v-separates S, then vins 4 = v;.

(©) 2013 D. H. Fremlin
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*633M Separating sublattices 7

633F Proposition Let S be a sublattice of 7 and u, v locally near-simple processes with domain S.
Suppose that C C S separates S and that inf,cc [o < 7] =0 for every 7 € S. If u]C = v|C then u = v.

633G Lemma Let S C 7 be a sublattice and D C S a cofinal finitely full set which separates S and is
such that inf A € D for every non-empty downwards-directed A C D with a lower bound in §. Then D = S.

633H Lemma Suppose that I, J € Z(T), with J C I. Then there are totally ordered sets Jy C J and
Iy C I such that Jy covers J, Iy covers I and Jy C I.

6331 Lemma Let S be a sublattice of 7, S’ a finitely full sublattice of S and 1) a strictly adapted interval
function defined on S?'. Suppose that J € Z(S) and (0, )¢ are such that 7 < o, € &’ and

Ur = SUPseSAT, 7 €8N [r,0,] |’(/}(0-7 T/) - w(g7 T)|
is defined in L for each 7 € J. Let I € Z(S’) be such that o, € I for every 7 € J. Then
|SI|_|J(17d¢) - 51(17d¢)| < 22761717"

633J Lemma Let S be a sublattice of T, S’ a finitely full cofinal sublattice of S and 1) an order-bounded
strictly adapted interval function defined on S*'. For 7 € Sset A, = {0 : 7 < 0 € §'}, and for 7 € S,
7€ A, set

Urr = SupUES/\T,pEA,./\T’ |’(/}(0'7 p) - ’(/}(0—7 T)‘

Suppose that z = fs dip is defined and that infca_u, = 0 for every 7 € S. Then fs, di) is defined and
equal to z.

633K Theorem (a) Suppose that (;);cr is right-continuous. Let S be a finitely full sublattice of T
such that inf A € S for every non-empty subset A of S with a lower bound in S, and u, v fully adapted
processes with domain S such that u is order-bounded and v is locally near-simple. Let S’ be a sublattice
of S, cofinal with S, which v-separates §. If z = fsud'u is defined then fs' u dv is defined and equal to z.

(b) Suppose that S, S’ are sublattices of 7 such that &’ is finitely full and is included in S. Let u, v be
fully adapted processes defined on S. For 7 € S set A, = {0 : 7 < 0 € §'}. Suppose that A, is non-empty
and

Ur = liMg 4. Uy, Uy =liMgpa, Vs

for every 7 € S. If z = [, udv is defined then [;udv is defined and equal to z.

633L Corollary Suppose that (2;)icr is right-continuous, and 7 < 7/ in 7. Let u be a near-simple
process and v a near-simple integrator, both defined on [, 7/]. Suppose that Ty C T is a dense set for the order
topology containing every point of 7' which is isolated on the right. Set &’ = {7/} U {med(r,,7’) : t € Ty }.
Then [q, udv is defined and equal to |, - u dv.

[T,

*633M Lemma Let S be a sublattice of 7 and u = (uy),es a moderately oscillatory process with
domain S.
(a) For every € > 0 and 8 > 0, there are a b € 2 and a v > 0 such that ib > 1 — € and

Z?:_()l a(bn IHUTH»I —un| > p]) <~

whenever 79 < ... <7, in S,
(b)(i) For 0 < 7in S, set
(o, 7) = med(—x1,ur —us,x1), ¥'(0,7) =ur —uy —P(0, 7).
Then 1 and " are strictly adapted interval functions on S.
(ii) If o < 7 and ¢/ < 7/ in S, then |Y(o,7) — Y(o’,7')| and |¢'(o,7) — (o, 7")| are both at most
[ug — Uor| + |Ur — urr|.

(c) JgdY" and [ dy are defined.
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8 Structural alterations *633M

(d) w’ =ity (1) is of bounded variation and w = ii,(1) is moderately oscillatory.

(e) Osclln(w) < x1.

(f) Express w as (w,),es. If 7 <7/ in S, then w,» — w, € L°(D,), where D, is the closed subalgebra of
A generated by {uy, —uy : 0,0’ € SN[r, 7], 0 <o’}

(g) If u is near-simple, w is near-simple.

*633N Lemma Suppose that ()7 is right-continuous. Let S be a finitely full sublattice of 7 such
that inf A € § whenever A C S is non-empty and has a lower bound in S, and 4 = (u,)ses & near-simple
process. As in 633M, set

1/)(07 T) = med(*XL Ur — Ug, Xl)
when 0 < 7in 8. Let 8’ be a cofinal sublattice of S which separates S. Then fs' dy = fs di.

6330 Proposition Suppose that (U;):er is right-continuous. Let S be a finitely full sublattice of T
such that inf A € S for every non-empty A C S with a lower bound in S, u = (u,)scs an order-bounded
locally near-simple process, and 8’ a sublattice of S which is cofinal and coinitial with S and u-separates S.
Write ' for u|S’.

(a) Osclln(u) = Osclln(u').

(b) u is jump-free iff u’ is jump-free.

633P Theorem Suppose that (;):er is right-continuous. Let S be a finitely full sublattice of T such
that inf A € S for every non-empty A C S with a lower bound in S, &’ a sublattice of S which is cofinal
and coinitial with S and separates S, and 4 = (uy),es a locally near-simple fully adapted process. Write
u’ for u|S’.

(a) If ' is simple then u is simple.
b) If ' is near-simple then w is near-simple.
¢) u is order-bounded iff u’ is order-bounded.
d) u is (locally) of bounded variation iff %’ is (locally) of bounded variation.
e) u is an integrator iff u’ is an integrator.
f) u is a martingale iff w’ is a martingale.
g) If v’ is a local martingale then u is a local martingale.
h) Suppose that ' is a local integrator. Then u is a local integrator and the quadratic variation of u’ is
u*|S’, where u* is the quadratic variation of u.

633S Proposition Suppose that (;):cr is right-continuous. Let & C T be a finitely full sublattice such
that inf A € S whenever A C S is non-empty and has a lower bound in S, and A a subset of S.

(a) If v = (Uy)pes is fully adapted and whenever ¢ < 7 in § and v, # v, there is a p € A such that
[o <plnlp < 7] #0, then A v-separates S.

(b) If whenever ¢ < 7 in § and [o < 7] # 0 there is a p € A such that [o < p]|n[p < 7] # 0, then A
separates S.

633Q Continuous time: Proposition Let (2, i, T, (A)ier, T, (A:)re7) be a right-continuous sto-
chastic integration structure. Then there are a right-continuous stochastic integration structure (2, g, T”,
(Ar)rer, T, (A,) pe7), based on the same probability algebra (2, i), and a lattice homomorphism o
o' . T — T’ such that
T’ has no points isolated on the right,
WAoo =y and o/ < 7] =[o < 7] forallo, 7€ T,
for every p € T’ there is a 0 € T such that o/ < p and A, = 2A,.

633R Theorem If (2, i, [0, 00[, (At)i>0, T, (Ar)reT) is a real-time stochastic integration structure and
u € Min.s(7T7), then u can be represented by a process with cadlag sample paths as in Theorem 631D.
Version of 25.1.22/28.9.23
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634 Changing the algebra

If (2, 1) is a probability algebra with a filtration (;):cr and B is a closed subalgebra of 2, then we have a
probability algebra (9B, i[B) with a filtration (B N2A;)rer. In this section I examine elementary connexions
between stochastic calculus in the two structures, with notes on lattices of stopping times (634C) and
stochastic processes (634E). The case in which 8 and 2l; are relatively independent over their intersection
for every t is particularly important (634F-634I). I end the section with a product construction adapted to
the representation of families of independent stochastic processes (634K-634M) and a worked example on
independent Poisson processes (634N).

634A Notation For a family (€4)rex of closed subalgebras of 2, I write \/, . € for the closed sub-
algebra generated by Jcx €r. Similarly, for closed subalgebras €, € I will write € Vv ¢’ for the closed
subalgebra generated by € U €. Note that a subalgebra of 2 is closed iff it is a o-subalgebra.

634B Proposition Let 8 be a Dedekind complete algebra and (B;)icr a filtration of order-closed
subalgebras of 9B; write Tp and (B,),c7, for the associated lattice of stopping times and family of closed
subalgebras of 2. Suppose that ¢ : 8 — 2 is an order-continuous Boolean homomorphism such that
d[B] C A, for every t € T
(a) We have a lattice homomorphism ¢ : T — T4 defined by saying that [¢(c) > t] = ¢[o > t] for every
o€ Tg.
(b)(i) ¢(minTp) = min T, ¢(max T) = maxTa. If t € T and # is the constant stopping time at ¢ in 7Tg,
then é(f) is the constant stopping time at ¢ in Ty.
(ii) If C' C Tg then ¢(sup C) = sup ¢[C].
(iii) ¢[T5b) € Taw and ¢[Tes] C Tas.
(c)(i) If o, 0’ € Tp then

[6(0) < $(oN] = dlo < o'],  [b(o) < d(o")] = oo < o],

(i) If ¢ is injective, so is ¢.
(d) d[B,] C Ay, for every o € Tg. )
(e) If (By)¢er is right-continuous, then ¢ is order-continuous,
(f) If T = [0, 00[ and we define the identity processes (to)oe7s;, (tr)re7i, as in 612F, then ¢y ) = Tyio
for every o € Tpg, where T, : LY(B) — L°(2l) is the f-algebra homomorphism associated with ¢.

634C Proposition Suppose that B is an (order-)closed subalgebra of 2.
(a) Set By =B NA; for t € T. Then (By)rer is a filtration of closed subalgebras of 9B.
(b) Let Tp be the set of stopping times defined from (B, (B¢)ier) by the formula of 611A (b-i).
(i) Tp is a sublattice of T containing min 74, max 74 and all constant stopping times.
(ii) If C C Tp is non-empty then its supremum is the same whether calculated in Tg or in 7.
(iii) We can identify the order-ideals Tg, and Tgs of bounded and finite stopping times in T with
Te N Tap and Tg N Tay respectively.
(c) If o, 7 € Tp then the regions [o < 7], [o < 7] and [o = 7], when defined by the formulae of 611D
interpreted in either (A, (A;)ier) or (B, (By)ier), are the same, and belong to B.
(d) If 7 € Tg, and we define corresponding algebras 2(,; and B, by the formula of 611G interpreted in
(A, (At er), (B, (Bi)ier) respectively, then B, = BN A,.
(e) Suppose that S is a sublattice of Tg.
(i) If SA is the covered envelope of S in Ty, then SA N T is the covered envelope SIB of S in Tp.
(i) A family u = (u,)oes in LY(B) is fully adapted to (B;).er iff it is fully adapted to (%) ier.
(iii) If u = (uy)yes is fully adapted to (B)¢er and 4 is the extension of u to Sy which is fully adapted
to (A¢)ter, then 12[3]3 is the extension of u to Sg which is fully adapted to (Bi)ier.

(©) 2012 D. H. Fremlin
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(f) Suppose that (;)er is right-continuous.
(i) (B)ier is right-continuous.
(ii) Tp is order-closed in Ta.
(g) f T' = [0,00[ and we write ¢t = (t5)se7;, for the identity process in the structure (A, (%4s)¢cr, Ta),
then ¢]7py is the identity process in the structure (B, (B¢)ier, Tn)-

634D Notation In the context of 634Ce, we shall be able to regard a process u € L°(B) as being
fully adapted either in the structure A = (U, i, T, (As)ier, Ta, (Ar)rei) (A, (Ai)ter) or in the structure
B = (B,alB, T, {(Bt)er, T, (Bo)oeT), Where B, = BN, for t € T. Consequently we shall be able to
test u against the definitions in this volume in two different ways. We have to check which properties are
‘absolute’, in the sense that u will have them in one structure iff it has them in the other, and which are
not. While working through the list, it will save a great many words if I use abbreviated expressions of
the type ‘u is A-simple’, ‘u is a B-integrator’ to mean ‘interpreted in the structure A, u is a simple process’,
‘interpreted in the structure B, u is an integrator’, and so forth.

634E Proposition Let B be a closed subalgebra of 2, and B = (B, @B, T, (Bi)ier, Tn, (Bo)oeT;) the
corresponding stochastic integration structure, where B; = BN, for t € T. Suppose that S is a sublattice
of Tz and that u € L°(%B) is fully adapted.

(a) u is B-simple iff it is A-simple.

(b) u is B-(locally)-near-simple iff it is A-(locally)-near-simple.

(c) u is B-order-bounded iff it is A-order-bounded.

(d) u is of B-bounded variation iff it is of A-bounded variation.

(e) u is B-(locally)-moderately-oscillatory iff it is A-(locally)-moderately-oscillatory.

(f) u is A-jump-free iff it is B-jump-free.

(g) Ifv € L°(B)% is another fully adapted process, then the integral [ u dv is defined for (B, il B, (Bi)er)
iff it is defined for (A, i, (As)rer), with the same value; that is, B fs udv = A [gudv if either is defined.

634F Relative independence: Definitions (a) If B, € and © are closed subalgebras of 2, B and
¢ are relatively (stochastically) independent over ® if Pox(bnc) = Ppxb X Ppxc for all b € B and
ced

(b) I say that a closed subalgebra B of 2 is coordinated with the filtration (:):;er if B and 2; are
relatively independent over 8 N, for every t € T.

634G Proposition If B, € are closed subalgebras of 2, the following are equiveridical:
(i) B and € are relatively independent over B N €;

(i) Pyne(u X v) = Pyneu X Pypnev for all uw € L®(B), v € L>(€);

(111) P%P(x; = P%mg;;

(IV) P«BPQ == P@P%;

(v) Pyu € L°(€) whenever u € L}, N L°(Q).

634H Lemma Let B be a closed subalgebra of 2 which is coordinated with (;):er, and B = (B, a8, T,
(Bi)eT, T, (Bo)oeT,) the corresponding stochastic integration structure, where B, = BN A for t € T.
Then B and 2, are relatively independent over B, for every o € Tg.

6341 Theorem Let B be a closed subalgebra of 2 which is coordinated with ()ier, and B =
(B, B, T, (Bi)ter, To, (Bo)oeTs) the corresponding stochastic integration structure, where B; = B N A,
for t € T. Let S be a sublattice of T and u = (u,),cs a fully adapted process such that u, € L°(8) for
every o € S.

(a) u is a (local) B-martingale iff it is a (local) A-martingale.

(b) u is a (local) B-integrator iff it is a (local) A-integrator, and in this case its B-quadratic variation is
the same as its A-quadratic variation.

MEASURE THEORY (abridged version)
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634J Lemma Let (,%, 1) and (Q', %', i) be probability spaces, and (Z, <) a non-empty downwards-

directed partially ordered set. Let (X¢)ee= and (X.)ec= be families of o-subalgebras of X, ¥/ respectively
1943 1343
such that ¥¢ C ¥, and Z’g - Z;, whenever § < n, while every X¢ contains every p-negligible set and every
3% contains every u'-negligible set. Write T = =Y¢and T/ = = Y. Let A be the product probability
3 ge= ¢ £e2 ¢

measure on 2 x ', and A its domain.

a) Suppose that W € A is such that for every & € = there is a We € $:®%' such that WAW, is

(a) Supp y e € X ¢
A-negligible. Then there is a W’ € T®Y' such that WAW' is A-negligible.

b) Suppose that W € A is such that for every & € = there is a We € Le®%. such that WAW, is

( pp y ¢ c®X; ¢
A-negligible. Then there is a W’ € T&T’ such that WAW’ is A-negligible.

(c) Suppose that W € ¢z Y®Y, E € % and € > 0 are such that A\(WA(E x ©')) < e. Then there is
an E7 € T such that A(WA(E; x ') < 3e.

634K Theorem Let (2;);c; be a stochastically independent family of closed subalgebras of 2. Suppose
that (Z,<) is a non-empty downwards-directed partially ordered set and that for each i € I we have a
non-decreasing family (Bj¢)¢cz of closed subalgebras of ; with intersection 9B;. Set ® =\/,_; B;, and for
& € = set :Dg = \/iel %if- Then ® = ﬂgeE @5.

iel

634L Theorem Let (¥8;);c; be a stochastically independent family of closed subalgebras of 2. Suppose
that for each i € I we have a filtration (B, )7 of closed subalgebras of ®B;. For eacht € T set €; = Vie[ Bit.

(a) (€¢)ier is a filtration.

(b) Fori e I and t € T, ®B; N & = B, and B; and ¢, are relatively independent over B;.

(c) If (Bit)ter is right-continuous for every ¢ € I, then (€;);er is right-continuous.

634M Corollary Suppose that ((;, fi;))icr is a family of probability algebras, and that ()ier is
a filtration in 2A; for each i. Then there are a probability algebra (€, ) with a filtration (€;);cr and a
stochastically independent family (8;);c; of closed subalgebras such that B; is coordinated with (€;)cr
and (B, \[B;, (B; N €)ser) is isomorphic to (As, s, (Ust)eer) for every i € I. If every (Ay)ser is right-
continuous, we can arrange that (€;):cr should be right-continuous.

634N Example: independent Poisson processes: (a) Let (B,7,(B¢)i>0, Te, (Uo)oeTs,) be the
standard Poisson process in its measure-algebra form. Let (2, ) be the probability algebra free product of
(B, 7) with itself, with associated embeddings &, : B — A, €9 : B — 2A; write B for ,[B] for each i. Set
Ay = e1[By] V e2[By] for t > 0, so that (A;);>0 is a right-continuous filtration, while ¢,[B;] = B MY, for
both i and every ¢, and each B is coordinated with (2;);>o.

(b) For each i, ¢; is an isomorphism between (B, 7, (B;);>0) and (BO aB@ (BO N 2Ut)te[0,00[) 5O
matches Tpy with Tgo)p = Tge) N Tap. Now u = (ug)oe7s, is matched with u; = <uw>ge7ﬁ(i)f, and u; is
locally near-simple. Because 7TB(i>f contains all the constant processes, sup{[r < o] : 0 € 7TB(i>f} =1 for
every T € Tay, u; has an extension to a locally near-simple process defined on 74 y. Because Tg(:) ; contains
the constant processes, the extension is unique; I will call it v;,.

(¢) For each i, v; — tg is a local martingale. w = v; — v3 is a local martingale.
(d)(i) v} = v.

(ii) The covariation [v; T’Ug] is zero.

(iil) w* = v1 + vo.

(iv) The previsible variation of w?|7ap is 2¢] Tap-

e) w corresponds to a Lévy process derived from the family (\,);>q where
Yy Y A\ t>

t2k

A({n}) = 672tt”z;ozmax(—n70) Kl (k+n)!

for n € Z.
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Version of 6.3.23/29.9.23
635 Changing the filtration

In this section I introduce the elementary theory of ‘local times’. In the principal applications, we have
a process which is easier to handle if we replace the standard clock T with a variable-speed clock (7,),cr
where the clock-times are now a totally ordered family of stopping times. I will come to such applications
in Chapter 65. Here I want to set up a language to discuss the transformation in which a process (u;);e7
is mapped to (ur(,))per, Where R is the lattice of R-based stopping times and 7(p) € T corresponds to
p € R. Starting from the construction in 635B, we have basic algebraic properties (corresponding to ideas
in §611) in 635C and can then follow a programme along the same lines as elsewhere, looking at the usual
kinds of process and Riemann-sum integrals.

635B Construction For the whole of this section, (R, <) will be a new (non-empty) totally ordered
set, and (7m,.).cr a non-decreasing family in 7. For r € R, I will write 9B, for 2, _, so that (B,),cr is
a filtration of closed subalgebras of 2, and we shall have a corresponding stochastic integration structure
(Qla H, R7 Ra <%T>’I‘€R7 R7 <%P>p€7€>'

For p € R, n(p) € L°(A)T will be defined by saying that

[7(p) >t] = inf ([[p > r]um >t]) if t € T is isolated on the right in T,

= sup 12f (Ie > rJu[m, > s]) for other t € T.
s>t T

635C Theorem Suppose that (2;);cr is right-continuous.

(a) For every p € R, m(p), as defined in 635B, belongs to 7, and B, =2
(b)(i) The map 7 : R — T is a lattice homomorphism.

(ii) 7(min R) = inf,eg 7 in 7, 7(maxR) = max T .

(

(

w(p)-

iii) If r € R and 7 € R is the corresponding constant stopping time, then 7(7) = 7.
iv) If p € Rf then 7(p) < supreRm.
¢) [r(p) <m(p)] S lp <P, [n(p) < 7(p)]2[p < p'] and [p = ] € [7(p) = 7(p)] for all p, p" € R.
( ) Suppose that (T )rer 18 rlght continuous in the sense that 7, = infyep g>r 7 in 7 whenever r € R
is not isolated on the right in R. Then
(i) (B, )rer is right-continuous;
(ii) 7 is right-continuous.

635D Proposition Suppose that (U;):er is right-continuous. Let Q be a sublattice of R.
(a)(i) m[Q)] is a sublattice of T.
(ii) If w = (ur)ren[o) is a process fully adapted to (2At)ier, then um = (ur(,),co is fully adapted to
<%r>r6R-
(iii) Let v : 7[Q]?T — L°(2A) be an adapted interval function, and set ¥, (p, p') = (7 (p), 7(p')) when
p < p in Q. Then 9, is an adapted interval function.
(iv) In (iii), if ¢ is strictly adapted then 1, is strictly adapted.
(b) Now suppose that 4 = (ur),cx[g) is fully adapted and that 1 is an adapted interval function on 7[Q)].
Then [ourdi, = fﬂ[g] u dip if either is defined.

635E Proposition Suppose that (2;):cr is right-continuous. Let S C T be a sublattice and 4 = (u;)rcs
a fully adapted process. Set Q = 7~ 1[S] = dom(7u).

(a) ur is order-bounded iff u[7[Q] is order-bounded.

(b) ur is of bounded variation iff u[7[Q] is of bounded variation.

(¢) ur is an integrator for the structure (2, i, R, (B,)rcr) iff u[7w[Q] is an integrator for the structure
(%, 7, T, (A yer).

(d) um is a martingale for the structure (2, i, R, (B, )rcr) iff u[7[Q] is a martingale for the structure
(A, i, T, (Ae)eer)-

(e ) ur is jump-free iff u[7[Q] is jump-free.
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(f) Let S be the covered envelope of S in T, Q the covered envelope of Q in R and @ the fully adapted
extension of u to S. Then W[Q] C S and 'fm[@ is the fully adapted extension of um to Q
(g) If w is moderately oscillatory then urm is moderately oscillatory.
(h)(i) If S is order-convex in 7 then Q is order-convex in R.
(ii) Suppose that (m.).cr is right-continuous. If S is order-convex and u is near-simple, then um is
near-simple.

635F Theorem Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
and v = (v, )ses @ near-simple integrator; let Q be a sublattice of R such that 7[Q] is a cofinal sublattice of
S which v-separates S. If u = (u,)rcs is a moderately oscillatory process, then fg urm d(vr) is defined and
equal to [gudv.

635G Corollary Suppose that (2;);cr is right-continuous. Let S be an order-convex sublattice of T,
and v = (v, )y,es a near-simple integrator, with quadratic variation v*. If Q is a sublattice of 7~ [S] such
that 7[Q] v-separates S, then the quadratic variation of v [Q is v*m[ Q.
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