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Chapter 46
Pointwise compact sets of measurable functions

This chapter collects results inspired by problems in functional analysis. §§461 and 466 look directly at
measures on linear topological spaces. The primary applications are of course to Banach spaces, but as
usual we quickly find ourselves considering weak topologies. In §461 I look at ‘barycenters’, or centres of
mass, of probability measures, with the basic theorems on existence and location of barycenters of given
measures and the construction of measures with given barycenters. In §466 I examine topological measures
on linear spaces in terms of the classification developed in Chapter 41. A special class of normed spaces,
those with ‘Kadec norms’, is particularly important, and in §467 I sketch the theory of the most interesting
Kadec norms, the ‘locally uniformly rotund’ norms.

In the middle sections of the chapter, I give an account of the theory of pointwise compact sets of
measurable functions, as developed by A.Bellow, M.Talagrand and myself. The first step is to examine
pointwise compact sets of continuous functions (§462); these have been extensively studied because they
represent an effective tool for investigating weakly compact sets in Banach spaces, but here I give only results
which are important in measure theory, with a little background material. In §463 I present results on the
relationship between the two most important topologies on spaces of measurable functions, not identifying
functions which are equal almost everywhere: the pointwise topology and the topology of convergence
in measure. These topologies have very different natures but nevertheless interact in striking ways. In
particular, we have important theorems giving conditions under which a pointwise compact set of measurable
functions will be compact for the topology of convergence in measure (463G, 463L).

The remaining two sections are devoted to some remarkable ideas due to Talagrand. The first, ‘Talagrand’s
measure’ (§464), is a special measure on PI (or £°(I)), extending the usual measure of PI in a canonical
way. In §465 I turn to the theory of ‘stable’ sets of measurable functions, showing how a concept arising
naturally in the theory of pointwise compact sets led to a characterization of Glivenko-Cantelli classes in
the theory of empirical measures.

Version of 9.7.08

461 Barycenters and Choquet’s theorem

One of the themes of this chapter will be the theory of measures on linear spaces, and the first fundamental
concept is that of ‘barycenter’ of a measure, its centre of mass (461Aa). The elementary theory (461B-
461E) uses non-trivial results from the theory of locally convex spaces (§4A4), but is otherwise natural and
straightforward. It is not always easy to be sure whether a measure has a barycenter in a given space, and
I give a representative pair of results in this direction (461F, 461H). Deeper questions concern the existence
and nature of measures on a given compact set with a given barycenter. The Riesz representation theorem
is enough to tell us just which points can be barycenters of measures on compact sets (461I). A new idea
(461K-461L) shows that the measures can be moved out towards the boundary of the compact set. We need
a precise definition of ‘boundary’; the set of extreme points seems to be the appropriate concept (461M).
In some important cases, such representing measures on boundaries are unique (461P). I append a result
identifying the extreme points of a particular class of compact convex sets of measures (461Q-461R).

461A Definitions (a) Let X be a Hausdorff locally convex linear topological space, and p a probability
measure on a subset A of X. Then z* € X is a barycenter or resultant of p if [, gdu is defined and
equal to g(z*) for every g € X*. Because X* separates the points of X (4A4Ec), p can have at most one
barycenter, so we may speak of ‘the’ barycenter of u.
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2 Pointwise compact sets of measurable functions 461ADb

(b) Let X be any linear space over R, and C C X a convex set (definition: 2A5E). Then a function
f:C = Risconvex if f(tx + (1 —t)y) < tf(x)+ (1 —1t)f(y) for all z, y € C and ¢ € [0,1]. (Compare
233G, 233Xd.)

(c) The following elementary remark is useful. Let X be a linear space over R, C' C X a convex set,
and f: C — R a function. Then f is convex iff the set {(z,a) : z € C, @ > f(x)} is convex in X x R (cf.
233Xd).

461B Proposition Let X and Y be Hausdorff locally convex linear topological spaces, and T : X — Y a
continuous linear operator. Suppose that A C X, B C Y are such that T[A] C B, and let p be a probability
measure on A which has a barycenter z* in X. Then Tz* is the barycenter of the image measure u7'~! on
B.

proof All we have to observe is that if g € Y* then ¢T € X* (4A4Bd), so that
9(Tz*) = [, g(Tz)p(dz) = [, g(y)v(dy)
by 235G!.

461C Lemma Let X be a Hausdorff locally convex linear topological space, C' a convex subset of X,
and f : C — R a lower semi-continuous convex function. If z € C and v < f(x), there is a g € X* such
that g(y) +~v — g(z) < f(y) for every y € C.

proof Let D be the convex set {(z,a): 2 € C, a > f(z)} in X x R (461Ac). Then the closure D of D in
X x R is also convex (2A5Eb). Now D is closed in C x R (4A2B(d-i)), and (x,v) ¢ D, so (x,v) ¢ D.
Consequently there is a continuous linear functional i : X x R — R such that h(z,v) < inf .5 h(w)
(4A4EDb). Now there are gg € X*, § € R such that h(y, ) = go(y) + Ba for every y € X and a € R (4A4Be).
So we have
go(x) + By = h(x,7) < hly, f(y)) = 90(y) + Bf (y)

for every y € C. In particular, go(z) + 87 < go(x) + Bf(x), so § > 0. Setting g = —%go,
Fy) > 590(x) +v = 59(y) = 9(y) +7 — g(2)
for every y € C, as required.
461D Theorem Let X be a Hausdorff locally convex linear topological space, C' C X a convex set and

14 a probability measure on a subset A of C. Suppose that i has a barycenter x* in X which belongs to C.
Then f(z*) < [ " f du for every lower semi-continuous convex function f : C — R.

proof Take any v < f(2*). By 461C there is a g € X* such that g(y) + v — g(z*) < f(y) for every y € C.
Integrating with respect to p,

iAfduZV—g(QC*)ﬂLngdM:%
As 7 is arbitrary, f(z*) < iAf dp.

Remark Of course | ./ dp might be infinite.

461E Theorem Let X be a Hausdorff locally convex linear topological space, and p a probability measure
on X such that (i) the domain of p includes the cylindrical o-algebra of X (ii) there is a compact convex
set K C X such that p*K = 1. Then p has a barycenter in X, which belongs to K.

proof If g € X*, then v, = sup,cx |g(z)| is finite, and {z : [g(z)| < 74} is a measurable set including K,
so must be conegligible, and ¢(g) = [ gdu is defined and finite. Now ¢ : X* — R is a linear functional
and ¢(g) < sup,cx g(x) for every g € X*; because K is compact and convex, there is an o € K such that
d(g) = g(xp) for every g € X* (4A4Ef), so that xg is the barycenter of p in X.

TFormerly 2351
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461G Barycenters and Choquet’s theorem 3

461F Theorem Let X be a complete locally convex linear topological space, and A C X a bounded set.
Let u be a T-additive topological probability measure on A. Then p has a barycenter in X.

proof (a) If g € X*, then g[A is continuous and bounded (3A5N(b-v)), therefore p-integrable. For each
neighbourhood G of 0 in X, set

Fo={y:yeX, lgly)— [, 9dul < 27c(g) for every g € X*}

where 7¢(g) = sup,cq g(z) for g € X*. Then Fg is non-empty. P Set H = int(G N (—G)), so that H
is an open neighbourhood of 0. Because A is bounded, there is an m > 1 such that A C mH. The set
{z+H : 2z € A} is an open cover of A, and p is a 7-additive topological measure, so there are zg, ... ,x, € A

such that p(A\ U<, (zi + H)) < % Set

EiZAﬂ($i+H)\Uj<i(.%‘j +H)
for i <n, and y = 331, (nE;)w; set B = A\ U, (zi + H). Then, for any g € X*,

Ig(y)*/Agdul < ZluEig(xi)*/E_gdu|+/]3|g\du

< Z/ g(x;)|p(dx) + mra(g)uE

(because E C mH, so g(x) < m71g(g) and g(—z) < m7g(g) for every x € E)

<Y ralg)nEi +mra(g)pE
=0
(because if ¢ < n and x € E;, then x — x; and z; — x belong to G, so [g(z) — g(x;)| = |g(x — ;)| < Ta(9))
< 276(9).

As g is arbitrary, y € Fg and Fg # (. Q

(c) Since Fgng € Fg N Fy for all neighbourhoods G and H of 0, {F¢ : G is a neighbourhood of 0} is a
filter base and generates a filter 7 on X. Now F is Cauchy. PP If G is any neighbourhood of 0, let G; C G
be a closed convex neighbourhood of 0, and set H = 1G1. T If y, y' € Fy and y — y ¢ G, then there is a
g € X* such that g(y —v') > 7¢,(9) (4A4Eb again). But now

>J>>—A

Tr(9) = 77a. (g )<i(\g(y)—/AgdulJrlg(y’)—/Agdu\)

(27 (9) +27u(9)). X

»JM»—‘

This means that Fy — Fg C G; as G is arbitrary, F is Cauchy. Q

(d) Because X is complete F has a limit z* say. Take any g € X*. 2 If g(z*) # [, gdpu, set
G ={z:|g(z)| < |g(z*) — [, gdu|}. Then G is a neighbourhood of 0 in X, and

0<lo(e”)~ [ gdul = limy lo(a) ~ [ gl
A r—F A
2 *
< sup lofa) = [ adul < 27(9) < 2lala”) = [ gdul. X

rz€Fg

So g(x fA gdu; as g is arbitrary, * is the barycenter of u.

461G Lemma Let X be a normed space, and u a probability measure on X such that every member of
the dual X* of X is integrable. Then g — [ gdp : X* — R is a bounded linear functional on X*.
proof Replacing u by its completion if necessary, we may suppose that u is complete, so that every member
of X* is Y-measurable, where ¥ is the domain of p. (The point is that u and its completion give rise to
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4 Pointwise compact sets of measurable functions 461G

the same integrals, by 212Fb.) Set ¢(g) = [gdp for g € X*. For each n € N let E,, be a measurable
envelope of B, = {x : ||z|| < n}; replacing E,, by ();>,, E; if necessary, we may suppose that (E,)n,cn is
non-decreasing. If n € Nand g € X* then {z : = € E,, |g(z)| > nl|g||} is a measurable subset of E,, disjoint
from B, so must be negligible, and | [ g, 91 < nllgll. We therefore have an element ¢, of X™* defined by
setting ¢, (g) = fEn g for every g € X*. But also ¢(g) = lim,_ ¢n(g) for every g, because (E,)nen is a

non-decreasing sequence of measurable sets with union X. By the Uniform Boundedness Theorem (3A5Ha),
{¢n : n € N} is bounded in X**, and ¢ € X**.

461H Proposition Let X be a reflexive Banach space, and p a probability measure on X such that
every member of X* is p-integrable. Then p has a barycenter in X.

proof By 461G, g+ [ gdu is a bounded linear functional on X*; but this means that it is represented by
a member of X, which is the barycenter of u.

4611 Theorem Let X be a Hausdorff locally convex linear topological space, and K C X a compact set.
Then the closed convex hull of K in X is just the set of barycenters of Radon probability measures on K.

proof (a) If x is a Radon probability measure on K with barycenter 2*, then
g9(z*) = [, 9(x)u(dz) < sup,e e 9(x) < sup, e 9(2)

for every g € X*; because I'(K) is closed and convex, it must contain z* (4A4Eb once more).

(b) Now suppose that z* € T'(K). Let W C C(X) be the set of functionals of the form g + axX, where
ge X*and a € R. Set U = {g|K : g € W}, so that U is a linear subspace of C(K) containing x K.

If g1, go € W and g1 [ K = g2[ K, then {z : g1(z) = g2(x)} is a closed convex set including K, so contains
¥, and g1 (z*) = go(a™); accordingly we have a functional ¢ : U — R defined by setting ¢(g[K) = g(x*) for
every g € W. Of course ¢ is linear; moreover, ¢(f) < sup,c f(x) for every f € U, by 4A4Eb yet again.
Applying this to £ f, we see that |¢(f)| < ||f]leo for every f € U. We therefore have an extension of ¢ to a
continuous linear functional ¢ on C(K) such that ||¢]] < 1, by the Hahn-Banach theorem (3A5Ab). Now

P(XK) = d(XK) = xX(z7) = 1;
so if 0 < f < xK then
[1=o(N) =K = )l < [IXK = flloo <1,
and ¥(f) > 0. It follows that ¢(f) > 0 for every f € C(K)*. But this means that there is a Radon
probability measure p on K such that ¢ (f) = [ f du for every f € C(K) (436J/436K). As uK = (xK) = 1,
1 is a probability measure; and for any g € X*

S 9dn = (g1 K) = d(g1 K) = g(a"),

so z* is the barycenter of u, as required.

461J Corollary: Krein’s theorem Let X be a complete Hausdorff locally convex linear topological
space, and K C X a weakly compact set. Then the closed convex hull I'(K) of K is weakly compact.

proof Give K the weak topology induced by T (X, X*). Let P be the set of Radon probability measures
on K, so that P is compact in its narrow topology (437R(f-ii)). By 461F, every u € P has a barycenter
b(p) in K. If g € X*, g(b(1)) = [} g dp, while g K is continuous, so p — [, gdu is continuous, by 437Kc.
Accordingly b : P — X is continuous for the narrow topology on P and the weak topology on X, and b[P]
is weakly compact. But b[P] is the weakly closed convex hull of K, by 4611 applied to the weak topology
on X. By 4A4Ed, T'(K) has the same closure for the original topology of X as it has for the weak topology,

and T'(K) = b[P] is weakly compact.

461K Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Define a relation < on P by saying that u < v if
J fdp < [ fdv for every continuous convex function f: K — R.

MEASURE THEORY



461L Barycenters and Choquet’s theorem 5

a) < is a partial order on P.

b) If u < v then [ fdu < [ fdv for every lower semi-continuous convex function f: K — R.
¢) If p < v then p and v have the same barycenter.

d) If we give P its narrow topology, then < is closed in P x P.

(e) For every p € P there is a <-maximal v € P such that u < v.

proof (a) Write U for the set of continuous convex functions from K to R. Note that if f, g € ¥ and o > 0
then af, f + g and fV g all belong to ¥. Consequently ¥ — ¥ is a Riesz subspace of C(K). P ¥ — U is a
linear subspace because ¥ is closed under addition and multiplication by positive scalars. If f, g € U then

f=9l=(F-9)Vg—f)=2(fVg —(f+9) ¥

by 352Ic, ¥ — ¥ is a Riesz subspace. Q

It follows that ¥ — U is || [|s-dense in C'(K). P Constant functions belong to ¥, and if z, y € K are
distinct there is an f € X* such that f(x) # f(y), in which case f|K belongs to ¥ and separates y from z.
By the Stone-Weierstrass theorem (281A), ¥ — W is dense. Q

The definition of < makes it plain that it is reflexive and transitive. But it is also antisymmetric. B If
p<vand v < p, then [ fdu = [ fdv for every f € U, therefore for every f € U — U, therefore for every
feC(K), and u = v by 416E(b-v). Q

So < is a partial order.

(b)(i) Now suppose that f : K — R is a lower semi-continuous convex function, and z € K. Then
f(z) =sup{g(z) : g € ¥, g < f}. P If v < f(x) there is a g € X* such that g(y) +v — g(x) < f(y) for
every y € K, by 461C. Now g K belongs to ¥, g/ K < f and (¢[K)(z) =7. Q

(ii) It follows that if f : K — R is lower semi-continuous and convex, [ fdu = sup{[gdu : g € U,
g < [} for every p € P. P Because VU is closed under V, A = {g : g € ¥, g < f} is upwards-directed.
Because  is 7-additive and f =sup A, [ fdu = sup,c 4 [ gdu by 414Ab. Q
So if u, v € P and u < v, then

J Fli = supgeu g<s [9dn < swpgen o< [9dv = [ fdv:
as f is arbitrary, (b) is true.

(c) By 461E, applied to the Radon probability measure on X extending p, 1 has a barycenter x € K. If
g € X* then g| K belongs to ¥, so [, gdu < [, gdv; but the same applies to —g, so

g@) = [ 9du= [, gdv.
As g is arbitrary, = is also the barycenter of v.

(d) As noted in 437Kc, the narrow topology on P corresponds to the weak* topology on C(K)*. So all
the functionals pu +— f fdu, for f € U, are continuous; it follows at once that < is a closed subset of P x P.

(e) Any non-empty upwards-directed @ C P has an upper bound in P. P For v € @ set V,, = {\ :
v < A}. Then every V, is closed, and because @ is upwards-directed the family {V,, : v € @} has the finite
intersection property. Because P is compact (437R(f-ii) again), ﬂyeQ V., is non-empty; now any member of
the intersection is an upper bound of Q). Q

By Zorn’s lemma, every member of P is dominated by a maximal element of P.

461L Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Suppose that p € P is maximal for the partial
order < of 461K.

(a) w(3(My + Mb)) = 0 whenever My, M, are disjoint closed convex subsets of K.

(b) uF = 0 whenever F' C K is a Baire set (for the subspace topology of K) not containing any extreme
point of K.

proof (a) Set M = {%(ery) cx € My, y € Ma}. Set q(z,y) = %(ery) for x € My, y € Ms, so that
q: My x My — M is continuous. Let ups be the subspace measure on M induced by pu, so that uas is a
Radon measure on M (416Rb). Let A be a Radon measure on M; x My such that pas = A\g~! (418L), and
define ¢ : C(K) — R by writing

D.H.FREMLIN



6 Pointwise compact sets of measurable functions 461L

U = [ing P+ [y 307(@) + F)AG ).
Then 9 is linear, ¥(f) > 0 whenever f € C(K)*, and
P(XK) = p(K\ M) + A(My x Ma) = p(K\ M) + py (M) = 1.
Let v € P be such that [ fdv = ¢(f) for every f € C(K) (436J/436K again). If f : K — R is continuous

and convex, then

[ v == [ s | 5@+ fde)

1
= L [, SG Ay

—/K\Mfdw/Mlxszqu—/K\Mfdu+/MfduM
(235G)

=/ fxx(K\M)dqu/ fxxMdu
K K

:/deﬂ.

So p < v; as we are assuming that p is maximal, p = v.

Because M; and M, are disjoint compact convex sets in the Hausdorff locally convex space X, there
are a ¢ € X* and an a € R such that g(z) < @ < g¢(y) whenever x € M; and y € M, (4A4Ee). Set
f(z) =|g(x) — a for z € K; then f is a continuous convex function. If z € M; and y € Ms, then

(131Fa)

FG+) = oG @ +y) — o = 1(g(x) — @) + (9(y) — )|
<3 (lg(@) — al +lg(y) — al) = 5(f(@) + F@))-

Looking at the formulae above for 1(f), we see that we have

JFdv= [ Fdn+ [ 0 5@+ F@)INA(,)),

JEdn= [ P+ [y o FG @+ )N, y):

Since these are equal, and f(3(z +y)) < 3(f(z) + f(y)) for all z € M; and y € M, we must have
uM = AN(M; x Ms) =0, as required.

(b) (i) Consider first the case in which F is a zero set for the subspace topology. Since F' C K is a closed
Gs set in K, K \ F is expressible as a union |J,, oy Fn of compact sets. For any n € N, z € F and y € F,,
there is a ¢ € X* such that g(z) # g(y); since F' and F,, are compact, there is a finite set ®,, C X* such
that whenever z € F and y € F,, there is a g € ®,, such that g(z) # g(y). Set ® = J,,cny @n U {0}; then &
is countable; let (g, )nen be a sequence running over ®, and define T': X — RY by setting (Tx)(n) = g, ()
forn € N, x € X. Then T[F]NT[F,] = 0 for every n, so F = K N T~ T[F]].

Now T[F] is a compact subset of the metrizable compact convex set T[K], and does not contain any
extreme point of T[K], by 4A4Gc.

Let U be the set of convex open subsets of RY. Because the topology of RN is locally convex, U is
a base for the topology of RY; because it is separable and metrizable, U includes a countable base Uy
(4A2P(a-iii)), and V = {T[K|NU : U € Up} is a countable base for the topology of T[K] (4A2B(a-vi)). Set
M={KNT7V]:V €V}, so that M is a countable family of closed convex subsets of K.
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461N Barycenters and Choquet’s theorem 7

If z € F, then there are distinct u, v € T[K] such that Tz = 1(u+ v). Now there must be V, V' € V,
with disjoint closures, such that u € V and v € V, so that z € (M + M’), where M = K N T~'[V] and
M’ = K NT~V’] are disjoint members of M. Thus

FCU{S(M+M'): M, M e M, MNM' = 0}.

But (a) tells us that 1(M + M’) is p-negligible whenever M, M’ € M are disjoint. As M is countable,
wF =0, as required.

(ii) Now consider the Baire measure pu[Ba(K'), where Ba(K) is the Baire o-algebra of K. This is inner
regular with respect to the zero sets (412D). If F' € Ba(K) contains no extremal point of K, then (i) tells
us that uZ = 0 for every zero set Z C F', so uF’ must also be 0.

461M Theorem Let X be a Hausdorff locally convex linear topological space, K a compact convex
subset of X and F the set of extreme points of K. Let € X. Then there is a probability measure p on E
with barycenter x. If K is metrizable we can take p to be a Radon measure.

proof Let P be the set of Radon probability measures on K and < the partial order on P described in
461K. By 461Ke, there is a maximal element v of P such that §, < v, where §, € P is the Dirac measure
on X concentrated at x. By 461Kc, x is the barycenter of v.

Let A = v[Ba(K) be the Baire measure associated with v. By 461Lb, A*E = 1. So the subspace measure
Ag on E is a probability measure on F. Let p be the completion of \g.

If g € X* then g[ K is continuous, therefore Ba(K)-measurable, so

g(x)z/ ng:/ gd)\:/gd)\E
K K E

=/gw
E
(212FDb). So x is the barycenter of pu.
Now suppose that K is metrizable. In this case FE is a Gy set in K. I Let p be a metric on K inducing
its topology. Then

K\E= UnZl{ta: +(1-ty:z,ye K, te27",1-27"], p(z,y) > 27"}

(214F)

is K;, so its complement in K is a Gs set in K. Q So E is analytic (423Eb) and p is a Radon measure
(433Cb).

461N Lemma Let X be a Hausdorff locally convex linear topological space, K a compact convex subset
of X, and P the set of Radon probability measures on K. Let E be the set of extreme points of K and
suppose that € P and p*E = 1. Then p is maximal in P for the partial order < of 461K.

proof (a) For 1 € P write b(u) for the barycenter of y. Then b : P — K is continuous for the narrow

topology of P and the weak topology of X, as in 461J. For f € C(K) define f : K — R by setting
f(z) =sup{[ fdp:p e P,bp) =a} forz € K.

(i) Taking d, to be the Dirac measure on X concentrated at x, we see that
fa)= [ fdé, < flx)
for any =z € K.

(ii) For any x € K there is a u € P such that b(u) = z and [ fdu = f(z). P The set {u: p € P,
b(p) = x} is compact, so its continuous image { [ fdp - b(pn) = x} is compact and contains its supremum. Q
f is upper semi-continuous. I For any a € R, the set

{(w2):peP,zeK, bu) ==, [ fdu>a}
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8 Pointwise compact sets of measurable functions 461N

is compact, so its projection onto the second coordinate is closed; but this projection is just {z : f(z) > a}.

Q

~ (iii) f: K — R is concave. P Suppose that x, y € K and t € [0,1]. Take p, v € P such that b(u) = z,
f(z) = [ fdu, b(v) =y and f(y) = [ fdv. Set A =tu+ (1 —¢)v. Then

[egdh=t[ gdu+1—1t) [, gdv=tg(x)+ (1 —t)g(y) = gltz + (1 —t)y)
for any g € X*, so b(\) =tx + (1 — t)y and
fltw + (1 =t)y) 2 [ fdr=t[ fap+ (1 =1t) [ fdv=tf(z) + (1 - 1)f(y).
As z, y and t are arbitrary, f is concave. Q

(iv) If v € K and f(z) > f(x) then x ¢ E. P There is a € P such that b(u) = z and [ fdu > f(z).
We cannot have p{z} =1 because [ fdu # f(x), so there is a point y of the support of p such that y # z.
LetgeX*besuChthatg() g(z) and set G = {z: z € K, g(z) > ()}t—uG Then t > 0; also
Jogdp > tg(x) =t [gdu, sot # 1. Define v1, vy € P by setting iH = 1u(G N H) whenever H C K
and g measures G NH, voH = - u(H \ G) whenever H C K and p measures H \ G. Let x1, x5 be the
barycenters of 11, vs respectively. For any h € X*|

K

K
:/hdqu/ hdp = h(x).
G K\G

So & = txy + (1 — t)x2. But both z1 and x5 belong to K and g(x1) > g(z), so 21 # x, while 0 <t < 1, so z
is not an extreme point of K. Q

(b) Now take y € P such that p*E =1, and v € P such that u < v. For any convex f € C(K), f — f
is the sum of lower semi-continuous convex functions so is lower semi-continuous, and {z : f(z) = f(z)} =
{z: f(z) — f(x) > 0} is a Gs set. By (a-iv), it includes E, so [ fdu = [ fdu. In addition, [ fdu < [ fdv
and [ fdv < [ fdu, by 461Kb applied to —f. But since f < f, we have

[ fav< [ fav < [ fdu= [ fdp;

as f is arbitrary, v < u; as v is arbitrary, p is maximal.

4610 Lemma Suppose that X is a Riesz space with a Hausdorff locally convex linear space topology,
and K C X a compact convex set such that every non-zero member of the positive cone X is uniquely
expressible as ax for some x € K and a > 0. Let P be the set of Radon probability measures on K and <
the partial order described in 461K. If u, v € P have the same barycenter then they have a common upper
bound in P.

proof (a) If X = {0} then K is either {0} or empty and the result is immediate, so henceforth suppose that
X is non-trivial. Because each non-zero member of X T is uniquely expressible as a multiple of a member of
K, no distinct members of K \ {0} can be multiples of each other; as K is convex, 0 ¢ K. If zp,... , 2, € K,

Y0, 57 > 0 and z = >, _,Yk2k belongs to K, then Y ) _ve = 1. P Setting v = >, _,7k, ¥ # 0 and
%z = ZZ:O %zk belongs to K; accordingly %z =zand y=1.Q

(b) Take any x € K, and let P, be the set of elements of P with barycenter . Write @, for the set of
members of P, with finite support. Then @, is dense in P,. P Suppose that u € P, fo,..., fn € C(K)
and € > 0. Then there is a finite cover of K by relatively open convex sets on each of which every f; has
oscillation at most ¢; so we have a partition H of K into finitely many non-empty Borel sets H such that
every f; has oscillation at most € on the convex hull T'(H). If H € H and uH > 0, let xg be the barycenter

of the measure puy € P where pgF = i,u(F N H) whenever F C K and p measures F' N H. For other

H € H, take any point 2z of H. In all cases, zg € T'(H) )so |fi(y) — fi(zm)| < e whenever i <n and y € H.

MEASURE THEORY



461P Barycenters and Choquet’s theorem 9

Consider v = ) ;g uH - 04y, where 0., € P is the Dirac measure on K concentrated at vg. If g € X*
then

S 9dv = pewnH - gan) =S pey [ 9du= [ gdp=g(x);
as g is arbitrary, v € P, and v € @,. Next, for i < n,

| [ = [ sul < 3 et = [ g

HeH
Z / |filzn) = fi(y)|u(dy) < Z enH = e.
HeH fen

As fo,..., fn and € are arbitrary, @, is dense in P,. Q

(c) Suppose that x € K and p, v € Q.. Then they have a common upper bound in P. P Express p, v as
Z —0Qi0g,, S =0 B;d,, respectively, where all the o; and ; are strictly positive, all the x; and y; belong
to K, and Y./ oy = Z]:Oﬂﬂ =1. If g € X* then

2) = [ 9dp =" ciglxi) = S50 Bi9(;),
sox =y " gz =Y 5 By;. By the decomposition theorem 352Fd there is a family (wi;)i<m, j<n in X+
such that a;z; = Z?:o w;; for every i < m and SBjy; = Y., wi; for every j < n. Each w;; is expressible as
vij%i; where z;; € K and v;; > 0. Now

n Yij
> = 0, Zij = Ti e K;

by (a), Z?:o vij = «, for every i < m. Similarly, Y 1" v;; = 8 for j < n. Of course this means that

im0 2o Vij = 1.

Set A = 3100 > 00 %ijdx, € P. If f: K — R is continuous and convex,

[ =" st =3 asf(3° By
1=0 =0 7=0 v
SZO(LZZ:JJC(ZZJ): Z’Yijf(zz]) /fd)‘
i=0  j=0 i=0 j=0

So o < A. Similarly, ¥ < A and we have the required upper bound for {u,v}. Q
(d) Now consider
{(s v, N) iy v, NEP, p g A\, v A}
This is a closed set in the compact set P x P x P (461Kd), so its projection
R ={(p,v) : u, v have a common upper bound in P}

is a closed set in P x P.
If z € K then (c) tells us that R includes Q, X @, so (b) tells us that R includes P, x P,. Thus any
two members of P, have a common upper bound in P, as required.

461P Theorem Suppose that X is a Riesz space with a Hausdorff locally convex linear space topology,
and K C X a metrizable compact convex set such that every non-zero member of the positive cone X+ is
uniquely expressible as ax for some x € K and o > 0. Let F be the set of extreme points of K, and x any
point of K. Then there is a unique Radon probability measure @ on E such that x is the barycenter of .

proof By 461M, there is a Radon probability measure p on E such that x is the barycenter of u. Suppose
that p; is another measure with the same properties. Let v, v1 be the Radon probability measures on K
extending u, @1 respectively. Then v and v; both have barycenter x and make F conegligible. By 461N,
they are both maximal in P. By 4610, they must have a common upper bound in P, so they are equal.
But this means that p = u;.

D.H.FREMLIN



10 Pointwise compact sets of measurable functions 461Q

461Q It is a nearly universal rule that when we encounter a compact convex set we should try to identify
its extreme points. I look now at some sets which arose naturally in §437.

Proposition (a) Let 2 be a Dedekind o-complete Boolean algebra and 7 : 2l — 2 a sequentially order-
continuous Boolean homomorphism. Let M, be the L-space of countably additive real-valued functionals
on 2, and @ the set

{viveMs,,v>0,vl=1vr=v}.

If v € Q, then the following are equiveridical: (i) v is an extreme point of Q; (ii) va € {0,1} whenever
mwa = a; (iil) va € {0,1} whenever a € 2 is such that v(a A wa) = 0.

(b) Let X be a set, ¥ a o-algebra of subsets of X, and ¢ : X — X a (3, X)-measurable function. Let
M, be the L-space of countably additive real-valued functionals on 3, and @ C M, the set of probability
measures with domain ¥ for which ¢ is inverse-measure-preserving. If y € @, then p is an extreme point of
Q iff ¢ is ergodic with respect to p (definition: 3720b?).

proof (a) I ought to remark at once that because 2 is Dedekind o-complete, every countably additive
functional on 2 is bounded (326M?), so that M, is the L-space of bounded countably additive functionals
on 2, as studied in 362A-362B.

(i)=-(ii) Suppose that v is an extreme point of @ and that a € 2 is such that 7a = a. Set « =va. ?
If 0 < a < 1, define v : 2 — R by setting

1
b= Ey(b na)
for b € 2. Then v; is a non-negative countably additive functional, and 111 = 1. Moreover, for any b € 2,

1 _1 _1 _1 _
vyh = au(wbma) = au(wbmwa) = awr(lma) = CMz/(bma) =11b,

so vim =1y and v; € Q. Since via = 1, v; # v. Similarly, vy € @, where Vb = ﬁu(b\a) for b € A. Now

v =av; + (1 —a)vy is a proper convex combination of members of @ and is not extreme. X So va € {0, 1};
as a is arbitrary, (ii) is true.

(ii)=-(iii) Suppose that (ii) is true, and that a € 2 is such that v(a & ma) = 0. Then
v(r"a A la) = va(a A ma) = v(iaAwa) =0
for every n € N, so v(a A ™a) = 0 for every n € N. Set
by, = sup,,>, m"a forn €N, b =inf,enby.
Because 7 is sequentially order-continuous and v is countably additive,
viaAb,) =0 foreveryn €N, wv(aab)=0.
Now

ta = bn+1 - bn

by, = SUP,, >, T
for every n € N, so

wb = inf, ey b, = inf ey b1 = 0.
Consequently va = vb € {0,1}. As a is arbitrary, (iii) is true.

iii)=(i) Suppose that (iii) is true, and that v = (4 + v5) where vq, v € Q. For a > 0, set
2
0o = v1 — av € M,. Then we have a corresponding element a, = [0, > 0] in 2 such that

Onc > 0 whenever 0 # ¢ C an, 0qc <0 whenever cna, =0

(3265%). Observe that if b € 2, then

2Formerly 372Pb.
3Formerly 3261.
4Formerly 3260.
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461Xb Barycenters and Choquet’s theorem 11
0ob = 0qaq — Ga(aa \ b) + Qoz(b\aa) < Onaq,

0omhb = v17b — avmb = v1b — avb = 6,b.
Now v(an \ mas) = 0. PP? Otherwise, setting ¢ = a,, \ ma,, we must have 6,¢ > 0, so
Oo(cumay) > 0aman = 0h0,. XQ
Consequently
V(g A Tay) = VTaq — Vag + 2V(a \ Tag) =0
and va, € {0,1}.
If « < B then 03 < 6, and ag C aq. As 8y = 11, i(1\ag) =0, riap = 1 and vay > %; accordingly
vag = 1. As 05 <0, as =0 and vas, = 0. So
B =sup{a : va, =1} = sup{a : va, > 0}
is defined in [0, 2].
Now vy = fv. P Let ce . ? If vi¢c > Bre, take a > B such that vy¢ > ave. Then va, = 0, but
0<b,c<0ypa0 <1ia, <2va,. X
? If v1c < PBre, take a € [0, B[ such that v1¢ < ave. Then vay, =1 so v(1\ ay) =0, but
0> 0hc>04(c\ay) > —av(c\ay) > —av(1\ a,). X

Thus vy¢c = Bre; as ¢ is arbitrary, v = fv. Q
Accordingly 14 is a multiple of v and must be equal to v. Similarly, v = v. As v; and vs were arbitrary,
v is an extreme point of Q.

(b) In (a), set A = ¥ and 7E = ¢~ 1[E] for E € X; then ‘¢ is ergodic with respect to u’ corresponds to
condition (ii) of (a), so we have the result.

461R Corollary Let X be a compact Hausdorff space and ¢ : X — X a continuous function. Let @ be
the non-empty compact convex set of Radon probability measures g on X such that ¢ is inverse-measure-
preserving for u, with its narrow topology and the convex structure defined by 234G and 234Xf. (See 437T.)
Then the extreme points of @) are those for which ¢ is ergodic.

proof (a) If ug € Q is not extreme, let B = B(X) be the Borel o-algebra of X, so that ¢ is (B, B)-measurable,
and write Q' for the set of ¢-invariant Borel probability measures on X. Then 461Q tells us that the extreme
points of Q' are just the measures for which ¢ is ergodic. If 4 € Q, then u[B € Q’, and of course the function
w— plB is injective (416Eb) and preserves convex combinations. So ] B is not extreme in Q. By 461Q),
¢ is not pg[B-ergodic, and therefore not pp-ergodic.

(b) If g € Q and ¢ is not pg-ergodic, let E € dom g be such that 0 < poE < 1 and ¢~[E] = E. Set
a = poF and 8 =1 — «, and let p, po be the indefinite-integral measures over po defined by éxE and

%X(X \ E). Then p; is a Radon probability measure on X (416Sa), so the image measure u;¢~! also is a

Radon measure (418I). The argument of part (b) of the proof of 461Q tells us that ;¢! agrees with p;
on Borel sets, so u1 = pu1¢~! (416Eb) and py € Q. Similarly, po € Q, and py = apy + Bpua, S0 po is not
extreme in Q.

461X Basic exercises >(a) Let X be a Hausdorff locally convex linear topological space, C C X
a convex set, and g : C — R a function. Show that the following are equiveridical: (i) g is convex
and lower semi-continuous; (ii) there are a non-empty set D C X* and a family (8f)fcp in R such that
g(x) = sup;cp f(z) + B for every x € C. (Compare 233Hb.)

>(b) Let X be a Hausdorff locally convex linear topological space, K C X a compact convex set, and x
an extreme point of K. Let u be a probability measure on X such that p*K = 1 and «x is the barycenter of
w. (i) Show that {y:y € K, f(y) # f(x)} is p-negligible for every f € X*. (Hint: 461E.) (ii) Show that if
w is a Radon measure then pu{z} = 1.

D.H.FREMLIN



12 Pointwise compact sets of measurable functions 461Xc

(c) For each n € N, define e, € ¢y by saying that e,(n) = 1, e,(¢) = 0 if ¢ # n. Let u be the point-
supported Radon probability measure on ¢y defined by saying that pFE = ZZOZO 27"y E(2"e,) for every
E C ¢p. (i) Show that every member of ¢ is p-integrable. (Hint: ¢}y can be identified with ¢'.) (ii) Show
that p has no barycenter in ¢y.

(d) Let I be an uncountable set, and X = {x : z € £>°(I), {i : (i) # 0} is countable}. (i) Show that
X is a closed linear subspace of £>°(I). (ii) Show that there is a probability measure 1 on X such that («)
p{z : ||lz|| < 1} is defined and equal to 1 (8) p{z : x(i) = 1} = 1 for every ¢ € I. (iii) Show that [ fdu
is defined for every f € X*. (Hint: for any f € X~ there is a countable set J C X such that f(z) =0
whenever z[J = 0, so that f =, f(xJ).) (iv) Show that  has no barycenter in X.

>(e) Let X be a complete Hausdorff locally convex linear topological space, and K C X a compact set.

Show that every extreme point of I'(K) belongs to K. (Hint: show that it cannot be the barycenter of any
measure on K which is not supported by a single point.)

>(f) Let X be a Hausdorff locally convex linear topological space, and K C X a metrizable compact set.

Show that I'(K) is metrizable. (Hint: we may suppose that X is complete, so that I'(K) is compact. Show

that T'(K) is a continuous image of the space of Radon probability measures on K, and use 437Rf.)

(g) Let X be a Hausdorff locally convex linear topological space and K C X a compact set. Show that
the Baire o-algebra of K is just the subspace o-algebra induced by the cylindrical o-algebra of X.

>(h) Let X be a Hausdorff locally convex linear topological space, and K C X a compact convex set;
let E be the set of extreme points of K. Let (fn)nen be a sequence in X* such that sup,cg ,en | fn ()] is
finite and lim,, o frn(2) = 0 for every x € E. Show that lim,, o fn(z) = 0 for every x € K.

>(i) Let X be a Hausdorff locally convex linear topological space, and K C X a metrizable compact
convex set. Show that the algebra of Borel subsets of K is just the subspace algebra of the cylindrical
o-algebra of X.

(j) Let X be a Hausdorff locally convex linear topological space, and K C X a compact set. Let us say
that a point « of K is extreme if the only Radon probability measure on K with barycenter x is the Dirac
measure on K concentrated at x. (Cf. 461Xb.) (i) Show that if X is complete, then z € X is an extreme
point of K iff it is an extreme point of I'(K). (ii) Writing F for the set of extreme points of K, show that
any point of K is the barycenter of some probability measure on E. (iii) Show that if K is metrizable then
E is a G subset of K and any point of K is the barycenter of some Radon probability measure on F.

(k) Let G be an abelian group with identity e, and K the set of positive definite functions h : G — C
such that h(e) = 1. (i) Show that K is a compact convex subset of C. (ii) Show that the extreme points
of K are just the group homomorphisms from G to S!. (iii) Show that K generates the positive cone of a
Riesz space. (Hint: 445N.)

(1) Let X be a compact metrizable space and G a subgroup of the group of autohomeomorphisms of
X. Let M, be the space of signed Borel measures on X with its vague topology, and Q C M, the set of
G-invariant Borel probability measures on X. Show that every member of ) is uniquely expressible as the
barycenter of a Radon probability measure on the set of extreme points of Q.

(m) Let X be a set, ¥ a o-algebra of subsets of X, and P the set of probability measures with domain
Y, regarded as a convex subset of the linear space of countably additive functionals on X. Show that u € P
is an extreme point in P iff it takes only the values 0 and 1.

(n) Let A be a Boolean algebra and M the L-space of bounded finitely additive functionals on 2, and
7 : A — A a Boolean homomorphism. (i) Show that U = {v : v € M, vw = v} is a closed Riesz subspace
of M. (ii) Set @ = {v:v € U, v >0, vl = 1}. Show that if u, v are distinct extreme points of @ then
wAv=0. (iii) Set Q, = {v : v € @, v is countably additive}. Show that any extreme point of @), is an
extreme point of Q. (iv) Set @, = {v : v € Q, v is countably additive}. Show that any extreme point of @,
is an extreme point of Q.
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>(0) Set S' = {z: 2z € C, |2] = 1}, and let w € S! be such that w™ # 1 for any integer 1. Define
¢ : S — St by setting ¢(z) = wz for every z € S'. Show that the only Radon probability measure on S!
for which ¢ is inverse-measure-preserving is the Haar probability measure u of S'. (Hint: use 281N to show
that lim,,_ o %ﬂ Yoo f(wFz) = [ fdu for every f € C(S'); now put 461R and 372H® together.)

(p) Set ¢(z) = 2min(z,1 — z) for x € [0,1] (cf. 372Xp%). Show that there are many point-supported
Radon measures on [0, 1] for which ¢ is inverse-measure-preserving.

(q) Let X and Y be Hausdorff locally convex linear topological spaces, A C X a convex setand ¢ : A = Y
a continuous function such that ¢[A] is bounded and ¢(tz + (1 — t)y) = tod(z) + (1 —t)p(y) for all z, y € A
and t € [0,1]. Let pu be a topological probability measure on A with a barycenter * € A. Show that ¢(x*)
is the barycenter of the image measure u¢—! on Y. (Hint: show first that if (E;);c; is a finite partition of
A into non-empty convex sets measured by p, o; = pFE; for each i € [ and C = {Ziel a;x; - x; € By for

every i € I}, then z* € C.)

461Y Further exercises (a) Let X be a Hausdorff locally convex linear topological space. (i) Show
that if My,..., M, are non-empty compact convex subsets of X with empty intersection, then there is a
continuous convex function g : X — R such that g(3°;" jasz;) < D1 ug(x;) whenever z; € M; and
a; > 0 for every ¢ < n. (ii) Show that if K C X is compact and z* € I'(K) then there is a Radon probability
measure g on K, with barycenter a*, such that u(agMy + ... + a,M,,) = 0 whenever My,... , M, are

compact convex subsets of K with empty intersection, a; > 0 for every i <n, and >, a; = 1.

(b) In R1%2[ let K be the set of those functions u such that (o) 0 < u(s) < u(t) < 1 whenever 0 < s <t < 1
(B) lu(t+1)] < u(s’)—u(s) whenever 0 < s <t < s <1. (i) Show that K is a compact convex set. (ii) Show
that the set E of extreme points of K is just the set of functions of the types 0, x[0,1], x[s, 1] & x{1 + s}
and x1s,1] £ x{1 + s} for 0 < s < 1. (iii) Set w(s) = s for s € [0,1], 0 for s € ]1,2[. Show that if x is any
Radon probability measure on K with barycenter w then pE = 0.

(c) Write v, for the usual measure on Z = {0,1}*!. Fix any 2y € Z, and let U be the linear space
{u:ue C(Z), u(z) = [udv,, }. Let X be the Riesz space of signed tight Borel measures p on Z such
that pu{z} = 0, with the topology generated by the functionals p — [wdu as u runs over U. Let K C X
be the set of tight Borel probability measures u on Z such that u{zo} = 0. (i) Show that K is compact and
convex and that every member of X\ {0} is uniquely expressible as a positive multiple of a member of K.
(ii) Show that the set E of extreme points of K can be identified, as topological space, with Z \ {zp}, so is
a Borel subset of K but not a Baire subset. (iii) Show that the restriction of v, to the Borel o-algebra of
Z is the barycenter of more than one Baire measure on E.

(d) Let X be a set, ¥ a o-algebra of subsets of X, and ® a set of (X, ¥)-measurable functions from X
to itself. Let M, be the L-space of countably additive real-valued functionals on X, and @Q C M, the set of
probability measures with domain ¥ for which every member of ® is inverse-measure-preserving. (i) Show
that if u € @, then p is an extreme point of Q iff uE € {0,1} whenever E € ¥ and u(EA¢~'[E]) = 0 for
every ¢ € ®. (ii) Show that if € @ and ® is countable and commutative, then y is an extreme point of @
iff uFE € {0,1} whenever E € ¥ and E = ¢~ 1[E] for every ¢ € ®.

(e) Let X be a non-empty Hausdorff space, and define ¢ : X~ — XN by setting ¢(z)(n) = z(n + 1) for
x € XN and n € N. Let @ be the set of Radon probability measures on XY for which ¢ is inverse-measure-
preserving. Show that a Radon probability measure A on X" is an extreme point of @ iff it is a Radon
product measure u" for some Radon probability measure p on X.

(f) Let G be a topological group. Show that the following are equiveridical: (i) G is amenable; (ii)
whenever X is a Hausdorff locally convex linear topological space, and « is a continuous action of G on X
such that z +— aex is a linear operator for every a € G, and K C X is a non-empty compact convex set such

5Formerly 372I.
SFormerly 372Xm.
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14 Pointwise compact sets of measurable functions 461Yf

that asz € K whenever a € G and z € K, then there is an z € K such that aex = x for every a € G; (iii)
whenever X is a Hausdorff locally convex linear topological space, K C X is a non-empty compact convex
set, and « is a continuous action of G on K such that ae(tx + (1 — t)y) = t asx + (1 — t)asy whenever a € G,
x,y € K and t € [0, 1], then there is an & € K such that aex = x for every a € G. Use this to simplify parts
of the proof of 449C. (Hint: 493B.)

(g) Let G be an amenable topological group, and « an action of G on a reflexive Banach space U,
continuous for the given topology on G and the weak topology of U, such that u — asu is a linear operator
of norm at most 1 for every a € G. Set V.= {v : v € U, asv = v for every a € G}. Show that
{u+v—aw:uecU,veV, aec G}isdensein U.

461 Notes and comments The results above are a little unusual in that we have studied locally convex
spaces for several pages without encountering two topologies on the same space more than once (461J). In
fact some of the most interesting properties of measures on locally convex spaces concern their relationships
with strong and weak topologies, but I defer these ideas to later parts of the chapter. For the moment, we
just have the basic results affirming (i) that barycenters exist (461E, 461F, 461H) (ii) that points can be
represented as barycenters (4611, 461M). The last two can be thought of as refinements of the Krein-Milman
theorem. Any compact convex set K (in a locally compact Hausdorff space) is the closed convex hull of the
set F of its extreme points. By 461M, given z € K, we can actually find a measure on E with barycenter
z; and if K is metrizable we can do this with a Radon measure. Of course the second part of 461M is
a straightforward consequence of the first. But I do not know of any proof of 461M which does not pass
through 461K-461L.

Krein’s theorem (461J) is a fundamental result in the theory of linear topological spaces. The proof
here, using the Riesz representation theorem and vague topologies, is a version of the standard one (e.g.,
BOURBAKI 87, I1.4.1), written out to be a little heavier in the measure theory and a little lighter in the
topological linear space theory than is usual. There are of course proofs which do not use measure theory.

In §437 I have already looked at an archetypal special case of 4611 and 461M. If X is a compact Hausdorff
space and P the compact convex set of Radon probability measures on X with the narrow (or vague)
topology, then the set of extreme points of P can be identified with the set A of Dirac measures on X
(437S, 437Xt). If we think of P as a subset of C(X)* with the weak* topology, so that the dual of the
linear topological space C(X)* can be identified with C(X), then any u € P is the barycenter of a Baire
probability measure v on A. In fact (because A here is compact) p is the barycenter of a Radon measure
on A, and this is just the image measure pd—?.

I have put the phrase ‘Choquet’s theorem’ into the title of this section. Actually it should perhaps be
‘first steps in Choquet theory’, because while the theory as a whole was dominated for many years by the
work of G.Choquet the exact attribution of the results presented here is more complicated. See PHELPS 66
for a much fuller account. But certainly both the existence and uniqueness theorems 461M and 461P draw
heavily on Choquet’s ideas.

Theorem 461P, demanding an excursion through 461N-4610, seems fairly hard work for a relatively
specialized result. But it provides a unified explanation for a good many apparently disparate phenomena.
Of course the simplest example is when X = C(Z)* for some compact metrizable space Z and K is the set
of positive linear functionals of norm 1, so that E can be identified with Z and we find ourselves back with
the Riesz representation theorem. A less familiar case already examined is in 461Xk. At the next level we
have such examples as 461XI.

Another class of examples arising in §437 is explored in 461Q-461R, 461Xm-461Xn and 461Yd-461Ye. It
is when we have an explicit listing of the extreme points, as in 461Yb and 461Ye, that we can begin to feel
that we understand a compact convex set.

Version of 30.6.07
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In preparation for the main work of this chapter, beginning in the next section, I offer a few pages on
spaces of continuous functions under their ‘pointwise’ topologies (462Ab). There is an extensive general
theory of such spaces, described in ARKHANGEL’SKII 92; here I present only those fragments which seem
directly relevant to the theory of measures on normed spaces and spaces of functions. In particular, I star
the paragraphs 462C-462D, which are topology and functional analysis rather than measure theory. They
are here because although this material is well known, and may be found in many places, I think that the
ideas, as well as the results, are essential for any understanding of measures on linear topological spaces.

Measure theory enters the section in the proof of 462E, in the form of an application of the Riesz
representation theorem, though 462E itself remains visibly part of functional analysis. In the rest of the
section, however, we come to results which are pure measure theory. For (countably) compact spaces X, the
Radon measures on C'(X) are the same for the pointwise and norm topologies (462I). This fact has extensive
implications for the theory of separately continuous functions (462K) and for the theory of convex hulls in
linear topological spaces (462L).

462A Definitions (a) A regular Hausdorff space X is angelic if whenever A is a subset of X which is
relatively countably compact in X, then (i) its closure A is compact (ii) every point of A is the limit of a
sequence in A.

(A Fréchet-Urysohn space is a topological space in which, for any set A, every point of the closure
of A is a limit of a sequence in A. So (ii) here may be written as ‘every compact subspace of X is a
Fréchet-Urysohn space’.)

(b) If X is any set and A a subset of RX, then the topology of pointwise convergence on A is that
inherited from the usual product topology of RX; that is, the coarsest topology on A for which the map
f f(z) : A— R is continuous for every « € X. I shall commonly use the symbol ¥, for such a topology.
In this context, I will say that a sequence or filter is pointwise convergent if it is convergent for the
topology of pointwise convergence. Note that if A is a linear subspace of RX then T, is a linear space
topology on A (4A4Ba).

*462B Proposition (PRYCE 71) Let (X, T) be an angelic regular Hausdorff space.
(a) Any subspace of X is angelic.

(b) If & is a regular topology on X finer than ¥, then & is angelic.

(¢) Any countably compact subset of X is compact and sequentially compact.

proof (a) Let Y be any subset of X. Then of course the subspace topology on Y is regular and Hausdorff.
If A C Y is relatively countably compact in Y, then A is relatively countably compact in X, so A, the
closure of A in X, is compact. Now if 2 € A, there is a sequence (z,,)nen in A converging to x; but (z,)nen
must have a cluster point in Y, and (because ¥ is Hausdorff) this cluster point can only be z. Accordingly
A C Y and is the closure of A in Y. Thus A is relatively compact in Y. Moreover, any point of A is the
limit of a sequence in A. As A is arbitrary, Y is angelic.

(b) By hypothesis, & is regular, and it is Hausdorff because it is finer than T. Now suppose that A C X
is G-relatively countably compact. Because the identity map from (X,&) to (X,¥) is continuous, A is
T-relatively countably compact (4A2G(f-iv)), and the T-closure A of A is T-compact.

Let F be any ultrafilter on X containing A. Then F has a T-limit x € X. ? If F is not G-convergent to
x, there is an H € & such that € H and X \ H € F, so that A\ H € F. Now z belongs to the T-closure of
A\ H, because A\ H € F and F is T-convergent to x; because ¥ is angelic, there is a sequence (x,)nen in
A\ H which T-converges to z. But now (z,),en has a G-cluster point ’. 2’ must also be a T-cluster point
of (z,)nen, so &' = x; but every z,, belongs to the &-closed set X \ H, so 2’ ¢ H, which is impossible. X

Thus every ultrafilter on X containing A is &-convergent. Because & is regular, the G-closure A of A is
G-compact (3A3De).

Again because & is finer than ¥, and ¥ is Hausdorff, the two topologies must agree on A ="A. But now
every point of A is the T-limit of a sequence in A, so every point of A is the &-limit of a sequence in A. As
A is arbitrary, & is angelic.

(c) If K C X is countably compact, then of course it is relatively countably compact in its subspace
topology, so (being angelic) must be compact in its subspace topology. If (x,)nen is a sequence in K, let
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x be any cluster point of (x,)nen. If {n : x, = z} is infinite, then this immediately provides us with a
subsequence converging to z. Otherwise, take n such that x # z; for ¢ > n. Since x € {z; : ¢ > n}, and
{z; : i > n} is relatively countably compact, there is a sequence (y;)ien in {x; : ¢ > n} converging to z.
The topology of X being Hausdorff, {y; : ¢ € N} must be infinite, and (y;);en, (zi)ieny have a common
subsequence which converges to x. As (x;);cn is arbitrary, K is sequentially compact.

*462C Theorem (PRYCE 71) Let X be a topological space such that there is a sequence (X, )nen of
relatively countably compact subsets of X, covering X, with the property that a function f : X — R is
continuous whenever f|X,, is continuous for every n € N. Then the space C'(X) of continuous real-valued
functions on X is angelic in its topology of pointwise convergence.

proof Of course C(X) is regular and Hausdorff under T, because R¥ is, so we need attend only to the
rest of the definition in 462Aa. Let A C C(X) be relatively countably compact for .

(a) Since {f(z) : f € A}, being a continuous image of A, must be relatively countably compact in R
(4A2G(f-iv)), therefore relatively compact (4A2Le), for every x € X, the closure A of A in R¥ is compact,
by Tychonoff’s theorem.

? Suppose, if possible, that A Z C(X); let g € A be a discontinuous function. By the hypothesis of the
theorem, there is an n € N such that g| X, is not continuous; take z* € X, such that g X,, is discontinuous
at z*. Let € > 0 be such that for every neighbourhood U of z* in X,, there is a point x € U such that
l9(z) —g(a™)| Z €.

Choose sequences (f;)iey in A and (x;);cn in X, as follows. Given (f;);<m and (z;)i<m, choose z,, € X,
such that |f; () — fi(z*)] < 27™ for every i < m and |g(z*) — g(zm)| > €. Now choose f,, € A such that
| frm(x*) — g(z®)| < 27™ and |fm(z;) — g(x;)| < 27™ for every ¢ < m. Continue.

At the end of the induction, take a cluster point x of {(x;);en in X and a cluster point f of (f;);en in
C(X). Because |fi(xm) — fi(z*)] < 27™ whenever i < m, fi(z) = fi(z*) for every i, and f(x) = f(z*).
Because |f,(z*) — g(z*)| < 27™ for every m, f(z*) = g(a*). Because |fn(z;) — g(z;)] < 2™ whenever
i <m, f(x;) = g(a;) for every i, |g(a*) — f(x;)| > € for every i, and |g(a*) — f(x)| > €; but this is impossible,
because f(z) = f(z*) = g(z*). X

Thus the compact set A C C(X) is the closure of A in C(X), and A is relatively compact in C(X).

(b) Now take any g € A. There are countable sets D C X, B C A such that
whenever I C B U {g} is finite, n € N, ¢ > 0 and = € X,,, there is a y € D N X,, such that
|f(y) — f(z)| < € for every f €I
whenever J C D is finite and € > 0 there is an f € B such that |f(z) — g(x)| < € for every
xzelJ.
P For any finite set I C R¥ and n € N, the set Qr, = {{f(2))ses : * € X,,} is a subset of the separable
metrizable space RY, so is itself separable, and there is a countable dense set Dy, C X, such that Qf, =
{{f(z))fer : ® € Dyp} is dense in Qy,,. Similarly, because g € A, we can choose for any finite set J C X a
sequence {fr;)ien in A such that lim,;_, o f;(z) = g(x) for every x € J.
Now construct (D, )men, (Bm)men inductively by setting

Dy = U{Drn:n €N, I C{g}UU,_,, B is finite},

By ={fs k€N, JCU,_,, D; is finite}.

At the end of the induction, set D = J,,cy Dm and B = |J,,,cyy Bm- Since the construction clearly ensures
that (D, )men and (Bp,)men are non-decreasing sequences of countable sets, D and B are countable, and
we shall have Dy, C D whenever n € N and I C BU{g} is finite, while f;; € B whenever i € N and J C D
is finite. Thus we have suitable sets D and B. Q

By the second condition on D and B, there must be a sequence (f;);en in B such that g(x) = lim; o, fi(x)
for every « € D. In fact g(y) = lim;_, fi(y) for every y € X. P? Otherwise, there is an € > 0 such that
J=A{i:|g(y) — fi(y)| > €} is infinite. Let n be such that y € X,,. Foreach m e N, I, = {f; : i <m} isa
finite subset of B, so there is an z,,, € Dy, , such that |f(x,,) — f(y)] < 27™ for every f € I, U{g}. Let
x* € X be a cluster point of (Z,)men, and h € C(X) a cluster point of (f;)ics. Then
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because g(x) = lim;_,o fi(z) for every z € D, g(xy,) = h(x.,) for every m € N, and g(z*) =
h(z");
because |g(y) — fi(y)| > € for every i € J, [g(y) — h(y)| > €
because | f; () — fi(y)] < 27™ whenever i < m, f;(z*) = fi(y) for every i € N, and h(z*) =
h(y);
because |g(zm) — g(y)| < 27™ for every m, g(z*) = g(y);
but this means that g(y) = g(x*) = h(z*) = h(y) # g(y), which is absurd. XQ
So g = lim;_,o f; for T,. As g is arbitrary, A has both properties required in 462Aa; as A is arbitrary,
C(X) is angelic.

Remark For a slight strengthening of this result, see 462Ya.

*462D Theorem Let U be any normed space. Then it is angelic in its weak topology.

proof Write X for the unit ball of the dual space U*, with its weak* topology. Then X is compact (3A5F).
We have a natural map u — @ : U — R defined by setting i(z) = z(u) for x € X and u € U. By the
definition of the weak* topology, & € C'(X) for every u € U. The weak topology of U is normally defined
in terms of all functionals u — f(u), for f € U*; but as every member of U* is a scalar multiple of some
x € X, we can equally regard the weak topology of U as defined just by the functionals u — z(u) = 4(x),
for x € X. But this means that the map u — @ is a homeomorphism between U, with its weak topology,
and its image U in C(X), with the topology of pointwise convergence.
Since C(X) is T,-angelic (462C), so is U (462Ba), and U is angelic in its weak topology.

462E Theorem Let X be a locally compact Hausdorff space, and Cy(X) the Banach lattice of continuous
real-valued functions on X which vanish at infinity (436I). Write T, for the topology of pointwise convergence
on Cp(X).

(1) Co(X) is Tp-angelic.

(ii) A sequence (up)nen in Co(X) is weakly convergent to u € Co(X) iff it is Tp-convergent to u and
norm-bounded.

(iii) A subset K of Cy(X) is weakly compact iff it is norm-bounded and ¥,-countably compact.

proof (a) Let X* = X U {z} be the one-point compactification of X (3A30). Then C(X™*) is angelic
in its topology T3 of pointwise convergence, by 462C. Set V = {g : g € C(X"), g(z) = 0}. By 462Ba,
V' is angelic in the subspace topology induced by T7. Now observe that we have a natural bijection g —

gl X : V = Cy(X), and that this is a homeomorphism for the topologies of pointwise convergence on V' and
Co(X). So Cyp(X) is angelic under %,.

(b) Since all the maps u — u(x), where x € X, are bounded linear functionals on Cy(X), ¥, is coarser
than the weak topology T; so a T-convergent sequence is ¥ ),-convergent to the same limit, and a T;-compact
set is T,-compact, therefore T,-countably compact.

(c) If K C Cy(X) is Ts-compact, then f[K] C R must be compact, therefore bounded, for every f €
Co(X)*; by the Uniform Boundedness Theorem (3A5HDb), K is norm-bounded. Applying this to {u}U{u, :
n € N}, we see that any Ts-convergent sequence (i, )neny With limit « is norm-bounded.

(d) Suppose that (up)nen is norm-bounded and ¥ ,-convergent to u. By Lebesgue’s Dominated Conver-
gence Theorem, lim,, o [ undp = [udp for every totally finite Radon measure p on X. But by the Riesz
Representation Theorem (in the form 436K), this says just that lim, o f(u,) = f(u) for every positive
linear functional f on Cy(X). Since every member of Cy(X)* is expressible as the difference of two positive
linear functionals (356Dc), lim, oo f(un) = f(u) for every f € U*, that is, (uy)nen is Ts-convergent to u.

Putting this together with (b) and (c), we see that (ii) is true.

(e) Now suppose that K C Cy(X) is norm-bounded and T,-countably compact. Any sequence (un)nen
in K has a subsequence which is T,-convergent to a point of K (462Bc), and this subsequence is also Ts-
convergent, by (¢). This means that K is sequentially compact, therefore countably compact, in Cy(X) for
the topology ¥. Since T, is angelic (462D), K is Ts-compact, by 462Bc again.
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462F Lemma Let X be a topological space, and @ a relatively countably compact subset of X. Suppose
that K C Cy(X) is || ||so-bounded and Tp-countably compact, where ¥, is the topology of pointwise conver-
gence on Cp(X). Then the map u — u[Q : K — C,(Q) is continuous for ¥, on K and the weak topology
of the Banach space Cy(Q).

proof We have a natural map = — & : X — R¥ defined by writing &(u) = u(z) for every v € K and x € X.
By the definition of T, & € C(K) for every z € X, if we take C(K) to be the space of T)-continuous real-
valued functions on K; and x — & : X — C(K) is continuous for the given topology on X and the topology
of pointwise convergence on C(K) because K C C(X). It follows that {# : z € Q} is relatively countably
compact for the topology of pointwise convergence on C'(K) (4A2G(f-iv)). But now Z = {& : z € Q} must
be actually compact for the topology of pointwise convergence on C(K), by 462C.

Next, consider the natural map u +— 4 : K — RZ defined by setting a(f) = f(u) for f € Z and u € K.
Just as in the last paragraph, this is a continuous function from K to C(Z), if we give K, Z and C(Z) their
topologies of pointwise convergence. So L = {@ : u € K} is countably compact for the topology of pointwise
convergence on C(Z) (4A2G(f-vi)). Moreover, it is norm-bounded, because

sup [[¢llc = sup |a(f)|= sup [f(u)[= sup [&(u)
¢eL weK,feZ uweK,feZ ueK,zeQ

= sup Ju(z)| < sup Ju(z)| = sup [ull
uEK,xeQ ueK,zeX ueEK
is finite. So 462E(iii) tells us that L is weakly compact in C(Z). (Note that C(Z) = Cy(Z) because Z
is compact.) Since the weak topology on C(Z) is finer than the pointwise topology, while the pointwise
topology is Hausdorff, the two topologies on L coincide; it follows that u — @ : K — C(Z) is continuous for
%, and the weak topology on C(Z).
Now we have an operator T : C(Z) — R? defined by setting

(To)(x) = o(2)
for p € C(Z) and x € Q. Because x — 7 : Q — Z is continuous, T'¢ € C(Q) for every ¢ € C(Z), and of
course T, regarded as a linear operator from C(Z) to Cy(Q), has norm at most 1. So T is continuous for
the weak topologies of C'(Z) and C(Q) (2A5If), and w — T4 : K — Cp(Q) is continuous for ¥, and the
weak topology of Cy(Q).
But ifu e K and z € Q,

(Ta)(x) = w(@) = &(u) = u(z),
so T4 = u[Q. Accordingly u — u[Q : K — C4(Q) is continuous for ¥, and the weak topology on Cy(Q).

462G Proposition Let X be a countably compact topological space. Then a subset of Cy(X) is weakly
compact iff it is norm-bounded and compact for the topology T, of pointwise convergence.

proof A weakly compact subset of Cp,(X) is norm-bounded and ¥,-compact by the same arguments as in
(b)-(c) of the proof of 462E. In the other direction, taking @ = X in 462F, we see that a norm-bounded
T ,-compact set is weakly compact.

462H Lemma Let X be a topological space, () a relatively countably compact subset of X, and p a
totally finite measure on Cy(X') which is Radon for the topology ¥, of pointwise convergence on Cy(X). Let
T : Cp(X) — Cp(Q) be the restriction map. Then the image measure v = uT~1 on Cy(Q) is Radon for the
norm topology of Cy(Q).

proof (a) T is almost continuous for ¥, and the weak topology of Cp(Q). P If E € dom p and puE > v > 0,
then there is a T)-compact set K C E such that pK > . Since all the balls {f : f € Cy(X), ||fllco < k} are
% ,-closed, we may suppose that K is norm-bounded. Now T'[ K is continuous for ¥, and the weak topology,
by 462F. Q By 4181, v is a Radon measure for the weak topology of Cy(Q).

(b) I show next that if F' € domv, vF' > 0 and € > 0, there is some g € Cy(Q) such that v(FNB(g,¢€)) > 0,
where B(g,€) = {h : ||h — g|loc < €}. PP Since all the balls B(g,¢) are convex and norm-closed, they are
weakly closed (3A5Ee) and measured by v. ? Suppose, if possible, that F'N B(g, €) is v-negligible for every
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Choose (Kp)nen and (fn)nen as follows. Ky = K. Given that K, C FE is non-negligible and ¥,-compact,

g € Cy(Q). Set E=T"'F]. Asin (a), there is a || ||so-bounded T,-compact set K C E such that uK > 0.
and that (

i)i<n 18 a finite sequence in Cy(X), then the convex hull
r, = {Z?:_ol o;Tf; : a; > 0 for every i < n, Z?:_Ol a; =1}

of the finite set {T'f; : i < n} is norm-compact in Cy(@), so there is a finite set D,, C T',, such that for every
g €T, there is a g’ € D,, such that ||g — ¢/||cc < 2e. Now

H,={f:||Tf— gl|lcc > ¢€for every g € D,,}
is a T,-open set and
E\Hy, =U,cp, T~YF N B(g,e€)]

is p-negligible, so u(K, N H,) > 0 and we can find a non-negligible T ,-closed set K, 11 C K,, N H,; choose
fn € Kpy1. Continue.

At the end of the induction, let f* € K be a cluster point of (f,,)nen for T,. Since TTK : K — Cp(Q) is
continuous for ¥, and the weak topology of Cy(Q), T'f* is a cluster point of (T'f,,)nen for the weak topology
on Cy(Q). The set I' = |J, oy I'n is convex, so its norm-closure T is also convex (2A5Eb), therefore closed
for the weak topology (3A5Ee), and contains T'f*. So there is a g € I such that |Tf* — g[loo < 3e. Now
there is some n such that g € I',,. Let ¢’ € D, be such that ||g — ¢'|| < 3¢, so that [|Tf* — ¢'[lc < e. But
fi € Kpy1 for every i > n, so f* € K11 C H, and ||Tf* — ¢'||cc > €, which is impossible. XQ

(c) What this means is that if we take K, to be the family of subsets of C},(Q)) which can be covered
by finitely many balls of radius at most 27", then v is inner regular with respect to K, (see 412Aa), and
therefore with respect to KC = (1, .y Kn (412Ac). But K is just the set of subsets of Cp(Q) which are totally
bounded for the norm-metric p on Cp(Q).

At the same time, v is inner regular with respect to the p-closed sets in Cy(Q). B If vF > ~, there is
a || ||co-bounded T,-compact set K C T~ 1[F] such that uK > ~; now T[K] is weakly compact, therefore
weakly closed and p-closed in Cp(Q), while T[K] C F is measured by v and

VIK] = pT7HTIK] > pK > 7. Q

(d) By 412Ac again, v must be inner regular with respect to the family of p-closed p-totally bounded sets;
because Cy(Q) is p-complete, these are the p-compact sets. Next, every p-compact set is weakly compact,
therefore weakly closed, and is measured by v, by (a); and v, being the image of a complete totally finite
measure, is complete and totally finite. Consequently every p-closed set is measured by v (use 412Ja) and
v is a p-Radon measure, as claimed.

4621 Theorem Let X be a countably compact topological space. Then the totally finite Radon measures
on C(X) are the same for the topology of pointwise convergence and the norm topology.

proof Write T, for the topology of pointwise convergence on C(X) and T, for the norm topology. Because
Tp € Too and T, is Hausdorfl, every totally finite To.-Radon measure is €,-Radon (418I). On the other
hand, 462H, with @) = X, tells us that every ¥,-Radon measure is To.-Radon.

462J Corollary Let X be a countably compact Hausdorff space, and give C'(X) its topology of pointwise
convergence. If p is any Radon measure on C'(X), it is inner regular with respect to the family of compact
metrizable subsets of C'(X).

proof In the language of 4621, p is inner regular with respect to the family of T -compact sets; but as
T, € T, the two topologies agree on all such sets, and they are compact and metrizable for T,,.

462K Proposition Let X be a topological space, Y a Hausdorff space, f : X x Y — R a bounded
separately continuous function, and v a totally finite Radon measure on Y. Set ¢(z) = [ f(x,y)v(dy) for
every x € X. Then ¢[Q is continuous for every relatively countably compact set @ C X.

proof Fory €Y, set uy(x) = f(z,y) for every x € X. Then every u, is continuous and bounded, because
f is bounded and continuous in the first variable, and y — u, : Y — Cp(X) is continuous, if we give Cj(X)
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the topology ¥, of pointwise convergence, because f is continuous in the second variable. We therefore have
a T,-Radon image measure 1 on Cy(X), by 418I.

Let T : Cp(X) — Cy(Q) be the restriction map. By 462H, the image measure A\ = pT~! is a Radon
measure for the norm topology of C,(Q). Now recall that f is bounded. If |f(z,y)| < M for all z € X,
y €Y, then [Juy||oc < M for every y € Y, and the ball B(0, M) in Cy(Q) is A-conegligible. By 461F, applied
to the subspace measure on B(0, M), v has a barycenter h in Cy(Q). Now we can compute h by the formulae

h(x) = /C ) J@)

(because g — g(z) belongs to Cp(X)*)

:/Cb(x)u(x)u(du):/Yuy(x)’/(dy)

:/ [z, y)v(dy) = (),
Y

(by 235G)

for every z € Q. So ¢ = h is continuous.

462L Corollary Let X be a topological space such that
whenever h € R¥ is such that h[Q is continuous for every relatively countably compact Q C X,
then h is continuous.
Write ), for the topology of pointwise convergence on C(X). Let K C C(X) be a Tp-compact set such that
{h(z) : h € K, z € Q} is bounded for any relatively countably compact set @ C X. Then the T,-closed
convex hull of K, taken in C(X), is ¥,-compact.

proof If K is empty, this is trivial; suppose that K # (). Since sup,cx |h(x)| is finite for every = € X, the
closed convex hull T(K) of K, taken in R¥ | is closed and included in a product of closed bounded intervals,
therefore compact. If h € F( ), then there is a Radon probability measure p on K such that h is the
barycenter of p (461I), so that h(z) = [ f(z)u(df) for every z € X.

If Q C X is relatively countably compact, then h1 @ is continuous. I Of course we may suppose that )
is non-empty. Consider its closure Z = Q. We have a continuous linear operator T : RX — RZ defined by
setting Tf = f|Z for every f € RX. L = T|K] is compact in R?, and L C C(Z); moreover,

SUPger, l9llce = SUPfeK zcz |f(z)| = SUPfe K xeQ |f(z)]

is finite. Since T1K : K — L is continuous, the image measure v = u(T[K)~! on L is a Radon measure. If

r € Z, then
2) = [, F@wldf) = [ (TH)@)u(df) = [, g(x)v(dg)

The map (z,9) — g(z) : Z x L — R is separately continuous, because L C C(Z) is being given its
topology of pointwise convergence, and bounded. Also every sequence in ) has a cluster point in X which
must also belong to Z, and @ is relatively countably compact in Z. By 462K, h[Q is continuous, as required.
Q

Thus the T,-compact set I'(K) is included in C(X), and must be the closed convex hull of K in C(X).

Remark The hypothesis

whenever h € R¥X is such that h[Q is continuous for every relatively countably compact Q C X,

then h is continuous
is clumsy, but seems the best way to cover the large number of potential applications of the ideas here.
Besides the obvious case of countably compact spaces X, we have all first-countable spaces (for which, of
course, the other hypotheses can be relaxed, as in 462Xc), and all k-spaces. (A k-space is a topological
space X such that a set G C X is open iff G N K is relatively open in K for every compact set K C X; see
ENGELKING 89, 3.3.18 et seq. In particular, all locally compact spaces are k-spaces.)
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462X Basic exercises (a) (i) Show that the Sorgenfrey line (415Xc) is angelic. (ii) Show that any
metrizable space is angelic. (iii) Show that the one-point compactification of an angelic locally compact
Hausdorff space is angelic. (iv) Find a first-countable regular Hausdorff space which is not angelic.

>(b) Let X be any countably compact topological space. Show that a norm-bounded sequence in Cy(X)
which is pointwise convergent is weakly convergent.

(c) Let X be a first-countable topological space, (Y, T, v) a totally finite measure space, and f : X xY — R
a bounded function such that y — f(z,y) is measurable for every z € X, and x — f(x,y) is continuous for
almost every y € Y. Show that « — [ f(z,y)r(dy) is continuous.

(d) Give an example of a T,-compact subset K of C([0,1]) such that the convex hull of K is not relatively
compact in C([0, 1]).

462Y Further exercises (a) Let X be a topological space such that there is a sequence (X, )nen of
relatively countably compact subsets of X, covering X, with the property that a function f : X — R is
continuous whenever f[X,, is continuous for every n € N. Let €, be the topology of pointwise convergence
on C(X). Show that, for a set K C C(X), the following are equiveridical: (i) ¢[K] is bounded for every
% p-continuous function ¢ : C(X) — R; (ii) whenever (f,)nen is a sequence in K and A C X is countable,
there is a cluster point of (f,,[A)nen in C(A) for the topology of pointwise convergence on C'(A); (iii) K is
relatively compact in C'(X) for ¥,. (See ASANOV & VELICHKO 81.)

(b) Let U be a metrizable locally convex linear topological space. Show that it is angelic in its weak
topology. (Hint: start with the case in which U is complete, using Grothendieck’s theorem and the full
strength of 462C, with X = U*.)

(c) In 462K, show that the conclusion remains valid for any totally finite T-additive topological measure
v on Y which is inner regular with respect to the relatively countably compact subsets of Y.

(d) Show that if X is any compact topological space (more generally, any topological space such that X™
is Lindelof for every n € N), then C(X), with its topology of pointwise convergence, is countably tight.

(e)(i) Let X and Y be Polish spaces, and write B1(X;Y) for the set of functions f : X — Y such that
f71[H]is Gs in X for every closed set H CY (KURATOWSKI 66, §31). Show that B;(X;Y), with the topol-
ogy of pointwise convergence inherited from Y X, is angelic. (Hint: BOURGAIN FREMLIN & TALAGRAND

78.) (ii) Let X be a Polish space. Show that the space C’“(X) of 438P-438Q is angelic.

462Z Problem Let K be a compact Hausdorff space. Is C(K), with the topology of pointwise conver-
gence, necessarily a pre-Radon space? (Compare 4548S.)

462 Notes and comments The theory of pointwise convergence in spaces of continuous functions is
intimately connected with the theory of separately continuous functions of two variables. For if X and Y
are topological spaces, and f : X x Y — R is any separately continuous function, then we have natural
maps ¢ — fp: X - C(Y)and y — f¥:Y — C(X), writing f.(y) = f¥(z) = f(z,y), which are continuous
if C(X) and C(Y) are given their topologies of pointwise convergence; and if X is a topological space and
Y is any subset of C'(X) with its topology of pointwise convergence, the map (z,y) — y(z) : X x Y — R is
separately continuous. I include a back-and-forth shuffle between C'(X) and separately continuous functions
in 462H-462K-462L as a demonstration of the principle that all the theorems here can be expressed in both
languages.

462YD is a compendium of Smulian’s theorem with part of Eberlein’s theorem; 462E and 462L can be
thought of as the centre of Krein’s theorem. There are many alternative routes to these results, which may
be found in KOTHE 69 or GROTHENDIECK 92. In particular, 462E can be proved without using measure
theory; see, for instance, FREMLIN 74, A2F.
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22 Pointwise compact sets of measurable functions 462 Notes

Topological spaces homeomorphic to compact uniformly bounded subsets of C(X), where X is some
compact space and C(X) is given its topology of pointwise convergence, are called Eberlein compacta;
see 4670-467P.

A positive answer to A.Bellow’s problem (463Za below) would imply a positive answer to 4627Z; so if the
continuum hypothesis, for instance, is true, then C'(K) is pre-Radon in its topology of pointwise convergence
for any compact space K.

Version of 1.2.13
463 T, and T,

We are now ready to start on the central ideas of this chapter with an investigation of sets of measurable
functions which are compact for the topology of pointwise convergence. Because ‘measurability’ is, from the
point of view of this topology on R¥, a rather arbitrary condition, we are looking at compact subsets of a
topologically irregular subspace of R*; there are consequently relatively few of them, and (under a variety
of special circumstances, to be examined later in the chapter and also in Volume 5) they have some striking
special properties.

The presentation here is focused on the relationship between the two natural topologies on any space of
measurable functions, the ‘pointwise’ topology ¥, and the topology %,, of convergence in measure (463A).
In this section I begin with results which apply to any o-finite measure space (463B-463H) before turning to
some which apply to perfect measure spaces (4631-463L) — in particular, to Lebesgue measure. These lead
to some interesting properties of separately continuous functions (463M-463N).

463A Preliminaries Let (X, 3, ) be a measure space, and £° = £°(X) the space of all ¥-measurable
functions from X to R, so that £ is a linear subspace of RX. On £° we shall be concerned with two
very different topologies. The first is the topology ¥, of pointwise convergence (462Ab); the second is the
topology %, of (local) convergence in measure (245A). Both are linear space topologies. I* For ¥, I have
already noted this in 462Ab. For ¥,,, repeat the argument of 245Da; ¥,, is defined by the functionals
f = [pmin(1,|f|)du, where pF < oo, and these are F-seminorms (definition: 2A5B). Q %, is Hausdorff
(3A3Id) and locally convex (4A4Ce); only in exceptional circumstances is either true of ¥,,. However, T,,
can easily be pseudometrizable (if, for instance, y is o-finite, as in 245Eb), while ¥, is not, except in nearly
trivial cases.

Associated with the topology of pointwise convergence on R¥ is the usual topology of PX (4A2A); the
map x : PX — R¥ is a homeomorphism between PX and its image {0,1}* C RX.

T, is intimately associated with the topology of convergence in measure on L = L%(u) (§245). A subset
of £Y is open for T, iff it is of the form {f : f* € G} for some open set G C L; consequently, a subset K of
L0 is compact, or separable, for T, iff {f*: f € K} is compact or separable for the topology of convergence
in measure on L°.

It turns out that the identity map from (£° F,) to (£°,F,,) is sequentially continuous (463B). Only
in nearly trivial cases is it actually continuous (463Xa(i)), and it is similarly rare for the reverse map
from (£°,%,,) to (£°,%,) to be continuous (463Xaf(ii)). If, however, we relativise both topologies to a -
compact subset of £°, the situation becomes very different, and there are many important cases in which
the topologies are comparable.

463B Lemma Let (X, Y, 1) be a measure space, and £° the space of Y-measurable real-valued functions
on X. Then every pointwise convergent sequence in £° is convergent in measure to the same limit.

proof 245Ca.

463C Proposition (IoNESCU TULCEA 73) Let (X, X, i) be a measure space, and £° the space of %-
measurable real-valued functions on X. Write T,, T,, for the topologies of pointwise convergence and

convergence in measure on £°; for A C L0 write ‘SéA), T for the corresponding subspace topologies.
(a) If A C £° and TS is metrizable, then the identity map from A to itself is (T4, T5)-continuous.

(©) 2001 D. H. Fremlin
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463D Tp and Ty, 23

(b) Suppose that ju is semi-finite. Then, for any A C £°, Sg,? ) is Hausdorff iff whenever f, g are distinct
members of A the set {x: f(x) # g(x)} is non-negligible.

(c) Suppose that K C L9 is such that “SISK) is compact and metrizable. Then ‘I;K) = ‘IEnK) iff ‘ng ) is
Hausdorff.

(d) Suppose that y is o-finite, and that K C £Y is T,-sequentially compact. Then ‘Z;K) =g i g(K)

is Hausdorff, and in this case ‘I;,K) is compact and metrizable.

(e) Suppose that K C £V is such that ‘I,(,K) is compact and metrizable. Then whenever ¢ > 0 and F € ¥
is a non-negligible measurable set, there is a non-negligible measurable set F' C E such that |f(z)— f(y)| <€
whenever f € K and x, y € F.

proof (a) All we need is to remember that sequentially continuous functions from metrizable spaces are
continuous (4A2Ld), and apply 463B.

(b) ‘Ig{?) is Hausdorft iff for any distinct f, g € A there is a measurable set F' of finite measure such that
Jpmin(1,|f — gl)du > 0, that is, p{x : € F, f(x) # g(x)} > 0; because y is semi-finite, this happens iff
io: f(2) # g@)} > 0.

(c) It TZ(,K) = ‘Zs,jf) then of course ‘Z%() is Hausdorff, because ‘ZéK) is. If ‘L(f) is Hausdorff then the

identity map (K, SI(DK)) — (K, Tl )) is an injective function from a compact space to a Hausdorff space and
(by (a)) is continuous, therefore a homeomorphism, so the two topologies are equal.

(d) It ‘IZ(,K) =T then TV must be Hausdorf, just as in (c). So let us suppose that T is Hausdorff.
Note that, by 245Eb, the topology of convergence in measure on L is metrizable; in terms of £°, this says
just that the topology of convergence in measure on £ is pseudometrizable. So ﬁ,ﬁ“ is Hausdorff and
pseudometrizable, therefore metrizable (4A2La).

We are told that any sequence in K has a ‘I;K)—convergent subsequence. But this subsequence is now

T )—convergent (463B), so ‘ng ) is sequentially compact; being metrizable, it is compact (4A2Lf). Moreover,

the same is true of any ‘I;,K)—closed subset of K, so every ‘I;,K)—closed set is ngf )—compact, therefore ngf )

closed. Thus the identity map from (X, Tl )) to (K, T,()K)) is continuous. Since T is compact and TZ(,K)

)

is Hausdorff, the two topologies are equal; and, in particular, fz(,K is compact and metrizable.

(e) Let p be a metric on K inducing the topology T;,K). Let D C K be a countable dense set. For each
n € N, set

G ={z:|f(z) —g(z)| < ée whenever f, g € D and p(f,g) <27"}.

Because D is countable, G, is measurable. Now |J,.yGn = X. P? If 2 € X \ |J,,cyy Gn, then for each
n € N we can find f,, g, € D such that p(fn,gn) < 27" and |f,() — gn(2)| > fe. Because K is compact,
there is a strictly increasing sequence (ny)ren such that (fy, Yren and (gn, )ren are both convergent to f, g

say. Now

p(fa g) = limg 00 p(fnk’g’fbk) =0, ‘f(.]f) - g(.%‘)| = limg o0 |fnk (.23) - gnk(x” > %6,

so f =g while f(z) # g(x), which is impossible. XQ

There is therefore some n € N such that u(E N G,,) > 0. Since K, being compact, is totally bounded for
p, there is a finite set D’ C D such that every member of D is within a distance of 27" of some member of
D'. Now there is a measurable set ' C E N G,, such that uF > 0 and |g(z) — g(y)| < 3¢ whenever g € D’
and z, y € F. So |f(z) — f(y)| < e whenever f € D and x, y € F. But as D is dense in K, |f(z) — f(y)| <€
whenever f € K and z, y € F, as required.

463D Lemma Let (X, 3, i) be a measure space, and £ the space of YX-measurable real-valued functions
on X. Write ¥, for the topology of pointwise convergence on LY. Suppose that K C £° is ¥ p-compact and
that there is no ¥,-continuous surjection from any closed subset of K onto {0,1}*!. If E € ¥ has finite
measure, then every sequence in K has a subsequence which is convergent almost everywhere in E.
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24 Pointwise compact sets of measurable functions 463D

proof (a) Let (fn)nen be a sequence in K. Set ¢(z) = max(1,2sup, oy |fn(z)|) for each € X. For any
infinite I C N, set

gr = liminf; 7 f; = sup, ey inficr i>n fis

hy =limsup,_,; fi = infpensup;cr i>p fis

because sup ;¢ ¢ | f(z)| is surely finite for each z € X, g7 and h; are defined in £9, and g; < hy. For f € £°
set 7/(f) = [pmin(1,|f|/q), and for I € [N]* (the set of infinite subsets of N) set A(I) = 7/(h; — g1).
Since hy — g1 < ¢, A(I) = [,(hr —g1)/q. I I, J € [N]* and J \ I is finite, then g; < g; < hy < hy, so
A(J) < A(I), with equality only when gy = g a.e. on E and h;y = hy a.e. on E.

(b) Thereis a J € [N]* such that A(I) = A(J) for every I € [J]“. B For J € [N]*, set A(J) = inf{A(]) :
I € [J]¥}. Choose (I,)nen in [N]¥ inductively in such a way that I, 11 C I, and A(L,4+1) < A(L,) +277"
for every n. If we now set

J={min{i:i € I,,i>n}:neN},
J C N will be an infinite set and J \ I, is finite for every n. If I € [J]* then, for every n,
AJ) < A(Ipg1) <AIp)+ 27" <AL, NI)+27"=A(I)+27™

as n and I are arbitrary, A(J) = A(J), as required. Q
Now for any I € [J]¥ we have g = gy a.e. on E and hy = hy a.e. on E.

(c) A(J) = 0. P? Otherwise, F = {z : x € FE, g;(x) < hy(z)} has positive measure. Write K, for
Mpen 1fi 24 € J, i > n}, the closure being taken for T, so that Ky is T,-compact. Let A be the family of
sets A C F such that whenever L, M C A are finite and disjoint there is an f € Ky such that f(z) = gs(x)
for x € L and f(x) = hs(z) for € M. Then A has a maximal member A say. If we define ¢ : £° — [0, 1]40
by setting ¢(f)(z) = med(o’f(xlz_(‘i‘;(x;’}zigx)_g"(m)) for v € Ag and f € L°, ¢[Ky] is a compact subset of

J —Y4J
[0,1]4°, and whenever L, M C Ay are finite there is a g € ¢[Ko] such that g(x) =0 for x € L and g(x) = 1
for x € M. This means that ¢[K]N{0, 1} is dense in {0, 1} and must therefore be the whole of {0, 1}4°.
So {0,1}4° is a continuous image of a closed subset of K.

Since {0, 1}** is not a continuous image of a closed subset of K, it is not a continuous image of {0, 1},
and cannot be homeomorphic to {0,1}# for any A C Ay. Thus no subset of Ay can have cardinal w; and
Ay is countable.

For each pair L, M of disjoint finite subsets of Ay, we have a cluster point fras of (f;)jes such that
fom(x) = gs(x) for x € L and fra(z) = hy(z) for x € M. Let I(L, M) be an infinite subset of J such
that lim; o jer(z,an) fi(x) = fom(x) for every x € Ag. Then grpary = g5 and hypa) = hy almost
everywhere in E. Because uF' > 0 and A has only countably many finite subsets, there is a y € F' such
that gz, a)(y) = g5 (y) and hyp ary(y) = hs(y) whenever L and M are disjoint finite subsets of Ag.

What this means is that if L and M are disjoint finite subsets of Ap, then there are infinite sets I’,
I" C I(L,M) such that lim; o0 ier fi(y) = 9s(y) and lim; o ser fi(y) = hs(y); so that there are f’,
f" € Ky such that

f'(x) =gs(z) for x € LU{y}, f'(x)=hy(z) for z € M,

f'(z) =gs(x) forx e L, f'(x)=hs(z)forz € MU{y}.
But this means that Ag U {y} € A, and also that y ¢ Ap; and Ay was chosen to be maximal. XQ

(d) So [,(hy —gs)/q =0 and g; = h; almost everywhere in E. But if we enumerate .J in ascending
order as (n;)ien, g7 = liminf; ,o fpn, and hy = limsup,_, . fn,, S0 {(fn,)ien converges almost everywhere in
FE.

463E Proposition Let (X,Y, ) be a measure space, and £ the space of ¥-measurable real-valued
functions on X. Write ¥,, %,, for the topologies of pointwise convergence and convergence in measure on
L0 Suppose that K C £° is T,-compact and that there is no T,-continuous surjection from any closed
subset of K onto wy +1 with its order topology. Then the identity map from (K, %,) to (K, %,,) is continuous.
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proof (a) It is worth noting straight away that & — x& : w; +1 — {0,1}*? is a homeomorphism between
w1 + 1 and a subspace of {0,1}**. So our hypothesis tells us that there is no continuous surjection from any
closed subset of K onto {0,1}*1, and therefore none onto {0, 1}# for any uncountable A.

(b) ? Suppose, if possible, that the identity map from (K, %,) to (K, %,,) is not continuous at fy € K.
Then there are an F € X, of finite measure, and an € > 0 such that C = {f: f € K, 7g(f — fo) > €} meets
every T,-neighbourhood of f, where 75(f) = [, min(1,|f]) for every f e L% and there is an ultrafilter
F on L° which contains C' and converges to fo for T,. Consider the map ¢ : £° — L%(ug), where up
is the subspace measure on E, defined by setting ¥ (f) = (f[E)® for f € £° We know from 463D that
every sequence in K has a subsequence convergent almost everywhere in E, so every sequence in ¢[K]
has a subsequence which is convergent for the topology of convergence in measure on L°(ug). Since this is
metrizable, ¥[K] is relatively compact in L°(ug) (4A2Le), and the image filter ¢ [[F]] has a limit v € L°(ug).
Let f1 € £Y be such that ¢(f1) = v.

For any countable set A C X there is a g € C such that g[A = fy[ A and g = f; almost everywhere in
E. P If X = () this is trivial, so we may, if necessary, enlarge A by one point so that it is not empty. Let
(Zn)nen be a sequence running over A. Then for each n € N the set

{9:9€C, |g(x;) — fo(z;)| < 27" for every i <n, Tg(g, f1) < 27"}

belongs to F, so is not empty; take g, in this set. Let g € K be any cluster point of {¢,,)nen. Since (gn)nen
converges to f; almost everywhere in E, g = f; a.e. on E and (g,)nen converges to g almost everywhere
in E. Consequently 75(g9 — fo) = limy, 00 TE(gn — fo), by the dominated convergence theorem, and g € C.
Since (g, (z;))nen converges to fo(xz;) for every i, g| A = fo] A. So we have the result. Q

In particular, there is a ¢ € C such that ¢ = f; a.e. on E, so 7g(f1 — fo) = 7(¢9 — fo) > € and
F={z:z € E, fo(r) # fi(z)} has non-zero measure. Now choose (g¢)e<w, in K and (z¢)ecw, in F
inductively so that

ge € C, g¢ = fi almost everywhere in E,  ge(zy) = fo(x,) for n <§
(choosing ge),
xe €F,  gy(ze) = fiae) for n < &
(choosing z¢). If we now set A = {z¢: { <wr},

Ki = Necpew, 1f 1 [ € K, either f(x¢) = fo(ze) or f(zy) = fi(zy)},

then K is a closed subset of K containing every g¢ and also fy. But if we look at {f[A: f € K;}, this is
homeomorphic to wy + 1; which is supposed to be impossible. X
So we conclude that the identity map from (K, %,) to (K,%,,) is continuous.

463F Corollary Let (X, X, 1) be a measure space, and £° the space of ¥-measurable real-valued functions
on X. Write ¥, T, for the topologies of pointwise convergence and convergence in measure on L9, Suppose
that K C £0 is compact and countably tight for T,. Then the identity map from (K,%T,) to (K,%,,) is
continuous. If ¥, is Hausdorff on K, the two topologies coincide on K.

proof Since w; + 1 is not countably tight (the top point w; is not in the closure of any countable subset
of wy), w1 + 1 is not a continuous image of any closed subset of K (4A2Kb), and we can apply 463E to see
that the identity map is continuous. It follows at once that if ¥, is Hausdorff on K, then the topologies
coincide.

463G Theorem (IONESCU TULCEA 74) Let (X, 3, ) be a o-finite measure space, and K a convex set of
measurable functions from X to R such that (i) K is compact for the topology ¥, of pointwise convergence
(ii) {z : f(z) # g(x)} is not negligible for any distinct f, g € K. Then K is metrizable for ¥, which agrees
with the topology of convergence in measure on K.

proof (a) Let {f,)nen be a sequence in K. Then it has a pointwise convergent subsequence. B Because K
is compact, we surely have sup ;¢ |f(2)] < oo for every 2 € X. Let (Xj)ren be a sequence of measurable
sets of finite measure covering X, and set

Y ={z:x € Xy, |fn(z)] <k for every n € N}

D.H.FREMLIN
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for k € N,

=210 ARG

so that ¢ is a strictly positive measurable function and

k
1o % all < T3y i = 2

for every n.

Setting g, = fn X ¢, the sequence (g;,)nen of equivalence classes is a norm-bounded sequence in the
Hilbert space L? = L?(u). It therefore has a weakly convergent subsequence (g;(i)>i€N say (4A4Kb), with
limit v.

? Suppose, if possible, that (fy))ien is not pointwise convergent. Then there must be some xo € X such
that liminf; ;oo fr()(zo) < limsup, o fn@)(zo); let @ < B in R be such that [ = {i : f,;y(z0) < af, I' =
{i: fu@)(wo) > B} are both infinite. In this case v belongs to the weak closures of both D = {g;(i) i1 e 1}
and D" = {g;,;) : @ € I'}. It must therefore belong to the norm closures of their convex hulls I'(D), I'(D’)
(4A4Ed). Accordingly we can find v,, € T'(D), v}, € T'(D’) such that ||[v — v,|l2 < 37", |lv — v} ||]2 < 37" for
every n € N.

Setting A = {fn) i € I}, A" = {fnqu) : i € I'}, we see that there must be h,, € I'(A), h;, € I'(A’) such
that v, = (hy, x q)°, v), = (h], X q)* for every n € N. Now if g : X — R is a measurable function such that
g*=v,and h = g/q, we have

1

}=pfz: [g(@) = (hn x @)(2)| > 27"}
< Ao —v,3 <27

for every n € N, and h,, — h a.e. Similarly, hl — h a.e.

At this point, recall that K is supposed to be convex, so all the h,, h/ belong to K. Let F be any
non-principal ultrafilter on N. Because K is pointwise compact, h = lim,_, h, and A’ = lim,_,z h], are
both defined in K for the topology of pointwise convergence. For any z such that lim,, e hn(z) = h(z), we
surely have h(z) = fL(:U), S0 h = h. Similarly, B’ =, h, and h =, h'.

Now at last we apply the hypothesis that distinct members of K are not equal almost everywhere, to see
that h = h’. But if we look at what happens at the distinguished point z¢ above, we see that f(z¢) < «
for every f € A, so that f(zg) < « for every f € T'(A), hn(zo) < « for every n € N, and h(zg) < a; and
similarly h/(zg) > 8. So h # I/, which is absurd. X

This contradiction shows that (f,(;))ien is pointwise convergent, and is an appropriate subsequence. Q

(b) Now 463Cd tells us that K is metrizable for €,, and that ¥, agrees on K with the topology of
convergence in measure.

463H Corollary Let (X,%T,3, u) be a o-finite topological measure space in which p is strictly positive.
Suppose that
whenever h € R¥ is such that h[Q is continuous for every relatively countably compact Q C X,
then h is continuous.
If K C Cy(X) is a norm-bounded T ,-compact set, then it is T,-metrizable.

proof By 462L, the T ,-closed convex hull I'(K) of K in C(X) is T -compact. Because y is strictly positive,
u{x : f(x) # g(x)} > 0 whenever f and g are distinct continuous real-valued functions on X. So the result
is immediate from 463G.

4631 Lemma Let (X, Y, u) be a perfect probability space, and (E,),en a sequence in 3. Suppose that
there is an € > 0 such that

epF < liminf, o p(FNE,) <limsup,_,. p(FNE,) <(1—¢e)pF

for every F' € X. Then (E, )nen has a subsequence (F,, )ren such that p,A =0 and p*A = 1 for any cluster

point A of (E,, )ren in PX; in particular, (F,, )ken has no measurable cluster point.
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proof (a) If we replace u by its completion, we do not change p* and u. (212Ea, 413Eg), so we may suppose
that p is already complete.

b) Suppose that (E,)nen is actually stochastically independent, with pE,, = + for every n, where k > 2
€ y Yy K & Yy
is an integer. In this case u*A =1 for any cluster point A of (E,)en-

P (i) There is a non-principal ultrafilter 7 on N such that A = lim,,_, 7 F,, in PX (4A2F(a-ii)); that is,
XA(z) = lim, 7 xE,(z) for every x € X; thatis, A={z:2€ X, {n:x € E,} € F}.

(ii) We have a measurable function ¢ : X — Y = {0,1}" defined by setting ¢(z)(n) = (xE,)(x) for
every + € X, n € N. Because u is complete and perfect and totally finite, and {0,1}" is compact and
metrizable, the image measure v = u¢~! is a Radon measure (4510). For any basic open set of the form
H = {y:y(i) = ¢ for every i < n}, n¢p~'[H] = VH, where 7 is the product measure corresponding to the
measure v on {0,1} for which vo{1} = %, 19{0} = £1. Since # also is a Radon measure (416U), 7 = v
(415H(v)).

Set B={y:y €Y, {n:y(n) =1} € F}, so that ¢ '[B] = A and B is determined by coordinates in
{n,n+1,...} for every n € N. By 451Pc, u*A = v*B; by the zero-one law (254Sa), v* B must be either 0
or 1. So u*A is either 0 or 1.

(iii) To see that u*A cannot be 0, we repeat the arguments of (ii) from the other side, as follows. Let
Ao be the uniform probability measure on {0,1,...,k — 1}, giving measure % to each point; let A be the
corresponding product measure on Z = {0,... ,k — 1}V, Let ¢ : Z — Y be defined by setting ¥(z)(n) = 1
if z(n) = 0, 0 otherwise; then 1 is inverse-measure-preserving (254G). Since A is a Radon measure and ¥
is continuous, Ay~! is a Radon measure on Y and must be equal to v. Accordingly v*B = \*y~![B], by
451Pc again or otherwise.

(iv) We have a measure space automorphism 6 : Z — Z defined by setting 0(z)(n) = z(n) + 1 for
every z € Z, n € N, where + is addition mod k. So, writing C' = ¢ ~![B], \*C = \*6*[C] for every i € N.
Now, for z € Z,

{n:z(n)=0teF <= {n:¢Y()n)=1}€F <= ¢Y(z) € B < zeC(C.

But for any z € Z, there is some i < k such that {n : z(n) = i} € F, so that §*7(z) € C. Thus
U<, 0°[C] = Z and Zf;ol A0 C] > 1 and A*C > 0. But this means that u*A = v*B = A\*C is non-zero,
and p*A must be 1. Q

(¢) Now return to the general case considered in (a). Note first that p is atomless, because if uF > 0
there is some n € N such that 0 < u(F N E,) < pF.

Let k > 2 be such that + < e. Then there are a strictly increasing sequence (m(i));en in N and a
stochastically independent sequence (Fj);en in ¥ such that F; C E,,;) and pF; = % for every i € N. P
Choose (m(7));en, F; inductively, as follows. Let 3; be the (finite) algebra generated by {F} : j < ¢}. Choose
m(i) such that m(i) > m(j) for any j < i and p(F N Ey,(;)) > 1uF for every F € ¥;. List the atoms of ¥;
as Gio, ... ,Gip,, and choose Fi. C E,,;y N Gy such that pF;,. = %MG”, for each r < p;; 215D tells us that
this is possible. Set F; = Ur<pi F;; then u(F; N F) = %/LF for every F' € X;, and F; C E,, ;). Continue.
It is easy to check that u(F;, N...N F; ) = 1/k" whenever i; < ... < i,, so that (F});ey is stochastically
independent. Q

If Ais a cluster point of (Ep,(;))ien, then there is a non-principal ultrafilter 7 on N such that A =
lim;, 7 Ep,(;) in PX. In this case, A D A’, where A" = lim; , 7 F;. But (b) tells us that p* A" must be 1, so
wA=1.

(d) Thus we have a subsequence (E,,(;))ien of (Epn)nen such that any cluster point of (E,,«;))ien has
outer measure 1. But the same argument applies to (X \ Em(i))iEN to show that there is a strictly increasing
sequence (ix)ken such that every cluster point of (X'\ E,(;,))ren has outer measure 1. Since complementation
is a homeomorphism of PX, p*(X \ A) = 1, that is, . A = 0, for every cluster point A of (E,,(;,))ken. So if
we set ny = m(iy), any cluster point of (E,, )reny will have inner measure 0 and outer measure 1, as claimed.

463J Lemma Let (X, X, 1) be a perfect probability space, and (E,)nen a sequence in 3. Then
either (xEyn)nen has a subsequence which is convergent almost everywhere
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or (E,)nen has a subsequence with no measurable cluster point in PX.

proof Consider the sequence (xE?)nen in the Hilbert space L? = L?(p). This is a norm-bounded sequence,
so has a weakly convergent subsequence (XE}, )ien with limit v say (4A4Kb again). Express v as g* where
g : X — R is Y-measurable.

case 1 Suppose that g(z) € {0,1} for almost every z € X; set F'= {z : g(x) = 1}. Then
oo [ XEn, = [p9=pF, limise [\ XEn, = [ ,9=0.
So, replacing (xE,,);cny with a sub-subsequence if necessary, we may suppose that
F = [ XxBal <270 | [y pXEn <277

for every i. But as 0 < xE,, < 1 everywhere, we have [ |xyF'—xE,,| < 27! for every i, so that xE,,, = xF
a.e., and we have a subsequence of {xF,)necn which is convergent almost everywhere.

case 2 Suppose that {z : g(z) ¢ {0,1}} has positive measure. Note that because [, g = lim;_,oo p(F N
E,,) lies between 0 and pF for every F' € ¥, 0 < g < 1a.e., and pu{z : 0 < g(z) < 1} > 0. There is therefore
an € > 0 such that uG > 0, where G = {x : e < g(x) <1 —€}.

Write g for the subspace measure on G, and ¢ for its domain; set v = (uG) 'ug, so that v is a
probability measure. We know that u¢ is perfect (451Dc), so v also is (see the definition in 451Ad). Now

if FeXqg,
lim; o V(FﬁEm) = <MG)_1ng

lies between euF'/uG = evF and (1 — €)vF.

By 4631, there is a strictly increasing sequence (i(k))ren such that B ¢ Y whenever B is a cluster point
of (GN Ey, ) ken in PG. If A is any cluster point of (E, ., )ken in RX, then AN G is a cluster point of
(GN Ey, ke in PG, so cannot belong to Y. Thus A ¢ .

So in this case we have a subsequence <En1.(k>> keN Of (En)nen which has no measurable cluster point.

463K Fremlin’s Alternative (FREMLIN 75A) Let (X, X, 1) be a perfect o-finite measure space, and
(fn)nen a sequence of real-valued measurable functions on X. Then

either {fn)nen has a subsequence which is convergent almost everywhere

or {fn)nen has a subsequence with no measurable cluster point in RX.

proof (a) If uX = 0 then of course (f,)nen itself is convergent a.e., so we may suppose that uX > 0. If
there is any « € X such that sup,,cy | fn(2)| = 00, then (f,)nen has a subsequence with no cluster point in
RX, measurable or otherwise; so we may suppose that (f,)nen is bounded at each point of X.

(b) Let A be the c.l.d. product of p with Lebesgue measure on R, and A its domain. Then A is perfect
(4511c) and also o-finite (251K). There is therefore a probability measure v on X x R with the same domain
and the same negligible sets as A (215B(vii)), so that v also is perfect. For any function h € RX, write

Q) ={(z,a):xe X, a<h(z)} CX xR
(compare 252N).

(c) By 463J, applied to the measure space (X xR, A, v) and the sequence (xQ(f,))nen, we have a strictly
increasing sequence (n(i));en such that either (xQ(fy()))ien is convergent v-a.e. or (Q(fy()))ien has no
cluster point in A.

case 1 Suppose that (X€2(fy()))ien is convergent v-a.e. Set
W = {(z, @) : lim;_00 X2(frn()) (2, ) is defined}.

Then W is A-conegligible, so W~1[{a}] = {z : (z,a) € W} is u-conegligible for almost every a (apply
252D to the complement of W). Set D = {a : W—1[{a}] is pu-conegligible}, and let @ C D be a countable
dense set; then G = ,cq W=t{a}] is p-conegligible. But if z € G, then for any o € @ the set {i :
Jny (@) > o} = {i: xQ(fn@))(x,a) = 1} is either finite or has finite complement in N, so (fy;)(2))sen must
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be convergent in [—00,00]. Since (fy(z))nen is supposed to be bounded, (f,)(x))ien is convergent in R.
Thus in this case we have an almost-everywhere-convergent subsequence of (f,,)nen.

case 2 Suppose that (Q(fy()))ien has no cluster point in A. Let h be any cluster point of (fy(;))ien
in RX. Then there is a non-principal ultrafilter F on N such that A = lim,;_, Jn@y in RX. Set A =
lim; 7 Q(f()), so that A ¢ A. If z € X and o € R, then

a<hz)={i:a< fyu®)}eF = (ra)cA,

hz) <a={i:a < fou)(x)} ¢ F = (z,a) ¢ A

Thus Q'(h) C A C Q(h), where Q' (h) = {(x,a) : @ < h(z)}.
? If h is Y-measurable, then

YV(h) = Ugeolz : hx) > ¢} x ]=00, 4],

Qh) = (X X R)\ Uyeqlz : h(z) < g} x [g, 00

belong to A, and A(2(h) \ Q' (h)) = 0 (because every vertical section of Q(h) \ €'(h) is negligible). But as
Q'(h) CACQ(h), A€ A (remember that product measures in this book are complete), which is impossible.
X

Thus h is not Y-measurable. As h is arbitrary, (fy())ien has no measurable cluster point in R¥X.

So at least one of the envisaged alternatives must be true.

463L Corollary Let (X,X, 1) be a perfect o-finite measure space. Write £° C R¥X for the space of
real-valued Y-measurable functions on X.

(a) If K C £ is relatively countably compact for the topology %, of pointwise convergence on L0 then
every sequence in K has a subsequence which is convergent almost everywhere. Consequently K is relatively
compact in £° for the topology ¥, of convergence in measure.

(b) If K C £ is countably compact for T, then it is compact for T,.

(c) Suppose that K C £0 is countably compact for T, and that u{x : f(z) # g(z)} > 0 for any distinct
f, g € K. Then the topologies ¥,, and T, agree on K, so both are compact and metrizable.

proof (a) Since every sequence in K must have a T,-cluster point in £°, 463K tells us that every sequence in
K has a subsequence which is convergent almost everywhere, therefore ¥,,-convergent. Now K is relatively
sequentially compact in the pseudometrizable space (£°,T,,), therefore relatively compact (4A2Le again).

(b) As in (a), every sequence (fn)nen in K has a subsequence (gn)neny which is convergent almost
everywhere. But (g,,)nen has a Tp,-cluster point g in K, and now g(z) = lim,, . gn(z) for every  for which
the limit is defined; accordingly g, — ¢ a.e., and g is a T,,-limit of (g,)nen in K. Thus every sequence in
K has a T,,-cluster point in K, and (because %, is pseudometrizable) K is T,,-compact.

(c) The point is that K is sequentially compact under ¥,. I Note that as K is countably compact,
sup e |f()] is finite for every € K. (I am passing over the trivial case K = .) If (fy)nen is a
sequence in K, then, by (a), it has a subsequence (g,)neny which is convergent a.e. ? If (g,)nen is not
% p-convergent, then there are a point xy € X and two further subsequences (g,,)nen, (gh)neN Of (Gn)nen
such that lim, o g, (z0), lim,— o g) (%) exist and are different. Now (g}, )nen, (g, )nen must have cluster
points ¢’, ¢” € K with ¢'(z¢) # ¢"(x0).

However,

9'(x) = limy 0 gn(z) = g"(2)
whenever the limit is defined, which is almost everywhere; so ¢’ =,... ¢”. And this contradicts the hypothesis
that if two elements of K are equal a.e., they are identical. X Thus (g, )nen is a T,-convergent subsequence

of (fnynen. As {fn)nen is arbitrary, K is Tp-sequentially compact. Q
Now 463Cd gives the result.

463M Proposition Let X, ..., X,, be countably compact topological spaces, each carrying a o-finite
perfect strictly positive measure which measures every Baire set. Let X be their product and Ba(X;) the
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Baire o-algebra of X; for each ¢. Then any separately continuous function f : X — R is measurable with
respect to the o-algebra @), Ba(X;) generated by {[[,-, Ei : E; € Ba(X;) for i <n}.

proof For i <n let u; be a o-finite perfect strictly positive measure on X; such that Ba(X;) C dom p;; let
w1 be the product measure on X.

(a) The proof relies on the fact that
(%) if g, ¢’ : X — R are distinct separately continuous functions, then u{x : g(z) # ¢'(x)} > 0;
I seek to prove this, together with the stated result, by induction on n. The induction starts easily with
n = 0, so that X can be identified with X, a separately continuous function on X is just a continuous
function on Xy, and (x) is true because u = g is strictly positive.

(b) For the inductive step to n + 1, given a separately continuous function f : Xo x ... X X,41 — R,
set fi(y) = f(y,t) forevery y € Y = Xo x ... x X, and t € X411, and K = {f; : t € X, 41} Then
every f; is separately continuous, therefore &), SnBa(Xi)—measurable, by the inductive hypothesis. So K

consists of @
function t + f;(y) is continuous for every y, that is, t — f; : X,,41 — RY is continuous; it follows that
K is countably compact (4A2G(f-vi)). Finally, by the inductive hypothesis (x), v{y : fi(y) # fe(y)} >0
whenever ¢, t' € X,,11 and f; # f, where v is the product measure on Y.

Since v is perfect (451Ic) and @KnBG(Xi) C domv, we can apply 463Lc to see that K is metrizable
for the topology of pointwise convergence. Let p be a metric on K inducing its topology, and (gi)ien a
sequence running over a dense subset of K. (I am passing over the trivial case K = ) = X,,;1.) For m,
i € Nset B = {t: p(ft,9:) <27™}. Because t — f; and t — p(f:,t;) are continuous, E,,; € Ba(Xp41)-
Set f™)(y,t) = gi(y) for t € Ep; \ Uj<1’ Epjform,ie€ N yeY andt € X,,11. Then fom s x -

R is @iSnHBa(Xi)—measurable because every g; is @), Ba(X;)-measurable and every E,; belongs to

;<nBa(X;)-measurable functions. Moreover, again because f is separately continuous, the

Ba(X,11). Also (f"™),,cn — f at every point, because p( t(m), fi) <27 for every m € Nand t € X,,11.

So fis @KnHBa(XZ-)—measurable.

(c) We still have to check that (x) is true at the new level. But if h, b’ : X — R are distinct separately
continuous functions, then there are tg € X, 11, yo € Y such that h(yo,to) # h'(yo,to0). Let G be an open
set containing to such that h(yg,t) # h'(yo,t) whenever t € G. Then v{y : h(y,t) # h'(y,t)} > 0 for every
t € G, by the inductive hypothesis, so

N{(yat) : h(yvt) 7é h/(yat)} = f V{y : h(yat) 75 h/(yvt)}ﬂnJrl(dt) >0

because i, +1 is strictly positive. Thus the induction continues.

463N Corollary Let Xy, ... , X,, be Hausdorff spaces with product X. Then every separately continuous
function f: X — R is universally Radon-measurable in the sense of 434Ec.

proof Let ;1 be a Radon measure on X and ¥ its domain.

(a) Suppose first that the support C of u is compact. For each ¢ < n, let m; : X — X; be the coordinate
projection, and p; = ;uri_l the image Radon measure; let Z; be the support of p; and Z = [[,.,, Z;. Note
that m;[C] is compact and p;-conegligible, so that Z; C m;[C] is compact, for each i. At the same time,
7 1[Z;] is p-conegligible for each i, so that Z is u-conegligible.

By 463M, f|Z is ®iSnBa(Zi)—measurable; because Z is conegligible, f is Y-measurable.

(b) In general, if C C X is compact, then we can apply (a) to the measure yL C (234M) to see that f]C
is Y-measurable. As p is complete and locally determined and inner regular with respect to the compact
sets, f is Y-measurable (see 412Ja).

As p is arbitrary, f is universally Radon-measurable.

463X Basic exercises >(a) Let (X, Y, 1) be a measure space, £° the space of X-measurable real-valued
functions on X, ¥, the topology of pointwise convergence on L9 and T, the topology of convergence in
measure on £°. (i) Show that T,,, C T, iff for every measurable set F of finite measure there is a countable
set D C E such that p*D = pFE. (ii) Show that T, C T, iff 0 < p*{z} < oo for every z € X.
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(b) Let (X, X, 1) be a o-finite measure space, and K C L% a T,-countably compact set. Show that the
following are equiveridical: (i) every sequence in K has a subsequence which converges almost everywhere;
(ii) K is %,,-compact; (iii) K is totally bounded for the uniformity associated with the linear space topology
% Show that if moreover the topology on K induced by %, is Hausdorff, then K is ¥,-metrizable.

(c)(i) Show that there is a set of Borel measurable functions on [0, 1] which is countably tight, compact
and non-metrizable for the topology of pointwise convergence. (ii) Show that there is a strictly localizable
measure space (X, X, u) with a set K of measurable functions which is countably tight, compact, Hausdorff
and non-metrizable for both the topology of pointwise convergence and the topology of convergence in
measure. (Hint: the one-point compactification of any discrete space is countably tight.)

(d) Let X be a topological space and K C C(X) a convex ¥,-compact set. Show that if there is a strictly
positive o-finite topological measure on X, then K is T,-metrizable.

(e) Use Komlés’s theorem (276H) to shorten the proof of 463G.

(f) Let (X, X, 1) be any complete o-finite measure space. Show that if A C £9 is T,,-relatively compact,
and sup 4 | f(x)| is finite for every 2 € X, then A is Tj-relatively countably compact in £°.

(g) Let K be the set of non-decreasing functions from [0, 1] to {0,1}. Show that K, with its topology of
pointwise convergence, is homeomorphic to the split interval (419L). Show that (for any Radon measure p
on [0,1]) the identity map from (K, %,) to (K, %,,) is continuous.

>(h) Let K be the set of non-decreasing functions from wy to {0,1}. Show that if p is the countable-
cocountable measure on w; then K is a T,-compact set of measurable functions and is also T,,-compact,
but the identity map from (K, %,) to (K, T,,) is not continuous.

>(i) Let K be the set of functions f : [0,1] — R such that max (]| f||oc, Varyq f) < 1, where Vary ij f
is the variation of f (224A). Show that K is ¥,-compact and that (for any Radon measure on [0, 1]) the
identity map from (K, %,) to (K,%,,) is continuous.

>(j) Let A be the set of functions f : [0,1] — [0, 1] such that [|f|du- Varg 1) f < 1, where pu is Lebesgue
measure. Show that every member of A is measurable and that every sequence in A has a subsequence
which converges almost everywhere to a member of A, but that [ : A — [0, 1] is not T,-continuous, while A
is T,-dense in [0, 1]1%1.

(k) Let X be a Hausdorff space and K C C(X) a T,-compact set. Show that if there is a strictly positive
o-finite Radon measure on X then K is T ,-metrizable.

(1) Let (X,3, i) be a localizable measure space and K C £9 a non-empty ,-compact set. Show that
sup{f*: f € K} is defined in L%().

463Y Further exercises (a) Let (X,X, u) be a probability space and V' a Banach space. A function
¢ : X — V is scalarly measurable (often called weakly measurable) if h¢ : X — R is ¥-measurable for
every h € V*. ¢ is Pettis integrable, with indefinite Pettis integral § : ¥ — V, if fE ho dy is defined
and equal to h(OF) for every E € ¥ and every h € V*. (i) Show that if ¢ is scalarly measurable, then
K ={h¢:heV* ||h]| <1} is a Tp-compact subset of £LO. (i) Show that if ¢ is scalarly measurable, then
it is Pettis integrable iff every function in K is integrable and f — [, g+ K — Ris T)-continuous for every
E € ¥. (Hint: 4A4Cg.) (iii) In particular, if ¢ is bounded and scalarly measurable and the identity map
from (K,%,) to (K, %,,) is continuous, then ¢ is Pettis integrable. (See TALAGRAND 84, chap. 4.)

(b) Show that any Bochner integrable function (253Yf) is Pettis integrable.

(c) Let u be Lebesgue measure on [0, 1], and define ¢ : [0,1] — L% () by setting ¢(t) = x[0,¢]* for
every t € [0,1]. (i) Show that if h € L (u)* and ||h|| < 1, then h¢ has variation at most 1. (ii) Show
that K = {h¢ : h € L>(pn)*, ||h|| < 1} is a Tp-compact set of Lebesgue measurable functions, and that the
identity map from (K, %,) to (K,%,,) is continuous, so that ¢ is Pettis integrable. (iii) Show that ¢ is not
Bochner integrable.
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(d) Let (X,X%, ) be a o-finite measure space and suppose that p is inner regular with respect to some
family £ C ¥ with cardinal at most wy. (Subject to the continuum hypothesis, this is true for any subset
of R, for instance.) Show that if K C £° is T,-compact then it is T,,-compact. (See 536C, or TALAGRAND
84, 9-3-3.)

(e) Assume that the continuum hypothesis is true; let < be a well-ordering of [0,1] with order type
w1 (4A1Ad). Let (Z,v) be the Stone space of the measure algebra of Lebesgue measure on [0,1], and
q: Z — [0,1] the canonical inverse-measure-preserving map (416V). Let g : [0,1] — [0, co[ be any function.
Show that there is a function f : [0,1] x Z — [0, 00[ such that («) f is continuous in the second variable
(B) f(t,z) = 0 whenever q(z) < t (v) [ f(t,2)v(dz) = g(t) for every t € [0,1]. Show that f is universally
measurable in the first variable, but need not be A-measurable, where A is the domain of the product Radon
measure on [0, 1] x Z. Setting f,(t) = f(t, z), show that K = {f. : z € Z} is a T,-compact set of Lebesgue
measurable functions and that g belongs to the T,-closed convex hull of K in RO,

463Z Problems (a) A.Bellow’s problem Let (X,X, u) be a probability space, and K C L% a -
compact set such that {z : f(x) # g(x)} is non-negligible for any distinct functions f, g € K, as in 463G
and 463Lc. Does it follow that K is metrizable for T,7

A positive answer would displace several of the arguments of this section, and have other consequences (see
4627, for instance). It is known that under any of a variety of special axioms (starting with the continuum
hypothesis) there is indeed a positive answer; see §536 in Volume 5, or TALAGRAND 84, chap. 12.

(b) Let X C [0,1] be a set of outer Lebesgue measure 1, and p the subspace measure on X, with ¥ its
domain. Let K be a T,-compact subset of £°. Must K be T,,-compact?

(c) Let Xo,...,X, be compact Hausdorff spaces and f : Xy X ... x X,, = R a separately continuous
function. Must f be universally measurable?

463 Notes and comments The relationship between the topologies T, and %,, is complex, and I do
not think that the results here are complete; in particular, we have a remarkable outstanding problem in
463Za. Much of the work presented here has been stimulated by problems concerning the integration of
vector-valued functions. I am keeping this theory firmly in the ‘further exercises’ (463Ya-463Yc), but it
is certainly the most important source of examples of pointwise compact sets of measurable functions. In
particular, since the set {h¢ : h € V*, ||h|| < 1} is necessarily convex whenever V is a Banach space and
¢ : X — V is a function, we are led to look at the special properties of convex sets, as in 463G. There are
obvious connexions with the theory of measures on linear topological spaces, which I will come to in §466.

The dichotomy in 463K shows that sets of measurable functions on perfect measure spaces are either
‘good’ (relatively countably compact for ¥, relatively compact for ¥,,) or ‘bad’ (with neither property). It
is known that the result is not true for arbitrary o-finite measure spaces (see §464 below), but it is not clear
whether there are important non-perfect spaces in which it still applies in some form; see 463Zb.

Just as in §462, many questions concerning the topology ¥, on RX can be re-phrased as questions about
real-valued functions on products X x K which are continuous in the second variable. For the topology
of pointwise convergence on sets of measurable functions, we find ourselves looking at functions which are
measurable in the first variable. In this way we are led to such results as 463M-463N and 463Ye. Concerning
463M and 463Zc, it is the case that if X and Y are any compact Hausdorff spaces, and f: X xY — R is
separately continuous, then f is Borel measurable (BURKE & PoL 05, 5.2).

A substantial proportion of the questions which arise naturally in this topic are known to be undecidable
without using special axioms. I am avoiding such questions in this volume, but it is worth noting that the
continuum hypothesis, in particular, has many striking consequences here, of which 463Ye is a sample. It
also decides 463Za and 463Zb (see 463Yd).
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Version of 25.5.13

464 Talagrand’s measure

An obvious question arising from 4631 and its corollaries is, do we really need the hypothesis that the
measure involved is perfect? A very remarkable construction by M.Talagrand (464D) shows that these
results are certainly not true of all probability spaces (464E). Investigating the properties of this measure
we are led to some surprising facts about additive functionals on algebras PI and the duals of ¢*° spaces
(464M, 464R).

464A The usual measure on PI Recall from 254J and 416U that for any set I we have a standard
measure v, a Radon measure for the usual topology on PI, defined by saying that v{a:a C I, anJ =c} =
2-#(J) whenever J C I is a finite set and ¢ C .J, or by copying from the usual product measure on {0, 1} by
means of the bijection a + ya : PI — {0,1}. We shall need a couple of simple facts about these measures.

(a) If (1)  is any partition of I, then v can be identified with the product of the family (v;);c s, where
v; is the usual measure on PI;, and we identify PI with [[;. ; PI; by matching a C I with (aNI;);e ; this
is the ‘associative law’ 254N. It follows that if we have any family (A;) e of subsets of PI, and if for each
J the set A; is ‘determined by coordinates in I;’ in the sense that, for a C I, a € A; iff anI; € A;, then
V*(ﬂjeJAj) = HjeJ v*A; (use 254Lb).

(b) Similarly, if f;, fo are non-negative real-valued functions on PI, and if there are disjoint sets Iy,
I, C I such that fj(a) = fj(anNI;) for every a C I and both j, then the upper integral [fi + fodv is
Jfidv + [ fodv. P We may suppose that Iy = I\ I;. For each j, define g; : PI; — [0,00[ by setting
g; = fjIPI;, so that f;(a) = gj(anl;) for every a C I. Let v; be the usual measure on PI;, so that we can
identify v with the product measure vy X v, if we identify PI with PI; x Ply; that is, we think of a subset
of I as a pair (a1,a2) where a; C I; for both j.

Now we have

(253K)

/f1+f2d1/:/91d1/1+/92dl/2

= /91 diy '/X(sz)de + /X(Ph)dV1 : /92 dv
= /f1 dv —l—/fg dv

by 253J, because we can think of fi(a1,as2) as g1(a1) - (xPIz)(az) for all a1, az. Q

(c) If A C PI is such that b € A whenever a € A, b C I and a/Ab is finite, then v*A must be either 0 or
1; this is the zero-one law 254Sa, applied to the set {xa : a € A} C {0,1}! and the usual measure on {0,1}!.

464B Lemma Let I be any set, and v the usual measure on PI.

(a)(i) There is a sequence (m(n))yen in N such that [, (1 — 270 = 1.

(ii) Given such a sequence, write X for HneN(’PI)m(”), and let A be the product measure on X. We
have a function ¢ : X — PI defined by setting

¢(<<ani>i<m(n)>nEN) = UneN ﬂi<m(n) Qns

whenever ({(@ni)i<m(n))nen € X. Now ¢ is inverse-measure-preserving for A and v.
(b) The map

(a,b,c) = (anb)U(anc)u(bne): (PI)® — PI
(©) 1999 D. H. Fremlin

D.H.FREMLIN



34 Pointwise compact sets of measurable functions 464B

is inverse-measure-preserving for the product measure on (PI)3.

proof (a) (i) Choose m(n) inductively so that, for each n in turn, m(n) is minimal subject to the requirement
[Tl —2"mk > 1

(ii) If ¢t € I, then
{r:re X, t¢ o)} ={{ani)icmmnen : t € Unen Nicm(n) anit

has measure
H;.LO:O )‘n{<a’l>l<M(n) it ¢ m1<m(n) ai}?

where )\, is the product measure on (PI)™™ for each n. But this is just

o —m(n 1
[l=o1-2 " ):g’

by the choice of (m(n))nen. Accordingly Mr : t € ¢(x)} = % for every t € I. Next, if we identify X
with P({(t,n,i) : t € I, n € N, i < m(n)}), each set Ey = {r : t € ¢(r)} is determined by coordinates in
Jr ={(t,n,i) :m € N, i < m(n)}. Since the sets J; are disjoint, the sets E}, for different ¢, are stochastically
independent (464Aa), so if J C I is finite,

Me:J Co@)} =1y AE: = 2=#) = p{a: J Cal.

This shows that \¢~![F] = vF whenever F is of the form {a : J C a} for some finite J C I. By the
Monotone Class Theorem (136C), A\¢p~[F] = vF for every F belonging to the o-algebra generated by sets
of this form. But this o-algebra certainly contains all sets of the form {a : aNJ = ¢} where J C I is finite
and ¢ C J, which are the sets corresponding to the basic cylinder sets in the product {0,1}!. By 254G, ¢
is inverse-measure-preserving.

(b) This uses the same idea as (a-ii). Writing v for the product measure on (PI)3, then, for any t € I,

¥ {(a,be) it €(anb)U(anc)u(bne)}
=1v3{(a,b,c): t €anb} +v*{(a,b,c):t€anc}
+v*{(a,b,c): t €bnc} —20*{(a,b,c) : t €anbnc}

Once again, these sets are independent for different ¢, and this is all we need to know in order to be sure
that the map is inverse-measure-preserving.

464C Lemma Let I be any set, and let v be the usual measure on PI.

(a) (see SIERPINSKI 1945) If F C PI is any filter containing every cofinite set, then v, F = 0 and v*F is
either 0 or 1. If F is a non-principal ultrafilter then v*F = 1.

(b) (TALAGRAND 807) If (F,)nen is a sequence of filters on I, all of outer measure 1, then
has outer measure 1.

nen Fn also

proof (a) That v*F € {0,1} is immediate from 464Ac. If F is an ultrafilter, then PI = FU{I\a:a € F};
but as a — I \ a is a measure space automorphism of (PI,v), v*{I \ a:a € F} = v*F, and both must be
at least 1, so v*F = 1. Equally, v*(PI\ F) =v*{I\a:a € F} =1, so v, F = 0. Returning to a general
filter containing every cofinite set, this is included in a non-principal ultrafilter, so also has inner measure 0.

(b) Let {(m(n))nen be a sequence in N such that [[0° 1 — 27 = 3, and let X, X and ¢ : X — PI
be as in 464Ba. Consider the set D = [, .y Fr) as a subset of X. By 254Lb, A*D = 1. If we set
F =\,en Fn, then we see that whenever r = ((@ni)i<m(n))nen belongs to D,

¢(I) 2 ﬂ¢<m(n) an; € ]:n

"The date of this paper is misleading, as there was an unusual backlog in the journal; in reality it preceded FREMLIN &
TALAGRAND 79.
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for every n, so that ¢(x) € F. Thus D C ¢~ '[F] and
VF > XN ¢ HF] > AN*D =

because ¢ is inverse-measure-preserving (413Eh).
As (Fp)nen is arbitrary, we have the result.

464D Construction (TALAGRAND 80) Let I be any set, and v the usual Radon measure on PI, with
T its domain. Let X be the set

{E : E CPI, there are a set F' € T and a filter F on [
such that v*F =1and ENF = F N F}.

Then there is a unique extension of v to a complete probability measure u, with domain 3, defined by saying
that uF = vF whenever F € ¥, F € T and there is a filter F on [ such that v*F =1and ENF = FNF.
(By 464C, we can apply 417A with

A={PI\ F:Fisafilter on I such that v*F =1}.)

Definition This measure u is Talagrand’s measure on PI.

464E Example If p is Talagrand’s measure on X = PN, and ¥ its domain, then there is a set K C
RX, consisting of Y-measurable functions and separable and compact for the topology %, of pointwise
convergence, such that K is not compact for the topology of convergence in measure, that is, there is a
sequence in K with no subsequence which is convergent almost everywhere, even though every cluster point
is Y-measurable.

proof Take K to be {xF : F is an ultrafilter on N}. Then K is ¥,-compact (in fact, is precisely the
set of Boolean homomorphisms from PN to {0,1}, identified with the Stone space of PN in 311E). As
such, it is separable, the countable set of principal ultrafilters being dense. By 464Ca, we see that any
non-principal ultrafilter 7 on N belongs to X, and uF = 1. On the other hand, all the principal ultrafilters
Fn = {a : n € a C N} are measured by v and therefore by p, and form a stochastically independent
sequence of sets of measure % So K consists of Y-measurable functions; but the sequence {xF,)nen has
no subsequence which is convergent almost everywhere, and K is not relatively compact for the topology of
convergence in measure.

Remark In this example, a very large number of members of K are equal almost everywhere; indeed, all
non-principal ultrafilters are equal a.e., and if we look at {f* : f € K} in L%(u), it is a countable discrete
set. Given that K is a set of measurable functions homeomorphic to SN, something like this has to happen
(see 536D® in Volume 5). Looking at this from a different angle, if we wish to extend the usual measure v
on PN to measure every ultrafilter, there will have to be two distinct ultrafilters F;, Fo such that F1 AFs
is negligible for the extended measure.

464F The L-space (>°(I)* For the next step, we shall need to recall some facts from Volume 3. Let T
be any set.

(a) The space £>°(I) of bounded real-valued functions on I is an M-space (354Ha), so its dual £>°(I)™~ =
£°°(I)* is an L-space (356N), that is, a Banach lattice such that || f + g|| = ||f]| + ||¢]| for all non-negative f,
g € £>(I)*. Since £*°(I) can be identified with the space L>(PI) as described in §363 (see 363Ha), we can
identify ¢°°(I)* with the L-space M of bounded finitely additive functionals on PI (363K), matching any
f € ¢>°(I)* with the functional a — f(xa) : PI — R in M.

(b) In §§361-363 I examined some of the bands in M. The most significant ones for our present purposes
are the band M, of completely additive functionals (362Bb) and its complement M (352P); because M is
Dedekind complete, we have M = M, & M* (353J°%). In fact M, is just the set of those § € M such that

8Formerly 536C.
9Formerly 3531.
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36 Pointwise compact sets of measurable functions 464Fb

0a =Y, 0{t} for every a C I, while M} is the set of those § € M such that 6{t} = 0 for every t € I. PP
For any 6 € M, we can set oy = 0{t} for each ¢t € I; in this case,

2 ies el = 107] <16

for every finite set J C I, 80 ), [ay| is finite, and we have a functional #; defined by setting 01a =, ., oy
for every a C I. It is easy to check that 6; € M,. If we write 65 = 6 — 6, then 05{t} = 0 for every t € I. So
if o € M; and 0 < ¢ < |02], we still have ¢p{t} = 0 for every t € I, and ¢a = 0 for every finite a C I and
¢ = 0; thus 6, € M. Now 6 € M, iff 6 = 0, that is, iff 6 = 6, and fa = Y, 6{t} for every a C I; while
0 € M* iff 6; = 0, that is, {t} =0 for every t € . Q

Observe that if § € M+ and a, b C I are such that a/Ab is finite, then fa = b, because 0(a\b) = 0(b\a) =
0.

(c) Tt will be useful to have an elementary fact out in the open. If § € M\ {0}, then {a:a C I, a = 01}
is a filter; this is because {a : fa = 0} is a proper ideal in PI.

464G We also need a new result not exactly covered by those in Chapters 35 and 36.

Lemma Let A be any Boolean algebra. Write M for the L-space of bounded additive functionals on 2, and
M for its positive cone, the set of non-negative additive functionals. Suppose that A : M+ — [0,00][ is a
functional such that

(o) A is non-decreasing,
(8) A(af) = aA(f) whenever 0 € M+, o > 0,
(v) A6y + 02) = A(61) + A(f2) whenever 6, f2 € M™T are such that, for some e C I,
01(1\ e) =02e =0,
(0) |A(61) — A(Bs)] < |61 — O2|| for all 6y, 6 € M.
Then there is a non-negative h € M* extending A.

proof (a) If 01, 05 € M are such that 0; Afy = 0in M+, then A(6; +02) = A(61) + A(f2). P Let € > 0.
Then there is an e € A such that 6, (1\ e)+6bze < € (362Ba) Set 61a = 01(ane), 05(a) = O2(a\ e) for a € ;
then 0] and 0 belong to M™* and 6;(1\ e) = Ohe = 0, so A(8] + 65) = A(6;) + A(6), by hypothesis (7).
On the other hand,
0<6ia—0ja=0(a\e) <O(1\e)<e
for every a € 2, so ||#; — 01| < e. Similarly, ||#2 — 05]] < e and |[(6; 4+ 02) — (8] — 65)|] < 2e. But this means
that we can use the hypothesis () to see that
[A(01 +02) — A(61) — A(02)] <[A(07 +03) — A(07) — A03)] + e = de.

As € is arbitrary, A(61 + 02) = A(61) + A(62). Q

(b) Now recall that M, being a Dedekind complete Riesz space, can be identified with an order-dense
solid linear subspace of L°(€) for some Boolean algebra € (368H). Inside L°(€) we have the order-dense
Riesz subspace S(€) (364Ja). Write Sy for M N S(€), so that S; is an order-dense Riesz subspace of M

(352Nc, 353A).
If 01, 02 € ST = S1NMT, then A(6; +02) = A(61) + A(f2). P We can express 61 as Y, a;xci, where

oy - .. ,Cm are disjoint members of €, and «; > 0 for each ¢ (361Ec); adding a term 0 - x(1\ sup;<,, ¢)
. .. n -

if necessary, we may suppose that sup,<,,¢; = 1. Similarly, we can express 05 as > =0 Bixd; where
do, ... ,dn € € are disjoint, §; > 0 for every j and sup,<,, d; = 1. In this case, ¢) = Zi<mj<n a;x(cindy)

and 0 = >, i, Bix(cind;). Re-enumerating {¢; nd; : i < m, j < n} as (e; : i < k} we have expressions
of 01, 65 in the form ), viXxei, Y, diXe€:, while e, ... , ey are disjoint.

Setting QY) =Y _ovixei for r < k, we see that GY) A~vrr1Xert1 = 0 for r < k, so (a) above, together
with the hypothesis (5), tell us that

A Y) = A7) + Alrsaxersn) = A7) + 1 Alxers)
for r < k. Accordingly A(6;) = Zf:() ~viA(xe;). Similarly, A(6) = E?:o 3;A(xe;) and
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Ay +62) = 35 (i + 6)A(xer) = A1) + A(62),
as claimed. Q

(c) Consequently, A(6;+62) = A(61)+A(62) for all 61, 6 € MT. P Let € > 0. Because S is order-dense
in M, and the norm of M is order-continuous (354N), S; is norm-dense (354Ef), and there are ¢}, 65 € S;
such that ||0; — 0%|| < € for both j (354Be). But now, just as in (a),

|A(01 + 62) — A(01) — A(B2)] < | A0 + 05) — A(0)) — A(05)] + de = 4e.
As € is arbitrary, we have the result. Q

(d) Now (c) and the hypothesis (5) are sufficient to ensure that A has an extension to a positive linear
functional (355D).

464H The next lemma contains the key ideas needed for the rest of the section.

Lemma Let I be any set, and M the L-space of bounded additive functionals on PI; let v be the usual
measure on PI. For § € M, set
0) = [0dv.

(a) For every 6 € M+, 201 < A(f) < 61.
(b) There is a non-negative h € M* such that h(8) = A(0) for every € M.
(c) If € (M})*, where M, C M is the band of completely additive functionals, then 6 < A(f) v-a.e.,
v*{a:a <0a <A(0)} =1 for every a < A(6).
(d) Suppose that 8 € (M2)* and 3, v € [0,1] are such that 61 = 1 and B0'I < A(§') < 40’ whenever
0’ <6 in M*. Then, for any o < §3,
(i) for any finite set K C PI, the set

{a:a CI, afb < O(anb) < ~0Ob for every b € K}

has outer measure 1 in P1I;
(i) if a > 1, the set

R={(a,b,c):a,b,cCI,0(anb)U(anc)U(bNc))>2a+ (1 —2a)y?}

has outer measure 1 in (PI)3;
(iif) if & > 3, then 2a% + (1 — 2a)y? < 7.
(e) Any 6 € M can be expressed as 6 + 6, where A(61) = 16,1 and A(6) = 621
(f) Suppose that 0 <6 <6 in M.
(i) If A(F) = 161, then A(¢') = 16'1.
(ii) If A(9) =01, then A(0') =0'1I.

proof (a) Of course
0) < [6Idv =61

On the other hand because a+— I\a: PI — PIis an automorphism of the measure space (PI,v),
Jf(I\a) f f(a)v(da) for any real-valued function f (cf. 235Xn). In particular,

= [0(a)v(da) = [0(I \ a)v(da).
So

2A(0) = / v(da) /9 ) > /G(a) +6(I'\ a)v(da)
(133 (b-ii))

01 v(da) = 01,

I
—
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(b) I use 464G with 2 = PI. Examine the conditions («)-(d) there.
(a) Of course A is non-decreasing (133Jc).
(B) A(af) = aA(#) for every § € M+ and every a > 0, by 133J(b-iii).

(7) If 61, 2 € M then A(6; + 02) < A(61) + A(62) by 133J(b-ii), as in (a) above. If 61, 6 € M ™
and e C I are such that 6,(I \ €) = fye = 0, then 01a = 61(aNe), O2(a) = O2(a\ e) for every a C I. So
A(el + (92) = A(Gl) + A(eg) by 464Ab.

(8) For every a C I, O3a < 61a + |02 — 01|, so A(f2) < A(01) + [|02 — 61]]. Similarly, A(6;) <
A(02) + |01 — 62]]. So |A(61) — A(O2)| < || — 02]|, and A satisfies condition (d) of 464G.

(€) Accordingly 464G tells us that A has an extension to a member of M*.

(c) If € M, then fa = Ob whenever aAb is finite (464Fb), so all the sets {a : fa > a} have outer
measure either 0 or 1, by 464Ac. But this means that if f is a measurable function and 0 <,. f and
[ f=A(9), as in 133J(a-i), {a : f(a) < A(6)} has positive measure and meets A = {a : fa > A(f)} in a
negligible set; so A cannot have full outer measure and is negligible.

On the other hand, if & < A(#), then € cannot be dominated a.e. by ax(PI), so {a : fa > «a} is not
negligible and has outer measure 1. Consequently v*{a: a < fa < A(f)} = 1.

(d)(i) The point is just that for any b C I, the functional 6,, defined by saying that 0y(a) = 0(a N b)
for every a C I, belongs to M™ and is dominated by 6, so that 86,1 < A(6,) < v0pI, and {a : afI <
Opa < ~v0p1} has outer measure 1, by (c). (If af,I = A(6y), this is because 6,1 = 0, and the result is trivial;
otherwise, afpl < A(6) < ~0,1.) But this just says that, for any b C I,

{a: abb < 0(anb) < ~Ob}

has outer measure 1.
Now, given any finite set K C PI, let B be the subalgebra of PI generated by K, and bg,... ,b, the
atoms of B. Then all the sets

A; ={a:abb; <H(anb;) < ~0b;}

have outer measure 1; because each A; is determined by coordinates in b;, and by, ... ,b, are disjoint,
A = ﬂign A; still has outer measure 1, by 464Aa. But if « € A and b € K, then b = |J,_;b; for some
J CH{0,...,n} and

icJ

abb = Zaabi < Z@(a Nbi)

ieJ i€J
=0(anb) <Y A0b; = +0b.
icJ

So {a: abb < 0(anb) < ~0b for every b € K} includes A and has outer measure 1.

(ii) ? Suppose, if possible, otherwise; then v2(PI\ R) > 0, where /3 is the product measure on (PI)3,
and there is a measurable set W C (PI)3\ R such that v3W > 0. For a C I, set W, = {(b,¢) : (a,b,c) € W};
then v*W = [1v?W,v(da), where v? is the product measure on (PI)?, by Fubini’s theorem (252D). Set
E = {a: v*W, is defined and not zero}; then vE > 0. Since {a : a < #a < v} has outer measure 1, there is
an a € F such that a < fa < 7.
For b C I, set Wo, = {c: (b,c) € W} = {c: (a,b,c) € W}. Then 0 < v2W, = [vWyv(db), so
F = {b: vW, is defined and not 0} has non-zero measure. But also, by (i),
{b:0b>a, 0(anbd) < ~ba}
has outer measure 1, so we can find a b € F such that b > o and 0(a Nb) < vba.
By (i) again,
{c:0(cn (alib)) > ab(al\b)}
has outer measure 1, so meets W,y; accordingly we have a ¢ C I such that (a,b,c) € W while 8(cN (aAb)) >
af(al\b).
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Now calculate, for this triple (a, b, ¢),

O((anbd)U(anc)U(bne)) =0(anbd)+60(cn (alb)) > 0(anb) + ab(alb)
(by the choice of ¢)

a(fa + 6b) + (1 — 2a)0(a N b)
> a(fa+ a)+ (1 —2a)yba
(by the choice of b, recalling that 1 — 2a <0

=

Y

20% + (1 — 2a)y?

by the choice of a. But this means that (a,b,¢) € W N R, which is supposed to be impossible. X

(iii) Now recall that the map (a,b,c¢) = (anNbd)U(aNc)U(bNc) is inverse-measure-preserving (464Bb).
Since fa < A(f) < v for v-almost every a, we must have 6((aNb)U (aNc)U (bNe)) < v for v3-almost every
(a,b,c). But as R is not negligible, there must be some (a,b, ¢) € R such that §((aNb)U(aNc)U(bNe)) < 7,
and 2a? + (1 — 2a)y? < 7.

(e)(i) M*, being the dual of an L-space, is an M-space (356Pb), so can be represented as C(Z) for
some compact Hausdorff space Z (354L). The functional h of (b) above therefore corresponds to a function
w € C(Z). Any 6 € M acts on M* as a positive linear functional, so corresponds to a Radon measure
o on Z (436J/436K); we have A(f) = h(#) = [wdug. The inequalities 301 < A(f) < 6I become
%/1,92 < [wdpy < peZ, because the constant function yZ corresponds to the standard order unit of M*
(356PDb again), so that

woZ = [ xZdug = |6 = 01
for every 6 > 0. Since 0 < h(6) < ||0|| for every 8 > 0, ||w||eo = ||2|| <1 and 0 < w < xZ.
(ii) Now suppose that 5 < v and that G = {z: z € Z, § < w(z) < 7} is non-empty. In this case there
is a non-zero 6y € M ™ such that 86'T < A(0') < ~0'T whenever 0 < 0" < 6.
P () We have a solid linear subspace V = {v : v € C(Z), v(z) = 0 for every z € G} of C(Z). Consider

U=4{0:0¢€ M, (0lv) =0 for every v € V}, where I write (|) for the duality between M and C(Z)
corresponding to the identification of C'(Z) with M*.

(B) If 0 € UNMT, then 61 < A(f) < ~46I. To see this, observe that [ vdug = (f|v) = 0 for every
v eV, so

pe(Z\ G) =sup{ueK : K C Z\ G is compact}
= sup{/vdug v eC(2),0<v<x(Z\G)}

(because whenever K C Z \ G is compact there is a v € C(Z) such that YK < v < x(Z\ G), by 4A2F (h-ii))
=0.

Because w is continuous, 8 < w(z) < v for every z € G; thus 8 < w < 7 pg-a.e. and [ wdpg must belong
to [BueZ,ypueZ] = [BOI,~01].

(7) The dual M* = M* of M is perfect (356Lb), and C(Z) is perfect; moreover, M is perfect
(356Pa), so the duality (|) identifies M with C(Z)*. Now V=, taken in C(Z), contains any continuous
function zero on Z \ G, so is not {0}; since V+, like C(Z), must be perfect (356La), (V+)* is non-trivial.
Take any 1 > 0 in (V1+)*. Being perfect, C(Z) is Dedekind complete (356K), so there is a band projection
P :C(Z) — V* (353] again). Now %P is a positive element of C(Z)* which is zero on V, and must
correspond to a non-zero element 8y of U N M.

(6) If0< ¢ <6 in M, then, for any v € V,
[(0"]0)] < (€"[[v]) < (Bollv]) =0,
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because |[v] € V. So 8 € U and B6'I < A(8') < ~8'I, by (8). Thus 6, has the required property. Q

(iii) It follows at once that w(z) > 1 for every z € Z. P? If w(z) < 3, then we can apply (ii) with
B=-1,~¢ ]w(zo),%[ to see that there is a non-zero § € M™ such that A(f) < ~0I < %9[, which is
impossible, by (a). XQ

(iv) But we find also that w(z) ¢ |2, 1[forany z € Z. P? Ifw(z) =6 € |3, 1[, then 262+ (1—25)62 >
§ (because §(26 —1)(1 — &) > 0). We can therefore find «, 8 and 7 such that 3 < o < 8 < § < 7 and
202 + (1 — 2a)y? > . But now {z : 8 < w(z) < v} is non-empty, so by (ii) there is a non-zero § € M+
such that 80'T < A(0’) < v6'I whenever 0 < 6§’ < . Multiplying 6 by a suitable scalar if necessary, we can
arrange that 61 should be 1. But this is impossible, by (d-iii). XQ

(v) Thus w takes only the values % and 1; let H; and Hs be the corresponding open-and-closed subsets
of Z.

Take § € M. For u € C(Z), set ¢p(u) = [udpg and ¢;(u) = [, udugy for each j. Then each ¢; is a
positive linear functional on C(Z) and ¢; < ¢. But ¢ is the image of 6§ under the canonical isomorphism
from M to C(Z)* = M**, and C(Z)* is solid in C(Z)~ (356B), so both ¢; and ¢2 belong to the image of
M, and correspond to 61, 82 € M. For any u € C(Z) = M*,

(01 + O2|u) = ¢1(u) + da(u) = (Olu),
so # = 01 + 05. We have

A(0)) = b (w) = / wdp

H;
= Lpp(Hy) =Lt j=1
= ppoltn) =501 J=4
= po(Hz) = 621 if j = 2.
So we have a suitable decomposition 8 = 6; + 65.
(f) This is easy. Set 8” =60 — ¢’; then
10T < A(0) <01,

1071 < A(B") <01
by (a), while A(6") + A(6”) = A(9) by (b), and of course 6'T + 6”1 = 1. But this means that
AW@) = 10T < AB) — 101, 0'T— A(0') < 0T — A(0),

and the results follow.

4641 Measurable and purely non-measurable functionals As before, let I be any set, v the usual
measure on PI, T its domain, and M the L-space of bounded additive functionals on PI. Following FREMLIN
& TALAGRAND 79, I say that # € M is measurable if it is T-measurable when regarded as a real-valued
function on PI, and purely non-measurable if {a : a C I, |0|(a) = |6|(I)} has outer measure 1. (Of
course the zero functional is both measurable and purely non-measurable.)

464J Examples Before going farther, I had better offer some examples of measurable and purely non-
measurable functionals. Let I, v and M be as in 4641.

(a) Any 6 € M, is measurable, where M, is the space of completely additive functionals on PI. P By
464FDb, 0 can be expressed as a sum of point masses; say fa = ), ., a; for some family (ay)scs in R. Since
> ier || must be finite, {t : a; # 0} is countable, and we can express ¢ as the limit of a sequence of finite
SUms » o x ait, where t(a) = 1if t € a, 0 otherwise. But of course every f is a measurable function, so
Dotek oyt is measurable for every finite set K, and @ is measurable. Q

(b) For a less elementary measurable functional, consider the following construction. Let (¢,),cn be any

sequence of distinct points in I. Then lim,,_, o %#({z ri<m, t; €a}l) = % for v-almost every a C I. P Set
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fo(a) = 1if t, € a, 0 otherwise. Then (f,)nen is an independent sequence of random variables. By any

of the versions of the Strong Law of Large Numbers in §273 (273D, 273H, 273I), lim,, % Z;:Ol fi = %

a.e., which is what was claimed. Q So if we take any non-principal ultrafilter 7 on N, and set f#a =
lim,,_, 7 %#({z 21 < n,t; €a})for a C 1,60 will be constant v-almost everywhere, and measurable; and it is

easy to check that 6 is additive. Note that 0{t} = 0 for every ¢, so § € ML, by 464Fb.

(¢) If F is any non-principal ultrafilter on I, and we set 8a = 1 for a € F, 0 otherwise, then 6 is an
additive functional which is purely non-measurable, by 464Ca.

For further remarks on where to look for measurable and purely non-measurable functionals, see 464P-
464Q below.

464K The space M,: Lemma Let I be any set, v the usual measure on PI, and M the L-space
of bounded additive functionals on PI. Write My, for the set of measurable § € M, M, for the space of
completely additive functionals on PI and A(f) = [0 dv for § € M, as in 464H.

(a) If € My, N M} and b C I, then 6(aNb) = 16b for v-almost every a C I.

(b) 10| € My, for every 0 € My,.

(c) A functional § € M is measurable iff A(#) = 61.

(d) My, is a solid linear subspace of M.

proof (a)(i) § = 161 v-a.e. P For any a € R, A, = {a: fa < a} is measurable; but also a’ € A whenever
a € A and aAd’ is finite, by 464Fb, so ¥A must be either 1 or 0, by 464Ac. Setting § = sup{a : ¥4, = 0},
we see that vA; =0, vAs,0-n = 1 for every n € N, so that § = § a.e. Also, because a — I \ a is a measure
space automorphism, (I \ a) = § for almost every a, so there is some a such that 6a = (I \ a) = §, and

§=301.Q

(ii) O(a Nb) = 36b for almost every a. B We know that fa = 161 for almost every a. But a — a/\b :
PI — PI is inverse-measure-preserving, so 6(a/Ab) = 161 for almost every a. This means that fa = 6(a/Ab)
for almost every a, and

0(aNb) = 2(0b+ ba — B(a\b)) = L 0b
for almost every a. Q

(b)) If 6 € My, N M, then 6%, taken in M, is measurable. P For any n € N we can find b,, C I such
that 0=b,, + 67(I \ b,) < 27", so that
0Ta —0(anby)|=10Ta—0T(anb,)+0 (aNb,)| <OT(I\b,)+0"b, <277
for every a C I. But as a — 6(aNb,) is constant a.e. for every n, by (a), so is 0%, and 0 is measurable. Q

Consequently |0] = 20% — 0 is measurable.

(ii) Now take an arbitrary 6 € M,,. Because M is Dedekind complete (354N, 354Ee), M = M, + M=+
(J once more), and we can express  as 0, + 0 where §; € M, and 0y € M:; moreover, |0 = |01 + |62
(352Fb). Now 6, is measurable, by 464Ja, so 3 = 6 — 6, is measurable; as 6, € M, (i) tells us that |6;] is
measurable. On the other hand, 01| belongs to M, and is measurable, so |0] = |61] + |02] is measurable.
Thus (b) is true.

(c) Let f be a v-integrable function such that § <,. f and [ fdv = A(f). Then
0 — f(a) <Ol —0a=0(I\ a)
for almost every a, so
0I — A(9) = f@l — f(a)v(da) < f@([\a)u(da) = f&(a)u(da)
because a +— I \ a is a measure space automorphism, as in the proof of 464Ha. So if A(§) = 361 then
i 6dv = [0dv and 0 is v-integrable (133Jd), therefore (because v is complete) (dom v)-measurable. On the
other hand, if 6 is measurable, then
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AB) = [6dv= [6(I\a)v(da)=0I— [Odv=06I—A(H),
so surely A(6) = 161.
(d) Of course M, is a linear subspace. If 8y € M, and |0] < |6|, then |0y| € My, by (b), so A(|6y]) =
£160|(1), by (c). Because 0% < |0 < |6p|, A(0F) = 1671 (464H(f-i)), and 6T is measurable, by (c) in the

2
reverse direction. Similarly, 6~ is measurable, and § = T — §~ is measurable. As # and 6, are arbitrary,
M, is solid.

464L The space Mpn,: Lemma Let I be any set, v the usual measure on PI, and M the L-space of
bounded additive functionals on PI. This time, write Mpn, for the set of those members of M which are

purely non-measurable in the sense of 4641.
(a) If # € M, then 6 is purely non-measurable iff A(f) = 01.
(b) Mpnm is a solid linear subspace of M.

proof (a)(i) If 0 is purely non-measurable, and f > @ is integrable, then {a : f(a) > 6I} is a measurable
set including {a : fa = 0I}, so has measure 1, and [ f > 0I; as f is arbitrary, A(6) = 601.

(ii) If A(9) = 0I, then A(0') = 0'T whenever 0 < 0’ < 6, by 464Hf. But this means that ' cannot be
measurable whenever 0 < ¢ < 0, by 464Kc above, so that 6’ ¢ M, whenever 0 < 6’ < 6, by 464Ja. Thus
0 e M.

By 464Hc, v*{a : o < fa < A(0)} =1 for every a < A(f). Let (m(n))nen be a sequence in N such that
he,1— 2-m(") = L and define X, A and ¢ as in 464Ba. Set 1, = 2~"/m(n) > 0 for each n. Consider

2
the sets A,, = {a : 0a > (1 —n,)0I} for each n € N. Then v*A,, = 1 for each n, and X ([, cy A;n(n)) 1
Because ¢ s inverse-measure-preserving, v* ([T, An ")) = 1 (413Eh again). But if = ((@ns)i<m(n)nen
belongs to [ ], cx AT("), then
a(nz<m(n) a"i) > 0I — m(n)nne-[ = (1 — 27n)01
for each n, and
0(6(x)) > 5P en (< () @ni) = O1.

Thus the filter {a : 0a = 0I} includes @[] ],y Anm(")] and has outer measure 1, so that € is purely non-
measurable.

(b)(3) If 0 € Mpnm and |0’ < 16|, then A(]0]) = |8|(1), by the definition in 4641, so A(|¢']) = |6'|(I), by
464H(f-ii), and 8" € Mpnm, by (a) above. Thus Mpum is solid.

(ii) If 64, 65 € Mpnm, then
A(101] + 162]) = A([61]) + A([62]) = [61](1) + [62|(1) = (|01] + [02])(T)

(using 464Hb), and 61|+ |02] € Mpnm; as |01 + 02| < 01|+ |02|, 61 + 02 € Mpnm. Thus My, is closed under
addition.

(iii) It follows from (ii) that if 8 € Mpuy then nf € Mpyy, for every integer n > 1, and then from
i) that af € My, for every a € R; so that M, is closed under scalar multiplication, and is a linear
P P
subspace.

464M Theorem (FREMLIN & TALAGRAND 79) Let I be any set. Write M for the L-space of bounded
finitely additive functionals on PI, and My, Mpnm for the spaces of measurable and purely non-measurable
functionals, as in 464K-464L. Then M, and My, are complementary bands in M.

proof (a) We know from 464K and 464L that these are both solid linear subspaces of M. Next, MyNMpnm =
{0}. P If 0 belongs to the intersection, then A(|0]) = 3|0|(I) = |0|(I), by 464Kc and 464La; so 6 = 0. Q

(b) Now recall that every element of M T is expressible in the form 6; 4605 where §; € M and 65 € M;’nm;
this is 464He, using 464Kc and 464La again. Because My, and M.y, are linear subspaces, with intersection
{0}, M = My & Mpnm. Now Mpum C M=+, so My, + M- = M and M,, = ML+ is a complemented
band (352Ra); similarly, My, is a complemented band. Since (M, + Mpnm)t = {0}, My, and My, are

complementary bands (see 352S).
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464N Corollary (FREMLIN & TALAGRAND 79) Let I be any set, and let u be Talagrand’s measure on
PI; write X for its domain. Then every bounded additive functional on PI is X-measurable.

proof Defining M, M, and Mpnm as in 464K-464M, we see that every functional in M, is ¥-measurable
because it is (by definition) (dom v)-measurable, where v is the usual measure on PI. If § € M, then

F ={a:0a = 0I} is a non-measurable filter; but this means that uF = 1, by the construction of u, so that
6 = 0I p-a.e. So if 0 is any member of Mpnm, both 67 and 6~ are X-measurable, and § = T — 6~ also is.

4640 Remark Note that we have a very simple description of the behaviour of additive functionals as
seen by the measure u. Since M, C M,,, we have a three-part band decomposition M = M, & (M, NM* )@
Mopnm.

(i) Functionals in M, are T-measurable, where T is the domain of v, therefore 3-measurable, just because
they can be built up from the functionals a — xa(t), as in 464Fb.

(i) A functional in My, is T-measurable, by definition; but a functional § in M,, N M is actually con-
stant, with value %9[ , v-almost everywhere, by 464Ka. Thus the almost-constant nature of the functionals
described in 464Jb is typical of measurable functionals in M.

(iii) Finally, a functional 8 € My, is equal to 01 p-almost everywhere; once again, this follows from the
definition of ‘purely non-measurable’ and the construction of p for § > 0, and from the fact that Mpny, is
solid for other 6.

(iv) Thus we see that any 0 € M+ = (M, N M>) @ Mpnm is constant pi-a.e. We also have [ 6du = A(6)
for every 6 > 0 (look at 8 € My, and 6 € M,,m separately, using 464La for the latter), so that if h € M* is
the linear functional of 464Hb, then [ 6du = h(f) for every 6 € M.

464P More on purely non-measurable functionals (a) We can discuss non-negative additive func-
tionals on PI in terms of the Stone-Cech compactification SI of I, as follows. For any set A C SI set
Hjy={a:aC1I, ACa}, where a C 31 is the open-and-closed set corresponding to a C I. If A # 0, Hy is
a filter on I. Write A for the family of those sets A C I such that v*H, = 1, where v is the usual measure
on PI. Then A is a o-ideal. P Of course A € A whenever A C B € A, since then Hy 2 Hp. If (4,)nen
is a sequence in A with union A, then v*(,,cy Ha,) = 1, by 464C; but Hy 2 (), .y Ha,- Q Note that
if A€ Athen A€ A, because Hy = Hz. We see also that {z} € A for every z € BI\ I (since Hy is a
non-principal ultrafilter, as in 464Jc), while {t} ¢ A for any ¢ € I (since Hyyy = {a : t € a} has measure 3).

Because 81 can be identified with the Stone space of PI (4A2I(b-1)), we have a one-to-one correspondence
between non-negative additive functionals 8 on PI and Radon measures pg on B3I, defined by writing
po(a) = 0a whenever a C I and 6 € M+ (416Qb). (This is not the same as the measure gy of part (e) of the
proof of 464H, which is on a much larger space.) Now suppose that 6 is a non-negative additive functional
on PI. Then Fy = {a: 0a = 01} is either PI or a filter on I. If we set Fy = ({a:a € Fy}, then Fp = Hp,
(4A2I(b-iii)). Since a € Fy iff a = 01,

Fg:ﬂ{a:aefg}zm{azﬂazﬂl}
= (W@: poa = po(B1)} = BI\ | J{@: poa = 0}.

But this is just the support of ug (411N), because {a : a C I} is a base for the topology of 81.
Thus we see that # € M is purely non-measurable iff the support Fy of the measure ug belongs to A. If
you like, 6 is purely non-measurable iff the support of pg is ‘small’.

(b) Yet another corollary of 464C is the following. Since M is a set of real-valued functions on PI,
it has the corresponding topology ¥, of pointwise convergence as a subspace of RPI. Now if C' C Mpnm
is countable, its T,-closure C is included in Mpum. PP It is enough to consider the case in which C' is
non-empty and 0 ¢ C. For each 6 € C, Fig = {a : |0|(a) = |0|(])} is a filter with outer measure 1, so
F ={a:|0|(a) = |8](I) for every § € C} also has outer measure 1, by 464Cb. Now suppose that 8y € C. If
a € F, then |0|(I \ a) = 0 for every 6 € C, that is, 0b = 0 whenever § € C' and b C I \ a (362Ba). But this
means that 6pb = 0 whenever b C I\ a, so |0p|( \ a) = 0 and |6y|(a) = |6o|(1). Thus Fjg, includes F, so
has outer measure 1, and 6 also is purely non-measurable. Q
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(c) If 6 € M is such that fa = 0 for every countable set a C I, then § € Mpynm,. PP v is inner regular with
respect to the family W of sets which are determined by coordinates in countable subsets of I, by 2540b.
But if W € W and vW > 0, let J C I be a countable set such that W is determined by coordinates in
J; then |0](J) = 0, so if a is any member of W we shall have a U (I \ J) € W N Fjg;. As W is arbitrary,
v*Flg = 1 and 6 is purely non-measurable. Q

In particular, if € M, N M=, where M, is the space of countably additive functionals on PI (362B),
then 8 € Myum. (For ‘ordinary’ sets I, M, = M;,; see 438Xa. But this observation is peripheral to the
concerns of the present section.)

In the language of (a) above, we have a closed set in BI, being F = BI\ |J{a : a € [[]=*}; and if 0 is
such that the support of pyg is included in F', then 6 is purely non-measurable.

464Q More on measurable functionals (a) We know that M, is a band in M, and that it includes
the band M,. So it is natural to look at the band M, N MTJ-

(b) If 0 is any non-zero non-negative functional in M,;, N ML, we can find a family (a¢)e<,, in PI which
is independent in the sense that 0((c ag) = 2-#U)QT for every non-empty finite K C I. B Choose the
a¢ inductively, observing that at the inductive step we have to satisfy only countably many conditions of
the form f(as Nb) = %91)7 where b runs over the subalgebra generated by {a, : n < £}, and that each such
condition is satisfied v-a.e., by 464Ka; so that v-almost any a will serve for ac. Q

In terms of the associated measure py on SI, this means that ug has Maharam type at least w; (use
331Ja). If I = 1, so that gy is a probability measure, then ((@¢)®*)e<w, is an uncountable stochastically
independent family in the measure algebra of ug (325Xf),

Turning this round, we see that if A is a Radon measure on 81, of countable Maharam type, and A\l = 0,
then the corresponding functional on PI is purely non-measurable.

[For a stronger result in this direction, see 521T in Volume 5.]

(c) Another striking property of measurable additive functionals is the following. If § € M,, N M>*,
and n € N, then 6(apNa; N...Na,) = 277101 for v"T-almost every ao, ... ,a, C I, where 1" "1 is the
product measure on (PI)"*!. B For K C {0,... ,n} write ¢x(ao,... ,an) = TN (N;epe @i \ Ui<n)i¢K a; for
ag, ... ,an C I; for S C P{0,... ,n} write ¢s(r) = Uges Vi (¢) for r € (PI)"*1. Then, for any t € I,

VIt € ¢s(1)} = Y ges VT et € ox (1)} = 27T TH(S).

Moreover, for different ¢, these sets are independent. So if #(S) = 2™, that is, if S is just half of P{0,... ,n},
then ¢s will be inverse-measure-preserving, by the arguments in 464B. (In fact 464Bb is the special case
n=28={K: #(K) > 2})

Accordingly we shall have (¢s(x)) = 261 for v"*!-almost every ¢ whenever S C P{0,... ,n} has 27

-2
members, as in 464Ka. Since there are only finitely many sets S, the set E is v"*!-conegligible, where

E={r:re (P)", 0(¢s(x)) = 501 whenever S C P{0,... ,n} and #(S) = 2"}.

But given r = (ag,...,a,) € E, let Ki,...,Kynt1 be a listing of P{0,... ,n} in such an order that
0(Vr, (r)) < 0(¢k,(xr)) whenever ¢ < j, and consider S = {K1,... , Kon }; since

1 2ntt

ST 0k, (1) = 00s (1)) = 500 = 237 0, (¥)),

we must have (¢, (r)) = 2777101 for every i. In particular, 0(¥yo0,... ny (1) = 27"=19] that is, H(Hign a;) =
27"=19]. As this is true whenever ag, ... ,a, € F, we have the result. Q@

464R A note on ¢*°(I) As already noted in 464F, we have, for any set I, a natural additive map x : PI —
¢ (I) =2 L*°(PI), giving rise to an isomorphism between the L-space M of bounded additive functionals on
PI and £>°(I)*. If we write fi for the image measure py~! on £>°(I), where yu is Talagrand’s measure on P1,
and ¥ for the domain of ji, then every member of £°°(I)* is Y-measurable, by 464N. Thus ¥ includes the
cylindrical o-algebra of £>°(I) (4A3U). We also have a band decomposition £>(1)* = £>°(I);, & (1)},
corresponding to the decomposition M = My, & Mpnm, (464M).
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In this context, M, corresponds to £>°(I)* (363K, as before). Since we can identify ¢>°(I) with ¢}(I)* =
CH(I)* (243X1), and (1), like any L-space, is perfect, £°°(I)* is the canonical image of ¢1(I) in ¢>°(I)*.
Because any functional in M- is p-almost constant (4640), any functional in (¢>°(I)*)* will be ji-almost
constant.

464X Basic exercises (a) Let I be any set and A a Radon measure on SI. Show that if the support of
A is a separable subset of 81\ I, then the corresponding additive functional on PT is purely non-measurable.

(b) Let I be any set, and i the image of Talagrand’s measure on £°°(I), as in 464R. Show that i has a
barycenter in ¢>°(I) iff I is finite.

464Y Further exercises (a) Show that there is a sequence (F,,)nen of distinct non-principal ultrafilters
on N with the following property: if we define h(a) = {n : a € F,} for a C N, then {h(a) : a C N} is negligible
for the usual measure on PN.

(b) Let p be Talagrand’s measure on PN, and A the corresponding product measure on X = PN x PN.
Define ® : X — £ by setting ®(a,b) = xa — xb for all a, b C N. Show that ® is Pettis integrable (463Ya)
with indefinite Pettis integral © defined by setting (OF)(n) = [, fadA, where f,(a,b) = xa(n) — xb(n).
Show that K = {h® : h € £>*, ||h|| < 1} contains every f,, and in particular is not ¥,,-compact, so the
identity map from (K, %,) to (K,%,,) is not continuous.

(c) Let I be any set. Write ¢o(I) for the closed linear subspace of £>°(I) consisting of those € R! such
that {t : t € I, |z(t)| > €} is finite for every ¢ > 0; that is, Co(I) if I is given its discrete topology (4361).
Show that, in 464R, M can be identified as Banach lattice with (¢2°(I)/eo(I))*.

(d)(i) Let 6 : PN — R be an additive functional which is T-measurable in the sense of 4641. Show that
{6{n} : n € N} is bounded. (ii) Let # : PN — R be an additive functional which is universally measurable
for the usual topology of PN. Show that 0 is bounded. (iii) Let 2 be a Dedekind o-complete Boolean algebra
and 0 : A — R an additive functional which is universally measurable for the order-sequential topology on
2 (definition: 393L). Show that 6 is bounded and 6% is universally measurable.

(e) Show that there is a T-measurable finitely additive functional § : PN — R which is not bounded.

4647 Problem Let I be an infinite set, and /i the image on ¢°°(I) of Talagrand’s measure (464R). Is fi
a topological measure for the weak topology of £*°(I)?

464 Notes and comments The central idea of this section appears in 464B: the algebraic structure of
PI leads to a variety of inverse-measure-preserving functions ¢ from powers (PI)X to PI. The simplest
of these is the measure space automorphism a — I\ a, as used in the proofs of 464Ca, 464Ha, 464Ka and
464Kc. Then we have the map (a,b,¢) — (aNb)U (aNc)U (bNc), as in 464Bb, and the generalization of
this in the argument of 464Qc; and, most important of all, the map ((@ni)i<m(n))nen = Unen Nicm(n) @ni
of 464Ba. In each case we can use probabilistic intuitions to guide us to appropriate formulae, since the
events ¢ € ¢(r) are always independent, so if they have probability 1 for every ¢ € I, the function ¢ will be
inverse-measure-preserving. Of course this depends on the analysis of product measures in §254. It means
also that we must use the ‘ordinary’ product measure defined there; but happily this coincides with the
‘Radon’ product measure of §417 (416U).

Talagrand devised his measure when seeking an example of a pointwise compact set of measurable func-
tions which is not compact for the topology of convergence in measure, as in 464E. The remarkable fact
that it is already, in effect, a measure on the cylindrical o-algebra of £ (464R) became apparent later, and
requires a much more detailed analysis. An alternative argument not explicitly involving the Riesz space
structure of the space M of bounded additive functionals may be found in FREMLIN & TALAGRAND 79.
The proof I give here depends on the surprising fact that, for non-negative additive functionals, the upper
integral [ dv is additive (464Hb), even though the functionals may be very far from being measurable. Once
we know this, we can apply the theory of Banach lattices to investigate the corresponding linear functional
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on the L-space M. There is a further key step in 464Hd. We there have a non-negative § € M- such that
0 =1 and 0’1 < f@’du < ~0'T whenever 0 < 0" < 6. It is easy to deduce that {a : a8b < 8(anb) < ~0b for
every b € K} has outer measure 1 for every finite K C PI and o < . If a and ~ are very close, this means
that there will be many families (a, b, ¢) in PI which, as measured by 6, look like independent sets of measure
7, so that O((anNb)U(aNec)U(bNc)) = 3¢2 — 243, But since we must also have 6((aNb)U(aNec)U(bNc)) < v
almost everywhere, we can get information about the possible values of ~.

Once having noted this remarkable dichotomy between ‘measurable’ and ‘purely non-measurable’ func-
tionals, it is natural to look for other ways in which they differ. The position seems to be that ‘simple’ Radon
measures on $I\ I (e.g., all measures with separable support (464Xa) or countable Maharam type (464Qb))
have to correspond to purely non-measurable functionals. Of course the simplest possible measures on 81
are those concentrated on I, which give rise to functionals which belong to M. and are therefore measurable;
it is functionals in My, N M which have to give rise to ‘complicated’ Radon measures.

The fact that every element of M} is almost constant for Talagrand’s measure leads to an interesting
Pettis integrable function (464Yb). The suggestion that Talagrand’s measure on ¢>° might be a topological
measure for the weak topology (464Z) is a bold one, but no more outrageous than the suggestion that it
might measure every continuous linear functional once seemed. Talagrand’s measure does of course measure
every Baire set for the weak topology (4A3V). I note here that the usual measure on {0, 1}, when transferred
to £>°(I), is actually a Radon measure for the weak* topology T(¢>°, /1), because on {0, 1} this is just the
ordinary topology.

Version of 22.3.16

465 Stable sets

The structure of general pointwise compact sets of measurable functions is complex and elusive. One
particular class of such sets, however, is relatively easy to describe, and has a variety of remarkable properties,
some of them relevant to important questions arising in the theory of empirical measures. In this section I
outline the theory of ‘stable’ sets of measurable functions from TALAGRAND 84 and TALAGRAND 87.

The first steps are straightforward enough. The definition of stable set (465B) is not obvious, but given
this the basic properties of stable sets listed in 465C are natural and easy to check, and we come quickly to
the fact that (for complete locally determined spaces) pointwise bounded stable sets are relatively pointwise
compact sets of measurable functions (465D). A less transparent, but still fairly elementary, argument leads
to the next reason for looking at stable sets: the topology of pointwise convergence on a stable set is finer
than the topology of convergence in measure (465G).

At this point we come to a remarkable fact: a uniformly bounded set A of functions on a complete
probability space is stable if and only if certain laws of large numbers apply ‘nearly uniformly’ on A. These
laws are expressed in conditions (ii), (iv) and (v) of 465M. For singleton sets A, they can be thought of as
versions of the strong law of large numbers described in §273. To get the full strength of 465M a further
idea in this direction needs to be added, described in 465H here.

The theory of stable sets applies in the first place to sets of true functions. There is however a corre-
sponding notion applicable in function spaces, which I explore briefly in 4650-465R.. Finally, I mention the
idea of ‘R-stable’ set (465S-465U), obtained by using 7-additive product measures instead of c.l.d. product
measures in the definition.

465A Notation Throughout this section, I will use the following notation.

(a) If X is a set and ¥ a o-algebra of subsets of X, I will write £(X) for the space of ¥-measurable
functions from X to R, as in §463; £°°(X) will be the space of bounded functions in £°(%).

(b) T will identify N with the set of finite ordinals, so that each n € N is the set of its predecessors, and
a power X" becomes identified with the set of functions from {0,... ,n — 1} to X.

(c) If (X, ¥, ) is any measure space, then for finite sets I (in particular, if I = k € N) I write u! for
the c.l.d. product measure on X', as defined in 251W. (For definiteness, let us take u° to be the unique
probability measure on X° = {@}.) If (X,X, u) is a probability space, then for any set I u! is to be the
product probability measure on X', as defined in §254.
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(d) We shall have occasion to look at free powers of algebras of sets. If X is a set and ¥ is an algebra of
subsets of X, then for any set I write @; ¥ for the algebra of subsets of X' generated by sets of the form

{w:w(i) € E} where i € I and E € ¥, and QX for the o-algebra generated by &, 3.

(e) Now for a new idea, which will be used in almost every paragraph of the section. If X is a set,
A C RX a set of real-valued functions defined on X, E C X, a < 8in R and k > 1, write

Dy(A E,a,B) = U {w:w e E*, f(w(2i)) < a,
feA
f(w(2i +1)) > B for i < k}.

(f) In this context it will be useful to have a special notation. If X is a set, k > 1, u € X*¥ and v € X*,
then I will write u#v = (u(0),v(0),u(1),v(1),... ,u(k — 1),v(k — 1)) € X2*. Note that if (X,%,u) is a
measure space then (u,v) + u# v is an isomorphism between the c.l.d. product (X*, u*) x (X*, 1*) and
(X2F 1%F) (see 251Wh).

We are now ready for the main definition.

465B Definition Let (X, X, 1) be a semi-finite measure space. Following TALAGRAND 84, I say that a
set A C R¥X is stable if whenever E € ¥, 0 < uE < oo and o < 3 in R, there is some k > 1 such that
(1?*)* Dy (A, B, a, B) < (LE)**.

Remark I hope that the next few results will show why this concept is important. It is worth noting at once
that these sets Dy need not be measurable, and that some of the power of the definition derives precisely
from the fact that quite naturally arising sets A can give rise to non-measurable sets Dy (A, E,a, 8). If,
however, the set A is countable, then all the corresponding Dy, will be measurable; this will be important
in the results following 465R.

465C I start with a list of the ‘easy’ properties of stable sets, derivable more or less directly from the
definition.

Proposition Let (X, %, 1) be a semi-finite measure space.
(a) Let A C RX be a stable set.
(i) Any subset of A is stable.
(ii) A, the closure of A in R¥ for the topology of pointwise convergence, is stable.
(iii) vA = {~f : f € A} is stable, for any v € R.
(iv) If g € L9 = LY(Z), then A+ g={f+g: [ € A} is stable.
(v) If g € £O, then Ax g={f x g: f € A} is stable.
(vi) Let h : R — R be a continuous non-decreasing function. Then {hf : f € A} is stable.
(b)(i) Supposethat A C RX  E € ¥,n > landa < Baresuchthat 0 < uFE < coand (u?")*D, (A, E,a,8) <
(uE)**. Then

(MQk)*Dk(A7Ea «, 6) = 0.

1
(nE)-

(ii) If A, B C R¥ are stable, then AU B is stable.

(iii) If A C £ is finite it is stable.

(iv) If A C R¥ is stable, sois {f*: f e Ayu{f~: fe A}

(c) Let A be a subset of RX.

(i) If f1, i are the completion and c.l.d. version of y, then A is stable with respect to one of the measures
W, [, fu iff it is stable with respect to the others.

(ii) Let v be an indefinite-integral measure over p (234J). If A is stable with respect to y, it is stable
with respect to v and with respect to v[X.

(iii) If A is stable, and Y C X is such that the subspace measure py is semi-finite, then Ay = {f[Y :
f € A} is stable in RY with respect to the measure jy-.

(iv) A is stable iff Ap = {f[E : f € A} is stable in R¥ with respect to the subspace measure pg
whenever E € 3 has finite measure.
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(v) A is stable iff A,, = {med(—nxX, f,nxX) : f € A} is stable for every n € N.
(d) Suppose that p is o-finite, (Y, T,v) is another measure space and ¢ : ¥ — X is inverse-measure-
preserving. If A C R¥X is stable with respect to p, then B = {f¢ : f € A} is stable with respect to v.

proof (a)(i) This is immediate from the definition in 465B, since Dy (B, E, «, 8) C Di(A, E, «, ) for all k,
E, o, fand B C A.

(ii) Given F such that 0 < pF < oo, and o < 3, take o/, ' such that o < o/ < 8’ < 3. Then it is
easy to see that Dy(A, E,«a,8) C Di(A, E, o', '), so

(4**)*Di(A, E, o, B) < (1) Di(A, E, o, ') < (nE)**
for some k > 1. As E, a and j are arbitrary, A is stable.

(iii) (@) If v > 0, D (YA, E, o, ) = D (A, E, /v, 8/7) for all k, E, a and 3, so the result is elementary.
Similarly, if v = 0, then Dg(vA, E,, 3) = 0 whenever k > 1, F € ¥ and a < 3, so again we see that yA is
stable.

(B) If v = —1 then, for any k, E, a and S,
Dy(—A,E,a,p) = U {w:we E*, f(w(2i)) > —a,
feA
fw(2i+1) < -FVi<k}
= ¢[Di(A, E, -5, —a)],
where ¢ : X?* — X?¥ is the measure space automorphism defined by setting
o(w) = (w(1),w(0),w(3),w(2),... ,w(2k — 1), w(2k — 2))
for w € X2k, So, given E € ¥ and o < 3, there is a k > 1 such that
(42)* Dy(= A, B, o, B) = ()" D(A, E, B, —a) < (uE)?*.

So —A is stable.

() Together with («) this shows that vA is stable for every v € R.

(iv) Take E such that 0 < uF < oo, and oo < 8. Set n = %(6 — a) > 0. Then there is a v € R such
that FF' = {z : 2 € E, v < g(z) < v+ n} has non-zero measure. Set o/ = a—~, 8/ = 8 —~ —n. Then
Dy(A+g,F,a,B) C Di(A,F,o,B"), while o’ < 3. So if we take k > 1 such that (u?*)*Dy(A, F,o/,3") <
(uF)?F then

(1*%)*Di(A+ g, B, B) < (u*)* Di(A + g, F, a0, B) + p*F (E*F \ F?F) < (uE)*.
(v) Let E € ¥, a < S8 be such that 0 < uFE < co. Set
Ey={z:z€FE, g(z)=0}, E ={zx:z€E,g(z)>0}
Ey,={x:x€FE, g(x) <0}.
() Suppose that uFEg > 0. Then D1(Ax g, E, a, 3) does not meet EZ, so p*D1(Ax g, E,a, ) < uE.
(B) Suppose that pE; > 0. Let > 0 be such that
&N _ o < B = min(8. 2-
max(a,m) =a' < =min(s, 1Jr77).
Let v > 0 be such that uF' > 0, where F ={z:z € E, vy < g(z) <~y(1+n)}. If z € F then
[0

g
f)g(x) < a = f(z) < 25 < %’

b

f@)g(z) > = f(x) > ﬁ > %.

So
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Di(A x g.F.0,) C Dy(A, P, %, %)
for every k. Now, because A is stable, there is some k > 1 such that
(M%)*Dk(AE%a%) < (uF)?",

and in this case (u?*)*Dp(A x g, E, a, B) < (uE)%*, just as in the argument for (a-iv) above.

(y) If pE2 > 0, then we know from (iii) above that —A is stable, so (/) here tells us that there is a
k > 1 such that (u?*)*Dy((—A) x (—g), E, o, B) < (uE)?*.
Since one of these three cases must occur, and since FE, o and [ are arbitrary, A X g is stable.

(vi) Write B = {hf : f € A}. Suppose that 0 < uE < oo and a < f. If either o < h(7) for every
v €Ror h(y) < f for every v € R,

pw*Di1(B,E,a,f) = ud =0 < pFE.

Otherwise, because h is continuous, the Intermediate Value Theorem tells us that there are o/ < 3’ such
that a < h(a/) < h(B’") < 8. In this case Di(B, E,«, ) C Di(A, E, o/, 8") for every k. Because A is stable,
there is some k > 1 such that (u?*)*Dy(A, E, o/, ') < (uE)?*, so that (u?*)*Dy(B, E, a, 8) < (LE)?*. As
E, a and 3 are arbitrary, B is stable.

(b)(i) For any m > 1 and | < n, if we identify X2(™+0 with (X27)™ x X2 we see that Dy, 11(A, E, a, )
becomes identified with a subset of D, (A, E,a, )™ x E?". (If w € Dpnyi(A, E,, 3), there is an f € A
such that f(w(29)) < o, f(w(2i +1)) > S for i < mn+1. Now (w(2rn),w(2rn+1),... ,w(2rn+2n—1)) €
D,(A E,a,p) for r <m.) So

1

W(ﬂ2(mn+l))*Dmn+l(A, E'7 a, B)

< g (W) Dal A, B0, )" (WY
(251Wm)

= (s ) DA B0, 8) " 0
as m — oQ.

(ii) Note that Dy(AU B,E,«a,8) = Dip(A,E,a,8) U Dy(B,E,«, ) for all E, k, a and 5. Now,
given that 0 < uE < oo and a < f3, there are m, n > 1 such that (u>™)*D,,(A, E,a, ) < (uE)*™ and
(42")* Da(A, B, 0,8) < (4E)?". So, by (i) just above,

1

(HE)% (ﬂ%)*Dk(A U BaEaO‘7ﬂ)

< (") Di(A, B, o, B) + (1**)*Dyy(B, B, v, B)) — 0

(nE)*
as k — 0o, and there is some k such that (u?*)*Dp(AU B, E,a,B) < (uE)?*. As E, a and 3 are arbitrary,
AU B is stable.

(iii) If A is empty, or contains only the constant function 0 with value 0, this is trivial. Now (a-iv)
tells us that {g} = {0} + g is stable for every g € £ and from (ii) here it follows that any finite subset of
LY is stable.

(iv) From (a-vi) we see that {fT : f € A} is stable; now from (a-iii) and (ii) here we see that

{f~:feA={ft:fe—-A and {fT:fe AYU{f : f € A} are stable.

(c)(i) The product measures u?*, 2% and i%* are all the same (251Wn), so this follows immediately
from the definition in 465B.
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(i) Let h be a Radon-Nikodym derivative of v with respect to p (234J). Suppose that 0 < vE < o0
and a < . Then there is an F' € ¥ such that FF C ENdomh, h(xz) > 0 for every € F, and 0 < puF' < oo.
There is a k > 1 such that (u**)*Dy(A, F,a, ) < (uF)?*, that is, there is a W C F? \ Dy (A, F, a, 3) such
that u2W > 0. In this case, v2*W > 0. P Set h(w) = [[-0g " h(w(i)) for w € (dom h)?*. Then v is the
indefinite integral of h with respect to p2* (2531, extended by induction to the product of more than two
factors), and h(w) > 0 for every w € F?*. Q Since W C E*\Dy.(A, E, o, 8), (v**)*Dy(A, E, o, B) < (vE)?¥;
as F, a and § are arbitrary, A is stable with respect to v.
Since v is the completion of its restriction v[X (234Lb), A is also stable with respect to v[X, by (i) just
above.

(iii) Writing Xy for the subspace o-algebra, take F' € Xy such that uy F = p*F is finite and non-
zero, and a < B in R. Let F € X be a measurable envelope of F. Then there is a & > 1 such that
(u2F)*Dr(A, E, o, B) < (uE)?F. Consider Dy (Ay, F, o, ) = F?*N Dy (A, E, a, B). The identity map from F
to E is inverse-measure-preserving for the subspace measures pp and pg (214Ce), so the identity map from
F?F to E?F is inverse-measure-preserving for the product measures u2* and p2¥ (apply 254H to appropriate
normalizations of g, pir). Also u2¥ is the subspace measure on E%* induced by p?* (251W1), and similarly
u%k is the subspace measure on F2* induced by ,u%/’ﬂ SO

(M%’k)*Dk(AY7F7aaB) = (/’L%k>*Dk(AY7Faa7ﬂ) S (M2Ek)*Dk(A7E7a7ﬁ)
(413Eh)
= (1) Dy(A, E, o, B) < (LE)* = (uy F)**.

As F, o and f are arbitrary, Ay is stable, as claimed.

(iv) If A is stable, then (iii) just above tells us that Ag will be stable for every E € 3. Conversely, if
Ag is stable for every F of finite measure, take E € ¥ such that 0 < uF < co and a < § in R. Then there
is a k > 1 such that

(/’LE)Qk = (.uEE)2k > (,U‘QEk)*Dk(AEa E7 a, /6) = (,LL2k)*Dk(A7 Ea «, 5)
As F, a and 3 are arbitrary, A is stable.

(v) If A is stable, then every A, is stable, because A,, = {h,f : f € A} where h,(a) = med(—n,a,n)
and we can apply (a-v). Conversely, if every A,, is stable, and we are given a set E of non-zero finite measure
and « < 8, take n € N such that —n < a < 8 <n. Then Dy(A, E,«, ) = Di(An, E, «, 5) for every k, and
we have a £ > 1 such that

(1?*)*Dy(A, E, o, B) = ()" Dy(An, B, a, B) < (uE)*".
So A is stable.
(d) Let (X,)nen be a sequence of measurable sets of finite measure covering X. Take F € T such
that vF > 0, and o < 3 in R. Let n € N be such that Fy = F N ¢~![X,,] has non-zero measure. Set
AE = v(FyN¢~[E]) for E € 3; then X is countably additive and A < . By the Radon-Nikodym theorem,

there is a Y-measurable h : X — [0,1] such that [,h = AE for every E € ¥. Set G = {z : z € X,,,
h(z) > 0}; then v(Fy \ ¢~ L[G]) = an\Gh =0.

Because A is stable, there is a & > 1 such that (u?*)*Dp(A, G, a, ) < (uG)?*. Let V € ®2k2 be such
that V C G?* \ Dy(A,G, o, 8) and p?*V > 0. Then \**V = [i, h#dp** where h# (w) = [], o, h(w(i)) for
w € X2¢ (2531). Because h* (w) > 0 for every w € G2¥, A2V > 0.

Note next that if we define 1 : Y2¥ — X2¥ by setting ¢¥((y;)i<or) = (¢(4))i<2rx when y; € Y for i < 2k,
then

(W W € @8, v (W] € @ T, MW = v (B3 0y (W)}
is a Dynkin class containing [, _,, £; whenever E; € X for every i < 2k, and therefore contains V', by the
Monotone Class Theorem (136B). So

vE(FP N~ V)) > 2R (F2E Ny~ V]) > 0.
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On the other hand, if v € Dy(B, F, a, ) then there is an f € A such that f¢(v(2i)) < aand fo(v(2i+1)) > 3
for every i < k, that is, ¢(v) € Di(A, X, o, 8), and 9(v) ¢ V. But this means that

(v?*)*Dy(B, F,a, B) < v2R(F2R\ 9~ V]) < v?kF2F = (vF)2F.
As F, a and 8 are arbitrary, B is stable.

465D Now for the first result connecting the notion of ‘stable’ set with the concerns of this chapter.

Proposition Let (X, Y, 1) be a complete locally determined measure space, and A C R¥ a stable set.

(a) A C L0 = £O(X) (that is, every member of A is Y-measurable).

(b) If {f(z) : f € A} is bounded for each # € X, then A is relatively compact in £° for the topology of
pointwise convergence.

proof (a) ? Suppose, if possible, that there is a non-measurable f € A. By 413G, there are o <
and F € ¥ such that 0 < puF < oo and p*P = p*Q = pE where P = {x : x € E, f(z) < a} and
Q={z:z€k, f(x) =B}

Now suppose that k > 1. Then Dy ({f},E,, ) D (P x Q)*, so

(MZk)*Dk<{f}v E,a, ﬁ) = (N'*P ’ M*Q)k = (ME)Zk
(251Wm again). Since this is true for every k, {f} is not stable, and (by 465C(a-i)) A cannot be stable;
which contradicts our hypothesis. X

(b) Because {f(x): x € A} is bounded for each , A, the closure of A in R¥, is compact for the topology
of pointwise convergence. But A is stable, by 465C(a-ii), so is included in £°, by (a).

465E The topology T.(£2,£2) Some of the arguments below will rely on ideas of compactness in
function spaces. There are of course many ways of expressing the method, but a reasonably accessible one
uses the Hilbert space L%, as follows. Let (X, 3, i) be any measure space. Then L? = L?(u) is a Hilbert
space with a corresponding weak topology T4(L?, L?) defined by the functionals u — (u|v) for v € L2. In the
present section it will be more convenient to regard this as a topology T,(£2, £2) on the space £ = £2(u)
of square-integrable real-valued functions, defined by the functionals f — [ f x g for g € £2. The essential
fact we need is that norm-bounded sets are relatively weakly compact. In L2, this is because Hilbert spaces
are reflexive (4A4Ka). In £2, given an ultrafilter F containing a || [|o-bounded set B C £2, v = lims_, 7 f*
must be defined in L? for T,(L?, L?), and now there is a g € £? such that g* = v; in which case

limgr [ fx h=limp,z(f*|h*) = (g°h*) = [gx h
for every h € £2. Note that we are free to take g to be a ¥-measurable function with domain X (241Bk).

465F Lemma Let (X, 3, 1) be a measure space, and B C £2 = £2(u) a || ||2-bounded set. Suppose that
h € £2 belongs to the closure of B for T,(£2, £2). Then for any § > 0 and k > 1 the set

W = U {w:we X* w(i) € dom fNdomh
feB
and f(w(%)) > h(w(i)) — § for every i < k}

is pF-conegligible in X*.

proof (a) Since completing the measure u does not change the space £2 (244Xa) nor the product measure
u* (251Wn), we may suppose that p is complete.

(b) The first substantive fact to note is that there is a sequence (f,)nen in B converging to h for
Ty = T4(L£2,£%). P Setting C = {f*: f € B}, C is a bounded set in L? = L?(u) and h* belongs to the
T4(L?, L?)-closure of C. But L%, being a normed space, is angelic in its weak topology (462D), and C' is
relatively compact in L2, so there is a sequence in C' converging to h*. We can represent this sequence as
(f2)nen where f, € B for every n, and now (f,)neny — h for T,. Q

(c) The second component of the proof is the following simple idea. Suppose that (E,),cn is a sequence

in ¥ such that ﬂneI FE,, is negligible for every infinite set I C N. For m > 1 and I C N set
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VinI) = Npeplw :w € X™, Fi <m, w(i) € By}

Then p™V,,(I) = 0 for every infinite I C N. P Induce on m. For m = 1 this is just the original hypothesis
on (E,)nen. For the inductive step to m + 1, identify x™*! with the product of u™ and u, and observe that

Vinp1 (D)7 {2} = {w : (w,2) € Vinsr (D)} = Vi({n:n € I, x ¢ Ey})
for every x € X. Now, setting I, ={n:ne€l,x ¢ E,}, F = {x: I, is finite}, we have
F= UTEN nne]\r En,

so F is negligible, while if = ¢ F' then V,,, (1) is negligible, by the inductive hypothesis. But this means that
almost every horizontal section of V,,,11(I) is negligible, and V,,,+1(I), being measurable, must be negligible,
by Fubini’s theorem (252F). Thus the induction proceeds. Q

(d) Now let us return to the main line of the argument from (b). For each n € N, set E, = {z : z €
dom f,Ndomh, fn(x) < h(x)—0}. If I C Nis infinite, then [, o By is negligible. P Setting G = (1, c; En,
pG is finite (because dx By <ae. |h— ful, s0o pE, < oo for every n) and [, fn < [, h—0uG for every n € I.
But lim, s [ fn = [ h and I is infinite, so

ouG <infuer| [ h— [, fal =0. Q
By (c), it follows that
V=N,eniw:we Xk, i<k w(i)e E,}

is negligible. But if we set Y = (1, cydom f, Ndom h, Y is a conegligible subset of X, Y* is a conegligible
subset of X¥, and Y*\ V C W, so W is conegligible, as required.

465G Theorem Let (X,Y, 1) be a semi-finite measure space, and A C L% = £%(X) a stable set of
measurable functions. Let T, and ¥, be the topologies of pointwise convergence and convergence in measure,
as in §463. Then the identity map from A to itself is (T, T,,)-continuous.

proof ? Suppose, if possible, otherwise.

(a) We must have an fy € A, a set F' € ¥ of finite measure, and an € > 0 such that for every ¥,-
neighbourhood U of fj there is an f € ANU such that [ xF A |f — foldu > 2e. Set

B={xFA(f~fo)": fe AJU{XFA(f—fo)” : feA}
Then
B={xF—-XF—(f-fo)")":feAJU{xF - (xF~(f—fo))": feA}

is stable, by 465C(a-iv), 465C(b-iv) and 465C (a-iii), used repeatedly. Setting B'={f: f € B, [ f > €}, B’
is again stable (465C(a-1)). Our hypothesis is that fj is in the T,-closure of

{f:feA,/xFA|f—fo|zze}g{f:feA,/xFA(f—fo)+ze}
u{f:feA,/xFMf—fo)—ze};

since f— XE A (f — fo)" and f — xF A (f — fo)~ are ¥,-continuous, 0 belongs to the ¥,-closure of B’.

(b) Let F be an ultrafilter on B’ which ¥,-converges to 0. Because B’ is || ||2-bounded (since 0 < f < xF
for every f € B’), F also has a T,(£2,£?)-limit h say, as noted in 465E; and we can suppose that h is
measurable and defined everywhere. We must have

th:hmefFfz e> 0.
So there is a § > 0 such that £ = {x : x € F, h(z) > 30} has measure greater than 0.

(c) Because B’ is stable, there must be some k > 1 such that (u**)*Dy(B’,E,6,25) < (uE)%*. Let
W C E2k \ Di(B’, E, §,26) be a measurable set of positive measure. By Fubini’s theorem, there must be a
u € X¥* such that ;*V is defined and greater than 0, where
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V={v:ve Xk uf#ve W}
Set C ={f:feB, flui)) < ¢ for every i < k}; then C € F, because F — 0 for ¥,. Accordingly h
belongs to the T,(L2, £2)-closure of C'. But now 465F tells us that there must be a v € V and an f € C
such that f(v(i)) > h(v(i)) — ¢ for every i < k.
Consider w = u#v. We know that w € W (because v € V), so, in particular, w € E** and h(w(i)) > 39
for every i < 2k; accordingly

fw(2i+1)) = f(v(z)) = h(v(i)) — 6 > 26

for every ¢ < k. On the other hand, f(w(2i)) = f(u(i)) < for every i < k, because f € C. But this means
that f witnesses that w € Dy (B’, E,d,2§), which is supposed to be disjoint from W. X
This contradiction shows that the theorem is true.

465H We shall need some interesting and important general facts concerning powers of measures. [
start with a useful elaboration of the strong law of large numbers.

Theorem Let (X, X, 1) be any probability space. For n € N, write A, for the domain of the product
measure u". For w € XN, k> 1, n > 1 write vy, for the probability measure with domain PX defined by
writing

vuk(B) = #({i +i < k, w(i) € E})

for £ C X, and v}, for the corresponding product measure on X™.
Then whenever n > 1 and f : X™ — R is bounded and A,-measurable, limy_, ffdl/gk exists, and is
equal to [ fdu", for pN-almost every w € XN

proof (a) For £ >n and w € X, set

(k—n)!

hk (w) = k! Zﬂ:n—)k is injective f(’LUﬂ')

Setting M = sup, ¢ x» |f(v)|, we have

utw) = [ g =[928 Y fwn -k Y fwn)]

m:n—k is injective mn—k

MK (k=n)! 1\ , M/, k!
(Bt Ly Mg By

= (k=n)I\ K ko) T kn (k—n)!

k!

) =0

as k — oo, for every w € XN,
(b) Write A for the domain of p™, and for k > n set
Ty ={W:W € A, wr € W whenever w € W and 7 € Sy},

where Sy, is the set of permutations ¢ : N — N such that (i) =i for ¢ > k. Then (Tj)x>, is a non-increasing
sequence of o-subalgebras of A. For any injective function 7 : n — k there are just (k — n)! extensions of 7
to a member of Si. So

hi(w) = 55 e, flwnln)

for every w. Observe that hy(wi) = hi(w) whenever ¢ € S and w € XY, so hy, is Tg-measurable. (Of
course we need to look back at the definition of hj to confirm that it is A-measurable.)

(¢) For any k > n, hy is a conditional expectation of h,, on Ty. B If W € Ty, then

fW hi(w)dw = %Zwesk fW fwrn)dw = %Zwesk fWg(wﬂ')dw

where g(w) = f(w[n) for w € XN. Now observe that for every 7 € S the map w ~— w is a measure space
automorphism of XN which leaves W unchanged, because W € T}; so that S 9(wm)dw = [, g(w)dw, by
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235Gce. So [y, hi = [y, 9. But (since W € Ty € Ty,) [y hn is also equal to [i;, g, and [i, hi = [y} hn. As
W is arbitrary, hy is a conditional expectation of h,, on Tj. Q

(d) By the reverse martingale theorem (275K), hoo(w) = limg_, o0 hg(w) is defined for almost every
w € XN, Accordingly limy_, o f fdv}, is defined for almost every w.

(e) To see that the limit is [ fdu™, observe that if W € Tog = (yen Tk then pNW must be either 0 or
1. P Set v = pNW. Let € > 0. Then there is a V € @y (notation: 465Ad) such that uN(WAV) < ¢
(254Fe). There is some k such that V is determined by coordinates in k. If we set 7(i) = 2k — i for i < 2k,
i for i > 2k, then V' = {wm : w € V} is determined by coordinates in 2k \ k, so pN(V NV') = (uNV)2
On the other hand, because W € Ty, the measure space automorphism w — wm does not move W, and
WAV = N(W \ V). Accordingly

y=p"WAW) <NV V) + 20N WA\V) < (V) 426 < (v +€)” + 2.

As € is arbitrary, v <2 and v € {0,1}. Q

(e) Now 275K tells us that he, is Too-measurable, therefore essentially constant, and must be equal to
its expectation almost everywhere. But, setting W = X in the proof of (c), we see that

[ h(w)dw = [ fwin)dw = [ fdu"

for every k > n, so

lim hy(w) = heo(w)

k—o0

/h dw—hm/hk dw—/fd,u

4651 Now for a string of lemmas, working towards the portmanteau Theorem 465M. The first is elemen-
tary.

: n
lim [ fdv,,
k—o0

for almost every w, as claimed.

Lemma Let X be a set, and ¥ a o-algebra of subsets of X. For w € XN and k > 1, write v, for the
probability measure with domain PX defined by writing

vuk(B) = #({i - i < k, w(i) € E})

for E C X. Then for any k € N and any set I, w — vl (W) is @NZ—measurable (notation: 465Ad) for
every W e @, X

proof Write W for the set of subsets W of X such that w — vl (W) is @yX-measurable. Then X € W),
WAW € W whenever W, W' € Wand W C W', and {J,,cy Wi € W whenever (W,,)ncn is a non-decreasing
sequence in W. Write V for the set of ¥-cylinders in X7, that is, sets expressible in the form {v : v(i) € E;
for every i € J}, where J C [ is finite and E; € ¥ for ¢ G J. Then VCW. P If J C I is finite and E; €
for i € J, then

1 ke .
w = vyl = EZ?ZS xEi(w(j))

is @y-measurable for every i € J. So

w vl {viv@) € B;Vie = 1c; vurEi

ieJ

is also measurable. Q
Because VNV’ € V for all V, V' € V, the Monotone Class Theorem (136B) tells us that ¥V must include

the o-algebra generated by V, which is @ >

465J The next three lemmas are specifically adapted to the study of stable sets of functions.
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Lemma Let (X, X, 1) be a probability space. For any n € N and W C X™ I say that W is symmetric if
wr € W whenever w € W and 7 : n — n is a permutation. For each n, write A,, for the domain of the
product measure p".
(a) Suppose that for each n > 1 we are given W,, € A,,, and that Wy, C W, x W, for all m, n > 1,
identifying X" with X™ x X™. Then lim,, o ("W, )"/" is defined and equal to & = inf,,>; (u"W,,)/™.
(b) Now suppose that each W,, is symmetric. Then there is an E € ¥ such that pF = ¢ and E™ \ W, is
negligible for every n € N.
(c) Next, let (D,,)n>1 be a sequence of sets such that
D,, C X™ is symmetric for every n > 1,
whenever 1 <m <n and v € D,, then v[m € D,,.
Then § = lim,, 00 ((4™)*D,,)"/™ is defined and there is an F € ¥ such that uE = § and (u")*(D,, N E™) =
(uE)™ for every n € N.

proof (a) For any 7 > 0, there is an m > 1 such that ™ W,, < (6 +n)™. If n =mk + i, where k > 1 and
i < m, then (identifying X" with (X™)* x X%) W,, C (W,,)* x X*, so

prW < (64 0)™ <y (0 + )™ =4(8 +n)",
where

1 )Z

Y= maXi<m(m

So
i sup,, o0 ("W)™ < (8 + ) limsup,,_, oo /™ = 6 +1).
As 7 is arbitrary,
§ <liminf, oo (u" W)™ <limsup,, . (u"W,)'/™ <6,
and lim,, o0 (u"W,,) /™ = 6.
(b) It is enough to consider the case § > 0.
(i) Consider the family V of sequences (V,,),>1 such that
for each n > 1, V,, € A,, is symmetric and u"V,, > 0",
if 1 <m <n then vim €V, for every v € V,,.
Observe that W = (W,,),>1 € V. Order V by saying that (V,,)n>1 < (Vi)n>1 if Vi, C V), for every n. For
V=Va)n>1inV,set 0(V) =3, 27"u"V,. Any non-increasing sequence ((Vin)n>1)ken in V has a lower
bound (Ve Vin)n>1 in V, so there must be a W' = (W} ),>1 € V such that W < W and 6(V) = 0(W"')
whenever V. € V and V' < W’; that is, whenever (V;,),>1 € V and V,, C W/, for every n > 1, then
uV, = p" W, for every n.

(i) For x € X, n > 1 set v = {w: (z,w) € W), }. Then V") € A, for almost every z; let X1 C X
be a conegligible set such that an) € A, for every z € X; and every n > 1. Every Vn(w) is symmetric, and
fl<m<nandve Vn(m) then v[m € V,Slx). It follows that if m, n > 1 then Vﬁn becomes identified with
a subset of Vn(f) X VTEI).

From (a) we see that 0, = limnﬁoo(u"V,,SI))l/" is defined for every x € X;. The map =z — M”VTEI) :
X1 — [0,1] is measurable for each n, by Fubini’s theorem (252D), so = + J, is also measurable. Since
VTEI) C W) CW, for every x and n, 6, < 0 for every z € X;.

(iii) Set E = {z : € X1, §; = d}. Then pE > §. P? Otherwise, there is some 5 < ¢ such that
uF < B, where F = {z:2 € X1, 0 > }. Now

X\ F={z:z¢e X, lim (V)" <z}
n—oo

C U ﬂ {z:ze Xy, y"V® < g},

meNn>m

so there is some m € N such that yuH > 1 — 3, where
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H= ﬂan{x cx € Xy, ,u”Vn(m) < pg"}.

Set v, = u" W, > 6™ for each n. Then, for any n > m,

i = WL = /X 1V p(da)
1

— [ v@Outdn) 4 [ V) < 57+ o,
H X:\H

because V;\") C W for every z, and (X1 \ H) < 8. An easy induction shows that v, < k8™ F14 gk,
for every k € N. But this means that
§k = §—memtk < 5_m'7m+k < ﬂk(s_m(/ﬂﬂm_l +’Ym)
for every k; setting n = (6 — 8)/8 > 0,
k(k—1 S\E s
HEy < (1) = ()" < a8 +3m)
for every k, which is impossible. XQ
(iv) Next, for any x € E, V(®) = (Vysx)>n21 €Vand V@ <W’' so u™(W,\ Vnm)) =0 for every n > 1.
This means that, given n > 1, every vertical section of (E x W})\ W, ,; (regarded as a subset of X x X")
is negligible; so (E x W} )\ W/, is negligible. We are assuming that ¢ > 0, so
EC{z:zeX, V40 C{a:{w: (z,w) € Wi} £ 0} C W,
Now a simple induction shows that E™ \ W) is negligible for every n > 1, so that E™ \ W,, is negligible for
every n, and we have an appropriate E. (Of course uFE = ¢ exactly, because (uE)" < uW,, for every n.)
(c) For each n € N let V,, € A,, be a measurable envelope of D,, in X™. Define (W,,),>1 inductively by
saying

Wl :%a

Wit = {w:we X" wrln € W,,
wn € Vp41 for every permutation 7 : n+ 1 —n+ 1}
for each n > 1. Then an easy induction on n shows that W, is measurable and symmetric and that
D,, CW,, CV,, so that W,, is a measurable envelope of D,, and p"W,, = (u™)*D,.
Now (W,,)n>1 satisfies the hypotheses of (a)-(b), so
8 = limy,_y o0 (" W) Y/™ = limy, oo (") * Dy )1/
is defined and there is a set E' € X, of measure 4, such that E™\ W, is negligible for every n; but this means
that
(L") (E" N Dy) = p"(E" NWy) = 6"

for every n, as required.

465K Lemma Let (X, Y, 1) be a complete probability space, and A C [0,1]X a stable set. Suppose that

€ > 0is such that [ fdu < €* for every f € A. Then there areann > 1 and a W € @nE (notation: 465Ad)
and a v > p"W such that [ fdv < 3e whenever f € A and v is a probability measure on X with domain
including ¥ such that "W < ~.

proof (a) For n € N write C,, = Usealz : f(2) = €}". Then (Cr)nen satisfies the conditions of 465Jc, so
§ = lim, o0 ((u")*C,) Y™ is defined, and there is an E € ¥ such that uE = § and (u™)*(E" N C,) = 6"
for every n € N. Now, for B C [0,1]X and n € N, write C,,(B) = Useplz : @ € E, f(z) > €}", so that
Cn(A) = E"NC,, and (u")*Cpn(A) = 6™ for every n. For any B C [0,1]%, (C,(B))nen also satisfies the
conditions of 465Jc, and dp = lim,, s ((1™)*Cy (B))/™ is defined; we have §4 = 4.
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(b) If B, B’ C [0,1]%, then
(L") Cn(B) < (1")*Cn(BUB') < (u")*Cn(B) + (1")*Cp(B)
for every n, so dp < dpup’ < max(dg,dp/). It follows that if
G={G:GC[0,1]% is T,-open, dgna < 8},

where T, is the usual topology of [0,1]%, no finite subfamily of G can cover A. Accordingly, since the
T,-closure A of A is T,-compact, there is an h € A such that §gna = d for every T,-open set G containing
h.

(c) At this point recall that every function in A is measurable (465C(a-ii), 465Da) and that [ : A — [0,1]
is T,-continuous (465G). So [h < €? and p{z : h(z) > €} <e.

? Suppose, if possible, that § > e. Then there is some n > 0 such that uF > 0, where F' = {x : x €
E,h(z)<e—mn}. ForkeNand u € FFset G, = {f: f €[0,1]%, f(u(i)) < e —n for every i < k}. Then
G, is an open neighbourhood of h, so §g,na = 6 and (u*)*(Cx(G, N A)) > 6. But because F C E and
Cr(G,NA) C EF and uE = §, this means that (u*)*(F* N CL(G, N A)) = (uF)*.

In the notation of 465Af,

Cr(GuNA)YNF* C{v:u#v € Di(A, Fe —n,¢)}

for any u € F¥. So (u*)*{v : u#v € Dy(A,F,e —n,€)} = (uF)* for every u € F¥. But this means that
(12%)* Dy (A, Fye —n,€) = (uF)?*. Since this is so for every k > 1, A is not stable. X

(d) Thus § < e. There is therefore some n > 1 such that (u")*C, < (2€)". Let W € @nZ be a
measurable envelope of Cy,, and try v = (2¢)™. If v is any probability measure on X with domain including
3 such that v"W < ~, then for any f € A we have

{fv:f@zancCueW, (le:f@) =) <v'W < (29",
so that v{z : f(x) > €} <2e. As 0 < f(z) <1 forevery z € X, [ fdv < 3e, as required.

465L Lemma (TALAGRAND 87) Let (X, ¥, 1) be a complete probability space, and A C [0,1]%X a set
which is not stable. Then there are measurable functions hg, hy : X — [0,1] such that [hodp < [hidu
and (u?*)* Dy, = 1 for every k > 1, where

Dy = |J{w:we X%, f(w(2i)) < ho(w(2i)),

feA
fw(2i + 1)) > hy(w(2i + 1)) for every i < k}. (%)

proof The proof divides into two cases.

case 1 Suppose that there is an ultrafilter 7 on A such that the ¥,-limit gy of F is not measurable. Let
hi, by : X — [0,1] be measurable functions such that hy < go < h} and [hy = [go, [ B} = [go (133]a).
Then § = & ['h} — h{y > 0 (133Jd). Set ho = h{, + 26xX, h1 = h} —20xX, so that [ho < [ h1.

Set Qo = {z:x € X, go(z) < ho(xz) —0}. Then pu*Qo = 1, by 133J(a-i). Similarly, p*@1 = 1, where
Q1 ={z:go(x) > h1(z) + 6}

Ifk > 1,u € QF and v € QF, then thereis an f € A such that | f(u(i))—go(u(i))| <6, | f(v(i))—go(v(i))]
d for every i < k. But this means that f(u(i)) < ho(u(é)) and f(v(i)) > hq(v(i)) for every ¢ < k,
u#v € Dy. Thus

<
and

Dr 2 Qo x Q1 xQoxQ1x...xQoxQ1,
which has full outer measure, by 254L. As k is arbitrary, we have found appropriate hg, hy in this case.
case 2 Now suppose that for every ultrafilter 7 on A, the ¥,-limit of F is measurable.
(i) We are supposing that A is not stable, so there are E € ¥ and o < 3 such that uF > 0 and
(u2*)* Dy (A, E, o, B) = (uE)?* for every k > 1. The first thing to note is that if Z is the set of those B C A
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for which there is some k € N such that (u**)*Dy(B, E, o, 3) < (uE)?*, then Z is an ideal of subsets of
A. P Of course ) € 7 and B € T whenever B C B’ € Z. Also 465C(b-i) tells us that, if B € Z, then

limg 00 ﬁ(u%)*Dk (B,E,a, ) =0. It follows easily (as in the proof of 465C(b-ii)) that BU B’ € T for
all B,B'eZ. Q
(ii) Z is a proper ideal of subsets of A (by the choice of F, k, a and ), so there is an ultrafilter F on
A such that FNZ = (. Let go be the T,-limit of . Then go is measurable.
Set 6 = %(6 — a)uE > 0, and define hg, hy by setting
ho(z) =aifz € E,
=go(x)+difze X\ E,
hi(z)=pifz € E,
=go(x)—difze X \E.
Then
1= [ho>(B—a)uE —25u(X \ E) > 0.
(iii) We shall need to know a little more about sets of the form Dy (B, E,a, ) for B € F. In fact, if
B C A and B ¢ Z, then for any finite sets I and J
(1! % 1?)* Dy s (B, By, f) = (uE)y#OH#O),
where D j(B,E, o, ) is
Usepl(u,v) 1u e El ve B, f(u(i)) <aforiel, f(v(j)) > B forje J}

P We may suppose that I = k and J = [ where k, | € N. Take m = max(1, k,[). Then we have an inverse-
measure-preserving map ¢ : X>™ — X¥ x X! defined by saying that ¢(w) = (u,v) where u(i) = w(2i)
for i < k and v(i) = w(2i + 1) for i < I. T If (u* x p!)* Dy (B, E,a,B) < (uE)**! there is a non-
negligible measurable set V C (E* x E')\ Dy (B, E, a, 8). Now ¢~![V] is non-negligible and depends only
on coordinates in {27 : ¢ < k}U{2i +1:4 <}, so

P (0 6 V]) = 2 (6 V) - ()2t > 0.

But ¢ ' [V] N Dp(B,E,a,8) = 0, so (u*™)*D,(B,E,o,8) < (pE)*™, and B € Z. X So (u* x
W) Dyt (B By, 8) = (HE)*, as required. Q

(iv) ? Suppose, if possible, that k > 1 is such that (u?*)* Dy < 1, where Dy, is defined from hy and h;
by the formula (*) in the statement of the lemma. Let W C X?* be a measurable set of positive measure
disjoint from Dy. For I, J C k write W7, for

{w:weW,w2i)e Eforiel w(2)¢Eforick\l,
w(2i+1)eEforie J w2i+1)¢ Eforieck)\J}.

Then there are I, J C K such that u%WU > 0.
We can identify X2* with X x X7 x X*\ x X¥\/ matching any w € X2* with (wp, w1, ws, ws) where

wo(t) = w(2i) for i € I,

wy (i) = w(2i+ 1) for i € J,

wa (i) = w(2i) for i € k\ I,
w3(i) =w(2i+1) foriek\ J

Write W for the image of Wy under this matching. The condition Wy ; N Dy, = 0 translates into
() whenever (wo, wy,ws,w3) € W, f € A,
either there is an ¢ € I such that f(wo(i)) > «
or there is an ¢ € J such that f(w(i)) <8
or there is an i € k \ I such that f(wa(7)) > go(wa(7)) + 6
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or there is an ¢ € k \ J such that f(ws3(2)) < go(ws(2)) — 9.

(v) By Fubini’s theorem, applied to (X! x X7) x (XF\ x X*\7) we can find wy € X*\ | w3 € XF\/
such that (u! x p?)(V) is defined and greater than 0, where V' = {(wq, w1) : (wo, w, was,ws) € W}. Set

B={f:fe€Alf(w(i)) — go(wa(i))] <6 foriek\I,
| f(ws(i)) — go(ws(i))| < 6 for i € k\ J}.

Then B € F, because F — go for T,. So (u! x u’/)*D; ;(B,E,a, ) = (uE)#D+#) by (iii) above.
Since Wr; € W, V is included in Ef x E7 and meets D j(B, E,a,3); that is, there are f € B and
(wg,w1) € V such that f(w(i)) < o for i € I and f(wy(z)) > S for i € J. But because f € B we also have
flwa(7)) < go(wa(d)) + 6 for i € k\ I and f(ws()) > go(ws(i)) — d for ¢ € k\ J; which contradicts the list
in (1) above. X

(vi) Thus (42*)* Dy, = 1 for every k, and in this case also we have an appropriate pair hq, h;.

465M Theorem (TALAGRAND 82, TALAGRAND 87) Let (X,X¥,u) be a complete probability space,
and A a non-empty uniformly bounded set of real-valued functions defined on X. Then the following are
equiveridical.

(i) A is stable.

(ii) Every function in A is measurable, and limy o SUp s 4 |% Zf;ol f(w(i)) — [ f| = 0 for almost every
we XN

(iii) Every function in A is measurable, and for every ¢ > 0 there are a finite subalgebra T of ¥ in which
every atom is non-negligible and a sequence (hy);>1 of measurable functions on X N'such that

1 — . .
hie(w) = supye 4 1 X150 | £ (w(i) = E(fIT)(w(i))]
for every w € XN and k > 1, and
limsup;,_, o, he(w) < e

for almost every w € X~. (Here E(f|T) is the (unique) conditional expectation of f on T.)

(iv) 1m0 SUP pe 4 % S fw(i)) — % S0 #(w(i))] = 0 for almost every w € X,
(v) Tt o [ 5D e q [+ 30820 f(w(0)) — 3 0126 F(w(i)) | (dw) = 0.

proof All the statements (i)-(v) are unaffected by translations (by constant functions) and non-zero scalar
multiplications of the set A, so it will be enough to consider the case in which A C [0, 1]X.
As in 465H-4651, I write vy, (E) = +#({i : i < k, w(i) € E}) for w € XN, k > 1 and E C X so for any

function f: X = R, [ fdvy, = % ZZT:_Ol f(w(i)).

(a)(i)=(iii)(a) If A is stable, then every function in A is measurable, by 465Da. Let € > 0. Set
n = 1%@62 > 0. By 465C(a-ii) and 465Db, the T,-closure A of A in R¥ is a stable T,-compact set of
measurable functions, and by 465G it is ¥,,-compact; because A is uniformly bounded, it must be totally

bounded for the pseudometric induced by || ||;. So there are fy,..., fm € A such that for every f € A
there is an ¢ < m such that ||f — fi|[1 < n. Let Ty be the finite subalgebra of ¥ generated by the sets

{z :jn < filz) < G+ Dn} for i < mand j < % Then Ty may have negligible atoms, but if we

absorb these into non-negligible atoms we get a finite subalgebra T of ¥ such that |f;(x) — E(f;|T)(z)| <n
for almost every © € X, every ¢ < m. (Because T is a finite algebra with non-negligible atoms, two T-
measurable functions which are equal almost everywhere must be identical, and we have unique conditional
expectations with respect to T.) Since ||[E(f|T) —E(g|T)|lx < ||f — g||1 for all integrable functions f and g
(242Je), |If —E(f|T)|lx < 3n for every f € A.

(B) Set A = {f —E(f|T) : f € A}. Then A’ is stable. P Suppose that uF > 0 and o < 8. The
set B = {E(f|T) : f € A} is a uniformly bounded subset of a finite-dimensional space of functions, so is
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[| [oo-compact. So there are go, ..., g, € B such that B C ;{9 |9 — il < +(B — a)}. By 465C(a-iv)
and 465C(b-ii), C' = {J;<, A — g; is stable. So there is a k > 1 such that
(1) Di(C, E, 3a + 38, sa + 38) < (uE)*.
But for every g € A’ there is an h € C such that [|g — h| < £(8 — @), so
Dy(A',E,a,8) C D(C, B, 2a+ 18, 1a+ 28), (42 Dy(A', B, o, B) < (uE)**.
As E, o and S are arbitrary, A’ is stable. Q
(v) By 465C(b-iv),
"={gT:geAtU{g g A}
is stable. By 465K there are an n > 1, a W € @nE and a v > "W such that [hdv < 3/3n = e
whenever h € A” and v is a probability measure on X, with domain including ¥, such that v"W < . So

[ lgldv < € whenever g € A’ and v is such a measure. If w € XN and k € N, v, is a probability measure
on X; set gi(w) = v (W). Applying 465H to xW, we see that limy_o gp(w) = "W for almost every
w € XN, Also, because W € @nE, every gy is measurable, by 4651.

Set hp(w) = 1 if gp(w) > 7, € if gx(w) < . Then every hy is measurable and limy_, o hy(w) = € for
almost every w.

For any w € XN and any f € A, g = f — E(f|T) € A’ and ||g||oo < 1. So either hj(w) = 1 and certainly
S lgldvir < hi(w), or hg(w) =€, l/wk(W) <~ and [ |g]dvyr < e. Thus we have

o £ w(@) — BT (w(@)| =[]~ BT dvar, < hi(w)
for every w € XM and every f € A, as required by (iii).
(b)(iii) = (ii)&(v) Set

gk (w) *SupfeA| Zf olf ffd,LL|,

1

Gha(w) = supyeq [+ 40 fw(i) — 33015 F(w(i))],

forw € XN and k, I > 1. Let € > 0. Let T and (hx)r>1 be as in (iii); as 4 C [0,1]*, we can suppose
that hp(w) < 2 for every k and w. Let Ey,...,E, be the atoms of T. For w € XN, k > 1, j < r set
qrj(w) = |pE; — vy Ej|. Then for any f € A, E(f|T) is expressible as Z;zo a;xE; where o € [0,1] for
every j (remember that A C [0,1]%), so

k—1

i 2 S - [ saul = [ v~ [ sau
|/fduwk —/ (fIT)dve| + ]/ (f|T)dvr, — /]E(f|T)dM’

SéZIf(w()) E(f|T)(w |+ZaylmE HE;|
1=0
< hyp(w) + ) i (w)
j=0
k—1 -1
1257 Fw@) =1 Y fw(i)]
i=0 i=0

< hi(w +Z% )+ hi(w +Z%

Taking the supremum over f, we have
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gr(w) < hy(w) + 3770 qrj(w),

(W) < P (w) + 377 qus(w) + 3250 @i (w) + hu(w).
But, for each j <7, limp_, o0 g j(w) = 0 for almost every w, by 273J applied to xE;. So
limsupy, o gi(w) < limsupy_, oo hi(w) <€
for almost every w. At the same time,
lim supy, ;oo fg;d < limsupk,l_mofhk +Z;:of%j —|—Z;:0fqu + fhl < 2e.

As e is arbitrary, {w : limsup,_, . gx(w) > Q_i} is negligible for every 7 € N, and limy_,oo g = 0 almost
everywhere, as required, while equally limy ;oo [¢},; = 0. Thus (ii) and (v) are true.

(c)(ii)=(iv) is trivial, since
E0 Fw() = 1 D20 fw@)] < |2 X550 fw@) = [ ]+ |75 fw@) - [ f].

(d) not-(i) = not-(iv)&not-(v) Now suppose that A is not stable.

(a) In this case, by 465L, there are measurable functions ho, k1 : X — [0,1] such that [ hodu < [ hidp
and (u?*)* Dy, = 1 for every k € N, where

Di= | fw:we X%, f(w(2i)) < holw(2i).

feA
fw(2i + 1)) > hy(w(2i + 1)) for every i < k}.

(B) Set § = ifhl — ho > 0. Let kg > 1 be so large that

i {w s w e X5, | [ hy = 20850 hy(w(@)] < 8} >

N | =

for both j and for every k > ko (273J or 465H. The point is that
=
uk{w:wEXk,\/hj—%Z i))| <4}
i=0

= pMw: weXN|/h %

S

hj(w(@)) <0} —>1ask — 00.)

gM

Let (ky)n>1 be such that k,, > %Z?;Ol k; for every n > 1. Since § < %, every k, is at least as large as k.

(v) Set m,, =23, _, k; for each n € N. Then we have a measure space isomorphism ¢ : ], oy X**» —

XN defined by setting
P(w)(mn + 1) = w(n)(2i),  (w)(mn + kn +1i) = w(n)(2i+1)

for n € N and i < k,. For each n € N, Dy, has outer measure 1 in X%~ so D = [L.en Dy, has outer

measure 1 in ], oy X?*, and #[D] has outer measure 1 in X~. Note that ¢[D] is just the set of w € XN
such that, for every n € N, there is an f € A such that

neN

f(w()) < ho(w(i)) for my, < i < my, + kn,
fw(i)) > hy(w(2)) for my, + kn <@ < my + 2ky, = myp41.

If we set

Vio = {w:w e XV, |kizf’1"+’“n—1 ho(w(i)) — [ hol < 6},

=My,
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1 _
Vo ={w:we XY, |EZZ§:W,2&”1 1( — [l <6},

every Vo and V,; has measure at least %, because k,, > kg.
(6) Now suppose that n € N and w € V0 N Vyyy N ¢[D]. Then
1 mp+2k, —1 1 My +kn,—1 5
1 N1 N>
el DR UL el DU orrersy
P Since w € ¢[D], there must be an f € A such that

fw(@)) < ho(w(i)) for my, < i < my + kn,
f(w(@)) > h1(w(i)) for my, + kyn <@ < my, + 2ky = Mmpy1.

Set s = Y7 f(w(i)), t = ST fw(i)) and ¢ = 7L f(w(i)). Then

1 My +2k, —1 1 My +kn—1
i X SO0 - Y )
_s—|—t+t’_ s+t (t'—t—s)k,+t'm,
o+ 2k, Mk, (Mg 2k) (M + k)
(¢ —t—makn ' —t—0ky

T (my +2kn) (M + kn) T (24 60)(1 + )k,

because m,, < dk,,, by the choice of k,.
To estimate t and ¢/, we have

t =t fw(@) € St T ho(w(@)) < k([ o +0)
because w € V,o. On the other hand,
¢ = T (i) = 2 h(w(i)) 2 ka( [ by = 6)
because w € V,,1. So

t' =t > kn( [ h1 — ho — 26) = 2k0,

and
, o ekt ' | el
X Je@ - X S
20k, — 0k, 5

“ 2401 +0)k, (2+5)(1+6)'Q

(¢) The V0 and V,,; are all independent. So uN(Vy,0 N Vyp) > for every n, and
W={w:we XN, we VyNV, for mﬁnltely many n}

has measure 1 (by the Borel-Cantelli lemma, 273K, or otherwise). Accordingly W N qﬁ[f?} has outer measure
1in XN, But if w € W N ¢[D], then (§) tells us that

lim sup sup’f Zf ; Zf(w(@)) 2 m7

k,l—oo fEA

because there are infinitely many n such that w € V,,0 N V,,1 N ¢[D]. So (iv) must be false.

(¢) We see also that, for any n € N,

)

I > ’
M tkn, Mo +2kn = (24.6)(14-6)

(Vo V) 2 ey
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writing
1 — . 1 — .
() = supyen LAY Flw(i) — 13D Fluw(@)]
for k, 1 € N. So limsupy, ;_, Tgfd > 0, and (v) is false.

(e) Assembling these, we have
()=(>i)=(>1)=(iv)=@1), (ii)=(v)=(1),
so the five assertions are equiveridical.

Remark If (X, ¥, 1) is a probability space, aset A C £'(p) is a Glivenko-Cantelli class if SUP fe 4 |é Zf;ol

fw@@)) — [ f| = 0 as k — oo for pN-almost every w € X". Compare 273Xi.

465N Theorem Let (X, X, 1) be a semi-finite measure space.

(a) (TALAGRAND 84) Let A C R¥ be a stable set. Suppose that there is a measurable function g : X —
[0, c0[ such that |f(z)| < g(z) whenever z € X and f € A. Then the convex hull I'(4) of A in R is stable.

(b) If A C RX is stable, then |A| = {|f| : f € A} is stable.

(c) Let A, B C R¥ be two stable sets such that {f(z): f € AU B} is bounded for every z € X. Then
A+B={fi+ fo:f1 € A, fo € B} is stable.

(d) Suppose that u is complete and locally determined. Let A C R¥ be a stable set such that {f(x) :
f € A} is bounded for every z € X. Then I'(A) is relatively compact in £°(X) for the topology of pointwise
convergence.

proof (a)(i) Consider first the case in which uX =1 and A C [—1,1]%. In this case,

SUp rer(a [y img f(w(@i) = [ f] =supsea |10 F(w(i) - [ f]

for every k > 1 and w € X~. So I'(A) satisfies condition (ii) of 465M whenever A does, and we have the
result.

(ii) Now suppose just that uX = 1. Set A’ = fX : f € A}. Then A’ is stable (465C(a-v)), so I'(A’)
is stable, by (i), and T'(A) = {f x (g + xX) : f € A’} is stable.

(iii) If uX = 0, the result is trivial. If uX < oo, apply (ii) to a multiple of the measure u. For the
general case, write Ag = {f[E: f € A} for E C X. Then A is stable for the subspace measure on E, by

465Cm. It follows that I'(Ag) is stable whenever pF < co. But I'(Ag) = (I'(4))E, so 465Cn tells us that
I'(A) is stable.

(b)(i) I begin with a basic special case of (c). If A, B C R¥ are stable and uniformly bounded, then
A+ B is stable. P Putting 465C(b-ii), (a) of this theorem, 465C(a-iii) and 465C(a-i) together, we see that
AUB, T(AUB) and A+ B C 2T'(AU B) are stable. Q

(ii) Adding this to 465C(b-iv), |A| C {f*: f € A} +{f~ : f € A} is stable whenever A C R¥ is stable
and uniformly bounded.
(iii) For the general case, use 465C(c-v). For n € N, set 4,, = {med(—nxX, f,nxX): f € A},
[Aln = {med(—nx X, f,nxX) : f € |Al} = {med(—nx X, [f[,nxX) : f € A} = [An].
Now 465C(c-v) and (i)-(ii) above tell us that if A is stable, so are every A,, and every |A,| = |A|,, so that
A is stable.

(c)(i) By 465Cn, it is enough to consider the case of totally finite u, so let us suppose from now on that
uX < oo. We may also suppose that neither A nor B is empty; finally, by 465C(c-i), we can suppose that
w is complete, so that AU B C L9(X) (465Da).

I introduce some temporary notation: if E C X, k> 1,e¢ >0 and A C R, set

Di(A E,€) = Ureafu:ue E% | f(u(i)| > € for i < k}.
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(ii) We need to know that if A C R¥ and every f € Ais zero a.e., then A is stable iff whenever £ € X,
0 < uE < oo and € > 0 there is a k > 1 such that (u*)*Dy(A, E,€) < (LE)*.

P(a) If A is stable, then |A| is stable, by (b), so if 0 < pF < oo and € > 0 there is a k¥ > 1 such

I~

that (u2*)*Day(|A], E,0,¢€) < (LE)?*. Let W € @,, X be such that Doy (|A],E,0,e) C W C E* and
kW < (uE)?*. Because (u,v) — uftv is a measure space isomorphism,

pEW = [ udto € Wik (dv),

so if we set V = {v:v € E*, pF{u: u#v € W} = (uE)*} we must have u*V < (uE)*. If v € Dy(A, E, ),
there is an f € A such that |f(v(i))| > € for every ¢ < k; now

{u:ufpv e W} D {u:u € E*, f(u(i)) =0 for every i < k}

has measure (uE)*, because f = 0 a.e. So Dy(A, E,e) CV and (1*)*Dy(A, E,€) < (uE)*. As E and € are
arbitrary, A satisfies the condition.

(B) Now suppose that A satisfies the condition. Take F € ¥ such that uF > 0, and o < 8 in R.
If 8> 0, set € = B; otherwise, set ¢ = —a. Then there is a k € N such that (u*)*Dy(A, E,¢) < (uE).
As Di(A, E,a, B) is included in {(u,v) : u € E¥, v € Dy(A, E,€)} (if 8 > 0) or {(u,v) : u € Dp(A, E,e¢),
ve EFY (if B<0), (u?F)*Di(AE,a,B) < (uE)?*. As E, a and 3 are arbitrary, A is stable. Q

(iii) Suppose that A and B are stable sets such that f = 0 a.e. for every f € AU B. Then A+ B is
stable. P Set A’ = {|f|AxX : f e A}, B ={|f|AxX : f € B}. Then A’ and B’ are stable, so A’ + B’
is stable, by (b)(i) above. But now observe that if u € Dy(A + B, E,€), where E C X, ¢ > 0 and k > 1,
then there are fi; € A, fo € B such that |fi(u(i)) + fa(u(i))| > e for every i < k. In this case, setting
f; = 1fil A xX for both j, g = fi + f3 belongs to A’ + B’ and g(u(i)) > min(1,¢) for every i < k. This
shows that Dy (A + B, E,€) C Dip(A’ + B, E,min(1,¢€)). Also every function in either A+ B or A’ + B’ is
zero a.e. So (ii) tells us that A 4+ B also is stable. Q

(iv) Suppose that A, B C RX are stable, that |f| < xX for every f € A, and that g = 0 a.e. for every
g € B. Then A+ B is stable. P For g € B set ¢'(z) = med(—2,¢g(z),2) for x € X; set B’ = {¢' : g € B}.
Then B’ is stable, by 465C(a-vi), and both A and B’ are uniformly bounded, so A + B’ is stable. Take
E € ¥ such that pE > 0, and o < 8 in R.
If > 1, then, by (ii), there is a k > 1 such that (u*)*Dy(B, E, 5 — 1) < (uE)*. Now if w € Dy(A +
B,E,a, ) there are f € A, g € B such that f(w(2i+ 1)) + g(w(2i + 1)) > B for every i < k; accordingly
g(w(2i+1)) > B —1 for i < k and w = uv for some u € E*, v € Dy(B, E, 5 —1). So

(1**)*Dr(A+ B,E,a, ) < (uE)* - (u*)*D(B,E, 3 — 1) < (uE)?*.
Similarly, if < —1, then
(u%)*Dk(A +B,E,a,p) < (uE)k . (,u"“)*b(B,E7 —l1—-a)< (,uE)%

for some k.

On the other hand, if —1 < a < 8 < 1, there is a k > 1 such that (u?*)*Dy(A + B',E,a,B) <
(WE)**. If now w € Di(A+ B,E,«,f), take f € A and g € B such that f(w(2i)) + g(w(2i)) < a and
fw(2i + 1)) + g(w(2i 4+ 1)) > B for i < k. In this case, for each i < k,

—— either ¢/(w(21)) < g(w(2i)) and f(w(2i))+9¢' (w(2i)) < @, or ¢'(w(2i)) = —2 and f(w(24))+
§(w(20) < -1 < a,
— either ¢/ (w(2i+1)) > g(w(2i+1)) and f(w(2i+1))+¢'(w(2i+1)) > B, or ¢’ (w(2i+1)) =2
and f(w(2i+ 1)) + ¢ (w(2i +1)) > 1> 3.
Sow € D(A+ B',E,a, B). Accordingly (u?*)*Dy(A+ B, E,a,3) < (uE)?~.
As F, a and 8 are arbitrary, A + B is stable. Q

(v) Now suppose that |f| <a. xX for every f € AUB. For f € AUB and z € X, set fo(z) =
med(—1, f(x),1), fi(x) = max(0, f(z) — 1) and fa(z) = max(0, —1 — f(x)); then f = fo+ f1 — f2, |fol| < xX
and f1, fo are zero a.e. Also Ag={fo:f e A}, Ay ={fi:f€A}, Ao={fo:f€ A}, Bo={fo: f € B},
By ={f1:f € B}and By ={fs: f € B} are all stable, by 465C(a-vi). Accordingly Ay + By is stable, by
(ii); by (iii), A1 — Ay + By — By is stable; by (iv),
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A+BCAy+By+ Ay — Ay + By — By
is stable.

(vi) Finally, turn to the hypothesis stated in the proposition: that A and B are stable and pointwise
bounded. Let h : X — [0,00[ be such that |f(x)] < h(x) for every f € AU B and z € X; note that
I do not assume here that h is measurable. However, we are supposing that p is totally finite, so there
must be a sequence (fp)neny in AU B such that |f| <a. sup,ey|fn| for every f € AU B. P For each
q € Q, choose a countable set C; € AU B such that {z : |f(z)| > ¢} \ UgECq {z : |g(x)] > ¢} is negligible
for any f € AU B (215B(iv)); let (fn)nen run over (J,cqCq- Q Set hi = XX + sup,ey|fal; then Ay
is finite-valued, strictly positive and measurable, and |f| <, hi for every f € AU B. By 465C(a-v),
Ay ={f/h1: f € A} and By = {f/h1 : f € B} are stable; by (v) here, A; + Ay is stable; by 465C(a-v)
again, A+ B ={g x hy : g € A1 + Ay} is stable. So we're done.

(d) Since A is pointwise bounded, the closure I'(4) of I'(A) in R¥ for the topology of pointwise conver-

gence is compact. ? Suppose, if possible, that there is a g € I'(A)\ £%(X). Then there must be a measurable
set F of finite measure and a < 8 in R such that u*P = u*@Q = pE > 0, where

P={z:z€E glx)<a}, Q={z:z€FE, g(x)>p}

by 413G again. Set Y,, = {z : 2 € E, |f(x)| < n for every f € A}; then (V},)nen is a non-decreasing sequence
with union E, so there is an n € N such that p*(PNY,) and p*(Q NY,) are both at least 2uFE. Let F', F”
be measurable envelopes of P NY,, and Q NY,, respectively, and Y = F' N F" NY,,; then

O<uw(F NF"Y=p*(F'NnF"NnPNY,)
= (FFNF'"NnQNY,)=pY=p*(PNY)=p"(QNY).

Let py be the subspace measure on Y and Yy its domain, and consider the set Ay = {f[Y : f € A}.
With respect to the measure py, this is stable (465Cm). Also it is uniformly bounded. So I'(Ay) is py-
stable, by (a) of this theorem. As uy is complete and totally finite, the closure I'(Ay ) for the topology of
pointwise convergence in RY is included in £%(Xy) (465Da). Since f — f]Y : R¥ — RY is linear and
continuous for the topologies of pointwise convergence, g|Y € I'(4y) and ¢|Y is Yy-measurable. But

W (PAY) = p*(PNY) = i (QNY) = g3 (QNY) = iy €0, o0
(214Cd), so this is impossible. X

Thus I'(A) C £%(X) and ['(A) is relatively compact.

4650 Stable sets in L° The notion of ‘stability’ as defined in 465B is applicable only to true functions;
in such examples as 465Xj, the irregularity of the set A is erased entirely if we look at its image in the
space LY of equivalence classes of measurable functions. We do, however, have a corresponding concept for
subsets of function spaces, which can be expressed in the language of §325. If (2, i) is a semi-finite measure

algebra, and k > 1, T write (@ki)l, ji*) for the localizable measure algebra free product of k copies of (2, 1),
as described in 325H. If Q C L°(A), k > 1, a € A has finite measure and o < 3 in R, set

di(Q,a,a, B) :Sgg((am[[v <a)®@@nv>p])®...
®(anfv<al) @ (anfv>4]))

in ®2k2[, taking k repetitions of the formula (an [v < o] )®(an [v > B]) to match the corresponding formula
Dk(A7E7a7ﬂ) = UfeA((Em {.’E : f(x) S a}) X (Em {ZE : f(.’L') Z ﬁ))k
(Note that the supremum sup, ¢, - .. is defined because a®?* = a®...®a has finite measure in the measure

algebra (®2k2[, i%F). Of course I mean to take di(Q,a,a,3) = 0 if Q = .) Now we can say that Q is
stable if whenever 0 < jia < oo and a < f3 there is a k > 1 such that i**d(Q,a,, B) < (jfia)?*; that is,

dk(Q,CLOQﬁ) 7é a®...®a.
We have the following relationships between the two concepts of stability.
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465P Theorem Let (X, X, 1) be a semi-finite measure space, with measure algebra (2, fi).

(a) Suppose that A C £°(X) and that Q = {f* : f € A} C L°(u), identified with L° = LO(A) (3641c).
Then @ is stable in the sense of 4650 iff every countable subset of A is stable in the sense of 465B.

(b) Suppose that p is complete and strictly localizable and @ is a stable subset of L (), identified with
L>°(2A) (363I). Then there is a stable set B C £>°(X) such that Q@ = {f*: f € B}.

proof (a)(i) Suppose that all countable subsets of A are stable, and take a € 2 such that 0 < fia < co and
a < BinR. For each k € N there is a countable set Q) C @ such that di(Qx, a, a, 8) = di(Q, a, «, ), because

a®?k has finite measure in ®,, 2. Now there is a countable set A’ C A such that {f*: f € A’} = U,y Qk-
Let E € X be such that E* = a. As uF = fia € ]0,00[ and A’ is stable, there is a £ > 1 such that
(u2*)* Dy (A", E, a, B) < (1E)?**. Because A’ is countable, Dy (A, E, o, 3) is measurable. But 325He tells us
that we have an order-continuous measure-preserving Boolean homomorphism 7 from the measure algebra

of 1% to ®2kﬂ, such that 7([[, o5 Fi)* = F§ @ ... ® F3;,_, for all Fy,..., For_1 € ¥; accordingly

ﬂdek(Qaaaaaﬁ) = ﬂ2kdk(Qk,a7aw8) S ,a2kdk(U Qi7a7aaﬁ)
€N
ﬂ2k(7TDk(A/,E,Oé7ﬁ)') = IU/Qka(AIaEaa7ﬂ)
< ([LE)zk _ ﬁ%a@%.

As a, a and § are arbitrary, @ is stable.

(ii) Now suppose that @ is stable and that A’ is any countable subset of A. Take E € ¥ such that
0 < puFE < oo, and a < fin R. Set a = E* € 2. This time, writing @’ for {f*: f € A’}, we have

ﬂ-Dk(Al? Ea «, ﬂ). = dk(Q/7 a, o, B) Cc dk:(Qa a, o, B)
for every k > 1. There is some k such that dp(Q,a,,) # a®?*, and in this case pu?*Dy(A", E, a, B) <
(uE)?; as E, a and f3 are arbitrary, A’ is stable.

(b)(i) If pX = 0 this is trivial; suppose that uX > 0. Let (E;);er be a decomposition of X into sets
of finite measure. Amalgamating any negligible F; into other non-negligible ones, we may suppose that
wE; > 0 for each 7. Writing p; for the subspace measure on E;, we have a consistent lifting ¢; for u; (346J).
Set ¢F = ;¢ #i(E N X;) for E € X5 then ¢ is a lifting for u. Let 6 be the corresponding lifting from 24 to
¥ (341B) and T : L>=°(2) — L£°°(X) the associated linear operator, defined by saying that T'(xa) = x(0a)
for every a € 2 (363F). Since 0(a)* = a for every a € 2, (Tv)* = v for every v € L>® = L*°(2), identified
with L (u) (cf. 363Xe).

(ii) We need to know that if v € L*™ and o < o/, then {z : (Tw)(z) < a} C ¢({z: (Tw)(z) < '}). P
Let v’ € S(A) be such that [[v — || < 3(e/ — a) (363C), and set v = 3(a+ o). Express v’ as Y 1, o xa;
where ao, ... ,a, € A are disjoint. Then Tv' = Y"1 ; a;x(6a;). Now

1Tv =TV [loo < [lv=0floc <7 —a=0a" =,

SO

{z: (Tv)(z) < o} C{z: (TV)(z) <}
= U{Hai i<n, q <At = qS(U{Qai i <n, ap <))
(because ¢(fa) = fa for every a € A)
= ¢({z : (TV)(z) <7}) € o({x : (Tw)(z) < a'}),
as claimed. Q
Similarly, if 8/ < 8 then {z : (Tv)(z) > 8} C ¢({z : (Tv)(z) > B'}).

(iii) Set B = T'[Q)], so that B C £L>*(¥) and Q@ = {f* : f € B}. Then B is stable. P Let F € X
be such that 0 < uF < oo, and @ < 8. Let i € I be such that u(F N E;) > 0, and o/, / € R such
that @ < o/ < 8/ < B. Setting a = (E N E;)*, we have 0 < fia < oo, so there is some k € N such that
di(Q,a,a’,3") # a®?*. Let 7 be the measure-preserving Boolean homomorphism from the measure algebra
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of 1?* to ®2kﬂ described in part (a) of this proof; as noted in 325He, the present context is enough to
ensure that 7 is an isomorphism. So there is a W € dom p?* such that 7W* = di(Q, a, o', 3'); since

dk(Q,Cl,O/,ﬁl) - a®2k c (EiZk).v
we may suppose that W C E?*. If f € B, then

mD({f}, B, ol ) = di({f*} 0,0/, ') C di(Q, 0,0, 5),

so Di({f}, E, o/, B") \ W is negligible.
At this point, recall that ¢; was supposed to be a consistent lifting for 11;. So we have a lifting ¢’ of u2*
such that ¢'([]; o5 £5) = [1j<op, ¢iFj for all Fy, ..., Fop—1 € X;. In particular, if f € B and we set

Fj={x:z€ENE, f(x)<a}, Fym={z:x€ENE;, f(x) >},

By, ={r:ze ENE; f(v)<a'}, F . ={rv:ze€ ENE; f(z)>p'},
for j < k, we shall have

II &< II o5

j<2k J<2k
(by (ii) above, because f = T'v for some v)

= [[ o =0/ (] F) cow

j<2k <2k

because Hj<2k Fi=Dy({f}, E,a/,8"). As f is arbitrary, Di(B, EN E;, a, B) C ¢'W. But now

(1**)*Dp(B,EN Ej o, B) < p?* (¢ W) = p* (¢'W)
(251W1)
= "W = "W = i?*di.(Q, 0,0, B)
< ﬁZk(a@)Qk) _ M(EﬂEi)%.

As usual, it follows that (u2*)* Dy (B, E, a, B) < (uE)?*; as E, a and 3 are arbitrary, B is stable, as claimed.
Q

465Q Remarks Using 465Pa, we can work through the first part of this section to get a list of properties
of stable subsets of L°. For instance, the convex hull of an order-bounded stable set in L? is stable, as
in 465Na. It is harder to relate such results as 465M to the idea of stability in L°, but the argument
of 465Pb gives a line to follow: if (X, X, ) is complete and strictly localizable, there is a linear operator
T:L>®(u) — £2°(X), defined from a lifting, such that, for @ C L, T[Q)] is stable iff @ is stable. So when
i is a complete probability measure, we can look at the averages t,1(v) = %Zf;ol(Tv)(w(z)) for v € Q,
w € XN to devise criteria for stability of @ in terms of the linear functionals 1.

Working in L', however, we can seek results of a different type, as follows.

465R Theorem (TALAGRAND 84) Let (2, i) and (B,7) be measure algebras, and T : L'(A, 1) —
L'(B, ) a bounded linear operator. If @ is stable and order-bounded in L!(2, i), then T[Q] C L'(B,7) is
stable.

proof (a) To begin with (down to (d) below) let us suppose that
(A, @) and (B, v) are the measure algebras of measure spaces (X, %, u) and (Y, T,v),
so that we can identify L}, L}, with L' () and L'(v) (365B),
@ is countable,
so that @ can be expressed as {f*: f € A}, where A C £%(X) is countable and stable (465P),
T is positive,
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1 and v are totally finite,
T(xX*) =xY"*,
Q C L () is || ||so-bounded,
so that we may take A C £ to be || ||oo-bounded,
vY =1,
pX =1,
and that ||T]] < 1.

(b) The idea of the argument is that for any n > 1 we have a positive linear operator U, : L'(u") —
L'(v™) defined as follows.

If fo,. ., fo—1 € LM(w), set (fo® ... ® fro1)(w) = [I;—, fi(w(i)) whenever w € [],_,, dom f;. Now we
can define ug ® u; ® ... @ u,—1 € L (u"), for ug,... ,up—1 € L'(u), by saying that f§ ® ... ® f1_; =
(fo®...® fo1)* forall fo,..., fn_1 € £L1(p), as in 253E.

Define the operators U, inductively. U; = T. Given that U, : L*(u") — L'(v™) is a positive linear
operator, then we have a bilinear operator ¢ : L' (") x L*(u) — L*(v™*!) defined by saying that (g, u) =
U,q® Tu for ¢ € L*(pu™), u € L' (i), where ® : L'(v™) x L'(v) — L*(v™ x v) = L'(v™*+1) is the operator
of 253E. By 253F, there is a (unique) bounded linear operator U, ; : L'(u"*!) — L1(v"*1) such that
Unt1(q ®u) = (g, u) for all ¢ € L*(u™), u € L*(p). To see that U, is positive, use 253Ge. (Remember
that we are supposing that 7" is positive.) Continue.

Now it is easy to check that

Un(u0®...®un_1) :TUQ®...®TU,n_1

for all ug, ... ,un—1 € L*(p). Moreover, ||U, 11| < |U,||||T| for every n (see 253F), so ||U,|| < 1 for every
n.

For i < n € N, we have a natural operator R,,; : L'(u) — L'(u™), defined by saying that R,;f* = (fmn;)*
for every f € £1(u), where m,;(w) = w(i) for w € X™. Similarly, we have an operator S,; : L*(v) — L'(v™).
Observe that

Riuu=e®..QeQqu®e®...Qe

where e = yX* and the u is put in the position corresponding to the coordinate i. Since Te = (xY)* = ¢
say,

URju=¢ ®..0Tu®...Qe =8,;Tu

for every u € L (u).

(c) Let B C £°(T) be a countable || |o-bounded set such that T[Q] = {g* : g € B}. (T[Q] i8S || ||co-
bounded because T is positive and T'(xX)* = (xY)*.) I seek to show that B is stable by using the criterion
465M(v). Let € > 0. Then there is an m > 1 such that [ fi;(w)u(dw) < € for any k, | > m, writing

1

Jua(w) = supgea 2S5 Flw(@)) — I Fw()

for w € XN; note that fi; is measurable because A is countable.
Take any k, [ > m and consider

(=) = supge [T 0100 9(2(0)) = 1120 9(2(0)

for z € YN. I claim that [ gidv™ <e. P Set n = max(k,l). Then [ gydvN = [ gdv™, where
1

3(2) = supep 1 80 9(2(0) — 1 X120 9(2()
for z € Y™. If we look at g* in L'(v™), we see that it is
SUPyep %Zf;ol Snig® — %Zé;(l) Snig”|
where S,; : L*(v) — LY(v") is defined in (b) above. Thus
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. 1 k-1 1 -1

9" = SUPyeT(Q] \;Zi:o Sni¥ — 721:0 Sniv].
Similarly, setting

1 k-1 ) 1i—1 .
flw) = SUPfe 4 |Ezi:0 fw(i)) — jzi:o f(w(i))]
for w € X7,
Z 1 k-1 1i-1
fo= SUPyeq@ |E2i:0 Ryiu — jZi:O Rniu|-

Now consider Unf‘. For any v € T[Q], we can express v as Tu where u € @, so

k—1 -1 k—1 -1
P SEFRED DL IS LRI prrin
=0 =0 i=0 i=0

k—1 -1
— 5N U Ry — S U R
k l
=0 =0

(because U, R,; = S»;T, as noted in (b) above)

k—1 -1
=0 1=0

k—1 -1
1 1
i=0 i=0
(because U, is positive)
< Unf.

As v is arbitrary, §* < U, f*, and

/ grd = / G =113 < 1UaF* < 171l
(because ||U,]|| < 1)

IA
™

because k, [ > m. Q

(d) As e is arbitrary, B satisfies the criterion 465M(v), and is stable. So T'[Q] is stable, by 465Pa in the
other direction.

(e) Now let us seek to unwind the list of special assumptions used in the argument above. Suppose we
drop the last two, and assume only that
(A, @) and (B, 7) are the measure algebras of measure spaces (X, %, u) and (Y, T,v),
@ is countable,
T is positive,
w and v are totally finite,

T(xX*) =xY*,
Q C L () is || ||so-bounded,
vY =1.

Then T'[Q)] is stable. I Define p11 : ¥ — [0, 00 by setting 1 E = [T(xE*) for every E € X. Then py is
countably additive because T is (sequentially) order-continuous (355Ka). If uE = 0 then yE* = 0 in L'(u)
and p1 E = 0, so p is truly continuous with respect to p (232Bb) and has a Radon-Nikodym derivative
(232E). By 465C(c-ii), A is stable with respect to py, while 1 X = vY = 1, because T(xX)* = xY*.
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Let (201, 11) be the measure algebra of puy. If E € ¥ and p1 E = 0, then T(xE*) = 0. Accordingly we can
define an additive function 6 : 21; — L(v) by setting 0E* = T(xE*) for every E € . (Note that the two *s
here must be interpreted differently. In the formula 8 FE*, the equivalence class E* is to be taken in 2(;. In
the formula yE* = (xE)*, the equivalence class is to be taken in L°(u). In the rest of this proof I will pass
over such points without comment; I hope the context will always make it clear how each * is to be read.)
Because T is positive, € is non-negative, and by the definition of 11 we have ||6all; = fiia for every a € ;.
So we have a positive linear operator Ty : L'(2y, fi;) — L(v) defined by setting

Ty(xE*) =0E* =T(xE")

for every E € ¥ (365J). As ||T1(xE*®)||1 = p1 E for every E € X, | T1|| = 1 (3651(ii-5)).

If f: X — Rissimple (that is, a linear combination of indicator functions of sets in X), then T3 f* = T'f*.
So this is also true for every f € L£°(X); in particular, it is true for every f € A, so that T[Q] = T1[@Q1],
where Q1 = {f*: f € A} C L*(u1). But p1, Q1 and T3 satisfy all the conditions of (a), so (b)-(d) tell us
that T1[Q1] is stable, and T[Q)] is stable, as required. Q

(f) The next step is to drop the condition ‘vY = 1’. But this is elementary, since we are still assuming
that v is totally finite, and multiplying v by a non-zero scalar doesn’t change LY(v) or the stability of any
of its subsets, while the case Y = 0 is trivial. So we conclude that if

(A, ) and (B, D) are the measure algebras of measure spaces (X, 3, 1) and (Y, T,v),
@ is countable,
T is positive,
1 and v are totally finite,
T(xX*) =xY",
Q C L*°(2) is || ||so-bounded,
then T'[Q)] is stable.

(g) We can now attack what remains. We find that if
(A, ) and (B, D) are the measure algebras of measure spaces (X, ¥, 1) and (Y, T,v),
() is countable,
T is positive,
then T'[Q] is stable. PP At this point recall that we are supposing that @ is order-bounded. Let uy € L'(u) be
such that |u| < ug for every u € Q; let fo € L%(X)T be such that f§ = ug. Setting A’ = {med(—fy, f, fo) :
f € A}, A is still stable, because its image in L'(u) is still Q, or otherwise. Set vy = Tug, and let
go € L°(T)T be such that g§ = vo. Because T is positive, |Tu| < T|u| < vg for every u € Q. So we can
represent T'[Q] as {g* : g € B}, where B C L°(T) is a countable set and |g| < go for every g € B. Set
Fo={y: goly) # 0}.
Define measures p;, v1 by setting 1 E = fE fodp for E € ¥, nF = fF godv for F' € T. Then both py

and vy are totally finite. By 465C(c-ii), A’ is stable with respect to u1. Set A; = {fi : f € A’}, interpreting
0

%(w) as 0 if fo(z) = 0; then A; is stable with respect to py, by 465C(a-v), and || f]|ec < 1 for every f € A;.

Take Q; = {f*: f € A1} C L'(u1), so that Q; is stable.

We have a norm-preserving positive linear operator R : L*(u;) — L' (i) defined by setting Rf* = (f x fo)*
for every f € £1(u1) (use 235A). Observe that R[Q1] = Q and R(xX)* = ug. Similarly, we have a norm-
preserving positive linear operator S : L'(v1) — L'(v) defined by setting Sg* = (g x go)* for g € L(1).
The set of values of S is just

{g*: g € L*(v), g(y) = 0 whenever go(y) = 0},
which is the band in L!(v) generated by vy. So
{u:ue LY (), TR|u| € S[L' (1,

)
is a band in L'(;) containing xX*, and must be the whole of L*(u;). Thus we have a positive linear
operator Ty = STYTR : L*(u1) — LY(11), and Ty (xX)* = xY* in L' ().
By (f), T1[Q1] is stable in L'(v1). Observe that T1[Q1] = {S~!¢* : g € B} = {g* : g € B}, where

B = {i : g € B}, interpreting i(y) as 0if y € Y\ Fy. Consequently By and B = {g x go : g € By} are

I}
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stable with respect to v1. By 465C(c-ii), once more, B is stable with respect to vy, where
1
F=|_ —dvi =v(FnNEF
] f Fg v =v( 0)

for any F' € T. But because g(y) = 0 whenever g € B and y € Y \ Fyp,
(v**)*Di(B, F, e, B) = (v**)* Dy (B, F N Fy, o, B) = (1*)* Di(B, F, a, B)

whenever F' € T, a <  and k > 1; so B is also stable with respect to v, and @ = {g* : g € B} is stable in
L'(v). Q

(h) The worst is over. If we are not told that T is positive, we know that it is expressible as the difference
of positive linear operators T} and Ty (371D); now T1[Q] and T»[Q] will be stable, by the work above, so
T[Q] C T1[Q] — T»[Q)] is stable, by 465Nc. If we are not told that @ is countable, we refer to 465P to see that
we need only check that countable subsets of T'[Q)] are stable, and these are images of countable subsets of
Q. Finally, the identification of the abstract measure algebras (2, i) and (8, 7) with the measure algebras
of measure spaces is Theorem 321J.

*465S R-stable sets The theory above has been developed in the context of general measure (or
probability) spaces and the ‘ordinary’ product measure of measure spaces. For 7-additive measures — in
particular, for Radon measures — we have an alternative product measure, as described in §417. If (X, %, %, 1)
is a semi-finite T-additive topological measure space such that p is inner regular with respect to the Borel
sets, write i’ for the T-additive product measure on X7, as described in 417C (for the product of two spaces)
and 417E (for the product of any family of probability spaces); we can extend the construction of 417C to
arbitrary finite products (417D). Now say that A C RX is R-stable if whenever 0 < uF < oo and a < 3
there is a k > 1 such that (i%*)*Dy(4, E,a, 8) < (uE)?F. Because we have a version of Fubini’s theorem
for the products of T-additive topological measures (417G), all the arguments of this section can be applied
to R-stable sets, yielding criteria for R-stability exactly like those in 465M.

Because the 7-additive product measure extends the c.l.d. product measure, stable sets are always R-
stable. (We must have

(i**)*Di(A, E, o, B) < (1**)* Di(A, E, v, B)

for all k, A, E, a and $.) For an example of an R-stable set which is not stable, see 465U.

The concept of ‘R-stability’ is used in TALAGRAND 84 in applications to the integration of vector-valued
functions. I give one result, however, to show how it is relevant to a question with a natural expression in
the language of this chapter.

*465T Proposition (TALAGRAND 84) Let (X, T, %, 1) be a semi-finite 7-additive topological measure
space such that p is inner regular with respect to the Borel sets. If A C C(X) is such that every countable
subset of A is R-stable, then A is R-stable.

proof For any a < §and k > 1,
Di(A, X, a,8) = | J{w:w e X, f(w(2i)) < a,
feA
fw(2i+1)) > p fori < k}

is open. Suppose that 0 < puE < oco. Because all the product measures fi?* are 7-additive, we can find a
countable set A’ C A such that

@?*DI (A E,a,B) = i D, (A", E,a, B)
for every k > 1 and all rational a, 8. Now, if o < 3, there are rational o/, 8’ such that a < o/ < 8/ < 3,
and a k > 1 such that i?*Dy (A, E,a/, ") < (uF)%; in which case
(B*%)" Di(A, B, 0, ) < i**Dy(A, B, o, f') = [®* D (A", B, o, §)
< PPDi(A B, o ) < (uE)*"
As E, a and § are arbitrary, A is R-stable.
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*465U 1 come now to the promised example of an R-stable set which is not stable. I follow the
construction in TALAGRAND 88, which displays an interesting characteristic related to 4650-465P above.

Example There is a Radon probability space with an R-stable set of continuous functions which is not
stable.

proof (a) Let (X,X, u) be an atomless probability space (e.g., the unit interval with Lebesgue measure).
Define (r,)nen by setting 7o = 1, 11 = 2, rpp1 = 2" for n > 1; then 2" < r, < r,q; for every n. Let
(3 )nen be an increasing sequence of finite subalgebras of ¥, each ¥,, having r,, atoms of the same size;
this is possible because 7,1 is always a multiple of r,,. Write H,, for the set of atoms of ¥,. Next, for
each n € N, let (Gg)mey, be an independent family in ¥,,11 of sets of measure 27"; such a family exists
because 41 is a multiple of 2.

Let £ be the family of all sets expressible in the form E = (J,. H; where, for some strictly increasing
sequence (n;);eny in N, H; € H,,, and H; C G, whenever i < j in N. Set A={xE: E €&} C LY(%).

(b) A is stable. P Suppose that F' € ¥ and that uF > 0. Take n € N so large that 3-27" < (uF)?%. Set
H={H:HE€EH,, p(HNF) > 0}; enumerate H as (H;)i<m; set [y = FNU,_,. Hi, V =11 H;,NnF) C
F*. Because pFy = pF', m > rpuF > 3.

Consider

i<m j<m(
U = Upep, (H x H)U (H x Gy) U (Gy x H) C X>

for k € N. Then
1 1

12Uk < rk(é toe Ty ) <3278
0
MZ(F12 \ Uk>n Uk) > (MF)2 - 3ZZ°:n+1 27F > 0.
Set
V ={w:we F{™, w(2i) € H; for every i <m, (w(1),w(3)) ¢ Uy, Ur}
Then

p2m(V) =TI w(Fr 0 Hy) - g (FE\ Uy Un) - (nF1)™72 > 0.

? Suppose, if possible, that there is a point w € V N D,,(A, F,0,1). Then there is an F € £ such that
w(2i) ¢ E, w(2i+1) € E for i <m. Express E as {J;cy £; where E; € H,,; for every j € N, where (n;) en
is strictly increasing, and Fj C GE]. whenever j < k. Because w(2i) € Fy N H; \ E, E; cannot include H;
for any i < m, j € N; so E; N H; = () whenever ¢ < m and n; < n. Because w(1), w(3) € E, there are jo,
j1 € N such that w(1) € Ej;, and w(3) € Ej,. Since both w(1) and w(3) belong to Fy C U,_,, Hi, n;, and
n;, are both greater than n. But now

— if jo = j1, then (w(1),w(3)) € E,

— if jo < j1, then (w(1),w(3)) € Ej, X Ej, C Ej, x Gg, ,

—if 71 < jo, then (w(l),w(3)) S Ejo X Ej1 - GEj1 X Ejl’
so in any case (w(1),w(3)) € Uy where k = min(n;,,n;,) > n, which is impossible. X

Thus D,,(A, F,0,1) does not meet V, and (u>™)*D,,,(A, F,0,1) < (uF)?™.

Now if a < S8, then D,,(A,F,a,8) = Dy (A, F,0,1) if 0 < a < 8 < 1, 0 otherwise; so in all cases
(u>™)* D (A, Fya, ) < (uF)?™. As F also is arbitrary, A is stable, as claimed. Q

(c) Now let (Z,6,T,v) be the Stone space of the measure algebra of (X, %, ) (321K), so that v is a
Radon measure (411Pe). For E € X, write E* for the corresponding open-and-closed set in Z, so that
E — E*: 3 — T is a measure-preserving Boolean homomorphism. Set A* = {xE*: E € £} C C(Z). Write
v™ for the c.l.d. product measure on Z™ for m > 1. We already know that ©? is not a topological measure
(419E, 419Xc).

(d) The point is that (v?™)*D,,(A*, Z,0,1) = 1 for every m > 1. P? Suppose, if possible, otherwise.

1)
Then there is a set W C Z2™ such that v*™(W) > 0 and W N D,,,(A*, Z,0,1) # (). There is an € > 0 such
that

<m

V={v:iveZ™ v"™{u:uc Z™, u#v € W} is defined and greater than me}
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has non-zero inner measure for ™. Now there are sets Fij €T, for + € N and j < m, such that
Z"\V CUienljcm Fiss - 220 1o vEi < 1.

Enlarging the Fij slightly if need be, we may suppose that they are all open-and-closed (322Rc), therefore
expressible as F}; where I; € X for i € N, j <m. Set V = X"\ ;.11 Fj;, so that

‘LLmV = Vm(Zm \ UiEN Hj<7n F;;) > 0.

I seek to choose (ng)ren in N, (Hy)ren and (Egj)ren,j<m in 2 inductively, in such a way that

j<m

2710 < %e,
Ey; CE;jNGy, fori <k and j <m,

1_[j<m Ek] N Hj<m ij = @7

um(V N GE N1, Brg) > 0,

j<m
n; < ni for every i < k,
H].c S an,

if k = ixm + ji, where i, € N and ji < m, then u(Hy N Ey;,) > 0,
for every k € N. The induction proceeds as follows. Set E,’Cj =X if k=0, Gu,_, N Ej_1; otherwise, so
that p™(V N Hj<m E;C]) > 0. Because VﬂHKm Fy; is empty, we can find Ey; C E,'Cj, for j < m, such that

w (Vo Brg) > 0and [, By N 11, Fij = 0. Set n = pEyj,, 6 = p™(V N [];_,, Ek;), so that n
and § are both strictly positive.
Now take ny so large that

27 < %6, ng >mn; for i <k, (1 —=27m")1m <4,

(This is possible because lim, o, 27™"r, = o0.) Set H = {H : H € Hy,, u(H N Ey;,) > 0}; then
#(H) > nry,.. Consider the family (G7}) mey. These are stochastically independent sets of measure 27™7,
so their union has measure 1 — (1 — 27™m%)#(H) > 1 — §, and there is an Hy € H such that ™ (V NG, N
[1;<.n Ekj) > 0. Thus the induction continues.

Look at the sequence (Hp)ren and its union E. We have Hy, € H,,, for every k; moreover, if ¢ < k, then
w(Hy N Ey;.) > 0, while Ey;, C Gp,; since Hy is an atom of X, , while Gy, € ,,, Hy, € Gg,. Thus
FE € £. Next, whenever ¢ < k € N,

I Brj N1 Fij € Ijcom £ij O Lo Fij = 0,
80 [T Erkj O Ui<k [1j<m Fij = 0. At the same time, we know that
E™ 0T jcm Brg 2 Hj<m Himts N Erj 2 < Hime+j 0 Ermes g

has non-zero measure. So ™ (E™ \ U< [1;,, Fij) > 0.

Moving back to Z, this translates into

v ((EF)™ N\ Uigk Hj<m Ff;) > 0.

But this means that (E*)™ is not included in ;< []
every I is open, (E*)™ is not included in (J;c [ ]

By the definition of V,

j<m F7, for any k € N. Because E* is compact and

jem Fy» and there is some v € (E*)™ N V.

oo oo
v™uu#v € W} > me > mZ?‘"O_k > mZQ‘"’“
k=0 k=0

= mZqu > muE = mvE”™.
k=0
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So there must be some u such that u#v € W and u(j) ¢ E* for every j < m. ~But now, setting w = u#v,
we have w(2j) ¢ E*, w(2j + 1) € E* for j < m, and w € D,,(A*,Z,0,1) N W; which is supposed to be
impossible. XQ

(e) This shows that A* is not stable. It is, however, R-stable. I» We have a measure algebra isomorphism
between the measure algebras of p and v defined by the map EF — E* : ¥ — T. The corresponding
isomorphism between L°(u) and L°(v) takes {f* : f € A} to {h* : h € A*}. By 465Pa and (b) above,
{f*: f € A} is stable in L%(u), so {h* : h € A*} is stable in LY(v), and every countable subset of A* is
stable. Since A* C C(X), it follows that A* is stable (465T). Q

*465V Remark This example is clearly related to 419E. The argument here is significantly deeper, but
it does have an idea in common with that in 419E, besides the obvious point that both involve the Stone
spaces of atomless probability spaces. Suppose that, in the context of 465U, we take & to be the family
of sets I expressible as the union of a finite chain Hy,... ,Hy where H; € H,, for i < k and H; C G,
for i < 7 < k. Then we find, on repeating the argument of (b) in the proof of 465U, that the countable set
Al = {xE* : E € &} is stable, so that, setting W,,, = D,,,(4%, Z,0,1), v?™W,, is small for large m. On the
other hand, setting

Wy = U{V : V C Z™ is open, V \ W,, is negligible},

we see that D,,(A*, Z,0,1) C Wy, so that (v2™)*W,, = 1 for all m > 1. Of course, writing #*™ for the
Radon product measure on Z2™, we have ﬂzm(Wm) = 2", < 1 for large m, just as in 419E.

Both A C £%(X) and A* C L£L%(T) are relatively pointwise compact. Note that while I took (X, 3, i) and
(Z,T,v) to be quite separate, it is entirely possible for them to be actually the same space. In this case it
is natural to take every 3, to consist of open-and-closed sets, so that every member of £ is open, and E*
becomes identified with the closure of E for E € £.

465X Basic exercises (a) Let (X,X, ) be a semi-finite measure space, and (f,)nen a sequence of
measurable real-valued functions on X which converges a.e. Show that {f, : n € N} is stable.

(b) Let C be the family of convex sets in R”, where r > 1 is an integer. Show that {xC : C' € C} is stable
with respect to Lebesgue measure on R”, but that if » > 2 there is a Radon probability measure v on R”"
such that {xC : C € C, C is closed} is not stable with respect to v.

(c) Show that, for any M > 0, the set of functions f : R — R of variation at most M is stable with
respect to any Radon measure on R. (Hint: show that if p is a Radon measure on R and F € dom p has
non-zero finite measure, and (2k — 1)(8 — a) > M, then (u**)*Dy(A, E, o, 8) < (nE)*.)

(d) Let (X,3, ) be a semi-finite measure space, and A C RX. Show that A is stable iff {f* : f € A}
and {f~ : f € A} are both stable.

(f) Let (X,%, ) be a semi-finite measure space and A C RX. Suppose that p is inner regular with
respect to the family {F : F € X, {f x xF : f € A} is stable}. Show that A is stable.

(g) Let (X, 3, i) be a totally finite measure space and T a o-subalgebra of . Let A C £°(T) be any set.
(i) Show that if A is u|T-stable then it is p-stable. (ii) Give an example to show that A can be p-stable
and pointwise compact without being u| T-stable. (Hint: take p to be Lebesgue measure on [0, 1] and T the
countable-cocountable algebra.)

(h) Let (X,X, ) be a semi-finite measure space and A a subset of RX. Suppose that for every e > 0
there is a stable set B C R¥ such that for every f € A there is a g € B such that || f — g||cc < . Show that
A is stable.

>(i) Let (X, 3, ) be a semi-finite measure space and (E,,),en & sequence in ¥. (i) Suppose that whenever
F € ¥ and puF < oo there is a k > 1 such that > .o (u(F N E,)u(F \ E,))* is finite. Show that
(XEn)nen is stable. (Hint: 465Cc.) (ii) Suppose that uX = 1, that (E,)nen is independent, and that
> (1 — uE,)uE,)* = oo for every k > 1. Show that (xE,)nen is not stable. (Hint: 273K.)

MEASURE THEORY



465Y Stable sets 75

>(j) Show that there is a disjoint family Z of finite subsets of [0,1] such that A = {xI : I € Z} is not
stable with respect to Lebesgue measure, though A is pointwise compact and the identity map on A is
continuous for the topology of pointwise convergence and the topology of convergence in measure. (Hint:
show by induction on m that if m > 1 and K C [0,1]™ is a compact set with non-zero measure, then
K N ([0,1]\ D)™ # () whenever #(D) < ¢; now put this together with 4A3Fa.)

(k) Let (X,%, ) be a semi-finite measure space and A C RX a stable set such that {f(z) : f € A} is
bounded for every z € X. Let A be the closure of A for the topology of pointwise convergence. Show that
{f*: f € A} is just the closure of {f*: f € A} C L°(u) for the topology of convergence in measure.

(1) Let (X, 3, ) be a probability space. Show that A C R¥ is stable iff

infpen ((127)* Do (4, X, 0, 8)) /™ =0

whenever o < 8 in R.

(m) Let (X,¥, ) be a semi-finite measure space. Show that a countable set A C £%(X) is not stable
iff there are £ € ¥ and o < 8 such that 0 < uFE < oo and ,umf)m(A,E,oz,B) = (uE)™ for every m > 1,
where Dm(A,E,a,ﬂ) is the set of those w € E™ such that for every I C m there is an f € A such that
fw@®@) <aforiel, f(w(i)) > B foriem\I. (Hint: see part (iii) of case 2 of the proof of 465L.)

(n) Let (X,¥, 1) be a semi-finite measure space, and A C £%(2) a set which is compact and metrizable
for the topology of pointwise convergence. Show that A is stable. (Hint: otherwise, apply the ideas of case 2
in the proof of 465L to a countable dense subset of A to obtain a sequence which contradicts the conclusion
of 465Xa.)

(o) Let (X, X, i) be a probability space and A C £%(X) a uniformly bounded set of functions. Show that
A is stable iff

limy, oo [ U eaizn |3 iy Fw(@) = T F(w(D))]1 (dw) = 0.

(p) Show that there is a set A C RI%! such that supsc 4 |f(z)| is finite for every x, and A is stable
with respect to Lebesgue measure, but its convex hull T'(A) is not. (Hint: take Z as in 465Xj and A =

{zipxlz} 2 e T€T\{0}})

(q) Show that there is a sequence (f,)nen of functions from [0,1] to N such that {f, : n € N} is stable
for Lebesgue measure on [0, 1], but {f,, — fn : m, n € N} is not.

(r) Let (X, 3, i) be a semi-finite measure space and @Q C L%(u) a set which is stable in the sense of 4650.
Show that the closure of @ (for the topology of convergence in measure) is stable. (Hint: 465Xk.)

(s) Let (X, X, 1) be a probability space, T a o-subalgebra of ¥, and A C R¥ a countable stable set of
Y-measurable functions such that [supyca [f(z)|u(dr) < co. Show that if for each f € A we choose a

conditional expectation gy of f on T (requiring each gy to be T-measurable and defined everywhere on X),
then {gr : f € A} is stable.

(t) Give an example of a probability algebra (2, /i), a conditional expectation operator P : L}L — L}i
(365Q), and a uniformly integrable stable set A C L, such that P[A] is not stable. (Hint: start by picking
a sequence (vn)nen in P[L}] which is norm-convergent to 0 but not stable, and express this as (Pun)nen
where fifu, > 0] < 27" for every n.)

465Y Further exercises (a) Let (X, %, i) be a semi-finite measure space. A set A C R¥ is said to have
the Bourgain property if whenever £ € ¥, uF > 0 and € > 0, there are non-negligible measurable sets
Fy,...,F, C E such that for every f € A there is an i < n such that the oscillation sup, ,cp, |f(z) — f(y)]
of f on F; is at most e. Show that in this case A is stable.
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(b) Let X be a topological space, and p a T-additive effectively locally finite topological measure on X.
Show that any equicontinuous subset of C'(X) has the Bourgain property, so is stable.

(c) Find an integrable continuous function f : [0,1[> — [0,00[ such that, in the notation of 465H,
limsup,,_, ., [ fdv2, = oo for almost every w € [0, 1Y, if [0,1[" is given its usual measure.

(d) Show that in 465M we may replace the condition ‘A is uniformly bounded’ by the condition ‘|f| < fy
for every f € A, where fy is integrable’. (Hint: TALAGRAND 87.)

(e) Let (X, X, u) be a probability space, and A C RX a uniformly bounded set. Show that A is stable
iff for every € > 0 there are a stable set B C R¥ | a sequence (h)ren of measurable functions on XV, and a
family (gs)rea in B such that

hi(w) > %Zi:ol |f(w(i)) — gf(w(i))] for every w € XN, k> 1 and f € 4,
lim supy,_, o, hi(w) < € for almost every w € XN,

(f) Let (X,3, 1) be a semi-finite measure space, and A, B C R¥ pointwise bounded stable sets. Show
that {f x g: f € A, g € B} is stable.

(g) Let (X, %, ) and (Y, T,v) be semi-finite measure spaces, with c.l.d. product (X x Y, A, \). Suppose
that A C RX and B C RY are pointwise bounded stable sets. Show that {f ® g : f € A, g € B} is stable
with respect to A, where (f ® g)(z,y) = f(x)g(y).

(h) Let (X, 3, 1) be a semi-finite measure space, A C R* a uniformly bounded stable set and h : R — R
a continuous function. Show that {hf : f € A} is stable.

(i) Let (X,%,%,u) be an effectively locally finite 7-additive topological measure space. Show that a
countable R-stable subset of RX is stable.

(j) Let (X,%,%, 1) be a complete T-additive topological probability space such that p is inner regular
with respect to the Borel sets, and A C [0, 1] an R-stable set. Suppose that € > 0 is such that J fdp < €2
for every f € A. Show that there are an n > 1 and a Borel set W C X" and a v > "W (writing "
for the T-additive product measure on X™) such that | fdv < 3e whenever f € A, v : PX — [0,1] is a
point-supported probability measure and v"W < .

(k) Set X = HZOZQ Zy, where each Z,, is the cyclic group of order n with its discrete topology; let p be the
Haar probability measure on X. Let +; be the left shift action of X on R¥ so that (ae;f)(z) = f(z — a) for
a,z € X and f € RX. (i) Show that for any n € N there is a compact negligible set K, C X such that for
every I € [X]|™ there are uncountably many a € X such that I C K, +a. (ii) Show that there is a negligible
set E C X such that {as;xE : a € X} is dense in {0,1}* for the topology of pointwise convergence. (iii)
Show that if f € C(X) then {as;f : a € X} is stable. (iv) Show that there is a sequence (fy)nen in C(X)
such that {f, : n € N} is stable but {ae;f,) : a € X, n € N} is not. (v) Find expressions of these results
when X is replaced by the circle group or by R.

465 Notes and comments The definition in 465B arose naturally when M.Talagrand and I were studying
pointwise compact sets of measurable functions; we found that in many cases a set of functions was relatively
pointwise compact because it was stable (465Db). Only later did it appear that the concept was connected
with Glivenko-Cantelli classes in the theory of empirical measures, as explained in TALAGRAND 87.

It is not the case that all pointwise compact sets of measurable functions are stable. In fact I have already
offered examples in 463Xh and 464E above. In both cases it is easy to check from the definition in 465B
that they are not stable, as can also be deduced from 465G. Another example is in 465Xj. You will observe
however that all these examples are ‘pathological’ in the sense that either the measure space is irregular
(from some points of view, indeed, any measure space not isomorphic to Lebesgue measure on the unit
interval can be dismissed as peripheral), or the set of functions is uninteresting. It is clear from 465R, and
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465T, for instance, that we should start with countable sets. So it is natural to ask: if we have a separable
pointwise compact set of real-valued measurable functions on the unit interval, must it be stable? If the
continuum hypothesis is true, yes (536F19), but the question is undecided by the ordinary axioms of ZFC
(SHELAH & FREMLIN 93). (If we ask for ‘metrizable’, instead of ‘separable’; we get a positive answer; see
465Xn.)

At the very beginning of our work on this topic, one of the leading questions was: under what cir-
cumstances will an independent family (E,),en of sets give rise to a relatively pointwise compact set
{XE, : n € N} in £%? There remain interesting open questions here. But for stability, rather than relative
compactness, we have a straightforward answer (465Xi).

The curious phrasing of the statement of 465M(iii), with the auxiliary functions hy, turns on the fact that
all the expressions ‘sup;c 4 ...  here give rise to functions which need not be measurable. Thus the simple
pointwise convergence described in (ii) and (iv) is not at all the same thing as the convergence in (v), which
may be thought of as a kind of || ||;-convergence if we write ||g||; = [|g] for arbitrary real-valued functions
g. (Since the sets A here are uniformly bounded, it may equally be thought of as convergence in measure.)
Similarly, 465M(iii) is saying much more than just

iy o0 SUP e 4 1 000 | £(w(0) — B(fT) (w(@))] = 0 ace.,

though of course for countable sets A these distinctions disappear. On the other hand, since the convergence
is certainly not monotonic in k, || ||1-convergence does not imply pointwise convergence. So we can look for
something stronger than either (iv) or (v) of 465M, as in 465Xo. But this is still nowhere near the strength
of 465M(iii), in which |>_...]| is replaced by > |...|. For further variations, see TALAGRAND 87 and
TALAGRAND 96.

If we wish to adapt the ideas here to spaces of equivalence classes of functions rather than spaces of true
functions, we find that problems of measurability evaporate, and that (because the definition of stability
looks only at sets of finite measure) all the relevant suprema can be interpreted as suprema of countable
sets. Consequently a subset of L%(u) or LO(2) is stable if all its countable subsets are stable (465Pa). It
is remarkable that, for strictly localizable measures i, we can lift any stable set in L° to a stable set in
L% (465Pb, 465Q). By moving to function spaces we get a language in which to express a new kind of
permanence property of stable sets (465R, 465Xs). See also TALAGRAND 89.

The definition of ‘stable set’ of functions seems to be utterly dependent on the underlying measure space.
But 465R tells us that in fact the property of being an order-bounded stable subset of L!(j) is invariant
under normed space automorphisms. (‘Order-boundedness’ is a normed space invariant in L! spaces by the
Chacon-Krengel theorem, 371D.) Since stability can be defined in terms of order-bounded sets (465Xh), we
could, for instance, develop a theory of stable sets in abstract L-spaces.

The theory of stable sets is of course bound intimately to the theory of product measures, and such results
as 465J have independent interest as theorems about sets in product spaces. So any new theory of product
measures will give rise to a new theory of stable sets. In particular, the 7-additive product measures in §417
lead to R-stable sets (465S). It is instructive to work through the details, observing how the properties of
the product are employed. Primarily, of course, we need ‘associative’ and ‘commutative’ laws, and Fubini’s
theorem; but some questions of measurability need to be re-examined, as in 465Yj.

I have starred 465U because it involves the notion of R-stability. In fact this appears only in the final
stage, and the construction, as set out in part (a) of the proof, is an instructive challenge to any intuitive
concept of what stable sets are like.

Version of 2.8.13

466 Measures on linear topological spaces

In this section I collect a number of results on the special properties of topological measures on linear
topological spaces. The most important is surely Phillips’ theorem (466A-466B): on any Banach space,
the weak and norm topologies give rise to the same totally finite Radon measures. This is not because

0L ater editions only.
(©) 2000 D. H. Fremlin
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the weak and norm topologies have the same Borel o-algebras, though this does happen in interesting cases
(466C-466E, §467). When the Borel o-algebras are different, we can still ask whether the Borel measures are
‘essentially’ the same, that is, whether every (totally finite) Borel measure for the weak topology extends to
a Borel measure for the norm topology. A construction due to M.Talagrand (466H, 4661a) gives a negative
answer to the general question.

Just as in R", a totally finite quasi-Radon measure on a locally convex linear topological space is de-
termined by its characteristic function (466K). I end the section with a note on measurability conditions
sufficient to ensure that a linear operator between Banach spaces is continuous (466L-466M), and with brief
remarks on Gaussian measures (466N-4660).

466A Theorem Let (X, %) be a metrizable locally convex linear topological space and p a o-finite
measure on X which is quasi-Radon for the weak topology T(X, X*). Then the support of u is separable,
so u is quasi-Radon for the original topology ¥. If X is complete and p is locally finite with respect to ¥,
then p is Radon for ¥.

proof (a) Let (V,)nen be a sequence running over a base of neighbourhoods of 0 in X, and for n € N
set V.o ={f:feX* f(z) <1 for every z € V,,}. Then each V;? is a convex ¥s-compact subset of X*
(4A4Bf), and X* = (J,,cy Viy. Let Z C X be the support of y, and for n € N set K, = {f[Z: f € V7}.
Since the map f — f1Z : X* — C(Z) is linear and continuous for T, and the topology ¥, of pointwise
convergence on Z, each K, is convex and ¥,-compact. Next, the subspace measure ;17 on Z is o-finite and
strictly positive, so by 463G each K, is Tp-metrizable.

Let U be the base for ¥, consisting of sets of the form
U, h,e)={f:feC(2),|f(x)— h(x)| <€ for every x € I},

where I C Z is finite, h € R! and € > 0. For each n € N, write V,, = {K,NU:U € U}, so that V,
is a base for the subspace topology of K, (4A2B(a-vi)). Since this is compact and metrizable, therefore
second-countable, there is a countable base V), C V,, (4A20b). Now there is a countable set U’ C U such
that V), C{K, NU : U € U'} for every n € N, and a countable set D C Z such that

U C{U(,h,e): I C D is finite, h € RY, ¢ > 0}.

Let D' C X be the linear span of D over the rationals. Then D’ is again countable, and its T-closure YV
is a linear subspace of X (4A4Bg). 2 If Z ¢ Y, then u(X \'Y) > 0. But, writing

Yo={f:feX" f(z) <1lforeveryx €Y}
={f:fe X" f(z) =0 for every z € Y},

X \'Y must be Useyo{z : [f(z)| > 0}, by 4A4EDb. Because y is T-additive, there must be an f € Y° such
that p{x : |f(x)] > 0} > 0. Let n € N be such that f € V;?. Since f(z) = 0 for every x € D, f]Z belongs
to the same members of V), as the zero function; since V), is a base for the Hausdorff subspace topology of
K, f1Z actually is the zero function, and {z : |f(z)| > 0} C X \ Z, so uZ < pX, contrary to the choice of
Z. X

Thus Z C Y. Because Y = D’ is T-separable, and T is metrizable, Z also is T-separable (4A2P(a-iv)).

(b) The subspace topology Ty induced on Y by ¥ is a separable metrizable locally convex linear space
topology, so the Borel o-algebras of Ty and the associated weak topology T(Y,Y™*) are equal (4A3W). But
T(Y,Y™) is just the subspace topology induced on Y by T, (4A4Ea), Accordingly the subspace measure
pwy on 'Y is T (Y, Y*)-quasi-Radon (415B). Since every Ty-open set is (Y, Y*)-Borel, uy is a topological
measure for Ty. Since Ty is finer than T,(Y,Y™), uy is effectively locally finite for Ty and inner regular
with respect to the Ty-closed sets, and therefore is a quasi-Radon measure for Ty (415D(i)).

By 415J, there is a measure fi on X, quasi-Radon for T, such that fiF = uy (ENY) whenever i measures
E. But as Y is T-closed and p-conegligible, and p is complete, we have p = fi, and p is quasi-Radon for ¥.

(c) If X is complete and p is locally finite with respect to ¥, then (X, T) is a pre-Radon space (434Jg),
so p is a Radon measure for ¥ (434Jb).
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466B Corollary (Compare 4621.) If X is a Banach space and p is a totally finite measure on X which
is quasi-Radon for the weak topology of X it is a Radon measure for both the norm topology and the weak
topology.

proof By 466A, u is a Radon measure for the norm topology; by 4181, or otherwise, it is a Radon measure
for the weak topology.

Remark Thus Banach spaces, with their weak topologies, are pre-Radon.

466C Definition A normed space X has a Kadec norm (also called Kadec-Klee norm) if the norm
and weak topologies coincide on the sphere {x : ||z]| = 1}. Of course they will then also coincide on any
sphere {z : ||z — y|| = a}.

Example For any set I and any p € [1,00], the Banach space ¢?(I) has a Kadec norm. P Set S = {z :
|zll, = 1}. If x € S and € > 0, take n € ]0,1] such that 21 + (2pn)'/? < e. Let J C I be a finite set such
that >;cp y [2(@)P < nP. Set H = {y 1y € (°(I), }oic; ly(i) — x(i)[P < nP}; then H is open for the weak
topology of ¢P(I). If y € HN S, then, writing x; for x x xJ, etc.,

lzslly = 1= llzngllp 2 1=,

lysllp = lzsllp =n=1=2n, llysllp =1 —2pn,

ly —zllp < llys —zsllp + lzrsllp + llunslle
<n+n+ 10—y B <2+ (2pn)'P <e.

Thus {y:y € S, |ly — ||, < €} is a neighbourhood of x for the subspace weak topology on S; as x and € are
arbitrary, the weak and norm topologies agree on S. Q
For further examples, see 467B et seq.

466D Proposition (HANSELL 01) Let X be a normed space with a Kadec norm. Then there is a network
for the norm topology on X expressible in the form |J,, .y Vn, where for each n € N 'V, is an isolated family
for the weak topology and |V, is the difference of two closed sets for the weak topology.

proof Let U be a o-disjoint base for the norm topology of X (4A2L(g-ii)); express it as |J,,cyUn Where
every U, is disjoint. For rational numbers ¢, ¢’ with 0 < ¢ < ¢/, set Sqy = {z : ¢ < |lz]] < ¢'}, and
for A C X write W (A, q,q") for the interior of AN Syy taken in the subspace weak topology of Sgq. Set
Vg =AW U, q,¢') : U € Uy}, so that V,y is a disjoint family of relatively-weakly-open subsets of Sy, and
is an isolated family for the weak topology. Now UneN’ 1.0'€0.0<q<q Ynaq' 18 a network for the norm topology
on X \{0}. PIfz € X\ {0} and € > 0, then take n € N, U € U,, such that x € U C {y : ||y — z|| < e}. Let
d > 0 be such that {y : |ly—=z| <} C U. Next, because ||| is a Kadec norm, there is a weak neighbourhood
V of 0 such that ||y — z|| < $6 whenever y € x — V and ||y|| = ||z[|. Let V' be an open weak neighbourhood
of 0 such that V' + V' C V. Let n € ]0,1] be such that n||lz|| < 36 and y € V' whenever |ly|| < n||z|. If
yex— V' and (1-n)lje] < Iyl < (1+n)lje]l, then

Il Iz lyl 1
— =11 — = -1 x|l < zll < 76,
Iy = vl = =g Il = Ty = el < mllel) < 5

[zl ll]

x—my:(w—y)ﬂy—my)GV’+V’£V,

so ||z — H%”y” < 36 and |lz —yl| < § and y € U. This means that if we take ¢, ¢ € Q such that

L=zl <qg<|z|| <q < (1+n)|zl, then (x — V') NSy CU and z € W(U,q,q') € Vygq- Since of
course W(U,q,q¢') CU C{y: |ly — z|| < €}, and = and € are arbitrary, we have the result. Q

To get a o-isolated family for the weak topology which is a network for the norm topology on the whole
of X, we just have to add the singleton set {0}. To see that the union of each of our isolated families is the
difference of two weakly open sets, observe that |J Vyqy is a relatively weakly open subset of Sy, which is
the difference of the weakly open sets {z : ||z|| > ¢} and {z : ||| > ¢'}.
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466E Corollary Let X be a normed space with a Kadec norm.
(a) The norm and weak topologies give rise to the same Borel o-algebras.
(b) The weak topology has a o-isolated network, so is hereditarily weakly #-refinable.

proof (a) Write B, Bz, for the Borel o-algebras for the weak and norm topologies. Of course Bz, C B .
Let (V,)nen be a sequence covering a network for the norm topology as in 466D. Because V,, is (for the
weak topology) isolated and its union belongs to Bs,, [JW € Bg, for every n € N and W C V,,. But this
means that (JW € Bg, for every W C V = J,,cy Vn; and as V is a network for the norm topology, every
norm-open set belongs to Bz , and Bj | C Bz,. Thus the two Borel o-algebras are equal.

(b) Of course V is also a network for the weak topology, so the weak topology has a o-isolated network;
by 438Ld, it is hereditarily weakly 6-refinable.

466F Proposition Let X be a Banach space with a Kadec norm. Then the following are equiveridical:
(i) X is a Radon space in its norm topology;

(ii) X is a Radon space in its weak topology;

(iii) the weight of X (for the norm topology) is measure-free in the sense of §438.

proof (a)(i)<(ii) By 466Ea, the norm and weak topologies give rise to the same algebra B of Borel sets.
If X is a Radon space in its norm topology, then any totally finite measure with domain B is inner regular
with respect to the norm-compact sets, therefore inner regular with respect to the weakly compact sets, and
X is Radon in its weak topology. If X is a Radon space in its weak topology, then any totally finite measure
1 with domain B has a completion i which is a Radon measure for the weak topology, therefore also for the
norm topology, by 466B; as u is arbitrary, X is a Radon space for the norm topology.

(b) (i)« (iii) is a special case of 438H.

466G Definition A partially ordered set X has the o-interpolation property or countable separa-
tion property if whenever A, B are non-empty countable subsets of X and x < y for every x € A, y € B,
then there is a z € X such that x < z <y for every x € A and y € B. A Dedekind o-complete partially
ordered set (314Ab) always has the o-interpolation property.

466H Proposition (JAYNE & ROGERS 95) Let X be a Riesz space with a Riesz norm, given its weak
topology ¥, = T4(X,X*). Suppose that (o) X has the o-interpolation property (5) there is a strictly
increasing family (pe¢)e<w, in X. Then there is a T,-Borel probability measure 4 on X such that

(i) p is not inner regular with respect to the T;-closed sets;

(ii) p is not 7-additive for the topology Ts;

(iii) © has no extension to a norm-Borel measure on X.
Accordingly (X, %) is not a Radon space (indeed, is not Borel-measure-complete).

proof (a) Let K be the set
{FofeX F20, Il <1 ={f:Ifl <N Npex+{f: f@) =0},

so that K is a weak™*-closed subset of the unit ball of X* and is weak™-compact. Because X* is a solid
linear subspace of the order-bounded dual X~ of X (356Da), every member of X* is the difference of two
non-negative members of X*, and K spans X*. We shall need to know that if z < y in X, thereis an f € K

such that f(z) < f(y); set f = ﬁ|g| where g € X* is such that g(x) # g(y). (Recall that the norm of X*
is a Riesz norm, as also noted in 356Da.)
Set
A=Uicp{zze X,z <peh

then every sequence in A has an upper bound in A, but A has no greatest member. It follows that if B C K
is countable there is an x € A such that f(x) = sup,c 4 f(y) for every f € B, so that f(x) = f(y) whenever
r<ye€Aand f € B.

Let Z be the family of those sets E C X such that AN E is bounded above in A. Then 7 is a o-ideal of
subsets of X. B Of course ) € Z. If (E,)nen is a sequence in Z and E C UneN E,,, there is for each n € N
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an z, € A which is an upper bound for E, N A. Let x € A be an upper bound for {z,, : n € N}; then z is
an upper bound for ENAin A. So Fe€Z. Q

(b) For G € %, and k € N, let W(G, k) be the set of those x € X for which there are fo,...,fr € K
such that {y : y € X, |fi(y) — fi(z)| < 27F for every i < k} is included in G. Because K spans X*,
G =Upen W(G, k). Soif G € T, \ T there is a k € N such that W(G, k) ¢ Z.

(c) (The key.) If (Gy)nen is any sequence in T, \ Z, then (), .y Grn ¢ Z. P Start from any 2* € A. For
each n € N, take k,, € N such that W (G, k,) ¢ Z. For each z € A and n € N, choose w,,, € ANW (G, k»)
such that w,, > z; now choose a family (fy.i).ca,i<k, in K such that

{y 1 | frzi(y — wan)| < 27k for every i < k,} C G.,.

Let F be any ultrafilter on A containing {z : x € A, x > z} for every z € A, and write f,; = lim,_, = fr.;
for n € N and i < k,,, the limit being taken for the weak* topology on K. Let z§ > z* be such that 2 € A
and fpi(x — 27) =0 whenever x € A, v > zf, n € Nand ¢ < k,,.

Choose sequences (Zp)neN, (Un)nen and (z,)nen in A inductively, as follows. Set yo = 27. Given that
Yn > 27, the set

Cpn=1{2:2€A, 2> yn, |(fnzi — fni)(yn — 27)| < 27 for every i < ky,}
belongs to F, so is not empty; take z, € C,. Because y,, > 2§, we have f;(yn—27) = 0 and | fnz,i(yn—27)| <

27k for every i < ky,. Set x,, = w,, n, so that ¥, € A, v, > z, and {y : |fn.,i(y — 7,)| < 27% for every

1 < k,} is included in G,,. Now let y,+1 € A be such that y,+1 > z, and f,., (¥ — Yns+1) = 0 whenever
y € Aand y > y,41. Of course
Continue.
At the end of the induction, let z5 be an upper bound for {y, : n € N} in A. For n € N, set
un:z;‘+2?:0xjfyja Un:un+zgfyn+1-
Then (uy)nen is non-decreasing and w,, < v, < z3 for every n € N; moreover,

Up — Untl = Ynt1l — Tntl — Ynt1l + Ynt2 = 0

for every n, so (v, )nen is non-increasing, and u,, < v, for all m, n € N. Because X has the o-interpolation
property, there is an € X such that u, < x < v, for every n € N. Since zf <x <23, x € A and z > z*.
Take any n € N. Then

0< fnznz(x - un) < fnzni(Un - Un) = fnznz(zs - ynJrl) =0
for every i < k,. On the other hand,

n—1

Tp = Up = (Yn — Z:T) - Zj:() ($j - yj)
lies between 0 and y,, — 27, so
0< fnzr,,i(xn - un) < 2~ kn
for every i < k,,, and |fn., i(x — x,)| < 27 for every i. Thus x € G,,. As n is arbitrary, x € MNpen G-

As x > z*, this shows that z* is not an upper bound of [, .y Gn N A. As 2* is arbitrary, (,cy Gn & Z.
Q

(d) Set
Ko={G\H:G,He%,,G¢I HeTI}.

Then (), En # 0 for any sequence (Ey,)nen in Ko. B Express each E, as G, \ H, where G, H,, are
T,-open, G, ¢ T and H, € T. Then |J,.yHn € Z, as noted in (a), while (,.yGn ¢ Z, by (c); so
Mnen En = Mpen Gn \ Upen Hn is non-empty. Q

It follows that K = Ko U {0} is a countably compact class in the sense of 413M. Moreover, ENE’' € K
for all £, E' € K (using (a) and (c) again), so if we define ¢ : K — {0,1} by writing ¢o(E) =1 for E € Kq
and ¢o(0) = 0, then K and ¢ will satisfy all the conditions of 413N. There is therefore a measure ji on X
extending ¢y and inner regular with respect to s, the family of sets expressible as intersections of sequences

neN
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in K. The domain of i must include every member of K; but if G € T, then either G or X \ G belongs to
Ko, so is measured by /i, and fi is a topological measure.

We need to observe that, because ¢q takes only the values 0 and 1, iFE < 1 for every E € K, and X < 1;
since poX =1, pX =1 and [ is a probability measure.

(e) We may therefore take p to be the restriction of fi to the algebra B of Ts;-Borel sets, and p is a
Ts-Borel probability measure. Now p is not inner regular with respect to the ¥;-closed sets. I For each

€ < wi, Pe < Pet1 < Pet2, 50 there are ge, he € K such that ge(pe) < ge(Pet1) and he(pet1) < he(peta).
Let D C wy be any set such that D and wy \ D are both uncountable, and set

G = Ugep{z : 9e(pe) < ge(2), he(x) < he(pes2)}-

Then G € T, and pe41 € G for every £ € D, so G ¢ Z and uG = ¢oG = 1. On the other hand, if n € w; \ D,
then for every £ € D either & < 1 and he(pey2) < he(pye1), or & > n and ge(py+1) < ge(pe); thus ppy1 ¢ G
for any n € wy \ D, and X \ G ¢ Z. But this means that if F' C G is closed then X \ F' € Ky and pF = 0.
Thus :U’G > SUPFC@ is closed NJF Q

(f) Because T is regular, p cannot be T-additive, by 414Mb. It follows at once that (X, T;) is not Borel-
measure-complete, and in particular is not a Radon space. To see that p has no extension to a norm-Borel
measure, we need to look again at the set A. For each { < wn, set Fr = {z : © < pg}. Then every F is
norm-closed (354Bc) and (F¢)e<y,, is an increasing family with union A. Consequently, A is norm-closed
(4A2Ld, 4A2Ka). At the same time, every F is convex (cf. 351Ce), so A is also convex. It follows that A,
like every Fy, is T,-closed (3A5Ee). So p measures A and every Fe. Because X \ F¢ is a T,-open set not
belonging to Z, uFe = 0, for every £ < wi; because X \ A is a T,-open set belonging to Z, pA = 1.

But w; is a measure-free cardinal (438Cd), so 438l tells us that AA = sup,_,,, AF¢ for any semi-finite
norm-Borel measure A on X. Thus p has no extension to a norm-Borel measure, and the proof is complete.

4661 Examples The following spaces satisfy the hypotheses of 466H.

(a) (TALAGRAND 78A, or TALAGRAND 84, 16-1-2) X = (>°(I) or {z : = € ¢>°(I), {i : z(i) # 0} is
countable}, where I is uncountable. I X has the o-interpolation property because it is Dedekind complete,
and if (i¢)¢<w, is any family of distinct elements of I, we can set pe(i,) = 1 for n < &, pe(i) = 0 for all other
i € I to obtain a strictly increasing family (p¢)e<s, in X. Q

(b) (DE MARIA & RODRIGUEZ-SALINAS 91) X = (°°/¢y, where ¢y is the space of real sequences
converging to 0.

P (i) To see that X has the o-interpolation property, let A, B C X be non-empty countable sets such
that u < wv for all u € A, v € B. Let (Zn)nen, (Yn)nen be sequences in (> such that A = {z;, : n € N} and
B ={y;, : n € N}. Set &,, = sup,<,, i, Jn = inf;<, y; for n € N; then &5, < g5, s0 (Zn, — Jn) T € €. Set

kn = max({n} U{i: &,(i) > g, (i) +27"})

for n € N, and define x € £*° by writing
x(i) =0 if i < ko,
= .i‘"(’t) if kn <i < kn-i—l-

Then it is easy to check that u < x* < v for every u € A, v € B; as A and B are arbitrary, X has the
o-interpolation property.

ii) To see that X has the other property, recall that there is a family (I¢)e<.,, of infinite subsets of
£/E<wy

N such that I¢ \ I, is finite if n < ¢, infinite if £ < n (4AlFa). Setting pe = x(N\ I¢)*, we have a strictly

increasing family (pe¢)ecw, in X. Q

466J Theorem Let X be a linear topological space and ¥ its cylindrical o-algebra. If p and v are
probability measures with domain ¥ such that [ e/ (®)p(dz) = [ €@y (dz) for every f € X*, then u = v.
proof Define T : X — RX" by setting (Tz)(f) = f(z) for f € X*, 2 € X. Then T is linear and continuous
for the weak topology of X. So if I C RX" is a Baire set for the product topology of RX", T~YF] is a
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Baire set for the weak topology of X (4A3Kc) and belongs to ¥ (4A3V). We therefore have Baire measures
i/, v on RX" defined by saying that y/F = pT~'[F] and v'F = vT~*[F] for every Baire set F' C RX".

If h : RX" — R is a continuous linear functional, it can be expressed in the form h(z) = > c;z(fi)
where fy,..., fn € X" and ag,... ,a, € R. So

WTz) =377 ai(Tz)(fi) = iy cufi(z) = f(z)
for every € X, where f =37 j;f;. This means that

[ "D (dz) = [T p(da) = [l @ p(de) = [ @y(da) = [P/ (dz).
As h is arbitrary, ' = v’ (454Pa).

Now let ¥’ be the family of subsets of X of the form T—'[F] where F C RX" is a Baire set. This is a
o-algebra and contains all sets of the form {x : f(z) > a} where f € X* and a € R. So every member of
X* is ¥/-measurable and ¥’ must include the cylindrical o-algebra of X. Since p and v agree on ¥’ they
must be identical.

466K Proposition If X is a locally convex linear topological space and u, v are quasi-Radon probability
measures on X such that [ e (@) p(dz) = [ e @ v(dx) for every f € X*, then pu = v.

proof Write ¥ for the given topology on X and T, = T,(X, X*) for the weak topology. By 466J, u and v
must agree on the cylindrical o-algebra ¥ of X. Since ¥ includes a base for ¥, every weakly open set G is
the union of an upwards-directed family of open sets belonging to 3; as p and v are 7-additive, uG = vG.
Consequently p and v agree on T,-closed sets, and therefore on T-closed convex sets (4A4Ed). Write H
for the family of T-open sets which are expressible as the union of a non-decreasing sequence of %-closed
convex sets; then p and v agree on H. If 7 is a T-continuous seminorm on X, zg € X and a > 0, then
{z : 7(x —xy) < a} € H; and sets of this kind constitute a base for T (4A4Cb). Also the intersection of two
members of H belongs to H. By 415H(v), p = v.

Remark This generalizes 285M and 454X1, which are the special cases X = R” (for finite r) and X = R/;
see also 445Xq.

466L Proposition Suppose that X and Y are Banach spaces and that T': X — Y is a linear operator
such that ¢7" : X — R is universally Radon-measurable, in the sense of 434Ec, for every g € Y*. Then T is
continuous.

proof ? Suppose, if possible, otherwise. Then there is a g € Y* such that g7 is not continuous (4A4Ib).
For each n € N, take z,, € X such that ||z, | = 27" and g(Tx,) > 2n. Define h : {0,1}Y — X by setting
h(t) =30 g t(n)xy, (4Adle). Then h is continuous, because ||h(t) — h(t")|| < 307 27 "|t(n) — t'(n)] for all
t,t' € {0,1}N. Let v be the usual measure on {0, 1}"; then the image measure y = vh~! is a Radon measure
on X (4181), so gT must be dom p-measurable, and ¢ = gTh is dom v-measurable. In this case there is an
m € N such that E = {t : |¢(t)| < m} has measure greater than 1. But as g(Tz,,) > 2m, we see that if
t € E then t' ¢ E, where t’ differs from ¢ at the mth coordinate only, so that |¢(t) — ¢(t')| = g(Tx,,). Since
the map t + ¢’ is an automorphism of the measure space ({0, 1}, v), vE < %7 which is impossible. X

466M Corollary If X is a Banach space, Y is a separable Banach space, and T': X — Y is a linear
operator such that the graph of T is a Souslin-F set in X x Y, then T is continuous.

proof It will be enough to show that T'[Z is continuous for every separable closed linear subspace Z of
X (because then it must be sequentially continuous, and we can use 4A2Ld). Write I' C X x Y for the
graph of T. If H CY is open, then I'N (Z x H) is a Souslin-F set in the Polish space Z x Y, so is analytic
(423Eb), and its projection (T'| Z)~1[H] also is analytic (423Bb), therefore universally measurable (434Dc).
Thus T'[Z : Z — Y is a universally measurable function, and g7'[ Z must be universally measurable for any
g € Y* (434Df). By 466L, T'[Z is continuous; as Z is arbitrary, T is continuous.

466N Gaussian measures Some of the ideas of §456 can be adapted to the present context, as follows.

Definition If X is a linear topological space, I will say that a probability measure p on X is a centered
Gaussian measure if its domain includes the cylindrical o-algebra of X and every continuous linear
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functional on X is either zero almost everywhere or a normal random variable with zero expectation. (Thus
a ‘centered Gaussian distribution’ on R, as defined in 4564, is a distribution in the sense of 454K which is
a centered Gaussian measure when R is thought of as a linear topological space.)

Warning! many authors reserve the phrase ‘Gaussian measure’ for strictly positive measures.

4660 Proposition Let X be a separable Banach space, and p a probability measure on X. Suppose
that there is a linear subspace W of X*, separating the points of X, such that every element of W is dom pu-
measurable and either zero a.e. or a normal random variable with zero expectation. Then u is a centered
Gaussian measure with respect to the norm topology of X.

proof (a) As W separates the points of X, X \ {0} = U;cy {2 : f(z) # 0}. Because X is Polish, therefore
hereditarily Lindelof, there is a countable set I C W still separating the points of X. Let Wy, be the linear
subspace of X* generated by I.

Define T : X — R! by setting (T'z)(f) = f(z) for f € I. Then T is an injective linear operator, and
is continuous for T4(X, W) and the usual topology of RZ. Let A be the distribution of the family (f)ser;
T is inverse-measure-preserving for f and ), where /i is the completion of u (454J(iv)). If g : RT — R is
a continuous linear functional, then g7" € Wy (use 4A4Be); now the distribution of g, with respect to the
probability measure A, is just the distribution of g7" with respect to i and u, and is therefore either normal
or the Dirac measure concentrated at 0. So A is a centered Gaussian distribution in the sense of 456Ab.
Because I is countable, X is a Radon measure (454J(iii)).

(b) If € > 0, there is a norm-compact K C X such that 4K is defined and is at least 1 —e. B As X
and R’ are analytic (423B), there is a Radon measure p' on X such that A\ = p/T~1 (432G). Of course
WX = MR! = 1. There is a compact set K C X such that /K > 1 — ¢; now T[K] is compact and
K =T~ YT|[K]], so

pE = pTHTIK]| = MT[K] = /'K > 1—¢ Q

(c) Now suppose that g € X*. Then there is a sequence (g, )nen in Wy such that (g,)neny — g prae. P
For each n € N, there is a compact set K,, C X such that 4K, > 1—27""1; we can suppose that K,, .1 2 K,
for each n. Wy is dense in X* for the weak*-topology T(X™*, X) (4A4Eh); being convex, it is dense for the
Mackey topology Tx(X™, X) (4A4F), and there is a g, € Wy such that sup, ., |g9n(z) — g(z)] <27". Now
g(x) = limy, 00 gn(z) for every x in the p-conegligible set | J, oy Kn- Q

Set 0, = \/Var(gy) for each n. Then {0, : n € N} is bounded. P Set M = sup, ¢, |9(z)|. If n € N and
on #0, |gn(x)] < M + 1 for every z € Ky, and

M+1
1 _ 1 7t2/20i 2(M+1)
2SqugPr(\gn|§M+1)—Unm/iM16 dtSan\/E’
4(M+1
S0 0y < (\/ﬂ ) Q

We therefore have a strictly increasing sequence (nj)ren such that o = limy_,o0 0y, is defined in [0, cof.
For each k, let vi be the distribution of g,, and ¢ its characteristic function; let v, ¢ be the distribution
and characteristic function of g. Since (g, )ken — g a.e.,

[hdv = [ hgdp=1limg_e0 [ hgn,dp=1limg_e0 [ hdvg

for every bounded continuous function h : R — R, and p(t) = limg_, o0 p(¢) for every t € R, by 285L. But,
for each k,

1
(1) = exp(—Lo?,12)
by 285E if 0, > 0 and by direct calculation if o, = 0, as then g,, = 0 almost everywhere.
Accordingly ¢(t) = exp(—%a2t2) for every t. But this means that v is either the Dirac measure concen-

trated at 0 (if o = 0) or a normal distribution with zero expectation (if o > 0).

(d) As g is arbitrary, p is a centered Gaussian measure.
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466X Basic exercises (a) Let (X,T) be a metrizable locally convex linear topological space and p a
totally finite measure on X which is quasi-Radon for the topology ¥. Show that p is quasi-Radon for the
weak topology Ts(X, X*).

>(b) Let {e,)nen be the usual orthonormal basis of ¢2. Give ¢? the Radon probability measure v such
that v{e,} = 277! for every n. Let I be an uncountable set, and set X = (¢2)! with the product linear
structure and the product topology T, each copy of ¢? being given its norm topology. (i) Let A be the
7-additive product of copies of v (417F). Show that A is quasi-Radon for ¥ but is not inner regular with
respect to the T¢-closed sets. (i) Write T for the weak topology of X. Let As be the T-additive product
measure of copies of v when each copy of ¢2 is given its weak topology instead of its norm topology. Show
that A, is quasi-Radon for T, but does not measure every T-Borel set. (Hint: setting £ = {e, : n € N},
A(E!T) =1 and E! is relatively T -compact.)

>(c) Let X be a metrizable locally convex linear topological space and p a 7-additive totally finite
measure on X with domain the cylindrical o-algebra of X. Show that p has an extension to a quasi-Radon
measure on X. (Hint: 4A3V, 415N.)

(d) Let X be a metrizable locally convex linear topological space which is Lindelof in its weak topology,
and X the cylindrical o-algebra of X. Show that any totally finite measure with domain ¥ has an extension
to a quasi-Radon measure on X.

>(e) Let X be a separable Banach space. Show that it is a Radon space when given its weak topology.

(f) Let K be a compact metrizable space, and C(K) the Banach space of continuous real-valued functions
on K. Show that the o-algebra of subsets of C'(K) generated by the functionals  — z(t) : C(K) — R, for
t € K, is just the cylindrical o-algebra of C'(K). (Hint: 4A2Pe.) Examine the connexions between this and
454Sa, 4627 and 466Xd.

(g) Let K be a scattered compact Hausdorff space. Show that the weak topology and the topology of
pointwise convergence on C(K) have the same Borel o-algebras.

(h) Re-write part (d) of the proof of 466H to avoid any appeal to results from §413.

(i) Let X be a locally convex linear topological space and p, v two totally finite quasi-Radon measures
on X. Show that if 4 and v give the same measure to every half-space {x : f(x) > a}, where f € X* and
o € R, then p=wv.

(j) Let X be a Hilbert space and p, v two totally finite Radon measures on X. Show that if y and v give
the same measure to every ball B(x,d), where z € X and 6 > 0, then u = v. (Hint: every open half-space
is the union of a non-decreasing sequence of balls.)

(k) Let f : R — R be a function such that f(1) =1 and f(xz +y) = f(z) + f(y) for all z, y € R. Show
that the following are equiveridical: (i) f(z) = « for every x € R; (ii) f is continuous at some point; (iii) f
is bounded on some non-empty open set; (iv) f is bounded on some Lebesgue measurable set of non-zero
measure; (v) f is Lebesgue measurable; (vi) f is Borel measurable; *(vii) f is bounded on some non-meager
Gy set; *(viii) f is B\—measurabla where B is the Baire-property algebra of R. (Hint: 443Db.)

(1) Set X = {x: 2 € RN, {n: x(n) # 0} is finite}, and give X any norm. Show that any linear operator
from X to any normed space is universally measurable.

(m) Let X be a linear topological space and 1 a centered Gaussian measure on X. (i) Let Y be another
linear topological space and T : X — Y a continuous linear operator. Show that the image measure puT! is
a centered Gaussian measure on Y. (ii) Show that X* C £2(y). (iii) Let us say that the covariance matrix
of p is the family (ofy)fgex+, where s, = [ f x gdu for f, g € X*. Suppose that v is another centered
Gaussian measure on X with the same covariance matrix. Show that pu and v agree on the cylindrical
o-algebra of X.
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(n) Let (X;);ecs be a family of linear topological spaces with product X. Suppose that for each i we have
a centered Gaussian measure p; on X;. Show that the product probability measure [],.; p; is a centered
Gaussian measure on X.

(o) Let X be a linear topological space. Show that the convolution of two quasi-Radon centered Gaussian
measures on X is a centered Gaussian measure.

(p) Let X be a separable Banach space, and p a complete measure on X. Show that the following are
equiveridical: (i) u is a centered Gaussian measure on X; (ii) p extends a centered Gaussian Radon measure
on X; (iii) there are a set I, an injective continuous linear operator T': X — R’ and a centered Gaussian
distribution A on R! such that 7T is inverse-measure-preserving for p and \; (iv) whenever I is a set and
T : X — R! is a continuous linear operator there is a centered Gaussian distribution A on R such that T
is inverse-measure-preserving for p and .

(q) Let X be a Banach space, and p a Radon measure on X. Show that, with respect to pu, the unit ball
of X* is a stable set of functions in the sense of §465. (Hint: 465Yb.)

>(r) Let I be an infinite set. Show that Talagrand’s measure, interpreted as a measure on £>°(I) (464R),
is not 7-additive for the weak topology.

466Y Further exercises (a) Give an example of a Hausdorff locally convex linear topological space
(X, T) with a probability measure p on X which is a Radon measure for the weak topology T4(X, X*) but
not for the topology T. (Hint: take C = C([0,1]) and X = C* with the Mackey topology for the dual pair
(X, C), that is, the topology of uniform convergence on weakly compact subsets of C.)

(b) Let X be a normed space and T a linear space topology on X such that the unit ball of X is T-closed
and the topology on the unit sphere S induced by ¥ is finer than the norm topology on S. (i) Show that
every norm-Borel subset of X is T-Borel. (ii) Show that if T is coarser than the norm topology, then it has
a o-isolated network.

(c) (i) Let X be a Banach space. Set Sy = J,,x{0,1}" and suppose that (K,)ses, is a family of
non-empty weakly compact convex subsets of X such that K, C K, whenever o, 7 € Sy and o extends
7. () Show that there is a weakly Radon probability measure on X giving measure at least 27" to K,
whenever n € N and o € {0,1}"™. (8) Show that there are a 0 € Sy and z € K,~ ¢, y € K,~.1> such
that ||z —y|| < 1. (ii) Let X be a locally convex Hausdorff linear topological space. and (As)secs, a family
of non-empty relatively weakly compact subsets of X such that A, C A, whenever o, 7 € Sy and ¢ extends
7. For o € Sy, set Cp = Ag~c15 — Agm <. Show that 0 € U, g, Co-

(d) Find Banach spaces X and Y and a linear operator from X to Y which is not continuous but whose
graph is an F, set in X x Y.

(e) Let X be a complete Hausdorff locally convex linear topological space and p a Radon probability
measure on X. Suppose that there is a linear subspace W of X*, separating the points of X, such that
every member of W is either zero a.e. or a normal random variable with zero expectation. Show that u is a
centered Gaussian measure.

466Z Problems (a) Does every probability measure defined on the T (£°°, (£°)*)-Borel sets of £>° = (*°(N)
extend to a measure defined on the || ||c-Borel sets?

It is by no means obvious that the Borel sets of £>° are different for the weak and norm topologies; for a
proof see TALAGRAND 78B.

(b) Assume that ¢ is measure-free. Does it follow that £>°, with its weak topology, is a Radon space?

Note that a positive answer to 464Z (with I = N) would settle this, since Talagrand’s measure, when
interpreted as a measure on £°°, cannot agree on the weakly Borel sets with any Radon measure on £*°
(466Xq, 466Xr).
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466 Notes and comments I have given a proof of 466A using the machinery of §463; when the measure
1 is known to be a Radon measure for the weak topology, rather than just a quasi-Radon measure or a
7-additive measure on the cylindrical algebra (466Xc), the theorem is older than this, and for an instructive
alternative approach see TALAGRAND 84, 12-1-4. Another proof is in JAYNE & ROGERS 95.

On any Banach space we have at least three important o-algebras: the norm-Borel o-algebra (generated
by the norm-open sets), the weak-Borel algebra (generated by the weakly open sets) and the cylindrical
algebra (generated by the continuous linear functionals). (Note that the Baire o-algebras corresponding to
the norm and weak topologies are the norm-Borel algebra (4A3Kb) and the cylindrical algebra (4A3V).) If
our Banach space is naturally represented as a subspace of some R (e.g., because it is a space of continuous
functions), then we have in addition the o-algebra generated by the functionals x — (i) for i € I, and
the Borel algebra for the topology of pointwise convergence. We correspondingly have natural questions
concerning when these algebras coincide, as in 466E and 4A3W and 466Xf, and when a measure on one of
the algebras leads to a measure on another, as in 466A-466B and 466Xc.

The question of which Banach spaces are Radon spaces in their norm topologies is, if not exactly ‘solved’,
at least reducible to a classical problem in set theory by the results in §438. It seems much harder to
decide which non-separable Banach spaces are Radon spaces in their weak topologies. We have a simple
positive result for spaces with Kadec norms (466F), and after some labour a negative result for a couple of
standard examples (4661), but no effective general criterion is known. Even the case of £>° seems still to be
open in ‘ordinary’ set theories (466Zb). £°° is of particular importance in this context because the dual of
any separable Banach space is isometrically isomorphic to a linear subspace of ¢>° (4A4ld). So a positive
answer to either question in 4667 would have very interesting consequences — and would be correspondingly
surprising.

466L and 466M belong to a large family of results of the general form: if, between spaces with both
topological and algebraic structures, we have a homomorphism (for the algebraic structures) which is not
continuous, then it is wildly irregular. I hope to return to some of these ideas in Volume 5. For the moment
I just give a version of the classical result that an additive function f : R — R which is Lebesgue measurable
must be continuous (466Xk). The definition of ‘universally measurable’ function which I gave in §434 has a
number of paradoxical aspects. I have already remarked that in some contexts we might prefer to use the
notion of ‘universally Radon-measurable’ function; this is also appropriate for 466L. But when our space X,
for any reason, has few Borel measures, as in 466X1, there are correspondingly many universally measurable
functions defined on X. Of course 466M can also be thought of as a generalization of the closed graph
theorem; but note that, unlike the closed graph theorem, it needs a separable codomain (466Yd).

The point of 4660 is that the most familiar separable Banach spaces are presented with continuous linear
embeddings into RY, and of course any separable Banach space X has such a presentation. We can now
describe the centered Gaussian Radon measures on X in terms of centered Gaussian distributions on RY, as
in 466Xp. But perhaps the most important centered Gaussian measure is Wiener measure (477Yj), which
is not in fact on a Banach space.

A curious geometric question concerning measures on metric spaces is the following. If two totally finite
Radon measures on a metric space agree on balls, must they be identical? It is known that (even for compact
spaces) the answer, in general, is ‘no’ (DAVIES 71); in Hilbert spaces the answer is ‘yes’ (466Xj); and in fact
the same is true in any normed space (PREISS & TISER 91).

Version of 13.1.10

*467 Locally uniformly rotund norms

In the last section I mentioned Kadec norms. These are interesting in themselves, but the reason for
including them in this book is that in a normed space with a Kadec norm the weak topology has the
same Borel sets as the norm topology (466Ea). The same will evidently be true of any space which has
an equivalent Kadec norm. Now Kadec norms themselves are not uncommon, but equivalent Kadec norms
appear in a striking variety of cases. Here I describe the principal class of spaces (the ‘weakly K-countably
determined’ Banach spaces, 467H) which have equivalent Kadec norms. In fact they have ‘locally uniformly
rotund’ norms, which are much easier to do calculations with.

Almost everything here is pure functional analysis, mostly taken from DEVILLE GODEFROY & ZIZLER
93, which is why I have starred the section. The word ‘measure’ does not appear until 467P. At that point,
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however, we find ourselves with a striking result (Schachermayer’s theorem) which appears to need the
structure theory of weakly compactly generated Banach spaces developed in 467C-467M.

467A Definition Let X be a linear space with a norm || ||. || || is locally uniformly rotund or locally
uniformly convex if whenever ||z|| = 1 and € > 0, there is a § > 0 such that ||z — y|| < e whenever ||y|| =1
and |lz +yl| > 2 - 4.

If X has a locally uniformly rotund norm, then every subspace of X has a locally uniformly rotund norm.
Of course any uniformly convex norm (definition: 2A4K) is locally uniformly rotund.

467B Proposition A locally uniformly rotund norm is a Kadec norm.

proof Let X be a linear space with a locally uniformly rotund norm ||||. Set Sx = {z : ||z| = 1}.
Suppose that G is open for the norm topology and that x € G N Sx. Then there is an € > 0 such that
G D B(z,e) ={y: |ly—z| < e€}. Let § > 0 be such that ||z —y|| < e whenever |ly|| =1 and ||z +y| > 2 4.
Now there is an f € X* such that f(z) = || f]| =1 (3A5Ac). SoV ={y: f(y) > 1— 0} is open for the weak
topology. But if y € VN Sx, then ||z +y|| > f(x +y) >2—4,s0 ||z —y|| < e and y € G. As z is arbitrary,
G N Sx is open for the weak topology on Sx; as G is arbitrary, the norm and weak topologies agree on Sx.

467C A technical device (a) I will use the following notation for the rest of the section. Let X be a
linear space and p : X — [0, oo[ a seminorm. Define g, : X x X — [0, oo[ by setting

(7, y) = 2p(x)* + 2p(y)* — plz +y)* = (p(x) — p(W))* + (p(z) + p(y))* — p(z + y)°
for x € X.
(b) A norm || || on X is locally uniformly rotund iff whenever z € X and € > 0 there is a 6 > 0 such that
|z — y[| < e whenever g (z,y) < 0.
P (i) Suppose that || || is locally uniformly rotund, x € X and ¢ > 0. (« ) If z = 0 then g (z,y) =

llyl|? = ||z — y||? for every y so we can take § = €2. (B) If x # 0 set 2’ = —z. Let n > 0 be such that

|| ll
|l =o' < %e”xH whenever ||¢|| =1 and ||z’ +3/|| > 2 — 7. Let § > 0 be such that

1
0+ 2V0l|z] < mll=)?, VO <llall, VO < el
Now if g (z,y) < ¢, we must have

(= ll)? < 6 <lll?, (=l + lyI)* = =+ yl* <,
so that y # 0 and

(|| IIyH lzll - = NI’
é 1
R e — .
Il -+ ol = lle + 91l < EreT < o
Set 3/ = ﬁy, Yy = iz ”y Then ||y’|| = 1, and
/ 1" 1 1 Ve 1
_ = |- - < — < —€l|lx||.
Accordingly
Y
I/ +3/1 2 !+~ Iy =9 = ol + ol — 22
1 Vs llyll s Vs
— (||l + ARSI & AT S S
| (H I+ Iyl = ||IH) (||| llzll Azl ]l
llz||—/3 ) V5 ) 2V6
>14 _ 0 VO g 0 VO
- [l llzll =zl Izl =zl — K
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But this means that ||z’ —y/'|| < Se[|z||, so that |2’ — y”|| < €[|z|| and ||z — y|| < e. As z and € are arbitrary,
the condition is satisfied.

(ii) Suppose the condition is satisfied. If ||z|| = 1 and € > 0, take § € ]0,2] such that ||z —y|| < €
whenever g(z,y) < 46; then if [|y|| = 1 and |z + y|| > 2 -4, g(z,y) =4 — [z +y|> < 46 and ||z —y| < e
As z and € are arbitrary, ||| is locally uniformly rotund. Q

(c) We have the following elementary facts. Let X be a linear space.

(i) For any seminorm p on X, g,(z,y) > (p(z)—p(y))> > 0forallz, y € X. P (p(z)+p(y))*—p(z+y)?
0 because p(z +y) < p(z) +p(y). Q

(i) Suppose that (p;)ier is a family of seminorms on X such that Y, ,p;(z)? is finite for every
v € X. Set p(x) = /> ic;pi(x)? for x € X; then p is a seminorm on X and ¢, = >,/ qp,- P Of course

plazx) = |alp(x ) for € R and r € X. If z € X, then p(z) = ||¢(z)||2, where ¢(z) = (pi(x))ics € C3(I).
Now for z, y € X,
0< ¢z +y) < o)+ oy)
in ¢2(I), so
p(x+y) = llolx+y)ll2 <llox) + ¢W)ll2 < llo@)ll2 + [[6(Y)ll2 = p() + p(y).

Thus p is a seminorm. Now the calculation of g, = >, ; gp, is elementary. Q In particular, g, > ¢, for
every ¢ € I.

(iii) If || [| is an inner product norm on X, then ¢ (z,y) = ||z — yl|* forallz, y e X. P

2[z)1* + 2[lyl1> = llz + ylI* = 2(z|z) + 2(yly) — (& + ylz +y)
= (z]x) + (yly) — (zly) — (ylz) = (z —ylz —y). Q

467D Lemma Let (X, ]| ||) be a normed space. Suppose that there are a space Y with a locally uniformly
rotund norm || ||,- and a bounded linear operator T : Y — X such that T[Y] is dense in X and, for every
x € X and v > 0, there is a z € Y such that ||z — Tz||* + 7]|z||2 = inf ey |2 — Ty[|* + 7[|ly[|2. Then X has
an equivalent locally uniformly rotund norm.

proof (a) For each n € N, z € X set

Pa(z) = \/infyey [l = Tyl + 27 [y]1%.
Then p, : X — [0,00[ is a norm on X7 equivalent to ||||. T (i) The functionals (z,y) — |z — Ty|,
(z,y) = 27"2?|y|, from X x Y to [0,00[ are both seminorms, so the functional (z,y) + é(z,y) =
Ve —Tyl]? + 27"y||? also is, by 467C(c-ii). (ii) If z € X and « € R, take z € Y such that p,(2) = ¢(z, 2);
then

pn(ax) < ¢lax, az) = |alp(z, 2) = |a|p, ().

If o # 0, apply the same argument to see that p,(z) < |a|~*p,(ax), so that p,(az) = |alp,(z). (iii) Now
take any 1, zo € X. Let z1, 220 € Y be such that p,(z;) = ¢(x;, z;) for both i. Then

1 1 1 1
Pn (21 + 22) = 2pn( T+ ¢ $2) < 2¢(5$1 + 572,521 + 522)

< 2(50(21,21) + 50(22, 22)) = Pu(@1) + Pu(2):

Thus py, is a seminorm. (iv) p,(z) < ¢(x,0) = ||z|| for every x € X. (vi) For any x € X and y € Y, either
ITyll = gllz| and

$(a,y) > 272 ],

1
or [Tyl < 3ll=| and
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1
o(@,y) = [lz =Tyl = 5ll=l;
this shows that p,(z) > min(3, $27/2||T||71)||z|. (I am passing over the trivial case X = {0}, ||T| = 0.)
In particular, p,(z) = 0 only when z = 0. Thus p,, is a norm equivalent to p. Q
(b) For any = € X, lim, oo pr(x) = 0. P Let € > 0. Let y € Y be such that ||z — Ty|| < ¢; then
msup,, o pn(2)? < limsup,, . |z = Tyl +27"[ly||7 < €.

As € is arbitrary, lim, . pn(z) =0. Q

(c) Set ||lz|| = v/Donry2 ™pa(z)? for € X. The sum is always finite because p,(z) < ||z|| for every
n, so ||I' € v2||| is a seminorm; and it is a norm equivalent to ||| because py is. Now |||’ is locally
uniformly rotund. P Take z € X and € > 0. Let n € N be such that p,(z) < e. Choose y € Y such that
pn(2)? = [z —Ty||*+27"||y[|2. (This is where we really use the hypothesis that the infimum in the definition
of p,, is attained.) Let § > 0 be such that 2”6 < (3¢)? and ||T[||ly’ — y|| < $¢ whenever g 1, (W, y) < 2276

If gy (2,2") <6, then gg-n/2, (v,2") < 0, by 467C(c-ii), that is, g, (z,2") < 2"6. Let y' € Y be such
that p,(2')? = ||z’ — Ty'[|* + 27 "|y/||2. Then

pu(z+2')? <|lz+2' =Ty —Ty'|> +27"(ly +¢'|I?

< (lz = Tyl + 12" = Ty'1)* + 27" ly + ¥/'II5
SO

Gp, (2,2") = 2p ()% + 2pn (2')? = pn (2 +2')°
> 2([le — Tyl* + 27" |yl2) + 2(ll2" = Ty'[I” +27"[ly'[17)
— (Il =Tyl + | = Ty'[)* = 27"y + /I
= (llz = Tyll = lla" = Ty'N* + 27" llylIZ + 20115 = lly + ¢'[17)-
This means that
a1, Y) < 2", (z,2") < 2274,

so |T||ly — ¥'lly < %e, while also

le = Tyl + 2/ = Ty'| < 2z~ Tyll + /2, @ 7)< 2pu(z) +2/2V5 < 3
Finally

1 1 3
Zle =2 <z =2 < Tllly = ¢'lly + lle = Tyl + [’ = Ty'l| < je+Je=e.

As z and € are arbitrary, this shows that || || is locally uniformly rotund. Q
This completes the proof.

467E Theorem Let X be a separable normed space. Then it has an equivalent locally uniformly rotund
norm.

proof (a) It is enough to show that the completion of X has an equivalent locally uniformly rotund norm;
since the completion of X is separable, we may suppose that X itself is complete. Let (z;);en be a sequence
in X running over a dense subset of X. Define T : > — X by setting

g )
Ty=>"0 211(1+||xi||)gcz

for y € £2 = (?(N); then Ty is always defined (4A4le); T is a linear operator and
1Tyl < 3252027 ()] < V322272 Iyl
for every y € 2, by Cauchy’s inequality (244Eb). So T is a bounded linear operator.

(b) T satisfies the conditions of 467D. I T[¢?] is dense because it contains every x;. Given z € X, v > 0
and a > 0, the function y + \/[lz — Ty[|2 + 7||y|3 is convex and norm-continuous, so the set
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Cal@) ={y:y € &, [z = Ty|* + 7|y} < o*}
is convex and norm-closed. Consequently, Cy(z) is weakly closed (4A4Ed); since ||y||s < v~'/2« for every
y € Co(x), Co(z) is weakly compact (4A4Ka). Set 8 = inf e ||z — Ty||? + v||ly[|3. Then {Cy(z) : a > B}
is a downwards-directed set of non-empty weakly compact sets, so has non-empty intersection; taking any
2 € Nasp Cal@), B =z =Tz + )23 Q

(c) So 467D gives the result.

467F Lemma Let (X, | ||) be a Banach space, and (T;);c; a family of bounded linear operators from X
to itself such that
(i) for each i € I, the subspace T;[X] has an equivalent locally uniformly rotund norm,
(ii) for each z € X, € > 0 there is a finite set J C I such that ||z — >, ; Tiz| <,
(iii) for each z € X, e > 0 the set {i : i € I, ||T;z|| > €} is finite.
Then X has an equivalent locally uniformly rotund norm.

proof (a) Let | ||; be a locally uniformly rotund norm on X; = T;[X] equivalent to || || on X;. Reducing
Il by a scalar multiple if necessary, we may suppose that ||T;z|; < ||z| for every z € X and i € I.
By (iii), sup;e; ||Tiz|| is finite for every x € X; by the Uniform Boundedness Theorem (3A5Ha), M =
SUp; e SUP| <1 [|Tiz]l is finite. (This is where we need to suppose that X is complete.) For finite sets J C I
and k > 1, set

Pak(@) = \/Sies 1Tl + & Liees I — Liex Tialls
for n € N and k£ > 1 set
P (@) = sup{par(x) : J C 1, #(J) < n}.
(n)

By 467C(c-ii), as usual, all the py), are seminorms, and it follows at once that the p,’ are seminorms.
Observe that if K C I is finite, then ||z — >, Tix| < (1 + M#(K))||z|| for every x, so if J C I is finite
then

par() < VHT) +2# (1 + M#(J)) ||,

and p < /n+2%(1 + Mn)||z|| whenever n € N and k > 1. Setting B, = 22"** for n, k € N,
)" = \/Zn 0 ket ﬂnkpk ( )?
is finite for every x € X, so that |||’ is a seminorm on X; moreover, ||z|" < §||z| for every z € X, where

B = /S0 S Bt (n+ 20(1+ Mn))
is finite. Since we also have

)" =

P (@) = Z5pn (@) = 5llal

for every z, || ||" is a norm on X equivalent to || ||.

(b) Now ||||" is locally uniformly rotund. I Take z € X and € > 0. Let K C I be a finite set such
that ||z — Y ..k Tiz| < ie& we may suppose that Tz # 0 for every i € K. Set ay = minjex ||Tizl|;,
J={i:iel,|[Tiz]i > ar} and ag = sup;ep g [|Tixi- (For completeness, if K = 0, take J = 0,
ap = sup,¢; ||Tixll; and oy = g+ 1.) Then J is finite and a < aq, by hypothesis (iii) of the lemma. Set

n = #(J). Let k be so large that %Hx“z 1(a? — ad). Let n > 0 be such that
(Bnk + 1)7] < mln(mk: af — 0‘3)7

Tz — 2| < H%n whenever i € K, z € X; and q) |, (Tix, z) < (Bur + 1)n;

this is where we use the hypothesis that every || ||; is locally uniformly rotund (and equivalent to || || on X;).
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Now suppose that y € X and g - (=,y) < 7. Then Qe (z,9) < Bnkn, by 467C(c-ii). Let L € [I]™ be such
k
that p{™ (= +y)2 < pra(e +y)2 + 7. Then

Qoo (,y) = 20(2)? + 2011 (v)? — pri(z 4+ y)?
<2 (2)> + 20" ()2 — p{" (2 + 9)> + 0 < (B + L)1.

We also have

20k ()2 > 2prr(2)? + 2prr(y)? — 210(")( 2> pri(z +y)? — 21’;(:) (y)?
> pi (@ + )2 — 0 — 200" ()% = 20" () — (B + L)1,

SO

n 1
oIl < por(@)? < p” (@) < pra(@)? + 5Bk + 1
e

2n (M +1
<3 T2+ Z D 2 4 2 (B + 1
1€L

< STl + a2 - o
=
Since #(L) = #(J) and
ITiz)|? < af < af < ||T;|}

whenever j € J and ¢ € T\ J, we must actually have L = J. In particular, K C L. But this means that (by
467C(c-ii) again)

a1, (Tix, Tiy) < qpr (,9) < (Bur + 1)1

and (by the choice of n) | T;z — T;y|| << for every i € K, so that || Y ,cc Tix — > e Tyl < 2e.

The last element we need is that, settlng p( )= W”Z — Y ick Tiz||, D is a seminorm on X and is one of
the constituents of pr; so that

1
Sl =Y Tl = lly = Y- Tol)? < aple,y) < ap(@,y)

ieK €K

and ’||:c — ZiEK Tix|| — |y — ZzeK ZyH| *6 It follows that

lly — ZieK Ty < %6 + [l — ZiEK Tix|| < %5'
Putting these together,

e =yl < llz =3 sk Tixll + 2se i 1w = Tiyll + ly = 2osex Tyl < e

And this is true whenever g |/ (z,y) < 7. As 2 and € are arbitrary, || || is locally uniformly rotund. Q

467G Theorem Let X be a Banach space. Suppose that there are an ordinal ¢ and a family (P¢)e<¢ of
bounded linear operators from X to itself such that
(i) if £ <n < ¢ then PeP, = PP = Pr;
(if) Po(xz) = 0 and P(x) = z for every z € X
(iii) if £ < ¢ is a non-zero limit ordinal, then lim,¢ P, (z) = Pe¢(z) for every x € X;
(iv) if £ < ¢ then X¢ = {(Pey1 — Pe)(x) : * € X} has an equivalent locally uniformly rotund
norm.
Then X has an equivalent locally uniformly rotund norm.
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Remark A family (Pe)e<¢ satisfying (i), (ii) and (iii) here is called a projectional resolution of the
identity.

proof For ¢ < ( set T = P¢y1 — Pe. From condition (i) we see easily that T¢T,, = T¢ if £ = n, 0 otherwise;
and that T¢ P, = T if £ <7, 0 otherwise.

I seek to show that the conditions of 467F are satisfied by (T¢)e<¢. Condition (i) of 467F is just condition
(iv) here. Let Z be the set of those x € X for which conditions (ii) and (iii) of 467F are satisfied; that is,

for each € > 0 there is a finite set J C ¢ such that ||z — > . ; Tex|| <€ and {§ : [|Tez|| > €}
is finite.

Then Z is a linear subspace of X. For £ < (, set Yz = P¢[X]. Then Yy C Z. P Induce on £. Since Yy = {0},
the induction starts. For the inductive step to a successor ordinal { +1 < ¢, Yeqq = Ye + X¢ C Z. For the
inductive step to a non-zero limit ordinal {£ < ¢, given « € Y¢ and € > 0, we know that there is a £’ < £ such
that || P,z — Pex| < e whenever & < n < €. So ||,z < 2€ whenever £ < n < &, and

{n: | Thzl = e} ={n:n <&, [Tyl = e} = {n: TPzl > e}
is finite, by the inductive hypothesis. Moreover, there is a finite set J C &’ such that ||P§/x—ZnEJ T, Pez| <
2¢, and now ||z — > et Tzl < €. As z and € are arbitrary, Y: € Z. Q

In particular, X =Y, C Z and conditions (ii) and (iii) of 467F are satisfied. So 467F gives the result.

467H Definitions (a) A topological space X is K-countably determined or a Lindel6f-X space if
there are a subset A of NN and an usco-compact relation R C A x X such that R[A] = X. Observe that all
K-analytic Hausdorff spaces (§422) are K-countably determined.

(b) A normed space X is weakly K-countably determined if it is K-countably determined in its weak
topology.

(c) Let X be a normed space and Y, W closed linear subspaces of X, X* respectively. I will say that
(Y,W) is a projection pair if X =Y @ W° and ||y + z|| > ||y|| for every y € Y, z € W°, where

We={z:z€X, f(z) <1 for every f € W}
={z:2z€ X, f(z) =0 for every f € W}.

4671 Lemma (a) If X is a weakly K-countably determined normed space, then any closed linear subspace
of X is weakly K-countably determined.

(b) If X is a weakly K-countably determined normed space, Y is a normed space, and T : X — Y is a
continuous linear surjection, then Y is weakly K-countably determined.

(c) If X is a Banach space and Y C X is a dense linear subspace which is weakly K-countably determined,
then X is weakly K-countably determined.

proof (a) Let A C NN, R C A x X be such that R is usco-compact (for the weak topology on X) and
R[A] = X. Let Y be a (norm-)closed linear subspace of X; then Y is closed for the weak topology (3A5Ee).
Also the weak topology on Y is just the subspace topology induced by the weak topology of X (4A4Ea).
Set R" = RN (A xY). Then R’ is usco-compact whether regarded as a subset of A x X or as a subset of
A xY (422Db, 422Dg). Since Y = R'[A], Y is weakly K-countably determined.

(b) Let A C NN R C A x X be such that R is usco-compact for the weak topology on X and R[A] = X.
Because T is continuous for the weak topologies on X and Y (3A5Ec),

Ry = {(¢,y): there is some x € X such that (¢,z) € R and Tz = y}

is usco-compact in A x Y (422Dc, 422Df). Also R;[A] = T[R[A]] = Y. So Y is weakly K-countably
determined.

(c) Let AC NN/ R C AxY be such that R is usco-compact (for the weak topology on Y) and R[A] =Y.
Then, as in (a), R is usco-compact when regarded as a subset of A x X. By 422Dd, the set

R1 = {((¢n)nen, Un)nen) : (dn,yn) € R for every n € N}
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is usco-compact in AN x YN, Now examine
Ry = {({yn)nen, ) : 2 € X, yp € Y and ||y, — x|| < 27" for every n € N}.

Then Ry is usco-compact in YN x X. P (Remember that we are using weak topologies on X and Y
throughout.) If y = (yn)nen is a sequence in Y and (y,x) € R, then z = lim,_,o yn; so Ra[{y}] has at
most one member and is certainly compact. Let F' C X be a weakly closed set and y € YN\ Ry 1[F ]

case 1 If there are m, n € N such that ||y, — yn| > 27 + 27", let f € Y* be such that || f|] < 1 and
FWm —yn) >27™+ 27" Then G = {2z : f(2m — 2n) > 2™ + 27"} is an open set in YN containing y and
disjoint from Ry '[F], because Ry[G] is empty.

case 2 Otherwise, y is a Cauchy sequence and (because X is a Banach space) has a limit « € X, which
does not belong to F. Let § > 0 and fo, ..., f. € X* be such that {w : |f;(w) — fi(z)| < for every i < r}
does not meet F. Let n € N be such that 27| f;|| < 36 for every i < r. Then G = {z : | fi(zn) — fi(yn)| < 30
for every i < r} is an open set in Y™ containing Y. If 2 € G and (2,w) € Ry, then ||z, — w| < 27" so

[fi(w) = fil@)] < |fiw) = filza)| + 1£i(za) = filwa)| + | filyn) = fil)]
<27 fill + 56+ 27" fill <6

for every i < r, and w ¢ F. Thus again G' N Ry '[F] is empty.

This shows that there is always an open set containing y and disjoint from Ry '[F]. As y is arbitrary,
Ry [F] is closed. As F is arbitrary, Ry is usco-compact. Q

It follows that RoR; C AN x X is usco-compact (422Df), while

(RoR1)[AN] = Ro[Ri[AN]] = Ry[YN] = X

because Y is dense in X. Finally, AY is homeomorphic to a subset of NN because it is a subspace of
(NN =2 NN, So X is weakly K-countably determined.

467J Lemma Let X be a weakly K-countably determined Banach space. Then there is a family M of
subsets of X U X* such that

(1) whenever B C X U X* there is an M € M such that B C M and #(M) < max(w, #(B));

(ii) whenever M’ C M is upwards-directed, then | JM' € M;

(iil) whenever M € M then (M N X, M N X*) (where the closures are taken for the norm topologies) is
a projection pair of subspaces of X and X*.

proof (a) Let A C NN, R C A x X be such that R is usco-compact in A x X and R[A] = X. Set
S =U,enN" and for o € S set F, = R[I,], where I, ={¢:0 C ¢ € NV}; set Sg ={o:0€ S, F, # 0}.

Let M be the family of those sets M C X U X* such that (o) whenever x, y € M N X and ¢ € Q then
z +y and gz belong to M (8) whenever f, g € M N X* and ¢ € Q then f + g and ¢f belong to M (v)
||| = max{f(x): f € MNX*, | f]| <1} for every x € MNX (§) sup,ep, f(x) =sup,ep, s f(2) for every
feMnX* oe€lS.

(b) For each z € X, choose h, € X* such that ||h;|| <1 and hg(x) = ||z||; for each f € X* and o € Sp
choose a countable set C'r, C F, such that sup{f(z) : z € Cy,} = sup{f(z) : € F,}. Given B C X,
define (By,)nen by setting

Byy1=B,U{z+y:z,ye B,NX}U{qzr:q€eQ,z€ B, NX}
U{f+9:f,9€B.NX}U{q¢f:q€Q fe B, NX}
U{he :x € BunX}U| J{Cpo: f € B.N X", 0 € So},
for each n € N. Then M =, oy
(c) The definition of M makes it plain that if M’ C M is upwards-directed then J M’ belongs to M.

(d) Now take M € M and set Y = MNX, W = MNX*. These are linear subspaces (2A5Ec). If
y€ MnNX and z € W°, then there is an f € M N X* such that || f|] <1 and f(y) = ||ly||, so that

ly + 2l = f(y+2) = f(y) = llyl-

B,, belongs to M and has cardinal at most max(w, #(B)).
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Because the function y — |[y+z||—|[y[| is continuous, [ly+z|| = |[y|| for every y € ¥ and z € W°. In particular,
ifyeYnNWe, |y <|ly—yll=0andy=0,s0 Y +W° =Y eW°. If x € Y + W°, then there are sequences
(Yn)nen InY and (2, )nen in W° such that © = limy,— 00 Yn+2n; 00W ||ym —Yn |l < |(Ym~+2m) —(Yn+20)|| = 0
as n — 00, so (because X is a Banach space) (yn)nen is convergent to y say; in this case, y € Y and
r —y = lim,_, o z, belongs to W°, so z € Y + W°. This shows that Y & W* is a closed linear subspace of
X.

(e) ? Suppose, if possible, that Y & W° # X. Then there is an 29 € X \ (Y @ W°). By 4A4ED, there
is an f € X* such that f(z¢) > 0 and f(y) = f(z) = 0 whenever y € Y and z € W°; multiplying f by a
scalar if necessary, we can arrange that f(zo) = 1. By 4A4Eg, f belongs to the weak* closure of W in X*.

Let ¢ € A be such that (¢,z9) € R. Then K = R[{¢}] is weakly compact. Now the weak* closure
of W is also its closure for the Mackey topology of uniform convergence on weakly compact subsets of X
(4A4F). So there is a g € W such that |g(z) — f(z)| < % for every € K. Next, because K is bounded,
and g belongs to the norm closure of M N X*, there is an h € M N X* such that |h(z) — g(z)| < T for
every x € K. This means that |h(z) — f(z)| < 2 for every z € K, and K is included in the weakly open
set G = {z : |[h(z) — f(z)] < 2}, that is, ¢ does not belong to R~![X \ G], which is relatively closed in
A, because R is usco-compact regarded as a relation between A and X with the weak topology. There is
therefore a o € S such that ¢ € I, and I, N R71[X \ G] = 0, that is, F, C G. In this case, 29 € F,, so
o € Sp, while h(x) — f(z) < % for every x € F,. But, because M € M, there isay € M N X NF, such that
h(y) > h(zg) — %, and as y € Y we must now have

which is absurd. X
Thus X =Y ® W° and (Y, W) is a projection pair. This completes the proof.

467K Theorem Let X be a weakly K-countably determined Banach space. Then it has an equivalent
locally uniformly rotund norm.

proof Since the completion of X is weakly K-countably determined (467Ic), we may suppose that X is
complete. The proof proceeds by induction on the weight of X.

(a) The induction starts by observing that if w(X) < w then X is separable (4A2Li/4A2P(a-1)) so has
an equivalent locally uniformly rotund norm by 467E.

(b) So let us suppose that w(X) = k > w and that any weakly K-countably determined Banach space of
weight less than x has an equivalent locally uniformly rotund norm.

Let M be a family of subsets of X U X* as in 467J. Then there is a non-decreasing family (M¢)e<, in
M such that # (M) < max(w, #(€)) for every < k, M, is dense in X, and M¢ = |, M, for every limit
ordinal £ < k. I* By 4A2Li, there is a dense subset of X with cardinal k; enumerate it as (z¢)e<x. Choose
M inductively, as follows. My = (). Glven M, with # (M) < max(w,#(&)), then by 467J(i) there is an
M¢qq € M such that M1 O Mg U {z¢} and

#(Met1) < max(w, #(Me U {z¢}) < max(w, #(§ + 1)).
Given that (M,),<¢ is a non-decreasing family in M with #(M,) < max(w,#(n
M¢ = U, <¢ My; then 467J(ii) tells us that M € M, while #(M¢) < max(w, #(
inductive hypothesis. Q
At the end of the induction, M, D {x¢ : £ < k} will be dense in X.

(c) For each & < k, set Ye = M N X, We = M N X*. Then (Yg, We) is a projection pair, by 467J(iii).
Since X = Ye ® W¢, we have a projection P¢ : X — Y, defined by saying that P:(y + z) = y whenever
y € Ye and z € W¢. Now PP, = P, Pe = Pe whenever { < 7. B The point is that Yz C Y, and We C W),
so Wy © We¢. If x € X, express it as y 4+ 21 where y € Y¢ and 21 € W¢, and express z; as y' + z where
y' €Y, and 2’ € Wp. Then

)) for every n < &, set
€)), as required by the
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ng =y Ec Y—g - YW
so P Pex = Per. On the other hand, z = y+ 3y + 2,y +y' € Y, and z € Wp,
y' = 21 — z belongs to we, Pe(y+y')=y,s0 PePyx = Pex. Q
Note that the condition

so Pyx = y+y'; and as

y+ z|| > ||ly|| whenever y € Ye, 2 € W?
§ 3

ensures that || Pe|| < 1 for every &.
Next, if £ < k is a non-zero limit ordinal, Pex = lim,1¢ P,xz. I We know that

PaeYe=MNX=U,_M,NX.

n<¢
So, given € > 0, there is an 2’ € |J, _, M, such that ||Pex — 2’| < 1e. Let n < £ be such that o’ € M,. If

n<n <¢& then

n<§

|Pex — Pya| = || Pe(Pex — a') — Py (Pew — )|
(because ' €Y, so Peax’ = Py’ =a')
<2||Pex — 2| <.

As € is arbitrary, Pex = lim,¢ Pyx. Q

(d) Now observe that every Y¢ is weakly K-countably determined (4671a), while w(Ye) < max(w, #(£)) <
k for every £ < k (using 4A2Li, as usual). So the inductive hypothesis tells us that Yy = P¢[X] has an
equivalent locally uniformly rotund norm for every £ < k. By 467G, X = P,[X] has an equivalent locally
uniformly rotund norm. Thus the induction proceeds.

467L Weakly compactly generated Banach spaces The most important class of weakly K-countably
determined spaces is the following. A normed space X is weakly compactly generated if there is a
sequence (K, )nen of weakly compact subsets of X such that J,,cy K, is dense in X.

467M Proposition (TALAGRAND 75) A weakly compactly generated Banach space is weakly K-countably
determined.

proof Let X be a Banach space with a sequence (K, ),en of weakly compact subsets of X such that
Unen Kn is dense in X. Set

Ly = {31 qiwi : |ai| <, 2 € U<, K for every i <n}

for n € N. Then every L, is weakly compact, and Y = (J, .y Ln is a linear subspace of X including
Unen Kn, therefore dense. Now Y is a countable union of weakly compact sets, therefore K-analytic for its
weak topology (422Gc, 422Hc); in particular, it is weakly K-countably determined. By 467Ic, X is weakly
K-countably determined.

467N Theorem Let X be a Banach lattice with an order-continuous norm (§354). Then it has an
equivalent locally uniformly rotund norm.

proof (a) Consider first the case in which X has a weak order unit e. Then the interval [0, e] is weakly
compact. I We have X* = X* and X** = X*~ (356D). The canonical identification of X with its image
in X** is an order-continuous Riesz homomorphism from X onto a solid order-dense Riesz subspace of X **
(3561) and therefore of X *~ = X**. In particular, [0,e] C X is matched with an interval [0,¢é] C X**. But
[0,e] ={0:0 € X**, 0<0(f) < f(e) for every f € (X*)*} is weak*-closed and norm-bounded in X**,
therefore weak*-compact; as the weak™ topology on X** corresponds to the weak topology of X, [0,¢€] is
weakly compact. Q

Now, for each n € N, K,, = [-ne,ne|] = n|0,e] — n0, ¢] is weakly compact. If z € X, then (x A ne)nen
converges to X, because the norm of X is order-continuous; so for any = € X, (7 Ane — 2~ A ne)nen
converges to . Thus |J,cy Ky is dense in X and X is weakly compactly generated. By 467M and 467K,
X has an equivalent locally uniformly rotund norm.
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(b) For the general case, let (z;);c; be a maximal disjoint family in X . For each i € I let X; be the
band in X generated by x;, and T; : X — X; the band projection onto X; (354Ee, 353Ib'!). Then (T});cr
satisfies the conditions of 467F. P (i) Each T} is a continuous linear operator because the given norm || ||
of X is a Riesz norm. Next, each X; has a weak order unit z;, and the norm on Xj; is order-continuous,
so (a) tells us that there is an equivalent locally uniformly rotund norm on X; = T;[X]. (ii) If z € X, set
x’ = sup;c; Ti|z|; then (|z| — ') A x; = 0 for every 4, so, by the maximality of (z;);er, ' = |z]. If ¢ > 0
then, because the norm of X is order-continuous, there is a finite J C I such that

o =325es Tizll = [l2" — supje ; Tif[[| < e
Moreover, if i € I'\ J, then
[Tiz]] < [l =32

Thus conditions (ii) and (iii) of 467F are satisfied. Q
Accordingly 467F tells us that X has an equivalent locally uniformly rotund norm.

jes izl < e.

4670 Eberlein compacta: Definition A topological space K is an Eberlein compactum if it is
homeomorphic to a weakly compact subset of a Banach space.

467P Proposition Let K be a compact Hausdorff space.
(a) The following are equiveridical:
(i) K is an Eberlein compactum;
(ii) there is a set L C C(K), separating the points of K, which is compact for the topology of pointwise
convergence.
(b) Suppose that K is an Eberlein compactum.
(i) K has a o-isolated network, so is hereditarily weakly #-refinable.
(ii) (SCHACHERMAYER 77) If w(K) is measure-free, K is a Radon space.

proof (a)(i)=-(ii) If K is an Eberlein compactum, we may suppose that it is a weakly compact subset of a
Banach space X. Set L = {f[K : f € X*, ||f|| < 1}; since the map f — f[K : X* — C(K)} is continuous
for the weak™® topology of X* and the topology ¥, of pointwise convergence on C(K), L is T,-compact; and
L separates the points of K because X* separates the points of X.

(ii)=(i) If L C C(K) is ¥,-compact and separates the points of K, set L, = {f : f € L, || flloo < n}
for each n € N. Then L,, is T)-compact for each n. Set L' = {0} U, cy27"Ly; then L' C C(K) is
norm-bounded and %,-compact and separates the points of K. Now define z — % : K — R by setting
Z(f) = f(z) for x € K and f € L'. Then & € C(L’) for every x and = — Z is continuous for the given
topology of K and the topology of pointwise convergence on C(L'); so the image K = {2 : z € K} is
% ,-compact. Since it is also bounded, it is weakly compact (462E). But = — & is injective, because L’
separates the points of K; so K is homeomorphic to K , and is an Eberlein compactum.

(b) Again suppose K is actually a weakly compact subset of a Banach space X. As in 467M, set
Lo = {> 1 gair; : |as| < n,x; € K for every i < n} for each n € N. Then Y = (J,,cy Ly is a weakly
compactly generated Banach space. (I am passing over the trivial case K = ().) So Y has an equivalent
locally uniformly rotund norm (467M, 467K), which is a Kadec norm (467B), and Y, with the weak topology,
has a o-isolated network (466EDb). It follows at once that K has a o-isolated network (4A2B(a-ix)), so is
hereditarily weakly 6-refinable (438Ld); and if w(K) is measure-free, K is Borel-measure-complete (438M),
therefore Radon (434Jf, 434Ka).

467X Basic exercises (a)(i) Show that a continuous image of a K-countably determined space is
K-countably determined. (ii) Show that the product of a sequence of K-countably determined spaces is
K-countably determined. (iii) Show that any K-countably determined topological space is Lindelof. (Hint:
422De.) (iv) Show that any Souslin-F subset of a K-countably determined topological space is K-countably
determined. (Hint: 422Hc.)

HFormerly 353Hb.
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(b) Let X be a o-compact Hausdorff space. Show that a subspace Y of X is K-countably determined iff
there is a countable family K of compact subsets of X such that ([{K:y€ K € K} CY forevery y €Y.

(¢) Show that if X and Y are weakly K-countably determined normed spaces, then X x Y, with an
appropriate norm, is weakly K-countably determined.

(d) Show that a normed space X is weakly compactly generated iff there is a weakly compact set K C X
such that the linear subspace of X generated by K is dense in X.

(e) Show that any separable normed space is weakly compactly generated.
(f) Show that any reflexive Banach space is weakly compactly generated.

>(g) Show that if X is a weakly compactly generated Banach space, then it is K-analytic in its weak
topology. (Hint: in 467M, use the proof of 4671c.)

(h) Show that if X is a Banach space and there is a set A C X such that A is K-countably determined
for the weak topology and the linear subspace generated by A is dense, then X is weakly K-countably
determined.

(i) Show that the one-point compactification of any discrete space is an Eberlein compactum.

>(j) Let K be an Eberlein compactum, and g a Radon measure on K. Show that p is completion regular
and inner regular with respect to the compact metrizable subsets of K. (Hint: 466B.)

467Y Further exercises (a) Let (X, )nen be a sequence of weakly K-countably determined normed
spaces. Investigate normed subspaces of [],, . X, which will be weakly K-countably determined.

(b) (i) Show that if (2,3, i) is a probability space, then L' (1) has a locally uniformly rotund Riesz norm.
(Hint: apply the construction of 467D with Y = L?(u) and T the identity operator; show that all the norms
pr are Riesz norms.) (ii) Show that if X is any L-space then it has a locally uniformly rotund Riesz norm.
(Hint: apply the construction of 467F /467N, noting that if the T; in 467F are band projections and || || and
all the || ||; are Riesz norms, then all the norms in the proof of 467F are Riesz norms.)

(c) Let (X,]|||) be a Banach space, and ¥ a linear space topology on X such that the unit ball of X is
%-closed. Suppose that (T;);cr is a family of bounded linear operators from X to itself such that
(i) for each i € I, T; is T-continuous as well as norm-continuous,
(ii) for each ¢ € I, the subspace T;[X] has an equivalent locally uniformly rotund norm for
which the unit ball is closed for the topology on T;[X] induced by ¥,
(ii) for each = € X, € > 0 there is a finite set J C I such that ||z —
(iii) for each z € X, € > 0 the set {i : i € I, ||T;z|| > €} is finite.
Show that X has an equivalent locally uniformly rotund norm for which the unit ball is ¥-closed.

ieg Tizl| <€,

(d) Let X be a normed space with a locally uniformly rotund norm, and ¥ a linear space topology on X
such that the unit ball of X is T-closed. Show that every norm-Borel subset of X is T-Borel.

(e) Let k be any cardinal, and K a dyadic space. (i) Show that C(K) has a locally uniformly rotund
norm, equivalent to the usual supremum norm || ||, for which the unit ball is closed for the topology ¥,
of pointwise convergence. (See DEVILLE GODEFROY & ZIZLER 93, VII.1.10.) (ii) Show that the norm
topology on C(K), the weak topology on C(K) and T, give rise to the same Borel o-algebras. (iii) Show
that ¥, has a o-isolated network. (iv) Show that if w(K) is measure-free, then (C(K),%,) is Radon, and
every ¥,-Radon measure on C'(K) is norm-Radon.
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467 Notes and comments The purpose of this section has been to give an idea of the scope of Proposition
466F. ‘Local uniform rotundity’ has an important place in the geometrical theory of Banach spaces, but
for the many associated ideas I refer you to DEVILLE GODEFROY & ZIZLER 93. From our point of view,
Theorem 467E is therefore purely accessory, since we know by different arguments that on separable Banach
spaces the weak and norm topologies have the same Borel o-algebras (4A3W). We need it to provide the
first step in the inductive proof of 467K.

Since the concept of ‘K-analytic’ space is one of the fundamental ideas of Chapter 43, it is natural here
to look at ‘K-countably determined’ spaces, especially as many of the ideas of §422 are directly applicable
(467Xa). But the goal of this part of the argument is Schachermayer’s theorem 467P(b-ii), which uses
‘weakly compactly generated’ spaces (467L). ‘Eberlein compacta’ are of great interest in other ways; they
are studied at length in ARKHANGEL'SKII 92.

I mention order-continuous norms here (467N) because they are prominent in the theory of Banach lattices
in Volume 3. Note that the methods here do not suffice in general to arrange that the locally uniformly
rotund norm found on X is a Riesz norm; though see 467Yb. It is in fact the case that every Banach lattice
with an order-continuous norm has an equivalent locally uniformly rotund Riesz norm, but this requires
further ideas (see DAvIS GHOUSSOUB & LINDENSTRAUSS 81).

The general question of identifying Banach spaces with equivalent Kadec norms remains challenging. For
a recent survey see MOLTO ORIHUELA TROYANSKI & VALDIVIA 09.
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