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I return in this volume to the study of measure spaces rather than measure algebras. For fifty years now
measure theory has been intimately connected with general topology. Not only do a very large proportion
of the measure spaces arising in applications carry topologies related in interesting ways to their measures,
but many questions in abstract measure theory can be effectively studied by introducing suitable topologies.
Consequently any course in measure theory at this level must be frankly dependent on a substantial knowl-
edge of topology. With this proviso, I hope that the present volume will be accessible to graduate students,
and will lead them to the most important ideas of modern abstract measure theory.

The first and third chapters of the volume seek to provide a thorough introduction into the ways in which
topologies and measures can interact. They are divided by a short chapter on descriptive set theory, on
the borderline between set theory, logic, real analysis and general topology, which I single out for detailed
exposition because I believe that it forms an indispensable part of the background of any measure theorist.
Chapter 41 is dominated by the concepts of inner regularity and τ -additivity, coming together in Radon
measures (§416). Chapter 43 concentrates rather on questions concerning properties of a topological space
which force particular relationships with measures on that space. But plenty of side-issues are treated in
both, such as Lusin measurability (§418), the definition of measures from linear functionals (§436) and
measure-free cardinals (§438). Chapters 45 and 46 continue some of the same themes, with particular
investigations into ‘disintegrations’ or regular conditional probabilities (§§452-453), stochastic processes
(§§454-456), Talagrand’s theory of stable sets (§465) and the theory of measures on normed spaces (§§466-
467).

In contrast with the relatively amorphous structure of Chapters 41, 43, 45 and 46, four chapters of this
volume have definite topics. I have already said that Chapter 42 is an introduction to descriptive set theory;
like Chapters 31 and 35 in the preceding volume, it is a kind of appendix brought into the main stream of
the argument. Chapter 44 deals with topological groups. Most of it is of course devoted to Haar measure,
giving the Pontryagin-van Kampen duality theorem (§445) and the Ionescu Tulcea theorem on the existence
of translation-invariant liftings (§447). But there are also sections on Polish groups (§448) and amenable
groups (§449), and some of the general theory of measures on measurable groups (§444). Chapter 47 is a
second excursion, after Chapter 26, into geometric measure theory. It starts with Hausdorff measures (§471),
gives a proof of the Di Giorgio-Federer Divergence Theorem (§475), and then examines a number of examples
of ‘concentration of measure’ (§476). In the second half of the chapter, §§477-479, I decribe Brownian motion
and use it as a basis of the theory of Newtonian capacity. In Chapter 48, I set out the elementary theory of
gauge integrals, with sections on the Henstock and Pfeffer integrals (§§483-484). Finally, in Chapter 49, I
give notes on seven special topics: equidistributed sequences (§491), combinatorial forms of concentration of
measure (§492), extremely amenable groups and groups of measure-preserving automorphisms (§§493-494),
Poisson point processes (§495), submeasures (§496), Szemerédi’s theorem (§497) and subproducts in product
spaces (§498).

I had better mention prerequisites, as usual. To embark on this material you will certainly need a solid
foundation in measure theory. Since I do of course use my own exposition as my principal source of references
to the elementary ideas, I advise readers to ensure that they have easy access to all three previous volumes
before starting serious work on this one. But you may not need to read very much of them. It might be
prudent to glance through the detailed contents of Volume 1 and the first five chapters of Volume 2 to check
that most of the material there is more or less familiar. I think §417 might be difficult to read without at
least the results-only version of Chapter 25 to hand. But Volume 3, and the last three chapters of Volume
2, can probably be left on one side for the moment. Of course you will need the Lifting Theorem (Chapter
34) for §§447, 452 and 453, and Chapter 26 is essential background for Chapter 47, while Chapter 28 (on
Fourier analysis) may help to make sense of Chapter 44, and parts of Chapter 27 (on probability theory) are
necessary for §§455-456 and 458-459. You will certainly need some Fourier analysis for §479. And measure
algebras are mentioned in every chapter except (I think) Chapter 48; but I hope that the cross-references
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2

are precise enough to lead you to what you need to know at any particular point. Even Maharam’s theorem
is hardly used in this volume.

What you will need, apart from any knowledge of measure theory, is a sound background in general
topology. This volume calls on a great many miscellaneous facts from general topology, and the list in
§4A2 is not a good place to start if continuity and compactness and the separation axioms are unfamiliar.
My primary reference for topology is Engelking 89. I do not insist that you should have read this book
(though of course I hope you will do so sometime); but I do think you should make sure that you can use it.

In the general introduction to this treatise, I wrote ‘I make no attempt to describe the history of the
subject’, and I have generally been casual – some would say negligent – in my attributions of results to their
discoverers. Through much of the first three volumes I did at least have the excuse that the history exists
in print in far more detail than I am qualified to describe. In the present volume I find my position more
uncomfortable, in that I have been watching the evolution of the subject relatively closely over the last forty
years, and ought to be able to say something about it. Nevertheless I remain reluctant to make definite
statements crediting one person rather than another with originating an idea. My more intimate knowledge
of the topic makes me even more conscious than elsewhere of the danger of error and of the breadth of
reading that would be necessary to produce a balanced account. In some cases I do attach a result to a
specific published paper, but these attributions should never be regarded as an assertion that any particular
author has priority; at most, they declare that a historian should examine the source cited before coming to
any decision. I assure my friends and colleagues that my omissions are not intended to slight either them
or those we all honour. What I have tried to do is to include in the bibliography to this volume all the
published work which (as far as I am consciously aware) has influenced me while writing it, so that those
who wish to go into the matter will have somewhere to start their investigations.

Note on second printing

I fear that there were even more errors, not all of them trivial, in the first printing of this volume than there
were in previous volumes. I have tried to correct those which I have noticed; many surely remain. Apart from
these, there are many minor expansions and elaborations, and a couple of new results, but few new ideas and
no dramatic rearrangements. Details may be found in http://www1.essex.ac.uk/maths/people/fremlin

/mterr4.03.pdf.
Both printers and readers found that the 945-page format of the first printing was hard to handle. I have

therefore divided the volume into two parts for the second printing. I hope you will find that the additional
convenience is worth the the increase in cost.

Note on second (‘Lulu’) edition

I was right about many errors remaining (particularly in §458, on relative independence), and I hope I have
cleared some of them out of the way. There are substantial additions in the new edition, the most important
being a vastly expanded §455 on Lévy processes, an account of Brownian motion and Newtonian potential
in §§477-479, and Tao’s proof of Szemerédi’s theorem in §497. I have included theorems of A.Törnquist and
G.W.Mackey on the realization of group actions on measure algebras, some material on a version of the
Kantorovich-Rubinstein distance between two measures, and a section on Maharam submeasures (§496).

Measure Theory
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Version of 17.4.10

Chapter 41

Topologies and Measures I

I begin this volume with an introduction to some of the most important ways in which topologies and
measures can interact, and with a description of the forms which such constructions as subspaces and
product spaces take in such contexts. By far the most important concept is that of Radon measure (411Hb,
§416). In Radon measure spaces we find both the richest combinations of ideas and the most important
applications. But, as usual, we are led both by analysis of these ideas and by other interesting examples to
consider wider classes of topological measure space, and the greater part of the chapter, by volume, is taken
up by a description of the many properties of Radon measures individually and in partial combinations.

I begin the chapter with a short section of definitions (§411), including a handful of more or less elementary
examples. The two central properties of a Radon measure are ‘inner regularity’ (411B) and ‘τ -additivity’
(411C). The former is an idea of great versatility which I look at in an abstract setting in §412. I take a
section (§413) to describe some methods of constructing measure spaces, extending the rather limited range
of constructions offered in earlier volumes. There are two sections on τ -additive measures, §§414 and 417;
the former covers the elementary ideas, and the latter looks at product measures, where it turns out that
we need a new technique to supplement the purely measure-theoretic constructions of Chapter 25. On the
way to Radon measures in §416, I pause over ‘quasi-Radon’ measures (411Ha, §415), where inner regularity
and τ -additivity first come effectively together.

The possible interactions of a topology and a measure on the same space are so varied that even a brief
account makes a long chapter; and this is with hardly any mention of results associated with particular types
of topological space, most of which must wait for later chapters. But I include one section on the two most
important classes of functions acting between topological measure spaces (§418), and another describing
some examples to demonstrate special phenomena (§419).

Version of 31.12.08

411 Definitions

In something of the spirit of §211, but this time without apologising, I start this volume with a list of
definitions. The rest of Chapter 41 will be devoted to discussing these definitions and relationships between
them, and integrating the new ideas into the concepts and constructions of earlier volumes; I hope that
by presenting the terminology now I can give you a sense of the directions the following sections will take.
I ought to remark immediately that there are many cases in which the exact phrasing of a definition is
important in ways which may not be immediately apparent.

411A I begin with a phrase which will be a useful shorthand for the context in which most, but not all,
of the theory here will be developed.

Definition A topological measure space is a quadruple (X,T,Σ, µ) where (X,Σ, µ) is a measure space
and T is a topology on X such that T ⊆ Σ, that is, every open set (and therefore every Borel set) is
measurable.

411B Now I come to what are in my view the two most important concepts to master; jointly they will
dominate the chapter.

Definition Let (X,Σ, µ) be a measure space and K a family of sets. I say that µ is inner regular with
respect to K if

µE = sup{µK : K ∈ Σ ∩ K, K ⊆ E}

for every E ∈ Σ. (Cf. 256Ac, 342Aa.)

c© 1997 D. H. Fremlin
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4 Topologies and measures I 411B

Remark Note that in this definition I do not assume that K ⊆ Σ, nor even that K ⊆ PX. But of course µ
will be inner regular with respect to K iff it is inner regular with respect to K ∩ Σ.

It is convenient in this context to interpret sup ∅ as 0, so that we have to check the definition only when
µE > 0, and need not insist that ∅ ∈ K.

411C Definition Let (X,Σ, µ) be a measure space and T a topology on X. I say that µ is τ-additive
(the phrase τ-regular has also been used) if whenever G is a non-empty upwards-directed family of open
sets such that G ⊆ Σ and

⋃
G ∈ Σ then µ(

⋃
G) = supG∈G µG.

Remark Note that in this definition I do not assume that every open set is measurable. Consequently we
cannot take it for granted that an extension of a τ -additive measure will be τ -additive; on the other hand,
the restriction of a τ -additive measure to any σ-subalgebra will be τ -additive.

411D Complementary to 411B we have the following.

Definition Let (X,Σ, µ) be a measure space and H a family of subsets of X. Then µ is outer regular
with respect to H if

µE = inf{µH : H ∈ Σ ∩H, H ⊇ E}

for every E ∈ Σ.
Note that a totally finite measure on a topological space is inner regular with respect to the family of

closed sets iff it is outer regular with respect to the family of open sets.

411E I delay discussion of most of the relationships between the concepts here to later in the chapter.
But it will be useful to have a basic fact set out immediately.

Proposition Let (X,Σ, µ) be a measure space and T a topology on X. If µ is inner regular with respect to
the compact sets, it is τ -additive.

proof Let G be a non-empty upwards-directed family of measurable open sets such that H =
⋃

G ∈ Σ. If
γ < µH, there is a compact set K ⊆ H such that µK ≥ γ; now there must be a G ∈ G which includes K,
so that µG ≥ γ. As γ is arbitrary, supG∈G µG = µH.

411F In order to deal efficiently with measures which are not totally finite, I think we need the following
ideas.

Definitions Let (X,Σ, µ) be a measure space and T a topology on X.

(a) I say that µ is locally finite if every point of X has a neighbourhood of finite measure, that is, if
the open sets of finite outer measure cover X.

(b) I say that µ is effectively locally finite if for every non-negligible measurable set E ⊆ X there is
a measurable open set G ⊆ X such that µG <∞ and E ∩G is not negligible.

Note that an effectively locally finite measure must measure many open sets, while a locally finite measure
need not.

(c) This seems a convenient moment at which to introduce the following term. A real-valued function f
defined on a subset of X is locally integrable if for every x ∈ X there is an open set G containing x such
that

∫
G
f is defined (in the sense of 214D) and finite.

411G Elementary facts (a) If µ is a locally finite measure on a topological space X, then µ∗K < ∞
for every compact set K ⊆ X. PPP The family G of open sets of finite outer measure is upwards-directed and
covers X, so there must be some G ∈ G including K, in which case µ∗K ≤ µ∗G is finite. QQQ

(b) A measure µ on Rr is locally finite iff every bounded set has finite outer measure (cf. 256Ab). PPP (i)
If every bounded set has finite outer measure then, in particular, every open ball has finite outer measure,
so that µ is locally finite. (ii) If µ is locally finite and A ⊆ Rr is bounded, then its closure A is compact
(2A2F), so that µ∗A ≤ µ∗A is finite, by (a) above. QQQ

Measure Theory



411J Definitions 5

(c) I should perhaps remark immediately that a locally finite topological measure need not be effectively
locally finite (419A), and an effectively locally finite measure need not be locally finite (411P).

(d) An effectively locally finite measure must be semi-finite.

(e) A locally finite measure on a Lindelöf space X is σ-finite. PPP Let G be the family of open sets of finite
outer measure. Because µ is locally finite, G is a cover of X. Because X is Lindelöf, there is a sequence
〈Gn〉n∈N in G covering X. For each n ∈ N, there is a measurable set En ⊇ Gn of finite measure, and now
〈En〉n∈N is a sequence of sets of finite measure covering X. QQQ

(f) Let (X,T,Σ, µ) be a topological measure space such that µ is locally finite and inner regular with
respect to the compact sets. Then µ is effectively locally finite. PPP Suppose that µE > 0. Then there is a
measurable compact set K ⊆ E such that µK > 0. As in the argument for (a) above, there is an open set
G of finite measure including K, so that µ(E ∩G) > 0. QQQ

(g) Corresponding to (a) above, we have the following fact. If µ is a measure on a topological space and
f ∈ L

0(µ) is locally integrable, then
∫
K
fdµ is finite for every compact K ⊆ X, because K can be covered

by a finite family of open sets G such that
∫
G
|f |dµ <∞.

(h) If µ is a locally finite measure on a topological space X, and f ∈ L
p(µ) for some p ∈ [1,∞], then f

is locally integrable; this is because
∫
G
|f | ≤

∫
E
|f | ≤ ‖f‖p‖χE‖q is finite whenever G ⊆ E and µE < ∞,

where 1
p + 1

q = 1, by Hölder’s inequality (244Eb).

(i) If (X,T) is a completely regular space and µ is a locally finite topological measure on X, then the
collection of open sets with negligible boundaries is a base for T. PPP If x ∈ G ∈ T, let H ⊆ G be an open set
of finite measure containing x, and f : X → [0, 1] a continuous function such that f(x) = 1 and f(y) = 0 for
y ∈ X \H. Then {f−1[{α}] : 0 < α < 1} is an uncountable disjoint family of measurable subsets of H, so
there must be some α ∈ ]0, 1[ such that f−1[{α}] is negligible. Set U = {y : f(y) > α}; then U is an open
neighbourhood of x included in G and its boundary ∂U ⊆ f−1[{α}] is negligible. QQQ

(j) Let X and Y be topological spaces, f : X → Y a continuous function, µ a measure on X and µf−1

the image measure on Y . Then if µ is a topological measure, so is µf−1, and if µ is τ -additive, so is µf−1.
(Immediate from the definitions.)

411H Two particularly important combinations of the properties above are the following.

Definitions (a) A quasi-Radon measure space is a topological measure space (X,T,Σ, µ) such that (i)
(X,Σ, µ) is complete and locally determined (ii) µ is τ -additive, inner regular with respect to the closed sets
and effectively locally finite.

(b) A Radon measure space is a topological measure space (X,T,Σ, µ) such that (i) (X,Σ, µ) is
complete and locally determined (ii) T is Hausdorff (iii) µ is locally finite and inner regular with respect to
the compact sets.

411I Remarks (a) You may like to seek your own proof that a Radon measure space is always quasi-
Radon, before looking it up in §416 below.

(b) Note that a measure on Euclidean space Rr is a Radon measure on the definition above iff it is a
Radon measure as described in 256Ad. PPP In 256Ad, I said that a measure µ on Rr is ‘Radon’ if it is a
locally finite complete topological measure, inner regular with respect to the compact sets. (The definition
of ‘locally finite’ in 256A was not the same as the one above, but I have already covered this point in 411Gb.)
So the only thing to add is that µ is necessarily locally determined, because it is σ-finite (256Ba). QQQ

411J The following special types of inner regularity are of sufficient importance to have earned separate
names.

Definitions (a) If (X,T) is a topological space, I will say that a measure µ on X is tight if it is inner
regular with respect to the closed compact sets.

D.H.Fremlin



6 Topologies and measures I 411Jb

(b) If (X,T,Σ, µ) is a topological measure space, I will say that µ is completion regular if it is inner
regular with respect to the zero sets (definition: 3A3Qa).

411K Borel and Baire measures If (X,T) is a topological space, I will call a measure with domain
(exactly) the Borel σ-algebra of X (4A3A) a Borel measure on X, and a measure with domain (exactly)
the Baire σ-algebra of X (4A3K) a Baire measure on X.

Of course a Borel measure is a topological measure in the sense of 411A. On a metrizable space, the Borel
and Baire measures coincide (4A3Kb). The most important measures in this chapter will be c.l.d. versions
of Borel measures.

411L When we come to look at functions defined on a topological measure space, we shall have to relate
ideas of continuity and measurability. Two basic concepts are the following.

Definition Let X be a set, Σ a σ-algebra of subsets of X and (Y,S) a topological space. I will say that a
function f : X → Y is measurable if f−1[G] ∈ Σ for every open set G ⊆ Y .

Remarks (a) Note that a function f : X → R is measurable on this definition (when R is given its usual
topology) iff it is measurable according to the familiar definition in 121C, which asks only that sets of the
form {x : f(x) < α} should be measurable (121Ef).

(b) For any topological space (Y,S), a function f : X → Y is measurable iff f is (Σ,B(Y ))-measurable,
where B(Y ) is the Borel σ-algebra of Y (4A3Cb).

411M Definition Let (X,Σ, µ) be a measure space, T a topology on X, and (Y,S) another topological
space. I will say that a function f : X → Y is almost continuous or Lusin measurable if µ is inner
regular with respect to the family of subsets A of X such that f↾A is continuous.

411N Finally, I introduce some terminology to describe ways in which (sometimes) measures can be
located in one part of a topological space rather than another.

Definitions Let (X,Σ, µ) be a measure space and T a topology on X.

(a) I will call a set A ⊆ X self-supporting if µ∗(A ∩ G) > 0 for every open set G such that A ∩ G is
non-empty. (Such sets are sometimes called of positive measure everywhere.)

(b) A support of µ is a closed self-supporting set F such that X \ F is negligible.

(c) Note that µ can have at most one support. PPP If F1, F2 are supports then µ∗(F1\F2) ≤ µ∗(X \F2) = 0
so F1 \ F2 must be empty. Similarly, F2 \ F1 = ∅, so F1 = F2. QQQ

(d) If µ is a τ -additive topological measure it has a support. PPP Let G be the family of negligible open
sets, and F the closed set X \

⋃
G. Then G is an upwards-directed family in T ∩ Σ and

⋃
G ∈ T ∩ Σ, so

µ(X \ F ) = µ(
⋃
G) = supG∈G µG = 0.

If G is open and G ∩ F 6= ∅ then G /∈ G so µ∗(G ∩ F ) = µ(G ∩ F ) = µG > 0; thus F is self-supporting and
is the support of µ. QQQ

(e) Let X and Y be topological spaces with topological measures µ, ν respectively and a continuous

inverse-measure-preserving function f : X → Y . Suppose that µ has a support E. Then f [E] is the support
of ν. PPP We have only to observe that for an open set H ⊆ Y

νH > 0 ⇐⇒ µf−1[H] > 0 ⇐⇒ f−1[H] ∩ E 6= ∅

⇐⇒ H ∩ f [E] 6= ∅ ⇐⇒ H ∩ f [E] 6= ∅. QQQ

(f) µ is strictly positive (with respect to T) if µ∗G > 0 for every non-empty open set G ⊆ X, that is,
X itself is the support of µ.

Measure Theory



411Pf Definitions 7

*(g) If (X,T) is a topological space, and µ is a strictly positive σ-finite measure on X such that the domain
Σ of µ includes a π-base U for T, then X is ccc. PPP Let 〈En〉n∈N be a sequence of sets of finite measure covering
X. Let G be a disjoint family of non-empty open sets. For each G ∈ G, take UG ∈ U \{∅} such that UG ⊆ G;
then µUG > 0, so there is an n(G) such that µ(En(G) ∩ UG) > 0. Now

∑
G∈G,n(G)=k µ(Ek ∩ UG) ≤ µEk is

finite for every k, so {G : n(G) = k} must be countable and G is countable. QQQ

411O Example Lebesgue measure on Rr is a Radon measure (256Ha); in particular, it is locally finite
and tight. It is therefore τ -additive and effectively locally finite (411E, 411Gf). It is completion regular
(because every compact set is a zero set, see 4A2Lc), outer regular with respect to the open sets (134Fa)
and strictly positive.

411P Example: Stone spaces (a) Let (Z,T,Σ, µ) be the Stone space of a semi-finite measure algebra
(A, µ̄), so that (Z,T) is a zero-dimensional compact Hausdorff space, (Z,Σ, µ) is complete and semi-finite,
the open-and-closed sets are measurable, the negligible sets are the nowhere dense sets, and every measurable
set differs by a nowhere dense set from an open-and-closed set (311I, 321K, 322Bd, 322Ra1).

(b) µ is inner regular with respect to the open-and-closed sets (322Ra); in particular, it is completion
regular and tight. Consequently it is τ -additive (411E).

(c) µ is strictly positive, because the open-and-closed sets form a base for T (311I) and a non-empty open-
and-closed set has non-zero measure. µ is effectively locally finite. PPP Suppose that E ∈ Σ is not negligible.
There is a measurable set F ⊆ E such that 0 < µF < ∞; now there is a non-empty open-and-closed set G
included in F , in which case µG <∞ and µ(E ∩G) > 0. QQQ

(d) The following are equiveridical, that is, if one is true so are the others:
(i) (A, µ̄) is localizable;
(ii) µ is strictly localizable;
(iii) µ is locally determined;
(iv) µ is a quasi-Radon measure.

PPP The equivalence of (i)-(iii) is Theorem 322O2. (iv)⇒(iii) is trivial. If one, therefore all, of (i)-(iii) are true,
then µ is a topological measure, because if G ⊆ Z is open, then G is open-and-closed, by 314S, therefore
measurable, and G \ G is nowhere dense, therefore also measurable. We know already that µ is complete,
effectively locally finite and τ -additive, so that if it is also locally determined it is a quasi-Radon measure.
QQQ

(e) The following are equiveridical:
(i) µ is a Radon measure;
(ii) µ is totally finite;
(iii) µ is locally finite;
(iv) µ is outer regular with respect to the open sets.

PPP (ii)⇒(iv) If µ is totally finite and E ∈ Σ, then for any ǫ > 0 there is a closed set F ⊆ Z \ E such that
µF ≥ µ(Z \ E) − ǫ, and now G = Z \ F is an open set including E with µG ≤ µE + ǫ. (iv)⇒(iii) Suppose
that µ is outer regular with respect to the open sets, and z ∈ Z. Because Z is Hausdorff, {z} is closed. If it
is open it is measurable, and because µ is semi-finite it must have finite measure. Otherwise it is nowhere
dense, therefore negligible, and must be included in open sets of arbitrarily small measure. Thus in both
cases z belongs to an open set of finite measure; as z is arbitrary, µ is locally finite. (iii)⇒(ii) Because Z
is compact, this is a consequence of 411Ga. (i)⇒(iii) is part of the definition of ‘Radon measure’. Finally,
(ii)⇒(i), again directly from the definition and the facts set out in (a)-(b) above. QQQ

(f) Let W ⊆ Z be the union of all the open subsets of Z with finite measure. Because µ is effectively
locally finite, W has full outer measure, so (A, µ̄) can be identified with the measure algebra of the subspace
measure µW (322Jb). By the definition of W , µW is locally finite. If (A, µ̄) is localizable, then µW is a

1Formerly 322Qa.
2Formerly 322N.
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8 Topologies and measures I 411Pf

Radon measure. PPP Every open subset of W belongs to Σ, by (d), and therefore to the domain of µW , and
µW is a topological measure. By 214Ka, µW is complete and locally determined. Because µ is inner regular
with respect to the compact sets, so is µW . QQQ

411Q Example: Dieudonné’s measure Recall that a set E ⊆ ω1 is a Borel set iff either E or its
complement includes a cofinal closed set (4A3J). So we may define a Borel measure µ on ω1 by saying that
µE = 1 if E includes a cofinal closed set and µE = 0 if E is disjoint from a cofinal closed set. If E is disjoint
from some cofinal closed set, so is any subset of E, so µ is complete. Since µ takes only the values 0 and 1,
it is a purely atomic probability measure.
µ is a topological measure; being totally finite, it is surely locally finite and effectively locally finite. It

is inner regular with respect to the closed sets (because if µE > 0, there is a cofinal closed set F ⊆ E,
and now F is a closed set with µF = µE), therefore outer regular with respect to the open sets. It is not
τ -additive (because ξ = [0, ξ[ is an open set of zero measure for every ξ < ω1, and the union of these sets is
a measurable open set of measure 1).
µ is not completion regular, because the set of countable limit ordinals is a closed set (4A1Bb) which

does not include any uncountable zero set (see 411R below).
The only self-supporting subset of ω1 is the empty set (because there is a cover of ω1 by negligible open

sets). In particular, µ does not have a support.

Remark There is a measure of this type on any ordinal of uncountable cofinality; see 411Xj.

411R Example: The Baire σ-algebra of ω1 The Baire σ-algebra Ba(ω1) of ω1 is the countable-
cocountable algebra (4A3P). The countable-cocountable measure µ on ω1 is therefore a Baire measure on
the definition of 411K. Since all sets of the form ]ξ, ω1[ are zero sets, µ is inner regular with respect to the
zero sets and outer regular with respect to the cozero sets. Since sets of the form [0, ξ[ (= ξ) form a cover
of ω1 by measurable open sets of zero measure, µ is not τ -additive.

411X Basic exercises >>>(a) Let (X,Σ, µ) be a totally finite measure space and T a topology on X.
Show that µ is inner regular with respect to the closed sets iff it is outer regular with respect to the open
sets, and is inner regular with respect to the zero sets iff it is outer regular with respect to the cozero sets.

(b) Let µ be a Radon measure on Rr, where r ≥ 1, and f ∈ L
0(µ). Show that f is locally integrable in

the sense of 411Fc iff it is locally integrable in the sense of 256E, that is,
∫
E
fdν <∞ for every bounded set

E ⊆ Rr.

(c) Let µ be a measure on a topological space, µ̂ its completion and µ̃ its c.l.d. version. Show that µ is
locally finite iff µ̂ is locally finite, and in this case µ̃ is locally finite.

>>>(d) Let µ be an effectively locally finite measure on a topological space X. (i) Show that the completion
and c.l.d. version of µ are effectively locally finite. (ii) Show that if µ is complete and locally determined, then
the union of the measurable open sets of finite measure is conegligible. (iii) Show that if X is hereditarily
Lindelöf then µ must be σ-finite.

(e) Let X be a topological space and µ a measure on X. Let U ⊆ L0(µ) be the set of equivalence classes
of locally integrable functions in L

0(µ). Show that U is a solid linear subspace of L0(µ). Show that if µ is
locally finite then U includes Lp(µ) for every p ∈ [1,∞].

(f) Let X be a topological space. (i) Let µ, ν be two totally finite Borel measures which agree on the
closed sets. Show that they are equal. (Hint : 136C.) (ii) Let µ, ν be two totally finite Baire measures which
agree on the zero sets. Show that they are equal.

(g) Let (X,T) be a topological space, µ a measure on X, and Y a subset of X; let TY , µY be the subspace
topology and measure. Show that if µ is a topological measure, or locally finite, or a Borel measure, so is
µY .

Measure Theory



411 Notes Definitions 9

(h) Let 〈(Xi,Σi, µi)〉i∈I be a family of measure spaces, with direct sum (X,Σ, µ); suppose that we are
given a topology Ti on each Xi, and let T be the disjoint union topology on X (definition: 4A2A). Show
that µ is a topological measure, or locally finite, or effectively locally finite, or a Borel measure, or a Baire
measure, or strictly positive, iff every µi is.

(i) Let (X,Σ, µ) and (Y,T, ν) be two measure spaces, with c.l.d. product measure λ on X × Y . Suppose
we are given topologies T, S on X, Y respectively, and give X × Y the product topology. Show that λ is
locally finite, or effectively locally finite, if µ and ν are.

(j) Let α be any ordinal of uncountable cofinality with its order topology (definitions: 3A1Fb, 4A2A).
Show that there is a complete topological probability measure µ on α defined by saying that µE = 1 if E
includes a cofinal closed set in α, 0 if E is disjoint from some cofinal closed set. Show that µ is inner regular
with respect to the closed sets but is not completion regular.

(k) Let 〈(Xi,Ti)〉i∈I be a family of topological spaces, and µi a strictly positive probability measure on
Xi for each i. Show that the product measure on

∏
i∈I Xi is strictly positive.

411Y Further exercises (a) Let r, s ≥ 1 be integers. Show that a function f : Rr → Rs is measurable
iff it is almost continuous (where Rr is endowed with Lebesgue measure and its usual topology, of course).
(Hint : 256F.)

(b) Let (X, ρ) be a metric space, r ≥ 0, and write µHr for r-dimensional Hausdorff measure on X (264K,
471A). (i) Show that µHr is a topological measure, outer regular with respect to the Borel sets. (ii) Show
that the c.l.d. version µ̃Hr of µHr is inner regular with respect to the closed totally bounded sets. (iii) Show
that µ̃Hr is completion regular. (iv) Show that if X is complete then µ̃Hr is tight.

(c) Let (X,T,Σ, µ) be a topological measure space. Set E = {E : E ⊆ X, µ(∂E) = 0}, where ∂E is
the boundary of A. (i) Show that E is a subalgebra of PX, and that every member of E is measured by
the completion of µ. (E is sometimes called the Jordan algebra of (X,T,Σ, µ). Do not confuse with the
‘Jordan algebras’ of abstract algebra.) (ii) Suppose that µ is totally finite and inner regular with respect
to the closed sets, and that T is normal. Show that {E• : E ∈ E ∩ Σ} is dense in the measure algebra of µ
endowed with its usual topology. (iii) Suppose that µ is a quasi-Radon measure and T is completely regular.
Show that {E• : E ∈ E} is dense in the measure algebra of µ. (Hint : 414Aa.)

(d) Let (X,T,Σ, µ) be a second-countable atomless topological probability space with a strictly positive
measure, E the Jordan algebra of µ as defined in 411Yc, (A, µ̄) the measure algebra of µ and E the image
{E• : E ∈ E} ⊆ A. Let B be a Boolean algebra and ν : B → [0, 1] a finitely additive functional. Show that
(B, ν) ∼= (E, µ̄↾E) iff (α) ν is strictly positive and properly atomless in the sense of 326F3, and ν1 = 1 (β)
there is a countable subalgebra B0 of B such that νb = sup{νc : c ∈ B0, c ⊆ b} for every b ∈ B (γ) whenever
A, B ⊆ B are upwards-directed sets such that a ∩ b = 0 for every a ∈ A and b ∈ B and sup{ν(a ∪ b) : a ∈ A,
b ∈ B} = 1, then supA is defined in B.

411 Notes and comments Of course the list above can give only a rough idea of the ways in which
topologies and measures can interact. In particular I have rather arbitrarily given a sort of priority to three
particular relationships between the domain Σ of a measure and the topology: ‘topological measure space’
(in which Σ includes the Borel σ-algebra), ‘Borel measure’ (in which Σ is precisely the Borel σ-algebra) and
‘Baire measure’ (in which Σ is the Baire σ-algebra).

Abstract topological measure theory is a relatively new subject, and there are many technical questions
on which different authors take different views. For instance, the phrase ‘Radon measure’ is commonly used
to mean what I would call a ‘tight locally finite Borel measure’ (cf. 416F); and some writers enlarge the
definition of ‘topological measure’ to include Baire measures as defined above.

I give very few examples at this stage, two drawn from the constructions of Volumes 1-3 (Lebesgue
measure and Stone spaces, 411O-411P) and one new one (‘Dieudonné’s measure’, 411Q), with a glance at

3Formerly 326Ya.

D.H.Fremlin



10 Topologies and measures I 411 Notes

the countable-cocountable measure of ω1 (411R). The most glaring omission is that of the product measures
on {0, 1}I and [0, 1]I . I pass these by at the moment because a proper study of them requires rather more
preparation than can be slipped into a parenthesis. (I return to them in 416U.) I have also omitted any
discussion of ‘measurable’ and ‘almost continuous’ functions, except for a reference to a theorem in Volume 2
(411Ya), which will have to be repeated and amplified later on (418K). There is an obvious complementarity
between the notions of ‘inner’ and ‘outer’ regularity (411B, 411D), but it works well only for totally finite
spaces (411Xa); in other cases it may not be obvious what will happen (411O, 411Pe, 412W).

Version of 17.6.16

412 Inner regularity

As will become apparent as the chapter progresses, the concepts introduced in §411 are synergic; their
most interesting manifestations are in combinations of various kinds. Any linear account of their properties
will be more than usually like a space-filling curve. But I have to start somewhere, and enough results can
be expressed in terms of inner regularity, more or less by itself, to be a useful beginning.

After a handful of elementary basic facts (412A) and a list of standard applications (412B), I give some
useful sufficient conditions for inner regularity of topological and Baire measures (412D, 412E, 412G), based
on an important general construction (412C). The rest of the section amounts to a review of ideas from
Volume 2 and Chapter 32 in the light of the new concept here. I touch on completions (412H), c.l.d. versions
and complete locally determined spaces (412H, 412J, 412M), strictly localizable spaces (412I), inverse-
measure-preserving functions (412K, 412L), measure algebras (412N), subspaces (412O, 412P), indefinite-
integral measures (412Q) and product measures (412R-412V), with a brief mention of outer regularity
(412W); most of the hard work has already been done in Chapters 21 and 25.

412A I begin by repeating a lemma from Chapter 34, with some further straightforward facts.

Lemma (a) Let (X,Σ, µ) be a measure space and K a family of sets such that

whenever E ∈ Σ and µE > 0 there is a K ∈ K ∩ Σ such that K ⊆ E and µK > 0.

Then whenever E ∈ Σ there is a countable disjoint family 〈Ki〉i∈I in K ∩ Σ such that Ki ⊆ E for every i
and

∑
i∈I µKi = µE. If moreover

(†) K ∪K ′ ∈ K whenever K, K ′ are disjoint members of K,

then µ is inner regular with respect to K. If
⋃

i∈I Ki ∈ K for every countable disjoint family 〈Ki〉i∈I in K,
then for every E ∈ Σ there is a K ∈ K ∩ Σ such that K ⊆ E and µK = µE.

(b) Let (X,Σ, µ) be a measure space, T a σ-subalgebra of Σ, and K a family of sets. If µ is inner regular
with respect to T and µ↾T is inner regular with respect to K, then µ is inner regular with respect to K.

(c) Let (X,Σ, µ) be a semi-finite measure space and 〈Kn〉n∈N a sequence of families of sets such that µ is
inner regular with respect to Kn and

(‡) if 〈Ki〉i∈N is a non-increasing sequence in Kn, then
⋂

i∈NKi ∈ Kn

for every n ∈ N. Then µ is inner regular with respect to
⋂

n∈N Kn.

proof (a) This is 342B-342C.

(b) If E ∈ Σ and γ < µE, there are an F ∈ T such that F ⊆ E and µF > γ, and a K ∈ K∩T such that
K ⊆ F and µK ≥ γ.

(c) Suppose that E ∈ Σ and that 0 ≤ γ < µE. Because µ is semi-finite, there is an F ∈ Σ such that
F ⊆ E and γ < µF < ∞ (213A). Choose 〈Ki〉i∈N inductively, as follows. Start with K0 = F . Given that
Ki ∈ Σ and γ < µKi, then let ni ∈ N be such that 2−ni(i+ 1) is an odd integer, and choose Ki+1 ∈ Kni

∩Σ
such that Ki+1 ⊆ Ki and µKi+1 > γ; this will be possible because µ is inner regular with respect to Kni

.
Consider K =

⋂
i∈NKi. Then K ⊆ E and µK = limi→∞ µKi ≥ γ. But also

K =
⋂

j∈NK2n(2j+1) ∈ Kn

because 〈K2n(2j+1)〉j∈N is a non-increasing sequence in Kn, for each n. So K ∈
⋂

n∈N Kn. As E and γ are
arbitrary, µ is inner regular with respect to

⋂
n∈N Kn.

c© 2000 D. H. Fremlin
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412C Inner regularity 11

412B Corollary Let (X,Σ, µ) be a measure space and T a topology on X. Suppose that K is

either the family of Borel subsets of X

or the family of closed subsets of X

or the family of compact subsets of X

or the family of zero sets in X,

and suppose that whenever E ∈ Σ and µE > 0 there is a K ∈ K ∩ Σ such that K ⊆ E and µK > 0. Then
µ is inner regular with respect to K.

proof In every case, K satisfies the condition (†) of 412Aa.

412C The next lemma provides a particularly useful method of proving that measures are inner regular
with respect to ‘well-behaved’ families of sets.

Lemma Let (X,Σ, µ) be a semi-finite measure space, and suppose that A ⊆ Σ is such that

∅ ∈ A ⊆ Σ,
X \A ∈ A for every A ∈ A.

Let T be the σ-subalgebra of Σ generated by A. Let K be a family of subsets of X such that

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K,
(‡)

⋂
n∈NKn ∈ K for every sequence 〈Kn〉n∈N in K,

whenever A ∈ A, F ∈ Σ and µ(A ∩ F ) > 0, there is a K ∈ K ∩ T such that K ⊆ A and
µ(K ∩ F ) > 0.

Then µ↾T is inner regular with respect to K.

proof (a) Write A for the measure algebra of (X,Σ, µ), and L = K∩T, so that L also is closed under finite
unions and countable intersections. Set

H = {E : E ∈ Σ, supL∈L,L⊆E L
• = E•} in A,

T′ = {E : E ∈ H, X \ E ∈ H},

so that the last condition tells us that A ⊆ H and therefore that A ⊆ T′.

(b) The intersection of any sequence in H belongs to H. PPP Let 〈Hn〉n∈N be a sequence in H with
intersection H. Write An for {L• : L ∈ L, L ⊆ Hn} ⊆ A for each n ∈ N. Since µ is semi-finite, A is weakly
(σ,∞)-distributive (322F). As An is upwards-directed and supAn = H•

n for each n ∈ N,

H• = inf
n∈N

H•

n

(because F 7→ F • : Σ → A is sequentially order-continuous, by 321H)

= inf
n∈N

supAn = sup{ inf
n∈N

an : an ∈ An for every n ∈ N}

(316H(iv))

= sup{(
⋂

n∈N

Ln)• : Ln ∈ L, Ln ⊆ Hn for every n ∈ N}

⊆ sup{L• : L ∈ L, L ⊆ H}

(by (‡))

⊆ H•,

and H ∈ H. QQQ

(c) The union of any sequence in H belongs to H. PPP If 〈Hn〉n∈N is a sequence in H with union H then

supL∈L,L⊆H L• ⊇ supn∈N supL∈L,L⊆En
L• = supn∈NH

•

n = H•,

so H ∈ H. QQQ

D.H.Fremlin



12 Topologies and measures I 412C

(d) T′ is a σ-subalgebra of Σ. PPP (i) ∅ and X belong to A ⊆ H, so ∅ ∈ T′. (ii) Obviously X \ E ∈ T′

whenever E ∈ T′. (iii) If 〈En〉n∈N is a sequence in T′ with union E then E ∈ H, by (c); but also
X \ E =

⋂
n∈N(X \ En) belongs to H, by (b). So E ∈ T′. QQQ

(e) Accordingly T ⊆ T′, and E• = supL∈L,L⊆E L
• for every E ∈ T. It follows at once that if E ∈ T and

µE > 0, there must be an L ∈ L such that L ⊆ E and µL > 0; since (†) is true, and L ⊆ T, we can apply
412Aa to see that µ↾T is inner regular with respect to L, therefore with respect to K.

412D As corollaries of the last lemma I give two-and-a-half basic theorems.

Theorem Let (X,T) be a topological space and µ a semi-finite Baire measure on X. Then µ is inner regular
with respect to the zero sets.

proof Write Σ for the Baire σ-algebra of X, the domain of µ, K for the family of zero sets, and A for
K ∪ {X \ K : K ∈ K}. Since the union of two zero sets is a zero set (4A2C(b-ii)), the intersection of a
sequence of zero sets is a zero set (4A2C(b-iii)), and the complement of a zero set is the union of a sequence
of zero sets (4A2C(b-vi)), the conditions of 412C are satisfied; and as the σ-algebra generated by A is just
Σ, µ is inner regular with respect to K.

412E Theorem Let (X,T) be a perfectly normal topological space (e.g., any metrizable space). Then
any semi-finite Borel measure on X is inner regular with respect to the closed sets.

proof Because the Baire and Borel σ-algebras are the same (4A3Kb), this is a special case of 412D.

412F Lemma Let (X,Σ, µ) be a measure space and T a topology on X such that µ is effectively locally
finite with respect to T. Then

µE = sup{µ(E ∩G) : G is a measurable open set of finite measure}

for every E ∈ Σ.

proof Apply 412Aa with K the family of subsets of measurable open sets of finite measure.

412G Theorem Let (X,Σ, µ) be a measure space with a topology T such that µ is effectively locally
finite with respect to T and Σ is the σ-algebra generated by T ∩ Σ. If

µG = sup{µF : F ∈ Σ is closed, F ⊆ G}

for every measurable open set G of finite measure, then µ is inner regular with respect to the closed sets.

proof In 412C, take K to be the family of measurable closed subsets of X, and A to be the family of
measurable sets which are either open or closed. If G ∈ Σ ∩ T, F ∈ Σ and µ(G ∩ F ) > 0, then there is an
open set H of finite measure such that µ(H ∩G ∩ F ) > 0, because µ is effectively locally finite; now there
is a K ∈ K such that K ⊆ H ∩G and µK > µ(H ∩G) − µ(H ∩G ∩ F ), so that µ(K ∩ F ) > 0. This is the
only non-trivial item in the list of hypotheses in 412C, so we can conclude that µ↾T is inner regular with
respect to K, where T is the σ-algebra generated by A; but of course this is just Σ.

Remark There is a similar result in 416F(iii) below.

412H Proposition Let (X,Σ, µ) be a measure space and K a family of sets.
(a) If µ is inner regular with respect to K, so are its completion µ̂ (212C) and c.l.d. version µ̃ (213E).
(b) Now suppose that µ is semi-finite and that

(‡)
⋂

n∈NKn ∈ K whenever 〈Kn〉n∈N is a non-increasing sequence in K.

If either µ̂ or µ̃ is inner regular with respect to K then µ is inner regular with respect to K.

proof (a) If F belongs to the domain of µ̂, then there is an E ∈ Σ such that E ⊆ F and µ̂(F \ E) = 0. So
if 0 ≤ γ < µ̂F = µE, there is a K ∈ K ∩ Σ such that K ⊆ E ⊆ F and µ̂K = µK ≥ γ.

If H belongs to the domain of µ̃ and 0 ≤ γ < µ̃H, there is an E ∈ Σ such that µE <∞ and µ̂(E∩H) > γ
(213D). Now there is a K ∈ K ∩ Σ such that K ⊆ E ∩H and µK ≥ γ. As µK <∞, µ̃K = µK ≥ γ.

Measure Theory
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(b) Write µ̌ for whichever of µ̂, µ̃ is supposed to be inner regular with respect to K. Then µ̌ is inner
regular with respect to Σ (212Ca, 213Fc), so is inner regular with respect to K∩Σ (412Ac). Also µ̌ extends
µ (212D, 213Hc). Take E ∈ Σ and γ < µE = µ̌E. Then there is a K ∈ K ∩ Σ such that K ⊆ E and
γ < µ̌K = µK. As E and γ are arbitrary, µ is inner regular with respect to K.

412I Lemma Let (X,Σ, µ) be a strictly localizable measure space and K a family of sets such that
whenever E ∈ Σ and µE > 0 there is a K ∈ K ∩ Σ such that K ⊆ E and µK > 0.

(a) There is a decomposition 〈Xi〉i∈I of X such that at most one Xi does not belong to K, and that
exceptional one, if any, is negligible.

(b) There is a disjoint family L ⊆ K ∩ Σ such that µ∗A =
∑

L∈L µ
∗(A ∩ L) for every A ⊆ X.

(c) If µ is σ-finite then the family 〈Xi〉i∈I of (a) and the set L of (b) can be taken to be countable.

proof (a) Let 〈Ej〉j∈J be any decomposition of X. For each j ∈ J , let Kj be a maximal disjoint subset of

{K : K ∈ K ∩ Σ, K ⊆ Ej , µK > 0}.

Because µEj <∞, Kj must be countable. Set E′
j = Ej \

⋃
Kj . By the maximality of Kj , E

′
j cannot include

any non-negligible set in K ∩ Σ; but this means that µE′
j = 0. Set X ′ =

⋃
j∈J E

′
j . Then

µX ′ =
∑

j∈J µ(X ′ ∩ Ej) =
∑

j∈J µE
′
j = 0.

Note that if j, j′ ∈ J are distinct, K ∈ Kj and K ′ ∈ Kj′ , then K ∩K ′ = ∅; thus L =
⋃

j∈J Kj is disjoint.

Let 〈Xi〉i∈I be any indexing of {X ′} ∪ L. This is a partition (that is, disjoint cover) of X into sets of finite
measure. If E ⊆ X and E ∩Xi ∈ Σ for every i ∈ I, then for every j ∈ J

E ∩ Ej = (E ∩X ′ ∩ Ej) ∪
⋃

K∈Kj
E ∩K

belongs to Σ, so that E ∈ Σ and

µE =
∑

j∈J µ(E ∩ Ej) =
∑

j∈J

∑
K∈Kj

µ(E ∩K) =
∑

i∈I µ(E ∩Xi).

Thus 〈Xi〉i∈I is a decomposition of X, and it is of the right type because every Xi but one belongs to L ⊆ K.

(b) If now A ⊆ X is any set,

µ∗A = µAA =
∑

i∈I µA(A ∩Xi) =
∑

i∈I µ
∗(A ∩Xi)

by 214Ia, writing µA for the subspace measure on A. So we have

µ∗A = µ∗(A ∩X ′) +
∑

L∈L µ
∗(A ∩ L) =

∑
L∈L µ

∗(A ∩ L),

while L ⊆ K is disjoint.

(c) If µ is σ-finite we can take J to be countable, so that I and L will also be countable.

412J Proposition Let (X,Σ, µ) be a complete locally determined measure space, and K a family of sets
such that µ is inner regular with respect to K.

(a) If E ⊆ X is such that E ∩K ∈ Σ for every K ∈ K ∩ Σ, then E ∈ Σ.
(b) If E ⊆ X is such that E ∩K is negligible for every K ∈ K ∩ Σ, then E is negligible.
(c) For any A ⊆ X, µ∗A = supK∈K∩Σ µ

∗(A ∩K).
(d) Let f be a non-negative [0,∞]-valued function defined on a subset of X. If

∫
K
f is defined in [0,∞]

for every K ∈ K, then
∫
f is defined and equal to supK∈K

∫
K
f .

(e) If f is a µ-integrable function and ǫ > 0, there is a K ∈ K such that
∫
X\K |f | ≤ ǫ.

Remark In (c), we must interpret sup ∅ as 0 if K ∩ Σ = ∅.

proof (a) If F ∈ Σ and µF < ∞, then E ∩ F ∈ Σ. PPP If µF = 0, this is trivial, because µ is complete and
E ∩ F is negligible. Otherwise, there is a sequence 〈Kn〉n∈N in K ∩ Σ such that Kn ⊆ F for each n and
supn∈N µKn = µF . Now E ∩ F \

⋃
n∈NKn is negligible, therefore measurable, while E ∩Kn is measurable

for every n ∈ N, by hypothesis; so E ∩ F is measurable. QQQ As µ is locally determined, E ∈ Σ, as claimed.

(b) By (a), E ∈ Σ; and because µ is inner regular with respect to K, µE must be 0.
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(c) Let µA be the subspace measure on A. Because µ is complete and locally determined, µA is semi-finite
(214Id). So if 0 ≤ γ < µ∗A = µAA, there is an H ⊆ A such that µAH is defined, finite and greater than
γ. Let E ∈ Σ be a measurable envelope of H (132Ee), so that µE = µ∗H > γ. Then there is a K ∈ K ∩ Σ
such that K ⊆ E and µK ≥ γ. In this case

µ∗(A ∩K) ≥ µ∗(H ∩K) = µ(E ∩K) = µK ≥ γ.

As γ is arbitrary,

µ∗A ≤ supK∈K∩Σ µ
∗(A ∩K);

but the reverse inequality is trivial, so we have the result.

(d) Applying (b) with E = X \ dom f , we see that f is defined almost everywhere in X. Applying (a)
with E = {x : x ∈ dom f, f(x) ≥ α} for each α ∈ R, we see that f is measurable. So

∫
f is defined in [0,∞],

and of course
∫
f ≥ supK∈K

∫
K
f . If γ <

∫
f , there is a non-negative simple function g such that g ≤a.e. f

and
∫
g > γ; taking E = {x : g(x) > 0}, there is a K ∈ K such that K ⊆ E and µ(E \K)‖g‖∞ ≤

∫
g − γ,

so that
∫
K
f ≥

∫
K
g ≥ γ. As γ is arbitrary,

∫
f = supK∈K

∫
K
f .

(e) By (d), there is a K ∈ K such that
∫
K
|f | ≥

∫
|f | − ǫ.

Remark See also 413F below.

412K Proposition Let (X,Σ, µ) be a complete locally determined measure space, (Y,T, ν) a measure
space and f : X → Y a function. Suppose that K ⊆ T is such that

(i) ν is inner regular with respect to K;
(ii) f−1[K] ∈ Σ and µf−1[K] = νK for every K ∈ K;
(iii) whenever E ∈ Σ and µE > 0 there is a K ∈ K such that νK <∞ and µ(E∩f−1[K]) > 0.

Then f is inverse-measure-preserving for µ and ν.

proof (a) If F ∈ T, E ∈ Σ and µE <∞, then E∩f−1[F ] ∈ Σ. PPP Let H1, H2 ∈ Σ be measurable envelopes
for E ∩ f−1[F ] and E \ f−1[F ] respectively. ??? If µ(H1 ∩H2) > 0, there is a K ∈ K such that νK is finite
and µ(H1 ∩ H2 ∩ f

−1[K]) > 0. Because ν is inner regular with respect to K, there are K1, K2 ∈ K such
that K1 ⊆ K ∩ F , K2 ⊆ K \ F and

νK1 + νK2 > ν(K ∩ F ) + ν(K \ F ) − µ(H1 ∩H2 ∩ f
−1[K])

= νK − µ(H1 ∩H2 ∩ f
−1[K]).

Now

µ(H1 ∩ f
−1[K2]) = µ∗(E ∩ f−1[F ] ∩ f−1[K2]) = 0,

µ(H2 ∩ f
−1[K1]) = µ∗(E ∩ f−1[K1] \ f−1[F ]) = 0,

so µ(H1 ∩H2 ∩ f
−1[K1 ∪K2]) = 0 and

µ(H1 ∩H2 ∩ f
−1[K]) ≤ µ(f−1[K] \ f−1[K1 ∪K2])

= µf−1[K] − µf−1[K1] − µf−1[K2]

= νK − νK1 − νK2 < µ(H1 ∩H2 ∩ f
−1[K]),

which is absurd. XXX
Now (E ∩H1) \ (E ∩ f−1[F ]) ⊆ H1 ∩H2 is negligible, therefore measurable (because µ is complete), and

E ∩ f−1[F ] ∈ Σ, as claimed. QQQ

(b) It follows (because µ is locally determined) that f−1[F ] ∈ Σ for every F ∈ T.

(c) If F ∈ T and νF = 0 then µf−1[F ] = 0. PPP??? Otherwise, there is a K ∈ K such that νK <∞ and

0 < µ(f−1[F ] ∩ f−1[K]) = µf−1[F ∩K].

Let K ′ ∈ K be such that K ′ ⊆ K \ F and νK ′ > νK − µf−1[F ∩K]. Then f−1[K ′] ∩ f−1[F ∩K] = ∅, so

νK = µf−1[K] ≥ µf−1[K ′] + µf−1[F ∩K] > νK ′ + νK − νK ′ = νK,
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which is absurd. XXXQQQ

(d) Finally, µf−1[F ] = νF for every F ∈ T. PPP Let 〈Ki〉i∈I be a countable disjoint family in K such that
Ki ⊆ F for every i and

∑
i∈I νKi = νF (412Aa). Set F ′ = F \

⋃
i∈I Ki. Then

µf−1[F ] = µf−1[F ′] +
∑

i∈I µf
−1[Ki] = µf−1[F ′] +

∑
i∈I νKi = µf−1[F ′] + νF .

If νF = ∞ then surely µf−1[F ] = ∞ = νF . Otherwise, νF ′ = 0 so µf−1[F ′] = 0 (by (c)) and again
µf−1[F ] = νF . QQQ

Thus f is inverse-measure-preserving.

412L Corollary Let (X,Σ, µ) be a complete probability space, (Y,T, ν) a probability space and f : X →
Y a function. Suppose that whenever F ∈ T and νF > 0 there is a K ∈ T such that K ⊆ F , νK > 0,
f−1[K] ∈ Σ and µf−1[K] ≥ νK. Then f is inverse-measure-preserving.

proof Set K∗ = {K : K ∈ T, f−1[K] ∈ Σ, µf−1[K] ≥ νK}. Then K∗ is closed under countable disjoint
unions and includes K, so for every F ∈ T there is a K ∈ K∗ such that K ⊆ F and νK = νF , by 412Aa.
But this means that µf−1[K] = νK for every K ∈ K∗. PPP There is a K ′ ∈ K∗ such that K ′ ⊆ Y \K and
νK ′ = 1 − νK; but in this case

µf−1[K ′] + µf−1[K] ≤ 1 = νK ′ + νK,

so µf−1[K] must be equal to νK. QQQ Moreover, there is a K∗ ∈ K∗ such that νK∗ = νY = 1, so
µf−1[K∗] = µX = 1 and µ(E ∩ f−1[K∗]) > 0 whenever µE > 0. Applying 412K to K∗ we have the result.

412M Proposition Let X be a set and K a family of subsets of X. Suppose that µ and ν are two
complete locally determined measures on X, with domains including K, and both inner regular with respect
to K.

(a) If µK ≤ νK for every K ∈ K, then µ ≤ ν in the sense of 234P, that is, dom ν ⊆ domµ and µE ≤ νE
for every E ∈ dom ν.

(b) If µK = νK for every K ∈ K, then µ = ν.

proof (a)(i) Write Σ for the domain of µ and T for the domain of ν. If E ∈ Σ ∩ T then of course

µE = supK∈K,K⊆E µK ≤ supK∈K,K⊆E νK = νE.

So we have only to show that T ⊆ Σ.

(ii) Suppose that F ∈ T, E ∈ Σ and µE < ∞. Let E′, E′′ ⊆ E be measurable envelopes of E ∩ F ,
E \ F with respect to µ. Take any K ∈ K such that K ⊆ E′ ∩ E′′, Then K ∩ F and K \ F belong
to T. Let 〈Ln〉n∈N, 〈L′

n〉n∈N be sequences in K such that Ln ⊆ K ∩ F and L′
n ⊆ K \ F for every n,

limn→∞ νLn = ν(K ∩ F ) and limn→∞ νL′
n = ν(K \ F ). Because νK <∞, ν(K \

⋃
n∈N(Ln ∪ L′

n)) = 0 and
therefore µ(K \

⋃
n∈N(Ln ∪ L′

n)) = 0, since K \
⋃

n∈N(Ln ∪ L′
n) ∈ Σ ∩ T. On the other hand, for each n,

Ln ∈ Σ and Ln ⊆ E′′ ∩ F so µLn = µ∗(Ln \ F ) = 0; similarly, µL′
n = 0. We conclude that µK = 0. As K

is arbitrary, µ(E′ ∩E′′) = 0; as µ is complete, F ∩E′′ and F ∩E = (E \E′′) ∪ (F ∩E′′) belong to Σ; as E
is arbitrary and µ is locally determined, F ∈ Σ; as F is arbitrary, T ⊆ Σ and µ ≤ ν.

(b) By (a), we have µ ≤ ν and ν ≤ µ, so µ = ν (234Qa).

412N Lemma Let (X,Σ, µ) be a measure space and K a family of subsets of X such that µ is inner
regular with respect to K. Then

E• = sup{K• : K ∈ K ∩ Σ, K ⊆ E}

in the measure algebra A of µ, for every E ∈ Σ. In particular, {K• : K ∈ K ∩Σ} is order-dense in A; and if
K is closed under finite unions, then {K• : K ∈ K ∩ Σ} is topologically dense in A for the measure-algebra
topology.

proof ??? If E• 6= sup{K• : K ∈ K ∩ Σ, K ⊆ E}, there is a non-zero a ∈ A such that a ⊆ E• \K• whenever
K ∈ K ∩ Σ and K ⊆ E. Express a as F • where F ⊆ E. Then µF > 0, so there is a K ∈ K ∩ Σ such that
K ⊆ F and µK > 0. But in this case 0 6= K• ⊆ a, while K ⊆ E. XXX

It follows at once that D = {K• : K ∈ K ∩ Σ} is order-dense. If K is closed under finite unions, and
a ∈ A, then Da = {d : d ∈ D, d ⊆ a} is upwards-directed and has supremum a, so a ∈ Da ⊆ D (323D(a-ii)).
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412O Lemma Let (X,Σ, µ) be a measure space and K a family of subsets of X such that µ is inner
regular with respect to K.

(a) If E ∈ Σ, then the subspace measure µE (131B) is inner regular with respect to K.
(b) Let Y ⊆ X be any set such that the subspace measure µY (214B) is semi-finite. Then µY is inner

regular with respect to KY = {K ∩ Y : K ∈ K}.

proof (a) This is elementary.

(b) Suppose that F belongs to the domain ΣY of µY and 0 ≤ γ < µY F . Because µY is semi-finite there
is an F ′ ∈ ΣY such that F ′ ⊆ F and γ < µY F

′ < ∞. Let G ∈ Σ be such that F ′ = G ∩ Y , and let E ⊆ G
be a measurable envelope for F ′ with respect to µ, so that

µE = µ∗F ′ = µY F
′ > γ.

There is a K ∈ K ∩ Σ such that K ⊆ E and µK ≥ γ, in which case K ∩ Y ∈ KY ∩ ΣY and

µY (K ∩ Y ) = µ∗(K ∩ Y ) = µ∗(K ∩ F ′) = µ(K ∩ E) = µK ≥ γ.

As F and γ are arbitrary, µY is inner regular with respect to KY .

Remark Recall from 214Ic that if (X,Σ, µ) has locally determined negligible sets (in particular, is either
strictly localizable or complete and locally determined), then all its subspaces are semi-finite.

412P Proposition Let (X,Σ, µ) be a measure space, T a topology on X and Y a subset of X; write TY

for the subspace topology of Y and µY for the subspace measure on Y . Suppose that either Y ∈ Σ or µY

is semi-finite.
(a) If µ is a topological measure, so is µY .
(b) If µ is inner regular with respect to the Borel sets, so is µY .
(c) If µ is inner regular with respect to the closed sets, so is µY .
(d) If µ is inner regular with respect to the zero sets, so is µY .
(e) If µ is effectively locally finite, so is µY .

proof (a) is an immediate consequence of the definitions of ‘subspace measure’, ‘subspace topology’ and
‘topological measure’. The other parts follow directly from 412O if we recall that

(i) a subset of Y is Borel for TY whenever it is expressible as Y ∩E for some Borel set E ⊆ X (4A3Ca);
(ii) a subset of Y is closed in Y whenever it is expressible as Y ∩ F for some closed set F ⊆ X;
(iii) a subset of Y is a zero set in Y whenever it is expressible as Y ∩ F for some zero set F ⊆ X

(4A2C(b-v));
(iv) µ is effectively locally finite iff it is inner regular with respect to subsets of open sets of finite measure.

412Q Proposition Let (X,Σ, µ) be a measure space, and ν an indefinite-integral measure over µ (defi-
nition: 234J). If µ is inner regular with respect to a family K of sets, so is ν.

proof Because µ and its completion µ̂ give the same integrals, ν is an indefinite-integral measure over µ̂
(234Ke); and as µ̂ is still inner regular with respect to K (412Ha), we may suppose that µ itself is complete.
Let f be a Radon-Nikodým derivative of ν with respect to µ; by 234Ka, we may suppose that f : X → [0,∞[
is Σ-measurable.

Suppose that F ∈ dom ν and that γ < νF . Set G = {x : f(x) > 0}, so that F ∩ G ∈ Σ (234La). For
n ∈ N, set Hn = {x : x ∈ F, 2−n ≤ f(x) ≤ 2n}, so that Hn ∈ Σ and

νF =
∫
f × χFdµ = limn→∞

∫
f × χHndµ.

Let n ∈ N be such that
∫
f × χHndµ > γ.

If µHn = ∞, there is a K ∈ K such that K ⊆ Hn and µK ≥ 2nγ, so that νK ≥ γ. If µHn is finite, there
is a K ∈ K such that K ⊆ Hn and 2n(µHn − µK) ≤

∫
f × χHndµ − γ, so that

∫
f × χ(Hn \K)dµ + γ ≤∫

f × χHndµ and νK =
∫
f × χK dµ ≥ γ. Thus in either case we have a K ∈ K such that K ⊆ F and

νK ≥ γ; as F and γ are arbitrary, ν is inner regular with respect to K.

412R Lemma Let (X,Σ, µ) and (Y,T, ν) be measure spaces, with c.l.d. product (X × Y,Λ, λ) (251F).
Suppose that K ⊆ PX, L ⊆ PY and M ⊆ P(X × Y ) are such that
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(i) µ is inner regular with respect to K;
(ii) ν is inner regular with respect to L;
(iii) K × L ∈ M for all K ∈ K, L ∈ L;
(iv) M ∪M ′ ∈ M whenever M , M ′ ∈ M;
(v)

⋂
n∈NMn ∈ M for every sequence 〈Mn〉n∈N in M.

Then λ is inner regular with respect to M.

proof Write A = {E × Y : E ∈ Σ} ∪ {X × F : F ∈ T}. Then the σ-algebra of subsets of X × Y generated
by A is Σ⊗̂T. If V ∈ A, W ∈ Λ and λ(W ∩ V ) > 0, there is an M ∈ M ∩ (Σ⊗̂T) such that M ⊆ W and
λ(M ∩V ) > 0. PPP Suppose that V = E×Y where E ∈ Σ. There must be E0 ∈ Σ and F0 ∈ T, both of finite
measure, such that λ(W ∩ V ∩ (E0 × F0)) > 0 (251F). Now there are K ∈ K ∩ Σ and L ∈ L ∩ T such that
K ⊆ E ∩ E0, L ⊆ F ∩ F0 and

µ((E ∩ E0) \K) · νF0 + µE0 · ν((F ∩ F0) \ L) < λ(W ∩ V ∩ (E0 × F0));

but this means that M = K × L is included in V and µ(W ∩M) > 0, while M ∈ M∩ (Σ⊗̂T). Reversing
the roles of the coordinates, the same argument deals with the case in which V = X×F for some F ∈ T. QQQ

By 412C, λ↾Σ⊗̂T is inner regular with respect to M. But λ is inner regular with respect to Σ⊗̂T (251Ib)
so is also inner regular with respect to M (412Ab).

412S Proposition Let (X,Σ, µ) and (Y,T, ν) be measure spaces, with c.l.d. product (X × Y,Λ, λ). Let
T, S be topologies on X and Y respectively, and give X × Y the product topology.

(a) If µ and ν are inner regular with respect to the closed sets, so is λ.
(b) If µ and ν are tight (that is, inner regular with respect to the closed compact sets), so is λ.
(c) If µ and ν are inner regular with respect to the zero sets, so is λ.
(d) If µ and ν are inner regular with respect to the Borel sets, so is λ.
(e) If µ and ν are effectively locally finite, so is λ.

proof We have only to read the conditions (i)-(v) of 412R carefully and check that they apply in each
case. (In part (e), recall that ‘effectively locally finite’ is the same thing as ‘inner regular with respect to
the subsets of open sets of finite measure’.)

412T Lemma Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces, with product probability space
(X,Λ, λ) (§254). Suppose that Ki ⊆ PXi, M ⊆ PX are such that

(i) µi is inner regular with respect to Ki for each i ∈ I;
(ii) π−1

i [K] ∈ M for every i ∈ I and K ∈ Ki, writing πi(x) = x(i) for x ∈ X;
(iii) M ∪M ′ ∈ M whenever M , M ′ ∈ M;
(iv)

⋂
n∈NMn ∈ M for every sequence 〈Mn〉n∈N in M.

Then λ is inner regular with respect to M.

proof (Compare 412R.) Write A = {π−1
i [E] : i ∈ I, E ∈ Σi}. If V ∈ A, W ∈ Λ and λ(W ∩V ) > 0, express

V as π−1
i [E], where i ∈ I and E ∈ Σi, and take K ∈ Ki such that K ⊆ E and µi(E \K) < λ(W ∩ V ); then

M = π−1
i [K] belongs to M∩A, is included in V , and meets W in a non-negligible set. So the conditions

of 412C are met by A and M.

It follows that λ0 = λ↾
⊗̂

i∈IΣi is inner regular with respect to M. But λ is the completion of λ0 (254Fd,
254Ff), so is also inner regular with respect to M (412Ha).

412U Proposition Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces, with product probability space
(X,Λ, λ). Suppose that we are given a topology Ti on each Xi, and let T be the product topology on X.

(a) If every µi is inner regular with respect to the closed sets, so is λ.
(b) If every µi is inner regular with respect to the zero sets, so is λ.
(c) If every µi is inner regular with respect to the Borel sets, so is λ.

proof This follows from 412T just as 412S follows from 412R.

412V Corollary Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces, with product probability space
(X,Λ, λ). Suppose that we are given a Hausdorff topology Ti on each Xi, and let T be the product topology
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on X. Suppose that every µi is tight, and that Xi is compact for all but countably many i ∈ I. Then λ is
tight.

proof By 412Ua, λ is inner regular with respect to the closed sets. If W ∈ Λ and γ < λW , let V ⊆ W
be a measurable closed set such that λV > γ. Let J be the set of those i ∈ I such that Xi is not
compact; we are supposing that J is countable. Let 〈ǫi〉i∈J be a family of strictly positive real numbers
such that

∑
i∈J ǫj ≤ λV − γ (4A1P). For each i ∈ J , let Ki ⊆ Xi be a compact measurable set such that

µi(Xi \Ki) ≤ ǫi; and for i ∈ I \ J , set Ki = Xi. Then K =
∏

i∈I Ki is a compact measurable subset of X,
and

λ(X \K) ≤
∑

i∈J µi(Xi \Ki) ≤ λV − γ,

so λ(K ∩ V ) ≥ γ; while K ∩ V is a compact measurable subset of W . As W and γ are arbitrary, λ is tight.

*412W Outer regularity I have already mentioned the complementary notion of ‘outer regularity’
(411D). In this book it will not be given much prominence. It is however a useful tool when dealing with
Lebesgue measure (see, for instance, the proof of 225K), for reasons which the next proposition will make
clear.

Proposition Let (X,Σ, µ) be a measure space and T a topology on X.
(a) Suppose that µ is outer regular with respect to the open sets. Then for any integrable function

f : X → [0,∞] and ǫ > 0, there is a lower semi-continuous measurable function g : X → [0,∞] such that
f ≤ g and

∫
g ≤ ǫ+

∫
f .

(b) Now suppose that there is a sequence of measurable open sets of finite measure covering X. Then
the following are equiveridical:

(i) µ is inner regular with respect to the closed sets;
(ii) µ is outer regular with respect to the open sets;
(iii) for any measurable set E ⊆ X and ǫ > 0, there are a measurable closed set F ⊆ E and a measurable

open set H ⊇ E such that µ(H \ F ) ≤ ǫ;
(iv) for every measurable function f : X → [0,∞[ and ǫ > 0, there is a lower semi-continuous measurable

function g : X → [0,∞] such that f ≤ g and
∫
g − f ≤ ǫ;

(v) for every measurable function f : X → R and ǫ > 0, there is a lower semi-continuous measurable
function g : X → ]−∞,∞] such that f ≤ g and µ{x : g(x) ≥ f(x) + ǫ} ≤ ǫ.

proof (a) Let η ∈ ]0, 1] be such that η(9 +
∫
fdµ) ≤ ǫ. For n ∈ Z, set En = {x : (1 + η)n ≤ f(x) <

(1 + η)n+1}, and let E′
n ∈ Σ be a measurable envelope of En; let Gn ⊇ E′

n be a measurable open set such
that µGn ≤ 3−|n|η + µE′

n. Next, let E be a measurable envelope of the negligible set {x : f(x) = ∞}, and
for each n let Hn ⊇ E be a measurable open set such that µHn ≤ 2−n. Set

g =
∑∞

n=−∞(1 + η)n+1χGn +
∑∞

n=0 χHn.

Then g is lower semi-continuous (4A2B(d-iii), 4A2B(d-v)), f ≤ g and

∫
g dµ =

∞∑

n=−∞

(1 + η)n+1µGn +

∞∑

n=0

µHn

≤ (1 + η)
∞∑

n=−∞

(1 + η)nµE′
n +

∞∑

n=−∞

(1 + η)n+13−|n|η +
∞∑

n=0

2−nη

≤ (1 + η)

∫
fdµ+ 9η ≤

∫
fdµ+ ǫ,

as required.

(b) Let 〈Gn〉n∈N be a sequence of open sets of finite measure covering X; replacing it by 〈
⋃

i<nGi〉n∈N

if necessary, we may suppose that 〈Gn〉n∈N is non-decreasing and that G0 = ∅.

(i)⇒(iii) Suppose that µ is inner regular with respect to the closed sets, and that E ∈ Σ, ǫ > 0.
For each n ∈ N let Fn ⊆ Gn \ E be a measurable closed set such that µFn ≥ µ(Gn \ E) − 2−n−2ǫ. Then
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H =
⋃

n∈N(Gn \Fn) is a measurable open set including E and µ(H \E) ≤ 1
2ǫ. Applying the same argument

to X \ E, we get a closed set F ⊆ E such that µ(E \ F ) ≤ 1
2ǫ, so that µ(H \ F ) ≤ ǫ.

(ii)⇒(iii) The same idea works. Suppose that µ is outer regular with respect to the open sets, and
that E ∈ Σ, ǫ > 0. For each n ∈ N, let Hn ⊇ Gn ∩ E be an open set such that µ(Hn \ E) ≤ 2−n−2ǫ; then
H =

⋃
n∈NHn is a measurable open set including E, and µ(H \ E) ≤ 1

2ǫ. Now repeat the argument on

X \ E to find a measurable closed set F ⊆ E such that µ(E \ F ) ≤ 1
2ǫ.

(iii)⇒(iv) Assume (iii), and let f : X → [0,∞[ be a measurable function, ǫ > 0. Set ηn = 2−nǫ/(16 +
4µGn) for each n ∈ N. For k ∈ N set Ek =

⋃
n∈N{x : x ∈ Gn, kηn ≤ f(x) < (k+ 1)ηn}, and choose an open

set Hk ⊇ Ek such that µ(Hk \ Ek) ≤ 2−k. Set

g = supk,n∈N(k + 1)ηnχ(Gn ∩Hk).

Then g : X → [0,∞] is lower semi-continuous (4A2B(d-v) again). Since

supk,n∈N kηnχ(Gn ∩ Ek) ≤ f ≤ supk,n∈N(k + 1)ηnχ(Gn ∩ Ek),

f ≤ g and

g − f ≤ supk,n∈N(k + 1)ηnχ(Gn ∩Hk \ Ek) + supk,n∈N ηnχ(Gn ∩ Ek)

has integral at most
∑∞

k=0

∑∞
n=0(k + 1)ηn2−k +

∑∞
n=0 ηnµGn ≤ ǫ.

(i)⇒(v) Assume (i), and suppose that f : X → R is measurable and ǫ > 0. For each n ∈ N, let αn ≥ 0
be such that µEn < 2−n−1ǫ, where En = {x : x ∈ Gn+1 \Gn, f(x) ≤ −αn}. Let Fn ⊆ (Gn+1 \Gn)\En be a
measurable closed set such that µ((Gn+1\Gn)\Fn) ≤ 2−n−2ǫ. Because 〈Fn〉n∈N is disjoint, h =

∑∞
n=0 αnχFn

is defined as a function from X to [0,∞[. {Fn : n ∈ N} is locally finite, so {x : h(x) ≥ α} =
⋃

n∈N,αn≥α Fn

is closed for every α > 0 (4A2B(h-i)), and h is upper semi-continuous. Now f1 = f + h is a real-valued
measurable function. Since (i)⇒(iii)⇒(iv), there is a measurable lower semi-continuous function g1 : X →
[0,∞] such that f+1 ≤ g1 and

∫
g1 − f+1 ≤ 1

2ǫ
2, where f+1 = max(0, f1). But if we now set g = g1 − h, g is

lower semi-continuous, f ≤ g and

{x : f(x) + ǫ ≤ g(x)} ⊆ {x : f+1 (x) + ǫ ≤ g1(x)} ∪ {x : f1(x) < 0}

⊆ {x : f+1 (x) + ǫ ≤ g1(x)} ∪
⋃

n∈N

(Gn+1 \Gn) \ Fn

has measure at most ǫ, as required.

(iv)⇒(ii) and (v)⇒(ii) Suppose that either (iv) or (v) is true, and that E ∈ Σ, ǫ > 0. Then there is a
measurable lower semi-continuous function g : X → ]0,∞] such that χE ≤ g and µ{x : χE(x)+ 1

2 ≤ g(x)} ≤

ǫ, since this is certainly true if
∫
g − χE ≤ 1

2ǫ. Set G = {x : g(x) > 1
2}; then E ⊆ G and µ(G \ E) ≤ ǫ.

(iii)⇒(i) is trivial. Assembling these fragments, the proof is complete.

412X Basic exercises (a) Let (X,Σ, µ) be a semi-finite measure space and 〈fn〉n∈N a sequence in
L

0(µ) which converges almost everywhere to f ∈ L
0(µ). Show that µ is inner regular with respect to

{E : 〈fn↾E〉n∈N is uniformly convergent}. (Cf. 215Yb.)

(b) Let (X,Σ, µ) be a measure space and T a topology on X such that µ is inner regular with respect to
the closed sets and with respect to the compact sets. Show that µ is tight.

(c) Explain how 213A is a special case of 412Aa.

(d) Let X be a set and K a family of sets. Suppose that µ and ν are two semi-finite measures on X
with the same domain and the same null ideal. Show that if one is inner regular with respect to K, so is the
other. (Hint : show that if νF <∞ then νF = sup{νE : E ⊆ F , µE <∞}.)
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>>>(e) Let (X,Σ, µ) be a measure space, and Σ0 a σ-subalgebra of Σ such that µ is inner regular with
respect to Σ0. Show that if 1 ≤ p <∞ then every member of Lp(µ) is of the form f• for some Σ0-measurable
f : X → R.

(f) Let 〈µi〉i∈I be a family of measures on a set X, with sum µ (234G). Suppose that K ⊆ domµ is a
family of sets such that K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint and every µi is inner regular with
respect to K. Show that µ is inner regular with respect to K.

(g) Let X be a topological space, and µ a tight topological measure on X. Suppose that F is a non-empty
downwards-directed family of closed compact subsets of X with intersection F0, and that γ = infF∈F µF is
finite. Show that µF0 = γ.

>>>(h) Let (X,Σ, µ) be a semi-finite measure space and A ⊆ Σ an algebra of sets such that the σ-algebra
generated by A is Σ. Write K for {

⋂
n∈NEn : En ∈ A for every n ∈ N}. Show that µ is inner regular with

respect to K.

(i) Let (X,T,Σ, µ) be an effectively locally finite Hausdorff topological measure space such that µ is inner
regular with respect to the Borel sets. Suppose that µG = sup{µK : K ⊆ G is compact} for every open set
G ⊆ X. Show that µ is tight.

(j) Let (X,T) be a topological space such that every open set is an Fσ set. Show that any effectively
locally finite Borel measure on X is inner regular with respect to the closed sets.

(k) Let (X,T) be a normal topological space and µ a topological measure on X which is inner regular
with respect to the closed sets. Show that µG = max{µH : H ⊆ G is a cozero set} for every open set
G ⊆ X. Show that if µ is totally finite, then µF = min{µH : H ⊇ F is a zero set} for every closed set
F ⊆ X.

(l) Let (X,Σ, µ) be a complete locally determined measure space, and suppose that µ is inner regular
with respect to a family K of sets. Let Σ0 be the σ-algebra of subsets of X generated by K ∩ Σ. (i) Show
that µ is the c.l.d. version of µ↾Σ0. (Hint : 412J-412M.) (ii) Show that if µ is σ-finite, it is the completion
of µ↾Σ0.

>>>(m)(i) Let (X,Σ, µ) be a σ-finite measure space and T a σ-subalgebra of Σ. Show that if µ is inner
regular with respect to T then the completion of µ↾T extends µ, so that µ and µ↾T have the same negligible
sets. (ii) Show that if µ is a σ-finite topological measure which is inner regular with respect to the Borel
sets, then every µ-negligible set is included in a µ-negligible Borel set.

(n) Devise a direct proof of 412Mb by (i) showing that µ∗(A ∩K) = ν∗(A ∩K) whenever A ⊆ X and
K ∈ K (ii) showing that µ∗ = ν∗ (iii) quoting 213C.

(o) Let (X,Σ, µ) be a complete locally determined measure space, Y a set and f : X → Y a function.
Show that the following are equiveridical: (i) µ is inner regular with respect to {f−1[B] : B ⊆ Y } (ii)
f−1[f [E]] \ E is negligible for every E ∈ Σ.

(p) Let 〈(Xi,Σi, µi)〉i∈I be a family of measure spaces, with direct sum (X,Σ, µ). Suppose that for each
i ∈ I we are given a topology Ti on Xi, and let T be the corresponding disjoint union topology on X. Show
that (i) µ is inner regular with respect to the closed sets iff every µi is (ii) µ is inner regular with respect
to the compact sets iff every µi is (iii) µ is inner regular with respect to the zero sets iff every µi is (iv) µ is
inner regular with respect to the Borel sets iff every µi is.

(q) Use 412M and 412Q to shorten the proof of 253I.

(r) Let 〈Xi〉i∈I be a family of sets, and suppose that we are given, for each i ∈ I, a σ-algebra Σi of subsets

of Xi and a topology Ti on Xi. Let T be the product topology on X =
∏

i∈I Xi, and Σ =
⊗̂

i∈IΣi. Let µ

be a totally finite measure with domain Σ, and set µi = µπ−1
i for each i ∈ I, where πi(x) = x(i) for i ∈ I,
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x ∈ X. (i) Show that µ is inner regular with respect to the family K of sets expressible as X \
⋃

n∈N

∏
i∈I Eni

where Eni ∈ Σi for every n, i and {i : Eni 6= Xi} is finite for each n. (ii) Show that if every µi is inner
regular with respect to the closed sets, so is µ. (iii) Show that if every µi is inner regular with respect to
the zero sets, so is µ. (iv) Show that if every µi is inner regular with respect to the Borel sets, so is µ. (v)
Show that if every µi is tight, and all but countably many of the Xi are compact, then µ is tight.

(s) Let (X,Σ, µ) be a measure space and T a Lindelöf topology on X such that µ is locally finite. (i)
Show that µ is σ-finite. (ii) Show that µ is inner regular with respect to the closed sets iff it is outer regular
with respect to the open sets.

(t) Let X be a topological space and µ a measure on X which is outer regular with respect to the open
sets. Show that for any Y ⊆ X the subspace measure on Y is outer regular with respect to the open sets.

(u) Let X be a topological space and µ a measure on X which is inner regular with respect to the closed
sets and outer regular with respect to the open sets. Show that if f : X → [−∞,∞] is integrable and ǫ > 0
then there is an integrable lower semi-continuous g : X → ]−∞,∞] such that f ≤ g and

∫
g ≤ ǫ+

∫
f .

>>>(v) Let X be a topological space and µ a measure on X which is effectively locally finite and inner
regular with respect to the closed sets. (i) Show that if µE < ∞ and ǫ > 0 there is a measurable open set
G such that µ(E△G) ≤ ǫ. (ii) Show that if f is a non-negative integrable function and ǫ > 0 there is a
measurable lower semi-continuous function g : X → [0,∞[ such that

∫
|f − g| ≤ ǫ. (iii) Show that if f is

an integrable real-valued function there are measurable lower semi-continuous functions g1, g2 : X → [0,∞]
such that f =a.e. g1 − g2 and

∫
g1 + g2 ≤

∫
|f | + ǫ. (iv) Now suppose that µ is σ-finite. Show that for every

measurable f : X → R there are measurable lower semi-continuous functions g1, g2 : X → [0,∞] such that
f =a.e. g1 − g2.

412Y Further exercises (a) In 216E, give {0, 1}I its usual compact Hausdorff topology. Show that
the measure µ described there is inner regular with respect to the zero sets.

(b) Let K be the family of subsets of R which are homeomorphic to the Cantor set. Show that Lebesgue
measure is inner regular with respect to K.

(c)(i) Show that if X is a perfectly normal space then any semi-finite topological measure on X which is
inner regular with respect to the Borel sets is inner regular with respect to the closed sets. (ii) Show that
any subspace of a perfectly normal space is perfectly normal. (iii) Show that ω1, with its order topology,
is completely regular, normal and Hausdorff, but not perfectly normal. (iv) Show that [0, 1]I is perfectly
normal iff I is countable.

(d) Give an example of a measure space (X,Σ, µ) and a family K of sets such that

(‡)
⋂

n∈NKn ∈ K whenever 〈Kn〉n∈N is a non-increasing sequence in K

and the completion of µ is inner regular with respect to K, but µ is not.

(e) Let (X,Σ, µ) be a measure space, and suppose that µ is inner regular with respect to K ⊆ PX. Write
Σf for {E : E ∈ Σ, µE < ∞}. Show that {E• : E ∈ K ∩ Σf} is dense in {E• : E ∈ Σf} for the strong
measure-algebra topology.

(f) Let (X,Σ, µ) be [0, 1] with Lebesgue measure, and Y = [0, 1] with counting measure ν; give X its
usual topology and Y its discrete topology, and let λ be the c.l.d. product measure on X × Y . (i) Show
that µ, ν and λ are all tight (for the appropriate topologies) and therefore completion regular. (ii) Let λ0
be the primitive product measure on X × Y (definition: 251C). Show that λ0 is not tight. (Hint : 252Yk.)
Remark : it is undecidable in ZFC whether λ0 is inner regular with respect to the closed sets.

(g) Give an example of a Hausdorff topological measure space (X,T,Σ, µ) such that µ is complete, strictly
localizable and outer regular with respect to the open sets, but not inner regular with respect to the closed
sets.
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412 Notes and comments In this volume we are returning to considerations which have been left on one
side for almost the whole of Volume 3 – the exceptions being in Chapter 34, where I looked at realization of
homomorphisms of measure algebras by functions between measure spaces, and was necessarily dragged into
an investigation of measure spaces which had enough points to be adequate codomains (343B). The idea
of ‘inner regularity’ is to distinguish families K of sets which will be large enough to describe the measure
entirely, but whose members will be of familiar types. For an example of this principle see 412Yb. Of course
we cannot always find a single type of set adequate to fill a suitable family K, though this happens oftener
than one might expect, but it is surely easier to think about an arbitrary zero set (for instance) than an
arbitrary measurable set, and whenever a measure is inner regular with respect to a recognisable class it is
worth knowing about it.

I have tried to use the symbols † and ‡ (412A, 412C) consistently enough for them to act as a guide
to some of the ideas which will be used repeatedly in this chapter. Note the emphasis on disjoint unions
and countable intersections; I mentioned similar conditions in 136Xi-136Xj. You will recognise 412Aa as
an exhaustion principle; observe that it is enough to use disjoint unions, as in 313K. In the examples of
this section this disjointness is not important. Of course inner regularity has implications for the measure
algebra (412N), but it is important to recognise that ‘µ is inner regular with respect to K’ is saying much
more than ‘{K• : K ∈ K} is order-dense in the measure algebra’; the latter formulation tells us only that
whenever µE > 0 there is a K ∈ K such that K \E is negligible and µK > 0, while the former tells us that
we can take K to be actually a subset of E.

412D, 412E and 412G are all of great importance. 412D looks striking, but of course the reason it works is
just that the Baire σ-algebra is very small. In 412E the Baire and Borel σ-algebras coincide, so it is nothing
but a special case of 412D; but as metric spaces are particularly important it is worth having it spelt out
explicitly. In 412D and 412E the hypothesis ‘semi-finite’ is sufficient, while in 412G we need ‘effectively
locally finite’; this is because in both 412D and 412E the open sets we are looking at are countable unions
of measurable closed sets. There are interesting non-metrizable spaces in which the same thing happens
(412Yc). As you know, I am strongly biased in favour of complete and locally determined measures, and the
Baire and Borel measures dealt with in these three results are rarely complete; but they can still be applied
to completions and c.l.d. versions of these measures, using 412Ab or 412H.

412O-412V are essentially routine. For subspace measures, the only problem we need to come to terms
with is the fact that subspaces of semi-finite measure spaces need not be semi-finite (216Xa). For product
measures the point is that the c.l.d. product of two measure spaces, and the product of any family of
probability spaces, as I defined them in Chapter 25, are inner regular with respect to the σ-algebra of sets
generated by the cylinder sets. This is not in general true of the ‘primitive’ product measure (412Yf), which
is one of my reasons for being prejudiced against it. I should perhaps warn you of a trap in the language I
use here. I say that if the factor measures are inner regular with respect to the closed sets, so is the c.l.d.
product measure. But I do not say that all closed sets in the product are measured by the product measure,
even if closed sets in the factors are measured by the factor measures. So the path is open for a different
product measure to exist, still inner regular with respect to the closed sets; and indeed I shall be going
down that path in §417. The uniqueness result in 412M specifically refers to complete locally determined
measures defined on all sets of the family K.

There is one special difficulty in 412V: in order to ensure that there are enough compact measurable sets
in X =

∏
i∈I Xi, we need to know that all but countably many of the Xi are actually compact. When we

come to look more closely at products of Radon probability spaces we shall need to consider this point again
(417Q, 417Xq).

In fact some of the ideas of 412U-412V are not restricted to the product measures considered there.
Other measures on the product space will have inner regularity properties if their images on the factors,
their ‘marginals’ in the language of probability theory, are inner regular; see 412Xr. I will return to this in
§454.

This section is almost exclusively concerned with inner regularity. The complementary notion of outer
regularity is not much use except in σ-finite spaces (415Xi), and not always then (416Ya). In totally finite
spaces, of course, and some others, any version of inner regularity corresponds to a version of outer regularity,
as in 412Wb(i)-(ii); and when we have something as strong as 412Wb(iii) available it is worth knowing about
it.
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Version of 1.1.17

413 Inner measure constructions

I now turn in a different direction, giving some basic results on the construction of inner regular measures.
The first step is to describe ‘inner measures’ (413A) and a construction corresponding to the Carathéodory
construction of measures from outer measures (413C). Just as every measure gives rise to an outer measure,
it gives rise to an inner measure (413D). Inner measures form an effective tool for studying complete locally
determined measures (413F).

The most substantial results of the section concern the construction of measures as extensions of func-
tionals defined on various classes K of sets. Typically, K is closed under finite unions and countable in-
tersections, though we can sometimes relax the hypotheses a bit. The methods here make it possible to
distinguish arguments which produce finitely additive functionals (413I, 413O, 413R, 413S) from the suc-
ceeding steps to countably additive measures (413J, 413P, 413U). 413I-413N investigate conditions on a
functional φ : K → [0,∞[ sufficient to produce a measure extending φ, necessarily unique, which is inner
regular with respect to K or Kδ, the set of intersections of sequences in K. 413O-413P look instead at func-
tionals defined on sublattices of the class K of interest, and at sufficient conditions to ensure the existence of
a measure, not normally unique, defined on the whole of K, inner regular with respect to K and extending
the given functional. Finally, 413R-413U are concerned with majorizations rather than extensions; we seek
a measure µ such that µK ≥ φK for K ∈ K, while µX is as small as possible.

413A I begin with some material from the exercises of earlier volumes.

Definition Let X be a set. An inner measure on X is a functional φ : PX → [0,∞] such that

φ∅ = 0;

(α) φ(A ∪B) ≥ φA+ φB for all disjoint A, B ⊆ X;

(β) if 〈An〉n∈N is a non-increasing sequence of subsets of X and φA0 <∞ then φ(
⋂

n∈NAn) =
infn∈N φAn;

(∗) φA = sup{φB : B ⊆ A, φB <∞} for every A ⊆ X.

413B The following fact will be recognised as an element of Carathéodory’s method. There will be an
application later in which it will be useful to know that it is not confined to proving countable additivity.

Lemma Let X be a set and φ : PX → [0,∞] any functional such that φ∅ = 0. Then

Σ = {E : E ⊆ X, φA = φ(A ∩ E) + φ(A \ E) for every A ⊆ X}

is an algebra of subsets of X, and φ(E ∪ F ) = φE + φF for all disjoint E, F ∈ Σ.

proof The symmetry of the definition of Σ ensures that X \ E ∈ Σ whenever E ∈ Σ. If E, F ∈ Σ and
A ⊆ X, then

φ(A ∩ (E∪F )) + φ(A \ (E ∪ F ))

= φ(A ∩ (E ∪ F ) ∩ E) + φ(A ∩ (E ∪ F ) \ E) + φ(A \ (E ∪ F ))

= φ(A ∩ E) + φ((A \ E) ∩ F ) + φ((A \ E) \ F )

= φ(A ∩ E) + φ(A \ E) = φA.

As A is arbitrary, E ∪ F ∈ Σ. Finally, if A ⊆ X,

φ(A ∩ ∅) + φ(A \ ∅) = φ∅ + φA = φA

because φ∅ = 0; so ∅ ∈ Σ.
Thus Σ is an algebra of sets. If E, F ∈ Σ and E ∩ F = ∅, then

φ(E ∪ F ) = φ((E ∪ F ) ∩ E) + φ((E ∪ F ) \ E) = φE + φF .
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413C Measures from inner measures I come now to a construction corresponding to Carathéodory’s
method of defining measures from outer measures.

Theorem Let X be a set and φ : X → [0,∞] an inner measure. Set

Σ = {E : E ⊆ X, φ(A ∩ E) + φ(A \ E) = φA for every A ⊆ X}.

Then (X,Σ, φ↾Σ) is a complete measure space.

proof (Compare 113C.)

(a) The first step is to note that if A ⊆ B ⊆ X then

φB ≥ φA+ φ(B \A) ≥ φA.

Next, a subset E of X belongs to Σ iff φA ≤ φ(A ∩ E) + φ(A \ E) whenever A ⊆ X and µA < ∞. PPP Of
course any element of Σ satisfies the condition. If E satisfies the condition and A ⊆ X, then

φA = sup{φB : B ⊆ A, φB <∞}

≤ sup{φ(B ∩ E) + φ(B \ E) : B ⊆ A}

= φ(A ∩ E) + φ(A \ E) ≤ φA,

so E ∈ Σ. QQQ

(b) By 413B, Σ is an algebra of subsets of X. Now suppose that 〈En〉n∈N is a non-decreasing sequence
in Σ, with union E. If A ⊆ X and φA <∞, then

φ(A \ E) = infn∈N φ(A \ En) = limn→∞ φ(A \ En)

because 〈A \ En〉n∈N is non-increasing and φ(A \ E0) is finite; so

φ(A ∩ E) + φ(A \ E) ≥ limn→∞ φ(A ∩ En) + φ(A \ En) = φA.

By (a), E ∈ Σ. So Σ is a σ-algebra.

(c) If E, F ∈ Σ and E ∩ F = ∅ then φ(E ∪ F ) = φE + φF , by 413B. If 〈En〉n∈N is a disjoint sequence in
Σ with union E, then

µE ≥ µ(
⋃

i≤nEi) =
∑n

i=0 µEi

for every n, so µE ≥
∑∞

i=0 µEi. ??? If µE >
∑∞

i=0 µEi, there is an A ⊆ E such that
∑∞

i=0 µEi < φA < ∞.
But now, setting Fn =

⋃
i≤nEi for each n, we have limn→∞ φ(A \ Fn) = 0, so that

φA = limn→∞ φ(A ∩ Fn) + φ(A \ Fn) =
∑∞

i=0 φ(A ∩ Ei) < φA,

which is absurd. XXX Thus µE =
∑∞

i=0 µEi. As 〈En〉n∈N is arbitrary, µ is a measure.

(d) Finally, suppose that B ⊆ E ∈ Σ and µE = 0. Then for any A ⊆ X we must have

φ(A ∩B) + φ(A \B) ≥ φ(A \ E) = φ(A ∩ E) + φ(A \ E) = φA,

so B ∈ Σ. Thus µ is complete.

Remark For a simple example see 213Yd.

413D The inner measure defined by a measure Let (X,Σ, µ) be any measure space. Just as µ
has an associated outer measure µ∗ defined by the formula

µ∗A = inf{µE : A ⊆ E ∈ Σ}

(132A-132B), it gives rise to an inner measure µ∗ defined by the formula

µ∗A = sup{µE : E ∈ Σf , E ⊆ A},

where I write Σf for {E : E ∈ Σ, µE <∞}. PPP µ∗∅ = µ∅ = 0. (α) If A ∩B = ∅, and E ⊆ A, F ⊆ B belong
to Σf , then E ∪ F ⊆ A ∪B also has finite measure, so

µ∗(A ∪B) ≥ µ(E ∪ F ) = µE + µF ;
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taking the supremum over E and F , µ∗(A ∪B) ≥ µ∗A+ µ∗B. (β) If 〈An〉n∈N is a non-increasing sequence
of sets with intersection A and µ∗A0 < ∞, then for each n ∈ N we can find an En ⊆ An such that
µEn ≥ µ∗An − 2−n. In this case,

µ(
⋃

n∈NEn) ≤ µ∗A0 <∞.

Set

E =
⋂

n∈N

⋃
m≥nEm ⊆ A.

Then E ∈ Σf , so

µ∗A ≥ µE ≥ lim supn→∞ µEn = limn→∞ µ∗An ≥ µ∗A.

(∗) If A ⊆ X and µ∗A = ∞ then

sup{µ∗B : B ⊆ A, µ∗B <∞} ≥ sup{µE : E ∈ Σf , E ⊆ A} = ∞. QQQ

Warning Many authors use the formula

µ∗A = sup{µE : A ⊇ E ∈ Σ}.

In ‘ordinary’ cases, when (X,Σ, µ) is semi-finite, this agrees with my usage (413Ed); but for non-semi-finite
spaces there is a difference. See 413Yd.

413E I note the following simple facts concerning inner measures defined from measures.

Proposition Let (X,Σ, µ) be a measure space. Write Σf for {E : E ∈ Σ, µE <∞}.
(a) For every A ⊆ X there is an E ∈ Σ such that E ⊆ A and µE = µ∗A.
(b) µ∗A ≤ µ∗A for every A ⊆ X.
(c) If E ∈ Σ and A ⊆ X, then µ∗(E ∩A) + µ∗(E \A) ≤ µE, with equality if either (i) µE <∞ or (ii) µ

is semi-finite.
(d) In particular, µ∗E ≤ µE for every E ∈ Σ, with equality if either µE <∞ or µ is semi-finite.
(e) If µ is inner regular with respect to K, then (counting the supremum of the empty set as 0) µ∗A =

sup{µK : K ∈ K ∩ Σf , K ⊆ A} for every A ⊆ X.
(f) If A ⊆ X is such that µ∗A = µ∗A <∞, then A is measured by the completion of µ.
(g) If µ̂, µ̃ are the completion and c.l.d. version of µ, then µ̂∗ = µ̃∗ = µ∗.
(h) If (Y,T, ν) is another measure space, and f : X → Y is an inverse-measure-preserving function, then

µ∗(f−1[B]) ≤ ν∗B, µ∗(f−1[B]) ≥ ν∗B

for every B ⊆ Y , and

ν∗(f [A]) ≥ µ∗A

for every A ⊆ X.
(i) Suppose that µ is semi-finite. If A ⊆ E ∈ Σ, then E is a measurable envelope of A iff µ∗(E \A) = 0.

proof (a) There is a sequence 〈En〉n∈N in Σf such that En ⊆ A for each n and limn→∞ µEn = µ∗A; now
set E =

⋃
n∈NEn.

(b) If E, F ∈ Σ and E ⊆ A ⊆ F we must have µE ≤ µF .

(c) If F ⊆ E ∩A and F ∈ Σf , then

µF + µ∗(E \A) ≤ µF + µ(E \ F ) = µE;

taking the supremum over F , µ∗(E ∩A) + µ∗(E \A) ≤ µE. If µE <∞, then

µ∗(E ∩A) = sup{µF : F ∈ Σ, F ⊆ E ∩A}

= µE − inf{µ(E \ F ) : F ∈ Σ, F ⊆ E ∩A}

= µE − inf{µF : F ∈ Σ, E \A ⊆ F ⊆ E} = µE − µ∗(E \A).

If µ is semi-finite, then
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µ∗(E ∩A) + µ∗(E \A) ≥ sup{µ∗(F ∩A) + µ∗(F \A) : F ∈ Σf , F ⊆ E}

= sup{µF : F ∈ Σf , F ⊆ E} = µE.

(d) Take A = E in (c).

(e)

µ∗A = sup{µE : E ∈ Σf , E ⊆ A}

= sup{µK : K ∈ K ∩ Σ, ∃E ∈ Σf , K ⊆ E ⊆ A}

= sup{µK : K ∈ K ∩ Σf , K ⊆ A}.

(f) By (a) above and 132Aa, there are E, F ∈ Σ such that E ⊆ A ⊆ F and

µE = µ∗A = µ∗A = µF <∞;

now µ(F \ E) = 0, so F \A and A are measured by the completion of µ.

(g) Write µ̌ for either µ̂ or µ̃, and Σ̌ for its domain, and let A ⊆ X. (i) If γ < µ∗A, there is an E ∈ Σ such
that E ⊆ A and γ ≤ µE < ∞; now µ̌E = µE (212D, 213Fa), so µ̌∗A ≥ γ. As γ is arbitrary, µ∗A ≤ µ̌∗A.
(ii) If γ < µ̌∗A, there is an E ∈ Σ̌ such that E ⊆ A and γ ≤ µ̌E < ∞. Now there is an F ∈ Σ such that
F ⊆ E and µF = µ̌E (212Cb, 213Fc), so that µ∗A ≥ γ. As γ is arbitrary, µ∗A ≥ µ̌∗A.

(h) This is elementary; all we have to note is that if F , F ′ ∈ T and F ⊆ B ⊆ F ′, then f−1[F ] ⊆ f−1[B] ⊆
f−1[F ′], so that

νF = µf−1[F ] ≤ µ∗f
−1[B] ≤ µ∗f−1[B] ≤ µf−1[F ′] = νF ′.

As F and F ′ are arbitrary,

ν∗B ≤≤ µ∗f
−1[B], µ∗f−1[B] ≤ ν∗B.

Now, for A ⊆ X,

µ∗A ≤ µ∗(f−1[f [A]]) ≤ ν∗(f [A]).

(i)(i) If E is a measurable envelope of A and F ∈ Σ is included in E \A, then

µF = µ(F ∩ E) = µ∗(F ∩A) = 0;

as F is arbitrary, µ∗(E \ A) = 0. (ii) If E is not a measurable envelope of A, there is an F ∈ Σ such that
µ∗(F ∩A) < µ(F ∩ E). Let G ∈ Σ be such that F ∩A ⊆ G and µG = µ∗(F ∩A). Then µ(F ∩ E \G) > 0;
because µ is semi-finite, µ∗(E \A) ≥ µ∗(F ∩ E \G) > 0.

413F The language of 413D makes it easy to express some useful facts about complete locally determined
measure spaces, complementing 412J.

Lemma Let (X,Σ, µ) be a complete locally determined measure space and K a family of subsets of X such
that µ is inner regular with respect to K. Then for E ⊆ X the following are equiveridical:

(i) E ∈ Σ;
(ii) E ∩K ∈ Σ whenever K ∈ Σ ∩ K;
(iii) µ∗(K ∩ E) + µ∗(K \ E) = µ∗K for every K ∈ K;
(iv) µ∗(K ∩ E) + µ∗(K \ E) = µ∗K for every K ∈ K;
(v) µ∗(E ∩K) = µ∗(E ∩K) for every K ∈ K ∩ Σ;
(vi) min(µ∗(K ∩ E), µ∗(K \ E)) < µK whenever K ∈ K ∩ Σ and 0 < µK <∞;
(vii) max(µ∗(K ∩ E), µ∗(K \ E)) > 0 whenever K ∈ K ∩ Σ and µK > 0.

proof (a) Assume (i). Then of course E ∩K ∈ Σ for every K ∈ Σ ∩ K, and (ii) is true. For any K ∈ K
there is an F ∈ Σ such that F ⊇ K and µF = µ∗K (132Aa again); now

µ∗K ≤ µ∗(K ∩ E) + µ∗(K \ E) ≤ µ(F ∩ E) + µ(F \ E) = µF = µ∗K,
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so (iii) is true. Next, for any K ∈ K,

µ∗(K ∩ E) + µ∗(K \ E) ≤ µ∗K = sup{µF : F ∈ Σf , F ⊆ K}

(writing Σf for {F : F ∈ Σ, µF <∞})

= sup{µ(F ∩ E) + µ(F \ E) : F ∈ Σf , F ⊆ K}

≤ µ∗(K ∩ E) + µ∗(K \ E).

So (iv) is true. If K ∈ K ∩ Σ, then

µ∗(E ∩K) = sup{µF : F ∈ Σf , F ⊆ E ∩K} = µ(E ∩K) = µ∗(E ∩K)

because µ is semi-finite. So (v) is true. Since (iii)⇒(vi) and (iv)⇒(vii), we see that all the conditions are
satisfied.

(b) Now suppose that E /∈ Σ; I have to show that (ii)-(vii) are all false. Because µ is locally determined,
there is an F ∈ Σf such that E ∩F /∈ Σ. Take measurable envelopes H, H ′ of F ∩E and F \E respectively
(132Ee). Then F \H ′ ⊆ F ∩ E ⊆ F ∩H, so

G = (F ∩H) \ (F \H ′) = F ∩H ∩H ′

cannot be negligible. Take K ∈ K ∩ Σ such that K ⊆ G and µK > 0. As G ⊆ F , µK <∞. Now

µ∗(K ∩ E) = µ∗(K ∩ F ∩ E) = µ(K ∩H) = µK,

µ∗(K \ E) = µ∗(K ∩ F \ E) = µ(K ∩H ′) = µK.

But this means that

µ∗(K ∩ E) = µK − µ∗(K \ E) = 0, µ∗(K \ E) = µK − µ∗(K ∩ E) = 0

by 413Ec. Now we see that this K witnesses that (ii)-(vii) are all false.

413G The ideas of 413F can be used to give criteria for measurability of real-valued functions. I spell
out one which is particularly useful.

Lemma Let (X,Σ, µ) be a complete locally determined measure space and suppose that µ is inner regular
with respect to K ⊆ Σ. Suppose that f : X → R is a function, and for α ∈ R set Eα = {x : f(x) ≤ α},
Fα = {x : f(x) ≥ β}. Then f is Σ-measurable iff

min(µ∗(Eα ∩K), µ∗(Fβ ∩K)) < µK

whenever K ∈ K, 0 < µK <∞ and α < β.

proof (a) If f is measurable, then

µ∗(Eα ∩K) + µ∗(Fβ ∩K) = µ(Eα ∩K) + µ(Fβ ∩K) ≤ µK

whenever K ∈ Σ and α < β, so if 0 < µK <∞ then we must have min(µ∗(Eα ∩K), µ∗(Fβ ∩K)) < µK.

(b) If f is not measurable, then there is some α ∈ R such that Eα is not measurable. 413F(vi) tells us
that there is a K ∈ K such that 0 < µK < ∞ and µ∗(Eα ∩ K) = µ∗(K \ Eα) = µK. Note that K is a
measurable envelope of K ∩ Eα (132Eb). Now 〈K ∩ Fα+2−n〉n∈N is a non-decreasing sequence with union
K \Eα, so there is some β > α such that K ∩ Fβ is not negligible. Let H ⊆ K be a measurable envelope of
K ∩ Fβ , and K ′ ∈ K such that K ′ ⊆ H and µK ′ > 0; then

µ∗(K ′ ∩ Eα) = µ∗(K ′ ∩K ∩ Eα) = µ(K ′ ∩K) = µK ′,

µ∗(K ′ ∩ Fβ) = µ∗(K ′ ∩H ∩ Fβ) = µ(K ′ ∩H) = µK ′,

so K ′, α and β witness that the condition is not satisfied.

413H The following fact is interesting and not quite obvious.
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Proposition Let (X,Σ, µ) be a complete totally finite measure space, (Y,T, ν) a measure space, and S

a Hausdorff topology on Y such that ν is inner regular with respect to the closed sets. Let 〈fn〉n∈N be a
sequence of inverse-measure-preserving functions from X to Y . If f(x) = limn→∞ fn(x) is defined in Y for
every x ∈ X, then f is inverse-measure-preserving.

proof Let µ∗ be the inner measure associated with µ (413D). If F ∈ T is closed then
⋂

n∈N

⋃
m≥n f

−1
m [F ] ⊆

f−1[F ], so

µ∗f
−1[F ] ≥ µ(

⋂
n∈N

⋃
m≥n f

−1
m [F ]) ≥ lim infn→∞ µf−1

n [F ] = νF .

So if H is any member of T,

µ∗f
−1[H] ≥ sup{µ∗f

−1[F ] : F ∈ T, F ⊆ H and F is closed}

≥ sup{νF : F ∈ T, F ⊆ H and F is closed} = νH.

Taking complements,

µ∗f−1[H] = µX − µ∗f
−1[Y \H]

(413Ec)

≤ νY − ν(Y \H) = νH

(of course νY = µf−1
0 [Y ] = µX). So µ∗f−1[H] = µ∗f

−1[H] = νH. Because µ is complete, µf−1[H] is
defined and equal to νH (413Ef). As H is arbitrary, f is inverse-measure-preserving.

413I Inner measure constructions based on 413C are important because they offer an efficient way of
setting up measures which are inner regular with respect to given families of sets. Two of the fundamental
results are 413J and 413K. I proceed by means of a lemma on finitely additive functionals.

Lemma Let X be a set and K a family of subsets of X such that

∅ ∈ K,

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡) K ∩K ′ ∈ K for all K, K ′ ∈ K.

Let φ0 : K → [0,∞[ be a functional such that

(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K.

Set

φA = sup{φ0K : K ∈ K, K ⊆ A} for A ⊆ X,

Σ = {E : E ⊆ X, φA = φ(A ∩ E) + φ(A \ E) for every A ⊆ X}.

Then Σ is an algebra of subsets of X, including K, and φ↾Σ : Σ → [0,∞] is an additive functional extending
φ0.

proof (a) To see that Σ is an algebra of subsets and φ↾Σ is additive, all we need to know is that φ∅ = 0
(413B); and this is because, applying hypothesis (α) with K = L = ∅, φ0∅ = φ0∅ + φ0∅, so φ0∅ = 0. (α)
also assures us that φ0L ≤ φ0K whenever K, L ∈ K and L ⊆ K, so φK = φ0K for every K ∈ K.

(b) To check that K ⊆ Σ, we have a little more work to do. First, observe that (†) and (α) together tell
us that φ0(K ∪K ′) = φ0K + φ0K

′ for all disjoint K, K ′ ∈ K. So if A, B ⊆ X and A ∩B = ∅ then

φA+ φB = sup
K∈K
K⊆A

φ0K + sup
L∈K
L⊆B

φ0L = sup
K,L∈K
K⊆A
L⊆B

φ0(K ∪ L) ≤ φ(A ∪B).

(c) K ⊆ Σ. PPP Take K ∈ K and A ⊆ X. If L ∈ K and L ⊆ A, then

φ0L = φ0(K ∩ L) + sup{φ0L
′ : L′ ∈ K, L′ ⊆ L \K} ≤ φ(A ∩K) + φ(A \K).

(Note the use of the hypothesis (‡).) As L is arbitrary, φA ≤ φ(A ∩K) + φ(A \K). We already know that
φ(A ∩K) + φ(A \K) ≤ φA; as A is arbitrary, K ∈ Σ. QQQ

This completes the proof.
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413J Theorem (Topsøe 70a) Let X be a set and K a family of subsets of X such that

∅ ∈ K,

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡)
⋂

n∈NKn ∈ K whenever 〈Kn〉n∈N is a sequence in K.

Let φ0 : K → [0,∞[ be a functional such that

(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K,

(β) infn∈N φ0Kn = 0 whenever 〈Kn〉n∈N is a non-increasing sequence in K with empty inter-
section.

Then there is a unique complete locally determined measure µ on X extending φ0 and inner regular with
respect to K.

proof (a) Set

φA = sup{φ0K : K ∈ K, K ⊆ A} for A ⊆ X,

Σ = {E : E ⊆ X, φA = φ(A ∩ E) + φ(A \ E) for every A ⊆ X}.

Then 413I tells us that Σ is an algebra of subsets of X, including K, and µ = φ↾Σ is an additive functional
extending φ0.

(b) Now µ(
⋂

n∈NKn) = infn∈N µKn whenever 〈Kn〉n∈N is a non-increasing sequence in K. PPP Set L =⋂
n∈NKn. Of course µL ≤ infn∈N µKn. For the reverse inequality, take ǫ > 0. Then (α) tells us that there

is a K ′ ∈ K such that K ′ ⊆ K0 \ L and µK0 ≤ µL + µK ′ + ǫ. Since 〈Kn ∩ K ′〉n∈N is a non-increasing
sequence in K with empty intersection, (β) tells us that there is an n ∈ N such that µ(Kn ∩K ′) ≤ ǫ. Now

µK0 − µL = µ(K0 \ L) = µ(K0 \ (K ′ ∪ L)) + µK ′

≤ ǫ+ µ(Kn ∩K ′) + µ(K ′ \Kn) ≤ 2ǫ+ µ(K0 \Kn) = 2ǫ+ µK0 − µKn.

(These calculations depend, of course, on the additivity of µ and the finiteness of µK0.) So µL ≥ µKn − 2ǫ.
As ǫ is arbitrary, µL = infn∈N µKn. QQQ

(c) If 〈An〉n∈N is a non-increasing sequence of subsets of X, with intersection A, and φA0 < ∞, then
φA = infn∈N φAn. PPP Of course φA ≤ φAn for every n. Given ǫ > 0, then for each n ∈ N choose Kn ∈ K
such that Kn ⊆ An and φ0Kn ≥ φAn − 2−nǫ (this is where I use the hypothesis that φA0 is finite); set
Ln =

⋂
i≤nKi for each n, and L =

⋂
n∈N Ln. Then we have

φAn+1 − µLn+1 = φAn+1 − µ(Kn+1 ∩ Ln)

= φAn+1 − µKn+1 − µLn + µ(Kn+1 ∪ Ln)

≤ 2−n−1ǫ− µLn + φAn

because Kn+1 ⊆ An+1 ⊆ An and Ln ⊆ Kn ⊆ An. Inducing on n, we see that µLn ≥ φAn − 2ǫ + 2−nǫ for
every n. So

φA ≥ µL = infn∈N µLn ≥ infn∈N φAn − 2ǫ,

using (b) above for the middle equality. As ǫ is arbitrary, φA = infn∈N φAn. QQQ

(d) It follows that φ is an inner measure. PPP The arguments of parts (a) and (b) of the proof of 413I
tell us that φ∅ = 0 and φ(A ∪ B) ≤ φA + φB whenever A, B ⊆ X are disjoint. We have just seen that
φ(
⋂

n∈NAn) = infn∈N φAn whenever 〈An〉n∈N is a non-increasing sequence of sets and φA0 < ∞. Finally,
φK = φ0K is finite for every K ∈ K, so φA = sup{φB : B ⊆ A, φB < ∞} for every A ⊆ X. Putting these
together, φ is an inner measure. QQQ

(e) So 413C tells us that µ is a complete measure, and of course it is inner regular with respect to K,
by the definition of φ. It is semi-finite because µK = φ0K is finite for every K ∈ K. Now suppose that
E ⊆ X and that E ∩ F ∈ Σ whenever µF <∞. Take any A ⊆ X. If L ∈ K and L ⊆ A, we have L ∈ Σ and
µL <∞, so

φ0L = µL = µ(L ∩ E) + µ(L \ E) = φ(L ∩ E) + φ(L \ E) ≤ φ(A ∩ E) + φ(A \ E);
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taking the supremum over L, φA ≤ φ(A ∩ E) + φ(A \ E). As A is arbitrary, E ∈ Σ; as E is arbitrary, µ is
locally determined.

(f) Finally, µ is unique by 412Mb.

413K Theorem Let X be a set and K a family of subsets of X such that

∅ ∈ K,

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡) K ∩K ′ ∈ K whenever K, K ′ ∈ K.

Let φ0 : K → [0,∞[ be a functional such that

(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K,

(β) infn∈N φ0Kn = 0 whenever 〈Kn〉n∈N is a non-increasing sequence in K with empty inter-
section.

Then there is a unique complete locally determined measure µ on X extending φ0 and inner regular with
respect to Kδ, the family of sets expressible as intersections of sequences in K.

proof (a) Set

ψA = sup{φ0K : K ∈ K, K ⊆ A} for A ⊆ X,

T = {E : E ⊆ X, ψA = ψ(A ∩ E) + ψ(A \ E) for every A ⊆ X}.

Then 413I tells us that T is an algebra of subsets of X, including K, and ν = ψ↾T is an additive functional
extending φ0.

(b) Write Tf for {E : E ∈ T, νE < ∞}. If 〈En〉n∈N is a non-increasing sequence in Tf with empty
intersection, limn→∞ νEn = 0. PPP Given ǫ > 0, we can choose a sequence 〈Kn〉n∈N in K such that Kn ⊆ En

and

νKn = φ0Kn ≥ νEn − 2−nǫ

for each n. Set Ln =
⋂

i≤nKi for each n; then

limn→∞ νLn = limn→∞ φ0Ln = 0

by hypothesis (β). But also, for each n,

νEn ≤ νLn +
∑n

i=0 ν(Ei \Ki) ≤ νLn + 2ǫ,

because ν is additive and non-negative and En ⊆ Ln ∪
⋃

i≤n(Ei \ Ki). So lim supn→∞ νEn ≤ 2ǫ; as ǫ is
arbitrary, limn→∞ νEn = 0. QQQ

(c) Write Tf
δ for the family of sets expressible as intersections of sequences in Tf , and for H ∈ Tf

δ set

φ1H = inf{νE : H ⊆ E ∈ T}. Note that because E ∩ F ∈ Tf whenever E, F ∈ Tf , every member of Tf
δ

can be expressed as the intersection of a non-increasing sequence in Tf .

(i) If 〈En〉n∈N is a non-increasing sequence in Tf with intersection H ∈ Tf
δ , φ1H = limn→∞ νEn. PPP

Of course

φ1H ≤ infn∈N νEn = limn→∞ νEn.

On the other hand, if H ⊆ E ∈ T, then 〈En \ E〉n∈N is a non-increasing sequence in Tf with empty
intersection, and

νE ≥ limn→∞ ν(En ∩ E) = limn→∞ νEn − limn→∞ ν(En \ E) = limn→∞ νEn

by (b) above. As E is arbitrary, φ1(
⋂

n∈NEn) = limn→∞ νEn. QQQ

(ii) Because K ⊆ Tf , Kδ ⊆ Tf
δ . Now for any H ∈ Tf

δ , φ1H = sup{φ1L : L ∈ Kδ, L ⊆ H}. PPP Express

H as
⋂

n∈NEn where 〈En〉n∈N is a non-increasing sequence in Tf . Given ǫ > 0, we can choose a sequence
〈Kn〉n∈N in K such that Kn ⊆ En and νKn ≥ νEn − 2−nǫ for each n. Setting Ln =

⋂
i≤nKi for each n and

L =
⋂

n∈N Ln, we have L ∈ Kδ, L ⊆ H and
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φ1H = limn→∞ νEn ≤ limn→∞(νLn +
∑n

i=0 ν(Ei \Ki)) ≤ φ1L+ 2ǫ.

As ǫ is arbitrary, this gives the result. QQQ

(d) We find that Tf
δ and φ1 satisfy the conditions of 413J. PPP Of course ∅ ∈ Tf

δ . If G, H ∈ Tf
δ and

G ∩ H = ∅, express them as
⋂

n∈NEn,
⋂

n∈N Fn where 〈En〉n∈N, 〈Fn〉n∈N are non-increasing sequences in

Tf . Then

G ∪H =
⋂

n∈NEn ∪ Fn

belongs to Tf
δ , and

φ1(G ∪H) = lim
n→∞

ν(En ∪ Fn) = lim
n→∞

νEn + νFn − ν(En ∩ Fn)

= lim
n→∞

νEn + νFn

(by (b))

= φ1G+ φ1H.

The definition of Tf
δ as the set of intersections of sequences in Tf ensures that the intersection of any

sequence in Tf
δ will belong to Tf

δ .

Now suppose that G, H ∈ Tf
δ and that G ⊆ H. Express them as intersections

⋂
n∈NEn,

⋂
n∈N Fn of

non-increasing sequences in Tf , so that φ1G = limn→∞ νEn and φ1H = limn→∞ νFn. For each n, set

Hn =
⋂

m∈N Fm \ En, so that Hn ∈ Tf
δ , Hn ⊆ H \G, and

φ1Hn = lim
m→∞

ν(Fm \ En) = lim
m→∞

νFm − ν(Fm ∩ En)

≥ lim
m→∞

νFm − νEn = φ1H − νEn.

Accordingly

sup{φ1G
′ : G′ ∈ Tf

δ , G
′ ⊆ H \G} ≥ supn∈N φ1H − νEn = φ1H − φ1G.

On the other hand, if G′ ∈ Tf
δ and G′ ⊆ H \G, then

φ1G+ φ1G
′ = φ1(G ∪G′) ≤ φ1H

because of course φ1 is non-decreasing, as well as being additive on disjoint sets. So

sup{φ1G
′ : G′ ∈ Tf

δ , G
′ ⊆ H \G} = φ1H − φ1G

as required by condition (α) of 413J. Finally, suppose that 〈Hn〉n∈N is a non-increasing sequence in Tf
δ

with empty intersection. For each n ∈ N, let 〈Eni〉i∈N be a non-increasing sequence in Tf with intersection

Hn, and set Fm =
⋂

i,j≤mEji for each m. Then 〈Fm〉m∈N is a non-increasing sequence in Tf with empty
intersection, while Hm ⊆ Fm for each m, so

limm→∞ φ1Hm ≤ limm→∞ νFm = 0.

Thus condition 413J(β) is satisfied, and we have the full list. QQQ

(e) By 413J, we have a complete locally determined measure µ, extending φ1, and inner regular with

respect to Tf
δ . Since φ1K = νK = φ0K for K ∈ K, µ extends φ0. If G belongs to the domain of µ, and

γ < µG, there is an H ∈ Tf
δ such that H ⊆ G and γ < µH = φ1H; by (c-ii), there is an L ∈ Kδ such that

L ⊆ H and γ ≤ φ1L = µL. Thus µ is inner regular with respect to Kδ. To see that µ is unique, observe
that if µ′ is any other measure with these properties, and L ∈ Kδ, then L is expressible as

⋂
n∈NKn where

〈Kn〉n∈N is a sequence in K. Now

µL = limn→∞ µ(
⋂

i≤nKi) = limn→∞ φ0(
⋂

i≤nKi) = µ′L.

So µ and µ′ must agree on Kδ, and by 412Mb again they are identical.
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413L Corollary (a) Let X be a set, Σ a subring of PX, and ν : Σ → [0,∞[ a non-negative finitely
additive functional such that limn→∞ νEn = 0 whenever 〈En〉n∈N is a non-increasing sequence in Σ with
empty intersection. Then ν has a unique extension to a complete locally determined measure on X which
is inner regular with respect to the family Σδ of intersections of sequences in Σ.

(b) Let X be a set, Σ a subalgebra of PX, and ν : Σ → [0,∞[ a non-negative finitely additive functional
such that limn→∞ νEn = 0 whenever 〈En〉n∈N is a non-increasing sequence in Σ with empty intersection.
Then ν has a unique extension to a measure defined on the σ-algebra of subsets of X generated by Σ.

proof (a) Take Σ, ν in place of K, φ0 in 413K.

(b) Let ν1 be the complete extension as in (a), and let ν′1 be the restriction of ν1 to the σ-algebra Σ′

generated by Σ; this is the extension required here. To see that ν′1 is unique, use the Monotone Class
Theorem (136C).

Remark These are versions of the Hahn extension theorem. You will sometimes see (b) above stated
as ‘an additive functional on an algebra of sets extends to a measure iff it is countably additive’. But this
formulation depends on a different interpretation of the phrase ‘countably additive’ from the one used in
this book; see the note after the definition in 326I.

413M It will be useful to have a definition extending an idea in §342.

Definition A countably compact class (or semicompact paving) is a family K of sets such that⋂
n∈NKn 6= ∅ whenever 〈Kn〉n∈N is a sequence in K such that

⋂
i≤nKi 6= ∅ for every n ∈ N.

413N Corollary Let X be a set and K a countably compact class of subsets of X such that

∅ ∈ K,

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡) K ∩K ′ ∈ K whenever K, K ′ ∈ K.

Let φ0 : K → [0,∞[ be a functional such that

(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K.

Then there is a unique complete locally determined measure µ on X extending φ0 and inner regular with
respect to Kδ, the family of sets expressible as intersections of sequences in K.

proof The point is that the hypothesis (β) of 413K is necessarily satisfied: if 〈Kn〉n∈N is a non-increasing
sequence in K with empty intersection, then, because K is countably compact, there must be some n such
that Kn = ∅. Since hypothesis (α) here is already enough to ensure that φ0∅ = 0 and φ0K ≥ 0 for every
K ∈ K, we must have infn∈N φ0Kn = 0. So we apply 413K to get the result.

413O I now turn to constructions of a different kind, being extension theorems in which the extension
is not uniquely defined. Again I start with a theorem on finitely additive functionals.

Theorem Let X be a set, T0 a subring of PX, and ν0 : T0 → [0,∞[ a finitely additive functional. Suppose
that K ⊆ PX is a family of sets such that

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡) K ∩K ′ ∈ K for all K, K ′ ∈ K,

every member of K is included in some member of T0,

and ν0 is inner regular with respect to K in the sense that

(α) ν0E = sup{ν0K : K ∈ K ∩ T0, K ⊆ E} for every E ∈ T0.

Then ν0 has an extension to a non-negative finitely additive functional ν1, defined on a subring T1 of PX
including T0 ∪ K, inner regular with respect to K, and such that whenever E ∈ T1 and ǫ > 0 there is an
E0 ∈ T0 such that ν1(E△E0) ≤ ǫ.

proof (a) Let P be the set of all non-negative additive real-valued functionals ν, defined on subrings of
PX, inner regular with respect to K, and such that

(∗) whenever E ∈ dom ν and ǫ > 0 there is an E0 ∈ T0 such that ν(E△E0) ≤ ǫ.

Order P by extension of functions, so that P is a partially ordered set.
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(b) It will be convenient to borrow some notation from the theory of countably additive functionals. If
T is a subring of PX and ν : T → [0,∞[ is a non-negative additive functional, set

ν∗A = inf{νE : A ⊆ E ∈ T}, ν∗A = sup{νE : A ⊇ E ∈ T}

for every A ⊆ X (interpreting inf ∅ as ∞ if necessary). Now if A ⊆ X and E, F ∈ T are disjoint,

ν∗(A ∩ (E ∪ F )) = ν∗(A ∩ E) + ν∗(A ∩ F ),

ν∗(A ∩ (E ∪ F )) = ν∗(A ∩ E) + ν∗(A ∩ F ).

PPP ν∗(A ∩ (E ∪ F )) = inf{νG : G ∈ T, A ∩ (E ∪ F ) ⊆ G}

= inf{νG : G ∈ T, A ∩ (E ∪ F ) ⊆ G ⊆ E ∪ F}

= inf{ν(G ∩ E) + ν(G ∩ F ) : G ∈ T, A ∩ (E ∪ F ) ⊆ G ⊆ E ∪ F}

= inf{νG1 + νG2 : G1, G2 ∈ T, A ∩ E ⊆ G1 ⊆ E, A ∩ F ⊆ G2 ⊆ F}

= inf{νG1 : G1 ∈ T, A ∩ E ⊆ G1 ⊆ E}

+ inf{νG2 : G2 ∈ T, A ∩ F ⊆ G2 ⊆ F}

= ν∗(E ∩A) + ν∗(F ∩A),

ν∗(A ∩ (E ∪ F )) = sup{νG : G ∈ T, A ∩ (E ∪ F ) ⊇ G}

= sup{ν(G ∩ E) + ν(G ∩ F ) : G ∈ T, A ∩ (E ∪ F ) ⊇ G}

= sup{νG1 + νG2 : G1, G2 ∈ T, A ∩ E ⊇ G1, A ∩ F ⊇ G2}

= sup{νG1 : G1 ∈ T, A ∩ E ⊇ G1}

+ sup{νG2 : G2 ∈ T, A ∩ F ⊇ G2}

= ν∗(E ∩A) + ν∗(F ∩A). QQQ

(c) The key to the proof is the following fact: if ν ∈ P and M ∈ K, there is a ν ′ ∈ P such that ν ′ extends
ν and M ∈ dom ν ′. PPP Set T = dom ν, T′ = {(E ∩M) ∪ (F \M) : E, F ∈ T}. For H ∈ T′, set

ν ′H = ν∗(H ∩M) + ν∗(H \M).

Now we have to check the following.

(i) T′ is a subring of PX, because if E, F , E′, F ′ ∈ T then

((E ∩M) ∪ (F \M)) ⋆ ((E′ ∩M) ∪ (F ′ \M)) = ((E ⋆ E′) ∩M) ∪ ((F ⋆ F ′) \M)

for both the Boolean operations ⋆ = △ and ⋆ = ∩. T′ ⊇ T because E = (E ∩M)∪ (E \M) for every E ∈ T.
(Cf. 312N.) M ∈ T′ because there is some E ∈ T0 such that M ⊆ E, so that M = (E ∩M) ∪ (∅ \M) ∈ T′.

(ii) ν ′ is finite-valued because if H = (E ∩M)∪ (F \M), where E, F ∈ T, then ν ′H ≤ νE+ νF . If H,
H ′ ∈ T are disjoint, they can be expressed as (E ∩M) ∪ (F \M), (E′ ∩M) ∪ (F ′ \M) where E, F , E′, F ′

belong to T; replacing E′, F ′ by E′ \E and F ′ \ F if necessary, we may suppose that E ∩E′ = F ∩ F ′ = ∅.
Now

ν ′(H ∪H ′) = ν∗((E ∪ E′) ∩M) + ν∗((F ∪ F ′) ∩ (X \M))

= ν∗(E ∩M) + ν∗(E′ ∩M) + ν∗(F ∩ (X \M)) + ν∗(F ′ ∩ (X \M))

(by (b) above)

= ν ′H + ν ′H ′.

Thus ν ′ is additive.

(iii) If E ∈ T, then
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ν∗(E \M) = sup{νF : F ∈ T, F ⊆ E \M}

= sup{νE − ν(E \ F ) : F ∈ T, F ⊆ E \M}

= sup{νE − νF : F ∈ T, E ∩M ⊆ F ⊆ E}

= νE − inf{νF : F ∈ T, E ∩M ⊆ F ⊆ E} = νE − ν∗(E ∩M).

So

ν ′E = ν∗(E ∩M) + ν∗(E \M) = νE.

Thus ν ′ extends ν.

(iv) If H ∈ T′ and ǫ > 0, express H as (E ∩M) ∪ (F \M), where E, F ∈ T. Then we can find (α) a
K ∈ K∩T such that K ⊆ E and ν(E \K) ≤ ǫ (β) an F ′ ∈ T such that F ′ ⊆ F \M and νF ′ ≥ ν∗(F \M)− ǫ
(γ) a K ′ ∈ K ∩ T such that K ′ ⊆ F ′ and νK ′ ≥ νF ′ − ǫ. Set L = (K ∩M) ∪K ′ ∈ T′; by the hypotheses
(†) and (‡), L ∈ K. Now L ⊆ H and

ν ′L = ν ′(K ∩M) + ν ′K ′ = ν ′(E ∩M) − ν ′((E \K) ∩M) + νK ′

= ν∗(H ∩M) − ν∗((E \K) ∩M) + νK ′ ≥ ν∗(H ∩M) − ν(E \K) + νF ′ − ǫ

≥ ν∗(H ∩M) + ν∗(F \M) − 3ǫ = ν ′H − 3ǫ.

As H and ǫ are arbitrary, ν is inner regular with respect to K.

(v) Finally, given H ∈ T′ and ǫ > 0, take E, F ∈ T such that H ∩M ⊆ E, F ⊆ H \M , νE ≤
ν∗(H ∩M) + ǫ and νF ≥ ν∗(H \M) − ǫ. In this case,

ν ′(E \ (H ∩M)) = ν ′E − ν ′(H ∩M) = νE − ν∗(H ∩M) ≤ ǫ,

ν ′((H \M) \ F ) = ν ′(H \M) − ν ′F = ν∗(H \M) − νF ≤ ǫ.

But as

H△(E ∪ F ) ⊆ (E \ (H ∩M)) ∪ ((H \M) \ F ),

ν ′(H△(E∪F )) ≤ 2ǫ. Now ν satisfies the condition (∗), so there is an E0 ∈ T0 such that ν((E∪F )△E0) ≤ ǫ,
and ν ′(H△E0) ≤ 3ǫ. As H and ǫ are arbitrary, ν ′ satisfies (∗).

This completes the proof that ν ′ is a member of P extending ν. QQQ

(d) It is easy to check that if Q ⊆ P is a non-empty totally ordered subset, the smallest common extension
ν ′ of the functions in Q belongs to P . (To see that ν ′ is inner regular with respect to K, observe that if
E ∈ dom ν ′ and γ < ν ′E, there is some ν ∈ Q such that E ∈ dom ν; now there is a K ∈ K∩dom ν such that
K ⊆ E and νK ≥ γ, so that K ∈ K∩ dom ν ′ and ν ′K ≥ γ.) And of course P is not empty, because ν0 ∈ P .
So by Zorn’s Lemma P has a maximal element ν1 say; write T1 for the domain of ν1. If M ∈ K there is
an element of P , with a domain containing M , extending ν1; as ν1 is maximal, this must be ν1 itself, so
M ∈ T1. Thus K ⊆ T1, and ν1 has all the required properties.

413P Corollary Let (X,T, ν) be a measure space and K a countably compact class of subsets of X such
that

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,

(‡)
⋂

n∈NKn ∈ K for every sequence 〈Kn〉n∈N in K,

ν∗K <∞ for every K ∈ K,

ν is inner regular with respect to K.

Then ν has an extension to a complete locally determined measure µ, defined on every member of K, inner
regular with respect to K, and such that whenever E ∈ domµ and µE < ∞ there is an F ∈ T such that
µ(E△F ) = 0.

proof (a) Set Tf = {E : E ∈ T, νE < ∞}. Then Tf and ν↾Tf satisfy the conditions of 413O; take ν1
extending ν to T1 ⊇ Tf ∪ K as in 413O. If K, L ∈ K and L ⊆ K, then
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ν1L+ sup{ν1K
′ : K ′ ∈ K, K ′ ⊆ K \ L} = ν1L+ ν1(K \ L) = ν1K.

So ν1↾K satisfies the conditions of 413N and there is a complete locally determined measure µ, extending
ν1↾K, and inner regular with respect to K.

(b) Write Σ for the domain of µ. Then T1 ⊆ Σ. PPP If E ∈ T1 and K ∈ K,

µ∗(K ∩ E) + µ∗(K \ E)

≥ sup{µK ′ : K ′ ∈ K, K ′ ⊆ K ∩ E} + sup{µK ′ : K ′ ∈ K, K ′ ⊆ K \ E}

= sup{ν1K
′ : K ′ ∈ K, K ′ ⊆ K ∩ E} + sup{ν1K

′ : K ′ ∈ K, K ′ ⊆ K \ E}

= ν1(K ∩ E) + ν1(K \ E) = ν1K = µK.

By 413F(iv), E ∈ Σ. QQQ It follows at once that µ extends ν1, since if E ∈ T1

ν1E = sup{ν1K : K ∈ K, K ⊆ E} = sup{µK : K ∈ K, K ⊆ E} = µE.

(c) In particular, µ agrees with ν on Tf . Now in fact µ extends ν. PPP Take E ∈ T. If K ∈ K, there is an

F ∈ T such that K ⊆ F and νF <∞. Since E ∩ F ∈ Tf ⊆ Σ, E ∩K = E ∩ F ∩K ∈ Σ. As K is arbitrary,
E ∈ Σ, by 413F(ii). Next, because every member of K is included in a member of Tf ,

νE = sup{νK : K ∈ K ∩ T, K ⊆ E} = sup{ν(E ∩ F ) : F ∈ Tf}

= sup{µ(E ∩ F ) : F ∈ Tf} = sup{µK : K ∈ K, K ⊆ E} = µE. QQQ

(d) Finally, suppose that E ∈ Σ and µE <∞. For each n ∈ N we can find Kn ∈ K and Fn ∈ T such that
Kn ⊆ E, µ(E \ Kn) ≤ 2−n and ν1(Kn△Fn) ≤ 2−n. In this case

∑∞
n=0 µ(E△Fn) < ∞, so µ(E△F ) = 0,

where F =
⋃

n∈N

⋂
m≥n Fm ∈ T.

Thus µ has all the required properties.

413Q Definitions Let P be a lattice and f : P → [−∞,∞[ a function.

(a) f is supermodular if f(p ∨ q) + f(p ∧ q) ≥ f(p) + f(q) for all p, q ∈ P .

(b) f is submodular if f(p∨q)+f(p∧q) ≤ f(p)+f(q) for all p, q ∈ P . The phrase ‘strongly subadditive’
is used by many authors in similar contexts.

(c) f is modular if f(p ∨ q) + f(p ∧ q) = f(p) + f(q) for all p, q ∈ P .

413R I now describe an alternative route to some of the applications of 413O. As before, I do as much
as possible in the context of finitely additive functionals.

Lemma Let X be a set and K a sublattice of PX containing ∅. Let φ : K → R be a bounded supermodular
functional such that φ∅ = 0. Then there is a finitely additive functional ν : PX → [0,∞[ such that

νX = supK∈K φK, νK ≥ φK for every K ∈ K.

proof (a) Let us consider first the case in which K is finite and φ is non-decreasing. I induce on n = #(K).
If n = 1 then K = {∅} and ν must be the zero functional. For the inductive step to n > 1, let K0 be a
minimal member of K \ {∅}. If K ∈ K then K ∩K0 is a member of K included in K0, so is either empty
or K0, that is, either K ∩K0 = ∅ or K ⊇ K0. Set Y = X \K0 and L = {K \K0 : K ∈ K}. Then L is a
sublattice of PY containing ∅, and K 7→ K \K0 : K → L is surjective but not injective, so #(L) < n.

For L ∈ L, observe that L ∪K0 ∈ K. PPP There is a K ∈ K such that L = K \K0. Now If K is disjoint
from K0, then L ∪K0 = K ∪K0 belongs to K; if K includes K0 then L ∪K0 = K belongs to K. QQQ

We can therefore define φ′ : L → [0,∞[ by setting

φ′L = φ(L ∪K0) − φK0

for every L ∈ L. Of course φ′∅ = 0 and φ′L ≤ φ′L′ whenevery L ⊆ L′. If L, L′ ∈ L then
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φ′(L ∪ L′) + φ′(L ∩ L′) = φ(L ∪ L′ ∪K0) + φ((L ∩ L′) ∪K0) − 2φK0

= φ((L ∪K0) ∪ (L′ ∪K0)) + φ((L ∪K0) ∩ (L′ ∪K0)) − 2φK0

≥ φ(L ∪K0) + φ(L′ ∪K0) − 2φK0 = φ′L+ φ′L′.

So φ′ is supermodular, and by the inductive hypothesis there is a finitely additive functional ν ′ : PY → [0,∞[
such that

ν ′Y = supL∈L φ
′L, ν ′L ≥ φ′L for every L ∈ L.

Fix any x0 ∈ K0 and define ν : PX → [0,∞[ by setting

νA = φK0 + ν ′(A ∩ Y ) if x0 ∈ A ⊆ X,

= ν ′(A ∩ Y ) for other A ⊆ X.

Then ν is additive. If K ∈ K is disjoint from K0 then

νK = ν ′K ≥ φ′K = φ(K ∪K0) − φK0 ≥ φK − φ(K ∩K0) = φK.

If K ∈ K includes K0 then

νK = φK0 + ν ′(K \K0) ≥ φK0 + φ′(K \K0) = φK0 + φK − φK0 = φK.

Finally,

νX = φK0 + ν ′Y = φK0 + sup
L∈L

φ′L

= φK0 + sup
K∈K

(φ(K ∪K0) − φK0) = sup
K∈K

φ(K ∪K0) = sup
K∈K

φK.

So ν has the required properties and the induction continues.

(b) Now suppose only that φ is non-decreasing. Set γ = supK∈K φK. We need to know that every finite
subset of K is included in a finite sublattice of K; this is because it is included in a finite subalgebra E of
PX and K ∩ E is a sublattice. Let N be the set of all finitely additive functionals ν : PX → [0, γ]. Then N
is a closed subset of [0, γ]PX , so is compact. For each K ∈ K set NK = {ν : ν ∈ N, νK ≥ φK}. Then NK is
a closed subset of N. If K0 ⊆ K is finite, there is a finite sublattice L of K including K0 ∪ {∅}, and now (a)
tells us that there is a ν ∈

⋂
K∈L NK . Thus {NK : K ∈ K} has the finite intersection property and there is

a ν ∈
⋂

K∈K NK . In this case, ν : PX → [0, γ] is a finitely additive functional dominating φ; it follows that
νX = γ and the proof is complete.

(c) Finally, for the general case, set φ′K = supL∈K,L⊆K φL for K ∈ K. Then φ′ is non-decreasing, φ′∅ = 0
and supK∈K φ

′K = supK∈K φK is finite. If K, K ′ ∈ K then

φ′K + φ′K ′ = sup
L∈K
L⊆K

φL+ sup
L′∈K
L′⊆K′

φL′ = sup
L,L′∈K
L⊆K
L′⊆K′

φL+ φL′

≤ sup
L,L′∈K
L⊆K
L′⊆K′

φ(L ∪ L′) + φ(L ∩ L′) ≤ φ′(K ∪K ′) + φ′(K ∩K ′),

so φ′ is supermodular. By (b), there is an additive ν : PX → [0,∞[ such that νK ≥ φ′K ≥ φK for every
K ∈ K and νX = supK∈K φ

′K = supK∈K φK.

413S Theorem Let X be a set and K a sublattice of PX containing ∅. Let Σ be the algebra of subsets
of X generated by K, and ν0 : Σ → [0,∞[ a finitely additive functional. Then there is a finitely additive
functional ν : Σ → [0,∞[ such that

(i) νX = supK∈K ν0K,
(ii) νK ≥ ν0K for every K ∈ K,
(iii) ν is inner regular with respect to K in the sense that νE = sup{νK : K ∈ K, K ⊆ E} for every

E ∈ Σ.
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proof (a) Set γ = supK∈K ν0K. Let P be the set of all supermodular functionals φ : K → [0, γ]. Give P
the natural partial order inherited from RK. Note that ν0↾K is actually modular, so belongs to P . If Q ⊆ P
is non-empty and upwards-directed, then supQ, taken in RK, belongs to P ; so there is a maximal φ ∈ P
such that ν0↾K ≤ φ. By 413R, there is a non-negative additive functional ν on PX such that νK ≥ φK for
every K ∈ K and νX = γ. Since ν↾K also belongs to P , we must have νK = φK for every K ∈ K.

(b) Now for any K0 ∈ K,

νK0 + sup{νL : L ∈ K, L ⊆ X \K0} = γ.

PPP (i) Set L = {L : L ∈ K, L ⊆ X \ K0}. For A ⊆ X, set θ0A = supL∈L ν(A ∩ L). Because L is
upwards-directed, θ0 : PX → R is additive, and of course 0 ≤ θ0 ≤ ν. Set θ1 = ν − θ0, so that θ1 is another
additive functional, and write

φ′K = θ0K + sup{θ1M : M ∈ K, M ∩K0 ⊆ K}

for K ∈ K.

(ii) If K, K ′ ∈ K and ǫ > 0, there are M , M ′ ∈ K such that M ∩K0 ⊆ K, M ′ ∩K0 ⊆ K ′ and

θ0K + θ1M ≥ φ′K − ǫ, θ0K
′ + θ1M

′ ≥ φ′K ′ − ǫ.

Now

M ∪M ′ ∈ K, M ∩M ′ ∈ K,

(M ∪M ′) ∩K0 ⊆ K ∪K ′, (M ∩M ′) ∩K0 ⊆ K ∩K ′,

so

φ′(K ∪K ′) + φ′(K ∩K ′) ≥ θ0(K ∪K ′) + θ1(M ∪M ′) + θ0(K ∩K ′) + θ1(M ∩M ′)

= θ0K + θ1M + θ0K
′ + θ1M

′ ≥ φ′K + φ′K ′ − 2ǫ.

As ǫ is arbitrary, φ′(K ∪K ′) + φ′(K ∩K ′) ≥ φK + φK ′.

(iii) Suppose that K, M ∈ K are such that M ∩K0 ⊆ K. If L ∈ L, then

ν(K ∩ L) + θ1M = ν(K ∩ L) + νM − θ0M

= ν(M ∩K ∩ L) + ν(M ∪ (K ∩ L)) − θ0M ≤ γ

because K ∩ L ∈ L; taking the supremum over L and M , φ′K ≤ γ. As K is arbitrary, φ′ ∈ P .

(iv) If K ∈ K, then of course K ∩K0 ⊆ K, so

φ′K ≥ θ0K + θ1K = νK = φK.

Thus φ′ ≥ φ. Because φ is maximal, φ′ = φ. But this means that

φK0 = φ′K0 = θ0K0 + sup{θ1M : M ∈ K, M ∩K0 ⊆ K0} = supM∈K θ1M .

Now given ǫ > 0 there is an M ∈ K such that

γ − ǫ ≤ ν0M ≤ φM = νM ,

so that

νK0 = φK0 ≥ θ1M = νM − θ0M ≥ γ − ǫ− θ0M ≥ γ − ǫ− supL∈L νL,

and νK0 + supL∈L νL ≥ γ − ǫ. As ǫ is arbitrary, νK0 + supL∈L νL ≥ γ. But of course νK0 + νL ≤ νX = γ
for every L ∈ L, so νK0 + supL∈L νL = γ, as claimed. QQQ

(c) It follows that if K, L ∈ K and L ⊆ K,

νK = νL+ sup{νK ′ : K ′ ∈ K, K ′ ⊆ K \ L}.

PPP Because ν is additive and non-negative, we surely have

νK ≥ νL+ sup{νK ′ : K ′ ∈ K, K ′ ⊆ K \ L}.
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On the other hand, given ǫ > 0, there is an M ∈ K such that M ⊆ X \ L and νL + νM ≥ γ − ǫ, so that
M ∩K ∈ K, M ∩K ⊆ K \ L and

νL+ ν(M ∩K) = νL+ νK + νM − ν(M ∪K) ≥ νK + γ − ǫ− γ = νK − ǫ.

As ǫ is arbitrary,

νK ≤ νL+ sup{νK ′ : K ′ ∈ K, K ′ ⊆ K \ L}

and we have equality. QQQ

(d) By 413I, we have an additive functional ν ′ : Σ → [0,∞[ such that ν ′E = sup{νK : K ∈ K, K ⊆ E}
for every E ∈ Σ. Using 313Ga, it is easy to show that ν ′ and ν must agree on Σ, but even without doing so
we can see that ν ′ has the properties (i)-(iii) required in the theorem.

413T The following lemma on countably compact classes, corresponding to 342Db, will be useful.

Lemma (Marczewski 53) Let X be a set and K a countably compact class of subsets of X. Then there is
a countably compact class K∗ ⊇ K∪ {∅, X} such that K ∪L ∈ K∗ and

⋂
n∈NKn ∈ K∗ whenever K, L ∈ K∗

and 〈Kn〉n∈N is a sequence in K∗.

proof (a) Of course K ∪ {∅, X} is still a countably compact class of sets, so we can suppose from the
beginning that ∅ and X belong to K. Write Ks for {K0∪ . . .∪Kn : K0, . . . ,Kn ∈ K}. Then Ks is countably
compact. PPP Let 〈Ln〉n∈N be a sequence in Ks such that

⋂
i≤n Li 6= ∅ for each n ∈ N. Then there is an

ultrafilter F on X containing every Ln. For each n, Ln is a finite union of members of K, so there must be a
Kn ∈ K such that Kn ⊆ Ln and Kn ∈ F . Now

⋂
i≤nKi 6= ∅ for every n, so

⋂
n∈NKn 6= ∅ and

⋂
n∈N Ln 6= ∅.

As 〈Ln〉n∈N is arbitrary, Ks is countably compact. QQQ
Note that L ∪ L′ ∈ Ks for all L, L′ ∈ Ks.

(b) Write K∗ for

{
⋂

L0 : L0 ⊆ Ks is non-empty and countable}.

Then K∗ is countably compact. PPP If 〈Mn〉n∈N is any sequence in K∗ such that
⋂

i≤nMi 6= ∅ for every n ∈ N,

then for each n ∈ N let Ln ⊆ Ks be a countable non-empty set such that Mn =
⋂

Ln. Let 〈Ln〉n∈N be a
sequence running over

⋃
n∈N Ln; then

⋂
i≤n Li 6= ∅ for every n, so

⋂
n∈N Ln =

⋂
n∈NMn is non-empty. As

〈Mn〉n∈N is arbitrary, K∗ is countably compact. QQQ

(c) Of course K ⊆ Ks ⊆ K∗. It is immediate from the definition of K∗ that it is closed under countable
intersections. Finally, if M1, M2 ∈ K∗, let L1, L2 ⊆ Ks be countable sets such that M1 =

⋂
L1 and

M2 =
⋂
L2; then L = {L1 ∪L2 : L1 ∈ L1, L2 ∈ L2} is a countable subset of Ks, so M1 ∪M2 =

⋂
L belongs

to K∗.

413U Corollary Let X be a set and K a countably compact class of subsets of X. Let T be a subalgebra
of PX and ν : T → R a non-negative finitely additive functional.

(a) There is a complete measure µ on X such that µX ≤ νX, K ⊆ domµ and µK ≥ νK for every
K ∈ K ∩ T.

(b) If ∅ ∈ K and

(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K,

(‡)
⋂

n∈NKn ∈ K for every sequence 〈Kn〉n∈N in K,

we may arrange that µ is inner regular with respect to K.

proof By 413T, there is always a countably compact class K∗ ⊇ K∪{∅} satisfying (†) and (‡); for case (b),
take K∗ = K. By 391G, there is an extension of ν to an additive functional ν ′ : PX → [0,∞[. Let T1 be the
subalgebra of PX generated by K∗. By 413S, there is a non-negative additive functional ν1 : T1 → R such
that ν1X ≤ ν ′X = νX, ν1K ≥ ν ′K = νK for every K ∈ K∗ ∩ T and ν1E = sup{ν1K : K ∈ K∗, K ⊆ E}
for every E ∈ T1. In particular, if K, L ∈ K∗,

ν1L+ sup{ν1K
′ : K ′ ∈ K∗, K ′ ⊆ K \ L} = ν1L+ ν1(K \ L) = ν1K.
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So K∗ and ν1↾K
∗ satisfy the hypotheses of 413N. Accordingly we have a complete measure µ extending

ν1↾K
∗ and inner regular with respect to K∗ = K∗

δ ; in which case

µK = ν1K ≥ νK

for every K ∈ K ∩ T, and

µX = supK∈K∗ µK = supK∈K∗ ν1K ≤ ν1X ≤ νX,

as required.

413X Basic exercises (a) Define φ : PN → [0,∞[ by setting φA = 0 if A is finite, ∞ otherwise. Check
that φ satisfies conditions (α) and (β) of 413A, but that if we attempt to reproduce the construction of
413C then we obtain Σ = PN and µ = φ, so that µ is not countably additive.

(b) Let φ1, φ2 be two inner measures on a set X, inducing measures µ1 and µ2 by the method of 413C.
(i) Show that φ = φ1 + φ2 is an inner measure. (ii) Show that the measure µ induced by φ extends the
measure µ1 + µ2 defined on domµ1 ∩ domµ2.

>>>(c) Let X be a set, φ an inner measure on X, and µ the measure constructed from it by the method of
413C. (i) Let Y be a subset of X. Show that φ↾PY is an inner measure on Y , and that the measure on Y
defined from it extends the subspace measure µY induced on Y by µ. (ii) Now suppose that φX is finite.
Let Y be a set and f : X → Y a function. Show that B 7→ φf−1[B] is an inner measure on Y , and that it
defines a measure on Y which extends the image measure µf−1.

(d) Let (X,Σ, µ) be a measure space. Set θA = 1
2 (µ∗A + µ∗A) for every A ⊆ X. Show that θ is an

outer measure on X, and that if µ is semi-finite then the measure defined from θ by Carathéodory’s method
extends µ. (See also 438Ym below and 543Xd in the next volume.)

>>>(e) Show that there is a partition 〈An〉n∈N of [0, 1] such that µ∗(
⋃

i≤nAi) = 0 for every n, where µ∗ is

Lebesgue inner measure. (Hint : set An = (A+ qn)∩ [0, 1] where 〈qn〉n∈N is an enumeration of Q and A is a
suitable set; cf. 134B.)

(f) Let (X,Σ, µ) be a measure space. (i) Show that µ∗↾Σ is the semi-finite version µsf of µ as constructed
in 213Xc. (ii) Show that if A is any subset of X, and ΣA the subspace σ-algebra, then µ∗↾ΣA is a semi-finite
measure on A.

>>>(g) Let (X,Σ, µ) and (Y,T, ν) be two measure spaces, and λ the c.l.d. product measure on X × Y .
Show that λ∗(A × B) = µ∗A · ν∗B for all A ⊆ X and B ⊆ Y . (Hint : use Fubini’s theorem to show that
λ∗(A×B) ≤ µ∗A · ν∗B.)

(h)(i) Let (X,Σ, µ) be a σ-finite measure space and f : X → R a function such that
∫
fdµ is finite. Show

that for every ǫ > 0 there is a measure ν on X extending µ such that
∫
fdν ≥

∫
fdµ− ǫ. (Hint : 215B(viii),

133Ja, 417Xa.) (ii) Let (X,Σ, µ) be a totally finite measure space and f : X → R a bounded function.
Show that there is a finitely additive functional ν : PX → [0,∞[, extending µ, such that

∫
fdν, defined as

in 363Lf, is equal to
∫
fdµ.

(i) LetX be a set and µ, ν two complete locally determined measures onX with domains Σ, T respectively,
both inner regular with respect to K ⊆ Σ ∩ T. Suppose that, for K ∈ K, µK = 0 iff νK = 0. Show that
Σ = T and that µ and ν have the same null ideals.

>>>(j) Let (X,Σ, µ) be a measure space. (i) Show that the measure constructed by the method of 413C
from the inner measure µ∗ is the c.l.d. version of µ. (ii) Set K = {E : E ∈ Σ, µE < ∞}, φ0 = µ↾K. Show
that K and φ0 satisfy the conditions of 413J, and that the measure constructed by the method there is again
the c.l.d. version of µ.

>>>(k) Let K be the family of subsets of R expressible as disjoint finite unions of bounded closed intervals.
(i) Show from first principles that there is a unique functional φ0 : K → [0,∞[ such that φ0[α, β] = β − α
whenever α ≤ β and φ0 satisfies the conditions of 413K. (ii) Show that the measure on R constructed from
φ0 by the method of 413K is Lebesgue measure.
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(l) Let X be a set, Σ a subring of PX, and ν : Σ → [0,∞[ a non-negative additive functional such that
limn→∞ νEn = 0 whenever 〈En〉n∈N is a non-increasing sequence in Σ with empty intersection, as in 413L.
Define θ : PX → [0,∞] by setting

θA = inf{
∑∞

n=0 νEn : 〈En〉n∈N is a sequence in Σ covering A}

for A ⊆ X, interpreting inf ∅ as ∞ if necessary. Show that θ is an outer measure. Let µθ be the measure
defined from θ by Carathéodory’s method. Show that the measure defined from ν by the process of 413L is
the c.l.d. version of µθ. (Hint : the c.l.d. version of µθ is inner regular with respect to Σδ.)

>>>(m) Let X be a set, Σ a subring of PX, and ν : Σ → [0,∞[ a non-negative additive functional. Show
that the following are equiveridical: (i) ν has an extension to a measure on X; (ii) limn→∞ νEn = 0 whenever
〈En〉n∈N is a non-increasing sequence in Σ with empty intersection; (iii) ν(

⋃
n∈NEn) =

∑∞
n=0 νEn whenever

〈En〉n∈N is a disjoint sequence in Σ such that
⋃

n∈NEn ∈ Σ.

>>>(n) Let 〈(Xn,Σn, µn)〉n∈N be a sequence of probability spaces, and F a non-principal ultrafilter on N.
For x, y ∈

∏
n∈NXn, write x ∼ y if {n : x(n) = y(n)} ∈ F . (i) Show that ∼ is an equivalence relation;

write X for the set of equivalence classes, and x• ∈ X for the equivalence class of x ∈
∏

n∈NXn. (Compare
351M.) (ii) Let Σ be the set of subsets of X expressible in the form Q(〈En〉n∈N) = {x• : x ∈

∏
n∈NEn},

where En ∈ Σn for each n ∈ N. Show that Σ is an algebra of subsets of X, and that there is a well-defined
additive functional ν : Σ → [0, 1] defined by setting ν(Q(〈En〉n∈N)) = limn→F µnEn. (iii) Show that for any
non-increasing sequence 〈Hi〉i∈N in Σ there is an H ∈ Σ such that H ⊆

⋂
i∈NHi and νH = limn→∞ νHn.

(Hint : express each Hi as Q(〈Ein〉n∈N). Do this in such a way that Ei+1,n ⊆ Ein for all i, n. Take a
decreasing sequence 〈Ji〉i∈N in F , with empty intersection, such that νHi ≤ µEin + 2−i for n ∈ Ji. Set
En = Ein for n ∈ Ji \ Ji+1.) (iv) Show that there is a unique extension of ν to a complete probability
measure µ on X which is inner regular with respect to Σ. (This is a kind of Loeb measure. Compare
328B.)

(o) Let A be a Boolean algebra and K ⊆ A a sublattice containing 0. Suppose that φ : K → [0,∞[ is a
bounded supermodular functional such that φ0 = 0. Show that there is a non-negative additive functional
ν : A → R such that νa ≥ φa for every a ∈ K and ν1 = supa∈K φa.

(p) Let X be a set and K a sublattice of PX containing ∅. Let φ : K → R be an order-preserving modular
function . Show that there is a non-negative additive functional ν : PX → [0,∞] extending φ. (Hint : start
with the case X ∈ K.)

(q) Let X be a set and K a sublattice of PX. Let φ : K → [0, 1] be a submodular functional such that

φK ≤ φK ′ whenever K, K ′ ∈ K and K ⊆ K ′, infK∈K φK = 0.

Show that there is a finitely additive functional ν : PX → [0, 1] such that

νX = supK∈K φK, νK ≤ φK for every K ∈ K.

(r) Let X be a set and K a sublattice of PX containing ∅. Let φ : K → [0,∞[ be such that φK ≤∑∞
n=0(φKn−φLn) whenever K ∈ K and 〈Kn〉n∈N, 〈Ln〉n∈N are sequences in K such that Ln ⊆ Kn for every

n and 〈Kn \ Ln〉n∈N is a disjoint cover of K. Show that there is a measure on X extending φ. (Hint : Show
that φ is modular. Show that if T is the ring of subsets of X generated by K, every member of T is a finite
union of differences of members of K. Now apply 413La. See Kelley & Srinivasan 71.)

413Y Further exercises (a) Let A be a Boolean algebra, (S,+) a commutative semigroup with identity
e and φ : A → S a function such that φ0 = e. Show that

B = {b : b ∈ A, φa = φ(a ∩ b) + φ(a \ b) for every a ∈ A}

is a subalgebra of of A, and that φ(a ∪ b) = φa+ φb for all disjoint a, b ∈ B.

(b) Give an example of two inner measures φ1, φ2 on a set X such that the measure defined by φ1 + φ2
strictly extends the sum of the measures defined by φ1 and φ2.
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(c) Let 〈(Xi,Σi, µi)〉i∈I be any family of probability spaces, and λ the product measure on X =
∏

i∈I Xi.
Show that λ∗(

∏
i∈I Ai) ≤

∏
i∈I(µi)∗Ai whenever Ai ⊆ Xi for every i, with equality if I is countable.

(d) Find a measure space (X,Σ, µ), with µX > 0, and a sequence 〈Xn〉n∈N of subsets of X, covering X,
such that whenever E ∈ Σ, n ∈ N and µE > 0, there is an F ∈ Σ such that F ⊆ E \Xn and µF = µE. (ii)
For A ⊆ X set φA = sup{µE : E ∈ Σ, E ⊆ A}. Set T = {G : G ⊆ X, φA = φ(A ∩G) + φ(A \G) for every
A ⊆ X}. Show that φ↾T is not a measure.

(e) Let (X,Σ, µ) be a totally finite measure space, and Z the Stone space of the Boolean algebra Σ. For

E ∈ Σ write Ê for the corresponding open-and-closed subset of Z. Show that there is a unique function

f : X → Z such that f−1[Ê] = E for every E ∈ Σ. Show that there is a measure ν on Z, inner regular with
respect to the open-and-closed sets, such that f is inverse-measure-preserving with respect to µ and ν, and
that f represents an isomorphism between the measure algebras of µ and ν. Use this construction to prove
(vi)⇒(i) in Theorem 343B without appealing to the Lifting Theorem.

(f) Let X be a set, T a subalgebra of PX, and ν : T → [0,∞[ a finitely additive functional. Suppose
that there is a set K ⊆ T, containing ∅, such that (i) µF = sup{µK : K ∈ K, K ⊆ F} for every F ∈ T (ii)
K is monocompact, that is,

⋂
n∈NKn 6= ∅ for every non-increasing sequence in K. Show that ν extends to

a measure on X.

(g)(i) Let X be a topological space. Show that the family of closed countably compact subsets of X is
a countably compact class. (ii) Let X be a Hausdorff space. Show that the family of sequentially compact
subsets of X is a countably compact class.

(h) Let A be a Boolean algebra and ν a totally finite submeasure on A which is either supermodular or

exhaustive and submodular. Show that ν is uniformly exhaustive.

(i) Let X be a set, K a sublattice of PX containing ∅, and f : K → R a modular functional such that
f(∅) = 0. Show that there is an additive functional ν : PX → R extending f .

(j) Let (X,Σ, µ) be a semi-finite measure space, λ the c.l.d. product measure on X ×R when R is given
Lebesgue measure, and λ∗ the associated inner measure. Show that for any f : X → [0,∞[,∫

f dλ = λ∗{(x, α) : x ∈ X, 0 ≤ α < f(x)} = λ∗{(x, α) : x ∈ X, 0 ≤ α ≤ f(x)}.

413 Notes and comments I gave rather few methods of constructing measures in the first three volumes
of this treatise; in the present volume I shall have to make up for lost time. In particular I used Cara-
théodory’s construction for Lebesgue measure (Chapter 11), product measures (Chapter 25) and Hausdorff
measures (Chapter 26). The first two, at least, can be tackled in quite different ways if we choose. The first
alternative approach I offer is the ‘inner measure’ method of 413C. Note the exact definition in 413A; I do
not think it is an obvious one. In particular, while (α) seems to have something to do with subadditivity,
and (β) is a kind of sequential order-continuity, there is no straightforward way in which to associate an
outer measure with an inner measure, unless they both happen to be derived from measures (132B, 413D),
even when they are finite-valued; and for an inner measure which is allowed to take the value ∞ we have to
add the semi-finiteness condition (∗) of 413A (see 413Xa).

Once we have got these points right, however, we have a method which rivals Carathéodory’s in scope,
and in particular is especially well adapted to the construction of inner regular measures. As an almost
trivial example, we have a route to the c.l.d. version of a measure µ (413Xj(i)), which can be derived from the
inner measure µ∗ defined from µ (413D). Henceforth µ∗ will be a companion to the familiar outer measure
µ∗, and many calculations will be a little easier with both available, as in 413E-413F.

The intention behind 413J-413K is to find a minimal set of properties of a functional φ0 which will ensure
that it has an extension to a measure. Indeed it is easy to see that, in the context of 413J, given a family K
with the properties (†) and (‡) there, a functional φ0 on K can have an extension to an inner regular measure
only if it satisfies the conditions (α) and (β), so in this sense 413J is the best possible result. Note that
while Carathéodory’s construction is liable to produce wildly infinite measures (like Hausdorff measures, or
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primitive product measures), the construction here always gives us locally determined measures, provided
only that φ0 is finite-valued.

We have to work rather hard for the step from 413J to 413K. Of course 413J is a special case of 413K,
and I could have saved a little space by giving a direct proof of the latter result. But I do not think
that this would have made it easier; 413K really does require an extra step, because somehow we have to
extend the functional φ0 from K to Kδ. The method I have chosen uses 413B and 413I to cast as much
of the argument as possible into the context of algebras of sets with additive functionals, where I hope
the required manipulations will seem natural. (But perhaps I should insist that you must not take them
too much for granted, as some of the time we have a finitely additive functional taking infinite values, and
must take care not to subtract illegally, as well as not to take limits in the wrong places.) Note that the
progression φ0 → φ1 → µ in the proof of 413K involves first an approximation from outside (if K ∈ Kδ,
then φ1K will be inf{φ0K

′ : K ⊆ K ′ ∈ K}) and then an approximation from inside (if E ∈ Σ, then
µE = sup{φ1K : K ∈ Kδ, K ⊆ E}). The essential difficulty in the proof is just that we have to take
successive non-exchangeable limits. I have slipped 413L in as a corollary of 413K; but it can be regarded
as one of the fundamental results of measure theory. A non-negative finitely additive functional ν on an
algebra Σ of sets can be extended to a countably additive measure iff it is ‘relatively countably additive’ in the
sense that ν(

⋃
n∈NEn) =

∑∞
n=0 µEn whenever 〈En〉n∈N is a disjoint sequence in Σ such that

⋃
n∈NEn ∈ Σ

(413Xm). Of course the same result can easily be got from an outer measure construction (413Xl). Note
that the outer measure construction also has repeated limits, albeit simpler ones: in the formula

θA = inf{
∑∞

n=0 νEn : 〈En〉n∈N is a sequence in Σ covering A}

the sum
∑∞

n=0 νEn = supn∈N

∑n
i=0 νEi can be regarded as a crude approximation from inside, while the

infimum is an approximation from outside. To get the result as stated in 413L, of course, the outer measure
construction needs a third limiting process, to obtain the c.l.d. version automatically provided by the inner
measure method, and the inner regularity with respect to Σδ, while easily checked, also demands a few
words of argument.

Many applications of the method of 413J-413K pass through 413N; if the family K is a countably compact
class then the sequential order-continuity hypothesis (β) of 413J or 413K becomes a consequence of the other
hypotheses. The essence of the method is the inner regularity hypothesis (α). I have tried to use the labels
†, ‡, α and β consistently enough to suggest the currents which I think are flowing in this material.

In 413O we strike out in a new direction. The object here is to build an extension which is not going to be
unique, and for which choices will have to be made. As with any such argument, the trick is to specify the
allowable intermediate stages, that is, the partially ordered set P to which we shall apply Zorn’s Lemma. But
here the form of the theorem makes it easy to guess what P should be: it is the set of functionals satisfying
the hypotheses of the theorem which have not wandered outside the boundary set by the conclusion, that
is, which satisfy the condition (∗) of part (a) of the proof of 413O. The finitistic nature of the hypotheses
makes it easy to check that totally ordered subsets of P have upper bounds (that is to say, if we did this by
transfinite induction there would be no problem at limit stages), and all we have to prove is that maximal
elements of P are defined on adequately large domains; which amounts to showing that a member of P not
defined on every element of K has a proper extension, that is, setting up a construction for the step to a
successor ordinal in the parallel transfinite induction (part (c) of the proof).

Of course the principal applications of 413O in this book will be in the context of countably additive
functionals, as in 413P.

It is clear that 413O and 413S overlap to some extent. I include both because they have different virtues.
413O provides actual extensions of functionals in a way that 413S, as given, does not; but its chief advantage,
from the point of view of the work to come, is the approximation of members of T1, in measure, by members
of T0. This will eventually enable us to retain control of the Maharam types of measures constructed by the
method of 413P. In 413U we have a different kind of control; we can specify a lower bound for the measure
of each member of our basic class K, provided only that our specifications are consistent with some finitely

additive functional.
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Version of 26.1.10

414 τ-additivity

The second topic I wish to treat is that of ‘τ -additivity’. Here I collect results which do not depend
on any strong kind of inner regularity. I begin with what I think of as the most characteristic feature of
τ -additivity, its effect on the properties of semi-continuous functions (414A), with a variety of corollaries, up
to the behaviour of subspace measures (414K). A very important property of τ -additive topological measures
is that they are often strictly localizable (414J).

The theory of inner regular τ -additive measures belongs to the next section, but here I give two intro-
ductory results: conditions under which a τ -additive measure will be inner regular with respect to closed
sets (414M) and conditions under which a measure which is inner regular with respect to closed sets will be
τ -additive (414N). I end the section with notes on ‘density’ and ‘lifting’ topologies (414P-414R).

414A Theorem Let (X,T) be a topological space and µ an effectively locally finite τ -additive measure
on X with domain Σ and measure algebra A.

(a) Suppose that G is a non-empty family in Σ ∩ T such that H =
⋃
G also belongs to Σ. Then

supG∈G G
• = H• in A.

(b) Write L for the family of Σ-measurable lower semi-continuous functions from X to R. Suppose that
∅ 6= A ⊆ L and set g(x) = supf∈A f(x) for every x ∈ X. If g is Σ-measurable and finite almost everywhere,

then g̃• = supf∈A f
• in L0(µ), where g̃(x) = g(x) whenever g(x) is finite.

(c) Suppose that F is a non-empty family of measurable closed sets such that
⋂

F ∈ Σ. Then infF∈F F
• =

(
⋂
F)• in A.
(d) Write U for the family of Σ-measurable upper semi-continuous functions from X to R. Suppose that

A ⊆ U is non-empty and set g(x) = inff∈A f(x) for every x ∈ X. If g is Σ-measurable and finite almost
everywhere, then g̃• = inff∈A f

• in L0(µ), where g̃(x) = g(x) whenever g(x) is finite.

proof (a) ??? If H• 6= supG∈G G
•, there is a non-zero a ∈ A such that a ⊆ H• but a ∩G• = 0 for every G ∈ G.

Express a as E• where E ∈ Σ and E ⊆ H. Because µ is effectively locally finite, there is a measurable
open set H0 of finite measure such that µ(H0 ∩ E) > 0. Now {H0 ∩ G : G ∈ G} is an upwards-directed
family of measurable open sets with union H0 ∩H ⊇ H0 ∩E; as µ is τ -additive, there is a G ∈ G such that
µ(H0 ∩G) > µH0−µ(H0 ∩E). But in this case µ(G∩E) > 0, which is impossible, because G• ∩E• = 0. XXX

(b) For any α ∈ R,

{x : g(x) > α} =
⋃

f∈A{x : f(x) > α},

and these are all measurable open sets. Identifying {x : g(x) > α}• ∈ A with [[g̃• > α]] (364Ib4), we see from
(a) that [[g̃• > α]] = supf∈A [[f• > α]] for every α. But this means that g̃• = supf∈A f

•, by 364L(a-ii)5.

(c) Apply (a) to G = {X \ F : F ∈ F}.

(d) Apply (b) to {−f : f ∈ A}.

414B Corollary Let X be a topological space and µ an effectively locally finite τ -additive topological
measure on X.

(a) Suppose that A is a non-empty upwards-directed family of lower semi-continuous functions from X
to [0,∞]. Set g(x) = supf∈A f(x) in [0,∞] for every x ∈ X. Then

∫
g = supf∈A

∫
f in [0,∞].

(b) Suppose that A is a non-empty downwards-directed family of non-negative continuous real-valued
functions on X, and that g(x) = infx∈A f(x) for every x ∈ X. If any member of A is integrable, then∫
g = inff∈A

∫
f .

proof (a) Of course all the f ∈ A, and also g, are measurable functions. Set gn = g ∧nχX for every n ∈ N.
Then

gn(x) = supf∈A(f ∧ nχX)(x)

c© 2002 D. H. Fremlin
4Formerly 364Jb.
5Formerly 364Mb.
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for every x ∈ X, so g•

n = supf∈A(f ∧ nχX)•, by 414Ab, and
∫
gn =

∫
g•

n = supf∈A

∫
(f ∧ nχX)• = supf∈A

∫
f ∧ nχX

by 365Dh. But now, of course,∫
g = supn∈N

∫
gn = supn∈N,f∈A

∫
f ∧ nχX = supf∈A

∫
f ,

as claimed.

(b) Take an integrable f0 ∈ A, and apply (a) to {(f0 − f)+ : f ∈ A}.

414C Corollary Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space and
F a non-empty downwards-directed family of closed sets. If infF∈F µF is finite, this is the measure of

⋂
F .

proof Setting F0 =
⋂
F , then F •

0 = infF∈F F
•, by 414Ac; now

µF0 = µ̄F •

0 = infF∈F µ̄F
• = infF∈F µF

by 321F.

414D Corollary Let µ be an effectively locally finite τ -additive measure on a topological space X. If ν is
a totally finite measure with the same domain as µ, truly continuous with respect to µ, then ν is τ -additive.
In particular, if µ is σ-finite and ν is absolutely continuous with respect to µ, then ν is τ -additive.

proof We have a functional ν̄ : A → [0,∞[, where A is the measure algebra of µ, such that ν̄E• = νE
for every E in the common domain Σ of µ and ν. Now ν̄ is continuous for the measure-algebra topology
of A (327Cd), therefore completely additive (327Ba), therefore order-continuous (326Oc6). So if G is an
upwards-directed family of open sets belonging to Σ with union G0 ∈ Σ,

supG∈G νG = supG∈G ν̄G
• = ν̄G•

0 = νG0

because G•

0 = supG∈G G
•.

The last sentence follows at once, because on a σ-finite space an absolutely continuous countably additive
functional is truly continuous (232Bc).

414E Corollary Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space.
Suppose that G ⊆ T is non-empty and upwards-directed, and H =

⋃
G. Then

(a) µ(E ∩H) = supG∈G µ(E ∩G) for every E ∈ Σ;
(b) if f is a non-negative virtually measurable real-valued function defined almost everywhere in X, then∫

H
f = supG∈G

∫
G
f in [0,∞].

proof (a) In the measure algebra (A, µ̄) of µ,

(E ∩H)• = E•

∩H• = E•

∩ sup
G∈G

G•

= sup
G∈G

E•

∩G• = sup
G∈G

(E ∩G)•,

using 414Aa and the distributive law 313Ba. So

µ(E ∩H) = µ̄(E ∩H)• = supG∈G µ̄(E ∩G)• = supG∈G µ(E ∩G)

by 321D, because G and {(E ∩G)• : G ∈ G} are upwards-directed.

(b) For each G ∈ G, ∫
G
f =

∫
f × χG =

∫
(f × χG)• =

∫
f• × χG•,

where χG• can be interpreted either as (χG)• (in L0(µ)) or as χ(G•) (in L0(A), where A is the measure
algebra of µ); see 364J7. Now H• = supG∈G G

• (414Aa); since χ and × are order-continuous (364Jc, 364N8),
f• × χH• = supG∈G f

• × χG•; so

6Formerly 326Kc.
7Formerly 364K.
8Formerly 364P.
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∫
H
f =

∫
f• × χH• = supG∈G

∫
f• × χG• = supG∈G

∫
G
f

by 365Dh again.

414F Corollary Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space.
Then for every E ∈ Σ there is a unique relatively closed self-supporting set F ⊆ E such that µ(E \ F ) = 0.

proof Let G be the set {G : G ∈ T, µ(G ∩ E) = 0}. Then G is upwards-directed, so µ(E ∩ G∗) =
supG∈G µ(E∩G) = 0, where G∗ =

⋃
G. Set F = E \G∗. Then F ⊆ E is relatively closed, and µ(E \F ) = 0.

If H ∈ T and H ∩ F 6= ∅, then H /∈ G so µ(F ∩H) = µ(E ∩H) > 0; thus F is self-supporting. If F ′ ⊆ E is
another self-supporting relatively closed set such that µ(E \F ′) = 0, then µ(F \F ′) = µ(F ′ \F ) = 0; but as
F \ F ′ is relatively open in F , and F ′ \ F is relatively open in F ′, these must both be empty, and F = F ′.

414G Corollary If (X,T,Σ, µ) is a Hausdorff effectively locally finite τ -additive topological measure
space and E ∈ Σ is an atom for µ (definition: 211I), then there is an x ∈ E such that E \ {x} is negligible.

proof Let F ⊆ E be a self-supporting set such that µ(E \ F ) = 0. Since µF = µE > 0, F is not empty;
take x ∈ F . ??? If F 6= {x}, let y ∈ F \ {x}. Because T is Hausdorff, there are disjoint open sets G, H
containing x, y respectively; and in this case µ(E ∩ G) = µ(F ∩ G) and µ(E ∩ H) = µ(F ∩ H) are both
non-zero, which is impossible, since E is an atom. XXX

So F = {x} and E \ {x} is negligible.

414H Corollary If (X,T,Σ, µ) is an effectively locally finite τ -additive topological measure space and
ν is an indefinite-integral measure over µ (definition: 234J9), then ν is a τ -additive topological measure.

proof Because ν measures every set in Σ (234La10), it is a topological measure. To see that it is τ -additive,
apply 414Eb to a Radon-Nikodým derivative of ν.

414I Proposition Let (X,T,Σ, µ) be a complete locally determined effectively locally finite τ -additive
topological measure space. If E ⊆ X and G ⊆ T are such that E ⊆

⋃
G and E ∩ G ∈ Σ for every G ∈ G,

then E ∈ Σ.

proof Set K = {K : K ∈ Σ, E ∩K ∈ Σ}. Then whenever F ∈ Σ and µF > 0 there is a K ∈ K included in
F with µK > 0. PPP Set K1 = F \

⋃
G. Then K1 is a member of K included in F . If µK1 > 0 then we can

stop. Otherwise, G∗ = {G0 ∪ . . . ∪Gn : G0, . . . , Gn ∈ G} is an upwards-directed family of open sets, and

supG∈G∗ µ(F ∩G) = µ(F ∩
⋃
G∗) = µF > 0,

by 414Ea. So there is a G ∈ G∗ such that µ(F ∩G) > 0; but now E ∩G ∈ Σ so F ∩G ∈ K. QQQ
By 412Aa, µ is inner regular with respect to K; by 412Ja, E ∈ Σ.

414J Theorem Let (X,T,Σ, µ) be a complete locally determined effectively locally finite τ -additive
topological measure space. Then µ is strictly localizable.

proof Let F be a maximal disjoint family of self-supporting measurable sets of finite measure. Then
whenever E ∈ Σ and µE > 0, there is an F ∈ F such that µ(E ∩ F ) > 0. PPP??? Otherwise, let G be an open
set of finite measure such that µ(G ∩ E) > 0, and set F0 = {F : F ∈ F , F ∩ G 6= ∅}. Then µ(F ∩ G) > 0
for every F ∈ F0, while µG < ∞ and F0 is disjoint, so F0 is countable and

⋃
F0 ∈ Σ. Set E′ = E \

⋃
F0;

then E \E′ = E ∩
⋃
F0 is negligible, so µ(G∩E′) > 0. By 414F, there is a self-supporting set F ′ ⊆ G∩E′

such that µF ′ > 0. But in this case F ′ ∩ F = ∅ for every F ∈ F , so we ought to have added F ′ to F . XXXQQQ
This means that F satisfies the criterion of 213Oa. Because (X,Σ, µ) is complete and locally determined,

it is strictly localizable.

414K Proposition Let (X,Σ, µ) be a measure space and T a topology on X, and Y ⊆ X a subset such
that the subspace measure µY is semi-finite (see the remark following 412O). If µ is an effectively locally
finite τ -additive topological measure, so is µY .

9Formerly 234B.
10Formerly 234D.
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proof By 412Pe, µY is an effectively locally finite topological measure. Now suppose that H is a non-empty
upwards-directed family in TY with union H∗. Set

G = {G : G ∈ T, G ∩ Y ∈ H}, G∗ =
⋃
G,

so that G is upwards-directed and H∗ = Y ∩G∗. Let K be the family of sets K ⊆ X such that K∩G∗\G = ∅
for some G ∈ G. If E ∈ Σ,

µE = µ(E \G∗) + µ(E ∩G∗) = µ(E \G∗) + sup
G∈G

µ(E ∩G)

(414Ea)

= sup
G∈G

µ(E \ (G∗ \G)),

so µ is inner regular with respect to K. By 412Ob, µY is inner regular with respect to {K ∩ Y : K ∈ K}.
So if γ < µYH

∗, there is a K ∈ K such that K ∩ Y ⊆ H∗ and µY (K ∩ Y ) ≥ γ. But now there is a G ∈ G
such that K ∩G∗ \G = ∅, so that K ∩ Y ⊆ G ∩ Y ∈ H and supH∈H µH ≥ γ. As H and γ are arbitrary, µ
is τ -additive.

Remarks Recall from 214Ic that if (X,Σ, µ) has locally determined negligible sets (in particular, is either
strictly localizable or complete and locally determined), then all its subspaces are semi-finite. In 419C below
I describe a tight locally finite Borel measure with a subset on which the subspace measure is not semi-finite,
therefore not effectively locally finite or τ -additive. In 419A I describe a σ-finite locally finite τ -additive
topological measure, inner regular with respect to the closed sets, with a closed subset on which the subspace
measure is totally finite but not τ -additive.

414L Lemma Let (X,T) be a topological space, and µ, ν two effectively locally finite Borel measures
on X which agree on the open sets. Then they are equal.

proof Write Tf for the family of open sets of finite measure. (I do not need to specify which measure I am
using here.) For G ∈ Tf , set µGE = µ(G∩E), νGE = ν(G∩E) for every Borel set E. Then µG and νG are
totally finite Borel measures which agree on T. By the Monotone Class Theorem (136C), µG and νG agree
on the σ-algebra generated by T, that is, the Borel σ-algebra B. Now, for any E ∈ B,

µE = supG∈Tf µGE = supG∈Tf νGE = νE,

by 412F. So µ = ν.

414M Proposition Let (X,Σ, µ) be a measure space with a regular topology T such that µ is effectively
locally finite and τ -additive and Σ includes a base for T.

(a) µG = sup{µF : F ∈ Σ is closed, F ⊆ G} for every open set G ∈ Σ.
(b) If µ is inner regular with respect to the σ-algebra generated by T∩Σ, it is inner regular with respect

to the closed sets.

proof (a) For U ∈ Σ ∩ T, the set

HU = {H : H ∈ Σ ∩ T, H ⊆ U}

is an upwards-directed family of open sets, and
⋃
HU = U because T is regular and Σ includes a base for

T. Because µ is τ -additive, µU = sup{µH : H ∈ HU}. Now, given γ < µG, we can choose 〈Un〉n∈N in Σ∩T

inductively, as follows. Start by taking U0 ⊆ G such that γ < µU0 < ∞ (using the hypothesis that µ is
effectively locally finite). Given Un ∈ Σ ∩ T and µUn > γ, take Un+1 ∈ Σ ∩ T such that Un+1 ⊆ Un and
µUn+1 > γ. On completing the induction, set

F =
⋂

n∈N Un =
⋂

n∈N Un;

then F is a closed set belonging to Σ, F ⊆ G and µF ≥ γ. As γ is arbitrary, we have the result.

(b) Let Σ0 be the σ-algebra generated by Σ ∩ T and set µ0 = µ↾Σ0. Then Σ0 ∩ T = Σ ∩ T is still a
base for T and µ0 is still τ -additive and effectively locally finite, so by (a) and 412G it is inner regular with
respect to the closed sets. Now we are supposing that µ is inner regular with respect to Σ0, so µ is inner
regular with respect to the closed sets, by 412Ab.
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414N Proposition Let (X,Σ, µ) be a measure space and T a topology on X. Suppose that (i) µ is semi-
finite and inner regular with respect to the closed sets (ii) whenever F is a non-empty downwards-directed
family of measurable closed sets with empty intersection and infF∈F µF < ∞, then infF∈F µF = 0. Then
µ is τ -additive.

proof Let G be a non-empty upwards-directed family of measurable open sets with measurable union H.
Take any γ < µH. Because µ is semi-finite, there is a measurable set E ⊆ H such that γ < µE < ∞.
Now there is a measurable closed set F ⊆ E such that µF ≥ γ. Consider F = {F \ G : G ∈ G}. This is a
downwards-directed family of closed sets of finite measure with empty intersection. So infG∈G µ(F \G) = 0,
that is,

γ ≤ µF = supG∈G µ(F ∩G) ≤ supG∈G µG.

As γ is arbitrary, µH = supG∈G µG; as G is arbitrary, µ is τ -additive.

414O The following elementary result is worth noting.

Proposition If X is a hereditarily Lindelöf space (e.g., if it is separable and metrizable) then every measure
on X is τ -additive.

proof If µ is a measure on X, with domain Σ, and G ⊆ Σ is a non-empty upwards-directed family of
measurable open sets, then there is a sequence 〈Gn〉n∈N in G such that

⋃
G =

⋃
n∈NGn. Now

µ(
⋃
G) = limn→∞ µ(

⋃
i≤nGi) ≤ supG∈G µG.

As G is arbitrary, µ is τ -additive.

414P Density topologies Recall that a lower density for a measure space (X,Σ, µ) is a function
φ : Σ → Σ such that φE = φF whenever E, F ∈ Σ and µ(E△F ) = 0, µ(E△φE) = 0 for every E ∈ Σ,
φ∅ = ∅ and φ(E ∩ F ) = φE ∩ φF for all E, F ∈ Σ (341C).

Proposition Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lower density
such that φX = X. Set

T = {E : E ∈ Σ, E ⊆ φE}.

Then T is a topology on X, the density topology associated with φ, and (X,T,Σ, µ) is an effectively
locally finite τ -additive topological measure space; µ is strictly positive and inner regular with respect to
the open sets.

proof (a)(i) For any E ∈ Σ, φ(E ∩ φE) = φE because E \ φE is negligible; consequently E ∩ φE ∈ T. In
particular, ∅ = ∅ ∩ φ∅ and X = X ∩ φX belong to T. If E, F ∈ T then

φ(E ∩ F ) = φE ∩ φF ⊇ E ∩ F ,

so E ∩ F ∈ T.

(ii) Suppose that G ⊆ T and H =
⋃
G. By 341M, µ is (strictly) localizable, so G has an essential

supremum F ∈ Σ such that F • = supG∈G G
• in the measure algebra A of µ; that is, for E ∈ Σ, µ(G\E) = 0

for every G ∈ G iff µ(F \ E) = 0. Now F \H is negligible, by 213K. On the other hand,

G ⊆ φG = φ(G ∩ F ) ⊆ φF

for every G ∈ G, so H ⊆ φF , and H \ F ⊆ φF \ F is negligible. But as µ is complete, this means that
H ∈ Σ. Also φH = φF ⊇ H, so H ∈ T. Thus T is closed under arbitrary unions and is a topology.

(b) By its definition, T is included in Σ, so µ is a topological measure. If E ∈ Σ then E ∩ φE belongs to
T, is included in E and has the same measure as E; so µ is inner regular with respect to the open sets. As
µ is semi-finite, it is inner regular with respect to the open sets of finite measure, and is effectively locally
finite. If E ∈ T is non-empty, then φE ⊇ E is non-empty, so µE > 0; thus µ is strictly positive. Finally, if
G is a non-empty upwards-directed family in T, then the argument of (a-ii) shows that (

⋃
G)• = supG∈G G

•

in A, so that µ(
⋃
G) = supG∈G µG. Thus µ is τ -additive.
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414Q Lifting topologies Let (X,Σ, µ) be a measure space and φ : Σ → Σ a lifting, that is, a Boolean
homomorphism such that φE = ∅ whenever µE = 0 and µ(E△φE) = 0 for every E ∈ Σ (341A). The lifting
topology associated with φ is the topology generated by {φE : E ∈ Σ}. Note that {φE : E ∈ Σ} is a
topology base, so is a base for the lifting topology.

414R Proposition Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a
lifting with lifting topology S and density topology T. Then S ⊆ T ⊆ Σ, and µ is τ -additive, effectively
locally finite and strictly positive with respect to S. Moreover, S is zero-dimensional.

proof Of course φ is a lower density, so we can talk of its density topology, and since φ2E = φE, φE ∈ T

for every E ∈ Σ, so S ⊆ T. Because µ is τ -additive and strictly positive with respect to T, it must also
be τ -additive and strictly positive with respect to S. If E ∈ Σ and µE > 0 there is an F ⊆ E such that
0 < µF < ∞, and now φF is an S-open set of finite measure meeting E in a non-negligible set; so µ is
effectively locally finite with respect to S. Of course S is zero-dimensional because φ[Σ] is a base for S

consisting of open-and-closed sets.

414X Basic exercises >>>(a) Let (X,Σ, µ) and (Y,T, ν) be measure spaces with topologies T and S,
and f : X → Y a continuous inverse-measure-preserving function. Show that if µ is τ -additive with respect
to T then ν is τ -additive with respect to S. Show that if ν is locally finite, so is µ.

(b) Let 〈(Xi,Σi, µi)〉i∈I be a family of measure spaces, with direct sum (X,Σ, µ); suppose that we are
given a topology Ti on Xi for each i, and let T be the disjoint union topology on X. Show that µ is τ -additive
iff every µi is.

>>>(c) Let (X,T) be a topological space and µ a totally finite measure on X which is inner regular with
respect to the closed sets. Suppose that µX = supG∈G µG whenever G is an upwards-directed family of
measurable open sets covering X. Show that µ is τ -additive.

(d) Let µ be an effectively locally finite τ -additive σ-finite measure on a topological space X, and
ν : domµ → [0,∞[ a countably additive functional which is absolutely continuous with respect to µ. Show
from first principles that ν is τ -additive.

(e) Give an example of an indefinite-integral measure over Lebesgue measure on R which is not effectively
locally finite. (Hint : arrange for every non-trivial interval to have infinite measure.)

(f) Let (X,T) be a topological space and µ a complete locally determined effectively locally finite τ -
additive topological measure on X. Show that if f is a real-valued function, defined on a subset of X, which
is locally integrable in the sense of 411Fc, then f is measurable.

(g) Let (X,T) be a topological space and µ an effectively locally finite τ -additive measure on X. Let G
be a cover of X consisting of measurable open sets, and K the ideal of subsets of X generated by G. Show
that µ is inner regular with respect to K.

(h) Let (X,T,Σ, µ) be a complete locally determined effectively locally finite τ -additive topological
measure space, and A a subset of X. Suppose that for every x ∈ A there is an open set G containing x such
that A ∩G is negligible. Show that A is negligible.

(i) Give an alternative proof of 414K based on the fact that the canonical map from the measure algebra
of µ to the measure algebra of µY is order-continuous (322Yd).

>>>(j)(i) If µ is an effectively locally finite τ -additive Borel measure on a regular topological space, show
that the c.l.d. version of µ is a quasi-Radon measure. (ii) If µ is a locally finite, effectively locally finite
τ -additive Borel measure on a locally compact Hausdorff space, show that µ is tight, so that the c.l.d. version
of µ is a Radon measure.

>>>(k) Let (X,Σ, µ) be a complete locally determined measure space and φ a lower density for µ such
that φX = X; let T be the corresponding density topology. (i) Show that a dense open subset of X must
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be conegligible. (ii) Show that a subset of X is nowhere dense for T iff it is negligible iff it is meager for
T. (iii) Show that a function f : X → R is Σ-measurable iff it is T-continuous at almost every point of X.
(Hint : if f is measurable, set Eq = {x : f(x) > q}, Fq = {x : f(x) < q}; show that f is continuous at every
point of X \

⋃
q∈Q((Eq \φEq)∪ (Fq \φFq)).) (iv) Show that Σ is both the Borel σ-algebra of (X,T) and the

Baire-property algebra of (X,T). (v) Show that (X,T) is a Baire space.

(l) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lower density such
that φX = X, with density topology T. Show that if A ⊆ X and E is a measurable envelope of A then the
T-closure of A is just A ∪ (X \ φ(X \ E)).

(m) Let µ be Lebesgue measure on Rr, Σ its domain, int* : Σ → Σ lower Lebesgue density (341E) and
T the corresponding density topology. (i) Show that T is finer than the usual Euclidean topology of Rr.

(ii) Show that for any A ⊆ R, the closure of A for T is just A ∪ {x : lim supδ↓0
µ∗(A∩B(x,δ))

µB(x,δ)
> 0}, and the

interior is A ∩ {x : limδ↓0
µ∗(A∩B(x,δ))

µB(x,δ)
= 1}.

(n) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lower density such
that φX = X; let T be the associated density topology. Let A be a subset of X and E a measurable envelope
of A; let ΣA be the subspace σ-algebra and µA the subspace measure on A. (i) Show that we have a lower
density φ

A
: ΣA → ΣA defined by setting φ

A
(F ∩ A) = A ∩ φ(E ∩ F ) for every F ∈ Σ. (ii) Show that

φ
A
A = A iff A ⊆ φE, and that in this case the density topology on A derived from φ

A
is just the subspace

topology.

(o) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lifting, with density
topology T and lifting topology S. (i) Show that

T = {H ∩G : G ∈ S, H is conegligible} = {H ∩ φE : E ∈ Σ, H is conegligible}.

(ii) Show that if A ⊆ X and E is a measurable envelope of A then the T-closure of A is A ∪ φE.

(p) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lifting; let S be its
lifting topology. Let A be a subset of X such that A ⊆ φE for some (therefore any) measurable envelope E
of A. Let ΣA be the subspace σ-algebra and µA the subspace measure on A. (i) Show that we have a lifting
φA : ΣA → ΣA defined by setting φA(F ∩A) = A ∩ φF for every F ∈ Σ. (ii) Show that the lifting topology
on A derived from φA is just the subspace topology.

(q) Let (X,Σ, µ) and (Y,T, ν) be complete locally determined measure spaces and f : X → Y an inverse-
measure-preserving function. Suppose that we have lower densities φ : Σ → Σ and ψ : T → T such that

φX = X, ψY = Y and φf−1[F ] = f−1[ψF ] for every F ∈ T. (i) Show that f is continuous for the density
topologies of φ and ψ. (ii) Show that if φ and ψ are liftings then f is continuous for the lifting topologies.

(r) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lifting, with associated
lifting topology S. Show that a function f : X → R is Σ-measurable iff there is a conegligible set H such
that f↾H is S-continuous. (Compare 414Xk, 414Xt.)

(s) Let (X,Σ, µ) be a complete locally determined measure space and φ : Σ → Σ a lifting. Let (Z,T, ν)
be the Stone space of the measure algebra of µ, and f : X → Z the inverse-measure-preserving function
associated with φ (341P). Show that the lifting topology on X is just {f−1[G] : G ⊆ Z is open}.

(t) Let (X,Σ, µ) be a strictly localizable measure space and φ : Σ → Σ a lifting. Write L
∞ for the

Banach lattice of bounded Σ-measurable real-valued functions on X, identified with L
∞(Σ) (363H); let

T : L∞ → L
∞ be the Riesz homomorphism associated with φ (363F). (i) Show that T 2 = T . (ii) Show that

if X is given the lifting topology S defined by φ, then T [L∞] is precisely the space of bounded continuous
real-valued functions on X. (iii) Show that if f ∈ L

∞, x ∈ X and ǫ > 0 there is an S-open set U containing

x such that |(Tf)(x) −
1

µV

∫
V
fdµ| ≤ ǫ for every non-negligible measurable set V included in U .

D.H.Fremlin



50 Topologies and measures I 414Xu

(u) Let (X,T,Σ, µ) be a complete locally determined effectively locally finite τ -additive topological
measure space. Show that there is a decomposition 〈Xi〉i∈I for µ in which every Xi is expressible as the
intersection of a closed set with an open set. (Hint : enumerate the open sets of finite measure as 〈Gξ〉ξ<κ,
and set F = {Gξ \

⋃
η<ξ Gη : ξ < κ}.)

414Y Further exercises (a) Let (X,T,Σ, µ) be a totally finite topological measure space. For E ∈ Σ
set

µτE = inf{supG∈G µ(E ∩G) : G ⊆ T is an upwards-directed set with union X}.

Suppose either that µ is inner regular with respect to the closed sets or that T is regular. Show that µτ is
a τ -additive measure, the largest τ -additive measure with domain Σ which is dominated by µ.

(b) Let X be a set, Σ an algebra of subsets of X, and T a topology on X. Let M be the L-space of
bounded finitely additive real-valued functionals on Σ (362B). Let N ⊆ M be the set of those functionals
ν such that infG∈G |ν|(H \G) = 0 whenever G ⊆ T ∩ Σ is a non-empty upwards-directed family with union
H ∈ Σ. Show that N is a band in M . (Cf. 362Xi.)

(c) Find a probability space (X,Σ, µ) and a topology T on X such that Σ includes a base for T and µ is
τ -additive, but there is a set E ∈ Σ such that the subspace measure µE is not τ -additive.

(d) Let int* be lower Lebesgue density on Rr, and T the associated density topology. Show that every
T-Borel set is an Fσ set for T.

(e) Let (X, ρ) be a metric space and µ a strictly positive locally finite quasi-Radon measure on X; write T

for the topology of X and Σ for the domain of µ. For E ∈ Σ set φ(E) = {x : x ∈ X, limδ↓0
µ(E∩B(x,δ))

µB(x,δ)
= 1}.

Suppose that E \ φ(E) is negligible for every E ∈ Σ (cf. 261D, 472D). (i) Show that φ is a lower density for
µ, with φ(X) = X. Let Td be the associated density topology. (ii) Suppose that H ∈ Td and that K ⊆ H
is T-closed and ρ-totally bounded. Show that there is a T-closed, ρ-totally bounded K ′ ⊆ H such that K is
included in the Td-interior of K ′. (iii) Show that Td is completely regular. (Hint : Lukeš Malý & Zaj́ıček

86.)

(f) Show that the density topology on R associated with lower Lebesgue density is not normal.

(g) Let µ be Lebesgue measure on Rr, Σ its domain, int* : Σ → Σ lower Lebesgue density and T the
corresponding density topology. (i) Show that if f : Rr → Rr is a permutation such that f and f−1 are both
differentiable everywhere, with continuous derivatives, then f is a homeomorphism for T. (Hint : 263D.)
(ii) Show that if φ : Σ → Σ is a lifting and S the corresponding lifting topology, then x 7→ −x is not a
homeomorphism for S. (Hint : 345Xc.)

414 Notes and comments I have remarked before that it is one of the abiding frustrations of measure
theory, at least for anyone ambitious to apply the power of modern general topology to measure-theoretic
problems, that the basic convergence theorems are irredeemably confined to sequences. In Volume 3 I
showed that if we move to measure algebras and function spaces, we can hope that the countable chain
condition or the countable sup property will enable us to replace arbitrary directed sets with monotonic
sequences, thereby giving theorems which apply to apparently more general types of convergence. In 414A
and its corollaries we come to a quite different context in which a measure, or integral, behaves like an
order-continuous functional. Of course the theorems here depend directly on the hypothesis of τ -additivity,
which rather begs the question; but we shall see in the rest of the chapter that this property does indeed
often appear. For the moment, I remark only that as Lebesgue measure is τ -additive we certainly have a
non-trivial example to work with.

The hypotheses of the results above move a touch awkwardly between those with the magic phrase
‘topological measure’ and those without. The point is that (as in 412G, for instance) it is sometimes useful
to be able to apply these ideas to Baire measures on completely regular spaces, which are defined on a base

Measure Theory



415C Quasi-Radon measure spaces 51

for the topology but may not be defined on every open set. The device I have used in the definition of
τ -additivity (411C) makes this possible, at the cost of occasional paradoxical phenomena like 414Yc.

I hope that no confusion will arise between the two topologies associated with a lifting on a complete locally
determined space. I have called them the ‘density topology’ and the ‘lifting topology’ because the former can
be defined directly from a lower density; but it would be equally reasonable to call them the ‘fine’ and ‘coarse’
lifting topologies. The density topology has the apparent advantage of giving us a measure which is inner
regular with respect to the Borel sets, but at the cost of being rather odd regarded as a topological space
(414P, 414Xk, 414Ye, 414Yf). It has the important advantage that there are densities (like the Lebesgue
lower density) which have some claim to be called canonical, and others with useful special properties, as in
§346, while liftings are always arbitrary and invariance properties for them sometimes unachievable. So, for
instance, the Lebesgue density topology on Rr is invariant under diffeomorphisms, which no lifting topology
can be (414Yg). The lifting topology is well-behaved as a topology, but only in special circumstances (as
in 453Xd) is the measure inner regular with respect to its Borel sets, and even the closure of a set can be
difficult to determine.

As with inner regularity, τ -additivity can be associated with the band structure of the space of bounded
additive functionals on an algebra (414Yb); there will therefore be corresponding decompositions of measures
into τ -additive and ‘purely non-τ -additive’ parts (cf. 414Ya).

Version of 16.5.17

415 Quasi-Radon measure spaces

We are now I think ready to draw together the properties of inner regularity and τ -additivity. Indeed,
this section will unite several of the themes which have been running through the treatise so far: (strict)
localizability, subspaces and products as well as the new concepts of this chapter. In these terms, the principal
results are that a quasi-Radon space is strictly localizable (415A), any subspace of a quasi-Radon space is
quasi-Radon (415B), and the product of a family of strictly positive quasi-Radon probability measures on
separable metrizable spaces is quasi-Radon (415E). I describe a basic method of constructing quasi-Radon
measures (415K), with details of one of the standard ways of applying it (415L, 415N) and some notes on
how to specify a quasi-Radon measure uniquely (415H-415I). I spell out useful results on indefinite-integral
measures (415O) and Lp spaces (415P), and end the section with a discussion of the Stone space Z of a
localizable measure algebra A and an important relation in Z × X when A is the measure algebra of a
quasi-Radon measure space X (415Q-415R).

It would be fair to say that the study of quasi-Radon spaces for their own sake is a minority interest.
If you are not already well acquainted with Radon measure spaces, it would make good sense to read this
section in parallel with the next. In particular, the constructions of 415K and 415L derive much of their
importance from the corresponding constructions in §416.

415A Theorem A quasi-Radon measure space is strictly localizable.

proof This is a special case of 414J.

415B Theorem Any subspace of a quasi-Radon measure space is quasi-Radon.

proof Let (X,T,Σ, µ) be a quasi-Radon measure space and (Y,TY ,ΣY , µY ) a subspace with the induced
topology and measure. Because µ is complete, locally determined and localizable (by 415A), so is µY (214Ie).
Because µY is semi-finite and µ is an effectively locally finite τ -additive topological measure, so is µY (414K).
Because µ is inner regular with respect to the closed sets and µY is semi-finite, µY is inner regular with
respect to the relatively closed subsets of Y (412Pc). So µY is a quasi-Radon measure.

415C In regular topological spaces, the condition ‘inner regular with respect to the closed sets’ in the
definition of ‘quasi-Radon measure’ can be weakened or omitted.

Proposition Let (X,T) be a regular topological space.

c© 2000 D. H. Fremlin
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(a) If µ is a complete locally determined effectively locally finite τ -additive topological measure on X,
inner regular with respect to the Borel sets, then it is a quasi-Radon measure.

(b) If µ is an effectively locally finite τ -additive Borel measure on X, its c.l.d. version is a quasi-Radon
measure.

proof (a) By 414Mb, µ is inner regular with respect to the closed sets, which is the only feature missing
from the given hypotheses.

(b) The c.l.d. version of µ satisfies the hypotheses of (a).

415D In separable metrizable spaces, among others, we can even omit τ -additivity.

Proposition Let (X,T) be a regular hereditarily Lindelöf topological space; e.g., a separable metrizable
space (4A2P(a-iii)), indeed any regular space with a countable network (4A2Nb).

(i) If µ is a complete effectively locally finite measure on X, inner regular with respect to the Borel sets,
and its domain includes a base for T, then it is a quasi-Radon measure.

(ii) If µ is an effectively locally finite Borel measure on X, then its completion is a quasi-Radon measure.
(iii) Any quasi-Radon measure on X is σ-finite.
(iv) Any quasi-Radon measure on X is completion regular.

proof (a) The basic fact we need is that if G is any family of open sets in X, then there is a countable
G0 ⊆ G such that

⋃
G0 =

⋃
G (4A2H(c-i)). Consequently any effectively locally finite measure µ on X is

σ-finite. PPP Let G be the family of measurable open sets of finite measure. Let G0 ⊆ G be a countable set
with the same union as G. Then E = X \

⋃
G0 is measurable, and E ∩G = ∅ for every G ∈ G, so µE = 0;

accordingly G0 ∪ {E} is a countable cover of X by sets of finite measure, and µ is σ-finite. QQQ
Moreover, any measure on X is τ -additive. PPP If G is a non-empty upwards-directed family of open

measurable sets, there is a sequence 〈Gn〉n∈N in G with union
⋃
G. If n ∈ N there is a G ∈ G such that⋃

i≤nGi ⊆ G, so

µ(
⋃

G) = µ(
⋃

n∈NGn) = supn∈N µ(
⋃

i≤nGi) ≤ supG∈G µG.

As G is arbitrary, µ is τ -additive. QQQ

(b)(i) Now let µ be a complete effectively locally finite measure on X, inner regular with respect to the
Borel sets, and with domain Σ including a base for the topology of X. If H ∈ T, then G = {G : G ∈
Σ ∩ T, G ⊆ H} has union H, because Σ ∩ T is a base for T; but in this case there is a countable G0 ⊆ G
such that H =

⋃
G0, so that H ∈ Σ. Thus µ is a topological measure. We know also from (a) that it is

τ -additive and σ-finite, therefore locally determined. By 415Ca, it is a quasi-Radon measure.

(ii) If µ is an effectively locally finite Borel measure on X, then its completion µ̂ satisfies the conditions
of (i), so is a quasi-Radon measure.

(iii) If µ is a quasi-Radon measure on X, it is surely effectively locally finite, therefore σ-finite.

(iv) Every closed set is a zero set (4A2H(c-ii)), so any measure which is inner regular with respect to
the closed sets is completion regular.

415E I am delaying most of the theory of products of (quasi-)Radon measures to §417. However, there
is one result which is so important that I should like to present it here, even though some of the ideas will
have to be repeated later.

Theorem Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of separable metrizable quasi-Radon probability spaces such
that every µi is strictly positive, and λ the product measure on X =

∏
i∈I Xi. Then

(i) λ is a completion regular quasi-Radon measure;
(ii) if F ⊆ X is a closed self-supporting set, there is a countable set J ⊆ I such that F is determined by

coordinates in J , so F is a zero set.

proof (a) Write Λ for the domain of λ, and U for the family of subsets of X of the form
∏

i∈I Gi where
Gi ∈ Ti for every i ∈ I and {i : Gi 6= Xi} is finite. Then U is a base for the topology of X, included in Λ.
For J ⊆ I let λJ be the product measure on XJ =

∏
i∈J Xi and ΛJ its domain.
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(b) Consider first the case in which I is countable. In this case X also is separable and metrizable
(4A2P(a-v)), while Λ includes a base for its topology. Also λ is a complete probability measure and inner
regular with respect to the closed sets (412Ua), so must be a quasi-Radon measure, by 415D(i).

(c) Now consider uncountable I. The key to the proof is the following fact: if V ⊆ U has union W , then
W ∈ Λ and λW = supV ∈V∗ λV , where V∗ is the set of unions of finite subsets of V.

PPP(i) By 215B(iv), there is a countable set V1 ⊆ V such that λ(U \W1) = 0 for every U ∈ V, where
W1 =

⋃
V1. Every member of U is determined by coordinates in some finite set (see 254M for this concept),

so there is a countable set J ⊆ I such that every member of V1 is determined by coordinates in J , and W1

also is determined by coordinates in J . Let πJ : X → XJ be the canonical map. Because it is an open map
(4A2B(f-i)), πJ [W ] and πJ [W1] are open in XJ , and belong to ΛJ , by (b).

(ii) ??? Suppose, if possible, that λJπJ [W ] > λJπJ [W1]. Since πJ [W ] =
⋃
{πJ [U ] : U ∈ V}, while λJ is

quasi-Radon and all the sets πJ [U ] are open, there must be some U ∈ V such that λJ(πJ [U ] \ πJ [W1]) > 0
(414Ea). Now πJ is inverse-measure-preserving (254Oa), so

0 < λπ−1
J [πJ [U ] \ πJ [W1]] = λ(π−1

J [πJ [U ]] \ π−1
J [πJ [W1]]) = λ(π−1

J [πJ [U ]] \W1),

because W1 is determined by coordinates in J .

At this point note that U is of the form
∏

i∈I Gi, where Gi ∈ Ti for each I, so we can express U as

U ′ ∩ U ′′, where U ′ = π−1
J [πJ [U ]] and U ′′ = π−1

I\J [πI\J [U ]]. U ′ is determined by coordinates in J and U ′′ is

determined by coordinates in I \ J . In this case

λ(U \W1) = λ(U ′′ ∩ U ′ \W1) = λU ′′ · λ(U ′ \W1),

because U ′′ is determined by coordinates in I \ J and U ′ \W1 is determined by coordinates in J , and we
can identify λ with the product λI\J × λJ (254N). But now recall that every µi is strictly positive. Since
U is surely not empty, no Gi can be empty and no µiGi can be 0. Consequently

∏
i∈I µiGi > 0 (because

only finitely many terms in the product are less than 1) and λU > 0; more to the point, λU ′′ > 0. Since we
chose U so that λ(U ′ \W1) > 0, we have λ(U \W1) > 0. But this contradicts the first sentence of (i) just
above. XXX

(iii) Thus λJπJ [W ] = λJπJ [W1]. But this means that λπ−1
J [πJ [W ]] = λW1. Since λ is complete and

W1 ⊆W ⊆ π−1
J [πJ [W ]], λW is defined and equal to λW1.

Taking 〈Vn〉n∈N to be a sequence running over V1 ∪ {∅}, we have

λW = λW1 = λ(
⋃

n∈N Vn) = supn∈N λ(
⋃

i≤n Vi) ≤ supV ∈V∗ λV ≤ λW,

so λW = supV ∈V∗ λV , as required. QQQ

(d) Thus we see that λ is a topological measure. But it is also τ -additive. PPP If W is an upwards-directed
family of open sets in X with union W ∗, set

V = {U : U ∈ U , ∃W ∈ W, U ⊆W}.

Then W ∗ =
⋃
V, so λW ∗ = supV ∈V∗ λV , where V∗ is the set of finite unions of members of V. But because

W is upwards-directed, every member of V∗ is included in some member of W, so

λW ∗ = supV ∈V∗ λV ≤ supW∈W λW ≤ λW ∗.

As W is arbitrary, λ is τ -additive. QQQ

(e) As in (b) above, we know that λ is a complete probability measure and is inner regular with respect
to the closed sets, so it is a quasi-Radon measure. Because λ is inner regular with respect to the zero sets
(412Ub), it is completion regular.

(f) Now suppose that F ⊆ X is a closed self-supporting set. By 254Oc, there is a set W ⊆ X, determined
by coordinates in some countable set J ⊆ I, such that W△F is negligible. ??? Suppose, if possible, that
x ∈ F and y ∈ X \ F are such that x↾J = y↾J . Then there is a U ∈ U such that y ∈ U ⊆ X \ F . As in
(b-ii) above, we can express U as U ′ ∩ U ′′ where U ′, U ′′ ∈ U are determined by coordinates in J and I \ J
respectively. In this case,
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λ(F ∩ U) = λ(W ∩ U) = λ(W ∩ U ′) · λU ′′

= λ(F ∩ U ′) · λU ′′ > 0,

because x ∈ F ∩U ′ and F is self-supporting, while U ′′ 6= ∅ and λ is strictly positive. But F ∩U = ∅, so this
is impossible. XXX

Thus F is determined by coordinates in the countable set J . Consequently it is of the form π−1
J [πJ [F ]].

But πJ [X \F ] is open (4A2B(f-i) again), so its complement πJ [F ] is closed. Now XJ is metrizable (4A2P(a-
v)), so πJ [F ] is a zero set (4A2Lc) and F is a zero set (4A2C(b-iv)).

415F Corollary (a) If Y is either [0, 1[ or ]0, 1[, endowed with Lebesgue measure, and I is any set, then
Y I , with the product topology and measure, is a quasi-Radon measure space.

(b) If 〈νi〉i∈I is a family of probability distributions on R, in the sense of §271 (that is, Radon probability
measures), and every νi is strictly positive, then the product measure on RI is a quasi-Radon measure.

Remark See also 416U below, and 453I, where there is an alternative proof of the main step in 415E,

applicable to some further cases. Yet another approach, most immediately applicable to [0, 1[
I
, is in 443Xp.

For further facts about these product measures, see §417, particularly 417M.

415G Comparing quasi-Radon measures: Proposition Let X be a topological space, and µ, ν two
quasi-Radon measures on X. Then the following are equiveridical:

(i) µF ≤ νF for every closed set F ⊆ X;
(ii) µ ≤ ν in the sense of 234P.

If ν is locally finite, we can add
(iii) µG ≤ νG for every open set G ⊆ X;
(iv) there is a base U for the topology of X such that G ∪ H ∈ U for all G, H ∈ U and µG ≤ νG for

G ∈ U .

proof (a) Of course (ii)⇒(i), and (i)⇒(ii) by 412Ma.

(b) Evidently (ii)⇒(iii), and (iii)⇒(iv) is trivial. If (iv) is true and G ⊆ X is open, then V = {V : V ∈
U , V ⊆ G} is upwards-directed and has union G, so

µG = supV ∈V µV ≤ supV ∈V νV = νG.

Thus (iv)⇒(iii).
Now assume that ν is locally finite and that (iii) is true. ??? Suppose, if possible, that F ⊆ X is a closed

set such that νF < µF . Then H, as defined in part (a) of the proof, is upwards-directed and has union X,
so there is an H ∈ H such that νF < µ(F ∩H). Now there is a closed set F ′ ⊆ H \ F such that

νF ′ > ν(H \ F ) − µ(F ∩H) + νF ≥ νH − µ(F ∩H).

Set G = H \ F ′, so that F ∩H ⊆ G and

νG = νH − νF ′ < µ(F ∩H) ≤ µG,

which is impossible. XXX
This shows that (provided that ν is locally finite) (iii)⇒(i).

415H Uniqueness of quasi-Radon measures: Proposition Let (X,T) be a topological space and
µ, ν two quasi-Radon measures on X. Then the following are equiveridical:

(i) µ = ν;
(ii) µF = νF for every closed set F ⊆ X;
(iii) µG = νG for every open set G ⊆ X;
(iv) there is a base U for the topology of X such that G ∪H ∈ U for every G, H ∈ U and µ↾U = ν↾U ;
(v) there is a base U for the topology of X such that G ∩H ∈ U for every G, H ∈ U and µ↾U = ν↾U .

proof Of course (i) implies all the others. (ii)⇒(i) is immediate from 415G (see also 412M). If (iii) is true,
then, for any closed set F ⊆ X,
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µF = sup{µ(G ∩ F ) : G ∈ T, µG <∞}

= sup{µG− µ(G \ F ) : G ∈ T, µG <∞}

= sup{νG− ν(G \ F ) : G ∈ T, νG <∞} = νF ;

so (iii)⇒(ii). (iv)⇒(iii) by the argument of (iv)⇒(iii) in the proof of 415G.
Finally, suppose that (v) is true. Then µ(G0 ∪ . . . ∪ Gn) = ν(G0 ∪ . . . ∪Gn) for all G0, . . . , Gn ∈ U . PPP

Induce on n. For the inductive step to n ≥ 1, if any Gi has infinite measure (for either measure) the result
is trivial. Otherwise,

µ(G0 ∪ . . . ∪Gn) = µ(
⋃

i<n

Gi) + µGn − µ(Gn ∩
⋃

i<n

Gi)

= ν(
⋃

i<n

Gi) + νGn − ν(Gn ∩
⋃

i<n

Gi) = ν(G0 ∪ . . . ∪Gn). QQQ

So µ and ν agree on the base {G0 ∪ . . . ∪Gn : G0, . . . , Gn ∈ U}, and (iv) is true.

415I Proposition Let X be a completely regular topological space and µ, ν two quasi-Radon measures
on X such that

∫
fdµ =

∫
fdν whenever f : X → R is a bounded continuous function integrable with

respect to both measures. Then µ = ν.

proof ??? Otherwise, there is an open set G ⊆ X such that µG 6= νG; suppose µG < νG. Because ν is
effectively locally finite, there is an open set G′ ⊆ G such that µG < νG′ <∞. Now the cozero sets form a
base for the topology of X, so H = {H : H ⊆ G′ is a cozero set} has union G′; as ν is τ -additive, there is
an H ∈ H such that νH > µG. Express H as {x : g(x) > 0} where g : X → [0,∞[ is continuous. For each
n ∈ N, set fn = ng ∧ χX; then 〈fn〉n∈N is a non-decreasing sequence with limit χH, so there is an n ∈ N

such that
∫
fndν > µG ≥

∫
fndµ. But fn is both µ-integrable and ν-integrable because µG and νH are

both finite. XXX

415J Proposition Let X be a regular topological space, Y a subspace of X, and ν a quasi-Radon
measure on Y . Then there is a quasi-Radon measure µ on X such that µE = ν(E∩Y ) whenever µ measures
E, that is, Y has full outer measure in X and ν is the subspace measure on Y .

proof Write B for the Borel σ-algebra of X, and set µ0E = ν(E ∩ Y ) for every E ∈ B. Then it is easy to
see that µ0 is a τ -additive Borel measure on X. Moreover, µ0 is effectively locally finite. PPP If E ∈ B and
µ0E > 0, there is a relatively open set H ⊆ Y such that νH < ∞ and ν(H ∩ E ∩ Y ) > 0. Now H is of the
form G ∩ Y where G ⊆ X is open, and we have µ0G = νH <∞, µ0(E ∩G) = ν(H ∩ E ∩ Y ) > 0. QQQ

By 415Cb, the c.l.d. version µ of µ0 is a quasi-Radon measure on X. Because µ0 is semi-finite (411Gd),
µ extends µ0 (213Hc), and µF = µ0F = ν(F ∩ Y ) for every closed F ⊆ X. In particular, µF = 0 whenever
F ⊆ X is closed and F ∩Y = ∅; as µ is inner regular with respect to the closed sets, Y has full outer measure
in X. So if H ⊆ Y is relatively closed,

νH = ν(H̄ ∩ Y ) = µH̄ = µ∗(H̄ ∩ Y ) = µYH

where µY is the subspace measure on Y induced by µ. Now we know that µY is a quasi-Radon measure
on Y (415B); as it agrees with the quasi-Radon measure ν on the relatively closed subsets of Y , µY = ν
(415H(ii)), as required.

415K I come now to a couple of basic results on the construction of quasi-Radon measures. The first
follows 413K.

Theorem Let X be a topological space and K a family of closed subsets of X such that

∅ ∈ K,
(†) K ∪K ′ ∈ K whenever K, K ′ ∈ K are disjoint,
(‡) F ∈ K whenever K ∈ K and F ⊆ K is closed.

Let φ0 : K → [0,∞[ be a functional such that
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(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K,

(β) infK∈K′ φ0K = 0 whenever K′ is a non-empty downwards-directed subset of K with empty
intersection,

(γ) whenever K ∈ K and φ0K > 0, there is an open set G such that the supremum
supK′∈K,K′⊆G φ0K

′ is finite, while φ0K
′ > 0 for some K ′ ∈ K such that K ′ ⊆ K ∩G.

Then there is a unique quasi-Radon measure on X extending φ0 and inner regular with respect to K.

proof By 413K, there is a complete locally determined measure µ on X, inner regular with respect to
K, and extending φ0; write Σ for the domain of µ. If F ⊆ X is closed, then K ∩ F ∈ K ⊆ Σ for every
K ∈ K, so F ∈ Σ, by 413F(ii); accordingly every open set is measurable. Because µ is inner regular with
respect to K it is surely inner regular with respect to the closed sets. If E ∈ Σ and µE > 0, there is a
K ∈ K such that K ⊆ E and µK > 0; now (γ) tells us that there is an open set G such that µG < ∞ and
µ(G ∩ K) > 0, so that µ(G ∩ E) > 0. As E is arbitrary, µ is effectively locally finite. Now suppose that
G is a non-empty upwards-directed family of open sets with union H, and that γ < µH. Then there is a
K ∈ K such that K ⊆ H and µK > γ. Applying the hypothesis (β) to K′ = {K \G : G ∈ G}, we see that
infG∈G µ(K \G) = 0, so that

supG∈G µG ≥ supG∈G µ(K ∩G) = µK ≥ γ.

As G and γ are arbitrary, µ is τ -additive. So µ is a quasi-Radon measure.

415L Proposition Let (X,Σ0, µ0) be a measure space and T a topology on X such that Σ0 includes a
base for T and µ0 is τ -additive, effectively locally finite and inner regular with respect to the closed sets.
Then µ0 has a unique extension to a quasi-Radon measure µ on X. Moreover,

(i) µF = µ∗
0F whenever F ⊆ X is closed and µ∗

0F <∞,

(ii) µG = (µ0)∗G whenever G ⊆ X is open,

(iii) the embedding Σ0 ⊂→ Σ identifies the measure algebra (A0, µ̄0) of µ0 with an order-dense

subalgebra of the measure algebra (A, µ̄) of µ, so that the subrings A
f
0 , Af of elements of finite

measure coincide, and Lp(µ0) may be identified with Lp(µ) for 1 ≤ p <∞,

(iv) whenever E ∈ Σ and µE <∞, there is an E0 ∈ Σ0 such that µ(E△E0) = 0,

(v) for every µ-integrable real-valued function f there is a µ0-integrable function g such that
f = g µ-a.e.

If µ0 is complete and locally determined, then we have

(i)′ µF = µ∗
0F for every closed F ⊆ X.

If µ0 is localizable, then we have

(iii)′ A0 = A, so that L0(µ) ∼= L0(µ0) and L∞(µ) ∼= L∞(µ0),

(iv)′ for every E ∈ Σ there is an E0 ∈ Σ0 such that µ(E△E0) = 0,

(v)′ for every Σ-measurable real-valued function f there is a Σ0-measurable real-valued function
g such that f = g µ-a.e.

proof (a) Let K be the set of closed subsets of X of finite outer measure for µ0. Note that µ0 is inner
regular with respect to K, because it is inner regular with respect to the closed sets and also with respect
to the sets of finite measure.

It is obvious from its definition that K satisfies (†) and (‡) of 415K. For K ∈ K, set φ0K = µ∗
0K. Then

φ0 satisfies (α)-(γ) of 415K.

PPP (ααα) If K, L ∈ K and L ⊆ K, take measurable envelopes E0, E1 ∈ Σ0 of K, L respectively. (i) Let
ǫ > 0. Because µ0 is inner regular with respect to the closed sets, there is a closed set F ∈ Σ0 such that
F ⊆ E0 \ E1 and µ0F ≥ µ0(E0 \ E1) − ǫ. Set K ′ = F ∩K. Then K ′ ∈ K and

φ0K
′ = µ∗

0(F ∩K) = µ0(F ∩ E0) = µ0F ≥ µ0E0 − µ0E1 − ǫ = φ0K − φ0L− ǫ.

As ǫ is arbitrary, we have

φ0K ≤ φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L}.
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(ii) On the other hand, ??? suppose, if possible, that there is a closed set K ′ ⊆ K \L such that µ∗
0L+µ∗

0K
′ >

µ∗
0K. Let E2 be a measurable envelope of K ′, so that µ0E1 + µ0E2 > µ0E0; since

µ0(E1 \ E0) = µ∗
0(L \ E0) = µ∗

0∅ = 0, µ0(E2 \ E0) = µ∗
0(K ′ \ E0) = 0,

µ0(E1∩E2) > 0. Because µ0 is effectively locally finite, there is a measurable open set G0, of finite measure,
such that µ0(G0 ∩ E1 ∩ E2) > 0. Set

G = {G ∪G′ : G, G′ ∈ Σ0 ∩ T, G ⊆ G0 \ L, G′ ⊆ G0 \K
′}.

Then G is an upwards-directed family of measurable open sets, and because Σ0 includes a base for the
topology ofX, its union is (G0\L)∪(G0\K

′) = G0. So there is anH ∈ G such that µ0H > µ0G0−µ0(E1∩E2),
that is, there are open sets G, G′ ∈ Σ0 such that G ⊆ G0 \L, G′ ⊆ G0 \K

′ and µ0((G∪G′)∩E1 ∩E2)) > 0.
But we must have

µ0(G ∩ E1) = µ∗
0(G ∩ L) = 0, µ0(G′ ∩ E2) = µ∗

0(G′ ∩K ′) = 0,

so this is impossible. XXX
Accordingly

φ0K ≥ φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L},

so that φ0 satisfies condition (α) of 415K.

(βββ) Let K′ ⊆ K be a non-empty downwards-directed family with empty intersection. Fix K0 ∈ K′ and
ǫ > 0. Let E0 be a measurable envelope of K0 and G0 a measurable open set of finite measure such that
µ0(G0 ∩ E0) ≥ µ0E0 − ǫ. Then

G = {G : G ∈ Σ0 ∩ T, G ⊆ G0 \K for some K ∈ K′ such that K ⊆ K0}

is an upwards-directed family of measurable open sets, and its union is G0 \
⋂
K′ = G0, again because Σ0

includes a base for the topology T. So there is a G ∈ G such that µ0G ≥ µ0G0 − ǫ. Let K ∈ K′ be such that
K ⊆ K0 and G ∩K = ∅; then

φ0K = µ∗
0K ≤ µ0(E0 \G) ≤ µ0(E0 \G0) + µ0(G0 \G) ≤ 2ǫ.

As ǫ is arbitrary, infK∈K′ φ0K = 0.

(γγγ) If K ∈ K and φ0K > 0, let E0 be a measurable envelope of K. Then there is a measurable open
set G of finite measure such that µ0(G∩E0) > 0. Of course supK′∈K,K′⊆G φ0K

′ ≤ µ0G <∞; but also there
is a measurable closed set K ′ ⊆ G ∩ E0 such that µ0K

′ > 0, in which case φ0(K ∩K ′) = µ0(E0 ∩K
′) > 0.

So φ0 satisfies condition (γ). QQQ

(b) By 415K, φ0 has an extension to a quasi-Radon measure µ on X which is inner regular with respect
to K. Write Σ for the domain of µ. Note that, for K ∈ K,

µK = φ0K = µ∗
0K,

so we can already be sure that the conclusion (i) of this theorem is satisfied. Now µ extends µ0.

PPP(i) Take any K ∈ K. Let E0 ∈ Σ0 be a measurable envelope of K for the measure µ0. If E ∈ Σ0, then
surely

µ∗(K ∩ E) = sup{µK ′ : K ′ ∈ K, K ′ ⊆ K ∩ E}

= sup{µ∗
0K

′ : K ′ ∈ K, K ′ ⊆ K ∩ E} ≤ µ∗
0(K ∩ E).

On the other hand, given γ < µ∗
0(K ∩E) = µ0(E0 ∩E), there is a closed set F ∈ Σ0 such that F ⊆ E0 ∩E

and µ0F ≥ γ, so that

µ∗(K ∩ E) ≥ µ(K ∩ F ) = µ∗
0(K ∩ F ) = µ0(E0 ∩ F ) ≥ γ.

Thus µ∗(K ∩ E) = µ∗
0(K ∩ E) for every K ∈ K and E ∈ Σ0.

(ii) If K ∈ K and E ∈ Σ0 then

µ∗(K ∩ E) + µ∗(K \ E) = µ∗
0(K ∩ E) + µ∗

0(K \ E) = µ∗
0K = µK.
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Because µ is complete and locally determined and inner regular with respect to K, E ∈ Σ (413F(iv)). Thus
Σ0 ⊆ Σ.

(iii) For any E ∈ Σ0, we now have

µE = sup{µK : K ∈ K, K ⊆ E} = sup{µ∗
0K : K ∈ K, K ⊆ E}

≤ µ0E = sup{µ0K : K ∈ K ∩ Σ0, K ⊆ E} ≤ µE.

As E is arbitrary, µ extends µ0. QQQ

(c) Because Σ0 ∩ T is a base for T, closed under finite unions, µ is unique, by 415H(iv).

(d) Now for the conditions (i)-(v). I have already noted that (i) is guaranteed by the construction.
Concerning (ii), if G ⊆ X is open, we surely have (µ0)∗G ≤ µ∗G = µG because µ extends µ0. On the other
hand, writing G = {G′ : G′ ∈ Σ0 ∩ T, G′ ⊆ G}, G is upwards-directed and has union G, so

µG = supG′∈G µG
′ = supG′∈G µ0G

′ ≤ (µ0)∗G.

So (ii) is true.
Because µ extends µ0, the embedding Σ0 ⊂→ Σ corresponds to a measure-preserving embedding of A0 as

a σ-subalgebra of A. To see that A0 is order-dense in A, take any non-zero a ∈ A. This is expressible as E•

for some E ∈ Σ with µE > 0. Now there is a K ∈ K such that K ⊆ E and µK > 0. There is an E0 ∈ Σ0

which is a measurable envelope for K with respect to µ0, so that

µE0 = µ0E0 = µ∗
0K = µK.

But this means that

0 6= E•

0 = K• ⊆ E• = a

in A, while E•

0 ∈ A0. As a is arbitrary, A0 is order-dense in A.
If a ∈ Af , then B = {b : b ∈ A0, b ⊆ a} is upwards-directed and supb∈B µ̄0b ≤ µ̄a is finite; accordingly B

has a supremum in A0 (321C), which must also be its supremum in A, which is a (313O, 313K). So a ∈ A0.

Thus Af can be identified with A
f
0 . But this means that, for any p ∈ [1,∞[, Lp(µ) ∼= Lp(A, µ̄) is identified

with Lp(A0, µ̄0) ∼= Lp(µ) (366H(d-iv)). This proves (iii).
Of course (iv) and (v) are just translations of this. If E ∈ Σ and µE < ∞, then E• ∈ Af ⊆ A0, that is,

there is an E0 ∈ Σ0 such that µ(E△E0) = 0. If f is µ-integrable, then f• ∈ L1(µ) = L1(µ0), that is, there
is a µ0-integrable function f0 such that f = f0 µ-a.e.

(e) If µ0 is complete and locally determined and F ⊆ X is an arbitrary closed set, then

µ∗
0F = supK∈K µ

∗
0(F ∩K) = supK∈K µ(F ∩K) = supK∈K,K⊆F µK = µF

by 412Jc, because µ and µ0 are both inner regular with respect to K.

(f) If µ0 is localizable, A0 is Dedekind complete; as it is order-dense in A, the two must coincide (314Ib).
Consequently

L0(µ) ∼= L0(A) = L0(A0) ∼= L0(µ0), L∞(µ) ∼= L∞(A) = L∞(A0) ∼= L∞(µ0).

So (iii)′ is true; now (iv)′ and (v)′ follow at once.

415M Corollary Let (X,T) be a regular topological space and µ0 an effectively locally finite τ -additive
measure on X, defined on the σ-algebra generated by a base for T. Then µ0 has a unique extension to a
quasi-Radon measure on X.

proof By 414Mb, µ0 is inner regular with respect to the closed sets. So 415L gives the result.

415N Corollary Let (X,T) be a completely regular topological space, and µ0 a τ -additive effectively
locally finite Baire measure on X. Then µ0 has a unique extension to a quasi-Radon measure on X.

proof This is a special case of 415M, because the domain Ba(X) of µ0 is generated by the family of cozero
sets, which form a base for T (4A2Fc).
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415O Proposition (a) Let (X,T) be a topological space, and µ, ν two quasi-Radon measures on X.
Then ν is an indefinite-integral measure over µ (definition: 234J) iff νF = 0 whenever F ⊆ X is closed and
µF = 0.

(b) Let (X,T,Σ, µ) be a quasi-Radon measure space, and ν an indefinite-integral measure over µ. If ν is
effectively locally finite it is a quasi-Radon measure.

proof (a) If ν is an indefinite-integral measure over µ, then of course it is zero on all µ-negligible closed
sets. So let us suppose that the condition is satisfied. Write Σ = domµ and T = dom ν.

(i) If E ⊆ X is a µ-negligible Borel set it is ν-negligible, because every closed subset of E must be
µ-negligible, therefore ν-negligible, and ν is inner regular with respect to the closed sets. In particular,
taking U∗ to be the union of the family U = {U : U ∈ T, µU < ∞}, ν(X \ U∗) = µ(X \ U∗) = 0 because
µ is effectively locally finite. Also, of course, taking V ∗ to be the union of the family V = {V : V ∈ T,
νV < ∞}, ν(X \ V ∗) = 0 because ν is effectively locally finite. Setting G = U ∩ V and G∗ =

⋃
G, we have

G∗ = U∗ ∩ V ∗, so G∗ is ν-conegligible.

(ii) In fact, every µ-negligible set E is ν-negligible. PPP??? Otherwise, ν∗(E ∩ G∗) > 0. Because the
subspace measure νE is quasi-Radon (415B), there is a G ∈ G such that ν∗(E ∩G) > 0. But there is an Fσ

set H ⊆ G \E such that µH = µ(G \E), and now E ∩G is included in the µ-negligible Borel set G \H, so
that ν(E ∩G) = ν(G \H) = 0. XXXQQQ

(iii) Let K be the family of closed subsets F of X such that either F is included in some member of
G or F ∩ G∗ = ∅. If E ∈ domµ and µE > 0, then there is an F ∈ K such that F ⊆ E and µF > 0. PPP
If µ(E \ G∗) > 0 take any closed set F ⊆ E \ G∗ with µF > 0. Otherwise, µ(E ∩ G∗) > 0. Because the
subspace measure µE is quasi-Radon, there is a G ∈ G such that µ(E∩G) > 0; and now we can find a closed
set F ⊆ E ∩G with µF > 0, and F ∈ K. QQQ

(iv) By 412Ia, there is a decomposition 〈Xi〉i∈I for µ such that every Xi except perhaps one belongs
to K and that exceptional one, if any, is µ-negligible. Now 〈Xi〉i∈I is a decomposition for ν. PPP Every
Xi is measured by ν because it is either closed or µ-negligible, and of finite measure for ν because it is
either ν-negligible or included in a member of G. If E ⊆ X and νE > 0, then ν(E ∩ G∗) > 0, so there
must be some G ∈ G such that ν(E ∩ G) > 0. Now J = {i : i ∈ I, µ(Xi ∩ G) > 0} is countable, and
ν(G \

⋃
i∈J Xi) = µ(G \

⋃
i∈J Xi) = 0, so there is an i ∈ J such that ν(Xi ∩E) > 0. By 213Ob, 〈Xi〉i∈I is a

decomposition for ν. QQQ

(v) It follows that Σ ⊆ T. PPP If E ∈ Σ, then for every i ∈ I there is an Fσ set H ⊆ E ∩ Xi such
that E ∩ Xi \ H is µ-negligible, therefore ν-negligible, and E ∩ Xi ∈ T. As i is arbitrary, E ∈ T. QQQ In
fact, ν is the completion of ν↾Σ. PPP If F ∈ T, then for every i ∈ I there is an Fσ set Hi ⊆ F ∩ Xi such
that F ∩Xi \Hi is ν-negligible. Set H =

⋃
i∈I Hi; because H ∩Xi = Hi belongs to Σ for every i, H ∈ Σ;

and ν(F \ H) =
∑

i∈I ν(F ∩ Xi \ H) = 0. Similarly, there is an H ′ ∈ Σ such that H ′ ⊆ X \ F and
ν((X \F ) \H ′) = 0, so that H ⊆ F ⊆ X \H ′ and ν((X \H ′) \H) = 0. So F is measured by the completion
of ν↾Σ. Since ν itself is complete, it must be the completion of ν↾Σ. QQQ

(vi) By (iv), ν is inner regular with respect to {E : E ∈ Σ, µE < ∞}. By 234O, ν is an indefinite-
integral measure over µ.

(b) Let f ∈ L
0(µ) be a non-negative function such that νF =

∫
f × χF dµ whenever this is defined.

Because µ is complete and locally determined, so is ν. Because µ is an effectively locally finite τ -additive
topological measure, ν is a τ -additive topological measure (414H). Because µ is inner regular with respect
to the closed sets, so is ν (412Q). Since we are assuming in the hypotheses that ν is effectively locally finite,
it is a quasi-Radon measure.

415P Proposition Let (X,T,Σ, µ) be a quasi-Radon measure space.
(a) Suppose that (X,T) is completely regular. If 1 ≤ p <∞ and f ∈ L

p(µ), then for any ǫ > 0 there is a
bounded continuous function g : X → R such that µ{x : g(x) 6= 0} <∞ and ‖f − g‖p ≤ ǫ.

(b) Suppose that (X,T) is regular and Lindelöf. Let f ∈ L
0(µ) be locally integrable. Then for any ǫ > 0

there is a continuous function g : X → R such that ‖f − g‖1 ≤ ǫ.
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proof (a) Write C for the set of bounded continuous functions g : X → R such that {x : g(x) 6= 0} has
finite measure. Then C is a linear subspace of RX included in L

p = L
p(µ). Let U be the closure of C in

L
p, that is, the set of h ∈ L

p such that for every ǫ > 0 there is a g ∈ C such that ‖h − g‖p ≤ ǫ. Then
U is closed under addition and scalar multiplication. Also χE ∈ U whenever µE < ∞. PPP Let ǫ > 0. Set
δ = 1

4ǫ
1/p. Write G for the family of open sets of finite measure. Because µ is effectively locally finite, there

is a G ∈ G such that µ(E \ G) ≤ δ (412Aa). Let F ⊆ G \ E be a closed set such that µF ≥ µ(G \ E) − δ;
then µ(E△(G \ F )) ≤ 2δ. Write H for the family of cozero sets. Because T is completely regular, H is a
base for T; because H is closed under finite unions (4A2C(b-iii)) and µ is τ -additive, there is an H ∈ H
such that H ⊆ G \ F and µH ≥ µ(G \ F ) − δ, so that µ(E△H) ≤ 3δ. Express H as {x : g(x) > 0} where
g : X → R is a continuous function. For each n ∈ N, set gn = ng ∧ χX ∈ C; then

|χE − gn|
p ≤ χ(E△H) + (χH − gn)p

for every n, so ∫
|χE − gn|

p ≤ µ(E△H) +
∫

(χH − gn)p → µ(E△H)

as n → ∞, because gn → χH. So there is an n ∈ N such that
∫
|χE − gn|

p ≤ 4δ, that is, ‖χE − gn‖p ≤ ǫ.
As ǫ is arbitrary, χE ∈ U. QQQ

Accordingly every simple function belongs to U. But if f ∈ L
p and ǫ > 0, there is a simple function h

such that ‖f−h‖p ≤ 1
2ǫ (244Ha); now there is a g ∈ C such that ‖h−g‖p ≤ 1

2ǫ and ‖f−g‖p ≤ ǫ, as claimed.

(b) This time, write G for the family of open subsets of X such that
∫
G
f is finite, so that G is an open

cover of X. As X is paracompact (4A2H(b-i)), there is a locally finite family G0 ⊆ G covering X, which
must be countable (4A2H(b-ii)).

Let 〈ǫG〉G∈G0
be a family of strictly positive real numbers such that

∑
G∈G0

ǫG ≤ ǫ (4A1P). Since X is

completely regular (4A2H(b-i)), we can apply (a) to see that, for each G ∈ G0, there is a continuous function
gG : X → R such that

∫
|gG − f × χG| ≤ ǫG. Next, because X is normal (4A2H(b-i)), there is a family

〈hG〉G∈G0
of continuous functions from X to [0, 1] such that hG ≤ χG for every G ∈ G0 and

∑
G∈G0

hG(x) = 1

for every x ∈ X (4A2F(d-viii)).
Set g(x) =

∑
G∈G0

gG(x)hG(x) for every x ∈ X. Because G0 is locally finite, g : X → R is continuous
(4A2Bh). Now

∫
|f − g| =

∫
|
∑

G∈G0

(f − gG) × hG| ≤
∑

G∈G0

∫
|(f − gG) × hG|

≤
∑

G∈G0

∫

G

|f − gG| ≤
∑

G∈G0

ǫG ≤ ǫ,

as required.

415Q Recall (411P) that if (A, µ̄) is a localizable measure algebra, with Stone space (Z,S,T, ν), then ν is
a strictly positive completion regular quasi-Radon measure, inner regular with respect to the open-and-closed
sets (which are all compact). Moreover, subsets of Z are negligible iff they are nowhere dense, and every
measurable set differs by a nowhere dense set from an open-and-closed set. The following construction is
primarily important for Radon measure spaces (see 416V), but is also of interest for general quasi-Radon
spaces.

Proposition Let (X,T,Σ, µ) be a quasi-Radon measure space and (A, µ̄) its measure algebra. Let (Z,S,T, ν)
be the Stone space of (A, µ̄). For E ∈ Σ let E∗ ⊆ Z be the open-and-closed set corresponding to the image
E• of E in A. Define R ⊆ Z ×X by saying that (z, x) ∈ R iff x ∈ F whenever F ⊆ X is closed and z ∈ F ∗.
Set Q = R−1[X].

(a) R is a closed subset of Z ×X.
(b) For any E ∈ Σ, R[E∗] is the smallest closed set such that µ(E \R[E∗]) = 0. In particular, if F ⊆ X

is closed then R[F ∗] is the self-supporting closed set included in F such that µ(F \R[F ∗]) = 0; and R[Z] is
the support of µ.

(c) Q has full outer measure for ν.
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(d) For any E ∈ Σ, R−1[E]△(Q∩E∗) is negligible; consequently ν∗R−1[E] = µE and R−1[E]∩R−1[X\E]
is negligible.

(e) For any A ⊆ X, ν∗R−1[A] = µ∗A.
(f) If (X,T) is regular, then R−1[G] is relatively open in Q for every open set G ⊆ X, R−1[F ] is relatively

closed in Q for every closed set F ⊆ X and R−1[X \ E] = Q \R−1[E] for every Borel set E ⊆ X.

proof (a)

R =
⋂

F⊆X is closed

((Z \ F ∗) ×X) ∪ (Z × F )

is an intersection of closed sets, therefore closed.

(b) Let G be the family of open sets G ⊆ X such that µ(E ∩ G) = 0, and G0 =
⋃
G; then G0 ∈ G

(414Ea). Set F0 = X \G0, so that F0 is the smallest closed set such that E \F0 is negligible, and F ∗
0 ⊇ E∗.

If (z, x) ∈ R and z ∈ E∗ we must have x ∈ F0. Thus R[E∗] ⊆ F0. On the other hand, if x ∈ F0, and G is an
open set containing x, then G /∈ G so µ(G∩E) > 0 and (E∩G)∗ 6= ∅. Accordingly {(G∩E)∗ : x ∈ G ∈ T} is
a downwards-directed family of non-empty open-and-closed sets in the compact space Z and has non-empty
intersection, containing a point z say. If H ⊆ X is closed and z ∈ H∗, then X \H is open and z /∈ (X \H)∗,
so x cannot belong to X \H, that is, x ∈ H; as H is arbitrary, (z, x) ∈ R and x ∈ R[E∗]; as x is arbitrary,
R[E∗] = F0, as claimed.

Of course, when E is actually closed, R[E∗] = F0 ⊆ E. Taking E = X we see that R[Z] = R[X∗] is the
support of µ.

(c) If W ∈ T and νW > 0, there is a non-empty open-and-closed set U ⊆ W , by 322Ra, which must
be of the form E∗ for some E ∈ Σ. By (b), R[E∗] cannot be empty; but E∗ ⊆ W , so R[W ] 6= ∅, that is,
W ∩Q 6= ∅. As W is arbitrary, Q has full outer measure in Z.

(d)(i) Let F be the set of closed subsets of X included in E. Then supF∈F F
• = E• in A (412N), so

E∗ \
⋃

F∈F F
∗ is nowhere dense and negligible. Now for each F ∈ F , R[F ∗] ⊆ F , so Q ∩ F ∗ ⊆ R−1[F ] ⊆

R−1[E]. Accordingly

Q ∩ E∗ \R−1[E] ⊆ E∗ \
⋃

F∈F F
∗

is nowhere dense and negligible.

(ii) ??? Suppose, if possible, that ν∗(R−1[E] \ E∗) > 0. Then there is an open-and-closed set U of
finite measure such that ν∗(R−1[E] ∩ U \ E∗) > 0 (use 412Jc). Express U as H∗, where µH < ∞, and
let F ⊆ H \ E be a closed set such that µ((H \ E) \ F ) < ν∗(R−1[E] ∩ H∗ \ E∗). Then we must have
ν∗(R−1[E] ∩ F ∗) > 0. But R[F ∗] ⊆ F ⊆ X \ E so F ∗ ∩R−1[E] = ∅, which is impossible. XXX

(iii) Putting these together, (Q ∩ E∗)△R−1[E] is negligible.

(iv) It follows at once that (because Z is a measurable envelope for Q)

ν∗R−1[E] = ν∗(Q ∩ E∗) = νE∗ = µE.

Moreover, applying the result to X \ E,

R−1[X \ E] ∩R−1[E] ⊆ (R−1[X \ E]△(Q ∩ (X \ E)∗)) ∪ (R−1[E]△(Q ∩ E∗))

is negligible.

(e)(i) Take E ∈ Σ such that A ⊆ E and µE = µ∗A; then R−1[A] ⊆ R−1[E], so

ν∗R−1[A] ≤ ν∗R−1[E] = µE = µ∗A.

(ii) ??? Suppose, if possible, that ν∗R−1[A] < µ∗A. Let W ∈ T be a measurable envelope of R−1[A],
and take F ∈ Σ such that ν(W△F ∗) = 0. Since

µF = νF ∗ = νW < µ∗A,

µ∗(A \ F ) > 0; let G be a measurable envelope of A \ F disjoint from F (213L). Then G∗ ∩ F ∗ = ∅ so

ν(G∗ \W ) = νG∗ = µG > 0
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and there is a non-empty open-and-closed V ⊆ G∗ \W ; let H ∈ Σ be such that H ⊆ G and V = H∗. In
this case, R[V ] is closed and µ(H \ R[V ]) = 0, by (b), so that H ∩ R[V ] is measurable, not negligible, and
included in G. But H∩R[V ]∩A is empty, because V ∩R−1[A] is empty, so µ∗(H∩R[V ]∩A) < µ(H∩R[V ]),
and G cannot be a measurable envelope of A \ F . XXX

Thus ν∗R−1[A] = µ∗A, as claimed.

(f) Suppose now that (X,T) is regular.

(i) If G ⊆ X is open, R−1[G] ∩ R−1[X \ G] = ∅. PPP If z ∈ R−1[G], then there is an x ∈ G such that
(z, x) ∈ R. Let H be an open set containing x such that H ⊆ G. Then x /∈ X \H so z /∈ (X \H)∗, that is,
z ∈ H∗. But

R[H∗] ⊆ R[H
∗
] ⊆ H ⊆ G,

so H∗ ∩R−1[X \G] = ∅ and z /∈ R−1[X \G]. QQQ

(ii) It is easy to check that

E = {E : E ⊆ X, R−1[E] ∩R−1[X \ E] = ∅}

= {E : E ⊆ X, R−1[X \ E] = Q \R−1[E]}

is a σ-algebra of subsets of X (indeed, an algebra closed under arbitrary unions), just because R ⊆ Z ×X
and R−1[X] = Q. Because it contains all open sets, E must contain all Borel sets.

(iii) Now suppose once again that G ⊆ X is open and that z ∈ R−1[G]. As in (i) above, there is an
open set H ⊆ G such that z ∈ H∗ ⊆ Z \ R−1[X \ G], so that z ∈ H∗ ∩ Q ⊆ R−1[G]. As z is arbitrary,
R−1[G] is relatively open in Q.

(iv) Finally, if F ⊆ X is closed, R−1[F ] = Q \R−1[X \ F ] is relatively closed in Q.

415R Proposition Let (X,T,Σ, µ) be a Hausdorff quasi-Radon measure space and (Z,S,T, ν) the Stone
space of its measure algebra. Let R ⊆ Z ×X be the relation described in 415Q. Then

(a) R is (the graph of) a function f ;
(b) f is inverse-measure-preserving for the subspace measure νQ on Q = dom f , and in fact µ is the image

measure νQf
−1;

(c) if (X,T) is regular, then f is continuous.

proof (a) If z ∈ Z and x, y ∈ X are distinct, let G, H be disjoint open sets containing x, y respectively.
Then

(X \G)∗ ∪ (X \H)∗ = ((X \G) ∪ (X \H))∗ = Z,

defining ∗ as in 415Q, so z must belong to at least one of (X \G)∗, (X \H)∗. In the former case (z, x) /∈ R
and in the latter case (z, y) /∈ R. This shows that R is a function; to remind us of its new status I will
henceforth call it f . The domain of f is just Q = R−1[X].

(b) By 415Qd, f is inverse-measure-preserving for νQ and µ. Suppose that A ⊆ X and f−1[A] is in the
domain TQ of νQ, that is, is of the form Q∩U for some U ∈ T. Take any E ∈ Σ such that µE > 0; then either
ν(E∗ ∩ U) > 0 or ν(E∗ \ U) > 0. (α) Suppose that ν(E∗ ∩ U) > 0. Because ν is inner regular with respect
to the open-and-closed sets, there is an H ∈ Σ such that H∗ ⊆ E∗ ∩ U and µH = νH∗ > 0. Now there is a
closed set F ⊆ E∩H with µF > 0. In this case, f [F ∗] ⊆ F ⊆ E, by 415Qb, while F ∗∩Q ⊆ U ∩Q = f−1[A],
so f [F ∗] ⊆ E ∩A. But this means that

µ∗(E ∩A) ≥ µf [F ∗] = µF > 0.

(β) If ν(E∗ \U) > 0, then the same arguments show that µ∗(E \A) > 0. (γ) Thus µ∗(E∩A)+µ∗(E \A) > 0
whenever µE > 0. Because µ is complete and locally determined, A ∈ Σ (413F(vii)).

Thus we see that {A : A ⊆ X, f−1[A] ∈ TQ} is included in Σ, and µ is the image measure νQf
−1.

(c) If T is regular, then 415Qf tells us that f is continuous.
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415X Basic exercises >>>(a) Let (X,T,Σ, µ) be a quasi-Radon measure space and E ∈ Σ an atom for
the measure. Show that there is a closed set F ⊆ E such that µF > 0 and F is an atom of Σ, in the sense
that the only measurable subsets of F are ∅ and F . (Hint : 414G.) Show that µ is atomless iff all countable
subsets of X are negligible.

(b) Let 〈(Xi,Ti,Σi, µi)〉i∈I be any family of quasi-Radon measure spaces. Show that the direct sum
measure on X = {(x, i) : i ∈ I, x ∈ Xi} is a quasi-Radon measure when X is given its disjoint union
topology.

>>>(c) The right-facing Sorgenfrey topology or lower limit topology on R is the topology generated
by the half-open intervals of the form [α, β[; I will use the phrase Sorgenfrey line to mean R with this
topology. Show that Lebesgue measure on the Sorgenfrey line is completion regular and quasi-Radon. (Hint :
114Yj or 221Yb, or 419L.)

(d) Let X be a topological space and µ a complete measure on X, and suppose that there is a conegligible
closed measurable set Y ⊆ X such that the subspace measure on Y is quasi-Radon. Show that µ is quasi-
Radon.

(e) Let (X,T,Σ, µ) be a quasi-Radon measure space. Show that µ is inner regular with respect to the
family of self-supporting closed sets included in open sets of finite measure.

(f) Let (X,T,Σ, µ) be a quasi-Radon measure space. Show that whenever E ∈ Σ and ǫ > 0 there is an
open set G such that µG ≤ µE + ǫ and E \G is negligible.

(g) Describe a compact Hausdorff quasi-Radon measure space which is not σ-finite.

(h) Let (X,T,Σ, µ) be a quasi-Radon measure space, (A, µ̄) its measure algebra, and Af the ideal {a :
a ∈ A, µ̄a <∞}. Show that {G• : G ∈ T, µG <∞} is dense in Af for the strong measure-algebra topology
(323Ad).

(i) Let (X,T,Σ, µ) be an atomless quasi-Radon measure space which is outer regular with respect to the
open sets. Show that it is σ-finite. (Hint : take a decomposition 〈Xi〉i∈I in which every Xi except one is
self-supporting, and a set A meeting every Xi in just one point.)

(j) Let (X,T,Σ, µ) be a σ-finite quasi-Radon measure space with µX > 0. Show that there is a quasi-
Radon probability measure on X with the same measurable sets and the same negligible sets as µ.

(k) Let (X,Σ, µ) be a σ-finite measure space in which Σ is countably generated as a σ-algebra. Show
that, for a suitable topology on X, the completion of µ is a quasi-Radon measure. (Hint : take the topology
generated by a countable subalgebra of Σ, and use the arguments of 415D.)

(l) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of quasi-Radon probability spaces such that every µi is strictly
positive, and λ the product measure on X =

∏
i∈I Xi. Show that if every Ti has a countable network, λ is

a quasi-Radon measure.

(m) Let 〈Xi〉i∈I be a family of separable metrizable spaces, and µ a quasi-Radon measure on X =∏
i∈I Xi. Show that µ is completion regular iff every self-supporting closed set in X is determined by

coordinates in a countable set. (Hint : 4A2Eb.)

(n) Find two quasi-Radon measures µ, ν on the unit interval such that µG ≤ νG for every open set G
but there is a closed set F such that νF < µF .

(o) Let X be a topological space and µ, ν two quasi-Radon measures on X. (i) Suppose that µF = νF
whenever F ⊆ X is closed and both µF and νF are finite. Show that µ = ν. (ii) Suppose that µG = νG
whenever G ⊆ X is open and both µG and νG are finite. Show that µ = ν.
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(p) Find a second-countable Hausdorff topological space X with a τ -additive Borel probability measure
which is not inner regular with respect to the closed sets. (Hint : starting from a Radon probability measure,
declare a set with full outer measure and zero inner measure to be open and conegligible.)

(q) Find a second-countable Hausdorff space X, a subset Y and a quasi-Radon probability measure on
Y which is not the subspace measure induced by any quasi-Radon measure on X.

(r) Let (X,T,Σ, µ) be a σ-finite paracompact Hausdorff quasi-Radon measure space, and f ∈ L
0(µ) a

locally integrable function. Show that for any ǫ > 0 there is a continuous function g : X → R such that∫
|f − g| ≤ ǫ.

>>>(s) Let (X,T,Σ, µ) be a σ-finite completely regular quasi-Radon measure space. (i) Show that for
every E ∈ Σ there is an F in the Baire σ-algebra Ba(X) of X such that µ(E△F ) = 0. (Hint : start with
an open set E of finite measure.) (ii) Show that for every Σ-measurable function f : X → R there is a
Ba(X)-measurable function equal almost everywhere to f .

(t) Let (X,Σ, µ) be a measure space and f a µ-integrable real-valued function. Show that there is a
unique quasi-Radon measure λ on R such that λ{0} = 0 and λ [α,∞[ = µ∗{x : x ∈ dom f , f(x) ≥ α},
λ ]−∞,−α] = µ∗{x : x ∈ dom f , f(x) ≤ −α} whenever α > 0; and that

∫
h dλ =

∫
hfdµ whenever

h ∈ L
0(λ) and h(0) = 0 and either integral is defined in [−∞,∞]. (Hint : set λE = µ∗f−1[E \ {0}] for Borel

sets E ⊆ R, and use 414Mb, 414O and 235Gb.)

415Y Further exercises (a) Give an example of two quasi-Radon measures µ, ν on R such that their
sum, as defined in 234G, is not effectively locally finite, therefore not a quasi-Radon measure.

(b) Show that any quasi-Radon measure space is isomorphic, as topological measure space, to a subspace

of a compact quasi-Radon measure space. (Hint : if X is a T1 quasi-Radon measure space, let X̂ be its
Wallman compactification (Engelking 89, 3.6.21).)

(c) Let (X,T,Σ, µ) be a quasi-Radon measure space. Show that the following are equiveridical: (i) µ is
outer regular with respect to the open sets; (ii) every negligible subset of X is included in an open set of
finite measure; (iii) {x : µ{x} = 0} can be covered by a sequence of open sets of finite measure.

(d) Show that + : R× R → R is continuous for the right-facing Sorgenfrey topology.

(e) Let r ≥ 1. On Rr let S be the topology generated by the half-open intervals [a, b[ where a, b ∈ Rr

(definition: 115Ab). (i) Show that S is the product topology if each factor is given the right-facing Sorgenfrey
topology. (ii) Show that Lebesgue measure is quasi-Radon for S. (Hint : induce on r. See also 417Yi.)

(f) Find a base U for the topology of X = {0, 1}N and two totally finite (quasi-)Radon measures µ, ν on
X such that G ∩H ∈ U for all G, H ∈ U , µG ≤ νG for every G ∈ U , but νX < µX.

(g) Let X be a topological space and G an open cover of X. Suppose that for each G ∈ G we are given
a quasi-Radon measure µG on G such that µG(U) = µH(U) whenever G, H ∈ G and U ⊆ G ∩H is open.
Show that there is a unique quasi-Radon measure on X such that each µG is the subspace measure on G.
(Hint : if 〈µG〉G∈G is a maximal family with the given properties, then G is upwards-directed.)

(h) Let (X,Σ, µ) be a measure space and T a topology on X such that µ is inner regular with respect to
the closed sets, and suppose that there is a family U ⊆ Σ ∩ T such that

µU <∞ for every U ∈ U ,
for every U ∈ U , T ∩ Σ ∩ PU is a base for the subspace topology of U ,
if G is an upwards-directed family in T ∩ Σ and

⋃
G ∈ U , then µ(

⋃
G) = supG∈G µG,

if E ∈ Σ and µE > 0 then there is a U ∈ U such that µ(E ∩ U) > 0.

Show that µ has an extension to a quasi-Radon measure on X.
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(i) Let (X,T,Σ, µ) be a quasi-Radon measure space such that T is normal (but not necessarily Hausdorff
or regular). Show that if 1 ≤ p <∞, f ∈ L

p(µ) and ǫ > 0, there is a bounded continuous function g : X → R

such that ‖f − g‖p ≤ ǫ and {x : g(x) 6= 0} has finite measure.

(j) Let (X,T,Σ, µ) be a completely regular quasi-Radon measure space and suppose that we are given
a uniformity defining the topology T. Show that if 1 ≤ p < ∞, f ∈ L

p(µ) and ǫ > 0, there is a bounded
uniformly continuous function g : X → R such that ‖f − g‖p ≤ ǫ and {x : g(x) 6= 0} has finite measure.

(k) Let (X,T,Σ, µ) be a completely regular quasi-Radon measure space and τ an extended Fatou norm
on L0(µ) (definition: 369F) such that (i) τ↾Lτ is an order-continuous norm (ii) whenever E ∈ Σ and µE > 0
there is an open set G such that µ(E ∩ G) > 0 and τ(χG•) < ∞. Show that Lτ ∩ {f• : f : X → R is
continuous} is norm-dense in Lτ .

(l) Let (X,T,Σ, µ) be a quasi-Radon measure space. Show that µ is a compact measure (definition:
342Ac or 451Ab) iff there is a locally compact topology S on X such that (X,S,Σ, µ) is quasi-Radon.

415 Notes and comments 415B is particularly important because a very high proportion of the quasi-
Radon measure spaces we study are actually subspaces of Radon measure spaces. I would in fact go so far
as to say that when you have occasion to wonder whether all quasi-Radon measure spaces have a property,
you should as a matter of habit look first at subspaces of Radon measure spaces; if the answer is affirmative
for them, you will have most of what you want, even if the generalization to arbitrary quasi-Radon spaces
gives difficulties. Of course the reverse phenomenon can also occur. Stone spaces (411P) can be thought of
as quasi-Radon compactifications of Radon measure spaces (416V). But this is relatively rare. Indeed the
reason why I give so few examples of quasi-Radon spaces at this point is just that the natural ones arise
from Radon measure spaces. Note however that the quasi-Radon product of an uncountable family of Radon
probability spaces need not be Radon (see 417Xq), so that 415E here and 417O below are sources of non-
Radon quasi-Radon measure spaces. Density and lifting topologies can also provide us with quasi-Radon
measure spaces (453Xd, 453Xg).

415K is the second in a series of inner-regular-extension theorems; there will be a third in 416J.
I have been saying since Volume 1 that the business of measure theory, since Lebesgue’s time, has been

to measure as many sets and integrate as many functions as possible. I therefore take seriously any theorem
offering a canonical extension of a measure. 415L and its corollaries can be regarded as improvement
theorems, showing that a good measure can be made even better. We have already had such improvement
theorems in Chapter 21: the completion and c.l.d. version of a measure (212C, 213E). In all such theorems
we need to know exactly what effect our improvement is having on the other constructions we are interested
in; primarily, the measure algebra and the function spaces. The machinery of Chapter 36 shows that if
we understand the measure algebra(s) involved then the function spaces will give us no further surprises.
Completion of a measure does not affect the measure algebra at all (322Da). Taking the c.l.d. version
does not change Af = {a : µ̄a < ∞} or L1 (213Fc, 213G, 322D(b-i), 366H), but can affect the rest
of the measure algebra and therefore L0 and L∞. In this respect, what we might call the ‘quasi-Radon
version’ behaves like the c.l.d. version (as could be expected, since the quasi-Radon version must itself be
complete and locally determined). The archetypal application of 415L is 415N. We shall see later how Baire
measures arise naturally when studying Banach spaces of continuous functions (436E). 415N will be one of
the keys to applying the general theory of topological measure spaces in such contexts. A virtue of Baire
measures is that inner regularity with respect to closed sets comes almost free (412D); but there can be
unsurmountable difficulties if we wish to extend them to Borel measures (439M), and it is important to
know that τ -additivity, even in the relatively weak form allowed by the definition I use here (411C), is often
enough to give a canonical extension to a well-behaved measure defined on every Borel set. In 415C we have
inner regularity for a different reason, and the measure is already known to be defined on every Borel set,
so in fact the quasi-Radon version of the measure is just the c.l.d. version.

One interpretation of the Lifting Theorem is that for a complete strictly localizable measure space
(X,Σ, µ) there is a function g : X → Z, where Z is the Stone space of the measure algebra of µ, such
that E△g−1[E∗] is negligible for every E ∈ Σ, where E∗ ⊆ Z is the open-and-closed set corresponding
to the image of E in the measure algebra (341Q). For a Hausdorff quasi-Radon measure space we have a
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function f : Q → X, where Q is a dense subset of Z, such that (Q ∩ E∗)△f−1[E] is negligible for every
E ∈ Σ (415Qd, 415R); moreover, there is a canonical construction for this function. For completeness’ sake,
I have given the result for general, not necessarily Hausdorff, spaces X (415Q); but evidently it will be of
greatest interest for regular Hausdorff spaces (415Rc). Perhaps I should remark that in the most important
applications, Q is the whole of Z (416Vc). Of course the question arises, whether fg can be the identity.
(Z typically has larger cardinal than X, so asking for gf to be the identity is a bit optimistic.) This is in
fact an important question; I will return to it in 453M-453N.

Version of 28.12.17/3.7.20

416 Radon measure spaces

We come now to the results for which the chapter so far has been preparing. The centre of topological
measure theory is the theory of ‘Radon’ measures (411Hb), measures inner regular with respect to compact
sets. Most of the section is devoted to pulling the earlier work together, and in particular to re-stating
theorems on quasi-Radon measures in the new context. Of course this has to begin with a check that Radon
measures are quasi-Radon (416A). It follows immediately that Radon measures are (strictly) localizable
(416B). After presenting a miscellany of elementary facts, I turn to the constructions of §413, which take on
simpler and more dramatic forms in this context (416J-416P). I proceed to investigate subspace measures
(416R-416T) and some special product measures (416U). I end the section with further notes on the forms
which earlier theorems on Stone spaces (416V) and compact measure spaces (416W) take when applied to
Radon measure spaces.

416A Proposition A Radon measure space is quasi-Radon.

proof Let (X,T,Σ, µ) be a Radon measure space. Because T is Hausdorff, every compact set is closed, so
µ is inner regular with respect to the closed sets. By 411E, µ is τ -additive; by 411Gf, it is effectively locally
finite. Thus all parts of condition (ii) of 411Ha are satisfied, and µ is a quasi-Radon measure.

416B Corollary A Radon measure space is strictly localizable.

proof Put 416A and 415A or 414J together.

416C In order to use the results of §415 effectively, it will be helpful to spell out elementary conditions
ensuring that a quasi-Radon measure is Radon.

Proposition Let (X,T,Σ, µ) be a locally finite Hausdorff quasi-Radon measure space. Then the following
are equiveridical:

(i) µ is a Radon measure;

(ii) whenever E ∈ Σ and µE > 0 there is a compact set K such that µ(E ∩K) > 0;

(iii) sup{K• : K ⊆ X is compact} = 1 in the measure algebra of µ.

If µ is totally finite we can add

(iv) sup{µK : K ⊆ X is compact} = µX.

proof (i)⇒(ii) and (ii)⇔(iii) are trivial. For (ii)⇒(i), observe that if E ∈ Σ and µE > 0 there is a compact
set K ⊆ E such that µK > 0. PPP There is a compact set K ′ such that µ(E ∩K ′) > 0, by hypothesis; now
there is a closed set K ⊆ E ∩K ′ such that µK > 0, because µ is inner regular with respect to the closed
sets, and K is compact. QQQ By 412Aa, µ is inner regular with respect to the compact sets. Being a complete,
locally determined, locally finite topological measure, it is a Radon measure.

When µX <∞, of course, we also have (iii)⇔(iv).

416D Some further elementary facts are worth writing out plainly.

Lemma (a) In a Radon measure space, every compact set has finite measure.
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(b) Let (X,T,Σ, µ) be a Radon measure space, and E ⊆ X a set such that E ∩K ∈ Σ for every compact
K ⊆ X. Then E ∈ Σ.

(c) A Radon measure is inner regular with respect to the self-supporting compact sets.
(d) Let X be a Hausdorff space and µ a tight locally finite complete locally determined measure on X.

If µ measures every compact set, µ is a Radon measure.
(e) Let X be a Hausdorff space and 〈µi〉i∈I a family of Radon measures on X. Let µ =

∑
i∈I µi be their

sum (definition: 234G). If µ is locally finite, it is a Radon measure.

proof (a) 411Ga.

(b) We have only to remember that µ is complete, locally determined and tight, and apply 413F(ii).

(c) If (X,T,Σ, µ) is a Radon measure space, E ∈ Σ and γ < µE, there is a compact set K ⊆ E such
that µK ≥ γ. By 414F, there is a self-supporting relatively closed set L ⊆ K such that µL = µK; but now
of course L is compact, while L ⊆ E and µL ≥ γ.

(d) Let K be the family of compact subsets of X; write Σ for the domain of µ. If F ⊆ X is closed, then
F ∩ K ∈ K ⊆ Σ for every K ∈ K; accordingly F ∈ Σ, by 412Ja. But this means that every closed set,
therefore every open set, belongs to Σ, and µ is a Radon measure.

(e) Because every µi is a topological measure, so is µ; because every µi is complete, so is µ (234Ha). By
hypothesis, µ is locally finite. If µE > 0, then there is some i ∈ I such that µiE > 0; now there is a compact
K ⊆ E such that 0 < µiK ≤ µK. So µ is inner regular with respect to the compact sets.

Now suppose that E ⊆ X is such that µ measures E ∩ F whenever µF <∞. Then, in particular, E ∩K
is measured by µ, therefore measured by every µi, whenever K ⊆ X is compact. By 413F(ii) again, µi

measures E for every i, so µ measures E. As E is arbitrary, µ is locally determined and is a Radon measure.

Remark In (e) above, note that if I is finite then µ is necessarily locally finite.

416E Specification of Radon measures In 415H I described some conditions which enable us to
be sure that two quasi-Radon measures on a given topological space are the same. In the case of Radon
measures we have a similar list. This time I include a note on the natural ordering of Radon measures.

Proposition Let X be a Hausdorff space and µ, ν two Radon measures on X.
(a) The following are equiveridical:

(i) ν ≤ µ in the sense of 234P, that is, νE is defined and νE ≤ µE whenever µ measures E;
(ii) µK ≤ νK for every compact set K ⊆ X;
(iii) µG ≤ νG for every open set G ⊆ X;
(iv) µF ≤ νF for every closed set F ⊆ X.

If X is locally compact, we can add

(v)
∫
fdµ ≤

∫
fdν for every non-negative continuous function f : X → R with compact

support.

(b) The following are equiveridical:

(i) µ = ν;
(ii) µK = νK for every compact set K ⊆ X;
(iii) µG = νG for every open set G ⊆ X;
(iv) µF = νF for every closed set F ⊆ X.

If X is locally compact, we can add

(v)
∫
fdµ =

∫
fdν for every continuous function f : X → R with compact support.

proof (a)(i)⇒(iv)⇒(ii) and (i)⇒(iii) are trivial, if we recall that ν ≤ µ when dom ν ⊇ domµ and
νE ≤ µE for every E ∈ domµ.

(ii)⇒(i) is a special case of 412Mb.

(iii)⇒(ii) The point is that if K ⊆ X is compact, then µK = inf{µG : G ⊆ X is open, K ⊆ G}. PPP
Because X =

⋃
{µG : G ⊆ X is open, µG < ∞}, there is an open set G0 of finite measure including K.

Now, for any γ > µK, there is a compact set L ⊆ G0 \K such that µL ≥ µG0 − γ, so that µG ≤ γ, where
G = G0 \ L is an open set including K. QQQ
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The same is true for ν. So, if (iii) is true,

µK = infG⊇K is open µG ≤ infG⊇K is open νG = νK

for every compact K ⊆ X, and (ii) is true.

(iii)⇒(v) If (iii) is true and f : X → [0,∞[ is a non-negative continuous function, then

∫
fdµ =

∫ ∞

0

µ{x : f(x) > t}dt

(252O)

≤

∫ ∞

0

ν{x : f(x) > t}dt =

∫
fdν.

(v)⇒(iii) If X is locally compact and (v) is true, take any open set G ⊆ X, and consider the set A of
continuous functions f : X → [0, 1] with compact support such that f ≤ χG. Then A is upwards-directed
and supf∈A f(x) = χG(x) for every x ∈ X, by 4A2G(e-i). So

µG = supf∈A

∫
fdµ ≤ supf∈A

∫
fdν = νG

by 414Ba. As G is arbitrary, (iii) is true.

(b) now follows at once, or from 415H-415I.

416F Proposition Let X be a Hausdorff space and µ a Borel measure on X. Then the following are
equiveridical:

(i) µ has an extension to a Radon measure on X;
(ii) µ is locally finite and tight;
(iii) µ is locally finite and effectively locally finite, and µG = sup{µK : K ⊆ G is compact} for every

open set G ⊆ X;
(iv) µ is locally finite, effectively locally finite and τ -additive, and µG = sup{µ(G ∩ K) : K ⊆ X is

compact} for every open set G ⊆ X.
In this case the extension is unique; it is the c.l.d. version of µ.

proof (a)(i)⇒(iv) If µ = µ̃↾B(X) where µ̃ is a Radon measure and B(X) is the Borel σ-algebra of X, then
of course µ is locally finite and effectively locally finite and τ -additive because µ̃ is (see 416A) and every
open set belongs to B(X). Also

µG = sup{µK : K ⊆ G is compact} ≤ sup{µ(G ∩K) : K ⊆ X is compact} ≤ µG

for every open set G ⊆ X, because µ̃ is tight and compact sets belong to B(X).

(b)(iv)⇒(iii) Suppose that (iv) is true. Of course µ is locally finite and effectively locally finite. Suppose
that G ⊆ X is open and that γ < µG. Then there is a compact K ⊆ X such that µ(G ∩ K) > γ. By
414K, the (totally finite) subspace measure µK is τ -additive. Now K is a compact Hausdorff space, therefore
regular. By 414Ma there is a closed set F ⊆ G ∩K such that µKF ≥ γ. Now F is compact, F ⊆ G and
µF ≥ γ. As G and γ are arbitrary, (iii) is true.

(c)(iii)⇒(ii) I have to show that if µ satisfies the conditions of (iii) it is tight. Let K be the family of
compact subsets of X and A the family of subsets of X which are either open or closed. Then whenever
A ∈ A, F ∈ Σ and µ(A ∩ F ) > 0, there is a K ∈ K such that K ⊆ A and µ(K ∩ F ) > 0. PPP Because µ
is effectively locally finite, there is an open set G of finite measure such that µ(G ∩ A ∩ F ) > 0. (α) If A
is open, then there will be a compact set K ⊆ G ∩ A such that µK > µ(G ∩ A) − µ(G ∩ A ∩ F ), so that
µ(K ∩F ) > 0. (β) If A is closed, then let L ⊆ G be a compact set such that µL > µG−µ(G∩A∩F ); then
K = L ∩A is compact and µ(K ∩ F ) > 0. QQQ

By 412C, µ is inner regular with respect to K, as required.

(d)(ii)⇒(i) If µ is locally finite and tight, let µ̃ be the c.l.d. version of µ. Then µ̃ is complete, locally
determined, locally finite (because µ is), a topological measure (because µ is) and tight (because µ is, using
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412Ha); so is a Radon measure. Every compact set has finite measure for µ, so µ is semi-finite and µ̃ extends
µ (213Hc).

(e) By 416Eb there can be at most one Radon measure extending µ, and we have observed in (d) above
that in the present case it is the c.l.d. version of µ.

416G One of the themes of §434 will be the question: on which Hausdorff spaces is every locally finite
quasi-Radon measure a Radon measure? I do not think we are ready for a general investigation of this, but
I can give one easy special result.

Proposition Let (X,T) be a locally compact Hausdorff space and µ a locally finite quasi-Radon measure
on X. Then µ is a Radon measure.

proof µ satisfies condition (ii) of 416C. PPP Take E ∈ domµ such that µE > 0. Let G be the family of
relatively compact open subsets of X; then G is upwards-directed and has union X. By 414Ea, there is a
G ∈ G such that µ(E ∩ G) > 0. But now G is compact and µ(E ∩ G) > 0. QQQ By 416C, µ is a Radon
measure.

416H Corollary Let (X,T) be a locally compact Hausdorff space, and µ a locally finite, effectively
locally finite, τ -additive Borel measure on X. Then µ is tight and its c.l.d. version is a Radon measure, the
unique Radon measure on X extending µ.

proof By 415Cb, the c.l.d. version µ̃ of µ is a quasi-Radon measure extending µ. Because µ is locally finite,
so is µ̃; by 416G, µ̃ is a Radon measure. By 416Eb, the extension is unique. Now

µE = µ̃E = supK⊆E is compact µ̃K = supK⊆E is compact µK

for every Borel set E ⊆ X, so µ itself is tight.

416I While on the subject of locally compact spaces, I mention an important generalization of a result
from Chapter 24.

Proposition Let (X,T,Σ, µ) be a locally compact Radon measure space. Write Ck for the space of con-
tinuous real-valued functions on X with compact supports. If 1 ≤ p < ∞, f ∈ L

p(µ) and ǫ > 0, there is a
g ∈ Ck such that ‖f − g‖p ≤ ǫ.

proof By 415Pa, there is a bounded continuous function h1 : X → R such that G = {x : h1(x) 6= 0} has
finite measure and ‖f − h1‖p ≤ 1

2ǫ. Let K ⊆ G be a compact set such that ‖h1‖∞(µ(G \K))1/p ≤ 1
2ǫ, and

let h2 ∈ Ck be such that χK ≤ h2 ≤ χG (4A2G(e-i) again). Set g = h1 × h2. Then g ∈ Ck and∫
|h1 − g|p ≤

∫
G\K

|h1|
p ≤ µ(G \K)‖h1‖

p
∞,

so ‖h1 − g‖p ≤ 1
2ǫ and ‖f − g‖p ≤ ǫ, as required.

416J I turn now to constructions of Radon measures based on ideas in §413.

Theorem Let X be a Hausdorff space. Let K be the family of compact subsets of X and φ0 : K → [0,∞[
a functional such that

(α) φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L} whenever K, L ∈ K and L ⊆ K,

(γ) for every x ∈ X there is an open set G containing x such that sup{φ0K : K ∈ K, K ⊆ G}
is finite.

Then there is a unique Radon measure on X extending φ0.

proof By 413N, there is a unique complete locally determined measure µ on X, extending φ0, which is
inner regular with respect to K. By (γ), µ is locally finite; by 416Dd, it is a Radon measure.

416K Proposition (see Topsøe 70a) Let X be a Hausdorff space, T a subring of PX such that
H = {G : G ∈ T is open} covers X, and ν : T → [0,∞[ a finitely additive functional. Then there is a Radon
measure µ on X such that µK ≥ νK for every compact K ∈ T and µG ≤ νG for every open G ∈ T.
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proof (a) For H ∈ H set TH = T∩PH; then TH is an algebra of subsets of H, and νH = ν↾TH is additive.
By 391G, there is an additive functional ν̃H : PH → [0,∞[ extending νH . Let F be an ultrafilter on H
containing {H : H0 ⊆ H ∈ H} for every H0 ∈ H, and T̃ the ideal of subsets of X generated by H. If A ∈ T̃
then there is an H0 ∈ H including A, and now

ν̃H(A ∩H) = ν̃H(A ∩H0) ≤ νH(H ∩H0) = ν(H ∩H0) ≤ νH0

for every H ∈ H, so ν̃A = limH→F νH(A ∩H) is defined in [0,∞[. Note that if A ∈ T ∩ T̃ then there is an

H0 ∈ H including A, so that νHA = νA whenever H ∈ H and H ⊇ H0, and ν̃A = νA. Also ν̃ : T̃ → [0,∞[
is additive because all the functionals A 7→ ν̃H(A ∩H) are.

(b) Let K be the family of compact subsets of X. Because X =
⋃
H, K ⊆ T̃. For K ∈ K, set

φ0K = inf{ν̃G : G ∈ T̃ is open, K ⊆ G}.

Then φ0 satisfies the conditions of 416J. PPP (α) Take K, L ∈ K such that L ⊆ K, and ǫ > 0. Then there

are open sets G0, H0 ∈ T̃ such that

K ⊆ G0, ν̃G0 ≤ φ0K + ǫ, L ⊆ H0, ν̃H0 ≤ φ0L+ ǫ.

(i) If K ′ ∈ K is such that K ′ ⊆ K \L, there are disjoint open sets H, H ′ ⊆ X such that L ⊆ H and K ′ ⊆ H ′

(4A2F(h-i)). So

φ0L+ φ0K
′ ≤ ν̃(G0 ∩H) + ν̃(G0 ∩H

′) ≤ ν̃G0 ≤ φ0K + ǫ.

(ii) In the other direction, consider K1 = K \ H0. Then there is an open set H1 ∈ T̃ such that K1 ⊆ H1

and ν̃H1 ≤ φ0K1 + ǫ, so that

φ0K ≤ ν̃(H0 ∪H1) ≤ ν̃H0 + ν̃H1 ≤ φ0L+ φ0K1 + 2ǫ.

As ǫ is arbitrary,

φ0K = φ0L+ sup{φ0K
′ : K ′ ∈ K, K ′ ⊆ K \ L}

as required by 416J(α). (γ) If x ∈ X there is an H0 ∈ H containing x, and now

sup{φ0K : K ∈ K, K ⊆ H0} ≤ ν̃H0

is finite. So the second hypothesis also is satisfied. QQQ

(c) By 416J, we have a Radon measure µ on X extending φ0. If K ∈ T is compact, then µK ≥ νK. PPP

Since K ∈ T ∩ T̃, ν̃K = νK. Now

µK = φ0K = inf{ν̃G : G ∈ T̃ is open, K ⊆ G} ≥ ν̃K = νK. QQQ

If G ∈ T is open, then µG = sup{µK : K ⊆ G is compact}. But if K ⊆ G is compact then

µK = φ0K ≤ ν̃G = νG,

so µG ≤ νG.
Thus µ has the required properties.

416L Proposition Let X be a regular Hausdorff space. Let K be the family of compact subsets of X,
and φ0 : K → [0,∞[ a functional such that

(α1) φ0K ≤ φ0(K ∪ L) ≤ φ0K + φ0L for all K, L ∈ K,

(α2) φ0(K ∪ L) = φ0K + φ0L whenever K, L ∈ K and K ∩ L = ∅,

(γ) for every x ∈ X there is an open set G containing x such that sup{φ0K : K ∈ K, K ⊆ G}
is finite.

Then there is a unique Radon measure µ on X such that

µK = infG⊆X is open,K⊆G supL⊆G is compact φ0L

for every K ∈ K.

proof (a) For open sets G ⊆ X set

ψG = supL∈K,L⊆G φ0L,
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and for compact sets K ⊆ X set

φ1K = inf{ψG : G ⊆ X is open, K ⊆ G}.

Evidently ψG ≤ ψH whenever G ⊆ H. We need to know that ψ(G ∪H) ≤ ψG + ψH for all open sets G,
H ⊆ X. PPP If L ⊆ G ∪ H is compact, then the disjoint compact sets L \ G, L \ H can be separated by
disjoint open sets H ′, G′ (4A2F(h-i) again); now L \G′ ⊆ H, L \H ′ ⊆ G are compact and cover L, so

φ0L ≤ φ0(L \G′) + φ0(L \H ′) ≤ ψH + ψG.

As L is arbitrary, ψ(G ∪H) ≤ ψG+ ψH. QQQ
Moreover, ψ(G ∪H) = ψG+ ψH if G ∩H = ∅. PPP If K ⊆ G, L ⊆ H are compact, then

φ0K + φ0L = φ0(K ∪ L) ≤ ψ(G ∪H).

As K and L are arbitrary, ψG+ ψH ≤ ψ(G ∪H). QQQ

(b) It follows that φ1K is finite for every compact K ⊆ X. PPP Set G = {G : G ⊆ X is open, ψG < ∞}.
Then (a) tells us that G is upwards-directed. But also we are supposing that G covers X, by (γ). So if
K ⊆ X is compact there is a member of G including K and φ1K <∞. QQQ

(c) Now φ1 satisfies the conditions of 416J.

PPP(ααα) Suppose that K, L ∈ K and L ⊆ K. Set γ = sup{φ1M : M ∈ K, M ⊆ K \ L}. Take any ǫ > 0.
Let G be an open set such that K ⊆ G and ψG ≤ φ1K + ǫ. If M ∈ K and M ⊆ K \L, there are disjoint

open sets U , V such that L ⊆ U and M ⊆ V (4A2F(h-i) once more); we can arrange that U ∪ V ⊆ G. In
this case,

φ1L+ φ1M ≤ ψU + ψV = ψ(U ∪ V )

(by the second part of (a) above)

≤ ψG ≤ φ1K + ǫ.

As M is arbitrary, γ ≤ φ1K − φ1L+ ǫ.
On the other hand, there is an open set H such that L ⊆ H and ψH ≤ φ1L+ ǫ. Set F = K \H, so that

F is a compact subset of K \ L. Then there is an open set V such that F ⊆ V and ψV ≤ φ1F + ǫ. In this
case K ⊆ H ∪ V , so

φ1K ≤ ψ(H ∪ V ) ≤ ψH + ψV

≤ φ1L+ φ1F + 2ǫ ≤ φ1L+ γ + 2ǫ,

so γ ≥ φ1K − φ1L− 2ǫ.
As ǫ is arbitrary, γ = φ1K − φ1L; as K and L are arbitrary, φ1 satisfies condition (α) of 416J.

(γγγ) Any x ∈ X is contained in an open set G such that ψG < ∞; but now sup{φ1K : K ∈ K, K ⊆
G} ≤ ψG is finite. So φ1 satisfies condition (γ) of 416J. QQQ

(d) By 416J, there is a unique Radon measure on X extending φ1, as claimed.

416M Corollary Let X be a locally compact Hausdorff space. Let K be the family of compact subsets
of X, and φ0 : K → [0,∞[ a functional such that

φ0K ≤ φ0(K ∪ L) ≤ φ0K + φ0L for all K, L ∈ K,

φ0(K ∪ L) = φ0K + φ0L whenever K, L ∈ K and K ∩ L = ∅.

Then there is a unique Radon measure µ on X such that

µK = inf{φ0K
′ : K ′ ∈ K, K ⊆ intK ′}

for every K ∈ K.

proof Observe that φ0 satisfies the conditions of 416L; 416L(γ) is true because X is locally compact. Define
ψ, φ1 as in the proof of 416L, and set
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φ′1K = inf{φ0K
′ : K ′ ∈ K, K ⊆ intK ′}

for every K ∈ K. Then φ′1 = φ1. PPP Suppose that K ∈ K and ǫ > 0. (i) There is an open set G ⊆ X such
that K ⊆ G and ψG ≤ φ1K + ǫ. Now the relatively compact open subsets with closures included in G form
an upwards-directed cover of K, so there is a K ′ ∈ K such that K ⊆ intK ′ and K ′ ⊆ G. Accordingly

φ′1K ≤ φ0K
′ ≤ ψG ≤ φ1K + ǫ.

(ii) There is an L ∈ K such that K ⊆ intL and φ0L ≤ φ′1K + ǫ, so that

φ1K ≤ ψ(intL) ≤ φ0L ≤ φ′1K + ǫ.

(iii) As K and ǫ are arbitrary, φ′1 = φ1. QQQ
Now 416L tells us that there is a unique Radon measure extending φ1, and this is the measure we seek.

416N The extension theorems in the second half of §413 also have important applications to Radon
measures.

Henry’s theorem (Henry 69) Let X be a Hausdorff space and µ0 a measure on X which is locally finite
and tight. Then µ0 has an extension to a Radon measure µ on X, and the extension may be made in such
a way that whenever µE <∞ there is an E0 ∈ Σ0 such that µ(E△E0) = 0.

proof All the work has been done in §413; here we need to check only that the family K of compact subsets
of X and the measure µ0 satisfy the hypotheses of 413P. But (†) and (‡) there are elementary, and µ∗

0K <∞
for every K ∈ K by 411Ga.

Now take the measure µ from 413P. It is complete, locally determined and inner regular with respect to
K; also K ⊆ domµ. Because µ0 is locally finite and µ extends µ0, µ is locally finite. By 416Dd, µ is a Radon
measure. And the construction of 413P ensures that every set of finite measure for µ differs from a member
of Σ0 by a µ-negligible set.

416O Theorem Let X be a Hausdorff space and T a subalgebra of PX. Let ν : T → [0,∞[ be a finitely
additive functional such that

νE = sup{νF : F ∈ T, F ⊆ E, F is closed} for every E ∈ T,

νX = supK⊆X is compact infF∈T,F⊇K νF .

Then there is a Radon measure µ on X extending ν.

proof (a) For A ⊆ X, write

ν∗A = infF∈T,F⊇A νF .

Let 〈Kn〉n∈N be a sequence of compact subsets of X such that limn→∞ ν∗Kn = νX; replacing Kn by
⋃

i<nKi

if necessary, we may suppose that 〈Kn〉n∈N is non-decreasing and that K0 = ∅. For each n ∈ N, set

ν ′nE = ν∗(E ∩Kn)

for every E ∈ T. Then ν ′n is additive. PPP (I copy from the proof of 413O.) If E, F ∈ T and E ∩ F = ∅,

ν ′n(E ∪ F ) = inf{νG : G ∈ T, Kn ∩ (E ∪ F ) ⊆ G}

= inf{νG : G ∈ T, Kn ∩ (E ∪ F ) ⊆ G ⊆ E ∪ F}

= inf{ν(G ∩ E) + ν(G ∩ F ) : G ∈ T, Kn ∩ (E ∪ F ) ⊆ G ⊆ E ∪ F}

= inf{νG1 + νG2 : G1, G2 ∈ T, Kn ∩ E ⊆ G1 ⊆ E, Kn ∩ F ⊆ G2 ⊆ F}

= inf{νG1 : G1 ∈ T, Kn ∩ E ⊆ G1 ⊆ E}

+ inf{νG2 : G2 ∈ T, Kn ∩ F ⊆ G2 ⊆ F}

= ν ′nE + ν ′nF.

As E and F are arbitrary, ν ′n is additive. QQQ
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(b) For each n ∈ N, set νnE = ν ′n+1E − ν ′nE for every E ∈ T; then νn is additive. Because Kn+1 ⊇ Kn,
νn is non-negative.

If E ∈ T and E ∩ Kn+1 = ∅, then νnE = ν ′n+1E = 0. So if we set Tn = {E ∩ Kn+1 : E ∈ T}, we
have an additive functional ν̃n : Tn → [0,∞[ defined by setting ν̃n(E ∩ Kn+1) = νnE for every E ∈ T.
Also ν̃nH = sup{ν̃nK : K ∈ Tn, K ⊆ H, K is compact} for every H ∈ Tn. PPP Express H as E ∩ Kn+1

where E ∈ T. Given ǫ > 0, there is a closed set F ∈ T such that F ⊆ E and νF ≥ νE − ǫ; but now
K = F ∩Kn+1 ∈ Tn is a compact subset of H, and

ν̃n(H \K) = νn(E \ F ) ≤ ν ′n+1(E \ F ) ≤ ν(E \ F ) ≤ ǫ,

so ν̃nK ≥ ν̃nH − ǫ. QQQ

(c) For each n ∈ N, we have a Radon measure µn on Kn+1, with domain Σn say, such that µnKn+1 ≤
ν̃nKn+1 and µnK ≥ ν̃nK for every compact set K ⊆ Kn+1 (416K). Since Kn+1 is itself compact, we must
have µnKn+1 = ν̃nKn+1. But this means that µn extends ν̃n. PPP If H ∈ Tn and ǫ > 0 there is a compact
set K ∈ Tn such that K ⊆ H and ν̃nK ≥ ν̃nH − ǫ, so that (µn)∗H ≥ µnK ≥ ν̃nH − ǫ; as ǫ is arbitrary,
(µn)∗H ≥ ν̃nH. So there is an F1 ∈ Σn such that F1 ⊆ H and µnF1 ≥ ν̃nH. Similarly, there is an F2 ∈ Σn

such that F2 ⊆ Kn+1 \ H and µnF2 ≥ ν̃n(Kn+1 \ H). But in this case H \ F1 ⊆ Kn+1 \ (F1 ∪ F2) is
µn-negligible, because

µnF1 + µnF2 ≥ ν̃nH + ν̃n(Kn+1 \H) = ν̃nKn+1 = µnKn+1.

So H \ F1 and H belong to Σn and µnH = µnF1 = ν̃nH. QQQ

(d) Set

Σ = {E : E ⊆ X, E ∩Kn+1 ∈ Σn for every n ∈ N},

µE =
∑∞

n=0 µn(E ∩Kn+1) for every E ∈ Σ.

Then µ is a Radon measure on X extending ν.

PPP (i) It is easy to check that Σ is a σ-algebra of subsets of X including T, just because each Σn is a
σ-algebra of subsets of Kn+1 including Tn; and that µ is a complete measure because every µn is.

(ii) If E ∈ T, then

µE =
∞∑

n=0

µn(E ∩Kn+1) =
∞∑

n=0

ν̃n(E ∩Kn+1) =
∞∑

n=0

νnE = lim
n→∞

n∑

i=0

νiE

= lim
n→∞

n∑

i=0

ν∗(E ∩Ki+1) − ν∗(E ∩Ki) = lim
n→∞

ν∗(E ∩Kn) ≤ νE.

On the other hand,

µX = limn→∞ ν∗Kn+1 = νX,

so in fact µE = νE for every E ∈ T, that is, µ extends ν. In particular, µ is totally finite, therefore locally
determined and locally finite.

(iii) If G ⊆ X is open, then G ∩Kn+1 ∈ Σn for every n, so G ∈ Σ; thus µ is a topological measure. If
µE > 0, there is some n ∈ N such that µn(E ∩Kn+1) > 0; now there is a compact set K ⊆ E ∩Kn+1 such
that µnK > 0, so that µK > 0. This shows that µ is tight, so is a Radon measure, as required. QQQ

Remark Observe that in this construction
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µKn+1 =

∞∑

i=0

µi(Kn+1 ∩Ki+1) =

∞∑

i=0

ν̃i(Kn+1 ∩Ki+1) =

∞∑

i=0

νi(Kn+1 ∩Ki+1)

=

∞∑

i=0

ν′i+1(Kn+1 ∩Ki+1) − ν′i(Kn+1 ∩Ki+1)

=

∞∑

i=0

ν∗(Kn+1 ∩Ki+1) − ν∗(Kn+1 ∩Ki)

=

n∑

i=0

ν∗(Kn+1 ∩Ki+1) − ν∗(Kn+1 ∩Ki) = ν∗Kn+1

for every n ∈ N. What this means is that if instead of the hypothesis

νX = supK⊆X is compact infF∈T,F⊇K νF

we are presented with a specified non-decreasing sequence 〈Ln〉n∈N of compact subsets of X such that
νX = supn∈N ν

∗Ln, then we can take Kn+1 = Ln in the argument above and we shall have µLn = ν∗Ln for
every n.

416P Theorem Let X be a Hausdorff space and µ a locally finite measure on X which is inner regular
with respect to the closed sets. Then the following are equiveridical:

(i) µ has an extension to a Radon measure on X;
(ii) for every non-negligible measurable set E ⊆ X there is a compact set K ⊆ E such that

µ∗K > 0.

If µ is totally finite, we can add

(iii) sup{µ∗K : K ⊆ X is compact} = µX.

proof Write Σ for the domain of µ.

(a)(i)⇒(ii) If λ is a Radon measure extending µ, and µE > 0, then λE > 0, so there is a compact set
K ⊆ E such that λK > 0; but now, because λ is an extension of µ,

µ∗K ≥ λ∗K = λK > 0.

(b)(ii)⇒(i) & (iii)(ααα) Let E be the family of measurable envelopes of compact sets. Then µE < ∞
for every E ∈ E . PPP If E ∈ E , there is a compact set K such that E is a measurable envelope of K. Now
µE = µ∗K is finite by 411Ga, as usual. QQQ

Next, E is closed under finite unions, by 132Ed. The hypothesis (ii) tells us that if µE > 0 then there is
some F ∈ E such that F ⊆ E and µF > 0; for there is a compact set K ⊆ E such that µ∗K > 0, K has a
measurable envelope F0, and F = E ∩ F0 is still a measurable envelope of K. So in fact µ is inner regular
with respect to E (412Aa). In particular, µ is semi-finite.

If γ < µX there is an F ∈ E such that µF ≥ γ, and now there is a compact set K such that F is a
measurable envelope of K, so that µ∗K = µF ≥ γ. As γ is arbitrary, (iii) is true.

(βββ) Because µ is inner regular with respect to E , D = {E• : E ∈ E} is order-dense in the measure
algebra (A, µ̄) of µ (412N), so there is a family 〈di〉i∈I in D which is a partition of unity in A (313K). For
each i ∈ I, take Ei ∈ E such that E•

i = di. Then

∑

i∈I

µ(E ∩ Ei) =
∑

i∈I

µ̄(E•

∩ di) = µ̄E•

(321E)

= µE

for every E ∈ Σ.
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(γγγ) For each i ∈ I, let µi be the subspace measure on Ei. Then there is a Radon measure λi on Ei

extending µi. PPP Because µ is inner regular with respect to the closed sets, µi is inner regular with respect
to the relatively closed subsets of Ei (412Oa). Also there is a compact subset K ⊆ Ei such that

µiEi = µEi = µ∗K = µ∗
iK,

so µi satisfies the conditions of 416O and has an extension to a Radon measure. QQQ

(δδδ) Define

λE =
∑

i∈I λi(E ∩ Ei)

whenever E ⊆ X is such that λi measures E ∩ Ei for every i ∈ I. Then λ is a Radon measure on X
extending µ. PPP It is easy to check that it is a measure, just because every λi is a measure, and it extends
µ by (β) above. If G ⊆ X is open, then G∩Ei is relatively open for every i ∈ I, so λ measures G; thus λ is
a topological measure. If λE = 0 and A ⊆ E, then λi(A ∩Ei) ≤ λ(E ∩Ei) = 0 for every i, so λA = 0; thus
λ is complete. For all distinct i, j ∈ I,

λi(Ei ∩ Ej) = µi(Ei ∩ Ej) = µ(Ei ∩ Ej) = µ̄(di ∩ dj) = 0,

so λEi = λiEi = µiEi is finite. This means that if E ⊆ X is such that λ measures E∩F whenever λF <∞,
then λ must measure E ∩ Ei for every i, and λ measures E; thus λ is locally determined. If λE > 0 there
are an i ∈ I such that λi(E ∩Ei) > 0 and a compact K ⊆ E ∩Ei such that 0 < λiK = λK; consequently λ
is tight. Finally, if x ∈ X, there is an E ∈ Σ such that x ∈ intE and λE = µE < ∞, so λ is locally finite.
Thus λ is a Radon measure. QQQ

So (i) is true.

(c) Finally, suppose that µ is totally finite and (iii) is true. Then we can appeal directly to 416O to see
that (i) is true.

416Q Proposition (a) Let X be a compact Hausdorff space and E the algebra of open-and-closed subsets
of X. Then any non-negative finitely additive functional from E to R has an extension to a Radon measure
on X. If X is zero-dimensional then the extension is unique.

(b) Let A be a Boolean algebra, and Z its Stone space. Then there is a one-to-one correspondence between
non-negative additive functionals ν on A and Radon measures µ on Z given by the formula

νa = µâ for every a ∈ A,

where for a ∈ A I write â for the corresponding open-and-closed subset of Z.

proof (a) Let ν : E → [0,∞[ be a non-negative additive functional. Then ν satisfies the conditions of 416O
(because every member of E is closed, while X is compact), so has an extension to a Radon measure µ. If
X is zero-dimensional, E is a base for the topology of X closed under finite unions and intersections, so µ is
unique, by 415H(iv) or 415H(v).

(b) The map a 7→ â is a Boolean isomorphism between A and the algebra E of open-and-closed subsets
of Z, so we have a one-to-one correspondence between non-negative additive functionals ν on A and non-
negative additive functionals ν ′ on E , defined by the formula ν ′â = νa. Now Z is compact, Hausdorff and
zero-dimensional, so ν ′ has a unique extension to a Radon measure on Z, by part (a). And of course every
Radon measure µ on Z gives us a non-negative additive functional µ↾E on E , corresponding to a non-negative
additive functional on A.

416R Theorem (a) Any subspace of a Radon measure space is a quasi-Radon measure space.
(b) A measurable subspace of a Radon measure space is a Radon measure space.
(c) If (X,T,Σ, µ) is a Hausdorff complete locally determined topological measure space, and Y ⊆ X is

such that the subspace measure µY on Y is a Radon measure, then Y ∈ Σ.

proof (a) Put 416A and 415B together.

(b) Let (X,T,Σ, µ) be a Radon measure space, and (E,TE ,ΣE , µE) a member of Σ with the induced
topology and measure. Because µ is complete and locally determined, so is µE (214Ka). Because T is
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Hausdorff, so is TE (3A3Bh). Because µ is locally finite, so is µE . Because µ is tight (and a subset of E is
compact for TE whenever it is compact for T), µE is tight (412Oa again).

(c) ??? If Y /∈ Σ, then there is a set F ∈ Σ such that µ∗(Y ∩ F ) < µ∗(Y ∩ F ) (413F(v)). But now
µ∗(Y ∩F ) = µY (Y ∩F ), so there is a compact set K ⊆ Y ∩F such that µYK > µ∗(Y ∩F ). When regarded
as a subset of X, K is still compact; because T is Hausdorff, K is closed, so belongs to Σ, and

µ∗(Y ∩ F ) ≥ µK = µYK > µ∗(Y ∩ F ),

which is absurd. XXX

416S Corresponding to 415O, we have the following.

Proposition Let (X,T,Σ, µ) be a Radon measure space.
(a) If ν is a locally finite indefinite-integral measure over µ, it is a Radon measure.
(b) If ν is a Radon measure on X and νK = 0 whenever K ⊆ X is compact and µK = 0, then ν is an

indefinite-integral measure over µ.

proof (a) Because µ is complete and locally determined, so is ν (234Nb). Because µ is tight, so is ν (412Q).
So if ν is also locally finite, it is a Radon measure.

(b) Write T for the domain of ν.

(i) If E ∈ Σ ∩ T and µE = 0, then νK = µK = 0 for every compact K ⊆ E, so νE = 0.

(ii) T ⊇ Σ. PPP If E ∈ Σ and K ⊆ X is compact, there are Borel sets F , F ′ such that F ⊆ E ∩K ⊆
F ′ ⊆ K and µ(F ′ \ F ) = 0. Consequently ν(F ′ \ F ) = 0 and E ∩K ∈ T, because ν is complete. By 416Db,
E ∈ T; as E is arbitrary, Σ ⊆ T. QQQ

(iii) If E ∈ T, there is an F ∈ Σ such that E ⊆ F and ν(F \ E) = 0. PPP By 416Dc and 412Ia,
there is a decomposition 〈Xi〉i∈I of X for the measure µ such that at most one of the Xi is not a compact
µ-self-supporting set, and that exceptional one, if any, is µ-negligible. For each i, let Fi be such that

—– if Xi is a compact µ-self-supporting set, then Fi is a Borel subset of Xi, Fi ⊇ E ∩Xi and
ν(Fi \ E) = 0,

—– if Xi is not a compact µ-self-supporting set, Fi = Xi.

Then Fi ∈ Σ for every i so F =
⋃

i∈I Fi belongs to Σ. We also have ν(Fi \ E) = 0 for every i, because if
Xi is not compact and µ-self-supporting then νXi = µXi = 0. Of course E ⊆ F . If K ⊆ X is compact,
there is an open set G ⊇ K such that µG <∞; consequently {i : µ(Xi ∩G) ≥ ǫ} is finite for every ǫ > 0, so
{i : Xi ∩K 6= ∅} is countable and ν(K ∩ F \ E) = 0. By 412Jb, ν(F \ E) = 0. QQQ

Applying the same argument to X \ E, we can get an F ′ ∈ Σ such that F ′ ⊆ E and ν(E \ F ′) = 0. As
E is arbitrary, ν is the completion of its restriction to Σ.

(iv) Now look at the conditions of 234O. We know that µ is localizable and ν is semi-finite. We saw in
(ii) above that T ⊇ Σ and in (i) that ν is zero on µ-negligible sets. In (iii) we saw that ν is the completion
of ν↾Σ. And if νE > 0 there is a compact K ⊆ E such that νK > 0, while µK <∞. So 234O tells us that
ν is an indefinite-integral measure over µ.

416T I said in the notes to §415 that the most important quasi-Radon measure spaces are subspaces of
Radon measure spaces. I do not know of a useful necessary and sufficient condition, but the following deals
with completely regular spaces.

Proposition Let (X,T,Σ, µ) be a locally finite completely regular Hausdorff quasi-Radon measure space.
Then it is isomorphic, as topological measure space, to a subspace of a locally compact Radon measure
space.

proof (a) Write βX for the Stone-Čech compactification of X (4A2I); I will take it that X is actually a
subspace of βX. Let U be the set of those open subsets U of βX such that µ(U ∩ X) < ∞; then U is
upwards-directed and covers X, because µ is locally finite. Set W =

⋃
U ⊇ X. Then W is an open subset

of βX, so is locally compact.
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(b) Let B(W ) be the Borel σ-algebra of W . Then V ∩ X is a Borel subset of X for every V ∈ B(W )
(4A3Ca), so we have a measure ν : B(W ) → [0,∞] defined by setting νV = µ(X ∩ V ) for every V ∈ B(W ).
Now ν satisfies the conditions of 415Cb. PPP (α) If νV > 0, then, because µ is effectively locally finite, there
is an open set G ⊆ X such that µ(G ∩ V ) > 0 and µG < ∞. There is an open set U ⊆ βX such that
U ∩X = G, in which case U ⊆W , νU <∞ and ν(U ∩ V ) > 0. Thus ν is effectively locally finite. (β) If U
is an upwards-directed family of open subsets of W , then {U ∩X : U ∈ U} is an upwards-directed family of
open subsets of X, so

ν(
⋃

U) = µ(X ∩
⋃

U) = µ(
⋃

{U ∩X : U ∈ U})

= sup
U∈U

µ(X ∩ U) = sup
U∈U

νU.

Thus ν is τ -additive. QQQ So the c.l.d. version ν̃ of ν is a quasi-Radon measure on W (415Cb).

(c) The construction of W ensures that ν and ν̃ are locally finite. By 416G, ν̃ is a Radon measure. So the
subspace measure ν̃X is a quasi-Radon measure on X (416Ra). But ν̃XG = µG for every open set G ⊆ X.
PPP Note first that as ν effectively locally finite, therefore semi-finite, ν̃ extends ν (213Hc again). If K ⊆ W
is a compact set not meeting X, then

ν̃K = νK = µ(K ∩X) = 0;

accordingly ν̃∗(W \X) = 0, by 413Ee. Now there is an open set U ⊆W such that G = X ∩ U , and

ν̃XG = ν̃∗G ≤ ν̃U = νU = µ(U ∩X) = µG

= ν̃∗(U ∩X) + ν̃∗(U \X)

(by 413E(c-ii), because ν̃ is semi-finite)

≤ ν̃∗(U ∩X) + ν̃∗(W \X) = ν̃∗G. QQQ

So 415H(iii) tells us that µ = ν̃X is the subspace measure induced by ν.

416U Theorem (a) If 〈(Xi,Ti,Σi, µi)〉i∈I is a family of compact metrizable Radon probability spaces
such that every µi is strictly positive, the product measure on X =

∏
i∈I Xi is a completion regular Radon

measure.
(b) In particular, the usual measures on {0, 1}I and [0, 1]I and PI are completion regular Radon measures,

for any set I.

proof (a) By 415E, it is a completion regular quasi-Radon probability measure; but X is a compact
Hausdorff space, so it is a Radon measure, by 416G or otherwise.

(b) follows at once. (I suppose it is obvious that by the ‘usual measure on [0, 1]I ’ I mean the product
measure when each copy of [0, 1] is given Lebesgue measure. Recall also that the ‘usual measure on PI’ is
just the copy of the usual measure on {0, 1}I induced by the standard bijection A ↔ χA (254Jb), which is
a homeomorphism (4A2Ud).

416V Stone spaces The results of 415Q-415R become simpler and more striking in the present context.

Theorem Let (X,T,Σ, µ) be a Radon measure space, and (Z,S,T, ν) the Stone space of its measure algebra
(A, µ̄). For E ∈ Σ let E∗ be the open-and-closed set in Z corresponding to the image E• of E in A. Define
R ⊆ Z ×X by saying that (z, x) ∈ R iff x ∈ F whenever F ⊆ X is closed and z ∈ F ∗.

(a) R is the graph of a function f : Q → X, where Q = R−1[X]. If we set W =
⋃
{K∗ : K ⊆ X

is compact}, then W ⊆ Q is a ν-conegligible open set, and the subspace measure νW on W is a Radon
measure.

(b) Setting g = f↾W , g is continuous and µ is the image measure νW g−1.
(c) If X is compact, W = Q = Z and µ = νg−1.

proof (a) By 415Ra, R is the graph of a function. If K ⊆ X is compact and z ∈ K∗, then F = {F : F ⊆ X
is closed, z ∈ F ∗} is a family of non-empty closed subsets of X, closed under finite intersections, and
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containing the compact set K; so it has non-empty intersection, and there is an x ∈ K such that (z, x) ∈ R,
that is, z ∈ Q and f(z) ∈ K. Thus W ⊆ Q. Of course W is an open set, being the union of a family
of open-and-closed sets; but it is also conegligible, because sup{K• : K ⊆ X is compact} = 1 in A (412N
again), so Z \W must be nowhere dense, therefore negligible. Now the subspace measure νW is quasi-Radon
because ν is (411P(d-iv), 415B); but W is a union of compact open sets of finite measure, so νW is locally
finite and W is locally compact; by 416G, νW is a Radon measure.

(b) g is continuous. PPP Let G ⊆ X be an open set and z ∈ g−1[G]. Let K ⊆ X be a compact set such
that z ∈ K∗. As remarked above, g(z) = f(z) belongs to K. K, being a compact Hausdorff space, is regular
(3A3Bb), so there is an open set H containing g(z) such that L = H ∩K is included in G. Note that L
is compact, so L∗ ⊆ W . Now g(z) does not belong to the closed set X \H, so z /∈ (X \H)∗ and z ∈ H∗;
accordingly z ∈ (H ∩ K)∗ ⊆ L∗. If w ∈ L∗, g(w) ∈ L ⊆ G; so L∗ ⊆ g−1[G], and z ∈ int g−1[G]. As z is
arbitrary, g−1[G] is open; as G is arbitrary, g is continuous. QQQ

By 415Rb, we know that µ = νQf
−1, where νQ is the subspace measure on Q. But as ν is complete and

both Q and W are conegligible, we have

νQf
−1[A] = νf−1[A] = νg−1[A] = νW g−1[A]

whenever A ⊆ X and any of the four terms is defined, so that µ = νQf
−1 = νW g−1.

(c) If X is compact, then Z = X∗ ⊆W , so W = Q = Z and νg−1 = νW g−1 = µ.

416W Compact measure spaces Recall that a semi-finite measure space (X,Σ, µ) is ‘compact’ (as
a measure space) if there is a family K ⊆ Σ such that µ is inner regular with respect to K and

⋂
K′ 6= ∅

whenever K′ ⊆ K has the finite intersection property (342Ac); while (X,Σ, µ) is ‘perfect’ if whenever
f : X → R is measurable and µE > 0, there is a compact set K ⊆ f [E] such that µf−1[K] > 0 (342K).
In §342 I introduced these concepts in order to study the realization of homomorphisms between measure
algebras. The following result is now very easy.

Proposition (a) Any Radon measure space is a compact measure space, therefore perfect.
(b) Let (X,T,Σ, µ) be a Radon measure space, with measure algebra (A, µ̄), and (Y,T, ν) a complete

strictly localizable measure space, with measure algebra (B, ν̄). If π : A → B is an order-continuous Boolean
homomorphism, there is a function f : Y → X such that f−1[E] ∈ T and f−1[E]• = πE• for every E ∈ Σ.
If π is measure-preserving, f is inverse-measure-preserving.

proof (a) If (X,T,Σ, µ) is a Radon measure space, µ is inner regular with respect to the compact class
consisting of the compact subsets of X, so (X,Σ, µ) is a compact measure space. By 342L, it is perfect.

(b) Use (i)⇒(v) of Theorem 343B. (Of course f is inverse-measure-preserving iff π is measure-preserving.)

416X Basic exercises >>>(a) Let (X,T,Σ, µ) be a Radon measure space, and E ∈ Σ an atom for the
measure. Show that there is a point x ∈ E such that µ{x} = µE.

(b) Let X be a Hausdorff space and µ a point-supported measure on X, as described in 112Bd. (i)
Show that µ is tight, so is a Radon measure iff it is locally finite. In particular, show that if X has its
discrete topology then counting measure on X is a Radon measure. (ii) Show that every purely atomic
Radon measure is of this type.

>>>(c) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of Radon measure spaces, with direct sum (X,Σ, µ) (214L).
Give X its disjoint union topology. Show that µ is a Radon measure.

(d) Let (X,T,Σ, µ) be a σ-finite Radon measure space with µX > 0. Show that there is a Radon
probability measure on X with the same measurable sets and the same negligible sets as µ.

(e) Let (X,T,Σ, µ) be a Radon measure space. Show that µ has a decomposition 〈Xi〉i∈I in which every
Xi except at most one is a self-supporting compact set, and the exceptional one, if any, is negligible.

(f) Let (X,T,Σ, µ) be a Radon measure space. Show that αµ, defined on Σ, is a Radon measure for any
α > 0.
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(g) Let X be a Hausdorff space and µ, ν two Radon measures on X such that νG = µG whenever G ⊆ X
is open and of finite measure for both. Show that µ = ν.

(h) Let (X,T) be a completely regular Hausdorff space and µ a locally finite topological measure on X
which is inner regular with respect to the closed sets. Show that

µK = inf{µG : G ⊇ K is a cozero set}

= inf{µF : F ⊇ K is a zero set} = inf{

∫
fdµ : χK ≤ f ∈ C(X)}

for every compact set K ⊆ X.

(i) Let (X,T,Σ, µ) be a locally compact Radon measure space, and Ck the space of continuous real-
valued functions on X with compact supports. Show that {f• : f ∈ Ck} is dense in L0(µ) for the topology
of convergence in measure.

(j) Let (X,T) be a Hausdorff space, Σ ⊇ T a σ-algebra of subsets of X, and ν : Σ → [0,∞[ a finitely
additive functional such that νE = sup{νK : K ⊆ E is compact} for every E ∈ Σ. Show that ν is countably
additive and that its completion is a Radon measure on X.

(k) Let X be a completely regular Hausdorff space and ν a locally finite Baire measure on X. (i) Show
that ν∗K = inf{νG : G ⊆ X is a cozero set, K ⊆ G} for every compact set K ⊆ X. (ii) Show that there is
a Radon measure µ on X such that µK = ν∗K for every compact set K ⊆ X.

(l) Let 〈Xn〉n∈N be a sequence of Hausdorff spaces with product X; write B(Xn) for the Borel σ-algebra

of Xn. Let T be the σ-algebra
⊗̂

n∈NB(Xn) (definition: 254E). Let ν : T → [0,∞[ be a finitely additive

functional such that E 7→ νπ−1
n [E] : B(Xn) → [0,∞[ is countably additive and tight for each n ∈ N, writing

πn(x) = x(n) for x ∈ X and n ∈ N. Show that there is a unique Radon measure on X extending ν. (Hint :
416O.)

(m) Set S2 =
⋃

n∈N{0, 1}n, and let φ : S2 → [0,∞[ be a functional such that φ(σ) = φ(σa<0>) +

φ(σa<1>) for every σ ∈ S2, writing σa<0> and σa<1> for the two members of {0, 1}n+1 extending any
σ ∈ {0, 1}n. Show that there is a unique Radon measure µ on {0, 1}N such that µ{x : x↾{0, . . . , n − 1} =
σ} = φ(σ) whenever n ∈ N, σ ∈ {0, 1}N.

(n) Let X be a Hausdorff space, µ a complete locally finite measure on X, and Y a conegligible subset
of X. Show that µ is a Radon measure iff the subspace measure on Y is a Radon measure.

(o) Let X be a Hausdorff space, Y a subset of X, and ν a Radon measure on Y . Define a measure µ on
X by setting µE = ν(E ∩ Y ) whenever ν measures E ∩ Y . Show that if either Y is closed or ν is totally
finite, µ is a Radon measure on X. (Cf. 418I.)

(p) Let (X,T,Σ, µ) be a Radon measure space and E ⊆ Σ a non-empty upwards-directed family. Set
νF = supE∈E µ(E ∩ F ) whenever F ⊆ X is such that µ measures E ∩ F for every E ∈ E . Show that ν is a
Radon measure on X.

(q) Let (X,T,Σ, µ) be a Radon measure space. Show that a measure ν on X is an indefinite-integral
measure over µ iff (α) ν is a complete locally determined tight topological measure (β) νK = 0 whenever
K ⊆ X is compact and µK = 0.

(r) Let (X,T,Σ, µ) be a compact Hausdorff quasi-Radon measure space. Let W ⊆ X be the union of the
open subsets of X of finite measure. Show that the subspace measure on W is a Radon measure.

(s) Let (X,T,Σ, µ) be a completely regular Radon measure space. Show that it is isomorphic, as topo-
logical measure space, to a measurable subspace of a locally compact Radon measure space.
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(t) Let (X,T,Σ, µ) be a compact Radon measure space and (Z,S,T, ν) the Stone space of its measure
algebra. For E ∈ Σ let E∗ be the corresponding open-and-closed subset of Z, as in 416V. Show that the
function described in 416V is the unique continuous function h : Z → X such that ν(E∗△h−1[E]) = 0 for
every E ∈ Σ. (Hint : 415Qd.)

(u) Show that the Sorgenfrey line (415Xc, 439Q), with Lebesgue measure, is a quasi-Radon measure
space which, regarded as a measure space, is compact, but, regarded as a topological measure space, is not
a Radon measure space.

(v) Let (A, µ̄) be a totally finite measure algebra and (Z,T,Σ, µ) its Stone space. Show that if ν is a
strictly positive Radon measure on Z then µ is an indefinite-integral measure over ν.

416Y Further exercises (a) Let X ⊆ βN be the union of all those open sets G ⊆ βN such that∑
n∈G∩N

1
n+1 is finite. For E ⊆ X set µE =

∑
n∈E∩N

1
n+1 . Show that µ is a σ-finite Radon measure on the

locally compact Hausdorff space X. Show that µ is not outer regular with respect to the open sets.

(b) Let X be a Hausdorff space and ν a countably additive real-valued functional defined on a σ-algebra
Σ of subsets of X. Show that the following are equiveridical: (i) |ν| : Σ → [0,∞[, defined as in 362B,
is a Radon measure on X; (ii) ν is expressible as µ1 − µ2, where µ1, µ2 are Radon measures on X and
Σ = domµ1 ∩ domµ2.

(c) Let X be a topological space and µ0 a semi-finite measure on X which is inner regular with respect
to the family Kccc of closed countably compact sets. Show that µ0 has an extension to a complete locally
determined topological measure µ on X, still inner regular with respect to Kccc; and that the extension may
be done in such a way that whenever µE <∞ there is an E0 ∈ Σ0 such that µ(E△E0) = 0.

(d) Let X be a topological space and µ0 a semi-finite measure on X which is inner regular with respect to
the family Ksc of sequentially compact sets. Show that µ0 has an extension to a complete locally determined
topological measure µ on X, still inner regular with respect to Ksc; and that the extension may be done in
such a way that whenever µE <∞ there is an E0 ∈ Σ0 such that µ(E△E0) = 0.

(e) Set S =
⋃

n∈N Nn, and let φ : S → [0,∞[ be a functional such that φ(σ) =
∑∞

i=0 φ(σa<i>) for every

σ ∈ S, writing σa<i> for the members of Nn+1 extending any σ ∈ Nn. Show that there is a unique Radon
measure µ on NN such that µIσ = φ(σ) for every σ ∈ S, where Iσ = {x : x↾{0, . . . , n − 1} = σ} for any
n ∈ N, σ ∈ NN.

(f) In 416Qb, show that µ is atomless iff ν is properly atomless in the sense of 326F.

(g) Let (X,T,Σ, µ) be a Radon measure space. Show that a measure ν on X is an indefinite-integral
measure over µ iff (i) there is a topology S on X, including T, such that ν is a Radon measure with respect
to S (ii) νK = 0 whenever K is a T-compact set and µK = 0.

(h) Let 〈xn〉n∈N enumerate a dense subset of X = {0, 1}c (4A2B(e-ii)). Let νc be the usual measure on
X, and set µE = 1

2νc E +
∑∞

n=0 2−n−2χE(xn) for E ∈ dom νc . (i) Show that µ is a strictly positive Radon

probability measure on X with Maharam type c. (ii) Let I ∈ [c]≤ω be such that xm↾I 6= xn↾I whenever
m 6= n. Set Z = {0, 1}I and let π : X → Z be the canonical map. Show that if f ∈ C(X) is such that∫
f × gπ dµ = 0 for every g ∈ C(Z), then f = 0. (Hint : otherwise, take n ∈ N such that |f(xn)| ≥ 1

2‖f‖∞,

and let g ≥ 0 be such that g(πxn) = 1 and
∫
g d(µπ−1) < 3 · 2−n−3; show that

∫
f × gπ dµ > 0.) (iii) Show

that there is no orthonormal basis for L2(µ) in {f• : f ∈ C(X)}. (See Hart & Kunen 99.)

(i) In 254Ye, show that if we start from a continuous inverse-measure-preserving f : [0, 1] → [0, 1]2, as in
134Yl, we get a continuous inverse-measure-preserving surjection g : [0, 1] → [0, 1]N.

(j) Let (X,T,Σ, µ) be a Radon measure space and A ⊆ Σ a countable set. Let S be the topology
generated by T ∪ A. Show that µ is S-Radon.
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416 Notes and comments The original measures studied by Radon (Radon 1913) were, in effect, what
I call differences of Radon measures on Rr, as introduced in §256. Successive generalizations moved first
to Radon measures on general compact Hausdorff spaces, then to locally compact Hausdorff spaces, and
finally to arbitrary Hausdorff spaces, as presented in this section. I ought perhaps to remark that, following
Bourbaki 65, many authors use the term ‘Radon measure’ to describe a linear functional on a space
of continuous functions; I will discuss the relationship between such functionals and the measures of this
chapter in §436. For the moment, observe that by 415I a Radon measure on a completely regular space
can be determined from the integrals it assigns to continuous functions. It is also common for the phrase
‘Radon measure’ to be used for what I would call a tight Borel measure; you have to check each author to
see whether local finiteness is also assumed. In my usage, a Radon measure is necessarily the c.l.d. version
of a Borel measure. The Borel measures which correspond to Radon measures are described in 416F.

In §256, I discussed Radon measures on Rr as a preparation for a discussion of convolutions of measures.
It should now be coming clear why I felt that it was impossible, in that context, to give you a proper idea of
what a Radon measure, in the modern form, ‘really’ is. In Euclidean space, too many concepts coincide. As
a trivial example, the simplest definition of ‘local finiteness’ (256Ab) is not the right formulation in other
spaces (411Fa). Next, because every closed set is a countable union of compact sets, there is no distinction
between ‘inner regular with respect to closed sets’ and ‘inner regular with respect to compact sets’, so one
cannot get any intuition for which is important in which arguments. (When we come to subspace measures
on non-measurable subsets, of course, this changes; quasi-Radon measures on subsets of Euclidean space
are important and interesting.) Third, the fact that the c.l.d. product of two Radon measures on Euclidean
space is already a Radon measure (256K) leaves us with no idea of what to do with a general product of
Radon measures. (There are real difficulties at this point, which I will attack in the next section. For the
moment I offer just 416U.) And finally, we simply cannot represent a product of uncountably many Radon
probability measures on Euclidean spaces as a measure on Euclidean space.

As you would expect, a very large proportion of the results of this chapter, and many theorems from
earlier volumes, were originally proved for compact Radon measure spaces. The theory of general totally
finite Radon measures is, in effect, the theory of measurable subspaces of compact Radon measure spaces,
while the theory of quasi-Radon measures is pretty much the theory of non-measurable subspaces of Radon
measure spaces. Thus the theorem that every quasi-Radon measure space is strictly localizable is almost a
consequence of the facts that every Radon measure space is strictly localizable and any subspace of a strictly
localizable space is strictly localizable.

The cluster of results between 416J and 416Q form only a sample, I hope a reasonably representative
sample, of the many theorems on construction of Radon measures from functionals on algebras or lattices of
sets. (See also 416Ye.) The essential simplification, compared with the theorems in §413 and §415, is that
we do not need to mention any σ- or τ -additivity condition of the type 413J(β) or 415K(β), because we are
dealing with a ‘compact class’, the family of compact subsets of a Hausdorff space. We can use this even at
some distance, as in 416O (where the hypotheses do not require any non-empty compact set to belong to
the domain of the original functional). The particular feature of 416O which makes it difficult to prove from
such results as 413K and 413P above is that we have to retain control of the outer measures of a sequence
〈Kn〉n∈N of non-measurable sets. In general this is hard to do, and is possible here principally because the
sequence is non-decreasing, so that we can make sense of the functionals E 7→ ν∗(E ∩Kn+1) − ν∗(E ∩Kn);
compare 214P.

In 416De and 416Ea I suggest elements of an algebraic structure on a space of Radon measures; for more
about this, see 436Xs and 437Yi below.

Version of 9.3.10/14.9.21

417 τ-additive product measures

The ‘ordinary’ product measures introduced in Chapter 25 have served us well for a volume and a half.
But we come now to a fundamental obstacle. If we start with two Radon measure spaces, their product
measure, as defined in §251, need not be a Radon measure (419E). Furthermore, the counterexample is one
of the basic compact measure spaces of the theory; and while it is dramatically non-metrizable, there is no
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other reason to set it aside. Consequently, if we wish (as we surely do) to create Radon measure spaces as
products of Radon measure spaces, we need a new construction. This is the object of the present section. It
turns out that the construction can be adapted to work well beyond the special context of Radon measure
spaces; the methods here apply to general effectively locally finite τ -additive topological measures (for the
product of finitely many factors) and to τ -additive topological probability measures (for the product of
infinitely many factors).

The fundamental theorems are 417C and 417E, listing the essential properties of what I call ‘τ -additive
product measures’, which are extensions of the c.l.d. product measures and product probability measures of
Chapter 25. They depend on a straightforward lemma on the extension of a measure to make every element
of a given class of sets negligible (417A). We still have Fubini’s theorem for the new product measures
(417G), and the basic operations from §254 still apply (417J, 417K, 417M).

It is easy to check that if we start with quasi-Radon measures, then the τ -additive product measure is
again quasi-Radon (417N, 417O). The τ -additive product of two Radon measures is Radon (417P), and the
τ -additive product of Radon probability measures with compact supports is Radon (417Q).

In the last part of the section I look at continuous real-valued functions and Baire σ-algebras; it turns
out that for these the ordinary product measures are adequate (417U, 417V).

417A Lemma Let (X,Σ, µ) be a semi-finite measure space, and A ⊆ PX a family of sets such that
the inner measure µ∗(

⋃
n∈NAn) is 0 for every sequence 〈An〉n∈N in A. Then there is a measure µ′ on X,

extending µ, such that

(i) µ′A is defined and zero for every A ∈ A;
(ii) µ′ is complete if µ is;
(iii) for every F in the domain Σ′ of µ′ there is an E ∈ Σ such that µ′(F△E) = 0;
(iv) whenever K, G are families of sets such that

(α) µ is inner regular with respect to K,
(β) K ∪K ′ ∈ K for all K, K ′ ∈ K,
(γ)

⋂
n∈NKn ∈ K for every sequence 〈Kn〉n∈N in K,

(δ) for every A ∈ A there is a G ∈ G, including A, such that G \A ∈ Σ,
(ǫ) K \G ∈ K whenever K ∈ K and G ∈ G,

then µ′ is inner regular with respect to K.

In particular, µ and µ′ have isomorphic measure algebras, so that µ′ is localizable if µ is.

proof (a) Let A∗ be the collection of subsets of X which can be covered by a countable subfamily of A.
Then A∗ is a σ-ideal of subsets of X and µ∗A = 0 for every A ∈ A∗. Set

Σ′ = {E△A : E ∈ Σ, A ∈ A∗}.

Then Σ′ is a σ-algebra of subsets of X. PPP (i) ∅ = ∅△∅ ∈ Σ′. (ii) If E ∈ Σ, A ∈ A∗ then X \ (E△A) =
(X \ E)△A ∈ Σ′. (iii) If 〈En〉n∈N, 〈An〉n∈N are sequences in Σ, A∗ respectively, then

E =
⋃

n∈NEn ∈ Σ, A = E△
⋃

n∈N(En△An) ⊆
⋃

n∈NAn ∈ A∗,

so
⋃

n∈N(En△An) = E△A ∈ Σ′. QQQ

(b) If E, E′ ∈ Σ, A, A′ ∈ A∗ and E△A = E′△A′, then E△E′ = A△A′ ∈ A∗ and µ∗(E△E′) = 0;
because µ is semi-finite, µ(E△E′) = 0 and µE = µE′. Accordingly we can define µ′ : Σ′ → [0,∞] by setting

µ′(E△A) = µE whenever E ∈ Σ, A ∈ A∗.

Evidently µ′ extends µ and µ′A = 0 for every A ∈ A. Also µ′ is a measure. PPP (i) µ′∅ = µ∅ = 0. (ii) If
〈Fn〉n∈N is a disjoint sequence in Σ′, with union F , express each Fn as En△An where En ∈ Σ, An ∈ A∗; set
E =

⋃
n∈NEn, so that F△E ∈ A∗ and µ′F = µE. If m 6= n, then Em ∩En ⊆ Am ∪An, so µ(Em ∩En) = 0;

accordingly

µ′F = µE =
∑∞

n=0 µEn =
∑∞

n=0 µ
′Fn. QQQ

(c) A subset of X is µ′-negligible iff it can be included in a set of the form E△A where µE = 0 and
A ∈ A∗, so µ′ is complete if µ is. The embedding Σ ⊂→ Σ′ induces a measure-preserving homomorphism from
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the measure algebra of µ to the measure algebra of µ′ which is an isomorphism just because every member
of Σ′ is the symmetric difference of a member of Σ and a µ′-negligible set.

(d) This deals with (i)-(iii) in the statement of the lemma. Now suppose that K and G are as in (iv).
Take F ∈ Σ′ and γ < µ′F . Take E ∈ Σ and a sequence 〈An〉n∈N in A such that E△F ⊆

⋃
n∈NAn. Then

µE = µ′F > γ so (again because µ is semi-finite) there is a K ∈ K ∩ Σ such that K ⊆ E and γ < µK <∞;
set ǫ = 1

2 (µK − γ) > 0. For each n ∈ N, choose Gn ∈ G and Kn ∈ K ∩ Σ such that

An ⊆ Gn, En = Gn \An belongs to Σ,

Kn ⊆ K ∩ En, µ(K ∩ En \Kn) ≤ 2−nǫ.

Set L =
⋂

n∈N(K \Gn) ∪Kn. Putting the hypotheses (iv-ǫ), (iv-β) and (iv-γ) together, we see that L ∈ K;
moreover, since Gn = En ∪ An belongs to Σ′ for every n, L ∈ Σ′. Next, setting H =

⋂
n∈N(K \ En) ∪Kn,

L = H \
⋃

n∈NAn, so µ′L = µH and L ⊆ F . But K \H ⊆
⋃

n∈N(K ∩ En \Kn) so

µ′L = µH ≥ µK −
∑∞

n=0 2−nǫ = γ.

As F and γ are arbitrary, µ′ is inner regular with respect to K.

417B Lemma Let X and Y be topological spaces, and ν a τ -additive topological measure on Y .
(a) If W ⊆ X × Y is open, then x 7→ νW [{x}] : X → [0,∞] is lower semi-continuous.
(b) If ν is effectively locally finite and σ-finite and W ⊆ X ×Y is a Borel set, then x 7→ νW [{x}] is Borel

measurable.
(c) If f : X × Y → [0,∞] is a lower semi-continuous function, then x 7→

∫
f(x, y)ν(dy) : X → [0,∞] is

lower semi-continuous.
(d) If ν is totally finite and f : X × Y → R is a bounded continuous function, then x 7→

∫
f(x, y)ν(dy) is

continuous.
(e) If ν is totally finite and W ⊆ X × Y is a Baire set, then x 7→ νW [{x}] is Baire measurable.

proof (a) If x ∈ X and νW [{x}] > α, then

H = {H : H ⊆ Y is open, there is an open set G containing x such that G×H ⊆W}

is an upwards-directed family of open sets with union W [{x}], so there is an H ∈ H such that νH ≥ α.
Now there is an open set G containing x such that G×H ⊆W , so that νW [{x′}] ≥ α for every x′ ∈ G.

(b)(i) Suppose to begin with that ν is totally finite. In this case, the set

{W : W ⊆ X × Y, x 7→ νW [{x}] is a Borel measurable function

defined everywhere on X}

is a Dynkin class containing every open set, so contains every Borel set, by the Monotone Class Theorem
(136B).

(ii) For the general case, let 〈Yn〉n∈N be a disjoint sequence of sets of finite measure covering Y , and
for n ∈ N let νn be the subspace measure on Yn. Then νn is effectively locally finite and τ -additive (414K).
If W ⊆ X × Y is a Borel set, then Wn = W ∩ (X × Yn) is a relatively Borel set for each n, so that
x 7→ νnWn[{x}] is Borel measurable, by (i). Since νW [{x}] =

∑∞
n=0 νnWn[{x}] for every x, x 7→ νW [{x}]

is Borel measurable.

(c) For i, n ∈ N set Wni = {(x, y) : f(x, y) > 2−ni}, so that Wni ⊆ X × Y is open. Set fn =

2−n
∑4n

i=1 χWni; then 〈fn〉n∈N is a non-decreasing sequence with supremum f . For n ∈ N and x ∈ X,∫
fn(x, y)ν(dy) = 2−n

∑4n

i=1 νWni[{x}], so x 7→
∫
fn(x, y)ν(dy) is lower semi-continuous, by (a) and 4A2B(d-

iii). By 414Ba,
∫
f(x, y)ν(dy) is the supremum supn∈N

∫
fn(x, y)ν(dy) for every x, so x 7→

∫
f(x, y)ν(dy) is

lower semi-continuous (4A2B(d-v)).

(d) Applying (c) to f+‖f‖∞χ(X×Y ), we see that x 7→
∫
f(x, y)ν(dy) is lower semi-continuous. Similarly,

x 7→ −
∫
f(x, y)ν(dy) is lower semi-continuous, so x 7→

∫
f(x, y)ν(dy) is continuous (4A2B(d-vi)).

(e) Suppose first that W is a cozero set; let f : X × Y → [0, 1] be a continuous function such that
W = {(x, y) : f(x, y) > 0}. For n ∈ N set fn = nf ∧ χ(X × Y ). Then 〈fn〉n∈N is a non-decreasing sequence

D.H.Fremlin



84 Topologies and measures I 417B

of continuous functions with supremum χW . By (d), all the functions x 7→
∫
fn(x, y)ν(dy) are continuous,

so their limit x 7→ νW [{x}] is Baire measurable.
Now

{W : W ⊆ X × Y, x 7→ νW [{x}] is a Baire measurable function

defined everywhere on X}

is a Dynkin class containing every cozero set, so contains every Baire set, by the Monotone Class Theorem
again.

417C Theorem (Ressel 77) Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive
topological measure spaces.

(a) There is a unique complete locally determined effectively locally finite τ -additive topological measure

λ̃ on X × Y which is inner regular with respect to the σ-algebra Λ̃0 = (Σ⊗̂T) ∨ B(X × Y ) generated by

{E × F : E ∈ Σ, F ∈ T} ∪ {W : W ⊆ X × Y is open} and is such that λ̃(E × F ) is defined and equal to
µE · νF whenever E ∈ Σ and F ∈ T.

(b)(i) λ̃ extends the c.l.d. product measure λ on X×Y , and if Q̃ is measured by λ̃, there is a Q measured

by λ such that λ̃(Q̃△Q) = 0.

(ii) The support of λ̃ is the product of the supports of µ and ν.

(iii) If Q̃ is measured by λ̃,

λ̃Q̃ = sup{λ̃(Q̃ ∩ (G×H)) : G ∈ T, H ∈ S, µG <∞, µH <∞}.

(iv) If Σ′ ⊆ Σ and T′ ⊆ T are σ-algebras such that µ is inner regular with respect to Σ′ and ν is inner

regular with respect to T′, then λ̃ is inner regular with respect to (Σ′⊗̂T′) ∨ B(X × Y ).
(v) If W ⊆ X × Y is open, then

(α) there is an open set W ′ ∈ Λ such that W ′ ⊆W and λW ′ = λ̃W , so λ̃W = λ∗W ,
(β) if E ∈ Σ and F ∈ T then

λ̃(W ∩ (E × F )) =
∫
E
ν(W [{x}] ∩ F )µ(dx) =

∫
F
µ(W−1[{y}] ∩ E)ν(dy).

(vi) If µ and ν are inner regular with respect to the Borel sets, so is λ̃.

(vii) If µ and ν are inner regular with respect to the closed sets, so is λ̃.

(viii) If µ and ν are tight (that is, inner regular with respect to the closed compact sets), so is λ̃.

(ix) If µ and ν are locally finite, so is λ̃.

Notation For the rest of this section, if Σ, Σ′ are σ-algebras of subsets of a set X, Σ ∨ Σ′ will be the
σ-algebra generated by Σ ∪ Σ′; and if X is a topological space, B(X) will be its Borel σ-algebra.

proof Write

Σf = {E : E ∈ Σ, µE <∞}, Tf = {F : F ∈ T, νF <∞},

Tf = T ∩ Σf , Sf = S ∩ Tf .

(a)(i) Let λ be the c.l.d. product of µ and ν, and Λ its domain. Write U for {G×H : G ∈ Tf , H ∈ Sf}.
Because T ⊆ Σ and S ⊆ T, U ⊆ Λ. U need not be a base for the topology of X × Y , unless µ and ν are
locally finite, but if an open subset of X ×Y is included in a member of U it is the union of the members of
U it includes. Moreover, if Q ∈ Λ, then λQ = supU∈U λ(Q∩U). PPP By 412R, λ is inner regular with respect
to

⋃
U∈U PU . QQQ

Write Us for the set of finite unions of members of U , and V for the set of non-empty upwards-directed
families V ⊆ Us such that supV ∈V λV < ∞. For each V ∈ V, fix on a countable V ′ ⊆ V such that
supV ∈V′ λV = supV ∈V λV ; because V is upwards-directed, we may suppose that V ′ = {Vn : n ∈ N} for some
non-decreasing sequence 〈Vn〉n∈N in V. Set A(V) =

⋃
V \

⋃
V ′.

(ii)(ααα) For V ∈ Us, set fV (x) = νV [{x}] for every x ∈ X. This is always defined because V is open;
moreover, fV is lower semi-continuous, by 417Ba. Because V is a finite union of products of sets of finite
measure,

∫
fV dµ = λV .
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(βββ) The key to the proof is the following fact: for any V ∈ V, almost every vertical section of A(V)
is negligible. PPP 〈fV 〉V ∈V is a non-empty upwards-directed set of lower semi-continuous functions. Set

g(x) = ν(
⋃

V ∈V V [{x}]), h(x) = ν(
⋃

V ∈V′ V [{x}])

for every x ∈ X. Because V is upwards-directed and ν is τ -additive,

g(x) = supV ∈V νV [{x}] = supV ∈V fV (x)

in [0,∞] for each x, so, by 414Ba again,∫
g dµ = supV ∈V

∫
fV dµ = supV ∈V λV = supV ∈V′ λV =

∫
h dµ.

Since h ≤ g and supV ∈V λV is finite, g(x) = h(x) < ∞ for µ-almost every x. But for any such x, we must
have

ν(
⋃

V)[{x}] = ν(
⋃

V ′)[{x}] <∞,

so that

A(V)[{x}] = (
⋃

V)[{x}] \ (
⋃
V ′)[{x}]

is negligible. QQQ

(iii) ??? Suppose, if possible, that there is a sequence 〈Vn〉n∈N in V such that λ∗(
⋃

n∈NA(Vn)) > 0.
Take W ∈ Λ such that W ⊆

⋃
n∈NA(Vn) and λW > 0. Because almost every vertical section of every A(Vn)

is negligible, almost every vertical section of W is negligible. But this contradicts Fubini’s theorem (252F).
XXX

(iv) Setting A = {A(V) : V ∈ V}, let λ′ be the corresponding extension of λ as described in 417A, λ̃

the c.l.d. version of λ′ (213E), and Λ′, Λ̃ the domains of λ′, λ̃ respectively.

(ααα) If W ∈ Λ, then W ∈ Λ′ ⊆ Λ̃. Also, because λ is semi-finite,

λ′W = λW = sup{λW ′ : W ′ ⊆W, W ∈ Λ, λW ′ <∞}

≤ sup{λ′W ′ : W ′ ⊆W, W ∈ Λ′, λ′W ′ <∞} = λ̃W ≤ λ′W.

Thus λW = λ̃W ; as W is arbitrary, λ̃ extends λ. Because µ and ν are semi-finite (411Gd),

λ̃(E × F ) = λ(E × F ) = µE · νF

whenever E ∈ Σ and ν ∈ F (251J).

(βββ) If Q̃ ∈ Λ̃ and γ < λ̃Q̃, there is a U ∈ U such that λ̃(Q̃∩U) ≥ γ. PPP There is a Q′ ∈ Λ′ such that

Q′ ⊆ Q̃ and γ < λ′Q′ <∞. By 417A(iii), there is a Q ∈ Λ such that λ′(Q△Q′) = 0, so that

λQ = λ′Q = λ′Q′ > γ.

There is a U ∈ U such that λ(Q ∩ U) ≥ γ, by (i). Now

λ̃(Q̃ ∩ U) ≥ λ′(Q′ ∩ U) = λ′(Q ∩ U) = λ(Q ∩ U) ≥ γ. QQQ

Consequently λ̃ is effectively locally finite.

(γγγ) λ̃ is a topological measure. PPP Let W ⊆ X×Y be an open set. Suppose that Q̃ ∈ Λ̃ and λ̃Q̃ > 0.

By (β), there is a U ∈ U such that λ̃(Q̃ ∩ U) > 0. Let V be {V : V ∈ Us, V ⊆ W ∩ U}. Then V ∈ V, so

λ̃A(V) = λ′A(V) = 0, by 417A(i); since
⋃
V ′ ∈ Λ,

W ∩ U =
⋃
V ∈ Λ′ ⊆ Λ̃.

But this means that Q̃ ∩ U ∩W and Q̃ ∩ U \W = (Q̃ ∩ U) \ (W ∩ U) belong to Λ̃ and

λ̃∗(Q̃ ∩W ) + λ̃∗(Q̃ \W ) ≥ λ̃(Q̃ ∩ U ∩W ) + λ̃(Q̃ ∩ U \W ) = λ̃(Q̃ ∩ U) > 0.

Because λ̃ is complete and locally determined, and Q̃ is arbitrary, this is enough to ensure that W ∈ Λ̃
(413F(vii)). QQQ
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(δδδ) λ̃ is τ -additive. PPP??? Suppose, if possible, otherwise; that there is a non-empty upwards-directed

family W of open sets in X × Y such that λ̃W ∗ > γ = supW∈W λ̃W , where W ∗ =
⋃

W. In this case, we
can find a Q′ ∈ Λ′ such that Q′ ⊆ W ∗ and λ′Q′ > γ, a Q ∈ Λ such that λ′(Q′△Q) = 0, and a U ∈ U such
that λ(Q ∩ U) > γ (using (i) again). Let V ∈ V be the set of those V ∈ Us such that V ⊆ W ∩ U for some
W ∈ W. Then

⋃
V = W ∗ ∩ U , so

γ < λ(Q ∩ U) = λ′(Q ∩ U) = λ′(Q′ ∩ U)

≤ λ̃(W ∗ ∩ U) = λ̃(
⋃

V) = λ̃(
⋃

V ′)

(because λ̃A(V) = 0)

= sup
V ∈V′

λ̃V

(because V ′ is countable and upwards-directed)

≤ sup
W∈W

λ̃W ≤ γ,

which is absurd. XXXQQQ

(ǫǫǫ) λ̃ is inner regular with respect to Λ̃0. PPP Applying 412R with K = Σ and L = T, we see that λ

is inner regular with respect to Σ⊗̂T and therefore with respect to Λ̃0. If V ∈ V, then

A(V) ⊆
⋃
V ∈ Λ̃0,

⋃
V \A(V) =

⋃
V ′ ∈ Σ⊗̂T ⊆ Λ̃0,

so 417A(iv) with K = Σ⊗̂T and G = {
⋃

V : V ∈ V} assures us that λ′ is inner regular with respect to Λ̃0,

so that λ̃ also is (412Ha). QQQ

(v) Thus λ̃ satisfies the conditions listed. To see that it is unique, suppose that λ̃′ is another measure
on X × Y with the same properties. Then

λ̃(E × F ) = µE · νF = λ̃′(E × F )

whenever E ∈ Σf and F ∈ Tf , so λ̃((E × F ) ∩ U) = λ̃′((E × F ) ∩ U) whenever E ∈ Σf , F ∈ Tf and

U ∈ Us. Consequently λ̃((E × F ) ∩W ) = λ̃′((E × F ) ∩W ) whenever E ∈ Σf , F ∈ Tf and W ⊆ X × Y
is open. PPP Set X0 =

⋃
Tf , Y0 =

⋃
Sf ; because µ is an effectively locally finite topological measure,

X0 ∈ Σ is µ-conegligible; similarly, Y0 ∈ T is ν-conegligible. Consequently X0 × Y0 is both λ̃-conegligible
and λ̃′-conegligible. So, setting V = {U : U ∈ Us, U ⊆W},

λ̃((E × F ) ∩W ) = λ̃((E × F ) ∩ (W ∩ (X0 × Y0)))

= λ̃((E × F ) ∩
⋃

V) = sup
V ∈V

λ̃((E × F ) ∩ V )

(by 414Ea, because λ̃ is an effectively locally finite τ -additive topological measure)

= sup
V ∈V

λ̃′((E × F ) ∩ V ) = λ̃′((E × F ) ∩W ). QQQ

If E0 ∈ Σf and F0 ∈ Tf , then the subspace measures λ̃E0×F0
and λ̃′E0×F0

agree on

I = {((E ∩ E0) × (F ∩ F0)) ∩W : E ∈ Σ, F ∈ T, W ⊆ X × Y is open}

which is closed under ∩, so by the Monotone Class Theorem (136C) they agree on the σ-algebra of subsets

of E0 × F0 generated by I, which is Λ̃0 ∩ P(E0 × F0).

Next, if Q ∈ Λ̃0,

λ̃′Q = λ̃′(Q ∩ (X0 × Y0)) = sup
U∈U

λ̃′(Q ∩ U)

(414Ea again)
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= sup
E∈Σf ,F∈Tf

λ̃′(Q ∩ (E × F )) = sup
E∈Σf ,F∈Tf

λ̃(Q ∩ (E × F )) = λ̃Q.

So λ̃ and λ̃′ agree on Λ̃0. By 412Mb they are equal.

(b)(i)(ααα) In the construction of λ̃ described in (a-iv) above, we have λ = λ′↾Λ = λ̃↾Λ. So λ̃ extends λ.

(βββ) Note that λ is (strictly) localizable. PPP Let µ̃, ν̃ be the c.l.d. versions of µ and ν. These are
τ -additive topological measures (because µ and ν are), complete and locally determined (by construction),
and are still effectively locally finite (cf. 412Ha), so are strictly localizable (414J again). Now λ is the c.l.d.
product of µ̃ and ν̃ (251T), therefore strictly localizable (251O). QQQ

By 417A, λ′ is localizable. By 213Hb, there is a Q′ ∈ Λ′ such that λ̃(Q̃△Q′) = 0; by 417A(iii), there is a

Q ∈ Λ such that λ′(Q′△Q) = 0; so that 0 = λ̃(Q′△Q) = λ̃(Q̃△Q).

(ii) For an open set W ⊆ X × Y ,

W ∩ supp λ̃ = ∅ ⇐⇒ λ̃W = 0

⇐⇒ λ̃(G×H) = 0 whenever G ∈ T, H ∈ S and G×H ⊆W

(because λ̃ is τ -additive)

⇐⇒ µG · νH = 0 whenever G ∈ T, H ∈ S and G×H ⊆W

⇐⇒ (G×H) ∩ (suppµ× supp ν) = ∅

whenever G ∈ T, H ∈ S and G×H ⊆W

⇐⇒ W ∩ (suppµ× supp ν) = ∅,

so supp λ̃ = suppµ× supp ν.

(iii) This is dealt with in (a-iv-β).

(iv) By 412R, λ is inner regular with respect to Σ′⊗̂T′. Applying 417A(iv) with G = {supV : V ∈ V}
as defined in (a-i), we see that λ′ is inner regular with respect to (Σ′⊗̂T′) ∨ B(X × Y ); by 412Ha again, so

is its c.l.d. version λ̃.

(v)(ααα) Set V = {V : V ∈ Us, V ⊆W}. Then
⋃

V = W ∩ (X0×Y0), where X0 =
⋃
Tf and Y0 =

⋃
Sf ,

as in (a-v) above. Because X0 × Y0 is λ-conegligible, therefore λ̃-conegligible,

λ̃W = λ̃(W ∩ (X0 × Y0)) = supV ∈V λ̃V = supV ∈V λV ≤ λ̃W .

Next, if we take a countable upwards-directed V ′ ⊆ V such that

supV ∈V′ λV = supV ∈V λV = λ̃W ,

and set W ′ =
⋃
V ′, then W ′ is an open set belonging to Λ and included in W , and

λW ′ = λ̃W ′ = supV ∈V′ λ̃V = supV ∈V′ λV = λ̃W .

And because λ̃ extends λ,

λ̃∗W ≥ λ∗W ≥ supV ∈V λV = λ̃W = λ̃∗W

so λ̃W = λ∗W .

(βββ) Because µ and ν are semi-finite (411Gd) and E and F are measurable, the subspace measures µE

and νF are semi-finite (214Ka) therefore effectively locally finite and τ -additive (414K). For open V ⊆ X×Y ,
set fV (x) = ν(V [{x}] ∩ F ) = νF (V [{x}] ∩ F ) for x ∈ E; then fV is lower semi-continuous (417Ba).
Now

∫
E
fV dµ =

∫
E
fV dµE = λ(V ∩ (E × F )) for every V ∈ V, just because V ∩ (E × F ) is a union of

measurable rectangles and µ and ν are semi-finite (251J); and setting g(x) = ν(W [{x}] ∩ F ), we have
g(x) = supV ∈V fV (x) for every x ∈ X0, by 414Ea. Once more, 414Ba tells us that

∫

E

ν(W [{x}] ∩ F )µ(dx) =

∫

E

g dµE = sup
V ∈V

∫

E

fV dµE

= sup
V ∈V

λ(V ∩ (E × F )) = λ̃(W ∩ (E × F )).
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Similarly, ∫
F
µ(W−1[{y}] ∩ E)ν(dy) = λ̃(W × (E × F )).

(The point here is that while some of the arguments of this proof give different roles to µ and ν, the asserted
properties of the extension in part (a), and the following deductions, are symmetric between the two factors.)

(vi) In this case, µ is inner regular with respect to B(X) and ν is inner regular with respect to B(Y ),

so (iv) tells us that λ̃ is inner regular with respect to (B(X)⊗̂B(Y )) ∨ B(X × Y ) = B(X × Y ).

(vii) If µ and ν are inner regular with respect to the closed sets, λ also is, by 412Sa. This time, we
can apply 417A(iv) with K the family of closed subsets of X × Y and G = {supV : V ∈ V} to see that λ′

and λ̃ are inner regular with respect to K.

(viii) Repeat the argument of (vii) with K the family of closed compact subsets of X×Y , using 412Sb.

(ix) {G×H : G ∈ Tf , H ∈ Sf} is a cover of X × Y by open sets of finite measure for λ̃.

417D Multiple products Just as with the c.l.d. product measure (see 251W), we can apply the con-
struction of 417C repeatedly to obtain measures on the products of finite families of τ -additive measure
spaces.

Proposition (a) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a non-empty finite family of effectively locally finite τ -additive
topological measure spaces. Then there is a unique complete locally determined effectively locally finite
τ -additive topological measure λ̃ on X =

∏
i∈I Xi which is inner regular with respect to the σ-algebra

(
⊗̂

i∈IΣi)∨B(X) generated by {
∏

i∈I Ei : Ei ∈ Σi for every i ∈ I}∪ {W : W ⊆ X is open} and is such that

λ̃(
∏

i∈I Ei) is defined and equal to
∏

i∈I µiEi whenever Ei ∈ Σi for every i ∈ I.

(b) If now 〈Ik〉k∈K is a partition of I into non-empty sets, and λ̃k is the product measure defined by the
construction of (a) on Zk =

∏
i∈Ik

Xi for each k ∈ K, then the natural bijection between X and
∏

k∈K Zk

identifies λ̃ with the product of the λ̃k defined by the construction of (a).

proof (a) Of course the idea is to induce on #(I), but there are some wrinkles to take care of.

(i) Suppose that I = {j} is a singleton. Then λ̃ must be the c.l.d. version of µj ; this is surely a
topological measure, and it is effectively locally finite by 412Ha, taking K there to be the family of subsets
of open sets of finite measure for µj .

(ii) If #(I) > 1, take j ∈ I and set J = I \ {j}. By the inductive hypothesis, we have a complete

locally determined effectively locally finite τ -additive topological measure λ̃J on Z =
∏

i∈J Xi which is inner

regular with respect to (
⊗̂

i∈JΣi) ∨ B(Z) and is such that λ̃J(
∏

i∈I Ei) =
∏

i∈J µiEi whenever Ei ∈ Σi for

every i ∈ J . Write Λ̃J for the domain of λ̃J . By 417C, there is a complete locally determined effectively
locally finite τ -additive topological measure λ̃ on Z×Xj which is inner regular with respect to the σ-algebra

Λ̃(0) = (Λ̃J ⊗̂Σj) ∨ B(X) and is such that λ̃(W × F ) = λ̃JW × µjF whenever W ∈ Λ̃J and F ∈ Σj . Now

417C(b-iv) tells us that λ̃ is inner regular with respect to the σ-algebra

(((
⊗̂

i∈JΣi) ∨ B(Z))⊗̂Σj) ∨ B(X)

generated by

{E ×Xj :E ∈
⊗̂

i∈J
Σi} ∪ {V ×Xj : V ∈ B(Z)} ∪ {Z × F : F ∈ Σj} ∪ B(X)

⊆ (
⊗̂

i∈I
Σi) ∪ B(X),

so λ̃ is inner regular with respect to (
⊗̂

i∈IΣi) ∨ B(X). And of course

λ̃(
∏

i∈I Ei) = λ̃J(
∏

i∈J Ei) · µjEj =
∏

i∈J µiEi · µjEj =
∏

i∈I µiEi

whenever Ei ∈ Σi for i ∈ I.

Measure Theory



417E τ -additive product measures 89

(iii) As for the uniqueness of λ̃, we can use the same argument as in (a-v) of the proof of 417C. Suppose

that λ̃′ is another measure with the given properties. Taking

U = {
∏

i∈I Gi : Gi ∈ T
f
i for i ∈ I},

Us = {
⋃
V : V ⊆ Us is finite},

⋃
U =

∏
i∈I

⋃
T
f
i is conegligible for both λ̃ and λ̃′, while λ̃ and λ̃′ agree on

{(
∏

i∈I Ei) ∩ U : U ∈ Us, Ei ∈ Σi for i ∈ I}

and therefore on

{(
∏

i∈I Ei) ∩W : W ⊆
⋃

U is open, Ei ∈ Σi for i ∈ I}

and on

{(
∏

i∈I Ei) ∩W : W ⊆ X is open, Ei ∈ Σf
i for i ∈ I}.

By the Monotone Class Theorem they agree on Λ̃0 ∩ P(
∏

i∈I Ei) whenever Ei ∈ Σf
i for every i, and by

414Ea once more they agree on Λ̃0, so must be equal.

(b)(i) I begin with something to match 417C(b-iv): if, for each i ∈ I, Σ′
i ⊆ Σi is a σ-algebra such that

µi is inner regular with respect to Σ′
i, then λ̃ will be inner regular with respect to (

⊗̂
i∈IΣ′

i) ∨ B(X). PPP

Induce on #(I) as in (i)-(ii) of the proof of (a) above. If I = {j} is a singleton, λ̃ is the c.l.d. version of µj

and is inner regular with respect to Σ′
j by 412Ha, as always. For the inductive step, with J = I \ {j}, the

inductive hypothesis tells us that λ̃J is inner regular with respect to (
⊗̂

i∈JΣ′
i)∨B(Z); by 417C(b-iv), λ̃, as

constructed in (a), is inner regular with respect to

(((
⊗̂

i∈JΣ′
i) ∨ B(Z))⊗̂Σ′

j) ∨ B(X) ⊆ (
⊗̂

i∈IΣ′
i) ∨ B(X). QQQ

(ii) Now, given a partition 〈Ik〉k∈K into non-empty sets and associated effectively locally finite τ -

additive product measures λ̃k on Zk =
∏

i∈Ik
Xi for k ∈ I, let λ̃′ be the corresponding effectively locally

finite τ -additive product measure on Z =
∏

k∈K Zk. Then (i) here tells us that λ̃′ is inner regular with
respect to

⊗̂
k∈K((

⊗̂
i∈Ik

Σi) ∨ B(Zi)) ∨ B(Z) = (
⊗̂

k∈K

⊗̂
i∈Ik

Σi) ∨ B(Z).

Copying this into X, we get a c.l.d. measure which is inner regular with respect to Λ̃0 = (
⊗̂

i∈IΣi) ∨ B(X),

defined on the whole of Λ̃0 and agreeing with λ̃ on products of measurable sets, so it must be λ̃.

417E Theorem Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces, with
product probability space (X,Λ, λ).

(a) There is a unique complete τ -additive topological probability measure λ̃ on X which is inner regular

with respect to Λ̃0 = (
⊗̂

i∈IΣi) ∨ B(X) and is such that λ̃{x : x ∈ X, x(i) ∈ Ei for every i ∈ J} is defined
and equal to

∏
i∈J µiEi whenever J ⊆ I is finite and Ei ∈ Σi for every i ∈ J .

(b)(i) If Q̃ is measured by λ̃, there is a Q ∈ Λ such that λ̃(Q̃△Q) = 0.

(ii) λ̃W = λ∗W for every open set W ⊆ X, and λ̃F = λ∗F for every closed set F ⊆ X.

(iii) The support of λ̃ is the product of the supports of the µi.

(iv) If for each i ∈ I we are given a σ-subalgebra Σ′
i ⊆ Σi such that µi is inner regular with respect to

Σ′
i, then λ̃ is inner regular with respect to (

⊗̂
i∈IΣ′

i) ∨ B(X).

(v) If every µi is inner regular with respect to the Borel sets, so is λ̃.

(vi) If every µi is inner regular with respect to the closed sets, so is λ̃.

proof The strategy of the proof is the same as in 417C, subject to some obviously necessary modifications.
The key step, showing that every union

⋃
n∈NA(Vn) has zero inner measure, is harder, but we escape a little

work because we no longer have to worry about sets of infinite measure.
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(a)(i) I begin by setting up some machinery. Let C be the family of subsets of X expressible in the form∏
i∈I Ei, where Ei ∈ Σi for every i and {i : Ei 6= Xi} is finite. Let U ⊆ C be the standard basis for the

topology T of X, consisting of sets expressible as
∏

i∈I Gi where Gi ∈ Ti for every i ∈ I and {i : Gi 6= Xi}
is finite. Write Us for the set of finite unions of members of U , and V for the set of non-empty upwards-
directed families in Us. Note that every member of Us is determined by coordinates in some finite subset of
I (definition: 254M).

If J ⊆ I, write λJ for the product measure on
∏

i∈J Xi; we shall need λ∅, which is the unique probability
measure on the single-point set {∅} =

∏
i∈∅Xi. For J ⊆ I, v ∈

∏
i∈J Xi and W ⊆ X set

fW (v) = λI\J{w : (v, w) ∈W}

if this is defined, identifying
∏

i∈J Xi ×
∏

i∈I\J Xi with X.

(ii) We need two easy facts.

(ααα) fW (v) =
∫
fW (va<t>)µj(dt) whenever W ∈

⊗̂
i∈IΣi, J ⊆ I, v ∈

∏
i∈J Xi and j ∈ I \J , writing

va<t> for the member v ∪ {(j, t)} of
∏

i∈J∪{j}Xi extending v and taking the value t at the coordinate j.

PPP Let A be the family of sets W satisfying the property. Then A is a Dynkin class including C, so includes

the σ-algebra generated by C, which is
⊗̂

i∈IΣi. QQQ

(βββ) If J ⊆ I, v ∈
∏

i∈J Xi, j ∈ I \ J and V ∈ Us, and we set g(t) = fV (va<t>) for t ∈ Xj , then g is
lower semi-continuous. PPP We can express V as

⋃
n≤m

∏
i∈I Gni, where Gni ⊆ Xi is open for every n ≤ m,

i ∈ I. Now if t ∈ Xj , we shall have

{w : (va<t>,w) ∈ V } ⊆ {w : (va<t′>,w) ∈ V }

whenever

t′ ∈ H = Xj ∩
⋂
{Gnj : n ≤ m, t ∈ Gnj}.

So g(t′) ≥ g(t) for every t′ ∈ H, which is an open neighbourhood of t. As t is arbitrary, g is lower
semi-continuous. QQQ

(iii) For each V ∈ V, fix, for the remainder of this proof, a countable V ′ ⊆ V such that supV ∈V′ λV =
supV ∈V λV ; because V is upwards-directed, we may suppose that V ′ = {Vn : n ∈ N} for some non-decreasing
sequence 〈Vn〉n∈N in V. Set A(V) =

⋃
V \

⋃
V ′.

??? Suppose, if possible, that there is a sequence 〈Vn〉n∈N in V such that λ∗(
⋃

n∈NA(Vn)) > 0.

(ααα) We have λ∗(X \
⋃

n∈NA(Vn)) < 1; let 〈Cn〉n∈N be a sequence in C such that

X \
⋃

n∈NA(Vn) ⊆
⋃

n∈N Cn,
∑∞

n=0 λCn = γ0 < 1

(see 254A-254C). For each n ∈ N, express V ′
n as {Vnr : r ∈ N} where 〈Vnr〉r∈N is non-decreasing, and set

Wn =
⋃

V ′
n =

⋃
r∈N Vnr. Let J ⊆ I be a countable set such that every Cn and every Vnr is determined by

coordinates in J . Express J as
⋃

k∈N Jk where J0 = ∅ and, for each k, Jk+1 is equal either to Jk or to Jk
with one point added. (As in the proof of 254Fa, I am using a formulation which will apply equally to finite
and infinite I, though of course the case of finite I is elementary once we have 417C.)

(βββ) For each n ∈ N, set

W ′
n =

⋃
k∈N{x : x ∈ X, fWn

(x↾Jk) = 1}.

Then λ(W ′
n \Wn) = 0. PPP For any k ∈ N, if we think of λ as the product of λJk

and λI\Jk
and of fWn

as a
measurable function on

∏
i∈Jk

Xi, we see that {x : fWn
(x↾Jk) = 1} is of the form Fk ×

∏
i∈I\Jk

Xi, where

Fk ⊆
∏

i∈Jk
Xi is measurable; and

λ((Fk ×
∏

i∈I\Jk
Xi) \Wn) =

∫
Fk

(1 − fWn
(v))λJk

(dv) = 0.

Summing over k, we see that W ′
n \Wn is negligible. QQQ

Observe that every W ′
n, like Wn, is determined by coordinates in J . So

⋃
n∈NW

′
n \Wn is of the form

E ×
∏

i∈I\J Xi where λJE = 0 (254Ob). There is therefore a sequence 〈Dn〉n∈N of measurable cylinders in∏
i∈J Xi such that E ⊆

⋃
n∈NDn and

∑∞
n=0 λJDn < 1 − γ0. Set C ′

n = {x : x ∈ X, x↾J ∈ Dn} ∈ C for each
n. Then

⋃
n∈NW

′
n \Wn ⊆

⋃
n∈N C

′
n, so
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(X \
⋃

n∈NA(Vn)) ∪
⋃

n∈NW
′
n \Wn ⊆

⋃
n∈N Cn ∪

⋃
n∈N C

′
n,

γ =
∑∞

n=0 λCn +
∑∞

n=0 λC
′
n < 1,

while each Cn and each C ′
n is determined by coordinates in a finite subset of J .

(γγγ) For k ∈ N, let Pk be the set of those v ∈
∏

i∈Jk
Xi such that

∑∞
n=0 fCn

(v) + fC′

n
(v) ≤ γ, fV (v) ≤ fWn

(v) whenever n ∈ N and V ∈ Vn.

Our hypothesis is that
∑∞

n=0 fCn
(∅) + fC′

n
(∅) =

∑∞
n=0 λCn + λC ′

n ≤ γ,

and the V ′
n were chosen such that

fV (∅) = λV ≤ λWn = fWn
(∅)

for every n ∈ N, V ∈ Vn; that is, ∅ ∈ P0.

(δδδ) Now if k ∈ N and v ∈ Pk there is a v′ ∈ Pk+1 extending v. PPP If Jk+1 = Jk we can take v′ = v.
Otherwise, Jk+1 = Jk ∪ {j} for some j ∈ I \ Jk. Now

γ ≥
∞∑

n=0

fCn
(v) + fC′

n
(v) =

∞∑

n=0

∫
fCn

(va<t>) + fC′

n
(va<t>)µj(dt)

((α) above)

=

∫ ∞∑

n=0

fCn
(va<t>) + fC′

n
(va<t>)µj(dt),

so

H = {t : t ∈ Xj ,
∑∞

n=0 fCn
(va<t>) + fC′

n
(va<t>)µj(dt) ≤ γ}

has positive measure.
Next, for V ∈ Us, set gV (t) = fV (va<t>) for each t ∈ Xj . Then gV is lower semi-continuous, by (β)

above. For each n ∈ N, {gV : V ∈ Vn} is an upwards-directed family of lower semi-continuous functions, so
its supremum g∗n is lower semi-continuous, and because µj is τ -additive,∫

g∗ndµj = supV ∈Vn

∫
gV dµj = supV ∈Vn

fV (v) ≤ fWn
(v) =

∫
fWn

(va<t>)µj(dt)

(using 414B and (α) again). But also, because 〈Vnr〉r∈N is non-decreasing and has union Wn,

fWn
(va<t>) = supr∈N fVnr

(va<t>) ≤ g∗n(t)

for every t ∈ Xj . So we must have

fWn
(va<t>) = g∗n(t) a.e.(t).

And this is true for every n ∈ N.
There is therefore a t ∈ H such that

fWn
(va<t>) = g∗n(va<t>) for every n ∈ N.

Fix on such a t and set v′ = va<t> ∈
∏

i∈Jk+1
Xi; then v′ ∈ Pk+1, as required. QQQ

(ǫǫǫ) We can therefore choose a sequence 〈vk〉k∈N such that vk ∈ Pk and vk+1 extends vk for each k.
Choose x ∈ X such that x(i) = vk(i) whenever k ∈ N and i ∈ Jk, and x(i) belongs to the support of µi

whenever i ∈ I \ J . (Once again, 411Nd tells us that every µi has a support.)
We need to know that if k, n ∈ N and V ∈ Vn then fV \Wn

(vk) = 0. PPP For any r ∈ N there is a V ′ ∈ Vn

such that V ∪ Vnr ⊆ V ′, so

fV ∪Vnr
(vk) ≤ fV ′(vk) ≤ fWn

(vk),

and

fV \Wn
(vk) ≤ fV \Vnr

(vk) = fV ∪Vnr
(vk) − fVnr

(vk) ≤ fWn
(vk) − fVnr

(vk) → 0
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as r → ∞. QQQ

(ζζζ) If n ∈ N, then x /∈ Cn ∪ C ′
n. PPP Cn and C ′

n are determined by coordinates in a finite subset
of J , so must be determined by coordinates in Jk for some k ∈ N. Now fCn

(vk) + fC′

n
(vk) ≤ γ < 1, so

{y : y↾Jk = vk} cannot be included in Cn ∪ C ′
n, and must be disjoint from it; accordingly x /∈ Cn ∪ C ′

n. QQQ

(ηηη) Because

(X \
⋃

n∈NA(Vn)) ∪
⋃

n∈NW
′
n \Wn ⊆

⋃
n∈N Cn ∪

⋃
n∈N C

′
n,

there is some n ∈ N such that

x ∈ A(Vn) \ (W ′
n \Wn) ⊆ (

⋃
Vn) \W ′

n,

that is, there is some V ∈ Vn such that x ∈ V \W ′
n. Let U ∈ U be such that x ∈ U ⊆ V . Express U as

U ′ ∩ U ′′ where U ′ ∈ U is determined by coordinates in a finite subset of J and U ′′ ∈ U is determined by
coordinates in a finite subset of I \ J . Let k ∈ N be such that U ′ is determined by coordinates in Jk. Then

fU\Wn
(vk) ≤ fV \Wn

(vk) = 0

by (ǫ) above. Now

{w : w ∈
∏

i∈I\Jk
Xi, (vk, w) ∈ U \Wn} = {w : (vk, w) ∈ U ′′ \Wn}

(because (vk, w) = (x↾Jk, w) ∈ U ′ for every w), while

{w : (vk, w) ∈ U ′′}, {w : (vk, w) ∈Wn}

are stochastically independent because the former is determined by coordinates in I \ J , while the latter is
determined by coordinates in J \ Jk. So we must have

0 = fU\Wn
(vk) = λI\Jk

{w : (vk, w) ∈ U \Wn}

= λI\Jk
{w : (vk, w) ∈ U ′′ \Wn}

= λI\Jk
{w : (vk, w) ∈ U ′′}(1 − λI\Jk

{w : (vk, w) ∈Wn}).

At this point, recall that x(i) belongs to the support of µi for every i ∈ I \ J , while x ∈ U ′′. So if
U ′′ = {y : y(i) ∈ Hi for i ∈ K}, where K ⊆ I \ J is finite and Hi ⊆ Xi is open for every i, we must have
µiHi > 0 for every i, and

λI\Jk
{w : (vk, w) ∈ U ′′} =

∏
i∈K µiHi > 0.

On the other hand, we are also supposing that x /∈W ′
n, so

λI\Jk
{w : (vk, w) ∈Wn} = fWn

(vk) = fWn
(x↾Jk) < 1.

But this means that we have expressed 0 as the product of two non-zero numbers, which is absurd. XXX

(iv) Thus λ∗(
⋃

n∈NA(Vn)) = 0 for every sequence 〈Vn〉n∈N in V. Accordingly there is an extension of

λ to a measure λ̃ on X as in 417A. By 417A(ii), λ̃ is complete.

Now λ̃ is a topological measure. PPP If W ⊆ X is open, then V = {V : V ∈ Us, V ⊆ W} belongs to V,
and

⋃
V = W . Since

⋃
V ′ ∈ Λ (because V ′ is countable),

W =
⋃
V ′ ∪A(V)

is measured by λ̃. QQQ

Also, λ̃ is τ -additive. PPP Let W be a non-empty upwards-directed family of open subsets of X with union
W ∗. Set

V = {V : V ∈ Us, ∃W ∈ W, V ⊆W}.

Then V ∈ V and
⋃
V = W ∗, so λ̃A(V) = 0 and

λ̃W ∗ = λ̃(
⋃
V ′) = supV ∈V′ λ̃V ≤ supW∈W λ̃W ≤ λ̃W ∗

(using the fact that V ′ is upwards-directed). As W is arbitrary, λ̃ is τ -additive. QQQ
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(v) As for the uniqueness of λ̃, if λ̃′ is another measure with the same properties, then λ̃′(U ∩ C) =

λ̃(U ∩ C) whenever U ∈ Us and C ∈ C. Since λ̃ and λ̃′ are both τ -additive, they agree on sets of the form

W ∩ C where W ⊆ X is open and C ∈ C; by the Monotone Class Theorem, they agree on Λ̃0 and are
therefore both the completion of their common restriction to Λ̃0.

(b)(i) Immediate from 417A(iii).

(ii) Let W ⊆ X be an open set. Set V = {V : V ∈ Us, V ⊆W}. Then

λ̃W = supV ∈V λ̃V = supV ∈V λV ≤ λ∗W ≤ λ̃W

just because λ̃ is a τ -additive extension of λ. Now if F ⊆ X is closed,

λ̃F = 1 − λ̃(X \ F ) = 1 − λ∗(X \ F ) = λ∗F .

(iii) For each i ∈ I write Zi for the support of µi, and set Z =
∏

i∈I Zi. This is closed because every
Zi is. Its complement is covered by the negligible open sets {x : x ∈ X, x(i) ∈ Xi \ Zi} as i runs over I; as

λ̃ is τ -additive, the union of the negligible open sets is negligible, and Z is conegligible. If W ⊆ X is open
and x ∈ Z ∩W , let U ∈ U be such that x ∈ U ⊆ W . Express U as

∏
i∈I Gi where Gi ∈ Ti for every i ∈ I

and J = {i : Gi 6= Xi} is finite. Then x(i) ∈ Gi ∩ Zi, so µiGi > 0, for every i. Accordingly

λ̃(W ∩ Z) = λ̃W ≥ λU =
∏

i∈J µiGi > 0.

Thus Z is self-supporting and is the support of λ̃.

(iv) (See (b-iv) of the proof of 417C). By 412T, λ is inner regular with respect to
⊗̂

i∈IΣ′
i. Applying

417A(iv) with G = {supV : V ∈ V}, we see that λ̃ is inner regular with respect to (
⊗̂

i∈IΣ′
i) ∨ B(X).

(v), (vi) As in the proof of 417Cb, apply 417A(iv) with G the family of open subsets of X and K
either the Borel σ-algebra of X or the family of closed subsets of X, this time using 412U to confirm that
λ is inner regular with respect to K.

417F Notation In the context of 417C, 417D or 417E, I will call λ̃ the τ-additive product measure
on

∏
i∈I Xi.

Remarks (a) Note that the uniqueness assertions in 417D and 417E mean that for the products of finitely
many probability spaces we do not need to distinguish between the two constructions. The latter also shows
that we can relate 415E to the new method: if every Ti is separable and metrizable and every µi is strictly
positive, then the ‘ordinary’ product measure λ is a complete topological measure. Since it is also inner
regular with respect to the Borel sets (412Uc), and τ -additive (because we now know that it has an extension
to a τ -additive measure) it must be exactly the τ -additive product measure as described here.

(b) In 417D it seemed simpler to restrict the concept of ‘product’ to non-empty families; in 417E, I
omitted any reference to the possiblity that the set I might be empty. This is because I regard a product
X =

∏
i∈I Xi as a set of functions defined on I, and if I = ∅ there is just one such function, itself the empty

set; so we have X = {∅}, with just one topology on X and just one probability measure defined on X, which

will do very nicely for the required λ̃.

417G Fubini’s theorem for τ-additive product measures Let (X,T,Σ, µ) and (Y,S,T, ν) be two

complete locally determined effectively locally finite τ -additive topological measure spaces. Let λ̃ be the
τ -additive product measure on X × Y , and Λ̃ its domain.

(a) Let f be a [−∞,∞]-valued function such that
∫
f dλ̃ is defined in [−∞,∞] and (X × Y ) \ {(x, y) :

(x, y) ∈ dom f, f(x, y) = 0} can be covered by a set of the form X ×
⋃

n∈N Yn where νYn < ∞ for every

n ∈ N. Then the repeated integral
∫∫

f(x, y)ν(dy)µ(dx) is defined and equal to
∫
fdλ̃.

(b) Let f : X × Y → [0,∞] be lower semi-continuous. Then∫∫
f(x, y)ν(dy)µ(dx) =

∫∫
f(x, y)µ(dx)ν(dy) =

∫
fdλ̃

in [0,∞].
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(c) Let f be a Λ̃-measurable real-valued function defined λ̃-a.e. on X×Y . If either
∫∫

|f(x, y)|ν(dy)µ(dx)

or
∫∫

|f(x, y)|µ(dx)ν(dy) is defined and finite, then f is λ̃-integrable.

proof As in 417C, set Λ̃0 = (Σ⊗̂T) ∨ B(X × Y ).

(a) I use 252B.

(i) Write W for the set of those W ∈ Λ̃ such that
∫
νW [{x}]µ(dx) is defined in [0,∞] and equal to

λ̃W . Then open sets belong to W, by 417C(b-v-β). Next, if W ∈ Λ̃0 is included in an open set W0 of finite
measure, W ∈ W. PPP If W0 is an open set of finite measure, then {W : W ⊆ X × Y, W ∩W0 ∈ W} is a
Dynkin class, and by 417C(b-v-β), it contains W ∩ (E × F ) whenever E ∈ Σ, F ∈ T and W ⊆ X × Y is

open. By the Monotone Class Theorem it includes Λ̃0. QQQ
Now suppose that W ⊆ X × Y is λ̃-negligible and included in X ×

⋃
n∈N Yn, where νYn < ∞ for every

n. Then W ∈ W. PPP Set A = {x : x ∈ X, ν∗W [{x}] > 0}. For each n, let Hn ⊆ Y be an open set of finite
measure such that ν(Yn \Hn) ≤ 2−n; we may arrange that Hn+1 ⊇ Hn for each n. Set H =

⋃
n∈NHn, so

that W [{x}] \H ⊆
⋃

n∈N Yn \H is negligible for every x ∈ X.

Fix an open set G ⊆ X of finite measure and n ∈ N for the moment. Because λ̃ is inner regular with
respect to Λ̃0, there is a V ∈ Λ̃0 such that V ⊆ (G×Hn) \W and λ̃V = λ̃((G×Hn) \W ), that is, λ̃V ′ = 0,
where V ′ = (G×Hn) \ V ⊇ (G×Hn) ∩W . We know that V ′ ∈ W, so∫

νV ′[{x}]dx = λ̃V ′ = 0,

and νV ′[{x}] = 0 for almost every x ∈ X; but this means that Hn ∩W [{x}] is negligible for almost every
x ∈ G.

At this point, recall that n was arbitrary, so H ∩ W [{x}] and W [{x}] are negligible for almost every
x ∈ G, that is, A ∩ G is negligible. This is true for every open set G ⊆ X of finite measure. Because µ is
inner regular with respect to subsets of open sets of finite measure, and is complete and locally determined,
A is negligible (412Jb). But this means that

∫
νW [{x}]µ(dx) is defined and equal to zero, so that W ∈ W.

QQQ

(ii) Now suppose that
∫
fdλ̃ is defined in [−∞,∞] and that there is a sequence 〈Yn〉n∈N of sets of

finite measure in Y such that f(x, y) is defined and zero whenever x ∈ X and y ∈ Y \
⋃

n∈N Yn. Set
Z =

⋃
n∈N Yn. Write λ for the c.l.d. product measure on X × Y and Λ for its domain. Then there is a

Λ-measurable function g : X × Y → [−∞,∞] which is equal λ̃-almost everywhere to f . PPP For q ∈ Q set

Wq = {(x, y) : (x, y) ∈ dom f, f(x, y) ≥ q} ∈ Λ̃, and choose Vq ∈ Λ such that λ̃(Wq△Vq) = 0 (417C(b-i));
set g(x, y) = sup{q : q ∈ Q, (x, y) ∈ Vq} for x ∈ X and y ∈ Y , interpreting sup ∅ as −∞. QQQ Adjusting g if
necessary, we may suppose that it is zero on X × (Y \ Z). Set

A = (X × Y ) \ {(x, y) : f(x, y) = g(x, y)},

so that A is λ̃-negligible and included in X × Z. By (i), νA[{x}] = 0, that is, y 7→ f(x, y) and y 7→ g(x, y)
are equal ν-a.e., for µ-almost every x. Write λX×Z for the subspace measure induced by λ on X × Z; note
that this is the c.l.d. product of µ with the subspace measure νZ on Z, by 251Q(ii-α).

Now we have

∫
fdλ̃ =

∫
g dλ̃ =

∫
g dλ

(by 235Gb, because the identity map from (X × Y, λ̃) to (X × Y, λ) is inverse-measure-preserving)

=

∫

X×Z

g dλ =

∫

X×Z

g dλX×Z =

∫∫

Z

g(x, y)νZ(dy)µ(dx)

(by 252B, because νZ is σ-finite)

=

∫∫
g(x, y)ν(dy)µ(dx)

(because g(x, y) = 0 if y ∈ Y \ Z)

=

∫∫
f(x, y)ν(dy)µ(dx).
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(b) If f is non-negative and lower semi-continuous, set

Wni = {(x, y) : f(x, y) > 2−ni}

for n, i ∈ N, and

fn = 2−n
∑4n

i=1 χWni

for n ∈ N. Applying 417C(b-v) we see that∫
fndλ̃ =

∫∫
fn(x, y)dydx =

∫∫
fn(x, y)dxdy

in [0,∞] for every n; taking the limit as n→ ∞,∫
fdλ̃ =

∫∫
f(x, y)dydx =

∫∫
f(x, y)dxdy,

because 〈fn〉n∈N is a non-decreasing sequence with limit f .

(c) ??? Suppose, if possible, that γ =
∫∫

|f(x, y)|dydx is finite, but that f is not integrable. Because λ̃ is

semi-finite, there must be a non-negative λ̃-simple function g such that g ≤a.e. |f | and
∫
g dλ̃ > γ (213B).

For each n ∈ N, there are open sets Gn ⊆ X, Hn ⊆ Y of finite measure such that λ̃({(x, y) : g(x, y) ≥
2−n} \ (Gn ×Hn)) ≤ 2−n, by 417C(b-iii); now 〈g × χ(Gn ×Hn)〉n∈N → g a.e., so there is some n such that∫
Gn×Hn

g dλ̃ > γ. In this case, setting g′(x, y) = min(g(x, y), |f(x, y)|) for (x, y) ∈ (Gn × Hn) ∩ dom f , 0

otherwise, we have g = g′ a.e. on Gn ×Hn, so that
∫
g′dλ̃ > γ. But we can apply (a) to g′ to see that

γ <
∫
g′dλ̃ =

∫∫
g′(x, y)dydx ≤

∫∫
|f(x, y)|dydx ≤ γ,

which is absurd. XXX

So if
∫∫

|f(x, y)|dydx is finite, f must be λ̃-integrable. Of course the same arguments, reversing the roles

of X and Y , show that f is λ̃-integrable if
∫∫

|f(x, y)|dxdy is defined and finite.

417H Corollary Let (X,T,Σ, µ) and (Y,S,T, ν) be two complete locally determined effectively locally

finite τ -additive topological measure spaces. Let λ̃ be the τ -additive product measure on X × Y , and Λ̃ its
domain. If A ⊆ X, B ⊆ Y are non-negligible sets such that A×B ∈ Λ̃, then A ∈ Σ and B ∈ T.

proof (Cf. 252Xc.) If F ∈ T and νF < ∞, B ∩ F ∈ T. PPP If νF = 0 then B ∩ F ∈ T because ν is

complete. Otherwise, set f = χ(A × (B ∩ F )). Then
∫
f dλ̃ = λ̃((A × B) ∩ (X × F )) is defined and f is

zero outside X ×F . By 417Ga,
∫∫

f(x, y)ν(dy)µ(dx) is defined, that is,
∫
χA(x)× ν(B ∩F )µ(dx) is defined

and x 7→ χA(x) × ν(B ∩ F ) is defined µ-a.e. As A is not negligible, ν(B ∩ F ) is defined. QQQ As ν is locally
determined, B ∈ T.

As the specification of λ̃ in 417Ca is symmetric between the two factors, we must also have A ∈ Σ.

417I The constructions here have most of the properties one would hope for. I give several in the
exercises (417Xd-417Xf, 417Xj). One fact which is particularly useful, and also has a trap in it, is the
following.

Proposition Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological measure

spaces, and λ̃ the τ -additive product measure on X × Y . Suppose that A ⊆ X and B ⊆ Y , and write µA,
νB for the corresponding subspace measures; assume that both µA and νB are semi-finite. Then these are
also effectively locally finite and τ -additive, and the subspace measure λ̃A×B induced by λ̃ on A×B is just
the τ -additive product measure of µA and νB .

proof (a) To check that µA and νB are effectively locally finite and τ -additive, see 414K. Next, because

λ̃ is complete, locally determined, effectively locally finite and τ -additive (417Ca), it is strictly localizable

(414J), so λ̃A×B is also effectively locally finite and τ -additive, by 414K again.

(b) Writing Λ̃0 for (Σ⊗̂T) ∨ B(X × Y ), as in 417C, we know that λ̃ is inner regular with respect to Λ̃0,

so λ̃A×B is inner regular with respect to {Q ∩ (A×B) : Q ∈ Λ̃0}, by 412Ob. But this will be the σ-algebra

Λ̃0
A×B of subsets of A×B generated by
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{(E × F ) ∩ (A×B) : E ∈ Σ, F ∈ T} ∪ {W ∩ (A×B) : W ∈ B(X × Y )}

= {E × F : E ∈ domµA, F ∈ dom νB} ∪ B(A×B)}.

(c) Now if C ∈ domµA and D ∈ dom νB , then λ̃∗(C ×D) = µAC · νBD. PPP (α) There are E ∈ Σ, F ∈ T
such that C ⊆ E, D ⊆ F , µE = µ∗C and νF = ν∗D; in which case

λ̃∗(C ×D) ≤ λ̃(E × F ) = λ(E × F ) = µE · νF

(251J)

= µ∗C · ν∗D = µAC · νBD.

(β) If γ < µAC ·νBD then, because µA and νB are semi-finite, there are C ′ ⊆ C, D′ ⊆ D such that both have
finite outer measure and µ∗C ′ · ν∗D′ ≥ γ. In this case, take E′ ∈ Σ, F ′ ∈ T such that C ′ ⊆ E′, D′ ⊆ F ′ and
both E′ and F ′ have finite measure. Now if W ∈ dom λ̃ and C ×D ⊆W , we have C ′ ×D′ ⊆W ∩ (E × F ),
so that ν(W ∩ (E × F ))[{x}] ≥ ν∗D′ for every x ∈ C ′, and

λ̃W ≥
∫
E
ν(W ∩ (E × F ))[{x}]µ(dx) ≥ µ∗C ′ · ν∗D′ ≥ γ,

by 417Ga. As W is arbitrary, λ̃∗(C ×D) ≥ γ; as γ is arbitrary, λ̃∗(C ×D) ≥ µAC · νBD. QQQ

(d) Thus λ̃A×B agrees with the product of µA and µB on measurable rectangles, as well as being inner

regular with respect to Λ̃0
A×B . So the uniqueness assertion in 417Ca tells us that λ̃A×B is the τ -additive

product measure of µA and µB .

417J In order to use 417G effectively in the theory of infinite products, we need a generalized associative
law corresponding to 254N and 417Db.

Theorem Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces and K a partition

of I. For J ⊆ I let λ̃J be the τ -additive product measure on ZJ =
∏

i∈J Xi, and write Z for
∏

K∈K ZK .
Then we have a natural bijection φ : Z → ZI defined by setting

φ(〈zK〉K∈K) =
⋃

K∈K zK

which identifies the τ -additive product λ̃ of the family 〈λ̃K〉K∈K with λ̃I .

In particular, if K ⊆ I is any set, then λ̃I can be identified with the τ -additive product of the τ -additive
product measures on

∏
i∈K Xi and

∏
i∈I\K Xi.

proof (a) I am claiming that λ̃I is precisely the image measure λ̃φ−1 where φ(〈zK〉K∈K) is the common

extension of the zK to a function on I. Now we know that λ̃ is a complete τ -additive topological measure
and that φ is continuous (indeed, a homeomorphism), so λ̃φ−1 is also a complete τ -additive topological
measure (234Eb, 411Gj).

(b) Suppose that 〈Ei〉i∈I ∈
∏

i∈I Σi is such that {i : i ∈ I, Ei 6= Xi} is finite. For K ∈ K, set

HK =
∏

i∈K Ei; then HK belongs to the domain Λ̃K of λ̃K ,

φ−1[
∏

i∈I Ei] = {〈zK〉K∈K : zK(i) ∈ Ei whenever i ∈ K ∈ K} =
∏

K∈KHK ,

while

{K : K ∈ K, HK 6= ZK} = {K : K ∈ K, K ∩ {i : Ei 6= Xi} 6= ∅}

is finite, so

λ̃φ−1(
∏

i∈I

Ei) = λ̃(
∏

K∈K

HK) =
∏

K∈K

λ̃KHK

=
∏

K∈K

∏

i∈K

µiEi =
∏

i∈I

µiEi.
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(c) For each K ∈ K, λ̃K is inner regular with respect to Λ̃0
K = (

⊗̂
i∈KΣi) ∨ B(ZK). By 417E(b-iv), λ̃ is

inner regular with respect to

Λ̃′ = (
⊗̂

K∈K((
⊗̂

i∈KΣi) ∨ B(ZK))) ∨ B(Z) = (
⊗̂

K∈K(
⊗̂

i∈KΣi)) ∨ B(Z).

Now φ identifies (
⊗̂

K∈K(
⊗̂

i∈KΣi)) with
⊗̂

i∈IΣi in the sense that for W ⊆ ZI , W ∈
⊗̂

i∈IΣi iff φ−1[W ] ∈

(
⊗̂

K∈K(
⊗̂

i∈KΣi)), while similarly (because φ is a homeomorphism) W ∈ B(ZI) iff φ−1[W ] ∈ B(Z). It

follows that W ∈ Λ̃0
I iff φ−1[W ] ∈ Λ̃′. Now if W is measured by λ̃φ−1, there is a V ∈ Λ̃′ such that

V ⊆ φ−1[W ] and λ̃W = λ̃φ−1[W ]; in which case φ[V ] ∈ Λ̃I , φ[V ] ⊆W and λ̃φ−1[φ[V ]] = λ̃φ−1[W ].

This shows that λ̃φ−1 is inner regular with respect to Λ̃0
I . Together with (a) and (b) and the uniqueness

promised in 417E, this shows that λ̃φ−1 = λ̃I , as claimed.

417K Corollary Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces and

(X, Λ̃, λ̃) their τ -additive product. For J ⊆ I let λ̃J be the τ -additive product measure on XJ =
∏

i∈J Xi,

and Λ̃J its domain; let πJ : X → XJ be the canonical map. Then λ̃J is the image measure λ̃π−1
J . In

particular, if W ∈ Λ̃ is determined by coordinates in J ⊆ I, then πJ [W ] ∈ Λ̃J and λ̃JπJ [W ] = λ̃W .

proof By 417J, we can identify λ̃ with the τ -additive product of λ̃J and λ̃I\J . If A ⊆ XJ , then π−1
J [A] =

A ×XI\J . If A ∈ Λ̃J , π−1
J [A] ∈ Λ̃ by the definition in 417C; if π−1

J [A] ∈ Λ̃ then A ∈ Λ̃J by 417H. And in
either case

λ̃π−1
J [A] = λ̃JA · λ̃I\JXI\J = λ̃JA.

So λ̃J = λ̃π−1
J .

417L Corollary Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces, and

(X, Λ̃, λ̃) their τ -additive product. Let 〈Kj〉j∈J be a disjoint family of subsets of I, and for j ∈ J write

Λ̃j for the σ-algebra of members of Λ̃ determined by coordinates in Kj . Then 〈Λ̃j〉j∈J is a stochastically
independent family of σ-algebras (definition: 272Ab).

proof It is enough to consider the case in which J is finite (272Bb), no Kj is empty (since if Kj = ∅

then Λ̃j = {∅, X}) and
⋃

j∈J Kj = I (adding an extra term if necessary). In this case, if Wj ∈ Λ̃j for

each j, then the identification between X and
∏

j∈J

∏
i∈Kj

Xi, as described in 417J, matches
⋂

j∈J Wj with
∏

j∈J πKj
[Wj ], writing πKj

(x) for x↾Kj . Now if λ̃j is the τ -additive product measure on Zj =
∏

i∈Kj
Xi, we

have λ̃jπKj
[Wj ] = λ̃Wj , by 417K. Since λ̃ can be identified with the τ -additive product of 〈λ̃j〉j∈J (417J),

λ̃(
⋂

j∈J Wj) =
∏

j∈J λ̃jπKj
[Wj ] =

∏
j∈J λ̃Wj .

As 〈Wj〉j∈J is arbitrary, 〈Λ̃j〉j∈J is independent.

417M Proposition Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces such
that every µi is strictly positive. For J ⊆ I let πJ be the canonical map from X onto XJ =

∏
i∈J Xi; write

λJ , λ̃J for the ordinary and τ -additive product measures on XJ , and ΛJ , Λ̃J for their domains. Set λ̃ = λ̃I ,
Λ̃ = Λ̃I , λ = λI , Λ = ΛI .

(a) Let F ⊆ X be a closed self-supporting set, and J the smallest subset of I such that F is determined
by coordinates in J (4A2B(g-ii)). Then

(i) if W ∈ Λ̃ is such that W△F is λ̃-negligible and W is determined by coordinates in K ⊆ I, then
K ⊇ J ;

(ii) J is countable;

(iii) there is a W ∈ Λ, determined by coordinates in J , such that W△F is λ̃-negligible.

(b) λ̃ is inner regular with respect to the family of sets of the form
⋂

n∈N Vn where each Vn ∈ Λ̃ is
determined by coordinates in a finite set.

(c) If W ∈ Λ̃, there are a countable J ⊆ I and sets W ′, W ′′ ∈ Λ̃, determined by coordinates in J , such

that W ′ ⊆W ⊆W ′′ and λ̃(W ′′ \W ′) = 0. Consequently λ̃π−1
J [πJ [W ]] = λ̃W .
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proof (a)(i) ??? Suppose, if possible, otherwise. Then F is not determined by coordinates in K, so there
are x ∈ F , y ∈ X \F such that x↾K = y↾K. Let U be an open set containing y, disjoint from F , and of the
form

∏
i∈I Gi, where Gi ∈ Ti for every i and L = {i : Gi 6= Xi} is finite. Set

U ′ = {z : z ∈ X, z(i) ∈ Gi for every i ∈ L ∩K},

U ′′ = {z : z(i) ∈ Gi for every i ∈ L \K}.

Then U ′ ∩W is determined by coordinates in K, while U ′′ is determined by coordinates in I \K, so

0 = λ̃(F ∩ U) = λ̃(W ∩ U) = λ̃(W ∩ U ′ ∩ U ′′) = λ̃(W ∩ U ′) · λ̃U ′′

(by 417L)

= λ̃(F ∩ U ′) · λ̃U ′′ = λ̃(F ∩ U ′) ·
∏

i∈L\K

µiGi.

But y ∈ U ′, and x↾K = y↾K, so x ∈ F ∩ U ′; as F is self-supporting, λ̃(F ∩ U ′) > 0. Because every µi is
strictly positive, and no Gi is empty,

∏
i∈L\K µiGi > 0; and this is impossible. XXX

(ii) By 417E(b-i), there is a W0 ∈ Λ such that λ̃(F△W0) = 0. By 254Oc there is a W1 ∈ Λ, determined

by coordinates in a countable subset K of I, such that λ(W0△W1) = 0. Now λ̃(F△W1) = 0, so (i) tells us
that J ⊆ K is countable.

(iii) By 417K, πJ [F ] ∈ Λ̃J . By 417E(b-i) again, there is a V ∈ ΛJ such that V△πJ [F ] is λ̃J -negligible.
Set W = π−1

J [V ]. Then W ∈ Λ, W is determined by coordinates in J , and W△F = π−1
J [V△πJ [F ]] is

λ̃-negligible.

(b)(i) Write V for the set of those members of Λ̃ which are determined by coordinates in a finite set,
and Vδ for the set of intersections of sequences in V. Because V is closed under finite unions, so is Vδ; Vδ is
surely closed under countable intersections, and ∅, X belong to Vδ.

(ii) We need to know that every self-supporting closed set F ⊆ X belongs to Vδ. PPP By (a), F is
determined by coordinates in a countable set J . Express J as the union of a non-decreasing sequence
〈Jn〉n∈N of finite sets. Then Fn = π−1

Jn
[πJn

[F ]] ∈ V for each n, and F =
⋂

n∈N Fn ∈ Vδ. QQQ

(iii) Set Λ̃0 = (
⊗̂

i∈IΣi) ∨ B(X) as in 417E, and let A be the family of subsets of X which are finite
disjoint unions of sets of the form B ∩

∏
i∈I Ei where B ⊆ X is either open or closed, Ei ∈ Σi for every

i ∈ I, and {i : Ei 6= Xi} is finite. Then X \ A ∈ A for every A ∈ A, and Λ̃0 is the σ-algebra generated by

A. Now if A ∈ A, V ∈ Λ̃ and λ̃(A ∩ V ) > 0, there is a K ∈ Vδ ∩ A such that K ⊆ A and λ̃(K ∩ V ) > 0. PPP
There is a set A′ of the form B ∩

∏
i∈I Ei where B ⊆ X is either open or closed, Ei ∈ Σi for every i ∈ I,

and {i : Ei 6= Xi} is finite, such that A′ ⊆ A and λ̃(A′ ∩ V ) > 0. (α) If B is open, set

U = {U : U ∈ V is open, U ⊆ B}.

Because V includes a base for the topology of X,
⋃

U = B; because λ̃ is τ -additive and V is closed under

finite unions, there is a U ∈ U such that U ⊆ B and λ̃U > λ̃B − λ̃(B ∩ V ), so that λ̃(U ∩ V ) > 0, while
U ∈ V. (β) If B is closed, then it includes a self-supporting closed set F of the same measure (414F), which

belongs to Vδ, by (ii) just above, and now F ∩
∏

i∈I Ei ∈ Vδ, F ∩
∏

i∈I Ei ⊆ A and λ̃(F ∩
∏

i∈I Ei ∩ V ) > 0.
QQQ

(iv) By 412C, λ̃↾Λ̃0 is inner regular with respect to Vδ. But λ̃ is just the completion of λ̃↾Λ̃0, so it also
is inner regular with respect to Vδ (412Ha once more).

(c) By (b), we have sequences 〈Vn〉n∈N, 〈V ′
n〉n∈N in Vδ such that Vn ⊆W , V ′

n ⊆ X \W , λ̃Vn ≥ λ̃W − 2−n

and λ̃V ′
n ≥ λ̃(X \W ) − 2−n for every n ∈ N. Each Vn, V ′

n is determined by a coordinates in a countable
set, so there is a single countable set J ⊆ I such that every Vn and every V ′

n is determined by coordinates
in J . Set W ′ =

⋃
n∈N Vn, W ′′ = X \

⋃
n∈N V

′
n; then W ′, W ′′ are both determined by coordinates in J ,

W ′ ⊆W ⊆W ′′ and λ̃(W ′′ \W ′) = 0, as required.
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417N Theorem Let (X,T,Σ, µ) and (Y,S,T, ν) be two quasi-Radon measure spaces. Then the τ -

additive product measure λ̃ on X×Y is a quasi-Radon measure, the unique quasi-Radon measure on X×Y
such that λ̃(E × F ) = µE · νF for every E ∈ Σ and F ∈ T.

proof By 417C(b-vii) it is inner regular with respect to the closed sets; being also a complete, locally
determined, τ -additive and effectively locally finite topological measure, it is quasi-Radon. By 417Ca it is
the only quasi-Radon measure on X × Y with the right values on measurable rectangles.

417O Theorem Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of quasi-Radon probability spaces. Then the τ -

additive product measure λ̃ on X =
∏

i∈I Xi is a quasi-Radon measure, the unique quasi-Radon measure
on X extending the ordinary product measure.

proof By 417E(b-vi), λ̃ is inner regular with respect to the closed sets, so is a quasi-Radon measure, which
is unique by 417Ea.

417P Theorem Let (X,T,Σ, µ) and (Y,S,T, ν) be Radon measure spaces. Then the τ -additive product

measure λ̃ on X×Y is a Radon measure, the unique Radon measure on X×Y such that λ̃(E×F ) = µE ·νF
whenever E ∈ Σ and F ∈ T.

proof By 417C(b-viii) and (b-ix), λ̃ is tight and locally finite; being also a quasi-Radon measure (417N), it
is a Radon measure; as in 417N, it is uniquely defined by its values on measurable rectangles.

417Q Theorem Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of Radon probability spaces, and λ̃ the τ -additive
product measure on X =

∏
i∈I Xi. For each i ∈ I, let Zi ⊆ Xi be the support of µi. Suppose that

J = {i : i ∈ I, Zi is not compact} is countable. Then λ̃ is a Radon measure, the unique Radon measure on
X extending the ordinary product measure.

proof Of course X, being a product of Hausdorff spaces, is Hausdorff, and λ̃, being totally finite, is locally
finite. Now, given ǫ ∈ ]0, 1], let 〈ǫj〉j∈J be a family of strictly positive numbers such that

∑
j∈J ǫj ≤ ǫ, and

for j ∈ J choose a compact set Kj ⊆ Xj such that µjKj ≥ 1 − ǫj ; for i ∈ I \ J , set Ki = Zi, so that Ki is
compact and µiKi = 1. Consider K =

∏
i∈I Ki. Then, using 417E(b-ii) and 254Lb for the two equalities,

λ̃K = λ∗K =
∏

i∈I µiKi ≥
∏

j∈J 1 − ǫj ≥ 1 − ǫ,

where λ is the ordinary product measure on X. As ǫ is arbitrary, λ̃ satisfies the condition (iii) of 416C, and
is a Radon measure. By 417Ea, it is the unique Radon measure on X extending λ.

417R Notation I will use the phrase quasi-Radon product measure for a τ -additive product measure
which is in fact a quasi-Radon measure; similarly, a Radon product measure is a τ -additive product
measure which is a Radon measure.

417S Later I will give an example in which a τ -additive product measure is different from the corre-
sponding c.l.d. product measure (419E). In 415E-415F, 415Ye and 416U I have described cases in which
c.l.d. measures are τ -additive product measures. It remains very unclear when to expect this to happen.
I can however give a couple of results which show that sometimes, at least, we can be sure that the two
measures coincide.

Proposition (a) Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological measure
spaces and λ the c.l.d. product measure on X × Y . If every open subset of X × Y is measured by λ, then λ
is the τ -additive product measure on X × Y .

(b) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces and λ the ordinary
product measure on X =

∏
i∈I Xi. If every open subset of X is measured by λ, then λ is the τ -additive

product measure on X.
(c) In (b), let λJ be the ordinary product measure on XJ =

∏
i∈J Xi for each J ⊆ I, and λ̃J the τ -additive

product measure. If λJ = λ̃J for every finite J ⊆ I, and every µi is strictly positive, then λ = λ̃I is the
τ -additive product measure on X.
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proof (a), (b) In both cases, λ is a complete locally determined effectively locally finitemeasure (assembling
facts from 251I, 254F and 412Se). We know also from 417C and 417E that λ has an extension to a τ -additive

measure λ̃ and is therefore itself τ -additive (411C), while it is inner regular with respect to Σ⊗̂T or
⊗̂

i∈IΣi

(251Ib, 254Ff) and therefore with respect to Λ̃0 as defined in 417C or 417E. The additional hypothesis here
is that λ is a topological measure. But that means that it satisfies all the conditions required of a τ -additive
product measure and is equal to λ̃.

(c)(i) The first step is to note that λJ = λ̃J for every countable J ⊆ I. PPP Express J as
⋃

n∈N Jn where

〈Jn〉n∈N is a non-decreasing sequence of finite sets. If F ⊆ XJ is closed, then it is
⋂

n∈N π
−1
n [πn[F ]], where

πn : XJ → XJn
is the canonical map for each n. But every πn[F ] is a closed subset of XJn

, therefore

measured by λJn
; because πn is inverse-measure-preserving (417K), π−1

n [πn[F ]] ∈ domλJ for each n, and
F ∈ domλJ . Thus every closed set, therefore every open set is measured by λJ , and λJ is a topological
measure; by (b), λJ = λ̃J . QQQ

(ii) Suppose that W ⊆ X is open. By 417M, there are W ′, W ′′ measured by λ̃ such that W ′ ⊆

W ⊆ W ′′, both W ′′ and W ′ are determined by coordinates in a countable set, and λ̃I(W ′′ \ W ′) = 0.

Let J ⊆ I be a countable set such that W ′ and W ′′ are determined by coordinates in J . Then λJ = λ̃J
measures πJ [W ′], by 417K, so λ measures W ′ = π−1

J [πJ [W ]], by 254Oa. Similarly, λ measures W ′′. Now

λ(W ′′ \W ′) = λ̃I(W ′′ \W ′) = 0, so λ measures W . As W is arbitrary, λ is a topological measure and must
be the τ -additive product measure, by (b).

417T Proposition Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological
measure spaces and λ the c.l.d. product measure on X × Y . If X has a conegligible subset with a countable
network (e.g., if X is metrizable and µ is σ-finite), then λ is the τ -additive product measure on X × Y .

proof (a) Suppose to begin with that µ and ν are totally finite, and that X itself has a countable network;

let 〈An〉n∈N run over a network for X. Let µ̂ be the completion of µ and Σ̂ its domain. Let λ̃ be the

τ -additive product measure on X × Y . (We are going to need Fubini’s theorem both for λ and for λ̃. I will
use a sprinkling of references to §§251-252 to indicate which parts of the argument below depend on the
properties of λ.)

Let W ⊆ X × Y be an open set. For each n ∈ N, set

Hn =
⋃
{H : H ∈ S, An ×H ⊆W},

so that Hn is open. Then W =
⋃

n∈NAn ×Hn. PPP Of course An ×Hn ⊆W for every n ∈ N. If (x, y) ∈W ,
there are open sets G ⊆ X, H ⊆ Y such that (x, y) ∈ G × H ⊆ W ; now there is an n ∈ N such that
x ∈ An ⊆ G, so that H ⊆ Hn and (x, y) ∈ An ×Hn. QQQ

By 417C(b-v-α), there is an open set W0 in the domain Λ of λ such that W0 ⊆ W and λ̃(W \W0) = 0.
By 417Ga, applied to χ(W \W0), A = {x : ν(W [{x}]\W0[{x}]) > 0} is µ-negligible. For each n ∈ N, x ∈ X
set fn(x) = ν(Hn ∩W0[{x}]); then 252B tells us that

∫
fndµ is defined and equal to λ(W0 ∩ (X × Hn)).

In particular, fn is Σ̂-measurable. Set En = {x : fn(x) = νHn} ∈ Σ̂. If x ∈ An, then Hn ⊆ W [{x}], so
An \ En ⊆ A.

Now, by 252B again,

λ((En ×Hn) \W0) =

∫

En

ν(Hn \W0[{x}])µ(dx)

=

∫

En

νHn − ν(Hn ∩W0[{x}])µ(dx) = 0.

So if we set W1 =
⋃

n∈NEn ×Hn, W1 \W ⊆W1 \W0 is λ-negligible. On the other hand,

W \W1 ⊆
⋃

n∈N(An \ En) ×Hn ⊆ A× Y

is also λ-negligible. Because λ is complete, W ∈ Λ. As W is arbitrary, λ is a topological measure and is
equal to λ̃, by 417Sa.

(b) Now consider the general case. Let Z be a conegligible subset of X with a countable network; since
any subset of a space with a countable network again has a countable network (4A2Na), we may suppose
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that Z ∈ Σ. Again let W be an open set in X×Y . This time, take arbitrary E ∈ Σ, F ∈ T of finite measure,
and consider the subspace measures µE∩Z and νF . These are still effectively locally finite and τ -additive
(414K), and are now totally finite. Also E ∩ Z has a countable network. So (a) tells us that the relatively
open set W ∩((E∩Z)×F ) is measured by the c.l.d. product of µE∩Z and νF , which is the subspace measure
on (E∩Z)×F induced by λ (251Q). Since λ surely measures E×F , it measures W ∩ (Z×Y )∩ (E×F ). As
E and F are arbitrary, λ measures W ∩ (Z × Y ) (251H). But λ((X \Z) × Y ) = µ(X ×Z) · νY = 0 (251Ia),
so λ also measures W . As W is arbitrary, λ is the τ -additive product measure.

417U Proposition Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces. Let
λ be the ordinary product probability measure on X =

∏
i∈I Xi and Λ its domain. Then every continuous

function f : X → R is Λ-measurable, so Λ includes the Baire σ-algebra of X.

proof (a) Let λ̃ be a τ -additive topological measure extending λ (417E), and Λ̃ its domain; then f is

Λ̃-measurable, just because λ̃ is a topological measure. For α ∈ R, set

Gα = {x : x ∈ X, f(x) < α}, Hα = {x : x ∈ X, f(x) > α},

Fα = {x : x ∈ X, f(x) = α}.

Then 〈Fα〉α∈R is disjoint, so A = {α : α ∈ R, λ̃Fα > 0} is countable, and A′ = R \ A is dense in R; let
Q ⊆ A′ be a countable dense set.

For each q ∈ Q, let Vq ⊆ Gq, Wq ⊆ Hq be such that

λVq = λ∗Gq = λ̃Gq, λWq = λ∗Hq = λ̃Hq

(413Ea, 417E(b-ii)). Then

λ∗(Gq \ Vq) ≤ λ(X \ (Vq ∪Wq)) = 1 − λVq − λWq = λ̃(X \ (Gq ∪Hq)) = 0.

Because λ is complete, Gq \ Vq and Gq belong to Λ. But now, if α ∈ R,

{x : f(x) < α} =
⋃

q∈Q,q<αGq ∈ Λ,

so f is Λ-measurable.

(b) It follows that every zero set belongs to Λ, so that Λ must include the Baire σ-algebra of X.

417V Proposition Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological
measure spaces, and (X × Y,Λ, λ) their c.l.d. product. Then every continuous function f : X × Y → R is
Λ-measurable, and the Baire σ-algebra of X × Y is included in Λ.

proof Let Z ⊆ X × Y be a zero set. If E ∈ Σ, F ∈ T are sets of finite measure, then Z ∩ (E ×F ) is a zero
set for the relative topology of E × F . Now the subspace measures µE and νF are τ -additive topological
measures (414K), so Z ∩ (E × F ) is measured by the c.l.d. product µE × νF of µE and νF . PPP If either µE
or νF is zero, this is trivial. Otherwise, they have scalar multiples µ′

E , ν ′F which are probability measures,
and of course are still τ -additive topological measures. By 417U, Z ∩ (E×F ) is measured by µ′

E ×ν ′F . Since
µE × νF is just a scalar multiple of µ′

E × ν ′F , Z ∩ (E × F ) is measured by µE × νF . QQQ But µE × νF is the
subspace measure λE×F (251Q), so Z ∩ (E × F ) ∈ Λ. As E and F are arbitrary, Z ∈ Λ (251H).

Thus every zero set belongs to Λ; accordingly Λ must include the Baire σ-algebra, and every continuous
function must be Λ-measurable.

417X Basic exercises (a) Let (X,Σ, µ) be a semi-finite measure space and A a family of subsets of X.
Show that the following are equiveridical: (i) there is a measure µ′ on X, extending µ, such that µ′A = 0
for every A ∈ A; (ii) µ∗(

⋃
n∈NAn) = 0 for every sequence 〈An〉n∈N in A.

>>>(c) Let (X,T,Σ, µ) and (Y,S,T, ν) be topological measure spaces such that µ and ν are both effectively
locally finite τ -additive Borel measures. Show that there is a unique effectively locally finite τ -additive Borel
measure λ′ on X × Y such that λ′(G×H) = µG · νH for all open sets G ⊆ X, H ⊆ Y .

>>>(d) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of topological probability spaces in which every µi is a τ -
additive Borel measure. Show that there is a unique τ -additive Borel measure λ′ on X =

∏
i∈I Xi such that

λ′(
∏

i∈I Fi) =
∏

i∈I µiFi whenever Fi ⊆ Xi is closed for every i ∈ I.
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(e) Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological measure spaces and

λ̃ the τ -additive product measure on X × Y . Let 〈Xi〉i∈I , 〈Yj〉j∈J be decompositions for µ, ν respectively

(definition: 211E). Show that 〈Xi × Yj〉i∈I,j∈J is a decomposition for λ̃. (Cf. 251O.)

>>>(f) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces such that µi is inner

regular with respect to the Borel sets for every i, and λ̃ the τ -additive product measure on X =
∏

i∈I Xi.

Take Ai ⊆ Xi for each i ∈ I. (i) Show that if µ∗
iAi = 1 for every i, then the subspace measure induced by λ̃

on A =
∏

i∈I Ai is just the τ -additive product λ̃# of the subspace measures on the Ai. (Hint : show that if

we set λ′W = λ̃#(W ∩ A) for Borel sets W ⊆ X, then λ′ satisfies the conditions of 417Xd.) (ii) Show that

in any case λ̃∗A =
∏

i∈I µ
∗
iAi. (Cf. 254L.)

(g) Let 〈(Xi,Ti,Σi, µi)〉i∈I and 〈(Yi,Si,Ti, νi)〉i∈I be two families of τ -additive topological probability

spaces in which every µi and every νi is inner regular with respect to the Borel sets. Let λ̃, λ̃′ be the
τ -additive product measures on X =

∏
i∈I Xi and Y =

∏
i∈I Yi respectively. Suppose that for each i ∈ I we

are given a continuous inverse-measure-preserving function φi : Xi → Yi. Show that the function φ : X → Y
defined by setting φ(x)(i) = φi(x(i)) for x ∈ X, i ∈ I is inverse-measure-preserving.

(h) Let (X,T,Σ, µ) and (Y,S,T, ν) be two complete locally determined effectively locally finite τ -additive

topological measure spaces such that both µ and ν are inner regular with respect to the Borel sets. Let λ̃
be the τ -additive product measure on X × Y , and Λ̃ its domain. Suppose that ν is σ-finite. Show that for
any W ∈ Λ̃, W [{x}] ∈ T for almost every x ∈ X, and x 7→ νW [{x}] is measurable.

>>>(i) Let (X,T,Σ, µ) be [0, 1] with its usual topology and Lebesgue measure, and let (Y,S,T, ν) be [0, 1]
with its discrete topology and counting measure. (i) Show that both are Radon measure spaces. (ii) Show
that the c.l.d. product measure on X × Y is a Radon measure. (Hint : 252Kc, or use 417T and 417P.) (iii)
Show that 417Ga can fail if we omit the hypothesis on {(x, y) : f(x, y) 6= 0}.

(j) Let (X,T,Σ, µ) and (Y,S,T, ν) be two effectively locally finite τ -additive topological measure spaces.

Let λ be the c.l.d. product measure and λ̃ the τ -additive product measure on X×Y . Show that λ∗(A×B) =

λ̃∗(A×B) for all sets A ⊆ X, B ⊆ Y . (Hint : start with A, B of finite outer measure, so that 417I applies.)

(k) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces with strictly positive

measures, all inner regular with respect to the Borel sets, and (X,T, Λ̃, λ̃) their τ -additive product. For

J ⊆ I let λ̃J be the τ -additive product measure on XJ =
∏

i∈J Xi, and Λ̃J its domain. (i) Show that if f is

a real-valued Λ̃-measurable function defined λ̃-almost everywhere on X, we can find a countable set J ⊆ I
and a Λ̃J -measurable function g, defined λ̃J -almost everywhere on XJ , such that f extends gπJ . (ii) In (i),

show that
∫
fdλ̃ =

∫
g dλ̃J if either is defined in [−∞,∞].

(l) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces such that every µi is

inner regular with respect to the Borel sets, and (X,T, Λ̃, λ̃) their τ -additive product. Show that for any

W ∈ Λ̃ there is a smallest set J ⊆ I for which there is a W ′ ∈ Λ̃, determined by coordinates in J , with
λ̃(W△W ′) = 0. (Hint : 254R.)

(m) What needs to be added to 417M and 415Xm to complete a proof of 415E?

(n) Let (X,T,Σ, µ) be an atomless τ -additive topological probability space such that µ is inner regular
with respect to the Borel sets, and I a set with cardinal at most that of the support of µ. Show that the
set of injective functions from I to X has full outer measure for the τ -additive product measure on XI .

>>>(o) Let (X,T,Σ, µ) and (Y,S,T, ν) be Radon measure spaces. Show that the Radon product measure

on X×Y is the unique Radon measure λ̃ such that λ̃(K×L) = µK ·νL for all compact sets K ⊆ X, L ⊆ Y .

>>>(p) Let I be an uncountable set, and λ, λ̃ be the ordinary and τ -additive product measures on X =

{0, 1}I when each factor is given its usual topology and the Dirac measure concentrated at 1. Show that λ̃

properly extends λ, and that the support of λ̃ is not determined by coordinates in any countable set. Find
a λ̃-negligible open set W ⊆ X such that its projection onto {0, 1}J is conegligible for every proper subset
J of I.
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(q) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of Radon probability spaces, and λ̃ the quasi-Radon product

measure on X =
∏

i∈I Xi. For each i ∈ I, let Zi ⊆ Xi be the support of µi. Show that λ̃ is a Radon measure
iff {i : i ∈ I, Zi is not compact} is countable. In particular, show that the ordinary product measure on

[0, 1[
I
, where I is uncountable and each copy of [0, 1[ is given Lebesgue measure, is a quasi-Radon measure,

but not a Radon measure.

(r) Let 〈(Xn,Tn,Σn, µn)〉n∈N be a sequence of Radon probability spaces. Show that the Radon product

measure on X =
∏

n∈NXn is the unique Radon measure λ̃ on X such that λ̃(
∏

n∈NKn) =
∏∞

n=0 µnKn

whenever Kn ⊆ Xn is compact for every n.

(s) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces and λ, λ̃ the ordinary

and τ -additive product measures on X =
∏

i∈I Xi. Show that if A ⊆ X has λ̃-negligible boundary, then A
is measured by λ.

(t) Let us say that a topological space X is chargeable if there is an additive functional ν : PX → [0,∞[
such that νG > 0 for every non-empty open set G ⊆ X. (i) Show that if there is a σ-finite measure µ on
X such that µ∗G > 0 for every non-empty open set G, then X is chargeable. (Hint : 215B(vii), 391G.) (ii)
Show that any separable space is chargeable. (iii) Show that X is chargeable iff its regular open algebra
is chargeable in the sense of 391Bb. (Hint : see the proof of 314P.) (iv) Show that any open subspace of a
chargeable space is chargeable. (v) Show that if Y ⊆ X is dense, then X is chargeable iff Y is chargeable.
(vi) Show that if X is expressible as the union of countably many chargeable subspaces, then it is chargeable.
(vii) Show that any product of chargeable spaces is chargeable. (Cf. 391Xb(iii).) (viii) Show that if 〈Xi〉i∈I

is a family of chargeable spaces with product X, then all regular open subsets of X and all Baire subsets of
X are determined by coordinates in countable sets. (Hint : 4A2Eb, 4A3Mb.) (ix) Show that a continuous
image of a chargeable space is chargeable. (x) Show that a compact Hausdorff space is chargeable iff it
carries a strictly positive Radon measure. (Hint : 416K.)

(u) Let (X,T,Σ, µ) and (Y,S,T, ν) be quasi-Radon measure spaces such that µX · νY > 0. Show that
the quasi-Radon product measure on X×Y is completion regular iff it is equal to the c.l.d. product measure
and µ and ν are both completion regular. (Hint : 412Sc; if µE, νF are finite and Z ⊆ E ×F is a zero set of
positive measure, use Fubini’s theorem to show that Z has sections of positive measure.)

(v) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of quasi-Radon probability spaces. Show that the quasi-Radon
product measure on

∏
i∈I Xi is completion regular iff it is equal to the ordinary product measure and every

µi is completion regular.

(w) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces such that every µi is

inner regular with respect to the Borel sets, and λ̃ the τ -additive product measure on X =
∏

i∈I Xi; write

Λ̃ for its domain. (i) Show that if W ∈ Λ̃, λ̃W > 0 and ǫ > 0 then there are a finite J ⊆ I and a W ′ ∈ Λ̃

such that λ̃W ′ ≥ 1 − ǫ and for every x ∈W ′ there is a y ∈W such that x↾I \ J = y↾I \ J . (Cf. 254Sb.) (ii)

Show that if A ⊆ X is determined by coordinates in I \ {i} for every i ∈ I then λ̃∗A ∈ {0, 1}. (Cf. 254Sa.)

417Y Further exercises (a) (i) Show that if, in 417A, µ is strictly localizable, then it has a strictly
localizable extension µ′ with the properties (i)-(iv) there. (ii) Give an example to show that the construction
offered in 417A may not immediately achieve this result.

(b) Let (X,T,Σ, µ) and (Y,S,T, ν) be effectively locally finite τ -additive topological measure spaces such
that µ and ν are both inner regular with respect to the Borel sets.

(i) Fix open sets G ⊆ X, H ⊆ Y of finite measure. Let WGH be the set of those W ⊆ X × Y such
that θGH(W ) =

∫
G
ν̂(W [{x}] ∩ H)dx is defined, where ν̂ is the completion of ν. (α) Show that every

open set belongs to WGH . (β) Show that θGH is countably additive in the sense that θGH(
⋃

n∈NWn) =∑∞
n=0 θGH(Wn) for every disjoint sequence 〈Wn〉n∈N in WGH , and τ -additive in the sense that θGH(

⋃
V) =

supV ∈V θGH(V ) for every non-empty upwards-directed family V of open sets in X ×Y . (γ) Show that every
Borel set belongs to WGH . (Hint : Monotone Class Theorem.) (δ) Show that θGH↾B(X ×Y ) is a τ -additive
Borel measure; let λGH be its completion. (ǫ) Show that λGH = θGH↾ΛGH , where ΛGH = domλGH . (ζ)
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Show that λGH(E×F ) is defined and equal to µE · νF whenever E ∈ Σ, F ∈ T, E ⊆ G and F ⊆ H. (Hint :
start with open E and F , move to Borel E and F with the Monotone Class Theorem.) (η) Writing λ for
the c.l.d. product measure on X × Y , show that λGH(W ) is defined and equal to λ(W ∩ (G×H)) whenever
W ∈ domλ.

(ii) Now take Λ̃ to be
⋂
{ΛGH : G ∈ T, H ∈ S, µG < ∞, νH < ∞} and λ̃W = supG,H λGH(W ) for

W ∈ Λ̃. Show that λ̃ is an extension of λ to a complete locally determined effectively locally finite τ -additive
topological measure on X × Y which is inner regular with respect to the Borel sets, so is the τ -additive
product measure as defined in 417F.

(c) Let (X,Σ, µ) and (Y,T, ν) be complete measure spaces with topologies T, S. Suppose that µ and
ν are effectively locally finite and τ -additive and moreover that their domains include bases for the two
topologies. Show that the c.l.d. product measure on X × Y has the same properties. (Hint : start by
assuming that µX and νY are both finite. If V is an upwards-directed family of measurable open sets with
measurable open union W , look at gV (x) = νV [{x}] for V ∈ V.)

(d) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of τ -additive topological probability spaces such that every µi

is inner regular with respect to the Borel sets, and (X,T, Λ̃, λ̃) their τ -additive product. (i) Show that the

following are equiveridical: (α) µi is strictly positive for all but countably many i ∈ I; (β) whenever W ∈ Λ̃

there are a countable J ⊆ I and W1, W2 ∈ Λ̃, determined by coordinates in J , such that W1 ⊆W ⊆W2 and
λ̃(W2 \W1) = 0. (ii) Show that when these are false, λ̃ cannot be equal to the ordinary product measure
on X.

(e) Let (X,Σ, µ) and (Y,T, ν) be measure spaces with Hausdorff topologies T, S such that both µ and
ν are inner regular with respect to the families of sequentially compact sets in each space. Show that the
c.l.d. product measure λ on X × Y is also inner regular with respect to the sequentially compact sets, so
has an extension to a topological measure which is inner regular with respect to the sequentially compact
sets. (Hint : 412R, 416Yd.)

(f) Let 〈(Xi,Σi, µi)〉i∈I be a family of probability spaces with topologies Ti such that every µi is inner
regular with respect to the family of closed countably compact sets in Xi and every Xi is compact. Show that
the ordinary product measure λ on X =

∏
i∈I Xi is also inner regular with respect to the closed countably

compact sets, so has an extension to a topological measure λ̃ which is inner regular with respect to the
closed countably compact sets in X. Show that this can be done in such a way that for every W ∈ dom λ̃
there is a V ∈ domλ such that λ̃(W△V ) = 0. (Hint : 412T, 416Yc.)

(g) Let 〈(Xn,Σn, µn)〉n∈N be a sequence of probability spaces with Hausdorff topologies Tn such that
every µn is inner regular with respect to the family of sequentially compact sets in Xn. Show that the
ordinary product measure λ on X =

∏
n∈NXn is also inner regular with respect to the sequentially compact

sets, so has an extension to a topological measure λ̃ which is inner regular with respect to the sequentially
compact sets in X. Show that this can be done in such a way that for every W ∈ dom λ̃ there is a V ∈ domλ
such that λ̃(W△V ) = 0.

(h) Let 〈(Xi,Ti,Σi, µi)〉i∈I be a family of quasi-Radon probability spaces, and λ, λ̃ the ordinary and
quasi-Radon product measures on X =

∏
i∈I Xi. Suppose that all but one of the Ti have countable networks

and all but countably many of the µi are strictly positive. Show that λ = λ̃.

(i) Let us say that a quasi-Radon measure space (X,T,Σ, µ) has the simple product property if
the c.l.d. product measure on X × Y is equal to the quasi-Radon product measure for every quasi-Radon
measure space (Y,S,T, ν). (i) Show that if (X,T) has a countable network then (X,T,Σ, µ) has the simple
product property. (ii) Show that if a quasi-Radon measure space has the simple product property so do all
its subspaces. (iii) Show that the quasi-Radon product of two quasi-Radon measure spaces with the simple
product property has the simple product property. (iv) Show that the quasi-Radon product of any family
of quasi-Radon probability spaces with the simple product property has the simple product property. (v)
Show that the Sorgenfrey line (415Xc, 439Q) with Lebesgue measure has the simple product property.

Measure Theory



417 Notes τ -additive product measures 105

417 Notes and comments The general problem of determining just when a measure can be extended to
a measure with given properties is one which will recur throughout this volume. I have more than once
mentioned the Banach-Ulam problem; if you like, this is the question of whether there can ever be an
extension of the countable-cocountable measure on an uncountable set X to a measure defined on the whole
algebra PX. This particular question appears to be undecidable from the ordinary axioms of set theory;
but for many sets (for instance, if X = ω1) it is known that the answer is ‘no’. (See 419G and 438C.) This
being so, we have to take each manifestation of the general question on its own merits. In 417C and 417E
the challenge is to take a product measure λ defined in terms of the factor measures alone, disregarding
their topological properties, and extend it to a topological measure, preferably τ -additive. Of course there
are important cases in which λ is itself already a topological measure; for instance, we know that the c.l.d.
product of Lebesgue measure on R with itself is Lebesgue measure on R2 (251N), and other examples are in
415E, 415Ye, 416U, 417S-417T, 417Yh and 453I. But in general not every open set in the product belongs
to the domain of λ, even when we have the product of two Radon measures on compact Hausdorff spaces
(419E).

Once we have resolved to grasp the nettle, however, there is a natural strategy for the proof. It is easy
to see that if λ, in 417C or 417E, is to have an extension to a τ -additive topological measure λ̃, then we
must have λ̃A(V) = 0 for every V belonging to the class V. Now 417A descibes a sufficient (and obviously
necessary) condition for there to be an extension of λ with this property. So all we have to do is check.
The check is not perfectly straightforward; in 417E it uses all the resources of the original proof that there
is a product measure on an arbitrary product of probability spaces (which I suppose is to be expected),
with 414B (of course) to apply the hypothesis that the factor measures are τ -additive, and a couple of extra
wrinkles (the W ′

n and C ′
n of part (a-iii-β) of the proof of 417E, and the use of supports in part (a-iii-ǫ)).

I take the opportunity to say that the precise form of the results in 417C and 417E, leading to definitions
of ‘τ -additive product measure’ in terms of the σ-algebras Λ̃0, was devised in response to a remark by
M.R.Burke.

It is worth noting that (both for finite and for infinite products) the measure algebras of λ and λ̃ are

identical (417C(b-i), 417E(b-i)), so there is no new work to do in identifying the measure algebra of λ̃ and
the associated function spaces.

An obstacle we face in 417C-417E is the fact that not every τ -additive measure µ has an extension to a τ -
additive topological measure, even when µ is totally finite and its domain includes a base for the topology. (I
give an example in 419J.) Consequently it is not enough, in 417C or 417E, to show that the ordinary product
measure λ is τ -additive. But perhaps I should remark that if λ is inner regular with respect to the closed
sets, this obstacle evaporates (415L). Accordingly, for the principal applications (to quasi-Radon and Radon
product measures, and in particular whenever the topological spaces involved are regular) we have rather
easier proofs available, based on the constructions of §415. For completely regular spaces, there is yet another
approach, because the product measures can be described in terms of the integrals of continuous functions
(415I), which by 417U and 417V can be calculated from the ordinary product measures. Of course the proof
that λ itself is τ -additive is by no means trivial, especially in the case of infinite products, corresponding
to 417E; but for finite products there are relatively direct arguments, applying indeed to slightly more
general situations (417Yc). If we have measures which are inner regular with respect to countably compact
classes of sets, then there may be other ways of approaching the extension, using theorems from §413 (see
417Ye-417Yg), and for compact Radon measure spaces, λ becomes tight (412Sb, 412V), so its τ -additivity
is elementary.

The arguments of 417C and 417E depend on specific constructions of the new product measures λ̃. It
is therefore important to develop descriptions in respect of which they may be considered canonical, as
in 417Ca and 417Ea. With these in hand, we can reasonably expect ‘commutative’ and ‘associative’ and
‘distributive’ laws, as in 417Db, 417J and 417Xe. Subspaces mostly behave themselves (417I, 417Xf). If
you prefer to restrict your measures to Borel algebras, you again get canonical product Borel measures
(417Xc-417Xd).

Of course extending the product measure means that we get new integrable functions on the product, so
that Fubini’s theorem has to be renegotiated. Happily, it remains valid, at least in the contexts in which
it was effective before (417Ga); we still need, in effect, one of the measures to be σ-finite. The theorem
still fails for arbitrary integrable functions on products of Radon measure spaces, and the same example
works as before (417Xi). In fact this means that we have an alternative route to the construction of the
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τ -additive product of two measures (417Yb). But note that on this route ‘commutativity’, the identification
of the product measure on X × Y with that on Y ×X, becomes something which can no longer be taken
for granted, because if we define λ̃W to be

∫
νW [{x}]dx we have to worry about when, and why, this will

be equal to
∫
µW−1[{y}]dy.

A version of Tonelli’s theorem follows from Fubini’s theorem, as before (417Gc). We also have results
corresponding to most of the theorems of §254. But note that there are two traps. In the theorem that
a measurable set can be described in terms of a projection onto a countable subproduct (254O, 417M) we
need to suppose that the factor measures are strictly positive, and in the theorem that a product of Radon
measures is a Radon measure (417Q) we need to suppose that the factor measures have compact supports.
The basic examples to note in this context are 417Xp and 417Xq.

It is not well understood when we can expect c.l.d. product measures to be topological measures, even in
the case of compact Radon probability spaces. Example 419E remains a rather special case, but of course
much more effort has gone into seeking positive results. Note that the ordinary product measures of this
section are always effectively locally finite and τ -additive (417C, 417E), so that they will be equal to the τ -
additive products iff they measure every open set (417S). Regarding infinite products, the τ -additive product
measure can fail to be the ordinary product measure in just two ways: if one of the finite product measures
is not a topological measure, or if uncountably many of the factor measures are not strictly positive (417Sc,
417Xp, 417Yd). So it is finite products which need to be studied.

Whenever we have a subset F of an infinite product X =
∏

i∈I Xi, it is important to know when F is
determined by coordinates in a proper subset of I; in measure theory, we are particularly interested in sets
determined by coordinates in countable subsets of I (254Mb). It may happen that there is a smallest set
J such that F is determined by coordinates in J ; for instance, when we have a topological product and F
is closed (4A2Bg). When we have a product of probability spaces, we sometimes wish to identify sets J
such that F is ‘essentially’ determined by coordinates in J , in the sense that there is an F ′, determined by
coordinates in J , such that F△F ′ is negligible. In this context, again, there is a smallest such set (254Rd),
which can be identified in terms of the probability algebra free product of the measure algebras (325Mb).
In 417Ma the two ideas come together: under the conditions there, we get the same smallest J by either
route.

In 417Ma, we have a product of strictly positive τ -additive topological probability measures. If we keep
the ‘strictly positive’ but abandon everything else, we still have very striking results just because the product
topology is ccc, so that we can apply 4A2Eb. An abstract expression of this idea is in 417Xt.

Version of 30.11.20/17.9.21

418 Measurable functions and almost continuous functions

In this section I work through the basic properties of measurable and almost continuous functions, as
defined in 411L and 411M. I give the results in the full generality allowed by the terminology so far introduced,
but most of the ideas are already required even if you are interested only in Radon measure spaces as the
domains of the functions involved. Concerning the codomains, however, there is a great difference between
metrizable spaces and others, and among metrizable spaces separability is of essential importance.

I start with the elementary properties of measurable functions (418A-418C) and almost continuous func-
tions (418D). Under mild conditions on the domain space, almost continuous functions are measurable
(418E); for a separable metrizable codomain, we can expect that measurable functions should be almost
continuous (418J). Before coming to this, I spend a couple of paragraphs on image measures: a locally
finite image measure under a measurable function is Radon if the measure on the domain is Radon and the
function is almost continuous (418I).

418L-418Q are important results on expressing given Radon measures as image measures associated with
continuous functions, first dealing with ordinary functions f : X → Y (418L) and then coming to Prokhorov’s
theorem on projective limits of probability spaces (418M).

The machinery of the first part of the section can also be used to investigate representations of vector-
valued functions in terms of product spaces (418R-418T).

418A Proposition Let X be a set, Σ a σ-algebra of subsets of X, Y a topological space and f : X → Y
a measurable function.
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(a) f−1[F ] ∈ Σ for every Borel set F ⊆ Y .
(b) If A ⊆ X is any set, endowed with the subspace σ-algebra, then f↾A : A→ Y is measurable.
(c) Let (Z,T) be another topological space. Then gf : X → Z is measurable for every Borel measurable

function g : Y → Z; in particular, for every continuous function g : Y → Z.

proof (a) The set {F : F ⊆ Y, f−1[F ] ∈ Σ} is a σ-algebra of subsets of Y containing every open set, so
contains every Borel subset of Y .

(b) is obvious from the definition of ‘subspace σ-algebra’ (121A).

(c) If H ⊆ Z is open, then g−1[H] is a Borel subset of Y so (gf)−1[H] = f−1[g−1[H]] belongs to Σ.

418B Proposition Let X be a set and Σ a σ-algebra of subsets of X.
(a) If Y is a metrizable space and 〈fn〉n∈N is a sequence of measurable functions from X to Y such that

f(x) = limn→∞ fn(x) is defined in Y for every x ∈ X, then f : X → Y is measurable.
(b) If Y is a topological space, Z is a separable metrizable space and f : X → Y , g : X → Z are functions,

then x 7→ (f(x), g(x)) : X → Y × Z is measurable iff f and g are measurable.
(c) If Y is a hereditarily Lindelöf space, U a family of open sets generating its topology, and f : X → Y

a function such that f−1[U ] ∈ Σ for every U ∈ U , then f is measurable.
(d) If 〈Yi〉i∈I is a countable family of separable metrizable spaces, with product Y , then a function

f : X → Y is measurable iff πif : X → Yi is measurable for every i, writing πi(y) = y(i) for y ∈ Y and
i ∈ N.

proof (a) Let ρ be a metric defining the topology of Y . Let G ⊆ Y be any open set, and for each n ∈ N set

Fn = {y : y ∈ Y, ρ(y, z) ≥ 2−n for every z ∈ Y \G}.

Then Fn is closed, so f−1
i [Fn] ∈ Σ for every n, i ∈ N. But this implies that

f−1[G] =
⋃

n∈N

⋂
i≥n f

−1
i [Fi] ∈ Σ.

As G is arbitrary, f is measurable.

(b)(i) The functions (y, z) 7→ y, (y, z) 7→ z are continuous, so if x 7→ (f(x), g(x)) is measurable, so are f
and g, by 418Ac.

(ii) Now suppose that f and g are measurable, and that W ⊆ Y × Z is open. By 4A2P(a-i), the
topology of Z has a countable base H; let 〈Hn〉n∈N be a sequence running over H ∪ {∅}. For each n, set

Gn =
⋃
{G : G ⊆ Y is open, G×Hn ⊆W};

then Gn is open and Gn ×Hn ⊆ W . Accordingly W ⊇
⋃

n∈NGn ×Hn. But in fact W =
⋃

n∈NGn ×Hn.
PPP If (y, z) ∈ W , there are open sets G ⊆ Y , H ⊆ Z such that (y, z) ∈ G×H ⊆ W . Now there is an n ∈ N

such that z ∈ Hn ⊆ H, in which case G×Hn ⊆W and G ⊆ Gn and (y, z) ∈ Gn ×Hn. QQQ
Accordingly

{x : (f(x), g(x)) ∈W} =
⋃

n∈N f
−1[Gn] ∩ g−1[Hn] ∈ Σ.

As W is arbitrary, x 7→ (f(x), g(x)) is measurable.

(c) This is just 4A3Db.

(d) If f is measurable, so is every πif , by 418Ac. If every πif is measurable, set

U = {π−1
i [H] : i ∈ I, H ⊆ Yi is open}.

Then U generates the topology of Y , and if U = π−1
i [H] then f−1[U ] = (πif)−1[H], so f−1[U ] ∈ Σ for every

U . Also Y is hereditarily Lindelöf (4A2P(a-iii)), so f is measurable, by (c).

418C Proposition Let (X,Σ, µ) be a measure space and Y a Polish space. Let 〈fn〉n∈N be a sequence
of measurable functions from X to Y . Then

{x : x ∈ X, limn→∞ fn(x) is defined in Y }

belongs to Σ.
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proof (Compare 121H.) Let ρ be a complete metric on Y defining the topology of Y .

(a) For m, n ∈ N and δ > 0, the set {x : ρ(fm(x), fn(x)) ≤ δ} belongs to Σ. PPP The function x 7→
(fm(x), fn(x)) : X → Y 2 is measurable, by 418Bb, and the function ρ : Y 2 → R is continuous, so x 7→
ρ(fm(x), fn(x)) is measurable and {x : ρ(fm(x), fn(x)) ≤ δ} ∈ Σ. QQQ

(b) Now 〈fn(x)〉n∈N is convergent iff it is Cauchy, because Y is complete. But

{x : x ∈ X, 〈fn(x)〉n∈N is Cauchy} =
⋂

n∈N

⋃

m∈N

⋂

i≥m

{x : ρ(fi(x), fm(x)) ≤ 2−n}

belongs to Σ.

418D Proposition Let (X,Σ, µ) be a measure space and T a topology on X.
(a) Suppose that Y is a topological space. Then any continuous function fromX to Y is almost continuous.
(b) Suppose that Y and Z are topological spaces, f : X → Y is almost continuous and g : Y → Z is

continuous. Then gf : X → Z is almost continuous.
(c) Suppose that (Y,S,T, ν) is a σ-finite topological measure space, Z is a topological space, g : Y → Z is

almost continuous and f : X → Y is inverse-measure-preserving and almost continuous. Then gf : X → Z
is almost continuous.

(d) Suppose that µ is semi-finite, and that 〈Yi〉i∈I is a countable family of topological spaces with product
Y . Then a function f : X → Y is almost continuous iff fi = πif is almost continuous for every i ∈ I, writing
πi(y) = y(i) for i ∈ I and y ∈ Y .

proof (a) is trivial.

(b) The set {A : A ⊆ X, gf↾A is continuous} includes {A : A ⊆ X, f↾A is continuous}; so if µ is inner
regular with respect to the latter, it is inner regular with respect to the former.

(c) Take E ∈ Σ, γ < µE and ǫ > 0. We have a cover of Y by a non-decreasing sequence 〈Yn〉n∈N of
measurable sets of finite measure; now 〈f−1[Yn]〉n∈N is a non-decreasing sequence covering E, so there is
an n ∈ N such that µ(E ∩ f−1[Yn]) ≥ γ. Because f is inverse-measure-preserving, E ∩ f−1[Yn] has finite
measure. Now we can find measurable sets F ⊆ Yn, E1 ⊆ E ∩ f−1[Yn] such that f↾E1, g↾F are continuous
and νF ≥ νYn − ǫ, µE1 ≥ µ(E ∩ f−1[Yn]) − ǫ. In this case E0 = E1 ∩ f

−1[F ] has measure at least γ − 2ǫ
and gf↾E0 is continuous. As E, γ and ǫ are arbitrary, gf is almost continuous.

(d)(i) If f is almost continuous, every fi must be almost continuous, by (b).

(ii) Now suppose that every fi is almost continuous. Take E ∈ Σ and γ < µE. There is an E0 ⊆ E
such that E0 ∈ Σ and γ < µE0 < ∞. Let 〈ǫi〉i∈I be a family of strictly positive real numbers such that∑

i∈I ǫi ≤ µE0 − γ. For each i ∈ I choose a measurable set Fi ⊆ E0 such that µFi ≥ µE0 − ǫi and fi↾Fi is
continuous. Then F = E0∩

⋂
i∈I Fi is a subset of E with measure at least γ, and f↾F is continuous because

fi↾F is continuous for every i (3A3Ib).

418E Theorem Let (X,T,Σ, µ) be a complete locally determined topological measure space, Y a topo-
logical space, and f : X → Y an almost continuous function. Then f is measurable.

proof Set K = {K : K ∈ Σ, f↾K is continuous}; then µ is inner regular with respect to K. If H ⊆ Y is
open and K ∈ K, then K ∩ f−1[H] is relatively open in K, that is, there is an open set G ⊆ X such that
K ∩ f−1[H] = K ∩ G. Because µ is a topological measure, G ∈ Σ so K ∩ f−1[H] ∈ Σ. As K is arbitrary,
and µ is complete and locally determined, f−1[H] ∈ Σ (412Ja). As H is arbitrary, f is measurable.

418F Proposition Let (X,T,Σ, µ) be a semi-finite topological measure space, Y a metrizable space,
and f : X → Y a function. Suppose there is a sequence 〈fn〉n∈N of almost continuous functions from X to
Y such that f(x) = limn→∞ fn(x) for almost every x ∈ X. Then f is almost continuous.

proof Suppose that E ∈ Σ, γ < µE and ǫ > 0. Then there is a measurable set F ⊆ E such that
γ ≤ µF < ∞; discarding a negligible set if necessary, we may arrange that f(x) = limn→∞ fn(x) for every
x ∈ F . Let ρ be a metric on Y defining its topology. For each n ∈ N, let Fn ⊆ F be a measurable set
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such that fn↾Fn is continuous and µ(Fn \ F ) ≤ 2−nǫ; set G =
⋂

n∈N Fn, so that µG ≥ γ − 2ǫ and fn↾G is
continuous for every n ∈ N.

For m, n ∈ N, the functions x 7→ (fm(x), fn(x)) : G → Y 2 and x 7→ ρ(fm(x), fn(x)) : G → R are
continuous, therefore measurable, because µ is a topological measure. Also 〈fn(x)〉n∈N is a Cauchy sequence
for every x ∈ G. So if we set Gkn = {x : x ∈ G, ρ(fi(x), fj(x)) ≤ 2−k for all i, j ≥ n}, 〈Gkn〉n∈N is a non-
decreasing sequence of measurable sets with union G for each k ∈ N, and we can find a strictly increasing
sequence 〈nk〉k∈N such that µ(G\Gknk

) ≤ 2−kǫ for every k. Setting H =
⋂

k∈NGknk
, µH ≥ µG−2ǫ ≥ γ−4ǫ

and ρ(fi(x), fnk
(x)) ≤ 2−k whenever x ∈ H and i ≥ nk; consequently ρ(f(x), fnk

(x)) ≤ 2−k whenever x ∈ H
and k ∈ N. But this means that 〈fnk

〉k∈N converges to f uniformly on H, while every fnk
is continuous on

H, so f↾H is continuous (3A3Nb). And of course H ⊆ E.
As E, γ and ǫ are arbitrary, f is almost continuous.

418V Proposition Let (X,Σ, µ) be a σ-finite measure space, T a topology on X such that µ is inner
regular with respect to the Borel sets, (Y,S) a topological space and f : X → Y an almost continuous
function. Then there is a Borel measurable function g : X → Y which is equal almost everywhere to f .

proof If Y is empty, so isX, and the result is trivial; so suppose that we have a point y0 ∈ Y . Let 〈Xn〉n∈N be
a non-decreasing sequence of subsets of X of finite measure covering X. For each n ∈ N, there is a measurable
set En ⊆ Xn such that µEn ≥ µXn−2−n and f↾En is continuous, and a measurable Borel set E′

n ⊆ En such
that µE′

n ≥ µEn−2−n and E′
n is Borel. Now E =

⋃
m∈N

⋂
n≥mE′

n is a coneglible Borel set. Set g(x) = f(x)

for x ∈ E, y0 for x ∈ X \ E; then g =a.e. f . If G ⊆ Y is open and n ∈ N, then En ∩ f−1[G] is relatively
open in En so E′

n ∩ f−1[G] is a Borel subset of X. Accordingly E ∩ f−1[G] =
⋃

m∈N

⋂
n≥mE′

n ∩ f−1[G] is a

Borel subset of X. But now g−1[G] is either E ∩ f−1[G] or (E ∩ f−1[G]) ∪ (X \ E), and in either case is a
Borel set. As G is arbitrary, g is Borel measurable.

418G Proposition Let (X,T,Σ, µ) be a σ-finite quasi-Radon measure space, Y a metrizable space and
f : X → Y an almost continuous function. Then there is a conegligible set X0 ⊆ X such that f [X0] is
separable.

proof (a) Let K be the family of self-supporting measurable sets K of finite measure such that f↾K is
continuous. Then µ is inner regular with respect to K. PPP If E ∈ Σ and γ < µE, there is an F ∈ Σ such
that F ⊆ E and γ < µF < ∞; there is an H ∈ Σ such that H ⊆ F , γ ≤ µH and f↾H is continuous; and
there is a measurable self-supporting K ⊆ H with the same measure as H (414F), in which case K ∈ K and
K ⊆ E and µK ≥ γ. QQQ

(b) Now f [K] is ccc for every K ∈ K. PPP If G is a disjoint family of non-empty relatively open subsets
of f [K], then 〈K ∩ f−1[G]〉G∈G is a disjoint family of non-empty relatively open subsets of K, because f↾K
is continuous, and

∑
G∈G µ(K ∩ f−1[G]) ≤ µK. Because K is self-supporting, µ(K ∩ f−1[G]) > 0 for every

G ∈ G; because µK is finite, G is countable. As G is arbitrary, f [K] is ccc. QQQ
Because Y is metrizable, f [K] must be separable (4A2Pd).

(c) Because µ is σ-finite, there is a countable family L ⊆ K such that X0 =
⋃

L is conegligible (412Ic).
Now f [X0] =

⋃
L∈L f [L] is a countable union of separable spaces, so is separable (4A2B(e-i)).

418H Proposition (a) Let X and Y be topological spaces, µ an effectively locally finite τ -additive
topological measure on X, and f : X → Y an almost continuous function. Then the image measure µf−1

is τ -additive.
(b) Let (X,T,Σ, µ) be a totally finite quasi-Radon measure space, (Y,S) a regular topological space, and

f : X → Y an almost continuous function. Then there is a unique quasi-Radon measure ν on Y such that
f is inverse-measure-preserving for µ and ν.

proof (a) Let H be an upwards-directed family of open subsets of Y , all measured by µf−1, and suppose
that H∗ =

⋃
H also is measurable. Take any γ < (µf−1)(H∗) = µf−1[H∗]. Then there is a measurable

set E ⊆ f−1[H∗] such that µE ≥ γ and f↾E is continuous. Consider {E ∩ f−1[H] : H ∈ H}. This is an
upwards-directed family of relatively open measurable subsets of E with measurable union E. By 414K, the
subspace measure on E is τ -additive, so
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γ ≤ µE ≤ supH∈H µ(E ∩ f−1[H]) ≤ supH∈H µf−1[H].

As γ is arbitrary, µf−1[H∗] ≤ supH∈H µf−1[H]; as H is arbitrary, µf−1 is τ -additive.

(b) By 418E, f is measurable. Let ν0 be the restriction of µf−1 to the Borel σ-algebra of Y ; by (a),
ν0 is τ -additive, and f is inverse-measure-preserving with respect to µ and ν0. Because Y is regular, the
completion ν of ν0 is a quasi-Radon measure (415Cb). Because µ is complete, f is still inverse-measure-
preserving with respect to µ and ν (234Ba).

To see that ν is unique, observe that its values on Borel sets are determined by the requirement that f
be inverse-measure-preserving, so that 415H gives the result.

418I The next theorem is one of the central properties of Radon measures. I have already presented
what amounts to a special case in 256G.

Theorem Let (X,T,Σ, µ) be a Radon measure space, Y a Hausdorff space, and f : X → Y an almost
continuous function. If the image measure ν = µf−1 is locally finite, it is a Radon measure.

proof (a) By 418E, f is measurable, that is, f−1[H] ∈ Σ for every open set H ⊆ Y ; but this means that
the domain T of ν contains every open set, and ν is a topological measure.

(b) ν is inner regular with respect to the compact sets. PPP If F ∈ T and νF > 0, then µf−1[F ] > 0, so
there is an E ⊆ f−1[F ] such that µE > 0 and f↾E is continuous. Next, there is a compact set K ⊆ E such
that µK > 0. In this case, L = f [K] is a compact subset of F , and

νL = µf−1[L] ≥ µK > 0.

As Y is Hausdorff, this is enough to prove that ν is tight. QQQ Note that because ν is locally finite, νL <∞
for every compact L ⊆ Y (411Ga).

(c) Because µ is complete, so is ν (234Eb). Next, ν is locally determined. PPP Suppose that H ⊆ Y is
such that H ∩ F ∈ T whenever νF < ∞. Then, in particular, H ∩ f [K] ∈ T whenever K ⊆ X is compact
and f↾K is continuous. But setting

K = {K : K ⊆ X is compact, f↾K is continuous},

µ is inner regular with respect to K (412Ac). And if K ∈ K,

K ∩ f−1[H] = K ∩ f−1[H ∩ f [K]] ∈ Σ.

Because µ is complete and locally determined, this is enough to show that f−1[H] ∈ Σ (412Ja again), that
is, H ∈ T. As H is arbitrary, ν is locally determined. QQQ

(d) Thus ν is a complete locally determined locally finite topological measure which is inner regular with
respect to the compact sets; that is, it is a Radon measure.

418J Theorem Let (X,Σ, µ) be a semi-finite measure space and T a topology on X such that µ is inner
regular with respect to the closed sets. Suppose that Y is a second-countable space (for instance, Y might
be separable and metrizable), and f : X → Y is measurable. Then f is almost continuous.

proof Let H be a countable base for the topology of Y , and 〈Hn〉n∈N a sequence running over H ∪ {∅}.
Take E ∈ Σ and γ < µE. Choose 〈En〉n∈N inductively, as follows. There is an E0 ∈ Σ such that E0 ⊆ E
and γ < µE0 < ∞. Given En ∈ Σ with γ < µEn < ∞, En \ f−1[Hn] ∈ Σ, so there is a closed set Fn ∈ Σ
such that

Fn ⊆ En \ f−1[Hn], µ((En \ f−1[Hn]) \ Fn) < µEn − γ;

set En+1 = (En ∩ f−1[Hn]) ∪ Fn, so that

En+1 ∈ Σ, En+1 ⊆ En, µEn+1 > γ, En+1 \ f
−1[Hn] = Fn.

Continue.
At the end of the induction, set F =

⋂
n∈NEn. Then F ⊆ E, µF ≥ γ, and for every n ∈ N

F ∩ f−1[Hn] = F ∩ En+1 ∩ f
−1[Hn] = F ∩ En+1 \ Fn = F \ Fn
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is relatively open in F . It follows that f↾F is continuous (4A2B(a-ii)). As E, γ are arbitrary, f is almost
continuous.

Remark For variations on this idea, see 418Yf, 433E and 434Yb; also 418Yg.

418K Corollary Let (X,T,Σ, µ) be a quasi-Radon measure space and Y a separable metrizable space.
Then a function f : X → Y is measurable iff it is almost continuous.

proof Put 418E and 418J together.

Remark This generalizes 256F.

418L In all the results above, the measure starts on the left of the diagram f : X → Y ; in 418H-418I, it
is transferred to an image measure on Y . If X has enough compact sets, a measure can move in the reverse
direction, as follows.

Theorem Let (X,T) be a Hausdorff space, (Y,S,T, ν) a Radon measure space and f : X → Y a continuous
function such that whenever F ∈ T and νF > 0 there is a compact set K ⊆ X such that ν(F ∩ f [K]) > 0.
Then there is a Radon measure µ on X such that ν is the image measure µf−1 and the inverse-measure-
preserving function f induces an isomorphism between the measure algebras of ν and µ.

proof (a) Note first that ν is inner regular with respect to L = {f [K] : K ∈ K}, where K is the family of
compact subsets of X. PPP If νF > 0, there is a K ∈ K such that ν(F ∩ f [K]) > 0; now there is a closed set
F ′ ⊆ F ∩f [K] such that νF ′ > 0, and K ′ = K ∩f−1[F ′] is compact, while f [K ′] ⊆ F has non-zero measure.
As L is closed under finite unions, this is enough to show that ν is inner regular with respect to L (412Aa).
QQQ

(b) Consequently there is a disjoint set L0 ⊆ L such that every non-negligible F ∈ T meets some member
of L0 in a non-negligible set (412Ib). We can express L0 as {f [K] : K ∈ K0} where K0 ⊆ K is disjoint. Set
X0 =

⋃
K0.

(c) Set

Σ0 = {X0 ∩ f
−1[F ] : F ∈ T}.

Then Σ0 is a σ-algebra of subsets of X0. If F , F ′ ∈ T and νF 6= νF ′, then there must be some K ∈ K0 such
that f [K]∩(F△F ′) 6= ∅, so that X0∩f

−1[F ] 6= X0∩f
−1[F ′]; we therefore have a functional µ0 : Σ0 → [0,∞]

defined by setting µ0(X0 ∩ f−1[F ]) = νF whenever F ∈ T. It is easy to check that µ0 is a measure on
X0. Now µ0 is inner regular with respect to K. PPP If E ∈ Σ0 and µE > 0, there is an F ∈ T such that
E = X0∩f

−1[F ] and νF > 0. There are a K ∈ K0 such that ν(F ∩f [K]) > 0, and a closed set F ′ ⊆ F ∩f [K]
such that νF ′ > 0; now K ∩ f−1[F ′] = X0 ∩ f

−1[F ′] belongs to Σ0 ∩ K, is included in E and has measure
greater than 0. Because K is closed under finite unions, this is enough to show that µ0 is inner regular with
respect to K. QQQ

(d) Set

Σ1 = {E : E ⊆ X, E ∩X0 ∈ Σ0}, µ1E = µ0(E ∩X0) for every E ∈ Σ1.

Then µ1 is a measure on X (being the image measure µ0ι
−1, where ι : X0 → X is the identity map), and is

inner regular with respect to K. If F ∈ T, then

µ1f
−1[F ] = µ0(X0 ∩ f

−1[F ]) = νF ,

so f is inverse-measure-preserving for µ1 and ν. Consequently µ1 is locally finite. PPP If x ∈ X, there is an
open set H ⊆ Y such that f(x) ∈ H and νH < ∞; now f−1[H] is an open subset of X of finite measure
containing x. QQQ In particular, µ∗

1K <∞ for every compact K ⊆ X (411Ga again).

(e) By 413P, there is an extension of µ1 to a complete locally determined measure µ on X which is inner
regular with respect to K, defined on every member of K, and such that whenever E belongs to the domain
Σ of µ and µE < ∞, there is an E1 ∈ Σ1 such that µ(E△E1) = 0. Now µ is locally finite because µ1 is,
so µ is a Radon measure; and f is inverse-measure-preserving for µ and ν because it is inverse-measure-
preserving for µ1 and ν.
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(f) The image measure µf−1 extends ν, so is locally finite, and is therefore a Radon measure (418I);
since it agrees with ν on the compact subsets of Y , it must be identical with ν.

(g) I have still to check that the corresponding measure-preserving homomorphism π from the measure
algebra B of ν to the measure algebra A of µ is actually an isomorphism, that is, is surjective. If a ∈ A

and µ̄a < ∞, we can find E ∈ Σ such that E• = a and E1 ∈ Σ1 such that µ(E△E1) = 0. Now E1 ∩X0 =
f−1[F ] ∩X0 for some F ∈ T; but in this case

µ(E1△f
−1[F ]) = µ1(E1△f

−1[F ]) = 0, a = E•

1 = (f−1[F ])• = πF •.

Accordingly π[B] includes {a : µ̄a < ∞}, and is order-dense in A. But as π is injective and B is
Dedekind complete (being the measure algebra of a Radon measure, which is strictly localizable), it follows
that π[B] = A (314Ia). Thus π is an isomorphism, as required.

Remarks Of course this result is most commonly applied when X and Y are both compact and f is a
surjection, in which case the condition

(*) whenever F ∈ T and νF > 0 there is a compact set K ⊆ X such that ν(F ∩ f [K]) > 0

is trivially satisfied.
Evidently (*) is necessary if there is to be any Radon measure on X for which f is inverse-measure-

preserving, so in this sense the result is best possible. In 433D, however, there is a version of the theorem
in which f is not required to be continuous.

418M Prokhorov’s theorem Suppose that (I,≤), 〈(Xi,Ti,Σi, µi)〉i∈I , 〈fij〉i≤j∈I , (X,T) and 〈gi〉i∈I

are such that

(α) (I,≤) is a non-empty upwards-directed partially ordered set,

(β) every (Xi,Ti,Σi, µi) is a Radon probability space,

(γ) fij : Xj → Xi is an inverse-measure-preserving function whenever i ≤ j in I,

(δ) (X,T) is a Hausdorff space,

(ǫ) gi : X → Xi is a continuous function for every i ∈ I,

(ζ) gi = fijgj whenever i ≤ j in I.

(η) for every ǫ > 0 there is a compact set K ⊆ X such that µigi[K] ≥ 1 − ǫ for every i ∈ I.

Then there is a Radon probability measure µ on X such that every gi is inverse-measure-preserving for µ.
If moreover

(θ) the family 〈gi〉i∈I separates the points of X,

then µ is uniquely defined.

proof (a) Set

T = {g−1
i [E] : i ∈ I, E ∈ Σi} ⊆ PX.

Then T is a subalgebra of PX. PPP (i) There is an i ∈ I, so ∅ = g−1
i [∅] belongs to T. (ii) If H ∈ T there are

i ∈ I, E ∈ Σi such that H = g−1
i [E]; now X \H = g−1

i [Xi \ E] belongs to T. (iii) If G, H ∈ T, there are i,

j ∈ I and E ∈ Σi, F ∈ Σj such that G = g−1
i [E] and H = g−1

j [F ]. Now I is upwards-directed, so there is

a k ∈ I such that i ≤ k and j ≤ k. Because fik and fjk are inverse-measure-preserving, f−1
ik [E] and f−1

jk [F ]
belong to Σk, so that

G ∩H = g−1
i [E] ∩ g−1

j [F ] = (fikgk)−1[E] ∩ (fjkgk)−1[F ]

= g−1
k [f−1

ik [E] ∩ f−1
jk [F ]] ∈ T. QQQ

(b) There is an additive functional ν : T → [0, 1] defined by writing νg−1
i [E] = µiE whenever i ∈ I and

E ∈ Σi.

PPP (i) Suppose that i, j ∈ I and E ∈ Σi, F ∈ Σj are such that g−1
i [E] = g−1

j [F ]. Let k ∈ I be such that
i ≤ k and j ≤ k. Then

g−1
k [f−1

ik [E]△f−1
jk [F ]] = g−1

i [E]△g−1
j [F ] = ∅,
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so gk[X] ∩ (f−1
ik [E]△f−1

jk [F ]) = ∅. But now remember that for every ǫ > 0 there is a set K ⊆ X such that

µkgk[K] ≥ 1 − ǫ. This means that µkgk[X] must be 1, so that f−1
ik [E]△f−1

jk [F ] must be negligible, and

µiE = µkf
−1
ik [E] = µkf

−1
jk [F ] = µjF .

Thus the proposed formula for ν defines a function on T.

(ii) Now suppose that G, H ∈ T are disjoint. Again, take i, j ∈ I and E ∈ Σi, F ∈ Σj such that

G = g−1
i [E] and H = g−1

j [F ], and k ∈ I such that i ≤ k and j ≤ k. Then

νG+ νH = µiE + µjF = µkf
−1
ik [E] + µkf

−1
jk [F ]

= µk(f−1
ik [E] ∪ f−1

jk [F ]) + µk(f−1
ik [E] ∩ f−1

jk [F ])

= νg−1
k [f−1

ik [E] ∪ f−1
jk [F ]] + νg−1

k [f−1
ik [E] ∩ f−1

jk [F ]]

= ν(G ∪H) + ν(G ∩H).

But as ν∅ is certainly 0, we get ν(G ∪H) = νG+ νH. As G, H are arbitrary, ν is additive. QQQ
Note that νX = 1.

(c) νG = sup{νH : H ∈ T, H ⊆ G, H is closed} for every G ∈ T. PPP If γ < νG, there are an i ∈ I
and an E ∈ Σi such that G = g−1

i [E]. In this case µiE = νG > γ; let L ⊆ E be a compact set such that

µiL ≥ γ; then H = g−1
i [L] is a closed subset of G and νH = µiL ≥ γ. QQQ

νX = supK⊆X is compact infG∈T,G⊇K νG. PPP If ǫ > 0, there is a compact K ⊆ X such that µigi[K] ≥ 1− ǫ
for every i ∈ I, by the final hypothesis of this theorem. If G ∈ T and G ⊇ K, there are an i ∈ I and an
E ∈ Σi such that G = g−1

i [E], in which case gi[K] ⊆ E, so that

νG = µiE ≥ µigi[K] ≥ 1 − ǫ.

Thus infG∈T,G⊇K νG ≥ 1 − ǫ; as ǫ is arbitrary, we have the result. QQQ
This means that the conditions of 416O are satisfied, and there is a Radon measure µ on X extending ν.

Of course this means that every gi is inverse-measure-preserving.

(d) Now suppose that 〈gi〉i∈I separates the points of X. Then whenever K, L ⊆ X are disjoint there is
an i ∈ I such that gi[K] ∩ gi[L] = ∅. PPP Set Vi = {(x, y) : x ∈ K, y ∈ L, gi(x) = gi(y)} for i ∈ I. Because gi
is continuous and Ti is Hausdorff, Vi is closed. If i ≤ j in I, then gi = fijgi so Vj ⊆ Vi; accordingly 〈Vi〉i∈I

is downwards-directed. Because 〈gi〉i∈I separates the points of X,
⋂

i∈I Vi is empty. As K × L is compact,
there is an i ∈ I such that Vi = ∅, that is, gi[K] and gi[L] are disjoint. QQQ

Let ν be any Radon probability measure on X such that gi is inverse-measure-preserving for ν and µi

for every i ∈ I. Let K ⊆ X be compact. ??? If µK < νK then there is a compact L ⊆ X \ K such that
µL+ νK > 1. Let i ∈ I be such that gi[K] ∩ gi[L] = ∅; then

1 < µL+ νK ≤ µg−1
i [gi[L]] + νg−1

i [gi[K]] = µigi[L] + µigi[K] ≤ 1,

which is impossible. XXX So νK ≤ µK. Similarly, µK ≤ νK. By 416Eb, µ = ν. Thus µ is uniquely
determined.

418N Remarks (a) Taking I to be a singleton, we get a version of 418L in which Y is a probability
space, and omitting the check that the function g induces an isomorphism of the measure algebras. Taking
I to be the family of finite subsets of a set T , and every Xi to be a product

∏
t∈i Zt of Radon probability

spaces with its product Radon measure, we obtain a method of constructing products of arbitrary families
of compact probability spaces from finite products.

(b) In the hypotheses of 418M, I asked only that the fij should be measurable, and omitted any check
on the compositions fijfjk when i ≤ j ≤ k. But it is easy to see that every fij must in fact be almost
continuous, and that fijfjk must be equal almost everywhere to fik (418Xw), just as in 418P below.

(c) In the theorem as written out above, the space X and the functions gi : X → Xi are part of the data.
Of course in many applications we start with a structure

(〈(Xi,Ti,Σi, µi)〉i∈I , 〈fij〉i≤j∈I),

and the first step is to find suitable X and gi, as in 418O and 418P.
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(d) There are important questions concerning possible relaxations of the hypotheses in 418M, especially in
the special case already mentioned, in which Xi =

∏
t∈i Zt, fij(x) = x↾i when i ⊆ j ∈ [T ]<ω, X =

∏
t∈T Zt,

and gi(x) = x↾i for x ∈ X and i ∈ I, but there is no suggestion that the µi are product measures. For a
case in which we can dispense with any mention of auxiliary topologies on the Xi, see 454G.

(e) A typical class of applications of Prokhorov’s theorem is in the theory of stochastic processes, in which
we have large families 〈Xt〉t∈T of random variables; for definiteness, imagine that T = [0,∞[, so that we
are looking at a system evolving over time. Not infrequently our intuition leads us to a clear description of
the joint distributions νJ of finite subfamilies 〈Xt〉t∈J without providing any suggestion of a measure space
on which the whole family 〈Xt〉t∈T might be defined. (As I tried to explain in the introduction to Chapter
27, probability spaces themselves are often very shadowy things in true probability theory.) Each νJ can be
thought of as a Radon measure on RJ , and for I ⊆ J ∈ [T ]<ω we have a natural map fIJ : RJ → RI , setting
fIJ (y) = y↾I for y ∈ RJ . If our distributions νJ mean anything at all, every fIJ will surely be inverse-
measure-preserving; this is simply saying that νI is the joint distribution of a subfamily of 〈Xt〉t∈J . If we
can find a Hausdorff space Ω and a continuous function g : Ω → RT such that, for every finite J ⊆ T and
ǫ > 0, there is a compact set K ⊆ Ω such that νJgJ [K] ≥ 1 − ǫ (where gJ(x) = g(x)↾J), then Prokhorov’s
theorem will give us a measure µ on Ω which will then provide us with a suitable realization of 〈Xt〉t∈T as
a family of random variables on a genuine probability space, writing Xt(ω) = g(ω)(t). That they become
continuous functions on a Radon measure space is a valuable shield against irrelevant complications.

Clearly, if this can be done at all it can be done with Ω = RT ; but some of the central results of probability
theory are specifically concerned with the possibility of using other sets Ω (e.g., Ω a set of càllàl functions,
as in 455H, or continuous functions, as in 477B).

(f) In (e) above, we do always have the option of regarding each νJ as a measure on the compact space
[−∞,∞]J . In this case, by 418O below or otherwise, we can be sure of finding a measure on [−∞,∞]T

to support functions Xt, at the cost of either allowing the values ±∞ or (as I should myself ordinarily do)
accepting that each Xt would be undefined on a negligible set. The advantage of this is just that it gives us
confidence in applying the Kolmogorov-Lebesgue theory to the whole family 〈Xt〉t∈T at once, rather than
to finite or countable subfamilies. For an example of what can happen if we try to do similar things with
non-compact measures, see 419K. For an example of the problems which can arise with uncountable families,
see 418Xx.

418O I mention two cases in which we can be sure that the projective limit (X, 〈gi〉i∈I) required in
Prokhorov’s theorem will exist.

Proposition Suppose that (I,≤), 〈(Xi,Ti,Σi, µi)〉i∈I and 〈fij〉i≤j∈I are such that

(I,≤) is a non-empty upwards-directed partially ordered set,

every (Xi,Ti,Σi, µi) is a compact Radon measure space,

fij : Xj → Xi is a continuous inverse-measure-preserving function whenever i ≤ j in I,

fijfjk = fik whenever i ≤ j ≤ k in I.

Then there are a compact Hausdorff space X and a family 〈gi〉i∈I such that I, 〈Xi〉i∈I , 〈fij〉i≤j∈I , X and
〈gi〉i∈I satisfy all the hypotheses (α)-(θ) of 418M.

proof For each i, let Fi be the support of µi; because Xi is compact, so is Fi. If i ≤ j, then Fi = fij [Fj ] =
fij [Fj ], by 411Ne. Set

X = {x : x ∈
∏

i∈I Fi, fijx(j) = x(i) whenever i ≤ j ∈ I},

gi(x) = x(i) for x ∈ X, i ∈ I.

Of course gi = fijgj whenever i ≤ j. Also gi[X] ⊇ Fi for every i ∈ I. PPP Take any y ∈ Fi. For each finite
set J ⊆ I,

HJ = {x : x ∈
∏

J∈I Fj , x(i) = y, fjkx(k) = x(j) whenever j ≤ k ∈ J}

is a closed set. HJ is always non-empty, because if k is an upper bound of J ∪ {i} there is a z ∈ Fk such
that fik(z) = y, in which case x ∈ HJ whenever x ∈ X and x(j) = fjk(z) for every j ∈ J ∪ {i}. Now
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{HJ : J ∈ [I]<ω} is a downwards-directed family of non-empty closed sets in the compact space
∏

j∈I Fj ,

so has non-empty intersection, and if x is any point of the intersection then x ∈ X and gi(x) = y. QQQ
Accordingly µigi[X] = µiXi for every i; as X itself is compact, 418M(η) is satisfied. Finally, because

X ⊆
∏

i∈I Xi, 〈gi〉i∈I separates the points of X.

418P Proposition Let (I,≤), 〈(Xi,Ti,Σi, µi)〉i∈I and 〈fij〉i≤j∈I be such that

(I,≤) is a countable non-empty upwards-directed partially ordered set,

every (Xi,Ti,Σi, µi) is a Radon probability space,

fij : Xj → Xi is an inverse-measure-preserving almost continuous function whenever i ≤ j in
I,

fijfjk = fik µk-a.e. whenever i ≤ j ≤ k in I.

Then there are a Radon probability space (X,T,Σ, µ) and continuous inverse-measure-preserving functions
gi : X → Xi, separating the points of X, such that gi = fijgj whenever i ≤ j in I.

proof (a) We can use nearly the same formula as in 418O:

X = {x : x ∈
∏

i∈I Xi, fijx(j) = x(i) whenever i ≤ j ∈ I},

gi(x) = x(i) for x ∈ X, i ∈ I.

As before, the consistency relation gi = fijgj is a trivial consequence of the definition of X. For the rest, we
have to check that 418M(η) is satisfied. Fix ǫ ∈ ]0, 1[. Start by taking a family 〈ǫij〉i≤j∈I of strictly positive
numbers such that

∑
i≤j∈I ǫij ≤

1
2ǫ. (This is where we need to know that I is countable.) Set ǫj =

∑
i≤j ǫij

for each j, so that
∑

j∈I ǫj ≤
1
2ǫ.

For i ≤ j ≤ k in I, set

Eijk = {x : x ∈ Xk, fik(x) = fijfjk(x)},

so that Eijk is µk-conegligible; set Ek =
⋂

i≤j≤k Eijk, so that Ek is µk-conegligible. For i ≤ j ∈ I, choose
compact sets Kij ⊆ Ej such that µjKij ≥ 1 − ǫij and fij↾Kij is continuous. Now we seem to need a
three-stage construction, as follows:

for j ∈ I, set Kj =
⋂

i≤j Kij ;

for j ∈ I, set K∗
j = Kj ∩

⋂
i≤j f

−1
ij [Ki];

finally, set K = X ∩
∏

j∈I K
∗
j .

Let us trace the properties of these sets stage by stage.

(b) For each j ∈ I, Kj ⊆ Kjj ⊆ Ej is compact and

µj(Xj \Kj) ≤
∑

i≤j µj(Xj \Kij) ≤
∑

i≤j ǫij = ǫj ,

so that µjKj ≥ 1 − ǫj . Note that fik agrees with fijfjk on Kk whenever i ≤ j ≤ k, and that fij↾Kj is
continuous whenever i ≤ j.

(c) Every K∗
j is compact, and if i ≤ j ≤ k then fik agrees with fijfjk on K∗

k , while fij↾K
∗
j is always

continuous. Also

µj(Xj \K
∗
j ) ≤ µj(Xj \Kj) +

∑

i≤j

µj(Xj \ f
−1
ij [Ki])

≤ ǫj +
∑

i≤j

ǫi ≤ ǫ,

so µjK
∗
j ≥ 1 − ǫ, for every j ∈ I.

The point of moving from Kj to K∗
j is that fjk[K∗

k ] ⊆ K∗
j whenever j ≤ k in I. PPP K∗

k ⊆ f−1
jk [Kj ], so

fjk[K∗
k ] ⊆ Kj . If i ≤ j, then

K∗
k = K∗

k ∩ f−1
ik [Ki] = K∗

k ∩ f−1
jk [f−1

ij [Ki]]

because fijfjk agrees with fik on K∗
k . So fjk[K∗

k ] ⊆ f−1
ij [Ki]. As i is arbitrary, fjk[K∗

k ] ⊆ K∗
j . QQQ

D.H.Fremlin



116 Topologies and measures I 418P

Again because fik agrees with fijfjk on K∗
k , we have fik[K∗

k ] = fij [fjk[K∗
k ]] ⊆ fij [K

∗
j ] whenever i ≤ j ≤ k.

And because fij↾K
∗
j is always continuous, all the sets fij [K

∗
j ] are compact.

(d)(i) K is compact. PPP

K = {x : x ∈
∏

i∈I K
∗
i , fijx(j) = x(i) whenever i ≤ j ∈ I}

is closed in
∏

i∈I K
∗
i because fij↾K

∗
j is always continuous (and every Xi is Hausdorff). Since

∏
i∈I K

∗
i is

compact, so is K. QQQ

(ii) µigi[K] ≥ 1−ǫ for every i ∈ I. PPP By (c), fik[K∗
k ] ⊆ fij [K

∗
j ] whenever i ≤ j ≤ k. So {fij [K

∗
j ] : j ≥ i}

is a downwards-directed family of compact sets; write L for their intersection. Since

µifij [K
∗
j ] = µjf

−1
ij [fij [K

∗
j ]] ≥ µjK

∗
j ≥ 1 − ǫ

for every j ≥ i, µiL ≥ 1 − ǫ (414C). If z ∈ L, then for every k ≥ i the set

Fk = {x : x ∈
∏

j∈I K
∗
j , x(i) = z, fjkx(k) = x(j) whenever j ≤ k}

is a closed set in
∏

j∈I K
∗
j , while Fk ⊆ Fj when j ≤ k. Also Fk is non-empty, because there is a t ∈ K∗

k such

that fik(t) = z, and now if we take any x ∈
∏

j∈I K
∗
j such that x(j) = fjk(t) for every j ≤ k, we shall have

x ∈ Fk. So {Fk : k ≥ i} is a downwards-directed family of non-empty closed sets in a compact space, and
has non-empty intersection. But if x ∈

⋂
k≥i Fk, then x ∈ K and x(i) = z, so z ∈ gi[K]. Thus gi[K] ⊇ L

and µigi[K] ≥ 1 − ǫ. QQQ

(e) As ǫ is arbitrary, 418M(η) is satisfied. But now 418M gives the result.

418Q Corollary Let 〈(Xn,Tn,Σn, µn)〉n∈N be a sequence of Radon probability spaces, and suppose we
are given an inverse-measure-preserving almost continuous function fn : Xn+1 → Xn for each n. Set

X = {x : x ∈
∏

n∈NXn, fn(x(n+ 1)) = x(n) for every n ∈ N}.

Then there is a unique Radon probability measure µ on X such that all the coordinate maps x 7→ x(n) :
X → Xn are inverse-measure-preserving.

proof For i ≤ j ∈ N, define fij : Xj → Xi by writing

fii(x) = x for every x ∈ Xi,

fi,j+1 = fijfj for every j ≥ i.

It is easy to check that fijfjk = fik whenever i ≤ j ≤ k, and that every fij is inverse-measure-preserving and
almost continuous (using 418Dc). So we are exactly in the situation of 418P, and we know that there is a
Radon probability measure on X for which every gi is inverse-measure-preserving; moreover, the coordinate
functionals gi separate the points of X, so µ is unique, by the last remark in 418M.

418R I turn now to a special kind of measurable function, corresponding to a new view of product
spaces.

Theorem Let X be a set, Σ a σ-algebra of subsets of X, and (Y,T, ν) a σ-finite measure space. Give L0(ν)
the topology of convergence in measure (§245). Write L

0
Σ⊗̂T

for the space of Σ⊗̂T-measurable real-valued

functions on X×Y , where Σ⊗̂T is the σ-algebra of subsets of X×Y generated by {E×F : E ∈ Σ, F ∈ T}.
Then for a function f : X → L0(ν) the following are equiveridical:

(i) f [X] is separable and f is measurable;
(ii) there is an h ∈ L

0
Σ⊗̂T

such that f(x) = h•

x for every x ∈ X, where hx(y) = h(x, y) for x ∈ X, y ∈ Y .

proof Let 〈Yn〉n∈N be a non-decreasing sequence of subsets of Y of finite measure covering Y .

(a)(i)⇒(ii) For each n ∈ N, let ρn be the continuous pseudometric on L0(ν) defined by saying that
ρn(g•

1, g
•

2) =
∫
Yn

min(1, |g1 − g2|)dν for g1, g2 ∈ L
0
T, writing L

0
T for the space of T-measurable real-valued

functions on Y . Then {ρn : n ∈ N} defines the topology of L0(ν) (see the proof of 245Eb). Because f [X] is

separable, there is a sequence 〈vk〉k∈N in L0(ν) such that f [X] ⊆ {vk : k ∈ N}. For each k, choose gk ∈ L
0
T

such that g•

k = vk. For n, k ∈ N set
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Enk = {x : x ∈ X, ρn(f(x), vk) < 2−n},

Hnk = Enk \
⋃

i<k Eni.

Then every Enk belongs to Σ (because f is measurable) and
⋃

k∈NEnk = X (because {vk : k ∈ N} is dense);

so 〈Hnk〉k∈N is a partition of X into measurable sets. Set h(n)(x, y) = gk(y) whenever k ∈ N, x ∈ Hnk and
y ∈ Y ; then h(n) ∈ L

0
Σ⊗̂T

.

Fix x ∈ X for the moment. Then for each n ∈ N there is a unique kn such that x ∈ Hnkn
, and

ρn(f(x), vkn
) ≤ 2−n. So if n ≤ m,

∫

Yn

min(1, |h(m+1)
x − h(m)

x |) =

∫

Yn

min(1, |gkm+1
− gkm

|) = ρn(g•

km+1
, g•

km
)

≤ ρn(g•

km+1
, f(x)) + ρn(f(x), g•

km
)

≤ ρm+1(g•

km+1
, f(x)) + ρm(f(x), g•

km
) ≤ 3 · 2−m−1.

But this means that
∑∞

m=0

∫
Yn

min(1, |h
(m+1)
x −h

(m)
x |) is finite, so that 〈h

(m)
x 〉m∈N must be convergent almost

everywhere in Yn. As this is true for every n, 〈h
(m)
x 〉m∈N is convergent a.e. on Y . Moreover,

limm→∞(h
(m)
x )• = limm→∞ g•

km
= f(x)

in L0(ν).
Since this is true for every x,

W = {(x, y) : 〈h(m)(x, y)〉m∈N converges in R}

has conegligible vertical sections, while of course W ∈ Σ⊗̂T because every h(m) is Σ⊗̂T-measurable (418C).
If we set h(x, y) = limm→∞ h(m)(x, y) for (x, y) ∈W , 0 for other (x, y) ∈ X × Y , then h ∈ L

0
Σ⊗̂T

, while (by

245Ca)

h•

x = limm→∞(h
(m)
x )• = f(x)

in L0(ν) for every x ∈ X. So we have a suitable h.

(b)(ii)⇒(i) Let Φ be the set of those h ∈ L
0
Σ⊗̂T

such that (i) is satisfied; that is, x 7→ h•

x is measurable,

and {h•

x : x ∈ X} is separable.

(ααα) Φ is closed under addition. PPP If h, h̃ belong to Φ, set A = {h•

x : x ∈ X}, Ã = {h̃•

x : x ∈ X}. Then

both A and Ã are separable metrizable spaces, so A × Ã is separable and metrizable and x 7→ (h•

x, h̃
•

x) :

X → A× Ã is measurable (418Bb). But addition on L0(ν) is continuous (245Da), so

x 7→ h•

x + h̃•

x = (h+ h̃)•

x

is measurable (418Ac), and

{(h+ h̃)•

x : x ∈ X} ⊆ {u+ ũ : u ∈ A, ũ ∈ Ã}

is separable (4A2B(e-iii), 4A2P(a-iv)). Thus h+ h̃ ∈ Φ. QQQ

(βββ) Φ is closed under scalar multiplication, just because u 7→ αu : L0(ν) → L0(ν) is always continuous.

(γγγ) If 〈h(n)〉n∈N is a sequence in Φ and h(x, y) = limn→∞ h(n)(x, y) for all x ∈ X, y ∈ Y , then h ∈ Φ.

PPP Setting An = {(h
(n)
x )• : x ∈ X} for each n, then A = {h•

x : x ∈ X} is included in
⋃

n∈NAn, which is

separable (4A2B(e-i) again), so A is separable (4A2P(a-iv) again); moreover, h•

x = limn→∞(h
(n)
x )• for every

x ∈ X, so x 7→ h•

x is measurable, by 418Ba. QQQ

(δδδ) What this means is that if we set W = {W : W ∈ Σ⊗̂T, χW ∈ Φ}, then W \W ′ ∈ W whenever
W , W ′ ∈ W and W ′ ⊆W , and

⋃
n∈NWn ∈ W whenever 〈Wn〉n∈N is a non-decreasing sequence in W. Also,

it is easy to see that E × F ∈ W whenever E ∈ Σ and F ∈ T. By the Monotone Class Theorem (136B), W
includes the σ-algebra generated by {E × F : E ∈ Σ, F ∈ T}, that is, is equal to Σ⊗̂T. It follows at once,
from (α) and (β), that

∑n
i=0 αiχWi ∈ Φ whenever W0, . . . ,Wn ∈ Σ⊗̂T and α0, . . . , αn ∈ R, and hence

(using (γ)) that L
0
Σ⊗̂T

⊆ Φ, which is what we had to prove.
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418S Corollary Let (X,Σ, µ) and (Y,T, ν) be σ-finite measure spaces with c.l.d. product (X × Y,Λ, λ).
Give L0(ν) the topology of convergence in measure. Write L

0(λ) for the space of Λ-measurable real-valued
functions defined λ-a.e. on X × Y , as in 241A.

(a) If h ∈ L
0(λ), set hx(y) = h(x, y) whenever this is defined. Then

{x : f(x) = h•

x is defined in L0(ν)}

is µ-conegligible, and includes a conegligible set X0 such that f : X0 → L0(ν) is measurable and f [X0] is
separable.

(b) If f : X → L0(ν) is measurable and there is a conegligible set X0 ⊆ X such that f [X0] is separable,
then there is an h ∈ L

0(λ) such that f(x) = h•

x for almost every x ∈ X.

proof (a) The point is that λ is just the completion of its restriction to Σ⊗̂T (251K). So there is a conegligible

set W ∈ Σ⊗̂T such that h↾W is Σ⊗̂T-measurable (212Fa). Setting h̃(x, y) = h(x, y) for (x, y) ∈ W , 0

otherwise, and setting f̃(x) = h̃•

x for every x ∈ X, we see from 418R that f̃ is measurable and that f̃ [X] is
separable. But 252D tells us that

X0 = {x : ((X × Y ) \W )[{x}] is negligible}

is conegligible; and if x ∈ X0 then hx = h̃x ν-a.e., so that f(x) is defined and equal to f̃(x). This proves
the result.

(b) We can suppose that X0 ∈ Σ. Setting f1(x) = f(x) for x ∈ X0, 0 otherwise, f1 satisfies 418R(i). So
there is some h ∈ L

0(Σ⊗̂T) such that f1(x) = h•

x for every x, in which case f(x) = h•

x for almost every x,
and (ii) is true.

418T Corollary (Mauldin & Stone 81) Let (Y,T, ν) be a σ-finite measure space, and (B, ν̄) its
measure algebra, with its measure-algebra topology (§323).

(a) Let X be a set, Σ a σ-algebra of subsets of X, and f : X → B a function. Then the following are
equiveridical:

(i) f [X] is separable and f is measurable;
(ii) there is a W ∈ Σ⊗̂T such that f(x) = W [{x}]• for every x ∈ X.

(b) Let (X,Σ, µ) be a σ-finite measure space and Λ the domain of the c.l.d. product measure λ on X×Y .
(i) Suppose that ν is complete. If W ∈ Λ, then

{x : f(x) = W [{x}]• is defined in B}

is µ-conegligible, and includes a conegligible set X0 such that f : X0 → B is measurable and f [X0] is
separable.

(ii) If f : X → B is measurable and there is a conegligible set X0 ⊆ X such that f [X0] is separable,
then there is a W ∈ Σ⊗̂T such that f(x) = W [{x}]• for almost every x ∈ X.

proof Everything follows directly from 418R and 418S if we observe that B is homeomorphically embedded
in L0(ν) by the function F • 7→ (χF )• for F ∈ T (323Xa, 367Ra). We do need to check, for (i)⇒(ii) of part
(a), that if h ∈ L

0
Σ⊗̂T

and h•

x is always of the form (χF )•, then there is some W ∈ Σ⊗̂T such that

h•

x = (χW [{x}])• for every x; but of course this is true if we just take W = {(x, y) : h(x, y) = 1}. Now (b-ii)
follows from (a) just as 418Sb followed from 418R.

*418U Independent families of measurable functions In §455 we shall have occasion to look at
independent families of random variables taking values in spaces other than R. We can use the same principle
as in §272: a family 〈Xi〉i∈I of random variables is independent if 〈Σi〉i∈I is independent, where Σi is the
σ-subalgebra defined by Xi for each i (272D). Of course this depends on agreement about the definition of
Σi. The natural thing to do, in the context of this section, is to follow 272C, as follows. Let (X,Σ, µ) be a
probability space, Y a topological space, and f a Y -valued function defined on a conegligible subset dom f of
X, which is µ-virtually measurable, that is, such that f is measurable with respect to the subspace σ-algebra
on dom f induced by Σ̂ = dom µ̂, where µ̂ is the completion of µ. (Note that if Y is not second-countable
this may not imply that f↾D is Σ-measurable for a conegligible subset D of X.) The ‘σ-algebra defined by
f ’ will be
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{f−1[F ] : F ∈ B(Y )} ∪ {(Ω \ dom f) ∪ f−1[F ] : F ∈ B(Y )} ⊆ Σ̂,

where B(Y ) is the Borel σ-algebra of Y ; that is, the σ-algebra of subsets of X generated by {f−1[G] : G ⊆ Y
is open}.

Now, given a family 〈(fi, Yi)〉i∈I where each Yi is a topological space and each fi is a Σ̂-measurable
Yi-valued function defined on a conegligible subset of X, I will say that 〈fi〉i∈I is independent if 〈Σi〉i∈I

is independent (with respect to µ̂), where Σi is the σ-algebra defined by fi for each i.
Corresponding to 272D, we can use the Monotone Class Theorem to show that 〈fi〉i∈I is independent iff

µ̂(
⋂

j≤n f
−1
ij

[Gj ]) =
∏

j≤n µ̂f
−1
ij

[Gj ]

whenever i0, . . . , in ∈ I are distinct and Gj ⊆ Yij is open for every j ≤ n.

418X Basic exercises >>>(a) Let (X,Σ, µ) be a measure space, and (X, Σ̂, µ̂) its completion. (i) Show

that if Y is a second-countable topological space, a function f : X → Y is Σ̂-measurable iff there is a
Σ-measurable g : X → Y such that f =a.e. g. (ii) Show that if X is endowed with a topology, and Y is a
topological space, then a function from X to Y is µ-almost continuous iff it is µ̂-almost continuous.

(b) Let (X,Σ, µ) be a measure space, Y a set and h : X → Y a function; give Y the image measure
µh−1. Show that for any function g from Y to a topological space Z, g is measurable iff gh : X → Z is
measurable.

>>>(c) Let X be a set, Σ a σ-algebra of subsets of X, 〈Yn〉n∈N a sequence of topological spaces with product
Y , and f : X → Y a function. Show that f is measurable iff ψnf : X →

∏
i≤n Yi is measurable for every

n ∈ N, where ψn(y) = (y(0), . . . , y(n)) for y ∈ Y and n ∈ N.

(d) Let (X,Σ, µ) be a semi-finite measure space, (Y,S) a metrizable space, and 〈fn〉n∈N a sequence of
measurable functions from X to Y such that 〈fn(x)〉n∈N is convergent for almost every x ∈ X. Show that
µ is inner regular with respect to {E : 〈fn↾E〉n∈N is uniformly convergent}. (Cf. 412Xa.)

>>>(e) Set Y = [0, 1][0,1], with the product topology. For n ∈ N and x ∈ [0, 1] define fn(x) ∈ Y by saying
that fn(x)(t) = max(0, 1−2n|x−t|) for t ∈ [0, 1]. Check that (i) each fn is continuous, therefore measurable;
(ii) f(x) = limn→∞ fn(x) is defined in Y for every x ∈ [0, 1]; (iii) for each t ∈ [0, 1], the coordinate functional
x 7→ f(x)(t) is continuous except at t, and in particular is almost continuous and measurable; (iv) f↾F is
not continuous for any infinite closed set F ⊆ [0, 1], and in particular f is not almost continuous; (v) every
subset of [0, 1] is of the form f−1[H] for some open set H ⊆ Y ; (vi) f is not measurable; (vii) the image
measure µf−1, where µ is Lebesgue measure on [0, 1], is neither a topological measure nor tight.

(f) Let (X,T,Σ, µ) be a quasi-Radon measure space, Y a topological space, and f : X → Y a function.
Suppose that for every x ∈ X there is an open set G containing x such that f↾G is almost continuous with
respect to the subspace measure on G. Show that f is almost continuous.

(g) For i = 1, 2 let (Xi,Ti,Σi, µi) and (Yi,Si,Ti, νi) be quasi-Radon measure spaces, and fi : Xi → Yi
an almost continuous inverse-measure-preserving function. Show that (x1, x2) 7→ (f1(x1), f2(x2)) is almost
continuous and inverse-measure-preserving for the product topologies and quasi-Radon product measures.

(h) Let 〈(Xi,Ti,Σi, µi)〉i∈I and 〈(Yi,Ti,Σi, νi)〉i∈I be two families of topological spaces with τ -additive
Borel probability measures, and let µ, ν be the τ -additive product measures on X =

∏
i∈I Xi, Y =

∏
i∈I Yi

(417E, 417F). Show that if fi : Xi → Yi is almost continuous and inverse-measure-preserving for each i,
then x 7→ 〈fi(x(i))〉i∈I : X → Y is inverse-measure-preserving, but need not be almost continuous.

(i) Let (X,T,Σ, µ) and (Y,S,T, ν) be quasi-Radon measure spaces, (Z,U) a topological space and f :
X × Y → Z a function which is almost continuous with respect to the quasi-Radon product measure on
X × Y . Suppose that ν is σ-finite. Show that y 7→ f(x, y) is almost continuous for almost every x ∈ X.

(j) Let (X,T,Σ, µ) be an effectively locally finite τ -additive topological measure space, Y a topological
space and f : X → Y an almost continuous function. (i) Show that the image measure µf−1 is τ -additive.
(ii) Show that if µ is a totally finite quasi-Radon measure and the topology on Y is regular, then µf−1 is
quasi-Radon.
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(k) Let (X,T,Σ, µ) be a topological measure space and U a linear topological space. Show that if
f : X → U and g : X → U are almost continuous, then f + g : X → U is almost continuous.

(l) Let (X,T,Σ, µ) and (Y,S,T, ν) be topological measure spaces, and (Z,U) a topological space; let
f : X → Y be almost continuous and inverse-measure-preserving, and g : Y → Z almost continuous. Show
that if either ν is strictly localizable or µ is a Radon measure and ν is locally finite or µ is τ -additive and
effectively locally finite and ν is effectively locally finite, then gf : X → Z is almost continuous. (Hint :
show that if µE > 0 there is a set F such that νF <∞ and µ(E ∩ f−1[F ]) > 0.)

(m) Let µ be Lebesgue measure on Rr, where r ≥ 1, X a Hausdorff space and f : Rr → X an almost
continuous function. Show that for almost every x ∈ Rr there is a measurable set E ⊆ Rr such that x is a
density point of E and limy∈E,y→x f(y) = f(x).

(n) Let (X,Σ, µ) be a complete locally determined measure space, φ : Σ → Σ a lower density such that
φX = X, and T the associated density topology on X (414P). Let f : X → R be a function. Show that the
following are equiveridical: (i) f is measurable; (ii) f is almost continuous; (iii) f is continuous at almost
every point; (iv) there is a conegligible set H ⊆ X such that f↾H is continuous. (Cf. 414Xk.)

(o) Let (X,Σ, µ) be a complete locally determined measure space, φ : Σ → Σ a lifting, and S the lifting
topology on X (414Q). Let f : X → R be a function. Show that the following are equiveridical: (i) f is
measurable; (ii) f is almost continuous; (iii) there is a conegligible set H ⊆ X such that f↾H is continuous.
(Cf. 414Xr.)

(p) Let (X,T,Σ, µ) be a quasi-Radon measure space, (Y,S) a regular topological space and f : X → Y
an almost continuous function. Show that there is a quasi-Radon measure ν on Y such that f is inverse-
measure-preserving for µ and ν iff

⋃
{f−1[H] : H ⊆ Y is open, µf−1[H] <∞} is conegligible in X.

(q) Let (X,T,Σ, µ) be a Radon measure space, (Y,S) and (Z,U) Hausdorff spaces, f : X → Y an almost
continuous function such that ν = µf−1 is locally finite, and g : Y → Z a function. Show that g is almost
continuous with respect to ν iff gf is almost continuous with respect to µ.

(r) Let (X,T,Σ, µ) and (Y,S,T, ν) be topological probability spaces, and f : X → Y a measurable
function such that µf−1[H] ≥ νH for every H ∈ S. Show that (i)

∫
gfdµ =

∫
g dν for every g ∈ Cb(Y )

(ii) µf−1[F ] = νF for every Baire set F ⊆ Y (iii) if µ is a Radon measure and f is almost continuous, then
µf−1[F ] = νF for every Borel set F ⊆ Y , so that if in addition ν is complete and inner regular with respect
to the Borel sets then it is a Radon measure.

(s) Let (X,T,Σ, µ) be a σ-finite topological measure space in which the topology T is normal and µ is
outer regular with respect to the open sets. Show that if f : X → R is a measurable function and ǫ > 0
there is a continuous g : X → R such that µ{x : g(x) 6= f(x)} ≤ ǫ. (Hint : 4A2Fd.)

(t) Let X and Y be Hausdorff spaces, ν a totally finite Radon measure on Y , and f : X → Y an injective
continuous function. Show that the following are equiveridical: (i) there is a Radon measure µ on X such
that f is inverse-measure-preserving; (ii) f [X] is conegligible and f−1 : f [X] → X is almost continuous.

(u) Let (X,T,Σ, µ) and (Y,S,T, ν) be Radon measure spaces and f : X → Y an almost continuous
inverse-measure-preserving function. Show that (i) µ∗A ≤ ν∗f [A] for every A ⊆ X (ii) ν is precisely the
image measure µf−1.

(v) Let X be a compact Hausdorff space. Show that there is an atomless Radon probability measure on
X iff X is not scattered. (Hint : 4A2Gj.)

(w) In 418M, show that all the fij must be almost continuous. Show that if i ≤ j ≤ k then fijfjk = fik
almost everywhere in Xk.

>>>(x) Let I be the family of finite subsets of [0, 1], and for each I ∈ I let (XI ,TI ,ΣI , µI) be [0, 1] \ I
with its subspace topology and measure induced by Lebesgue measure. For I ⊆ J ∈ I and y ∈ XJ set
fIJ (y) = y. Show that these XI , fIJ satisfy nearly all the hypotheses of 418O, but that there are no X, gI
which satisfy the hypotheses of 418M.
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(y) Let T be any set, and X the set of total orders on T . (i) Regarding each member of X as a subset of
T ×T , show that X is a closed subset of P(T ×T ). (ii) Show that there is a unique Radon measure µ on X

such that Pr(t1 ≤ t2 ≤ . . . ≤ tn) =
1

n!
for all distinct t1, . . . , tn ∈ T . (Hint : for I ∈ [T ]<ω, let XI be the set

of total orders on I with the uniform probability measure giving the same measure to each singleton; show
that the natural map from XI to XJ is inverse-measure-preserving whenever J ⊆ I.)

(z) In 418Sb, suppose that f1 : X → L0(ν) and f2 : X → L0(ν) correspond to h1, h2 ∈ L
0(λ). Show that

f1(x) ≤ f2(x) µ-a.e.(x) iff h1 ≤ h2 λ-a.e. Hence show that (if we assign appropriate algebraic operations to
the space of functions from X to L0(ν)) we have an f -algebra isomorphism between L0(λ) and the space of
equivalence classes of measurable functions from X to L0(ν) with separable ranges.

418Y Further exercises (a) Let X be a set, Σ a σ-algebra of subsets of X, Y a topological space and
f : X → Y a function. Set T = {F : F ⊆ Y, f−1[F ] ∈ Σ}. Suppose that Y is hereditarily Lindelöf and its
topology is generated by some subset of T. Show that f is measurable.

(b) Let (X,Σ, µ) be a measure space, Y and Z topological spaces and f : X → Y , g : X → Z measurable
functions. Show that if Z has a countable network consisting of Borel sets (e.g., Z is second-countable, or
Z is regular and has a countable network), then x 7→ (f(x), g(x)) : X → Y × Z is measurable.

(c) Let X be a set, Σ a σ-algebra of subsets of X, and 〈Yi〉i∈I a countable family of topological spaces
with product Y . Suppose that every Yi has a countable network, and that f : X → Y is a function such
that πif is measurable for every i ∈ I, writing πi(y) = y(i). Show that f is measurable.

(d) Let (X,Σ, µ) be a σ-finite measure space and T a topology on X such that µ is effectively locally
finite and τ -additive. Let Y be a topological space and f : X → Y an almost continuous function. Show
that there is a conegligible subset X0 of X such that f [X0] is ccc.

(e) Show that if µ is Lebesgue measure on R, T is the usual topology on R and S is the right-facing
Sorgenfrey topology (415Xc), then the identity map from (R,T, µ) to (R,S) is measurable, but not almost
continuous, and the image measure is not a Radon measure.

(f) Let (X,Σ, µ) be a semi-finite measure space and T a topology on X such that µ is inner regular with
respect to the closed sets. Suppose that Y is a topological space with a countable network consisting of
Borel sets, and that f : X → Y is measurable. Show that f is almost continuous.

(g) Find a topological probability space (X,T,Σ, µ) in which µ is inner regular with respect to the closed
sets, a topological space Y with a countable network and a measurable function f : X → Y which is not
almost continuous.

(h) Let (X,Σ, µ) be a semi-finite measure space and T a topology on X such that µ is inner regular with
respect to the closed sets. Let A ⊆ L∞(µ) be a norm-compact set. Show that there is a set B of bounded
real-valued measurable functions on X such that (i) A = {f• : f ∈ B} (ii) B is norm-compact in ℓ∞(X)
(iii) µ is inner regular with respect to {E : f↾E is continuous for every f ∈ B}.

(i) Let µ be Lebesgue measure on [0, 1]. For t ∈ [0, 1] set ut = χ[0, t]• ∈ L0(µ). Show that A = {ut : t ∈
[0, 1]} is norm-compact in Lp(µ) for every p ∈ [1,∞[ and also compact for the topology of convergence in
measure on L0(µ). Show that if B is a set of measurable functions such that A = {f• : f ∈ B} then µ is
not inner regular with respect to {E : f↾E is continuous for every f ∈ B}.

(j) Let µ be Lebesgue measure on [0, 1], and A ⊆ [0, 1] a set with inner measure 0 and outer measure
1; let T be the usual topology on [0, 1]. Let I be the family of sets I ⊆ A such that every point of A has
a neighbourhood containing at most one point of I. Show that S = {G \ I : G ∈ T, I ∈ I} is a topology
on [0, 1] with a countable network. Show that the identity map from [0, 1] to itself, regarded as a map from
([0, 1],T, µ) to ([0, 1],S), is measurable but not almost continuous.
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(k) Let (X,Σ, µ) be a semi-finite measure space and T a topology on X such that µ is inner regular
with respect to the closed sets. Suppose that Y and Z are separable metrizable spaces, f : X × Y → Z is
a function such that x 7→ f(x, y) is measurable for every y ∈ Y , and y 7→ f(x, y) is continuous for every
x ∈ X. Show that µ is inner regular with respect to {F : F ⊆ X, f↾F × Y is continuous}.

(l) Suppose that (I,≤), 〈(Xi,Ti,Σi, µi)〉i∈I and 〈fij〉i≤j∈I are such that (α) (I,≤) is a non-empty
upwards-directed partially ordered set (β) every (Xi,Ti,Σi, µi) is a completely regular Hausdorff quasi-
Radon probability space (γ) fij : Xj → Xi is a continuous inverse-measure-preserving function whenever
i ≤ j in I (δ) fijfjk = fik whenever i ≤ j ≤ k in I. Let X ′

i be the support of µi for each i; show that

fij [X
′
j ] is a dense subset of X ′

i whenever i ≤ j. Let Zi be the Stone-Čech compactification of X ′
i and let

f̃ij : Zj → Zi be the continuous extension of fij↾X
′
j for i ≤ j; let µ̃i be the Radon probability measure on

Zi corresponding to µi↾PX
′
i (416V). Show that Zi, f̃ij satisfy the conditions of 418O, so that we have a

projective limit Z, 〈gi〉i∈I , µ as in 418M.

(m) Let X be a set, Σ a σ-algebra of subsets of X and (Y,T, ν) a σ-finite measure space with countable
Maharam type. (i) Let f : X → L1(ν) be a function such that x 7→

∫
F
f(x)dν is Σ-measurable for every

F ∈ T. Show that f is Σ-measurable for the norm topology on L1(ν). (ii) Let g : X × Y → R be a function
such that

∫
g(x, y)ν(dy) is defined for every x ∈ X, and x 7→

∫
F
g(x, y)ν(dy) is Σ-measurable for every

F ∈ T. Show that there is an h ∈ L
0
Σ⊗̂T

such that, for every x ∈ X, g(x, y) = h(x, y) for ν-almost every y.

(n) Use 418M and 418O to prove 328H.

(o) Let X be a set, Σ a σ-algebra of subsets of X, (Y,T, ν) a σ-finite measure space and W ∈ Σ⊗̂T. Show
that there is a V ⊆W such that V ∈ Σ⊗̂T, W [{x}] \ V [{x}] is negligible for every x ∈ X, and

⋂
x∈I V [{x}]

is either empty or non-negligible for every non-empty finite I ⊆ X. (Hint : 341Xb.)

(p) Let X be a compact Hausdorff space, Y a Hausdorff space, ν a Radon probability measure on Y and
R ⊆ X × Y a closed set such that ν∗R[X] = 1. Show that there is a Radon probability measure µ on X
such that µR−1[F ] ≥ νF for every closed set F ⊆ Y .

418 Notes and comments The message of this section is that measurable functions are dangerous, but
that almost continuous functions behave themselves. There are two fundamental problems with measurable
functions: a function x 7→ (f(x), g(x)) may not be measurable when the components f and g are measurable
(419Xg), and an image measure under a measurable function can lose tightness, even when both domain
and codomain are Radon measure spaces and the function is inverse-measure-preserving (419Xh). (This is
the ‘image measure catastrophe’ mentioned in 235H and the notes to §343.) Consequently, as long as we
are dealing with measurable functions, we often have to impose strong conditions on the range spaces –
commonly, we have to restrict ourselves to separable metrizable spaces (418B, 418C), or something similar,
which indeed often means that a measurable function is actually almost continuous (418J, 433E). Indeed, for
functions taking values in metrizable spaces, ‘almost continuous’ is very close to ‘measurable with essentially
separable range’ (418G, 418J). The condition ‘separable and metrizable’ is a little stronger than is strictly
necessary (418Yb, 418Yc, 418Yf), but covers the principal applications other than 433E. If we keep the
‘metrizable’ we can very substantially relax the ‘separable’ (438E, 438F), and it is in fact the case that
a measurable function from a Radon measure space to any metrizable space is almost continuous (451T).
These extensions apply equally to the results in 418R-418T (438Xi-438Xj, 451Xp). But both take us deeper
into set theory than seems appropriate at the moment.

For almost continuous functions, the two problems mentioned above do not arise (418Dd, 418I, 418Xu).
Indeed we rather expect almost continuous functions to behave as if they were continuous. But we still
have to be careful. The limit of a sequence of almost continuous functions need not be almost continuous
(418Xe), unless the codomain is metrizable (418F); and if we have a function f from a topological measure
space to an uncountable product of topological spaces, it can happen that every coordinate of f is an almost
continuous function while f is not (418Xe again). But for many purposes, intuitions gained from the study
of measurable functions between Euclidean spaces can be transferred to general almost continuous functions.
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Theorems 418L and 418M are of a quite different kind, but seem to belong here as well as anywhere.
Even in the simplest application of 418L (when Y = [0, 1] with Lebesgue measure, and X ⊆ [0, 1]2 is a closed
set meeting every vertical line) it is not immediately obvious that there will be a measure with the right
projection onto the horizontal axis, though there are at least two proofs which are easier than the general
case treated in 413O-413P-418L.

As I explain in 418N, the really interesting question concerning 418M is when, given the projective system
〈(Xi,Ti,Σi, µi)〉i∈I , 〈fij〉i≤j∈I , we can expect to find X and 〈gi〉i∈I satisfying the rest of the hypotheses,
and once past the elementary results 418O-418Q this can be hard to determine. I describe a method in
418Yl which can sometimes be used, but (like the trick in 418Nf) it is too easy and too abstract to be often
illuminating. See 454G below for something rather deeper.

The results of 418R-418T stand somewhat aside from anything else considered in this chapter, but they
form part of an important technique. A special case has already been mentioned in 253Yg. I do not discuss
vector-valued measurable functions in this book, except incidentally, but 418R is one of the fundamental
results on their representation; it means, for instance, that if V is any of the Banach function spaces of
Chapter 36 we can expect to represent Bochner integrable V -valued functions (253Yf) in terms of functions
on product spaces, because V will be continuously embedded in an L0 space (367O). The measure-algebra
version in 418T will be useful in Volume 5 when establishing relationships between properties of measure
spaces and corresponding properties of measure algebras.

Version of 2.12.05

419 Examples

In §216, I went much of the way to describing examples of spaces with all the possible combinations
of the properties considered in Chapter 21. When we come to topological measure spaces, the number of
properties involved makes it unreasonable to seek any such comprehensive list. I therefore content myself
with seven examples to indicate some of the boundaries of the theory developed here.

The first example (419A) is supposed to show that the hypothesis ‘effectively locally finite’ which appears
in so many of the theorems of this chapter cannot as a rule be replaced by ‘locally finite’. The next two
(419C-419D) address technical questions concerning the definition of ‘Radon measure’, and show how small
variations in the definition can lead to very different kinds of measure space. The fourth example (419E)
shows that the τ -additive product measures of §417 are indeed new constructions. 419J is there to show that
extension theorems of the types proved in §415 and §417 cannot be taken for granted. The classic example
419K exhibits one of the obstacles to generalizations of Prokhorov’s theorem (418M, 418Q). Finally, I return
to the split interval (419L) to describe its standard topology and its relation to the measure introduced in
343J.

419A Example There is a locally compact Hausdorff space X with a complete, σ-finite, locally finite,
τ -additive topological measure µ, inner regular with respect to the closed sets, which has a closed subset Y ,
of measure 1, such that the subspace measure µY on Y is not τ -additive. In particular, µ is not effectively
locally finite.

proof (a) Let Q be a countably infinite set, not containing any ordinal. Fix an enumeration 〈qn〉n∈N of Q,
and for A ⊆ Q set νA =

∑
{ 1
n+1 : qn ∈ A}. Let I be the ideal {A : A ⊆ Q, νA < ∞}. For any sets I, J ,

say that I ⊆∗ J if I \ J is finite; then ⊆∗ is a reflexive transitive relation.
Let κ be the smallest cardinal of any family K ⊆ I for which there is no I ∈ I such that K ⊆∗ I for

every K ∈ K. Then κ is uncountable. PPP (i) Of course κ is infinite. (ii) If 〈In〉n∈N is any sequence in I, then
for each n ∈ N we can find a finite I ′n ⊆ In such that ν(In \ I ′n) ≤ 2−n; setting I =

⋃
n∈N In \ I ′n, we have

νI ≤ 2 <∞, while In ⊆∗ I for every n. Thus κ > ω. QQQ

(b) There is a family 〈Iξ〉ξ<κ in I such that (i) Iη ⊆∗ Iξ whenever η ≤ ξ < κ (ii) there is no I ∈ I such
that Iξ ⊆∗ I for every ξ < κ. PPP Take a family 〈Kξ〉ξ<κ in I such that there is no I ∈ I such that Kξ ⊆∗ I
for every ξ < κ. Choose 〈Iξ〉ξ<κ in I inductively in such a way that

c© 2002 D. H. Fremlin
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Kξ ⊆∗ Iξ, Iη ⊆∗ Iξ for every η < ξ.

(This can be done because {Kξ} ∪ {Iη : η < ξ} will always be a subset of I with cardinal less than κ.) If
now Iξ ⊆∗ I for every ξ < κ, then Kξ ⊆∗ I for every ξ < κ, so I /∈ I. QQQ

Hence, or otherwise, we see that κ is regular. PPP If A ⊆ κ and #(A) < κ, then there is an I ∈ I such
that Iζ ⊆∗ I for every ζ ∈ A; now there must be a ξ < κ such that Iξ 6⊆∗ I, in which case ζ < ξ for every
ζ ∈ A, and A is not cofinal with κ. QQQ

(c) Set X = Q ∪ κ. (This is where it is helpful to have arranged at the start that no ordinal belongs to
Q, so that Q ∩ κ = ∅.) Let T be the family of sets G ⊆ X such that

G ∩ κ is open for the order topology of κ,
for every ξ ∈ G ∩ κ \ {0} there is an η < ξ such that Iξ \ Iη ⊆∗ G,
if 0 ∈ G then I0 ⊆∗ G.

(i) This is a Hausdorff topology on X. PPP (α) It is easy to check that X ∈ T, ∅ ∈ T and
⋃

G ∈ T for
every G ⊆ T. (β) Suppose that G, H ∈ T. Then (G ∩ H) ∩ κ = (G ∩ κ) ∩ (H ∩ κ) is open for the order
topology of κ. If ξ ∈ G ∩H ∩ κ \ {0} there are η, ζ < ξ such that Iξ \ Iη ⊆∗ G and Iξ \ Iζ ⊆∗ H, and now

α = max(η, ζ) < ξ, Iη ∪ Iζ ⊆∗ Iα,

so

Iξ \ Iα ⊆∗ (Iξ \ Iη) ∩ (Iξ \ Iζ) ⊆∗ G ∩H.

Finally, if 0 ∈ G ∩H then I0 ⊆∗ G ∩H. So G ∩H ∈ T. Thus T is a topology on X. (γ) For any ξ < κ,
the set Eξ = (ξ + 1) ∪ Iξ is open-and-closed for T; for any q ∈ Q, {q} is open-and-closed. Since these sets
separate the points of X, T is Hausdorff. QQQ

(ii) The sets Eξ of the last paragraph are all compact for T. PPP Let F be an ultrafilter on X containing
Eξ. (α) If a finite set K belongs to F , then F must contain {x} for some x ∈ K, and converges to x. So
suppose henceforth that F contains no finite set. (β) If E0 ∈ F , then for any open set G containing 0, E0 \G
is finite, so does not belong to F , and G ∈ F ; as G is arbitrary, F → 0. (γ) If E0 /∈ F , let η ≤ ξ be the least
ordinal such that Eη ∈ F . If G is an open set containing η, there are ζ ′, ζ ′′ < η such that Iη \ Iζ′ ⊆∗ G and
]ζ ′′, η] ⊆ G; so that Eη \Eζ ⊆∗ G, where ζ = max(ζ ′, ζ ′′) < η. Now Eη ∈ F , Eζ /∈ F and (Eη \Eζ) \G /∈ F ,
so that G ∈ F . As G is arbitrary, F → η. (δ) As F is arbitrary, Eξ is compact. QQQ

(iii) It follows that T is locally compact. PPP For q ∈ Q, {q} is a compact open set containing q; for
ξ < κ, Eξ is a compact open set containing ξ. QQQ

(iv) The definition of T makes it clear that Q ∈ T, that is, that κ is a closed subset of X. We need
also to check that the subspace topology Tκ on κ induced by T is just the order topology of κ. PPP (α) By
the definition of T, G ∩ κ is open for the order topology of κ for every G ∈ T. (β) For any ξ < κ, Eξ is
open-and-closed for T so ξ+ 1 = Eξ ∩ κ is open-and-closed for Tκ. But this means that all sets of the forms
[0, ξ[ =

⋃
η<ξ η + 1 and ]ξ, κ[ = κ \ (ξ + 1) belong to Tκ; as these generate the order topology, every open

set for the order topology belongs to Tκ, and the two topologies are equal. QQQ

(d) Now let F be the filter on X generated by the cofinal closed sets in κ. Because the intersection of
any sequence of closed cofinal sets in κ is another (4A1Bd), the intersection of any sequence in F belongs
to F . So

Σ = F ∪ {X \ F : F ∈ F}

is a σ-algebra of subsets of X, and we have a measure µ1 : Σ → {0, 1} defined by saying that µ1F = 1,
µ1(X \ F ) = 0 if F ∈ F .

(e) Set µE = ν(E∩Q) +µ1E for E ∈ Σ. Then µ is a measure. Let us work through the properties called
for.

(i) If µE = 0 and A ⊆ E, then X \A ⊇ X \ E ∈ F , so A ∈ Σ. Thus µ is complete.

(ii) µκ = 1 and µ{q} is finite for every q ∈ Q, so µ is σ-finite.

(iii) If G ⊆ X is open, then κ \G is closed, in the order topology of κ; if it is cofinal with κ, it belongs
to F ; otherwise, κ ∩G ∈ F . Thus in either case G ∈ Σ, and µ is a topological measure.
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(iv) The next thing to note is that µG = ν(G ∩ Q) for every open set G ⊆ X. PPP If G /∈ F this is
trivial. If G ∈ F , then κ\G cannot be cofinal with κ, so there is a ξ < κ such that κ\ξ ⊆ G. ??? If G∩Q ∈ I,
then (G∩Q)∪ Iξ ∈ I. There must be a least η < κ such that Iη 6⊆∗ (G∩Q)∪ Iξ; of course η > ξ, so η ∈ G.
There is some ζ < η such that Iη \ Iζ ⊆∗ G; but as Iζ ⊆∗ G ∪ Iξ, by the choice of η, we must also have
Iη ⊆∗ G ∪ Iξ, which is impossible. XXX Thus G ∩Q /∈ I and µG = ν(G ∩Q) = ∞. QQQ

(v) It follows that µ is τ -additive. PPP Suppose that G ⊆ T is a non-empty upwards-directed set with
union H. Then

µH = ν(H ∩Q) = supG∈G ν(G ∩Q) = supG∈G µG

because ν is τ -additive (indeed, is a Radon measure) with respect to the discrete topology on Q. QQQ

(vi) µ is inner regular with respect to the closed sets. PPP Take E ∈ Σ and γ < µE. Then γ − µ1E <
ν(E ∩Q), so there is a finite I ⊆ E ∩Q such that νI > γ−µ1E. If µ1E = 0, then I ⊆ E is already a closed
set with µI > γ. Otherwise, E ∩ κ ∈ F , so there is a cofinal closed set F ⊆ κ such that F ⊆ E; now F is
closed in X (because κ is closed in X and the subspace topology on κ is the order topology), so I ∪ F is
closed, and µ(I ∪ F ) > γ. As E and γ are arbitrary, µ is inner regular with respect to the closed sets. QQQ

(vii) µ is locally finite. PPP For any ξ < κ, Eξ is an open set containing ξ, and µEξ = νIξ is finite. For
any q ∈ Q, {q} is an open set containing q, and µ{q} = ν{q} is finite. QQQ

(viii) Now consider Y = κ. This is surely a closed set, and µκ = 1. I noted in (c-iv) above that the
subspace topology Tκ is just the order topology of κ. But this means that {ξ : ξ < κ} is an upwards-directed
family of negligible relatively open sets with union κ, so that the subspace measure µκ = µ1 is not τ -additive.

(ix) It follows from 414K that µ cannot be effectively locally finite; but it is also obvious from the work
above that κ is a measurable set, of non-zero measure, such that µ(κ ∩ G) = 0 whenever G is an open set
of finite measure.

419B Lemma For any non-empty set I, there is a dense Gδ set in [0, 1]I which is negligible for the usual
measure on [0, 1]I .

proof Fix on some i0 ∈ I, and set π(x) = x(i0) for each x ∈ [0, 1]I , so that π is continuous and inverse-
measure-preserving for the usual topologies and measures on [0, 1]I and [0, 1]. For each n ∈ N let Gn ⊇
[0, 1] ∩ Q be an open subset of [0, 1] with measure at most 2−n, so that π−1[Gn] is an open set of measure
at most 2−n, and E =

⋂
n∈N π

−1[Gn] is a Gδ set of measure 0. If H ⊆ [0, 1]I is any non-empty open set,
its image π[H] is open in [0, 1], so contains some rational number, and meets

⋂
n∈NGn; but this means that

H ∩ E 6= ∅, so E is dense.

419C Example (Fremlin 75b) There is a completion regular Radon measure space (X,T,Σ, µ) such
that

(i) there is an E ∈ Σ such that µ(F△E) > 0 for every Borel set F ⊆ X, that is, not every element of the
measure algebra of µ can be represented by a Borel set;

(ii) µ is not outer regular with respect to the Borel sets;
(iii) writing ν for the restriction of µ to the Borel σ-algebra of X, ν is a locally finite, effectively locally

finite, tight (that is, inner regular with respect to the compact sets) τ -additive completion regular topological
measure, and there is a set Y ⊆ X such that the subspace measure νY is not semi-finite.

proof (a) For each ξ < ω1 set Xξ = [0, 1]ω1\ξ, and take µξ to be the usual measure on Xξ; write Σξ for its
domain. Note that µξ is a completion regular Radon measure for the usual topology Tξ of Xξ (416U). Set
X =

⋃
ξ<ω1

Xξ, and let µ be the direct sum measure on X (214L), that is, write

Σ = {E : E ⊆ X, E ∩Xξ ∈ Σξ for every ξ < ω1},

µE =
∑

ξ<ω1
µξ(E ∩Xξ) for every E ∈ Σ.

Then µ is a complete locally determined (in fact, strictly localizable) measure on X. Write Σ for its domain.

(b) For each η < ω1 let 〈βξη〉ξ≤η be a summable family of strictly positive real numbers with βηη = 1
(4A1P). Define gη : X → R by setting
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gη(x) =
1

βξη

x(η) if x ∈ Xξ where ξ ≤ η,

= 0 if x ∈ Xξ where ξ > η.

Now define f : X → ω1 × Rω1 by setting

f(x) = (ξ, 〈gη(x)〉η<ω1
)

if x ∈ Xξ. Note that f is injective. Let T be the topology on X defined by f , that is, the family {f−1[W ] :
W ⊆ ω1×Rω1 is open}, where ω1 and Rω1 are given their usual topologies (4A2S, 3A3K), and their product
is given its product topology. Because f is injective, T can be identified with the subspace topology on f [X];
it is Hausdorff and completely regular.

(c) For ξ, η < ω1, gη↾Xξ is continuous for the compact topology Tξ. Consequently f↾Xξ is continuous,
and the subspace topology on Xξ induced by T must be Tξ exactly. It follows that µ is a Radon measure for
T. PPP (i) We know already that µ is complete and locally determined. (ii) If G ∈ T then G ∩Xξ ∈ Tξ ⊆ Σξ

for every ξ < ω1, so G ∈ Σ; thus µ is a topological measure. (iii) If E ∈ Σ and µE > 0, there is a ξ < ω1

such that µξ(E ∩Xξ) > 0. Because µξ is a Radon measure, there is a Tξ-compact set F ⊆ E ∩Xξ such that
µξF > 0. Now F is T-compact and µF > 0. As E is arbitrary, µ is tight (using 412B). (iv) If x ∈ X, take
that ξ < ω1 such that x ∈ Xξ, and consider

G = f−1[(ξ + 1) × {w : w ∈ Rω1 , w(ξ) < 2}].

Because ξ + 1 is open in ω1, G ∈ T. Because gξ(x) = x(ξ) ≤ 1, x ∈ G. Now for ζ ≤ ξ,

µζ(G ∩Xζ) = µζ{x : x ∈ Xζ , gξ(x) < 2}

= µζ{x : x ∈ Xζ , β
−1
ζξ x(ξ) < 2}

= µζ{x : x ∈ Xζ , x(ξ) < 2βζξ} ≤ 2βζξ,

so

µG =
∑

ζ≤ξ µζ(G ∩Xζ) ≤ 2
∑

ζ≤ξ βζξ <∞.

As x is arbitrary, µ is locally finite, therefore a Radon measure. QQQ
We also find that µ is completion regular. PPP If E ⊆ X and µE > 0, then there is a ξ < ω1 such that

µ(E ∩Xξ) > 0. Because µξ is completion regular, there is a set F ⊆ E ∩Xξ, a zero set for Tξ, such that
µF > 0. Now Xξ is a Gδ set in X (being the intersection of the open sets

⋃
η<ζ<ξ+1Xζ for η < ξ, unless

ξ = 0, in which case Xξ is actually open), so F is a Gδ set in X (4A2C(a-iv)); being a compact Gδ set in a
completely regular space, it is a zero set (4A2F(h-v)).

Thus every set of positive measure includes a zero set of positive measure. So µ is inner regular with
respect to the zero sets (412B). QQQ

(d) The key to the example is the following fact: if G ⊆ X is open, then either there is a cofinal closed
set V ⊆ ω1 such that G ∩ Xξ = ∅ for every ξ ∈ V or {ξ : µ(G ∩ Xξ) 6= 1} is countable. PPP Suppose that
A = {ξ : G ∩ Xξ 6= ∅} meets every cofinal closed set, that is, is stationary (4A1C). Then B = A ∩ Ω is
stationary, where Ω is the set of non-zero countable limit ordinals (4A1Bb, 4A1Cb). Let H ⊆ ω1 × Rω1 be
an open set such that G = f−1[H].

For each ξ ∈ B choose xξ ∈ G∩Xξ. Then f(xξ) ∈ H, so there must be a ζξ < ξ, a finite set Iξ ⊆ ω1, and
a δξ > 0 such that z ∈ H whenever z = (γ, 〈tη〉η<ω1

) ∈ ω1 ×Rω1 , ζξ < γ ≤ ξ and |tη − gη(x)| < δξ for every
η ∈ Iξ. Because ξ is a non-zero limit ordinal, ζ ′ξ = sup({ζξ} ∪ (Iξ ∩ ξ)) < ξ.

By the Pressing-Down Lemma (4A1Cc), there is a ζ < ω1 such that C = {ξ : ξ ∈ B, ζ ′ξ = ζ} is

uncountable. ??? Suppose, if possible, that ζ < η < ω1 and µ(G ∩ Xη) < 1. Then there is a measurable
subset F of Xη \ G, determined by coordinates in a countable set J ⊆ ω1 \ η, such that µF = µηF > 0
(254Ff). Let ξ ∈ C be such that η < ξ and J ⊆ ξ, and take any y ∈ F . If we define y′ ∈ Xη by setting

y′(γ) = y(γ) for γ ∈ ξ \ η

= xξ(γ) for γ ∈ ω1 \ ξ,
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then y′ ∈ F . But also ζξ ≤ ζ ′ξ = ζ < η < ξ and ξ \ η ⊆ ξ \ ζ ′ξ is disjoint from Iξ, so gγ(y′) = gγ(xξ) for every

γ ∈ Iξ, since both are zero if γ < η and otherwise y′(γ) = xξ(γ). By the choice of ζξ and Iξ we must have
f(y′) ∈ H and y′ ∈ F ∩G; which is impossible. XXX

Thus µ(G ∩Xη) = 1 for every η > ζ, as required by the second alternative. QQQ

(e) For each ξ < ω1, let Iξ be the family of negligible meager subsets of Xξ. Then Iξ is a σ-ideal; note
that it contains every closed negligible set, because µξ is strictly positive. Set

Tξ = Iξ ∪ {Xξ \ F : F ∈ Iξ},

so that Tξ is a σ-algebra of subsets of Xξ, containing every conegligible open set, and µξF ∈ {0, 1} for every
F ∈ Tξ. Set

T = {E : E ∈ Σ, {ξ : E ∩Xξ /∈ Tξ} is non-stationary}.

Then T is a σ-subalgebra of Σ (because the non-stationary sets form a σ-ideal of subsets of ω1, 4A1Cb),
and contains every open set, by (d); so includes the Borel σ-algebra B of X.

If we set

Eξ = {x : x ∈ Xξ, x(ξ) ≤ 1
2} for each ξ < ω1, E =

⋃
ξ<ω1

Eξ,

then E ∈ Σ. But if F ⊆ X is a Borel set, F ∈ T so µ(E△F ) = ∞. This proves the property (i) claimed for
the example.

(f) Next, for each ξ < ω1, take a negligible dense Gδ set E′
ξ ⊆ Xξ (419B). Set Y =

⋃
ξ<ω1

E′
ξ, so

that µY = 0. If F ⊇ Y is a Borel set, then F ∩ Xξ ⊇ Eξ /∈ Iξ for every ξ < ω1, while F ∈ T, so
{ξ : µξ(F ∩Xξ) = 0} is non-stationary and µF = ∞. Thus µ is not outer regular with respect to the Borel
sets. Taking ν = µ↾B, the subspace measure νY is not semi-finite. PPP We have just seen that νY Y = ν∗Y
is infinite. If F ∈ B and νF < ∞, then A = {ξ : µξ(F ∩ Xξ) > 0} is countable, so F0 =

⋃
ξ∈AE

′
ξ and

F1 = F \
⋃

ξ∈AXξ are negligible Borel sets; since F ∩ Y ⊆ F0 ∪F1, νY (F ∩ Y ) = 0. But this means that νY
takes no values in ]0,∞[ and is not semi-finite. QQQ

Remark X here is not locally compact. But as it is Hausdorff and completely regular, it can be embedded as
a subspace of a locally compact Radon measure space (X ′,T′,Σ′, µ′) (416T). Now µ′ still has the properties
(i)-(iii).

419D Example (Fremlin 75b) There is a complete locally determined τ -additive completion regular
topological measure space (X,T,Σ, µ) in which µ is tight and compact sets have finite measure, but µ is not
localizable.

proof (a) Let I be a set with cardinal greater than c. Set X = [0, 1]I . For i ∈ I, t ∈ [0, 1] set Xit = {x :
x ∈ X, x(i) = t}. Give Xit its natural topology Tit and measure µit, with domain Σit, defined from the
expression of Xit as [0, 1]I\{i} ×{t}, each factor [0, 1] being given its usual topology and Lebesgue measure,
and the singleton factor {t} being given its unique (discrete) topology and (atomic) probability measure.
By 416U, µit is a completion regular Radon measure. Set

T = {G : G ⊆ X, G ∩Xit ∈ Tit for all i ∈ I, t ∈ [0, 1]},

Σ = {E : E ⊆ X, E ∩Xit ∈ Σit for all i ∈ I, t ∈ [0, 1]},

µE =
∑

i∈I,t∈[0,1] µit(E ∩Xit) for every E ∈ Σ.

(Compare 216D.) Then it is easy to check that T is a topology. T is Hausdorff because it is finer(= larger)
than the usual topology S on X; because each Tit is the subspace topology induced by S, it is also the
subspace topology induced by T. Next, the definition of µ makes it a locally determined measure; it is a
tight complete topological measure because every µit is.

(b) If K ⊆ X is compact, µK < ∞. PPP??? Otherwise, M = {(i, t) : i ∈ I, t ∈ [0, 1], µit(K ∩ Xit) > 0}
must be infinite. Take any sequence 〈(in, tn)〉n∈N of distinct elements of M . Choose a sequence 〈xn〉n∈N in
K inductively, as follows. Given 〈xm〉m<n, then set Cni = {xm(i) : m < n} for each i ∈ I, and

An = {x : x ∈ Xintn , x(i) /∈ Cni for i ∈ I \ {in}};
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then µ∗
intn

An = 1 (254Lb). Since µintn(Xit ∩ Xju) = 0 whenever (i, t) 6= (j, u), there must be some
xn ∈ K ∩An \

⋃
m 6=nXim,tm . Continue.

This construction ensures that if i ∈ I and m < n, either i 6= in so xn(i) /∈ Cni and xn(i) 6= xm(i), or
i = in 6= im and xm /∈ Xintn so xn(i) = tn 6= xm(i), or i = im = in and xn(i) = tn 6= tm = xm(i). But this
means that {xn : n ∈ N} is an infinite set meeting each Xit in at most one point, and is closed for T; so
〈xn〉n∈N has no cluster point for T, which is impossible. XXXQQQ

(c) µ is not localizable. PPP Fix on any k ∈ I and consider E = {Xkt : t ∈ [0, 1]}. ??? If E ∈ Σ is an
essential supremum for E , then E ∩Xkt must be µkt-conegligible for every t ∈ [0, 1]. We can therefore find
a countable set Jt ⊆ I and a µkt-conegligible set Ft ⊆ E ∩ Xkt, determined by coordinates in Jt. At this
point recall that #(I) > c, so there is some j ∈ I \ ({k}∪

⋃
t∈[0,1] Jt). Since Xj0 ∩Xkt is negligible for every

t ∈ [0, 1], Xj0 ∩ E must be negligible, and
∫ 1

0
νHtdt = 0, where

Ht = {y : y ∈ [0, 1]I\{j,k}, (y, 0, t) ∈ E}

and ν is the usual measure on [0, 1]I\{j,k}, identifying X with [0, 1]I\{j,k} × [0, 1] × [0, 1]. But because Ft is
determined by coordinates in I \ {j}, we can identify it with F ′

t × [0, 1] × {t} where F ′
t is a ν-conegligible

subset of [0, 1]I\{j,k}, and F ′
t ⊆ Ht, so νHt = 1 for every t, which is absurd. XXX

Thus E has no essential supremum in Σ, and µ cannot be localizable. QQQ

(d) I have still to check that µ is completion regular. PPP If E ∈ Σ and µE > 0, there are i ∈ I, t ∈ [0, 1]
such that µit(E ∩ Xit) > 0, and an F ⊆ E ∩ Xit, a zero set for the subspace topology of Xit, such that
µitF > 0. But now observe that Xit is a zero set in X for the usual topology S, so that F is a zero set
for S (4A2G(c-i)) and therefore for the finer topology T. By 412B, this is enough to show that µ is inner
regular with respect to the zero sets. QQQ

Remark It may be worth noting that the topology T here is not regular. See Fremlin 75b, p. 106.

419E Example (Fremlin 76) Let (Z,S,T, ν) be the Stone space of the measure algebra of Lebesgue
measure on [0, 1], so that ν is a strictly positive completion regular Radon probability measure (411P). Then
the c.l.d. product measure λ on Z×Z is not a topological measure, so is not equal to the τ -additive product
measure λ̃, and λ̃ is not completion regular.

proof Consider the sets W , W̃ described in 346K. We have W ∈ Λ = domλ and W̃ =
⋃
V, where

V = {G×H : G, H ⊆ Z are open-and-closed, (G×H) \W is negligible}.

W̃ is a union of open sets, therefore must be open in Z2. And λ∗W̃ ≤ λW . PPP??? Otherwise, there is a
V ∈ Λ such that V ⊆ W̃ and λV > λW . Now λ is tight, by 412Sb, so there is a compact set K ⊆ V such
that K ∈ Λ and λK > λW . There must be U0, . . . , Un ∈ V such that K ⊆

⋃
i≤n Ui. But λ(Ui \W ) = 0 for

every i, so λ(K \W ) = 0 and λK ≤ λW . XXXQQQ

However, the construction of 346K arranged that λ∗W̃ should be 1 and λW strictly less than 1. So
λ∗W̃ < λ∗W̃ and W̃ /∈ Λ. Accordingly λ is not a topological measure and cannot be equal to the Radon
measure λ̃ of 417P.

We know that λ is inner regular with respect to the zero sets (412Sc) and is defined on every zero set

(417V), while λ̃ properly extends λ. But this means that λ̃ cannot be inner regular with respect to the zero
sets, by 412Mb, that is, cannot be completion regular.

419F Theorem (Rao 69) P(ω1×ω1) = Pω1⊗̂Pω1, the σ-algebra of subsets of ω1 generated by {E×F :
E, F ⊆ ω1}.

proof (a) Because ω1 ≤ c, there is an injection h : ω1 → {0, 1}N; set Ei = {ξ : h(ξ)(i) = 1} for each i ∈ N.

(b) Suppose that A ⊆ ω1 has countable vertical sections. Then A ∈ Pω1⊗̂Pω1. PPP Set B = A−1[ω1]
and for ξ ∈ B choose a surjection fξ : N → A[{ξ}]. Set gn(ξ) = fξ(n) for ξ ∈ B and n ∈ N, and
An = {(ξ, fξ(n)) : ξ ∈ B} for n ∈ N. Then
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An = {(ξ, η) : ξ ∈ B, η = gn(ξ)}

= {(ξ, η) : ξ ∈ B, η < ω1, h(gn(ξ)) = h(η)}

=
⋂

i∈N

(
{(ξ, η) : ξ ∈ g−1

n [Ei], η ∈ Ei} ∪ {(ξ, η) : ξ ∈ B \ g−1
n [Ei], η ∈ ω1 \ Ei}

)

∈ Pω1⊗̂Pω1.

So

A =
⋃

n∈NAn ∈ Pω1⊗̂Pω1. QQQ

(c) Similarly, if a subset of ω1 × ω1 has countable horizontal sections, it belongs to Pω1⊗̂Pω1. But for
any A ⊆ ω1 × ω1, A = A′ ∪A′′ where

A′ = {(ξ, η) : (ξ, η) ∈ A, η ≤ ξ} has countable vertical sections,

A′′ = {(ξ, η) : (ξ, η) ∈ A, ξ ≤ η} has countable horizontal sections,

so both A′ and A′′ belong to Pω1⊗̂Pω1 and A also does.

419G Corollary (Ulam 1930) Let Y be a set of cardinal at most ω1 and µ a semi-finite measure with
domain PY . Then µ is point-supported; in particular, if µ is σ-finite there is a countable conegligible set
A ⊆ Y .

proof ??? Suppose, if possible, otherwise.

(a) We can suppose that Y is either countable or actually equal to ω1. Let µ0 be the point-supported
part of µ, that is, µ0A =

∑
y∈A µ{y} for every A ⊆ Y ; then µ0 is a point-supported measure (112Bd), so is

not equal to µ. Let A ⊆ Y be such that µ0A 6= µA. Then µ0A < µA; because µ is semi-finite, there is a set
B ⊆ A such that µ0A < µB <∞. Set νC = µ(B ∩ C) − µ0(B ∩ C) for C ⊆ Y ; then ν is a non-zero totally
finite measure with domain PY , and is zero on singletons.

(b) As νC = 0 for every countable C ⊆ Y , Y is uncountable and Y = ω1. Let λ = ν × ν be the product
measure on ω1 × ω1. By 419F, the domain of λ is the whole of P(ω1 × ω1); in particular, it contains the set
V = {(ξ, η) : ξ ≤ η < ω1}. Now by Fubini’s theorem

λV =
∫
νV [{ξ}]ν(dξ) =

∫
ν(ω1 \ ξ)ν(dξ) = (νω1)2 > 0,

and also

λV =
∫
νV −1[{η}]ν(dη) =

∫
ν(η + 1)ν(dη) = 0. XXX

Remark I ought to remark that this result, though not 419F, is valid for many other cardinals besides ω1;
see, in particular, 438C below. There will be more on this topic in Chapter 54 of Volume 5.

419H For the next two examples it will be helpful to know some basic facts about Lebesgue measure
which seemed a little advanced for Volume 1 and for which I have not found a suitable place since.

Lemma If (X,T,Σ, µ) is an atomless Radon measure space and E ∈ Σ has non-zero measure, then #(E) ≥ c.

proof The subspace measure on E is a Radon measure (416Rb), therefore compact and perfect (416Wa),
and is not purely atomic; by 344H, there is in fact a negligible subset of E with cardinal c.

419I The next result is a strengthening of 134D.

Lemma Let µ be Lebesgue measure on R, and H any measurable subset of R. Then there is a disjoint
family 〈Aα〉α<c of subsets of H such that H is a measurable envelope of every Aα; in particular, µ∗Aα = 0
and µ∗Aα = µH for every α < c.

proof If µH = 0, we can take every Aα to be empty; so suppose that µH > 0. Let E be the family of
closed subsets of H of non-zero measure. By 4A3Fa, #(E) ≤ c; enumerate E × c as 〈(Fξ, αξ)〉ξ<c (3A1Ca).
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Choose 〈xξ〉ξ<c inductively, as follows. Given 〈xη〉η<ξ, where ξ < c, Fξ has cardinal (at least) c, by 419H,
so cannot be included in {xη : η < ξ}; take any xξ ∈ Fξ \ {xη : η < ξ}, and continue.

At the end of the induction, set

Aα = {xξ : ξ < c, αξ = α}.

Then the Aα are disjoint just because the xξ are distinct.
??? Suppose, if possible, that H is not a measurable envelope of Aα for some α. Then µ∗(H \ Aα) > 0

(413Ei), so there is a non-negligible measurable set E ⊆ H \ Aα. Now there is an F ∈ E such that F ⊆ E.
Let ξ < c be such that F = Fξ and α = αξ; then xξ ∈ Aα ∩ F , which is impossible. XXX

Thus H is always a measurable envelope of Aα. It follows from the definition of ‘measurable envelope’
that µ∗Aα = µH. But also, if α < c, µ∗Aα ≤ µ∗(H \Aα+1), which is 0, as we have just seen. So we have a
suitable family.

419J Example There is a complete probability space (X,Σ, µ) with a Hausdorff topology T on X such
that µ is τ -additive and inner regular with respect to the Borel sets, T is generated by T ∩ Σ, but µ has no
extension to a topological measure.

proof (a) Set Y = ω1 + 1 = ω1 ∪{ω1}. Let T be the σ-algebra of subsets of Y generated by {{ξ} : ξ < ω1}.
Let ν be the probability measure with domain T defined by the formula

νF =
1

2
#(F ∩ {0, ω1}) for every F ∈ T.

Set

S = {∅, Y } ∪ {H : 0 ∈ H ⊆ ω1}.

This is a topology on Y , and every subset of Y is a Borel set for S; so ν is surely inner regular with respect
to the Borel sets.

Note that

{{0, α} : α < ω1} ∪ {Y }

is a base for S included in T.

(b) Set Z = Y N × [0, 1]. Let λ be the product probability measure on Z when each copy of Y is given
the measure ν and [0, 1] is given Lebesgue measure µL; let U be the product topology when each copy of
Y is given the topology S and [0, 1] its usual topology. Let Λ be the domain of λ and Λ0 the σ-algebra
generated by sets of the form {(x, t) : x(i) ∈ F , t ∈ [0, 1], t < q} where i ∈ N, F ∈ T and q ∈ Q; then ν is
inner regular with respect to Λ0 (see 254Ff). Note that U ∩ Λ0 is a base for U because S ∩ T is a base for
S, and λ is inner regular with respect to the U-Borel sets (412Uc, or otherwise).

Define φ : {0, 1}N → Y N by setting

φ(u, t)(n) = 0 if u(n) = 0,

= ω1 if u(n) = 1,

and set ψ(u, t) = (φ(u), t) for u ∈ {0, 1}N, t ∈ [0, 1]. Then ψ is continuous, just because U is a product
topology. Let νω × µL be the product measure on {0, 1}N × [0, 1]; then ψ is inverse-measure-preserving for
νω × µL and λ, by 254H.

If V ∈ Λ0 there is an α < ω1 such that

if x, y ∈ Y N, t ∈ [0, 1] and y(i) = x(i) whenever min(x(i), y(i)) < α, then (x, t) ∈ V iff (y, t) ∈ V .

PPP Let W be the family of sets V ⊆ Z with this property. Then W is a σ-algebra of subsets of Z containing
every measurable cylinder, so includes Λ0. QQQ

(c) #(Λ0) ≤ c. PPP Set

Aiξ = {(x, t) : x ∈ Y N, t ∈ [0, 1], x(i) = ξ}, A′
q = {(x, t) : x ∈ Y N, t ∈ [0, 1], t ≤ q};

for i ∈ N, ξ < ω1 and q ∈ Q, and

A = {Aiξ : i ∈ N, ξ < ω1} ∪ {A′
q : q ∈ Q}.
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Then Λ0 is the σ-algebra of subsets of Z generated by A, and #(A) = ω1 ≤ c, so #(Λ0) ≤ c (4A1O). QQQ

(d) There is a family 〈zξ〉ξ<c in Z such that

(α) whenever W ∈ Λ and λW > 0 there is a ξ < c such that zξ ∈ W and λ(H ∩W ) > 0
whenever H is a measurable open subset of Z containing zξ,

(β) setting zξ = (xξ, tξ) for each ξ, there is for every ξ < c a j ∈ N such that 0 < xξ(j) < ω1,
(γ) tξ 6= tη if η < ξ < c.

PPP By 4A3Fa, the set of closed subsets of {0, 1}N × [0, 1] has cardinal at most c, so there is a family
〈(Kξ, Vξ)〉ξ<c running over all pairs (K,V ) such that V ∈ Λ0 and K ⊆ ψ−1[V ] is a non-negligible compact
set. Choose 〈(xξ, tξ)〉ξ<c inductively, as follows. Given 〈tη〉η<ξ where ξ < c, then

{t : t ∈ [0, 1], νωK
−1
ξ [{t}] > 0}

is a non-negligible measurable subset of [0, 1], so has cardinal c (419H); let tξ be a point of this set distinct

from every tη for η < ξ. Now Lemma 345E tells us that there are points u, u′ ∈ K−1
ξ [{tξ}] which differ at

exactly one coordinate j ∈ N; suppose that u(j) = 1 and u′(j) = 0.
Let α < ω1 be such that if x, y ∈ Y N, t ∈ [0, 1] and y(i) = x(i) whenever min(x(i), y(i)) < α, then

(x, t) ∈ Vξ iff (y, t) ∈ Vξ. Define xξ ∈ Y N by setting xξ(j) = α and xξ(i) = φ(u)(i) for i 6= j. Then
zξ = (xξ, tξ) belongs to Vξ. If H ⊆ Z is any open set containing zξ, we have a sequence 〈Hi〉i∈N in S

such that xξ ∈
∏

i∈NHi and
∏

i∈NHi × {tξ} ⊆ H; now Hj 6= ∅ so 0 ∈ Hj and φ(u′) ∈
∏

i∈NHi, so that

(u′, tξ) ∈ Kξ ∩ ψ
−1[H]. Continue.

The construction ensures that (β) and (γ) are satisfied. Now, if λW > 0, let V ∈ Λ0 be such that V ⊆W
and λV > 0. In this case, (νω × µL)(ψ−1[V ]) > 0; let K ⊆ ψ−1[V ] be a self-supporting non-negligible
compact set. Let ξ < c be such that (K,V ) = (Kξ, Vξ). Then zξ ∈ Vξ = V ⊆W . If H is a measurable open
subset of Z containing zξ, then K ∩ψ−1[H] is not empty; as ψ is continuous and inverse-measure-preserving
and K is self-supporting,

0 < (νω × µL)(K ∩ ψ−1[H]) ≤ (νω × µL)ψ−1[V ∩H] = λ(V ∩H) ≤ λ(W ∩H).

So (α) is satisfied. QQQ

(e) Set X = {zξ : ξ < c} and let µ be the subspace measure on X induced by λ; let T be the subspace
topology on X.

(i) λ is complete, so µ also is. Next, µX = λ∗X = 1. PPP??? Otherwise, there is a W ∈ Λ such that
λW > 0 and X ∩W = ∅. But we know that there is now some ξ < c such that zξ ∈W . XXXQQQ

(ii) T is Hausdorff because the projection from X to [0, 1] is injective and continuous. T is generated
by T ∩ Σ because U is generated by U ∩ Λ. µ is inner regular with respect to the Borel sets because λ is
(412Pb).

(iii) µ is τ -additive. PPP??? Suppose, if possible, otherwise. Then there is an upwards-directed family G
of measurable open subsets of X such that G∗ =

⋃
G is measurable and µG∗ > supG∈G µG. Let H be the

family of sets H ∈ Λ∩U such that H ∩X is included in some member of G; because U is generated by U∩Λ,
G∗ = W ∩X, where W =

⋃
H. At the same time, there is a V ∈ Λ such that G∗ = X ∩ V .

Because G is upwards-directed, so is H. Because X has full outer measure,

supH∈H λH = supH∈H µ(X ∩H) ≤ supG∈G µG < µG∗ = λV .

Let 〈Hn〉n∈N be a non-decreasing sequence in H such that supn∈N λHn = supH∈H λH, and set W0 =⋃
n∈NHn; then λW0 < λV and λ(H \ W0) = 0 for every H ∈ H. However, λ(V \ W0) > 0, so there

is a z ∈ X ∩ V \ W0 such that λ(H ∩ V \ W0) > 0 for every measurable open set H containing z. As
z ∈ X ∩ V = X ∩W , there must be an H ∈ H containing z, so this is impossible. XXXQQQ

(iv) ??? Suppose, if possible, that there is a topological measure µ̃ on X agreeing with µ on every open
set in the domain of µ. For each i ∈ N, set πi(x) = x(i) for (x, t) ∈ X. Every subset of Y is a Borel set for S;
because πi is continuous for T and S, the image measure µ̃π−1

i has domain PY . Now #(Y ) = ω1, so there

must be a countable conegligible set (419G), and there must be some αi < ω1 such that µ̃π−1
i (ω1 \ αi) = 0.

On the other hand,

µ̃π−1
i (αi \ {0}) = µπ−1

i (αi \ {0}) = λ{(x, t) : 0 < x(i) < αi} = ν(αi \ {0}) = 0,
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so µ̃π−1
i (ω1 \ {0}) = 0.

But (d-β) ensures that

X =
⋃

i∈N π
−1
i (ω1 \ {0}),

so this is impossible. XXX
Thus we have the required example.

Remark I note that the topology of X is not regular. Of course the phenomenon here cannot arise with
regular spaces, by 415M.

419K Example (Blackwell 56) There are sequences 〈Xn〉n∈N, 〈Tn〉n∈N and 〈νn〉n∈N such that (i)
for each n, (Xn,Tn) is a separable metrizable space and νn is a quasi-Radon probability measure on Zn =∏

i≤nXi (ii) for m ≤ n the canonical map πmn : Zn → Zm is inverse-measure-preserving (iii) there is no

probability measure on Z =
∏

i∈NXi such that all the canonical maps from Z to Zn are inverse-measure-
preserving.

proof Let 〈An〉n∈N be a disjoint sequence of subsets of [0, 1] such that µ∗([0, 1]\An) = 0, that is, µ∗An = 1
for every n, where µ is Lebesgue measure (using 419I). Set Xn =

⋃
i≥nAi, so that 〈Xn〉n∈N is a non-increasing

sequence of sets of outer measure 1 with empty intersection. For each n ≥ 1, we have a map fn : Xn → Zn

defined by setting fn(x)(i) = x for every i ≤ n, x ∈ Xn. Let νn be the image measure µXn
f−1
n , where

µXn
is the subspace measure on Xn induced by µ. Note that fn is a homeomorphism between Xn and the

diagonal ∆n = {z : z ∈ Zn, z(i) = z(j) for all i, j ≤ n}, which is a closed subset of Zn; so that νn, like µXn
,

is a quasi-Radon probability measure.
If m ≤ n, then πmn is inverse-measure-preserving, where πmn(z)(i) = z(i) for z ∈ Zn and i ≤ m. PPP

If W ⊆ Zm is measured by νm, then f−1
m [W ] is measured by µXm

, so is of the form Xm ∩ E where E is
Lebesgue measurable. But in this case f−1

n [π−1
mn[W ]] = Xn ∩ E, so that

νn(π−1
mn[W ]) = µXn

(f−1
n [π−1

mn[W ]]) = µ∗(Xn ∩ E) = µE = µ∗(Xm ∩ E) = νmW . QQQ

??? But suppose, if possible, that there is a probability measure ν on Z =
∏

i∈NXi such that πn : Z → Zn

is inverse-measure-preserving for every n, where πn(z)(i) = z(i) for z ∈ Z and i ≤ n. Then

νπ−1
n [∆n] = νn∆n = µXn

f−1
n [∆n] = 1

for each n, so

1 = ν(
⋂

n∈N π
−1
n [∆n]) = ν{z : z ∈ Z, z(i) = z(j) for all i, j ∈ N} = ν∅,

because
⋂

n∈NXn = ∅; which is impossible. XXX

419L The split interval again (a) For the sake of an example in §343, I have already introduced the
‘split interval’ or ‘double arrow space’. As this construction gives us a topological measure space of great
interest, I repeat it here. Let I‖ be the set {a+ : a ∈ [0, 1]} ∪ {a− : a ∈ [0, 1]}. Order it by saying that

a+ ≤ b+ ⇐⇒ a− ≤ b+ ⇐⇒ a− ≤ b− ⇐⇒ a ≤ b, a+ ≤ b− ⇐⇒ a < b.

Then it is easy to check that I‖ is a totally ordered space, and that it is Dedekind complete. (If A ⊆ [0, 1] is
a non-empty set, then supa∈A a

− = (supA)−, while supa∈A a
+ is either (supA)+ or (supA)−, depending on

whether supA belongs to A or not.) Its greatest element is 1+ and its least element is 0−. Consequently the
order topology on I‖ is a compact Hausdorff topology (4A2Ri, Alexandroff & Urysohn 1929). Note
that Q = {q+ : q ∈ [0, 1] ∩Q} ∪ {q− : q ∈ [0, 1] ∩Q} is dense, because it meets every non-trivial interval in
I‖. By 4A2E(a-ii) and 4A2Rn, I‖ is ccc and hereditarily Lindelöf.

(b) If we define h : I‖ → [0, 1] by writing h(a+) = h(a−) = a for every a ∈ [0, 1], then h is continuous,
because {x : h(x) < a} = {x : x < a−}, {x : h(x) > a} = {x : x > a+} for every a ∈ [0, 1]. Now
we can describe the Borel sets of I‖, as follows: a set E ⊆ I‖ is Borel iff there is a Borel set F ⊆ [0, 1]
such that E△h−1[F ] is countable. PPP Write Σ0 for the family of subsets E of I‖ such that E△h−1[F ]
is countable for some Borel set F ⊆ [0, 1]. It is easy to check that Σ0 is a σ-algebra of subsets of I‖.
(If E△h−1[F ] is countable, so is (I‖ \ E)△h−1[[0, 1] \ F ]; if En△h

−1[Fn] is countable for every n, so is
(
⋃

n∈NEn)△h−1[
⋃

n∈N Fn].) Because the topology of I‖ is Hausdorff, every singleton set is closed, so every
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countable set is Borel. Also h−1[F ] is Borel for every Borel set F ⊆ [0, 1], because h is continuous (4A3Cd).
So if E△h−1[F ] is countable for some Borel set F ⊆ [0, 1], E = h−1[F ]△(E△h−1[F ]) is a Borel set in I‖.
Thus Σ0 is included in the Borel σ-algebra B of I‖. On the other hand, if J ⊆ I‖ is an interval, h[J ] also is
an interval, therefore a Borel set, and h−1[h[J ]] \ J can contain at most two points, so J ∈ Σ0. If G ⊆ I‖ is
open, it is expressible as

⋃
i∈I Ji, where 〈Ji〉i∈I is a disjoint family of non-empty open intervals (4A2Rj). As

X is ccc, I must be countable. Thus G is expressed as a countable union of members of Σ0 and belongs to
Σ0. But this means that the Borel σ-algebra B must be included in Σ0, by the definition of ‘Borel algebra’.
So B = Σ0, as claimed. QQQ

(c) In 343J I described the standard measure µ on I‖; its domain is the set Σ = {h−1[F ]△M : F ∈
ΣL, M ⊆ I‖, µLh[M ] = 0}, where ΣL is the set of Lebesgue measurable subsets of [0, 1] and µL is Lebesgue
measure, and µE = µLh[E] for E ∈ Σ. h is inverse-measure-preserving for µ and µL.

The new fact I wish to mention is: µ is a completion regular Radon measure. PPP I noted in 343Ja that it
is a complete probability measure; a fortiori, it is locally determined and locally finite. If G ⊆ I‖ is open,
then we can express it as h−1[F ]△C for some Borel set F ⊆ [0, 1] and countable C ⊆ I‖ ((b) above), so it
belongs to Σ; thus µ is a topological measure. If E ∈ Σ and µE > γ, then F = [0, 1] \ h[I‖ \E] is Lebesgue
measurable, and µE = µLF . So there is a compact set L ⊆ F such that µLL ≥ γ. But now K = h−1[L] ⊆ E
is closed, therefore compact, and µK ≥ γ. Moreover, L is a zero set, being a closed set in a metrizable space
(4A2Lc), so K is a zero set (4A2C(b-iv)). As E and γ are arbitrary, µ is inner regular with respect to the
compact zero sets, and is a completion regular Radon measure. QQQ

419X Basic exercises (a) Show that the topological space X of 419A is zero-dimensional.

(b) Give an example of a compact Radon probability space in which every dense Gδ set is conegligible.
(Hint : 411P.)

(c) In 419E, show that we can start from any atomless probability measure in place of Lebesgue measure
on [0, 1].

>>>(d)(i) Show that if E ⊆ R2 is Lebesgue measurable, with non-zero measure, then it cannot be covered
by fewer than c lines. (Hint : if H = {t : µ1E[{t}] > 0}, where µ1 is Lebesgue measure on R, then µ1H > 0,
so #(H) = c. So if we have a family L of lines, with #(L) < c, there must be a t ∈ H such that Lt = {t}×R

does not belong to L. Now #(Lt ∩ E) = c and each member of L meets Lt ∩ E in at most one point.)
(ii) Show that there is a subset A of R2, of full outer measure, which meets every vertical line and every
horizontal line in exactly one point. (Hint : enumerate R as 〈tξ〉ξ<c and the closed sets of non-zero measure
as 〈Fξ〉ξ<c . Choose 〈Iξ〉ξ<c such that every Iξ is finite, no two points of Iξ ∪

⋃
η<ξ Iη lie on any horizontal

or vertical line, the lines {tξ} × R and R× {tξ} both meet Iξ ∪
⋃

η<ξ Iη, and Iξ meets Fξ.) (iii) Show that

there is a subset B of R2, of full outer measure, such that every straight line meets B in exactly two points.
(Hint : enumerate the straight lines in R2 as 〈Lξ〉ξ<c . Choose 〈Jξ〉ξ<c such that every Jξ is finite, no three
points of Jξ ∪

⋃
η<ξ Jη lie on any line, Lξ ∩ (Jξ ∪

⋃
η<ξ Jη) has just two points and Jξ ∩ Fξ 6= ∅.)

(e) Show that there is a subset A of the Cantor set C (134G) such that A+A is not Lebesgue measurable.
(Hint : enumerate the closed non-negligible subsets of C + C = [0, 2] as 〈Fξ〉ξ<c. Choose xξ ∈ C, yξ ∈ C,
zξ ∈ Fξ so that zξ /∈ Aξ + Aξ and xξ + yξ ∈ Fξ and Aξ+1 + Aξ+1 does not meet {zη : η ≤ ξ}, where
Aξ = {xη : η < ξ} ∪ {yη : η < ξ}.)

(f) Let R‖ be the split line, that is, the set {a+ : a ∈ R} ∪ {a− : a ∈ R}, ordered by the rules in
419L. Show that R‖ is a Dedekind complete totally ordered set, so that its order topology T is locally
compact. Write µL for Lebesgue measure on R and ΣL for its domain. Set h(a+) = h(a−) = a for a ∈ R,
Σ = {E : E ⊆ X, h[E] ∈ ΣL, µL(h[E] ∩ h[X \ E]) = 0}, µE = µLh[E] for E ∈ Σ. Show that µ is a
completion regular Radon measure on R‖ and that h is continuous and inverse-measure-preserving for µ and
µL. Show that the set {a+ : a ∈ R}, with the induced topology and measure, is isomorphic, as quasi-Radon
measure space, to the Sorgenfrey line (415Xc) with Lebesgue measure. Show that R‖ and the Sorgenfrey
line are hereditarily Lindelöf.
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(g) Let µ be Lebesgue measure on [0, 1] and Σ its domain. Let I‖ be the split interval. (i) Show
that the functions x 7→ x+ : [0, 1] → I‖ and x 7→ x− : [0, 1] → I‖ are measurable. (Hint : 419Lb.) (ii)
Show that the function x 7→ (x+, x−) : [0, 1] → (I‖)2 is not measurable. (Hint : the subspace topology on
{(x+, x−) : x ∈ [0, 1]} is discrete.)

>>>(h)(i) Again writing I‖ for the split interval, show that the function which exchanges x+ and x− for
every x ∈ [0, 1] is a Borel automorphism and an automorphism for the usual Radon measure ν on I‖, but is
not almost continuous. (ii) Show that if we set f(x) = x+ for x ∈ [0, 1], then f is inverse-measure-preserving
for Lebesgue measure µL on [0, 1], but the image measure µLf

−1 is not ν (nor, indeed, a Radon measure).

(i) Show that the split interval I‖ is perfectly normal, but that I‖ × I‖ is not perfectly normal.

419Y Further exercises (a) In the example of 419E, show that there is a Borel set V ⊆ Z2 such that

λ̃V = 0 and λ∗V = 1.

(b) Show that if A ⊆ Pω1 is any family with #(A) ≤ ω1, there is a countably generated σ-algebra Σ of
subsets of ω1 such that A ⊆ Σ.

(c) Show that the split interval with its usual topology and measure has the simple product property
(417Yi).

(d) Give an example of a Lebesgue measurable function φ : R2 → R such that dom
∂φ

∂ξ1
is not measurable.

(Compare 222Yd, 225Yg, 262Yc.)

419 Notes and comments The construction of the locally compact space X in 419A from the family
〈Iξ〉ξ<κ is a standard device which has been used many times. The relation ⊆∗ also appears in many
contexts. In effect, part of the argument is taking place in the quotient algebra A = PQ/[Q]<ω, since
I ⊆∗ J iff I• ⊆ J• in A; setting I# = {I• : I ∈ I}, the cardinal κ is min{#(A) : A ⊆ I# has no upper
bound in I#}, the ‘additivity’ of the partially ordered set I#. Additivities of partially ordered sets will be
one of the important concerns of Volume 5. I remark that we do not need to know whether (for instance)
κ = ω1 or κ = c. This is an early taste of the kind of manoeuvre which has become a staple of set-theoretic
analysis. It happens that the cardinal κ here is one of the most important cardinals of set-theoretic measure
theory; it is ‘the additivity of Lebesgue measure’ (529Xe11), and under that name will appear repeatedly in
Volume 5.

Observe that the measure µ of 419A only just fails to be a quasi-Radon measure; it is locally finite instead
of being effectively locally finite. And it would be a Radon measure if it were inner regular with respect to
the compact sets, rather than just with respect to the closed sets.

419C and 419D are relevant to the question: have I given the ‘right’ definition of Radon measure space?
419C is perhaps more important. Here we have a Radon measure space (on my definition) for which the
associated Borel measure is not localizable. (If A is the measure algebra of the measure µ, and B the measure
algebra of µ↾B where B is the Borel σ-algebra of X, then the embedding B ⊂→ Σ induces an embedding of
B in A which represents B as an order-dense subalgebra of A, just because µ is inner regular with respect
to B. Property (i) of 419C shows that B 6= A, so B cannot be Dedekind complete in itself, by 314Ib.) Since
(I believe) localizable versions of measure spaces should almost always be preferred, I take this as strong
support for my prejudice in favour of insisting that ‘Radon’ measure spaces should be locally determined
as well as complete. Property (ii) of 419C is not I think of real significance, but is further evidence, to be
added to 415Xi, that outer regularity is like an exoskeleton: it may inhibit growth above a certain size.

In 419D I explore the consequences of omitting the condition ‘locally finite’ from the definition of Radon
measure. Even if we insist instead that compact sets should have finite measure, we are in danger of getting
a non-localizable measure. Of course this particular space is pathological in terms of most of the criteria of
this chapter – for instance, every non-empty open set has infinite measure, and the topology is not regular.

11Formerly 529Xc.
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Perhaps the most important example in the section is 419E. The analysis of τ -additive product measures
in §417 was long and difficult, and if these were actually equal to the familiar product measures in all
important cases the structure of the theory would be very different. But we find that for one of the standard
compact Radon probability spaces of the theory, the c.l.d. product measure on its square is not a Radon
measure, and something has to be done about it.

I present 419J here to indicate one of the obstacles to any simplification of the arguments in 417C and
417E. It is not significant in itself, but it offers a welcome excuse to describe some fundamental facts about
ω1 (419F-419G). Similarly, 419K asks for some elementary facts about Lebesgue measure (419H-419I) which
seem to have got left out. This example really is important in itself, as it touches on the general problem of
representing stochastic processes, to which I will return in Chapter 45.

Version of 1.1.17

Concordance to Chapter 41

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

411I Completion regular measures The definition of ‘completion regular’ measure, referred to in
Fremlin 00, has been moved to 411J.

412L Uniqueness of measures Corollary 412L, referred to in the 2008 and 2015 printings of Volume
5, is now 412Ma.

413R Countably compact classes Lemma 413R, referred to in Fremlin 00, is now 413T.

413I Inner measure The constructions in 413H and 413J, referred to in König p09b and the 2008 and
2015 editions of Volume 5, are now 413I and 413K.

413Yf Uniform exhaustivity Exercise 413Yf, referred to in the 2008 and 2015 editions of Volume 5,
is now 413Yh.

414N Density topologies The note on ‘density topologies’, referred to in the 2001 edition of Volume
2, has been moved to 414P.

415Xp This exercise, referred to in the 2008 and 2015 printings of Volume 5, has been moved to 415Xs.

415Yd Sorgenfrey line This exercise, referred to in the 2001 edition of Volume 2, has been moved to
415Ye.

416M Henry’s theorem, mentioned in König 04, has been re-named 416N.

416P The algebra of open-and-closed subsets This paragraph, referred to in the 2002 edition of
Volume 3, has been moved to 416Q.

416T Kakutani’s theorem The description of the usual measure on {0, 1}κ, referred to in Fremlin &

Plebanek 03, has been moved to 416U.

417E τ-additive product measures The reference in Fremlin 00 to Kakutani’s theorem that the
product measure on {0, 1}I is completion regular should be directed to 415E or 416U rather than 417E.

c© 2005 D. H. Fremlin
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419H The example 419H of a measure, inner regular with respect to the Borel sets but with no extension
to a topological measure, mentioned in König p09, is now 419J.

419J Partitions into sets of full outer measure Lemma 419J, mentioned in the 2004 edition of
Volume 1, has been moved to 419I.
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