Version of 14.12.06

I return in this volume to the study of measure spaces rather than measure algebras. For fifty years now
measure theory has been intimately connected with general topology. Not only do a very large proportion
of the measure spaces arising in applications carry topologies related in interesting ways to their measures,
but many questions in abstract measure theory can be effectively studied by introducing suitable topologies.
Consequently any course in measure theory at this level must be frankly dependent on a substantial knowl-
edge of topology. With this proviso, I hope that the present volume will be accessible to graduate students,
and will lead them to the most important ideas of modern abstract measure theory.

The first and third chapters of the volume seek to provide a thorough introduction into the ways in which
topologies and measures can interact. They are divided by a short chapter on descriptive set theory, on
the borderline between set theory, logic, real analysis and general topology, which I single out for detailed
exposition because I believe that it forms an indispensable part of the background of any measure theorist.
Chapter 41 is dominated by the concepts of inner regularity and 7-additivity, coming together in Radon
measures (§416). Chapter 43 concentrates rather on questions concerning properties of a topological space
which force particular relationships with measures on that space. But plenty of side-issues are treated in
both, such as Lusin measurability (§418), the definition of measures from linear functionals (§436) and
measure-free cardinals (§438). Chapters 45 and 46 continue some of the same themes, with particular
investigations into ‘disintegrations’ or regular conditional probabilities (§§452-453), stochastic processes
(§8454-456), Talagrand’s theory of stable sets (§465) and the theory of measures on normed spaces (§5466-
467).

In contrast with the relatively amorphous structure of Chapters 41, 43, 45 and 46, four chapters of this
volume have definite topics. I have already said that Chapter 42 is an introduction to descriptive set theory;
like Chapters 31 and 35 in the preceding volume, it is a kind of appendix brought into the main stream of
the argument. Chapter 44 deals with topological groups. Most of it is of course devoted to Haar measure,
giving the Pontryagin-van Kampen duality theorem (§445) and the Tonescu Tulcea theorem on the existence
of translation-invariant liftings (§447). But there are also sections on Polish groups (§448) and amenable
groups (§449), and some of the general theory of measures on measurable groups (§444). Chapter 47 is a
second excursion, after Chapter 26, into geometric measure theory. It starts with Hausdorff measures (§471),
gives a proof of the Di Giorgio-Federer Divergence Theorem (§475), and then examines a number of examples
of ‘concentration of measure’ (§476). In the second half of the chapter, §§477-479, I decribe Brownian motion
and use it as a basis of the theory of Newtonian capacity. In Chapter 48, I set out the elementary theory of
gauge integrals, with sections on the Henstock and Pfeffer integrals (§§483-484). Finally, in Chapter 49, I
give notes on seven special topics: equidistributed sequences (§491), combinatorial forms of concentration of
measure (§492), extremely amenable groups and groups of measure-preserving automorphisms (§§493-494),
Poisson point processes (§495), submeasures (§496), Szemerédi’s theorem (§497) and subproducts in product
spaces (§498).

I had better mention prerequisites, as usual. To embark on this material you will certainly need a solid
foundation in measure theory. Since I do of course use my own exposition as my principal source of references
to the elementary ideas, I advise readers to ensure that they have easy access to all three previous volumes
before starting serious work on this one. But you may not need to read very much of them. It might be
prudent to glance through the detailed contents of Volume 1 and the first five chapters of Volume 2 to check
that most of the material there is more or less familiar. I think §417 might be difficult to read without at
least the results-only version of Chapter 25 to hand. But Volume 3, and the last three chapters of Volume
2, can probably be left on one side for the moment. Of course you will need the Lifting Theorem (Chapter
34) for §8447, 452 and 453, and Chapter 26 is essential background for Chapter 47, while Chapter 28 (on
Fourier analysis) may help to make sense of Chapter 44, and parts of Chapter 27 (on probability theory) are
necessary for §§455-456 and 458-459. You will certainly need some Fourier analysis for §479. And measure
algebras are mentioned in every chapter except (I think) Chapter 48; but I hope that the cross-references
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are precise enough to lead you to what you need to know at any particular point. Even Maharam’s theorem
is hardly used in this volume.

What you will need, apart from any knowledge of measure theory, is a sound background in general
topology. This volume calls on a great many miscellaneous facts from general topology, and the list in
§4A2 is not a good place to start if continuity and compactness and the separation axioms are unfamiliar.
My primary reference for topology is ENGELKING 89. I do not insist that you should have read this book
(though of course I hope you will do so sometime); but I do think you should make sure that you can use it.

In the general introduction to this treatise, I wrote ‘I make no attempt to describe the history of the
subject’, and I have generally been casual — some would say negligent — in my attributions of results to their
discoverers. Through much of the first three volumes I did at least have the excuse that the history exists
in print in far more detail than I am qualified to describe. In the present volume I find my position more
uncomfortable, in that I have been watching the evolution of the subject relatively closely over the last forty
years, and ought to be able to say something about it. Nevertheless I remain reluctant to make definite
statements crediting one person rather than another with originating an idea. My more intimate knowledge
of the topic makes me even more conscious than elsewhere of the danger of error and of the breadth of
reading that would be necessary to produce a balanced account. In some cases I do attach a result to a
specific published paper, but these attributions should never be regarded as an assertion that any particular
author has priority; at most, they declare that a historian should examine the source cited before coming to
any decision. I assure my friends and colleagues that my omissions are not intended to slight either them
or those we all honour. What I have tried to do is to include in the bibliography to this volume all the
published work which (as far as T am consciously aware) has influenced me while writing it, so that those
who wish to go into the matter will have somewhere to start their investigations.

Note on second printing

I fear that there were even more errors, not all of them trivial, in the first printing of this volume than there
were in previous volumes. I have tried to correct those which I have noticed; many surely remain. Apart from
these, there are many minor expansions and elaborations, and a couple of new results, but few new ideas and
no dramatic rearrangements. Details may be found in http://wwwl.essex.ac.uk/maths/people/fremlin
/mterr4.03.pdf.

Both printers and readers found that the 945-page format of the first printing was hard to handle. T have
therefore divided the volume into two parts for the second printing. I hope you will find that the additional
convenience is worth the the increase in cost.

Note on second (‘Lulu’) edition

I was right about many errors remaining (particularly in §458, on relative independence), and I hope I have
cleared some of them out of the way. There are substantial additions in the new edition, the most important
being a vastly expanded §455 on Lévy processes, an account of Brownian motion and Newtonian potential
in §8477-479, and Tao’s proof of Szemerédi’s theorem in §497. I have included theorems of A.Térnquist and
G.W.Mackey on the realization of group actions on measure algebras, some material on a version of the
Kantorovich-Rubinstein distance between two measures, and a section on Maharam submeasures (§496).
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Version of 17.4.10
Chapter 41
Topologies and Measures 1

I begin this volume with an introduction to some of the most important ways in which topologies and
measures can interact, and with a description of the forms which such constructions as subspaces and
product spaces take in such contexts. By far the most important concept is that of Radon measure (411Hb,
§416). In Radon measure spaces we find both the richest combinations of ideas and the most important
applications. But, as usual, we are led both by analysis of these ideas and by other interesting examples to
consider wider classes of topological measure space, and the greater part of the chapter, by volume, is taken
up by a description of the many properties of Radon measures individually and in partial combinations.

I begin the chapter with a short section of definitions (§411), including a handful of more or less elementary
examples. The two central properties of a Radon measure are ‘inner regularity’ (411B) and ‘r-additivity’
(411C). The former is an idea of great versatility which I look at in an abstract setting in §412. I take a
section (8413) to describe some methods of constructing measure spaces, extending the rather limited range
of constructions offered in earlier volumes. There are two sections on T-additive measures, §§414 and 417;
the former covers the elementary ideas, and the latter looks at product measures, where it turns out that
we need a new technique to supplement the purely measure-theoretic constructions of Chapter 25. On the
way to Radon measures in §416, I pause over ‘quasi-Radon’ measures (411Ha, §415), where inner regularity
and 7-additivity first come effectively together.

The possible interactions of a topology and a measure on the same space are so varied that even a brief
account makes a long chapter; and this is with hardly any mention of results associated with particular types
of topological space, most of which must wait for later chapters. But I include one section on the two most
important classes of functions acting between topological measure spaces (§418), and another describing
some examples to demonstrate special phenomena (§419).

Version of 31.12.08

411 Definitions

In something of the spirit of §211, but this time without apologising, I start this volume with a list of
definitions. The rest of Chapter 41 will be devoted to discussing these definitions and relationships between
them, and integrating the new ideas into the concepts and constructions of earlier volumes; I hope that
by presenting the terminology now I can give you a sense of the directions the following sections will take.
I ought to remark immediately that there are many cases in which the exact phrasing of a definition is
important in ways which may not be immediately apparent.

411A 1 begin with a phrase which will be a useful shorthand for the context in which most, but not all,
of the theory here will be developed.

Definition A topological measure space is a quadruple (X, %, 3, u) where (X, X, 1) is a measure space
and ¥ is a topology on X such that T C 3, that is, every open set (and therefore every Borel set) is
measurable.

411B Now I come to what are in my view the two most important concepts to master; jointly they will
dominate the chapter.

Definition Let (X, ¥, 1) be a measure space and K a family of sets. I say that u is inner regular with
respect to I if

uE =sup{pK: K € ¥NK, K C E}
for every E € 3. (Cf. 256Ac, 342Aa.)
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4 Topologies and measures I 411B

Remark Note that in this definition I do not assume that K C X, nor even that  C PX. But of course
will be inner regular with respect to K iff it is inner regular with respect to L N X.

It is convenient in this context to interpret sup () as 0, so that we have to check the definition only when
uE > 0, and need not insist that ) € K.

411C Definition Let (X, X, u) be a measure space and T a topology on X. I say that p is 7-additive
(the phrase 7-regular has also been used) if whenever G is a non-empty upwards-directed family of open
sets such that G C ¥ and |JG € ¥ then p(|JG) = supgeg 1G.

Remark Note that in this definition I do not assume that every open set is measurable. Consequently we
cannot take it for granted that an extension of a 7-additive measure will be 7-additive; on the other hand,
the restriction of a 7-additive measure to any o-subalgebra will be 7-additive.

411D Complementary to 411B we have the following.

Definition Let (X, Y, 1) be a measure space and H a family of subsets of X. Then p is outer regular
with respect to H if

uE=inf{uH:HeXNH, HDE}

for every FE € 3.
Note that a totally finite measure on a topological space is inner regular with respect to the family of
closed sets iff it is outer regular with respect to the family of open sets.

411E 1 delay discussion of most of the relationships between the concepts here to later in the chapter.
But it will be useful to have a basic fact set out immediately.

Proposition Let (X, Y, 1) be a measure space and ¥ a topology on X. If y is inner regular with respect to
the compact sets, it is 7-additive.

proof Let G be a non-empty upwards-directed family of measurable open sets such that H = JG € ¥. If
v < pH, there is a compact set K C H such that K > ; now there must be a G € G which includes K,
so that uG > 7. As vy is arbitrary, supgcg pG = pH.

411F In order to deal efficiently with measures which are not totally finite, I think we need the following
ideas.

Definitions Let (X, X, i) be a measure space and T a topology on X.

(a) I say that p is locally finite if every point of X has a neighbourhood of finite measure, that is, if
the open sets of finite outer measure cover X.

(b) I say that p is effectively locally finite if for every non-negligible measurable set E C X there is
a measurable open set G C X such that uG < co and E NG is not negligible.

Note that an effectively locally finite measure must measure many open sets, while a locally finite measure
need not.

(c) This seems a convenient moment at which to introduce the following term. A real-valued function f
defined on a subset of X is locally integrable if for every x € X there is an open set G containing = such
that [ f is defined (in the sense of 214D) and finite.

411G Elementary facts (a) If u is a locally finite measure on a topological space X, then p*K < oo
for every compact set K C X. P The family G of open sets of finite outer measure is upwards-directed and
covers X, so there must be some G € G including K, in which case p*K < p*G is finite. Q

(b) A measure p on R” is locally finite iff every bounded set has finite outer measure (cf. 256Ab). P (i)
If every bounded set has finite outer measure then, in particular, every open ball has finite outer measure,
so that g is locally finite. (ii) If 4 is locally finite and A C R is bounded, then its closure A is compact
(2A2F), so that u*A < pu* A is finite, by (a) above. Q
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411J Definitions 5

(c) I should perhaps remark immediately that a locally finite topological measure need not be effectively
locally finite (419A), and an effectively locally finite measure need not be locally finite (411P).

(d) An effectively locally finite measure must be semi-finite.

(e) A locally finite measure on a Lindeldf space X is o-finite. I* Let G be the family of open sets of finite
outer measure. Because p is locally finite, G is a cover of X. Because X is Lindelof, there is a sequence
(Gp)nen in G covering X. For each n € N, there is a measurable set E,, D G,, of finite measure, and now
(E,)nen is a sequence of sets of finite measure covering X. Q

(f) Let (X,%,%, 1) be a topological measure space such that p is locally finite and inner regular with
respect to the compact sets. Then p is effectively locally finite. I® Suppose that uFE > 0. Then there is a
measurable compact set K C E such that pK > 0. As in the argument for (a) above, there is an open set
G of finite measure including K, so that uy(ENG) > 0. Q

(g) Corresponding to (a) above, we have the following fact. If x is a measure on a topological space and
f € £9%p) is locally integrable, then [ i Jdp is finite for every compact K C X, because K can be covered
by a finite family of open sets G such that fG | fldu < oo.

(h) If 1 is a locally finite measure on a topological space X, and f € LP(u) for some p € [1,00], then f
is locally integrable; this is because [ [f] < [5[f] < [[fllpllxEllq is finite whenever G C E and pE < oo,
where 1% + % =1, by Hélder’s inequality (244EDb).

(i) If (X,%) is a completely regular space and p is a locally finite topological measure on X, then the
collection of open sets with negligible boundaries is a base for €. P If x € G € T, let H C G be an open set
of finite measure containing z, and f : X — [0, 1] a continuous function such that f(z) =1 and f(y) = 0 for
y € X\ H. Then {f~![{a}] : 0 < a < 1} is an uncountable disjoint family of measurable subsets of H, so
there must be some « € ]0, 1[ such that f~![{a}] is negligible. Set U = {y : f(y) > a}; then U is an open
neighbourhood of x included in G and its boundary OU C f~1[{a}] is negligible. Q

(§) Let X and Y be topological spaces, f : X — Y a continuous function, y a measure on X and puf~!
the image measure on Y. Then if y is a topological measure, so is pf~!, and if p is T-additive, so is pf~!.
(Immediate from the definitions.)

411H Two particularly important combinations of the properties above are the following.

Definitions (a) A quasi-Radon measure space is a topological measure space (X, %, %, 1) such that (i)
(X, X, u) is complete and locally determined (ii) u is 7-additive, inner regular with respect to the closed sets
and effectively locally finite.

(b) A Radon measure space is a topological measure space (X,%,%, u) such that (i) (X,X,pu) is
complete and locally determined (ii) ¥ is Hausdorff (iii) u is locally finite and inner regular with respect to
the compact sets.

4111 Remarks (a) You may like to seek your own proof that a Radon measure space is always quasi-
Radon, before looking it up in §416 below.

(b) Note that a measure on Euclidean space R” is a Radon measure on the definition above iff it is a
Radon measure as described in 256Ad. P In 256Ad, I said that a measure p on R” is ‘Radon’ if it is a
locally finite complete topological measure, inner regular with respect to the compact sets. (The definition
of ‘locally finite’ in 256 A was not the same as the one above, but I have already covered this point in 411Gb.)
So the only thing to add is that u is necessarily locally determined, because it is o-finite (256Ba). Q

411J The following special types of inner regularity are of sufficient importance to have earned separate
names.
Definitions (a) If (X,%) is a topological space, I will say that a measure p on X is tight if it is inner
regular with respect to the closed compact sets.
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6 Topologies and measures I 411Jb

(b) If (X,%,%, ) is a topological measure space, I will say that u is completion regular if it is inner
regular with respect to the zero sets (definition: 3A3Qa).

411K Borel and Baire measures If (X, T) is a topological space, I will call a measure with domain
(exactly) the Borel o-algebra of X (4A3A) a Borel measure on X, and a measure with domain (exactly)
the Baire o-algebra of X (4A3K) a Baire measure on X.

Of course a Borel measure is a topological measure in the sense of 411A. On a metrizable space, the Borel
and Baire measures coincide (4A3Kb). The most important measures in this chapter will be c.l.d. versions
of Borel measures.

411L When we come to look at functions defined on a topological measure space, we shall have to relate
ideas of continuity and measurability. Two basic concepts are the following.

Definition Let X be a set, X a o-algebra of subsets of X and (Y, &) a topological space. I will say that a
function f: X — Y is measurable if f~1[G] € X for every open set G C Y.

Remarks (a) Note that a function f : X — R is measurable on this definition (when R is given its usual
topology) iff it is measurable according to the familiar definition in 121C, which asks only that sets of the
form {z : f(z) < a} should be measurable (121Ef).

(b) For any topological space (Y, &), a function f: X — Y is measurable iff f is (X, B(Y))-measurable,
where B(Y) is the Borel o-algebra of Y (4A3CDb).

411M Definition Let (X, 3, 1) be a measure space, T a topology on X, and (Y, &) another topological
space. I will say that a function f : X — Y is almost continuous or Lusin measurable if p is inner
regular with respect to the family of subsets A of X such that f[A is continuous.

411N Finally, I introduce some terminology to describe ways in which (sometimes) measures can be
located in one part of a topological space rather than another.

Definitions Let (X, X, u) be a measure space and ¥ a topology on X.

(a) T will call a set A C X self-supporting if u*(ANG) > 0 for every open set G such that AN G is
non-empty. (Such sets are sometimes called of positive measure everywhere.)

(b) A support of u is a closed self-supporting set F' such that X \ F' is negligible.

(c) Note that u can have at most one support. PP If Fy, F; are supports then p*(Fy\ F2) < p*(X\F2) =0
so Fy \ F must be empty. Similarly, Fo \ F; =0, so F} = F>. Q

(d) If p is a 7-additive topological measure it has a support. I Let G be the family of negligible open
sets, and F' the closed set X \ |JG. Then G is an upwards-directed family in TNY¥ and JG € TN L, so

WX\ F) = u(UG) = supgeq 1G = 0.
If G is open and GNF # () then G ¢ G so p*(GNF) = u(GNF) = uG > 0; thus F is self-supporting and
is the support of u. Q

(e) Let X and Y be topological spaces with topological measures u, v respectively and a continuous
inverse-measure-preserving function f : X — Y. Suppose that p has a support E. Then f[F] is the support
of v. ® We have only to observe that for an open set H CY

vH >0 < puf 'H] >0 < f'HNE#0
— HNf[E|#0 < HNf[E]#0.Q

(f) p is strictly positive (with respect to ) if p*G > 0 for every non-empty open set G C X, that is,
X itself is the support of p.
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411Pf Definitions 7

*(g) If (X, %) is a topological space, and p is a strictly positive o-finite measure on X such that the domain
¥ of p includes a m-base U for T, then X is ccc. PP Let (F),)nen be a sequence of sets of finite measure covering
X. Let G be a disjoint family of non-empty open sets. For each G € G, take Ug € U\ {0} such that Ug C G;
then uUg > 0, so there is an n(G) such that u(E,) NUg) > 0. Now ZGeG’n(G):k wEy NUg) < uEy is
finite for every k, so {G : n(G) = k} must be countable and G is countable. Q

4110 Example Lebesgue measure on R” is a Radon measure (256Ha); in particular, it is locally finite
and tight. It is therefore 7-additive and effectively locally finite (411E, 411Gf). It is completion regular
(because every compact set is a zero set, see 4A2Lc), outer regular with respect to the open sets (134Fa)
and strictly positive.

411P Example: Stone spaces (a) Let (Z,%,%, u) be the Stone space of a semi-finite measure algebra
(2, 1), so that (Z,%) is a zero-dimensional compact Hausdorfl space, (Z,%, 1) is complete and semi-finite,
the open-and-closed sets are measurable, the negligible sets are the nowhere dense sets, and every measurable
set differs by a nowhere dense set from an open-and-closed set (3111, 321K, 322Bd, 322Ral).

(b) p is inner regular with respect to the open-and-closed sets (322Ra); in particular, it is completion
regular and tight. Consequently it is 7-additive (411E).

() p is strictly positive, because the open-and-closed sets form a base for T (3111) and a non-empty open-
and-closed set has non-zero measure. pu is effectively locally finite. B* Suppose that E € ¥ is not negligible.
There is a measurable set F' C F such that 0 < uF' < co; now there is a non-empty open-and-closed set G
included in F, in which case uG < oo and u(ENG) > 0. Q

(d) The following are equiveridical, that is, if one is true so are the others:

(i) (A, ) is localizable;

(ii) w is strictly localizable;

(iii) p is locally determined;

(iv) p is a quasi-Radon measure.
P The equivalence of (i)-(iii) is Theorem 32202, (iv)=>(iii) is trivial. If one, therefore all, of (i)-(iii) are true,
then s is a topological measure, because if G C Z is open, then G is open-and-closed, by 314S, therefore
measurable, and G\ G is nowhere dense, therefore also measurable. We know already that p is complete,
effectively locally finite and 7-additive, so that if it is also locally determined it is a quasi-Radon measure.

Q

(e) The following are equiveridical:
(i) p is a Radon measure;

(ii) w is totally finite;
(iii) p is locally finite;

(iv) p is outer regular with respect to the open sets.
P (ii)=(iv) If p is totally finite and E € X, then for any ¢ > 0 there is a closed set F' C Z \ E such that
uEF > p(Z\ E) —¢, and now G = Z \ F is an open set including E with uG < pE + €. (iv)=-(iii) Suppose
that p is outer regular with respect to the open sets, and z € Z. Because Z is Hausdorff, {z} is closed. If it
is open it is measurable, and because p is semi-finite it must have finite measure. Otherwise it is nowhere
dense, therefore negligible, and must be included in open sets of arbitrarily small measure. Thus in both
cases z belongs to an open set of finite measure; as z is arbitrary, p is locally finite. (iii)=-(ii) Because Z
is compact, this is a consequence of 411Ga. (i)=-(iii) is part of the definition of ‘Radon measure’. Finally,
(ii)=(i), again directly from the definition and the facts set out in (a)-(b) above. Q

(f) Let W C Z be the union of all the open subsets of Z with finite measure. Because p is effectively
locally finite, W has full outer measure, so (2, i) can be identified with the measure algebra of the subspace
measure py (322Jb). By the definition of W, py is locally finite. If (2, ) is localizable, then uy is a

Formerly 322Qa.
2Formerly 322N.
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8 Topologies and measures I 411Pf

Radon measure. B Every open subset of W belongs to ¥, by (d), and therefore to the domain of uy,, and
ww is a topological measure. By 214Ka, up is complete and locally determined. Because pu is inner regular
with respect to the compact sets, so is uw . Q

411Q Example: Dieudonné’s measure Recall that a set £ C w; is a Borel set iff either F or its
complement includes a cofinal closed set (4A3J). So we may define a Borel measure p on wy by saying that
wE = 11if E includes a cofinal closed set and pFE = 0 if E is disjoint from a cofinal closed set. If E is disjoint
from some cofinal closed set, so is any subset of E, so p is complete. Since p takes only the values 0 and 1,
it is a purely atomic probability measure.

1 is a topological measure; being totally finite, it is surely locally finite and effectively locally finite. It
is inner regular with respect to the closed sets (because if uE > 0, there is a cofinal closed set F C F,
and now F is a closed set with uF = pF), therefore outer regular with respect to the open sets. It is not
T-additive (because £ = [0,&[ is an open set of zero measure for every £ < wy, and the union of these sets is
a measurable open set of measure 1).

1 is not completion regular, because the set of countable limit ordinals is a closed set (4A1Bb) which
does not include any uncountable zero set (see 411R below).

The only self-supporting subset of w; is the empty set (because there is a cover of wy by negligible open
sets). In particular, p does not have a support.

Remark There is a measure of this type on any ordinal of uncountable cofinality; see 411Xj.

411R Example: The Baire o-algebra of w; The Baire o-algebra Ba(w;) of w; is the countable-
cocountable algebra (4A3P). The countable-cocountable measure p on w; is therefore a Baire measure on
the definition of 411K. Since all sets of the form ]€, w;[ are zero sets, p is inner regular with respect to the
zero sets and outer regular with respect to the cozero sets. Since sets of the form [0,¢[ (= ) form a cover
of w; by measurable open sets of zero measure, p is not 7-additive.

411X Basic exercises >(a) Let (X,X, ) be a totally finite measure space and ¥ a topology on X.
Show that p is inner regular with respect to the closed sets iff it is outer regular with respect to the open
sets, and is inner regular with respect to the zero sets iff it is outer regular with respect to the cozero sets.

(b) Let u be a Radon measure on R”, where r > 1, and f € £%(u1). Show that f is locally integrable in
the sense of 411Fc iff it is locally integrable in the sense of 256E, that is, [}, fdv < oo for every bounded set
ECR".

(c) Let p be a measure on a topological space, fi its completion and [ its c.l.d. version. Show that p is
locally finite iff i is locally finite, and in this case fi is locally finite.

>(d) Let p be an effectively locally finite measure on a topological space X. (i) Show that the completion
and c.l.d. version of u are effectively locally finite. (ii) Show that if i is complete and locally determined, then
the union of the measurable open sets of finite measure is conegligible. (iii) Show that if X is hereditarily
Lindel6f then p must be o-finite.

(e) Let X be a topological space and u a measure on X. Let U C L°(u) be the set of equivalence classes
of locally integrable functions in £%(x). Show that U is a solid linear subspace of L°(u). Show that if y is
locally finite then U includes LP(u) for every p € [1, o0].

(f) Let X be a topological space. (i) Let u, v be two totally finite Borel measures which agree on the
closed sets. Show that they are equal. (Hint: 136C.) (ii) Let u, v be two totally finite Baire measures which
agree on the zero sets. Show that they are equal.

(g) Let (X, T) be a topological space, p a measure on X, and Y a subset of X; let Ty, uy be the subspace
topology and measure. Show that if i is a topological measure, or locally finite, or a Borel measure, so is

Ky -
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411 Notes Definitions 9

(h) Let ((X;,X;, 1ts))ier be a family of measure spaces, with direct sum (X, 3, u); suppose that we are
given a topology ¥; on each X;, and let ¥ be the disjoint union topology on X (definition: 4A2A). Show
that u is a topological measure, or locally finite, or effectively locally finite, or a Borel measure, or a Baire
measure, or strictly positive, iff every p; is.

(i) Let (X, X, u) and (Y, T,v) be two measure spaces, with c.l.d. product measure A on X x Y. Suppose
we are given topologies ¥, & on X, Y respectively, and give X x Y the product topology. Show that A is
locally finite, or effectively locally finite, if © and v are.

(j) Let a be any ordinal of uncountable cofinality with its order topology (definitions: 3A1Fb, 4A2A).
Show that there is a complete topological probability measure p on « defined by saying that pE =1 if E
includes a cofinal closed set in «, 0 if E is disjoint from some cofinal closed set. Show that p is inner regular
with respect to the closed sets but is not completion regular.

(k) Let ((X;,%;))ier be a family of topological spaces, and p; a strictly positive probability measure on
X; for each 4. Show that the product measure on [, ; X; is strictly positive.

411Y Further exercises (a) Let 7, s > 1 be integers. Show that a function f: R"™ — R*® is measurable
iff it is almost continuous (where R" is endowed with Lebesgue measure and its usual topology, of course).
(Hint: 256F.)

(b) Let (X, p) be a metric space, r > 0, and write pg, for r-dimensional Hausdorff measure on X (264K,
471A). (i) Show that pp, is a topological measure, outer regular with respect to the Borel sets. (ii) Show
that the c.l.d. version fig, of pp, is inner regular with respect to the closed totally bounded sets. (iii) Show
that fig, is completion regular. (iv) Show that if X is complete then fiy, is tight.

(c) Let (X,%,%, 1) be a topological measure space. Set &€ = {F : E C X, u(0F) = 0}, where OF is
the boundary of A. (i) Show that £ is a subalgebra of PX, and that every member of £ is measured by
the completion of u. (€ is sometimes called the Jordan algebra of (X,%,%, ). Do not confuse with the
‘Jordan algebras’ of abstract algebra.) (ii) Suppose that u is totally finite and inner regular with respect
to the closed sets, and that ¥ is normal. Show that {E* : E € £ N X} is dense in the measure algebra of p
endowed with its usual topology. (iii) Suppose that p is a quasi-Radon measure and ¥ is completely regular.
Show that {E*® : E € £} is dense in the measure algebra of u. (Hint: 414Aa.)

(d) Let (X, %, %, ) be a second-countable atomless topological probability space with a strictly positive
measure, £ the Jordan algebra of u as defined in 411Ye, (2, i) the measure algebra of u and & the image
{E*: E €&} CA Let B be a Boolean algebra and v : B — [0, 1] a finitely additive functional. Show that
(B,v) = (&, ] €) iff (o) v is strictly positive and properly atomless in the sense of 326F2, and v1 =1 ()
there is a countable subalgebra B¢ of B such that vb = sup{vc : ¢ € By, ¢ C b} for every b € B () whenever
A, B C B are upwards-directed sets such that anb = 0 for every a € A and b € B and sup{r(aub) : a € A,
b € B} =1, then sup A is defined in B.

411 Notes and comments Of course the list above can give only a rough idea of the ways in which
topologies and measures can interact. In particular I have rather arbitrarily given a sort of priority to three
particular relationships between the domain ¥ of a measure and the topology: ‘topological measure space’
(in which ¥ includes the Borel o-algebra), ‘Borel measure’ (in which ¥ is precisely the Borel o-algebra) and
‘Baire measure’ (in which ¥ is the Baire o-algebra).

Abstract topological measure theory is a relatively new subject, and there are many technical questions
on which different authors take different views. For instance, the phrase ‘Radon measure’ is commonly used
to mean what I would call a ‘tight locally finite Borel measure’ (cf. 416F); and some writers enlarge the
definition of ‘topological measure’ to include Baire measures as defined above.

I give very few examples at this stage, two drawn from the constructions of Volumes 1-3 (Lebesgue
measure and Stone spaces, 4110-411P) and one new one (‘Dieudonné’s measure’, 411Q), with a glance at

3Formerly 326Ya.
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10 Topologies and measures I 411 Notes

the countable-cocountable measure of wy (411R). The most glaring omission is that of the product measures
on {0,1} and [0,1]!. T pass these by at the moment because a proper study of them requires rather more
preparation than can be slipped into a parenthesis. (I return to them in 416U.) I have also omitted any
discussion of ‘measurable’ and ‘almost continuous’ functions, except for a reference to a theorem in Volume 2
(411Ya), which will have to be repeated and amplified later on (418K). There is an obvious complementarity
between the notions of ‘inner’ and ‘outer’ regularity (411B, 411D), but it works well only for totally finite
spaces (411Xa); in other cases it may not be obvious what will happen (4110, 411Pe, 412W).

Version of 17.6.16
412 Inner regularity

As will become apparent as the chapter progresses, the concepts introduced in §411 are synergic; their
most interesting manifestations are in combinations of various kinds. Any linear account of their properties
will be more than usually like a space-filling curve. But I have to start somewhere, and enough results can
be expressed in terms of inner regularity, more or less by itself, to be a useful beginning.

After a handful of elementary basic facts (412A) and a list of standard applications (412B), I give some
useful sufficient conditions for inner regularity of topological and Baire measures (412D, 412E, 412G), based
on an important general construction (412C). The rest of the section amounts to a review of ideas from
Volume 2 and Chapter 32 in the light of the new concept here. I touch on completions (412H), c.l.d. versions
and complete locally determined spaces (412H, 412J, 412M), strictly localizable spaces (412I), inverse-
measure-preserving functions (412K, 412L), measure algebras (412N), subspaces (4120, 412P), indefinite-
integral measures (412Q) and product measures (412R-412V), with a brief mention of outer regularity
(412W); most of the hard work has already been done in Chapters 21 and 25.

412A 1 begin by repeating a lemma from Chapter 34, with some further straightforward facts.

Lemma (a) Let (X, X, 1) be a measure space and K a family of sets such that
whenever £ € ¥ and pFE > 0 there is a K € KN X such that K C F and pK > 0.
Then whenever E € ¥ there is a countable disjoint family (K;);c; in K N'Y such that K; C E for every i
and ), pl; = pE. If moreover
() KUK’ € K whenever K, K’ are disjoint members of IC,
then p is inner regular with respect to K. If J;o; K; € K for every countable disjoint family (K;);cr in K,
then for every E € ¥ there is a K € KN X such that K C F and uK = pF.
(b) Let (X, X, u) be a measure space, T a o-subalgebra of ¥, and K a family of sets. If y is inner regular
with respect to T and u[T is inner regular with respect to IC, then p is inner regular with respect to K.
(c) Let (X, 3, 1) be a semi-finite measure space and (K, )en a sequence of families of sets such that p is
inner regular with respect to X,, and
() if (Ki)ien is a non-increasing sequence in KCy,,, then ;o K € ICyy
for every n € N. Then p is inner regular with respect to [,y K.

proof (a) This is 342B-342C.

(b) If E € ¥ and v < pFE, there are an F' € T such that F C E and uF > v, and a K € X N'T such that
K C F and puK > 7.

(c) Suppose that E € ¥ and that 0 < v < pFE. Because p is semi-finite, there is an F' € ¥ such that
F C FE and v < puF < 0o (213A). Choose (K;);cn inductively, as follows. Start with Ky = F. Given that
K; € ¥ and v < pK;, then let n; € N be such that 27" (i 4 1) is an odd integer, and choose K;11 € K,, NE
such that K;y; C K; and pf;4q > +; this will be possible because p is inner regular with respect to KC,,,.
Consider K = (), .y K- Then K C E and pK = lim;_, o uK; > 7. But also

K = (Njen Kon(2j41) € Ko

because (Kan(2j41))jen is a non-increasing sequence in K, for each n. So K € ()
arbitrary, p is inner regular with respect to [, oy K-

€N

nen Kn. As E and v are

(©) 2000 D. H. Fremlin
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412C Inner regularity 11

412B Corollary Let (X, X, i) be a measure space and ¥ a topology on X. Suppose that K is
either the family of Borel subsets of X
or the family of closed subsets of X
or the family of compact subsets of X

or the family of zero sets in X,

and suppose that whenever F € ¥ and puE > 0 there is a K € KN X such that K C F and uK > 0. Then
w1 is inner regular with respect to K.

proof In every case, K satisfies the condition () of 412Aa.

412C The next lemma provides a particularly useful method of proving that measures are inner regular
with respect to ‘well-behaved’ families of sets.

Lemma Let (X, 3, 1) be a semi-finite measure space, and suppose that A C X is such that
Pe ACK,
X\ A€ Aforevery Ac A
Let T be the o-subalgebra of ¥ generated by A. Let K be a family of subsets of X such that
() KUK’ € K whenever K, K' € K,
(1) Npen Kn € K for every sequence (K,)nen in K,
whenever A € A, F € ¥ and u(ANF) > 0, there is a K € KN T such that K C A and
w(KNF)>0.

Then p[T is inner regular with respect to IC.

proof (a) Write 2 for the measure algebra of (X, %, 1), and £ = KNT, so that £ also is closed under finite
unions and countable intersections. Set

H = {E 1 F e E, SupLeL7LgEL. :E.} n Q[,

T={E:E€H, X\E€eH}
so that the last condition tells us that A C H and therefore that A C T".
(b) The intersection of any sequence in H belongs to H. P Let (H,)nen be a sequence in H with

intersection H. Write A,, for {L*: L € £, L C H,} C A for each n € N. Since p is semi-finite, 2 is weakly
(0, 00)-distributive (322F). As A,, is upwards-directed and sup 4,, = H;, for each n € N,

H* = inf H;,
neN

(because F — F* : Y — 2 is sequentially order-continuous, by 321H)
= inf sup A,, = sup{ in& ap, : an, € A, for every n € N}
ne

neN

(316H(iv))

= sup{( ﬂ L,):L,eL, L, CH, for every n € N}

neN

Ccsup{L*:LeL, LCH}
(by (1))

C H*,
and H € H. Q

(c) The union of any sequence in H belongs to H. B If (H,),en is a sequence in H with union H then

SUPLec,rcm L* 2 SUPenSUPrer e, L = supyen Hy = H*,
so HeH. Q
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12 Topologies and measures I 412C

(d) T’ is a o-subalgebra of ¥. P (i) # and X belong to A C H, so § € T". (ii) Obviously X \ E € T’
whenever £ € T'. (iii) If (E,)nen is a sequence in T’ with union E then E € H, by (c); but also
X\ E=,en(X \ Ey) belongs to H, by (b). So E€T'. Q

(e) Accordingly T C T', and E* = supc, pcp L* for every E € T. It follows at once that if £ € T and
wE > 0, there must be an L € £ such that L C F and pL > 0; since () is true, and £ C T, we can apply
412Aa to see that [T is inner regular with respect to £, therefore with respect to K.

412D As corollaries of the last lemma I give two-and-a-half basic theorems.

Theorem Let (X, %) be a topological space and p a semi-finite Baire measure on X. Then p is inner regular
with respect to the zero sets.

proof Write X for the Baire o-algebra of X, the domain of p, I for the family of zero sets, and A for
KU{X \ K : K € K}. Since the union of two zero sets is a zero set (4A2C(b-ii)), the intersection of a
sequence of zero sets is a zero set (4A2C(b-iii)), and the complement of a zero set is the union of a sequence
of zero sets (4A2C(b-vi)), the conditions of 412C are satisfied; and as the o-algebra generated by A is just
3, p is inner regular with respect to K.

412E Theorem Let (X, T) be a perfectly normal topological space (e.g., any metrizable space). Then
any semi-finite Borel measure on X is inner regular with respect to the closed sets.

proof Because the Baire and Borel o-algebras are the same (4A3Kb), this is a special case of 412D.

412F Lemma Let (X, X, 1) be a measure space and T a topology on X such that u is effectively locally
finite with respect to €. Then

pE =sup{u(ENG) : G is a measurable open set of finite measure}
for every E € X.

proof Apply 412Aa with IC the family of subsets of measurable open sets of finite measure.

412G Theorem Let (X, X, 1) be a measure space with a topology ¥ such that pu is effectively locally
finite with respect to ¥ and X is the o-algebra generated by TN X. If

uG =sup{uF : F € ¥ is closed, F C G}
for every measurable open set G of finite measure, then p is inner regular with respect to the closed sets.

proof In 412C, take K to be the family of measurable closed subsets of X, and A to be the family of
measurable sets which are either open or closed. If G € XN %, F € ¥ and pu(G N F) > 0, then there is an
open set H of finite measure such that u(H NG N F) > 0, because p is effectively locally finite; now there
isa K € Ksuch that K CHNG and pK > p(HNG) — w(HNGNF), so that u(K N F) > 0. This is the
only non-trivial item in the list of hypotheses in 412C, so we can conclude that p[T is inner regular with
respect to IC, where T is the o-algebra generated by A; but of course this is just X.

Remark There is a similar result in 416F(iii) below.

412H Proposition Let (X, X, i) be a measure space and K a family of sets.

(a) If 11 is inner regular with respect to K, so are its completion £ (212C) and c.l.d. version fi (213E).

(b) Now suppose that p is semi-finite and that

(1) Nyen Kn € K whenever (Kp,)nen is a non-increasing sequence in K.

If either i or {1 is inner regular with respect to I then u is inner regular with respect to K.
proof (a) If F belongs to the domain of fi, then there is an E € ¥ such that F C F and ji(F \ E) = 0. So
if0<~vy<pF =pE, thereisa K € KN X such that K C F C F and aK = puK > ~.

If H belongs to the domain of i and 0 < v < iH, there is an E € ¥ such that uE < oo and g(ENH) >
(213D). Now there is a K € KN X such that K C ENH and uK > 7. As uK < 0o, pK = uK > 7.

MEASURE THEORY



412J Inner regularity 13

(b) Write & for whichever of fi, fi is supposed to be inner regular with respect to K. Then f is inner
regular with respect to ¥ (212Ca, 213Fc¢), so is inner regular with respect to NX (412Ac). Also i extends
u (212D, 213Hc). Take E € ¥ and v < puE = gE. Then there is a K € KN X such that K C E and
v < K = puK. As E and + are arbitrary, p is inner regular with respect to K.

4121 Lemma Let (X, X, u) be a strictly localizable measure space and K a family of sets such that
whenever E € ¥ and puF > 0 there is a K € KN X such that K C E and pK > 0.

(a) There is a decomposition (X;);c; of X such that at most one X; does not belong to K, and that
exceptional one, if any, is negligible.

(b) There is a disjoint family £ C K NX such that p*A =37, . u*(ANL) for every A C X.

(c) If p is o-finite then the family (X;);cs of (a) and the set £ of (b) can be taken to be countable.
proof (a) Let (E;) ey be any decomposition of X. For each j € J, let K; be a maximal disjoint subset of
{K:KeKnX, K CE;, uk > 0}.

Because pFE; < oo, K; must be countable. Set E; = E;\UK;. By the maximality of /C;, E; cannot include
any non-negligible set in K N X; but this means that p£% = 0. Set X' = J;.; E;. Then
pX' = ZjeJ p(X'N Ej;) = ZjeJ /~LE§‘ =0.
Note that if j, j/ € J are distinct, K € K; and K’ € K/, then K N K’ = (); thus £ = Ujes K is disjoint.
Let (X;)ier be any indexing of {X'} U L. This is a partition (that is, disjoint cover) of X into sets of finite
measure. If ¥ C X and EN X; € ¥ for every i € I, then for every j € J

ENE; = (EﬂX’ﬁEj)UUKE,CjEﬁK
belongs to X, so that £ € ¥ and
pE =3 e  mENE;) =300 ke, MENK) =3 p(ENX).
Thus (X;):cr is a decomposition of X, and it is of the right type because every X; but one belongs to £ C K.
(b) If now A C X is any set,
pWA=paA =3 pa(ANX;) =3, 1 (ANX;)

by 214la, writing p4 for the subspace measure on A. So we have

pA=p (ANX)+ 3 e, (ANL) =31 0" (ANL),
while £ C K is disjoint.

(¢) If p is o-finite we can take J to be countable, so that I and £ will also be countable.

412J Proposition Let (X, X, 1) be a complete locally determined measure space, and K a family of sets
such that p is inner regular with respect to KC.

(a) If E C X is such that ENK € X for every K € KNX, then F € X.

(b) If E C X is such that E N K is negligible for every K € KX N X, then F is negligible.

(c) For any A C X, u*A = supgexns L (ANK).

(d) Let f be a non-negative [0, co]-valued function defined on a subset of X. If [}, f is defined in [0, co]
for every K € K, then [ f is defined and equal to supex [5 f-

(e) If f is a p-integrable function and e > 0, there is a K € K such that fX\K lf| <e.

Remark In (c), we must interpret sup ) as 0 if LN = 0.

proof (a) If F € ¥ and puF < 0o, then ENF € . P If uF = 0, this is trivial, because p is complete and
E N F is negligible. Otherwise, there is a sequence (K, )nen in £ N Y such that K,, C F for each n and
sup, ey pln = pF. Now ENF \ |,y K» is negligible, therefore measurable, while F'N K, is measurable
for every n € N, by hypothesis; so £ N F' is measurable. Q As u is locally determined, E € X, as claimed.

(b) By (a), F € ¥; and because p is inner regular with respect to IC, uE must be 0.
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14 Topologies and measures I 412J

(c) Let pa be the subspace measure on A. Because pu is complete and locally determined, 114 is semi-finite
(2141d). Soif 0 < v < pu*A = paA, there is an H C A such that psH is defined, finite and greater than
v. Let E € ¥ be a measurable envelope of H (132Ee), so that uFE = p*H > . Then thereisa K €e KNX
such that K C F and uK > . In this case

pr(ANK)Zp (HNK)=pwENK)=pK >1.
As v is arbitrary,
p*A < supgegns (AN K);
but the reverse inequality is trivial, so we have the result.

(d) Applying (b) with E = X \ dom f, we see that f is defined almost everywhere in X. Applying (a)
with E = {z : 2 € dom f, f(x) > a} for each @ € R, we see that f is measurable. So [ f is defined in [0, c0],
and of course ff > SUPgcx fK Iy < f f, there is a non-negative simple function g such that g <, f
and [ g > v; taking E = {x : g(x) > 0}, there is a K € K such that K C E and u(E\ K)||glloc < [ 9 —7,
so that [, f > [ 9 >~. As ~y is arbitrary, [ f =supgex [f f-

(e) By (d), there is a K € K such that [ |f| > [|f] —e.
Remark See also 413F below.

412K Proposition Let (X, ¥, 1) be a complete locally determined measure space, (Y, T,v) a measure
space and f : X — Y a function. Suppose that K C T is such that
(i) v is inner regular with respect to K;
(i) f7YK] € X and puf K] = vK for every K € K;
(iii) whenever E € ¥ and uFE > 0 there is a K € K such that vK < oo and pu(EN f~1[K]) > 0.
Then f is inverse-measure-preserving for x4 and v.

proof (a) If F € T, E € ¥ and uE < oo, then EN f~1[F] € ¥. P Let H;, Hy € 3 be measurable envelopes
for EN f~1[F] and E\ f~![F] respectively. T If u(H; N Hy) > 0, there is a K € K such that vK is finite
and p(Hy N Hy N f7K]) > 0. Because v is inner regular with respect to K, there are K, Ko € K such
that K1 CKNF, Ky C K\ F and
VK| +vKy > v(KNF)+v(K\ F) — u(H, N Hy N fHK])
=vK — u(Hy; N Hy N fK]).
Now

p(Hy OV fHES]) = p* (B0 fHF] N f7HER]) =0,

p(Hy N fHEL]) = p* (B0 f7H KL\ f7HF]) =0,
SO [L(Hl NHyN fﬁl[Kl U Kz]) =0 and
p(Hy N Hy O fHKD) < p(f7HK)N fHEL U KD))
= pf K] = pf K] - pf T
=vK —vK, — vKy < u(Hy N Hy N fHK]),

which is absurd. X
Now (ENH;p) \ (EN f~1[F]) C H; N Hy is negligible, therefore measurable (because p is complete), and
EN f7l[F] € 3, as claimed. Q

(b) It follows (because j is locally determined) that f~1[F] € X for every F' € T.
(c) If F € T and vF = 0 then puf~[F] = 0. P? Otherwise, there is a K € K such that vK < oo and
0 <u(fHFINfHK]) = pfHF N K]
Let K’ € K be such that K’ C K\ F and vK' > vK — pf '[FN K]. Then f~'K'|Nf~Y{FNK]=0,so
vK = puf YK > puf UK+ pufH{FNK]>vK' +vK —vK' = VK,
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which is absurd. XQ

(d) Finally, uf~'[F] = vF for every F € T. P Let (K;);cr be a countable disjoint family in K such that
K; C F for every i and ), ., vK; = vF (412Aa). Set F' = F'\ |J,;c; K;. Then

pfHE] = pf THE + e wf THEG] = nf THE + Y vE = pf T E + v F.
If vF = oo then surely uf~![F] = co = vF. Otherwise, vF' = 0 so puf [F'] = 0 (by (c)) and again

pf~F]=vF. Q
Thus f is inverse-measure-preserving.

412L Corollary Let (X, X, 1) be a complete probability space, (Y, T, v) a probability space and f : X —
Y a function. Suppose that whenever F' € T and vF > 0 there is a K € T such that K C F, vK > 0,
flK] € ¥ and uf~'[K] > vK. Then f is inverse-measure-preserving.

proof Set K* = {K : K €T, f7l[K] € ¥, uf }[K] > vK}. Then K* is closed under countable disjoint
unions and includes IC, so for every F' € T there is a K € K* such that K C F and vK = vF, by 412Aa.
But this means that uf~1[K] = vK for every K € K*. P There is a K’ € K* such that K’ C Y \ K and
vK' =1 — vK; but in this case

pfHE + pf K] < 1=vK' +vK,

so uf '[K] must be equal to vK. Q Moreover, there is a K* € K* such that vK* = vY = 1, so
pf HK*] =puX =1and u(EN f~1[K*]) > 0 whenever uE > 0. Applying 412K to K* we have the result.

412M Proposition Let X be a set and K a family of subsets of X. Suppose that p and v are two
complete locally determined measures on X, with domains including K, and both inner regular with respect
to KC.

(a) If uK < vK for every K € K, then p < v in the sense of 234P, that is, domv C dom p and uF < vE
for every E € domw.

(b) If uK = vK for every K € K, then y = v.

proof (a)(i) Write X for the domain of u and T for the domain of v. If E € X NT then of course

pl = supgcx kcp WK < supgex kcp VK = VE.
So we have only to show that T C 3.

(ii) Suppose that F € T, E € ¥ and uF < co. Let E'; E” C E be measurable envelopes of EN F,
E \ F with respect to u. Take any K € K such that K C E' N E”, Then K N F and K \ F belong
to T. Let (Lp)nen, (L} )nen be sequences in K such that L, € KN F and L), C K \ F for every n,
limy, o0 Ly, = V(K N F) and lim,, o vL;, = v(K \ F). Because vK < oo, (K \ U, cn(Ln UL;,)) =0 and
therefore (K \ U, en(Ln U Ly,)) = 0, since K\ U, cn(Ln U L;,) € ¥XNT. On the other hand, for each n,
L,eXYand L, CE'"NF so uL, =p*(L, \ F) = 0; similarly, uL}, = 0. We conclude that K = 0. As K
is arbitrary, u(E' N E") = 0; as p is complete, FNE” and FNE = (E\ E”)U (FNE") belong to ¥; as F
is arbitrary and p is locally determined, F' € ¥; as F' is arbitrary, T C ¥ and p < v.

(b) By (a), we have p < v and v < i, so u = v (234Qa).

412N Lemma Let (X, 3, 1) be a measure space and K a family of subsets of X such that p is inner
regular with respect to K. Then

E*=sup{K*: KeKNnX, KCE}

in the measure algebra 2 of p, for every E € . In particular, {K* : K € KNX} is order-dense in 2; and if
K is closed under finite unions, then {K* : K € X N X} is topologically dense in 2 for the measure-algebra
topology.

proof ? If E* £sup{K*: K € KNX, K C E}, there is a non-zero a € 2 such that a ¢ E*\ K* whenever
KeKnXYand K C E. Express a as F'* where FF C E. Then uF > 0, so there is a K € K N X such that
K C F and pK > 0. But in this case 0 # K* C a, while K C E. X

It follows at once that D = {K* : K € KN X} is order-dense. If K is closed under finite unions, and
a €A, then D, = {d:d € D, d C a} is upwards-directed and has supremum a, so a € D, C D (323D(a-ii)).
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4120 Lemma Let (X, X, ) be a measure space and K a family of subsets of X such that p is inner
regular with respect to K.

(a) If E € ¥, then the subspace measure pg (131B) is inner regular with respect to K.

(b) Let Y C X be any set such that the subspace measure py (214B) is semi-finite. Then py is inner
regular with respect to Ky = {KNY : K € K}.

proof (a) This is elementary.

(b) Suppose that F belongs to the domain Xy of uy and 0 <y < py F. Because py is semi-finite there
is an F’ € Xy such that F/ C F and v < uy F' < co. Let G € ¥ be such that F/ = GNY,and let E C G
be a measurable envelope for F’ with respect to u, so that

pE = p F' = puy F' > 7.
There is a K € X N X such that K C F and puK > 7, in which case K NY € Ky N Xy and
py (KNY) =p*(KNY)=p"(KNF)=pKNE)=pK >1.
As F and ~ are arbitrary, py is inner regular with respect to Ky

Remark Recall from 214Ic that if (X, 3, u) has locally determined negligible sets (in particular, is either
strictly localizable or complete and locally determined), then all its subspaces are semi-finite.

412P Proposition Let (X, X, i) be a measure space, T a topology on X and Y a subset of X; write Ty
for the subspace topology of Y and uy for the subspace measure on Y. Suppose that either Y € ¥ or py
is semi-finite.

(a) If i is a topological measure, so is uy .

(b) If p is inner regular with respect to the Borel sets, so is uy.

(c) If v is inner regular with respect to the closed sets, so is py.

(d) If w is inner regular with respect to the zero sets, so is uy .

(e) If p is effectively locally finite, so is py.

proof (a) is an immediate consequence of the definitions of ‘subspace measure’, ‘subspace topology’ and
‘topological measure’. The other parts follow directly from 4120 if we recall that

(i) a subset of Y is Borel for Ty whenever it is expressible as Y N E for some Borel set E C X (4A3Ca);

(ii) a subset of Y is closed in Y whenever it is expressible as Y N F' for some closed set F' C X;

(iii) a subset of Y is a zero set in Y whenever it is expressible as Y N F' for some zero set FF C X
(4A2C(b-v));

(iv) p is effectively locally finite iff it is inner regular with respect to subsets of open sets of finite measure.

412Q Proposition Let (X, X, 1) be a measure space, and v an indefinite-integral measure over p (defi-
nition: 234J). If p is inner regular with respect to a family K of sets, so is v.

proof Because p and its completion i give the same integrals, v is an indefinite-integral measure over [
(234Ke); and as fi is still inner regular with respect to X (412Ha), we may suppose that p itself is complete.
Let f be a Radon-Nikodym derivative of v with respect to p; by 234Ka, we may suppose that f : X — [0, o0]
is Y-measurable.

Suppose that F' € domv and that v < vF. Set G = {x : f(z) > 0}, so that F NG € ¥ (234La). For
neN,set H,={x:2€F, 27" < f(z) <27}, so that H, € ¥ and

vE = ff x xFdp =lim,_, ff x xHpdp.

Let n € N be such that [ f x xH,du > 7.

If pH,, = oo, there is a K € K such that K C H, and uK > 2"+, so that vK > ~. If uH, is finite, there
is a K € K such that K C H,, and 2"(uH,, — puK) < [ f x xHpdp —~, so that [ f x x(H, \ K)du +~v <
J fx xHpdp and vK = [ f x xK dp > ~. Thus in either case we have a K € K such that K C F and
vK > «; as F and <y are arbitrary, v is inner regular with respect to /.

412R Lemma Let (X,X, ) and (Y, T,v) be measure spaces, with c.l.d. product (X x Y, A, \) (251F).
Suppose that £ C PX, L CPY and M C P(X x Y) are such that
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(i) p is inner regular with respect to K;

(ii) v is inner regular with respect to L;

(iii) K x Le Mforall K e K, L € L;

(iv) MU M’ € M whenever M, M’ € M;

(V) Npen Mn € M for every sequence (M,)nen in M.
Then A is inner regular with respect to M.

proof Write A={ExY :Ec€X}U{X x F: F cT}. Then the o-algebra of subsets of X x Y generated
by Ais S®T. f Ve A, W € A and A\(WNV) > 0, there is an M € M N (E®T) such that M C W and
AMNV) > 0. P Suppose that V = F xY where E' € ¥. There must be Ey € ¥ and Fy € T, both of finite
measure, such that A(W NV N (Ey x Fpy)) > 0 (251F). Now there are K € KN X and L € £LN T such that
KCENE,, LCFNF,and

u((ENE) \ K) - vEy + pEo - v((F N Fp) \ L) < AW NV N (Ey x Fy));

but this means that M = K x L is included in V and u(W N M) > 0, while M € M N (2&T). Reversing
the roles of the coordinates, the same argument deals with the case in which V = X x F for some F € T. Q

By 412C, A\|Z®T is inner regular with respect to M. But X is inner regular with respect to ®T (251Ib)
so is also inner regular with respect to M (412AD).

4128 Proposition Let (X, X, 1) and (Y, T, v) be measure spaces, with c.l.d. product (X x Y, A, \). Let
%, G be topologies on X and Y respectively, and give X x Y the product topology.
(a) If p and v are inner regular with respect to the closed sets, so is A.
(b) If  and v are tight (that is, inner regular with respect to the closed compact sets), so is A.
(¢) If p and v are inner regular with respect to the zero sets, so is A.
(d) If u and v are inner regular with respect to the Borel sets, so is A.
(e) If 4 and v are effectively locally finite, so is A.

proof We have only to read the conditions (i)-(v) of 412R carefully and check that they apply in each
case. (In part (e), recall that ‘effectively locally finite’ is the same thing as ‘inner regular with respect to
the subsets of open sets of finite measure’.)

412T Lemma Let ((X;,X%;, 1;))icr be a family of probability spaces, with product probability space
(X, A, )\) (§254). Suppose that KC; € PX;, M C PX are such that
(1) pi | 1s inner regular with respect to KC; for each ¢ € I;
(ii) 7; [K] € M for every i € I and K € K;, writing 7;(x) = x(i) for z € X;
(iii) MUM’ € M whenever M, M' € M;
(iv) ﬂneN M, € M for every sequence (M, )pen in M.
Then A is inner regular with respect to M.

proof (Compare 412R.) Write A = {7, }[E]:i € I, E€ %;}. f V€ A, W € A and A(WNV) > 0, express
V as m; '[E], where i € I and F € %;, and take K € K; such that K C E and y;(E\ K) < A\(W N'V); then
M =m 1[K ] belongs to M N A, is included in V, and meets W in a non-negligible set. So the conditions
of 412C are met by A and M.

It follows that Ao = A\[®),; ;% is inner regular with respect to M. But A is the completion of Ay (254Fd,
254Ff), so is also inner regular with respect to M (412Ha).

412U Proposition Let ((X;, X, 1t;))ier be a family of probability spaces, with product probability space
(X, A, \). Suppose that we are given a topology ¥; on each X;, and let ¥ be the product topology on X.

(a) If every p; is inner regular with respect to the closed sets, so is A.

(b) If every p; is inner regular with respect to the zero sets, so is A.

(c) If every p; is inner regular with respect to the Borel sets, so is .

proof This follows from 412T just as 412S follows from 412R.

412V Corollary Let ((X;,Y;, 1i))ier be a family of probability spaces, with product probability space
(X, A, )\). Suppose that we are given a Hausdorff topology ¥; on each X;, and let T be the product topology
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on X. Suppose that every p; is tight, and that X; is compact for all but countably many i € I. Then A is
tight.

proof By 412Ua, A is inner regular with respect to the closed sets. If W € A and v < AW, let V C W
be a measurable closed set such that A\V' > ~. Let J be the set of those i € I such that X; is not
compact; we are supposing that J is countable. Let (€;);cs be a family of strictly positive real numbers
such that ), ;e; < AV — v (4A1P). For each i € J, let K; C X; be a compact measurable set such that
wi(X; \ K;) <e¢;andforiel\J,set K; =X;. Then K =][,.; K; is a compact measurable subset of X,
and

i€l

AMXN\K) < Eie] pi(Xi \ Ki) <AV =7,
so M(KNV) > ~; while K NV is a compact measurable subset of W. As W and v are arbitrary, X is tight.

*412W Outer regularity I have already mentioned the complementary notion of ‘outer regularity’
(411D). In this book it will not be given much prominence. It is however a useful tool when dealing with
Lebesgue measure (see, for instance, the proof of 225K), for reasons which the next proposition will make
clear.

Proposition Let (X, X, 1) be a measure space and ¥ a topology on X.

(a) Suppose that p is outer regular with respect to the open sets. Then for any integrable function
f:X — [0,00] and € > 0, there is a lower semi-continuous measurable function g : X — [0, co] such that
f<gand [g<c+[f.

(b) Now suppose that there is a sequence of measurable open sets of finite measure covering X. Then
the following are equiveridical:

(i) p is inner regular with respect to the closed sets;

(ii) p is outer regular with respect to the open sets;

(iii) for any measurable set £ C X and € > 0, there are a measurable closed set F' C F and a measurable
open set H D E such that u(H \ F) <

(iv) for every measurable function f : X — [0, c0[ and € > 0, there is a lower semi-continuous measurable
function g : X — [0,00] such that f < gand [g— f <¢

(v) for every measurable function f : X — R and € > 0, there is a lower semi-continuous measurable
function g : X — ]—o00, 00] such that f < g and p{x: g(x) > f(z) + €} <e.

proof (a) Let n € ]0,1] be such that n(9 + [ fdu) < e. Forn € Z, set E, = {z : (1 +n)" < f(z) <
(1+ 7)™}, and let E!/, € ¥ be a measurable envelope of E,; let G,, D E!, be a measurable open set such
that uG, <3~ 1"lp + uE’. Next, let E be a measurable envelope of the negligible set {x : f(x) = oo}, and
for each n let H, O E be a measurable open set such that uH, < 27™. Set

9= e (L) IXGy + 3007 X H

Then g is lower semi-continuous (4A2B(d-iii), 4A2B(d-v)), f < g and

o0 o0
/gdu = > A+ uGn+ Y pH,
n=-—oo n=0
<SA+m) Y, (A4 uE,+ > A+ i3y 4> 2y
n=—oo n=—oo n=0

§(1+n)/fdu+9n§/fdu+6,

as required.

(b) Let (G'n)nen be a sequence of open sets of finite measure covering X; replacing it by (U, .,, Gi)nen
if necessary, we may suppose that (G,)nen is non-decreasing and that Gy = ().

(i)=-(iii) Suppose that p is inner regular with respect to the closed sets, and that £ € X, € > 0.
For each n € N let F,, C G,, \ E be a measurable closed set such that uF, > u(G, \ E) — 27" 2%c. Then
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H = ,en(Gn \ Fy,) is a measurable open set including E and p(H \ E) < 1e. Applying the same argument
to X \ E, we get a closed set F' C E such that u(E \ F) < %, so that u(H \ F) <e.

(ii)=(iii) The same idea works. Suppose that p is outer regular with respect to the open sets, and
that £ € X, € > 0. For each n € N, let H, O G, N E be an open set such that u(H, \ E) < 27""2¢; then
H = U, ey Hn is a measurable open set including E, and u(H \ E) < je. Now repeat the argument on
X \ E to find a measurable closed set F' C E such that u(E \ F) < Je.

(iii)=(iv) Assume (iii), and let f : X — [0, 00[ be a measurable function, € > 0. Set 1, = 2""¢/(16 +
4pG,) for each n € N. For k € Nset By, = J, ey : @ € G, kny < f(2) < (k+1)n,}, and choose an open
set Hy D Ej such that u(Hy \ Ex) < 27%. Set

9 = suppnen(k + 1)0ax(Gn N Hi).
Then g : X — [0, 00] is lower semi-continuous (4A2B(d-v) again). Since
SUPk nen kX (Grn N Ey) < f < supy, pen(k + D)nux(Gn N Ey),
f <gand

g—f< Suplc,neN(k' + Dnux(Gn N Hy \ Ex) + SUPg neN N X(Gr N Ey)

has integral at most

S0 o (k)27 + 3 napGy, <

(i)=(v) Assume (i), and suppose that f : X — R is measurable and € > 0. For each n € N, let a,, > 0
be such that uF, < 27" le where E, = {x: 2 € G121\ Gy, f(x) < —an}. Let Fy, € (Gry1\Gn)\ E, be a
measurable closed set such that p1((Gn41\Gn)\Fn) < 27" 2e. Because (F,)pen is disjoint, h = Y07 anxF
is defined as a function from X to [0,00[. {F), : n € N} is locally finite, so {z : h(z) > a} = U, cn.a, >0 I'n
is closed for every a > 0 (4A2B(h-i)), and h is upper semi-continuous. Now f; = f + h is a real-valued
measurable function. Since (i)=-(iii)=(iv), there is a measurable lower semi-continuous function g; : X —
[0, 00] such that f;" < g; and J a1 — i < %62, where f;" = max(0, f;). But if we now set g = g1 — h, g is
lower semi-continuous, f < g and

{o:f@) +e<g(@)} Clo: @) +e<q@}Ule: filz) <0}
C o ff (@) +e < (@)} U | (Gu \ Gu) \ Fo

neN

has measure at most €, as required.

(iv)=-(ii) and (v)=-(ii) Suppose that either (iv) or (v) is true, and that F € X, ¢ > 0. Then there is a
measurable lower semi-continuous function g : X — 0, 00] such that xE < g and p{z : xE(z)+3 < g(z)} <
€, since this is certainly true if [ g — YE < fe. Set G = {2 : g(z) > 1}; then E C G and (G \ E) <e.

(iii)=-(i) is trivial. Assembling these fragments, the proof is complete.

412X Basic exercises (a) Let (X,X, ) be a semi-finite measure space and (f,)nen & sequence in
L) which converges almost everywhere to f € £%(u). Show that p is inner regular with respect to
{E : {fu] E)nen is uniformly convergent}. (Cf. 215YDb.)

(b) Let (X, 3, ) be a measure space and ¥ a topology on X such that p is inner regular with respect to
the closed sets and with respect to the compact sets. Show that p is tight.

(c) Explain how 213A is a special case of 412Aa.
(d) Let X be a set and K a family of sets. Suppose that p and v are two semi-finite measures on X
with the same domain and the same null ideal. Show that if one is inner regular with respect to /C, so is the

other. (Hint: show that if vF < co then vF =sup{vFE : E C F, uE < 00}.)
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>(e) Let (X,X, 1) be a measure space, and ¥y a o-subalgebra of ¥ such that p is inner regular with
respect to 3. Show that if 1 < p < oo then every member of LP(p) is of the form f* for some ¥-measurable
f: X =R

(f) Let (u;)icr be a family of measures on a set X, with sum p (234G). Suppose that K C domy is a
family of sets such that K U K’/ € K whenever K, K’ € K are disjoint and every p; is inner regular with
respect to . Show that p is inner regular with respect to K.

(g) Let X be a topological space, and p a tight topological measure on X. Suppose that F is a non-empty
downwards-directed family of closed compact subsets of X with intersection Fp, and that v = inf per puF is
finite. Show that puFy = ~.

>(h) Let (X, X, 1) be a semi-finite measure space and A C ¥ an algebra of sets such that the o-algebra
generated by A is 3. Write K for {[, . En : Fn € A for every n € N}. Show that p is inner regular with
respect to IC.

neN

(1) Let (X, %, %, ) be an effectively locally finite Hausdorff topological measure space such that y is inner
regular with respect to the Borel sets. Suppose that uG = sup{uK : K C G is compact} for every open set
G C X. Show that p is tight.

(j) Let (X, %) be a topological space such that every open set is an F, set. Show that any effectively
locally finite Borel measure on X is inner regular with respect to the closed sets.

(k) Let (X,%) be a normal topological space and p a topological measure on X which is inner regular
with respect to the closed sets. Show that uG = max{uH : H C G is a cozero set} for every open set
G C X. Show that if p is totally finite, then puF = min{uH : H O F is a zero set} for every closed set
FCX.

(D) Let (X,X%, u) be a complete locally determined measure space, and suppose that p is inner regular
with respect to a family K of sets. Let Xy be the o-algebra of subsets of X generated by XN X. (i) Show
that p is the c.l.d. version of u[%q. (Hint: 412J-412M.) (ii) Show that if 4 is o-finite, it is the completion
of 1% [ZO

>(m)(i) Let (X,%, ) be a o-finite measure space and T a o-subalgebra of 3. Show that if y is inner
regular with respect to T then the completion of ;| T extends u, so that u and [T have the same negligible
sets. (ii) Show that if p is a o-finite topological measure which is inner regular with respect to the Borel
sets, then every p-negligible set is included in a u-negligible Borel set.

(n) Devise a direct proof of 412Mb by (i) showing that p*(A N K) = v*(AN K) whenever A C X and
K € K (ii) showing that p* = v* (iii) quoting 213C.

(o) Let (X, X%, 1) be a complete locally determined measure space, Y a set and f : X — Y a function.
Show that the following are equiveridical: (i) p is inner regular with respect to {f~'[B] : B C Y} (ii)
FYfIE] \ E is negligible for every E € .

(p) Let ((X;, X, 1i))ier be a family of measure spaces, with direct sum (X, X, ). Suppose that for each
i € I we are given a topology T; on X;, and let ¥ be the corresponding disjoint union topology on X. Show
that (i) p is inner regular with respect to the closed sets iff every pu; is (i) p is inner regular with respect
to the compact sets iff every p; is (iii) p is inner regular with respect to the zero sets iff every p; is (iv) p is
inner regular with respect to the Borel sets iff every u; is.

(q) Use 412M and 412Q to shorten the proof of 2531

(r) Let (X;);er be a family of sets, and suppose that we are given, for each i € I, a o-algebra %, of subsets
iel Xi7 and ¥ = ®i€[2i' Let 1%
be a totally finite measure with domain ¥, and set j; = pum; ! for each i € I, where 7;(x) = 2(i) for i € I,

of X; and a topology ¥; on X;. Let ¥ be the product topology on X =[]
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r € X. (i) Show that u is inner regular with respect to the family K of sets expressible as X\, ey [ Lics Eni
where E,; € X; for every n, i and {i : E,; # X;} is finite for each n. (ii) Show that if every p; is inner
regular with respect to the closed sets, so is p. (iii) Show that if every p; is inner regular with respect to
the zero sets, so is p. (iv) Show that if every p; is inner regular with respect to the Borel sets, so is p. (v)
Show that if every p; is tight, and all but countably many of the X; are compact, then p is tight.

(s) Let (X,%, 1) be a measure space and T a Lindel6f topology on X such that p is locally finite. (i)
Show that u is o-finite. (ii) Show that p is inner regular with respect to the closed sets iff it is outer regular
with respect to the open sets.

(t) Let X be a topological space and p a measure on X which is outer regular with respect to the open
sets. Show that for any Y C X the subspace measure on Y is outer regular with respect to the open sets.

(u) Let X be a topological space and p a measure on X which is inner regular with respect to the closed
sets and outer regular with respect to the open sets. Show that if f: X — [—o00, 00] is integrable and € > 0
then there is an integrable lower semi-continuous g : X — ]—o0, 00] such that f < g and [g<e+ [ f.

>(v) Let X be a topological space and p a measure on X which is effectively locally finite and inner
regular with respect to the closed sets. (i) Show that if uE < oo and € > 0 there is a measurable open set
G such that u(EAG) < e. (ii) Show that if f is a non-negative integrable function and e > 0 there is a
measurable lower semi-continuous function g : X — [0, 00[ such that [|f — g| < e. (iii) Show that if f is
an integrable real-valued function there are measurable lower semi-continuous functions gi, g2 : X — [0, o]
such that f =, g1 — g2 and [ g1 + g2 < [|f| + €. (iv) Now suppose that p is o-finite. Show that for every
measurable f : X — R there are measurable lower semi-continuous functions g, g2 : X — [0, c0] such that

f =ae 91— g2

412Y Further exercises (a) In 216E, give {0,1}! its usual compact Hausdorff topology. Show that
the measure p described there is inner regular with respect to the zero sets.

(b) Let K be the family of subsets of R which are homeomorphic to the Cantor set. Show that Lebesgue
measure is inner regular with respect to K.

(c)(i) Show that if X is a perfectly normal space then any semi-finite topological measure on X which is
inner regular with respect to the Borel sets is inner regular with respect to the closed sets. (ii) Show that
any subspace of a perfectly normal space is perfectly normal. (iii) Show that wq, with its order topology,
is completely regular, normal and Hausdorff, but not perfectly normal. (iv) Show that [0,1]! is perfectly
normal iff I is countable.

(d) Give an example of a measure space (X, 3, u) and a family IC of sets such that
(1) Npen Kn € K whenever (K,)nen is a non-increasing sequence in K
and the completion of y is inner regular with respect to /C, but u is not.

(e) Let (X, X, u) be a measure space, and suppose that u is inner regular with respect to K C PX. Write
¥/ for {E: FE €%, uE < co}. Show that {E* : E € KN Y/} is dense in {E* : E € %/} for the strong
measure-algebra topology.

(f) Let (X, %, u) be [0,1] with Lebesgue measure, and Y = [0, 1] with counting measure v; give X its
usual topology and Y its discrete topology, and let A be the c.l.d. product measure on X x Y. (i) Show
that p, v and A are all tight (for the appropriate topologies) and therefore completion regular. (ii) Let Ag
be the primitive product measure on X x Y (definition: 251C). Show that Ag is not tight. (Hint: 252Yk.)
Remark: it is undecidable in ZFC whether Aq is inner regular with respect to the closed sets.

(g) Give an example of a Hausdorff topological measure space (X, ¥, ¥, 1) such that p is complete, strictly
localizable and outer regular with respect to the open sets, but not inner regular with respect to the closed

sets.
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412 Notes and comments In this volume we are returning to considerations which have been left on one
side for almost the whole of Volume 3 — the exceptions being in Chapter 34, where I looked at realization of
homomorphisms of measure algebras by functions between measure spaces, and was necessarily dragged into
an investigation of measure spaces which had enough points to be adequate codomains (343B). The idea
of ‘inner regularity’ is to distinguish families K of sets which will be large enough to describe the measure
entirely, but whose members will be of familiar types. For an example of this principle see 412Yb. Of course
we cannot always find a single type of set adequate to fill a suitable family K, though this happens oftener
than one might expect, but it is surely easier to think about an arbitrary zero set (for instance) than an
arbitrary measurable set, and whenever a measure is inner regular with respect to a recognisable class it is
worth knowing about it.

I have tried to use the symbols f and 1 (412A, 412C) consistently enough for them to act as a guide
to some of the ideas which will be used repeatedly in this chapter. Note the emphasis on disjoint unions
and countable intersections; I mentioned similar conditions in 136Xi-136Xj. You will recognise 412Aa as
an exhaustion principle; observe that it is enough to use disjoint unions, as in 313K. In the examples of
this section this disjointness is not important. Of course inner regularity has implications for the measure
algebra (412N), but it is important to recognise that ‘u is inner regular with respect to K’ is saying much
more than ‘{K* : K € K} is order-dense in the measure algebra’; the latter formulation tells us only that
whenever uFE > 0 there is a K € K such that K \ F is negligible and pK > 0, while the former tells us that
we can take K to be actually a subset of E.

412D, 412E and 412G are all of great importance. 412D looks striking, but of course the reason it works is
just that the Baire o-algebra is very small. In 412E the Baire and Borel g-algebras coincide, so it is nothing
but a special case of 412D; but as metric spaces are particularly important it is worth having it spelt out
explicitly. In 412D and 412E the hypothesis ‘semi-finite’ is sufficient, while in 412G we need ‘effectively
locally finite’; this is because in both 412D and 412E the open sets we are looking at are countable unions
of measurable closed sets. There are interesting non-metrizable spaces in which the same thing happens
(412Yc). As you know, I am strongly biased in favour of complete and locally determined measures, and the
Baire and Borel measures dealt with in these three results are rarely complete; but they can still be applied
to completions and c.l.d. versions of these measures, using 412Ab or 412H.

4120-412V are essentially routine. For subspace measures, the only problem we need to come to terms
with is the fact that subspaces of semi-finite measure spaces need not be semi-finite (216Xa). For product
measures the point is that the c.l.d. product of two measure spaces, and the product of any family of
probability spaces, as I defined them in Chapter 25, are inner regular with respect to the o-algebra of sets
generated by the cylinder sets. This is not in general true of the ‘primitive’ product measure (412Yf), which
is one of my reasons for being prejudiced against it. I should perhaps warn you of a trap in the language I
use here. I say that if the factor measures are inner regular with respect to the closed sets, so is the c.l.d.
product measure. But I do not say that all closed sets in the product are measured by the product measure,
even if closed sets in the factors are measured by the factor measures. So the path is open for a different
product measure to exist, still inner regular with respect to the closed sets; and indeed I shall be going
down that path in §417. The uniqueness result in 412M specifically refers to complete locally determined
measures defined on all sets of the family .

There is one special difficulty in 412V: in order to ensure that there are enough compact measurable sets
in X = J],.; Xy, we need to know that all but countably many of the X; are actually compact. When we
come to look more closely at products of Radon probability spaces we shall need to consider this point again
(417Q, 417Xq).

In fact some of the ideas of 412U-412V are not restricted to the product measures considered there.
Other measures on the product space will have inner regularity properties if their images on the factors,
their ‘marginals’ in the language of probability theory, are inner regular; see 412Xr. I will return to this in
§454.

This section is almost exclusively concerned with inner regularity. The complementary notion of outer
regularity is not much use except in o-finite spaces (415Xi), and not always then (416Ya). In totally finite
spaces, of course, and some others, any version of inner regularity corresponds to a version of outer regularity,
as in 412Wh(i)-(ii); and when we have something as strong as 412Wh(iii) available it is worth knowing about
it.
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Version of 1.1.17

413 Inner measure constructions

I now turn in a different direction, giving some basic results on the construction of inner regular measures.
The first step is to describe ‘inner measures’ (413A) and a construction corresponding to the Carathéodory
construction of measures from outer measures (413C). Just as every measure gives rise to an outer measure,
it gives rise to an inner measure (413D). Inner measures form an effective tool for studying complete locally
determined measures (413F).

The most substantial results of the section concern the construction of measures as extensions of func-
tionals defined on various classes K of sets. Typically, K is closed under finite unions and countable in-
tersections, though we can sometimes relax the hypotheses a bit. The methods here make it possible to
distinguish arguments which produce finitely additive functionals (4131, 4130, 413R, 413S) from the suc-
ceeding steps to countably additive measures (413J, 413P, 413U). 413I1-413N investigate conditions on a
functional ¢ : K — [0, oo[ sufficient to produce a measure extending ¢, necessarily unique, which is inner
regular with respect to K or KCs, the set of intersections of sequences in K. 4130-413P look instead at func-
tionals defined on sublattices of the class K of interest, and at sufficient conditions to ensure the existence of
a measure, not normally unique, defined on the whole of I, inner regular with respect to K and extending
the given functional. Finally, 413R-413U are concerned with majorizations rather than extensions; we seek
a measure y such that uK > ¢K for K € IC, while uX is as small as possible.

413A 1 begin with some material from the exercises of earlier volumes.

Definition Let X be a set. An inner measure on X is a functional ¢ : PX — [0, 00] such that
o =0
(a) (AU B) > ¢A + ¢B for all disjoint A, B C X

(B) if (An)nen is a non-increasing sequence of subsets of X and ¢pA¢ < oo then ¢([),cy An) =
inf,en ¢An7
(x) pA =sup{¢pB : B C A, $B < oo} for every A C X.

413B The following fact will be recognised as an element of Carathéodory’s method. There will be an
application later in which it will be useful to know that it is not confined to proving countable additivity.

Lemma Let X be a set and ¢ : PX — [0, 00] any functional such that ¢@ = 0. Then
Y={E:ECX, pA=¢p(ANE)+ ¢(A\ E) for every A C X}
is an algebra of subsets of X, and ¢(E U F) = ¢FE + ¢F for all disjoint E, F € X.

proof The symmetry of the definition of ¥ ensures that X \ E € ¥ whenever £ € ¥. If E, F' € ¥ and
A C X, then

¢(AN(EUF)) + ¢(A\ (E U F))
= ¢(AN(EUF)NE) + (AN (EUF)\ E) + ¢(A\ (EUF))
= (ANE)+o((ANE)NF) + o((A\ E)\ F)
= (AN E)+$(A\ E) = ¢A.

As A is arbitrary, EU F € X. Finally, if A C X,
P(AND) +¢(A\D) = ¢l + pA = A

because ¢l = 0; so f € X.
Thus ¥ is an algebra of sets. If E, F € ¥ and ENF =, then

HEUF)=¢(EUF)NE)+¢((EUF)\ E) = ¢E + ¢F.
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413C Measures from inner measures I come now to a construction corresponding to Carathéodory’s
method of defining measures from outer measures.

Theorem Let X be a set and ¢ : X — [0, 00] an inner measure. Set
S={E:ECX ¢(ANE)+ $(A\ E) = ¢pA for every A C X}.
Then (X, X, ¢X) is a complete measure space.
proof (Compare 113C.)
(a) The first step is to note that if A C B C X then
OB > 6A+¢(B\ A) = ¢A.
Next, a subset E of X belongs to X iff A < ¢(ANE) + ¢(A\ E) whenever A C X and pA < co. P Of
course any element of ¥ satisfies the condition. If E satisfies the condition and A C X, then
pA =sup{¢B: BC A, ¢B < oo}

<sup{¢p(BNE)+¢(B\E): BC A}

=¢(ANE)+ ¢(A\ E) < @A,
so F el Q

(b) By 413B, X is an algebra of subsets of X. Now suppose that (E,),cn is a non-decreasing sequence
in 3, with union F. If A C X and ¢A < oo, then

P(A\ E) = infren ¢(A\ Ep) = limp 00 ¢(A\ En)
because (A \ E,)nen is non-increasing and ¢(A \ Ey) is finite; so
P(ANE)+ ¢(A\E) > lim, 00 ¢(ANE,) + ¢(A\ E,) = PA.
By (a), E € ¥. So X is a o-algebra.

(c)IfE,FeXand ENF =0 then ¢(EUF) = ¢F + ¢F, by 413B. If (E,),cn is a disjoint sequence in
Y. with union E, then

:U’E 2 ,LL(Ui§n El) = Z?:O 'uE1

for every n, so pE > Y00 puE;. T If uE > 30wk, there is an A C E such that Y7 pF; < ¢A < 0.
But now, setting F,, = Uign E; for each n, we have lim,, o, ¢(A\ F,,) = 0, so that

PA =limy o0 QAN F,) + $(A\ F,) = Y02 p(AN E;) < $A,
which is absurd. X Thus pE = >"°  pnE;. As (E,)nen is arbitrary, g is a measure.
(d) Finally, suppose that B C E € ¥ and uE = 0. Then for any A C X we must have
P(ANB) +¢(A\ B) 2 ¢(A\ E) = ¢(AN E) + (A \ E) = ¢4,
so B € 3. Thus pu is complete.

Remark For a simple example see 213Yd.

413D The inner measure defined by a measure Let (X, X, u) be any measure space. Just as p
has an associated outer measure p* defined by the formula

wA=if{uF: ACEeX}
(132A-132B), it gives rise to an inner measure ., defined by the formula
A =sup{pE : Ee€ X EC A},

where I write ¥/ for {E: E € %, uE < oo}, P ) = pud = 0. (o) f ANB =0, and E C A, F C B belong
to ©f, then EU F C AU B also has finite measure, so

pi(AUB) 2 W(EUF) = pE + pF;
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taking the supremum over E and F, p,. (AU B) > u A+ e B. (B) If (An)nen is a non-increasing sequence
of sets with intersection A and p.Ay < oo, then for each n € N we can find an E,, C A, such that
wE, > ueA, — 27", In this case,

.U(UneN E,) < pyeAg < oo.
Set
E=NyenUmsn Em C A
Then E € ¥/, so
WA > pE > limsup,, o pE, = lim, oo e An > A
(*) If A C X and p. A = oo then
sup{u«B: BC A, p.B < oo} >sup{pE: Ec ¥/, EC Al =. Q

Warning Many authors use the formula
A =sup{pE: AD EeX}.

In ‘ordinary’ cases, when (X, X, 1) is semi-finite, this agrees with my usage (413Ed); but for non-semi-finite
spaces there is a difference. See 413Yd.

413E I note the following simple facts concerning inner measures defined from measures.

Proposition Let (X, Y, 1) be a measure space. Write $/ for {E: F € &, uF < oo}.

(a) For every A C X there is an E € ¥ such that E C A and pFE = p.A.

(b) pe A < p*A for every A C X.

(c)f Ee¥and AC X, then u.(ENA)+ p*(E\ A) < pE, with equality if either (i) uE < oo or (ii) p
is semi-finite.

(d) In particular, p.F < pFE for every E € ¥, with equality if either uF < 0o or u is semi-finite.

(e) If p is inner regular with respect to K, then (counting the supremum of the empty set as 0) p.A =
sup{uK : K e KNX/, K C A} for every A C X.

(f) If A C X is such that p,A = p*A < oo, then A is measured by the completion of p.

(g) If i, i1 are the completion and c.l.d. version of u, then fi, = fix = 4.

(h) If (Y, T,v) is another measure space, and f: X — Y is an inverse-measure-preserving function, then

pw(fB) <v'B,  u(f~'[B]) > v.B
for every B C Y, and
v*(flA]) = prA

for every A C X.
(i) Suppose that p is semi-finite. If A C E € ¥, then E is a measurable envelope of A iff u,(F\ A) = 0.

proof (a) There is a sequence (E,)nen in ©f such that E,, C A for each n and lim,, o uFE, = p.A; now
set £ =, ey Bn-

(b)fE, Fe¥ and EC AC F we must have uE < pF.
(c)If FCENAand F € %/, then
pEF +p(E\A) < pF +p(E\F) = pE;
taking the supremum over F, u.(ENA) + p*(E\ A) < pE. If pE < oo, then
u(ENA)=sup{pF :FeX FCENA}
=uE —inf{u(E\F): FeX, FCENA}
=pE —inf{pF: FeX, E\ACFCE}=upE—p*(E\A).

If i is semi-finite, then
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p(ENA) + p*(E\A) > sup{p(FNA) +p*(F\A) : Fex FCE}
= sup{uF : FecX/ FCE}=uE.

(d) Take A = FE in (c).
(e)
A =sup{uE: Ec ¥/ EC A}
=sup{pK : K e KNy, 3Eex/, KCECA}
=sup{pK : K e Kn¥/ K C A}.

(f) By (a) above and 132Aa, there are E, F' € ¥ such that E C A C F and
wE = pA=p*A=puklF < oo;
now u(F\ E) =0, so F'\ A and A are measured by the completion of p.

(g) Write i for either i or ji, and X for its domain, and let A C X. (i) If v < p. A, there is an E € ¥ such
that E C A and v < uFE < oo; now i = pE (212D, 213Fa), so fi«A > «. As v is arbitrary, p.A < fi,.A.
(ii) If v < fi4 A, there is an £ € ¥ such that E C A and v < iF < co. Now there is an F' € ¥ such that
F C E and pF = iF (212Cb, 213Fc), so that u.,A > v. As v is arbitrary, p.A > i, A.

(h) This is elementary; all we have to note is that if F, F' € Tand F C B C F', then f~1[F] C f~![B] C
f7F’], so that
VF = pf ' [F] < pu f7HB] < p* fHB] < pf HF = v
As F and F’ are arbitrary,
vB << pu. f7YB], p'f'[B]<v*B.
Now, for A C X,
pr A< pr(FHfIAN) < v (fIAD).

(1)(i) If E is a measurable envelope of A and F € ¥ is included in E \ A, then
pF =p(FNE)=p (FNA)=0;

as F' is arbitrary, u.(E \ A) = 0. (ii) If E is not a measurable envelope of A, there is an F' € ¥ such that
pw(FNA) <u(FNE). Let G € ¥ be such that FNAC G and puG = p*(FNA). Then p(FNE\G) > 0;
because p is semi-finite, pu(E\ A) > u.(FNE\G) > 0.

413F The language of 413D makes it easy to express some useful facts about complete locally determined
measure spaces, complementing 412J.

Lemma Let (X, X, u) be a complete locally determined measure space and K a family of subsets of X such
that p is inner regular with respect to K. Then for E C X the following are equiveridical:
(i) E€X;
(i) EN K € ¥ whenever K € ¥ NK;
(i) p"(KNE)+ p*(K\ E) = p*K for every K € K;
(iv) px(K N E) 4+ po (K \ E) = p K for every K € K;
v) p"(ENK) =p(ENK) for every K € KN 3;
(vi) min(p* (K N E),p* (K \ E)) < pK whenever K € KNY and 0 < pK < o0
(vii) max(u« (K N E), u« (K \ E)) > 0 whenever K € KN X and puK > 0.

proof (a) Assume (i). Then of course EN K € ¥ for every K € ¥ N K, and (ii) is true. For any K € K
there is an F' € ¥ such that F' O K and pF' = p*K (132Aa again); now

pK < p(KNE)+p*(K\E) < pu(FNE)+p(F\E)=pl = p*K,
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so (iii) is true. Next, for any K € KC,

(K NE) + p (K \ E) < K =sup{puF : Fe ¥/, F C K}
(writing %7 for {F : F € ¥, uF < oo})
=sup{u(FNE)+u(F\E): FeX/, FC K}
< (K 0 B) + (K \ B).

So (iv) is true. If K € KN X, then
p(ENK)=sup{uF: FeX FCENK}=uwENK)=u(ENK)

because  is semi-finite. So (v) is true. Since (iii)=(vi) and (iv)=(vii), we see that all the conditions are
satisfied.

(b) Now suppose that E ¢ %; T have to show that (ii)-(vii) are all false. Because p is locally determined,
there is an F' € X/ such that ENF ¢ ¥. Take measurable envelopes H, H' of FNE and F \ E respectively
(132Ee). Then F\ H' C FNE C F N H, so

G=(FnH)\(F\H)=FnHNH
cannot be negligible. Take K € K N X such that K C G and uK > 0. As G C F, uK < 0. Now
wW(KNE)y=p*(KNFNE)=puKNH)=ukK,
p(K\E)=p (KNF\E)=puKNH)=pK.
But this means that
pr(KNE) = pK —p*(K\E) =0, p(K\E)=pK—-p(KNE)=0
by 413Ec. Now we see that this K witnesses that (ii)-(vii) are all false.

413G The ideas of 413F can be used to give criteria for measurability of real-valued functions. I spell
out one which is particularly useful.

Lemma Let (X, 3, 1) be a complete locally determined measure space and suppose that p is inner regular
with respect to K C X. Suppose that f : X — R is a function, and for o € R set E, = {z : f(z) < a},
F, ={x: f(x) > B}. Then f is ¥-measurable iff

min(p*(Ey N K), p*(FpNK)) < pK
whenever K € I, 0 < pK < 0o and a < .
proof (a) If f is measurable, then
P (Ea NK) 4+ p*(Fs NK) = u(Ea N K) + p(Fg N K) < pk
whenever K € 3 and o < 8, so if 0 < uK < oo then we must have min(p*(E, N K), p*(Fs N K)) < pK.

(b) If f is not measurable, then there is some a € R such that E, is not measurable. 413F(vi) tells us
that there is a K € K such that 0 < pK < oo and p*(E, N K) = p*(K \ E,) = pK. Note that K is a
measurable envelope of K N E, (132Eb). Now (K N F, 9-n)nen is a non-decreasing sequence with union
K\ E,, so there is some § > « such that K N Fj is not negligible. Let H C K be a measurable envelope of
K N Fg, and K’ € K such that K’ C H and pK’ > 0; then

w(K'NE,) =p*(K'NKNE,) =puK NK)=pK',
wW(K'NFg)=p"(K'NHNFg)=p(K'NH) =puK’,
so K’', a and 3 witness that the condition is not satisfied.

413H The following fact is interesting and not quite obvious.
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Proposition Let (X, X, u) be a complete totally finite measure space, (Y, T,v) a measure space, and &
a Hausdorfl topology on Y such that v is inner regular with respect to the closed sets. Let (f,)nen be a
sequence of inverse-measure-preserving functions from X to Y. If f(z) = lim, e fn(z) is defined in Y for
every x € X, then f is inverse-measure-preserving.

proof Let /i, be the inner measure associated with p (413D). If F' € T is closed then [,y U, > p fnllF) C
F7F), so

:U*fil[F] > /J“(ﬂnEN UmZn f77Ll[F]) 2 hmlnfn—)oo /Lf7:1[F] =vF.
So if H is any member of T,

o fHH] > sup{p.fH[F]: F €T, FC H and F is closed}
>sup{vF : FeT, FCH and F is closed} = vH.

Taking complements,

P fHH] = pX = e f Y\ H]
(413Ec)
<vY -v(Y\H)=vH
(of course vY = pfy '[Y] = pX). So u*f~'[H] = p.f '[H] = vH. Because p is complete, puf~'[H] is
defined and equal to vH (413Ef). As H is arbitrary, f is inverse-measure-preserving.

4131 Inner measure constructions based on 413C are important because they offer an efficient way of
setting up measures which are inner regular with respect to given families of sets. Two of the fundamental
results are 413J and 413K. I proceed by means of a lemma on finitely additive functionals.

Lemma Let X be a set and K a family of subsets of X such that

0ek,

() KUK’ € K whenever K, K’ € K are disjoint,

(1)) KNK' e Kforall K, K' e K.
Let ¢g : K — [0, 00[ be a functional such that

(o) oK = oL +sup{¢poK’' : K' € K, K' C K\ L} whenever K, L € K and L C K.
Set

pA =sup{poK : K e K, K C A} for AC X

Y={E:FECX, ¢pA=¢(ANE)+ ¢p(A\ E) for every A C X}.
Then X is an algebra of subsets of X, including K, and ¢|X : ¥ — [0, 00| is an additive functional extending
Po-

proof (a) To see that ¥ is an algebra of subsets and ¢|X is additive, all we need to know is that ¢f = 0
(413B); and this is because, applying hypothesis (o) with K = L = 0, ¢o0 = ¢ + ¢ol), so ¢ = 0. ()
also assures us that ¢oL < ¢oK whenever K, L € K and L C K, so ¢ K = ¢oK for every K € K.

(b) To check that K C X, we have a little more work to do. First, observe that () and («) together tell
us that ¢g(K U K') = ¢pgK + ¢ K’ for all disjoint K, K’ € K. Soif A, BC X and AN B = () then

QoA+ ¢B = su}I)C doK + sup ¢oL = sup ¢o(KUL) < p(AUB).
Ke

Lek K,LEK
KCA LCB KCA
LCB

()KCE. PTake KeKand ACX. If L e K and L C A, then
doL = do(K ML) +sup{ol’ : L' € K, L' C L\ K} < p(ANK) + (A \ K).

(Note the use of the hypothesis (}).) As L is arbitrary, A < ¢(ANK) + ¢(A\ K). We already know that
P(ANK)+ ¢(A\ K) < pA; as A is arbitrary, K € ¥. Q
This completes the proof.
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413J Theorem (ToPsSgE 70A) Let X be a set and K a family of subsets of X such that

Dek,
() KUK’ € K whenever K, K’ € K are disjoint,
(1) Npen Kn € K whenever (K,)nen is a sequence in K.

Let ¢ : K — [0, 00[ be a functional such that
() poK = ¢poL +sup{¢poK’' : K' € K, K’ C K\ L} whenever K, L € K and L C K,
(B) inf,en G0 K, = 0 whenever (K,,),en is a non-increasing sequence in K with empty inter-

section.
Then there is a unique complete locally determined measure p on X extending ¢ and inner regular with

respect to K.
proof (a) Set
pA =sup{poK : K e K, K C A} for AC X,

Y={E:ECX, ¢pA=0¢(ANE)+ ¢p(A\ E) for every A C X}.
Then 4131 tells us that X is an algebra of subsets of X, including K, and u = ¢[% is an additive functional
extending ¢yg.

(b) Now pu(N,en Kn) = infren pk,, whenever (K,)nen is a non-increasing sequence in . B Set L =
Mnen Kn. Of course L < inf, ey pk<,. For the reverse inequality, take e > 0. Then () tells us that there
is a K’ € K such that K C Ky \ L and uKy < puL + pK’' + €. Since (K,, N K'),cn is a non-increasing
sequence in K with empty intersection, (8) tells us that there is an n € N such that u(K, N K’) < e. Now

Ko — pL = (Ko \ L) = (Ko \ (K’ U L)) + pK’
<etp(KyNK') 4+ u(K'\ K,) < 26+ p(Ko \ Kp) = 2¢ + pKo — pKo,.

(These calculations depend, of course, on the additivity of x and the finiteness of uKy.) So uL > uK, — 2e.
As € is arbitrary, pL = inf, ey pK,,. Q

(c) If (A,)nen is a non-increasing sequence of subsets of X, with intersection A, and ¢Ay < oo, then
¢A = inf,cny PpA,. P Of course pA < ¢pA,, for every n. Given € > 0, then for each n € N choose K,, € K
such that K, C A,, and ¢oK,, > ¢A, — 2 "¢ (this is where I use the hypothesis that ¢Ag is finite); set

L,= ﬂign K; for each n, and L = (1, cyy Ln. Then we have

¢Ant1 — pLlyt1 = ¢Apt1 — p(Kny1 N Ly)

= ¢Ant1 — pKng1 — Ly + p(Kyq1 U Ly)

<27 le— L, + ¢A,
because K41 C Ap41 € A, and L, C K,, C A,,. Inducing on n, we see that uL, > ¢A,, — 2¢ 4+ 27 "¢ for
every n. So

¢A > pL = inf,en pLly, > infeny 0A, — 26,
using (b) above for the middle equality. As € is arbitrary, A = inf, ey ¢A,. Q
(d) It follows that ¢ is an inner measure. I The arguments of parts (a) and (b) of the proof of 4131

tell us that ¢f) = 0 and ¢(AU B) < ¢A + ¢B whenever A, B C X are disjoint. We have just seen that
A(Npen An) = infren @A, whenever (A,)nen is a non-increasing sequence of sets and ¢4y < oo. Finally,

K = ¢oK is finite for every K € K, so ¢pA = sup{¢B : B C A, ¢ B < oo} for every A C X. Putting these
together, ¢ is an inner measure. Q

(e) So 413C tells us that p is a complete measure, and of course it is inner regular with respect to K,
by the definition of ¢. It is semi-finite because uK = ¢oK is finite for every K € K. Now suppose that
E C X and that ENF € 3 whenever uF' < oco. Take any A C X. If L € K and L C A, we have L € 3 and
uL < 00, so

6oL = uL = p(L O E) + p(L\ E) = $(L 1 E) + (L \ ) < (AN E) + 6(A\ E);
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taking the supremum over L, pA < ¢(ANE)+ ¢(A\ E). As A is arbitrary, E € X; as E is arbitrary, p is
locally determined.

(f) Finally, p is unique by 412Mb.

413K Theorem Let X be a set and I a family of subsets of X such that
0ek,
() KUK’ € K whenever K, K’ € K are disjoint,
(1) KN K’ € K whenever K, K’ € K.
Let ¢ : K — [0, 00[ be a functional such that
() poK = oL +sup{¢poK’ : K' € K, K’ C K\ L} whenever K, L € K and L C K,

(8) infpen ¢ K, = 0 whenever (K,,)pen is a non-increasing sequence in K with empty inter-
section.

Then there is a unique complete locally determined measure g on X extending ¢y and inner regular with
respect to s, the family of sets expressible as intersections of sequences in K.

proof (a) Set
YA =sup{poK : K € K, K C A} for A C X,

T={E:ECX,pA=¢(ANE)+¢y(A\E) for every A C X}.

Then 4131 tells us that T is an algebra of subsets of X, including K, and v = ¢ [T is an additive functional
extending ¢g.

(b) Write T/ for {E: FE €T, vE < co}. If (E;)nen is a non-increasing sequence in T/ with empty
intersection, lim, . VE, = 0. P Given ¢ > 0, we can choose a sequence (K, ),en in K such that K,, C E,
and

vK, = ¢oK,, > VvE, —27 "¢
for each n. Set L, = ﬂign K; for each n; then
lim,, oo vL,, = limy, oo poL,, =0
by hypothesis (5). But also, for each n,
vE, <vL,+ Y  v(E;\ K;) <vL, + 2,
because v is additive and non-negative and £, C L, U, (Ei \ K;). So limsup,,_,o vE, < 2¢ as € is
arbitrary, lim, . vE, =0. Q

(c) Write Tg for the family of sets expressible as intersections of sequences in T/, and for H T(J; set
¢1H = inf{vE : H C E € T}. Note that because EN F € T/ whenever E, F € T, every member of T(J;
can be expressed as the intersection of a non-increasing sequence in T7.

(1) If (E,)nen is a non-increasing sequence in T/ with intersection H € T(’;, o H =lim, oo vE,. P
Of course
01 H < infpenvE, =lim, o vE,.

On the other hand, if H C E € T, then (E, \ E),en is a non-increasing sequence in T/ with empty
intersection, and

vE > lim, o V(E, N E) = lim, o VE, — lim, o v(E, \ E) = lim,_, VE,
by (b) above. As E is arbitrary, ¢1(), cn En) = limy 00 VE,. Q

neN —n

(ii) Because K C T/, K5 C T(’;. Now for any H € Tg, o1 H =sup{¢1L: L € Ks, L C H}. P Express
H as ﬂneN E,, where (E,)nen is a non-increasing sequence in T/. Given € > 0, we can choose a sequence
(Ky)nen in K such that K,, C E, and vK,, > vE, —2 "¢ for each n. Setting L,, =, .,, K; for each n and
L=, en Ln, we have L € K5, L € H and -
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o1 H =limy, oo vE, <limy, oo (VLn + >0 g V(B \ K;)) < ¢1L + 2e.
As € is arbitrary, this gives the result. Q

(d) We find that T/ and ¢, satisfy the conditions of 413J.  Of course ) € T,. If G, H € T] and
G N H = (), express them as Mnen Ens Npen Fn where (En)nen, (Fn)nen are non-increasing sequences in
T/. Then

GUH:ﬂneNEnUFn

belongs to T(’; , and

¢ (GUH) = lim v(E,UF,)= lim vE, +vF, —v(E,NF,)
n—oo n—oo
= lim vE, +VF,
n—oo
(by (b))
=¢1G+ ¢1H.

The definition of T(J; as the set of intersections of sequences in T/ ensures that the intersection of any
sequence in T'Z; will belong to T'Z;.
Now suppose that G, H € Tf; and that G C H. Express them as intersections (1, cyy En, [\,en Fn Of

non-increasing sequences in Tf, so that ¢1G = lim,, o VE, and ¢1H = lim,_,,, vF,. For each n, set
Hy = ey Fm \ En, so that H,, € T(J;, H, C H\G, and

01 H, = lim v(F,\ E,) = lim vF,, —v(F, NE,)
m—r00 m—r00
> lim vF,, —vE, =¢p:H —vE,.

m—00
Accordingly
sup{¢1 G : G' € T, G' C H\ G} > sup,,cy &1 H — vE, = ¢1H — $:G.
On the other hand, if G’ € T and G’ C H \ G, then
011G+ 91G' =1 (GUG) < 1 H
because of course ¢; is non-decreasing, as well as being additive on disjoint sets. So
sup{p,G’ : G' € TL, ' CH\ G} = ¢ H — G
as required by condition («a) of 413J. Finally, suppose that (H,)nen is a non-increasing sequence in T(J;
with empty intersection. For each n € N, let (E,,;);en be a non-increasing sequence in T/ with intersection

H,, and set F,,, =, i<m Ej; for each m. Then (F,)men is a non-increasing sequence in T with empty
intersection, while H,, C F,, for each m, so

Thus condition 413J(8) is satisfied, and we have the full list. Q

(e) By 413J, we have a complete locally determined measure u, extending ¢, and inner regular with
respect to Téf. Since g1 K = vK = ¢oK for K € K, p extends ¢g. If G belongs to the domain of p, and
v < uG, there is an H € Tg such that H C G and v < uH = ¢1H; by (c-ii), there is an L € K5 such that
L C H and v < ¢1L = pL. Thus p is inner regular with respect to 5. To see that p is unique, observe
that if ¢/ is any other measure with these properties, and L € Ky, then L is expressible as [ K,, where
(K, )nen 18 a sequence in K. Now

pL = limy, /i(ﬂign Ki) =lim; ¢0(nign K;)=p'L.
So p and p’ must agree on Ks, and by 412Mb again they are identical.

neN
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413L Corollary (a) Let X be a set, ¥ a subring of PX, and v : ¥ — [0, 00[ a non-negative finitely
additive functional such that lim,, o ¥E, = 0 whenever (E,)nen is a non-increasing sequence in ¥ with
empty intersection. Then v has a unique extension to a complete locally determined measure on X which
is inner regular with respect to the family X5 of intersections of sequences in X.

(b) Let X be a set, & a subalgebra of PX, and v : ¥ — [0, 0o[ a non-negative finitely additive functional
such that lim, . vF, = 0 whenever (E,),cn is a non-increasing sequence in ¥ with empty intersection.
Then v has a unique extension to a measure defined on the o-algebra of subsets of X generated by X.

proof (a) Take X, v in place of K, ¢ in 413K.

(b) Let 11 be the complete extension as in (a), and let v be the restriction of 11 to the o-algebra X’
generated by 3; this is the extension required here. To see that v{ is unique, use the Monotone Class
Theorem (136C).

Remark These are versions of the Hahn extension theorem. You will sometimes see (b) above stated
as ‘an additive functional on an algebra of sets extends to a measure iff it is countably additive’. But this
formulation depends on a different interpretation of the phrase ‘countably additive’ from the one used in
this book; see the note after the definition in 3261.

413M It will be useful to have a definition extending an idea in §342.

Definition A countably compact class (or semicompact paving) is a family IC of sets such that
Mnen Kn # 0 whenever (K, )nen is a sequence in K such that 1, K; # 0 for every n € N.

413N Corollary Let X be a set and K a countably compact class of subsets of X such that
0ek,
(1) KUK’ € K whenever K, K’ € K are disjoint,
(1) KN K’ € K whenever K, K’ € K.
Let ¢ : K — [0, 00[ be a functional such that
() poK = ¢poL +sup{¢poK’ : K' € K, K’ C K\ L} whenever K, L € K and L C K.
Then there is a unique complete locally determined measure g on X extending ¢y and inner regular with
respect to s, the family of sets expressible as intersections of sequences in K.

proof The point is that the hypothesis (8) of 413K is necessarily satisfied: if (K, )nen is a non-increasing
sequence in K with empty intersection, then, because K is countably compact, there must be some n such
that K,, = 0. Since hypothesis («) here is already enough to ensure that ¢ofl = 0 and ¢oK > 0 for every
K € K, we must have inf, cn ¢po K, = 0. So we apply 413K to get the result.

4130 I now turn to constructions of a different kind, being extension theorems in which the extension
is not uniquely defined. Again I start with a theorem on finitely additive functionals.
Theorem Let X be a set, Ty a subring of PX, and vy : To — [0, 0o[ a finitely additive functional. Suppose
that  C PX is a family of sets such that
(1) KUK’ € K whenever K, K’ € K are disjoint,
() KNK' eKforall K, K' € K,
every member of K is included in some member of Ty,
and 1 is inner regular with respect to K in the sense that
() vE =sup{nyK : K e KNTy, K C E} for every E € Ty.
Then vy has an extension to a non-negative finitely additive functional v, defined on a subring T; of PX

including Ty U IC, inner regular with respect to K, and such that whenever E € T; and € > 0 there is an
Ey € Ty such that v (EAE)) <e.

proof (a) Let P be the set of all non-negative additive real-valued functionals v, defined on subrings of
PX, inner regular with respect to I, and such that

() whenever E € domv and € > 0 there is an Ey € T such that v(EAE) <e.
Order P by extension of functions, so that P is a partially ordered set.
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(b) It will be convenient to borrow some notation from the theory of countably additive functionals. If
T is a subring of PX and v : T — [0, oo[ is a non-negative additive functional, set

VA=inf{vE: ACEeT}, v.A=sup{vE:ADFEcT}
for every A C X (interpreting inf () as oo if necessary). Now if A C X and F, F € T are disjoint,
VAN (EUFR)=v"(ANE)+ v (ANF),

Vi(AN(EUF))=v.(ANE)+v.(ANF).

P (AN(BEUF) =inf{vG:GeT, AN(EUF)C G}
=inf{vG:GeT, AN(EUF)CGCEUF}
inf{fv(GNE)+v(GNF):GeT, AN(FEUF)CGCFEUF}
inf{vG1 +vGs :G1,Go € T, ANECG; CE,ANF C Gy, C F}
inf{vG, : G, €T, ANECG; CFE}
+inf{vGy: Gy € T, ANF C Gy C F}
V'(ENA)+v*(FnA),

Vi(AN(EUF))=sup{vG:GeT, AN(EUF) DG}
sup{v(GNE)+v(GNF):GeT, AN(EUF) DG}
=sup{rvG1 +vGy:G1,Go € T, ANE DGy, ANF D Gy}
sup{vG1:G1 € T, ANE DG}

+sup{vGy: G2 € T, ANF 2 Gy}

v (ENA)+ 1 (FNA). Q

(c) The key to the proof is the following fact: if v € P and M € K, there is a v’ € P such that v’ extends
vand M € domv'. P Set T =domv, T' = {(ENM)U(F\M): E, F € T}. For H € T', set

VH=v*(HNM)+v.(H\M).
Now we have to check the following.
(i) T' is a subring of PX, because if E, F, E', F’ € T then
(B0 M)U(F\ M)« ((E'0 M) U (F'\ M)) = (E* E') 1 M) U (F % F') \ M)

for both the Boolean operations x = A and x = N. T" D T because E = (ENM)U(E\ M) for every E € T.
(Cf. 312N.) M € T’ because there is some E € Tq such that M C E, so that M = (ENM)U (0 \ M) € T'.

(ii) v’ is finite-valued because if H = (ENM)U(F\ M), where E, F € T, then v'H <vE+vF. If H,
H' € T are disjoint, they can be expressed as (ENM)U(F\ M), (E'NM)U (F'\ M) where E, F, E', F’
belong to T; replacing E’, F' by E’'\ E and F’\ F if necessary, we may suppose that ENE' = FNF' = .
Now

VHUH) =v*(EUEYN M)+ v (FUF)N (X \ M))
=v"(ENM)+ v (E'NM)+v.(FN(X\M))+v.(F'n(X\M))
(by (b) above)
=vH+VH.
Thus v’ is additive.

(iii) If E € T, then
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vi(E\M)=sup{vF:FeT, FCE\M}
=sup{vE —v(E\F): FeT, FCE\ M}
—sup{vE —vF:FeT, ENMC FC E}
=vE-inf{vF: FeT, ENMCFCE}=vE—-v(ENM).
So
VE=v(ENM)+v.,(E\M)=vE.
Thus v’ extends v.
(iv) If H € T" and € > 0, express H as (EN M) U (F\ M), where E, F € T. Then we can find (a) a
K € KNT such that K C F and v(E\K) < ¢ (8) an F’ € T such that F/ C F\M and vF’ > v, (F\M)—e¢

(v) a K’ € KN T such that K’ C F’ and vK’' > vF' —¢. Set L = (KN M) UK’ € T'; by the hypotheses
() and (1), L € K. Now L C H and

VL=V (KNM)+ VK =v(ENnM) -V (E\K)NM)+vK’
=v*"HNM)-v"(E\K)NM)+vK' >v*(HNM) -v(E\K)+vF —¢
>V (HNM)+v.(F\M)—3=v"H — 3e.

As H and € are arbitrary, v is inner regular with respect to K.

(v) Finally, given H € T’ and € > 0, take E, F € T such that HNM C E, F C H\ M, vE <
v*(HNM)+eand vF > v, (H \ M) — e. In this case,

V(E\(HNM))=vE—-Vv(HNM)=vE—-v*(HNM)<g,

VI(IH\M)\F)=v(H\M)—-v'F=v,(H\ M) —vF <e.
But as
HA(EUF)C (E\(HNM))U((H\M)\F),
VI(HA(EUF)) < 2e. Now v satisfies the condition (x), so there is an Ey € Ty such that v((EUF)AE) < e,

and V' (HAEp) < 3e. As H and ¢ are arbitrary, v’ satisfies (k).
This completes the proof that v’ is a member of P extending v. Q

(d) It is easy to check that if @ C P is a non-empty totally ordered subset, the smallest common extension
v’ of the functions in @ belongs to P. (To see that v’ is inner regular with respect to K, observe that if
E € domv’ and v < V'E, there is some v € @) such that £ € dom v; now there is a K € KX Ndom v such that
K C E and vK > ~, so that K € KNdomv' and 'K > ~.) And of course P is not empty, because vy € P.
So by Zorn’s Lemma P has a maximal element vy say; write Ty for the domain of v;. If M € K there is
an element of P, with a domain containing M, extending v7; as vy is maximal, this must be v itself, so
M € Ty. Thus K C Ty, and 4 has all the required properties.

413P Corollary Let (X, T,v) be a measure space and K a countably compact class of subsets of X such
that
(t) KUK’ € K whenever K, K’ € K are disjoint,
(1) Nypen Kn € K for every sequence (K )nen in K,
V*K < oo for every K € K,
v is inner regular with respect to K.
Then v has an extension to a complete locally determined measure p, defined on every member of /C, inner

regular with respect to IC, and such that whenever E € dom py and uF < oo there is an F' € T such that
w(EAF) =0.

proof (a) Set T/ = {E: E € T, vE < co}. Then T/ and v|T7 satisfy the conditions of 4130; take v;
extending v to Ty O T UK as in 4130. If K, L € K and L C K, then
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nL+sup{nK K ek K CK\L} =nL+u1(K\L) =K.

So v1 [ satisfies the conditions of 413N and there is a complete locally determined measure u, extending
1 [KC, and inner regular with respect to .

(b) Write X for the domain of u. Then T CX. P If F € Ty and K € K,

4o (K OV E) + (K \ E)
>sup{uK' : K'e K, K CKNE}+sup{uK' : K'e K, K CK\ E}
=sup{nK' :K' e K, K' CKNE}+sup{nK': K' €K, K' CK\ E}
=n(KNE)+un(K\E)=unK =uK.
By 413F(iv), E € ¥. Q Tt follows at once that p extends vy, since if E € T
nE=sup{nK: Kek, KCFE}=sup{pK: KeK, KCFE}=ukE.

(c) In particular, 1 agrees with v on T/, Now in fact y extends v. P Take E € T. If K € K, there is an
F € T such that K C F and vF < 0. Since ENF e T/ CY, ENK =ENFNK €X. As K is arbitrary,
E € ¥, by 413F(ii). Next, because every member of K is included in a member of T/,

vE=sup{vK : K e KNT, K C E} =sup{v(ENF): FeT}
=sup{u(ENF): FeT/} =sup{uK : K €K, K CE} = uE. Q

(d) Finally, suppose that E € ¥ and pF < co. For each n € N we can find K,, € K and F,, € T such that
K, CE, W(E\ K,) <2 ™ and vi(K,AF,) < 2™ In this case Y -, u(EAF,) < o0, so u(EAF) = 0,
where F' =, cnNnsp Fm € T.

Thus p has all the required properties.

413Q Definitions Let P be a lattice and f : P — [—00, 00 a function.

(a) f is supermodular if f(pV q) + f(pAq) > f(p) + f(q) for all p, ¢ € P.

(b) fis submodular if f(pVq)+f(pAq) < f(p)+f(q) for all p, ¢ € P. The phrase ‘strongly subadditive’
is used by many authors in similar contexts.

(¢) f is modular if f(pVq) + f(p A q) = f(p) + f(q) for all p, ¢ € P.

413R 1 now describe an alternative route to some of the applications of 4130. As before, I do as much
as possible in the context of finitely additive functionals.

Lemma Let X be a set and K a sublattice of PX containing (). Let ¢ : £ — R be a bounded supermodular
functional such that ¢} = 0. Then there is a finitely additive functional v : PX — [0, oo such that

vX =supgex 0K, vK > ¢K for every K € K.

proof (a) Let us consider first the case in which K is finite and ¢ is non-decreasing. I induce on n = #(K).
If n =1 then K = {0} and v must be the zero functional. For the inductive step to n > 1, let Ky be a
minimal member of £\ {0}. If K € K then K N Ky is a member of K included in Ky, so is either empty
or Ky, that is, either KN Ky =0 or K O Ko. Set Y = X \ Kg and L = {K \ Ky : K € K}. Then L is a
sublattice of PY containing (), and K — K \ K, : K — L is surjective but not injective, so #(£) < n.

For L € L, observe that LU Ky € K. PP There is a K € K such that L = K \ Ky. Now If K is disjoint
from Ky, then L U Ky = K U K{ belongs to K; if K includes Ky then L U Ky = K belongs to . Q

We can therefore define ¢’ : £ — [0, oo[ by setting

¢'L = ¢(L U Ko) — ¢Ko
for every L € L. Of course ¢'0) = 0 and ¢'L < ¢'L’ whenevery L C L'. If L, L’ € £ then
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¢ (LUL)+¢(LNL)=¢(LUL UKy +¢((LNL")UKp) — 20K,

P((LUKo) U(L' UKy)) + ¢((L U Ko) N (L' U Kp)) — 26K,

> ¢(LUKo) + ¢(L'UKy) — 20K = ¢'L+ ¢'L".

So ¢’ is supermodular, and by the inductive hypothesis there is a finitely additive functional v’ : PY — [0, oo]
such that

V'Y =suppep,¢'L, v'L> ¢ L for every L € L.
Fix any z¢ € Kj and define v : PX — [0, oo[ by setting

vA=¢Ko+ V' (ANY)ifzg € AC X,
=1 (ANY) for other A C X.
Then v is additive. If K € K is disjoint from Kj then
vK =V'K > ¢'K =¢p(KUKy) — oKy > ¢K — d(K NKy) = oK.
If K € K includes K, then
VK = ¢K, + v/ (K \ Ko) > 6Ko + ¢/ (K \ Ko) = Ko + 0K — ¢, = ¢K.

Finally,
vX = ¢Ko+ V'Y = ¢Ko + sup ¢'L
Lel
= ¢Ko+ sup (¢p(K U Ky) — ¢Kp) = sup ¢(K U Ky) = sup oK.
KeKk KeK KeK

So v has the required properties and the induction continues.

(b) Now suppose only that ¢ is non-decreasing. Set v = supcx ¢K. We need to know that every finite
subset of I is included in a finite sublattice of K; this is because it is included in a finite subalgebra &£ of
PX and K NE is a sublattice. Let N be the set of all finitely additive functionals v : PX — [0,7]. Then N
is a closed subset of [0,7]7X, so is compact. For each K € K set Ny = {v:v € N, vK > ¢K}. Then Ny is
a closed subset of N. If Ky C K is finite, there is a finite sublattice £ of K including Ko U {0}, and now (a)
tells us that there is a v € (¢, Ng. Thus {Ng : K € K} has the finite intersection property and there is
av € \gex Ni. In this case, v : PX — [0,9] is a finitely additive functional dominating ¢; it follows that
vX =~ and the proof is complete.

(c) Finally, for the general case, set ¢' K = suprcx pcx ¢L for K € K. Then ¢ is non-decreasing, ¢'() = 0
and supg e @' K = supgex ¢K is finite. If K, K’ € K then

¢ K+¢'K'= sup ¢L+ sup oL' = sup oL+ oL’

Lek L'ex L.L'eKk
LCK L'CK’ LCK
L'CK'
< sup QLUL)+¢(LNL) < (KUK')+¢'(KNK'),
L,L'ek
LCK
L'CK'

so ¢’ is supermodular. By (b), there is an additive v : PX — [0, 00] such that vK > ¢/ K > ¢K for every
K e K and vX =supgcx @' K = supgex oK.

413S Theorem Let X be a set and K a sublattice of PX containing @). Let ¥ be the algebra of subsets
of X generated by K, and vy : ¥ — [0, 00] a finitely additive functional. Then there is a finitely additive
functional v : ¥ — [0, o[ such that

(i) vX =supgex oK,

(ii) vK > K for every K € K,

(iii) v is inner regular with respect to K in the sense that vE = sup{vK : K € K, K C E} for every
Eek.
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proof (a) Set v = supycx oK. Let P be the set of all supermodular functionals ¢ : K — [0,7]. Give P
the natural partial order inherited from R*. Note that 1| K is actually modular, so belongs to P. If Q C P
is non-empty and upwards-directed, then sup @, taken in R*, belongs to P; so there is a maximal ¢ € P
such that o[ < ¢. By 413R, there is a non-negative additive functional » on PX such that vK > ¢K for
every K € K and vX = . Since v[K also belongs to P, we must have vK = ¢K for every K € K.

(b) Now for any Ky € K,
vKo+sup{vL:LeK,LC X\ Ko} =1.
P @A) Set L={L:LeK,LCX\Ky}. For AC X, set pA = sup;,v(ANL). Because L is

upwards-directed, €y : PX — R is additive, and of course 0 < 0y < v. Set 61 = v — 0y, so that 6; is another
additive functional, and write

d'K =0yK +sup{0i M : M e K, MN K, C K}
for K € K.
(ii) If K, K’ € K and € > 0, there are M, M’ € K such that M N Ky C K, M'N Ky C K’ and
0K +01M > 'K —¢, GQK +00M >¢K —e.
Now

MuUuM ek, MnM ek,

(MUM)NKyCKUK', (MNM)NEK,CKNK',

SO

(KUK )+ ¢ (KNK')>0(KUK')+60,(MUM')+6y(KNK")+6,(MnM)
=0K + 0, M + 6K+ 0. M' > ¢'K + ¢' K" — 2e.
As € is arbitrary, ¢'(KUK') 4+ ¢'(KNK') > ¢ K + ¢K'.
(iii) Suppose that K, M € K are such that M N Ky C K. If L € L, then

vIKNL)+60M =v(KNL)+vM — 6, M
=v(MNKNL)+v(MU(KNL))—0M <~
because K N L € L; taking the supremum over L and M, ¢’ K < ~. As K is arbitrary, ¢’ € P.
(iv) If K € K, then of course K N Ky C K, so
¢'K > 00K +6,K =vK = ¢K.
Thus ¢’ > ¢. Because ¢ is maximal, ¢’ = ¢. But this means that
¢Ko = ¢' Ko = 00Ko+sup{0i M : M € K, M N Ky C Ko} =supysexc 01 M.
Now given € > 0 there is an M € K such that
¥ — e <M < $M = vM,
so that
vKg=¢Ko 2> M =vM —0gM >~y —€—0gM > v —e€—supyc, VL,

and vKo +supyc, VL > v —e€. As e is arbitrary, vKq +supy ¢, vL > 7. But of course vKo+vL <vX =1
for every L € L, so vKy +supyc, VL = 7, as claimed. Q

(c) Tt follows that if K, L € K and L C K,
vK=vL+sup{vK': K' e K, K' CK\L}.
P Because v is additive and non-negative, we surely have

vK>vL+sup{vK': K' e K, K' CK\L}.
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On the other hand, given ¢ > 0, there is an M € K such that M C X \ L and vL +vM > v — ¢, so that
MNKekK, MNK CK\ L and

vL+v(MNK)=vL+vK+vM—-v(MUK)>vK+y—e—v=vK —e.
As € is arbitrary,
vK <vL+4+sup{vK': K' e K, K' CK\L}
and we have equality. Q

(d) By 413I, we have an additive functional v’ : ¥ — [0, 00 such that v'E = sup{vK : K € K, K C E}
for every E € . Using 313Ga, it is easy to show that v’ and v must agree on ¥, but even without doing so
we can see that v’ has the properties (i)-(iii) required in the theorem.

413T The following lemma on countably compact classes, corresponding to 342Db, will be useful.

Lemma (MARCZEWSKI 53) Let X be a set and K a countably compact class of subsets of X. Then there is
a countably compact class K* D KU {0, X} such that KUL € K* and [, .y Kn € K* whenever K, L € K*
and (K, )nen is a sequence in IC*.

neN

proof (a) Of course K U {0, X} is still a countably compact class of sets, so we can suppose from the
beginning that ) and X belong to K. Write s for {KqU...UK,, : Ky,...,K, € K}. Then Ky is countably
compact. P Let (L,)nen be a sequence in K such that (), L; # 0 for each n € N. Then there is an
ultrafilter F on X containing every L,,. For each n, L,, is a finite union of members of K, so there must be a
K, € K such that K,, C L,, and K,, € F. Now (,,, K; # () for every n, so (o Kn # 0 and (), cr Ln # 0.

As (Lp)nen is arbitrary, Ky is countably compact. Q
Note that LU L' € K, for all L, L' € K.

(b) Write K* for
{N Lo : Lo C Ky is non-empty and countable}.

Then K* is countably compact. B If (M,,),en is any sequence in K* such that (), .,, M; # 0 for every n € N,
then for each n € N let £,, C K, be a countable non-empty set such that M,, = () £,. Let (L,)nen be a
sequence running over |J, cy Ln; then (), L;i # 0 for every n, so (), ey In = [,y Mn is non-empty. As
(M) nen is arbitrary, K* is countably compact. Q

(c) Of course K C Ky C K*. It is immediate from the definition of K* that it is closed under countable
intersections. Finally, if My, My € K*, let L1, Lo C K, be countable sets such that M; = (£ and
My = () Ly; then £L={L1 ULy : Ly € L1, Ly € L5} is a countable subset of Ky, so My U My = [ L belongs
to KC*.

413U Corollary Let X be a set and K a countably compact class of subsets of X. Let T be a subalgebra
of PX and v : T — R a non-negative finitely additive functional.
(a) There is a complete measure p on X such that uX < vX, K C dompu and uK > vK for every
KeKnT.
(b) If € K and
(t) KUK’ € K whenever K, K’ € K,
(1) Npen Kn € K for every sequence (Ky,)nen in K,
we may arrange that p is inner regular with respect to K.
proof By 413T, there is always a countably compact class K* 2 KU {0} satisfying () and (); for case (b),
take K* = K. By 391G, there is an extension of v to an additive functional v’ : PX — [0, 00[. Let Ty be the
subalgebra of PX generated by K*. By 413S, there is a non-negative additive functional v : T; — R such
that 11 X <vV'X =vX, nK > v K =vK forevery K € K*NT and hE = sup{n1K : K € K*, K C E}
for every E € T;. In particular, if K, L € K*,

nL+sup{nK' :K'e K*, K CK\L} =1L+ (K\L)=nK.
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So K* and 11 [K* satisfy the hypotheses of 413N. Accordingly we have a complete measure p extending
v1[K* and inner regular with respect to K* = Kj; in which case

pK =K >vK
for every K € KN T, and
uX =supgcir plK = supgepe- Vi K < X <vX,

as required.

413X Basic exercises (a) Define ¢ : PN — [0, 0o by setting ¢A = 0 if A is finite, co otherwise. Check
that ¢ satisfies conditions (a)) and () of 413A, but that if we attempt to reproduce the construction of
413C then we obtain ¥ = PN and p = ¢, so that p is not countably additive.

(b) Let ¢1, ¢2 be two inner measures on a set X, inducing measures p; and po by the method of 413C.
(i) Show that ¢ = ¢1 + ¢2 is an inner measure. (ii) Show that the measure p induced by ¢ extends the
measure p1 + po defined on dom pq N dom pg.

>(c) Let X be a set, ¢ an inner measure on X, and u the measure constructed from it by the method of
413C. (i) Let Y be a subset of X. Show that ¢[PY is an inner measure on Y, and that the measure on Y
defined from it extends the subspace measure py induced on Y by p. (ii) Now suppose that ¢X is finite.
Let Y be a set and f: X — Y a function. Show that B + ¢f~1[B] is an inner measure on Y, and that it
defines a measure on Y which extends the image measure pf~!.

(d) Let (X,%,u) be a measure space. Set 04 = L(u*A + p,A) for every A C X. Show that § is an
outer measure on X, and that if y is semi-finite then the measure defined from 6 by Carathéodory’s method
extends p. (See also 438Ym below and 543Xd in the next volume.)

>(e) Show that there is a partition (A,)nen of [0,1] such that u.(U;<, Ai) = 0 for every n, where 1, is
Lebesgue inner measure. (Hint: set A, = (A + ¢,) N[0, 1] where (gn)nen is an enumeration of Q and A is a
suitable set; cf. 134B.)

(f) Let (X, X, 1) be a measure space. (i) Show that . [X is the semi-finite version ps of p as constructed
in 213Xc. (ii) Show that if A is any subset of X, and ¥ 4 the subspace o-algebra, then ., [X 4 is a semi-finite
measure on A.

>(g) Let (X,X, ) and (Y, T,v) be two measure spaces, and A the c.l.d. product measure on X x Y.
Show that Ay(A x B) = pusA-v.B forall A C X and B C Y. (Hint: use Fubini’s theorem to show that
M(A X B) < pu.A-v.B.)

(h)(i) Let (X,%, 1) be a o-finite measure space and f : X — R a function such that [ fdy is finite. Show
that for every e > 0 there is a measure v on X extending p such that [ fdv > deu —e. (Hint: 215B(viii),
133Ja, 417Xa.) (ii) Let (X,%, ) be a totally finite measure space and f : X — R a bounded function.
Show that there is a finitely additive functional v : PX — [0, 00[, extending p, such that f fdv, defined as
in 363Lf, is equal to deu.

(i) Let X be aset and u, v two complete locally determined measures on X with domains X, T respectively,
both inner regular with respect to £ C X NT. Suppose that, for K € K, uK = 0 iff vK = 0. Show that
> =T and that p and v have the same null ideals.

>(j) Let (X, X, 1) be a measure space. (i) Show that the measure constructed by the method of 413C
from the inner measure pu. is the c.l.d. version of p. (ii) Set K ={F : E € ¥, uE < 0o}, ¢pg = u[K. Show
that IC and ¢ satisfy the conditions of 413J, and that the measure constructed by the method there is again
the c.l.d. version of pu.

>(k) Let K be the family of subsets of R expressible as disjoint finite unions of bounded closed intervals.
(i) Show from first principles that there is a unique functional ¢q : K — [0, 0o such that ¢gle, 8] = 8 — «
whenever a < 3 and ¢ satisfies the conditions of 413K. (ii) Show that the measure on R constructed from
¢o by the method of 413K is Lebesgue measure.
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(1) Let X be a set, ¥ a subring of PX, and v : ¥ — [0, 00[ a non-negative additive functional such that
lim,, o0 VE,, = 0 whenever (E,,),en Is a non-increasing sequence in ¥ with empty intersection, as in 413L.
Define 6 : PX — [0, o0] by setting

0A =inf{} " JvE, : (E,)nen is a sequence in ¥ covering A}

for A C X, interpreting inf () as co if necessary. Show that 6 is an outer measure. Let ug be the measure
defined from 6 by Carathéodory’s method. Show that the measure defined from v by the process of 413L is
the c.l.d. version of pg. (Hint: the c.l.d. version of pg is inner regular with respect to Xs.)

>(m) Let X be a set, ¥ a subring of PX, and v : ¥ — [0, 00[ a non-negative additive functional. Show
that the following are equiveridical: (i) v has an extension to a measure on X; (ii) lim,_, o ¥E,, = 0 whenever
(En)nen is a non-increasing sequence in ¥ with empty intersection; (iii) v(U, ey En) = >0 o vE, whenever
(En)nen is a disjoint sequence in ¥ such that | J,, oy En € 2.

>(n) Let ((X,, X0, tn))nen be a sequence of probability spaces, and F a non-principal ultrafilter on N.
For x, y € [[,en Xn, write x ~ y if {n : 2(n) = y(n)} € F. (i) Show that ~ is an equivalence relation;
write X for the set of equivalence classes, and 2* € X for the equivalence class of z € [],, .y Xn. (Compare
351M.) (ii) Let ¥ be the set of subsets of X expressible in the form Q((En)nen) = {2* : © € [],,cn En},
where E,, € 3, for each n € N. Show that ¥ is an algebra of subsets of X, and that there is a well-defined
additive functional v : 3 — [0, 1] defined by setting v(Q({En)nen)) = limy—, 7 i By (iil) Show that for any
non-increasing sequence (H;);en in X there is an H € ¥ such that H C ;o Hi and vH = lim,, 0o vH,,.
(Hint: express each H; as Q((Ein)nen). Do this in such a way that E;11, C Ej, for all 4, n. Take a
decreasing sequence (J;);ey in F, with empty intersection, such that vH; < pkE;, + 27 for n € J;. Set
E, = E;, for n € J; \ Jiy1.) (iv) Show that there is a unique extension of v to a complete probability
measure g on X which is inner regular with respect to ¥. (This is a kind of Loeb measure. Compare
328B.)

(o) Let A be a Boolean algebra and K C 2 a sublattice containing 0. Suppose that ¢ : K — [0,00[ is a
bounded supermodular functional such that ¢0 = 0. Show that there is a non-negative additive functional
v : A — R such that va > ¢a for every a € K and vl = sup,¢ g ¢a.

(p) Let X be a set and K a sublattice of PX containing §). Let ¢ : £ — R be an order-preserving modular
function . Show that there is a non-negative additive functional v : PX — [0, o0] extending ¢. (Hint: start
with the case X € K.)

(q) Let X be a set and K a sublattice of PX. Let ¢ : £ — [0, 1] be a submodular functional such that

oK < ¢K' whenever K, K' €e K and K C K', infgexc oK =0.
Show that there is a finitely additive functional v : PX — [0, 1] such that
vX =supgex 0K, vK < ¢K for every K € K.

(r) Let X be a set and K a sublattice of PX containing (). Let ¢ : K — [0,00[ be such that ¢K <
Zf:o(gbKn —¢L,) whenever K € K and (K,,)nen, (Ln)nen are sequences in K such that L,, C K, for every
n and (K, \ Lp)nen is a disjoint cover of K. Show that there is a measure on X extending ¢. (Hint: Show
that ¢ is modular. Show that if T is the ring of subsets of X generated by IC, every member of T is a finite
union of differences of members of K. Now apply 413La. See KELLEY & SRINIVASAN 71.)

413Y Further exercises (a) Let 2 be a Boolean algebra, (5, +) a commutative semigroup with identity
e and ¢ : A — S a function such that ¢0 = e. Show that

B={b:beA, pa=¢(and)+ ¢(a\b) for every a € A}
is a subalgebra of of 2, and that ¢(aub) = ¢a + ¢b for all disjoint a, b € B.

(b) Give an example of two inner measures ¢1, ¢2 on a set X such that the measure defined by ¢; + ¢
strictly extends the sum of the measures defined by ¢; and ¢s.
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(c) Let (X, i, pi))ier be any family of probability spaces, and A the product measure on X = [];; X;.
Show that \.(J;c; Ai) < [l;c;(pi)«A; whenever A; C X; for every i, with equality if I is countable.

(d) Find a measure space (X, X, u), with pX > 0, and a sequence (X,,)nen of subsets of X, covering X,
such that whenever E € ¥, n € N and pE > 0, there is an F' € ¥ such that F' C F\ X,, and puF = pE. (ii)
For AC X set pA=sup{pE: E€ X, ECA}. Set T={G:GC X, pA=¢p(ANG)+ ¢(A\ G) for every
A C X}. Show that ¢]T is not a measure.

(e) Let (X, 3, u) be a totally finite measure space, and Z the Stone space of the Boolean algebra . For
E € ¥ write E for the corresponding open-and-closed subset of Z. Show that there is a unique function
f : X — Z such that f’l[E] = FE for every E € . Show that there is a measure v on Z, inner regular with
respect to the open-and-closed sets, such that f is inverse-measure-preserving with respect to p and v, and
that f represents an isomorphism between the measure algebras of u and v. Use this construction to prove
(vi)=(i) in Theorem 343B without appealing to the Lifting Theorem.

(f) Let X be a set, T a subalgebra of PX, and v : T — [0, 0] a finitely additive functional. Suppose
that there is a set K C T, containing ), such that (i) uF = sup{uK : K € K, K C F'} for every F € T (ii)
K is monocompact, that is, [ K,, # () for every non-increasing sequence in K. Show that v extends to
a measure on X.

neN

(g)(i) Let X be a topological space. Show that the family of closed countably compact subsets of X is
a countably compact class. (ii) Let X be a Hausdorff space. Show that the family of sequentially compact
subsets of X is a countably compact class.

(h) Let A be a Boolean algebra and v a totally finite submeasure on 2 which is either supermodular or
exhaustive and submodular. Show that v is uniformly exhaustive.

(i) Let X be a set, K a sublattice of PX containing (), and f : K — R a modular functional such that
f(0) = 0. Show that there is an additive functional v : PX — R extending f.

(J) Let (X, X, 1) be a semi-finite measure space, A the c.l.d. product measure on X x R when R is given
Lebesgue measure, and A, the associated inner measure. Show that for any f : X — [0, 00|,

ifd/\:)\*{(x,oz):xEX, 0<a< f(z)} = A{(z,0):z€ X,0<a< f(x)}.

413 Notes and comments I gave rather few methods of constructing measures in the first three volumes
of this treatise; in the present volume I shall have to make up for lost time. In particular I used Cara-
théodory’s construction for Lebesgue measure (Chapter 11), product measures (Chapter 25) and Hausdorff
measures (Chapter 26). The first two, at least, can be tackled in quite different ways if we choose. The first
alternative approach I offer is the ‘inner measure’ method of 413C. Note the exact definition in 413A; I do
not think it is an obvious one. In particular, while («) seems to have something to do with subadditivity,
and (f) is a kind of sequential order-continuity, there is no straightforward way in which to associate an
outer measure with an inner measure, unless they both happen to be derived from measures (132B, 413D),
even when they are finite-valued; and for an inner measure which is allowed to take the value co we have to
add the semi-finiteness condition (%) of 413A (see 413Xa).

Once we have got these points right, however, we have a method which rivals Carathéodory’s in scope,
and in particular is especially well adapted to the construction of inner regular measures. As an almost
trivial example, we have a route to the c.l.d. version of a measure p (413Xj(i)), which can be derived from the
inner measure . defined from p (413D). Henceforth p, will be a companion to the familiar outer measure
w*, and many calculations will be a little easier with both available, as in 413E-413F.

The intention behind 413J-413K is to find a minimal set of properties of a functional ¢ which will ensure
that it has an extension to a measure. Indeed it is easy to see that, in the context of 413J, given a family
with the properties (1) and (1) there, a functional ¢y on K can have an extension to an inner regular measure
only if it satisfies the conditions («) and (), so in this sense 413J is the best possible result. Note that
while Carathéodory’s construction is liable to produce wildly infinite measures (like Hausdorff measures, or
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primitive product measures), the construction here always gives us locally determined measures, provided
only that ¢q is finite-valued.

We have to work rather hard for the step from 413J to 413K. Of course 413J is a special case of 413K,
and I could have saved a little space by giving a direct proof of the latter result. But I do not think
that this would have made it easier; 413K really does require an extra step, because somehow we have to
extend the functional ¢g from K to K5. The method I have chosen uses 413B and 4131 to cast as much
of the argument as possible into the context of algebras of sets with additive functionals, where I hope
the required manipulations will seem natural. (But perhaps I should insist that you must not take them
too much for granted, as some of the time we have a finitely additive functional taking infinite values, and
must take care not to subtract illegally, as well as not to take limits in the wrong places.) Note that the
progression ¢y — ¢1 — u in the proof of 413K involves first an approximation from outside (if K € ICy,
then ¢1 K will be inf{¢poK’ : K C K’ € K}) and then an approximation from inside (if F € X, then
uE = sup{$1 K : K € K5, K C E}). The essential difficulty in the proof is just that we have to take
successive non-exchangeable limits. I have slipped 413L in as a corollary of 413K; but it can be regarded
as one of the fundamental results of measure theory. A non-negative finitely additive functional v on an
algebra ¥ of sets can be extended to a countably additive measure iff it is ‘relatively countably additive’ in the
sense that v(U, ey En) = Dy iEn whenever (E,)nen is a disjoint sequence in 3 such that |J,, oy En €
(413Xm). Of course the same result can easily be got from an outer measure construction (413X1). Note
that the outer measure construction also has repeated limits, albeit simpler ones: in the formula

0A =inf{} " JVvE, : (E,)nen is a sequence in ¥ covering A}

the sum Y 2 (vE, = sup,cy Y 1o VE; can be regarded as a crude approximation from inside, while the
infimum is an approximation from outside. To get the result as stated in 413L, of course, the outer measure
construction needs a third limiting process, to obtain the c.l.d. version automatically provided by the inner
measure method, and the inner regularity with respect to X5, while easily checked, also demands a few
words of argument.

Many applications of the method of 413J-413K pass through 413N; if the family K is a countably compact
class then the sequential order-continuity hypothesis (/3) of 413J or 413K becomes a consequence of the other
hypotheses. The essence of the method is the inner regularity hypothesis («). I have tried to use the labels
t, I, a and [ consistently enough to suggest the currents which I think are flowing in this material.

In 4130 we strike out in a new direction. The object here is to build an extension which is not going to be
unique, and for which choices will have to be made. As with any such argument, the trick is to specify the
allowable intermediate stages, that is, the partially ordered set P to which we shall apply Zorn’s Lemma. But
here the form of the theorem makes it easy to guess what P should be: it is the set of functionals satisfying
the hypotheses of the theorem which have not wandered outside the boundary set by the conclusion, that
is, which satisfy the condition (%) of part (a) of the proof of 4130. The finitistic nature of the hypotheses
makes it easy to check that totally ordered subsets of P have upper bounds (that is to say, if we did this by
transfinite induction there would be no problem at limit stages), and all we have to prove is that maximal
elements of P are defined on adequately large domains; which amounts to showing that a member of P not
defined on every element of K has a proper extension, that is, setting up a construction for the step to a
successor ordinal in the parallel transfinite induction (part (c) of the proof).

Of course the principal applications of 4130 in this book will be in the context of countably additive
functionals, as in 413P.

It is clear that 4130 and 413S overlap to some extent. I include both because they have different virtues.
4130 provides actual extensions of functionals in a way that 413S, as given, does not; but its chief advantage,
from the point of view of the work to come, is the approximation of members of T;, in measure, by members
of Ty. This will eventually enable us to retain control of the Maharam types of measures constructed by the
method of 413P. In 413U we have a different kind of control; we can specify a lower bound for the measure
of each member of our basic class I, provided only that our specifications are consistent with some finitely
additive functional.
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Version of 26.1.10

414 7t-additivity

The second topic I wish to treat is that of ‘r-additivity’. Here I collect results which do not depend
on any strong kind of inner regularity. I begin with what I think of as the most characteristic feature of
7-additivity, its effect on the properties of semi-continuous functions (414A), with a variety of corollaries, up
to the behaviour of subspace measures (414K). A very important property of 7-additive topological measures
is that they are often strictly localizable (414J).

The theory of inner regular 7-additive measures belongs to the next section, but here I give two intro-
ductory results: conditions under which a 7-additive measure will be inner regular with respect to closed
sets (414M) and conditions under which a measure which is inner regular with respect to closed sets will be
T-additive (414N). I end the section with notes on ‘density’ and ‘lifting’ topologies (414P-414R).

414A Theorem Let (X, %) be a topological space and u an effectively locally finite T7-additive measure
on X with domain ¥ and measure algebra 2.

(a) Suppose that G is a non-empty family in ¥ N T such that H = |JG also belongs to 3. Then
supgeg G* = H* in 2L

(b) Write £ for the family of Y-measurable lower semi-continuous functions from X to R. Suppose that
0 # AC L and set g(x) = supse 4 f(z) for every x € X. If g is ¥-measurable and finite almost everywhere,
then g* = suppc 4 f* in L°(p), where g(z) = g(x) whenever g(z) is finite.

(¢c) Suppose that F is a non-empty family of measurable closed sets such that [ F € X. Then infpcr F* =
(NF)* in A.

(d) Write U for the family of ¥-measurable upper semi-continuous functions from X to R. Suppose that
A C U is non-empty and set g(x) = infrca f(x) for every € X. If g is ¥-measurable and finite almost
everywhere, then §* = inffe4 f* in LY(p), where g(z) = g(x) whenever g(z) is finite.

proof (a) ? If H* # supgeg G*, there is a non-zero a € A such that a € H* but anG* = 0 for every G € G.
Express a as E* where £ € ¥ and E C H. Because pu is effectively locally finite, there is a measurable
open set Hy of finite measure such that u(Ho N E) > 0. Now {Hy NG : G € G} is an upwards-directed
family of measurable open sets with union Hy N H 2 Hy N E; as p is 7-additive, there is a G € G such that
w(HoNG) > pHy — p(Ho N E). But in this case u(G N E) > 0, which is impossible, because G* n E* = 0. X

(b) For any a € R,
{z:9(2) > a} =Upealz: f(z) > af,
and these are all measurable open sets. Identifying {z : g(x) > a}* € 2 with [§* > ] (3641b*), we see from
(a) that [§* > a] =supsc 4 [f* > o] for every a. But this means that §* = supc 4 f*, by 364L(a-ii)°.
(c) Apply (a) toG={X\F:F e F}.
(d) Apply (b) to {—f: f € A}.

414B Corollary Let X be a topological space and p an effectively locally finite 7-additive topological
measure on X.

(a) Suppose that A is a non-empty upwards-directed family of lower semi-continuous functions from X
to [0,00]. Set g(x) = sup e 4 f(z) in [0,00] for every € X. Then [g=sup;c4 [ f in [0,00].

(b) Suppose that A is a non-empty downwards-directed family of non-negative continuous real-valued
functions on X, and that g(z) = inf,ca f(z) for every x € X. If any member of A is integrable, then

fg:inffeAff.

proof (a) Of course all the f € A, and also g, are measurable functions. Set g, = g AnxX for every n € N.
Then

gn(@) = sup e o (f AnxX)(z)
(©) 2002 D. H. Fremlin

4Formerly 364Jb.
5Formerly 364Mb.
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for every x € X, so g5, = supse 4 (f AnxX)*, by 414Ab, and

[gn=[95=swsea [(f AXX)* =supseq [ fARXX
by 365Dh. But now, of course,

fg = SUPneNfgn = SupneN,feAff/\nXX = SupfeAff7
as claimed.

(b) Take an integrable fo € A, and apply (a) to {(fo — f)T : f € A}.

414C Corollary Let (X, T, %, i) be an effectively locally finite 7-additive topological measure space and
F a non-empty downwards-directed family of closed sets. If inf pe x pF is finite, this is the measure of [ .F.
proof Setting Fy = [ F, then F§ = infrex F'*, by 414Ac; now
wko = pFy = infper pF* = infper pF
by 321F.

414D Corollary Let p be an effectively locally finite 7-additive measure on a topological space X. If v is
a totally finite measure with the same domain as p, truly continuous with respect to u, then v is 7-additive.
In particular, if p is o-finite and v is absolutely continuous with respect to p, then v is T-additive.

proof We have a functional 7 : 2 — [0, 00[, where 2l is the measure algebra of p, such that vE* = vE
for every E in the common domain ¥ of p and v. Now 7 is continuous for the measure-algebra topology
of 2 (327Cd), therefore completely additive (327Ba), therefore order-continuous (3260c%). So if G is an
upwards-directed family of open sets belonging to ¥ with union Gy € %,

SUpgeg VG = supgeg VG* = VG = vGy

because G§ = supgeg G°.
The last sentence follows at once, because on a o-finite space an absolutely continuous countably additive
functional is truly continuous (232Bc).

414E Corollary Let (X, %, %, 1) be an effectively locally finite 7-additive topological measure space.
Suppose that G C ¥ is non-empty and upwards-directed, and H = |JG. Then

(a) u(ENH) =supgeg u(E N G) for every E € X;

(b) if f is a non-negative virtually measurable real-valued function defined almost everywhere in X, then
Ju [ = Waeg f f in [0,00].

proof (a) In the measure algebra (2, i) of w,

(ENH)=E*nH*=E"nsupG*

Geg
=sup E*nG* = sup(FNG)*,
Geg Geg

using 414Aa and the distributive law 313Ba. So
W(E O H) = (B 0H)* = supgeg (BN G)* = supgeg n(ENG)

by 321D, because G and {(ENG)* : G € G} are upwards-directed.

(b) For each G € G,

Jof=JFxxG= [(fxxG)* = [ f*xxG,

where YG* can be interpreted either as (yG)* (in L°(u)) or as x(G*) (in L°(2A), where 2 is the measure
algebra of p); see 364J7. Now H* = supgeg G* (414Aa); since y and x are order-continuous (364Jc, 364N®),
f* X xH* = supgeg f* X XG*; s0

SFormerly 326Kc.

"Formerly 364K.
8Formerly 364P.
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fo = ff‘ x xH* :squegff‘ x xG* :SUPGengf
by 365Dh again.

414F Corollary Let (X, %, 3, u) be an effectively locally finite 7-additive topological measure space.
Then for every E € X there is a unique relatively closed self-supporting set F' C E such that u(E\ F) = 0.

proof Let G be the set {G : G € T, u(GN E) = 0}. Then G is upwards-directed, so u(F N G*) =
supgeg H(ENG) =0, where G* = |JG. Set I' = E\G*. Then F' C E is relatively closed, and p(E\ F) = 0.
HfHeTand HNF #(, then H ¢ G so u(FNH)=u(ENH) > 0; thus F is self-supporting. If F/ C F is
another self-supporting relatively closed set such that u(E\ F’) = 0, then u(F\ F') = p(F'\ F) = 0; but as
F\ F' is relatively open in F, and F’\ F is relatively open in F’, these must both be empty, and F = F’.

414G Corollary If (X, %, X, 1) is a Hausdorff effectively locally finite 7-additive topological measure
space and E € ¥ is an atom for p (definition: 211I), then there is an « € E such that E \ {z} is negligible.

proof Let F C F be a self-supporting set such that u(E \ F) = 0. Since uF = pFE > 0, F is not empty;
take x € F. 2 If F # {x}, let y € F\ {z}. Because T is Hausdorff, there are disjoint open sets G, H
containing x, y respectively; and in this case u(E N G) = p(FNG) and p(EN H) = p(F N H) are both
non-zero, which is impossible, since F is an atom. X

So F' = {z} and E\ {z} is negligible.

414H Corollary If (X,%, %, u) is an effectively locally finite 7-additive topological measure space and
v is an indefinite-integral measure over y (definition: 234J%), then v is a T-additive topological measure.

proof Because v measures every set in ¥ (234Lal?), it is a topological measure. To see that it is 7-additive,
apply 414Eb to a Radon-Nikodym derivative of v.

4141 Proposition Let (X, T, %, 1) be a complete locally determined effectively locally finite 7-additive
topological measure space. If E C X and G C ¥ are such that F C |JG and ENG € X for every G € G,
then F € .

proof Set K ={K:K €X, ENK € ¥}. Then whenever F' € ¥ and pF > 0 there is a K € K included in
F with puK > 0. PP Set K1 = F\|JG. Then K; is a member of K included in F. If uK;7 > 0 then we can
stop. Otherwise, G* = {GoU ... UG, : Gy,... ,G, € G} is an upwards-directed family of open sets, and

Supgeg- p(FNG) = w(FNUG") = pF >0,

by 414Ea. So there is a G € G* such that u(FNG) > 0; but now ENG € X so FNG e K. Q
By 412Aa, p is inner regular with respect to K; by 412Ja, F € X.

414J Theorem Let (X,T, %, u) be a complete locally determined effectively locally finite 7-additive
topological measure space. Then u is strictly localizable.

proof Let F be a maximal disjoint family of self-supporting measurable sets of finite measure. Then
whenever E € ¥ and pFE > 0, there is an F' € F such that y(EFNF) > 0. P? Otherwise, let G be an open
set of finite measure such that u(GNE) > 0, and set Fo = {F : F € F, FNG # 0}. Then u(FNG) >0
for every F' € Fy, while uG < oo and Fy is disjoint, so Fy is countable and | Fy € X. Set E' = E\ |J Fo;
then E\ E' = EN|JFp is negligible, so u(GN E’) > 0. By 414F, there is a self-supporting set F C GNE’
such that puF’ > 0. But in this case F' N F = () for every F' € F, so we ought to have added F’ to F. XQ

This means that F satisfies the criterion of 2130a. Because (X, X, i) is complete and locally determined,
it is strictly localizable.

414K Proposition Let (X, X, 1) be a measure space and T a topology on X, and Y C X a subset such
that the subspace measure py is semi-finite (see the remark following 4120). If u is an effectively locally
finite 7-additive topological measure, so is py .

9Formerly 234B.
10Formerly 234D.
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proof By 412Pe, py is an effectively locally finite topological measure. Now suppose that #H is a non-empty
upwards-directed family in Ty with union H*. Set

G={G:Ge%,GnY eH}, G =16,

so that G is upwards-directed and H* = Y NG*. Let K be the family of sets K C X such that KNG*\G =0
forsome Ge G. If E € %,

pE = p(E\G*)+n(ENG") = u(E\ G*) + ZL;E’“‘(E nG)

(414Ea)
= sup u(E'\ (G"\ G)),
Geg

so p is inner regular with respect to K. By 4120b, py is inner regular with respect to {K NY : K € K}.
So if v < puy H*, there is a K € K such that KNY C H* and py (K NY) > «. But now thereis a G € G
such that KNG*\ G =0, so that KNY CGNY € H and supycy pH > 7. As H and v are arbitrary, p
is T-additive.

Remarks Recall from 214Ic that if (X, 3, u) has locally determined negligible sets (in particular, is either
strictly localizable or complete and locally determined), then all its subspaces are semi-finite. In 419C below
I describe a tight locally finite Borel measure with a subset on which the subspace measure is not semi-finite,
therefore not effectively locally finite or 7-additive. In 419A T describe a o-finite locally finite 7-additive
topological measure, inner regular with respect to the closed sets, with a closed subset on which the subspace
measure is totally finite but not 7-additive.

414L Lemma Let (X, ¥) be a topological space, and pu, v two effectively locally finite Borel measures
on X which agree on the open sets. Then they are equal.

proof Write T/ for the family of open sets of finite measure. (I do not need to specify which measure I am
using here.) For G € T/, set uoF = u(GNE), vgE = v(GNE) for every Borel set E. Then pug and vg are
totally finite Borel measures which agree on ¥. By the Monotone Class Theorem (136C), ug and vg agree
on the o-algebra generated by T, that is, the Borel g-algebra B. Now, for any F € B,

puE = supgeqr po B = supgexr Vo E = VE,
by 412F. So p = v.

414M Proposition Let (X, 3, i) be a measure space with a regular topology ¥ such that p is effectively
locally finite and 7-additive and ¥ includes a base for ¥.

(a) uG = sup{uF : F € X is closed, F' C G} for every open set G € X.

(b) If w is inner regular with respect to the o-algebra generated by T N3, it is inner regular with respect
to the closed sets.

proof (a) For U € ¥ N T, the set
Hy={H:HeXNT, HCU}

is an upwards-directed family of open sets, and | JHy = U because ¥ is regular and ¥ includes a base for
%. Because p is m-additive, uU = sup{uH : H € Hy }. Now, given v < puG, we can choose (Up)peny in XNT
inductively, as follows. Start by taking Uy C G such that v < plUy < oo (using the hypothesis that p is
effectively locally finite). Given U,, € ¥ N T and pU, > v, take U,y1 € X N T such that Un+1 C U, and
uUnt1 > . On completing the induction, set

F=NhenUn = Nhen Uy
then F' is a closed set belonging to X, F' C G and uF > ~. As « is arbitrary, we have the result.

(b) Let X be the o-algebra generated by ¥ N ¥ and set po = u[3g. Then ¥ NT = ¥ N T is still a
base for ¥ and pyg is still 7-additive and effectively locally finite, so by (a) and 412G it is inner regular with
respect to the closed sets. Now we are supposing that p is inner regular with respect to ¥, so u is inner
regular with respect to the closed sets, by 412Ab.
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414N Proposition Let (X, X, 1) be a measure space and ¥ a topology on X. Suppose that (i) p is semi-
finite and inner regular with respect to the closed sets (ii) whenever F is a non-empty downwards-directed
family of measurable closed sets with empty intersection and infpc 7 uF < oo, then infpc 7 uF = 0. Then
w is T-additive.

proof Let G be a non-empty upwards-directed family of measurable open sets with measurable union H.
Take any v < pH. Because p is semi-finite, there is a measurable set £ C H such that v < pE < oo.
Now there is a measurable closed set F' C E such that uF > v. Consider F = {F\ G : G € G}. This is a
downwards-directed family of closed sets of finite measure with empty intersection. So infgeg u(F\ G) = 0,
that is,

Y < uF =supgeg W(F N G) < supgeg pG.

As 7 is arbitrary, uH = supgcg pG; as G is arbitrary, p is T-additive.

4140 The following elementary result is worth noting.

Proposition If X is a hereditarily Lindelof space (e.g., if it is separable and metrizable) then every measure
on X is T-additive.

proof If y is a measure on X, with domain ¥, and G C ¥ is a non-empty upwards-directed family of
measurable open sets, then there is a sequence (G,)nen in G such that |JG = J,,cyy Gn- Now

(U G) = limy— o0 (U<, Gi) < supgeg pG-
As G is arbitrary, u is 7-additive.

414P Density topologies Recall that a lower density for a measure space (X,X,u) is a function
¢ : ¥ — X such that ¢F = ¢F whenever E, F' € ¥ and u(EAF) = 0, p(EA¢E) = 0 for every E € X,
90 =0 and ¢(ENF) = gEngF for all E, F € ¥ (341C).

Proposition Let (X, X, 1) be a complete locally determined measure space and ¢ : ¥ — ¥ a lower density
such that ¢X = X. Set

T={E:EcX, EC¢E)}.

Then T is a topology on X, the density topology associated with ¢, and (X,%,%, u) is an effectively
locally finite T-additive topological measure space; u is strictly positive and inner regular with respect to
the open sets.

proof (a)(i) For any E € ¥, ¢(E N ¢E) = ¢F because E \ ¢F is negligible; consequently £ N ¢E € T. In
particular, § = 0 N ¢ and X = X N $X belong to T. If E, F € T then

QENF)=¢EN¢F DENF,
so ENFe%.

(i) Suppose that G C T and H = |JG. By 341M, p is (strictly) localizable, so G has an essential
supremum F' € ¥ such that F'* = supgcg G* in the measure algebra %A of ; that is, for £ € X, u(G\ E) =0
for every G € G iff u(F \ E) = 0. Now F \ H is negligible, by 213K. On the other hand,

GCoG=9¢(GNF)COF
for every G € G, so H C ¢F, and H\ F' C ¢F \ F is negligible. But as p is complete, this means that
HeX. Also ¢H = ¢F 2 H, so H € T. Thus T is closed under arbitrary unions and is a topology.

(b) By its definition, ¥ is included in ¥, so u is a topological measure. If E € ¥ then E N ¢FE belongs to
T, is included in E and has the same measure as F; so p is inner regular with respect to the open sets. As
1 is semi-finite, it is inner regular with respect to the open sets of finite measure, and is effectively locally
finite. If £ € ¥ is non-empty, then ¢F O F is non-empty, so uF > 0; thus p is strictly positive. Finally, if
G is a non-empty upwards-directed family in T, then the argument of (a-ii) shows that (|JG)* = supgeg G*
in 2, so that p(|JG) = supgeg #G. Thus p is 7-additive.
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414Q Lifting topologies Let (X, X, 1) be a measure space and ¢ : ¥ — ¥ a lifting, that is, a Boolean
homomorphism such that ¢FE = () whenever pE = 0 and u(EA@FE) = 0 for every E € ¥ (341A). The lifting
topology associated with ¢ is the topology generated by {¢F : E € ¥}. Note that {¢F : F € X} is a
topology base, so is a base for the lifting topology.

414R Proposition Let (X,X%, 1) be a complete locally determined measure space and ¢ : ¥ — X a
lifting with lifting topology & and density topology ¥. Then & C ¥ C ¥, and p is 7-additive, effectively
locally finite and strictly positive with respect to &. Moreover, & is zero-dimensional.

proof Of course ¢ is a lower density, so we can talk of its density topology, and since ¢?E = ¢FE, ¢FE € T
for every E € 3, so & C T. Because p is 7-additive and strictly positive with respect to ¥, it must also
be 7T-additive and strictly positive with respect to &. If E € ¥ and puFE > 0 there is an ' C E such that
0 < uF < oo, and now ¢F is an G-open set of finite measure meeting E in a non-negligible set; so u is
effectively locally finite with respect to &. Of course & is zero-dimensional because ¢[X] is a base for &
consisting of open-and-closed sets.

414X Basic exercises >(a) Let (X,3, u) and (Y, T, v) be measure spaces with topologies ¥ and &,
and f: X — Y a continuous inverse-measure-preserving function. Show that if u is 7-additive with respect
to ¥ then v is 7-additive with respect to &. Show that if v is locally finite, so is p.

(b) Let ((X;,X;, 1ts))ier be a family of measure spaces, with direct sum (X, 3, u); suppose that we are
given a topology T; on X; for each i, and let ¥ be the disjoint union topology on X. Show that pu is 7-additive
iff every p; is.

>(c) Let (X, %) be a topological space and u a totally finite measure on X which is inner regular with
respect to the closed sets. Suppose that uX = supgcg pG whenever G is an upwards-directed family of
measurable open sets covering X. Show that u is 7-additive.

(d) Let p be an effectively locally finite 7-additive o-finite measure on a topological space X, and
v : dom p — [0, 00[ a countably additive functional which is absolutely continuous with respect to p. Show
from first principles that v is T-additive.

(e) Give an example of an indefinite-integral measure over Lebesgue measure on R which is not effectively
locally finite. (Hint: arrange for every non-trivial interval to have infinite measure.)

(f) Let (X,%T) be a topological space and p a complete locally determined effectively locally finite 7-
additive topological measure on X. Show that if f is a real-valued function, defined on a subset of X, which
is locally integrable in the sense of 411Fc, then f is measurable.

(g) Let (X,%) be a topological space and u an effectively locally finite 7-additive measure on X. Let G
be a cover of X consisting of measurable open sets, and I the ideal of subsets of X generated by G. Show
that p is inner regular with respect to K.

(h) Let (X,%,%, 1) be a complete locally determined effectively locally finite T-additive topological
measure space, and A a subset of X. Suppose that for every & € A there is an open set G containing x such
that AN G is negligible. Show that A is negligible.

(i) Give an alternative proof of 414K based on the fact that the canonical map from the measure algebra
of p to the measure algebra of uy is order-continuous (322Yd).

>(j)(@) If p is an effectively locally finite T-additive Borel measure on a regular topological space, show
that the c.l.d. version of u is a quasi-Radon measure. (ii) If p is a locally finite, effectively locally finite
T-additive Borel measure on a locally compact Hausdorff space, show that p is tight, so that the c.l.d. version
of u is a Radon measure.

>(k) Let (X,%, ) be a complete locally determined measure space and ¢ a lower density for p such
that ¢X = X; let T be the corresponding density topology. (i) Show that a dense open subset of X must
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be conegligible. (ii) Show that a subset of X is nowhere dense for ¥ iff it is negligible iff it is meager for
%. (iii) Show that a function f : X — R is Y-measurable iff it is T-continuous at almost every point of X.
(Hint: if f is measurable, set E, = {z: f(z) > q}, F; = {x : f(z) < ¢}; show that f is continuous at every
point of X \ U,cq((Eq \ ¢Eq) U (Fy\ ¢Fy)).) (iv) Show that X is both the Borel o-algebra of (X, T) and the
Baire-property algebra of (X,¥). (v) Show that (X, %) is a Baire space.

(1) Let (X,%, ) be a complete locally determined measure space and ¢ : ¥ — ¥ a lower density such
that ¢ X = X, with density topology T. Show that if A C X and F is a measurable envelope of A then the
T-closure of A is just AU (X \ ¢(X \ E)).

(m) Let p be Lebesgue measure on R”, ¥ its domain, int* : ¥ — ¥ lower Lebesgue density (341E) and
% the corresponding density topology. (i) Show that ¥ is finer than the usual Euclidean topology of R".

(ii) Show that for any A C R, the closure of A for T is just AU {z : limsupg, % > 0}, and the
,U,*(AQB(Z‘,(S» — 1}

interior is AN {z : lims o 1B(z,0)

(n) Let (X,X, ) be a complete locally determined measure space and ¢ : ¥ — ¥ a lower density such
that X = X; let T be the associated density topology. Let A be a subset of X and E a measurable envelope
of A; let £ 4 be the subspace o-algebra and p4 the subspace measure on A. (i) Show that we have a lower
density ¢, : ¥4 — X4 defined by setting ¢ ,(FFNA) = AN ¢(ENF) for every ' € X. (ii) Show that
¢ AA = Aiff AC ¢F, and that in this case the density topology on A derived from ¢ 4 I8 just the subspace
topology.

(o) Let (X,3, u) be a complete locally determined measure space and ¢ : ¥ — ¥ a lifting, with density
topology ¥ and lifting topology &. (i) Show that

T={HNG:G e G, H is conegligible} = {HN¢E : E € X, H is conegligible}.
(ii) Show that if A C X and E is a measurable envelope of A then the T-closure of A is AU ¢E.

(p) Let (X, X, 1) be a complete locally determined measure space and ¢ : ¥ — 3 a lifting; let & be its
lifting topology. Let A be a subset of X such that A C ¢F for some (therefore any) measurable envelope F
of A. Let X4 be the subspace o-algebra and p4 the subspace measure on A. (i) Show that we have a lifting
da: 24— X4 defined by setting ¢p4(F N A) = AN@F for every F € ¥. (ii) Show that the lifting topology
on A derived from ¢4 is just the subspace topology.

(q) Let (X, %, 1) and (Y, T, v) be complete locally determined measure spaces and f : X — Y an inverse-
measure-preserving function. Suppose that we have lower densities ¢ : 3 — ¥ and ¢ : T — T such that
¢X = X, Y =Y and ¢f "[F] = f~[¢F] for every F € T. (i) Show that f is continuous for the density
topologies of ¢ and 9. (Yl) Show that if@ and ¢ are liftings then f is continuous for the lifting topologies.

(r) Let (X, X, ) be a complete locally determined measure space and ¢ : ¥ — ¥ a lifting, with associated
lifting topology &. Show that a function f : X — R is ¥-measurable iff there is a conegligible set H such
that f[H is G-continuous. (Compare 414Xk, 414Xt.)

(s) Let (X, %, u) be a complete locally determined measure space and ¢ : ¥ — ¥ a lifting. Let (Z,T,v)
be the Stone space of the measure algebra of u, and f : X — Z the inverse-measure-preserving function
associated with ¢ (341P). Show that the lifting topology on X is just {f![G] : G C Z is open}.

(t) Let (X,X,u) be a strictly localizable measure space and ¢ : ¥ — X a lifting. Write £ for the
Banach lattice of bounded X-measurable real-valued functions on X, identified with £°°(X) (363H); let
T : £ — L be the Riesz homomorphism associated with ¢ (363F). (i) Show that 7% = T'. (ii) Show that
if X is given the lifting topology & defined by ¢, then T[£°] is precisely the space of bounded continuous
real-valued functions on X. (iii) Show that if f € £L>°, 2 € X and € > 0 there is an G-open set U containing

x such that [(Tf)(z) — MLV [y fdu| < € for every non-negligible measurable set V' included in U.
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(u) Let (X,%,%,u) be a complete locally determined effectively locally finite 7-additive topological
measure space. Show that there is a decomposition (X;);es for p in which every X; is expressible as the
intersection of a closed set with an open set. (Hint: enumerate the open sets of finite measure as (G¢)e<y,

and set F = {Ge \ U, . Gy : £ < K}.)

n<€

414Y Further exercises (a) Let (X,%,X%, u) be a totally finite topological measure space. For F € ¥
set

pr B = inf{supgeg u(ENG) : G C T is an upwards-directed set with union X}.

Suppose either that p is inner regular with respect to the closed sets or that ¥ is regular. Show that p, is
a 7-additive measure, the largest 7-additive measure with domain ¥ which is dominated by pu.

(b) Let X be a set, ¥ an algebra of subsets of X, and ¥ a topology on X. Let M be the L-space of
bounded finitely additive real-valued functionals on ¥ (362B). Let N C M be the set of those functionals
v such that infgeg |V|(H \ G) = 0 whenever G C TN X is a non-empty upwards-directed family with union
H € X. Show that N is a band in M. (Cf. 362Xi.)

(c) Find a probability space (X, 3, u) and a topology ¥ on X such that ¥ includes a base for T and p is
T-additive, but there is a set £ € 3 such that the subspace measure pp is not 7-additive.

(d) Let int* be lower Lebesgue density on R”, and ¥ the associated density topology. Show that every
T-Borel set is an F,, set for .

(e) Let (X, p) be a metric space and p a strictly positive locally finite quasi-Radon measure on X; write ¥

for the topology of X and ¥ for the domain of p. For E € ¥ set ¢(E) = {z: x € X, limsyo % =1}

Suppose that E\ ¢(F) is negligible for every E € X (cf. 261D, 472D). (i) Show that ¢ is a lower density for
u, with ¢(X) = X. Let T, be the associated density topology. (ii) Suppose that H e %, and that K C H
is T-closed and p-totally bounded. Show that there is a T-closed, p-totally bounded K’ C H such that K is
included in the T4-interior of K'. (iii) Show that T, is completely regular. (Hint: LUKES MALY & ZAJICEK
86.)

(f) Show that the density topology on R associated with lower Lebesgue density is not normal.

(g) Let u be Lebesgue measure on R”, ¥ its domain, int* : ¥ — 3 lower Lebesgue density and ¥ the
corresponding density topology. (i) Show that if f : R” — R” is a permutation such that f and f~! are both
differentiable everywhere, with continuous derivatives, then f is a homeomorphism for ¥. (Hint: 263D.)
(ii) Show that if ¢ : ¥ — 3 is a lifting and & the corresponding lifting topology, then z — —z is not a
homeomorphism for &. (Hint: 345Xc.)

414 Notes and comments I have remarked before that it is one of the abiding frustrations of measure
theory, at least for anyone ambitious to apply the power of modern general topology to measure-theoretic
problems, that the basic convergence theorems are irredeemably confined to sequences. In Volume 3 I
showed that if we move to measure algebras and function spaces, we can hope that the countable chain
condition or the countable sup property will enable us to replace arbitrary directed sets with monotonic
sequences, thereby giving theorems which apply to apparently more general types of convergence. In 414A
and its corollaries we come to a quite different context in which a measure, or integral, behaves like an
order-continuous functional. Of course the theorems here depend directly on the hypothesis of r-additivity,
which rather begs the question; but we shall see in the rest of the chapter that this property does indeed
often appear. For the moment, I remark only that as Lebesgue measure is 7-additive we certainly have a
non-trivial example to work with.

The hypotheses of the results above move a touch awkwardly between those with the magic phrase
‘topological measure’ and those without. The point is that (as in 412G, for instance) it is sometimes useful
to be able to apply these ideas to Baire measures on completely regular spaces, which are defined on a base
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for the topology but may not be defined on every open set. The device I have used in the definition of
7-additivity (411C) makes this possible, at the cost of occasional paradoxical phenomena like 414Yec.

I hope that no confusion will arise between the two topologies associated with a lifting on a complete locally
determined space. I have called them the ‘density topology’ and the ‘lifting topology’ because the former can
be defined directly from a lower density; but it would be equally reasonable to call them the ‘fine’ and ‘coarse’
lifting topologies. The density topology has the apparent advantage of giving us a measure which is inner
regular with respect to the Borel sets, but at the cost of being rather odd regarded as a topological space
(414P, 414Xk, 414Ye, 414Yf). It has the important advantage that there are densities (like the Lebesgue
lower density) which have some claim to be called canonical, and others with useful special properties, as in
§346, while liftings are always arbitrary and invariance properties for them sometimes unachievable. So, for
instance, the Lebesgue density topology on R” is invariant under diffeomorphisms, which no lifting topology
can be (414Yg). The lifting topology is well-behaved as a topology, but only in special circumstances (as
in 453Xd) is the measure inner regular with respect to its Borel sets, and even the closure of a set can be
difficult to determine.

As with inner regularity, 7-additivity can be associated with the band structure of the space of bounded
additive functionals on an algebra (414YDb); there will therefore be corresponding decompositions of measures
into 7-additive and ‘purely non-r-additive’ parts (cf. 414Ya).

Version of 16.5.17

415 Quasi-Radon measure spaces

We are now I think ready to draw together the properties of inner regularity and 7-additivity. Indeed,
this section will unite several of the themes which have been running through the treatise so far: (strict)
localizability, subspaces and products as well as the new concepts of this chapter. In these terms, the principal
results are that a quasi-Radon space is strictly localizable (415A), any subspace of a quasi-Radon space is
quasi-Radon (415B), and the product of a family of strictly positive quasi-Radon probability measures on
separable metrizable spaces is quasi-Radon (415E). I describe a basic method of constructing quasi-Radon
measures (415K), with details of one of the standard ways of applying it (415L, 415N) and some notes on
how to specify a quasi-Radon measure uniquely (415H-4151). I spell out useful results on indefinite-integral
measures (4150) and L? spaces (415P), and end the section with a discussion of the Stone space Z of a
localizable measure algebra 2 and an important relation in Z x X when 2 is the measure algebra of a
quasi-Radon measure space X (415Q-415R).

It would be fair to say that the study of quasi-Radon spaces for their own sake is a minority interest.
If you are not already well acquainted with Radon measure spaces, it would make good sense to read this
section in parallel with the next. In particular, the constructions of 415K and 415L derive much of their
importance from the corresponding constructions in §416.

415A Theorem A quasi-Radon measure space is strictly localizable.

proof This is a special case of 414J.

415B Theorem Any subspace of a quasi-Radon measure space is quasi-Radon.

proof Let (X,%,%, u) be a quasi-Radon measure space and (Y, Ty, ¥y, uy) a subspace with the induced
topology and measure. Because p is complete, locally determined and localizable (by 415A), so is py (2141e).
Because p1y is semi-finite and p is an effectively locally finite 7-additive topological measure, so is py (414K).
Because p is inner regular with respect to the closed sets and py is semi-finite, py is inner regular with
respect to the relatively closed subsets of Y (412Pc). So py is a quasi-Radon measure.

415C In regular topological spaces, the condition ‘inner regular with respect to the closed sets’ in the
definition of ‘quasi-Radon measure’ can be weakened or omitted.

Proposition Let (X, %) be a regular topological space.
(©) 2000 D. H. Fremlin
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(a) If u is a complete locally determined effectively locally finite 7-additive topological measure on X,
inner regular with respect to the Borel sets, then it is a quasi-Radon measure.

(b) If w is an effectively locally finite T-additive Borel measure on X, its c.l.d. version is a quasi-Radon
measure.

proof (a) By 414Mb, p is inner regular with respect to the closed sets, which is the only feature missing
from the given hypotheses.

(b) The c.l.d. version of u satisfies the hypotheses of (a).

415D In separable metrizable spaces, among others, we can even omit 7-additivity.

Proposition Let (X,¥) be a regular hereditarily Lindel6f topological space; e.g., a separable metrizable
space (4A2P(a-iii)), indeed any regular space with a countable network (4A2Nb).

(i) If p is a complete effectively locally finite measure on X, inner regular with respect to the Borel sets,
and its domain includes a base for ¥, then it is a quasi-Radon measure.

(ii) If p is an effectively locally finite Borel measure on X, then its completion is a quasi-Radon measure.

(iii) Any quasi-Radon measure on X is o-finite.

(iv) Any quasi-Radon measure on X is completion regular.

proof (a) The basic fact we need is that if G is any family of open sets in X, then there is a countable
Go C G such that |JGo = UG (4A2H(c-1)). Consequently any effectively locally finite measure p on X is
o-finite. I Let G be the family of measurable open sets of finite measure. Let Go C G be a countable set
with the same union as G. Then F = X \ |J Gy is measurable, and ENG = () for every G € G, so uE = 0;
accordingly Go U {E'} is a countable cover of X by sets of finite measure, and p is o-finite. Q

Moreover, any measure on X is 7-additive. P If G is a non-empty upwards-directed family of open
measurable sets, there is a sequence (Gp,)neny in G with union |JG. If n € N there is a G € G such that
U<, Gi € G, s0

wlUJG) = N(UneN Gn) = SUPy,eN l‘(Uign G;) < SUPgeg uG.
As G is arbitrary, p is T-additive. Q

(b)(i) Now let i be a complete effectively locally finite measure on X, inner regular with respect to the
Borel sets, and with domain ¥ including a base for the topology of X. If H € ¥, then G = {G : G €
¥ N%, G C H} has union H, because ¥ N ¥ is a base for ¥; but in this case there is a countable Gy C G
such that H = |JGo, so that H € ¥. Thus p is a topological measure. We know also from (a) that it is
T-additive and o-finite, therefore locally determined. By 415Ca, it is a quasi-Radon measure.

(ii) If p is an effectively locally finite Borel measure on X, then its completion i satisfies the conditions
of (i), so is a quasi-Radon measure.

(iii) If p is a quasi-Radon measure on X, it is surely effectively locally finite, therefore o-finite.

(iv) Every closed set is a zero set (4A2H(c-ii)), so any measure which is inner regular with respect to
the closed sets is completion regular.

415E I am delaying most of the theory of products of (quasi-)Radon measures to §417. However, there
is one result which is so important that I should like to present it here, even though some of the ideas will
have to be repeated later.

Theorem Let ((X;,T;, %, 1i))icr be a family of separable metrizable quasi-Radon probability spaces such
that every u; is strictly positive, and A the product measure on X = []..; X;. Then

(i) A is a completion regular quasi-Radon measure;

(ii) if F C X is a closed self-supporting set, there is a countable set J C I such that F' is determined by
coordinates in J, so F' is a zero set.

i€l

proof (a) Write A for the domain of A, and U for the family of subsets of X of the form [, ; Gi where
G; € T; for every i € I and {i : G; # X;} is finite. Then U is a base for the topology of X, included in A.
For J C I let A be the product measure on X; =[], ; X; and A its domain.
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(b) Consider first the case in which I is countable. In this case X also is separable and metrizable
(4A2P(a-v)), while A includes a base for its topology. Also A is a complete probability measure and inner
regular with respect to the closed sets (412Ua), so must be a quasi-Radon measure, by 415D(i).

(c) Now consider uncountable I. The key to the proof is the following fact: if V C U/ has union W, then
W e A and AW = supy cy- AV, where V* is the set of unions of finite subsets of V.

P (i) By 215B(iv), there is a countable set V; C V such that \(U \ Wy) = 0 for every U € V, where
W1 = U V1. Every member of U is determined by coordinates in some finite set (see 254M for this concept),
so there is a countable set J C I such that every member of V; is determined by coordinates in J, and W3

also is determined by coordinates in J. Let m; : X — X ; be the canonical map. Because it is an open map
(4A2B(f-1)), ms[W] and 7;[W7] are open in X ;, and belong to A, by (b).

(ii) ? Suppose, if possible, that Ay [W] > Ay [Wi]. Since 7 ;[W] = U{n;s[U] : U € V}, while A; is
quasi-Radon and all the sets 7;[U] are open, there must be some U € V such that Ay (7 ;[U]\ 7;[W1]) >0
(414Ea). Now 7y is inverse-measure-preserving (2540a), so

0 < Ay mg U\ wyWhl] = Moy [mg U\ 7y s [Wal]) = Ay g U]\ W),
because W7 is determined by coordinates in J.

At this point note that U is of the form [],.; G, where G; € T; for each I, so we can express U as
U'NnU", where U' = n;[r;[U]] and U” = 771_\1J[7TI\J[U”. U’ is determined by coordinates in J and U” is
determined by coordinates in I\ J. In this case

AMU\NWL) =AU NU\Wy) =XU" - XU\ W),

because U” is determined by coordinates in I\ J and U’ \ W; is determined by coordinates in J, and we
can identify A\ with the product Ap ; x Ay (254N). But now recall that every j; is strictly positive. Since
U is surely not empty, no G; can be empty and no p;G; can be 0. Consequently J[,.; #:Gi > 0 (because
only finitely many terms in the product are less than 1) and AU > 0; more to the point, AU” > 0. Since we
chose U so that A(U'\ Wy) > 0, we have A(U \ W) > 0. But this contradicts the first sentence of (i) just
above. X

(iii) Thus A\yms[W] = Aym;[W1]. But this means that An;'[r;[W]] = AW;. Since X is complete and
Wi CW C 7, ms[W]], AW is defined and equal to AW}.
Taking (V,,)nen to be a sequence running over V; U {0}, we have
AW = AW = MUpen Vo) = sup,en )‘(Uign Vi) < supyep- AV < AW,
so AW = supy,cy- AV, as required. Q

(d) Thus we see that ) is a topological measure. But it is also 7-additive. I If W is an upwards-directed
family of open sets in X with union W*, set

V={U:Uel, AW e W, U C W}
Then W* = (JV, so AW* = supy, ¢y AV, where V* is the set of finite unions of members of V. But because
W is upwards-directed, every member of V* is included in some member of W, so
AW = supycyx AV < supyrepy AW < AW™.
As W is arbitrary, A is 7-additive. Q

(e) As in (b) above, we know that A is a complete probability measure and is inner regular with respect
to the closed sets, so it is a quasi-Radon measure. Because A is inner regular with respect to the zero sets
(412Ub), it is completion regular.

(f) Now suppose that F' C X is a closed self-supporting set. By 2540c, there is a set W C X, determined
by coordinates in some countable set J C I, such that WAF is negligible. 7 Suppose, if possible, that
xz € Fand y € X\ F are such that «[J = y[J. Then there is a U € U such that y € U C X \ F. As in
(b-ii) above, we can express U as U’ N U" where U’, U” € U are determined by coordinates in J and I\ J
respectively. In this case,
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AFNU) =MW NU) = AXWNU')-\U"
=NFNU)-\U" >0,

because x € FNU’ and F is self-supporting, while U” # () and ) is strictly positive. But FNU = §), so this
is impossible. X

Thus F is determined by coordinates in the countable set .J. Consequently it is of the form 7' [r;[F]].
But 7;[X \ F] is open (4A2B(f-i) again), so its complement 7 ;[F] is closed. Now X ; is metrizable (4A2P(a-
v)), so ms[F] is a zero set (4A2Lc) and F is a zero set (4A2C(b-iv)).

415F Corollary (a) If Y is either [0,1] or ]0, 1], endowed with Lebesgue measure, and I is any set, then
Y', with the product topology and measure, is a quasi-Radon measure space.

(b) If (v;)ser is a family of probability distributions on R, in the sense of §271 (that is, Radon probability
measures), and every v; is strictly positive, then the product measure on R’ is a quasi-Radon measure.

Remark See also 416U below, and 4531, where there is an alternative proof of the main step in 415E,
applicable to some further cases. Yet another approach, most immediately applicable to [0, 1[1, is in 443Xp.
For further facts about these product measures, see §417, particularly 417M.

415G Comparing quasi-Radon measures: Proposition Let X be a topological space, and u, v two
quasi-Radon measures on X. Then the following are equiveridical:

(i) uF < vF for every closed set F' C X;

(ii) p < v in the sense of 234P.
If v is locally finite, we can add

(iii) uG < v@G for every open set G C X;

(iv) there is a base U for the topology of X such that GU H € U for all G, H € U and pG < vG for
Gel.

proof (a) Of course (ii)=-(i), and (i)=(ii) by 412Ma.

(b) Evidently (ii)=-(iii), and (iii)=-(iv) is trivial. If (iv) is true and G C X is open, then V = {V : V €
U, V C G} is upwards-directed and has union G, so

puG = supy ey pV <supy ey vV =vG.

Thus (iv)=-(iii).

Now assume that v is locally finite and that (iii) is true.  Suppose, if possible, that FF C X is a closed
set such that vF < pF. Then H, as defined in part (a) of the proof, is upwards-directed and has union X,
so there is an H € H such that vF < u(F N H). Now there is a closed set F' C H \ F such that

vF' >v(H\F)—uw(FNH)+vF>vH — pu(FNH).
Set G=H\ F’, so that FNH C G and
vG=vH —vF < u(FNH)<uG,

which is impossible. X
This shows that (provided that v is locally finite) (iii)=(i).

415H Uniqueness of quasi-Radon measures: Proposition Let (X,T) be a topological space and
1, v two quasi-Radon measures on X. Then the following are equiveridical:

(i) p=w;

(ii) uF = vF for every closed set F' C X;

(iii) uG = v@ for every open set G C X

(iv) there is a base U for the topology of X such that GU H € U for every G, H € U and pu[U = v|U;

(v) there is a base U for the topology of X such that GN H € U for every G, H € U and pu[U = v[U.

proof Of course (i) implies all the others. (ii)=(i) is immediate from 415G (see also 412M). If (iii) is true,
then, for any closed set F' C X,
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pEF =sup{u(GNF):Ge T, uG < oo}
=sup{uG — u(G\ F): Ge %, uG < oo}
=sup{vG —v(G\ F):Ge %, vG < o0} =vF}
so (iii)=-(ii). (iv)=-(iii) by the argument of (iv)=>(iii) in the proof of 415G.
Finally, suppose that (v) is true. Then u(GoU...UG,) = v(GoU...UG,) for all Gy,... ,G, €U. P

Induce on n. For the inductive step to n > 1, if any G; has infinite measure (for either measure) the result
is trivial. Otherwise,

WGoU...UG,) = u(|J Gi) + uGn — n(Gu 0 | J GY)

<n <n
=v(|JGi)+vGn —v(Gun | JGi) =v(GoU...UG,). Q
<n i<n

So 1 and v agree on the base {Go U ... UG, : Go,... ,G, € U}, and (iv) is true.

4151 Proposition Let X be a completely regular topological space and pu, v two quasi-Radon measures
on X such that [ fdpu = [ fdv whenever f : X — R is a bounded continuous function integrable with
respect to both measures. Then p = v.

proof 7 Otherwise, there is an open set G C X such that uG # vG; suppose uG < vG. Because v is
effectively locally finite, there is an open set G’ C G such that uG < vG’ < oo. Now the cozero sets form a
base for the topology of X, so H = {H : H C G’ is a cozero set} has union G’; as v is 7-additive, there is
an H € H such that vH > uG. Express H as {z : g(x) > 0} where g : X — [0, 00[ is continuous. For each
n € N, set f, = ng A xX; then (f,)nen is a non-decreasing sequence with limit xH, so there is an n € N
such that [ f,dv > uG > [ fodu. But f, is both p-integrable and v-integrable because uG and vH are
both finite. X

415J Proposition Let X be a regular topological space, Y a subspace of X, and v a quasi-Radon
measure on Y. Then there is a quasi-Radon measure p on X such that £ = v(ENY') whenever p measures
E, that is, Y has full outer measure in X and v is the subspace measure on Y.

proof Write B for the Borel o-algebra of X, and set yoE = v(ENY) for every E € B. Then it is easy to
see that g is a 7-additive Borel measure on X. Moreover, pg is effectively locally finite. B If E € B and
uoE > 0, there is a relatively open set H C Y such that vH < co and v(HNENY) > 0. Now H is of the
form GNY where G C X is open, and we have oG =vH < oo, wo(ENG)=v(HNENY)>0. Q

By 415Cb, the c.l.d. version p of ug is a quasi-Radon measure on X. Because g is semi-finite (411Gd),
u extends po (213Hc), and puF' = poF = v(FNY) for every closed F' C X. In particular, uF' = 0 whenever
F C X isclosed and FNY = (J; as u is inner regular with respect to the closed sets, Y has full outer measure
in X. Soif H CY is relatively closed,

vH=v(HNY)=pH =p*(HNY) =puyH

where py is the subspace measure on Y induced by p. Now we know that py is a quasi-Radon measure
on Y (415B); as it agrees with the quasi-Radon measure v on the relatively closed subsets of Y, uy = v
(415H(ii)), as required.

415K T come now to a couple of basic results on the construction of quasi-Radon measures. The first
follows 413K.

Theorem Let X be a topological space and K a family of closed subsets of X such that
0ek,
(t) KUK’ € K whenever K, K' € K are disjoint,
(1) F € K whenever K € K and F C K is closed.

Let ¢ : K — [0, 00[ be a functional such that
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() poK = ¢poL +sup{¢poK’' : K' € K, K’ C K\ L} whenever K, L € K and L C K,
(8) inf ek po K = 0 whenever K’ is a non-empty downwards-directed subset of K with empty
intersection,
(y) whenever K € K and ¢oK > 0, there is an open set G such that the supremum
SUPgr ek ce ok’ is finite, while ¢o K’ > 0 for some K’ € K such that K' C K NG.
Then there is a unique quasi-Radon measure on X extending ¢y and inner regular with respect to .

proof By 413K, there is a complete locally determined measure p on X, inner regular with respect to
K, and extending ¢g; write X for the domain of p. If FF C X is closed, then KN F € K C X for every
K € K, so F € 3, by 413F(ii); accordingly every open set is measurable. Because u is inner regular with
respect to K it is surely inner regular with respect to the closed sets. If E € ¥ and uF > 0, there is a
K € K such that K C E and puK > 0; now () tells us that there is an open set G such that uG < oo and
w(GNK) >0, so that u(GN E) > 0. As E is arbitrary, u is effectively locally finite. Now suppose that
G is a non-empty upwards-directed family of open sets with union H, and that v < puH. Then there is a
K € K such that K C H and puK > «. Applying the hypothesis (8) to K' = {K \ G : G € G}, we see that
infgeg p(K \ G) = 0, so that

SUpgeg MG > supgeg (K NG) = pK > 7.

As G and ~y are arbitrary, u is T7-additive. So u is a quasi-Radon measure.

415L Proposition Let (X, X, 19) be a measure space and T a topology on X such that % includes a
base for ¥ and pg is 7-additive, effectively locally finite and inner regular with respect to the closed sets.
Then pp has a unique extension to a quasi-Radon measure p on X. Moreover,

(i) uF = pgF whenever F' C X is closed and uF < oo,

(ii) uG = (10)+«G whenever G C X is open,

(iii) the embedding ¥y & ¥ identifies the measure algebra (2o, fig) of o with an order-dense
subalgebra of the measure algebra (2, 1) of u, so that the subrings ng , AS of elements of finite
measure coincide, and LP(ug) may be identified with LP(u) for 1 < p < oo,

(iv) whenever E € ¥ and pF < oo, there is an Ey € ¥ such that u(EAEp) =0,

(v) for every p-integrable real-valued function f there is a pg-integrable function g such that
f =g pae.

If pg is complete and locally determined, then we have
(1) uF = pyF for every closed F C X.
If pg is localizable, then we have
(iii)" Ao = 2A, so that LO(u) = LO(ug) and L (u) = L>(ug),
(iv)’ for every E € ¥ there is an Ey € X such that u(EAEy) =0,

(v) for every X-measurable real-valued function f there is a Xg-measurable real-valued function
g such that f =g p-a.e.

proof (a) Let K be the set of closed subsets of X of finite outer measure for py. Note that pg is inner
regular with respect to K, because it is inner regular with respect to the closed sets and also with respect
to the sets of finite measure.

It is obvious from its definition that K satisfies (1) and (f) of 415K. For K € K, set ¢oK = u§ K. Then
¢o satisfies (a)-(7) of 415K.

P (a) f K, L € Kand L C K, take measurable envelopes Ey, E; € Xy of K, L respectively. (i) Let
€ > 0. Because g is inner regular with respect to the closed sets, there is a closed set F' € ¥y such that
F g EQ\El and ,qu > ‘LL()(EQ\El) —¢€. Set K= FN K. Then K’ € K and

ng()K/ = /LS(FQK) = /J/O(FQEO) = ,U,QF Z /L()EO - MOEI — €= d)oK - ¢QL — €.
As € is arbitrary, we have

oK < poL +sup{¢poK’' : K' e K, K' C K\ L}.
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(ii) On the other hand, ? suppose, if possible, that there is a closed set K’ C K \ L such that u L+ ud K’ >
us K. Let Eg be a measurable envelope of K', so that uoE1 + poEa > poEop; since

po(Er \ Eo) = pg(L\ Eo) = pgh =0, po(E2 \ Eo) = ug(K'\ Eo) =0,

wo(E1NEs) > 0. Because py is effectively locally finite, there is a measurable open set Gy, of finite measure,
such that uo(Go N Ey N Ey) > 0. Set

G={GUG :G, G €%yNT,GC Gy \L, G CGy\K'}.

Then G is an upwards-directed family of measurable open sets, and because ¥y includes a base for the
topology of X, its union is (Go\L)U(Go\K"') = Gy. So thereis an H € G such that poH > poGo—po(E1NEs),
that is, there are open sets G, G’ € ¥y such that G C Go\ L, G’ C G\ K’ and po((GUG')NELNEy)) > 0.
But we must have

wo(GNEY) =pi(GNL)=0, p(G' NEy)=ps(G'NK'") =0,

so this is impossible. X
Accordingly

PoK > ¢poL +sup{¢poK’' : K' e K, K' C K\ L},
so that ¢q satisfies condition («) of 415K.

(B) Let K’ C K be a non-empty downwards-directed family with empty intersection. Fix Ky € K’ and
e > 0. Let Fy be a measurable envelope of Ky and Gy a measurable open set of finite measure such that
po(Go N Ey) > poEo — €. Then

G={G:Ge%XyN%T, GCGp\K for some K € K’ such that K C Ky}

is an upwards-directed family of measurable open sets, and its union is G \ (V1K' = Gy, again because ¥
includes a base for the topology ¥. So there is a G € G such that puoG > ugGo —e€. Let K € K’ be such that
K C Ky and GN K = (; then

poK = pgK < pio(Eo \ G) < po(Eo \ Go) + po(Go \ G) < 2e.
As € is arbitrary, infgexr po K = 0.

(v) If K € K and ¢oK > 0, let Ey be a measurable envelope of K. Then there is a measurable open
set G of finite measure such that po(G N Eg) > 0. Of course sup g cxc e oK' < oG < oo; but also there
is a measurable closed set K/ C G N Ey such that oK’ > 0, in which case ¢o(K N K') = puo(Eo N K') > 0.
So ¢g satisfies condition (7). Q

(b) By 415K, ¢ has an extension to a quasi-Radon measure @ on X which is inner regular with respect
to K. Write X for the domain of u. Note that, for K € KC,

pK = oK = oK,
so we can already be sure that the conclusion (i) of this theorem is satisfied. Now p extends .

P (i) Take any K € K. Let Ey € Xy be a measurable envelope of K for the measure pg. If E € 3, then

surely
px(KNE)=sup{uK' : K' e K, K' C KNE}
=sup{usK': K' e K, K' CKNE} < puj(KNE).
On the other hand, given v < uf§(K N E) = puo(Ey N E), there is a closed set F' € ¥y such that F C EgNE
and poF' > 7, so that
p(KNE) 2 p(KNF) = p5(KNF) = po(EoNF) = 7.
Thus . (KN E) = pi(KNE) for every K € K and E € 3.
(ii) If K € K and E € ¥y then
0o(K N E) + i (K \ B) = (K N B) 4+ iy (K \ E) = i K = K.
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Because p is complete and locally determined and inner regular with respect to K, E € ¥ (413F(iv)). Thus
Yo CX.

(iii) For any F € ¥, we now have

pE =sup{uK : K e K, K CE} =sup{u;K : K e K, K C E}
< poE =sup{pK : K e KNXy, K CE} <uE.

As FE is arbitrary, p extends po. Q
(c) Because ¥y N¥ is a base for T, closed under finite unions, u is unique, by 415H(iv).

(d) Now for the conditions (i)-(v). I have already noted that (i) is guaranteed by the construction.
Concerning (ii), if G C X is open, we surely have (ug)+G < pu«G = uG because p extends pg. On the other
hand, writing G = {G' : G' € ¥y N T, G’ C G}, G is upwards-directed and has union G, so

pG = supgreg pG' = supgreg oG < (p10)+ G-
So (ii) is true.

Because p extends pg, the embedding g & ¥ corresponds to a measure-preserving embedding of 2l as
a o-subalgebra of 2. To see that 2l is order-dense in 2, take any non-zero a € 2. This is expressible as E*
for some E € ¥ with uFE > 0. Now there is a K € K such that K C F and pK > 0. There is an Ey € ¥
which is a measurable envelope for K with respect to ug, so that

pEo = poko = pi K = pK.
But this means that
0#E;=K*CE*=a

in A, while B € Ap. As a is arbitrary, 2y is order-dense in 2.

If a € A/, then B ={b:b € Ay, b Ca} is upwards-directed and sup,¢ g fiob < fia is finite; accordingly B
has a supremum in 2y (321C), which must also be its supremum in 2(, which is a (3130, 313K). So a € 2.
Thus 2/ can be identified with ng. But this means that, for any p € [1,00[, LP(u) = LP(, ii) is identified
with LP (0o, fig) = LP(p) (366H(d-iv)). This proves (iii).

Of course (iv) and (v) are just translations of this. If £ € ¥ and uE < oo, then E* € %/ C 2, that is,
there is an Ey € ¢ such that u(EAEy) = 0. If f is u-integrable, then f* € L'(u) = L'(ug), that is, there
is a pg-integrable function fy such that f = fy p-a.e.

(e) If o is complete and locally determined and F' C X is an arbitrary closed set, then
poE = supg i p(F N K) = supg e p(F N K) =supgei gcp K = pF
by 412Jc, because p and o are both inner regular with respect to K.

(£) If po is localizable, 2y is Dedekind complete; as it is order-dense in 2, the two must coincide (314Ib).
Consequently

LO(n) = LO() = L) = LO(uo),  L(1) = L= (%) = L(Ao) = L™ (to).
So (iii)’ is true; now (iv)" and (v)’ follow at once.
415M Corollary Let (X, T) be a regular topological space and pp an effectively locally finite T-additive

measure on X, defined on the o-algebra generated by a base for €. Then po has a unique extension to a
quasi-Radon measure on X.

proof By 414Mb, pg is inner regular with respect to the closed sets. So 415L gives the result.

415N Corollary Let (X,¥) be a completely regular topological space, and py a 7-additive effectively
locally finite Baire measure on X. Then o has a unique extension to a quasi-Radon measure on X.
proof This is a special case of 415M, because the domain Ba(X) of ug is generated by the family of cozero
sets, which form a base for ¥ (4A2Fc).
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4150 Proposition (a) Let (X,T) be a topological space, and u, v two quasi-Radon measures on X.
Then v is an indefinite-integral measure over p (definition: 234J) iff vF' = 0 whenever F' C X is closed and
puF =0.

(b) Let (X, %, %, ) be a quasi-Radon measure space, and v an indefinite-integral measure over p. If v is
effectively locally finite it is a quasi-Radon measure.

proof (a) If v is an indefinite-integral measure over p, then of course it is zero on all p-negligible closed
sets. So let us suppose that the condition is satisfied. Write ¥ = dom  and T = dom v.

(i) If E C X is a p-negligible Borel set it is v-negligible, because every closed subset of E must be
p-negligible, therefore v-negligible, and v is inner regular with respect to the closed sets. In particular,
taking U* to be the union of the family U = {U : U € T, pU < oo}, v(X \U*) = p(X \ U*) = 0 because
u is effectively locally finite. Also, of course, taking V* to be the union of the family V = {V : V € ¥,
VvV < oo}, v(X \ V*) = 0 because v is effectively locally finite. Setting G =U NV and G* = |J G, we have
G*=U*NV* so G* is v-conegligible.

(ii) In fact, every p-negligible set E is v-negligible. B? Otherwise, v*(E N G*) > 0. Because the
subspace measure vg is quasi-Radon (415B), there is a G € G such that v*(E N G) > 0. But there is an F,,
set H C G\ E such that yH = u(G \ F), and now ENG is included in the p-negligible Borel set G\ H, so
that v(ENG) =v(G\ H) =0. XQ

(iii) Let K be the family of closed subsets F of X such that either F' is included in some member of
Gor FNG*=0. If E € dompu and puE > 0, then there is an F' € K such that F' C F and uF > 0. P
If u(E\ G*) > 0 take any closed set F' C E\ G* with uF > 0. Otherwise, u(E N G*) > 0. Because the
subspace measure g is quasi-Radon, there is a G € G such that p(ENG) > 0; and now we can find a closed
set F C ENG with uFF > 0,and F € . Q

(iv) By 412Ia, there is a decomposition (X;);cr for p such that every X; except perhaps one belongs
to K and that exceptional one, if any, is p-negligible. Now (X;);cs is a decomposition for v. ¥ Every
X; is measured by v because it is either closed or p-negligible, and of finite measure for v because it is
either v-negligible or included in a member of G. If E C X and vE > 0, then v(F N G*) > 0, so there
must be some G € G such that ¥(ENG) > 0. Now J = {i : i € I, u(X; N G) > 0} is countable, and
V(G \U,es Xi) = u(G\U,;e; Xi) =0, so there is an i € J such that v(X; N E) > 0. By 2130b, (X;)cr is a
decomposition for v. Q

(v) Tt follows that ¥ C T. P If E € X, then for every i € I there is an F, set H C E N X; such
that £ N X; \ H is p-negligible, therefore v-negligible, and £ N X; € T. As i is arbitrary, £ € T. Q In
fact, v is the completion of v[X. B If F' € T, then for every i € I there is an F, set H; C F N X; such
that F'N X; \ H; is v-negligible. Set H = UieI H;; because H N X; = H; belongs to X for every i, H € ¥;
and v(F\ H) = > ,c;v(FNX;\ H) = 0. Similarly, there is an H' € ¥ such that H" € X \ F and
v(X\F)\H')=0,sothat HC F C X\ H and v((X\ H')\ H) = 0. So F is measured by the completion
of v[3. Since v itself is complete, it must be the completion of v[X. Q

(vi) By (iv), v is inner regular with respect to {E : E € 3, uE < oo}. By 2340, v is an indefinite-
integral measure over p.

(b) Let f € £°%pu) be a non-negative function such that vF = [ f x xF du whenever this is defined.
Because p is complete and locally determined, so is v. Because p is an effectively locally finite T-additive
topological measure, v is a 7-additive topological measure (414H). Because p is inner regular with respect
to the closed sets, so is v (412Q). Since we are assuming in the hypotheses that v is effectively locally finite,
it is a quasi-Radon measure.

415P Proposition Let (X, T, %, 1) be a quasi-Radon measure space.

(a) Suppose that (X, ¥) is completely regular. If 1 < p < oo and f € LP(u), then for any € > 0 there is a
bounded continuous function g : X — R such that p{z : g(z) # 0} < oo and ||f — g||, <e.

(b) Suppose that (X, %) is regular and Lindel6f. Let f € £°(u) be locally integrable. Then for any € > 0
there is a continuous function g : X — R such that || f — g[1 <e.
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proof (a) Write C for the set of bounded continuous functions g : X — R such that {x : g(x) # 0} has
finite measure. Then € is a linear subspace of R¥ included in £P = LP(u). Let U be the closure of € in
LP, that is, the set of h € LP such that for every ¢ > 0 there is a g € € such that |h — g||, < e. Then
U is closed under addition and scalar multiplication. Also yE € U whenever uE < oo. I Let € > 0. Set
0= iel/ P. Write G for the family of open sets of finite measure. Because p is effectively locally finite, there
is a G € G such that u(E \ G) <6 (412Aa). Let F C G\ E be a closed set such that uF > u(G\ E) — §;
then p(EA(G\ F)) < 2§. Write H for the family of cozero sets. Because ¥ is completely regular, # is a
base for ¥; because H is closed under finite unions (4A2C(b-iii)) and p is 7-additive, there is an H € H
such that H C G\ F and pH > u(G\ F) — 6, so that u(EAH) < 36. Express H as {z : g(z) > 0} where
g : X — R is a continuous function. For each n € N, set g, = ng A xX € C; then

|XE - gn|p < X(EAH) + (XH - gn)p
for every n, so
JIXE = gnl? < w(EAH) + [(xH — gn)? = p(EAH)

as n — 00, because g, — xH. So there is an n € N such that [ |[xE — g, [P < 46, that is, |[xE — gnll, < e
As € is arbitrary, yF € U. Q

Accordingly every simple function belongs to U. But if f € LP and € > 0, there is a simple function h
such that || f —h||, < Fe (244Ha); now there is a g € € such that |h—gl|, < 2e and || f —gl|, < €, as claimed.

(b) This time, write G for the family of open subsets of X such that fG f is finite, so that G is an open
cover of X. As X is paracompact (4A2H(b-1)), there is a locally finite family Gy C G covering X, which
must be countable (4A2H(b-ii)).

Let (eg)ceg, be a family of strictly positive real numbers such that ;.5 €c < € (4A1P). Since X is
completely regular (4A2H(b-1)), we can apply (a) to see that, for each G € Gy, there is a continuous function
gc : X — Rsuch that [|ge — f X XG| < eg. Next, because X is normal (4A2H(b-i)), there is a family
(ha)ceg, of continuous functions from X to [0, 1] such that hg < xG for every G € Go and ) g, ha(z) =1
for every z € X (4A2F(d-viii)).

Set g(z) = > geg, 9c(T)ha(x) for every x € X. Because Gy is locally finite, g : X — R is continuous
(4A2Bh). Now

Jir=a1= [1 X 796 xhal < 3 [1(5 = 90) x el

GeGo Gego

< Z/G\f—gc|s d e <e

Gego GeGo

as required.

415Q Recall (411P) that if (A, ) is a localizable measure algebra, with Stone space (Z,&, T, v), then v is
a strictly positive completion regular quasi-Radon measure, inner regular with respect to the open-and-closed
sets (which are all compact). Moreover, subsets of Z are negligible iff they are nowhere dense, and every
measurable set differs by a nowhere dense set from an open-and-closed set. The following construction is
primarily important for Radon measure spaces (see 416V), but is also of interest for general quasi-Radon
spaces.

Proposition Let (X, T, X, 1) be a quasi-Radon measure space and (2, ji) its measure algebra. Let (Z,6,T,v)
be the Stone space of (2, i). For E € ¥ let E* C Z be the open-and-closed set corresponding to the image
E* of E in 2. Define R C Z x X by saying that (z,2) € R iff z € F whenever F' C X is closed and z € F*.
Set @ = R71[X].

(a) R is a closed subset of Z x X.

(b) For any E € ¥, R[E*] is the smallest closed set such that p(E \ R[E*]) = 0. In particular, if FF C X
is closed then R[F™] is the self-supporting closed set included in F' such that p(F \ R[F*]) = 0; and R[Z] is
the support of u.

(¢) @ has full outer measure for v.

MEASURE THEORY



415Q Quasi-Radon measure spaces 61

(d) For any E € %, R~ E]A(QNE*) is negligible; consequently v*R™1[E] = pE and R [E]NR™1[X\ E]
is negligible.

(e) For any A C X, v*R™1[A] = u*A.

(f) If (X, %) is regular, then RG] is relatively open in @ for every open set G C X, R™![F] is relatively
closed in @ for every closed set F C X and R™'[X \ E] = Q \ R™![E] for every Borel set E C X.

proof (a)
R= (] ((Z\F)xX)U(ZxF)
FCX is closed

is an intersection of closed sets, therefore closed.

(b) Let G be the family of open sets G C X such that u(ENG) = 0, and Gy = |JG; then Gy € G
(414Ea). Set Fy = X \ Gy, so that Fy is the smallest closed set such that E\ Fy is negligible, and F;f O E*.
If (z,x2) € R and z € E* we must have z € Fy. Thus R[E*] C Fy. On the other hand, if z € Fp, and G is an
open set containing z, then G ¢ G so u(GNE) > 0 and (ENG)* # 0. Accordingly {(GNE)*:z € G € T} is
a downwards-directed family of non-empty open-and-closed sets in the compact space Z and has non-empty
intersection, containing a point z say. If H C X is closed and z € H*, then X \ H is open and z ¢ (X \ H)*,
so = cannot belong to X \ H, that is, « € H; as H is arbitrary, (z,2) € R and « € R[E*]; as x is arbitrary,
R[E*] = Fy, as claimed.

Of course, when F is actually closed, R[E*] = Fy C E. Taking F = X we see that R[Z] = R[X*] is the
support of p.

(c) f W € T and vW > 0, there is a non-empty open-and-closed set U C W, by 322Ra, which must
be of the form E* for some E € . By (b), R[E*] cannot be empty; but E* C W, so R[W] # ), that is,
WNQ #0. As W is arbitrary, Q has full outer measure in Z.

(d)(i) Let F be the set of closed subsets of X included in E. Then suppcr F* = E* in 2 (412N), so
E*\ Uper F* is nowhere dense and negligible. Now for each F' € F, R[F*] C F,so QN F* C R™'[F] C
R7YE]. Accordingly

QNE*\R'E] C E*\Uper F*
is nowhere dense and negligible.

(ii) ? Suppose, if possible, that v*(R™![E] \ E*) > 0. Then there is an open-and-closed set U of
finite measure such that v*(R7[E]NU \ E*) > 0 (use 412Jc). Express U as H*, where uH < oo, and
let F C H\ E be a closed set such that u((H \ E) \ F) < v*(R7![E]N H*\ E*). Then we must have
v*(RYE]NF*)>0. But R[F*] C F C X\ E so F* N R™![E] = (), which is impossible. X

(iii) Putting these together, (Q N E*)AR™![E] is negligible.
(iv) It follows at once that (because Z is a measurable envelope for Q)
V*R7YE] =v*(QNE*) =vE* = uE.
Moreover, applying the result to X \ E,
RX\ B] N RE] € (RV[X\ EJAQN (X \ B)) U (R EIAQN BY)
is negligible.
(e)(i) Take E € ¥ such that A C E and pE = p*A; then R71[A] C R7[E], so
v*R7YA] <v*R7YE] = pE = p* A.
(ii) 7 Suppose, if possible, that v*R71[A] < pu*A. Let W € T be a measurable envelope of R™1[A],
and take F' € ¥ such that v(WAF*) = 0. Since
uF =vF* =vW < u*A,
w*(A\ F) > 0; let G be a measurable envelope of A\ F disjoint from F (213L). Then G* N F* = so
v(G*\W)=vG* =uG >0
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and there is a non-empty open-and-closed V' C G* \ W; let H € ¥ be such that H C G and V = H*. In
this case, R[V] is closed and p(H \ R[V]) = 0, by (b), so that H N R[V] is measurable, not negligible, and
included in G. But HNR[V]N A is empty, because VN R~1[A] is empty, so u*(HNR[V]NA) < u(HNR[V]),
and G cannot be a measurable envelope of A\ F. X

Thus v*R™1[A] = u* A, as claimed.

(f) Suppose now that (X, %) is regular.

(i) If G C X is open, RGN R7IX\ G] =0. P If 2 € R[G], then there is an z € G such that
(2,2) € R. Let H be an open set containing x such that H C G. Then = ¢ X \ H so 2z ¢ (X \ H)*, that is,
z € H*. But

R[H*| C R[H']C H C G,
so H*NR7IYX\G]=0and z ¢ R7IX\G]. Q

(ii) It is easy to check that

E={E:FECX, R EINR'X\E] =0}
={E:ECX,R'YX\E=Q\R'[E]}

is a o-algebra of subsets of X (indeed, an algebra closed under arbitrary unions), just because R C Z x X
and R71[X] = Q. Because it contains all open sets, & must contain all Borel sets.

(iii) Now suppose once again that G C X is open and that z € R7![G]. As in (i) above, there is an
open set H C G such that z € H* C Z\ R7[X \ G], so that z € H*NQ C R7'[G]. As z is arbitrary,
R™Y[G] is relatively open in Q.

(iv) Finally, if F C X is closed, R7![F] = Q \ R™'[X \ F] is relatively closed in Q.

415R Proposition Let (X, %, 3, 1) be a Hausdorff quasi-Radon measure space and (Z, S, T, v) the Stone
space of its measure algebra. Let R C Z x X be the relation described in 415Q. Then

(a) R is (the graph of) a function f;

(b) f is inverse-measure-preserving for the subspace measure v on Q = dom f, and in fact p is the image
measure v [

(¢) if (X, %) is regular, then f is continuous.

proof (a) If z € Z and z, y € X are distinct, let G, H be disjoint open sets containing x, y respectively.
Then

(X\G)UX\H)" = (X\G)U(X\H)) =2,

defining * as in 415Q), so z must belong to at least one of (X \ G)*, (X \ H)*. In the former case (z,z) ¢ R
and in the latter case (z,y) ¢ R. This shows that R is a function; to remind us of its new status I will
henceforth call it f. The domain of f is just Q = R™[X].

(b) By 415Qd, f is inverse-measure-preserving for vg and p. Suppose that A C X and f~![A] is in the
domain T¢q of vg, that is, is of the form QNU for some U € T. Take any E' € ¥ such that pE > 0; then either
v(E*NU) >0or v(E*\U) > 0. (o) Suppose that v(E* NU) > 0. Because v is inner regular with respect
to the open-and-closed sets, there is an H € ¥ such that H* C E* NU and pH = vH* > 0. Now there is a
closed set ' C ENH with uF > 0. In this case, f[F*] C F C E, by 415Qb, while F*NQ C UNQ = f~'[A],
so f[F*] € EN A. But this means that

pe(ENA) > pf[F*] = puF > 0.

(8) If v(E*\U) > 0, then the same arguments show that p.(E\ A) > 0. (7) Thus p.(ENA)+pu.(E\A) >0
whenever pE > 0. Because p is complete and locally determined, A € ¥ (413F(vii)).
Thus we see that {A: A C X, f~1[A] € Tq} is included in %, and y is the image measure vg f~*.

(c) If T is regular, then 415Qf tells us that f is continuous.
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415X Basic exercises >(a) Let (X, %, %, u) be a quasi-Radon measure space and E € ¥ an atom for
the measure. Show that there is a closed set F' C E such that uF > 0 and F is an atom of X, in the sense
that the only measurable subsets of F are () and F. (Hint: 414G.) Show that y is atomless iff all countable
subsets of X are negligible.

(b) Let ((X;,%;, %4, 15))icr be any family of quasi-Radon measure spaces. Show that the direct sum
measure on X = {(z,i) : ¢ € I, z € X,;} is a quasi-Radon measure when X is given its disjoint union
topology.

>(c) The right-facing Sorgenfrey topology or lower limit topology on R is the topology generated
by the half-open intervals of the form [a, 8[; T will use the phrase Sorgenfrey line to mean R with this
topology. Show that Lebesgue measure on the Sorgenfrey line is completion regular and quasi-Radon. (Hint:
114Yj or 221Yb, or 419L.)

(d) Let X be a topological space and p a complete measure on X, and suppose that there is a conegligible
closed measurable set Y C X such that the subspace measure on Y is quasi-Radon. Show that p is quasi-
Radon.

(e) Let (X,%,%, u) be a quasi-Radon measure space. Show that u is inner regular with respect to the
family of self-supporting closed sets included in open sets of finite measure.

(f) Let (X,%,3, u) be a quasi-Radon measure space. Show that whenever E € ¥ and € > 0 there is an
open set G such that uG < uE + € and E \ G is negligible.

(g) Describe a compact Hausdorff quasi-Radon measure space which is not o-finite.

(h) Let (X,%,%, ) be a quasi-Radon measure space, (2, i) its measure algebra, and A/ the ideal {a :
a €2, fia < oo}. Show that {G*: G € T, uG < oo} is dense in AS for the strong measure-algebra topology
(323Ad).

(1) Let (X, %, %, u) be an atomless quasi-Radon measure space which is outer regular with respect to the
open sets. Show that it is o-finite. (Hint: take a decomposition (X;);cs in which every X; except one is
self-supporting, and a set A meeting every X; in just one point.)

(J) Let (X,%,%, 1) be a o-finite quasi-Radon measure space with uX > 0. Show that there is a quasi-
Radon probability measure on X with the same measurable sets and the same negligible sets as p.

(k) Let (X,X, ) be a o-finite measure space in which ¥ is countably generated as a o-algebra. Show
that, for a suitable topology on X, the completion of i is a quasi-Radon measure. (Hint: take the topology
generated by a countable subalgebra of X, and use the arguments of 415D.)

(1) Let ((X;,%;, %4, pi)Yicr be a family of quasi-Radon probability spaces such that every p; is strictly
positive, and A the product measure on X = [[,.; X;. Show that if every ¥; has a countable network, A is
a quasi-Radon measure.

el

(m) Let (X;);cr be a family of separable metrizable spaces, and p a quasi-Radon measure on X =
[l;c; Xi- Show that p is completion regular iff every self-supporting closed set in X is determined by
coordinates in a countable set. (Hint: 4A2Eb.)

(n) Find two quasi-Radon measures u, v on the unit interval such that uG < vG for every open set G
but there is a closed set F' such that vF < pF.

(o) Let X be a topological space and y, v two quasi-Radon measures on X. (i) Suppose that uF = vF
whenever F' C X is closed and both pF and vF are finite. Show that p = v. (ii) Suppose that uG = vG
whenever G C X is open and both uG and vG are finite. Show that u = v.
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(p) Find a second-countable Hausdorff topological space X with a 7-additive Borel probability measure
which is not inner regular with respect to the closed sets. (Hint: starting from a Radon probability measure,
declare a set with full outer measure and zero inner measure to be open and conegligible.)

(q) Find a second-countable Hausdorff space X, a subset Y and a quasi-Radon probability measure on
Y which is not the subspace measure induced by any quasi-Radon measure on X.

(r) Let (X,%,%, ) be a o-finite paracompact Hausdorff quasi-Radon measure space, and f € £L%(u) a
locally integrable function. Show that for any € > 0 there is a continuous function g : X — R such that

Jlf—gl<e

>(s) Let (X,%,%, u) be a o-finite completely regular quasi-Radon measure space. (i) Show that for
every E € ¥ there is an F' in the Baire o-algebra Ba(X) of X such that p(EAF) = 0. (Hint: start with
an open set E of finite measure.) (ii) Show that for every ¥-measurable function f : X — R there is a
Ba(X)-measurable function equal almost everywhere to f.

(t) Let (X,X, ) be a measure space and f a p-integrable real-valued function. Show that there is a
unique quasi-Radon measure A on R such that A{0} = 0 and Ao, 00[ = p*{z : € dom f, f(z) > a},
A]—oc0,—a)] = p*{z : © € dom f, f(z) < —a} whenever @ > 0; and that [hd\ = [hfdu whenever
h € £9()\) and h(0) = 0 and either integral is defined in [—o0, oc]. (Hint: set A\E = p* f~1[E\ {0}] for Borel
sets £ C R, and use 414Mb, 4140 and 235Gb.)

415Y Further exercises (a) Give an example of two quasi-Radon measures p, ¥ on R such that their
sum, as defined in 234G, is not effectively locally finite, therefore not a quasi-Radon measure.

(b) Show that any quasi-Radon measure space is isomorphic, as topological measure space, to a subspace
of a compact quasi-Radon measure space. (Hint: if X is a Ty quasi-Radon measure space, let X be its
Wallman compactification (ENGELKING 89, 3.6.21).)

(c) Let (X,%,%, u) be a quasi-Radon measure space. Show that the following are equiveridical: (i) p is
outer regular with respect to the open sets; (ii) every negligible subset of X is included in an open set of
finite measure; (iii) {z : p{x} = 0} can be covered by a sequence of open sets of finite measure.

(d) Show that 4+ : R x R — R is continuous for the right-facing Sorgenfrey topology.

(e) Let r > 1. On R" let & be the topology generated by the half-open intervals [a, b where a, b € R"
(definition: 115Ab). (i) Show that & is the product topology if each factor is given the right-facing Sorgenfrey
topology. (ii) Show that Lebesgue measure is quasi-Radon for &. (Hint: induce on r. See also 417Y1.)

(f) Find a base U for the topology of X = {0, 1} and two totally finite (quasi-)Radon measures u, v on
X such that GNH € U for all G, H e U, pG < vG for every G € U, but v X < pX.

(g) Let X be a topological space and G an open cover of X. Suppose that for each G € G we are given
a quasi-Radon measure pg on G such that ug(U) = pgy(U) whenever G, H € G and U C G N H is open.
Show that there is a unique quasi-Radon measure on X such that each ug is the subspace measure on G.
(Hint: if (ug)ceg is a maximal family with the given properties, then G is upwards-directed.)

(h) Let (X, 3, i) be a measure space and T a topology on X such that p is inner regular with respect to
the closed sets, and suppose that there is a family & C ¥ N % such that
uU < oo for every U € U,
for every U € U, TNENPU is a base for the subspace topology of U,
if G is an upwards-directed family in TN X and |JG € U, then pu(|JG) = supgeg nG,
if £ € ¥ and pFE > 0 then there is a U € U such that u(ENU) > 0.
Show that p has an extension to a quasi-Radon measure on X.
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(i) Let (X,%, X%, 1) be a quasi-Radon measure space such that ¥ is normal (but not necessarily Hausdorff
or regular). Show that if 1 <p < oo, f € LP(u) and € > 0, there is a bounded continuous function g : X — R
such that ||f — g|l, < e and {z : g(x) # 0} has finite measure.

(J) Let (X,%,%, u) be a completely regular quasi-Radon measure space and suppose that we are given
a uniformity defining the topology ¥. Show that if 1 < p < oo, f € LP(u) and € > 0, there is a bounded
uniformly continuous function g : X — R such that ||f — g||, < € and {z : g(x) # 0} has finite measure.

(k) Let (X,%,%, 1) be a completely regular quasi-Radon measure space and 7 an extended Fatou norm
on L%(u) (definition: 369F) such that (i) 7] L™ is an order-continuous norm (ii) whenever E € ¥ and uE > 0
there is an open set G such that u(F NG) > 0 and 7(xG*) < co. Show that L™ N{f*: f: X — R is
continuous} is norm-dense in L7.

(1) Let (X,%,%,u) be a quasi-Radon measure space. Show that p is a compact measure (definition:
342Ac or 451Ab) iff there is a locally compact topology & on X such that (X, &, X, u) is quasi-Radon.

415 Notes and comments 415B is particularly important because a very high proportion of the quasi-
Radon measure spaces we study are actually subspaces of Radon measure spaces. I would in fact go so far
as to say that when you have occasion to wonder whether all quasi-Radon measure spaces have a property,
you should as a matter of habit look first at subspaces of Radon measure spaces; if the answer is affirmative
for them, you will have most of what you want, even if the generalization to arbitrary quasi-Radon spaces
gives difficulties. Of course the reverse phenomenon can also occur. Stone spaces (411P) can be thought of
as quasi-Radon compactifications of Radon measure spaces (416V). But this is relatively rare. Indeed the
reason why I give so few examples of quasi-Radon spaces at this point is just that the natural ones arise
from Radon measure spaces. Note however that the quasi-Radon product of an uncountable family of Radon
probability spaces need not be Radon (see 417Xq), so that 415E here and 4170 below are sources of non-
Radon quasi-Radon measure spaces. Density and lifting topologies can also provide us with quasi-Radon
measure spaces (453Xd, 453Xg).

415K is the second in a series of inner-regular-extension theorems; there will be a third in 416J.

I have been saying since Volume 1 that the business of measure theory, since Lebesgue’s time, has been
to measure as many sets and integrate as many functions as possible. I therefore take seriously any theorem
offering a canonical extension of a measure. 415L and its corollaries can be regarded as improvement
theorems, showing that a good measure can be made even better. We have already had such improvement
theorems in Chapter 21: the completion and c.l.d. version of a measure (212C, 213E). In all such theorems
we need to know exactly what effect our improvement is having on the other constructions we are interested
in; primarily, the measure algebra and the function spaces. The machinery of Chapter 36 shows that if
we understand the measure algebra(s) involved then the function spaces will give us no further surprises.
Completion of a measure does not affect the measure algebra at all (322Da). Taking the c.l.d. version
does not change 2/ = {a : jia < oo} or L' (213Fc, 213G, 322D(b-i), 366H), but can affect the rest
of the measure algebra and therefore L° and L*°. In this respect, what we might call the ‘quasi-Radon
version’ behaves like the c.l.d. version (as could be expected, since the quasi-Radon version must itself be
complete and locally determined). The archetypal application of 415L is 415N. We shall see later how Baire
measures arise naturally when studying Banach spaces of continuous functions (436E). 415N will be one of
the keys to applying the general theory of topological measure spaces in such contexts. A virtue of Baire
measures is that inner regularity with respect to closed sets comes almost free (412D); but there can be
unsurmountable difficulties if we wish to extend them to Borel measures (439M), and it is important to
know that 7-additivity, even in the relatively weak form allowed by the definition I use here (411C), is often
enough to give a canonical extension to a well-behaved measure defined on every Borel set. In 415C we have
inner regularity for a different reason, and the measure is already known to be defined on every Borel set,
so in fact the quasi-Radon version of the measure is just the c.l.d. version.

One interpretation of the Lifting Theorem is that for a complete strictly localizable measure space
(X,X, u) there is a function g : X — Z, where Z is the Stone space of the measure algebra of u, such
that EAg~![E*] is negligible for every E € 3, where E* C Z is the open-and-closed set corresponding
to the image of F in the measure algebra (341Q). For a Hausdorff quasi-Radon measure space we have a
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function f : Q@ — X, where Q is a dense subset of Z, such that (Q N E*)Af~1[E] is negligible for every
E € ¥ (415Qd, 415R); moreover, there is a canonical construction for this function. For completeness’ sake,
I have given the result for general, not necessarily Hausdorff, spaces X (415Q); but evidently it will be of
greatest interest for regular Hausdorff spaces (415Rc). Perhaps I should remark that in the most important
applications, @ is the whole of Z (416Vc). Of course the question arises, whether fg can be the identity.
(Z typically has larger cardinal than X, so asking for gf to be the identity is a bit optimistic.) This is in
fact an important question; I will return to it in 453M-453N.

Version of 28.12.17/3.7.20

416 Radon measure spaces

We come now to the results for which the chapter so far has been preparing. The centre of topological
measure theory is the theory of ‘Radon’ measures (411Hb), measures inner regular with respect to compact
sets. Most of the section is devoted to pulling the earlier work together, and in particular to re-stating
theorems on quasi-Radon measures in the new context. Of course this has to begin with a check that Radon
measures are quasi-Radon (416A). It follows immediately that Radon measures are (strictly) localizable
(416B). After presenting a miscellany of elementary facts, I turn to the constructions of §413, which take on
simpler and more dramatic forms in this context (416J-416P). I proceed to investigate subspace measures
(416R-416T) and some special product measures (416U). I end the section with further notes on the forms
which earlier theorems on Stone spaces (416V) and compact measure spaces (416W) take when applied to
Radon measure spaces.

416A Proposition A Radon measure space is quasi-Radon.

proof Let (X, %, %, 1) be a Radon measure space. Because T is Hausdorff, every compact set is closed, so
w1 is inner regular with respect to the closed sets. By 411E, u is T-additive; by 411Gf, it is effectively locally
finite. Thus all parts of condition (ii) of 411Ha are satisfied, and p is a quasi-Radon measure.

416B Corollary A Radon measure space is strictly localizable.

proof Put 416A and 415A or 414J together.

416C In order to use the results of §415 effectively, it will be helpful to spell out elementary conditions
ensuring that a quasi-Radon measure is Radon.

Proposition Let (X,%,3, u) be a locally finite Hausdorff quasi-Radon measure space. Then the following
are equiveridical:

(i) p is a Radon measure;

(ii) whenever E € ¥ and puE > 0 there is a compact set K such that u(E N K) > 0;

(iii) sup{K* : K C X is compact} = 1 in the measure algebra of .
If u is totally finite we can add

(iv) sup{pK : K C X is compact} = uX.

proof (i)=-(ii) and (ii)«<(iii) are trivial. For (ii)=(i), observe that if £ € ¥ and puE > 0 there is a compact
set K C FE such that uK > 0. P There is a compact set K’ such that u(F N K’) > 0, by hypothesis; now
there is a closed set K € E'N K’ such that uK > 0, because p is inner regular with respect to the closed
sets, and K is compact. Q By 412Aa, 1 is inner regular with respect to the compact sets. Being a complete,
locally determined, locally finite topological measure, it is a Radon measure.

When pX < 0o, of course, we also have (iii)<(iv).

416D Some further elementary facts are worth writing out plainly.
Lemma (a) In a Radon measure space, every compact set has finite measure.

(©) 2002 D. H. Fremlin
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(b) Let (X,%, %, 1) be a Radon measure space, and F C X a set such that EN K € X for every compact
K CX. Then F € X.

(¢) A Radon measure is inner regular with respect to the self-supporting compact sets.

(d) Let X be a Hausdorff space and p a tight locally finite complete locally determined measure on X.
If 1 measures every compact set, u is a Radon measure.

(e) Let X be a Hausdorff space and (u;)ier a family of Radon measures on X. Let u =), ; p; be their
sum (definition: 234G). If p is locally finite, it is a Radon measure.

proof (a) 411Ga.
(b) We have only to remember that u is complete, locally determined and tight, and apply 413F(ii).

(c) If (X,%,%,u) is a Radon measure space, E € ¥ and 7 < pF, there is a compact set K C F such
that uK > . By 414F, there is a self-supporting relatively closed set L C K such that uL = pK; but now
of course L is compact, while L C E and puL > 7.

(d) Let K be the family of compact subsets of X; write ¥ for the domain of p. If F C X is closed, then
FNK e K CXfor every K € K; accordingly F' € X, by 412Ja. But this means that every closed set,
therefore every open set, belongs to X, and i is a Radon measure.

(e) Because every p; is a topological measure, so is p; because every p; is complete, so is p (234Ha). By
hypothesis, u is locally finite. If pF > 0, then there is some ¢ € I such that pu; £ > 0; now there is a compact
K C E such that 0 < u; K < pK. So p is inner regular with respect to the compact sets.

Now suppose that £ C X is such that y measures EN F whenever uF < co. Then, in particular, E N K
is measured by p, therefore measured by every p;, whenever K C X is compact. By 413F(ii) again, u;
measures F for every i, so yu measures E. As F is arbitrary, u is locally determined and is a Radon measure.

Remark In (e) above, note that if I is finite then p is necessarily locally finite.

416E Specification of Radon measures In 415H I described some conditions which enable us to
be sure that two quasi-Radon measures on a given topological space are the same. In the case of Radon
measures we have a similar list. This time I include a note on the natural ordering of Radon measures.

Proposition Let X be a Hausdorff space and pu, v two Radon measures on X.
(a) The following are equiveridical:

(i) ¥ < p in the sense of 234P, that is, vF is defined and vF < pF whenever p measures F;
(ii)) uK < vK for every compact set K C X;
(iii) uG < v@G for every open set G C X;
(iv) pF < vF for every closed set F C X.

If X is locally compact, we can add
(v) [ fdp < [ fdv for every non-negative continuous function f : X — R with compact

support.
(b) The following are equiveridical:
(i) p=r;

(ii) uK = vK for every compact set K C X;
(iii) pG = vG for every open set G C X;
(iv) pF = vF for every closed set F C X.
If X is locally compact, we can add
(v) [ fdp = [ fdv for every continuous function f: X — R with compact support.

proof (a)(i)=(iv)=-(ii) and (i)=(iii) are trivial, if we recall that ¥ < p when domv O domy and
vE < pE for every E € dom p.
(ii)=-(i) is a special case of 412Mb.

(iii)=(ii) The point is that if K C X is compact, then yK = inf{uG : G C X is open, K C G}. P
Because X = [J{uG : G C X is open, uG < oo}, there is an open set Gy of finite measure including K.
Now, for any v > pK, there is a compact set L C Gy \ K such that uL > uGg — 7, so that uG < v, where
G = Gy \ L is an open set including K. Q

D.H.FREMLIN



68 Topologies and measures I 416E

The same is true for v. So, if (iii) is true,
MK = infGQK is open MG < infGQK is open vG =vK
for every compact K C X, and (ii) is true.

(iii)=(v) If (iii) is true and f : X — [0, 00[ is a non-negative continuous function, then

[ ran= / T e f(@) > )t
(2520)

</OOOI/{$2f(.’E)>t}dt=/fdl/.

(v)=-(iii) If X is locally compact and (v) is true, take any open set G C X, and consider the set A of
continuous functions f : X — [0,1] with compact support such that f < yG. Then A is upwards-directed
and sup ;¢ 4 f(z) = xG(z) for every x € X, by 4A2G(e-i). So

pG = Supge 4 ffdu < Supsey ffdv =vG
by 414Ba. As G is arbitrary, (iii) is true.
(b) now follows at once, or from 415H-4151.

416F Proposition Let X be a Hausdorff space and p a Borel measure on X. Then the following are
equiveridical:
(i) p has an extension to a Radon measure on X;
(ii) w is locally finite and tight;
(iii) p is locally finite and effectively locally finite, and uG = sup{pK : K C G is compact} for every
open set G C X
(iv) p is locally finite, effectively locally finite and 7-additive, and uG = sup{p(GNK) : K C X is
compact} for every open set G C X.
In this case the extension is unique; it is the c.l.d. version of pu.

proof (a)(i)=(iv) If p = a[B(X) where i is a Radon measure and B(X) is the Borel o-algebra of X, then
of course p is locally finite and effectively locally finite and T-additive because fi is (see 416A) and every
open set belongs to B(X). Also

uG =sup{uK : K C G is compact} < sup{u(GNK) : K C X is compact} < uG
for every open set G C X, because f is tight and compact sets belong to B(X).

(b)(iv)=-(iii) Suppose that (iv) is true. Of course y is locally finite and effectively locally finite. Suppose
that G C X is open and that v < pG. Then there is a compact K C X such that u(GN K) > v. By
414K, the (totally finite) subspace measure pg is 7-additive. Now K is a compact Hausdorff space, therefore
regular. By 414Ma there is a closed set F' C G N K such that uxgF > ~. Now F is compact, F' C G and
uF >~. As G and ~ are arbitrary, (iii) is true.

(c)(iii)=-(ii) T have to show that if p satisfies the conditions of (iii) it is tight. Let K be the family of
compact subsets of X and A the family of subsets of X which are either open or closed. Then whenever
Ae A F e X and uy(ANF) > 0, there is a K € K such that K C A and u(K N F) > 0. P Because p
is effectively locally finite, there is an open set G of finite measure such that y(GNANF) > 0. («) If A
is open, then there will be a compact set K C G N A such that uK > u(GNA) — u(GNANF), so that
WK NF)>0. (B)If Ais closed, then let L C G be a compact set such that uL > uG — u(GNANF); then
K =LnNAis compact and u(KNF) > 0. Q

By 412C, p is inner regular with respect to IC, as required.

(d)(ii)=(i) If u is locally finite and tight, let i be the c.l.d. version of pu. Then fi is complete, locally
determined, locally finite (because p is), a topological measure (because 4 is) and tight (because p is, using
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412Ha); so is a Radon measure. Every compact set has finite measure for u, so u is semi-finite and i extends
w (213Hc).

(e) By 416EDb there can be at most one Radon measure extending u, and we have observed in (d) above
that in the present case it is the c.l.d. version of p.

416G One of the themes of §434 will be the question: on which Hausdorff spaces is every locally finite
quasi-Radon measure a Radon measure? I do not think we are ready for a general investigation of this, but
I can give one easy special result.

Proposition Let (X, %) be a locally compact Hausdorff space and p a locally finite quasi-Radon measure
on X. Then u is a Radon measure.

proof p satisfies condition (ii) of 416C. P Take E € dom u such that uE > 0. Let G be the family of
relatively compact open subsets of X; then G is upwards-directed and has union X. By 414Ea, there is a
G € G such that u(ENG) > 0. But now G is compact and u(ENG) > 0. Q By 416C, u is a Radon
measure.

416H Corollary Let (X,%) be a locally compact Hausdorff space, and g a locally finite, effectively
locally finite, 7-additive Borel measure on X. Then p is tight and its c.l.d. version is a Radon measure, the
unique Radon measure on X extending pu.

proof By 415Cbh, the c.l.d. version f of u is a quasi-Radon measure extending p. Because p is locally finite,
so is f1; by 416G, [i is a Radon measure. By 416EDb, the extension is unique. Now

ME = ﬂE = SungE is compact ﬂK = SungE is compact MK

for every Borel set E C X, so p itself is tight.

4161 While on the subject of locally compact spaces, I mention an important generalization of a result
from Chapter 24.

Proposition Let (X, T, %, 1) be a locally compact Radon measure space. Write Cy, for the space of con-
tinuous real-valued functions on X with compact supports. If 1 < p < oo, f € LP(u) and € > 0, there is a
g € Cy such that ||f — g, <e.

proof By 415Pa, there is a bounded continuous function h; : X — R such that G = {z : hy(z) # 0} has
finite measure and ||f — hy ||, < 2e. Let K C G be a compact set such that ||k || (u(G \ K))'/? < Le, and
let hy € Cf, be such that xK < hy < xG (4A2G(e-i) again). Set g = hy X ha. Then g € C}, and

S =g < [ eVl < (G Fl I,

so [|h1 — gllp < e and ||f — g|[, < €, as required.

416J I turn now to constructions of Radon measures based on ideas in §413.

Theorem Let X be a Hausdorff space. Let K be the family of compact subsets of X and ¢q : £ — [0, 00
a functional such that
() oK = oL +sup{¢ppK’' : K' € K, K/ C K\ L} whenever K, L € K and L C K,
(7) for every x € X there is an open set G containing x such that sup{¢pK : K € K, K C G}
is finite.
Then there is a unique Radon measure on X extending ¢y.

proof By 413N, there is a unique complete locally determined measure p on X, extending ¢, which is
inner regular with respect to K. By (), u is locally finite; by 416Dd, it is a Radon measure.

416K Proposition (see Topsge 70A) Let X be a Hausdorff space, T a subring of PX such that
H={G:G e Tisopen} covers X, and v : T — [0, oo[ a finitely additive functional. Then there is a Radon
measure p on X such that uK > vK for every compact K € T and uG < vG for every open G € T.

D.H.FREMLIN



70 Topologies and measures I 416K

proof (a) For H € H set Ty = TN'PH; then Ty is an algebra of subsets of H, and vy = v| Ty is additive.
By 391G, there is an additive functional vy : PH — [0, 00[ extending vy. Let § be an ultrafilter on H
containing {H : Hy C H € M} for every Hy € H, and T the ideal of subsets of X generated by H. If A€ T
then there is an Hy € H including A, and now

ﬂH(AﬁH) :ﬁH(AﬂHo) S I/H(HQHQ) :I/(HQH()) SI/HO

for every H € H, so VA = limy_,5 v (AN H) is defined in [0, 00[. Note that if A € TN T then there is an
Hy € H including A, so that vy A = vA whenever H € H and H DO Hy, and 7A = vA. Also v : T — [0, 00]
is additive because all the functionals A — vy (AN H) are.

(b) Let K be the family of compact subsets of X. Because X = [JH, K C T. For K € K, set
oK = inf{#G : G € T is open, K C G}.

Then ¢q satisfies the conditions of 416J. P («) Take K, L € K such that L C K, and € > 0. Then there
are open sets Gg, Hy € T such that

K C Gy, PGy <¢poK+e, LCHy, ©VHy<¢oLl +e.

(i) If K’ € K is such that K’ C K\ L, there are disjoint open sets H, H' C X such that L C H and K’ C H'
(4A2F(h-i)). So

(b()L-l-qﬁoKl < I)(Go ﬂH) +ﬂ(G0 ﬂHI) <0Gy < ¢OK+6'

(ii) In the other direction, consider K1 = K \ Hy. Then there is an open set H; € T such that K; C H;
and vH; < ¢pgK1 + €, so that

ooK <D(HyUH,) <PvHo+vHy < ¢poL + ¢ K1 + 2e.
As € is arbitrary,
oK = ¢poL +sup{poK' : K' e K, K' C K\ L}
as required by 416J(a). (y) If x € X there is an Hy € H containing x, and now
sup{poK : K € K, K C Hy} < 7H,
is finite. So the second hypothesis also is satisfied. Q

(c) By 416J, we have a Radon measure p on X extending ¢o. If K € T is compact, then uK > vK. P
Since K e TNT, v K =vK. Now

pK = ¢oK = inf{iG : G € T is open, K C G} > vK = vK. Q
If G € T is open, then uG = sup{uK : K C G is compact}. But if K C G is compact then
K = ¢ K <0G = vG,

so uG < vG.
Thus p has the required properties.

416L Proposition Let X be a regular Hausdorff space. Let K be the family of compact subsets of X,
and ¢g : K — [0, 00[ a functional such that
(061) ¢0K < ¢0(K U L) < ¢QK + ¢0L for all K, L e K:,
(a2) ¢po(K UL) = ¢oK + ¢poL whenever K, L € K and KN L =0,

(7) for every x € X there is an open set G containing x such that sup{¢oK : K € K, K C G}
is finite.
Then there is a unique Radon measure p on X such that

,UK = inngX is open, K CG SUPLCG is compact ¢0L

for every K € K.
proof (a) For open sets G C X set

PG = SUPrex,LCG oL,
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and for compact sets K C X set
o1 K =inf{y)G : G C X is open, K C G}.

Evidently G < ¥ H whenever G C H. We need to know that (G U H) < ¥G + ¢ H for all open sets G,

HCX. PIf L CGUH is compact, then the disjoint compact sets L \ G, L \ H can be separated by

disjoint open sets H', G’ (4A2F (h-i) again); now L\ G’ C H, L\ H' C G are compact and cover L, so
$oL < ¢o(L\ G') + ¢o(L\ H') < YH +9YG.

As L is arbitrary, 9(GUH) < ¢G +¢yH. Q
Moreover, Y(GUH) =yG+yH ifGNH=(. PIf K CG, L C H are compact, then

oK + ¢oL = ¢o(K UL) <9(GUH).
As K and L are arbitrary, G +¢vH < ¢(GUH). Q

(b) It follows that ¢ K is finite for every compact K C X. P Set G = {G : G C X is open, G < oo}.
Then (a) tells us that G is upwards-directed. But also we are supposing that G covers X, by (v). So if
K C X is compact there is a member of G including K and ¢1 K < co. Q

(c) Now ¢, satisfies the conditions of 416J.

P(a) Suppose that K, L € K and L C K. Set vy =sup{¢p1M : M € K, M C K\ L}. Take any € > 0.

Let G be an open set such that K C G and ¢G < o1 K +e. If M € K and M C K \ L, there are disjoint
open sets U, V such that L C U and M C V (4A2F(h-i) once more); we can arrange that U UV C G. In
this case,

p1L+ 1M < U + 4V = (U UYV)
(by the second part of (a) above)
<YG < GiIK +e

As M is arbitrary, v < o1 K — ¢1 L + €.

On the other hand, there is an open set H such that L C H and vH < ¢1L+¢€. Set F = K \ H, so that
F is a compact subset of K \ L. Then there is an open set V such that FF CV and ¥V < ¢1F + €. In this
case K C HUV, so

MK <Y(HUV)<H +9V
S oL+ ¢1F +2e < ¢1L+ v+ 2

sov > g1 K — 1L — 2e.
As € is arbitrary, v = ¢1 K — ¢1L; as K and L are arbitrary, ¢, satisfies condition («) of 416J.

(7) Any = € X is contained in an open set G such that ¥'G < oo; but now sup{¢1 K : K € K, K C
G} < G is finite. So ¢; satisfies condition () of 416J. Q

(d) By 416J, there is a unique Radon measure on X extending ¢1, as claimed.

416M Corollary Let X be a locally compact Hausdorff space. Let K be the family of compact subsets
of X, and ¢ : K — [0, 00] a functional such that
oK < ¢po(KUL) < oK + ¢oL for all K, L € K,
¢o(KUL) = ¢oK + ¢oL whenever K, L € K and K N L = 0.
Then there is a unique Radon measure p on X such that
uK =inf{opoK': K' e K, K Cint K'}
for every K € K.

proof Observe that ¢, satisfies the conditions of 416L; 416L(~) is true because X is locally compact. Define
1, ¢1 as in the proof of 4161, and set
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K =inf{poK': K' e K, K Cint K'}

for every K € K. Then ¢} = ¢;. P Suppose that K € K and ¢ > 0. (i) There is an open set G C X such
that K C G and ¥G < ¢1 K + ¢. Now the relatively compact open subsets with closures included in G form
an upwards-directed cover of K, so there is a K’ € K such that K C int K’ and K’ C G. Accordingly

MK < poK' <YG < 91 K +e.
ii) There is an L € K such that K C int L and ¢gL < ¢} K + ¢, so that
1
MK <¢(intL) < ¢poL < @1 K +e.

(iii) As K and € are arbitrary, ¢ = ¢1. Q
Now 416L tells us that there is a unique Radon measure extending ¢, and this is the measure we seek.

416N The extension theorems in the second half of §413 also have important applications to Radon
measures.

Henry’s theorem (HENRY 69) Let X be a Hausdorff space and 1o a measure on X which is locally finite
and tight. Then po has an extension to a Radon measure p on X, and the extension may be made in such
a way that whenever uF < oo there is an Ey € Xy such that p(EAEy) = 0.

proof All the work has been done in §413; here we need to check only that the family K of compact subsets
of X and the measure pg satisfy the hypotheses of 413P. But (1) and () there are elementary, and piK < oo
for every K € K by 411Ga.

Now take the measure p from 413P. It is complete, locally determined and inner regular with respect to
KC; also K C dom p. Because g is locally finite and p extends g, p is locally finite. By 416Dd, p is a Radon
measure. And the construction of 413P ensures that every set of finite measure for p differs from a member
of ¥ by a u-negligible set.

4160 Theorem Let X be a Hausdorff space and T a subalgebra of PX. Let v : T — [0, 0o be a finitely
additive functional such that

vE =sup{vF : F €T, FCE, F is closed} for every F € T,

vX = SUPK C X is compact infper Fox VF.
Then there is a Radon measure p on X extending v.
proof (a) For A C X, write
v*A =infper poa VF.

Let (K,,)nen be a sequence of compact subsets of X such that lim,,, - v*K,, = vX; replacing K,, by UKn K;
if necessary, we may suppose that (K, )nen is non-decreasing and that Ky = (). For each n € N, set

vIE=v*(ENK,)
for every E € T. Then v}, is additive. P (I copy from the proof of 4130.) If E, F € T and ENF =,

v (EUF)=inf{rG:GeT, K,N(FEUF)CG}
—inf{vG:GeT, K,Nn(EUF)CGCEUF}
=inf{v(GNE)+v(GNF):GeT, K,N(EUF)CGCEUF}
=inf{vG1+vGy:G1, G €T, K, NECG, CE, K, NFCGyCF}
=inf{vG,: G, €T, K,NECG, CE}
+inf{rGy: G2 €T, K,NF C Gy C F}
=v/E+ v F.
As FE and F are arbitrary, v/ is additive. Q

n
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(b) For each n € N, set v, E = V;L_HE — v} E for every E € T; then v, is additive. Because K, 11 2 K,
v, 18 non-negative.

If Ee€Tand ENKypq =0, then v, E = v, (E =0. Soif weset T,, = {ENK,41 : E € T}, we
have an additive functional 7, : T,, — [0, 00[ defined by setting 7,(E N K,41) = v, E for every E € T.
Also v, H = sup{v, K : K € T,, K C H, K is compact} for every H € T,,. P Express H as F N K, ;
where £ € T. Given € > 0, there is a closed set F' € T such that FF C E and vF > vE — ¢; but now
K=FnNK,; €T, is a compact subset of H, and

P(H\ K) = va(E\ F) < vy (B\ F) < u(B\F) <,
so v, K >0, H—€c. Q
(¢) For each n € N, we have a Radon measure p,, on K, 1, with domain ¥,, say, such that p, K,+1 <
UKy and p, K > 0, K for every compact set K C K, 1 (416K). Since K,, 41 is itself compact, we must
have p, K411 = U K,41. But this means that p,, extends 7,,. P If H € T,, and € > 0 there is a compact
set K € T,, such that K C H and 9, K > U,,H — €, so that (u,)«H > upK > v, H — €; as € is arbitrary,
(tn)«H > Uy H. So there is an Fy € ¥, such that Fy C H and pu,Fy > U, H. Similarly, there is an F € ¥,

such that Fy C K41 \ H and p,F> > 0, (K11 \ H). But in this case H \ F; C K,11 \ (F1 U Fy) is
un-negligible, because

Mnfﬁ'%ﬂnﬁb;zﬁn£[+j%(K%+l\]{)::DnK%+1::Mnk%+1
So H \ Fy and H belong to ¥, and p,H = p, F1 =0, H. Q
(d) Set
Y={E:ECX ENnK,y €%, for every n € N},
pE =30 o pin(E N Kyqq) for every E € 3.

Then p is a Radon measure on X extending v.

P (i) It is easy to check that X is a o-algebra of subsets of X including T, just because each ¥, is a
o-algebra of subsets of K,,;1 including T,,; and that p is a complete measure because every p,, is.

(ii) If E € T, then

pE = iﬂn(EﬁKnH) = iﬁn(Eﬂ Kpi1) = iunE = nli_)rI;oiyiE
n=0 i=0

n=0 n=0

n— oo

= lim E V'(ENK;41) — v (ENK;)= lim v*(ENK,) <VE.
n— o0
i=0

On the other hand,
puX =lim, oo V" Ky =vX,

so in fact uE = vE for every E € T, that is, u extends v. In particular, u is totally finite, therefore locally
determined and locally finite.

(iii) If G C X is open, then GN K, 41 € X, for every n, so G € ¥; thus p is a topological measure. If
wE > 0, there is some n € N such that p,(E N K,,4+1) > 0; now there is a compact set K C EN K41 such
that p, K > 0, so that u/K > 0. This shows that p is tight, so is a Radon measure, as required. Q

Remark Observe that in this construction
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wKpy1 = Zui(KnH NKit1) = Z Ui(Kpt1 N Kip1) = Z Vi(Kp+1 N Kit1)

1=0 =0 =0
o

=D v (Knpa N Kiy) = V(K1 0 K1)
=0

Z V*(KnJrl N KiJrl) — V*(KnJr] N Kz)

N
Il
=)

Il

s
Il
=)

I/*(KnJrl N Ki+1) - I/*(KnJrl N Kl) = I/*KnJrl

for every n € N. What this means is that if instead of the hypothesis

vX = SUPKCX is compact ianET,FQK vF
we are presented with a specified non-decreasing sequence (L;,)nen of compact subsets of X such that

vX = sup, ey V" Ly, then we can take K, = L,, in the argument above and we shall have pL, = v*L,, for
every n.

416P Theorem Let X be a Hausdorff space and p a locally finite measure on X which is inner regular
with respect to the closed sets. Then the following are equiveridical:
(i) 1 has an extension to a Radon measure on X;
(ii) for every non-negligible measurable set E C X there is a compact set K C E such that
WK > 0.
If i is totally finite, we can add
(iii) sup{p*K : K C X is compact} = puX.

proof Write X for the domain of p.

(a)(i)=(ii) If X is a Radon measure extending p, and pFE > 0, then AE > 0, so there is a compact set
K C FE such that AK > 0; but now, because A is an extension of u,

WK >XNK=AK>0.

(b)(ii)=(i) & (iii)(c) Let &£ be the family of measurable envelopes of compact sets. Then pE < oo
for every F € £&. P If E € &, there is a compact set K such that E is a measurable envelope of K. Now
puE = p*K is finite by 411Ga, as usual. Q

Next, € is closed under finite unions, by 132Ed. The hypothesis (ii) tells us that if £ > 0 then there is
some F' € & such that FF C F and uF > 0; for there is a compact set K C E such that u*K > 0, K has a
measurable envelope Fy, and F' = E N Fy is still a measurable envelope of K. So in fact p is inner regular
with respect to € (412Aa). In particular, p is semi-finite.

If v < pX there is an F' € &£ such that uF' > «, and now there is a compact set K such that F' is a
measurable envelope of K, so that u*K = pF > ~. As v is arbitrary, (iii) is true.

(B) Because p is inner regular with respect to &, D = {E* : E € £} is order-dense in the measure
algebra (2, 1) of p (412N), so there is a family (d;);c; in D which is a partition of unity in 2 (313K). For
each i € I, take E; € £ such that E} = d;. Then

Y WENE) =Y iE* nd)=pE*
el el
(321E)

for every F € 3.
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(v) For each ¢ € I, let p; be the subspace measure on E;. Then there is a Radon measure A\; on E;
extending p;. I Because p is inner regular with respect to the closed sets, p; is inner regular with respect
to the relatively closed subsets of E; (4120a). Also there is a compact subset K C E; such that

wilki = pE; = 'K = pi K,
so u; satisfies the conditions of 4160 and has an extension to a Radon measure. Q

(8) Define
AE =3 M(ENE;)

whenever E C X is such that \; measures £ N E; for every i € I. Then A is a Radon measure on X
extending p. PP It is easy to check that it is a measure, just because every \; is a measure, and it extends
by (B) above. If G C X is open, then G N F; is relatively open for every i € I, so A measures G; thus A is
a topological measure. If A\AF' =0 and A C FE, then \;(ANE;) < A(ENE;) =0 for every i, so AA = 0; thus
A is complete. For all distinct 4, j € I,

)\i(Ei n Ej) = ,ui(Ei N Ej) = M(Ei n Ej) = ﬂ(dz ﬁdj) =0,

S0 AE; = A\ E; = p; F; is finite. This means that if £ C X is such that A measures £ N F whenever A\F' < oo,
then A must measure E N E; for every i, and A measures E; thus A is locally determined. If AE > 0 there
are an ¢ € I such that A\;(ENE;) > 0 and a compact K C EN E; such that 0 < \;K = AK; consequently A
is tight. Finally, if z € X, there is an E € ¥ such that z € int E and A\E = pFE < oo, so A is locally finite.
Thus A is a Radon measure. Q

So (i) is true.

(c) Finally, suppose that u is totally finite and (iii) is true. Then we can appeal directly to 4160 to see
that (i) is true.

416Q Proposition (a) Let X be a compact Hausdorff space and £ the algebra of open-and-closed subsets
of X. Then any non-negative finitely additive functional from £ to R has an extension to a Radon measure
on X. If X is zero-dimensional then the extension is unique.

(b) Let 2 be a Boolean algebra, and Z its Stone space. Then there is a one-to-one correspondence between
non-negative additive functionals v on 2 and Radon measures p on Z given by the formula

va = ua for every a € 2,

where for a € 20 I write @ for the corresponding open-and-closed subset of Z.

proof (a) Let v : £ — [0, 00 be a non-negative additive functional. Then v satisfies the conditions of 4160
(because every member of £ is closed, while X is compact), so has an extension to a Radon measure p. If
X is zero-dimensional, £ is a base for the topology of X closed under finite unions and intersections, so y is
unique, by 415H(iv) or 415H(v).

(b) The map a — @ is a Boolean isomorphism between 2 and the algebra & of open-and-closed subsets
of Z, so we have a one-to-one correspondence between non-negative additive functionals v on 2 and non-
negative additive functionals v’ on &, defined by the formula v'a = va. Now Z is compact, Hausdorff and
zero-dimensional, so v’ has a unique extension to a Radon measure on Z, by part (a). And of course every
Radon measure p on Z gives us a non-negative additive functional u[€ on &£, corresponding to a non-negative
additive functional on 2.

416R Theorem (a) Any subspace of a Radon measure space is a quasi-Radon measure space.

(b) A measurable subspace of a Radon measure space is a Radon measure space.

(¢) If (X,%,%, 1) is a Hausdorff complete locally determined topological measure space, and Y C X is
such that the subspace measure py on Y is a Radon measure, then Y € 3.

proof (a) Put 416A and 415B together.

(b) Let (X,%,%, 1) be a Radon measure space, and (E,%g,Yg, ug) a member of ¥ with the induced
topology and measure. Because p is complete and locally determined, so is pug (214Ka). Because T is
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Hausdorff, so is Tx (3A3Bh). Because u is locally finite, so is pug. Because p is tight (and a subset of F is
compact for Tx whenever it is compact for T), ug is tight (4120a again).

() 2 IfY ¢ X, then there is a set F € ¥ such that u, (Y N F) < p*(Y N F) (413F(v)). But now
w*(YNF)=puy (Y NF), so there is a compact set K C Y N F such that puy K > p. (Y NF). When regarded
as a subset of X, K is still compact; because ¥ is Hausdorff, K is closed, so belongs to ¥, and

(Y NF) > pK = py K > (Y N F),
which is absurd. X

416S Corresponding to 4150, we have the following.

Proposition Let (X, T, 3, 1) be a Radon measure space.

(a) If v is a locally finite indefinite-integral measure over y, it is a Radon measure.

(b) If v is a Radon measure on X and vK = 0 whenever K C X is compact and pK = 0, then v is an
indefinite-integral measure over .

proof (a) Because u is complete and locally determined, so is v (234Nb). Because p is tight, so is v (412Q).
So if v is also locally finite, it is a Radon measure.

(b) Write T for the domain of v.
() U EeXNTand puE =0, then vK = pK = 0 for every compact K C F, so vE = 0.

(i) TOX. PIf E € X and K C X is compact, there are Borel sets F', F’ such that F C ENK C
F'C K and p(F'\ F) = 0. Consequently v(F'\ F) =0 and ENK € T, because v is complete. By 416Db,
E €T, as E is arbitrary, X C T. Q

(iii) If £ € T, there is an F' € ¥ such that £ C F and v(F \ E) = 0. P By 416Dc and 412Ia,
there is a decomposition (X;);c; of X for the measure p such that at most one of the X; is not a compact
p-self-supporting set, and that exceptional one, if any, is u-negligible. For each ¢, let F; be such that

— if X; is a compact p-self-supporting set, then F; is a Borel subset of X;, F; O EN X; and

V(F‘z \ E) = 0,
if X is not a compact u-self-supporting set, F; = X;.

Then F; € ¥ for every i so F' = |J;c; I; belongs to ¥. We also have v(F; \ E) = 0 for every i, because if
X; is not compact and p-self-supporting then vX; = pX; = 0. Of course £ C F. If K C X is compact,
there is an open set G O K such that uG < oco; consequently {i : u(X; N G) > €} is finite for every € > 0, so
{i: X; N K # 0} is countable and v(K N F \ E) = 0. By 412Jb, v(F\ E) =0. Q

Applying the same argument to X \ E, we can get an F’ € ¥ such that F/ C F and v(E\ F’) = 0. As
E is arbitrary, v is the completion of its restriction to 3.

(iv) Now look at the conditions of 2340. We know that 4 is localizable and v is semi-finite. We saw in
(ii) above that T D ¥ and in (i) that v is zero on p-negligible sets. In (iii) we saw that v is the completion
of v[X. And if vE > 0 there is a compact K C E such that vK > 0, while uK < co. So 2340 tells us that
v is an indefinite-integral measure over .

416T I said in the notes to §415 that the most important quasi-Radon measure spaces are subspaces of
Radon measure spaces. I do not know of a useful necessary and sufficient condition, but the following deals
with completely regular spaces.

Proposition Let (X, %, %, 1) be a locally finite completely regular Hausdorff quasi-Radon measure space.
Then it is isomorphic, as topological measure space, to a subspace of a locally compact Radon measure
space.

proof (a) Write 3X for the Stone-Cech compactification of X (4A2I); I will take it that X is actually a
subspace of 8X. Let U be the set of those open subsets U of X such that u(U N X) < oo; then U is
upwards-directed and covers X, because p is locally finite. Set W = | JU D X. Then W is an open subset
of BX, so is locally compact.
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(b) Let B(W) be the Borel o-algebra of W. Then V N X is a Borel subset of X for every V € B(W)
(4A3Ca), so we have a measure v : B(W) — [0, 00] defined by setting vV = u(X NV) for every V € B(W).
Now v satisfies the conditions of 415Cb. P («) If vV > 0, then, because p is effectively locally finite, there
is an open set G C X such that u(GNV) > 0 and uG < oco. There is an open set U C SX such that
UNX =G, in which case U C W, vU < oo and v(U NV) > 0. Thus v is effectively locally finite. (8) If U
is an upwards-directed family of open subsets of W, then {UNX : U € U} is an upwards-directed family of
open subsets of X, so

v(Ju

pXnJu)=p({UnX:Ucuy)

= sup p(X NU) = sup vU.
veu veu

Thus v is T-additive. @ So the c.l.d. version 7 of v is a quasi-Radon measure on W (415Cb).

(c) The construction of W ensures that v and 7 are locally finite. By 416G,  is a Radon measure. So the
subspace measure 7x is a quasi-Radon measure on X (416Ra). But 7xG = uG for every open set G C X.
P Note first that as v effectively locally finite, therefore semi-finite, 7 extends v (213Hc again). If K C W
is a compact set not meeting X, then

VK =vK =u(KNX)=0;
accordingly 7,(W \ X) = 0, by 413Ee. Now there is an open set U C W such that G = X N U, and

vxG=0"G<oU=vU =puUNX)=pG
=r"(UNX)+uU\X)
(by 413E(c-ii), because ¥ is semi-finite)
<rUNX)+o.W\X)=0"G. Q

So 415H(iii) tells us that p = Ux is the subspace measure induced by v.

416U Theorem (a) If ((X;, T, Xy, 1i))ier is a family of compact metrizable Radon probability spaces
such that every p; is strictly positive, the product measure on X = []..; X; is a completion regular Radon
measure.

(b) In particular, the usual measures on {0, 1}/ and [0, 1]/ and PI are completion regular Radon measures,
for any set I.

el

proof (a) By 415E, it is a completion regular quasi-Radon probability measure; but X is a compact
Hausdorff space, so it is a Radon measure, by 416G or otherwise.

(b) follows at once. (I suppose it is obvious that by the ‘usual measure on [0,1]?’ I mean the product
measure when each copy of [0,1] is given Lebesgue measure. Recall also that the ‘usual measure on PI’ is
just the copy of the usual measure on {0,1}! induced by the standard bijection A <+ YA (254Jb), which is
a homeomorphism (4A2Ud).

416V Stone spaces The results of 415Q-415R become simpler and more striking in the present context.

Theorem Let (X, %, 3, 1) be a Radon measure space, and (Z, S, T, v) the Stone space of its measure algebra
(A, ). For E € ¥ let E* be the open-and-closed set in Z corresponding to the image E* of E in 2. Define
R C Z x X by saying that (z,z) € R iff z € F whenever F C X is closed and z € F*.

(a) R is the graph of a function f : @ — X, where Q@ = R71[X]. If we set W = [J{K* : K C X
is compact}, then W C @ is a v-conegligible open set, and the subspace measure vy on W is a Radon
measure.

(b) Setting g = f| W, g is continuous and y is the image measure vyg .

(c) If X is compact, W = Q = Z and p = vg~ .

proof (a) By 415Ra, R is the graph of a function. If K C X is compact and z € K*, then F = {F : F C X
is closed, z € F*} is a family of non-empty closed subsets of X, closed under finite intersections, and
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containing the compact set K; so it has non-empty intersection, and there is an « € K such that (z,z) € R,
that is, z € @ and f(z) € K. Thus W C @. Of course W is an open set, being the union of a family
of open-and-closed sets; but it is also conegligible, because sup{K* : K C X is compact} = 1 in 2 (412N
again), so Z\ W must be nowhere dense, therefore negligible. Now the subspace measure vy is quasi-Radon
because v is (411P(d-iv), 415B); but W is a union of compact open sets of finite measure, so vy is locally
finite and W is locally compact; by 416G, vy is a Radon measure.

(b) g is continuous. P Let G C X be an open set and 2z € g~ 1[G]. Let K C X be a compact set such
that z € K*. As remarked above, g(z) = f(z) belongs to K. K, being a compact Hausdorff space, is regular
(3A3BD), so there is an open set H containing g(z) such that L = H N K is included in G. Note that L
is compact, so L* C W. Now g¢(z) does not belong to the closed set X \ H, so z ¢ (X \ H)* and z € H*;
accordingly 2 € (HNK)* C L*. If w e L*, g(w) € L C G; so L* C g7[G], and z € int g7 ![G]. As z is
arbitrary, g~ ![G] is open; as G is arbitrary, g is continuous. Q

By 415Rb, we know that u = vgf~1, where vq is the subspace measure on ). But as v is complete and
both @ and W are conegligible, we have

vof Al =vf A = vg Al = vwg'[4]
whenever A C X and any of the four terms is defined, so that p=vgf~! = gt
(c) If X is compact, then Z=X*CW,soW =Q =27 andvg ! =vpg~ ' = p.

416W Compact measure spaces Recall that a semi-finite measure space (X,%, 1) is ‘compact’ (as
a measure space) if there is a family K C ¥ such that p is inner regular with respect to K and (K’ # 0
whenever K’ C K has the finite intersection property (342Ac); while (X, X, u) is ‘perfect’ if whenever
f: X — R is measurable and pE > 0, there is a compact set K C f[E] such that pf~[K] > 0 (342K).
In §342 T introduced these concepts in order to study the realization of homomorphisms between measure
algebras. The following result is now very easy.

Proposition (a) Any Radon measure space is a compact measure space, therefore perfect.

(b) Let (X,%,3, u) be a Radon measure space, with measure algebra (2, i), and (Y, T,v) a complete
strictly localizable measure space, with measure algebra (28, 7). If 7 : 20 — B is an order-continuous Boolean
homomorphism, there is a function f : Y — X such that f~}[E] € T and f~![E]* = nE* for every E € ¥.
If 7 is measure-preserving, f is inverse-measure-preserving.

proof (a) If (X,%, %, u) is a Radon measure space, u is inner regular with respect to the compact class
consisting of the compact subsets of X, so (X, X, i) is a compact measure space. By 342L, it is perfect.

(b) Use (i)=(v) of Theorem 343B. (Of course f is inverse-measure-preserving iff 7 is measure-preserving.)

416X Basic exercises >(a) Let (X,%,%, 1) be a Radon measure space, and F € ¥ an atom for the
measure. Show that there is a point x € E such that pu{z} = uE.

(b) Let X be a Hausdorff space and p a point-supported measure on X, as described in 112Bd. (i)
Show that p is tight, so is a Radon measure iff it is locally finite. In particular, show that if X has its
discrete topology then counting measure on X is a Radon measure. (ii) Show that every purely atomic
Radon measure is of this type.

>(c) Let ((X;,%;, %, 1i)Yicr be a family of Radon measure spaces, with direct sum (X, %, u) (214L).
Give X its disjoint union topology. Show that u is a Radon measure.

(d) Let (X,%,%,u) be a o-finite Radon measure space with uX > 0. Show that there is a Radon
probability measure on X with the same measurable sets and the same negligible sets as p.

(e) Let (X,%,%, u) be a Radon measure space. Show that u has a decomposition (X;);cr in which every
X; except at most one is a self-supporting compact set, and the exceptional one, if any, is negligible.

(f) Let (X,%,%, u) be a Radon measure space. Show that au, defined on %, is a Radon measure for any
a>0.
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(g) Let X be a Hausdorff space and pu, v two Radon measures on X such that vG = uG whenever G C X
is open and of finite measure for both. Show that u = v.

(h) Let (X, %) be a completely regular Hausdorff space and p a locally finite topological measure on X
which is inner regular with respect to the closed sets. Show that

pK =inf{uG : G 2 K is a cozero set}

=inf{uF : F DO K is a zero set} = inf{/ fdu: xK < feC(X)}
for every compact set K C X.

(i) Let (X,%,%, 1) be a locally compact Radon measure space, and Cj the space of continuous real-
valued functions on X with compact supports. Show that {f* : f € Cy} is dense in L°(yu) for the topology
of convergence in measure.

(j) Let (X, %) be a Hausdorff space, & O T a o-algebra of subsets of X, and v : ¥ — [0, 00[ a finitely
additive functional such that vE = sup{vK : K C E is compact} for every F € ¥. Show that v is countably
additive and that its completion is a Radon measure on X.

(k) Let X be a completely regular Hausdorff space and v a locally finite Baire measure on X. (i) Show
that v*K = inf{vG : G C X is a cozero set, K C G} for every compact set K C X. (ii) Show that there is
a Radon measure p on X such that uK = v*K for every compact set K C X.

(1) Let (Xp)nen be a sequence of Hausdorff spaces with product X; write B(X,,) for the Borel o-algebra

of X,,. Let T be the o-algebra @neNB(Xn) (definition: 254E). Let v : T — [0, 00[ be a finitely additive
functional such that E +— vr, ' [E] : B(X,,) — [0, 00[ is countably additive and tight for each n € N, writing
mn(z) = x(n) for x € X and n € N. Show that there is a unique Radon measure on X extending v. (Hint:

4160.)

(m) Set Sz = U,cn{0,1}7", and let ¢ : Sy — [0,00[ be a functional such that ¢(o) = ¢(c™<0>) +
#(0"<1>) for every o € So, writing 0~ <0> and 0~ <1> for the two members of {0, 1}"*! extending any
o € {0,1}". Show that there is a unique Radon measure x on {0,1}" such that u{z : z[{0,... ,n — 1} =
o} = ¢(c) whenever n € N, o € {0, 1},

(n) Let X be a Hausdorff space, 1 a complete locally finite measure on X, and Y a conegligible subset
of X. Show that p is a Radon measure iff the subspace measure on Y is a Radon measure.

(o) Let X be a Hausdorff space, Y a subset of X, and v a Radon measure on Y. Define a measure p on
X by setting uE = v(ENY) whenever v measures ENY. Show that if either Y is closed or v is totally
finite, 41 is a Radon measure on X. (Cf. 4181L.)

(p) Let (X,%,%, 1) be a Radon measure space and £ C ¥ a non-empty upwards-directed family. Set
VF = supgee p(E N F) whenever F C X is such that p measures £ N F for every E € £. Show that v is a
Radon measure on X.

(q) Let (X,%,%, 1) be a Radon measure space. Show that a measure v on X is an indefinite-integral
measure over p iff (a) v is a complete locally determined tight topological measure (8) vK = 0 whenever

K C X is compact and pK = 0.

(r) Let (X,%, %, 1) be a compact Hausdorff quasi-Radon measure space. Let W C X be the union of the
open subsets of X of finite measure. Show that the subspace measure on W is a Radon measure.

(s) Let (X,%,%, u) be a completely regular Radon measure space. Show that it is isomorphic, as topo-
logical measure space, to a measurable subspace of a locally compact Radon measure space.
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(t) Let (X,%,%, 1) be a compact Radon measure space and (Z, S, T, v) the Stone space of its measure
algebra. For F € ¥ let E* be the corresponding open-and-closed subset of Z, as in 416V. Show that the
function described in 416V is the unique continuous function h : Z — X such that v(E*Ah~1[E]) = 0 for
every E € ¥. (Hint: 415Qd.)

(u) Show that the Sorgenfrey line (415Xc, 439Q), with Lebesgue measure, is a quasi-Radon measure
space which, regarded as a measure space, is compact, but, regarded as a topological measure space, is not
a Radon measure space.

(v) Let (A, 2) be a totally finite measure algebra and (Z, %, %, u) its Stone space. Show that if v is a
strictly positive Radon measure on Z then p is an indefinite-integral measure over v.

416Y Further exercises (a) Let X C AN be the union of all those open sets G C AN such that
Y neGAN n%rl is finite. For £ C X set uE =) pn %ﬂ Show that p is a o-finite Radon measure on the
locally compact Hausdorff space X. Show that p is not outer regular with respect to the open sets.

(b) Let X be a Hausdorff space and v a countably additive real-valued functional defined on a o-algebra
Y of subsets of X. Show that the following are equiveridical: (i) |v| : ¥ — [0, 00[, defined as in 362B,
is a Radon measure on X; (ii) v is expressible as 3 — pa, where py, us are Radon measures on X and
3 = dom py Ndom pso.

(c) Let X be a topological space and po a semi-finite measure on X which is inner regular with respect
to the family K. of closed countably compact sets. Show that py has an extension to a complete locally
determined topological measure p on X, still inner regular with respect to Kecc; and that the extension may
be done in such a way that whenever uE < oo there is an Fy € 3¢ such that u(EAFEy) = 0.

(d) Let X be a topological space and pg a semi-finite measure on X which is inner regular with respect to
the family ICs. of sequentially compact sets. Show that po has an extension to a complete locally determined
topological measure p on X, still inner regular with respect to KCsc; and that the extension may be done in
such a way that whenever uE < oo there is an Fy € ¥ such that u(EAEy) = 0.

(e) Set S =,y N™, and let ¢ : S — [0, 00| be a functional such that ¢(o) = 3.7 (07 <i>) for every
o € S, writing 0~ <> for the members of N"*! extending any ¢ € N”. Show that there is a unique Radon
measure p on NV such that pl, = ¢(o) for every o € S, where I, = {z : 2[{0,... ,n — 1} = o} for any
neN, o € NV,

(f) In 416Qb, show that u is atomless iff v is properly atomless in the sense of 326F.

(g) Let (X,%,%, 1) be a Radon measure space. Show that a measure v on X is an indefinite-integral
measure over p iff (i) there is a topology & on X, including ¥, such that v is a Radon measure with respect
to & (ii) vK = 0 whenever K is a T-compact set and pK = 0.

(h) Let (z,)nen enumerate a dense subset of X = {0,1}¢ (4A2B(e-ii)). Let v, be the usual measure on
X, and set pE = v E4+ Y07 (27" "2y E(x,) for E € domv, . (i) Show that 4 is a strictly positive Radon
probability measure on X with Maharam type c. (i) Let I € [¢]S% be such that z,,[I # x,|I whenever
m # n. Set Z = {0,1} and let 7 : X — Z be the canonical map. Show that if f € C(X) is such that
[ [ xgmdu=0 for every g € C(Z), then f = 0. (Hint: otherwise, take n € N such that | f(z,)| > 3| f[lcc.
and let g > 0 be such that g(rz,) =1 and [gd(um—!) < 3-27"73; show that [ f x gmdu > 0.) (iii) Show
that there is no orthonormal basis for L?(u) in {f*: f € C(X)}. (See HART & KUNEN 99.)

(i) In 254Ye, show that if we start from a continuous inverse-measure-preserving f : [0,1] — [0, 1]?, as in
134Y1, we get a continuous inverse-measure-preserving surjection g : [0,1] — [0, 1]

(j) Let (X,%,3,u) be a Radon measure space and A C X a countable set. Let & be the topology
generated by T U A. Show that u is &-Radon.
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416 Notes and comments The original measures studied by Radon (RADON 1913) were, in effect, what
I call differences of Radon measures on R", as introduced in §256. Successive generalizations moved first
to Radon measures on general compact Hausdorff spaces, then to locally compact Hausdorff spaces, and
finally to arbitrary Hausdorff spaces, as presented in this section. I ought perhaps to remark that, following
BOURBAKI 65, many authors use the term ‘Radon measure’ to describe a linear functional on a space
of continuous functions; I will discuss the relationship between such functionals and the measures of this
chapter in §436. For the moment, observe that by 4151 a Radon measure on a completely regular space
can be determined from the integrals it assigns to continuous functions. It is also common for the phrase
‘Radon measure’ to be used for what I would call a tight Borel measure; you have to check each author to
see whether local finiteness is also assumed. In my usage, a Radon measure is necessarily the c.l.d. version
of a Borel measure. The Borel measures which correspond to Radon measures are described in 416F.

In §256, I discussed Radon measures on R" as a preparation for a discussion of convolutions of measures.
It should now be coming clear why I felt that it was impossible, in that context, to give you a proper idea of
what a Radon measure, in the modern form, ‘really’ is. In Euclidean space, too many concepts coincide. As
a trivial example, the simplest definition of ‘local finiteness’ (256Ab) is not the right formulation in other
spaces (411Fa). Next, because every closed set is a countable union of compact sets, there is no distinction
between ‘inner regular with respect to closed sets’ and ‘inner regular with respect to compact sets’, so one
cannot get any intuition for which is important in which arguments. (When we come to subspace measures
on non-measurable subsets, of course, this changes; quasi-Radon measures on subsets of Euclidean space
are important and interesting.) Third, the fact that the c.l.d. product of two Radon measures on Euclidean
space is already a Radon measure (256K) leaves us with no idea of what to do with a general product of
Radon measures. (There are real difficulties at this point, which T will attack in the next section. For the
moment I offer just 416U.) And finally, we simply cannot represent a product of uncountably many Radon
probability measures on Euclidean spaces as a measure on Euclidean space.

As you would expect, a very large proportion of the results of this chapter, and many theorems from
earlier volumes, were originally proved for compact Radon measure spaces. The theory of general totally
finite Radon measures is, in effect, the theory of measurable subspaces of compact Radon measure spaces,
while the theory of quasi-Radon measures is pretty much the theory of non-measurable subspaces of Radon
measure spaces. Thus the theorem that every quasi-Radon measure space is strictly localizable is almost a
consequence of the facts that every Radon measure space is strictly localizable and any subspace of a strictly
localizable space is strictly localizable.

The cluster of results between 416J and 416Q form only a sample, I hope a reasonably representative
sample, of the many theorems on construction of Radon measures from functionals on algebras or lattices of
sets. (See also 416Ye.) The essential simplification, compared with the theorems in §413 and §415, is that
we do not need to mention any o- or T-additivity condition of the type 413J(3) or 415K(f), because we are
dealing with a ‘compact class’, the family of compact subsets of a Hausdorff space. We can use this even at
some distance, as in 4160 (where the hypotheses do not require any non-empty compact set to belong to
the domain of the original functional). The particular feature of 4160 which makes it difficult to prove from
such results as 413K and 413P above is that we have to retain control of the outer measures of a sequence
(K, )nen of non-measurable sets. In general this is hard to do, and is possible here principally because the
sequence is non-decreasing, so that we can make sense of the functionals E — v*(EN K1) — v (ENK,);
compare 214P.

In 416De and 416Ea I suggest elements of an algebraic structure on a space of Radon measures; for more
about this, see 436Xs and 437Yi below.

Version of 9.3.10/14.9.21

417 t-additive product measures

The ‘ordinary’ product measures introduced in Chapter 25 have served us well for a volume and a half.
But we come now to a fundamental obstacle. If we start with two Radon measure spaces, their product
measure, as defined in §251, need not be a Radon measure (419E). Furthermore, the counterexample is one
of the basic compact measure spaces of the theory; and while it is dramatically non-metrizable, there is no

(©) 2000 D. H. Fremlin
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other reason to set it aside. Consequently, if we wish (as we surely do) to create Radon measure spaces as
products of Radon measure spaces, we need a new construction. This is the object of the present section. It
turns out that the construction can be adapted to work well beyond the special context of Radon measure
spaces; the methods here apply to general effectively locally finite 7-additive topological measures (for the
product of finitely many factors) and to 7-additive topological probability measures (for the product of
infinitely many factors).

The fundamental theorems are 417C and 417E, listing the essential properties of what I call ‘r-additive
product measures’, which are extensions of the c.l.d. product measures and product probability measures of
Chapter 25. They depend on a straightforward lemma on the extension of a measure to make every element
of a given class of sets negligible (417A). We still have Fubini’s theorem for the new product measures
(417G), and the basic operations from §254 still apply (417J, 417K, 417M).

It is easy to check that if we start with quasi-Radon measures, then the T-additive product measure is
again quasi-Radon (417N, 4170). The t-additive product of two Radon measures is Radon (417P), and the
7-additive product of Radon probability measures with compact supports is Radon (417Q).

In the last part of the section I look at continuous real-valued functions and Baire o-algebras; it turns
out that for these the ordinary product measures are adequate (417U, 417V).

417A Lemma Let (X,X, 1) be a semi-finite measure space, and A C PX a family of sets such that
the inner measure . (|J,, ey An) is 0 for every sequence (A,)nen in A. Then there is a measure p’ on X,
extending pu, such that
(i) ¢/ A is defined and zero for every A € A;
(ii) @’ is complete if p is;
(iii) for every F' in the domain X’ of p’ there is an E € ¥ such that u/(FAE) = 0;
(iv) whenever K, G are families of sets such that

a) p is inner regular with respect to K,

B) KUK e K forall K, K’ € K,

¥) Npen Kn € K for every sequence (Kp)nen in K,

0) for every A € A there is a G € G, including A, such that G\ A € &,
() K\ G € K whenever K € K and G € G,

then g/ is inner regular with respect to K.

(
(
(
(

In particular, i and p’ have isomorphic measure algebras, so that u is localizable if pu is.

proof (a) Let A* be the collection of subsets of X which can be covered by a countable subfamily of A.
Then A* is a o-ideal of subsets of X and p,A = 0 for every A € A*. Set

Y ={EAA:EcX Ac A*}.

Then X' is a o-algebra of subsets of X. B (i) 0 = 0AD € ¥'. (i) f E € X, A € A* then X \ (FAA) =
(X\E)AA €Y. (ili) If (En)nen, (An)nen are sequences in 3, A* respectively, then

E=U,Bn€® A=EAU, y(EnlA,) CU, ey An € A*,
s0 U,en(BnlA,) =EAA Y. Q

b)IfE, E eX A A € A* and EAA = F'AA’, then EAE' = ANA' € A* and p. (EAE') = 0;
because p is semi-finite, u(EAE’) = 0 and pE = pE’. Accordingly we can define u' : 3’ — [0, 00] by setting
W (EAA) = pFE whenever F € 3, A € A*.

Evidently u extends p and p'A = 0 for every A € A. Also i is a measure. P (i) p/0 = ud = 0. (ii) If
(Fy)nen is a disjoint sequence in ', with union F, express each F,, as F,AA,, where E,, € &, A, € A*; set
E = U, ey En, so that FAE € A* and ' F = pE. If m # n, then E,, N E, C A, UA,, so u(E, NE,) = 0;
accordingly

WEF=pE =37 B, =3 " o1 Fa. Q

(c) A subset of X is p/-negligible iff it can be included in a set of the form EAA where pE = 0 and
A€ A*, so pi is complete if j1 is. The embedding ¥ & ¥/ induces a measure-preserving homomorphism from
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the measure algebra of p to the measure algebra of x/ which is an isomorphism just because every member
of ¥’ is the symmetric difference of a member of ¥ and a p'-negligible set.

(d) This deals with (i)-(iii) in the statement of the lemma. Now suppose that K and G are as in (iv).
Take F' € ¥ and v < p'F. Take E € ¥ and a sequence (A,)nen in A such that EAF C J, .y An. Then
uwE = p'F > v so (again because p is semi-finite) there is a K € X NX such that K C F and v < uK < o0;
set € = %(uK — ) > 0. For each n € N, choose G,, € G and K,, € KN X such that

A, CG,, E,=G,\A, belongstoX,

K,CKNE,, uKNE,\K,) <2

Set L = (,,en(K \ Grn) U K. Putting the hypotheses (iv-¢), (iv-3) and (iv-7) together, we see that L € KC;
moreover, since G, = E, U A,, belongs to ¥/ for every n, L € ¥'. Next, setting H = [, .n(K \ En) U Ky,
L=H\U,exyAn,s0o 'L =pH and L C F. But K\ H C|J,cn(KNE,\ K,) so

WL=pH>pK =3 2 "e="r.

neN

As F and ~ are arbitrary, p’ is inner regular with respect to K.

417B Lemma Let X and Y be topological spaces, and v a T-additive topological measure on Y.

(a) If W C X x Y is open, then z — vW[{z}] : X — [0, 0] is lower semi-continuous.

(b) If v is effectively locally finite and o-finite and W C X x Y is a Borel set, then x — vW[{z}] is Borel
measurable.

() If f: X xY — [0,00] is a lower semi-continuous function, then z — [ f(z,y)v(dy) : X — [0,00] is
lower semi-continuous.

(d) If v is totally finite and f: X x Y — R is a bounded continuous function, then z — [ f(z,y)v(dy) is
continuous.

(e) If v is totally finite and W C X x Y is a Baire set, then « — vW[{z}] is Baire measurable.

proof (a) If z € X and vW[{z}] > «, then
H={H:HCY is open, there is an open set G containing z such that G x H C W}

is an upwards-directed family of open sets with union W[{z}], so there is an H € H such that vH > a.
Now there is an open set G containing z such that G x H C W, so that vW[{z'}] > « for every 2’ € G.

(b) (i) Suppose to begin with that v is totally finite. In this case, the set

{W:W C X xY, z— vW[{z}] is a Borel measurable function
defined everywhere on X}

is a Dynkin class containing every open set, so contains every Borel set, by the Monotone Class Theorem
(136B).

(ii) For the general case, let (Y;,)nen be a disjoint sequence of sets of finite measure covering Y, and
for n € N let v, be the subspace measure on Y;,. Then v, is effectively locally finite and 7-additive (414K).
If W C X xY is a Borel set, then W,, = W N (X xY,) is a relatively Borel set for each n, so that
z — v, W, [{z}] is Borel measurable, by (i). Since vW([{z}] = > " v, W, [{z}] for every z, z — vW[{z}]
is Borel measurable.

(¢) For i, n € N set W,,; = {(x,y) : f(x,y) > 27™i}, so that W,,; € X x Y is open. Set f, =
2" Zil XWhi; then (f,)nen is a non-decreasing sequence with supremum f. For n € N and = € X,
[ fulz,y)v(dy) =27" Zil vWil{z}], sox — [ fo(z,y)r(dy) is lower semi-continuous, by (a) and 4A2B(d-
iii). By 414Ba, [ f(z,y)v(dy) is the supremum sup,,cy [ fn(z,y)v(dy) for every x, so x — [ f(z,y)v(dy) is
lower semi-continuous (4A2B(d-v)).

(d) Applying (c) to f+]| flleo X (X xY), we see that z — [ f(z, y)r(dy) is lower semi-continuous. Similarly,
z v+ — [ f(x,y)v(dy) is lower semi-continuous, so z — [ f(z,y)r(dy) is continuous (4A2B(d-vi)).

(e) Suppose first that W is a cozero set; let f : X x Y — [0,1] be a continuous function such that
W ={(z,y) : f(x,y) > 0}. For n € Nset f,, =nf Ax(X xY). Then (f,)nen is a non-decreasing sequence
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of continuous functions with supremum yW. By (d), all the functions z — [ f,,(z,y)v(dy) are continuous,
so their limit  — vW[{x}] is Baire measurable.
Now

{W:W C X xY, z— vW[{z}] is a Baire measurable function
defined everywhere on X'}

is a Dynkin class containing every cozero set, so contains every Baire set, by the Monotone Class Theorem
again.

417C Theorem (RESSEL 77) Let (X,%,%, u) and (Y,6,T,v) be effectively locally finite 7-additive
topological measure spaces.
(a) There is a unique complete locally determined effectively locally finite 7-additive topological measure
X on X x Y which is inner regular with respect to the o-algebra A = (S&T) V B(X x Y) generated by
(ExF:Eec%, FeT}U{W: W C X xY is open} and is such that A\(F x F) is defined and equal to
uwE - vF whenever £ € ¥ and F € T.
(b)(i) A extends the c.l.d. product measure A on X x Y, and if Q is measured by X, there is a Q measured
by A such that A(QAQ) = 0.
(ii) The support of \ is the product of the supports of wand v.
(iii) If Q is measured by A,

AQ =sup{MQN(Gx H)):Ge%, He&, uG < oo, unH < oo}.
(iv) If ¥’ € ¥ and T C T are o-algebras such that p is inner regular with respect to ¥’ and v is inner
regular with respect to T’, then X is inner regular with respect to (X'@T') V B(X x Y).
(v )IfWQXxYlsopen,then

() there is an open set W’ € A such that W/ C W and AW’ = AW, so AW = A\, W,
(B) if E € ¥ and F € T then

AW N(Ex F) = [v(WH{az}] N F)ude) = [ p(W{y}] N E)v(dy).

(vi) If 4 and v are inner regular with respect to the Borel sets, so is A

(vii) If 41 and v are inner regular with respect to the closed sets, so is \.

(viii) If u and v are tight (that is, inner regular with respect to the closed compact sets), so is A
(ix) If p and v are locally finite, so is A.

Notation For the rest of this section, if 3, ¥’ are o-algebras of subsets of a set X, ¥ V X/ will be the
o-algebra generated by ¥ U Y'; and if X is a topological space, B(X) will be its Borel o-algebra.

proof Write
S ={E:EeX uE <}, T/ ={F:FeT,vF <o},

sf=gnyf, &/ =6nT’.

(a)(i) Let X be the c.l.d. product of y and v, and A its domain. Write U for {Gx H : G € T/, H € &7},
Because T C ¥ and 6 C T, U C A. U need not be a base for the topology of X x Y, unless p and v are
locally finite, but if an open subset of X x Y is included in a member of I/ it is the union of the members of
U it includes. Moreover, if @ € A, then AQ = supy g, A(QNU). P By 412R, A is inner regular with respect
to Uyey PU. Q

Write U, for the set of finite unions of members of U, and U for the set of non-empty upwards-directed
families V C U, such that supy ¢y, AV < oco. For each V € 9, fix on a countable V' C V such that
Supy ey AV = supy ¢y AV because V is upwards-directed, we may suppose that V' = {V,, : n € N} for some
non-decreasing sequence (V,,)nen in V. Set A(V) =JV\UV'.

(ii)(a) For V € U, set fy(z) = vV[{z}] for every x € X. This is always defined because V is open;
moreover, fi is lower semi-continuous, by 417Ba. Because V is a finite union of products of sets of finite
measure, [ fydu = AV.
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(B) The key to the proof is the following fact: for any V € 2, almost every vertical section of A(V)
is negligible. P (fy)veyp is a non-empty upwards-directed set of lower semi-continuous functions. Set

9(@) =v(Uyey V[{z}]), h@)=v(Uyey VI{z}])
for every = € X. Because V is upwards-directed and v is 7-additive,
9(z) = supy ey vV[{z}] = supy ey fr(z)
in [0, 0] for each z, so, by 414Ba again,
fgdu = SUpy ey f fvdu = supycy AV = supy ey AV = f hdp.

Since h < g and supy, ¢y AV is finite, g(x) = h(z) < oo for p-almost every x. But for any such z, we must
have

v(UV)[{z}] = v(UV){z}] < oo,
so that
AWV} = UV) Kz} N\ (UV){x}]
is negligible. Q

(iii) ? Suppose, if possible, that there is a sequence (Vn)nen in U such that A\.(U, ey A(Vn)) > 0.
Take W € A such that W C (J,,cy A(Vn) and AW > 0. Because almost every vertical section of every A(V,,)

is negligible, almost every vertical section of W is negligible. But this contradicts Fubini’s theorem (252F).
X

(iv) Setting A = {A(V) : V € T}, let X" be the corresponding extension of A as described in 4174, A
the c.l.d. version of X (213E), and A’, A the domains of X', X respectively.

(a) If W € A, then W € A’ C A. Also, because \ is semi-finite,

NW = AW =sup{A\W': W CW, W € A, \W' < o}
<sup{NW' W/ CW, W e A/, W' < 0o} = AW < NW.
Thus AW = AW; as W is arbitrary, A extends \. Because p and v are semi-finite (411Gd),
ME X F)=XE x F) = uE -vF
whenever E € ¥ and v € F (2517).

B It Q € A and v < AQ, there is a U € U such that A\(QNU) > . P There is a Q' € A’ such that
Q' CQand v < Q' < co. By 417A(iii), there is a @ € A such that M'(QAQ’) = 0, so that

AQ=XNQ=NQ >~.
There is a U € U such that A(QNU) > ~, by (i). Now
AQNU)=XN(@NU)=X@QNU)=XQnNU)>~. Q
Consequently A is effectively locally finite.

) Ais a topological measure. !’ Let W C X x Y be an open set. Suppose that Q € A and AQ > 0.
By (B), there is a U € U such that A(QNU) > 0. Let Vbe {V:V €U, VC WNU} ThenV € T, so
AAV) = NA(V) =0, by 417A(i); since JV' € A,

WnU=VeA CA.
But this means that QNUNW and QNU\ W = (QNU) \ (W NU) belong to A and
MOQOAW)+ X (Q\W) > XMQNUNW)+MNQNU\W)=XQNU) > 0.
Because A is complete and locally determined, and Q is arbitrary, this is enough to ensure that W & A

(413F (vii)). Q
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4) )\ is 7-additive. P2 Suppose, if possible, otherwise; that there is a non-empty upwards-directed
family W of open sets in X x Y such that AW* > Y = SUPwew AW, where W* = UW. In this case, we
can find a Q" € A’ such that Q' C W* and N'Q' > 7, a Q € A such that A'(Q'AQ) =0, and a U € U such
that A(Q NU) > v (using (i) again). Let ¥V € U be the set of those V' € U such that V C W N U for some
W eW. Then YV =W*nNU, so

T<NQNU)=XN(QNU)=XN(Q nU)
<Awrno) =A(Jv) =AUV
(because AA(V) = 0)

= sup \V
vey’

(because V' is countable and upwards-directed)

< sup AW <7,
wew

which is absurd. XQ

(e) ) is inner regular with respect to A°. B Applying 412R with K = ¥ and £ = T, we see that A
is inner regular with respect to ©®T and therefore with respect to A?. If V € 9, then

AV)cUv el

UV\AW) =UV € ZRT C A°,
so 417A(iv) with K = Y®T and G = {{JV : V € U} assures us that X is inner regular with respect to A,
so that X also is (412Ha). Q

(v) Thus )\ satisfies the conditions listed. To see that it is unique, suppose that A is another measure
on X x Y with the same properties. Then

ME x F)=pE -vF =N (E x F)

whenever E € %/ and F € T/, so A((E x F)NU) = N((E x F) N U) whenever E € %/, F € T/ and
U € U,. Consequently A((E x F)N'W) = X((E x F)NW) whenever E € ¥/, Fe T and W C X xY
is open. P Set Xy = T/, Yy = US/; because p is an effectively locally finite topological measure,
Xo € ¥ is p-conegligible; similarly, Yy € T is v-conegligible. Consequently Xy x Yy is both Sx—conegligible
and \-conegligible. So, setting V ={U : U e U,, U C W},

AM(Ex F)NW) =A(E x F)n (W N (Xo x Yp)))
=M(Ex F)n|JV) = sup A(E x F)nV)
Vey

(by 414Ea, because A is an effectively locally finite T-additive topological measure)
=sip N(ExF)NV)=N({(ExF)nW). Q
Vey

If By € ¥/ and Fyy € T/, then the subspace measures g, x , and S\’EM F, agree on
I={(ENEy)X(FNEF)NW:Ee€X, FeT, WCX xY is open}

which is closed under N, so by the Monotone Class Theorem (136C) they agree on the o-algebra of subsets
of Ey x Iy generated by Z, which is AN NP(Ey x Fy).
Next, if Q € A,

NQ=N(QnN (XgxYy)) =sup N(QNU)
Ueu

(414Ea again)

MEASURE THEORY



417C T-additive product measures 87
= sup NQNExF)= sip ANQN(ExF))=AQ.
Ecxf ,FeTf Eexf ,FeTf
So A and X agree on A°. By 412Mb they are equal.
(b) (i) () In the construction of A described in (a-iv) above, we have A = N [A = A[A. So A extends .

(B) Note that A is (strictly) localizable. ¥ Let fi, 7 be the c.l.d. versions of p and v. These are
7-additive topological measures (because p and v are), complete and locally determined (by construction),
and are still effectively locally finite (cf. 412Ha), so are strictly localizable (414J again). Now A is the c.l.d.
product of i and © (251T), therefore strictly localizable (2510). Q

By 417A, X is localizable. By 213Hb, there is a Q' € A’ such that A(QAQ’) = 0; by 417A(iii), there is a
Q € A such that X (Q'AQ) = 0; so that 0 = AM(Q'AQ) = A(QAQ).

(ii) For an open set W C X x Y,

WNsuppA=0 < AW =0

= MG x H) =0 whenever G € ¥, Hc S and G x HC W

(because X is T-additive)
< puG-vH =0 whenever G €T, HeGand Gx HCW
<= (G x H)N (supp p X suppv) =0

whenever G € ¥, He SGand Gx HCW

<= W N (suppu x suppv) = 0,

SO SUPP A = SUPP /t X SUpp V.

(iii) This is dealt with in (a-iv-3).

(iv) By 412R, X is inner regular with respect to ¥’®@T’. Applying 417A(iv) with G = {supV : V € U}
as defined in (a-i), we see that A\ is inner regular with respect to (Y'®T') v B(X x Y); by 412Ha again, so
is its c.l.d. version .

(v)(a) Set V={V:V €U, VCW}. Then JV = W N (X, x Y), where Xo = JT/ and Yy = J &/,
as in (a-v) above. Because Xy X Yj is A-conegligible, therefore A-conegligible,

AW = AW N (X X Y5)) = supy ey AV = supy ey AV < AW.

Next, if we take a countable upwards-directed V' C V such that
sSupy ey AV = supycp AV = S\W,
and set W’ = JV’, then W' is an open set belonging to A and included in W, and
AW = AW = supy ey AV = supy ey AV = AIW.
And because \ extends ),
MWW > MW > supyep AV = AW = AW

so AW = \,W.

(B) Because p and v are semi-finite (411Gd) and E and F are measurable, the subspace measures g
and vp are semi-finite (214Ka) therefore effectively locally finite and 7-additive (414K). For open V C X xY,
set fy(z) = v(V{z}] N F) = ve(V[{z}] N F) for x € E; then fy is lower semi-continuous (417Ba).
Now [ fvdp = [, fvdue = XV N (E x F)) for every V € V, just because V N (E x F) is a union of
measurable rectangles and p and v are semi-finite (251J); and setting g(z) = v(W[{z}] N F), we have
g(x) = supy ¢y fv(z) for every & € Xy, by 414Ea. Once more, 414Ba tells us that

/EV(W[{w}]ﬂF)u(dw) =/EgduE=‘§1ér‘>j/EfvduE

=sup MV N (Ex F))=XWn(E x F)).
Vey
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Similarly,
Jo sV g} N E)w(dy) = AW x (E x F)).

(The point here is that while some of the arguments of this proof give different roles to pu and v, the asserted
properties of the extension in part (a), and the following deductions, are symmetric between the two factors.)

(vi) In this case, p is inner regular with respect to B(X) and v is inner regular with respect to B(Y),
so (iv) tells us that A is inner regular with respect to (B(X)&B(Y)) VB(X xY) = B(X x Y).

(vii) If p and v are inner regular with respect to the closed sets, A also is, by 412Sa. This time, we
can apply 417A(iv) with K the family of closed subsets of X x Y and G = {supV : V € U} to see that \’
and A are inner regular with respect to K.

(viii) Repeat the argument of (vii) with K the family of closed compact subsets of X x Y, using 412Sb.

(ix) {Gx H:Ge%! He& ) is a cover of X x Y by open sets of finite measure for .

417D Multiple products Just as with the c.l.d. product measure (see 251W), we can apply the con-
struction of 417C repeatedly to obtain measures on the products of finite families of T-additive measure
spaces.

Proposition (a) Let {((X;,%;, X, 4i))ier be a non-empty finite family of effectively locally finite 7-additive
topological measure spaces. Then there is a unique complete locally determined effectively locally finite
T-additive topological measure A on X = [],.; X; which is inner regular with respect to the o-algebra
(@ieIE-) V B(X) generated by {[[;c; Fi : E; € ¥; for every i € I}U{W : W C X is open} and is such that
M[I;es Ei) is defined and equal to [[,.; pifo; whenever E; € X; for every i € I.

(b) If now (I}))rex is a partition of I into non-empty sets, and Ay, is the product measure defined by the
construction of (a) on Zy = [[;c; X for each k € K, then the natural bijection between X and [, cx Zk
identifies A with the product of the Ay defined by the construction of (a).

proof (a) Of course the idea is to induce on #(I), but there are some wrinkles to take care of.

(i) Suppose that I = {j} is a singleton. Then A must be the c.l.d. version of p;; this is surely a
topological measure, and it is effectively locally finite by 412Ha, taking K there to be the family of subsets
of open sets of finite measure for p;.

(ii) If #(I) > 1, take j € I and set J = I\ {j}. By the inductive hypothesis, we have a complete

locally determined effectlvely locally finite 7-additive topological measure AyonZ = I1;c ; X; which is inner

ieJ
ies2i) V B(Z) and is such that )\J(HieI E;) = [l;c; miE; whenever E; € ¥; for
every i € J. Write A for the domain of AJ. By 417C, there is a complete locally determined effectively
locally finite 7-additive topological measure Aon ZxX ; which is inner regular with respect to the o-algebra
A = (A;8%;) V B(X) and is such that A\(W x F) = A;W x p;F whenever W € A; and F € ¥;. Now
417C(b-iv) tells us that \ is inner regular with respect to the o-algebra

(®iesi) V B(2)B%5) V B(X)

regular with respect to (®

generated by
{Ex X, :Ee ®i€JEi}U{VXXj VeB(Z)}U{ZxF:Fex;}UBX)

C (@, %) UB(X)
i)V B(X). And of course

MLics B) = X ics Bi) - 1B = Ty miBi - 1 By = [Lie; i
whenever F; € X; for i € 1.

s0 A is inner regular with respect to (®zel
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(iii) As for the uniqueness of A, we can use the same argument as in (a-v) of the proof of 417C. Suppose
that A" is another measure with the given properties. Taking

U={Tl;c;Gi: G €T foriel},
Us ={JV :V C U, is finite},
UU =T1lies UT{ is conegligible for both A and X, while X and X agree on
{ILe B)NU U €Uy, E; €%, for i € I}

and therefore on

{ILer Bo)nW : W C JU is open, E; € ¥; for i € I}
and on

{(ILe; Bi)nW : W C X is open, E; € >/ foriel}.
By the Monotone Class Theorem they agree on A° N P(Il;e; £i) whenever E; € E{ for every i, and by

414Ea once more they agree on A°, so must be equal.

(b)(i) I begin with something to match 417C(b-iv): if, for each ¢ € I, ¥, C ¥; is a o-algebra such that
el ) \ B(X) P
Induce on #(I) as in (i)-(ii) of the proof of (a) above. If I = {j} is a singleton, A is the c.l.d. version of u;
and is inner regular with respect to E by 412Ha, as always. For the inductive step, with J = I\ {j}, the

inductive hypothesis tells us that Ay is inner regular with respect to (®1€ SEVB(Z); by 417C(b-iv), A, as
constructed in (a), is inner regular with respect to

(Ries=)) v B(Z)BZ)) V B(X) € (Ric,Z)) V B(X). Q

w; is inner regular with respect to X7, then A will be inner regular with respect to (®

(ii) Now, given a partition (Ix)rex into non-empty sets and associated effectively locally finite 7-
additive product measures \; on Zj = [Lics, Xi for k € I, let X be the corresponding effectively locally
finite 7-additive product measure on Z = [],cx Zx- Then (i) here tells us that X is inner regular with

respect to
Ricrc (e, £ VB(Z))VB(Z) = (®ex Ricr, Si) V B(Z).

Copying this into X, we get a c.l.d. measure which is inner regular with respect to A® = (®ZE[E )V B(X),
defined on the whole of A® and agreeing with A on products of measurable sets, so it must be .

417E Theorem Let ((X;,T;,%;, u;))icr be a family of m-additive topological probability spaces, with
product probability space (X, A, \).

(a) There is a unique complete T-additive topological probability measure X on X which is inner regular
with respect to A? = (@ZEIEZ-) V B(X) and is such that Mz : 2 € X, x(i) € E; for every i € J} is defined
and equal to [ ], ; i F; whenever J C I is finite and E; € 3; for every i € J.

(b)(i) If Q is measured by )\, there is a Q € A such that S\(QAQ) =0.

(ii) AW = AW for every open set W C X, and AF = \F for every closed set F' C X.

(iii) The support of )\ is the product of the supports of the i

(iv) If for each i € I we are given a o- subalgebra YL C %, such that p; is inner regular with respect to
iers;) V B(X).

(v) If every u; is inner regular with respect to the Borel sets, so is .

¥/, then X is inner regular with respect to (®

(vi) If every u; is inner regular with respect to the closed sets, so is .

proof The strategy of the proof is the same as in 417C, subject to some obviously necessary modifications.
The key step, showing that every union (J,,cyy A(Vn) has zero inner measure, is harder, but we escape a little
work because we no longer have to worry about sets of infinite measure.
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(a)(3) I begin by setting up some machinery. Let C be the family of subsets of X expressible in the form
[L.c; Ei, where E; € X; for every i and {i : E; # X;} is finite. Let & C C be the standard basis for the
topology T of X, consisting of sets expressible as [[,.; G; where G; € T; for every i € I and {i : G; # X}
is finite. Write U, for the set of finite unions of members of U, and U for the set of non-empty upwards-
directed families in ;. Note that every member of U is determined by coordinates in some finite subset of
I (definition: 254M).

If J C I, write A; for the product measure on []
measure on the single-point set {0} =[]

icy Xi; we shall need A, which is the unique probability
iep Xi- For JC I, ve[],c;Xiand W C X set
Jw ) = Aps{w: (v,w) € W}

if this is defined, identifying [, ; X; x HieI\J X; with X.

ieJ
(ii) We need two easy facts.

(@) fw(v) = [ fw (v"<t>)p;(dt) whenever W € @ielZi, JCIve]],c;Xiand j € I\ J, writing
v™<t> for the member v U {(j,?)} of [[;c;uq;; X extending v and taking the value ¢ at the coordinate j.
P Let A be the family of sets W satisf}él\lg the property. Then A is a Dynkin class including C, so includes
the o-algebra generated by C, which is @, ;%:. Q

BYUJCILve]le,XijeI\Jand V €Uy, and we set g(t) = fy(v"<t>) for t € X, then g is
lower semi-continuous. B We can express V as |J,,<,, [[;c; Gni, where G,; € X; is open for every n < m,
i € I. Now if t € X, we shall have B
{w: (v°<t>w) eV} C{w: (v<t/>w) eV}
whenever
t/ EH:X]‘OO{G”]‘ STLSm,tGan}.

So g(t') > g(t) for every ¢ € H, which is an open neighbourhood of t. As ¢ is arbitrary, g is lower
semi-continuous. Q

(iii) For each V € U, fix, for the remainder of this proof, a countable V' C V such that supy ¢y AV =
supy <y AV because V is upwards-directed, we may suppose that V' = {V, : n € N} for some non-decreasing
sequence (Vp)nen in V. Set A(V)=JV\UV".

? Suppose, if possible, that there is a sequence (V,,)nen in U such that A\ (U, ey A(Vn)) > 0.

() We have M*(X \ U,en A(Vn)) < 1; let (Cp)nen be a sequence in C such that

X\ UneN A(Vn) € UneN Ch, ZZO:O ACp =7 <1

(see 254A-254C). For each n € N, express V), as {V,,, : » € N} where (V,,;-)ren is non-decreasing, and set
Wn =UV, = U,en Var- Let J C I be a countable set such that every C,, and every V,,,. is determined by
coordinates in J. Express J as UkeN Jr, where Jy = 0 and, for each k, Jy11 is equal either to Jy or to Ji
with one point added. (As in the proof of 254Fa, I am using a formulation which will apply equally to finite
and infinite I, though of course the case of finite I is elementary once we have 417C.)

(B) For each n € N, set
W) =Upeniz 2z € X, fw, (xJi) = 1}.

Then A\(W) \ W,,) = 0. P For any k € N, if we think of A as the product of Aj, and Ap ;, and of fy, as a
measurable function on [, ; Xi, we see that {z : fw, (z[Jy) = 1} is of the form Fj x [[;cp 5, Xi, where
Fr. €1, 7, Xi is measurable; and

M(E * Tliepg, X \Wa) = [, (L= fw, (0)As,(dv) = 0.

Summing over k, we see that W, \ W, is negligible. Q
Observe that every Wy, like W, is determined by coordinates in J. So (J,cx W, \ Wy, is of the form

n?

E x [];ep s Xi where A;E =0 (2540b). There is therefore a sequence (Dy,)nen of measurable cylinders in
[1,c; Xi such that E C J,,cy Dn and >°07 AsDyp <1 —y. Set C), = {z: 2z € X, z[J € Dy} € C for each
n. Then J, ey Wi \ Wi € U,,en Cr, 50
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(X \ UneN A(Vﬂ)) U UnEN WT/L \ Wn g UneN Cn U UnEN C/

Y =20 ACn + 20 AC, < 1,
while each C,, and each C/, is determined by coordinates in a finite subset of .J.
() For k € N, let Py, be the set of those v € [[;.; X such that
Yoo fe, (v) + for(v) <v,  fv(v) < fw,(v) whenever n € Nand V € V,.
Our hypothesis is that
ZZO:O fe, (0) + fe, (0) = ZZO:O ACp 4+ ACY, <,
and the V), were chosen such that
fr(0) = AV < AW, = fw, (0)
for every n € N, V € V,,; that is, § € P,.

(6) Now if k € N and v € Py, there is a v’ € P41 extending v. P If Ji11 = Ji we can take v’ = v.
Otherwise, Jy+1 = Ji U {j} for some j € T\ Ji. Now

v > Z fc + fc/ = Z / fe, (U,\<t>) + fc;z (’U’\<t>) ,uj(dt)
n=0
(() above)

= [ o, <t2) + ey (00 <t) (),
n=0

SO

H={t:teX;, > fo,(0"<t>) + for (v"<t>)p;(dt) <~}
has positive measure.

Next, for V' € U, set gy (t) = fy(v"<t>) for each t € X;. Then gy is lower semi-continuous, by (5)
above. For each n € N, {gy : V € V,} is an upwards-directed family of lower semi-continuous functions, so
its supremum g;, is lower semi-continuous, and because p; is T-additive,

S andu; =swpyey, [ gvdu; = suwyey, fr(v) < fw, (v) = [ fw, (v <t>)u;(dt)

(using 414B and («) again). But also, because (Vi )ren is non—decreasmg and has union W,
fw, (07 <t>) = sup,.en fv,, (v7<t>) < g (1)

for every ¢t € X;. So we must have

fw, (vo<t>) = gi (t) a.e.(t).
And this is true for every n € N.
There is therefore a ¢t € H such that

fw, (v <t>) = g (v"<t>) for every n € N.

Fix on such a ¢ and set v/ = v~ <t> €[] X;; then v € Pyyq, as required. Q

1€J 41
(€) We can therefore choose a sequence (vg)ren such that vy € Py and vi4q extends vy for each k.
Choose € X such that z(i) = vg(¢) whenever k € N and ¢ € Ji, and z(¢) belongs to the support of p;
whenever i € I\ J. (Once again, 411Nd tells us that every p; has a support.)
We need to know that if k, n € Nand V € V,, then fy\w, (vx) = 0. B For any r € N there is a V' € V),
such that VUV, CV’, so
fvov,, (ve) < fvr(ve) < fw, (0k),

and

fvww, (v8) < fin,, (vk) = fvov,, (v8) = fv,. (k) < fw, (k) = fv,,.(vk) = 0
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asr — 0. Q

€) If n € N, then z ¢ C,, UC/,. P C,, and C], are determined by coordinates in a finite subset
of J, so must be determined by coordinates in J; for some k& € N. Now fc, (vk) + for (vk) < v < 1, so
{y : yIJx = vi} cannot be included in C,, U CY,, and must be disjoint from it; accordingly = ¢ C,, UC/,. Q

(n) Because
(X \ Unen AWn)) UUpen W \ W € Uen Cn U U, en Crs
there is some n € N such that
€ AWVn) \ (Wi \ Wi) € (UVn) \ Wy,

that is, there is some V' € V,, such that x € V\ W),. Let U € U be such that z € U C V. Express U as
U' NU" where U’ € U is determined by coordinates in a finite subset of J and U” € U is determined by
coordinates in a finite subset of I\ J. Let k € N be such that U’ is determined by coordinates in Ji. Then

Jovw, (vk) < finw, (vr) =0
by (¢) above. Now
{w:w € [Licp ., Xis (op,0) €U\NWy} ={w: (vi,w) € U\ Wy}
(because (vg, w) = (x| Jg, w) € U’ for every w), while
{w: (vg,w) € U"}, {w: (vp,w) € Wy}

are stochastically independent because the former is determined by coordinates in I\ J, while the latter is
determined by coordinates in J \ Jg. So we must have

0= fo\w, (vk) = An g dw : (vg,w) € U\ W, }
= A dw s (g, w) € U\ Wy}
= Apg{w: (g, w) € UL = Ap g {w = (v, w) € Wi }).
At this point, recall that z(7) belongs to the support of u; for every ¢ € I\ J, while x € U”. So if

U’ ={y:y(i) € H; for i € K}, where K C I\ J is finite and H; C X; is open for every i, we must have
wi;H; > 0 for every i, and

Angdw s (v, w) € U"} = [[ie i i > 0.
On the other hand, we are also supposing that x ¢ W, , so
Angdw s (v, w) € Wik = fw, () = fw, (xJx) < 1.

But this means that we have expressed 0 as the product of two non-zero numbers, which is absurd. X

(iv) Thus A\(U,eny A(Vn)) = 0 for every sequence (Vy)nen in 0. Accordingly there is an extension of
A to a measure A on X as in 417A. By 417A(ii), A is complete.

Now ) is a topological measure. B If W C X is open, then V ={V : V € U, V C W} belongs to T,
and JV = W. Since [JV' € A (because V' is countable),

W =UV UAW)

is measured by A Q

Also, \ is 7-additive. P Let W be a non-empty upwards-directed family of open subsets of X with union
W*. Set

V={V:Vel, IWeW, VCW}
Then V € ¥ and |JV = W*, so AA(V) = 0 and
AW* = MNUV') = supyey AV < suppyepy AW < AW*
(using the fact that V' is upwards-directed). As W is arbitrary, \ is T-additive. Q
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} (v) As for the uniqueness of A, if N s another measure with the same properties, then N uUnce)=
AU N C) whenever U € Us and C € C. Since A and X’ are both 7-additive, they agree on sets of the form
W N C where W C X is open and C' € C; by the Monotone Class Theorem, they agree on A% and are
therefore both the completion of their common restriction to A°.
(b) (i) Immediate from 417A(iii).
(ii) Let W C X be an open set. Set V={V :V ey, V C W}. Then
AW = supy ey AV = supycp AV < AW < AW
just because \ is a 7-additive extension of A. Now if F C X is closed,

AF=1-XMX\F)=1-M\(X\F)=\F.

(iii) For each i € I write Z; for the support of p;, and set Z = [[;.; Z;. This is closed because every
Z; is. Its complement is covered by the negligible open sets {x : z € X, z(i) € X; \ Z;} as i runs over I; as
A is T-additive, the union of the negligible open sets is negligible, and Z is conegligible. If W C X is open
and x € ZNW, let U € U be such that x € U C W. Express U as [[,.; Gi where G; € T; for every i € [

and J = {i: G; # X;} is finite. Then z(i) € G; N Z;, so u;G; > 0, for every i. Accordingly
AW NZ) = W > U =], 1:G: > 0.
Thus Z is self-supporting and is the support of \.
(iv) (See (b-iv) of the proof of 417C). By 412T, A is inner regular with respecﬁ\to ®iel
417A(iv) with G = {supV : V € U}, we see that ) is inner regular with respect to (&), ;) V B(X).

(v), (vi) As in the proof of 417Ch, apply 417A(iv) with G the family of open subsets of X and K
either the Borel o-algebra of X or the family of closed subsets of X, this time using 412U to confirm that
A is inner regular with respect to K.

Y. Applying

417F Notation In the context of 417C, 417D or 417E, I will call \ the r-additive product measure
on Hie[ X,‘.

Remarks (a) Note that the uniqueness assertions in 417D and 417E mean that for the products of finitely
many probability spaces we do not need to distinguish between the two constructions. The latter also shows
that we can relate 415E to the new method: if every ¥; is separable and metrizable and every p; is strictly
positive, then the ‘ordinary’ product measure A is a complete topological measure. Since it is also inner
regular with respect to the Borel sets (412Uc), and 7-additive (because we now know that it has an extension
to a T-additive measure) it must be exactly the 7-additive product measure as described here.

(b) In 417D it seemed simpler to restrict the concept of ‘product’ to non-empty families; in 417E, I
omitted any reference to the possiblity that the set I might be empty. This is because I regard a product
X =[I;c; Xi as a set of functions defined on I, and if I = () there is just one such function, itself the empty
set; so we have X = {(}}, with just one topology on X and just one probability measure defined on X, which
will do very nicely for the required .

417G Fubini’s theorem for T-additive product measures Let (X,%,%, ) and (Y, 6, T,v) be two
complete locally determined effectively locally finite 7-additive topological measure spaces. Let A be the
T-additive product measure on X x Y, and A its domain.

(a) Let f be a [—00, 00]-valued function such that [ fd\ is defined in [~o0,00] and (X x Y)\ {(z,y)
(w,y) € dom f, f(x,y) = 0} can be covered by a set of the form X x |J, oy Yn where vY,, < oo for every
n € N. Then the repeated integral [[ f(z,y)v(dy)u(dz) is defined and equal to [ fdA.

(b) Let f: X xY — [0, 00] be lower semi-continuous. Then

[ f@, y)v(dy)u(de) = [ f(a,y)u(dz)v(dy) = [ fdX

in [0, 00].
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(c) Let f be a A-measurable real-valued function defined M-a.e. on X x Y. If either [[|f(z,y)|v(dy)u(dz)
or [[1f(x,y)|u(dx)v(dy) is defined and finite, then f is A-integrable.

proof As in 417C, set A = (Z&T) V B(X x Y).
(a) T use 252B.

(i) Write W for the set of those W € A such that [vW/[{z}]u(dz) is defined in [0, 00] and equal to

AW. Then open sets belong to W, by 417C(b-v-3). Next, if W € AY is included in an open set Wy of finite
measure, W € W. P If Wy is an open set of finite measure, then {W : W C X x Y, WNW; € W} is a
Dynkin class, and by 417C(b-v-3), it contains W N (E x F) whenever E € ¥, F € Tand W C X x Y is
open. By the Monotone Class Theorem it includes A°. Q

Now suppose that W C X x Y is :\—negligible and included in X x J,, ¢y Yn, where vY;, < oo for every
n. Then W e W. P Set A={z:z € X, v*W[{z}] > 0}. For each n, let H,, CY be an open set of finite
measure such that v(Y,, \ H,) < 27"; we may arrange that H, 1 2 H,, for each n. Set H = H,, so
that W[{z}]\ H C U,y Yn \ H is negligible for every = € X.

Fix an open set G C X of finite measure and n € N for the moment. Because A is inner regular with
respect to A°, there is a V € A% such that V C (G x H,,)\ W and AV = X((G x H,)\ W), that is, AV’ = 0,
where V' = (G x H,)\'V 2 (G x H,) NW. We know that V' € W, so

[ vV {a}ldz = AV’ =0,

and vV'[{z}] = 0 for almost every z € X; but this means that H,, N W[{z}] is negligible for almost every
z €.

At this point, recall that n was arbitrary, so H N W[{z}] and W[{z}] are negligible for almost every
x € G, that is, AN G is negligible. This is true for every open set G C X of finite measure. Because p is
inner regular with respect to subsets of open sets of finite measure, and is complete and locally determined,
A is negligible (412Jb). But this means that [ vW[{z}]u(dx) is defined and equal to zero, so that W € W.

Q

neN

(ii) Now suppose that [ fdX is defined in [—oo,00] and that there is a sequence (V;)nen of sets of
finite measure in Y such that f(z,y) is defined and zero whenever z € X and y € Y \ U, ey Yn- Set
Z = Unen Yn- Write A for the c.l.d. product measure on X x Y and A for its domain. Then there is a
A-measurable function g : X x Y — [—00, 00] which is equal A-almost everywhere to f. I For ¢ € Q set
W, = {(z,y) : (x,y) € dom f, f(x,y) > ¢} € A, and choose V,, € A such that \(W,AV,) = 0 (417C(b-i));
set g(z,y) =sup{q: ¢ € Q, (z,y) € V,} for z € X and y € Y, interpreting sup () as —co. Q Adjusting g if
necessary, we may suppose that it is zero on X x (Y \ Z). Set

A= X xY)\{(z,y): f(z,9) = g(z,y)},

so that A is A-negligible and included in X x Z. By (i), vA[{z}] = 0, that is, y — f(z,y) and y — g(z,7)
are equal v-a.e., for u-almost every x. Write Ax 7 for the subspace measure induced by A on X x Z; note
that this is the c.l.d. product of p with the subspace measure vz on Z, by 251Q(ii-«).

Now we have
/fd;\:/gd;\:/gd)\

(by 235Gb, because the identity map from (X x Y, ) to (X x Y, \) is inverse-measure-preserving)

:/szgdA:/XXngAsz=//Zg(x,y)1/z(dy)u(dx)

(by 252B, because vz is o-finite)

= [ [ 9(z,y)v(dy)p(dz)
(because g(z,y) =0ify € Y \ Z)

~ [[ 1@ wtdputan)
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(b) If f is non-negative and lower semi-continuous, set

Wi = {(z,y) : f(z,y) > 27"}

for n, i € N, and

fn = 2_"221:1 XWhi
for n € N. Applying 417C(b-v) we see that

[ fadX = [[ fuz,y)dyda = [[ fo(e,y)dzdy

in [0, oo] for every n; taking the limit as n — oo,

[ fax= [[ f(z,y)dyde = [[ f(z,y)dzdy,

because (f,)nen is a non-decreasing sequence with limit f.

(c) ? Suppose, if possible, that v = [ f | f(x,y)|dydz is finite, but that f is not integrable. Because X is
semi-finite, there must be a non-negative - simple function g such that g <,.. |f| and fgd)\ > v (213B).
For each n € N, there are open sets G, C X, H, C Y of finite measure such that A({(z,y) : g(x,y) >
27"\ (Gn x Hp)) < 27", by 417C(b-iii); now (g x x(G,, X Hy))nen — ¢ a.e., so there is some n such that
fanHn gdX > ~. In this case, setting ¢'(z,y) = min(g(z,y), |f(z,y)|) for (z,y) € (Gn x H,) Ndom f, 0
otherwise, we have g = ¢’ a.e. on G,, x H,, so that fg’dS\ > . But we can apply (a) to ¢’ to see that

v< [gdr= [[ g (x,y)dydz < [[|f(z,y)|dydx <7,
which is absurd. X )
Soif [[|f(z,y)|dydx is finite, f must be A-integrable. Of course the same arguments, reversing the roles
of X and Y, show that f is A-integrable if [[|f(z,y)|dzdy is defined and finite.

417H Corollary Let (X, T, %, p1) and (Y, &, T, v) be two complete locally determined effectively locally
finite 7-additive topological measure spaces. Let X be the r-additive product measure on X x Y, and A its
domain. If A C X, B CY are non-negligible sets such that A x B € A, then A € ¥ and B € T.

proof (Cf. 252Xc.) If F € T and vF < oo, BNF € T. P If vF = 0 then BN F € T because v is
complete. Otherwise, set f = x(A x (BN F)). Then ffdj\ = AM(A x B) N (X x F)) is defined and f is
zero outside X x F. By 417Ga, [[ f(z,y)v(dy)u(dx) is defined, that is, [ xA(z) X v(BNF)u(dz) is defined
and z — xA(z) x v(BN F) is defined p-a.e. As A is not negligible, v(B N F) is defined. Q As v is locally
determined, B € T.

As the specification of A in 417Ca is symmetric between the two factors, we must also have A € 3.

4171 The constructions here have most of the properties one would hope for. I give several in the
exercises (417Xd-417Xf, 417Xj). One fact which is particularly useful, and also has a trap in it, is the
following.

Proposition Let (X, %, %X, u) and (Y, 6, T,v) be effectively locally finite 7-additive topological measure
spaces, and A the T-additive product measure on X x Y. Suppose that A C X and B C Y, and write p4,
vp for the corresponding subspace measures; assume that both pu4 and vp are semi-finite. Then these are
also effectively locally finite and m-additive, and the subspace measure Aaxp induced by Aon A x B is just
the T-additive product measure of p4 and vg.

proof (a) To check that ps and vp are effectively locally finite and 7-additive, see 414K. Next, because
A is complgte, locally determined, effectively locally finite and 7-additive (417Ca), it is strictly localizable
(4147), so Aaxp is also effectively locally finite and 7-additive, by 414K again.

(b) Writing A° for (R®T) V B(X x Y), as in 417C, we know that X is inner regular with respect to A°,
s0 Aax g is inner regular with respect to {QN(AXxB): Q€ AO} by 4120b. But this will be the o-algebra
A%, 5 of subsets of A x B generated by
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{(EXF)N(AxB):E€X, FeTIU{WN(AxB):WeB(XxY)}
={ExF:FEecdompuga, Fedomvg}UB(Ax B)}.

(c) Now if C' € dom pi4 and D € domvp, then \*(C' x D) = pusC-vpD. P (a) There are E€ %, F € T
such that C C E, D C F, uE = p*C and vF = v*D; in which case

M(CxD)<ANExF)=MExF)=uE-vF
(251J)
=u*C-v*D = pusC -vpD.

(8) If v < uaC-vpD then, because 4 and v are semi-finite, there are C’ C C, D’ C D such that both have
finite outer measure and p*C’-v*D’ > ~. In this case, take £/ € X, F/ € T such that C' C E’, D’ C F’ and
both E’ and F’ have finite measure. Now if W € dom A and C' x D C W, we have ¢/ x D' C W N (E x F),
so that (W N (E x F))[{z}] > v*D’ for every z € C’, and

AW > fE v(WN(E x F))[{z}|p(dz) > p*C"-v*D' > ~,
by 417Ga. As W is arbitrary, \*(C x D) > ~; as « is arbitrary, \*(C' x D) > paC - vgD. Q

(d) Thus MxB agrees with the product of ua4 and pp on measurable rectangles, as well as being inner
regular with respect to A%X pg- S0 the uniqueness assertion in 417Ca tells us that Aaxp is the T-additive
product measure of p4 and up.

417J In order to use 417G effectively in the theory of infinite products, we need a generalized associative
law corresponding to 254N and 417Db.

Theorem Let ((X;, T;, %, p;:))ier be a family of T-additive topological probability spaces and K a partition
of I. For J C I let A\; be the 7-additive product measure on Z; = [[,c; Xi, and write Z for []xcx Zk-
Then we have a natural bijection ¢ : Z — Z; defined by setting

i€J

?((2x)kex) = Ukex 2K

which identifies the 7-additive product A of the family <5\ K)Kek with s
In particular, if K C I is any set, then A\; can be identified with the T-additive product of the T-additive
product measures on [[;c ;e X; and [];cp g X5

proof (a) I am claiming that As is precisely the image measure A\¢~* where ¢({(zx)Kei) is the common
extension of the zx to a function on I. Now we know that X is a complete T-additive topological measure
and that ¢ is continuous (indeed, a homeomorphism), so 5\¢_1 is also a complete T-additive topological
measure (234Eb, 411Gj).

(b) Suppose that (Ei)icr € [];c; Xi is such that {i : i € I, E; # X;} is finite. For K € K, set
Hg = [l;cx Ei; then Hg belongs to the domain Ak of Ak,

¢ [ Licsr Bi] = {(zx) kex : 2K (i) € E; whenever i € K € K} = [[ e Hr
while
{K.KeK,Hxk #Zx}={K:KeK, Kn{i: E; # X;} # 0}

is finite, so

Mo ([T E) =M He) = [] AcHk

el KeK KekK
~ 11 TL st = [Tt
KeKieK i€l
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(c) For each K € K, A is inner regular with respect to A = (@ieKEi) V B(Zk). By 417E(b-iv), A is
inner regular with respect to

N = (Qrec((Qiex i) VB(Zk))) V B(Z) = (Qkex(@icxXi)) V B(Z).
Now ¢ identifies (& o x(®icx i) With @, ;% in the sense that for W C Z;, W € @,, 3 iff 61 [W] €
(@ e (®;cx i), while similarly (because ¢ is a homeomorphism) W € B(Z;) iff ¢~ [W] € B(Z). Tt
follows that W € A9 iff ¢~'[W] € A’. Now if W is measured by A¢~!, there is a V € A’ such that
V C ¢ [W] and AW = A~ [W]; in which case ¢[V] € Ar, ¢[V] € W and Ap~[o[V]] = Ao~} [W].
This shows that A¢~! is inner regular with respect to A%. Together with (a) and (b) and the uniqueness
promised in 417E, this shows that 5\¢_1 = )7, as claimed.

417K Corollary Let ((X;,T;,%;, 1:))icr be a family of 7-additive topological probability spaces and
(X, A, 5\) their T-additive product. For J C I let A\; be the 7-additive product measure on X; = [Lics Xis
and AJ its domain; let w; : X — X be the canonical map. Then 5\] is the image measure 5\7731. In
particular, if W € A is determined by coordinates in J C I, then 7;[W] € A; and A7 [W] = AW.

proof By 417J, we can identify A with the 7-additive product of A; and :\I\J. If AC X, then ’/T;l[A] =
Ax Xpy. If A€ Ay, 7' [A] € A by the definition in 417C; if 7' [A] € A then A € A; by 417H. And in
either case

5\71';1[14] = S\JA . S\I\JX]\J = S\JA

So S\J = /N\’/le.

417L Corollary Let ((X;,%;,%;, ii))icr be a family of 7-additive topological probability spaces, and
(X71~\,5\) their 7-additive product. Let (K;);cs be a disjoint family of subsets of I, and for j € J write
Aj for the o-algebra of members of A determined by coordinates in K;. Then (]\J) jeJ is a stochastically
independent family of o-algebras (definition: 272Ab).

proof It is enough to consider the case in which J is finite (272Bb), no K is empty (since if K; = 0
then A; = {0, X}) and U,c; K; = I (adding an extra term if necessary). In this case, if W; € A; for
cach j, then the identification between X and [, ; [T;cx, Xi; as described in 417J, matches (1 ; W; with

[;es mx; [W;], writing 7k, (x) for 2| K;. Now if )j is the 7-additive product measure on Z; = [Lick, Xi, we
have A7, [W;] = AW;, by 417K. Since A can be identified with the r-additive product of (\;);es (417J),

AMes Wi) =T1ies A, W5 =TTy AW

As (W) ey is arbitrary, (A;);cs is independent.

417M Proposition Let ((X;, T;, 3, 1i))icr be a family of 7-additive topological probability spaces such
that every p; is strictly positive. For J C I let m; be the canonical map from X onto X; = HieJ X;; write
AJ, A, for the ordinary and 7-additive product measures on X ;, and Ay, A for their domains. Set A = \ I
A=A, X=X, A=AL
(a) Let F' C X be a closed self-supporting set, and J the smallest subset of I such that F' is determined
by coordinates in J (4A2B(g-ii)). Then
(i) if W e A is such that WAF is X—negligible and W is determined by coordinates in K C I, then
KD2OJ;
(ii) J is countable;
(iii) there is a W € A, determined by coordinates in J, such that WAF is X-negligible.
(b) A is inner regular with respect to the family of sets of the form (0 .V, where each V,, € A is
determined by coordinates in a finite set.
(¢) If W € A, there are a countable J C I and sets W', W” € A, determined by coordinates in .J, such
that W/ C W C W” and A(W” \ W) = 0. Consequently Ar ;' [m;[W]] = AW.

neN
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proof (a)(i) ? Suppose, if possible, otherwise. Then F' is not determined by coordinates in K, so there
are x € F', y € X\ F such that [ K = y[ K. Let U be an open set containing y, disjoint from F', and of the
form [],.; Gs, where G; € T; for every i and L = {i : G; # X;} is finite. Set

U ={z:2€X, z(i) € G; for every i € LN K},

U'={z:2(i) € G, for every i € L\ K}.
Then U’ N W is determined by coordinates in K, while U” is determined by coordinates in I \ K, so

0=AENU)=AXWNU)=AXWNU' NU")=XWnU')-A\U"
(by 417L)

=XFOU)- X" =NFNU)- [] w6
i€L\K

But y € U', and 2| K = y|K, so x € FNU’; as F is self-supporting, A(F N U’) > 0. Because every j; is
strictly positive, and no G; is empty, HZ-GL\K 1;G; > 0; and this is impossible. X

(ii) By 417E(b-i), there is a W € A such that A\(FAW,) = 0. By 2540c there is a W, € A, determined
by coordinates in a countable subset K of I, such that A(WoAW;) = 0. Now A(FAW;) =0, so (i) tells us
that J C K is countable.

(iii) By 417K, m;[F] € A;. By 417E(b-i) again, there is a V € A such that V Az ;[F] is A s-negligible.
Set W = 7;'[V]. Then W € A, W is determined by coordinates in J, and WAF = 7' [VAm;[F]] is
A-negligible.

(b)(i) Write V for the set of those members of A which are determined by coordinates in a finite set,
and Vs for the set of intersections of sequences in V. Because V is closed under finite unions, so is Vs; Vs is
surely closed under countable intersections, and (), X belong to Vs.

(ii) We need to know that every self-supporting closed set ' C X belongs to V5. P By (a), F is
determined by coordinates in a countable set J. Express J as the union of a non-decreasing sequence
(Jn)nen of finite sets. Then F,, = 7T;n1 [7,[F]] €V for each n, and F =, .y Fr € V5. Q

(iii) Set A0 = (@iel&) V B(X) as in 417E, and let A be the family of subsets of X which are finite
disjoint unions of sets of the form B N [[,.; E; where B C X is either open or closed, E; € X; for every
iel, and {i: E; # X;} is finite. Then X \ A € A for every A € A, and A° is the o-algebra generated by
A Nowif Ae A,V eAand A(ANV) > 0, there is a K € Vs N A such that K C A and A(KNV) > 0. P
There is a set A" of the form B N[],.; E; where B C X is either open or closed, E; € 3; for every i € I,

i€l N
and {i: E; # X;} is finite, such that A’ C A and A(A’NV) > 0. («) If B is open, set

U={U:Ue€Visopen, UC B}.

Because V includes a base for the topology of X, | JU = Bj; because \ is 7-additive and V is closed under
finite unions, there is a U € U such that U C B and AU > AB — A(BN V), so that A(U N V) > 0, while
U e V. (B) If Bis closed, then it includes a self-supporting closed set F' of the same measure (414F), which
belongs to Vs, by (ii) just above, and now F'N[[,.; Es € Vs, FN[],c; Es € A and ;\(Fﬁl_[iel E,NV)>0.
Q

(iv) By 412C, A A% is inner regular with respect to Vs. But A\ is just the completion of AJ A, so it also
is inner regular with respect to Vs (412Ha once more).

(c) By (b), we have sequences (Vy,)nen, (V. nen in Vs such that V,, €W, V! C X\ W, AV,, > AW — 27"
and AV > X(X \ W) — 27" for every n € N. Bach V,,, V/ is determined by a coordinates in a countable
set, so there is a single countable set J C I such that every V,, and every V! is determined by coordinates
in J. Set W' = U,en Vo, W’ = X\ U,en Vir; then W', W are both determined by coordinates in .J,
W' CW CW” and A(W"” \ W’) = 0, as required.
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417N Theorem Let (~X, T, %, u) and (Y,6,T,v) be two quasi-Radon measure spaces. Then the 7-

additive product measure A on X xY is a quasi-Radon measure, the unique quasi-Radon measure on X x Y
such that A\(E X F) = uE - vF for every E € ¥ and F € T.

proof By 417C(b-vii) it is inner regular with respect to the closed sets; being also a complete, locally
determined, T-additive and effectively locally finite topological measure, it is quasi-Radon. By 417Ca it is
the only quasi-Radon measure on X x Y with the right values on measurable rectangles.

4170 Theorem Let ((X;,%;,%;, 1t;))icr be a family of quasi-Radon probability spaces. Then the 7-
additive product measure A on X = [],.; X; is a quasi-Radon measure, the unique quasi-Radon measure

on X extending the ordinary product measure.

proof By 417E(b-vi), X is inner regular with respect to the closed sets, so is a quasi-Radon measure, which
is unique by 417Ea.

417P Theorem Let (X, T, %, 1) and (Y, S, T, v) be Radon measure spaces. Then the 7-additive product
measure A on X XY is a Radon measure, the unique Radon measure on X x Y such that A(Ex F) = pE-vF
whenever £ € ¥ and F € T.

proof By 417C(b-viii) and (b-ix), X is tight and locally finite; being also a quasi-Radon measure (417N), it
is a Radon measure; as in 417N, it is uniquely defined by its values on measurable rectangles.

417Q Theorem Let ((X;,T;, X, p;))icr be a family of Radon probability spaces, and X the r-additive
product measure on X = [[;c; X;. For each i € I, let Z; C X; be the support of y;. Suppose that
J={i:i€l, Z; is not compact} is countable. Then A is a Radon measure, the unique Radon measure on
X extending the ordinary product measure.

proof Of course X, being a product of Hausdorff spaces, is Hausdorff, and A, being totally finite, is locally
finite. Now, given € € ]0, 1], let (¢;)jcs be a family of strictly positive numbers such that 37, ;e; <€, and
for j € J choose a compact set K; C X; such that u; K; > 1 —¢;; for i € I'\ J, set K; = Z;, so that K is

compact and p; K; = 1. Consider K = [],.; K;. Then, using 417E(b-ii) and 254Lb for the two equalities,

AK = NK =i piKi > [[je 1 — ¢, 21—,

where ) is the ordinary product measure on X. As € is arbitrary, \ satisfies the condition (iii) of 416C, and
is a Radon measure. By 417Ea, it is the unique Radon measure on X extending .

417R Notation I will use the phrase quasi-Radon product measure for a 7-additive product measure
which is in fact a quasi-Radon measure; similarly, a Radon product measure is a 7-additive product
measure which is a Radon measure.

417S Later I will give an example in which a 7-additive product measure is different from the corre-
sponding c.l.d. product measure (419E). In 415E-415F, 415Ye and 416U I have described cases in which
c.l.d. measures are T-additive product measures. It remains very unclear when to expect this to happen.
I can however give a couple of results which show that sometimes, at least, we can be sure that the two
measures coincide.

Proposition (a) Let (X, T, %, ) and (Y, 6, T,v) be effectively locally finite 7-additive topological measure
spaces and A the c.l.d. product measure on X x Y. If every open subset of X x Y is measured by A, then A
is the 7-additive product measure on X x Y.

(b) Let ((X;, %, %4, 1ti))icr be a family of 7-additive topological probability spaces and A the ordinary
product measure on X = [[,.; X;. If every open subset of X is measured by A, then X is the 7-additive
product measure on X.

(c) In (b), let A; be the ordinary product measure on X; =[], ; X; for each J C I, and A s the T-additive
product measure. If A\; = X\, for every finite J C I, and every p; is strictly positive, then A\ = A; is the
T-additive product measure on X.
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proof (a), (b) In both cases, A is a complete locally determined effectively locally finitemeasure (assembling
facts from 2511, 254F and 412Se). We know also from 417C and 417E that A has an extension to a 7-additive

measure A and is therefore itself 7-additive (411C), while it is inner regular with respect to ST or ®i€ 12
(251Ib, 254Ff) and therefore with respect to Ag as defined in 417C or 417E. The additional hypothesis here
is that A is a topological measure. But that means that it satisfies all the conditions required of a T-additive
product measure and is equal to A.

(c)(i) The first step is to note that Ay = A; for every countable J C I. P Express J as Unen Jn where
(Jn)nen is a non-decreasing sequence of finite sets. If F C X; is closed, then it is (), oy 7, [ [F]], where

7 ¢ Xj — X, is the canonical map for each n. But every m,[F] is a closed subset of X , therefore
measured by A, ; because m, is inverse-measure-preserving (417K), 7, 1[m,[F]] € dom A; for each n, and
F € dom \;. Thus every closed set, therefore every open set is measured by Ay, and A; is a topological
measure; by (b), Ay = A;. Q

(ii) Suppose that W C X is open. By 417M, there are W', W” measured by A such that W’ C
W C W”, both W” and W’ are determined by coordinates in a countable set, and A\;(W” \ W’) = 0.
Let J C I be a countable set such that W’ and W” are determined by coordinates in J. Then A; = A,
measures 7;[W’], by 417K, so A measures W’ = 7 '[r;[W]], by 2540a. Similarly, A\ measures W”. Now

AW \W") = A (W"\W’) =0, so A measures W. As W is arbitrary, A is a topological measure and must
be the 7-additive product measure, by (b).

417T Proposition Let (X,%, 3, u) and (Y, 6, T,v) be effectively locally finite m-additive topological
measure spaces and X the c.l.d. product measure on X x Y. If X has a conegligible subset with a countable
network (e.g., if X is metrizable and p is o-finite), then A is the 7-additive product measure on X x Y.

proof (a) Suppose to begin with that x4 and v are totally finite, and that X itself has a countable network;
let (A, )nen Tun over a network for X. Let i be the completion of u and S its domain. Let A be the
7-additive product measure on X x Y. (We are going to need Fubini’s theorem both for A and for A T will
use a sprinkling of references to §§251-252 to indicate which parts of the argument below depend on the
properties of \.)

Let W C X x Y be an open set. For each n € N, set

H,=\{H:He6S, A, xHC W}

so that M, is open. Then W = J,,cyy An X H,,. B Of course A,, x H, C W for every n € N. If (z,y) € W,
there are open sets G C X, H C Y such that (z,y) € G x H C W; now there is an n € N such that
x €A, CG,sothat HC H, and (z,y) € A, X H,. Q

By 417C(b-v-a), there is an open set W; in the domain A of A such that Wy € W and A(W \ Wp) = 0.
By 417Ga, applied to x(W \ Wy), A = {z : v(W[{z}]\ Ws[{z}]) > 0} is p-negligible. For each n € N, z € X
set f(z) = v(H, N Wy[{z}]); then 252B tells us that [ f,dp is defined and equal to A(Wy N (X x H,)).
In particular, f, is S-measurable. Set E, = {z : fo(z) = vH,} € 3. If 2 € Ay, then H, C W[{z}], so
An \ E, C A.

Now, by 252B again,

M(Ey x Hy) \ Wp) = / y(Ho \ Wol{a})u(da)

= /E vH, —v(H, N Wo[{z}])u(dz) = 0.

E, x H,, Wy \ W C Wy \ Wy is A-negligible. On the other hand,
WAW CU,en(An \ Ey) x H, CAXY

So if we set Wi =, cn

is also A-negligible. Because A is complete, W € A. As W is arbitrary, A is a topological measure and is
equal to A, by 417Sa.

(b) Now consider the general case. Let Z be a conegligible subset of X with a countable network; since
any subset of a space with a countable network again has a countable network (4A2Na), we may suppose
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that Z € ¥. Again let W be an open set in X x Y. This time, take arbitrary E € X, F' € T of finite measure,
and consider the subspace measures ugnz and vp. These are still effectively locally finite and 7-additive
(414K), and are now totally finite. Also E'N Z has a countable network. So (a) tells us that the relatively
open set WN((ENZ) x F) is measured by the c.1.d. product of ugnz and vp, which is the subspace measure
on (ENZ) x F induced by A (251Q). Since A surely measures E X F, it measures WN(Z xY)N(E x F). As
E and F are arbitrary, A measures W N (Z xY) (251H). But A(X \ Z2) xY) = (X x Z) - vY =0 (2511a),
so A also measures W. As W is arbitrary, A is the 7-additive product measure.

417U Proposition Let ((X;, %, X;, 1i))iesr be a family of 7-additive topological probability spaces. Let
A be the ordinary product probability measure on X = [],.; X; and A its domain. Then every continuous
function f : X — R is A-measurable, so A includes the Baire o-algebra of X.

proof (a) Let A be a m-additive topological measure extending A (417E), and A its domain; then f is
A-measurable, just because A is a topological measure. For a € R, set

Go={zv:zeX, f(z)<a}, Hy={zx:zeX, f(z)>a},

F,={z:z€X, f(z) =a}.

Then (Fy,)acr is disjoint, so A = {a : a € R, A, > 0} is countable, and A’ = R\ A is dense in R; let
Q@ C A’ be a countable dense set.
For each ¢ € @, let V, C Gy, W, C H, be such that

AV, = MGy =A\Gy, AW, =\.H, = \H,
(413Ea, 417E(b-ii)). Then
A (G \ Vg) SAXN (VyUW)) =1 = AV, = AW, = AM(X \ (Gq U Hy)) = 0.
Because A is complete, G, \ V; and G, belong to A. But now, if o € R,
{z: f(2) <o} = Useg.gea Ga €A,

so f is A-measurable.

(b) It follows that every zero set belongs to A, so that A must include the Baire o-algebra of X.

417V Proposition Let (X, T, %, 1) and (Y, S, T,v) be effectively locally finite m-additive topological
measure spaces, and (X x Y, A, \) their c.l.d. product. Then every continuous function f : X x Y — R is
A-measurable, and the Baire o-algebra of X x Y is included in A.

proof Let Z C X xY be azeroset. If E € &, F' € T are sets of finite measure, then Z N (E x F') is a zero
set for the relative topology of F x F. Now the subspace measures up and vp are 7-additive topological
measures (414K), so Z N (E x F) is measured by the c..d. product pug X vg of pg and vp. P If either uF
or VF is zero, this is trivial. Otherwise, they have scalar multiples p/;, v which are probability measures,
and of course are still 7-additive topological measures. By 417U, ZN(E x F) is measured by p/p X vj. Since
e X vp is just a scalar multiple of pz X v, Z N (E X F) is measured by pug X vp. Q But ug X vp is the
subspace measure Agxp (251Q), so ZN(E x F') € A. As E and F are arbitrary, Z € A (251H).

Thus every zero set belongs to A; accordingly A must include the Baire o-algebra, and every continuous
function must be A-measurable.

417X Basic exercises (a) Let (X, X, 1) be a semi-finite measure space and A a family of subsets of X.
Show that the following are equiveridical: (i) there is a measure ' on X, extending pu, such that 4/'A =0
for every A € A; (ii) p«(U, e An) = 0 for every sequence (A, )nen in A.

>(c) Let (X,%,%, u) and (Y, S, T, v) be topological measure spaces such that p and v are both effectively
locally finite T-additive Borel measures. Show that there is a unique effectively locally finite T-additive Borel
measure A on X x Y such that X' (G x H) = uG - vH for all open sets G C X, HCY.

>(d) Let ((X;,%;, %5, 1i))ier be a family of topological probability spaces in which every p; is a 7-
additive Borel measure. Show that there is a unique T-additive Borel measure A’ on X = [],.; X; such that
N(ILer Fi) = I;er msFs whenever F; C X is closed for every i € 1.

iel
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) (e) Let (X,%,%, u) and (Y, S, T,v) be effectively locally finite 7-additive topological measure spaces and
A the 7-additive product measure on X x Y. Let (X;);cr, (Y;);es be decompositions for p, v respectively
(definition: 211E). Show that (X; X Yj)icr jes is a decomposition for A. (Cf. 2510.)

>(f) Let (X, T4, 34, 1) )icr be a family of r-additive topological probability spaces such that u; is inner
regular with respect to the Borel sets for every i, and A the r-additive product measure on X = [];.; X;.
Take A; C X; for each i € I. (i) Show that if ufA; = 1 for every 4, then the subspace measure induced by A
on A = [],c; As is just the 7-additive product M of the subspace measures on the A;. (Hint: show that if
we set NW = A# (W N A) for Borel sets W C X, then )\ satisfies the conditions of 417Xd.) (ii) Show that
in any case \*A = [Licr miAi. (Cf. 254L.)

(g) Let ((X;, %, %, pi)Yier and ((Y;,S;, Ty, v4))ier be two families of 7-additive topological probability
spaces in which every p; and every v; is inner regular with respect to the Borel sets. Let A, N be the
T-additive product measures on X = [[,.; X; and Y = [],; Yi respectively. Suppose that for each i € I we
are given a continuous inverse-measure-preserving function ¢; : X; — Y;. Show that the function ¢ : X - Y
defined by setting ¢(x)(i) = ¢;(x(4)) for x € X, i € I is inverse-measure-preserving.

(h) Let (X,%,%, u) and (Y, S, T, v) be two complete locally determined effectively locally finite T-additive
topological measure spaces such that both p and v are inner regular with respect to the Borel sets. Let A
be the r-additive product measure on X x Y, and A its domain. Suppose that v is o-finite. Show that for
any W € A, W[{z}] € T for almost every z € X, and z — vW[{x}] is measurable.

>(i) Let (X, %,3, u) be [0, 1] with its usual topology and Lebesgue measure, and let (Y, S, T, v) be [0,1]
with its discrete topology and counting measure. (i) Show that both are Radon measure spaces. (ii) Show
that the c.l.d. product measure on X x Y is a Radon measure. (Hint: 252Kc, or use 417T and 417P.) (iii)
Show that 417Ga can fail if we omit the hypothesis on {(x,y) : f(x,y) # 0}.

(3) Let (X,T,%, p) and (Y, &, T, v) be two effectively locally finite 7-additive topological measure spaces.
Let A be the c.1.d. product measure and A the 7-additive product measure on X xY". Show that M (AxB) =
A (A x B) for all sets A C X, BCY. (Hint: start with A, B of finite outer measure, so that 4171 applies.)

(k) Let ((X;, %, X, 1)) ier be a family of r-additive topological probability spaces with strictly positive
measures, all inner regular with respect to the Borel sets, and (X, 3,'7[\,5\) their 7-additive product. For
J C I'let \; be the 7-additive product measure on X ; = [I;c; Xi, and A its domain. (i) Show that if f is
a real-valued A-measurable function defined A-almost everywhere on X, we can find a countable set J C I
and a A j-measurable function g, defined X j-almost everywhere on Xz, such that f extends gr;. (i) In (i),
show that [ fd\ = [ gd\; if either is defined in [—o0, ).

(D) Let ((X;, %, X5, ps))ier be a family of m-additive topological probability spaces such that every p; is
inner regular with respect to the Borel sets, and (X, %, A, ;\) their 7-additive product. Show that for any
W € A there is a smallest set J C I for which there is a W’ € A, determined by coordinates in J, with
MWAW') = 0. (Hint: 254R.)

(m) What needs to be added to 417M and 415Xm to complete a proof of 415E?

(n) Let (X,%,%, 1) be an atomless T-additive topological probability space such that p is inner regular
with respect to the Borel sets, and I a set with cardinal at most that of the support of . Show that the
set of injective functions from I to X has full outer measure for the T-additive product measure on X.

>(0) Let (X,%,%, u) and (Y, 6, T,v) be Radon measure spaces. Show that the Radon product measure

on X x Y is the unique Radon measure X such that A(K x L) = K -vL for all compact sets K C X, L C Y.

>(p) Let I be an uncountable set, and A, X be the ordinary and 7-additive product measures on X =
{0,1}! when each factor is given its usual topology and the Dirac measure concentrated at 1. Show that A
properly extends A, and that the support of ) is not determined by coordinates in any countable set. Find
a S\—Hegligible open set W C X such that its projection onto {0,1}” is conegligible for every proper subset
Jof I.
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(a) Let ((X;,%i, %, pi)Yier be a family of Radon probability spaces, and A the quasi-Radon product
measure on X = Hiel X;. Foreachi € I, let Z; C X, be the support of u;. Show that \ is a Radon measure
iff {¢:4 €1, Z; is not compact} is countable. In particular, show that the ordinary product measure on
[0, 1[I, where I is uncountable and each copy of [0, 1] is given Lebesgue measure, is a quasi-Radon measure,
but not a Radon measure.

(r) Let ((Xn, %0, Xn, bn))nen be a sequence of Radon probability spaces. Show that the Radon product
measure on X = [[,.yX» is the unique Radon measure A on X such that /\(HnGN n) = o inKn
whenever K,, C X, is compact for every n.

(s) Let ((X;, %, X, p4i))ier be a family of 7-additive topological probability spaces and A, A the ordinary
and 7-additive product measures on X = [[,.; X;. Show that if A C X has A-negligible boundary, then A

is measured by A.

icl

(t) Let us say that a topological space X is chargeable if there is an additive functional v : PX — [0, 0o[
such that vG > 0 for every non-empty open set G C X. (i) Show that if there is a o-finite measure p on
X such that u.G > 0 for every non-empty open set G, then X is chargeable. (Hint: 215B(vii), 391G.) (ii)
Show that any separable space is chargeable. (iii) Show that X is chargeable iff its regular open algebra
is chargeable in the sense of 391Bb. (Hint: see the proof of 314P.) (iv) Show that any open subspace of a
chargeable space is chargeable. (v) Show that if Y C X is dense, then X is chargeable iff Y is chargeable.
(vi) Show that if X is expressible as the union of countably many chargeable subspaces, then it is chargeable.
(vii) Show that any product of chargeable spaces is chargeable. (Cf. 391Xb(iii).) (viii) Show that if (X;);cs
is a family of chargeable spaces with product X, then all regular open subsets of X and all Baire subsets of
X are determined by coordinates in countable sets. (Hint: 4A2Eb, 4A3Mb.) (ix) Show that a continuous
image of a chargeable space is chargeable. (x) Show that a compact Hausdorff space is chargeable iff it
carries a strictly positive Radon measure. (Hint: 416K.)

(u) Let (X,%,%, p) and (Y, 6, T, v) be quasi-Radon measure spaces such that uX - vY > 0. Show that
the quasi-Radon product measure on X X Y is completion regular iff it is equal to the c.l.d. product measure
and p and v are both completion regular. (Hint: 412Sc; if uE, vF are finite and Z C E x F' is a zero set of
positive measure, use Fubini’s theorem to show that Z has sections of positive measure.)

(v) Let ((X;, %, 24, 1i))icr be a family of quasi-Radon probability spaces. Show that the quasi-Radon
product measure on [[,.; X; is completion regular iff it is equal to the ordinary product measure and every
1; is completion regular.

(w) Let ((X;, %4, X4, 14i))ier be a family of m-additive topological probability spaces such that every p; is
inner regular with respect to the Borel sets, and A the T-additive product measure on X = [[,.; X;; write
A for its domain. (i) Show that if W € A, AW > 0 and ¢ > 0 then there are a finite J C I and a W’ € A
such that AW’ > 1 — ¢ and for every x € W’ there is a y € W such that z[I\ J = y[I\ J. (Cf. 254Sb.) (ii)
Show that if A C X is determined by coordinates in I\ {i} for every i € I then A\*A € {0,1}. (Cf. 254Sa.)

417Y Further exercises (a) (i) Show that if, in 417A, p is strictly localizable, then it has a strictly
localizable extension p’ with the properties (i)-(iv) there. (ii) Give an example to show that the construction
offered in 417A may not immediately achieve this result.

(b) Let (X,%,%, 1) and (Y, &, T, v) be effectively locally finite 7-additive topological measure spaces such
that p and v are both inner regular with respect to the Borel sets.

(i) Fix open sets G C X, H C Y of finite measure. Let Wgpy be the set of those W C X x Y such
that g (W) = [, 0(W[{z}] N H)dx is defined, where i is the completion of v. (a) Show that every
open set belongs to Wgr. (B) Show that gy is countably additive in the sense that Ogp (U, ey Wn) =
oo o0 (W) for every disjoint sequence (W,)nen in Wep, and 7-additive in the sense that 6 (V) =
supy ey 0cu (V) for every non-empty upwards-directed family V of open sets in X x Y. (v) Show that every
Borel set belongs to Wgp. (Hint: Monotone Class Theorem.) (6) Show that 8 [B(X x Y) is a 7-additive
Borel measure; let Agy be its completion. (e) Show that Agy = g [AcH, where Agy = dom Agr. (¢)
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Show that Agp (E x F) is defined and equal to pE - vF whenever E € ¥, F € T, EC G and F C H. (Hint:
start with open E and F', move to Borel E and F' with the Monotone Class Theorem.) (n) Writing A for
the c.l.d. product measure on X x Y, show that A\gr (W) is defined and equal to A(W N (G x H)) whenever
W € dom A

(ii) Now take A to be {Agy : G € T, H € &, uG < oo, vH < oo} and AW = supg g Aam (W) for
W € A. Show that \ is an extension of A to a complete locally determined effectively locally finite -additive
topological measure on X x Y which is inner regular with respect to the Borel sets, so is the 7-additive
product measure as defined in 417F.

(c) Let (X,%, 1) and (Y, T,v) be complete measure spaces with topologies ¥, &. Suppose that p and
v are effectively locally finite and 7-additive and moreover that their domains include bases for the two
topologies. Show that the c.l.d. product measure on X X Y has the same properties. (Hint: start by
assuming that pX and vY are both finite. If V is an upwards-directed family of measurable open sets with
measurable open union W, look at gy (x) = vV [{z}] for V € V.)

(d) Let ((X;,%;,%i, 1i))ier be a family of m-additive topological probability spaces such that every pu;
is inner regular with respect to the Borel sets, and (X, ¥, A, 5\) their 7-additive product. (i) Show that the
following are equiveridical: () p; is strictly positive for all but countably many ¢ € I; (8) whenever W € A
there are a countable J C [ and Wy, W5 € /~\, determined by coordinates in J, such that Wy, C W C W5 and
S\(Wg \ W) = 0. (ii) Show that when these are false, A cannot be equal to the ordinary product measure
on X.

(e) Let (X, %, ) and (Y, T,v) be measure spaces with Hausdorff topologies T, & such that both p and
v are inner regular with respect to the families of sequentially compact sets in each space. Show that the
c.l.d. product measure A on X x Y is also inner regular with respect to the sequentially compact sets, so
has an extension to a topological measure which is inner regular with respect to the sequentially compact
sets. (Hint: 412R, 416Yd.)

(f) Let (X, %, ps))ier be a family of probability spaces with topologies ¥; such that every p; is inner
regular with respect to the family of closed countably compact sets in X; and every X; is compact. Show that
the ordinary product measure X\ on X = [[,.; X; is also inner regular with respect to the closed countably
compact sets, so has an extension to a topological measure X which is inner regular with respect to the
closed countably compact sets in X. Show that this can be done in such a way that for every W € dom A

there is a V € dom A such that A(WAV) = 0. (Hint: 4127T, 416Yc.)

(g) Let ((Xn,Xn, in))nen be a sequence of probability spaces with Hausdorff topologies ¥,, such that
every [, is inner regular with respect to the family of sequentially compact sets in X,,. Show that the

ordinary product measure A on X = [], .y Xy is also inner regular with respect to the sequentially compact

sets, so has an extension to a topological measure A which is inner regular with respect to the sequentially
compact sets in X. Show that this can be done in such a way that for every W € dom A thereisa V' € dom A
such that A(IWAV) = 0.

(h) Let ((X;,%:, %, i))ier be a family of quasi-Radon probability spaces, and A, A the ordinary and
quasi-Radon product measures on X = [],.; X;. Suppose that all but one of the T; have countable networks
and all but countably many of the p; are strictly positive. Show that A\ = A

(i) Let us say that a quasi-Radon measure space (X,%,%, ) has the simple product property if
the c.l.d. product measure on X X Y is equal to the quasi-Radon product measure for every quasi-Radon
measure space (Y, S, T,v). (i) Show that if (X, T) has a countable network then (X,%,X, 1) has the simple
product property. (ii) Show that if a quasi-Radon measure space has the simple product property so do all
its subspaces. (iii) Show that the quasi-Radon product of two quasi-Radon measure spaces with the simple
product property has the simple product property. (iv) Show that the quasi-Radon product of any family
of quasi-Radon probability spaces with the simple product property has the simple product property. (v)
Show that the Sorgenfrey line (415Xc, 439Q) with Lebesgue measure has the simple product property.
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417 Notes and comments The general problem of determining just when a measure can be extended to
a measure with given properties is one which will recur throughout this volume. I have more than once
mentioned the Banach-Ulam problem; if you like, this is the question of whether there can ever be an
extension of the countable-cocountable measure on an uncountable set X to a measure defined on the whole
algebra PX. This particular question appears to be undecidable from the ordinary axioms of set theory;
but for many sets (for instance, if X = wj) it is known that the answer is ‘no’. (See 419G and 438C.) This
being so, we have to take each manifestation of the general question on its own merits. In 417C and 417E
the challenge is to take a product measure A defined in terms of the factor measures alone, disregarding
their topological properties, and extend it to a topological measure, preferably 7-additive. Of course there
are important cases in which A is itself already a topological measure; for instance, we know that the c.l.d.
product of Lebesgue measure on R with itself is Lebesgue measure on R? (251N), and other examples are in
415E, 415Ye, 416U, 417S-417T, 417Yh and 4531. But in general not every open set in the product belongs
to the domain of )\, even when we have the product of two Radon measures on compact Hausdorff spaces
(419E).

Once we have resolved to grasp the nettle, however, there is a natural strategy for the proof. It is easy
to see that if \, in 417C or 417E, is to have an extension to a 7-additive topological measure A, then we
must have AA(V) = 0 for every V belonging to the class 2. Now 417A descibes a sufficient (and obviously
necessary) condition for there to be an extension of A with this property. So all we have to do is check.
The check is not perfectly straightforward; in 417E it uses all the resources of the original proof that there
is a product measure on an arbitrary product of probability spaces (which I suppose is to be expected),
with 414B (of course) to apply the hypothesis that the factor measures are 7-additive, and a couple of extra
wrinkles (the W/ and C!, of part (a-iii-3) of the proof of 417E, and the use of supports in part (a-iii-€)).
I take the opportunity to say that the precise form of the results in 417C and 417E, leading to definitions
of ‘r-additive product measure’ in terms of the o-algebras Ay, was devised in response to a remark by
M.R.Burke.

It is worth noting that (both for finite and for infinite products) the measure algebras of A and A are
identical (417C(b-i), 417E(b-i)), so there is no new work to do in identifying the measure algebra of A and
the associated function spaces.

An obstacle we face in 417C-417E is the fact that not every 7-additive measure p has an extension to a 7-
additive topological measure, even when  is totally finite and its domain includes a base for the topology. (I
give an example in 419J.) Consequently it is not enough, in 417C or 417E, to show that the ordinary product
measure \ is 7-additive. But perhaps I should remark that if A is inner regular with respect to the closed
sets, this obstacle evaporates (415L). Accordingly, for the principal applications (to quasi-Radon and Radon
product measures, and in particular whenever the topological spaces involved are regular) we have rather
easier proofs available, based on the constructions of §415. For completely regular spaces, there is yet another
approach, because the product measures can be described in terms of the integrals of continuous functions
(4151), which by 417U and 417V can be calculated from the ordinary product measures. Of course the proof
that A itself is 7-additive is by no means trivial, especially in the case of infinite products, corresponding
to 417E; but for finite products there are relatively direct arguments, applying indeed to slightly more
general situations (417Yc). If we have measures which are inner regular with respect to countably compact
classes of sets, then there may be other ways of approaching the extension, using theorems from §413 (see
417Ye-417Yg), and for compact Radon measure spaces, A becomes tight (412Sb, 412V), so its 7-additivity
is elementary.

The arguments of 417C and 417E depend on specific constructions of the new product measures A It
is therefore important to develop descriptions in respect of which they may be considered canonical, as
in 417Ca and 417Ea. With these in hand, we can reasonably expect ‘commutative’ and ‘associative’ and
‘distributive’ laws, as in 417Db, 417J and 417Xe. Subspaces mostly behave themselves (4171, 417Xf). If
you prefer to restrict your measures to Borel algebras, you again get canonical product Borel measures
(417Xc-417Xd).

Of course extending the product measure means that we get new integrable functions on the product, so
that Fubini’s theorem has to be renegotiated. Happily, it remains valid, at least in the contexts in which
it was effective before (417Ga); we still need, in effect, one of the measures to be o-finite. The theorem
still fails for arbitrary integrable functions on products of Radon measure spaces, and the same example
works as before (417Xi). In fact this means that we have an alternative route to the construction of the
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7-additive product of two measures (417Yb). But note that on this route ‘commutativity’, the identification
of the product measure on X x Y with that on Y x X, becomes something which can no longer be taken
for granted, because if we define A\W to be [ vW/[{z}]dz we have to worry about when, and why, this will
be equal to [ W ~![{y}]dy.

A version of Tonelli’s theorem follows from Fubini’s theorem, as before (417Gc). We also have results
corresponding to most of the theorems of §254. But note that there are two traps. In the theorem that
a measurable set can be described in terms of a projection onto a countable subproduct (2540, 417M) we
need to suppose that the factor measures are strictly positive, and in the theorem that a product of Radon
measures is a Radon measure (417Q) we need to suppose that the factor measures have compact supports.
The basic examples to note in this context are 417Xp and 417Xq.

It is not well understood when we can expect c.l.d. product measures to be topological measures, even in
the case of compact Radon probability spaces. Example 419E remains a rather special case, but of course
much more effort has gone into seeking positive results. Note that the ordinary product measures of this
section are always effectively locally finite and 7-additive (417C, 417E), so that they will be equal to the 7-
additive products iff they measure every open set (417S). Regarding infinite products, the 7-additive product
measure can fail to be the ordinary product measure in just two ways: if one of the finite product measures
is not a topological measure, or if uncountably many of the factor measures are not strictly positive (417Sc,
417Xp, 417Yd). So it is finite products which need to be studied.

Whenever we have a subset F' of an infinite product X = [];.; X, it is important to know when F is
determined by coordinates in a proper subset of I; in measure theory, we are particularly interested in sets
determined by coordinates in countable subsets of I (254Mb). It may happen that there is a smallest set
J such that F' is determined by coordinates in J; for instance, when we have a topological product and F
is closed (4A2Bg). When we have a product of probability spaces, we sometimes wish to identify sets J
such that F is ‘essentially’ determined by coordinates in J, in the sense that there is an F’, determined by
coordinates in J, such that FAF” is negligible. In this context, again, there is a smallest such set (254Rd),
which can be identified in terms of the probability algebra free product of the measure algebras (325Mb).
In 417Ma the two ideas come together: under the conditions there, we get the same smallest J by either
route.

In 417Ma, we have a product of strictly positive 7-additive topological probability measures. If we keep
the ‘strictly positive’ but abandon everything else, we still have very striking results just because the product
topology is ccc, so that we can apply 4A2Eb. An abstract expression of this idea is in 417Xt.

Version of 30.11.20/17.9.21

418 Measurable functions and almost continuous functions

In this section I work through the basic properties of measurable and almost continuous functions, as
defined in 411L and 411M. I give the results in the full generality allowed by the terminology so far introduced,
but most of the ideas are already required even if you are interested only in Radon measure spaces as the
domains of the functions involved. Concerning the codomains, however, there is a great difference between
metrizable spaces and others, and among metrizable spaces separability is of essential importance.

I start with the elementary properties of measurable functions (418A-418C) and almost continuous func-
tions (418D). Under mild conditions on the domain space, almost continuous functions are measurable
(418E); for a separable metrizable codomain, we can expect that measurable functions should be almost
continuous (418J). Before coming to this, I spend a couple of paragraphs on image measures: a locally
finite image measure under a measurable function is Radon if the measure on the domain is Radon and the
function is almost continuous (418I).

418L-418Q are important results on expressing given Radon measures as image measures associated with
continuous functions, first dealing with ordinary functions f : X — Y (418L) and then coming to Prokhorov’s
theorem on projective limits of probability spaces (418M).

The machinery of the first part of the section can also be used to investigate representations of vector-
valued functions in terms of product spaces (418R-418T).

418A Proposition Let X be a set, X a o-algebra of subsets of X, Y a topological space and f: X — Y
a measurable function.
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(a) f1[F] € X for every Borel set FF C Y.

(b) If A C X is any set, endowed with the subspace o-algebra, then f[A: A — Y is measurable.

(c) Let (Z,%) be another topological space. Then gf : X — Z is measurable for every Borel measurable
function g : Y — Z; in particular, for every continuous function g : ¥ — Z.

proof (a) The set {F : F C Y, f~1[F] € £} is a o-algebra of subsets of Y containing every open set, so
contains every Borel subset of Y.

(b) is obvious from the definition of ‘subspace o-algebra’ (121A).
(c) If H C Z is open, then g~ '[H] is a Borel subset of Y so (gf) '[H] = f~[¢g~![H]] belongs to .

418B Proposition Let X be a set and ¥ a g-algebra of subsets of X.

(a) If Y is a metrizable space and (f,)nen is a sequence of measurable functions from X to Y such that
f(@) = lim, o frn(x) is defined in Y for every € X, then f: X — Y is measurable.

(b) If Y is a topological space, Z is a separable metrizable space and f : X — Y, g: X — Z are functions,
then  — (f(x),g(z)) : X = Y x Z is measurable iff f and g are measurable.

(¢) 'Y is a hereditarily Lindelof space, U a family of open sets generating its topology, and f: X —» Y
a function such that f~1[U] € ¥ for every U € U, then f is measurable.

(d) If (Y;)ier is a countable family of separable metrizable spaces, with product Y, then a function
f: X — Y is measurable iff 7;f : X — Y; is measurable for every i, writing m;(y) = y(i) for y € Y and
1€ N.

proof (a) Let p be a metric defining the topology of Y. Let G C Y be any open set, and for each n € N set
F,={y:y€Y, ply,z) >2 " for every z € Y \ G}.
Then F,, is closed, so fi_l[Fn] € X for every n, ¢ € N. But this implies that
FUG) = Upen Nisn fTEex.
As G is arbitrary, f is measurable.

(b)(i) The functions (y, z) — y, (y, z) — z are continuous, so if x — (f(z), g(x)) is measurable, so are f
and g, by 418Ac.

(ii) Now suppose that f and g are measurable, and that W C Y x Z is open. By 4A2P(a-i), the
topology of Z has a countable base H; let (H,)nen be a sequence running over H U {(}. For each n, set

Gn=U{G:GCY isopen, G x H, CW};

then G, is open and G, x H,, € W. Accordingly W 2 |, cyy Gn X Hy. But in fact W = U, o Gn X Hp.
P If (y,z) € W, there are open sets G C Y, H C Z such that (y,2z) € G x H C W. Now there is an n € N
such that z € H,, C H, in which case G x H, CW and G C G,, and (y,2) € G, x H,. Q

Accordingly

{z:(f(2),9(2)) e W} =Upen [ Gl Ny~ [Ha] € 5.
As W is arbitrary,  — (f(x),g(x)) is measurable.
(c) This is just 4A3Db.
(d) If f is measurable, so is every m; f, by 418Ac. If every m; f is measurable, set
U={r'[H]:i€I, HCY;is open}.
Then U generates the topology of Y, and if U = «; '[H] then f~[U] = (m; f)"'[H], so f~'[U] € ¥ for every
U. Also Y is hereditarily Lindel6f (4A2P(a-iii)), so f is measurable, by (c).

418C Proposition Let (X, X, 1) be a measure space and Y a Polish space. Let (f,)nen be a sequence
of measurable functions from X to Y. Then

{z:2 € X, lim,_, fn(x) is defined in Y}
belongs to X.
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proof (Compare 121H.) Let p be a complete metric on Y defining the topology of Y.

(a) For m, n € N and § > 0, the set {x : p(fi(2), fn(z)) < 6} belongs to ¥. P The function z —
(fm(2), fn(x)) : X — Y? is measurable, by 418Bb, and the function p : Y2 — R is continuous, so z

p(fm(x), frn(x)) is measurable and {x : p(fi(2), fu(x)) <} € X. Q
(b) Now (fn(z))nen is convergent iff it is Cauchy, because Y is complete. But

{o: 2 € X, (fu(@))nen is Cauchy} = () | () {o: plfi(@), fnla)) < 277}

neNmeNi>m

belongs to 2.

418D Proposition Let (X, X, 1) be a measure space and T a topology on X.

(a) Suppose that Y is a topological space. Then any continuous function from X to Y is almost continuous.

(b) Suppose that Y and Z are topological spaces, f : X — Y is almost continuous and ¢ : ¥ — Z is
continuous. Then gf : X — Z is almost continuous.

(c) Suppose that (Y, &, T, v) is a o-finite topological measure space, Z is a topological space, g : Y — Z is
almost continuous and f: X — Y is inverse-measure-preserving and almost continuous. Then gf : X — Z
is almost continuous.

(d) Suppose that p is semi-finite, and that (Y;);c; is a countable family of topological spaces with product
Y. Then a function f : X — Y is almost continuous iff f; = m; f is almost continuous for every i € I, writing
mi(y) =y(i) fori e T and y €Y.

proof (a) is trivial.

(b) The set {A: AC X, gflA is continuous} includes {A: A C X, f[A is continuous}; so if u is inner
regular with respect to the latter, it is inner regular with respect to the former.

(c) Take E € X, v < uE and € > 0. We have a cover of Y by a non-decreasing sequence (Y,)nen of
measurable sets of finite measure; now (f~1[Y,])nen is a non-decreasing sequence covering E, so there is
an n € N such that u(E N f~1[Y,]) > 7. Because f is inverse-measure-preserving, E N f~1[Y,] has finite
measure. Now we can find measurable sets F' C Y,,, By C EN f~![Y,] such that f]E;, g| F are continuous
and vF > vY, — €, uEy > p(EN f71Y,]) —e. In this case By = Ey N f~1[F] has measure at least y — 2¢
and gf[|Fy is continuous. As E, v and € are arbitrary, ¢gf is almost continuous.

(d)(@) If f is almost continuous, every f; must be almost continuous, by (b).

(ii) Now suppose that every f; is almost continuous. Take F € ¥ and v < puFE. There is an Ey C F
such that Ey € ¥ and v < pFy < 00. Let (€;);er be a family of strictly positive real numbers such that
> icr € < uEo — . For each i € I choose a measurable set F; C Ey such that uF; > puFEy —¢; and f;[ F; is
continuous. Then F' = FEyN[),c; Fj is a subset of £ with measure at least 7, and f[F is continuous because
fil F is continuous for every i (3A3Ib).

418E Theorem Let (X, %, X, 1) be a complete locally determined topological measure space, Y a topo-
logical space, and f: X — Y an almost continuous function. Then f is measurable.

proof Set K ={K : K € X, f|K is continuous}; then g is inner regular with respect to K. If H C Y is
open and K € K, then K N f~1[H] is relatively open in K, that is, there is an open set G C X such that
KN f~lH] = KN G. Because u is a topological measure, G € ¥ so K N f~![H] € ¥. As K is arbitrary,
and y is complete and locally determined, f~'[H] € ¥ (412Ja). As H is arbitrary, f is measurable.

418F Proposition Let (X, T, %, 1) be a semi-finite topological measure space, Y a metrizable space,
and f: X — Y a function. Suppose there is a sequence (f,)nen of almost continuous functions from X to
Y such that f(x) = lim, . fn(z) for almost every € X. Then f is almost continuous.

proof Suppose that £ € ¥, v < puF and € > 0. Then there is a measurable set F' C E such that
v < pF < oo; discarding a negligible set if necessary, we may arrange that f(z) = lim, o fn(z) for every
x € F. Let p be a metric on Y defining its topology. For each n € N, let F;, C F be a measurable set
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such that f,[F, is continuous and u(F, \ F') < 27" set G = (), oy F, so that uG > v — 2¢ and f,,[G is
continuous for every n € N.

For m, n € N, the functions x — (fi,(2), fu(2)) : G — Y? and x — p(fm(2), fu(2)) : G — R are
continuous, therefore measurable, because p is a topological measure. Also (f,,(z))nen is a Cauchy sequence
for every x € G. So if we set Gg,, = {x : z € G, p(fi(x), f;(x)) < 27F for all i, j > n}, (Gkn)nen is a non-
decreasing sequence of measurable sets with union G for each k € N, and we can find a strictly increasing
sequence (ny)ren such that p(G\ Ggn,, ) < 27 %¢ for every k. Setting H = Mien Grngs pH > pG—2€ > v —4e
and p(fi(z), fu, (z)) < 27% whenever x € H and i > ny; consequently p(f(z), fn, (z)) < 27% whenever z € H
and k € N. But this means that (f,, )ren converges to f uniformly on H, while every f,,, is continuous on
H, so fIH is continuous (3A3Nb). And of course H C E.

As E, v and € are arbitrary, f is almost continuous.

418V Proposition Let (X, 3, 1) be a o-finite measure space, T a topology on X such that p is inner
regular with respect to the Borel sets, (Y, &) a topological space and f : X — Y an almost continuous
function. Then there is a Borel measurable function g : X — Y which is equal almost everywhere to f.

proof If Y is empty, so is X, and the result is trivial; so suppose that we have a point yg € Y. Let (X,,)nen be
a non-decreasing sequence of subsets of X of finite measure covering X. For each n € N, there is a measurable
set B, C X, such that uE,, > uX, —2"" and f[E, is continuous, and a measurable Borel set E/, C F,, such
that puFE), > pkE, —27" and E, is Borel. Now E = |J,,,cn (N> Er, is a coneglible Borel set. Set g(z) = f(x)
for x € E, yo for x € X \ E; then g =,.. f. If G CY is open and n € N, then E, N f~1[G] is relatively
open in E, so E}, N f~[G] is a Borel subset of X. Accordingly £ N f~G] = U,nen Npom Ehn NG is a
Borel subset of X. But now g~ }[G] is either EN f~1[G] or (EN f~[G]) U(X \ E), and in either case is a
Borel set. As G is arbitrary, g is Borel measurable.

418G Proposition Let (X, T, %, u) be a o-finite quasi-Radon measure space, Y a metrizable space and
f+ X — Y an almost continuous function. Then there is a conegligible set Xy C X such that f[Xy] is
separable.

proof (a) Let K be the family of self-supporting measurable sets K of finite measure such that f[K is
continuous. Then p is inner regular with respect to . PP If £ € ¥ and v < pFE, there is an F' € ¥ such
that FF C E and v < puF < oo; there is an H € 3 such that H C F, v < pH and f[H is continuous; and
there is a measurable self-supporting K C H with the same measure as H (414F), in which case K € K and
KCFEand uK >v.Q

(b) Now f[K] is ccc for every K € K. P If G is a disjoint family of non-empty relatively open subsets
of fIK], then (K N f~1[G])geg is a disjoint family of non-empty relatively open subsets of K, because f|K
is continuous, and Y ,cq u(K N f71[G]) < pK. Because K is self-supporting, u(K N f~1[G]) > 0 for every
G € G; because pK is finite, G is countable. As G is arbitrary, f[K] is ccc. Q

Because Y is metrizable, f[K] must be separable (4A2Pd).

(c) Because u is o-finite, there is a countable family £ C K such that Xy = |J £ is conegligible (412I¢).
Now f[Xo] = e, f[L] is a countable union of separable spaces, so is separable (4A2B(e-i)).

418H Proposition (a) Let X and Y be topological spaces, u an effectively locally finite 7-additive
topological measure on X, and f : X — Y an almost continuous function. Then the image measure jpf !
is T-additive.

(b) Let (X, %, 3, 1) be a totally finite quasi-Radon measure space, (Y, &) a regular topological space, and
f: X — Y an almost continuous function. Then there is a unique quasi-Radon measure v on Y such that
f is inverse-measure-preserving for u and v.

proof (a) Let H be an upwards-directed family of open subsets of Y, all measured by pf~!, and suppose
that H* = |JH also is measurable. Take any v < (uf~1)(H*) = pf~'[H*]. Then there is a measurable
set B C f~1[H*] such that uE > v and f[F is continuous. Consider {E N f~'[H] : H € H}. This is an
upwards-directed family of relatively open measurable subsets of E with measurable union F. By 414K, the
subspace measure on F is T-additive, so
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Y < pE <supgeqy p(EN f7HH]) < SUPHen pfHH].
As v is arbitrary, pf '{H*] < supyey pf HH]; as H is arbitrary, pf ! is T-additive.

(b) By 418E, f is measurable. Let 1y be the restriction of uf~! to the Borel o-algebra of Y; by (a),
1y is T-additive, and f is inverse-measure-preserving with respect to pu and 9. Because Y is regular, the
completion v of vy is a quasi-Radon measure (415Cb). Because p is complete, f is still inverse-measure-
preserving with respect to u and v (234Ba).

To see that v is unique, observe that its values on Borel sets are determined by the requirement that f
be inverse-measure-preserving, so that 415H gives the result.

4181 The next theorem is one of the central properties of Radon measures. I have already presented
what amounts to a special case in 256G.

Theorem Let (X,%,%, 1) be a Radon measure space, Y a Hausdorff space, and f : X — Y an almost
continuous function. If the image measure v = pf ! is locally finite, it is a Radon measure.

proof (a) By 418E, f is measurable, that is, f![H] € X for every open set H C Y; but this means that
the domain T of v contains every open set, and v is a topological measure.

(b) v is inner regular with respect to the compact sets. P If F € T and vF > 0, then uf~[F] > 0, so
there is an £ C f~![F] such that uF > 0 and f|E is continuous. Next, there is a compact set K C E such
that pK > 0. In this case, L = f[K] is a compact subset of F, and

vL = pf~tL] > uK > 0.

As Y is Hausdorff, this is enough to prove that v is tight. @ Note that because v is locally finite, vL < oo
for every compact L CY (411Ga).

(¢) Because pu is complete, so is v (234EDb). Next, v is locally determined. I Suppose that H C Y is
such that H N F € T whenever vF < co. Then, in particular, H N f[K] € T whenever K C X is compact
and f[K is continuous. But setting

K={K:K C X is compact, f[ K is continuous},
 is inner regular with respect to K (412Ac). And if K € K,
Knf~YH])=Kn fYHnN f[K]] € X.

Because p is complete and locally determined, this is enough to show that f~1[H] € ¥ (412Ja again), that
is, H € T. As H is arbitrary, v is locally determined. @

(d) Thus v is a complete locally determined locally finite topological measure which is inner regular with
respect to the compact sets; that is, it is a Radon measure.

418J Theorem Let (X, X, ) be a semi-finite measure space and ¥ a topology on X such that p is inner
regular with respect to the closed sets. Suppose that Y is a second-countable space (for instance, ¥ might
be separable and metrizable), and f: X — Y is measurable. Then f is almost continuous.

proof Let H be a countable base for the topology of Y, and (H,),en a sequence running over H U {0}.
Take E € ¥ and v < pE. Choose (E,)nen inductively, as follows. There is an Ey € ¥ such that Ey C F
and v < uEy < oo. Given E, € ¥ with v < uFE, < oo, E, \ f~![H,] € %, so there is a closed set F,, € ¥
such that

anEn\fil[Hn]v N((En\fil[Hn])\Fn)<NEn*'Y§
set Epp1 = (En, N f71H,]) U F,, so that
EnJrl S Ev EnJrl g En7 MEnJrl > Y, EnJrl \ f_l[Hn} - Fn

Continue.
At the end of the induction, set F' =1, oy £rn. Then F C E, uF > vy, and for every n € N

FnflH,)=FNE,nNflH,)=FNE, 1 \F,=F\F,
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is relatively open in F. It follows that f[F' is continuous (4A2B(a-ii)). As E, v are arbitrary, f is almost
continuous.

Remark For variations on this idea, see 418Yf, 433E and 434YDh; also 418Yg.

418K Corollary Let (X, %, 3, u) be a quasi-Radon measure space and Y a separable metrizable space.
Then a function f: X — Y is measurable iff it is almost continuous.

proof Put 418E and 418J together.
Remark This generalizes 256F.

418L In all the results above, the measure starts on the left of the diagram f : X — Y; in 418H-418], it
is transferred to an image measure on Y. If X has enough compact sets, a measure can move in the reverse
direction, as follows.

Theorem Let (X, %) be a Hausdorff space, (Y, &, T, ) a Radon measure space and f : X — Y a continuous
function such that whenever F' € T and vF > 0 there is a compact set K C X such that v(F N f[K]) > 0.
Then there is a Radon measure p on X such that v is the image measure pf ' and the inverse-measure-
preserving function f induces an isomorphism between the measure algebras of v and u.

proof (a) Note first that v is inner regular with respect to £ = {f[K] : K € K}, where K is the family of
compact subsets of X. B If vF' > 0, there is a K € K such that v(F N f[K]) > 0; now there is a closed set
F'" C Fn f[K] such that vF’ > 0, and K’ = KN f~[F’'] is compact, while f[K’] C F has non-zero measure.
As L is closed under finite unions, this is enough to show that v is inner regular with respect to £ (412Aa).

Q

(b) Consequently there is a disjoint set Ly C L such that every non-negligible F' € T meets some member
of Ly in a non-negligible set (412Ib). We can express Ly as {f[K] : K € Ko} where Ky C K is disjoint. Set
Xo = Ko.

(c) Set
So = {XoN fYF]: F e T}

Then ¥ is a o-algebra of subsets of Xy. If F', F’ € T and vF # vF’, then there must be some K € Ky such
that f[K|N(FAF’) # 0, so that XoN f~1[F] # XoN f~[F’]; we therefore have a functional g : 3o — [0, 00]
defined by setting po(Xo N f~1[F]) = vF whenever F € T. It is easy to check that yug is a measure on
Xo. Now pg is inner regular with respect to . PP If £ € ¥y and pFE > 0, there is an F' € T such that
E = XoNf~1[F] and vF > 0. There are a K € Ky such that v(FN f[K]) > 0, and a closed set F’ C FN f[K]
such that vF’ > 0; now K N f~YF'] = Xo N f~1[F’] belongs to ¥o N K, is included in E and has measure
greater than 0. Because K is closed under finite unions, this is enough to show that g is inner regular with
respect to K. Q

(d) Set
Y= {E ECX ENXye Zo}, mE = ,u,o(EmXo) for every E € 3.

Then y; is a measure on X (being the image measure ot =1, where ¢ : Xo — X is the identity map), and is
inner regular with respect to . If F' € T, then

pfHF] = po(Xo N fHF]) = vF,

so f is inverse-measure-preserving for py and v. Consequently py is locally finite. B If x € X, there is an
open set H CY such that f(x) € H and vH < oo; now f~![H] is an open subset of X of finite measure
containing z. Q In particular, ui K < oo for every compact K C X (411Ga again).

(e) By 413P, there is an extension of p; to a complete locally determined measure 1 on X which is inner
regular with respect to K, defined on every member of I, and such that whenever E belongs to the domain
Y of u and pE < oo, there is an E; € ¥p such that u(EAFE;) = 0. Now p is locally finite because p; is,
so u is a Radon measure; and f is inverse-measure-preserving for u and v because it is inverse-measure-
preserving for pu; and v.
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(f) The image measure uf~! extends v, so is locally finite, and is therefore a Radon measure (418I);
since it agrees with v on the compact subsets of Y, it must be identical with v.

(g) T have still to check that the corresponding measure-preserving homomorphism 7 from the measure
algebra B of v to the measure algebra 2 of u is actually an isomorphism, that is, is surjective. If a €
and fia < oo, we can find F € ¥ such that E* = a and E; € ¥; such that u(EAE;) = 0. Now E; N Xy =
f7YF])N X, for some F € T; but in this case

WELAFTHE]) = pu(BxAfTHF]) =0, a= By = (f7[F])* = nF".

Accordingly 7[B] includes {a : fia < oo}, and is order-dense in 2. But as 7 is injective and B is
Dedekind complete (being the measure algebra of a Radon measure, which is strictly localizable), it follows
that 7[B] = A (314Ia). Thus 7 is an isomorphism, as required.

Remarks Of course this result is most commonly applied when X and Y are both compact and f is a
surjection, in which case the condition
(*) whenever F' € T and vF > 0 there is a compact set K C X such that v(F N f[K]) >0
is trivially satisfied.
Evidently (*) is necessary if there is to be any Radon measure on X for which f is inverse-measure-
preserving, so in this sense the result is best possible. In 433D, however, there is a version of the theorem
in which f is not required to be continuous.

418M Prokhorov’s theorem Suppose that (I, <), ((X;, %, Zs, 1i))ier, (fij)i<jer, (X, T) and (g:)ier
are such that
(a) (I,<) is a non-empty upwards-directed partially ordered set,
(B) every (X;,%;, X, ui) is a Radon probability space,
(v) fij + X; — X, is an inverse-measure-preserving function whenever ¢ < j in I,
(6) (X,%) is a Hausdorff space,
(e) gi : X — X, is a continuous function for every i € I,
(¢) 9; = fijg; whenever i < jin I.
(n) for every € > 0 there is a compact set K C X such that u;g;[K] > 1 — € for every i € I.

Then there is a Radon probability measure p on X such that every g; is inverse-measure-preserving for pu.
If moreover

(6) the family (g;);cs separates the points of X,
then g is uniquely defined.
proof (a) Set
T={g '[E]:icl, EcX%;} CPX.
Then T is a subalgebra of PX. P (i) There is an i € I, so () = g; '[#] belongs to T. (ii) If H € T there are
i€, Ec€¥;suchthat H = g; '[E]; now X \ H = g; '[X; \ E] belongs to T. (iii) If G, H € T, there are i,
je€rland E €X;, F €% such that G = g;l[E] and H = g;l[F]. Now I is upwards-directed, so there is

a k € I such that i <k and j < k. Because f;; and fj; are inverse-measure-preserving, f;cl[E} and fﬁcl [F]
belong to ¥, so that

GNH =g [E]Ng; ' [F] = (fiwge) " [E] N (Firgn) " [F]
=g¢ [ [EINfF €T Q
(b) There is an additive functional v : T — [0, 1] defined by writing vg; '[E] = y1; E whenever i € I and
E ey,

P (i) Suppose that i, j € [ and E € ¥;, F € ¥, are such that g; '[E] = gj_l[F]. Let k € I be such that
i <k and j <k. Then

i FR EIAL F) = g7 B Agy H F] = 0,
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so gx[X] N (fizl[E]Afﬁgl [F]) = 0. But now remember that for every € > 0 there is a set K C X such that
kg K] > 1 — e. This means that pggr[X] must be 1, so that fizl[E]Afﬁcl [F] must be negligible, and

B = i f [E] = e f 3 [F) = py F
Thus the proposed formula for v defines a function on T.

(ii) Now suppose that G, H € T are disjoint. Again, take ¢, j € [ and E € %;, F' € %, such that
G =g;'[E] and H = gj_l[F], and k € I such that i <k and j < k. Then

VG +vH = B + ;i F = py, f [E] + i [ [F]
= i (fi [B1U ft [FD) + i (f [B] 0 £ [F))
= vgp [F IBIU 3 )+ vg U (B0 3 F]]
=v(GUH)+v(GNH).

But as v is certainly 0, we get v(GU H) = vG +vH. As G, H are arbitrary, v is additive. Q
Note that vX = 1.

(¢) vG=sup{vH : H €T, HCG, H is closed} for every G € T. P If v < vG, there are an i €
and an E € ¥; such that G = g;l[E]. In this case p; E = vG > 7; let L C E be a compact set such that
wiL > ; then H = g;'[L] is a closed subset of G and vH = u;L > v. Q

vX = SUPgcx is compact INfGeT,Gor VG. P If € > 0, there is a compact K C X such that p1;g;[K] > 1—¢
for every ¢ € I, by the final hypothesis of this theorem. If G € T and G O K, there are an ¢ € I and an
E € %; such that G = g; '[E], in which case g;[K] C E, so that

vG = B > nigi[K] > 1—e.

Thus infger.cox VG > 1 — €; as € is arbitrary, we have the result. Q
This means that the conditions of 4160 are satisfied, and there is a Radon measure p on X extending v.
Of course this means that every g; is inverse-measure-preserving.

(d) Now suppose that (g;)ics separates the points of X. Then whenever K, L C X are disjoint there is
an i € I such that g;[K]Ng;[L] =0. P Set V; = {(z,y) :x € K, y € L, gi(z) = gi(y)} for i € I. Because g;
is continuous and ¥; is Hausdorff, V; is closed. If ¢ < j in I, then g; = f;;9; so V; C V;; accordingly (Vi)ier
is downwards-directed. Because (g;);cr separates the points of X, (,c; Vi is empty. As K x L is compact,
there is an ¢ € T such that V; = (), that is, ¢;[K] and g;[L] are disjoint. Q

Let v be any Radon probability measure on X such that g; is inverse-measure-preserving for v and u;
for every i € I. Let K C X be compact. ? If uK < vK then there is a compact L C X \ K such that
uL +vK > 1. Let i € I be such that g;[K] N g;[L] = 0; then

1< pL +vK < pg; gl L] + vg; ' gil K] = pigil L] + pigi[K] <1,
K

which is impossible. X So vK < pK. Similarly, uK < vK. By 416Eb, u = v. Thus p is uniquely

determined.

418N Remarks (a) Taking I to be a singleton, we get a version of 418L in which Y is a probability
space, and omitting the check that the function ¢g induces an isomorphism of the measure algebras. Taking
I to be the family of finite subsets of a set T', and every X; to be a product [],.; Z; of Radon probability
spaces with its product Radon measure, we obtain a method of constructing products of arbitrary families
of compact probability spaces from finite products.

(b) In the hypotheses of 418M, I asked only that the f;; should be measurable, and omitted any check
on the compositions f;;f;r when i < j < k. But it is easy to see that every f;; must in fact be almost
continuous, and that f;; f;x must be equal almost everywhere to f;; (418Xw), just as in 418P below.

(c) In the theorem as written out above, the space X and the functions g; : X — X; are part of the data.
Of course in many applications we start with a structure

(X, Ta, X4, pa) Yier, (fig)i<jer),
and the first step is to find suitable X and g;, as in 4180 and 418P.
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(d) There are important questions concerning possible relaxations of the hypotheses in 418M, especially in
the special case already mentioned, in which X; = [],.; Z;, fij(x) = x[i when i C j € [T]<¥, X = [[,cr Zt,
and g;(x) = x]i for x € X and i € I, but there is no suggestion that the p; are product measures. For a
case in which we can dispense with any mention of auxiliary topologies on the X;, see 454G.

(e) A typical class of applications of Prokhorov’s theorem is in the theory of stochastic processes, in which
we have large families (X¢)ier of random variables; for definiteness, imagine that T = [0, 00|, so that we
are looking at a system evolving over time. Not infrequently our intuition leads us to a clear description of
the joint distributions v; of finite subfamilies (X;):c; without providing any suggestion of a measure space
on which the whole family (X;)¢er might be defined. (As I tried to explain in the introduction to Chapter
27, probability spaces themselves are often very shadowy things in true probability theory.) Each v; can be
thought of as a Radon measure on R”, and for I C J € [T]<“ we have a natural map f7; : R/ — R  setting
fri(y) = yII for y € RY. If our distributions v; mean anything at all, every fr; will surely be inverse-
measure-preserving; this is simply saying that vy is the joint distribution of a subfamily of (X;)cs. If we
can find a Hausdorff space Q and a continuous function g : © — R7 such that, for every finite J C T and
€ > 0, there is a compact set K C € such that v;g,[K] > 1 — € (where g;(z) = g(x)[J), then Prokhorov’s
theorem will give us a measure p on  which will then provide us with a suitable realization of (X;);er as
a family of random variables on a genuine probability space, writing X;(w) = g(w)(t). That they become
continuous functions on a Radon measure space is a valuable shield against irrelevant complications.

Clearly, if this can be done at all it can be done with Q = R”’; but some of the central results of probability
theory are specifically concerned with the possibility of using other sets  (e.g., Q a set of callal functions,
as in 455H, or continuous functions, as in 477B).

(f) In (e) above, we do always have the option of regarding each v; as a measure on the compact space
[—00,00]”. In this case, by 4180 below or otherwise, we can be sure of finding a measure on [—o0, co]”
to support functions X3, at the cost of either allowing the values oo or (as I should myself ordinarily do)
accepting that each X; would be undefined on a negligible set. The advantage of this is just that it gives us
confidence in applying the Kolmogorov-Lebesgue theory to the whole family (X;);c7 at once, rather than
to finite or countable subfamilies. For an example of what can happen if we try to do similar things with
non-compact measures, see 419K. For an example of the problems which can arise with uncountable families,
see 418Xx.

4180 I mention two cases in which we can be sure that the projective limit (X, (g;)icr) required in
Prokhorov’s theorem will exist.
Proposition Suppose that (I, <), (X, T;, i, it:))icr and (fi;)i<jer are such that
(I, <) is a non-empty upwards-directed partially ordered set,
every (X;,%;, X, u;) is a compact Radon measure space,
fij + X; = X, is a continuous inverse-measure-preserving function whenever ¢ < j in I,
fijfix = fir whenever ¢ < j <k in .
Then there are a compact Hausdorff space X and a family (g;);cr such that I, (X;)ier, (fij)i<jer, X and
(g:)icr satisfy all the hypotheses («)-(0) of 418M.

proof For each i, let F; be the support of p;; because X; is compact, so is F;. If i < j, then F; = f;;[F;] =
fi;1Fj], by 411Ne. Set

X ={x:xc]],c; Fi, fijz(j) = z(i) whenever i < j € I},

gi(x) =xz(i) forx € X, i€ I.

Of course g; = fijg; whenever ¢ < j. Also g;[X] D F; for every i € I. I Take any y € F;. For each finite
set J C I,

Hy=A{x:xz €[], Fj, x(i) =y, firw(k) = x(j) whenever j <k e J}
is a closed set. H; is always non-empty, because if k is an upper bound of J U {i} there is a z € F}, such

that fix(2) = y, in which case x € H; whenever x € X and z(j) = fjx(2) for every j € JU {i}. Now
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{Hy : J € [I]<*} is a downwards-directed family of non-empty closed sets in the compact space [[;; I},
so has non-empty intersection, and if = is any point of the intersection then x € X and g;(z) =y. Q

Accordingly u;g;[X] = p;X; for every i; as X itself is compact, 418M(n) is satisfied. Finally, because
X C[l;er Xis (94)ier separates the points of X.

418P Proposition Let (I, <), ((X;, %, X4, pi))ier and (fij)i<;jer be such that
(I,<) is a countable non-empty upwards-directed partially ordered set,
every (X;,%;,%;, ;) is a Radon probability space,
fij + X; = X; is an inverse-measure-preserving almost continuous function whenever ¢ < j in
I,
fijfix = fir pr-a.e. whenever 1 < j <k in I.
Then there are a Radon probability space (X, %, Y, 1) and continuous inverse-measure-preserving functions
gi + X = X;, separating the points of X, such that g; = fijg; whenever ¢ < j in I.
proof (a) We can use nearly the same formula as in 4180:

X ={z:2c[];c; Xi, fijz(j) = (i) whenever i < j € I},

gi(x) =x(i) forx e X,ie I

As before, the consistency relation g; = f;;g; is a trivial consequence of the definition of X. For the rest, we
have to check that 418M(n) is satisfied. Fix e € ]0,1[. Start by taking a family (e;;);<;jer of strictly positive
numbers such that Zigjel €ij < %e. (This is where we need to know that I is countable.) Set ¢; = Zigj €ij
for each j, so that >, e; <
Fori: <75 <kin I, set

1
Eijr ={z 2 € Xy, fu(x) = fij fir(2)},
so that Ejjj is pi-conegligible; set Ej, = ﬂigjgk Eijk, so that Ej, is p-conegligible. For ¢ < j € I, choose
compact sets K;; C E; such that u; K;; > 1 — €;; and f;;[K;; is continuous. Now we seem to need a
three-stage construction, as follows:
fOI‘j S I, set Kj = migj Klj,
for j € I, set K7 = K; NN, fi;' [Kil;
finally, set K = X N][;c; K.
Let us trace the properties of these sets stage by stage.
(b) For each j € I, K; C K;; C Ej is compact and
i (X5 \ K) < 30 15 (X5 \ Kij) < 300 €65 = €55
so that p;K; > 1 —¢;. Note that f;; agrees with f;; f;r on Kj whenever + < j < k, and that f;;[K; is

continuous whenever i < j.

(c) Every K7 is compact, and if ¢ < j < k then f;, agrees with f;; fjx on Ky, while f;;[ K7 is always
continuous. Also

i (XN K < g (XG\EKG) + > i (X5 \ £51KL)

1<j
<€+ E € < e,
1<g

so u; K7 >1—¢, for every j € I.

The point of moving from K to K is that f;jx[K}] C K} whenever j < kin I. P K} C fﬁcl[Kj], SO
Kj = K 0 1G] = K50 f 5 K]

?,

because f;;fjr agrees with fir on K;. So fjr[K}] C f;l[KZ] As i is arbitrary, f;x[K};] C K;. Q
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Again because f;, agrees with f;; f;r on K}, we have fir,[K}] = fi;[fix[K}]] C fij [KJ*] whenever ¢ < j < k.
And because f;;[ K7 is always continuous, all the sets f;; [K ]*] are compact.
(d)(i) K is compact. P
K ={x:2€[];c; K}, fijx(j) = (i) whenever i < j € I}
is closed in [[,.; K because Jij 1 K is always continuous (and every X; is Hausdorff). Since [],.; K is
compact, so is K. Q
(if) pigi[K] > 1—eforevery i € I. P By (c), fix[K}] C fi;[IK;] wheneveri < j < k. So {fi;[K}]:j > i}
is a downwards-directed family of compact sets; write L for their intersection. Since
pifis K5 = pifiy Uil > K > 1 — €
for every j >4, u;L > 1 — € (414C). If z € L, then for every k > i the set
Fy={x:2 €]];c; K}, (i) = 2, fjrx(k) = z(j) whenever j < k}

is a closed set in Hjel K7, while Fy, C Fj when j < k. Also F}; is non-empty, because there is a ¢ € K such
that fix(t) = z, and now if we take any x € [[;; K7 such that x(j) = f;x(t) for every j < k, we shall have
x € Fy. So {Fy : k > i} is a downwards-directed family of non-empty closed sets in a compact space, and
has non-empty intersection. But if € (-, F, then € K and z(i) = 2, so z € g;[K]. Thus ¢;[K] D L

and p1;g;[K] > 1~ Q
(e) As e is arbitrary, 418M(n) is satisfied. But now 418M gives the result.

418Q Corollary Let ((X,,, %y, X0, tin))nen be a sequence of Radon probability spaces, and suppose we
are given an inverse-measure-preserving almost continuous function f, : X,,+1 — X,, for each n. Set

X ={z:2c]],cnyXn, fu(z(n+1)) = z(n) for every n € N}.

Then there is a unique Radon probability measure p on X such that all the coordinate maps z — z(n) :
X — X, are inverse-measure-preserving.

proof For ¢ < j €N, define f;; : X; — X; by writing

fii(x) = x for every x € X,
fi,j-i-l = fijfj for every j > 1.

It is easy to check that f;; fjr = fir whenever ¢ < j < k, and that every f;; is inverse-measure-preserving and
almost continuous (using 418Dc). So we are exactly in the situation of 418P, and we know that there is a
Radon probability measure on X for which every g; is inverse-measure-preserving; moreover, the coordinate
functionals g; separate the points of X, so u is unique, by the last remark in 418 M.

418R I turn now to a special kind of measurable function, corresponding to a new view of product
spaces.

Theorem Let X be a set, ¥ a o-algebra of subsets of X, and (Y, T,v) a o-finite measure space. Give L°(v)
the topology of convergence in measure (§245). Write LOE®T for the space of Y®T-measurable real-valued
functions on X x Y, where X®T is the o-algebra of subsets of X x Y generated by {ExF:E€eXx, FeT}
Then for a function f: X — L°(v) the following are equiveridical:

(i) f[X] is separable and f is measurable;

(ii) there is an h € L%@T such that f(x) = hy, for every x € X, where h,(y) = h(z,y) forz € X, y €Y.

proof Let (Y;,),en be a non-decreasing sequence of subsets of Y of finite measure covering Y.

(a)(i)=>(ii) For each n € N, let p, be the continuous pseudometric on L%(v) defined by saying that
on(g3,93) = fYn min(1, g1 — g2|)dv for g1, go € L%, writing £3 for the space of T-measurable real-valued
functions on Y. Then {p,, : n € N} defines the topology of L°(v) (see the proof of 245Eb). Because f[X] is
separable, there is a sequence (vy)ren in LY(v) such that f[X] C {vy : k € N}. For each k, choose gi € L.
such that g; = v. For n, k € N set
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Enk - {ZL’ 1T e X7 pn(f(x)7vk) < 27n}’

Hyp = Eng \ Ui<lc Eni.
Then every E,; belongs to ¥ (because f is measurable) and | J; cyy Enk = X (because {vy : k € N} is dense);
0 (Hpp)ren is a partition of X into measurable sets. Set h(™(z,y) = gi(y) whenever k € N, z € H,,;, and
y € Y; then h(™ ¢ LYo
Fix x € X for the moment. Then for each n € N there is a unique k, such that x € H,
pn(f(x),vr,) <27™. So if n < m,

and

n )

/Y min(L, [0 — B(m]) = /Y win(L, ge,.., — gk ]) = pu(oh .o 00)

< Pl Ghirs (@) + pul(f(2), 91,.)
< pmar(gh, o F @) + pm(f(2),97,) < 3-2777

But this means that > °_, [, min(1, IR _plm))) s finite, so that (hS™),,en must be convergent almost

everywhere in Y,,. As this is true for every n, (hg(cm)>meN is convergent a.e. on Y. Moreover,

limvrzﬁoo(hgcm))' = lim;, o0 g[;m = f(x)

in LO(v).

Since this is true for every z,

W = {(z,y) : (b (x,y))men converges in R}
has conegligible vertical sections, while of course W € X®T because every h(™) is L@T-measurable (418C).
If we set h(x,y) = lim,, 0o K™ (z,y) for (x,y) € W, 0 for other (z,y) € X x Y, then h € L%@T’ while (by
245Ca)
hg = iMoo (h™)* = f(2)

in LO(v) for every x € X. So we have a suitable h.

(b)(ii)=(i) Let ® be the set of those h € L%@T such that (i) is satisfied; that is,  — h2 is measurable,
and {h? : x € X} is separable.

(@) @ is closed under addition. P If &, h belong to @, set A = {h2 :x € X}, A={h2 :x € X}. Then

both A an(~1 A are separable metrizable spaces, so A x A is separable and metrizable and z — (he, B;) :
X — A x A is measurable (418Bb). But addition on L°(v) is continuous (245Da), so

x> by +hy = (h+ D),
is measurable (418Ac), and
{(h+h):zeX}C{uti:ucA aecA}
is separable (4A2B(e-iii), 4A2P(a-iv)). Thus h+h € . Q
(B) @ is closed under scalar multiplication, just because u — au : L°(v) — L°(v) is always continuous.

() TIf (R(™), ey is a sequence in ® and h(z,y) = lim, o KM (z,y) for all 2 € X, y € Y, then h € ®.
P Setting A, = {(hé"))' :x € X} for each n, then A = {h}, : x € X} is included in |J, oy An, Which is
separable (4A2B(e-1) again), so A is separable (4A2P(a-iv) again); moreover, hs = limn_)oo(hgcn))' for every
x € X, so x — h} is measurable, by 418Ba. Q

(6) What this means is that if we set W = {W : W € ¥&T, xW € ®}, then W \ W’ € W whenever
W, W'eWand W C W, and |J,,cy W € W whenever (W, ),cn is a non-decreasing sequence in W. Also,
it is easy to see that £ x F' € W whenever F € ¥ and F € T. By the Monotone Class Theorem (136B), W
includes the o-algebra generated by {E x F : E € 3, F € T}, that is, is equal to YRT. It follows at once,
from (a) and (B), that Y1 a;xW; € ® whenever Wy,... ,W,, € S®T and ay,...,a, € R, and hence
(using (7)) that L%@)T C ®, which is what we had to prove.
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418S Corollary Let (X, X, 1) and (Y, T, v) be o-finite measure spaces with c.l.d. product (X x Y, A, A).
Give L°(v) the topology of convergence in measure. Write £°(\) for the space of A-measurable real-valued
functions defined A-a.e. on X X Y as in 241A.

(a) If h € LO(N), set hy(y) = h(z,y) whenever this is defined. Then

{x: f(z) = h2, is defined in LO(v)}

is u-conegligible, and includes a conegligible set X such that f : Xg — L%(v) is measurable and f[Xj] is
separable.

(b) If f: X — L°(v) is measurable and there is a conegligible set Xy C X such that f[X,] is separable,
then there is an h € £°(\) such that f(z) = hg, for almost every x € X.

proof (a) The point is that A is just the completion of its restriction to Y&T (251K). So there is a conegligible
set W € Y®T such that h|W is ®T-measurable (212Fa). Setting ﬁ(m,y) = h(z,y) for (x,y) € W, 0
otherwise, and setting f (x) = iL; for every & € X, we see from 418R that f is measurable and that f [X] is
separable. But 252D tells us that

Xo={z: (X xY)\ W)[{z}] is negligible}

is conegligible; and if 2 € X then hy = h, v-a.e., so that f(z) is defined and equal to f(x) This proves
the result.

(b) We can suppose that Xy € X. Setting fi(z) = f(x) for z € Xy, 0 otherwise, f1 satisfies 418R(i). So
there is some h € LO(X®T) such that f;(z) = ke, for every , in which case f(z) = h2, for almost every z,
and (ii) is true.

418T Corollary (MAULDIN & STONE 81) Let (Y, T,v) be a o-finite measure space, and (B,7) its
measure algebra, with its measure-algebra topology (§323).
(a) Let X be a set, ¥ a o-algebra of subsets of X, and f : X — 9B a function. Then the following are
equiveridical:
(i) f[X] is separable and f is measurable;
(ii) there is a W € L®T such that f(z) = W[{z}]* for every z € X.
(b) Let (X, X, i) be a o-finite measure space and A the domain of the c.l.d. product measure A on X x Y.
(i) Suppose that v is complete. If W € A, then

{z: f(x) = W[{z}]* is defined in B}

is p-conegligible, and includes a conegligible set X such that f : Xy — B is measurable and f[Xy] is
separable.

(ii) If f : X — B is measurable and there is a conegligible set Xy C X such that f[Xo] is separable,
then there is a W € ¥&T such that f(z) = W[{z}]* for almost every = € X.

proof Everything follows directly from 418R and 418S if we observe that 8 is homeomorphically embedded
in L9(v) by the function F'* — (yxF)* for F € T (323Xa, 367Ra). We do need to check, for (i)=>(ii) of part
(a), that if h € L%@)T and hg is always of the form (yF)*, then there is some W € X®T such that
he = (xW[{z}])* for every x; but of course this is true if we just take W = {(z,y) : h(x,y) = 1}. Now (b-ii)
follows from (a) just as 418Sb followed from 418R.

*418U Independent families of measurable functions In §455 we shall have occasion to look at
independent families of random variables taking values in spaces other than R. We can use the same principle
as in §272: a family (X;);c; of random variables is independent if (3;);c; is independent, where ¥; is the
o-subalgebra defined by X; for each i (272D). Of course this depends on agreement about the definition of
¥;. The natural thing to do, in the context of this section, is to follow 272C, as follows. Let (X, X, u) be a
probability space, Y a topological space, and f a Y-valued function defined on a conegligible subset dom f of
X, which is p-virtually measurable, that is, such that f is measurable with respect to the subspace o-algebra
on dom f induced by ¥ = dom i, where [i is the completion of u. (Note that if V' is not second-countable
this may not imply that f]D is Y-measurable for a conegligible subset D of X.) The ‘o-algebra defined by
f’ will be
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{f7YF]: FeBY)}u{(Q\domf)Uf'[F]: FeB(Y)}C3,

where B(Y) is the Borel o-algebra of Y; that is, the o-algebra of subsets of X generated by {f~![G] : G C Y
is open}.

Now, given a family ((f;,Y;))ier where each Y; is a topological space and each f; is a $-measurable
Y;-valued function defined on a conegligible subset of X, I will say that (f;);cs is independent if (3;);c;
is independent (with respect to fi), where 3; is the o-algebra defined by f; for each i.

Corresponding to 272D, we can use the Monotone Class Theorem to show that (f;);cr is independent iff

ﬂ(ﬂjgn fi;l[Gj]) = ngn llfz';l[Gj]

whenever i, ... ,i, € I are distinct and G; CY;; is open for every j < n.

418X Basic exercises >(a) Let (X, X, 1) be a measure space, and (X, i,ﬂ) its completion. (i) Show
that if Y is a second-countable topological space, a function f : X — Y is $-measurable iff there is a
Y-measurable g : X — Y such that f =, ¢. (i) Show that if X is endowed with a topology, and Y is a
topological space, then a function from X to Y is p-almost continuous iff it is fi-almost continuous.

(b) Let (X,X, ) be a measure space, Y a set and h : X — Y a function; give Y the image measure
uh~t. Show that for any function g from Y to a topological space Z, g is measurable iff gh : X — Z is
measurable.

>(c) Let X be a set, X a o-algebra of subsets of X, (Y,,)nen a sequence of topological spaces with product
Y,and f: X — Y a function. Show that f is measurable iff ¥, f : X — [].., Y; is measurable for every
n € N, where ¢, (y) = (y(0),... ,y(n)) fory € Y and n € N.

i<n

(d) Let (X,X, 1) be a semi-finite measure space, (Y, &) a metrizable space, and (f,,)nen & sequence of
measurable functions from X to Y such that (f,(x))nen is convergent for almost every x € X. Show that
w is inner regular with respect to {E : (f,,[ E)nen is uniformly convergent}. (Cf. 412Xa.)

>(e) Set Y = [0, 1][%1, with the product topology. For n € N and z € [0, 1] define f,(x) € Y by saying
that f,,(z)(t) = max(0,1—2"|x—t¢|) for t € [0,1]. Check that (i) each f,, is continuous, therefore measurable;
(ii) f(z) = limy, 00 fn(x) is defined in Y for every = € [0, 1]; (iii) for each ¢ € [0, 1], the coordinate functional
x — f(x)(t) is continuous except at ¢, and in particular is almost continuous and measurable; (iv) f[F is
not continuous for any infinite closed set F' C [0,1], and in particular f is not almost continuous; (v) every
subset of [0,1] is of the form f~1[H] for some open set H C Y; (vi) f is not measurable; (vii) the image
measure pf ~%, where y is Lebesgue measure on [0, 1], is neither a topological measure nor tight.

(f) Let (X,%,%, 1) be a quasi-Radon measure space, Y a topological space, and f : X — Y a function.
Suppose that for every x € X there is an open set G containing x such that f[G is almost continuous with
respect to the subspace measure on G. Show that f is almost continuous.

(g) For i =1, 2 let (X;,%;, %, 1;) and (Y3, S;, T, v;) be quasi-Radon measure spaces, and f; : X; — Y;
an almost continuous inverse-measure-preserving function. Show that (x1,z2) — (fi(x1), f2(z2)) is almost
continuous and inverse-measure-preserving for the product topologies and quasi-Radon product measures.

(h) Let ((X;, %, %, 1i))ier and ((Yi, %, X4, vi))ier be two families of topological spaces with 7-additive
Borel probability measures, and let u1, v be the T-additive product measures on X = [[,c; Xi, Y =[[,c; Y
(417E, 417F). Show that if f; : X; — Y; is almost continuous and inverse-measure-preserving for each 1,
then z — (f;(x(4)))ier : X = Y is inverse-measure-preserving, but need not be almost continuous.

(i) Let (X,%,%, 1) and (Y, 6,T,v) be quasi-Radon measure spaces, (Z,$1) a topological space and f :
X XY — Z a function which is almost continuous with respect to the quasi-Radon product measure on
X x Y. Suppose that v is o-finite. Show that y — f(x,y) is almost continuous for almost every z € X.

(J) Let (X,%,%, 1) be an effectively locally finite T-additive topological measure space, ¥ a topological
space and f : X — Y an almost continuous function. (i) Show that the image measure pf~! is 7-additive.
(ii) Show that if u is a totally finite quasi-Radon measure and the topology on Y is regular, then uf~1! is
quasi-Radon.
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(k) Let (X,%,%, 1) be a topological measure space and U a linear topological space. Show that if
f:X = Uand g: X — U are almost continuous, then f + g : X — U is almost continuous.

(D) Let (X,%,%, 1) and (Y,6,T,v) be topological measure spaces, and (Z, 1) a topological space; let
f X — Y be almost continuous and inverse-measure-preserving, and g : ¥ — Z almost continuous. Show
that if either v is strictly localizable or u is a Radon measure and v is locally finite or p is 7-additive and
effectively locally finite and v is effectively locally finite, then gf : X — Z is almost continuous. (Hint:
show that if uF > 0 there is a set F' such that vF < oo and u(E N f~1[F]) > 0.)

(m) Let p be Lebesgue measure on R”, where r > 1, X a Hausdorff space and f : R" — X an almost
continuous function. Show that for almost every x € R” there is a measurable set £ C R" such that z is a
density point of £ and limyeg y—z f(y) = f(2).

(n) Let (X, X, 1) be a complete locally determined measure space, ¢ : ¥ — ¥ a lower density such that
¢X = X, and T the associated density topology on X (414P). Let f : X — R be a function. Show that the
following are equiveridical: (i) f is measurable; (i) f is almost continuous; (iii) f is continuous at almost
every point; (iv) there is a conegligible set H C X such that f|H is continuous. (Cf. 414XXk.)

(o) Let (X, %, ) be a complete locally determined measure space, ¢ : ¥ — ¥ a lifting, and & the lifting
topology on X (414Q). Let f : X — R be a function. Show that the following are equiveridical: (i) f is
measurable; (ii) f is almost continuous; (iii) there is a conegligible set H C X such that f[H is continuous.
(Cf. 414Xr.)

(p) Let (X,%,%, u) be a quasi-Radon measure space, (Y, S) a regular topological space and f: X — Y
an almost continuous function. Show that there is a quasi-Radon measure v on Y such that f is inverse-
measure-preserving for p and v iff (J{f~1[H]: H C Y is open, uf ![H] < oo} is conegligible in X.

(q) Let (X, %, %, 1) be a Radon measure space, (Y, &) and (Z,4) Hausdorff spaces, f : X — Y an almost
continuous function such that v = pf~"! is locally finite, and g : Y — Z a function. Show that g is almost
continuous with respect to v iff gf is almost continuous with respect to u.

(r) Let (X,%,%, 1) and (Y,6,T,v) be topological probability spaces, and f : X — Y a measurable
function such that pf~'[H] > vH for every H € &. Show that (i) [gfdu = [gdv for every g € Cy(Y)
(ii) uf~1[F] = vF for every Baire set F C Y (iii) if u is a Radon measure and f is almost continuous, then
wuf~L[F] = vF for every Borel set F' C Y, so that if in addition v is complete and inner regular with respect
to the Borel sets then it is a Radon measure.

(s) Let (X,%,%, 1) be a o-finite topological measure space in which the topology ¥ is normal and pu is
outer regular with respect to the open sets. Show that if f : X — R is a measurable function and € > 0
there is a continuous g : X — R such that pu{z : g(x) # f(x)} <e. (Hint: 4A2Fd.)

(t) Let X and Y be Hausdorff spaces, v a totally finite Radon measure on Y, and f : X — Y an injective
continuous function. Show that the following are equiveridical: (i) there is a Radon measure p on X such
that f is inverse-measure-preserving; (i) f[X] is conegligible and f~!: f[X] — X is almost continuous.

(u) Let (X,%,%, 1) and (Y, 6, T,v) be Radon measure spaces and f : X — Y an almost continuous
inverse-measure-preserving function. Show that (i) u.A < v, f[A] for every A C X (ii) v is precisely the
image measure pf 1.

(v) Let X be a compact Hausdorff space. Show that there is an atomless Radon probability measure on
X iff X is not scattered. (Hint: 4A2Gj.)

(w) In 418M, show that all the f;; must be almost continuous. Show that if ¢ < j < k then f;; fir = fir
almost everywhere in Xj.

>(x) Let Z be the family of finite subsets of [0, 1], and for each I € T let (X1, %, 3y, 1) be [0,1)\ T
with its subspace topology and measure induced by Lebesgue measure. For I C J € Z and y € X set
fr7(y) = y. Show that these Xy, fr; satisfy nearly all the hypotheses of 4180, but that there are no X, gy
which satisfy the hypotheses of 418M.
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(y) Let T be any set, and X the set of total orders on T'. (i) Regarding each member of X as a subset of
T x T, show that X is a closed subset of P(T' x T'). (ii) Show that there is a unique Radon measure p on X

such that Pr(t; <ts < ... <t,) :% for all distinct t1,... ,t, € T. (Hint: for I € [T]<%, let X1 be the set

of total orders on I with the uniform probability measure giving the same measure to each singleton; show
that the natural map from X; to X is inverse-measure-preserving whenever J C I.)

(z) In 418Sh, suppose that f; : X — L%(v) and fo : X — L°(v) correspond to hy, he € £L°()\). Show that
f1(@) < fo(x) prae.(x) iff hy < hy A-a.e. Hence show that (if we assign appropriate algebraic operations to
the space of functions from X to L°(v)) we have an f-algebra isomorphism between L°()\) and the space of
equivalence classes of measurable functions from X to L°(v) with separable ranges.

418Y Further exercises (a) Let X be a set, & a o-algebra of subsets of X, Y a topological space and
f:X =Y afunction. Set T={F:F CY, f~'[F] € £}. Suppose that Y is hereditarily Lindelf and its
topology is generated by some subset of T. Show that f is measurable.

(b) Let (X, X, 1) be a measure space, Y and Z topological spaces and f : X =Y, g: X — Z measurable
functions. Show that if Z has a countable network consisting of Borel sets (e.g., Z is second-countable, or
Z is regular and has a countable network), then z — (f(z),g(z)) : X = Y X Z is measurable.

(c) Let X be a set, ¥ a o-algebra of subsets of X, and (Y;);c; a countable family of topological spaces
with product Y. Suppose that every Y; has a countable network, and that f : X — Y is a function such
that 7; f is measurable for every i € I, writing m;(y) = y(i). Show that f is measurable.

(d) Let (X,%,u) be a o-finite measure space and T a topology on X such that u is effectively locally
finite and 7-additive. Let Y be a topological space and f : X — Y an almost continuous function. Show
that there is a conegligible subset X, of X such that f[X] is ccc.

(e) Show that if p is Lebesgue measure on R, T is the usual topology on R and & is the right-facing
Sorgenfrey topology (415Xc), then the identity map from (R, ¥, i) to (R, &) is measurable, but not almost
continuous, and the image measure is not a Radon measure.

(f) Let (X, X, 1) be a semi-finite measure space and ¥ a topology on X such that p is inner regular with
respect to the closed sets. Suppose that Y is a topological space with a countable network consisting of
Borel sets, and that f : X — Y is measurable. Show that f is almost continuous.

(g) Find a topological probability space (X, ¥, %, i) in which p is inner regular with respect to the closed
sets, a topological space Y with a countable network and a measurable function f : X — Y which is not
almost continuous.

(h) Let (X, %, 1) be a semi-finite measure space and ¥ a topology on X such that u is inner regular with
respect to the closed sets. Let A C L*(u) be a norm-compact set. Show that there is a set B of bounded
real-valued measurable functions on X such that (i) A = {f*: f € B} (ii) B is norm-compact in £°°(X)
(iii) p is inner regular with respect to {E : f|E is continuous for every f € B}.

(i) Let u be Lebesgue measure on [0,1]. For ¢ € [0, 1] set u; = x[0,¢]* € L°(n). Show that A = {u; : t €
[0,1]} is norm-compact in LP(u) for every p € [1,00[ and also compact for the topology of convergence in
measure on L°(pu). Show that if B is a set of measurable functions such that A = {f* : f € B} then pu is
not inner regular with respect to {E : f E is continuous for every f € B}.

(j) Let p be Lebesgue measure on [0,1], and A C [0,1] a set with inner measure 0 and outer measure
1; let ¥ be the usual topology on [0,1]. Let Z be the family of sets I C A such that every point of A has
a neighbourhood containing at most one point of I. Show that & = {G\I: G € T, I € T} is a topology
on [0,1] with a countable network. Show that the identity map from [0, 1] to itself, regarded as a map from
([0,1], %, p) to ([0,1], &), is measurable but not almost continuous.
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(k) Let (X,X,u) be a semi-finite measure space and T a topology on X such that p is inner regular
with respect to the closed sets. Suppose that Y and Z are separable metrizable spaces, f: X XY — Z is
a function such that = — f(z,y) is measurable for every y € Y, and y — f(x,y) is continuous for every
x € X. Show that u is inner regular with respect to {F : F C X, f|F x Y is continuous}.

(1) Suppose that (I,<), ((Xi, %, %4, pi))ier and (fij)i<jer are such that (o) (I,<) is a non-empty
upwards-directed partially ordered set (8) every (X;,%;,X;, i) is a completely regular Hausdorff quasi-
Radon probability space (y) fi; : X; — X; is a continuous inverse-measure-preserving function whenever
i <jin I (0) fijfix = fir whenever i < j < k in I. Let X] be the support of p; for each ¢; show that
fij[X}] is a dense subset of X whenever i < j. Let Z; be the Stone-Cech compactification of X/ and let
f,;j : Zj — Z; be the continuous extension of f;;[X j’ for ¢ < 7; let fi; be the Radon probability measure on

Z; corresponding to ;[ PX/ (416V). Show that Z;, f;; satisfy the conditions of 4180, so that we have a
projective limit Z, (g;)icr, p as in 418 M.

(m) Let X be a set, & a o-algebra of subsets of X and (Y, T,v) a o-finite measure space with countable
Maharam type. (i) Let f : X — L'(v) be a function such that = — [, f(z)dv is S-measurable for every
F € T. Show that f is ¥-measurable for the norm topology on L!(v). (ii) Let g : X x Y — R be a function
such that [ g(z,y)v(dy) is defined for every z € X, and x ng(a:,y)V(dy) is Y-measurable for every
F € T. Show that there is an h € L%@)T such that, for every z € X, g(z,y) = h(z,y) for v-almost every y.

(n) Use 418M and 4180 to prove 328H.

(o) Let X be a set, ¥ a o-algebra of subsets of X, (Y, T,v) a o-finite measure space and W € ¥®T. Show
that there is a V C W such that V € ®T, W[{z}]\ V[{z}] is negligible for every z € X, and (), .; V[{z}]
is either empty or non-negligible for every non-empty finite I C X. (Hint: 341Xb.)

(p) Let X be a compact Hausdorff space, Y a Hausdorff space, v a Radon probability measure on Y and
R C X xY a closed set such that #*R[X] = 1. Show that there is a Radon probability measure p on X
such that uR~![F] > vF for every closed set FF C Y.

418 Notes and comments The message of this section is that measurable functions are dangerous, but
that almost continuous functions behave themselves. There are two fundamental problems with measurable
functions: a function z — (f(z), g(z)) may not be measurable when the components f and g are measurable
(419Xg), and an image measure under a measurable function can lose tightness, even when both domain
and codomain are Radon measure spaces and the function is inverse-measure-preserving (419Xh). (This is
the ‘image measure catastrophe’ mentioned in 235H and the notes to §343.) Consequently, as long as we
are dealing with measurable functions, we often have to impose strong conditions on the range spaces —
commonly, we have to restrict ourselves to separable metrizable spaces (418B, 418C), or something similar,
which indeed often means that a measurable function is actually almost continuous (4187, 433E). Indeed, for
functions taking values in metrizable spaces, ‘almost continuous’ is very close to ‘measurable with essentially
separable range’ (418G, 418J). The condition ‘separable and metrizable’ is a little stronger than is strictly
necessary (418Yb, 418Yc, 418Yf), but covers the principal applications other than 433E. If we keep the
‘metrizable’ we can very substantially relax the ‘separable’ (438E, 438F), and it is in fact the case that
a measurable function from a Radon measure space to any metrizable space is almost continuous (451T).
These extensions apply equally to the results in 418R-418T (438Xi-438Xj, 451Xp). But both take us deeper
into set theory than seems appropriate at the moment.

For almost continuous functions, the two problems mentioned above do not arise (418Dd, 4181, 418Xu).
Indeed we rather expect almost continuous functions to behave as if they were continuous. But we still
have to be careful. The limit of a sequence of almost continuous functions need not be almost continuous
(418Xe), unless the codomain is metrizable (418F); and if we have a function f from a topological measure
space to an uncountable product of topological spaces, it can happen that every coordinate of f is an almost
continuous function while f is not (418Xe again). But for many purposes, intuitions gained from the study
of measurable functions between Euclidean spaces can be transferred to general almost continuous functions.
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Theorems 418L and 418M are of a quite different kind, but seem to belong here as well as anywhere.
Even in the simplest application of 418L (when Y = [0, 1] with Lebesgue measure, and X C [0,1]? is a closed
set meeting every vertical line) it is not immediately obvious that there will be a measure with the right
projection onto the horizontal axis, though there are at least two proofs which are easier than the general
case treated in 4130-413P-418L.

As T explain in 418N, the really interesting question concerning 418M is when, given the projective system
(X5, %5, 24, i) Yier, (fij)i<jer, we can expect to find X and (g;);ecr satisfying the rest of the hypotheses,
and once past the elementary results 4180-418Q this can be hard to determine. I describe a method in
418Y1 which can sometimes be used, but (like the trick in 418Nf) it is too easy and too abstract to be often
illuminating. See 454G below for something rather deeper.

The results of 418R-418T stand somewhat aside from anything else considered in this chapter, but they
form part of an important technique. A special case has already been mentioned in 253Yg. I do not discuss
vector-valued measurable functions in this book, except incidentally, but 418R is one of the fundamental
results on their representation; it means, for instance, that if V is any of the Banach function spaces of
Chapter 36 we can expect to represent Bochner integrable V-valued functions (253Yf) in terms of functions
on product spaces, because V will be continuously embedded in an L° space (3670). The measure-algebra
version in 418T will be useful in Volume 5 when establishing relationships between properties of measure
spaces and corresponding properties of measure algebras.

Version of 2.12.05

419 Examples

In §216, I went much of the way to describing examples of spaces with all the possible combinations
of the properties considered in Chapter 21. When we come to topological measure spaces, the number of
properties involved makes it unreasonable to seek any such comprehensive list. I therefore content myself
with seven examples to indicate some of the boundaries of the theory developed here.

The first example (419A) is supposed to show that the hypothesis ‘effectively locally finite’ which appears
in so many of the theorems of this chapter cannot as a rule be replaced by ‘locally finite’. The next two
(419C-419D) address technical questions concerning the definition of ‘Radon measure’, and show how small
variations in the definition can lead to very different kinds of measure space. The fourth example (419E)
shows that the 7-additive product measures of §417 are indeed new constructions. 419J is there to show that
extension theorems of the types proved in §415 and §417 cannot be taken for granted. The classic example
419K exhibits one of the obstacles to generalizations of Prokhorov’s theorem (418M, 418Q). Finally, I return
to the split interval (419L) to describe its standard topology and its relation to the measure introduced in
343J.

419A Example There is a locally compact Hausdorff space X with a complete, o-finite, locally finite,
T-additive topological measure p, inner regular with respect to the closed sets, which has a closed subset Y,
of measure 1, such that the subspace measure puy on Y is not m-additive. In particular, u is not effectively
locally finite.

proof (a) Let @ be a countably infinite set, not containing any ordinal. Fix an enumeration (g, )nen of @,
and for A C ) set vA = Z{n%_l :qn € A}. Let T be the ideal {A: A C Q, vA < co}. For any sets I, J,
say that I C* J if I'\ J is finite; then C* is a reflexive transitive relation.

Let x be the smallest cardinal of any family X C Z for which there is no I € Z such that K C* I for
every K € K. Then & is uncountable. I (i) Of course & is infinite. (ii) If (I,,)nen is any sequence in Z, then
for each n € N we can find a finite I;, C I,, such that v(I,, \ I},) < 27"; setting I = U, cy In \ I,,, We have
vl <2 < oo, while I, C* I for every n. Thus k > w. Q

(b) There is a family (I¢)¢<, in Z such that (i) I,, C* I whenever n < & < & (ii) there is no I € Z such
that I C* I for every { < k. P Take a family (K¢)e<y in Z such that there is no I € Z such that K, C* I
for every £ < k. Choose (I¢)e<, in Z inductively in such a way that

(©) 2002 D. H. Fremlin
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Ke C* I, I, CF I for every n < €.

(This can be done because {K¢} U {1, : n < &} will always be a subset of Z with cardinal less than «.) If
now Ig C* I for every { < k, then K¢ C* I for every £ < k,s0 [ ¢ Z. Q

Hence, or otherwise, we see that x is regular. P If A C k and #(A) < k, then there is an I € Z such
that Io C* I for every ¢ € A; now there must be a £ < x such that I €* I, in which case { < ¢ for every
¢ € A, and A is not cofinal with k. Q

(c) Set X = Q U k. (This is where it is helpful to have arranged at the start that no ordinal belongs to
Q, so that Q@ Nk = ().) Let T be the family of sets G C X such that
G Nk is open for the order topology of k&,
for every £ € GNk\ {0} there is an n < £ such that I \ I,, C* G,
if 0 € G then Iy C* G.

(i) This is a Hausdorff topology on X. P () It is easy to check that X € ¥, ) € T and G € ¥ for
every G C T. (8) Suppose that G, H € T. Then (GNH) Nk = (GNk)N(HNk) is open for the order
topology of k. If £ € GN H Nk \ {0} there are 1, { < & such that I \ I, C* G and I¢ \ I, C* H, and now

a=max(n,¢) <& I,Ul C*I,,
SO
Ie\ 1o ©F (Ie\ ;) N (I \ Ic) € GN H.
Finally, if 0 € GN H then Iy C* GNH. So GNH € T. Thus ¥ is a topology on X. (v) For any £ < &,

the set B¢ = (£ + 1) U I¢ is open-and-closed for ¥; for any ¢ € @, {q} is open-and-closed. Since these sets
separate the points of X, ¥ is Hausdorff. Q

(ii) The sets E¢ of the last paragraph are all compact for T. I Let F be an ultrafilter on X containing
E¢. (a) If a finite set K belongs to F, then F must contain {x} for some 2 € K, and converges to z. So
suppose henceforth that F contains no finite set. (8) If Ey € F, then for any open set G containing 0, Ey\ G
is finite, so does not belong to F, and G € F; as G is arbitrary, F — 0. (y) If Ey ¢ F, let n < £ be the least
ordinal such that E, € F. If G is an open set containing n, there are ¢/, ¢ < n such that I,, \ Io» C* G and
1¢”,n] € G; so that E, \ E; C* G, where ¢ = max(¢’, (") <n. Now E, € F, E. ¢ F and (E,\ E¢)\G ¢ F,
so that G € F. As G is arbitrary, F — 7. (§) As F is arbitrary, E¢ is compact. Q

(iii) It follows that ¥ is locally compact. I For ¢ € @, {q} is a compact open set containing ¢; for
& < kK, E¢ is a compact open set containing £. Q

(iv) The definition of ¥ makes it clear that @ € ¥, that is, that « is a closed subset of X. We need
also to check that the subspace topology ¥, on k induced by ¥ is just the order topology of k. P («) By
the definition of ¥, G N k is open for the order topology of k for every G € T. (8) For any { < k, E¢ is
open-and-closed for ¥ so £ +1 = E¢ N« is open-and-closed for T,;. But this means that all sets of the forms
[0,¢] = Un<£ n+1and ], k[ = £\ (£ + 1) belong to T,; as these generate the order topology, every open
set for the order topology belongs to T, and the two topologies are equal. Q

(d) Now let F be the filter on X generated by the cofinal closed sets in k. Because the intersection of
any sequence of closed cofinal sets in k is another (4A1Bd), the intersection of any sequence in F belongs
to F. So

S=FU{X\F:FeF}

is a o-algebra of subsets of X, and we have a measure p; : ¥ — {0,1} defined by saying that 1 F = 1,
m(X\F)=0if FeF.

(e) Set pE =v(ENQ)+u E for E € . Then p is a measure. Let us work through the properties called
for.

(i) IfuE=0and ACE, then X\ AD X\ E € F,s0o AeX. Thus p is complete.

(i) uk =1 and p{q} is finite for every ¢ € @Q, so pu is o-finite.

(iii) If G C X is open, then &\ G is closed, in the order topology of &; if it is cofinal with &, it belongs
to F; otherwise, k N G € F. Thus in either case G € X, and u is a topological measure.
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(iv) The next thing to note is that uG = v(G N Q) for every open set G C X. P If G ¢ F this is
trivial. If G € F, then £\ G cannot be cofinal with &, so there is a £ < x such that k\{ CG. 2 If GNQ € Z,
then (GNQ)UI¢ € Z. There must be a least n < « such that I,, Z* (GNQ) U I¢; of course n > &, son € G.
There is some ¢ < 1 such that I, \ I C* G; but as Ic C* G U I¢, by the choice of 7, we must also have
I, C* G U I¢, which is impossible. X Thus GNQ ¢ Z and pG =v(GNQ) = 0. Q

(v) It follows that p is 7-additive. I» Suppose that G C ¥ is a non-empty upwards-directed set with
union H. Then

pH =v(H N Q) = supgeg V(G N Q) = supgeg nG
because v is 7-additive (indeed, is a Radon measure) with respect to the discrete topology on Q). Q

(vi) p is inner regular with respect to the closed sets. P Take F € ¥ and v < pFE. Then v — i1 F <
v(ENQ), so there is a finite I C ENQ such that vI >~ — 1 E. If y3 E =0, then I C FE is already a closed
set with ul > ~. Otherwise, E Nk € F, so there is a cofinal closed set F' C k such that F C F; now F is
closed in X (because & is closed in X and the subspace topology on & is the order topology), so I U F' is
closed, and p(I' U F) > v. As E and ~ are arbitrary, p is inner regular with respect to the closed sets. Q

vii) p is locally finite. or any £ < k, E¢ is an open set containing &, and uEe = vI; is finite. For
ii) 1 is locally finite. P T B i t containi d pEe = vl is finite. F
any q € @, {¢} is an open set containing ¢, and u{q} = v{q} is finite. Q

(viii) Now consider Y = k. This is surely a closed set, and pux = 1. I noted in (c-iv) above that the
subspace topology T is just the order topology of k. But this means that {{ : £ < k} is an upwards-directed
family of negligible relatively open sets with union x, so that the subspace measure p,, = p; is not 7-additive.

(ix) It follows from 414K that p cannot be effectively locally finite; but it is also obvious from the work
above that x is a measurable set, of non-zero measure, such that u(k N G) = 0 whenever G is an open set
of finite measure.

419B Lemma For any non-empty set I, there is a dense G set in [0, 1] which is negligible for the usual
measure on [0, 1]7.

proof Fix on some ig € I, and set 7(x) = x(ig) for each x € [0,1]7, so that 7 is continuous and inverse-
measure-preserving for the usual topologies and measures on [0, 1]’ and [0,1]. For each n € N let G,, 2
[0,1] N Q be an open subset of [0, 1] with measure at most 27", so that 7 ~1[G,,] is an open set of measure
at most 27", and £ = [, oy 771G, is a Gs set of measure 0. If H C [0,1]7 is any non-empty open set,
its image w[H] is open in [0, 1], so contains some rational number, and meets [ _y Gn; but this means that
HNE#0, so FE is dense.

neN

419C Example (FREMLIN 75B) There is a completion regular Radon measure space (X, %,%, u) such
that

(1) there is an E € ¥ such that u(FAE) > 0 for every Borel set F' C X, that is, not every element of the
measure algebra of u can be represented by a Borel set;

(ii) p is not outer regular with respect to the Borel sets;

(iii) writing » for the restriction of u to the Borel o-algebra of X, v is a locally finite, effectively locally
finite, tight (that is, inner regular with respect to the compact sets) 7-additive completion regular topological
measure, and there is a set Y C X such that the subspace measure vy is not semi-finite.

proof (a) For each ¢ < w; set X¢ = [0, 1“1\, and take ¢ to be the usual measure on X¢; write Z¢ for its
domain. Note that ¢ is a completion regular Radon measure for the usual topology ¥¢ of X, (416U). Set
X = Ug<y, Xe, and let g be the direct sum measure on X (214L), that is, write

Y={E:ECX, ENnX, € for every { < w1},
pE =3 ¢, He(EN X¢) for every B € 3.
Then p is a complete locally determined (in fact, strictly localizable) measure on X. Write X for its domain.

(b) For each n < w; let (Bey)e<y be a summable family of strictly positive real numbers with £, = 1
(4A1P). Define g, : X — R by setting
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_ 1
/3571
=0if z € X¢ where £ > 1.

gn(x) x(n) if € X¢ where € <,

Now define f : X — w; x R“? by setting

f(@) = (& {gn(2))n<en)

if # € X¢. Note that f is injective. Let T be the topology on X defined by f, that is, the family {f~*[W] :
W C wy x R“! is open}, where wy and R*! are given their usual topologies (4A2S, 3A3K), and their product
is given its product topology. Because f is injective, ¥ can be identified with the subspace topology on f[X];
it is Hausdorff and completely regular.

(c) For &, n < w1, gyl X¢ is continuous for the compact topology T¢. Consequently f[X¢ is continuous,
and the subspace topology on X¢ induced by T must be T exactly. It follows that 1 is a Radon measure for
T. P (i) We know already that p is complete and locally determined. (ii) If G € T then G N X¢ € T C X¢
for every £ < wy, so G € X; thus p is a topological measure. (iii) If £ € ¥ and pFE > 0, there is a £ < wy
such that pe(ENX¢) > 0. Because e is a Radon measure, there is a T¢-compact set F' C EN X such that
peF > 0. Now F is T-compact and uF > 0. As FE is arbitrary, p is tight (using 412B). (iv) If z € X, take
that £ < wy such that x € X¢, and consider

G= € +1) x {w:we R, w(é) < 2)].
Because £ 4 1 is open in wi, G € T. Because g¢(z) = z(§) < 1, z € G. Now for ¢ <¢,

ne(GNXe) = pefa v € X¢, ge(w) <2}
=pc{zr:z e X, ﬁ&lx(f) <2}
= pc{w:w € X, w(§) < 20B¢e} < 2Bce,

SO

pG = Zggg pe(GNXe) < 2Z<gg Bee < 0.

As z is arbitrary, p is locally finite, therefore a Radon measure. Q

We also find that p is completion regular. P If E C X and pkE > 0, then there is a £ < w; such that
w(ENXe) > 0. Because pe is completion regular, there is a set F' C E'N X¢, a zero set for T, such that
wF > 0. Now X¢ is a Gs set in X (being the intersection of the open sets Un<<<£+1 X¢ for n < &, unless
&€ =0, in which case X is actually open), so F'is a Gs set in X (4A2C(a-iv)); being a compact G set in a
completely regular space, it is a zero set (4A2F(h-v)).

Thus every set of positive measure includes a zero set of positive measure. So p is inner regular with
respect to the zero sets (412B). Q

(d) The key to the example is the following fact: if G C X is open, then either there is a cofinal closed
set V' C wy such that GN Xe = 0 for every £ € V or {§ : u(G N X¢) # 1} is countable. I Suppose that
A ={¢: GN X # 0} meets every cofinal closed set, that is, is stationary (4A1C). Then B = ANQ is
stationary, where (2 is the set of non-zero countable limit ordinals (4A1Bb, 4A1Cb). Let H C wy x R“* be
an open set such that G = f~1[H].

For each ¢ € B choose ¢ € GNX¢. Then f(z¢) € H, so there must be a {¢ < ¢, a finite set Iz C wq, and
a d¢ > 0 such that z € H whenever z = (7, (t))n<w,) € w1 X R¥1, (¢ <y < € and |t, — g, ()| < J¢ for every
71 € I¢. Because £ is a non-zero limit ordinal, Cé =sup({¢c} U (I NE)) <&

By the Pressing-Down Lemma (4A1Cc), there is a ¢ < w; such that C = { : £ € B, ¢{ = (} is
uncountable. ? Suppose, if possible, that ( < 7 < w; and pu(G N X;) < 1. Then there is a measurable
subset F' of X, \ G, determined by coordinates in a countable set J C wy \ 1, such that pF = p,F > 0
(254Ff). Let & € C be such that n < ¢ and J C &, and take any y € F. If we define y’ € X, by setting

y'(v) = y(y) for y € £\ n
= x¢(y) for v € wi \ &,
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then y' € F. But also (¢ < (¢ =(<n<§and {\n C &\ is disjoint from I¢, so g, (y') = g (x¢) for every
v € I¢, since both are zero if v < 7 and otherwise y'(y) = z¢(y). By the choice of (¢ and Iz we must have
f(y) € H and y € F N G; which is impossible. X

Thus (G N X,,) =1 for every n > ¢, as required by the second alternative. Q

(e) For each £ < wy, let Z¢ be the family of negligible meager subsets of X¢. Then Z¢ is a o-ideal; note
that it contains every closed negligible set, because ¢ is strictly positive. Set

T£:I§U{X5\F:FEI£},

so that T¢ is a o-algebra of subsets of X¢, containing every conegligible open set, and peF € {0, 1} for every
F e Tg. Set

T={FE:FEecX {{: ENX¢ ¢ T¢} is non-stationary}.

Then T is a o-subalgebra of ¥ (because the non-stationary sets form a o-ideal of subsets of wy, 4A1Cb),
and contains every open set, by (d); so includes the Borel o-algebra B of X.
If we set

Be={z:z€ X¢, 2(§) < 3} foreach & <wi, B =, Ee

then £ € ¥. But if F C X is a Borel set, F € T so u(EAF) = co. This proves the property (i) claimed for
the example.

(f) Next, for each { < wi, take a negligible dense G5 set Ep C X¢ (419B). Set Y = (., E¢, so
that pY = 0. If F O Y is a Borel set, then FF'N Xy O E¢ ¢ I, for every { < wy, while F € T, so
{€: pe(F N X¢) =0} is non-stationary and puF = co. Thus g is not outer regular with respect to the Borel
sets. Taking v = u[B, the subspace measure vy is not semi-finite. I* We have just seen that vyY = v*Y
is infinite. If ' € B and vF < oo, then A = {{ : pe(F N X¢) > 0} is countable, so Fy = Jge 4 B¢ and
F = F\UgeA X, are negligible Borel sets; since FNY C Fy U Fy, vy (FNY) = 0. But this means that vy
takes no values in |0, co[ and is not semi-finite. Q

Remark X here is not locally compact. But as it is Hausdorff and completely regular, it can be embedded as
a subspace of a locally compact Radon measure space (X', %', X' /) (416T). Now p’ still has the properties

(i)-(ii).

419D Example (FREMLIN 75B) There is a complete locally determined 7-additive completion regular
topological measure space (X, T, %, u) in which p is tight and compact sets have finite measure, but u is not
localizable.

proof (a) Let I be a set with cardinal greater than ¢. Set X = [0,1]f. Fori € I, t € [0,1] set X;; = {z :
x € X, z(i) = t}. Give X;; its natural topology ¥;; and measure p;, with domain ¥;;, defined from the
expression of Xy; as [0, 1)\ x {t}, each factor [0, 1] being given its usual topology and Lebesgue measure,
and the singleton factor {t} being given its unique (discrete) topology and (atomic) probability measure.
By 416U, p;+ is a completion regular Radon measure. Set

T={G:GCX,GNX;y €T foralliel, te|0,1]},
Y={E:FECX EnX;eX;foralliel, tel0,1]},

uwE = Ziel,tG[O,l] wit(E N X;;) for every E € X.

(Compare 216D.) Then it is easy to check that ¥ is a topology. ¥ is Hausdorff because it is finer(= larger)
than the usual topology & on X; because each ¥;; is the subspace topology induced by &, it is also the
subspace topology induced by €. Next, the definition of p makes it a locally determined measure; it is a
tight complete topological measure because every pu;; is.

(b) If K C X is compact, uK < oco. P? Otherwise, M = {(i,t) : i € I, t € [0,1], pis(K N X;z) > 0}
must be infinite. Take any sequence ((in,tn))nen of distinct elements of M. Choose a sequence (zy)nen in
K inductively, as follows. Given (@, )m<n, then set Cp; = {x, (i) : m < n} for each i € I, and

Ap={x:x€ X+, x(i) ¢ Cp; for i € T\ {in}};
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then uf , A, = 1 (254Lb). Since p;, ¢, (Xit N Xju) = 0 whenever (i,t) # (j,u), there must be some
xn € KNAL\ Um?&n X; Continue.

This construction ensures that if ¢ € I and m < n, either ¢ # i, 80 2, (i) ¢ Cp; and 2, (i) # (i), or
i =1lp #im and Ty, & X 1. 80 T, (1) =ty # T (2), OF © = iy, = iy, and @, (i) = t, # tm = T, (3). But this
means that {x,, : n € N} is an infinite set meeting each X;; in at most one point, and is closed for T; so
(Zn)nen has no cluster point for ¥, which is impossible. XQ

motm*

(c) w is not localizable. P Fix on any k € I and consider £ = {Xj; : t € [0,1]}. T If E € ¥ is an
essential supremum for £, then E N X must be ug-conegligible for every ¢ € [0,1]. We can therefore find
a countable set J; C I and a uy-conegligible set F; C E N X, determined by coordinates in J;. At this
point recall that #(I) > «, so there is some j € I'\ ({k} UU,¢o17 Ji)- Since Xjo N Xy, is negligible for every

t € [0,1], X;jo N E must be negligible, and [, vH,dt = 0, where
Hy={y:y€[0,1N0F (y,0,t) € E}

and v is the usual measure on [0, 1]/ M7} identifying X with [0, 1]/\7*} x [0,1] x [0, 1]. But because F; is
determined by coordinates in I\ {j}, we can identify it with F} x [0,1] x {¢t} where F} is a v-conegligible
subset of [0,1]"M9F} and F} C H,, so vH; = 1 for every t, which is absurd. X

Thus € has no essential supremum in 3, and p cannot be localizable. Q

(d) T have still to check that u is completion regular. P If E € ¥ and uFE > 0, there are i € I, ¢ € [0, 1]
such that p;(EN Xy) > 0, and an FF C EN Xy, a zero set for the subspace topology of X, such that
wi+F > 0. But now observe that X;; is a zero set in X for the usual topology &, so that F is a zero set
for & (4A2G(c-1)) and therefore for the finer topology . By 412B, this is enough to show that u is inner
regular with respect to the zero sets. Q

Remark It may be worth noting that the topology ¥ here is not regular. See FREMLIN 75B, p. 106.

419E Example (FREMLIN 76) Let (Z, &, T, v) be the Stone space of the measure algebra of Lebesgue
measure on [0, 1], so that v is a strictly positive completion regular Radon probability measure (411P). Then
the c.l.d. product measure A on Z x Z is not a topological measure, so is not equal to the T-additive product
measure A, and A is not completion regular.

proof Consider the sets W, W described in 346K. We have W € A = dom A and W = UV, where
V={G x H:G, HC Z are open-and-closed, (G x H) \ W is negligible}.

W is a union of open sets, therefore must be open in Z2. And A\,W < AW. P? Otherwise, there is a
V € A such that V C W and AV > AW. Now \ is tight, by 412Sb, so there is a compact set K C V such
that K € A and AK > AW. There must be Uy, ... ,U, € V such that K C |J,,, U;. But A(U; \ W) =0 for
every i, so A(K \ W) =0 and AK < \IWV. XQ -

However, the construction of 346K arranged that A*TW should be 1 and AW strictly less than 1. So
MW < MW and W ¢ A. Accordingly )\ is not a topological measure and cannot be equal to the Radon
measure \ of 417P.

We know that A is inner regular with respect to the zero sets (412Sc) and is defined on every zero set
(417V), while X properly extends A. But this means that A cannot be inner regular with respect to the zero
sets, by 412Mb, that is, cannot be completion regular.

419F Theorem (RAO 69) P(w; Xwy) = Pwl(@Pwl, the o-algebra of subsets of wy generated by {E x F :
E, F g (.L)l}.

proof (a) Because w; < ¢, there is an injection h : wy — {0, 1}Y; set E; = {£: h(£)(i) = 1} for each i € N,

(b) Suppose that A C w; has countable vertical sections. Then A € Pw;®@Pw;. P Set B = A~ [w,]
and for £ € B choose a surjection fe : N — A[{¢}]. Set g,(§) = fe(n) for £ € B and n € N, and
A, ={(, fe(n)) : £ € B} for n € N. Then
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A ={(&n) : £ € B, n=gu(§)}
={(&n): €€ B, n<wi, higa(§)) = h(n)}
= ﬂ({(5777) :Eeg B, ne By U{(&n) : £ € B\ g, '[E], n€w \ E})
ieN
E'PUJ1®'PUJ1.

So
A=, en An € Pw1®Pw;. Q
(c) Similarly, if a subset of wy x w; has countable horizontal sections, it belongs to Puwi@Pw;. But for
any A Cwy X wi, A= A"UA"” where

A" ={(&n): (& n) € A, n <&} has countable vertical sections,
A" ={(&n) : (€,m) € A, € <1} has countable horizontal sections,

so both A’ and A” belong to Pw;®Pw; and A also does.

419G Corollary (ULaMm 1930) Let Y be a set of cardinal at most wy and p a semi-finite measure with
domain PY. Then p is point-supported; in particular, if 4 is o-finite there is a countable conegligible set
ACY.

proof ? Suppose, if possible, otherwise.

(a) We can suppose that Y is either countable or actually equal to wy. Let ug be the point-supported
part of p, that is, upA = ZyeA uf{y} for every A CY; then g is a point-supported measure (112Bd), so is
not equal to . Let A CY be such that pgA # pA. Then pgA < pA; because p is semi-finite, there is a set
B C A such that upA < pB < 00. Set vC' = u(BNC) — po(BNC) for C CY; then v is a non-zero totally
finite measure with domain PY’, and is zero on singletons.

(b) As vC = 0 for every countable C' C Y, Y is uncountable and Y = w;. Let A = v x v be the product
measure on wy X wi. By 419F, the domain of X is the whole of P(w; X wy); in particular, it contains the set
V={(,n) : £ <n <wi}. Now by Fubini’s theorem

AV = [vV{ENv(dE) = [v(wr \ Eu(de) = (vwn)? > 0,

and also
AV = fl/V’l[{n}]z/(dn) = fl/(n +1ly(dn) =0. X

Remark I ought to remark that this result, though not 419F, is valid for many other cardinals besides wy;
see, in particular, 438C below. There will be more on this topic in Chapter 54 of Volume 5.

419H For the next two examples it will be helpful to know some basic facts about Lebesgue measure
which seemed a little advanced for Volume 1 and for which I have not found a suitable place since.

Lemma If (X, ¥, 3, i) is an atomless Radon measure space and E € ¥ has non-zero measure, then #(E) > c.

proof The subspace measure on E is a Radon measure (416Rb), therefore compact and perfect (416Wa),
and is not purely atomic; by 344H, there is in fact a negligible subset of E with cardinal c.

4191 The next result is a strengthening of 134D.

Lemma Let p be Lebesgue measure on R, and H any measurable subset of R. Then there is a disjoint
family (A, )a<.c of subsets of H such that H is a measurable envelope of every A,; in particular, u,A, =0
and p*A, = pH for every a < c.

proof If uH = 0, we can take every A, to be empty; so suppose that pH > 0. Let £ be the family of
closed subsets of H of non-zero measure. By 4A3Fa, #(&) < ¢; enumerate £ X ¢ as {(Fg, ag))e<c (3A1Ca).
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Choose (x¢)e<. inductively, as follows. Given (x,),<¢, where £ < ¢, F¢ has cardinal (at least) ¢, by 419H,
so cannot be included in {z,, : n < {}; take any z¢ € F¢ \ {z,, : n < £}, and continue.
At the end of the induction, set

Ay ={ze: £ < ¢, ag = a}.

Then the A, are disjoint just because the z¢ are distinct.

? Suppose, if possible, that H is not a measurable envelope of A, for some . Then p.(H \ Ay) > 0
(413Ei), so there is a non-negligible measurable set £ C H \ A,. Now there is an F' € £ such that F C F.
Let £ < ¢ be such that F' = F¢ and o = og; then ¢ € A, N F, which is impossible. X

Thus H is always a measurable envelope of A,. It follows from the definition of ‘measurable envelope’
that u*A, = pH. But also, if a < ¢, px Ay < ps(H \ Aq+1), which is 0, as we have just seen. So we have a
suitable family.

419J Example There is a complete probability space (X, X, 1) with a Hausdorff topology ¥ on X such
that p is 7-additive and inner regular with respect to the Borel sets, ¥ is generated by T N %, but x has no
extension to a topological measure.

proof (a) Set Y =w; +1 =wy U{w1}. Let T be the o-algebra of subsets of Y generated by {{{} : £ < w1}.
Let v be the probability measure with domain T defined by the formula

vF = %#(F N{0,w1}) for every F € T.

Set
G={0,YIU{H:0€ HCuw}.

This is a topology on Y, and every subset of Y is a Borel set for &; so v is surely inner regular with respect
to the Borel sets.
Note that

{{0,a} :a <wi} U{Y}
is a base for & included in T.

(b) Set Z = YN x [0,1]. Let A be the product probability measure on Z when each copy of Y is given
the measure v and [0, 1] is given Lebesgue measure py; let 4 be the product topology when each copy of
Y is given the topology & and [0, 1] its usual topology. Let A be the domain of A and Ay the o-algebra
generated by sets of the form {(z,t) : (i) € F, t € [0,1], t < ¢} where i € N, F € T and ¢ € Q; then v is
inner regular with respect to Ay (see 254Ff). Note that LN Ag is a base for 4l because &N T is a base for

G, and A is inner regular with respect to the 4l-Borel sets (412Uc, or otherwise).

Define ¢ : {0,1} — YN by setting

d(u,t)(n) =0 if u(n) =0,
=w; ifu(n) =1,

and set ¥ (u,t) = (¢(u),t) for u € {0,1}, + € [0,1]. Then ¥ is continuous, just because il is a product
topology. Let v, x pr, be the product measure on {0, 1} x [0, 1]; then 1 is inverse-measure-preserving for
v, X pr and A, by 254H.

If V € Ag there is an o < wy such that

if v,y € YN ¢ €[0,1] and y(i) = x(i) whenever min(z(i),y(i)) < a, then (x,t) € V iff (y,t) € V.

P Let W be the family of sets V' C Z with this property. Then W is a g-algebra of subsets of Z containing
every measurable cylinder, so includes Ag. Q

(c) #(Ao) <c. P Set
Aie ={(z,t) :x e YN £t €[0,1], 2(i) = ¢}, AL ={(z,t):xe YN, t€[0,1], t < q};
fori € N, £ <wp and ¢ € Q, and
A={Aig:ieN, {<wi}U{A;:qeQ}.
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Then Ag is the o-algebra of subsets of Z generated by A, and #(A) = w; < ¢, so #(Ag) < ¢ (4A10). Q

(d) There is a family (z¢)¢<. in Z such that
(o) whenever W € A and AW > 0 there is a { < ¢ such that zz € W and A(HNW) > 0
whenever H is a measurable open subset of Z containing z¢,
(B) setting z¢ = (¢, te) for each &, there is for every £ < ¢ a j € N such that 0 < z¢(j) < wi,
(MteFtyitn<i<e
P By 4A3Fa, the set of closed subsets of {0,1}" x [0,1] has cardinal at most ¢, so there is a family
(K¢, Ve))e<. running over all pairs (K, V) such that V € Ag and K C ¢~![V] is a non-negligible compact
set. Choose ((z¢,te))e<. inductively, as follows. Given (t,),<¢ where £ < ¢, then

{t:t€0,1], v, K [{1}] > 0}

is a non-negligible measurable subset of [0, 1], so has cardinal ¢ (419H); let t¢ be a point of this set distinct
from every t, for n < {&. Now Lemma 345E tells us that there are points u, u’ € Kgl[{tg}} which differ at
exactly one coordinate j € N; suppose that u(j) = 1 and «/(j) = 0.

Let o < wy be such that if z, y € YN ¢ € [0,1] and y(i) = z(i) whenever min(z(i),y(i)) < «, then
(z,t) € Ve iff (y,t) € V. Define z¢ € YN by setting x¢(j) = a and z¢(i) = ¢(u)(i) for i # j. Then
ze = (x¢,te) belongs to Ve, If H C Z is any open set containing z¢, we have a sequence (H;);cy in &
such that z¢ € [[,cy Hi and [[,cny Hi % {te} € H; now Hj # 0 so 0 € Hj and ¢(u') € [[;cn Hi, so that
(v, te) € Ke Ny~ [H]. Continue.

The construction ensures that (8) and () are satisfied. Now, if \W > 0, let V' € Ag be such that V C W
and AV > 0. In this case, (1, x ur)(®"V]) > 0; let K C ¥~1[V] be a self-supporting non-negligible
compact set. Let £ < ¢ be such that (K, V) = (K¢, V). Then z¢ € Ve =V C W. If H is a measurable open
subset of Z containing z¢, then K N~ L[H] is not empty; as 1 is continuous and inverse-measure-preserving
and K is self-supporting,

0< Wy x ) (KN HH]) < (o x pp)Y H{VNH] =XV NH)<AXWnNH).
So («) is satisfied. Q

(e) Set X = {z : £ < ¢} and let p be the subspace measure on X induced by A; let T be the subspace
topology on X.

(i) X is complete, so u also is. Next, uX = A*X = 1. P? Otherwise, there is a W € A such that
AW > 0 and X N W = (). But we know that there is now some & < ¢ such that z; € W. XQ

(ii) ¥ is Hausdorff because the projection from X to [0, 1] is injective and continuous. ¥ is generated
by € MY because 4 is generated by SN A. p is inner regular with respect to the Borel sets because A is
(412PD).

(iii) w is T-additive. PP? Suppose, if possible, otherwise. Then there is an upwards-directed family G
of measurable open subsets of X such that G* = |J§G is measurable and puG* > supgcg uG. Let H be the
family of sets H € AN such that H N X is included in some member of G; because 4 is generated by SN A,
G* =W N X, where W = [JH. At the same time, there is a V' € A such that G* = X NV.

Because G is upwards-directed, so is H. Because X has full outer measure,

SUpgey M = supycy wXNH)< SUPGeg uG < uG* = \V.

Let (Hp)nen be a non-decreasing sequence in H such that sup,ey AHn, = supgyey AH, and set Wy =
Unen Hn; then AWy < AV and A(H \ Wy) = 0 for every H € H. However, A\(V \ Wy) > 0, so there
isaze XNV \ W, such that \(HNV \ W) > 0 for every measurable open set H containing z. As
z€ XNV =XNW, there must be an H € H containing z, so this is impossible. X Q

(iv) ? Suppose, if possible, that there is a topological measure fi on X agreeing with p on every open
set in the domain of p. For each i € N, set m;(z) = x(¢) for (z,t) € X. Every subset of Y is a Borel set for &;
because m; is continuous for ¥ and &, the image measure fim,; ! has domain PY. Now #(Y) = w1, so there

must be a countable conegligible set (419G), and there must be some «; < w; such that fim; *(w; \ o;) = 0.
On the other hand,

fry (i \ {03) = pr ! (0 \ {0}) = M(z, 1) : 0 < (i) < i} = w(a; \ {0}) =0,

D.H.FREMLIN



132 Topologies and measures I 419J

so fimr; (w1 \ {0}) = 0.
But (d-8) ensures that

X = Usenmi (w1 \ {0}),
so this is impossible. X
Thus we have the required example.

Remark I note that the topology of X is not regular. Of course the phenomenon here cannot arise with
regular spaces, by 415M.

419K Example (BLACKWELL 56) There are sequences (X,)nen, (¥n)neny and (vn)nen such that (i)
for each n, (X,,%,) is a separable metrizable space and v, is a quasi-Radon probability measure on Z,, =
[L;<, Xi (ii) for m < n the canonical map 7y, : Z, — Z,, is inverse-measure-preserving (iii) there is no
probability measure on Z = [L;en X such that all the canonical maps from Z to Z, are inverse-measure-
preserving.

ieN

proof Let (A, ) en be a disjoint sequence of subsets of [0, 1] such that u. ([0, 1]\ A,) = 0, that is, u*A, =1
for every n, where p1 is Lebesgue measure (using 4191). Set X, = |J,~,, 4i, so that (X,),en is a non-increasing
sequence of sets of outer measure 1 with empty intersection. For each n > 1, we have a map fp : X,, = Zn
defined by setting f,,(2)(i) = = for every i < n, x € X,,. Let v, be the image measure puy, f, ', where
Wx, is the subspace measure on X,, induced by p. Note that f,, is a homeomorphism between X,, and the
diagonal A,, = {z: z € Z,, z(i) = z(j) for all i, j < n}, which is a closed subset of Z,; so that v,, like ux, ,
is a quasi-Radon probability measure.

If m < n, then m,,, is inverse-measure-preserving, where 7,,,(2)(i) = 2(i) for 2 € Z,, and i < m. P
If W C Z,, is measured by v, then f, }[W] is measured by pux,,, so is of the form X,, N E where E is
Lebesgue measurable. But in this case f,, }[r,,L[W]] = X,, N E, so that

Vi (Ton (W) = px, (5 mn W) = 0" (X N E) = pE = p* (X N E) = v W. Q

? But suppose, if possible, that there is a probability measure v on Z = [], .y X; such that 7, : Z — Z,
is inverse-measure-preserving for every n, where m,(z)(:) = 2(i) for z € Z and ¢ <n. Then

v AL = vn Ay = px, [ AL =1
for each n, so
L=v(Npenm AR]) = v{z: 2 € Z, 2(i) = 2(j) for all i, j € N} = v,

because [, .y Xn = 0; which is impossible. X

neN
419L The split interval again (a) For the sake of an example in §343, I have already introduced the

‘split interval’ or ‘double arrow space’. As this construction gives us a topological measure space of great

interest, T repeat it here. Let Il be the set {at :a € [0,1]} U{a™ : a € [0,1]}. Order it by saying that

at <bT = a” <bT <= a <b <= a<b, at<b << a<hb

Then it is easy to check that Il is a totally ordered space, and that it is Dedekind complete. (If A C [0, 1] is
a non-empty set, then sup,c 4, a= = (sup A)~, while sup,c 4 a™ is either (sup A)* or (sup A)~, depending on
whether sup A belongs to A or not.) Its greatest element is 17 and its least element is 0~. Consequently the
order topology on Il is a compact Hausdorff topology (4A2Ri, ALEXANDROFF & URYSOHN 1929). Note
that Q = {¢" : ¢ € [0,1]NQ}U{q™ : ¢ € [0,1] N Q} is dense, because it meets every non-trivial interval in
Il. By 4A2E(a-ii) and 4A2Rn, I!l is ccc and hereditarily Lindelof.

(b) If we define h : Il — [0, 1] by writing h(a™) = h(a™) = a for every a € [0,1], then h is continuous,
because {z : h(z) < a} = {z 1z < a” }, {z : h(z) > a} = {z : © > at} for every a € [0,1]. Now
we can describe the Borel sets of I“, as follows: a set E C Ill is Borel iff there is a Borel set F C [0,1]
such that EAh~'[F] is countable. P Write ¥ for the family of subsets E of Ill such that EAR™'[F]
is countable for some Borel set F' C [0,1]. It is easy to check that X is a o-algebra of subsets of I'.
(If EAR™Y[F] is countable, so is (I \ E)YAR=Y[0,1] \ FJ; if E,Ah™'[F,] is countable for every n, so is
(Unen En)AR™U, en Fn.) Because the topology of Il is Hausdorff, every singleton set is closed, so every
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countable set is Borel. Also h™![F] is Borel for every Borel set F' C [0, 1], because h is continuous (4A3Cd).
So if EAL™![F] is countable for some Borel set F' C [0,1], E = h™[F|A(EAh™Y[F]) is a Borel set in I1l.
Thus X is included in the Borel o-algebra B of I!l. On the other hand, if J C I!l is an interval, h[J] also is
an interval, therefore a Borel set, and h=[h[J]] \ J can contain at most two points, so J € Xg. If G C Il is
open, it is expressible as | J;.; Ji, where (J;)ier is a disjoint family of non-empty open intervals (4A2Rj). As
X is cce, I must be countable. Thus G is expressed as a countable union of members of ¥y and belongs to
Y. But this means that the Borel o-algebra B must be included in ¥, by the definition of ‘Borel algebra’.
So B = 3, as claimed. Q

(c) In 343J T described the standard measure p on I; its domain is the set ¥ = {h~'[F]AM : F €
Y1, M C Il uph[M] = 0}, where ¥, is the set of Lebesgue measurable subsets of [0, 1] and pz, is Lebesgue
measure, and pE = pph[E] for E € 3. h is inverse-measure-preserving for p and pur,.

The new fact I wish to mention is: p is a completion regular Radon measure. I I noted in 343Ja that it
is a complete probability measure; a fortiori, it is locally determined and locally finite. If G C I!l is open,
then we can express it as h~'[F]AC for some Borel set F' C [0, 1] and countable C' C Il ((b) above), so it
belongs to ¥; thus p is a topological measure. If E € ¥ and uE > «, then F = [0,1]\ [l \ E] is Lebesgue
measurable, and uE = pr, F. So there is a compact set L C F such that uy L > . But now K = h™1[L] C E
is closed, therefore compact, and uK > . Moreover, L is a zero set, being a closed set in a metrizable space
(4A2Lc), so K is a zero set (4A2C(b-iv)). As E and + are arbitrary, u is inner regular with respect to the
compact zero sets, and is a completion regular Radon measure. Q

419X Basic exercises (a) Show that the topological space X of 419A is zero-dimensional.

(b) Give an example of a compact Radon probability space in which every dense Gs set is conegligible.
(Hint: 411P.)

(¢) In 419E, show that we can start from any atomless probability measure in place of Lebesgue measure
on [0,1].

>(d)(i) Show that if E C R? is Lebesgue measurable, with non-zero measure, then it cannot be covered
by fewer than ¢ lines. (Hint: if H = {t : p1 E[{t}] > 0}, where y is Lebesgue measure on R, then pu1 H > 0,
so #(H) = ¢. So if we have a family £ of lines, with #(£) < ¢, there must be a ¢t € H such that L, = {t} xR
does not belong to £. Now #(L; N E) = ¢ and each member of £ meets L; N E in at most one point.)
(ii) Show that there is a subset A of R?, of full outer measure, which meets every vertical line and every
horizontal line in exactly one point. (Hint: enumerate R as (t¢)¢<. and the closed sets of non-zero measure
as (Fg)e<c . Choose (Ig)¢<c such that every I¢ is finite, no two points of Ie UlJ, ¢ Iy lie on any horizontal
or vertical line, the lines {t¢} x R and R x {t¢} both meet I UlJ, ¢ Iy, and I¢ meets F¢.) (iii) Show that
there is a subset B of R2, of full outer measure, such that every straight line meets B in exactly two points.
(Hint: enumerate the straight lines in R? as (Lg¢)¢<. . Choose (Jg)e<o such that every Je is finite, no three
points of J¢ UJ, - Jy lie on any line, L¢ N (Je U, ¢ Jy) has just two points and Je N F¢ # 0.)

(e) Show that there is a subset A of the Cantor set C' (134G) such that A+ A is not Lebesgue measurable.
(Hint: enumerate the closed non-negligible subsets of C' 4+ C = [0,2] as (F¢)e<.. Choose z¢ € C, ye € C,
ze € Fe so that z¢ ¢ Ae + Ae and z¢ + ye € Fe and Aeqq + Aeqq does not meet {z, : n < &}, where
Ae ={ay :n <& U{yy :n < &)

(f) Let Rl be the split line, that is, the set {a* : @ € R} U{a~ : a € R}, ordered by the rules in
419L. Show that Rl is a Dedekind complete totally ordered set, so that its order topology ¥ is locally
compact. Write py, for Lebesgue measure on R and X, for its domain. Set h(a™) = h(a™) = a for a € R,
Y ={F:ECX, hlE] € T, ur(R[E] Nh[X \ E]) = 0}, pE = pph[E] for E € ¥. Show that p is a
completion regular Radon measure on Rl and that A is continuous and inverse-measure-preserving for z and
pr. Show that the set {a™ : a € R}, with the induced topology and measure, is isomorphic, as quasi-Radon
measure space, to the Sorgenfrey line (415Xc) with Lebesgue measure. Show that Rl and the Sorgenfrey
line are hereditarily Lindeldf.
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(g) Let p be Lebesgue measure on [0,1] and ¥ its domain. Let Il be the split interval. (i) Show
that the functions = — 2t : [0,1] — I and  ~— 2~ : [0,1] — I!l are measurable. (Hint: 419Lb.) (ii)
Show that the function = ~ (z+,27) : [0,1] — (I1)? is not measurable. (Hint: the subspace topology on
{(zt,27) : 2z €[0,1]} is discrete.)

>(h)(i) Again writing I!l for the split interval, show that the function which exchanges 2+ and 2z~ for
every x € [0,1] is a Borel automorphism and an automorphism for the usual Radon measure v on I I but is
not almost continuous. (ii) Show that if we set f(z) =z for z € [0, 1], then f is inverse-measure-preserving
for Lebesgue measure pz, on [0, 1], but the image measure pz, f~! is not v (nor, indeed, a Radon measure).

(i) Show that the split interval Ill is perfectly normal, but that Il x I'l is not perfectly normal.

_ 419Y Further exercises (a) In the example of 419E, show that there is a Borel set V' C Z? such that
AV =0and \*V =1

(b) Show that if A C Pw; is any family with #(A) < wy, there is a countably generated o-algebra X of
subsets of w; such that A C 3.

(c) Show that the split interval with its usual topology and measure has the simple product property
(417Y1).

o¢

(d) Give an example of a Lebesgue measurable function ¢ : R? — R such that dom —~ is not measurable.

06
(Compare 222Yd, 225Y¢g, 262Yc.)

419 Notes and comments The construction of the locally compact space X in 419A from the family
(Ie)e<w is a standard device which has been used many times. The relation C* also appears in many
contexts. In effect, part of the argument is taking place in the quotient algebra 2 = PQ/[Q]<¥, since
I C* Jiff I* € J* in 2; setting Z# = {I* : I € I}, the cardinal  is min{#(A) : A C Z# has no upper
bound in Z#}, the ‘additivity’ of the partially ordered set Z#. Additivities of partially ordered sets will be
one of the important concerns of Volume 5. I remark that we do not need to know whether (for instance)
Kk = wy or kK = ¢. This is an early taste of the kind of manoeuvre which has become a staple of set-theoretic
analysis. It happens that the cardinal x here is one of the most important cardinals of set-theoretic measure
theory; it is ‘the additivity of Lebesgue measure’ (529Xe!!), and under that name will appear repeatedly in
Volume 5.

Observe that the measure p of 419A only just fails to be a quasi-Radon measure; it is locally finite instead
of being effectively locally finite. And it would be a Radon measure if it were inner regular with respect to
the compact sets, rather than just with respect to the closed sets.

419C and 419D are relevant to the question: have I given the ‘right’ definition of Radon measure space?
419C is perhaps more important. Here we have a Radon measure space (on my definition) for which the
associated Borel measure is not localizable. (If 2 is the measure algebra of the measure u, and 98 the measure
algebra of u[B where B is the Borel o-algebra of X, then the embedding B & 3 induces an embedding of
B in 2 which represents 8 as an order-dense subalgebra of 2, just because p is inner regular with respect
to B. Property (i) of 419C shows that B # 2, so B cannot be Dedekind complete in itself, by 314Ib.) Since
(I believe) localizable versions of measure spaces should almost always be preferred, I take this as strong
support for my prejudice in favour of insisting that ‘Radon’ measure spaces should be locally determined
as well as complete. Property (ii) of 419C is not I think of real significance, but is further evidence, to be
added to 415Xi, that outer regularity is like an exoskeleton: it may inhibit growth above a certain size.

In 419D I explore the consequences of omitting the condition ‘locally finite’ from the definition of Radon
measure. Even if we insist instead that compact sets should have finite measure, we are in danger of getting
a non-localizable measure. Of course this particular space is pathological in terms of most of the criteria of
this chapter — for instance, every non-empty open set has infinite measure, and the topology is not regular.

HFormerly 529Xc.
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Perhaps the most important example in the section is 419E. The analysis of 7-additive product measures
in §417 was long and difficult, and if these were actually equal to the familiar product measures in all
important cases the structure of the theory would be very different. But we find that for one of the standard
compact Radon probability spaces of the theory, the c.l.d. product measure on its square is not a Radon
measure, and something has to be done about it.

I present 419J here to indicate one of the obstacles to any simplification of the arguments in 417C and
417E. It is not significant in itself, but it offers a welcome excuse to describe some fundamental facts about
w1 (419F-419G). Similarly, 419K asks for some elementary facts about Lebesgue measure (419H-4191) which
seem to have got left out. This example really is important in itself, as it touches on the general problem of
representing stochastic processes, to which I will return in Chapter 45.

Version of 1.1.17
Concordance to Chapter 41

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

4111 Completion regular measures The definition of ‘completion regular’ measure, referred to in
FrREMLIN 00, has been moved to 411J.

412L Uniqueness of measures Corollary 4121, referred to in the 2008 and 2015 printings of Volume
5, is now 412Ma.

413R Countably compact classes Lemma 413R, referred to in FREMLIN 00, is now 413T.

4131 Inner measure The constructions in 413H and 413J, referred to in KONIG PO9B and the 2008 and
2015 editions of Volume 5, are now 4131 and 413K.

413Yf Uniform exhaustivity Exercise 413Yf, referred to in the 2008 and 2015 editions of Volume 5,
is now 413Yh.

414N Density topologies The note on ‘density topologies’, referred to in the 2001 edition of Volume
2, has been moved to 414P.

415Xp This exercise, referred to in the 2008 and 2015 printings of Volume 5, has been moved to 415Xs.

415Yd Sorgenfrey line This exercise, referred to in the 2001 edition of Volume 2, has been moved to
415Ye.

416M Henry’s theorem, mentioned in KONIG 04, has been re-named 416N.

416P The algebra of open-and-closed subsets This paragraph, referred to in the 2002 edition of
Volume 3, has been moved to 416Q.

416 T Kakutani’s theorem The description of the usual measure on {0, 1}", referred to in FREMLIN &
PLEBANEK 03, has been moved to 416U.

417E t-additive product measures The reference in FREMLIN 00 to Kakutani’s theorem that the
product measure on {0, 1}! is completion regular should be directed to 415E or 416U rather than 417E.

(©) 2005 D. H. Fremlin
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419H The example 419H of a measure, inner regular with respect to the Borel sets but with no extension
to a topological measure, mentioned in KONIG P09, is now 419J.

419J Partitions into sets of full outer measure Lemma 419J, mentioned in the 2004 edition of
Volume 1, has been moved to 4191.
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