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One of the first things one learns, as a student of measure theory, is that sets of measure zero are
frequently ‘negligible’ in the straightforward sense that they can safely be ignored. This is not quite a
universal principle, and one of my purposes in writing this treatise is to call attention to the exceptional
cases in which negligible sets are important. But very large parts of the theory, including some of the topics
already treated in Volume 2, can be expressed in an appropriately abstract language in which negligible
sets have been factored out. This is what the present volume is about. A ‘measure algebra’ is a quotient of
an algebra of measurable sets by a null ideal; that is, the elements of the measure algebra are equivalence
classes of measurable sets. At the cost of an extra layer of abstraction, we obtain a language which can give
concise and elegant expression to a substantial proportion of the ideas of measure theory, and which offers
insights almost everywhere in the subject.

It is here that I embark wholeheartedly on ‘pure’ measure theory. I think it is fair to say that the
applications of measure theory to other branches of mathematics are more often through measure spaces
rather than measure algebras. Certainly there will be in this volume many theorems of wide importance
outside measure theory; but typically their usefulness will be in forms translated back into the language of
the first two volumes. But it is also fair to say that the language of measure algebras is the only reasonable
way to discuss large parts of a subject which, as pure mathematics, can bear comparison with any.

In the structure of this volume I can distinguish seven ‘working’ and two ‘accessory’ chapters. The
‘accessory’ chapters are 31 and 35. In these I develop the theories of Boolean algebras and Riesz spaces (=
vector lattices) which are needed later. As in Volume 2 you have a certain amount of choice in the order in
which you take the material. Everything except Chapter 35 depends on Chapter 31, and everything except
Chapters 31 and 35 depends on Chapter 32. Chapters 33, 34 and 36 can be taken in any order, but Chapter
36 relies on Chapter 35. (I do not mean that Chapter 33 is never referred to in Chapter 34, nor even that the
later chapters do not rely on results from Chapter 33. What I mean is that their most important ideas are
accessible without learning the material of Chapter 33 properly.) Chapter 37 depends on Chapters 35 and
36. Chapter 38 would be difficult to make sense of without some notion of what has been done in Chapter
33. Chapter 39 uses fragments of Chapters 35 and 36.

The first third of the volume follows almost the only line permitted by the structure of the subject. If we
are going to study measure algebras at all, we must know the relevant facts about Boolean algebras (Chapter
31) and how to translate what we know about measure spaces into the new language (Chapter 32). Then
we must get a proper grip on the two most important theorems: Maharam’s theorem on the classification of
measure algebras (Chapter 33) and the von Neumann-Maharam lifting theorem (Chapter 34). Since I am
now writing for readers who are committed — I hope, happily committed — to learning as much as they can
about the subject, I take the space to push these ideas as far as they can easily go, giving a full classification
of closed subalgebras of probability algebras, for instance (§333), and investigating special types of lifting
(8§8345-346). I mention here three sections interpolated into Chapter 34 (§§342-344) which attack a subtle
and important question: when can we expect homomorphisms between measure algebras to be realizable in
terms of transformations between measure spaces, as discussed briefly in §234 and elsewhere.

Chapters 36 and 37 are devoted to re-working the ideas of Chapter 24 on ‘function spaces’ in the more
abstract context now available, and relating them to the general Riesz spaces of Chapter 35. I am concerned
here not to develop new structures, nor even to prove striking new theorems, but rather to offer new ways
of looking at the old ones. Only in the Ergodic Theorem (§372) do I come to a really important new result.
Chapter 38 looks at two questions, both obvious ones to ask if you have been trained in twentieth-century
pure mathematics: what does the automorphism group of a measure algebra look like, and inside such an
automorphism group, what do the conjugacy classes look like? (The second question is a fancy way of asking
how to decide, given two automorphisms of one of the structures considered in this volume, whether they
are really different, or just copies of each other obtained by looking at the structure a different way up.)
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Finally, in Chapter 39, I discuss what is known about the question of which Boolean algebras can appear
as measure algebras.

Concerning the prerequisites for this volume, we certainly do not need everything in Volume 2. The
important chapters there are 21, 23, 24, 25 and 27. If you are approaching this volume without having
read the earlier parts of this treatise, you will need the Radon-Nikodym theorem and product measures
(of arbitrary families of probability spaces), for Maharam’s theorem; a simple version of the martingale
theorem, for the lifting theorem; and an acquaintance with LP spaces (particularly, with L° spaces) for
Chapter 36. But I would recommend the results-only versions of Volumes 1 and 2 in case some reference
is totally obscure. Outside measure theory, I call on quite a lot of terms from general topology, but none
of the ideas needed are difficult (Baire’s and Tychonoff’s theorems are the deepest); they are sketched in
683A3 and 3A4. We do need some functional analysis for Chapters 36 and 39, but very little more than was
already used in Volume 2, except that I now call on versions of the Hahn-Banach theorem (§3A5).

In this volume I assume that readers have substantial experience in both real and abstract analysis, and
I make few concessions which would not be appropriate when addressing active researchers, except that
perhaps I am a little gentler when calling on ideas from set theory and general topology than I should be
with my own colleagues, and I continue to include all the easiest exercises I can think of. I do maintain
my practice of giving proofs in very full detail, not so much because I am trying to make them easier, but
because one of my purposes here is to provide a complete account of the ideas of the subject. I hope that
the result will be accessible to most doctoral students who are studying topics in, or depending on, measure
theory.
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Version of 29.10.12
Chapter 31
Boolean algebras

The theory of measure algebras naturally depends on certain parts of the general theory of Boolean
algebras. In this chapter I collect those results which will be useful later. Since many students encounter
the formal notion of Boolean algebra for the first time in this context, I start at the beginning; and indeed I
include in the Appendix (§3A2) a brief account of the necessary part of the theory of rings, as not everyone
will have had time for this bit of abstract algebra in an undergraduate course. But unless you find the
algebraic theory of Boolean algebras so interesting that you wish to study it for its own sake — in which case
you should perhaps turn to SIKORSKI 64 or KOPPELBERG 89 — I do not think it would be very sensible to
read the whole of this chapter before proceeding to the main work of the volume in Chapter 32. Probably
6311 is necessary to get an idea of what a Boolean algebra looks like, and a glance at the statements of
the theorems in §312 and 313A-313B would be useful, but the later sections can wait until you have need
of them, on the understanding that apparently innocent formal manipulations may depend on concepts
which take some time to master. I hope that the cross-references will be sufficiently well-targeted to make
it possible to read this material in parallel with its applications.

As for the actual material covered, §311 introduces Boolean rings and algebras, with M.H.Stone’s theorem
on their representation as rings and algebras of sets. §312 is devoted to subalgebras, homomorphisms and
quotients, following a path parallel to the corresponding ideas in group theory, ring theory and linear algebra.
In §313 I come to the special properties of Boolean algebras associated with their lattice structures, with
notions of order-preservation, order-continuity and order-closure. §314 continues this with a discussion of
order-completeness, and the elaboration of the Stone representation of an arbitrary Boolean algebra into
the Loomis-Sikorski representation of a o-complete Boolean algebra; this brings us to regular open algebras.
6315 deals with ‘simple’ and ‘free’ products of Boolean algebras, corresponding to ‘products’ and ‘tensor
products’ of linear spaces, and to projective and inductive limits of families of Boolean algebras. Finally,
8316 examines three special topics: the countable chain condition, weak distributivity and homogeneity.

Version of 15.10.08

311 Boolean algebras

In this section I try to give a sufficient notion of the character of abstract Boolean algebras to make the
calculations which will appear on almost every page of this volume seem both elementary and natural. The
principal result is of course M.H.Stone’s theorem: every Boolean algebra can be expressed as an algebra of
sets (311E). So the section divides naturally into the first part, proving Stone’s theorem, and the second,
consisting of elementary consequences of the theorem and a little practice in using the insights it offers.

311A Definitions (a) A Boolean ring is a ring (2, +,.) in which a? = a for every a € 2.

(b) A Boolean algebra is a Boolean ring 2 with a multiplicative identity 1 = 1g; I allow 1 = 0 in this
context.

Remark For notes on those parts of the elementary theory of rings which we shall need, see §3A2.
I hope that the rather arbitrary use of the word ‘algebra’ here will give no difficulties; it gives me the
freedom to insist that the ring {0} should be accepted as a Boolean algebra.

311B Examples (a) For any set X, (PX, A, N) is a Boolean algebra; its zero is () and its multiplicative
identity is X. I» We have to check the following, which are all easily established, using Venn diagrams or
otherwise:
AAB C X for all A, BC X,
(AAB)AC = AA(BAC) for all A, B, C C X,
so that (PX,A) is a semigroup;

(© 1996 D. H. Fremlin
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4 Boolean algebras 311B

AND = DAA = A for every AC X,
so that () is the identity in (PX, A);
ANA = for every A C X,
so that every element of PX is its own inverse in (PX,A), and (PX,A) is a group;
AAB = BAAforall A, BC X,
so that (PX, A) is an abelian group;
ANBC X forall A, BC X,
(ANB)NC=An(BnNC)forall A, B,C C X,
so that (PX,N) is a semigroup;
AN(BAC)=(ANB)A(ANC), (AAB)NC =(ANC)A(BNC) forall A, B, C C X,
so that (PX,A,N) is a ring;
ANA=Aforevery AC X,
so that (PX,A,N) is a Boolean ring;
ANX=XNA=Aforevery AC X,
so that (PX,AA,N) is a Boolean algebra and X is its identity. Q

(b) Recall that an ‘algebra of subsets of X’ (136E) is a family ¥ C PX such that ) € ¥, X \ F € X for
every F € 3, and EUF € ¥ for all E, F € X.. In this case (X, /A, N) is a Boolean algebra with zero () and
identity X. P If £, F' € 3, then

ENF=X\((X\E)U(X\F))ex,

EAF = (EN(X\F))U(FN(X\E)) e

Because ) and X = X \ §) both belong to ¥, we can work through the identities in (a) above to see that %,
like PX, is a Boolean algebra. Q

(c) Consider the ring Zs = {0, 1}, with its ring operations +3, - given by setting
04+20=1421=0, 0491=1420=1,

0.0=0-1=1-0=0, 1-1=1.

I leave it to you to check, if you have not seen it before, that this is a ring. Because 0-0=0and 1-1 =1,
it is a Boolean algebra.

311C Proposition Let 2 be a Boolean ring.
(a) a +a =0, that is, a = —a, for every a € 2.
(b) ab = ba for all a, b € 2.

proof (a) If a € 2, then
at+a=(a+a)(ata)=d*+a’+a*+a*=a+a+a+a,
so we must have 0 = a + a.
(b) Now for any a, b € 2,
a+b=(a+b)(a+b)=a*+ab+ba+b*=a+ab+ba+b,
S0
0=ab+ba=ab+ab

and ab = ba.

311D Lemma Let 2 be a Boolean ring, I an ideal of 2 (3A2E), and a € 2\ I. Then there is a ring
homomorphism ¢ : 2 — Zs such that ¢a = 1 and ¢d = 0 for every d € I.

proof (a) Let Z be the family of those ideals J of 2 which include I and do not contain a. Then Z has a
maximal element K say. P Apply Zorn’s lemma. Since I € Z, Z # (. If J is a non-empty totally ordered
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311E Boolean algebras 5

subset of Z, then set J* = JJ. If b, ¢ € J* and d € 2, then there are Jy, Jo € J such that b € J; and
¢ € Jo; now J = J; U Js is equal to one of Ji, Ja, so belongs to J, and 0, b + ¢, bd all belong to J, so all
belong to J*. Thus J* < 2; of course I C J* and a ¢ J*, so J* € Z and is an upper bound for 7 in Z. As
J is arbitrary, the hypotheses of Zorn’s lemma are satisfied and Z has a maximal element. Q

(b) For b € A set K ={d:d €2, bd € K}. The following are easy to check:
(i) K C K, for every b € 2, because K is an ideal.
(ii) Kp <A forevery b e A. P 0e€ K C K,. If d, d' € Kp and ¢ € 2 then

b(d+d') =bd+bd, b(dc) = (bd)c

belong to K, sod+d', dc € K. Q
(iii) If b € A and a ¢ Ky, then K € Tso K = K.
(iv) Nowa’=a ¢ K,soa ¢ K, and K, = K.
(v) If b€ A\ K then b ¢ K,, that is, ba = ab ¢ K, and a ¢ Kp; consequently Kj = K.
(vi) If b, c € A\ K then ¢ ¢ K} so be ¢ K.
(vii) If b, c € A\ K then

be(b+c) =b*c+bc® =bc+bc=0¢€ K,
so b+ c € Kpe. By (vi) and (v), Kpe = K sob+c € K.

(c) Now define ¢ : A — Zs by setting ¢d = 0if d € K, ¢d = 1 if d € A\ K. Then ¢ is a ring
homomorphism. I
(i) If b, c€ K then b+ ¢, bc € K so

db+c)=0=db+sdc, d(be)=0= gboc.
(i) If b € K, c € A\ K then
c={b+b)+c=b+(b+c)¢ K
so b+ c ¢ K, while be € K, so
pb+c)=1=¢b+a¢c, ¢(bc)=0=gboc.
(iii) Similarly,
dpb+c)=1=¢b+2¢c, ¢(bc) =0 = pboc

ifbeA\ K and c € K.
(iv) If b, ¢ € A\ K, then by (b-vi) and (b-vii) we have b+ ¢ € K, bec ¢ K so

db+¢c)=0=db+s ¢c, &(bc)=1= ¢boc.
Thus ¢ is a ring homomorphism. Q

(d) Finally, if d € I then d € K so ¢d = 0; and ¢a = 1 because a ¢ K.

311E M.H.Stone’s theorem: first form Let 2 be any Boolean ring, and let Z be the set of ring
homomorphisms from 2 onto Zs. Then we have an injective ring homomorphism a — @ : 2 — PZ, setting
a={z:2z¢€Z, z(a) =1}. If A is a Boolean algebra, then 1y = Z.

proof (a) If a, b € 2, then
atb = {z:2(a+b) = 1} = {2 : z(a) +2 2(b) = 1} = {z : {z(a), 2(b)} = {0,1}} = GAD,

ab = {z:2(ab) =1} = {z: 2(a)2(b) = 1} = {z: 2(a) = 2(b) = 1} =aNb.
Thus a + @ is a ring homomorphism.

(b) If @ € 2 and a # 0, then by 311D, with I = {0}, there is a z € Z such that z(a) = 1, that is, z € @;
so that @ # (. This shows that the kernel of a — @ is {0}, so that the homomorphism is injective (3A2Db).

(c) If 2 is a Boolean algebra, and z € Z, then there is some a € 2 such that z(a) = 1, so that
z(19)z(a) = z(1ga) # 0 and z(1y) # 0; thus 19 = Z.
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6 Boolean algebras 311F

311F Remarks (a) For any Boolean ring 2, I will say that the Stone space of 2 is the set Z of non-zero
ring homomorphisms from A to Zs, and the canonical map a +— @ : )l — PZ is the Stone representation.

(b) Because the map a — @ : 2 — PZ is an injective ring homomorphism, 2 is isomorphic, as Boolean
ring, to its image & = {@ : a € A}, which is a subring of PZ. Thus the Boolean rings PX of 311Ba are
leading examples in a very strong sense.

(c) I have taken the set Z of the Stone representation to be actually the set of homomorphisms from 2
onto Zy. Of course we could equally well take any set which is in a natural one-to-one correspondence with
Z; a popular choice is the set of maximal proper ideals of 2, since a subset of 2 is a maximal ideal iff it is
the kernel of a member of Z, which is then uniquely defined.

311G The operations U, \, A on a Boolean ring Let 2 be a Boolean ring.
(a) Using the Stone representation, we can see that the elementary operations U, N, \, A of set theory
all correspond to operations on 2. If we set
aub=a+b+ab, anb=ab, a\b=a+ab, aAb=a+D
for a, b € A, then we see that

-~

aub = AAA(@ND) =aub,

anb=anb,
a\b=a\b,
anbh = aAb.

Consequently all the familiar rules for manipulation of N, U, etc. will apply also to n, U, and we shall have,
for instance,

an(buc)=(anb)u(anc), au(bne)=(aub)n(auc)

for any members a, b, ¢ of any Boolean ring 2.

(b) Still importing terminology from elementary set theory, I will say that a set A C 2 is disjoint if
anb = 0, that is, ab = 0, for all distinct a, b € A; and that an indexed family (a;);c; in 2 is disjoint if
a;na; = 0 for all distinct 4, j € I. (Just as I allow §) to be a member of a disjoint family of sets, I allow
0 € A or a; = 0 in the present context.)

(c) A partition of unity in 2 will be either a disjoint set C' C 2 such that there is no non-zero a € 2
such that anc = 0 for every ¢ € C or a disjoint family (¢;);cr in 2 such that there is no non-zero a € 2
such that anc; =0 for every 7 € I. (In the first case I allow 0 € C, and in the second I allow ¢; = 0.)

(d) Note that a set C C 2 is a partition of unity iff C' U {0} is a maximal disjoint set. B If C is a
partition of unity and a € 2\ (C'U{0}), then there must be a ¢ € C such that anc # 0, so that C' U{0,a}
is not disjoint; thus C' U {0} is a maximal disjoint set. If C' U {0} is a maximal disjoint set, and a € 2\ {0},
then either @ € C and ana # 0, or C U{0,a} is not disjoint, so there is a ¢ € C such that an ¢ # 0; thus C
is a partition of unity. Q

If A C 2 is any disjoint set, there is a partition of unity including A. B Apply Zorn’s Lemma to {C : C
is a disjoint set including A}. Q

(e) If C and D are two partitions of unity, I say that C refines D if for every ¢ € C there is a d € D
such that ed = ¢ (that is, ¢ C d in the language of 311H below). Note that if C refines D and D refines F
then C refines E. PP If ¢ € C, there is a d € D such that c¢d = ¢; now there is an e € E such that de = d; in
this case,

ce = (cd)e = c(de) = cd = ¢;

as c is arbitrary, C refines E. Q

MEASURE THEORY



3111 Boolean algebras 7

311H The order structure of a Boolean ring Again treating a Boolean ring 2l as an algebra of sets,
it has a natural ordering, setting a C b if ab = a, so that a C b iff @ C b. This translation makes it obvious
that C is a partial order on 2(, with least element 0, and with greatest element 1 iff 2 is a Boolean algebra.
Moreover, 2 is a lattice (definition: 2A1Ad), with aub = sup{a, b} and anb = inf{a, b} for all a, b € A.
Generally, for ag,...,a, €,
SUPj<y, @3 = GoU ... UGy, inficpa;=apn ... Nay;

suprema and infima of finite subsets of 2 correspond to unions and intersections of the corresponding families
in the Stone space. (But suprema and infima of infinite subsets of 2 are a very different matter; see §313
below.)

It may be obvious, but it is nevertheless vital to recognise that when 2( is a ring of sets then C agrees
with C.

3111 The topology of a Stone space: Theorem Let Z be the Stone space of a Boolean ring 2, and
let ¥ be

{G : G C Z and for every z € G there is an a € 2 such that z € @ C G}.

Then ¥ is a topology on Z, under which Z is a locally compact zero-dimensional Hausdorff space, and
E ={a:a € A} is precisely the set of compact open subsets of Z. 2 is a Boolean algebra iff Z is compact.

proof (a) Because £ is closed under N, and |J& = Z (recall that Z is the set of surjective homomorphisms
from 2 to Zsg, so that every z € Z is somewhere non-zero and belongs to some @), £ is a topology base, and
T is a topology.

(b) ¥ is Hausdorff. P Take any distinct z, w € Z. Then there is an a € 2 such that z(a) # w(a);
let us take it that z(a) = 1, w(a) = 0. There is also a b € 2 such that w(b) = 1, so that w(b + ab) =
w(b) +2 w(a)w(b) =1 and w € (b+ ab)”; also

a(b+ ab) = ab+ a*b = ab+ ab = 0,
S0
an(b+ab)” = (a(b+ab))~ =0=10,
and a, (b+ ab)” are disjoint members of T containing z, w respectively. Q

(c) If a € A then a is compact. ¥ Let F be an ultrafilter on Z containing a. For each b € 2,
20(b) = lim,_, 7 z(b) must be defined in Z, since one of the sets {z : z(b) = 0}, {z : 2(b) = 1} must belong
to F. If b, c € 2, then the set

F={z:2(b) = 2(b), z(c) = zp(c), z(b+ ¢) = zo(b+ ¢), 2(bc) = zp(bc)}
belongs to F, so is not empty; take any z; € F'; then
20(b+¢) =21(b+ ¢) = 21(b) +2 21(c) = 20(b) +2 20(c),

z0(be) = z1(be) = z1(b)z1(c) = 20(b)20(c).
As b, ¢ are arbitrary, zg : 2 — Zs is a ring homomorphism. Also zg(a) = 1, because a € F, so zy € a.
Now let G be any open subset of Z containing zg; then there is a b € 2 such that zg C b C G since

lim,_, 7 2(b) = 2z0(b) = 1, we must have b= {z:2(b) =1} € F and G € F. Thus F converges to zy. As F
is arbitrary, @ is compact (2A3R). Q

(d) This shows that @ is a compact open set for every a € 2. Moreover, since every point of Z belongs to
some @, every point of Z has a compact neighbourhood, and Z is locally compact. Every @ is closed (because
it is compact, or otherwise), so & is a base for ¥ consisting of open-and-closed sets, and ¥ is zero-dimensional.

(e) Now suppose that F C Z is an open compact set. If £ = () then £ = 0. Otherwise, set
G={a:aeU aC E}.
Then G is a family of open subsets of Z and |JG = E, because E is open. But F is also compact, so there
is a finite Gy C G such that E = |JGy. Express Gy as {ag, ... ,a,}. Then
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8 Boolean algebras 3111

E:aouuan = (CLoU uan)A.
This shows that every compact open subset of Z is of the form a for some a € 2.
(f) Finally, if 2 is a Boolean algebra then Z = 1 is compact, by (c); while if Z is compact then (e) tells

us that Z = @ for some a € 2, and of course this ¢ must be a multiplicative identity for 2(, so that 2 is a
Boolean algebra.

311J We have a kind of converse of Stone’s theorem.

Proposition Let X be a locally compact zero-dimensional Hausdorff space. Then the set 2 of open-and-
compact subsets of X is a subring of PX. If Z is the Stone space of 2, there is a unique homeomorphism
6 : Z — X such that @ = 6~ '[a] for every a € 2.

proof (a) Because X is Hausdorff, all its compact sets are closed, so every member of 2 is closed. Conse-
quently aUb, a\ b, aNb and aAb belong to A for all a, b € A, and A is a subring of PX.

It will be helpful to know that 2 is a base for the topology of X. P If G C X is open and z € G,
then (because X is locally compact) there is a compact set K C X such that « € int K; now (because X is
zero-dimensional) there is an open-and-closed set a C X such that 2 € a C G Nint K; because a is a closed
subset of a compact subset of X, it is compact, and belongs to 2, while xt € a C G. Q

(b) Let R C Z x X be the relation
{(z,2): forevery a € A, z € a < z(a) = 1}.
Then R is the graph of a bijective function 6 : Z — X.

P (i) If z € Z and z, 2’ € X are distinct, then, because X is Hausdorff, there is an open set G C X
containing x and not containing z’; because 2 is a base for the topology of X, there is an a € 2 such that
x € a C G, so that 2’ ¢ a. Now either z(a) =1 and (z,2’) ¢ R, or z(a) = 0 and (z,z) ¢ R. Thus R is the
graph of a function § with domain included in Z and taking values in X.

(ii) If z € Z, there is an ag € A such that z(ag) = 1. Consider A = {a : z(a) = 1}. This is a family
of closed subsets of X containing the compact set ag, and a Nb € A for all a, b € A. So [].A is not empty
(3A3Db); take x € (. A. Then = € a whenever z(a) = 1. On the other hand, if z(a) = 0, then

z(ap \ a) = z(apA(aNag)) = z(ag) +2 z(ap)z(a) =1,

sox €ap\aand z ¢ a. Thus (z,2) € R and 6(z) = x is defined. As z is arbitrary, the domain of 6 is the
whole of Z.

(iii) If z € X, define z : A — Zy by setting z(a) = 1 if x € a, 0 otherwise. It is elementary to check
that z is a ring homomorphism form 2 to Z,. To see that it takes the value 1, note that because 2 is a
base for the topology of X there is an a € 2 such that = € a, so that z(a) = 1. So z € Z, and of course
(z,x2) € R. As z is arbitrary, 6 is surjective.

(iv) If 2, 2/ € Z and 0(z) = 6(%’), then, for any a € A,
z(a) =1 < 0(z) €a <= 0(¢) €a < Z'(a) =1,
so z = z’. Thus 0 is injective. Q
(c) For any a € A,
07 tal ={2:0(z) €a} ={z: 2(a) =1} =a.

It follows that 6 is a homeomorphism. P (i) If G C X is open, then (because 2 is a base for the topology
of X)G=U{a:a e, a C G} and

0 G) =U{0  al :aeA, aCGy=J{a:a e, a C G}

is an open subset of Z. As G is arbitrary, 6 is continuous. (ii) On the other hand, if G C X and 071[G] is
open, then §~![G] is of the form [ J,. 4 @ for some A C 2, so that G = J A is an open set in X. Accordingly
# is a homeomorphism. Q

. (d) Finally, T must check the uniqueness of §. But of course if 6 : Z — X is any function such that
0~1a] = @ for every a € 2, then the graph of § must be R, so § = 6.
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311L Boolean algebras 9

311K Remark Thus we have a correspondence between Boolean rings and zero-dimensional locally
compact Hausdorff spaces which is (up to isomorphism, on the one hand, and homeomorphism, on the
other) one-to-one. Every property of Boolean rings which we study will necessarily correspond to some
property of zero-dimensional locally compact Hausdorff spaces.

311L Complemented distributive lattices I have introduced Boolean algebras through the theory
of rings; this seems to be the quickest route to them from an ordinary undergraduate course in abstract
algebra. However there are alternative approaches, taking the order structure rather than the algebraic
operations as fundamental, and for the sake of an application in Chapter 35 I give the details of one of these.

Proposition Let 2 be a lattice such that
(i) (avb)Ae=(anc)V (bAc) forall a, b, c € A,
(ii) there is a permutation a — a’ : 2 — 2 which is order-reversing, that is, a < b iff &’ < d/,
and such that a” = a for every a;
(iii) A has a least element 0 and a A @’ = 0 for every a € 2.

Then 2 has a Boolean algebra structure for which a C b iff a < b.
proof (a) Write 1 for 0/; if a € 2, then @’ > 0so a =a” <0 =1, and 1 is the greatest element of 2.
If a, b € 2 then, because ' is an order-reversing permutation, a’ V¥ = (a Ab)’. I For ¢ € 2,
AV <c <= d<c&kb<c<—= <a&d<b
— <aAb = (aNb) <c Q
Similarly, @’ Ab = (aVb)'. If a, b, ¢c € A then
(anb)Ve=((a VVINS)Y =({(a AN)V I AN)) =(aVe)A(bVe).
(b) Define addition and multiplication on 2 by setting
a+b=(aAb)V(a ADb), ab=aAd
for a, b € 2.
(c)() If a, b € A then
(a+b) =@ Vb)A(aVvd)=(aNa)V(d AD)V(bAa)V (bAY)
=0V (dAY)V(bAa)=(ad AV)V (aAD).
So if a, b, ¢ € A then
(a+b)+c=((a+b)A)V((a+b) Ac)

(@A) V(@ AB)Y AV (((a" AV)V (aAb))Ac)
=(aAb ANV (A ABAL)V (a AD Ae)V (aNbAc);

as this last formula is symmetric in a, b and ¢, it is also equal to a + (b + ¢). Thus addition is associative.
(ii) For any a € 2,
a+0=0+a= (" A0)V(aA0)=0V(aAl)=aq,
so 0 is the additive identity of 2. Also
a+a=(ana)V(@ Na)=0V0=0

so each element of 2 is its own additive inverse, and (2, +) is a group. It is abelian because V and A are
commutative.

(d) Because A is associative and commutative, (2, -) is a commutative semigroup; also 1 is its identity,
because a A 1 = a for every a € . As for the distributive law in 2,
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10 Boolean algebras 311L

ab+ac=(aNbA(anc))V((aAb) ANaAc)

=(@aANbA(d V)V (@ VV)ANanc)
=(aAbAd)V(aNnbA)V(d Nane)V (' AaAc)
=(aANbA)V (B NaAnc)
=aA((bA)V (' Ne))=alb+c)

for all a, b, ¢ € A. Thus (2, +, ) is a ring; because a A a = a for every a, it is a Boolean ring.

(e) For a, b € A,

aChb << ab=a <= aNb=a < a<h,

so the order relations of 2 coincide.

Remark It is the case that the Boolean algebra structure of 2 is uniquely determined by its order structure,
but I delay the proof to the next section (312M).

311X Basic exercises (a) Let Ay,..., A, be sets. Show that
Ao DA, ={x:#{i: i <n,z e A})is odd}.

(b) Let X be a set, and ¥ C PX. Show that the following are equiveridical: (i) X is an algebra of subsets
of X; (ii) X is a subring of PX (that is, contains () and is closed under A and N) and contains X; (iii) § € X,
X\EeXforevery E€X, and ENFeXforal E, F eX.

(c) Let 2 be any Boolean ring. Let a — o’ be any bijection between 2[ and a set B disjoint from 2A. Set
B = 2A U B, and extend the addition and multiplication of 2 to form binary operations on B by using the
formulae

a+b =d+b=(a+b), a+V=a+,

ab=b+ab, ab =a+ab, a'V = (a+b+ad).
Show that 8 is a Boolean algebra and that 2 is an ideal in 8.
>(d) Let 2 be a Boolean ring, and K a finite subset of 2. Show that the subring of 2 generated by K

# () _ ) . .
has at most 22 ! members. (Hint: count its minimal non-zero elements.)

>(e) Show that any finite Boolean ring is isomorphic to PX for some finite set X (and, in particular, is
a Boolean algebra).

(f) Let 2 be any Boolean ring. Show that
au(bne)=(aub)n(auc), an(buc)=(anb)u(anc)

for all a, b, ¢ € 2 directly from the definitions in 311G, without using Stone’s theorem.

>(g) Let 2 be any Boolean ring. Show that if we regard the Stone space Z of 2 as a subset of {0, 1}%,

then the topology of Z (3111) is just the subspace topology induced by the ordinary product topology of
{0, 1}*.

(h) Let I be any set, and set X = {0,1}! with its usual topology (3A3K). Show that for a subset E of
X the following are equiveridical: (i) E is open-and-compact; (ii) F is determined by coordinates in a finite
subset of I (definition: 254M); (iii) E belongs to the algebra of subsets of X generated by {E; : i € I},
where E; = {z : z(i) = 1} for each 1.

(1) Let (2, <) be a lattice such that (o) 2 has a least element 0 and a greatest element 1 (53) for every
a,bceA, aVv(bhnc)=(aVb)A(aVec)and aA(bVc)=(aAb)V(aAc)(y) for every a € A there is an
a’ € A such that a Va’' =1 and a A ' = 0. Show that there is a Boolean algebra structure on 2 for which
< agrees with C .
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311Y Further exercises (a) Let 2 be a Boolean ring, and B the Boolean algebra constructed by the
method of 311Xc. Show that the Stone space of % can be identified with the one-point compactification
(3A30) of the Stone space of 2.

(b) Let (A,V,A,0,1) be such that (i) (2, V) is a commutative semigroup with identity 0 (i) (2, A) is a
commutative semigroup with identity 1 (iii) a A (bV¢) = (aAb)V (aAc), aV (bAc) = (aVDb)A(aVc) for all
a,b,ce(iv)aVa=aAa=afor every a € A (v) for every a € 2 there is an a’ € A such that aVa' =1
and a A @’ = 0. Show that there is a Boolean algebra structure on 2 for which V= u, A= n.

(c) Let (2, V,) be such that (i) (2, V) is a non-empty commutative semigroup (ii) ’ : 2 — 2l is a function
(iii) ((aVb)' V(aVvl')) =afor all a, b € 2A. Show that there is a Boolean algebra structure on 2 for which
V = u and ' is complementation. (Hint: McCUNE 97.)

(d) Let P be a distributive lattice, and Z the set of surjective lattice homomorphisms from P to {0,1}.
Show that there is a sublattice of PZ isomorphic to P.

311 Notes and comments My aim in this section has been to get as quickly as possible to Stone’s theorem,
since this is surely the best route to a picture of general Boolean algebras; they are isomorphic to algebras
of sets. This means that all their elementary algebraic properties — indeed, all their first-order properties
— can be effectively studied in the context of elementary set theory. In 311G-311H I describe a few of the
ways in which the Stone representation suggests algebraic properties of Boolean algebras.

You should not, however, come too readily to the conclusion that Boolean algebras will never be able to
surprise you. In this book, in particular, we shall need to work a good deal with suprema and infima of
infinite sets in Boolean algebras, for the ordering of 311H; and even though this corresponds to the ordering
C of ordinary sets, we find that (sup A)~ is sufficiently different from (J,. 4 @ to need new kinds of intuition.
(The point is that |J,. 4 @ is an open set in the Stone space, but need not be compact if A is infinite, so
may well be smaller than (sup A)™, even when sup A is defined in 2(.) There is also the fact that Stone’s
theorem depends crucially on a fairly strong form of the axiom of choice (employed through Zorn’s Lemma
in the argument of 311D). Of course I shall be using the axiom of choice without scruple throughout this
volume. But it should be clear that such results as 312B-312C in the next section cannot possibly need the
axiom of choice for their proofs, and that to use Stone’s theorem in such a context is slightly misleading.

Nevertheless, it is so useful to be able to regard a Boolean algebra as an algebra of sets — especially when
dealing with only finitely many elements of the algebra at a time — that henceforth I will almost always use
the symbols A, n for the addition and multiplication of a Boolean ring, and will use u, \, C without
further comment, just as if I were considering U, \ and C in the Stone space. (In 311Gb I have given a
definition of ‘disjointness’ in a Boolean algebra based on the same idea.) Even without the axiom of choice
this approach can be justified, once we have observed that finitely-generated Boolean algebras are finite
(311Xd), since relatively elementary methods show that any finite Boolean algebra is isomorphic to PX for
some finite set X.

I have taken a Boolean algebra to be a particular kind of commutative ring with identity. Of course
there are other approaches. If we wish to think of the order relation as primary, then 311L and 311Xi are
reasonably natural. Other descriptions can be based on a list of the properties of the binary operations U,
n and the complementation operation a — a’ = 1\ a, as in 311Yb. (The hardest I know of is in 311Yec.) I
give extra space to 311L only because this is well adapted to an application in 352Q below.

Version of 29.5.07

312 Homomorphisms

I continue the theory of Boolean algebras with a section on subalgebras, ideals and homomorphisms.
From now on, I will relegate Boolean rings which are not algebras to the exercises; I think there is no need
to set out descriptions of the (mostly trifling) modifications necessary to deal with the extra generality. The
first part of the section (312A-312L) concerns the translation of the basic concepts of ring theory into the

(©) 1994 D. H. Fremlin

D.H.FREMLIN



12 Boolean algebras 8312 intro.

language which I propose to use for Boolean algebras. 312M shows that the order relation on a Boolean
algebra defines the algebraic structure, and in 312N-3120 I give a fundamental result on the extension of
homomorphisms. I end the section with results relating the previous ideas to the Stone representation of a
Boolean algebra (312P-312T).

312A Subalgebras Let 2 be a Boolean algebra. I will use the phrase subalgebra of 2 to mean a
subring of 2 containing its multiplicative identity 1 = 1q.

312B Proposition Let 2 be a Boolean algebra, and 9B a subset of 2l. Then the following are equiveridical,
that is, if one is true so are the others:

(i) 9B is a subalgebra of 2;

(i) 0 € B, aube B for all a, b € B, and 1\ a € B for all a € B;

(iii) BAD,anbe B forall a, b€ B, and 1\ a € B for all a € B.

proof (i)=(iii) If B is a subalgebra of 2, and a, b € B, then of course we shall have
0,1 € B, soB #,

anbe®B, 1\a=1Aa€’B.

(iii)=-(ii) If (iii) is true, then there is some by € B; now 1\ by € B, so
0=0byN(1\by) € B.
If a, b € B, then
aub=1\((1\a)n(1\b)) € B.
So (ii) is true.
(ii)=-(i) If (ii) is true, then for any a, b € B,
anb=1\((1\a)u(1\b)) € B,

anb=(an(1\b)u(bn(l\a)) € B,
so (because also 0 € B) 9B is a subring of A, and
1=1\0¢€%,
so ‘B is a subalgebra.

Remark Thus an algebra of subsets of a set X, as defined in 136E or 311Bb, is just a subalgebra of the
Boolean algebra PX.

312C Ideals in Boolean algebras: Proposition If 2 is a Boolean algebra, a set I C 2l is an ideal of
Aif0el,aubel foralla, bel, and a € I whenever b € I and a C b.

proof (a) Suppose that I is an ideal. Then of course 0 € I. If a, b € I then anb € I so aub =
(anb)s(anb)el. IfbelandaCbthena=anbel.

(b) Now suppose that I satisfies the conditions proposed. If a, b € I then
arbCaubel

so aAb € I, while of course —a = a € I, and also 0 € I, by hypothesis; thus I is a subgroup of (2, A).
Finally, if a € I and b € 2 then

anbCcae€l,
sobna=anb € I; thus I is an ideal.
312D Principal ideals Of course, while an ideal I in a Boolean algebra 2( is necessarily a subring, it is

not as a rule a subalgebra, except in the special case I = 2. But if we say that a principal ideal of 2 is
the ideal 2, generated by a single element a of 2, we have a special phenomenon.
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312E Proposition Let 2 be a Boolean algebra, and a any element of 2. Then the principal ideal 2, of
2 generated by a is just {b: b € 2, b C a}, and (with the inherited operations N [2A, X g, A A X Ay) is
a Boolean algebra in its own right, with multiplicative identity a.

proof b C a iff bna = b, so that
A, =4{b:bca}={bna:beA}

is an ideal of 2, and of course it is the smallest ideal of 2 containing a. Being an ideal, it is a subring; the
idempotent relation bnb = b is inherited from 2, so it is a Boolean ring; and a is plainly its multiplicative
identity.

312F Boolean homomorphisms Now suppose that 2l and B are two Boolean algebras. I will use the
phrase Boolean homomorphism to mean a function 7 : 2l — B which is a ring homomorphism (that is,
m(aAb) =mwaA7b, m(anb) = rannb for all a, b € 2A) and is uniferent, that is, w(1y) = 1.

312G Proposition Let 2, B and ¢ be Boolean algebras.

(a) If w : A — B is a Boolean homomorphism, then 7[2] is a subalgebra of B.

(b)If 7 : A — B and 0 : B — ¢ are Boolean homomorphisms, then 67 : A — € is a Boolean
homomorphism.

(c) If 7 : A — B is a bijective Boolean homomorphism, then 7= : B — 2 is a Boolean homomorphism.

proof These are all immediate consequences of the corresponding results for ring homomorphisms (3A2D).

312H Proposition Let 2 and 8 be Boolean algebras, and 7 : 2l — B a function. Then the following
are equiveridical:

(i) 7 is a Boolean homomorphism;

(ii) w(anb) = man7b and 7(1ly \ a) = 1p \ 7a for all a, b € A,

(iii) m(aub) = maumb and 7(1g \ a) = 1 \ ma for all a, b € A;

(iv) m(aub) = maumb and ma N b = Oy whenever a, b € A and anb = Oy, and 7(ly) = 1.

proof (i)=(iv) If 7 is a Boolean homomorphism then of course 7(1ly) = 1ls; also, given that anb =0 in A,

manmh=7(anb) = m(0y) = O,
m(aub) =m(arb) =mwarwb=maumd.

(iv)=-(iii) Assume (iv), and take a, b € 2. Then
ra=m(anb)un(a\b), wb=mn(anb)un(b\a),
S0
m(aub) =maun(b\a) =n(anb)un(a\b)un(b\a)=maumnb.
Taking b = 1\ a, we must have
1y =7m(ly) =maun(lg\a), Oy =mann(ly\a),
so m(1lg \ @) = 1 \ wa. Thus (iii) is true.
(iii)=-(ii) If (iii) is true and a, b € 2, then
m(anb) = m(1x\ ((la\ @) U (1a\ b))
=1x\((1s\7a)u(ls \ b)) = Tranwb.
So (ii) is true.

(ii)=(i) If (ii) is true, then

m(anb) =7((1a\ (la\a) N (1x\ b)) N (1x\ (anb)))
= (Ip\ ((Ip \7a) n (1s \ 7b)) N (1 \ (ran b)) = ma A 7b
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for all a, b € 2, so 7 is a ring homomorphism; and now

(1) = (1 \ Og) = 1 \ 7(0g) = 1\ O = 13,

so that 7 is a Boolean homomorphism.

3121 Proposition If 2, B are Boolean algebras and 7 : A — 9 is a Boolean homomorphism, then
wa C wb whenever a C b in 2.

proof

aCb=anb=a= mannb=ma = ma C 7b.

312J Proposition Let 21 be a Boolean algebra, and a any member of 2. Then the map b+ anNbis a
surjective Boolean homomorphism from 2l onto the principal ideal %I, generated by a.

proof This is an elementary verification.

*312K Fixed-point subalgebras For future reference I introduce the following idea. If 2 is a Boolean
algebra and 7 : 2l — 2[ is a Boolean homomorphism, then {a : a € A, ma = a} is a subalgebra of 2 (put the
definitions 312A and 312F together); I will call it the fixed-point subalgebra of 7.

312L Quotient algebras: Proposition Let 2 be a Boolean algebra and I an ideal of 2. Then the
quotient ring 2(/I (3A2F) is a Boolean algebra, and the canonical map a +— a® : 2 — 2A/I is a Boolean
homomorphism, so that

(anb)*=a*nb*, (aub)*=a*ub®, (anb)*=a"nd*, (a\b)*=a"\b*

for all a, b € 2.
(b) The order relation on 2(/T is defined by the formula

a* Cb* < a\bel.
For any a € 2,
{u:uca}={b:bcCa}

proof (a) Of course the map a + a* = {aAb:b e I} is a ring homomorphism (3A2Fd). Because
(aa)2 — (a2)- =q°*

for every a € 2, /I is a Boolean ring; because 1* is a multiplicative identity, it is a Boolean algebra, and
a — a® is a Boolean homomorphism. The formulae given are now elementary.

(b) We have
a®* Cb® <= a°\b0*=0 <= a\bel.
Now

{u:uca}={una :uecA/I} ={(bna):be A} ={b*:bCa}.

312M The above results are both repetitive and nearly trivial. Now I come to something with a little
more meat to it.

Proposition If 2 and B are Boolean algebras and 7 : 2 — ‘B is a bijection such that wa C wb whenever
a C b, then 7 is a Boolean algebra isomorphism.

proof (a) Because 7 is surjective, there must be ¢y, ¢; € 2 such that ey = Oy, me1 = 1g; now 7(0gy) C weg
and mep € w(1g), so we must have 7(0y) = Op and 7(1ly) = 1.

(b) If a € A, then maum(1ly\ a) = 1. I There is a ¢ € A such that 7¢ = 1y \ (raun(ly \ a)). Now

m(cna) Ctenma=0g, 7(c\a)Cmenn(ly\a)=_0s;
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as 7 is injective, cna = ¢\ a = 0y and ¢ = Oy, 7c = Oy, rauT(lg\a) = 1. Q

(c) Ifa € A, then ranm(1ly \ a) = 0. PP It may be clear to you that this is just a dual form of (b). If not,
I repeat the argument in the form now appropriate. There is a ¢ € 2 such that 7¢c = 1y \ (ran7(1g \ a)).
Now

m(cua) dmcuma =1y, w(cu(lg\a))Ddmcun(ly\a)= ly;
as 7 is injective, cua = cuU (1g\ a) = 1y and ¢ = 1y, mc = 1, man7(ly\a) = 03. Q

(d) Putting (b) and (c) together, we have 7(1g \ a) = 1y \ wa for every a € A. Now w(aub) = raund
for every a, b € A. P Surely raumb C w(aub). Let ¢ € A be such that m¢ = w(aub) \ (raumb). Then

m(cna) Cmenma=0g, w(cnb) Cmenmb=0gp,
socna=cnb=0and ¢ C 1y \ (auUb); accordingly
me C(lg\ (aubd)) = 1\ 7w(aub);
as also m¢ C w(aub), mc = 0p and w(aub) = raunh. Q

(e) So the conditions of 312H(iii) are satisfied and 7 is a Boolean homomorphism; being bijective, it is
an isomorphism.

312N I turn next to a fundamental lemma on the construction of homomorphisms. We need to start
with a proper description of a certain type of subalgebra.

Lemma Let 2 be a Boolean algebra, and 2(y a subalgebra of 2; let ¢ be any member of 2. Then
Ay ={(anc)u(b\c):a,beAp}

is a subalgebra of 2; it is the subalgebra of 2 generated by 2y U {c}.
proof We have to check the following;:

a=(anc)u(a\c) €Ay
for every a € 20y, so 2y C 2y; in particular, 0 € ;.

I\ ((anc)u(b\e)) = ((1\a)nc)u((1\b)\c) € Ay
for all a, b € g, so 1\ d € 2A; for every d € ;.
(anc)u(d\c)u(anc)u @ \c)=((aua)nec)u((bud)\c) € 24

for all a, b, a’, b/ € g, so dUd € 2, for all d, d’ € 2,. Thus 2, is a subalgebra of 2 (using 312B).

c=(1nc)u(0\c) €y,

so 21y includes 2o U{c}; and finally it is clear that any subalgebra of 2[ including 1o U{c}, being closed under
N, U and complementation, must include 2y, so that 2(; is the subalgebra of 2 generated by 2y U {c}.

3120 Lemma Let 2 and B be Boolean algebras, 2y a subalgebra of 2, 7 : Ay — 96 a Boolean
homomorphism, and ¢ € . If v € B is such that ma C v C wb whenever a, b € 2y and a C ¢ C b, then there
is a unique Boolean homomorphism 7 from the subalgebra 24; of 2 generated by 2o U {¢} such that m;
extends m and w¢c = v.

proof (a) The basic fact we need to know is that if a, a’, b, ' € 2y and
(anc)u(b\e)=d=(a'nc)u (¥ \e),
then
(ranv)u(mb\v) = (ma’ nv)u (7b' \ v).
P We have
anc=dnc=a nc.

Accordingly (aAa’)ne=0and ¢ C 1\ (aAad). Consequently (since a A a’ surely belongs to )
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ver(l\(aad)) =1\ (rarwd),

and
ranv =ma No.
Similarly,
b\e=d\c=10\c,
S0
badb)\e=0, bab ce wbamt =nbabt)co
and

b\ v =7b \v.
Putting these together, we have the result. Q
(b) Consequently, we have a function 71 defined by writing
mi((anc)u(b\c)) = (ranv)u (mb\v)

for all a, b € Ay; and 312N tells us that the domain of 71 is just ;. Now 7 is a Boolean homomorphism.
PP This amounts to running through the proof of 312N again.

(i) If a, b € Ay, then

m(1\ ((anc)u(b\c)))

m((1\a)neju((1\b)\¢))
(r(1\a)nv)u (r(1\b)\v)
(I\ma) no)u ((1\7b)\v)
I\ ((ranv)u(mb\v)) = 1\m((anc)u(b\c)).

So m1(1\d) = 1\ md for every d € ;.
(ii) If a, b, o/, b/ € g, then

FHENLADUE L (\9) = > (bu¥)\ )

= (m(aud)nv)u(r(bud’)\v)
((’R’G,Uﬂ'(l) ) ((’/TbU’ITb/)\U)

= (mranv)u(mb\v)u(ra nv)u (b \ v)
=m((anc)u(b\c)um((a' nc)u(® \c)).

So mi(dud) =mdumd for all d, d' € ;.
By 312H(iii), m is a Boolean homomorphism. Q

(c) If a € YAy, then
ma=m((anc)u(a\c)) = (manv)u(ra\v) = 7a,
so m extends w. As for the action of w1 on ¢,
me=m1((1nc)u(0\c)) = (rlnv)u(r0\v) = (1nv)u(0\v) =0,
as required.

(d) Finally, the formula of (b) is the only possible definition for any Boolean homomorphism from 2(; to
B which will extend 7 and take ¢ to v. So 7 is unique.

312P Homomorphisms and Stone spaces Because the Stone space Z of a Boolean algebra 2( (311E)
can be constructed explicitly from the algebraic structure of 2, it must in principle be possible to describe
any feature of the Boolean structure of 2 in terms of Z. In the next few paragraphs I work through the
most important identifications.
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Proposition Let 2 be a Boolean algebra, and Z its Stone space; write a C Z for the open-and-closed set
corresponding to a € 2. Then there is a one-to-one correspondence between ideals I of 2l and open sets
G C Z, given by the formulae

G=Ussa, [I={a:acG}.

proof (a) For any ideal I <1, set H(I) = |J,c;@; then H(I) is a union of open subsets of Z, so is open.
For any open set G C Z, set J(G) = {a: a € 2, @ C G}; then J(G) satisfies the conditions of 312C, so is
an ideal of 2I.

(b) f I <A, then J(H(I))=I1. P (i) Ifa eI, thena C H(I)soa € J(H(I)). (ii) If a € J(H(I)), then
a C H(I) = Jye; b- Because @ is compact and all the b are open, there must be finitely many bo, ... ,b, € I
suchthataggou...u/l;n. But now a Cbgu ... ub,€l,soacl. Q

(c) If G C Z is open, then H(J(G)) = G. P (i) If z € G, then (because {a : a € A} is a base for the
topology of Z) there is an a € 2 such that z € @ C G; now a € J(G) and z € H(J(G)). (ii) I z € H(J(G)),
there is an a € J(G) such that z € a; nowa C G, s0 z € G. Q

This shows that the maps G — J(G), I — H(I) are two halves of a one-to-one correspondence, as
required.

312Q Theorem Let 2, B be Boolean algebras, with Stone spaces Z, W; write a C Z, b C W for the
open-and-closed sets corresponding to a € 2, b € B. Then we have a one-to-one correspondence between
Boolean homomorphisms 7 : 2l — % and continuous functions ¢ : W — Z, given by the formula

ra=b < ¢ [a] =b,
that is, ¢~1[a] = 7a.

proof (a) Recall that I have constructed Z and W as the sets of Boolean homomorphisms from 2 and B
to Zy (311F). So if 7 : A — B is any Boolean homomorphism, and w € W, ¢r(w) = wr is a Boolean
homomorphism from 2 to Zy (312Gb), and belongs to Z. Now - ![a] = 7a for every a € 2. P

Ylal = {w:Yr(w) €ea} ={w:wr €a} = {w:wr(a) =1} ={w: w € 7a}. Q
Consequently 9, is continuous. PP Let G be any open subset of Z. Then G = |J{a :a C G}, so
UGl =Ulurfal:ac Gy =U{ma:a c G}
is open. As G is arbitrary, ¥, is continuous. Q

(b) If ¢ : W — Z is continuous, then for any a € 2A the set ¢~1[a] must be an open-and-closed set in
W; consequently there is a unique member of B, call it 6a, such that ¢~*[a] = 6sa. Observe that, for any
w e W and a € 2,

w(fpa) =1 < w e Oga < ¢(w) €ad < ($p(w))(a) =1,

50 p(w) = why.
Now 6, is a Boolean homomorphism. P (i) If a, b € A then

Og(aub)™ = ¢ (aub)] = ¢ aUB] = ¢~ '[al U g~ o] = Gpa Ubhgh = (6500 04b)7
50 Op(aub) = Ogaub4b. (ii) If a € A, then
Oy(1\a)” =67 [(1\a) ] =g} [Z\a] = W\ ¢~ [a] = W\ 60 = (1) 6,0)

50 04(1\ a) = 1\ 6ya. (iil) By 312H, 6,4 is a Boolean homomorphism. Q

(c) For any Boolean homomorphism 7 : A — B, 7 =6,_. P For a € 2,

(0y,.a)" =y '[a] = 7a,

5o 0y.a=a. Q

(d) For any continuous function ¢ : W — Z, ¢ = g, I For any w € W,

e, (w) = why = d(w). Q
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(e) Thus 7 — 9, ¢ — 04 are the two halves of a one-to-one correspondence, as required.

312R Theorem Let 2, B, € be Boolean algebras, with Stone spaces Z, W and V. Let m : 2 — B
and 6 : B — € be Boolean homomorphisms, with corresponding continuous functions ¢ : W — Z and
¢ : V. — W. Then the Boolean homomorphism 67 : 2 — & corresponds to the continuous function
oYV = Z.

proof For any a € 2,

—

Oma = (0(ra))” = v~ [7wa] = ¢~ o™ [a]] = (¢)~'[al].

312S Proposition Let 20 and B be Boolean algebras, with Stone spaces Z and W, and 7 : 2 — B a
Boolean homomorphism, with associated continuous function ¢ : W — Z. Then
(a) 7 is injective iff ¢ is surjective;
(b) 7 is surjective iff ¢ is injective.
proof (a) If a € 2, then
aneW]=0 < ¢ 'al=0 < 7a=0 < ma=0.

Now W is compact, so ¢[W] also is compact, therefore closed, and

¢ is not surjective < Z\ ¢p[W] # 0
<= there is a non-zero a € 2A such that a C Z \ ¢[W]
<= there is a non-zero a € 2 such that ma =0

<= m is not injective
(3A2Db).

(b)(3) If 7 is surjective and w, w’ are distinct members of W, then there is a b € B such that w € b
and w’ ¢ b. Now b = ma for some a € 2, so ¢p(w) € @ and ¢(w') ¢ @, and ¢(w) # ¢(w'). As w and w’ are
arbitrary, ¢ is injective.

(ii) If ¢ is injective and b € B, then K = ¢[§], L = ¢[W\ ] are disjoint compact subsets of Z. Consider
I'={a:ac®A LNna=0} Then|J,.;a=Z\L 2 K. Because K is compact and every @ is open, there
is a finite family ag, ... ,a, € I such that K CapU...Ua,. Seta =apuU ... Ua,. Thena=ayU...Ua,
includes K and is disjoint from L. So 7a = ¢~ '[a] includes b and is disjoint from W \Z, that is, 7a = b and
wa = b. As b is arbitrary, 7 is surjective.

312T Principal ideals If 2 is a Boolean algebra and a € 2, we have a natural surjective Boolean
homomorphism b — bna : A — 2, the principal ideal generated by a (312J). Writing Z for the Stone space
of A and Z, for the Stone space of 2, this homomorphism must correspond to an injective continuous
function ¢ : Z, — Z (312Sb). Because Z, is compact and Z is Hausdorff, ¢ must be a homeomorphism
between Z, and its image ¢[Z,] C Z (3A3Dd). To identify ¢[Z,], note that it is compact, therefore closed,
and that

Z\0lZa) = J{b: b e A, 5N ¢[Z.) = 0}
= J{b: o7 0] =0} = J{b:bna=0}=Z\q,

so that ¢[Z,] = a. It is therefore natural to identify Z, with the open-and-closed set @ C Z.

312X Basic exercises (a) Let 2 be a Boolean ring, and B a subset of 2. Show that B is a subring of
Aiff 0 e B and aub, a\b e B for all a, b € B.

(b) Let 2 be a Boolean algebra and 9B a subset of 2[. Show that 9B is a subalgebra of 20 iff 1 € B and
a\b e B for all a, b € °B.
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(c) Let 2 be a Boolean algebra. Suppose that I C A C 2 are such that 1 € A, anbe I foralla, bel
and a\b € A whenever a, b € A and b C a. Show that A includes the subalgebra of 2l generated by I.
(Hint: 136X£.)

(d) Show that if 2( is a Boolean ring, a set I C 2 is an ideal of Aiff 0 € I, aub e I for all a, b € I, and
a € I whenever b € I and a C b.

(e) Let 20 and B be Boolean algebras, and 7 : 2 — B a function such that (i) w(a) C m(b) whenever
a C b (ii) m(a) n7(b) = Oy whenever anb = Oy (iii) 7(a) um(b) Uun(c) = 1 whenever aubuc = 1g. Show
that 7 is a Boolean homomorphism.

(f) Let A be a Boolean ring, and a any member of 2. Show that the map b — anb is a ring homomorphism
from 2 onto the principal ideal 2, generated by a.

(g) Let 2; and As be Boolean rings, and let B1, Ba be the Boolean algebras constructed from them
by the method of 311Xc. Show that any ring homomorphism from 2{; to 2 has a unique extension to a
Boolean homomorphism from 98B to B,.

(h) Let 2 and B be Boolean rings, 2y a subalgebra of 2, 7 : 2y — B a ring homomorphism, and ¢ € 2.
Show that if v € 9B is such that ma\v = tbnv = 0 whenever a, b € 2y and a\ ¢ = bnc = 0, then there is
a unique ring homomorphism 7 from the subring 2(; of 2 generated by 2o U {c} such that 71 extends mg
and mc = .

(i) Let 2 be a Boolean ring, and Z its Stone space. Show that there is a one-to-one correspondence
between ideals I of 2 and open sets G C Z, given by the formulae G = J,.; @, I = {a:a C G}.

(j) Let A be a Boolean algebra, and suppose that 2( is the subalgebra of itself generated by 20y U {c},
where 2l is a subalgebra of 2 and ¢ € 2. Let Z be the Stone space of 2 and Z; the Stone space of 24y. Let
Y 1 Z — Zy be the continuous surjection corresponding to the embedding of 2y in 2. Show that ¥ [¢ and
Y[ Z \ € are injective.

Now let 98 be another Boolean algebra, with Stone space W, and 7 : 2l — B a Boolean homomorphism,
with corresponding function ¢ : W — Zy. Show that there is a continuous function ¢, : W — Z such that
Yoy = ¢ iff there is an open-and-closed set V' C W such that ¢[V] C ¢[c] and ¢[W \ V] C¢[Z \ ¢].

(k) Let 2 be a Boolean algebra, with Stone space Z, and I an ideal of 2, corresponding to an open set
G C Z. Show that the Stone space of the quotient algebra 21/I may be identified with Z \ G.

(1) Let 2 be a Boolean algebra, and A C 2 a set, closed under U and n, such that 0, 1 € A. Let B be
the set of elements of 2 expressible as a \ a’ where a, a’ € A, and C the set of elements of 2 expressible as
boU ... Ub, where by,... ,b, € B are disjoint. Show that C' is a subalgebra of .

(m) Let 2, B be Boolean algebras, and A C 2 a set, closed under U and n, such that Oy, 1y € A4;
let € be the subalgebra of 2 generated by A. Let 7 : A — 9B be such that 70y = Oy and 7ly = 1y, and
mlavua’) =maund, m(ana’) = mranma for all a, ' € A. Show that 7 has a unique extension to a Boolean
homomorphism from € to 8.

312Y Further exercises (a) Find a function ¢ : P{0,1,2} — Zs such that ¢(1\ a) = 1\ ¢a for every
a € P{0,1,2} and ¢(a) C ¢(b) whenever a C b, but ¢ is not a Boolean homomorphism.

(b) Let A be the Boolean ring of finite subsets of N. Show that there is a permutation 7 : A — 2[ such
that ma C b whenever a C b but 7 is not a ring homomorphism.

(c) Let 2, B be Boolean rings, with Stone spaces Z, W. Show that we have a one-to-one correspondence
between ring homomorphisms 7 : 2 — 98 and continuous functions ¢ : H — Z, where H C W is an open set,
such that ¢~1[K] is compact for every compact set K C Z, given by the formula ma = b <= ¢~ '[a] = b.
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(d) Let 2, B, € be Boolean rings, with Stone spaces Z, W and V. Let 7 : A — B and § : B — € be
ring homomorphisms, with corresponding continuous functions ¢ : H — Z and ¢ : G — W. Show that the
ring homomorphism 67 : 2l — € corresponds to the continuous function ¢ : 1 ~[H] — Z.

(e) Let 2L and B be Boolean rings, with Stone spaces Z and W, and 7 : 2 — 9B a ring homomorphism,
with associated continuous function ¢ : H — Z. Show that 7 is injective iff ¢[H] is dense in Z, and that =
is surjective iff ¢ is injective and H = W.

(f) Let 2 be a Boolean ring and a € 2. Show that the Stone space of the principal ideal 2, of 2 generated
by a can be identified with the compact open set @ in the Stone space of 2. Show that the identity map is
a ring homomorphism from I, to 2(, and corresponds to the identity function on @.

312 Notes and comments The definitions of ‘subalgebra’ and ‘Boolean homomorphism’ (3124, 312F),
like that of ‘Boolean algebra’, are a trifle arbitrary, but will be a convenient way of mandating appropriate
treatment of multiplicative identities. I run through the work of 312A-312J essentially for completeness;
once you are familiar with Boolean algebras, they should all seem obvious. 312M has a little bit more to it.
It shows that the order structure of a Boolean algebra defines the ring structure, in a fairly strong sense.

I call 3120 a ‘lemma’, but actually it is the most important result in this section; it is the basic tool we have
for extending a homomorphism from a subalgebra to a slightly larger one, and with Zorn’s Lemma (another
‘lemma’ which deserves a capital L) will provide us with general methods of constructing homomorphisms.

In 312P-312T 1 describe the basic relationships between the Boolean homomorphisms and continuous
functions on Stone spaces. 312Q-312R show that, in the language of category theory, the Stone representation
provides a ‘contravariant functor’ from the category of Boolean algebras with Boolean homomorphisms to the
category of topological spaces with continuous functions. Using 3111-311J, we know exactly which topological
spaces appear, the zero-dimensional compact Hausdorff spaces; and we know also that the functor is faithful,
that is, that we can recover Boolean algebras and homomorphisms from the corresponding topological spaces
and continuous functions. There is an agreeable duality in 312S. All of this can be done for Boolean rings,
but there are some extra complications (312Yc-312Yf).

To my mind, the very essence of the theory of Boolean algebras is the fact that they are abstract rings,
but at the same time can be thought of ‘locally’ as algebras of sets. Consequently we can bring two
quite separate kinds of intuition to bear. 3120 gives an example of a ring-theoretic problem, concerning the
extension of homomorphisms, which has a resolution in terms of the order relation, a concept most naturally
described in terms of algebras-of-sets. It is very much a matter of taste and habit, but I myself find that a
Boolean homomorphism is easiest to think of in terms of its action on finite subalgebras, which are directly
representable as PX for some finite X (311Xe); the corresponding continuous map between Stone spaces is
less helpful. T offer 312Xj, the Stone-space version of 3120, for you to test your own intuitions on.

Version of 8.6.11

313 Order-continuous homomorphisms

Because a Boolean algebra has a natural partial order (311H), we have corresponding notions of upper
bounds, lower bounds, suprema and infima. These are particularly important in the Boolean algebras
arising in measure theory, and the infinitary operations ‘sup’ and ‘inf’ require rather more care than the
basic binary operations ‘U’, ‘n’, because intuitions from elementary set theory are sometimes misleading.
I therefore take a section to work through the most important properties of these operations, together with
the homomorphisms which preserve them.

313A Relative complementation: Proposition Let 2 be a Boolean algebra, e a member of 2, and
A a non-empty subset of 2.

(a) If sup A is defined in 2, then inf{e\ a: a € A} is defined and equal to e \ sup A.

(b) If inf A is defined in 2, then sup{e\ a: a € A} is defined and equal to e \ inf A.

(© 1995 D. H. Fremlin
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proof (a) Writing ag for sup A, we have e\ ag C e\ a for every a € A, so e\ ap is a lower bound for
C ={e\a:a € A}. Now suppose that ¢ is any lower bound for C. Then (because A is not empty) ¢ C e,
and

a=(a\e)u(e\(e\a)) C (ao\e)u(e\c)
for every a € A. Consequently ag C (ag \ ) U (e\ ¢) is disjoint from ¢ and
c=cnecCe\ag.
Accordingly e\ ag is the greatest lower bound of C, as claimed.

(b) This time set ag = inf A, C = {e\a:a € A}. As before, e\ ag is surely an upper bound for C. If ¢
is any upper bound for C, then

e\ccCe\(e\a)=enaca
for every a € A, so e\ ¢ C ag and e\ ag C ¢. As c is arbitrary, e\ ag is indeed the least upper bound of C.

Remark In the arguments above I repeatedly encourage you to treat n, u, \, C as if they were the
corresponding operations and relation of basic set theory. This is perfectly safe so long as we take care that
every manipulation so justified has only finitely many elements of the Boolean algebra in hand at once.

313B General distributive laws: Proposition Let 2 be a Boolean algebra.

(a) If e € A and A C A is a non-empty set such that sup A is defined in 2, then sup{ena : a € A} is
defined and equal to en sup A.

(b) If e € A and A C A is a non-empty set such that inf A is defined in 2, then inf{eua : a € A} is
defined and equal to e U inf A.

(c) Suppose that A, B C 2( are non-empty and sup A, sup B are defined in 2. Then sup{anb:a € A, b€
B} is defined and is equal to sup An sup B.

(d) Suppose that A, B C 2 are non-empty and inf A, inf B are defined in 2. Then inf{aub:a € A, b € B}
is defined and is equal to inf A u inf B.

proof (a) Set
B={e\a:ac A}, C={e\b:beB}={ena:ac A}.
Using 313A, we have
inf B=e\supA, supC=e\inf B=ensupA,
as required.

(b) Set ag =inf A, B={eua:a € A}. Then euag C eua for every a € A, so eUag is a lower bound
for B. If ¢ is any lower bound for B, then c\ e C a for every a € A, so c\ e C ag and ¢ C eUag; thus euU ag
is the greatest lower bound for B, as claimed.

(c) By (a), we have
ansup B =sup,cganbd
for every a € A, so
SUP,e A pep @Nb = sup,c4(an sup B) = sup An sup B,
using (a) again.
(d) Similarly, using (b) twice,

infoeapepaub=inf,ca(au inf B) = inf Au inf B.

313C As always, it is worth developing a representation of the concepts of sup and inf in terms of Stone
spaces.

Proposition Let 2 be a Boolean algebra, and Z its Stone space; for a € 2 write @ for the corresponding
open-and-closed subset of Z.
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(a) If A C A and ag € A then ag =sup A in A iff Gp =, 4 @

b) If A C 2l is non-empty and ag € 2 then ag = inf A in 2 iff Gy = int a.
acA

(c) If A C 2 is non-empty then inf A = 0 in  iff (. 4 @ is nowhere dense in Z.

proof (a) For any b € 2,

b is an upper bound for A < a C b for every a € A

because b is certainly closed in Z. It follows at once that if @ is actually equal to | J,. 4 @ then ap must be
the least upper bound of A in 2. On the other hand, if ag = sup A4, then J,c @ Cap. T If Gp # U, @,

then @o \ U, 4 @ is a non-empty open set in Z, so includes b for some non-zero b € 2; now @ C agp \ b, so
a Cag\b for every a € A, and ag\ b is an upper bound for A strictly less than ag. X Thus @y must be

exactly (J,c @

(b) Take complements: setting a; = 1\ ag, we have

ag=1infA <= a3 =supl\a

acA
(by 313A)
— G, = U Z\a
acA
= Gy=2\ UZ\a:intﬂa.
acA acA

(c) Since (N, 4 @ is surely a closed set, it is nowhere dense iff it has empty interior, that is, iff 0 = inf A.

313D I started the section with the results above because they are easily stated and of great importance.
But I must now turn to some new definitions, and I think it may help to clarify the ideas involved if I give
them in their own natural context, even though this is far more general than we have any immediate need
for here.

Definitions Let P be a partially ordered set and C' a subset of P.
(a) C is order-closed if sup A € C' whenever A is a non-empty upwards-directed subset of C' such that

sup A is defined in P, and inf A € C' whenever A is a non-empty downwards-directed subset of C such that
inf A is defined in P.

(b) C is sequentially order-closed if sup,cypn € C whenever (p,)nen is a non-decreasing sequence
in C such that sup,,cy pn is defined in P, and inf,cn p, € C whenever (p,)nen is a non-increasing sequence
in C such that inf,cy p, is defined in P.

Remark I hope it is obvious that an order-closed set is sequentially order-closed.

313E Order-closed subalgebras and ideals Of course, in the very special cases of a subalgebra
or ideal of a Boolean algebra, the concepts ‘order-closed’ and ‘sequentially order-closed’ have expressions
simpler than those in 313D. I spell them out.

(a) Let B be a subalgebra of a Boolean algebra 2.

(i) The following are equiveridical:
() B is order-closed in 2;
(8) sup B € B whenever B C B and sup B is defined in 2;
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(8") inf B € B whenever B C B and inf B is defined in 2;
(7) sup B € B whenever B C B is non-empty and upwards-directed and sup B is defined in 2;
(+') inf B € B whenever B C B is non-empty and downwards-directed and inf B is defined in 2.

P Of course (f) = (v). If () is true and B C B is any set with a supremum in 2, then B’ =
{0} U{bpu ... Uby, : by,...,b, € B} is a non-empty upwards-directed set with the same upper bounds as
B, sosup B =sup B’ € B. Thus (v) = (8) and (8), () are equiveridical. Next, if (/) is true and B C B is
a set with an infimum in 2, then B’ = {1\b: b€ B} C B and sup B’ = 1\ inf B is defined, so sup B’ and
inf B belong to B . Thus (8) = (8’). In the same way, (7') < (8') = (8) and (8), (8'), (), (') are all
equiveridical. But since we also have (a) <= (7)&(7'), («) is equiveridical with the others. Q

Replacing the sets B above by sequences, the same arguments provide conditions for 8 to be sequentially
order-closed, as follows.

(ii) The following are equiveridical:
() B is sequentially order-closed in 2;
(B) sup,en bn € B whenever (b,)nen is a sequence in B and sup,,cy by is defined in ;
(8") inf,en by, € B whenever (b, )nen is a sequence in B and inf,,cy by, is defined in 2;
(7) sup,en bn € B whenever (by,),en is a non-decreasing sequence in B and sup,,cy by, is defined in
A
() infpen by, € B whenever (b, )nen is a non-increasing sequence in B and inf, ey by, is defined in

2.

(b) Now suppose that I is an ideal of 2. Then if A C I is non-empty all lower bounds of A necessarily
belong to I; so that
I is order-closed iff sup A € I whenever A C I is non-empty, upwards-directed and has a
supremum in 2;
I is sequentially order-closed iff sup,,cy @ € I whenever (a,)nen is a non-decreasing sequence
in I with a supremum in .
Moreover, because I is closed under U,
1 is order-closed iff sup A € I whenever A C I has a supremum in 2;

I is sequentially order-closed iff sup,,cyan € I whenever (a,)nen is a sequence in I with a
supremum in 2.

(c) If A = PX is a power set, then a sequentially order-closed subalgebra of 2 is just a o-algebra of sets,
while a sequentially order-closed ideal of 2 is a what I have called a o-ideal of sets (112Db). If 2 is itself a
o-algebra of sets, then a sequentially order-closed subalgebra of 2 is a ‘o-subalgebra’ in the sense of 233A.

Accordingly I will normally use the phrases oc-subalgebra, o-ideal for sequentially order-closed subal-
gebras and ideals of Boolean algebras.

313F Order-closures and generated sets (a) It is an immediate consequence of the definitions that

(i) if S is any non-empty family of subalgebras of a Boolean algebra 2/, then (S is a subalgebra of 2;

(ii) if F is any non-empty family of order-closed subsets of a partially ordered set P, then [F is an
order-closed subset of P;

(iil) if F is any non-empty family of sequentially order-closed subsets of a partially ordered set P, then
() F is a sequentially order-closed subset of P.

(b) Consequently, given any Boolean algebra 2 and a subset B of 2, we have a smallest subalgebra B of
2 including B, being the intersection of all the subalgebras of 2 which include B; a smallest o-subalgebra
B, of A including B, being the intersection of all the o-subalgebras of 2l which include B; and a smallest
order-closed subalgebra 9B, of 2 including B, being the intersection of all the order-closed subalgebras of
2 which include B. We call B, B, and B, the subalgebra, o-subalgebra and order-closed subalgebra
generated by B. (I will return to this in 331E.)

(c) If 2 is a Boolean algebra and B any subalgebra of 2, then the smallest order-closed subset B of 2
which includes B is again a subalgebra Bf 2 (so is the order-closed subalgebra of 2 generated byiB). P
(i) 0 € B CB. (ii) The set {b: 1\ b € B} is order-closed (use 313A) and includes B, so includes B; thus
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1\b € B for every b € B. (iii) If ¢ € B, the set {b: buc € B} is order-closed (use 313Bb) and includes
9B, so includes B; thus buc € B whenever b € B and ¢ € B. (iv) If ¢ € B, the set {b: buc € B} is
order-closed and includes B (by (iii)), so includes B; thus buc € B whenever b, c € B. (v) By 312B(ii), B
is a subalgebra of 2. Q

313G This is a convenient moment at which to spell out an abstract version of the Monotone Class
Theorem (136B).

Lemma Let 2 be a Boolean algebra.
(a) Suppose that 1 € T C A C 2 and that

anbelforalla,bel,

b\ a € A whenever a, b€ A and a C b.

Then A includes the subalgebra of 2 generated by I.

(b) If moreover sup,,cyan € A for every non-decreasing sequence (an)nen in A with a supremum in 2,
then A includes the o-subalgebra of 2 generated by I.

(¢) And if sup C' € A whenever C C A is an upwards-directed set with a supremum in 2, then A includes
the order-closed subalgebra of 2 generated by I.

proof (a)(i) Let P be the family of all sets J such that I C J C A and anb € J for all a, b € J. Then
I € B and if Q C P is upwards-directed and not empty, | JQ € P. By Zorn’s Lemma, 3 has a maximal
element ‘B.

(i) Now
B={c:ceA cnbe Aforevery b € B}.
P If ¢ € B, then of course cnb € B C A for every b € B, because B € B. If ¢ € A\ B, consider
J=BU{cnb:bec B}
Then ¢ =cn1 € J so J properly includes 8 and cannot belong to 3. On the other hand, if by, by € B,
binby €BCJ, (cnb)nba=bin(cnby)=(cnby)n(cnbs)=cn(bynby) € J,

so ci1ney € J for all ¢q, co € J; and of course I C B C J. So J cannot be a subset of A, and there must be
abe B suchthat cnb¢ A. Q

(iii) Consequently ¢\ b € B whenever b, c€ B and bCc. P If a € B, then bna, cna € B C A and
bna Ccna, so

(c\b)na=(cna)\(bna) € A
by the hypothesis on A. By (ii), ¢\ b € B. Q
(iv) It follows that 9B is a subalgebra of 2. I If b € B, then
bclelCB,
so 1\be*B. If a, b € B, then
aub=1\((1\a)n(1\b)) € B.

0=1\1 € B, so that the conditions of 312B(ii) are satisfied. Q
Now the subalgebra of 2 generated by I is included in B and therefore in A, as required.

(b) Now suppose that sup,,cy an belongs to A whenever (a,)nen is a non-decreasing sequence in A with
a supremum in A. Then B, as defined in part (a) of the proof, is a o-subalgebra of 2. B Let (b,)nen be a
non-decreasing sequence in B with a supremum c¢ in 2. Then for any b € B, (b, N b),en is a non-decreasing
sequence in A with a supremum c¢nb in 2 (313Ba). So ¢cnb € A. As b is arbitrary, ¢ € B, by the criterion
in (a-ii) above. As (b, )nen is arbitrary, B is a o-subalgebra, by 313Ea. Q

Accordingly the o-subalgebra of 2 generated by I is included in B and therefore in 2.
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(c) Finally, if supC € A whenever C is a non-empty upwards-directed subset of A with a least upper
bound in 2, 9B is order-closed. B Let C C 9B be a non-empty upwards-directed set with a supremum c in
2A. Then for any b € B, {cnb: c € C} is a non-empty upwards-directed set in A with supremum c¢nb in 2.
So cnb e A. As b is arbitrary, ¢ € B. As C' is arbitrary, B is order-closed in 2 (313Ea(i-a)). Q

Accordingly the order-closed subalgebra of 2 generated by I is included in 25 and therefore in 2.

313H Definitions It is worth distinguishing various types of supremum- and infimum-preserving func-
tion. Once again, I do this in almost the widest possible context. Let P and @ be two partially ordered sets,
and ¢ : P — @ an order-preserving function, that is, a function such that ¢(p) < ¢(¢q) in @ whenever
p<gqin P.

(a) I'say that ¢ is order-continuous if (i) ¢(sup A) = sup,¢ 4 ¢(p) whenever A is a non-empty upwards-
directed subset of P and sup A is defined in P (ii) ¢(inf A) = inf,c4 ¢(p) whenever A is a non-empty
downwards-directed subset of P and inf A is defined in P.

(b) I say that ¢ is sequentially order-continuous or o-order-continuous if (i) ¢(p) = sup, ey ¢(pn)
whenever (p,)nen is a non-decreasing sequence in P and p = sup,enpn in P (i) ¢(p) = inf,en d(pn)
whenever (p,)nen is a non-increasing sequence in P and p = inf,,en py, in P.

Remark You may feel that one of the equivalent formulations in Proposition 313Lb gives a clearer idea of
what is really being demanded of ¢ in the ordinary cases we shall be looking at.

3131 Proposition Let P, @ and R be partially ordered sets, and ¢ : P — Q, ¥ : QQ — R order-preserving
functions.

(a) ¥¢ : P — R is order-preserving.

(b) If ¢ and v are order-continuous, so is ¥ ¢.

(¢c) If ¢ and 1 are sequentially order-continuous, so is .

(d) ¢ is order-continuous iff ¢~![B] is order-closed for every order-closed B C Q.

proof (a)-(c) I think the only point that needs remarking is that if A C P is upwards-directed, then
¢[A] C Q is upwards-directed, because ¢ is order-preserving. So if sup A is defined in P and ¢, ¢ are
order-continuous, we shall have

P(¢(sup A)) = ¢(sup ¢[A]) = sup Y [$[A]].

Similarly, if A C P is downwards-directed and has an infimum, then ¢[A] is downwards-directed, and if ¢
and 9 are order-continuous then

U(g(inf A)) = ¢ (inf ¢[A]) = inf Y [$[A]].
For sequential order-continuity we argue in the same way but with sequences.

(d) (i) Suppose that ¢ is order-continuous and that B C @ is order-closed. Let A C ¢~ '[B] be a non-
empty upwards-directed set with supremum p € P. Then ¢[A] C B is non-empty and upwards-directed,
because ¢ is order-preserving, and ¢(p) = sup ¢[A] because ¢ is order-continuous. Because B is order-closed,
#(p) € B and p € ¢~ '[B]. Similarly, if A C ¢~![B] is non-empty and downwards-directed, and inf A is
defined in P, then ¢(inf A) = inf¢[A] € B and inf A € ¢~*[B]. Thus ¢ ![B] is order-closed; as B is
arbitrary, ¢ satisfies the condition.

(ii) Now suppose that ¢~![B] is order-closed in P whenever B C @ is order-closed in Q. Let A C P
be a non-empty upwards-directed subset of P with a supremum p € P. Then ¢(p) is an upper bound of
¢[A]. Let ¢ be any upper bound of ¢[A] in Q. Consider B = {r : r < ¢}; then B C @ is upwards-directed
and order-closed, so ¢~1[B] is order-closed. Also A C ¢~![B] is non-empty and upwards-directed and has
supremum p, so p € ¢~ 1[B] and ¢(p) € B, that is, ¢(p) < q. As ¢ is arbitrary, ¢(p) = sup ¢[A]. Similarly,
¢(inf A) = inf ¢[A] whenever A C P is non-empty, downwards-directed and has an infimum in P; so ¢ is
order-continuous.

313J It is useful to introduce here the following notion.
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Definition Let 2l be a Boolean algebra. A set D C 2 is order-dense if for every non-zero a € 2 there is
a non-zero d € D such that d C a.

Remark Many authors use the simple word ‘dense’ where I have insisted on the phrase ‘order-dense’. In
the work of this treatise it will be important to distinguish clearly between this concept of ‘dense’ set and
the topological concept (2A3U).

313K Lemma If 2 is a Boolean algebra and D C 2 is order-dense, then for any a € 2 there is a disjoint
C C D such that supC = a; in particular, a = sup{d : d € D, d C a} and there is a partition of unity
CCD.

proof Set D, ={d:d € D,d C a}. Applying Zorn’s lemma to the family C of disjoint sets C C D,, we
have a maximal C' € C. Now if b € 2 and b Za, there is a d € D such that 0 # d C a\ b. Because C is
maximal, there must be a ¢ € C such that cnd # 0, so that ¢ ¢ b. Turning this round, any upper bound of
C must include a, so that a = sup C. It follows at once that a = sup D,.

Taking a = 1 we obtain a partition of unity included in D.

313L Proposition Let 2 and B be Boolean algebras and 7 : 2 — 8 a Boolean homomorphism.
(a) 7 is order-preserving.
(b) The following are equiveridical:
(i) 7 is order-continuous;
(ii) whenever A C 2l is non-empty and downwards-directed and inf A = 0 in 2, then inf 7[A] = 0 in B;
(iii) whenever A C 2 is non-empty and upwards-directed and sup A = 1 in 2, then sup7[A] = 1 in B;
(iv) whenever A C 2 and sup A is defined in 2, then m(sup A) = sup 7[A] in B;
(v) whenever A C 2 and inf A is defined in 2, then 7(inf A) = inf 7[4] in B;
(vi) whenever C' C 2 is a partition of unity, then 7[C] is a partition of unity in 8.
(c) The following are equiveridical:
(i) 7 is sequentially order-continuous;
(ii) whenever (a,)nen is a non-increasing sequence in 2l and inf,eya,, = 0 in 2, then inf, ey 7a, = 0
in ‘B;
(iii) whenever A C 2 is countable and sup A is defined in 2, then 7(sup A) = sup 7[A] in B;
(iv) whenever A C 21 is countable and inf A is defined in 2, then 7(inf A) = inf 7[4] in B;
(v) whenever C' C 2 is a countable partition of unity, then 7[C] is a partition of unity in 9B.
(d) If 7 is bijective, it is order-continuous.

proof (a) This is 3121
(b)(i)=(ii) is trivial, as 70 = 0.

(ii)=(iv) Assume (ii), and let A be any subset of 2 such that ¢ = sup A is defined in A. If A = 0,
then ¢ = 0 and sup 7[A] = 0 = wc. Otherwise, set

A'={apu ... Uay :ag,... ,anp € A}, C={c\a:ac A}

Then A’ is upwards-directed and has the same upper bounds as A, so ¢ = sup A’ and 0 = inf C, by 313Aa.
Also C' is downwards-directed, so inf 7[C] = 0 in B. But now

w[C]l ={mc\ma:a € A’} ={mec\b: b e n[A']},

w[A'] = {rapu ... UTay : ag,... ,an € A} ={bouU ... Uby, : by,... b, € T[A]},

because 7 is a Boolean homomorphism. Again using 313Aa and the fact that b C mc for every b € w[A’], we
get

me = sup w[A'] = sup w[A].
As A is arbitrary, (iv) is satisfied.
(iv)=(v) If AC 2 and ¢ = inf A is defined in 2, then 1\ ¢ =sup,c4 1\ a, so

me=1\m(1\¢c) =1\ sup,e s m(1\ a) =infoca 1\ 7(1\ a) = infoe 7a.
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(v)=-(ii) is trivial, because 70 = 0.
(iv)=-(iii) is similarly trivial.

(iii)=-(vi) Assume (iii), and let C' be a partition of unity in 2. Then C' = {couU ... Uec, : co,... ,Cp €
C'} is upwards-directed and has supremum 1, so sup 7[C’] = 1. But (because 7 is a Boolean homomorphism)
7[C] and 7w[C'] have the same upper bounds, so sup 7[C] = 1, as required.

(vi)=-(ii) Assume (vi), and let A C A be a set with infimum 0. Set
D={d:de, Jac A dna=0}

Then D is order-dense in 2. P If e € A\ {0}, then there is an @ € A such that e Za, so that e\ a is a
non-zero member of D included in e. @ Consequently there is a partition of unity C' C D, by 313K. But
now if b is any lower bound for 7[A] in 9B, we must have bnwd = 0 for every d € D, so w¢ C 1\ b for every
ceC,and 1\b=1, b=0. Thus inf 7[A] = 0. As A is arbitrary, (ii) is satisfied.

(v)&(iv)=-(i) is trivial.

(c) We can use nearly identical arguments, remembering only to interpolate the word ‘countable’ from
time to time. I spell out the new version of (ii)=-(iv), even though it requires no more than an adaptation
of the language. Assume (ii), and let A be a countable subset of 2 with a supremum c € 2. If A = (), then
¢ = 0some =0 = supw|[A]. Otherwise, let (a,)nen be a sequence running over A; set al, = ag U ... Ua, and
¢n = c\a), for each n. Then (a),)nen is non-decreasing, with supremum ¢, and (¢,)nen is non-increasing,
with infimum 0; so inf, ¢y e, = 0 and

SUP,, e Ty = SUP,,cy Ty, = TC.

For (v)=(ii), however, a different idea is involved. Assume (v), and suppose that {(a,)nen is a non-
increasing sequence in 2 with infimum 0. Set ¢g = 1\ ag, ¢, = an—1\ an for n > 1; then C = {¢, : n € N}
is a partition of unity in 2 (because if cn ¢, = 0 for every n, then ¢ C a,, for every n), so 7[C] is a partition
of unity in 8. Now if b C 7a,, for every n, bnme, for every n, so b = 0; thus inf,,en 7a, = 0. As {an)nen is
arbitrary, (ii) is satisfied.

(d) Suppose that A C 2 is non-empty and inf A = 0 in 2. Let b € B be a lower bound for 7[A]. Because
m is surjective, there is a ¢ € 2 such that 7¢ =b. If a € A, then

mlanc) =mranmc=manb="b=rc;

because 7 is injective, anc = ¢ and ¢ C a. As a is arbitrary, c is a lower bound of A and must be 0; so
bp = 70 = 0. As b is arbitrary, inf 7[A] = 0; as A is arbitrary, 7 is order-continuous, by (b)(ii)=(i).

313M The following result is perfectly elementary, but it will save a moment later on to have it spelt
out.

Lemma Let 2l and B be Boolean algebras and 7 : 2 — B an order-continuous Boolean homomorphism.

(a) If D is an order-closed subalgebra of 9B, then 7~ ![D] is an order-closed subalgebra of .

(b) If € is the order-closed subalgebra of 2 generated by C' C 2, then the order-closed subalgebra © of
B generated by 7[C] includes 7[€].

(¢) Now suppose that 7 is surjective and that C' C 2 is such that the order-closed subalgebra of 2
generated by C' is 2 itself. Then the order-closed subalgebra of B generated by 7[C] is B.

proof (a) Setting € = 77 [D]: if a, @’ € € then w(anb) = rannb, n(ard) = rarmd €D, soand,
ana €€ ml=1€Dsol e ¢ thus € is a subalgebra of /. By 313Id, € is order-closed.

(b) By (a), 7~ [D] is an order-closed subalgebra of 2. It includes C so includes €, and 7[¢] C D.
(c) In the language of (b), we have € = 2, so ® must be B.

313N Definition The phrase regular embedding is sometimes used to mean an injective order-
continuous Boolean homomorphism; a subalgebra B of a Boolean algebra 2 is said to be regularly embed-
ded in 2 if the identity map from B to 2 is order-continuous, that is, if whenever b € B is the supremum
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(in B) of B C B, then b is also the supremum in 2 of B; and similarly for infima. One important case is
when B is order-dense (3130); another is in 314Ga below.

It will be useful to be able to say ‘B can be regularly embedded in 21’ to mean that there is an injective
order-continuous Boolean homomorphism from B to 2; that is, that 8 is isomorphic to a regularly embedded
subalgebra of 2. In this form it is obvious from 313Ib that if € can be regularly embedded in B, and *B can
be regularly embedded in 2, then € can be regularly embedded in .

3130 Proposition Let 2 be a Boolean algebra and 8 an order-dense subalgebra of 2. Then B is
regularly embedded in 2. In particular, if B C B and ¢ € 8 then ¢ = sup B in B iff ¢ = sup B in 2.

proof I have to show that the identity homomorphism ¢ : 8 — 2 is order-continuous. ? Suppose, if
possible, otherwise. By 313L(b-ii), there is a non-empty set B C 9B such that inf B =0 in B but B = ([B)]
has a non-zero lower bound a € 2. In this case, however (because B is order-dense) there is a non-zero
d € B with d C a, in which case d is a non-zero lower bound for B in 8. X

313P The most important use of these ideas to us concerns quotient algebras (313Q); I approach by
means of a superficially more general result.

Theorem Let 2 and B be Boolean algebras and 7 : I — B a Boolean homomorphism with kernel I.
(a)(i) If 7 is order-continuous then I is order-closed.
(ii) If 72 is regularly embedded in B and I is order-closed then = is order-continuous.
(b)(i) If 7 is sequentially order-continuous then I is a o-ideal.
(ii) If w[2A] is regularly embedded in B and I is a o-ideal then 7 is sequentially order-continuous.

proof (a)(i) If A C I is upwards-directed and has a supremum c € 2, then 7c¢ = supn[A] =0, s0 c € I. As
remarked in 313Eb, this shows that I is order-closed.

(ii) We are supposing that the identity map from 7 [2(] to B is order-continuous, so it will be enough to
show that 7 is order-continuous when regarded as a map from 2 to 7[2(]. Suppose that A C 2 is non-empty
and downwards-directed and that inf A = 0. ? Suppose, if possible, that 0 is not the greatest lower bound
of 7w[A] in 7[2A]. Then there is a ¢ € 2 such that 0 # wc C wa for every a € A. Now

m(c\a) =mc\ma=0

for every a € A, so c\a € I for every a € A. The set C = {¢\a : a € A} is upwards-directed and has
supremum c; because [ is order-closed, ¢ = sup C' € I, and wc = 0, contradicting the specification of ¢. X
Thus inf 7[A] = 0 in either 7[A] or B. As A is arbitrary, « is order-continuous, by the criterion (ii) of 313Lb.

(b) Argue in the same way, replacing each set A by a sequence.

313Q Corollary Let 2 be a Boolean algebra and I an ideal of ; write 7 for the canonical map from 2
to A/1.

(a) 7 is order-continuous iff I is order-closed.

(b) m is sequentially order-continuous iff I is a o-ideal.

proof w[2A] =2/I is surely regularly embedded in 21/I.

313R For order-continuous homomorphisms, at least, there is an elegant characterization in terms of
Stone spaces.

Proposition Let 2 and B be Boolean algebras, and 7 : 2 — 8 a Boolean homomorphism. Let Z and W
be their Stone spaces, and ¢ : W — Z the corresponding continuous function (312Q). Then the following
are equiveridical:

(i) 7 is order-continuous;

(ii) ¢~1[M] is nowhere dense in W for every nowhere dense set M C Z;

(iil) int ¢[H| # () for every non-empty open set H C W.

proof (a)(i)=-(iii) Suppose that 7 is order-continuous. ? Suppose, if possible, that H C W is a non-empty
open set and int ¢[H] = 0. Let b € B\ {0} be such that b C H. Then ¢[b] has empty interior; but also it
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~ ~

is a closed set, so its complement is dense. Set A = {a:a € A, aN¢[b] = 0}. Then J,.,a = Z\ P[b] is a
dense open set, so sup A = 1 in 2 (313Ca). Because 7 is order-continuous, sup7[A] = 1 in B (313L(b-iii)),
and there is an a € A such that ranb # 0. But this means that b N ¢~'[a] # 0 and ¢[b] Na@ # O, contrary
to the definition of A. X

Thus there is no such set H, and (iii) is true.

(b)(iii)=(ii) Now assume (iii). If M C Z is nowhere dense, set N = ¢~1[M], so that N C W is a closed
set. If H = int N, then int [H] C int M = (), so (iii) tells us that H is empty; thus N and ¢~1[M] are
nowhere dense, as required by (ii).

(c)(ii)=(i) Assume (ii), and let A C %A be a non-empty set such that inf A = 0in . Then M =, @

has empty interior in Z (313Cb), so (being closed) is nowhere dense, and ¢~1[M] also is nowhere dense. If
be B\ {0}, then

b &7 [M] = Noen & ] = Naca 7,
so b is not a lower bound for 7[A]. This shows that inf 7[A] = 0 in B. As A is arbitrary, 7 is order-continuous
(313L(b-ii)).
313S Upper envelopes(a) Let 2 be a Boolean algebra, and € a subalgebra of 2. For a € 2, the upper
envelope of a in €, or projection of a on €, is
upr(a,€) =inf{c:c€ €, a C ¢}
if the infimum is defined in €.

Remark Note that the infima here are to be taken in the subalgebra, so that upr(a, €) will always belong
to €. In the great majority of elementary applications, € will be order-closed in 2, so that we do not need
to distinguish between infima in € and infima in 2. But see 313Yh.

(b) If A C A is such that upr(a,€) is defined for every a € A, ag = sup A is defined in A and ¢y =
sup,c 4 upr(a, €) is defined in €, then ¢o = upr(aop, €). P If ¢ € € then

cp Cc < upr(a,€) C cforeverya€ A
< aCcforeverya € A < agCc. Q
In particular, upr(aud’,€) = upr(a,€)u upr(a’, €) whenever the right-hand side is defined.
(c) If a € A is such that upr(a, €) is defined, then upr(ane, @) = c¢n upr(a, €) for every ¢ € €. P For
ceg,
ancccd < acdu(l\c)
< upr(a,€) cdu(l\c) < cnupr(a,€) c. Q

313X Basic exercises (a) Use 313C to give alternative proofs of 313A and 313B.

(b) Let P be a partially ordered set. Show that there is a topology on P for which the closed sets are
just the order-closed sets.

(c) Let P be a partially ordered set, @ C P an order-closed set, and R a subset of @ which is order-closed
in @ when @ is given the partial ordering induced by that of P. Show that R is order-closed in P.

>(d) Let 2 be a Boolean algebra. Suppose that 1 € I C 2 and that anb € I for all a, b € I. (i) Let
B be the intersection of all those subsets A of 2 such that I C A and b\ a € A whenever a, b € A and
a C b. Show that B is a subalgebra of 2. (ii) Let B, be the intersection of all those subsets A of 2 such
that I C A, b\ a € A whenever a, b€ A and a C b and sup,,cy bn, € A whenever (b, ),cn is a non-decreasing
sequence in A with a supremum in 2. Show that 9B, is a o-subalgebra of . (iii) Let B, be the intersection
of all those subsets A of 2 such that I C A, b\ a € A whenever a, b € A and a C b and sup B € A whenever
B is a non-empty upwards-directed subset of A with a supremum in 2. Show that 9, is an order-closed
subalgebra of 2. (iv) Hence give a proof of 313G not relying on Zorn’s Lemma or any other use of the axiom
of choice.
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(e) Let 2 be a Boolean algebra, and B a subalgebra of 2. Let B, be the smallest sequentially order-closed
subset of 2 including 9B. Show that 9B, is a subalgebra of 2.

>(f) Let X be a set, and A a subset of PX. Show that A is an order-closed subalgebra of PX iff it is
of the form {f~![F]: F C Y} for some set Y and function f: X — Y.

(g) Let P and Q be partially ordered sets, and ¢ : P — @ an order-preserving function. Show that ¢ is
sequentially order-continuous iff ¢~1[C] is sequentially order-closed in 2 for every sequentially order-closed
C C 8.

(h) For partially ordered sets P and @, let us call a function ¢ : P — @ monotonic if it is either
order-preserving or order-reversing. State and prove definitions and results corresponding to 313H, 3131 and
313Xg for general monotonic functions.

>(i) Let 2 be a Boolean algebra. Show that the operations (a,b) — aub and (a,b) — anb are order-
continuous operations from A x 2 to 2, if we give 2 x 2 the product partial order, saying that (a,b) < (a’,’)
iff a ca and bC?.

(j) Let A be a Boolean algebra. Show that if a subalgebra of 2 is order-dense then it is dense in the
topology of 313Xb.

>(k) Let 2 be a Boolean algebra and A C 2 any disjoint set. Show that there is a partition of unity in
2 including A.

>(1) Let 2, B be Boolean algebras and 71, 7o : A — B two order-continuous Boolean homomorphisms.
Show that {a : ma = mea} is an order-closed subalgebra of 2.

(m) Let 20 and 9B be Boolean algebras and 71, 72 : 2l — B two Boolean homomorphisms. Suppose that
w1 and o agree on some order-dense subset of 2, and that one of them is order-continuous. Show that they
are equal. (Hint: if w1 is order-continuous, maa D ma for every a.)

(n) Let A and B be Boolean algebras, 2y an order-dense subalgebra of 2, and 7 : 2 — B a Boolean
homomorphism. Show that 7 is order-continuous iff 72 : Ay — B is order-continuous.

(o) Let A be a Boolean algebra and 7 : 2 — 2 a Boolean homomorphism with fixed-point subalgebra ¢
(312K). (i) Show that if 7 is sequentially order-continuous then € is a o-subalgebra of 2(. (ii) Show that if
7 is order-continuous then € is order-closed.

>(p) Let 2 be a Boolean algebra. For A C A set A* ={b:anb=0V aec A}. (i) Show that A+ is an
order-closed ideal of 2. (ii) Show that a set A C 2l is an order-closed ideal of 2 iff A = AL+, (iii) Show
that if I C 2 is an order-closed ideal then {a* : @ € I} is an order-dense ideal in the quotient algebra 21/1.

(q) Let A and B be Boolean algebras, with Stone spaces Z and W; let 7 : 2 — 9B be a Boolean
homomorphism, and ¢ : W — Z the corresponding continuous function. Show that the following are
equiveridical: (i) 7 is order-continuous; (ii) int ¢~[F] = ¢~ ![int F] for every closed F C Z (iii) ¢—1[G] =
»~[G] for every open G C Z.

(r) Let 2 and B be Boolean algebras, 7 : 2 — B an injective Boolean homomorphism and € a Boolean
subalgebra of 2. Suppose that a €  is such that ¢ = upr(a, €) is defined. Show that upr(wa, 7[€]) is defined
and equal to wc.

(s) Let 2 and B be Boolean algebras, 7 : 2 — B a Boolean homomorphism and D an order-dense subset
of 2 containing 0. Show that = is injective iff w[D is injective.

(t) Let 2 be a Boolean algebra and Ao, ... , A, subsets of 2 such that sup 4; is defined for each i < n.
Set B={apn ... Nnay :a; € A; for each i}. Show that sup B is defined and equal to inf;., sup A;.
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313Y Further exercises (a) Prove 313A-313C for general Boolean rings.

(b) Let P be any partially ordered set, and let ¥ be the topology of 313Xb. (i) Show that a sequence
(Pn)nen in P is T-convergent to p € P iff every subsequence of (p,)nen has a monotonic sub-subsequence
with supremum or infimum equal to p. (ii) Show that a subset A of P is sequentially order-closed, in the
sense of 313Db, iff the T-limit of any T-convergent sequence in A belongs to A. (iii) Suppose that A is an
upwards-directed subset of P with supremum py € P. For a € A set F, = {p : a < p € A}, and let F
be the filter on P generated by {F, : a € A}. Show that F — po for T. (iv) Show that if @ is another
partially ordered set, endowed with a topology & in the same way, then a monotonic function ¢ : P — @ is
order-continuous iff it is continuous for the topologies T and &, and is sequentially order-continuous iff it is
sequentially continuous for these topologies.

(c) Let U be a Banach lattice (242G, 354Ab). Show that its norm is order-continuous in the sense of
242Y¢g and 354Dc iff its restriction to {u : u > 0} is order-continuous in the sense of 313Ha.

(d) Let P and @ be lattices, and f : P — @ a bijective lattice homomorphism. Show that f is order-
continuous.

(e) Let 2 and B be Boolean algebras, with Stone spaces Z and W, and 7 : 2 — B a Boolean homo-
morphism, with associated continuous function ¢ : W — Z. Show that 7 is sequentially order-continuous
iff ~1[M] is nowhere dense for every nowhere dense zero set M C Z.

(f) Let 2 and B be Boolean algebras with Stone spaces Z and W respectively, 7 : 2 — 9B a Boolean
homomorphism and ¢ : W — Z the corresponding continuous function. Show that 7[2] is order-dense in B
iff ¢ is irreducible, that is, ¢[F] # ¢[W] for any proper closed subset F' of W.

(g) Let 2 and B be Boolean algebras with Stone spaces Z and W respectively, 7 : A — 9B a Boolean
homomorphism and ¢ : W — Z the corresponding continuous function. Show that the following are
equiveridical: (i) 7 is injective and order-continuous; (i) for M C Z, M is nowhere dense iff ¢~1[M] is
nowhere dense.

(h) Let A be a Boolean algebra and € a Boolean subalgebra of 2. Let Z be the set of those a € 2 such
that the upper envelope upr(a, €) is zero. (i) Show that Z is an ideal in 2. (ii) Show that € is regularly
embedded in 2 iff Z = {0}. (iii) Let 7 : 2 — 2A/Z be the canonical map. Show that 7| € is injective and
order-continuous.

313 Notes and comments I give ‘elementary’ proofs of 313A-313B because I believe that they help to
exhibit the relevant aspects of the structure of Boolean algebras; but various abbreviations are possible,
notably if we allow ourselves to use the Stone representation (313Xa). 313A and 313Ba-b can be expressed
by saying that the Boolean operations U, n and \ are (separately) order-continuous. Of course, \ is order-
reversing, rather than order-preserving, in the second variable; but the natural symmetry in the concept of
partial order means that the ideas behind 313H-313I can be applied equally well to order-reversing functions
(313Xh). In fact, U and N can be regarded as order-continuous functions on the product space (313Bc-d,
313Xi). Clearly 313Bc-d can be extended into forms valid for any finite sequence Ay, ... , A, of subsets of
2 in place of A, B. But if we seek to go to infinitely many subsets of 2l we find ourselves saying something
new; see 316G-316J below.

Proposition 313C, and its companions 313R, 313Xq and 313Ye, are worth studying not only as a useful
technique, but also in order to understand the difference between sup A, where A is a set in a Boolean
algebra, and (J.A, where A is a family of sets. Somehow sup A can be larger, and inf A smaller, than one’s
first intuition might suggest, corresponding to the fact that not every subset of the Stone space corresponds
to an element of the Boolean algebra.

I should like to use the words ‘order-closed” and ‘sequentially order-closed’ to mean closed, or sequentially
closed, for some more or less canonical topology. The difficulty is that while a great many topologies can be
defined from a partial order (one is described in 313Xb and 313Yb, and another in 367Yb and 393L), none
of them has such pre-eminence that it can be called ‘the’ order-topology, except in the very special context
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of totally ordered spaces (see 4A2R in Volume 4). Accordingly there is a degree of arbitrariness in the
language I use here. Nevertheless (sequentially) order-closed subalgebras and ideals are of such importance
that they seem to deserve a concise denotation. The same remarks apply to (sequential) order-continuity.
Concerning the term ‘order-dense’ in 313J, this has little to do with density in any topological sense, but
the word ‘dense’, at least, is established in this context.

With all these definitions, there is a good deal of scope for possible interrelations. The most important
to us is 313Q, which will be used repeatedly (typically, with 2 an algebra of sets), but I think it is worth
having the expanded version in 313P available.

I take the opportunity to present an abstract form of an important lemma on o-algebras generated by
families closed under N (1368, 313Gb). This time round I use the Zorn’s Lemma argument in the text
and suggest the alternative, ‘elementary’ method in the exercises (313Xd). The two methods are opposing
extremes in the sense that the Zorn’s Lemma argument looks for maximal subalgebras included in A (which
are not unique, and have to be picked out using the axiom of choice) and the other approach seeks minimal
subalgebras including I (which are uniquely defined, and can be described without the axiom of choice).

Note that the concept of ‘order-closed algebra of sets’ is not particularly useful; there are too few order-
closed subalgebras of PX and they are of too simple a form (313Xf). It is in abstract Boolean algebras
that the idea becomes important. In many of the most important partially ordered sets of measure theory,
the sequentially order-closed sets are the same as the order-closed sets (see, for instance, 316Fb below), and
most of the important order-closed subalgebras dealt with in this chapter can be thought of as o-subalgebras
which are order-closed because they happen to lie in the right kind of algebra.

Version of 26.7.07

314 Order-completeness

The results of §313 are valid in all Boolean algebras, but of course are of most value when many suprema
and infima exist. I now set out the most useful definitions which guarantee the existence of suprema and
infima (314A) and work through their elementary relationships with the concepts introduced so far (314C-
314J). I then embark on the principal theorems concerning order-complete Boolean algebras: the extension
theorem for homomorphisms to a Dedekind complete algebra (314K), the Loomis-Sikorski representation of
a Dedekind o-complete algebra as a quotient of a o-algebra of sets (314M), the characterization of Dedekind
complete algebras in terms of their Stone spaces (314S), and the idea of ‘Dedekind completion’ of a Boolean
algebra (314T-314U). On the way I describe ‘regular open algebras’ (3140-314Q).

314A Definitions Let P be a partially ordered set.

(a) P is Dedekind complete, or order-complete, or conditionally complete if every non-empty
subset of P with an upper bound has a least upper bound.

(b) P is Dedekind o-complete, or o-order-complete, if (i) every countable non-empty subset of P
with an upper bound has a least upper bound (ii) every countable non-empty subset of P with a lower
bound has a greatest lower bound.

314B Remarks (a) I give these definitions in the widest possible generality because they are in fact
of great interest for general partially ordered sets, even though for the moment we shall be concerned only
with Boolean algebras. Indeed I have already presented the same idea in the context of Riesz spaces (241F).

(b) You will observe that the definition in (a) of 314A is asymmetric, unlike that in (b). This is because
the inverted form of the definition is equivalent to that given; that is, P is Dedekind complete (on the
definition 314Aa) iff every non-empty subset of P with a lower bound has a greatest lower bound. P (i)
Suppose that P is Dedekind complete, and that B C P is non-empty and bounded below. Let A be the set
of lower bounds for B. Then A has at least one upper bound (since any member of B is an upper bound
for A) and is not empty; so ag = sup A is defined. Now if b € B, b is an upper bound for A, so ag < b; thus
ap € A and must be the greatest member of A, that is, the greatest lower bound of B. (ii) Similarly, if every
non-empty subset of P with a lower bound has a greatest lower bound, P is Dedekind complete. Q
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(c) In the special case of Boolean algebras, we do not need both halves of the definition 314Ab; in fact
we have, for any Boolean algebra 2,

A is Dedekind o-complete
<= every non-empty countable subset of 2 has a least upper bound

<= every non-empty countable subset of 2 has a greatest lower bound.

PP Because 2 has a least element 0 and a greatest element 1, every subset of 2 has upper and lower
bounds; so the two one-sided conditions together are equivalent to saying that 2 is Dedekind o-complete.
I therefore have to show that they are equiveridical. Now if A C 2 is a non-empty countable set, so is
B={l\a:a€ A}, and

infA=1\supB, supA=1\infB

whenever the right-hand-sides are defined (313A). So if the existence of a supremum (resp. infimum) of B
is guaranteed, so is the existence of an infimum (resp. supremum) of A. Q
The real point here is of course that (2, C ) is isomorphic to (2, D).

(d) Most specialists in Boolean algebra speak of ‘complete’, or ‘o-complete’, Boolean algebras. I prefer
the longer phrases ‘Dedekind complete’ and ‘Dedekind o-complete’ because we shall be studying metrics on
Boolean algebras and shall need the notion of metric completeness as well as that of order-completeness.

(e) T have had to make some rather arbitrary choices in the definition here. The principal examples of
partially ordered set to which we shall apply these definitions are Boolean algebras and Riesz spaces, which
are all lattices. Consequently it is not possible to distinguish in these contexts between the property of
Dedekind completeness, as defined above, and the weaker property, which we might call ‘monotone order-
completeness’,

(i) whenever A C P is non-empty, upwards-directed and bounded above then A has a least

upper bound in P (ii) whenever A C P is non-empty, downwards-directed and bounded below

then A has a greatest lower bound in P.
(See 314Xa below. ‘Monotone order-completeness’ is the property involved in 314Ya, for instance.) Never-
theless I am prepared to say, on the basis of my own experience of working with other partially ordered sets,
that ‘Dedekind completeness’, as I have defined it, is at least of sufficient importance to deserve a name.
Note that it does not imply that P is a lattice, since it allows two elements of P to have no common upper
bound.

(f) The phrase complete lattice is sometimes used to mean a Dedekind complete lattice with greatest
and least elements; equivalently, a Dedekind complete partially ordered set with greatest and least elements.
Thus a Dedekind complete Boolean algebra is a complete lattice in this sense, but R is not.

(g) The most important Dedekind complete Boolean algebras (at least from the point of view of measure
theory) are the ‘measure algebras’ of the next chapter. I shall not pause here to give other examples, but
will proceed directly with the general theory.

314C Proposition Let 2 be a Dedekind o-complete Boolean algebra and I a o-ideal of 2. Then the
quotient Boolean algebra 2(/I is Dedekind o-complete.

proof I use the description in 314Bc. Let B C /I be a non-empty countable set. For each u € B, choose
an a, € A such that u = ay,. Then ¢ = sup,,cp a, is defined in A; consider v = ¢* in A/I. Because the map
a — a* is sequentially order-continuous (313Qb), v = sup B. As B is arbitrary, 2/ is Dedekind o-complete.

314D Corollary Let X be a set, ¥ a o-algebra of subsets of X, and Z a o-ideal of subsets of X. Then
¥ NZ is a o-ideal of the Boolean algebra X, and ¥/ N Z is Dedekind o-complete.

proof Of course ¥ is Dedekind o-complete, because if (E,)ncn is any sequence in ¥ then |J, oy En is
the least upper bound of {E, : n € N} in X. It is also easy to see that ¥ N Z is a o-ideal of X, since
FNU,en En € T whenever F' € ¥ and (Ej,)nen is a sequence in ¥ NZ. So 314C gives the result.
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314E Proposition Let 2 be a Boolean algebra.

(a) If 2 is Dedekind complete, then all its order-closed subalgebras and principal ideals are Dedekind
complete.

(b) If 21 is Dedekind o-complete, then all its o-subalgebras and principal ideals are Dedekind o-complete.

proof All we need to note is that if € is either an order-closed subalgebra or a principal ideal of 2, and
B C € is such that b = sup B is defined in 2, then b € € (see 313E(a-i-5)), so b is still the supremum of B
in €; while the same is true if € is a o-subalgebra and B C € is countable, using 313E(a-ii-3).

314F 1 spell out some further connexions between the concepts ‘order-closed set’, ‘order-continuous
function’ and ‘Dedekind complete Boolean algebra’ which are elementary without being quite transparent.

Proposition Let 2 and ‘B be Boolean algebras and 7 : 2l — B a Boolean homomorphism.
(a)(i) If A is Dedekind complete and = is order-continuous, then 7[2] is order-closed in B.
(ii) If 9B is Dedekind complete and = is injective and 7 [2] is order-closed then 7 is order-continuous.
(b)(i) If A is Dedekind o-complete and 7 is sequentially order-continuous, then 7[2] is a o-subalgebra of
B.
(ii) If B is Dedekind o-complete and 7 is injective and 7[2] is a o-subalgebra of B then 7 is sequentially
order-continuous.

proof (a)(i) If B C 7[2], then ag = sup(n~![B]) is defined in 2A; now

mag = sup(n[r~1[B]]) = sup B
in B (313L(b-iv)), and of course mag € w[A]. By 313E(a-i-3) again, this is enough to show that 7[2] is
order-closed in ‘B.

(ii) Suppose that A C 2 and inf A = 0 in A. Then #[A] has an infimum by in B, which belongs to
m[2] because 7[2] is an order-closed subalgebra of B (313E(a-i-5’)). Now if ag € 2 is such that wag = by,
we have
m(anag) = Tanmay = Tagp
for every a € A, so (because 7 is injective) anag = ag and ag C a for every a € A. But this means that

ap =0 and by = 70 = 0. As A is arbitrary, 7 is order-continuous (313L(b-ii)).

(b) Use the same arguments, but with sequences in place of the sets B, A above.

314G Corollary Let 2 be a Boolean algebra and B a subalgebra of 2.

(a) If 2 is Dedekind complete, then B is order-closed iff it is Dedekind complete in itself and is regularly
embedded in 2.

(b) If 2 is Dedekind o-complete, then 9B is a o-subalgebra iff it is Dedekind o-complete in itself and the
identity map from B to 2 is sequentially order-continuous.

proof (a) Let ¢ : 8 — 2 be the identity map; then it is an injective Boolean homomorphism.

(i) If 9B is order-closed, then it is Dedekind complete in itself by 314Ea. By 314F(a-ii), ¢ : B — 2 is
order-continuous, that is, B is regularly embedded in 2.

(ii) If B is Dedekind complete in itself and ¢ is order-continuous, then B = ([B] is order-closed in A
by 314F(a-i).

(b) Use the same arguments, but with 314Eb and 314FDb in place of 314Ea and 314Fa.

314H Corollary Let 2 be a Dedekind complete Boolean algebra, B a Boolean algebra and 7 : A — B
an order-continuous Boolean homomorphism. If C' C 2 and € is the order-closed subalgebra of 2l generated
by C, then 7[€] is the order-closed subalgebra of B generated by 7[C].

proof Let © be the order-closed subalgebra of B generated by w[C]. By 313Mb, x[€] C ®. On the
other hand, the identity homomorphism ¢ : € — 2{ is order-continuous, by 314Ga, so mt : € — 9B is order-
continuous, and 7[€] = 7¢[€] is order-closed in B, by 314F (a-i). But since 7[C] is surely included in 7[¢], ©
also is included in 7[€]. Accordingly 7[¢] = D, as claimed.
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3141 Corollary (a) If 2 is a Dedekind complete Boolean algebra, 9B is a Boolean algebra, 7 : 2 — B is
an injective Boolean homomorphism and 7[2] is order-dense in 9B, then 7 is an isomorphism.

(b) If 2 is a Boolean algebra and B is an order-dense subalgebra of 20 which is Dedekind complete in
itself, then B = 2.

proof (a) Because 7[2] is order-dense, it is regularly embedded in B (3130); also, the kernel of 7 is {0},
which is surely order-closed in 2, so 313P(a-ii) tells us that 7 is order-continuous. By 314F(a-i), 7[2(] is
order-closed in 9B; being order-dense, it must be the whole of B (313K). Thus 7 is surjective; being injective,
it is an isomorphism.

(b) Apply (a) to the identity map from B to 2L

314J When we come to applications of the extension procedure in 3120, the following will sometimes
be needed.

Lemma Let 2 be a Boolean algebra and 2y a subalgebra of 2. Take any ¢ € A, and set
2 ={(anc)u(b\c):a,be A},

the subalgebra of 2 generated by 4o U {c} (312N).
(a) Suppose that 2 is Dedekind complete. If 2y is order-closed in 2, so is ;.
(b) Suppose that 2 is Dedekind o-complete. If 2, is a o-subalgebra of 2, so is ;.

proof (a) Let D be any subset of 2;. Set
E = {e: e €, there is some d € D such that e C d},

A={a:a€Uy,anceE}, B={b:bey, b\ce E}.

Because 21 is Dedekind complete, a* = sup A and b* = sup B are defined in 2; because 2y is order-closed,
both belong to g, so d* = (a* nc) u (b*\ ¢) belongs to ;.

Now if d € D, it is expressible as (anc)u (b\ ¢) for some a, b € Ap; since a € A and b € B, we have
a C a* and b C b*, so d C d*. Thus d* is an upper bound for D. On the other hand, if d’ is any other upper
bound for D in £, it is also an upper bound for E, so we must have

a*ne=sup,cqanccCd, b"\c=sup,pb\ccCd,
and d* € d’. Thus d* = sup D. This shows that the supremum of any subset of 2(; belongs to 2(;, so that

2A; is order-closed.

(b) The argument is the same, except that we replace D by a sequence (d,,)nen, and A, B by sequences
(an)nen; (bn)nen in Ao such that d,, = (a, Nc) U (by \ ¢) for every n.

314K Extension of homomorphisms The following is one of the most striking properties of Dedekind
complete Boolean algebras.

Theorem Let 2 be a Boolean algebra and ‘B a Dedekind complete Boolean algebra. Let 2y be a Boolean
subalgebra of 2 and my : /g — B a Boolean homomorphism. Then there is a Boolean homomorphism
w1 A — B extending 7.

proof (a) Let P be the set of all Boolean homomorphisms 7 such that dom 7 is a Boolean subalgebra of
2 including Ay and 7 extends 7. Identify each member of P with its graph, which is a subset of 2 x B,
and order P by inclusion, so that 7 C 6 means just that § extends w. Then any non-empty totally ordered
subset @ of P has an upper bound in P. P Let 7* be the simple union of these graphs. (i) If (a,b) and
(a,b") both belong to 7*, then there are 7, 7’ € @ such that ra = b, 7’a = ¥’; now either 7 C 7’ or 7’ C ;
in either case, 6 = 1 Un’ € Q, so that

b=ma=60a=7"a="b.
This shows that 7* is a function. (ii) Because Q # 0,

dommy C dom 7w C dom7*
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for some 7 € Q; thus 7* extends 7 (and, in particular, 0 € dom 7*). (iii) Now suppose that a, a’ € dom(7*).
Then there are 7, 7’ € Q such that a € dom 7, o’ € dom 7’; once again, 6 = rUn’ € Q, so that a, ' € dom 6,
and

ana € domf C domn*, 1\a€ domf C dom7*,
7*(and)=60(and)=0anbd =rm*ann*d,

m™(1\a)=0(1\a) =1\0a=1\7"a.

(iv) This shows that dom 7* is a subalgebra of 2 and that 7* is a Boolean homomorphism, that is, that
m* € P; and of course 7* is an upper bound for ) in P. Q

(b) By Zorn’s Lemma, P has a maximal element 77 say.

? Suppose, if possible, that 2(; = domm; is not the whole of 2; take ¢ € A\ ;. Set A ={a:a €
A1, a C c¢}. Because B is Dedekind complete, d = sup m1[A] is defined in B. If o/ € A; and ¢ C @/, then of
course a C o’ and ma C ma’ whenever a € A, so that ma’ is an upper bound for m[A], and d C ma'.

But this means that there is an extension of m; to a Boolean homomorphism 7 on the Boolean subalgebra
of 2 generated by 1 U {c} (3120). And this 7 must be a member of P properly extending 71, which is
supposed to be maximal. X

Thus dom 7, = 2 and 71 is an extension of 7y to 2, as required.

314L The Loomis-Sikorski representation of a Dedekind o-complete Boolean algebra The
construction in 314D is not only the commonest way in which new Dedekind o-complete Boolean algebras
appear, but is adequate to describe them all. T start with an elementary general fact.

Lemma Let X be any topological space, and write M for the family of meager subsets of X. Then M is a
o-ideal of subsets of X.

proof The point is that if A C X is nowhere dense, so is every subset of A; this is obvious, since if B C A
then BC Asoint BCintA=10. Soif BC A€ M, let (A,)nen be a sequence of nowhere dense sets with
union A; then (B N Ay, )nen is a sequence of nowhere dense sets with union B, so B € M. If (A, ) ey is a
sequence in M with union A, then for each n we may choose a sequence (A, )men of nowhere dense sets
with union A,; then the countable family (A,.,)n men may be re-indexed as a sequence of nowhere dense
sets with union A, so A € M. Finally, () is nowhere dense, so belongs to M.

314M Theorem Let 2 be a Dedekind o-complete Boolean algebra, and Z its Stone space. Let £ be the
algebra of open-and-closed subsets of Z, and M the o-ideal of meager subsets of Z. Then ¥ = {EAA: F €
E, A € M} is a o-algebra of subsets of Z, M is a o-ideal of 3, and 2 is isomorphic, as Boolean algebra, to
/M.

proof (a) I start by showing that X is a o-algebra. B Of course ) = 0AQ € 2. If F € ¥, express it as
EAA where E€ &, Ae M;then Z\ F =(Z\E)AAcX.

If (F,)nen is a sequence in X, express each F, as E,AA,, where E, € £ and A, € M. Now each F,
is expressible as @, where a,, € 2. Because 2 is Dedekind o-complete, a = sup,,cy a,, is defined in 2. Set

E =ac & By 313Ca, E = |J,cy En, so the closed set £\ |J
dense. Accordingly, setting A = EAJ,,cy I, we have

AC(E\Upen Bn) UUpen An € M,

so that |,y Frn = EAA € X. Thus ¥ is closed under countable unions and is a o-algebra. Q
Evidently M C X, because () € £.

(b) For each F' € X, there is exactly one E € & such that FAE € M. P There is surely some E € &
such that F is expressible as EAA where A € M, so that FAE = A € M. If E’ is any other member of
£, then E'AFE is a non-empty open set in X, while E‘AE C AU (FAE'); by Baire’s theorem for compact
Hausdorff spaces (3A3G), AU (FAE') ¢ M and FAE' ¢ M. Thus E is unique. Q

nen En has empty interior and is nowhere

(c) Consequently the maps E +— E* : & — X /M is a bijection. But since it is also a Boolean homomor-
phism, it is an isomorphism, and 2 = £ = ¥/ M, as claimed.
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314N Corollary A Boolean algebra 2l is Dedekind o-complete iff it is isomorphic to a quotient ¥/7
where X is a o-algebra of sets and Z is a o-ideal of X.

proof Put 314D and 314M together.

3140 Regular open algebras For Boolean algebras which are Dedekind complete in the full sense,
there is another general method of representing them, which leads to further very interesting ideas.

Definition Let X be a topological space. A regular open set in X is an open set G C X such that
G =intG. o
Note that if F' C X is any closed set, then G = int F' is a regular open set, because G C G C F so

GCintGCintF =G
and G = int G.

314P Theorem Let X be any topological space, and write RO(X) for the set of regular open sets in X.
Then RO(X) is a Dedekind complete Boolean algebra, with 1go(x) = X and Oro(x) = 0, and with Boolean
operations given by

GﬂROH:GﬁH, GARoH:thGAH,

Guro H =it GUH, G\roH=G\H,
with Boolean ordering given by
GCroH <— GCH,
and with suprema and infima given by
supH =int JH, infH=int\H =int(\H

for all non-empty H C RO(X).

Remark I use the expressions

NRO UrRO ARrRo \ro CRrO
in case the distinction between
n u A\ C

and

is insufficiently marked.

proof I base the proof on the study of an auxiliary algebra of sets which involves some of the ideas already
used in 314M.

(a) Let Z be the family of nowhere dense subsets of X. Then 7 is an ideal of subsets of X. I Of course
eI fACBcZthenintACintB=(. If A, B<€ T and G is a non-empty open set, then G\ A is
a non-empty open set and (G \ A) \ B is non-empty; accordingly G cannot be a subset of AUB = AU B.
This shows that int AU B = (), so that AUB €Z. Q

(b) For any set A C X, write A for the boundary of A, that is, A\ int A. Set
S={E:ECX,0E €T}

The X is an algebra of subsets of X. P (i) d) =0 € Tso® e X. (i) If A, BC X, then AUB = AU B,
while int(AU B) D int AUInt B; so 0(AUB) COAUIB. Soif E, F e ¥, 0(EUF) COFEUOJF €7 and
EUF €. (iii) If A C X, then

X\ A) =X\ A\ int(X\ A) = (X \int A)\ (X \A) =4\ int A = JA.
Soif EEX,(X\E)=0EcTand X\E€X. Q
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If A € Z, then of course 04 = A € T, so A € ¥; accordingly Z is an ideal in the Boolean algebra X, and
we can form the quotient /7.

It will be helpful to note that every open set belongs to X, since if G is open then G = G \ G cannot
include any non-empty open set (since any open set meeting G’ must meet G).

(c) For each E € 3, set Vg = int E; then Vg is the unique member of RO(X) such that EAVE € T.
P (i) Being the interior of a closed set, Vx € RO(X). Since int E C Vg C E, EAVg C 0F € Z. (ii) If
G € RO(X) is such that EAG € Z, then

G\ Vs C G\ Vg C (GAE)U (VEAE) €T,

so G\ Vg, being open, must be actually empty, and G C Vg; but this means that G C int Vg = V.
Similarly, Vg C G and Vg = G. This shows that Vg is unique. Q

(d) It follows that the map G — G* : RO(X) — X/ is a bijection, and we have a Boolean algebra
structure on RO(X) defined by the Boolean algebra structure of X/Z. What this means is that for each of the
binary Boolean operations nro , Aro ; UroO 5 \ro and for G, H € RO(X) we must have GxgroH = int G * H,
writing #go for the operation on the algebra RO(X) and * for the corresponding operation on ¥ or PX.

(e) Before working through the identifications, it will be helpful to observe that if H is any non-empty
subset of RO(X), then int (H = int (H. P Set G = int (H. Forevery H € H, G C Hso G Cint H = H;
thus

GCintNH CintH =G,
so G = int [|H. Q Consequently int (| H, being the interior of a closed set, belongs to RO(X).
(£)(i) If G, H € RO(X) then their intersection in the algebra RO(X) is
Grro H=intGNH =int(GNH)=GNH,

using (d) for the first equality and (e) for the second.

(ii) Of course X € RO(X) and X* = 15,7, so X = lgo(x)-

(iii) If G € RO(X) then its complement 1ro(x)\ro G in RO(X) is

int X\ G =int(X\G)=X\G.

(iv) If G, H € RO(X), then the relative complement in RO(X) is
G\ro H = Gnro (1RO(X)\RO H)=Gn (X\F) = G\F: int(G\ H).

(v) If G, H € RO(X), then Guro H =int GU H and GAro H = int GAH, by the remarks in (d).
(g) We must note that for G, H € RO(X),
GCroH <— GnrpoH=G <— GNH=G < GCH,;

that is, the ordering of the Boolean algebra RO(X) is just the partial ordering induced on RO(X) by the
Boolean ordering C of PX or X.

(h) If H is any non-empty subset of RO(X), consider Gy = int(|H and G; = int |J H.

Go = inf H in RO(X). P By (e), Gy € RO(X). Of course Gy C H for every H € H, so Gy is a lower
bound for H. If G is any lower bound for H in RO(X), then G C H for every H € H, so G C (H; but also
G is open, so G C int[|H = Gy. Thus Gj is the greatest lower bound for H. Q

G1 =supH in RO(X). P Being the interior of a closed set, G; € RO(X), and of course

H=intH CintH =G,
for every H € H, so G is an upper bound for # in RO(X). If G is any upper bound for H in RO(X), then
G=intG Dint UH = Gy;

thus G is the least upper bound for H in RO(X). Q
This shows that every non-empty H C RO(X) has a supremum and an infimum in RO(X); consequently
RO(X) is Dedekind complete, and the proof is finished.
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314Q Remarks (a) RO(X) is called the regular open algebra of the topological space X.

(b) Note that the map E — Vg : ¥ — RO(X) of part (c) of the proof above is a Boolean homomorphism,
if RO(X) is given its Boolean algebra structure. Its kernel is of course Z; the induced map E* — Vg :
/T — RO(X) is just the inverse of the isomorphism G — G* : RO(X) — X/T.

*314R I interpolate a lemma corresponding to 313R, with a couple of other occasionally useful facts.

Lemma (a) Let X and Y be topological spaces, and f : X — Y a continuous function such that f~1[M]
is nowhere dense in X for every nowhere dense M C Y. Then we have an order-continuous Boolean
homomorphism 7 from the regular open algebra RO(Y) of Y to the regular open algebra RO(X) of X
defined by setting mH = int f~1[H] for every H € RO(Y).
(b) Let X be a topological space.

(i) f U C X is open, then G — G NU is a surjective order-continuous Boolean homomorphism from
RO(X) onto RO(U).

(ii) If U € RO(X) then RO(U) is the principal ideal of RO(X) generated by U.

proof (a)(i) By the remark in 3140, the formula for 7H always defines a member of RO(X); and of course
7 is order-preserving.

Observe that if H € RO(Y), then f~![H] is open, so f~[H] C 7H. It will be convenient to note straight
away that if V' C Y is a dense open set then f~1[V] is dense in X. P M =Y \ V is nowhere dense, so
f~1[M] is nowhere dense and its complement f~1[V] is dense. Q

(ii) If Hq, Hy € RO(Y) then n(H;NHy) = mHyNwHs. P Because 7 is order-preserving, m(Hy N Hz) C
mHy NwHy. ? Suppose, if possible, that they are not equal. Then (because w(H; N Hz) is a regular open

set) G = mHy N wHy \ m(Hy N Hy) is non-empty. Set M = f[G]. Then f~![M] 2 G is not nowhere dense,
so H = int M must be non-empty. Now G C wH; C f~1[H;], so

fIG] C U] € fIfHHA]] € H,
cr

so M C Hy and H Cint H; = Hy. Similarly, H C Hy, and f~![H] YH; N Hy] C 7n(H; N Hy). But also
H N f[G] is not empty, so

0#+GNfUH]) CGNr(H N Hy),
which is impossible. XQ
(iii) If H € RO(Y) and H' = Y'\ H is its complement in RO(Y') then 7H’ = X \ 7H is the complement
of 7H in RO(X). P By (b), 7H and wH’ are disjoint. Now H U H' is a dense open subset of Y, so
THUTH' D f~YH|U f~YH'] = f~[HUH']
is dense in X, and the regular open set 7H’ must include the complement of 7H in RO(X). Q

Putting this together with (b), we see that the conditions of 312H(ii) are satisfied, so that 7 is a Boolean
homomorphism.

(iv) To see that it is order-continuous, let H C RO(Y') be a non-empty set with supremum Y. Then
Hy = |J™H is a dense open subset of Y (see the formula in 314P). So

User ™H 2 Upey £ [H] = £ [Ho]
is dense in X, and supycy 7H = X in RO(X). By 313L(b-iii), 7 is order-continuous.

(b)(i) The idea is to apply (a) to the identity function f : U — X. If M C X is nowhere dense, then
any non-empty open subset of U has a non-empty open subset disjoint from M, so f~*[M] = M NU is
nowhere dense in U; thus the condition is satisfied, and we have an order-continuous Boolean homomorphism
7 : RO(X) — RO(U) defined by setting 7H = inty H N 7 for every H € RO(X). (I write inty, —
indicate interior and closure in the subspace topology.) Now for any open set G C X,

to
Um@:Um(GmUUG\U):UnGmU:GmU(U).
So if H € RO(X), then
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7H=intg HAU" =inty(UNH) = UNint H = U NG.
So 7 takes the required form. To see that it is surjective, take any V € RO(U). Then int V € RO(X), and
V =inty v = inty(UNV)=UnNintV = r(int V)
is a value of .

(i) If G € RO(X) and G C U, then G = GNU € RO(U). Conversely, if V' € RO(U), there is a
G € RO(X) such that V=G NU; but GNU € RO(X), by 314P, so V € RO(X).

314S It is now easy to characterize the Stone spaces of Dedekind complete Boolean algebras.

Theorem Let 2 be a Boolean algebra, and Z its Stone space; write £ for the algebra of open-and-closed
subsets of Z, and RO(Z) for the regular open algebra of Z. Then the following are equiveridical:

(i) 2 is Dedekind complete;

(ii) Z is extremally disconnected (definition: 3A3Af);

(iii) £ = RO(Z).

proof For a € 2, let @ be the corresponding member of £.

(i)=(ii) If 2 is Dedekind complete, let G be any open set in Z. Set A={a:a €A, a C G}, ap =sup A.
Then G = |J{@ : a € A}, because € is a base for the topology of Z, so ap = G, by 313Ca. Consequently G
is open. As G is arbitrary, Z is extremally disconnected.

(ii)=(iii) If FE € &, then of course E = E = int E, so E is a regular open set. Thus & C RO(Z). On the
other hand, suppose that G C Z is a regular open set. Because Z is extremally disconnected, G is open; so
G = int G = G is open-and-closed, and belongs to €. Thus £ = RO(Z).

(iii)=(i) Since RO(Z) is Dedekind complete (314P), £ and A are also Dedekind complete Boolean
algebras.

Remark Note that if the conditions above are satisfied, either 312M or the formulae in 314P show that the
Boolean structures of £ and RO(Z) are identical.

314T 1 come now to a construction of great importance, both as a foundation for further constructions
and as a source of insight into the nature of Dedekind completeness.

Theorem Let 2 be a Boolean algebra, with Stone space Z; for a € 2 let @ be the corresponding open-and-
closed subset of Z. Let 2 be the regular open algebra of Z (314P).
(a) The map a — @ is an injective order-continuous Boolean homomorphism from 2 onto an order-dense

subalgebra of 2.
(b) If B is any Dedekind complete Boolean algebra and 7 : 2 — 9B is an order-continuous Boolean

homomorphism, there is a unique order-continuous Boolean homomorphism m; : 2l — 9 such that ma = 7wa
for every a € 2.

proof (a)(i) Setting £ = {a : a € A}, every member of £ is open-and-closed, so is surely equal to the
interior of its closure, and Isa regular open set; thus @ € 2A for every a € 2. The formulae in 314P tell us
that if a, b € 2, then an b taken in 2( is just the set-theoretic intersection a N b= (and)”; while 1\ @,
taken in 2[, is

Z\a=Z\a=(1\a)"

And of course 0 = () is the zero of 2. Thus the map a—a: A — A preserves N and complementation, so
is a Boolean homomorphism (312H). Of course it is injective.

(ii) If A C 2l is non-empty and inf A = 0, then (), 4 @ is nowhere dense in Z (313Cc), so
inf{@:a € A} =int(N,c a) =0

(314P again). As A is arbitrary, the map a — @ : % — 2 is order-continuous.
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(iii) If G € 2A is not empty, then there is a non-empty member of £ included in it, by the definition of
the topology of Z (3111). So £ is an order-dense subalgebra of 2.

(b) Now suppose that % is a Dedekind complete Boolean algebra and 7 : 2 — 9B is an order-continuous
Boolean homomorphism. Write ta = a for a € 2, so that ¢ : A — A is an isomorphism between 2 and the
order-dense subalgebra &£ of 2. Accordingly m.71 : £ — B is an order-continuous Boolean homomorphism,
being the composition of the order-continuous Boolean homomorphisms 7 and :~!'. By 314K, it has an
extension to a Boolean homomorphism 7 : A B, and w1t = 7, that is, mya = mwa for every a € 2. Now
my is order-continuous. I Suppose that H C 2 has supremum 1 in 2A. Set

H ={E:Ec€& ECH for some H € H}.
Because £ is order-dense in QAL,
H =suwppce pcu B =supey pcu B

for every H € H (313K), and supH’ = 1 in 2. It follows at once that supH’ = 1 in &, so supm [H/] =
sup(m~1H)[H'] = 1. Since any upper bound for 71[H] must also be an upper bound for m1[H'], supm [H] = 1
in B. As H is arbitrary, 71 is order-continuous (313L(b-iii)). Q

If 7} - A B is any other Boolean homomorphism such that wja@ = 7a for every a € 2, then m; and 7}
agree on &, and the argument just above shows that 7 is also order-continuous. But if G € §l, G is the
supremum (in 5[) of F={E:Ec& ECG} so

mG =supgermE =supgcrmE =mG.

As G is arbitrary, 77 = 7;. Thus 7 is unique.

314U The Dedekind completion of a Boolean algebra (a) For any Boolean algebra 2/, T will say
that the Boolean algebra 2 constructed in 314T is the Dedekind completion of 2.

When using this concept I shall frequently suppress the distinction between a € 2 and @ € §l, and treat
2l as itself an order-dense subalgebra of 2.

(b) The universal mapping theorem in 314Tb assures us that the Dedekind completion is essentially
unique. The commonest way in which this fact appears is the following. If € is a Dedekind complete Boolean
algebra and 2l is an order-dense subalgebra of €, then the embedding 2l & € induces an isomorphism from

2A to ¢. P Write ma = a for a € . Because 2 is order-dense, 7 is order-continuous (3130), so extends to

an order-continuous Boolean homomorphism m; : A — €. If b € 2 is non-zero, there is a non-zero a € A
such that a C b; now

0 # a=ma =ma C mb.

As b is arbitrary, m is injective. Next, m; [ﬁ] must be order-closed in €, by 314F(a-i); since it includes 2

~

and 2 is order-dense in €, m1[] = € and 7 is an isomorphism. Q

(c) Looking at the construction in 314T from a different angle, we get the following. Suppose that Z is
a zero-dimensional compact Hausdorff space, and £ is the algebra of open-and-closed subsets of Z. Then £
is order-dense in the regular open algebra RO(Z), so the Dedekind completion of £ can be identified with
RO(Z). (For by 311J we can identify Z with the Stone space of £.)

314X Basic exercises >(a) Let 2 be a Boolean algebra. (i) Show that the following are equiveridical:
() 2 is Dedekind complete () every upwards-directed subset of 20 has a least upper bound () every
downwards-directed subset of 2 has a greatest lower bound (§) every disjoint subset of 2 has a least upper
bound. (ii) Show that the following are equiveridical: («) 2 is Dedekind o-complete () every non-decreasing
sequence in 2 has a least upper bound () every non-increasing sequence in 2 has a greatest lower bound
(0) every disjoint sequence in 2 has a least upper bound.

(b) Let 2 be a Boolean algebra. Show that any principal ideal of 2 is order-closed. Show that 2l is
Dedekind complete iff every order-closed ideal is principal.
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(c) Let 2 be a Dedekind complete Boolean algebra, B an order-closed subalgebra of 2[, and a € 2; let
2, be the principal ideal of 2 generated by a. Show that {anb : b € B} is an order-closed subalgebra of
Ag.

>(d) Let 2 be a Dedekind complete Boolean algebra, 8 a Boolean algebra and 7 : 2l — 9B a surjective
order-continuous Boolean homomorphism. (i) Show that the kernel of 7 is a principal ideal in . (ii) Show
that B is isomorphic to the complementary principal ideal in 2(, and in particular is Dedekind complete.

(e) Let 2 be a Dedekind complete Boolean algebra and € an order-closed subalgebra of 2. Show that an
element a of A belongs to € iff upr(1\ a,€) = 1\ upr(a, €) iff upr(1\ a, €) n upr(a, ) = 0, writing upr(a, €)
for the upper envelope of a¢ in €, as in 3138S.

>(f) Let 2 be a Dedekind complete Boolean algebra, € an order-closed subalgebra of 2, ag € 2 and
¢o € €. Show that the following are equiveridical: (i) there is a Boolean homomorphism 7 : 2 — € such
that e = ¢ for every ¢ € € and mag = ¢g (ii) 1\ upr(1\ ag, &) C ¢y C upr(agp, €).

>(g) Let 2 be a Dedekind o-complete Boolean algebra, 9 a Boolean algebra and 7 : 2 — 9B a sequentially
order-continuous Boolean homomorphism. If C' C 2 and € is the o-subalgebra of 2 generated by C', show
that 7[C] is the o-subalgebra of B generated by 7[C].

(h) Let X and Y be extremally disconnected compact Hausdorff spaces, RO(X) and RO(Y") their regular
open algebras, and ¢ : X — Y a continuous surjection. Show that the following are equiveridical: (i) the
Boolean homomorphism V + ¢~1[V] from RO(Y) to RO(X) (312Q, 314S) is order-continuous; (ii) ¢[U] is
open-and-closed in Y for every open-and-closed set U C X; (iii) ¢[G] is open in Y for every open set G C X.

(i) Find a proof of 314Tb which does not appeal to 314K.

(j) Let B be a Dedekind complete Boolean algebra, and 2 a Boolean algebra which can be regularly
embedded in ‘B. Show that the Dedekind completion of 2 can be regularly embedded in 8.

(k) Let X be a topological space and Y a dense subset of X. Show that G — G NY is a Boolean
isomorphism from RO(X) to RO(Y).

(1) Let 2 be a Dedekind complete Boolean algebra, 98 an order-closed subalgebra of 2, ¢ a member of 2
and € the subalgebra of 2 generated by B U {c}. Show that cna = c¢n upr(cna,B) for every a € €.

314Y Further exercises (a) Let P be a Dedekind complete partially ordered set. Show that a set
@ C P is order-closed iff sup R, inf R belong to () whenever R C @ is a totally ordered subset of @ with
upper and lower bounds in P. (Hint: show by induction on « that if A C @ is upwards-directed and bounded
above and #(A) < x then sup A € Q.)

(b) Let P be a lattice. Show that P is Dedekind complete iff every non-empty totally ordered subset of
P with an upper bound in P has a least upper bound in P. (Hint: if A C P is non-empty and bounded
below in P, let B be the set of lower bounds of A and use Zorn’s Lemma to find a maximal element of B.)

(c) Give an example of a Boolean algebra 21 with an order-closed subalgebra 2(y and an element ¢ such
that the subalgebra generated by 2(y U {c} is not order-closed.

(d) Let X be any topological space. Let M be the o-ideal of meager subsets of X, and set
B\:{GAA:GQXisopen,AGM}.

(i) Show that B is a o-algebra of subsets of X, and that B /M is Dedekind complete. (Members of B are
said to be the subsets of X with the Baire property; B is the Baire-property algebra of X.) (ii) Show
that if A C X and J{G : G C X is open, AN G € B} is dense, then A € B. (iii) Show that there is a
largest open set V € M. (iv) Let RO(X) be the regular open algebra of X. Show that the map G — G*
is an order-continuous Boolean homomorphism from RO(X) onto B /M, so induces a Boolean isomorphism
between the principal ideal of RO(X) generated by X \ V and g//\/l (@/M is the category algebra of X;

it is a Dedekind complete Boolean algebra. X is called a Baire space if V' = (J; in this case RO(X) 1§/M
See 4A3S in Volume 4.)
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(e) Let 2 be a Dedekind o-complete Boolean algebra, and (a,)nen any sequence in 2. For n € N set

w = {z: 2 € {0,1}, z(n) = 1}, and let B be the o-algebra of subsets of {0, 1} generated by {E,, : n € N}.

(B is the ‘Borel g-algebra’ of {0, 1}; see 4A3E in Volume 4.) Show that there is a unique sequentially order-

continuous Boolean homomorphism 6 : B — 2 such that 0(E,,) = a,, for every n € N. (Hint: define a suitable

function ¢ from the Stone space Z of 2 to {0,1}", and consider {E : E C {0,1}", ¢~![E] has the Baire
property in Z}.) Show that 0[B] is the o-subalgebra of 2 generated by {a, : n € N}.

(f) Let 2A be a Boolean algebra, and Z its Stone space. Show that 2 is Dedekind o-complete iff G is open
whenever G is a cozero set in Z. (Such spaces are called basically disconnected or quasi-Stonian.)

(g) Let A, B be Dedekind complete Boolean algebras and D C 2 an order-dense set. Suppose that
¢ : D — B is such that (i) ¢[D] is order-dense in 9B (ii) for all d, d' € D, dnd' =0 iff ¢pdn ¢d’ = 0. Show
that ¢ has a unique extension to a Boolean isomorphism from 2 to B.

(h) Let 2 be any Boolean algebra. Let J be the family of order-closed ideals in 1. Show that (i) J
is a Dedekind complete Boolean algebra with operations defined by the formulae InJ =1NJ, 1\J =
{a : anb =0 for every b € J} (ii) the map a — 2,, the principal ideal generated by a, is an injective
order-continuous Boolean homomorphism from 2 onto an order-dense subalgebra of J (iii) J is isomorphic
to the Dedekind completion of 2.

314 Notes and comments At the risk of being tiresomely long-winded, I have taken the trouble to spell out
a large proportion of the results in this section and the last in their ‘sequential’ as well as their ‘unrestricted’
forms. The point is that while (in my view) the underlying ideas are most clearly and dramatically expressed
in terms of order-closed sets, order-continuous functions and Dedekind complete algebras, a large proportion
of the applications in measure theory deal with sequentially order-closed sets, sequentially order-continuous
functions and Dedekind o-complete algebras. As a matter of simple technique, therefore, it is necessary
to master both, and for the sake of later reference I generally give the statements of both versions in full.
Perhaps the points to look at most keenly are just those where there is a difference in the ideas involved, as
in 314Bb, or in which there is only one version given, as in 314M and 314T.

If you have seen the Hahn-Banach theorem (3A5A), it may have been recalled to your mind by Theorem
314K; in both cases we use an order relation and a bit of algebra to make a single step towards an extension
of a function, and Zorn’s lemma to turn this into the extension we seek. A good part of this section has
turned out to be on the borderland between the theory of Boolean algebra and general topology; naturally
enough, since (as always with the general theory of Boolean algebra) one of our first concerns is to establish
connexions between algebras and their Stone spaces.

I think 314T is the first substantial ‘universal mapping theorem’ in this volume; it is by no means the
last. The idea of the construction 2 is not just that we obtain a Dedekind complete Boolean algebra in
which 2 is embedded as an order-dense subalgebra, but that we simultaneously obtain a theorem on the
canonical extension to 2 of order-continuous Boolean homomorphisms defined on 2. This characterlzatlon
is enough to define the pair (2[ a +— @) up to isomorphism, so the exact method of construction of 2 becomes
of secondary importance. The one used in 314T is very natural (at least, if we believe in Stone spaces), but
there are others (see 314Yh), with different virtues.

314K and 314T both describe circumstances in which we can find extensions of Boolean homomorphisms.
Clearly such results are fundamental in the theory of Boolean algebras, but I shall not attempt any systematic
presentation here. 314Ye can also be regarded as belonging to this family of ideas.

Version of 13.11.12

315 Products and free products

I describe here two algebraic constructions of fundamental importance. They are very different in char-
acter, indeed may be regarded as opposites, despite the common use of the word ‘product’. The first part
of the section (315A-315H) deals with the easier construction, the ‘simple product’; the second part (315I-
315Q) with the ‘free product’. These constructions lead to descriptions of projective and inductive limits
(315R-315S).

(©) 1994 D. H. Fremlin
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315A Products of Boolean algebras (a) Let (2;);c; be any family of Boolean algebras. Set 2 =
[1;c; i, with the natural ring structure

anb={a(i) Ab(i))ier,

anb="{a(®)nb(%))icr
for a, b € A. Then 2 is a ring (3A2H); it is a Boolean ring because
ana={a(i)na(i))icr =a

for every a € 2; and it is a Boolean algebra because if we set 1y = (1g, )ier, then 1y na = a for every a € 2.
I will call A the simple product of the family (;);c;.

I should perhaps remark that when I = ) then 2 becomes {(}}, to be interpreted as the singleton Boolean
algebra.

(b) The Boolean operations on 2 are now defined by the formulae
aub=(a(i)ub(i))icr, a\b= (a(i)\b(%))ier
for all a, b € 2.

315B Theorem Let (2;);c; be a family of Boolean algebras, and 2 their simple product.

(a) The maps a — m;(a) = a(i) : A — A; are all Boolean homomorphisms.

(b) If B is any other Boolean algebra, then a map ¢ : B — 2 is a Boolean homomorphism iff ;¢ : B — 2,
is a Boolean homomorphism for every i € I.

proof Verification of these facts amounts just to applying the definitions with attention.

315C Products of partially ordered sets (a) It is perhaps worth spelling out the following elementary
definition. If (P;);cs is any family of partially ordered sets, its product is the set P = [],.; P; ordered by
saying that p < q iff p(7) < q(7) for every i € I; it is easy to check that P is now a partially ordered set.

(b) The point is that if 2 is the simple product of a family (2;);c; of Boolean algebras, then the ordering
of A is just the product partial order:

aCb< anb=a < a(i)nb(i)=a(i)Viel < a(i)Ccb(i)Viel.

Now we have the following elementary, but extremely useful, general facts about products of partially
ordered sets.

315D Proposition Let (P;);cr be a family of non-empty partially ordered sets with product P.
(a) For any non-empty set A C P and g € P,

(i) sup A = ¢ in P iff sup,c 4 p(i) = q(i) in P; for every i € I,

(ii) inf A = ¢ in P iff infpc 4 p(i) = ¢(¢) in P; for every i € I.
(b) The coordinate maps p — m;(p) = p(i) : P — P; are all order-preserving and order-continuous.
(¢) For any partially ordered set @ and function ¢ : Q — P, ¢ is order-preserving iff 7;¢ is order-preserving

for every i € I.

(d) For any partially ordered set @ and order-preserving function ¢ : Q — P,

(i) ¢ is order-continuous iff m;¢ is order-continuous for every i,

(ii) ¢ is sequentially order-continuous iff ;¢ is sequentially order-continuous for every i.
(e)(i) P is Dedekind complete iff every P; is Dedekind complete.

(ii) P is Dedekind o-complete iff every P; is Dedekind o-complete.

proof All these are elementary verifications. Of course parts (b), (d) and (e) rely on (a).

315E Factor algebras as principal ideals Because Boolean algebras have least elements, we have a
second type of canonical homomorphism associated with their products. If (;);cr is a family of Boolean
algebras with simple product 2, define 0; : ; — A by setting (0;a)(7) = a, (0;a)(j) = Oy, ifi € I, a € A; and
j € I'\{i}. Each 0, is a ring homomorphism, and is a Boolean isomorphism between 2l; and the principal
ideal of 2 generated by 6;(1g,). The family (0;(1y,)):cs is a partition of unity in 2L.

Associated with these embeddings is the following important result.
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315F Proposition Let 2 be a Boolean algebra and (e;);c; a partition of unity in 2. Suppose
either (i) that I is finite
or (ii) that I is countable and 2 is Dedekind o-complete
or (iii) that 2 is Dedekind complete.
Then the map a — (ane;)ier is a Boolean isomorphism between 2 and []
principal ideal of 2 generated by e; for each 3.

ier Ye;, writing A, for the

proof The given map is a Boolean homomorphism because each of the maps a — ane; : A — 2., is (312]).
It is injective because sup;c;e; = 1, so if a € A\ {0} there is an ¢ such that ane; # 0. It is surjective
because (e;)ies is disjoint and if ¢ € [],o; Ae, then a = sup,c; c(i) is defined in A and

ane; = sup;er c(i) ne; = c(j)
for every j € I (using 313Ba). The three alternative versions of the hypotheses of this proposition are
designed to ensure that the supremum is always well-defined in 2I.

315G Algebras of sets and their quotients The Boolean algebras of measure theory are mostly
presented as algebras of sets or quotients of algebras of sets, so it is perhaps worth spelling out the ways in
which the product construction applies to such algebras.

Proposition Let (X;);cr be a family of sets, and X; an algebra of subsets of X; for each i.
(a) The simple product [],.; ¥; may be identified with the algebra
Y={E:ECX, {x:(x,i) € E} € ¥; for every i € I}
of subsets of X = {(z,4) :i € I, x € X;}, with the canonical homomorphisms 7; : ¥ — ¥; being given by
mE ={x:(x,i) € E}
for each F € .
(b) Now suppose that J; is an ideal of ¥; for each 4. Then [[,.; ¥;/J; may be identified with ¥/J, where
J={E:Ec3 {z:(x,i) € E} € J; for every i € I},
and the canonical homomorphisms 7; : /7 — 3;/J; are given by the formula 7;(E*) = (m;E)* for every
Eek.

proof (a) It is easy to check that ¥ is a subalgebra of PX, and that the map E +— (m;E)icr : ¥ — [[;c; i
is a Boolean isomorphism.

(b) Again, it is easy to check that J is an ideal of X, that the proposed formula for 7; does indeed define
a map from ¥/J to ¥;/J;, and that E* — (T;E*)ics is an isomorphism between ¥/7 and [[;.; i/ ;.

*315H There is a particular kind of simple product which arises naturally when we look at regular open
algebras.

Proposition Let X be a topological space, and U a disjoint family of open subsets of X with union dense
in X. Then the regular open algebra RO(X) is isomorphic to the simple product [ ], RO(U).

proof By 314R(b-i), G — GNU is a Boolean homomorphism from RO(X) onto RO(U), for any U € U.
By 315B, we have a Boolean homomorphism G +— 7G = (G N U)yeu : RO(X) = [[y¢ROW). If
G € RO(X) \ {0}, then GNJU # 0, because | JU is dense; now there is a U € U such that GNU # 0, so
7G is non-zero in the Boolean algebra [];;.,, RO(U). As G is arbitrary, 7 is injective (3A2Db).

To see that 7 is surjective, suppose that we are given a family (Viy)yey with Viy € RO(U) for every
UecU. Set H=UJyey Vi, G =int @ € RO(X). Then, for any U € U, (writing inty and * for interior
and closure in the subspace topology on U, as in part (b) of the proof of 314R)

) )

GNU=UNmtH =intg ANT ) = inty V) = Vi,

so 7G = (Vy)ueu. Thus 7 is bijective and is a Boolean isomorphism.
3151 Free products I come now to the second construction of this section.
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(a) Definition Let (;);c; be a family of Boolean algebras. For each i € I, let Z; be the Stone space
of ;. Set Z = [[,c; Zi, with the product topology Then the free product of (2;);c; is the algebra 2 of

open-and-closed sets in Z; I will denote it by @),.; 2

(b) For i € T and a € 2;, the set @ C Z; representing a is an open-and-closed subset of Z;; because
z v 2(i) : Z — Z; is continuous, ¢;(a) = {z : z(i) € @} is open-and-closed, so belongs to 2. In this context
I will call ¢; : 2; — 2 the canonical map.

(c) The topological space Z may be identified with the Stone space of the Boolean algebra 2. P By
Tychonoff’s theorem (3A3J), Z is compact. If z € Z and G is an open subset of Z containing z, then there
are J, (G;)ics such that J is a finite subset of I, G, is an open subset of Z; for each j € J, and

ze{w:we Z, w(j) € Gj for every j € J} CG.

Because each Z; is zero-dimensional, we can find an open-and-closed set E; C Z; such that z(j) € E; C G;.
Now

H = Z0 (e {w: w(j) € E;}

is a finite intersection of open-and-closed subsets of Z, so is open-and-closed; and z € H C G. As z and G
are arbitrary, Z is zero-dimensional. Finally, Z, being the product of Hausdorff spaces, is Hausdorff. So the
result follows from 311J. Q

315J Theorem Let (2;);c; be a family of Boolean algebras, with free product 2.

(a) The canonical map ¢; : 2; — 2 is a Boolean homomorphism for every i € I.

(b) For any Boolean algebra % and any family (¢;);c; such that ¢; is a Boolean homomorphism from 2,
to B for every i, there is a unique Boolean homomorphism ¢ : 2l — B such that ¢; = ¢e; for each i.

proof These are both consequences of 312Q-312R. As in 3151, write Z; for the Stone space of 2, and Z for
[Lic; Zi, identified with the Stone space of 2, as observed in 315Ic. The maps ¢; : 2; — 2 are defined as
the homomorphisms corresponding to the continuous maps z — &;(z) = 2(i) : Z — Z;, so (a) is surely true.

Now suppose that we are given a Boolean homomorphism ¢; : 2; — B for each i € I. Let W be the
Stone space of 9B, and let g?)z : W — Z; be the continuous function corresponding to ¢;. By 3A3Ib, the map
w ¢~)(w) = (@(w)}iel : W — Z is continuous, and corresponds to a Boolean homomorphism ¢ : 2 — 9B;
because ¢~>1 = ézgz; ¢e; = ¢; for each i. Moreover, ¢ is the only Boolean homomorphism with this property,
because if ¢ : A — B is a Boolean homomorphism such that ye; = ¢; for every ¢, then ¥ corresponds to
a continuous function 1/) W — Z, and we must have 511/1 (i)Z for each 4, so that @/} (i) and ¢ = ¢. This
proves (b).

315K Of course 315J is the defining property of the free product (see 315Xi below). I list a few further
basic facts.

Proposition Let (2;);cr be a family of Boolean algebras, and 2 their free product; write &; : 2; — 2 for
the canonical homomorphisms.

(a) 2 is the subalgebra of itself generated by (J;.; €:[2Li].

(b) Write C for the set of those members of 2 expressible in the form inf;c j€;(a;), where J C I is finite
and a; € 2, for every j. Then every member of 2 is expressible as the supremum of a disjoint finite subset
of C. In particular, C' is order-dense in 2.

(c) Every ¢; is order-continuous.

(d) 20 = {0y} iff there is some i € I such that 2; = {0Og;, }.

(e) Now suppose that ; # {0y, } for every i € I.

(i) ; is injective for every i € I.

(ii) If J C I is finite and a; is a non-zero member of ; for each j € J, then inf;c;e;(a;) # 0.

(iii) If 4, j are distinct members of I, a € 2; and b € 2, then ¢;(a) = ¢;(b) iff either a = Oy, and
b=0q; or a =1y, and b = 1g;.

proof As usual, write Z; for the Stone space of 2;, and Z =[]
(3151Ic).

ier Zi, identified with the Stone space of 2
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(a) Write " for the subalgebra of 2 generated by (J;c; €i[:]. Then ; : 2; — 2’ is a Boolean homo-
morphism for each 4, so by 315Jb there is a Boolean homomorphism ¢ : 20 — 2I’ such that ¢e; = ¢; for each
1. Now, regarding ¢ as a Boolean homomorphism from 2 to itself, the uniqueness assertion of 315Jb (with
B = 2) shows that ¢ must be the identity, so that 2’ = 2.

(b) Write D for the set of finite partitions of unity in 2( consisting of members of C', and A for the set of
members of 2 expressible in the form sup D’ where D’ is a subset of a member of D. Then A is a subalgebra
of A. P (i) 1y € C (set J = 0 in the definition of members of C') so {1g} € D and Oy, 19 € A. (ii) Note that
ife,de C then end e C. (iii) If a, b € A, express them as sup D', sup F’ where D' C D e D, E' C E€D.
Then

F={dne:deD,ec E} €D,
0

ly\a=sup(D\ D) € A,

aub=sup{f:fe€F, fcaubleA Q
Also, €;[2;] C A for each i € I. PP If a € ;, then {g;(a),e;(1g; \a)} € D,so g;(a) € A. Q
So (a) tells us that A =2, and every member of 2 is a finite disjoint union of members of C'.
(c)Ifieland AC2, and inf A =0 in 2;, take any non-zero ¢ € 2. By (b), we can find a finite J C I
and a family (a;);es such that ¢ = inf;c;y¢;(a;) C ¢ and ¢ # 0. Regarding ¢’ as a subset of Z, we have
a point z € . Adding i to J and setting a; = 1y, if necessary, we may suppose that i € J. Now ¢ # Oy
so a; # Og, and there is an a € A such that a; € a, so there is a ¢ € @; \ @. In this case, setting w(i) = ¢,
w(j) = z(j) for j # i, we have w € ¢’ \ ¢;(a), and ¢, ¢ are not included in ¢;(a). As c is arbitrary, this shows
that infe;[A] = 0. As A is arbitrary, ¢; is order-continuous.
(d) The point is that A = {0y} iff Z = @, which is so iff some Z; is empty.
(e)(i) Because no Z; is empty, all the coordinate maps from Z to Z; are surjective, so the corresponding
homomorphisms ¢; are injective (312Sa).
(ii) Because J is finite,
infjcrej(a;) ={2:2€ Z, 2(j) € a; for every j € J}
is not empty.
(iii) If &;(a) = €;(b) = Oy then (using (i)) a = Oy, and b = Oy;,; if €;(a) = £;(b) = 1y then a = 1y, and
b=1y,. 2 If g5(a) = €;(b) € A\ {Oa, 1a}, then there are t € @ and u € Z; \ b. Now there is a z € Z such
that z(i) =t and z(j) = u, so that z € g;(a) \ €;(b). X

315L Proposition Let (2;);c; be any family of Boolean algebras, and (Ji)rex any partition (that is,
disjoint cover) of I. Then the free product 2 of (;);cr is isomorphic to the free product B of (B )rek,
where each By, is the free product of (;);c 7, .
proof Write g; : ; — A, &} : A; — By, and 0y, : By, — B for the canonical homomorphisms when k € K
and ¢ € J. Then the homomorphisms de) : 2; — B correspond to a homomorphism ¢ : A — 9B such that
¢e; = dxel, whenever i € Ji,. Next, for each k, the homomorphisms ¢; : 2; — 2, for i € Jy, correspond to
a homomorphism ¢y, : B — A such that e, = ¢; for i € Ji; and the family (Yx)rex corresponds to a
homomorphism v : B — 2 such that ¥, = ¥ for k € K. Consequently

Yoe; = Pore; = Yre; = €4
whenever k € K, i € J,. Once again using the uniqueness assertion in 315Jb, ¢ is the identity homomor-
phism on 2. On the other hand, if we look at ¢ : B — B, then we see that

Ppore; = Ppre; = dei = dxe;
whenever k € K, i € J,. Now, for given k, {b : b € By, ¢p1pdpb = 0;b} is a subalgebra of B, including
Uicy, €i[], and must be the whole of By, by 315Ka. So {b: b € B, ¢b = b} is a subalgebra of B
including (J, ¢ x 0x[Bx], and is the whole of B. Thus ¢ is the identity on B and ¢, 1 are the two halves of
an isomorphism between 2 and 8.
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315M Algebras of sets and their quotients Once again I devote a paragraph to spelling out the
application of the construction to the algebras most important to us.

Proposition Let (X;);c; be a family of sets, and ¥; an algebra of subsets of X; for each .
(a) The free product &), ; ¥; may be identified with the algebra 3 of subsets of X =[]
by the set {&;(EF):i €I, E € ¥;}, where ¢;(F) = {z:z € X, z(i) € E}.
(b) Now suppose that J; is an ideal of ¥; for each 4. Then &), ; ¥;/J; may be identified with ¥/, where
J is the ideal of ¥ generated by {¢;(E) : i € I, E € J;}; the corresponding canonical maps &; : ¥;/J; — %/J
being defined by the formula &;(F*) = (¢;(F))* fori € I, E € %;.

ser Xi generated

proof I start by proving (b) in detail; the argument for (a) is then easy to extract. Write ; = ;/7;,
A=%/T.

(i) Fix i € I for the moment. By the definition of ¥, ¢,(E) € ¥ for E € ¥;, and it is easy to check that
€ + X; — X is a Boolean homomorphism. Again, because ¢;(E) € J whenever E € J;, the kernel of the
homomorphism F — (g;(EF))* : ¥; — 2 includes J;, so the formula for &; defines a homomorphism from 2;
to 2.

Now let € = @),; 2l be the free product, and write €; : ; — € for the canonical homomorphisms. By
315J, there is a Boolean homomorphism ¢ : € — 2 such that ¢e} = &; for each i. The set

{H:HeX, H* € ¢[C]}
is a subalgebra of ¥ including ¢;[3;] for every i, so is ¥ itself, and ¢ is surjective.

(ii) We need a simple description of the ideal J, as follows: a set H € X belongs to J iff there are a finite
K C I and a family (Fy)rer such that Fy, € Ji for each k and H C | J;,c g €x(F). For evidently such sets
have to belong to J, since the e (F}) will be in J, while the family of all these sets is an ideal containing
¢;(F') whenever i € I and F € J;.

(iii) Now we can see that ¢ : € — 2 is injective. I* Take any non-zero ¢ € €. By 315Kb, we can find a
finite J C I and a family (a;);es in Hjeij such that 0 # inf;c; sg»aj C c. Express each a; as E?, where
E; € ¥;, and consider H = X N(;c;€;(E;) € X. Then

H* = il’lfjeJ éjaj = ¢(infjeJ E;—aj) C ¢(C)
Also, because €’a; # 0, E; ¢ J; for each j. But it follows that H ¢ J, because if K C [ is finite and

F, € Jyforeach k € K, set E; = X, fori € I\ J, F; =0 for : € I \ K; then there is an x € X such that
x(i) € E; \ F; for each i € I, so that x € H \ J, ¢ €x(Fr). By the criterion of (i), H ¢ J. So

0# E* C ¢(c).

As ¢ is arbitrary, the kernel of ¢ is {0}, and ¢ is injective. Q
So ¢ : € — 2 is the required isomorphism.

(iv) This proves (b). Reading through the arguments above, it is easy to see the simplifications which
compose a proof of (a), reading ¥; for 2; and {0} for ;.

315N Notation Free products are sufficiently surprising that I think it worth taking a moment to look
at a pair of examples relevant to the kinds of application I wish to make of the concept in the next chapter.
First let me introduce a somewhat more direct notation which seems appropriate for the free product of
finitely many factors. If 2 and B are two Boolean algebras, I write 2l ® 96 for their free product, and for
a €U be B I write a®b for e1(a)nea(b), where g1 : A = AR B, &3 : B — AR B are the canonical
maps. Observe that (a; ® b1) N (a2 ® ba) = (a1 Naz) ® (by Nby), and that the maps a — a ® by, b ag @b
are always ring homomorphisms. Now 315K(e-ii) tells us that a ® b = 0 only when one of a, b is 0. In the
context of 315M, we can identify £ ® F with E x F for F € 31 and F € Yo, and E* ® F* with (E x F)°.

3150 Lemma Let 2, B be Boolean algebras.
(a) Any element of 2 ® B is expressible as sup,c; a; ® b; where (a;);cs is a finite partition of unity in 2.
(b) If ¢ € A ® B is non-zero there are non-zero a € A, b € B such that a @b C ¢.
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proof (a) Let C be the set of elements of 2 ® B representable in this form. Then C' is a subalgebra of
A®B. P (i) If (a;)ier, (a});es are finite partitions of unity in 2, and b;, b, members of B for i € I and
J € J, then (a; na})ier jes is a partition of unity in 2, and

(supa; ® bj) N (supa} @) = sup (a; @ b;) N (af ® b))
iel jed iel,jer

= sup (a;na})® (binb}) e C.
i€l je]
Socnd € Cforall ¢, ¢ € C. (ii) If {(a;)ics is a finite partition of unity in 2 and b; € B for each i, then
1\ sup;c;a; ®b; = (sup;e;a; ® 1)\ (sup;e; a; ® b;) = sup;era; ® (1\b;) € C.
Thus 1\ c € C for every c€ C. Q

Sincea®1 =(a®1)u((1\a) ®0) and 1 ® b belong to C for every a € 2 and b € B, C must be the
whole of A ® B, by 315Ka.

(b) Now this follows at once, as well as being a special case of 315Kb.

315P Example 2 = PN ® PN is not Dedekind o-complete. B Consider A = {{n} ® {n} : n € N} C 2.
? If A has a least upper bound c in 2, then c is expressible as a supremum sup,;<, a; ® b;, by 315Kb.
Because k is finite, there must be distinct m, n such that {j : m € a;} = {j : n € a;}. Now {n} x {n} Ce¢,
so there is a j < k such that

(a;n{n}) ® (b; n{n}) = ({n} ® {n})n(a; ®b;) #0,

so that neither a; n{n} nor b; n{n} is empty, that is, n € a; N b;. But this means that m € a;, so that

(a; @ bj) n({m} @ {n}) = (a; n{m}) @ (b; n{n}) # 0,
and c¢n ({m} ® {n}) # 0, even though an({m} ® {n}) = 0 for every a € A. X Thus we have found a
countable subset of 2 with no supremum in 2, and 2l is not Dedekind o-complete. Q

315Q Example Now let 2l be any non-trivial atomless Boolean algebra, and B the free product 2 & 2.
Then the identity homomorphism from 2 to itself induces a homomorphism ¢ : 6 — 2l given by setting
d(a®b) = anb for every a, b € A. The point I wish to make is that ¢ is not order-continuous. P Let C
be the set {a®b:a,b € A, anb = 0}. Then ¢(c) = Oy for every ¢ € C. If d € B is non-zero, then by
3150Db there are non-zero a, b € 2 such that a® b C d; now, because 2 is atomless, there is a non-zero a’ C a
such that a\ a’ # 0. At least one of b\ d’, b\ (a\ a’) is non-zero; suppose the former. Then o’ ® (b\ a’) is a
non-zero member of C included in d. As d is arbitrary, this shows that sup C' = 1y. So

sup.ce ¢(c) = On # 1o = ¢(sup C),

and ¢ is not order-continuous. Q
Thus the free product (unlike the product, see 315Dd) does not respect order-continuity.

*315R Projective and inductive limits: Proposition Let (2;);c; be a family of Boolean algebras,
and R a subset of I x I; suppose that 7;; : 2; — 2; is a Boolean homomorphism for each (¢,j) € R.
(a) There are a Boolean algebra € and a family (m;);c; such that
m; : € — 2A; is a Boolean homomorphism for each i € I,
mj = mj;m; whenever (i, j) € R,
and whenever B, (¢;);cr are such that
B is a Boolean algebra,
¢; B — 2; is a Boolean homomorphism for each ¢ € I,
¢j = mji¢; whenever (i,7) € R,
then there is a unique Boolean homomorphism ¢ : B — € such that m;¢p = ¢; for every i € I.
(b) There are a Boolean algebra € and a family (m;);er such that
m; : A; — € is a Boolean homomorphism for each i € I,
m; = m;m;; whenever (i,j) € R,
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and whenever B, (¢;);c; are such that
B is a Boolean algebra,
¢; : 2A; — B is a Boolean homomorphism for each i € I,
¢; = ¢;mj; whenever (i,7) € R,
then there is a unique Boolean homomorphism ¢ : € — 98 such that ¢m; = ¢; for every i € I.

proof (a) Let 2 be the simple product [[,.;2;, and set

i€l
C={a:a e a(j) = mja(i) whenever (i, j) € R}.

Because every 7;; is a Boolean homomorphism, € is a subalgebra of 2. Set m;(a) = a(i) for i € I and a € €;
then m; : € — 2; is a Boolean homomorphism for every ¢, and m; = mj;m; whenever (i,j) € R.

Now suppose that B and (¢;);c; have the declared properties. For b € 9B, set ¢pb = ($;b);cr € U; because
¢; = m¢; whenever (7,5) € R, ¢b € €. Of course ¢b is the unique member of € such that mpb = ¢;b
for every ¢ € I. And ¢ : B — 2 is a Boolean homomorphism by 315Bb, so ¢ : % — € is a Boolean
homomorphism.

(b) This time, let A = @, ., 2A; be the free product of (2A;);cs; for each i € I, let &; : A; — A be the
canonical map. Let J be the ideal of 2 generated by elements of the form e;a A €7;;a where (i, j) € R and
a € AU;; let € be the quotient algebra 2/J, and set ma = (g;a)* € € for i € I and a € ;. Then every =; is
a Boolean homomorphism, and if (i,7) € R and a € 2;, then

ma = (g;a)* = (g;mja)* = mjmja
because €;a A £;m;;a belongs to J.
Once again, suppose that 8 and (¢;);c; have the properties declared in this part of the proposition. By
315Jb, there is a Boolean homomorphism ¢ : A — 9B such that ¢e; = ¢; for every ¢ € I. Now the kernel

of q} includes J. PP The kernel of é is an ideal of 2, so all we have to check is that it contains €;a A €;7j;a
whenever (i,j) € R and a € 2;; but in this case

(]E(&ia A €j7TjiCl) = (Z)&ia A (ié‘jﬂ'jia = ¢;a N quﬂ'jia = ¢;a N (;Sia =0. Q

Accordingly there is a unique ring homomorphism ¢ : € — 9B defined by saying that ¢c® = ¢e for every
c € A (3A2G). As

¢le = ¢(1y) = dla = 1,
¢ is a Boolean homomorphism. Now, of course,

¢mia = $(eia)* = geia = dia
whenever 7 € I and a € ;.
To see that ¢ is unique, observe that if ¢’ € — B has the same property, then we have a Boolean
homomorphism ¢’ : A — B defined by setting ¢'c = ¢'c* for every ¢ € 2; in which case

d'eia = ¢'(g;a)* = ¢d'ma = dia
whenever i € I and a € 2;, so that ¢ = ¢ and ¢/ = ¢.

*315S Definitions In 315Ra, we call 2, together with (7;);cs, ‘the’ projective limit of ((;)icr, (7):) (i,5)er);
in 315Rb, we call &, together with (7;);cz, ‘the” inductive limit of ((;)icr, (7ji) (i, j)er)-

315X Basic exercises (a) Let (2;);c; be any family of Boolean algebras, with simple product 2, and ; :
2A — 2A; the coordinate homomorphisms. Suppose we have another Boolean algebra ', with homomorphisms
mi o A" — A;, such that for every Boolean algebra B and every family (¢;);c; of homomorphisms from 8B
to the 2; there is a unique homomorphism ¢ : B — 2’ such that ¢; = 7¢ for every i. Show that there is a
unique isomorphism ) : 2 — 2’ such that 7/¢) = m; for every i € I.

(b) Let (U;)icr be a family of Boolean algebras with simple product 2 = J],.; ;. (i) Show that 2 is
Dedekind complete iff every 2; is Dedekind complete. (ii) Show that 2 is Dedekind o-complete iff every 2;
is Dedekind o-complete.
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(c) Let (A;);cr be a family of Boolean algebras with simple product 2 = [],.; ;. Suppose that for every
i € I we are given a subalgebra B; of 2l;. (i) Show that the simple product B = [],.; B; is a subalgebra of
2(. (ii) Show that B is order-closed in 2 iff B; is order-closed in 2; for every i € I.

(d) Let (P;);c; be a family of non-empty partially ordered sets, with product partially ordered set P.
Show that P is a lattice iff every P; is a lattice, and that in this case it is the product lattice in the sense

that pV g = (p(3) V q(4))icr, p A q = {p(i) A q(3))ics for all p, g € P.

(e) Let (U;);cr be a family of Boolean algebras with simple product 2. For each i € I let Z; be the Stone
space of 2;, and let Z be the Stone space of 2. (i) Show that the coordinate maps from 2 onto 2; induce
homeomorphisms between the Z; and open-and-closed subsets Z} of Z. (ii) Show that (Z7);cs is disjoint.
(iii) Show that |J;c; Z; is dense in Z, and is equal to Z iff {i : 2; # {0}} is finite.

(f) Let (2;);ecs be a family of Boolean algebras, with simple product 2. Suppose that for each i € I we
are given an ideal I; of ;. Show that I = [[,.; ; is an ideal of 2, and that 2/ may be identified, as
Boolean algebra, with [],.; %:/I;.

iel

(g) Let (X;);er be any family of topological spaces. Let X be their disjoint union {(z,4) : i € I, z € X;},
with the disjoint union topology; that is, a set G C X is open in X iff {z : (z,4) € G} is open in X; for
every ¢ € I. Show that the algebra of open-and-closed subsets of X can be identified, as Boolean algebra,
with the simple product of the algebras of open-and-closed sets of the X;.

(h) Show that the topological product of any family of zero-dimensional spaces is zero-dimensional.

(i) Let (A;);cr be any family of Boolean algebras, with free product 2, and ¢; : 2; — 2 the canonical
homomorphisms. Suppose we have another Boolean algebra ', with homomorphisms ¢} : 2; — 2, such
that for every Boolean algebra % and every family (¢;);c; of homomorphisms from the 2[; to B there is a
unique homomorphism ¢ : A" — B such that ¢; = ¢e} for every i. Show that there is a unique isomorphism

1 A — A" such that €, = e; for every i € I.

(j) Let I be any set, and let 2 be the algebra of open-and-closed sets of {0,1}!; for each i € I set
a; = {x :x € {0,1}, z(i) = 1} € A. Show that for any Boolean algebra B and any family (b;);c; in B
there is a unique Boolean homomorphism ¢ : 2 — 9B such that ¢(a;) = b; for every i € I.

(k) Let (A;)icr, (B;)jes be two families of Boolean algebras. Show that there is a natural injective
homomorphism ¢ : [[;c; 2 @ [[;c 7 Bj — [licr jes i ® B; defined by saying that

Pla®b) = (a(i) ®b(j))ier,jes
for a € [[;c; i, b € [[ ;e B;. Show that ¢ is surjective if I and J are finite.

(1) Let (J(i))ier be a family of sets, with product @ = [[,c; J(i). Let (2i;)icr jesi) be a family of
Boolean algebras. Describe a natural injective homomorphism ¢ : @), ; HjeJ(i) Aij = [Leq Ricr Aigi):

(m) Let 2 and B be Boolean algebras with partitions of unity (a;)icr, (b;);jcs. Show that (a; ®b;)icr jcs
is a partition of unity in 2l ® B.

(n) Let A and B be Boolean algebras and a € A, b € B. Write ,, B} for the corresponding principal
ideals. Show that there is a canonical isomorphism between 2, ® 2B, and the principal ideal of A ® B
generated by a ® b.

(o) Let (A;);cr be any family of Boolean algebras, with free product &),.; %, and &; : A; — 2 the

canonical maps. Show that ¢;[2;] is an order-closed subalgebra of  for every i.

(p) Let 2 be a Boolean algebra. Let us say that a family (2;);c; of subalgebras of 2 is Boolean-
independent if inf;c ; a; # 0 whenever J C I is finite and a; € 2; \ {0} for every j € J. Show that in this
case the subalgebra of 2 generated by (J;.; 2 is isomorphic to the free product &), ; ;.
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(a) Let (A;)icr and (2B;);cr be two families of Boolean algebras, and suppose that for each i € I we are
given a Boolean homomorphism ¢; : 2; — B; with kernel K; < 2(;. Show that the ¢; induce a Boolean
homomorphism ¢ : @,;; % — @,c; Bi with kernel generated by (J;c; €[K;], where ; : ; — 2 is the
canonical homomorphism. Show that if every ¢; is surjective, so is ¢.

(r) Let (2;);cr be any family of non-trivial Boolean algebras. Show that if J C I and B; is a subalgebra
of ; for each j € J, then ®j€‘, B; is canonically embedded as a subalgebra of ), 2.

(s) Let 2 and B be Boolean algebras, neither {0}. Show that any element of 2A®% is uniquely expressible
as sup;cy a; ® b; where (a;);cr is a partition of unity in 2, with no a; equal to 0, and b; # b; in B for i # j.

315Y Further exercises (a) Let (/;);cr and (B;);cr be two families of Boolean algebras, and suppose
that we are given Boolean homomorphisms ¢; : ; — 9B, for each i; let ¢ : ®i€[ A — ®i€[ B, be the
induced homomorphism. (i) Show that if every ¢; is order-continuous, so is ¢. (ii) Show that if every ¢; is
sequentially order-continuous, so is ¢.

(b) Let (Z;)ier be any family of topological spaces with product Z. For i € I, z € Z set £,(z) = z(3).
Show that if M C Z; is nowhere dense in Z; then égl[M] is nowhere dense in Z. Use this to prove 315Kc.

(c) Let (2;);cr be a family of Boolean algebras, and suppose that we are given subalgebras 9B; of 2;
for each 7; set A = @, 2A; and B = Q),.;B;, and let ¢ : B — A be the homomorphism induced by the
embeddings B; G ;. (i) Show that if every 9B; is order-closed in 24;, then ¢[3B] is order-closed in 2. (ii)
Show that if every 9B; is a o-subalgebra of 2l;, then ¢[B] is a o-subalgebra in 2.

(d) Let (X;);cr be a family of topological spaces, with product X. Let RO(X;), RO(X) be the cor-
responding regular open algebras. Show that RO(X) can be identified with the Dedekind completion of

®i€[ RO(XZ')~

(e) Use the ideas of 315Xj and 315M to give an alternative construction of ‘free product’, for which 315J
and 315K(e-ii) are true, and which does not depend on the concept of Stone space nor on any other use of
the axiom of choice. (Hint: show that for any Boolean algebra 2 there is a canonical surjection from the
algebra £y onto 2, where £ is the algebra of subsets of {0,1}7 generated by sets of the form {z : z(j) = 1};
show that for such algebras £;, at least, the method of 3151-315J can be used; now apply the method of
315M to describe @), ;2 as a quotient of £; where J = {(a,4) : i € I, a € A;}. Finally check 315K (e-ii).)

(f) Let 20 and B be Boolean algebras. Show that A @ B is Dedekind complete iff either A = {0} or
B = {0} or 2 is finite and B is Dedekind complete or B is finite and 2l is Dedekind complete.

(g) Let (P;)icr be any family of partially ordered spaces. (i) Give a construction of a partially ordered
space P, together with a family of order-preserving maps ¢; : P; — P, such that whenever @) is a partially
ordered set and ¢; : P, — @ is order-preserving for every i € I, there is a unique order-preserving map
¢ : P — Q such that ¢; = ¢e; for every i. (ii) Show that ¢ will be order-continuous iff every ¢, is. (iii)
Show that P will be Dedekind complete iff every P; is, but (except in trivial cases) is not a lattice.

(h) Let (;)icr be a family of Boolean algebras, and R a subset of I x I; suppose that 7j; : ; — 2, is a
Boolean homomorphism for each (i, j) € R. For each i € I, let Z; be the Stone space of 2;; for (¢,5) € R, let
fji + Z; = Z; be the continuous function corresponding to 7;;. Show that the Stone space of the inductive
limit of the system ({%;)ier, (7ji)(i,j)er) can be identified with {z : 2 € [[,c; Zi, f;i(2(j)) = 2(i) whenever
(1,7) € R}.

315 Notes and comments In this section I find myself asking for slightly more sophisticated algebra than
seems necessary elsewhere. The point is that simple products and free products are best regarded as defined
by the properties described in 315B and 315J. That is, it is sometimes right to think of a simple product
of a family (2;);cr of Boolean algebras as being a structure (2L, (m;);cr) where 2 is a Boolean algebra,
m; + A — A; is a homomorphism for every i € I, and every family of homomorphisms from a Boolean algebra
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B to the 2; can be uniquely represented by a single homomorphism from 95 to 2. Similarly, reversing the
direction of the homomorphisms, we can speak of a free product (it would be natural to say ‘coproduct’)
(A, (gi)ier) of (A;);cr. On such definitions, it is elementary that any two simple products, or free products,
are isomorphic in the obvious sense (315Xa, 315Xi), and very general arguments from abstract algebra, not
restricted to Boolean algebras (see BOURBAKI 68, IV.3.2), show that they exist. (But in order to prove such
basic facts as that the m; are surjective, or that the ¢; are, except when the construction collapses altogether,
injective, we do of course have to look at the special properties of Boolean algebras.) Now in the case of
simple products, the Cartesian product construction is so direct and so familiar that there seems no need
to trouble our imaginations with any other. But in the case of free products, things are more complicated.
I have given primacy to the construction in terms of Stone spaces because I believe that this is the fastest
route to effective mental pictures. But in some ways this approach seems to be inappropriate. If you take
what in my view is a tenable position, and say that a Boolean algebra is best regarded as the limit of its
finite subalgebras, then you might prefer a construction of a free product as a limit of free products of finitely
many finite subalgebras. Or you might feel that it is wrong to rely on the axiom of choice to prove a result
which certainly does not need it (see 315Ye).

Because I believe that the universal mapping theorem 315J is the right basis for the study of free products,
I am naturally led to use it as the starting point for proofs of theorems about free products, as in 315L. But
315K(e-ii) seems to lie deeper. (Note, for instance, that in 315M we do need the axiom of choice, in part
(a-iii) of the proof, since without it the product [];.; X; could be empty.)

Both ‘simple product’ and ‘free product’ are essentially algebraic constructions involving the category of
Boolean algebras and Boolean homomorphisms, and any relationships with such concepts as order-continuity
can be regarded as accidental, in so far as there are accidents in mathematics. 315Cb and 315D show that
simple products behave very straightforwardly when the homomorphisms involved are order-continuous.
315Q, 315Xo and 315Ya-315Y ¢ show that free products are much more complex and subtle.

For finite products, we have a kind of distributivity; (2 x 8) ® € can be identified with (A® €) x (B ® )
(315Xk, 315X1). There are contexts in which this makes it seem more natural to write 2 ® 9B in place
of 2 x B, and indeed I have already spoken of a ‘direct sum’ of measure spaces (214L) in terms which
correspond closely to the simple product of algebras of sets described in 315Ga. Generally, the simple
product corresponds to disjoint unions of Stone spaces (315Xe) and the free product to products of Stone
spaces. But the simple product is indeed the product Boolean algebra, in the ordinary category sense;
the universal mapping theorem 315B is exactly of the type we expect from products of topological spaces
(3A3Ib) or partially ordered sets (315Dc), etc. It is the ‘free product’ which is special to Boolean algebras.
The nearest analogy that I know of elsewhere is with the concept of ‘tensor product’ of linear spaces (cf.
§253).

It is perhaps worth noting that projective limits of systems of Boolean algebras have a straightforward
description in terms of the algebras themselves (315Ra), while inductive limits have a similarly direct
description in terms of Stone spaces (315Yh).

Version of 26.1.09
316 Further topics

Iintroduce three special properties of Boolean algebras which will be of great importance in the rest of this
volume: the countable chain condition (316A-316F), weak (o, co)-distributivity (316G-316J) and homogene-
ity (316N-316Q). I add some brief notes on atoms in Boolean algebras (316K-316L), with a characterization
of the algebra of open-and-closed subsets of {0, 1} (316M).

316 A Definitions (a) A Boolean algebra 2l is ccce, or satisfies the countable chain condition, if every
disjoint subset of 2 is countable.

(b) A topological space X is ccc, or satisfies the countable chain condition, or has Souslin’s prop-
erty, if every disjoint collection of open sets in X is countable.

(©) 2000 D. H. Fremlin
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316B Theorem A Boolean algebra 2l is ccc iff its Stone space Z is ccc.

proof (a) If 2 is ccc and G is a disjoint family of open sets in Z, then for each G € G’ = G\ {0} we can find
a non-zero ag € 2 such that the corresponding open-and-closed set a¢ is included in G. Now {ag : G € G'}
is a disjoint family in 2(, so is countable; since ag # ag for distinct G, H € G’, G’ and G must be countable.
As G is arbitrary, Z is ccc.

(b) If Z is ccc and A C 2 is disjoint, then {a: a € A} is a disjoint family of open subsets of Z, so must
be countable, and A is countable. As A is arbitrary, 2 is ccc.

316C Proposition Let 2 be a Dedekind o-complete Boolean algebra and Z a o-ideal of 2. Then the
quotient algebra B = A /7 is ccc iff every disjoint family in 2\ Z is countable.

proof (a) Suppose that B is ccc and that A is a disjoint family in 2\ Z. Then {a® : a € A} is a disjoint
family in 28, therefore countable, and a® # b* when a, b are distinct members of A; so A is countable.

(b) Now suppose that 9B is not ccc. Then there is an uncountable disjoint set B C B. Of course B\ {0}
is still uncountable, so may be enumerated as (b¢)e<x, Where £ is an uncountable cardinal (2A1K), so that
w1 < k. For each § < wy, choose a¢ € 2A such that ag = be. Of course ag ¢ Z. If n < € < wy, then b, nbe =0,
so ag Nay, € L. Because { < wy, it is countable; because 7 is a o-ideal, and 2 is Dedekind o-complete,

de = SUp, ¢ ag N ay,
belongs to Z, and
ce =ag \de € A\ T.
But now of course
cency, Ccenay Ccgnde =0
whenever 7 < £ < wy, 50 {c¢ : £ < wi} is an uncountable disjoint family in A\ Z.

Remark An ideal 7 satisfying the conditions of this proposition is said to be wi-saturated in .

316D Corollary Let X be a set, X a o-algebra of subsets of X, and Z a o-ideal of 3. Then the quotient
algebra /7 is ccc iff every disjoint family in ¥\ Z is countable.

316E Proposition Let 2 be a ccc Boolean algebra. Then for any A C 2 there is a countable B C A
such that B has the same upper and lower bounds as A.

proof (a) Set

D=,cqld:dca}.
Applying Zorn’s lemma to the family C of disjoint subsets of D, we have a maximal Cy € C. For each ¢ € Cy
choose a b, € A such that ¢ C b., and set By = {b. : ¢ € Cy}. Because A is ccc, Cy is countable, so By also is
countable. ? If there is an upper bound e for By which is not an upper bound for A, take a € A such that
d =a\e#0;then ¢ € D and ¢/ nec = ¢ nb. =0 for every ¢ € Cp, so CoU{c'} € C; but Cy was supposed
to be maximal in C. X Thus every upper bound for By is also an upper bound for A.

(b) Similarly, there is a countable set B} C A’ = {1\ a: a € A} such that every upper bound for B} is
an upper bound for A’. Set By = {1\ b: b € Bi}; then By is a countable subset of A and every lower bound
for By is a lower bound for A. Try B = By U B;. Then B is a countable subset of A and every upper (resp.
lower) bound for B is an upper (resp. lower) bound for A4; so that B must have exactly the same upper and
lower bounds as A has.

316F Corollary Let 2 be a ccc Boolean algebra.

(a) If A is Dedekind o-complete it is Dedekind complete.

(b) If A C 2 is sequentially order-closed it is order-closed.

(c) If @ is any partially ordered set and ¢ : 2 — @ is a sequentially order-continuous order-preserving
function, it is order-continuous.
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(d) If B is another Boolean algebra and 7 : 24 — 9B is a sequentially order-continuous Boolean homomor-
phism, it is order-continuous.

proof (a) If A is any subset of 2, let B C A be a countable set with the same upper bounds as A; then
sup B is defined in 2 and must be sup A.

(b) Suppose that B C A is non-empty and upwards-directed and has a supremum a in 2. Then there is
a non-empty countable set C C B with the same upper bounds as B. Let {(¢,)nen be a sequence running
over C. Because B is upwards-directed, we can choose (b,,),ecn inductively such that

bo =co, bnt1 € B, bpy1 2 by Ucyg for every n € N,

Now any upper bound for {b, : n € N} must also be an upper bound for {c, : n € N} = C, so is an upper
bound for the whole set B. But this means that a = sup,,cy bn. As (by)nen is a non-decreasing sequence in
A, and A is sequentially order-closed, a € A.

In the same way, if B C A is downwards-directed and has an infimum in 2, this is also the infimum of
some non-increasing sequence in B, so must belong to A. Thus A is order-closed.

(c) (i) Suppose that A C 2 is a non-empty upwards-directed set with supremum ag € 2. As in (b), there
is a non-decreasing sequence (¢, )nen in 24 with supremum ag. Because ¢ is sequentially order-continuous,
$ag = sup,,cy ¢¢n in Q. But this means that ¢ag must be the least upper bound of ¢[A].

(ii) Similarly, if A C 2l is a non-empty downwards-directed set with infimum ag, there is a non-increasing
sequence {Cp)nen in A with infimum ag, so that

inf ¢[A] = inf,en Pen = Pag.
Putting this together with (i), we see that ¢ is order-continuous, as claimed.

(d) This is a special case of (c).

316G Definition Let 20 be a Boolean algebra. I will say that 2 is weakly (o, c0)-distributive if
whenever (A,)nen is a sequence of downwards-directed subsets of 2 and inf A,, = 0 for every n, then
inf B = 0, where

B ={b:bec, for every n € N there is an a € A4,, such that bDa}.

316H Proposition Let 2 be a Boolean algebra. Then the following are equiveridical:

(i) A is weakly (o, 00)-distributive;

(ii) whenever (A, )nen is a sequence of partitions of unity in 2, there is a partition of unity B in 2 such
that {a:a € A, anb # 0} is finite for every n € N and b € B;

(iil) whenever (A, )nen is a sequence of upwards-directed subsets of 2, each with a supremum ¢,, = sup A4,,
and

B ={b:be, for every n € N there is an a € A,, such that b C a},

then inf{c, \b:n €N, be B} =0;
(iv) whenever (A,,),en is a sequence of upwards-directed subsets of 2/, each with a supremum ¢,, = sup A,,,
and inf,cn ¢, = c is defined, then ¢ = sup B, where

B={b:be, for every n € N there is an a € A4,, such that b C a}.
proof (i)=-(ii) Suppose that 2 is weakly (o, co)-distributive and that (A, ),en is a sequence of partitions
of unity in 2. For each n € N, set
C, ={1\supD : D € A, is finite},

so that C,, is downwards-directed and has infimum 0. Set E = {e : for every n € N there is a ¢ € C), such
that ¢ Ce}; then inf E = 0. So By = {b: bne = 0 for some e € E} is order-dense in 2 and includes a
partition B of unity. If n € N and b € B, take e € E such that bne = 0, ¢ € C, such that ¢ C e, and a finite
set D C A, such that ¢ = 1\ sup D; then

bclyecl\cC supD
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and {a:a € A,, anb# 0} C D is finite. As (A, )nen is arbitrary, (ii) is true.

(ii)=(iii) Suppose that (ii) is true, and that (A,)nen is a sequence of upwards-directed subsets of 2,
each with a supremum ¢,, = sup A,,. For each n € N,

Dp={d:dc1\cp}UU,ca {d:dCa}

is order-dense in 2, so there is a partition of unity D], C D,, (313K). By (ii), there is a partition of unity
E such that {d : d € D], dne # 0} is finite for every n € N and e € E. ? Suppose, if possible, that
{en\b:n € N, b € B} has a non-zero lower bound c. Let e € E be such that cne # 0. For each n € N, set
Di'={d:de D), cnend=0}. Then D) is finite so d,, = sup D], is defined and cne C d,,. Also, because
¢ C ¢p, each element of D! is included in a member of A,; as A,, is upwards-directed, so are d,, and cne.
As n is arbitrary, cne € B; and ¢ was supposed to be disjoint from every member of B. X

Thus inf{c, \b:n € N, b € B} =0; as (An)nen is arbitrary, (iii) is true.

(iii)=(iv) Suppose that (iii) is true and that A,, ¢,, ¢ and B are as in the statement of (iv). Then
inf{c\b:be B} =inf{c,\b:neN, be B} =0;
as b C ¢, whenever b € B and n € N, we have b C ¢ for every b € B, and sup B = ¢, by 313Ab. Thus (iv) is

true.

(iv)=(i) Suppose that (iv) is true and that A, and B are as in 316G. Set A, = {1\a:a € A,}, so that
A’ is an upwards-directed set with supremum 1 for each n, and

B’ = {b: for every n € N there is an a € A}, such that b C a} = {1\ b:b € B};
then
inf B=1\supB’' =1\ inf,ensup 4/, =0,

as required.

3161 As usual, a characterization of the property in terms of the Stone spaces is extremely valuable.

Theorem Let 2 be a Boolean algebra, and Z its Stone space. Then 2 is weakly (o, 0o)-distributive iff every
meager set in Z is nowhere dense.

proof (a) The point is that if M C Z then M is nowhere dense iff there is a partition of unity A in 2 such
that M Na = () for every a € A. P If M is nowhere dense, then {a : M Na = (0} is order-dense in 2, so
includes a partition of unity. In the other direction, if A is a partition of unity such that M is disjoint from
a for every a € A, then supA =150 G = J,. 4@ is dense (313Ca); now G is a dense open set disjoint from
M, so M is nowhere dense. Q

(b) Suppose that A is weakly (o, oc0)-distributive and that M is a meager subset of Z. Then M can
be expressed as UnEN M,, where each M, is nowhere dense. For each n € N, let A, be a partition of
unity such that M, Na@ = 0 for every a € A,. By 316H(i)=-(ii), there is a partition of unity B such that
{a:a € A,, anb # 0} is finite for every n € N and b € B. Now M, Nb =0 for every n € N and b € B.
PC={a:ac A, bNa#0} is finite. So F' = J,c@ is closed and G =D\ Fis open. But GNa =0
for every a € A, so G is empty and bCFCZ \ M,. Q Accordingly M Nb =0 for every b € B and M is
nowhere dense.

(c) Suppose that every meager set in Z is nowhere dense, and that (A4, ),cn is a sequence of partitions
of unity in 2. Then M, = Z\ U,c 4, @ is nowhere dense for each n (313Cc), so M = J,,cy M, is meager,
therefore nowhere dense. Let B be a partition of unity in 2 such that M Nb =0 for every be B. If ne N
and b € B, then

bCZ\MCZ\M,=U,c4

As D is compact, there is some finite C' C A such that b C Uaeca and b C sup C; but this means that
{a : a € A,, anb # 0} C C is finite. As (A,)nen is arbitrary, 2 is weakly (o,o0)-distributive, by
316H(ii)=>(i).
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316J The regular open algebra of R For examples of weakly (o, co)-distributive algebras, I think we
can wait for Chapter 32 (see also 393C). But the standard example of an algebra which is not weakly (o, 00)-
distributive is of such importance that (even though it has nothing to do with measure theory, narrowly
defined) I think it right to describe it here.

Proposition The algebra RO(R) of regular open subsets of R (3140) is not weakly (o, 0co)-distributive.

proof Enumerate Q as (¢,)nen. For each n € N, set
A, ={G:G € RO(R), ¢; € G for every i < n}.
Then A, is downwards-directed, and
inf A, =int( 4, =int{g; : i <n} =0.
But if A C RO(R) is such that
for every n € N, G € A there is an H € A,, such that H C G,
then we must have Q C G for every G € A, so that
R=intQ CintG =G
for every G € A, and A C {R}; which means that inf A # () in RO(R), and 316G cannot be satisfied.

316K Atoms in Boolean algebras (a) If 2 is a Boolean algebra, an atom in 2l is a non-zero a € 2
such that the only elements included in a are 0 and a.

(b) A Boolean algebra is atomless if it has no atoms.

(c) A Boolean algebra is purely atomic if every non-zero element includes an atom.

316L Proposition Let 2 be a Boolean algebra, with Stone space Z.

(a) There is a one-to-one correspondence between atoms a of 2 and isolated points z € Z, given by the
formula a = {z}.

(b) 2l is atomless iff Z has no isolated points.

(c) A is purely atomic iff the isolated points of Z form a dense subset of Z.

proof (a)(i) If z is an isolated point in Z, then {z} is an open-and-closed subset of Z, so is of the form a
for some a € 2; now if b C a, b must be either () or {z}, so b must be either a or 0, and a is an atom.

(ii) If @ € A and @ has two points z and w, then (because Z is Hausdorff, 311I) there is an open set G
containing z but not w. Now there is a ¢ € 2 such that z € ¢ C G, so that a n ¢ must be different from both
0 and a, and a is not an atom.

(b) This follows immediately from (a).

(c) From (a) we see that 2 is purely atomic iff @ contains an isolated point for every non-zero a € 2; since
every non-empty open set in Z includes a non-empty set of the form @, this happens iff every non-empty
open set in Z contains an isolated point, that is, iff the set of isolated points is dense.

316M Proposition Let B be the algebra of open-and-closed subsets of {0, 1}. Then a Boolean algebra
2l is isomorphic to B iff it is atomless, countable and not {0}.

proof (a) I must check that 9 has the declared properties. The point is that it is the subalgebra B’ of
PX generated by {b; : i € N}, where I write X = {0,1}", b; = {z : # € X, (i) = 1}. P Of course b;
and its complement {z : (i) = 0} are open, so b; € B for each ¢, and B’ C B. In the other direction, the
open cylinder sets of X are all of the form ¢, = {z : 2(i) = z(¢) for every i € J}, where J C I is finite and
z€{0,1}; now

¢z = X 0 )=1bi \U.(i)=0 bi € B".

If b € B then b is expressible as a union of such cylinder sets, because it is open; but also it is compact, so
is the union of finitely many of them, and must belong to 98B’. Thus B = 9B’, as claimed. Q
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For each n € N let B,, be the finite subalgebra of B generated by {b; : i < n} (so that By = {0,1}).
Then (B, )nen is an increasing sequence of subalgebras of 8 with union 9B; so B is countable. Also bn by,
b\ b, are non-zero for every n € N and non-zero b € 9B,,, so no member of any B, can be an atom in 9B,
and B is atomless.

(b) Now suppose that 2l is another algebra with the same properties. Enumerate 2 as (a,)nen. Choose
finite subalgebras 2, C 2 and isomorphisms 7, : %A, — B, as follows. Ay = {0,1}, o0 = 0, 7l = 1.
Given 2,, and m,, let A, be the set of atoms of 2,,. For a € A,,, choose a’ € 2 such that

if a, Nna, a, \ a are both non-zero, then a’ = a, Na;

otherwise, a’ C a is any element such that a’, a \ @’ are both non-zero.
(This is where I use the hypothesis that 2l is atomless.) Set a;, = sup,¢c 4, a’. Then we see that anay,, a\ aj,
are non-zero for every a € A, and therefore for every non-zero a € 2, that is, that

sup{a:a €Ay, aCal} =0, infla:ae€U,, ada,}=1
Let 2,41 be the subalgebra of 2 generated by A, U {a],}. Since we have
sup{b: b€ B,,bCb,} =0, inf{b:beB,,bDb,}=1,

there is a (unique) extension of 7w, : 2, — B, to a homomorphism 7,1 : Apt1 — Bpi1 such that
Tni1al, = by, (3120). Since we similarly have an extension ¢ of 7,1 to a homomorphism from 9B, to
A1 with ¢b, = al,, and since ¢m, 41, Th41¢ must be the respective identity homomorphisms, 7,1 is an
isomorphism, and the induction continues.

Since 7,41 extends m, for each n, these isomorphisms join together to give us an isomorphism

T Upen 2An = Upeny Bn = B.

Observe next that the construction ensures that a,, € 2,41 for each n, since a,, N a is either 0 or a or al, Na
for every a € A, and in all cases belongs to 2, 11. So |J,,cy2An contains every a, and (by the choice of
{(an)nen) must be the whole of 2. Thus 7 : 2 — B witnesses that 2 = 5.

316N Definition A Boolean algebra 2l is homogeneous if every non-trivial principal ideal of 2 is
isomorphic to 2.

*3160 Lemma Let 2( be a Dedekind complete Boolean algebra such that
D ={d:d e, 2Ais isomorphic to the principal ideal 2,4}
is order-dense in 2. Then 2 is homogeneous.

proof (a) If A = {0} then it has no non-trivial principal ideals, so is homogeneous. If 2 is not atomless,
let a € 2 be an atom; then there is a non-zero d € D such that d C a and d = a; so A = 2; = {0,d} and
2A = {0, 1} is homogeneous because its only non-trivial principal ideal is itself. So suppose henceforth that
2 is atomless and not {0}.

(b) Take any a € A\ {0}. Choose (a,)nen inductively in 2 in such a way that ag = a and that a,11 C ay,
is neither 0 nor a,, for any n. Let D’ be

{d:d € D, either d C inf,enay, or d C ay \ apy1 for some n or d C 1\ ag}.
Then D’ C D is still order-dense. Let C' C D’ be a partition of unity (313K); then C is infinite. We have
A [[oee A = AC

(315F). Moreover, every member of C' is either included in a or disjoint from it, so setting C’' = {c¢:c € C,
¢ C a} we see that C’ is a partition of unity in 2,; as 2, is Dedekind complete (314Ea),

Ay 2 [ Ae 2 AT = (AC)C 2 QOXCT 2 9C = g
(because C' is infinite and C” is not empty, so #(C x C') = #(C')). As a is arbitrary, 2 is homogeneous.

*316P Proposition Let 20 be a homogeneous Boolean algebra. Then its Dedekind completion A is
homogeneous.
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proof Regarding 2l as a subset of ﬁ, it is order-dense. Next, if a € 2, then the principal ideal é\[a which it
generates in 2 can be identified with the Dedekind completion of the principal ideal 2, which it generates
in A. P A, is order-dense in A, and %, is Dedekind complete, so we can use 314Ub. Q But this means
that

A, = A, =2
for every a € 2\ {0}. As 2\ {0} is order-dense in %A, 3160 tells us that 2 is homogeneous.

*316Q Proposition The free product of any family of homogeneous Boolean algebras is homogeneous.

proof (a) Let (2;);c; be a family of homogeneous Boolean algebras and 2 = @), 2; their free product;
let &; : /A; — A be the canonical homomorphisms. If any of the 2, is {0}, so is 2 (315Kd), and the result
is trivial; so let us suppose that every 2; has at least two elements. If 2; = {0,1} for every ¢ € I, then
2A = {0, 1} is homogeneous; so we may suppose that at least one 2; is infinite.

(b) If we have a family (a;);esr such that a; € 2; for every i and J = {i : a; # 1} is finite, consider
a = inficyei(a;) in A Then Ay = @, (As)q,. B For j € I, let 53» be the canonical homomorphism from
(Aj)a; 10 @;cr(Ai)a,- Set ¢i(c) = anei(c) for i € I and ¢ € (U;s)a,. Then ¢; : (Aj)a, — A, is always a
Boolean homomorphism, so we have a Boolean homomorphism ¢ : @), ;(%i)a, — A, such that ¢; = ¢¢; for
each i (315J).

If K C I is finite, J C K, by € (™Ui)a, for each k € K and b is the infimum infrex €} (by) taken in

®i61(91i)a“ then

6(6) = inf 6ch(be)
(here taking the infimum in 2,)

= dtk o) = e anadb) =an ful e
(here taking the infimum in )

= jnf ek (br)

because K D J.

Now suppose that b € &);;(%i)a, is non-zero. Then there are a finite K C I and a family (by)rerx such
that by € (Ax)a,, \ {0} for each k and b includes infrex 3.0 in @, (Ai)a, (315Kb). Set K’ = JU K and
b = ay for k € J\ K. Then

¢(b) 2 ¢(infrek € (bk)) 2 infrer dey (b)) = infrers ex(br) # 0

(315K (e-ii)). As b is arbitrary, ¢ is injective.

To see that ¢ is surjective, use 315Kb; every element of 2, is expressible as a finite union of elements of
the form ¢ = infre g ex(cx) where K C [ is finite and ¢ € 2y, for each k € K. Again set K/ = J U K; this
time, take ¢, =1 for any k € J \ K. Then

= = inf inf
c=cna kglK/ek(ck)m klenK/ er(ar)

kienlg,(sk(ck) Nnexlag)) = kienlf(/(sk(ck nag))

= ¢( inf, eplernag) € ¢[§(Q{i)ai}-
So i)la g ¢[®ie[(mi)ai]' Q

(c) Let A be the set of those a € 2 expressible in the form considered in (b), with every a; non-zero. If
a € A, then

Ao =2 Qs (i)a, = Qe Ui =2

because every 2; is homogeneous.
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(d) We need to know that 2 is isomorphic to the simple power 2™ for every n > 1. I» We are supposing

that there is a k € I such that 2 is infinite. In this case there must be a partition of unity (d,...,d,)
in Ay \ {0}. (Induce on n, noting at the inductive step that if {di,...,d,} is a partition of unity then not
all the d; can be atoms, because #(;) > 2".) Now, setting a¥) = g4(d;) for each j, (a™,...  a™) is a

partition of unity in 2 and (by (c)) all the principal ideals 2(,¢;) are isomorphic to 2, so
A=][o, Agey = A
by 315F(i). Q
(e) Now take any a € 2\ {0}. Then a is expressible as suplgjgna(j) where a(V, ... ,a(™ are disjoint
members of A (315Kb). So, putting (c¢) and (d) together,
Ao 2 [lcjcn g A=A

As a is arbitrary, 20 is homogeneous.

*316R It will be useful in later volumes to be able to quote a simple fact.

Proposition Let 2 be a Boolean algebra, and 8 a subalgebra of 2 which is regularly embedded in .
(a) Every atom of 2 is included in an atom of 8.
(b) If B is atomless, so is 2.

proof (a) If a € 2 is an atom, consider B = {b: b € B, a C b}. Then B has a non-zero lower bound by in
5. P? Otherwise, inf B =0 in B; as b — b : B — 2 is order-continuous and B is downwards-directed,
inf B =0 in 2; but a is a non-zero lower bound for B in . XQ If now b € B, bCbyand b #0, bgZ1\b
so1\b¢ B,a¢Z1\band anb # 0; as a is an atom in A, a\b =0, a b, b € B and b = by. Thus by is
an atom in ‘B. Repeating the argument just above with by in the place of b, we see that a C by. Thus a is
included in an atom of B.

(b) follows at once.

316X Basic exercises (a) Let 2 be a Dedekind o-complete Boolean algebra. Show that it is ccc iff
there is no family (a¢)e<w, in A such that a¢ C a,, whenever £ < n < w;.

(b) Let 2 be a ccc Boolean algebra. Show that if Z is a o-ideal of 2, then it is order-closed, and /7 is
ccc.

(c) Let 2 be a Boolean algebra and Z an order-closed ideal of 2. Show that 21/Z is ccc iff there is no
uncountable disjoint family in A\ Z.

(d) Let A be a Boolean algebra. Show that the following are equiveridical: (i) 2 is ccc; (ii) every o-ideal
of 2 is order-closed; (iii) every o-subalgebra of 2 is order-closed; (iv) every sequentially order-continuous
Boolean homomorphism from 2 to another Boolean algebra is order-continuous. (Hint: 313Q.)

(e) Show that any purely atomic Boolean algebra is weakly (o, 0o)-distributive.

>(f) Let 2 be a Dedekind complete purely atomic Boolean algebra. Show that it is isomorphic to PA,
where A is the set of atoms of 2.

(g) Show that a homogeneous Boolean algebra is either atomless or {0,1}.
(h) Let 2 be a Boolean algebra, and B a subalgebra of 2. Show that if 2 is ccc, then B is ccc.

(i) Let 2 be a Boolean algebra, and 9B a subalgebra of 2 which is regularly embedded in 2. (i) Show that
if 2 is purely atomic, so is 9B. (ii) Show that if 2 is weakly (o, 00)-distributive, then 9B is weakly (o, c0)-
distributive.

(j) Let 2 be a Boolean algebra, and B an order-dense subalgebra of 2. (i) Show that 2 is ccc iff B is
cce. (i) Show that A is weakly (o, co)-distributive iff B is weakly (o, 0o)-distributive. (iii) Show that 2 and
B have the same atoms, so that 2 is atomless, or purely atomic, iff 9B is.
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(k) Let 2 and B be Boolean algebras, and 7 : 2l — 9B a surjective order-continuous Boolean homomor-
phism. (i) Show that if 2 is ccc, then B is ccc. (ii) Show that if 2 is weakly (o, 0o)-distributive, then B
is weakly (o, 0o0)-distributive. (iii) Show that if 2 is atomless, then % is atomless. (iv) Show that if 2 is
purely atomic, then 8 is purely atomic.

(1) Let A and B be Boolean algebras, neither {0}, and 2 ® B their free product. (i) Show that if A ® B
is ccc, then 2 and B are both ccc. (ii) Show that if A ® B is weakly (o, 00)-distributive, then 2 and B are
both weakly (o, 00)-distributive. (iii) Show that A ® B is atomless iff either 2 or B is atomless. (iv) Show
that 2 ® B is purely atomic iff 2l and B are both purely atomic.

(m) Let 2 be a Boolean algebra and 2/, a principal ideal of 2. (i) Show that of 2 is ccc, then 2, is ccc.
(ii) Show that if 2 is weakly (o, co)-distributive, then 2, is weakly (o, co)-distributive. (iii) Show that if 2
is atomless, then 2, is atomless. (iv) Show that if 2 is purely atomic, then 2, is purely atomic. (v) Show
that if 2 is homogeneous, then 2, is homogeneous.

(n) Let (;);cr be a family of Boolean algebras, with simple product . (i) Show that 2l is ccc iff every
2; is ccc and {7 : A; # {0}} is countable. (ii) Show that 2 is weakly (o, co)-distributive iff every 2; is weakly
(0, 00)-distributive. (iii) Show that 2 is atomless iff every 2; is atomless. (iv) Show that 2l is purely atomic
iff every 2; is purely atomic.

>(0) Let X be a separable topological space. Show that X is ccc.

(p) Let X be a topological space, and RO(X) its regular open algebra. Show that X is ccc iff RO(X) is
cec.

(q) Let X be a zero-dimensional compact Hausdorff space. Show that the regular open algebra of X is
weakly (o, 0o)-distributive iff the algebra of open-and-closed subsets of X is weakly (o, co)-distributive.

(r) Show that the algebra of open-and-closed subsets of {0, 1}, with its usual topology, is ccc, homoge-
neous and not weakly (o, 0o)-distributive.

(s) Show that the regular open algebra RO(R) is ccc and homogeneous.

316Y Further exercises (a) Let I be any set. Show that {0, 1}/, with its usual topology, is ccc. (Hint:

show that if E C {0,1}! is a non-empty open-and-closed set, then v;E > 0, where v; is the usual measure
on {0,1}1.)

(b) Let A be a Boolean algebra and Z its Stone space. Show that 2 is ccc iff every nowhere dense subset
of Z is included in a nowhere dense zero set.

(c) Let X be a zero-dimensional topological space. Show that X is ccc iff the regular open algebra of X
is ccc iff the algebra of open-and-closed subsets of X is ccc.

(d) Set X = {0,1}*1, and for £ < wy set B = {z : x € X, x(§) = 1}. Let ¥ be the algebra of subsets
of X generated by {F¢ : { <w }U{{z}:2 € X}, and Z the o-ideal of ¥ generated by {E: N E, : £ <n <
w1} U{{z}: 2 € X}. Show that ¥/ is not ccc, but that there is no uncountable disjoint family in ¥\ Z.

(e) Let 2 be a Boolean algebra. 2 is weakly o-distributive if whenever (A, )nen is a sequence of
countable partitions of unity in 2 then there is a partition B of unity such that {a : a € A,, anb # 0}
is finite for every b € B and n € N. (Dedekind complete weakly o-distributive algebras are also called
w“-bounding.) 2 has the Egorov property if whenever (A, ),en is a sequence of countable partitions of
unity in 2 then there is a countable partition B of unity such that {a:a € A,, anb # 0} is finite for every
b € B and n € N. (i) Show that if 2 is ccc then it is weakly (o, 0o)-distributive iff it has the Egorov property
iff it is weakly o-distributive. (ii) Show that P(NY) does not have the Egorov property, even though it is
weakly (o, co)-distributive. (Hint: try anm,m = {f : f(n) =m}.)
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(f) Let A be a Dedekind o-complete Boolean algebra with the Egorov property and I a o-ideal of 2.
Show that 2(/I has the Egorov property.

(g) Let X be a regular topological space and RO(X) its regular open algebra. Show that RO(X) is
weakly (o, 0o)-distributive iff every meager set in X is nowhere dense.

(h) Let 2 be a Boolean algebra and Z its Stone space. (i) Show that 2 is weakly o-distributive iff the
union of any sequence of nowhere dense zero sets in Z is nowhere dense. (ii) Show that 2 has the Egorov
property iff the union of any sequence of nowhere dense zero sets in Z is included in a nowhere dense zero
set.

(i) Let 2 be a Dedekind o-complete weakly (o, 00)-distributive Boolean algebra, Z its Stone space, £
the algebra of open-and-closed subsets of Z, M the o-ideal of meager subsets of Z, and ¥ the algebra
{EAM : E €& M e M}, as in 314M. (i) Let f : Z — R be a function. Show that f is Y-measurable iff
there is a dense open set G C Z such that f]G is continuous. (ii) Now suppose that 2 is Dedekind complete
and that f: Z — R is a bounded function. Show that f is 3¥-measurable iff there is a continuous function
g:Z — Rsuch that {z: f(2) # g(2)} is meager. (Hint: if G is a dense open set and f[G is continuous, the
closure in Z x R of the graph of f[G is a function, because Z is extremally disconnected.)

(j) Show that the Stone space of RO(R) is separable. More generally, show that if a topological space X
is separable so is the Stone space of its regular open algebra.

(k)(i) Let X be a non-empty separable Hausdorfl space without isolated points. Show that its regular
open algebra is not weakly (o, co)-distributive. (ii) Let (X, p) be a non-empty metric space without isolated
points. Show that its regular open algebra is not weakly (o, co)-distributive. (iii) Let I be any infinite set.
Show that the algebra of open-and-closed subsets of {0, 1} is not weakly (o, oo)-distributive. Show that the
regular open algebra of {0,1}! is not weakly (o, 0o)-distributive.

(1) For any set X, write
Cx ={[:1C X isfinite}U{X \I:]C X is finite}.
(i) Show that Cx is an algebra of subsets of X (the finite-cofinite algebra). (ii) Show that a Boolean
algebra is purely atomic iff it has an order-dense subalgebra isomorphic to the finite-cofinite algebra of

some set. (iii) Show that a Dedekind o-complete Boolean algebra is purely atomic iff it has an order-dense
subalgebra isomorphic to the countable-cocountable algebra of some set.

(m) Let (2;);er be a family of Boolean algebras, none of them {0}, with free product . (i) Show that
2 is purely atomic iff every 2; is purely atomic and {i : ; # {0,1}} is finite. (ii) Show that 2 is atomless
iff either some 2, is atomless or {i : A; # {0,1}} is infinite.

(n) Let X be a Hausdorff space and RO(X) its regular open algebra. (i) Show that the atoms of RO(X)
are precisely the sets {x} where z is an isolated point in X. (ii) Show that RO(X) is atomless iff X has no
isolated points. (iii) Show that RO(X) is purely atomic iff the set of isolated points in X is dense in X.

(o) Show that a Boolean algebra is isomorphic to RO(R) iff it is atomless, Dedekind complete, has a
countable order-dense subalgebra and is not {0}.

(p) Let (A;);cr be a family of Boolean algebras, none of them {0}, and 2 their simple product. Show
that 2( is homogeneous iff (i) 2; is isomorphic to 2; for all ¢, j € I (ii) for every i € I there is a partition of
unity A C 2, \ {0} with #(A) = #(I).

(q) Let A be a Boolean algebra such that {d : d € 2, A; = A} is order-dense in 2A. Show that the
Dedekind completion 2 is homogeneous.

(r) Write [N]<% for the ideal of PN consisting of the finite subsets of N. Show that PN/[N]<“ is atomless,
weakly (o, 0o)-distributive and not ccc, and that its Dedekind completion is homogeneous.
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(s) Show that the regular open algebra of {0,1}! is homogeneous for any infinite set I.

(t) Suppose that 2 is a weakly (o, oo)-distributive Boolean algebra, and that (A4, ),en is a sequence of
non-empty upwards-directed subsets of 2. Set

B=N,entb:0€, {bna:ac A,} has a greatest member}.
Show that B is upwards-directed and sup B = 1.

316 Notes and comments The phrase ‘countable chain condition’ is perhaps unfortunate, since the
disjoint sets to which the definition 316A refers could more naturally be called ‘antichains’; but there is in
fact a connexion between countable chains and countable antichains (316Xa). While some authors speak of
the ‘countable antichain condition’ or ‘cac’, the term ‘ccc’ has become solidly established. In the Boolean
algebra context, it could equally well be called the ‘countable sup property’ (316E).

The countable chain condition can be thought of as a restriction on the ‘width’ of a Boolean algebra; it
means that the algebra cannot spread too far laterally (see 316Xn(i)), though it may be indefinitely complex
in other ways. Generally it means that in a wide variety of contexts we need look only at countable families
and monotonic sequences, rather than arbitrary families and directed sets (316E, 316F, 316Ye). Many of
the ideas of 316C-316E have already appeared in 215B; see 322G below.

I remarked in the notes to §313 that the distributive laws described in 313B have important generaliza-
tions, of which ‘weak (o, 0o)-distributivity’ and its cousin ‘weak o-distributivity’ (316Ye) are two. They are
characteristic of the measure algebras which are the chief subject of this volume. The ‘Egorov property’
(316Ye again) is an alternative formulation applicable to ccc spaces.

Of course every property of Boolean algebras has a reflection in a topological property of their Stone
spaces; happily, most of the concepts of this section correspond to reasonably natural topological expressions
(316B, 3161, 316L, 316Yh). ‘Homogeneity’ is the odd one out. In fact only the definition of ‘homogeneous’
Boolean algebra is particularly worth noting at this stage. The homogeneous algebras we are primarily
interested in will appear in §331, and they are too special for any general theory to be very helpful.

With five new properties (cce, weakly (o, 00)-distributive, atomless, purely atomic, homogeneous) to
incorporate into the constructions of the last few sections, a very large number of questions can be asked;
most are elementary. In 316Xh-316Xn I list the properties which are inherited by subalgebras, order-
continuous homomorphic images, free products, principal ideals and simple products. The countable chain
condition is so important that it is worth noting that a sequentially order-continuous image of a ccc algebra is
cee (316XDb), and that there is a useful necessary and sufficient condition for a sequentially order-continuous
image of a o-complete algebra to be cce (316C, 316D, 316Xc; but see also 316Yd). To see that sequentially
order-continuous images do not inherit weak (o, 0o)-distributivity, recall that the regular open algebra of R
is isomorphic to the quotient of the Baire-property algebra Bof R by the meager ideal M (314Yd); but that
Bis purely atomic (since it contains all singletons), therefore weakly (o, co)-distributive (316Xe). Similarly,
PN/[N]<¥ is a non-ccc image of a ccc algebra (316Yr). Free products of weakly (o, 0o)-distributive algebras
need not be weakly (o, co)-distributive (325Ye). There are important cases in which the simple product of
homogeneous algebras is homogeneous (316Yp).

The definitions here provide a language in which a remarkably interesting question can be asked: is
the free product of ccc Boolean algebras always ccc? equivalently, is the product of ccc topological spaces
always ccc? What is special about this question is that it cannot be answered within the ordinary rules of
mathematics (even including the axiom of choice); it is undecidable, in the same way that the continuum
hypothesis is. I will deal with a variety of undecidable questions in Volume 5; this particular one is mentioned
in 516U, 517G and 553J.

I have taken the opportunity to mention three of the most important of all Boolean algebras: the algebra
of open-and-closed subsets of {0, 1}V (316M, 316Xr), the regular open algebra of R (316J, 316Xs, 316Yo) and
the quotient PN/[N]<“ (316Yr). A fourth algebra which belongs in this company is the Lebesgue measure
algebra, which is atomless, ccc, weakly (o, 0o)-distributive and homogeneous (so that every countable subset
of its Stone space Z is nowhere dense, and Z is a non-separable ccc space); but for this I wait for the next
chapter.
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Version of 30.9.07

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

314V Upper envelopes The note on upper envelopes, referred to in the 2003 and 2006 printings of
Volume 4, has been moved to 313S.

315H Paragraphs 315H-315N, referred to in the 2003 and 2006 printings of Volume 4 and the 2008
printing of Volume 5, are now 3151-3150.

316J Weakly (o, o0)-distributive algebras The reference to 316J in the 2003 printing of Volume 4
should be changed to 316H.

(©) 2007 D. H. Fremlin
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