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Chapter 24
Function spaces

The extraordinary power of Lebesgue’s theory of integration is perhaps best demonstrated by its ability
to provide structures relevant to questions quite different from those to which it was at first addressed.
In this chapter I give the constructions, and elementary properties, of some of the fundamental spaces of
functional analysis.

I do not feel called on here to justify the study of normed spaces; if you have not met them before, I
hope that the introduction here will show at least that they offer a basis for a remarkable fusion of algebra
and analysis. The fragments of the theory of metric spaces, normed spaces and general topology which
we shall need are sketched in §§2A2-2A5. The principal ‘function spaces’ described in this chapter in fact
combine three structural elements: they are (infinite-dimensional) linear spaces, they are metric spaces, with
associated concepts of continuity and convergence, and they are ordered spaces, with corresponding notions
of supremum and infimum. The interactions between these three types of structure provide an inexhaustible
wealth of ideas. Furthermore, many of these ideas are directly applicable to a wide variety of problems in
more or less applied mathematics, particularly in differential and integral equations, but more generally in
any system with infinitely many degrees of freedom.

I have laid out the chapter with sections on L% (the space of equivalence classes of all real-valued mea-
surable functions, in which all the other spaces of the chapter are embedded), L' (equivalence classes of
integrable functions), L™ (equivalence classes of bounded measurable functions) and L? (equivalence classes
of pth-power-integrable functions). While ordinary functional analysis gives much more attention to the
Banach spaces LP for 1 < p < oo than to L°, from the special point of view of this book the space L° is at
least as important and interesting as any of the others. Following these four sections, I return to a study
of the standard topology on L°, the topology of ‘convergence in measure’ (§245), and then to two linked
sections on uniform integrability and weak compactness in L' (§§246-247).

There is a technical point here which must never be lost sight of. While it is customary and natural to call
L', L? and the others ‘function spaces’, their elements are not in fact functions, but equivalence classes of
functions. As you see from the language of the preceding paragraph, my practice is to scrupulously maintain
the distinction; I give my reasons in the notes to §241.

Version of 6.11.03
241 £° and L°

The chief aim of this chapter is to discuss the spaces L', L> and LP of the following three sections.
However it will be convenient to regard all these as subspaces of a larger space L? of equivalence classes of
(virtually) measurable functions, and I have collected in this section the basic facts concerning the ordered
linear space L°.

It is almost the first principle of measure theory that sets of measure zero can often be ignored; the
phrase ‘negligible set’ itself asserts this principle. Accordingly, two functions which agree almost everywhere
may often (not always!) be treated as identical. A suitable expression of this idea is to form the space
of equivalence classes of functions, saying that two functions are equivalent if they agree on a conegligible
set. This is the basis of all the constructions of this chapter. It is a remarkable fact that the spaces
of equivalence classes so constructed are actually better adapted to certain problems than the spaces of
functions from which they are derived, so that once the technique has been mastered it is easier to do one’s
thinking in the more abstract spaces.
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2 Function spaces 241A

241A The space £°: Definition It is time to give a name to a set of functions which has already been
used more than once. Let (X,3, 1) be a measure space. I write £°, or £%(u), for the space of real-valued
functions f defined on conegligible subsets of X which are virtually measurable, that is, such that f[E is
measurable for some conegligible set £ C X. Recall that f is u-virtually measurable iff it is S-measurable,
where 3 is the completion of ¥ (212Fa).

241B Basic properties If (X, X, 1) is any measure space, then we have the following facts, corresponding
to the fundamental properties of measurable functions listed in §121 of Volume 1. I work through them in
order, so that if you have Volume 1 to hand you can see what has to be missed out.

(a) A constant real-valued function defined almost everywhere in X belongs to £° (121Ea).

(b) f+ge LV forall f, g € LO (for if f|F and g|G are measurable, then (f+g¢)[ (FNG) = (fIF)+(g9]G)
is measurable)(121EDb).

(c) ef € LO for all f € L0, c € R (121Ec).
(d) fxgeLforall f, g€ L0 (121Ed).
(e) If f € £ and h : R — R is Borel measurable, then hf € £Y (121Eg).

(f) If (fn)nen is a sequence in L% and f = lim, .o f, is defined (as a real-valued function) almost
everywhere in X, then f € £° (121Fa).

(g) If (fu)nen is a sequence in L% and f = sup,cy fn is defined (as a real-valued function) almost
everywhere in X, then f € £° (121Fb).

(h) If (fn)nen is a sequence in £° and f = inf,ey f,, is defined (as a real-valued function) almost
everywhere in X, then f € £° (121Fc).

(i) If (fn)nen is a sequence in £° and f = limsup,,_, ., fn is defined (as a real-valued function) almost
everywhere in X, then f € £° (121Fd).

(G) If (fn)nen is a sequence in £° and f = liminf, o f, is defined (as a real-valued function) almost
everywhere in X, then f € £0 (121Fe).

(k) £° is just the set of real-valued functions, defined on subsets of X, which are equal almost everywhere
to some Y-measurable function from X to R. P (i) If g : X — R is Y-measurable and f =, .. g, then
F={r:2zcdomf, f(x) = g(x)} is conegligible and f[F = g| F is measurable (121Eh), so f € £°. (ii) If
f €L let EC X be a conegligible set such that f]E is measurable. Then D = E Ndom f is conegligible
and fID is measurable, so there is a measurable h : X — R agreeing with f on D (1211); and h =, f. Q

241C The space L°: Definition Let (X, Y, ) be any measure space. Then =, . is an equivalence
relation on £°. Write L°, or L%(u), for the set of equivalence classes in £° under =, ... For f € £, write
f* for its equivalence class in L°.

241D The linear structure of L Let (X, X, i) be any measure space, and set £° = £%(u), L° = L%(u).

(@) If f1, fo, g1, g2 € £°, f1 =ae. fo and g1 =a.. go then fi + g1 =a.. fo+ go. Accordingly we may define
addition on L° by setting f* + ¢* = (f + ¢)* for all f, g € £O.

(b) If f1, f2 € L% and fi =... fo2, then cf) =, cfa for every ¢ € R. Accordingly we may define scalar
multiplication on L% by setting ¢ f* = (cf)* for all f € £% and ¢ € R.

(c) Now L is a linear space over R, with zero 0°, where 0 is the function with domain X and constant
value 0, and negatives —(f*) = (—f)*. P (i)

f+(@g+h)=(f+g)+hforall f, g, hel?
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L9 and L° 3

u+ (v+w) = (u+v)+w for all u, v, w e L°.

f+0=0+f = f for every f € £O,

u+0° = 0° +u=u for every u € LP.

f 4 (=f) =ae. 0 for every f € L°

fo+(=f)* =0° for every f € £°.

f+g=g+fforall f, g LY,

u+v=v+uforal u,ve L°

c(f+g)=cf+ecgforal f, ge LY and c € R,

c(u+v) =cu+cvfor all u, v € LY and c € R.

(a+0b)f =af +bf for all f € £ and a, b € R,

(a+b)u = au+bu for all u € L° and a, b € R.

(ab)f = a(bf) for all f € L% and a, b € R,

(ab)u = a(bu) for all uw € LY and a, b € R.

1f = fforall fe LY

lu=uforallue L. Q

241E The order structure of LY Let (X, 3, 1) be any measure space and set £ = £(u), L® = LO(p).

() If f1, f2, g1, g2 € LY, fi =ae. [2. 91 =ae. g2 and f1 <ae g1, then fo <o g2. Accordingly we may
define a relation < on L? by saying that f* < ¢g* iff f <,.. g.

(b) Now < is a partial order on L°. P (i) If f, g, h € £L% and f <,.. g and g <. h, then f <,. h.
Accordingly u < w whenever u, v, w € L°, v < v and v < w. (ii) If f € £ then f <.. f; sou < u for
every u € LY. (iii) If f, g € L% and f <.... g and g <... f, then f =, g, so if u < v and v < u then u = v.

Q

(c) In fact L, with <, is a partially ordered linear space, that is, a (real) linear space with a partial

order < such that
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4 Function spaces 241Ec

if u <wv then u+ w < v+ w for every w,

if 0 < then 0 < cu for every ¢ > 0.
P (i)Iff,g,heL0and f <,e g, then f+h <,c g+h. (i) If f€ L% and f >0 a.e., then cf > 0 a.e. for
every ¢ > 0. Q

(d) More: L is a Riesz space or vector lattice, that is, a partially ordered linear space such that
u Vv =sup{u,v} and u A v = inf{u,v} are defined for all u, v € L°. P Take f, g € £° such that f* =u
and g* =wv. Then f Vg, f Ag e L, writing

(fVg)(x) =max(f(z),g(x)), (fAg)(x)=min(f(z) g(z))
for # € dom f Ndomg. (Compare 241Bg-h.) Now, for any h € £, we have
fVG<ae h < [ <ae hand g <, h,

h<ae fANg < h<ae fand h<,. g,
so for any w € L° we have
(fVg)r<w < u<wand v < w,
w<(fAg)® <= w<wuand w< .
Thus we have
(fVg) =sup{u,v} =uVo, (fAg) =inf{u,v}=uAv
inL°. Q

(e) In particular, for any u € L° we can speak of |u| = u V (—u); if f € L0 then |f*| = |f]*.
If f, g€ £° c€R then

lefl =lellfl, Fvg=3(F+g+1f -

FAg=5(F+g—1F =g, |+l <ac I +]gl,

SO

jeul = lellul, uVv=(u+v+|u—uvl),

u/\v:%(u+vf|ufv|), lu+v| < |u] + |v]
for all u, v € L°.
(f) A special notation is often useful. If f is a real-valued function, set f*(z) = max(f(z),0), f~(z) =
max(—f(x),0) for z € dom f, so that
==t fl=frr+f=frvs,

all these functions being defined on dom f. In L°, the corresponding operations are ut = uVv0, u~ = (—u) V0,
and we have

—u, Jul=ut+u  =utVu, utAu =0.

(g) It is perhaps obvious, but I say it anyway: if u > 0 in L°, then there is an f > 0 in £° such that
f*=u. P Take any g € £ such that © = ¢*, and set f =gV 0. Q

241F Riesz spaces There is an extensive abstract theory of Riesz spaces, which I think it best to leave
aside for the moment; a general account may be found in LUXEMBURG & ZAANEN 71 and ZAANEN 83;
my own book FREMLIN 74 covers the elementary material, and Chapter 35 in the next volume repeats the
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241G L9 and L° 5

most essential ideas. For our purposes here we need only a few definitions and some simple results which
are most easily proved for the special cases in which we need them, without reference to the general theory.

(a) A Riesz space U is Archimedean if whenever v € U, u > 0 (that is, v > 0 and u # 0), and v € U,
there is an n € N such that nu £ v.

(b) A Riesz space U is Dedekind o-complete (or o-order-complete, or o-complete) if every non-
empty countable set A C U which is bounded above has a least upper bound in U.

(c) A Riesz space U is Dedekind complete (or order complete, or complete) if every non-empty
set A C U which is bounded above in U has a least upper bound in U.

241G Now we have the following important properties of L°.

Theorem Let (X, Y, 1) be a measure space. Set L® = LO(p).
(a) LY is Archimedean and Dedekind o-complete.
(b) If (X, 3, i) is semi-finite, then LY is Dedekind complete iff (X, 3, u1) is localizable.

proof Set £° = L£%(p).

(a)(i) If u, v € L® and u > 0, express u as f* and v as ¢g* where f, g € L% Then £ = {z : x €
dom f, f(x) > 0} is not negligible. So there is an n € N such that

E,={x:2 €dom fNndomg, nf(z) > g(x)}
is not negligible, since ENdom g C |J,,cy Ern- But now nu £ v. As u and v are arbitrary, L° is Archimedean.

(ii) Now let A C L% be a non-empty countable set with an upper bound w in L°. Express A as
{f2 : n € N} where (fn)nen is a sequence in £, and w as h* where h € £°. Set f = sup,,cy fn. Then we
have f(x) defined in R at any point x € domh N[, ydom f, such that f,(z) < h(z) for every n € N, that
is, for almost every x € X; so f € £° (241Bg). Set u = f* € L. If v € L, say v = ¢g* where g € £°, then

un < v for every n € N
<= foreveryneN, f, <ae. g

<= for almost every z € X, fp(z) < g(z) for every n € N
= [ <ae g &= u<lo.

Thus u = sup,,cy un, in L% As A is arbitrary, L° is Dedekind o-complete.

(b)(i) Suppose that (X,3, u) is localizable. Let A C L° be any non-empty set with an upper bound
wy € LO. Set

A ={f: fis a measurable function from X to R, f* € A};

then every member of A is of the form f* for some f € A (241Bk). For each ¢ € Q, let &, be the family
of subsets of X expressible in the form {z : f(z) > ¢} for some f € A; then & C X. Because (X, X, u1) is
localizable, there is a set F,; € ¥ which is an essential supremum for &;. For x € X, set

g*(xz) =sup{q:q€Q, z € F },
allowing oo as the supremum of a set which is not bounded above, and —oo as sup (). Then
{z:g"(z) >a} = UqEQ,q>a F,ex

for every a € R.
If f € A, then f <,. g*. PP For each q € Q, set

Ey=A{z: f(z) = q} € &;
(Eq\ Fy). If x € X \ H, then

f(x) > q= g*(x) > q,

then £, \ Fy is negligible. Set H ={J ¢

so f(x) < g*(x); thus f <. g*. Q
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6 Function spaces 241G

If h: X — R is measurable and u < h* for every u € A, then g* <, h. B Set G, = {z : h(z) > ¢}
for each ¢ € Q. If E € &, there is an f € A such that E = {x : f(z) > ¢}; now f <, h, so
E\G, C{x: f(x) > h(x)} is negligible. Because Fy, is an essential supremum for &;, F, \ G, is negligible;
and this is true for every ¢ € Q. Consequently

{o: h(2) < g (2)} € Uyeq Fa \ Gy
is negligible, and g* <,. h. Q

Now recall that we are assuming that A # () and that A has an upper bound wy € L°. Take any f; € A
and a measurable hg : X — R such that hy = wo; then f < . hg for every f € A, so fy <ae. §* <ae. ho,
and ¢g* must be finite a.e. Setting g(z) = ¢g*(x) when g*(z) € R, we have g € £L° and g =,.. g%, so that

f Sa.e. g Sa.e. h
whenever f, h are measurable functions from X to R, f* € A and h* is an upper bound for A; that is,
u<g®t<w

whenever v € A and w is an upper bound for A. But this means that g* is a least upper bound for A in L.
As A is arbitrary, L° is Dedekind complete.

(ii) Suppose that L° is Dedekind complete. We are assuming that (X, X, i) is semi-finite. Let £ be any
subset of 3. Set

A={0}U{(xE)*: E €&} C L.

Then A is bounded above by (xX)* so has a least upper bound w € L°. Express w as h* where h: X — R
is measurable, and set F' = {z : h(z) > 0}. Then F is an essential supremum for £ in ¥. P (o) If F € &,
then (xE)* < w so xE <... h, that is, h(z) > 1 for almost every x € E, and E\ F C{z:x € F, h(z) < 1}
is negligible. (8) If G € ¥ and E'\ G is negligible for every E € &, then xE <, xG for every E € &, that is,
(xE)* < (xG)* forevery E € &;sow < (xG)*, that is, h <, .. xG. Accordingly F\G C {z : h(z) > (xG)(2)}
is negligible. Q

As & is arbitrary, (X, X, u) is localizable.

241H The multiplicative structure of L° Let (X, X, ) be any measure space; write L = L%(u),
L9 = L%p).

(@) If f1, f2, 91, 92 € £°, fi =ae. fo and g1 =a. g2 then fi X g1 =ac. f2 X g2. Accordingly we may define
multiplication on L° by setting f* x g* = (f x g)* for all f, g € £°.

(b) It is now easy to check that, for all u, v, w € L° and ¢ € R,

u X (vxw)=(uxv)xXw,
uxXe=exu=u,

where e = xX* is the equivalence class of the function with constant value 1,
c(u X v)=cuxv=ux cv,
ux (v4+w)=(uxv)+ (uxw),
(u4v) X w=(uxw)+ (vxw),
UX V=0 XU,
ju x o] = [u] X [o],
uxv=0iff |u| Av| =0,
|u| < |v| iff there is a w such that |w| < e and u = v x w.

2411 The action of Borel functions on L° Let (X, Y, 1) be a measure space and h : R — R a Borel
measurable function. Then hf € L% = £LO(u) for every f € £° (241Be) and hf =, hg whenever f =, .. g.
So we have a function h : L° — L° defined by setting h(f*) = (hf)* for every f € £°. For instance, if
u € L% and p > 1, we can consider |u|? = h(u) where h(z) = |z|P for = € R,

241J Complex L° The ideas of this chapter, like those of Chapters 22-23, are often applied to spaces
based on complex-valued functions instead of real-valued functions. Let (X, X, 1) be a measure space.
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241Xh L9 and L° 7

(a) We may write £ = L2 (1) for the space of complex-valued functions f such that dom f is a conegligible
subset of X and there is a conegligible subset £ C X such that f[F is measurable; that is, such that the
real and imaginary parts of f both belong to £°%(u). Next, L) = L(u) will be the space of equivalence
classes in £ under the equivalence relation =, .

(b) Using just the same formulae as in 241D, it is easy to describe addition and scalar multiplication
rendering L2 a linear space over C. We no longer have quite the same kind of order structure, but we can
identify a ‘real part’, being

{f*: f €L isreal a.e.},

obviously identifiable with the real linear space LY, and corresponding maps u — Re(u), v — Zm(u) : LE —
L% such that u = Re(u) + i Zm(u) for every u. Moreover, we have a notion of ‘modulus’, writing

|f*] = |f|* € L° for every f € L2,

satisfying the basic relations |cu| = |c||ul, |u + v| < |u| + |v] for u, v € L and ¢ € C, as in 241Ef. We do of
course still have a multiplication on L2, for which all the formulae in 241H are still valid.

(c) The following fact is useful. For any u € L2, |u| is the supremum in L° of {Re(Cu): ¢ € C, |¢| = 1}.
P (i) If [¢| = 1, then Re(Cu) < |Cu| = |u|. So |u| is an upper bound of {Re(Cu) : [¢| = 1}. (ii) If v € L and
Re(Cu) < v whenever |¢| =1, then express u, v as f*, g* where f : X — C and g : X — R are measurable.
For any ¢ € Q, z € X set fy(z) = Re(e"” f(x)). Then f, <z g. Accordingly H = {z : f,(z) < g(x) for
every g € Q} is conegligible. But of course H = {x : |f(z)| < g(2)}, 0 |f] <ae. ¢ and |u| < v. As v is
arbitrary, |u| is the least upper bound of {Re(Cu) : |¢| =1}. Q

241X Basic exercises >(a) Let X be a set, and let  be counting measure on X (112Bd). Show that
L%(p) can be identified with £0(u) = RX.

>(b) Let (X,%, ) be a measure space and i the completion of p. Show that £%(u) = £%(a) and
L0(n) = LO().

(c) Let (X, %, 1) be a measure space. (i) Show that for every u € L°(u) we may define an outer measure
0, : PR — [0,00] by writing 0, (A) = u*f~'[A] whenever A C R and f € £%(u) is such that f* = u. (ii)
Show that the measure defined from 6, by Carathéodory’s method measures every Borel subset of R.

(d) Let ((X;,%;, 1i))ier be a family of measure spaces, with direct sum (X, %, p) (214L). (i) Writing
¢; + X; — X for the canonical maps (in the construction of 214L, ¢;(z) = (x,7) for z € X;), show that
[+ (fdi)icr is a bijection between £°(p) and [[;c; £%(u;). (ii) Show that this corresponds to a bijection
between LO(u) and [T, L° (1)

(e) Let U be a Dedekind o-complete Riesz space and A C U a non-empty countable set which is bounded
below in U. Show that inf A is defined in U.

(f) Let U be a Dedekind complete Riesz space and A C U a non-empty set which is bounded below in
U. Show that inf A is defined in U.

(g) Let (X, X, 1) and (Y, T, v) be measure spaces, and ¢ : X — Y an inverse-measure-preserving function.
(i) Show that we have a map T : L°(v) — L°(u) defined by setting T'g* = (g¢)* for every g € £°(v). (ii)
Show that 7 is linear, that T'(v x w) = Tw x Tw for all v, w € L(v), and that T(sup,,cy vn) = Sup,en T0n
whenever (v,,)nen is a sequence in L°(v) with an upper bound in L%(v).

>(h) Let (X, ¥, ) be a measure space. Suppose that r > 1 and that h : R” — R is a Borel measurable
function. Show that there is a function h : LO(u)" — L%(u) defined by writing
}_L(fl.v s vf;) = (h(fh s 7fr)).
for fi,..., fr € L%%(p).
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8 Function spaces 241Xi

(i) Let (X, 3, n) be a measure space and g, h, (gn)nen Borel measurable functions from R to itself; write
G, h, gn for the corresponding functions from LY = L%(u) to itself (2411). (i) Show that

g(u) +h(uw) = g+ h(u), glu) x h(u) =g xh(u), §(h(u)) = gh(u)
for every u € LO. (ii) Show that if g(t) < h(t) for every t € R, then g(u) < h(u) for every u € L. (iii) Show
that if g is non-decreasing, then g(u) < g(v) whenever u < v in LY. (iv) Show that if h(t) = sup,,cy gn(t)
for every ¢ € R, then h(u) = sup,,cy gn(u) in LY for every u € L°.

241Y Further exercises (a) Let U be any Riesz space. For u € U write |u| = u V (—u), vt =u V0,
u~ = (—u) V0. Show that, for any u, v € U,

u=ut—u", |ul=ut+u  =utVu, utAu =0,
u\/v:%(u—l—v—|—|u—v|):u—l—(11—u)“‘7

u/\vzé(u+1}—|u—v|):u—(ufv)+7

u+ o] <ful + o].

(b) Let U be a partially ordered linear space and N a linear subspace of U such that whenever u, v’ € N
and v’ < v < wu then v € N. (i) Show that the linear space quotient U/N is a partially ordered linear space
if we say that u* < v* in U/N iff there is a w € N such that v < v+ w in U. (ii) Show that in this case
U/N is a Riesz space if U is a Riesz space and |u| € N for every u € N.

(c) Let (X,X, 1) be a measure space. Write £% for the space of all measurable functions from X to R,
and N for the subspace of £ consisting of measurable functions which are zero almost everywhere. (i) Show
that £% is a Dedekind o-complete Riesz space. (ii) Show that L°(u) can be identified, as ordered linear
space, with the quotient £%/N as defined in 241Yb above.

(d) Show that any Dedekind o-complete Riesz space is Archimedean.

(e) A Riesz space U is said to have the countable sup property if for every A C U with a least upper
bound in U, there is a countable B C A such that sup B = sup A. Show that if (X,%, ) is a semi-finite
measure space, then it is o-finite iff L°(x) has the countable sup property.

(f) Let (X, %, ) be a measure space and ji the c.l.d. version of u (213E). (i) Show that £%(u) C £°(f1).
(ii) Show that this inclusion defines a linear operator T': LY(u) — L°(j1) such that T'(u x v) = Tu x T for all
u, v € LO(p). (iii) Show that whenever v > 0 in L°(f1) there is a u > 0 in L°(u) such that 0 < Tu < v. (iv)
Show that T'(sup A) = sup T[A] whenever A C L%(p1) is a non-empty set with a least upper bound in L°(u).
(v) Show that T is injective iff p is semi-finite. (vi) Show that if u is localizable, then T is an isomorphism
for the linear and order structures of LO(u) and LO(f1). (Hint: 213Hb.)

(g) Let (X, X, 1) be a measure space and Y any subset of X; let uy be the subspace measure on Y. (i)
Show that £LO(uy) = {f1Y : f € £L°(u)}. (ii) Show that there is a canonical surjection T : LO(u) — L°(uy)
defined by setting T(f*) = (f1Y)* for every f € £L%(u), which is linear and multiplicative and preserves
finite suprema and infima, so that (in particular) T'(|u|) = |Tu| for every u € L°(u). (iii) Show that T is
injective iff Y has full outer measure.

(h) Suppose, in 241Yg, that Y € ¥. Explain how L%(uy) may be identified (as ordered linear space)
with the subspace {u : u x x(X \ Y)* = 0} of LO(p).

(i) Let (X, ¥, 1) be a measure space, and h : R — R a non-decreasing function which is continuous on the
left. Show that if A C LY = L9(p) is a non-empty set with a supremum v € L°, then h(v) = sup,c4 h(u),
where h : LY — L° is the function described in 2411.
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241 Notes and comments As hinted in 241Ya and 241Yd, the elementary properties of the space L°
which take up most of this section are strongly interdependent; it is not difficult to develop a theory of
‘Riesz algebras’ to incorporate the ideas of 241H into the rest. (Indeed, I sketch such a theory in §§352-353
in the next volume, under the name ‘f-algebra’.)

If we write £ for the space of measurable functions from X to R, then £% is also a Dedekind o-complete
Riesz space, and L° can be identified with the quotient £% /N, writing N for the set of functions in £$ which
are zero almost everywhere. (To do this properly, we need a theory of quotients of ordered linear spaces;
see 241Yb-241Yc above.) Of course £°, as I define it, is not quite a linear space. I choose the slightly more
awkward description of L as a space of equivalence classes in £° rather than in £ because it frequently
happens in practice that a member of L arises from a member of £° which is either not defined at every
point of the underlying space, or not quite measurable; and to adjust such a function so that it becomes a
member of £, while trivial, is an arbitrary process which to my mind is liable to distort the true nature
of such a construction. Of course the same argument could be used in favour of a slightly larger space, the
space £ of p-virtually measurable [—o00, 0o]-valued functions defined and finite almost everywhere, relying
on 135E rather than on 121E-121F. But I maintain that the operation of restricting a function in £%_ to the
set on which it is finite is not arbitrary, but canonical and entirely natural.

Reading the exposition above — or, for that matter, scanning the rest of this chapter — you are sure to
notice a plethora of *s, adding a distinctive character to the pages which, I expect you will feel, is disagreeable
to the eye and daunting, or at any rate wearisome, to the spirit. Many, perhaps most, authors prefer to
simplify the typography by using the same symbol for a function in £° or £$ and for its equivalence class
in L?; and indeed it is common to use syntax which does not distinguish between them either, so that
an object which has been defined as a member of L? will suddenly become a function with actual values
at points of the underlying measure space. I prefer to maintain a rigid distinction; you must choose for
yourself whether to follow me. Since I have chosen the more cumbersome form, I suppose the burden of
proof is on me, to justify my decision. (i) Anyone would agree that there is at least a formal difference
between a function and a set of functions. This by itself does not justify insisting on the difference in every
sentence; mathematical exposition would be impossible if we always insisted on consistency in such questions
as whether (for instance) the number 3 belonging to the set N of natural numbers is exactly the same object
as the number 3 belonging to the set C of complex numbers, or the ordinal 3. But the difference between
an object and a set to which it belongs is a sufficient difference in kind to make any confusion extremely
dangerous, and while I agree that you can study this topic without using different symbols for f and f*, I
do not think you can ever safely escape a mental distinction for more than a few lines of argument. (ii) As a
teacher, I have to say that quite a few students, encountering this material for the first time, are misled by
any failure to make the distinction between f and f* into believing that no distinction need be made; and —
as a teacher — I always insist on a student convincing me, by correctly writing out the more pedantic forms
of the arguments for a few weeks, that he understands the manipulations necessary, before I allow him to
go his own way. (iii) The reason why it is possible to evade the distinction in certain types of argument
is just that the Dedekind o-complete Riesz space £ parallels the Dedekind o-complete Riesz space LY so
closely that any proposition involving only countably many members of these spaces is likely to be valid in
one if and only if it is valid in the other. In my view, the implications of this correspondence are at the
very heart of measure theory. I prefer therefore to keep it constantly conspicuous, reminding myself through
symbolism that every theorem has a Siamese twin, and rising to each challenge to express the twin theorem
in an appropriate language. (iv) There are ways in which £% and L° are actually very different, and many
interesting ideas can be expressed only in a language which keeps them clearly separated.

For more than half my life now I have felt that these points between them are sufficient reason for being
consistent in maintaining the formal distinction between f and f*. You may feel that in (iii) and (iv) of
the last paragraph I am trying to have things both ways; I am arguing that both the similarities and the
differences between L° and £° support my case. Indeed that is exactly my position. If they were totally
different, using the same language for both would not give rise to confusion; if they were essentially the
same, it would not matter if we were sometimes unclear which we were talking about.
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Version of 19.11.03
242 L}

While the space LY treated in the previous section is of very great intrinsic interest, its chief use in
the elementary theory is as a space in which some of the most important spaces of functional analysis are
embedded. In the next few sections I introduce these one at a time.

The first is the space L' of equivalence classes of integrable functions. The importance of this space is not
only that it offers a language in which to express those many theorems about integrable functions which do
not depend on the differences between two functions which are equal almost everywhere. It can also appear
as the natural space in which to seek solutions to a wide variety of integral equations, and as the completion
of a space of continuous functions.

242A The space L' Let (X, Y, i) be any measure space.

(a) Let L' = L£(u) be the set of real-valued functions, defined on subsets of X, which are integrable over
X. Then £! C £° = £%p), as defined in §241, and, for f € LY, we have f € £ iff there is a g € £! such
that | f| <a.. g;if f€ LY, g€ L% and f =,.. g, then g € L', (See 122P-122R.)

(b) Let L' = L'(u) € LY = L%(p) be the set of equivalence classes of members of L', If f, g € £ and
[ =ae g then [ f = [g (122Rb). Accordingly we may define a functional [ on L' by writing [ f* = [ f
for every f € L'

(c) Tt will be convenient to be able to write fA u for u € L', A C X; this may be defined by saying that
Sy fo = [, [ forevery f € L', where the integral is defined in 214D. P I have only to check that if f =, g
then [, f = [, g; and this is because f]|A = g[A almost everywhere in A. Q

If E€¥and ue L' then [,u = [ux (xE)*; this is because [, f = [ f x xE for every integrable
function f (131Fa).

(d) If u € L', there is a X-measurable, p-integrable function f : X — R such that f* = u. P As noted
in 241Bk, there is a measurable f : X — R such that f* = wu; but of course f is integrable because it is
equal almost everywhere to some integrable function. Q

242B Theorem Let (X, Y, 1) be any measure space. Then L!(u) is a linear subspace of L%(u) and
J : L' - R is a linear functional.

proof If u, v € L' = L*(u) and ¢ € R let f, g be integrable functions such that v = f* and v = ¢*; then
f+ g and cf are integrable, so u+ v = (f + g)* and cu = (cf)* belong to L. Also

Jutv=[f+g=[f+[g=[u+ [0
fcu:fcf:cff:cfu.

and

242C The order structure of L' Let (X, Y, 1) be any measure space.

(a) L' = L'(u) has an order structure derived from that of L® = L%(u) (241E); that is, f* < g*iff f < g
a.e. Being a linear subspace of L?, L' must be a partially ordered linear space; the two conditions of 241Ec
are obviously inherited by linear subspaces.

Note also that if u, v € L' and v < v then [u < [v, because if f, g are integrable functions and f <, .. g
then [ f < [ g (12204d).

(b) Ifue L% v e L' and |u| < |v| then u € L'. P Let f € L% = L), g € L1 = L1(1) be such that
u= f* and v = ¢g*; then g is integrable and |f| <... |g], so f is integrable and u € L'. Q

(© 1997 D. H. Fremlin
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(c) In particular, |u| € L* whenever u € L', and
| [ ul = max( [ u, [(-u)) < [ |ul,
because u, —u < |ul.

(d) Because |u| € L! for every u € L1,
quz%(u—l—v+|u—v|), u/\v:%(u+v—|u—v|)

belong to L' for all u, v € L'. But if w € L' we surely have

w<u&wv < wuAv,

w>u&w>v &= w>uVv

because these are true for all w € L%, so u Vv = sup{u,v} and u Av = inf{u,v} in L!. Thus L! is, in itself,
a Riesz space.

(e) Note that if v € L, then u > 0 iff Jpu > 0 for every E € X this is because if f is an integrable
function on X and [ f > 0 for every E € X, then f > 0 a.e. (131Fb). More generally, if u, v € L' and
Jpu < [pv for every E € %, then u < v. It follows at once that if u, v € L' and Jpu = [gv for every
E € ¥, then u = v (cf. 131Fc).

(f) If w > 0 in L', there is a non-negative f € £! such that f* = u (compare 241Eg).

242D The norm of L! Let (X, ¥, ) be any measure space.

(a) For f € L' = LY (p) T write || flli = [|f| € [0,00[. For u € L' = L*(u) set |jully = [ |ul, so that
l£*1l1 = |If]l1 for every f € £'. Then | ||; is a norm on L. P (i) If u, v € L' then |u + v| < |u| + |v|, by
241Fe, so

lu+ ol = [lu+o < [lul+ ol = [lul+ [ o] = [ull + o]
(ii) If u € L' and ¢ € R then
leuls = [ leul = [ lellul = le| f ul = le[ull.

(iii) If w € L' and |Jull; = 0, express u as f*, where f € L'; then [|f| = [|u| = 0. Because |f| is
non-negative, it must be zero almost everywhere (122Rc), so f =0 a.e. and u = 0 in L'. Q

(b) Thus L', with | |1, is a normed space and [ : L' — R is a linear operator; observe that | [ || <1,

because
|[ul < [ ful = [lull

for every v € L.

(¢) If u, v € L' and |u| < |v|, then

lully = [ ful < [ o] = [[olh-

In particular, ||ull; = |||u]||1 for every u € L.

(d) Note the following property of the normed Riesz space L': if u, v € L' and u, v > 0, then

lutvly=futv=[ut [v=ul+]v]:
(e) The set (L))" = {u:u >0} is closed in L. P If v € L', w € (L')T then |[u —v|1 > |lv AO]|1; this is

because if f, g € L and f > 0 a.e., |f(x) — g(z)| > | min(g(x),0)| whenever f(z) and g(x) are both defined
and f(x) > 0, which is almost everywhere, so

lu—vllv= [1f =gl = [lgAn0]=vAO].

Now this means that if v € L' and v % 0, the ball {w : |[w — v||; < &} does not meet (L')*, where
§ = |lv A0|j; > 0 because v A0 # 0. Thus L* \ (L) is open and (L')* is closed. Q
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242E TFor the next result we need a variant of B.Levi’s theorem.

Lemma Let (X, X, 1) be a measure space and (f,,)nen a sequence of u-integrable real-valued functions such
that > [ |fn] < o0. Then f =3 f, is integrable and

ffZZZO:offm f|f| < Zzo:of\fd

proof (a) Suppose first that every f, is non-negative. Set g, = >_;_, fx for each n; then (g, )nen is
increasing a.e. and

hmn—wofgn = Zzozoffk
is finite, so by B.Levi’s theorem (123A) f = lim,_, g» is integrable and
ff:hmn—mo fgn = Zzozoffk

In this case, of course,
f|f| :ffzzzozoffn:Z?:Of|fn|'

(b) For the general case, set fI = 1(|ful + fn), fo = 3(|fal = fn), as in 241Ef; then f;7 and f, are
non-negative integrable functions, and

Z?:off$+2ff’:0ff; = Zzozof|fn| < 0.
So hy =300, f;¥ and ho = >"°7 ) f. are both integrable. Now f =, hi — h2, so
ff:fhl—thZiioffI—ZZioff; =EZ°:offn.

Finally

f|f‘ Sf‘h1‘+f|h2| :foloffJJer:off; :Z;z.ozof|fn|~

242F Theorem For any measure space (X, Y, u), L'(u) is complete under its norm || [|;.

proof Let (u,),en be a sequence in L' such that ||u,+1 — unl|1 <47 for every n € N. Choose integrable
functions f, such that f§ = ug, f, 1 = tnt1 — up for each n € N. Then

Zio:of | fal = lluolln + ZZO:() [unt1 — unllr < oco.
So f =37, fn is integrable, by 242E, and u = f* € L'. Set g,, = Z?:o f; for each n; then g; = u,, so

=0
lu —unlly = [1f = gal < [ X500 1fil S X520 477 =477/3

for each n. Thus u = lim, oo uy, in L'. As (uy)nen is arbitrary, L! is complete (2A4E).

242G Definition It will be convenient, for later reference, to introduce the following phrase. A Banach
lattice is a Riesz space U together with a norm ||| on U such that (i) ||u|| < ||v|| whenever u, v € U and
lu| < |v|, writing |u| for u V (—u), as in 241Ee (ii) U is complete under || ||. Thus 242Dc and 242F amount
to saying that the normed Riesz space (L', | ||1) is a Banach lattice.

242H L' as a Riesz space We can discuss the ordered linear space L! in the language already used in
241E-241G for L°.

Theorem Let (X, Y, 1) be any measure space. Then L' = L!(11) is Dedekind complete.
proof (a) Let A C L! be any non-empty set which is bounded above in L'. Set
A ={ugV...Vuy:ug,...,u, € A}.

Then A C A’, A’ has the same upper bounds as A and u Vv € A’ for all u, v € A’. Taking wy to be any
upper bound of A and A’, we have [ u < [wq for every u € A, so v = sup,c 4 [ u is defined in R. For each
n € N, choose u, € A’ such that [wu, >~ —27". Because L° = L%(y) is Dedekind o-complete (241Ga),
u* = sup,,cy Un is defined in L% and vy < u* < wy in L°. Consequently
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0<u*—uy <wy—ug
in LY. But wy —up € L', so u* —ug € L' (242Cb) and u* € L.

(b) The point is that u* is an upper bound for A. P If u € A, then u V u,, € A’ for every n, so

||u—u/\u*||1:/u—u/\u*g/u—u/\un

(because u Aty <ty < u*, 80 uAu, < uAu®)

:/u\/un—un

(because u V uy, + u A uy, = u + u, — see the formulae in 242Cd)

:/u\/un—/ungv—('y—2*”):2*”

for every n; so ||u —u A u*||; = 0. But this means that u = u A u*, that is, that v < u*. As w is arbitrary,
w* is an upper bound for A. Q

(c) On the other hand, any upper bound for A is surely an upper bound for {u, : n € N}, so is greater
than or equal to u*. Thus u* =sup A in L'. As A is arbitrary, L' is Dedekind complete.

Remark Note that the order-completeness of L', unlike that of L°, does not depend on any particular
property of the measure space (X, %, u).

2421 The Radon-Nikodym theorem I think it is worth re-writing the Radon-Nikodym theorem (232E)
in the language of this chapter.

Theorem Let (X, Y, 1) be a measure space. Then there is a canonical bijection between L' = L(u) and
the set of truly continuous additive functionals v : ¥ — R, given by the formula

VF:fFuforFEE,ueLl.

Remark Recall that if i is o-finite, then the truly continuous additive functionals are just the absolutely
continuous countably additive functionals; and that if g is totally finite, then all absolutely continuous
(finitely) additive functionals are truly continuous (232Bd).

proof Foru € L', F € ¥ set v, F = Jpu Ifue L', there is an integrable function f such that f* = u, in
which case

FovwF=[ f:Z>R

is additive and truly continuous, by 232D. If v : ¥ — R is additive and truly continuous, then by 232E there
is an integrable function f such that vF = fF f for every F € X; setting uw = f* in L', v = v,. Finally, if
u, v are distinct members of L', there is an F' € X such that [, u # [, v (242Ce), so that v, # v; thus
u — v, is injective as well as surjective.

242J Conditional expectations revisited We now have the machinery necessary for a new interpre-
tation of some of the ideas of §233.

(a) Let (X,X, u) be a measure space, and T a o-subalgebra of X, as in 233A. Then (X, T,ulT) is a
measure space, and £°(u[T) C £°(u); moreover, if f, g € LO(u[T), then f = g (u]T)-a.e. iff f = g p-a.e.
PP There are u|T-conegligible sets F';, G € T such that f[F and g[G are T-measurable; set

E={z:2€ FNG, f(z) #g(x)} € T;
then
f=9 @l Thrae < (uT)(E)=0 <= pE=0 < f=gpae Q

Accordingly we have a canonical map S : L(u| T) — L°(u) defined by saying that if u € L°(u[T) is the
equivalence class of f € £9(u[T), then Su is the equivalence class of f in L%(u). It is easy to check, working
through the operations described in 241D, 241E and 241H, that S is linear, injective and order-preserving,
and that |Su| = Sl|u|, S(u V v) = SuV Sv and S(u x v) = Su x Sv for u, v € LO(u|T).
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(b) Next, if f € LY(u]T), then f € £L(u) and [ fdp = [ fd(u]'T) (233B); so Su € L(u) and ||Sul|; =
|lully for every u € L*(u]T).

Observe also that every member of L'(u) N S[L%(u] T)] is actually in S[L!(u]T)]. P Take u € L(u) N
S[L°(u] T)]. Then u is expressible both as f* where f € £1(u), and as g* where g € LO(u]T). So g =ae. f,
and g is p-integrable, therefore (u]T)-integrable (233B again). Q

This means that S : L(u]T) — L'(u) N S[L°(u] T)] is a bijection.

(c) Now suppose that pX = 1, so that (X, X, u) is a probability space. Recall that g is a conditional
expectation of f on T if g is pu[T-integrable, f is p-integrable and [, g = [, f for every F' € T; and that
every p-integrable function has such a conditional expectation (233D). If ¢ is a conditional expectation of
f and f1 = f p-a.e. then g is a conditional expectation of fi, because fF fi= fF f for every F'; and I have
already remarked in 233Dc that if g, g1 are conditional expectations of f on T then g = g1 u|T-a.e.

(d) This means that we have an operator P : L'(u) — L'(u|T) defined by saying that P(f*) = g°
whenever g € £'(u]T) is a conditional expectation of f € £!(n) on T; that is, that [, Pu = [, u whenever
u € LY(p) and F € T. If we identify L'(u), L'(u]T) with the sets of absolutely continuous additive
functionals defined on ¥ and T, as in 242I, then P corresponds to the operation v — v|T.

(e) Because Pu is uniquely defined in L* (1] T) by the requirement [}, Pu = [, u for every F € T (242Ce),
we see that P must be linear. P If u, v € L'(u) and ¢ € R, then

fFPu—l—Pv:fFPu—l—fFPv:fFu—l—fFv:fFu—i—v:fFP(u—i—v),

fFP(cu):chu:chu:chPu:chPu

for every F' € T. Q Also, if u > 0, then fF Pu = fF u > 0 for every F' € T, so Pu > 0 (242Ce again).
It follows at once that P is order-preserving, that is, that Pu < Pv whenever u < v. Consequently

|Pu| = PuV (—Pu) = PuV P(—u) < P|ul

for every u € L (i), because u < |u| and —u < |u|. Finally, P is a bounded linear operator, with norm 1.
P The last formula tells us that

1Pully < | Plullly = [ Plul = [ ful = [lul
for every u € L' (), so ||P|| < 1. On the other hand, P(xX*) = xX* #0,s0 |[P||=1. Q

(f) We may legitimately regard Pu € L'(u]T) as ‘the’ conditional expectation of u € L'(u) on T; P is
the conditional expectation operator.

(g) If w € L*(p|T), then we have a corresponding Su € L'(u), as in (b); now PSu = u. P [, PSu =
JrSu= [, ufor every F € T. Q Consequently SPSP = SP : L'(u) — L*(p).

(h) The distinction drawn above between u = f* € L%(u|T) and Su = f* € L°(u) is of course pedantic.
I believe it is necessary to be aware of such distinctions, even though for nearly all purposes it is safe as well
as convenient to regard LO(u[T) as actually a subset of L°(u). If we do so, then (b) tells us that we can
identify L'(u]T) with L(u) N LO(u] T), while (g) becomes ‘P? = P’.

242K The language just introduced allows the following re-formulations of 233J-233K.

Theorem Let (X, X, 1) be a probability space and T a o-subalgebra of ¥. Let ¢ : R — R be a convex
function and ¢ : L%(u) — L°(u) the corresponding operator defined by setting ¢(f*) = (¢f)* (2411). If
P L'(u) — L'(u|T) is the conditional expectation operator, then ¢(Pu) < P(¢u) whenever u € L(p) is
such that ¢(u) € L(u).

proof This is just a restatement of 233J.
242L Proposition Let (X, ¥, 1) be a probability space, and T a o-subalgebra of ¥. Let P : L'(u) —
L'(u]'T) be the corresponding conditional expectation operator. If u € L' = L'(u) and v € L°(u] T), then

ux v € L' iff Plu| x v € L', and in this case P(u X v) = Pu x v; in particular, [u x v= [ Pu x v.
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proof (I am here using the identification of L°(u|T) as a subspace of L°(u), as suggested in 242Jh.)
Express u as f* and v as h*, where f € £ = £1(u) and h € LO(u| T). Let g, go € £ (] T) be conditional
expectations of f, |f| respectively, so that Pu = g* and Plu| = g§. Then, using 233K,

uxveL! < fxhell —< gyxhell < Plu|xvell,

and in this case g x h is a conditional expectation of f x h, that is, Pu x v = P(u X v).

242M L' as a completion I mentioned in the introduction to this section that L' appears in functional
analysis as a completion of some important spaces; put another way, some dense subspaces of L' are
significant. The first is elementary.

Proposition Let (X,X, 1) be any measure space, and write 8 for the space of p-simple functions on X.
Then
(a) whenever f is a p-integrable real-valued function and e > 0, there is an h € 8 such that [|f —h| <
(b) S = {f*: f €8} is a dense linear subspace of L' = L ().

proof (a)(i) If f is non-negative, then there is a simple function h such that h <, fand [h> [ f— %e
(122K), in which case

JU=n=ff=h=[f-[h<3e

(ii) In the general case, f is expressible as a difference f; — fo of non-negative integrable functions. Now
there are hy, hy € 8 such that [ |f; — h;| < %e for both j and

I =hl < [1fi=hal+ [If2—ho| <e.

(b) Because 8 is a linear subspace of R¥ included in £! = £1(u), S is a linear subspace of L. If u € L!
and € > 0, there are an f € £! such that f* =wu and an h € 8 such that [ |f —h| < e now v =nh* € S and

lu—=vly= [1f —hl <e

As u and € are arbitrary, S is dense in L'.

242N As always, Lebesgue measure on R” and its subsets is by far the most important example; and
in this case we have further classes of dense subspace of L!. If you have reached this point without yet
troubling to master multi-dimensional Lebesgue measure, just take r = 1. If you feel uncomfortable with
general subspace measures, take X to be R" or [0,1] C R or some other particular subset which you find
interesting. The following term will be useful.

Definition If f is a real- or complex-valued function defined on a subset of R", say that the support of f

is {z : x € dom f, f(z) # 0}.

2420 Theorem Let X be any subset of R”, where » > 1, and let p be Lebesgue measure on X, that
is, the subspace measure on X induced by Lebesgue measure on R". Write C} for the space of bounded
continuous functions f : R™ — R which have bounded support, and Sy for the space of linear combinations
of functions of the form xI where I C R" is a bounded half-open interval. Then

(a) whenever f € L' = L£'(u) and € > 0, there are g € Cy, h € Sy such that [, |f —g| < € and
fx If—hl<¢

(b) {(91X)*: g € Cx} and {(h]X)* : h € Sp} are dense linear subspaces of L' = L!(p).

Remark Of course there is a redundant ‘bounded’ in the description of Cy; see 242Xh.

proof (a) I argue in turn that the result is valid for each of an increasing number of members f of £ = £1(u).
Write p, for Lebesgue measure on R”, so that p is the subspace measure (p,)x.

(i) Suppose first that f = xI[X where I C R" is a bounded half-open interval. Of course x[ is already
in Sp, so I have only to show that it is approximated by members of Cj. If I = () the result is trivial; we
can take g = 0. Otherwise, express I as [a —b,a + b[ where a = (v,... , ), b= (B1,...,6,) and 5; > 0
for each j. Let § > 0 be such that
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2rH§=1(5j +0) <e+ 2TH;:1 B
For £ € R set

g;(§) = 1if [§ — | < By,

= (B + 06 — € — ay]) /0 if B; < |6 — | < B + 6,
=0if [ —a;[ > B + 6.

| BJ' | 3
a;

The function g;
For x = (&,...,&) € R" set
9(x) = [Tj=, 95 (&)

Then g € Cy, and xI < g < xJ, where J =[a—b—01,a+ b+ 01] (writing 1 = (1,...,1)), so that (by the
choice of 0) p,J < u,.I + ¢, and

Jla= 1= [ 60X = xTNX))dn = I\ DA X)
< pr(INT) = prd — prd <e,
as required.

(ii) Now suppose that f = x(X N E) where E C R" is a set of finite measure. Then there is a disjoint
family Iy, ..., I, of half-open intervals such that p,.(EA Uj<n I;) < %e. P There is an open set G O F
such that p, (G \ E) < fe (134Fa). For each m € N, let Z,, be the family of half-open intervals in R” of
the form [a,b] where a = (27™kq,... ,27™k,), k1,... , k. being integers, and b = a + 27™1; then Z,, is a
disjoint family. Set H,, = J{I : I € Z,,,, I C G}; then (H,,)men is a non-decreasing family with union G,
so that there is an m such that p,.(G \ Hy,,) < %6 and p.(EAH,,) < %e. But now H,, is expressible as a
disjoint union J j<n Lj where Io, ..., I, enumerate the members of 7, included in Hp,. (The last sentence
derails if H,, is empty. But if H,,, = () then we can take n =0, I = ().) Q

Accordingly h = 3°7_ xI; € Sp and

Sy lf = bl = w(X 0 (BAUj<, ) < g

As for Cy, (i) tells us that there is for each j < n a g; € Cj such that fX lg; — xI;| < €/2(n+ 1), so that
g = Z;L:O g; € Ck and

S lf =gl < [olf =hl+ [ lh—gl <5+ 37 [ o —xL] < e

(iii) If f is a simple function, express f as Y ,_, arxEr where each E, is of finite measure for p. Each
Ey is expressible as X N Fy, where pu,.F), = pEy (214Ca). By (i), we can find g € Ck, hy € Sy such that
€

k] [ low = xFi| < anl [ b = xFil < =

for each k. Set g = > 1 _,argr and h = _;_ axhy; then g € Cy, h € Sy and
S lF =gl < [ iz lanllxFr — gil = Xho larl [ IXFk — gxl < e,

€
n+1’
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S IF =0l < 32500 lanl [ [XFr — hi| < e,
as required.

(iv) If f is any integrable function on X, then by 242Ma we can find a simple function f; such that
fh|f — fol € €, and now by (iii) there are g € Ci, h € Sy such that [y [fo —g| < e, [ [fo—h| < 16 s0
that

Sl =gl < [ 1f = fol+ [ lfo—gl <e
S lf =l < [ |f = fol + [ |fo—hl <e
(b)(i) We must check first that if g € Cf then g| X is actually p-integrable. The point here is that if
g € C and a € R then
{z:z e X, g(x)>a}

is the intersection of X with an open subset of R", and is therefore measured by u, because all open sets
are measured by g, (115G). Next, g is bounded and the set E = {z : z € X, g(x) # 0} is bounded in
R", therefore of finite outer measure for p, and of finite measure for u. Thus there is an M > 0 such that
lg| < MxE, which is p-integrable. Accordingly g is p-integrable.

Of course h| X is p-integrable for every h € Sy because (by the definition of subspace measure) p(I N X)
is defined and finite for every bounded half-open interval I.

(ii) Now the rest follows by just the same arguments as in 242Mb. Because {g[X : g € Ci} and
{hX : h € Sy} are linear subspaces of RX included in £!(u), their images C’;f and S# are linear subspaces
of L'. If u € L' and € > 0, there are an f € £' such that f* = u, and g € Ci, h € Sy such that [y |f — g,

Jx If = h| <& nowv=(g/X)* € Cf and w = (h|X)* € S§ and
lu=vllh = [ lf =gl <& llu—wlh= [ If =l <e

As u and € are arbitrary, C’ff and 5’8# are dense in L'.

242P Complex L' As you would, I hope, expect, we can repeat the work above with L(lc, the space of
complex-valued integrable functions, in place of £!, to construct a complex Banach space L(%:. The required
changes, based on the ideas of 241J, are minor.

(a) In 242Aa, it is perhaps helpful to remark that, for f € £2,
feELE — |fle Lt < Re(f), Im(f) € L.
Consequently, for v € L2,

we Ll < |ul € L' <= Re(u), Im(u) € L.

(b) To prove a complex version of 242E, observe that if (f,)nen is a sequence in £ such that 02 [ | fn] <
o0, then >0 [ |Re(f,)| and > .2 [ | Zm(f,)| are both finite, so we may apply 242E twice and see that

JOoio fa) = [0 Re(fu)) + [ (oo Tm(f)) = Yoo [ fa-
Accordingly we can prove that L} is complete under || [|; by the argument of 242F.
(c) Similarly, little change is needed to adapt 242J to give a description of a conditional expectation

operator P : L&(p) — LE(u]T) when (X, X, u) is a probability space and T is a o-subalgebra of X. In the
formula

|Pu| < Plul
of 242Je, we need to know that
| Pu| = supj¢|=1 Re(CPu)
in LO(u]'T) (241Jc), while
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Re(CPu) = Re(P(¢u)) = P(Re(¢u)) < Plu

whenever || = 1.

(d) In 242M, we need to replace 8 by Sc, the space of ‘complex-valued simple functions’ of the form
ZZ:O arxEr where each ay is a complex number and each E} is a measurable set of finite measure; then
we get a dense linear subspace Sc = {f* : f € Sc} of L{. In 2420, we must replace Cj, by Ci(R";C), the
space of bounded continuous complex-valued functions of bounded support, and Sy by the linear span over
C of {xI : I is a bounded half-open interval}.

242X Basic exercises >(a) Let X be a set, and let p be counting measure on X. Show that L!(u)
can be identified with the space £}(X) of absolutely summable real-valued functions on X (see 226A). In
particular, the space ¢! = ¢1(N) of absolutely summable real-valued sequences is an L' space. Write out
proofs of 242F adapted to these special cases.

>(b) Let (X,3, 1) be any measure space, and fi the completion of y. Show that £'(4) = £!(u) and
LY(i) = L (1) (cf. 241XD).

(c) Let ((X;, %, i))ier be a family of measure spaces, and (X, X, ) their direct sum. Show that the
isomorphism between L%(u) and [],.; L°(u;) (241Xd) induces an identification between L*(y) and

fusue ey L (o), lull = Xoes lul@)y < o0} € TTies L' (10):

(d) Let (X, 3, 1) and (Y, T, v) be measure spaces, and ¢ : X — Y an inverse-measure-preserving function.
Show that g — g¢ : L'(v) — L(u) (235G) induces a linear operator T : L'(v) — L!(u) such that
| Ty = ||v]jx for every v € L' (v).

(e) Let U be a Riesz space (definition: 241Ed). A Riesz norm on U is a norm || || such that ||u|| < |v||
whenever |u| < |v|. Show that if U is given its norm topology (2A4Bb) for such a norm, then (i) u — |u] :
U—=U, (u,v)m»uVov:UxU— U are continuous (ii) {u : u > 0} is closed.

(f) Show that any Banach lattice must be an Archimedean Riesz space (241Fa).

(g) Let (X,X,u) be a probability space, and T a o-subalgebra of ¥, T a o-subalgebra of T. Let
Py LYu) — LY(uT), P : Li(u]T) — LY(ulY) and P : L'(u) — L'(ulY) be the corresponding
conditional expectation operators. Show that P = P, P;.

(h) Show that if g : R” — R is continuous and has bounded support it is bounded and attains its bounds.
(Hint: 2A2F-2A2G.)

(i) Let u be Lebesgue measure on R. (i) Take 6 > 0. Show that if ¢5(x) = exp(—ﬁ) for |z| < 4, 0

for |z| > & then ¢ is smooth, that is, differentiable arbitrarily often. (ii) Show that if F5(z) = [*_ ¢sdu
for x € R then Fj is smooth. (iii) Show that if a < b < ¢ < d in R there is a smooth function s such that
x[b,c] < h < xla,d]. (iv) Write D for the space of smooth functions h : R — R such that {z : h(x) # 0} is
bounded. Show that {h®: h € D} is dense in L'(u). (v) Let f be a real-valued function which is integrable
over every bounded subset of R. Show that f x h is integrable for every h € D, and that if [ f x h =0 for
every h € D then f =0 a.e. (Hint: 222D.)

(§) Let (X, X, ) be a probability space, T a o-subalgebra of ¥ and P : L*(u) — L'(u]T) C L' (i) the
corresponding conditional expectation operator. Show that if u, v € L!(u1) are such that Plu|x P|v| € L*(u),
then [ Puxv= [PuxPv= [ux Pv.

242Y Further exercises (a) Let (X,X, ) be a measure space. Let A C L' = L'(u) be a non-
empty downwards-directed set, and suppose that inf A = 01in L. (i) Show that inf,c4 ||ull; = 0. (Hint: set
v = infye 4 ||ull1; find a non-increasing sequence (u, )nen in A such that lim,, o |Jun |1 = 7; set v = inf, ey uy,
and show that u A v = v for every u € A, so that v = 0.) (ii) Show that if U is any open set containing 0,
there is a u € A such that v € U whenever 0 < v < u.
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(b) Let (X, X, 1) be a measure space and Y any subset of X; let uy be the subspace measure on Y and
T : L°(u) — L°(uy) the canonical map described in 241Yg. (i) Show that Tu € L' (uy) and ||Tul; < |lul1
for every u € L'(u). (ii) Show that if u € L'(u) then ||[Tully = [|ully iff [pu = [ Tu for every E € X.
(iii) Show that T is surjective and that ||v|l; = min{||ul|; : w € L*(u), Tu = v} for every v € L' (uy). (Hint:
214EDb.) (See also 244Yd below.)

(c) Let (X, X, 1) be a measure space. Write £3, for the space of all integrable ¥-measurable functions from
X to R, and N for the subspace of £ consisting of measurable functions which are zero almost everywhere.
(i) Show that £ is a Dedekind o-complete Riesz space. (ii) Show that L!(u) can be identified, as ordered
linear space, with the quotient £ /N as defined in 241Yb. (iii) Show that || ||; is a seminorm on £%. (iv)
Show that f +— |f| : L& — £L is continuous if £ is given the topology defined from | ||1. (v) Show that
{f:f=0a.e.} is closed in L3, but that {f: f > 0} need not be.

(d) Let (X,X, ) be a measure space, and i the c.l.d. version of y (213E). Show that the inclusion
LY(p) € L1(f1) induces an isomorphism, as ordered normed linear spaces, between L!(ji) and L (u).

(e) Let (X, ¥, u) be a measure space and ug, ... ,u, € L*(u). (i) Suppose ko, ... ,k, € Z are such that
ZZ‘L:O kz = 1. Show that Z?:O Z_?:O kzijUz - Uj”l < 0. (H’L’ﬂ,t Z:‘L:O Z?:O k,-kj|oz,- - Oéj| < 0 for all
g, ... ,an € R.) (ii) Suppose 7o, ...,y € R are such that 331" ;v = 0. Show that 377" o >=7  vivjllui —
ujHl S 0.

(f) Let (X, X, u) be a measure space, and A C L' = L'(u) a non-empty upwards-directed set. Suppose
that A is bounded for the norm ||||;. (i) Show that there is a non-decreasing sequence (up)nen in A such
that limy, o0 [ Un = sup,ca J u, and that (u,)nen is Cauchy. (ii) Show that w = sup A is defined in L' and
belongs to the norm-closure of A in L', so that, in particular, |jw|[; < sup,c4 [Jull:-

(g) A Riesz norm (definition: 242Xe) on a Riesz space U is order-continuous if inf,,¢ 4 ||u|| = 0 whenever
A C U is a non-empty downwards-directed set with infimum 0. (Thus 242Ya tells us that the norms || ||; are
all order-continuous.) Show that in this case (i) any non-decreasing sequence in U which has an upper bound
in U must be Cauchy (ii) if U is a Banach lattice, it is U is Dedekind complete. (Hint for (i): if {(up)nen is
a non-decreasing sequence with an upper bound in U, let B be the set of upper bounds of {u,, : n € N} and
show that A = {v — u,, : v € B, n € N} has infimum 0 because U is Archimedean.)

(h) Let (X,3, 1) be any measure space. Show that L!(x) has the countable sup property (241Ye).

(i) More generally, show that any Riesz space with an order-continuous Riesz norm has the countable
sup property.

(j) Let (X,X,u) and (Y, T,v) be measure spaces and U C L°(u) a linear subspace. Let T : U — L°(v)
be a linear operator such that Tu > 0 in L°(v) whenever v € U and u > 0 in L°(u). Suppose that w € U
is such that w > 0 and Tw = (xY)*. Show that whenever ¢ : R — R is a convex function and u € L°(y) is
such that w x u and w x ¢(u) € U, defining ¢ : L%(u) — L%(u) as in 2411, then ¢T(w x u) < T(w x du).
Explain how this result may be regarded as a common generalization of Jensen’s inequality, as stated in
2331, and 242K above. See also 244M below.

(k)(i) A function ¢ : C — R is convex if ¢(ab+ (1 — a)c) < ap(b) + (1 — a)p(c) for all b, ¢ € C and
a € [0,1]. (ii) Show that such a function must be bounded on any bounded subset of C. (iii) If ¢ : C — R is
convex and ¢ € C, show that there is a b € C such that ¢(z) > ¢(c) + Re(b(x — ¢)) for every z € C. (iv) If
(be)eec is such that ¢(x) > ¢.(z) = ¢(c) + Re(be(z — ¢)) for all z, ¢ € C, show that {b. : ¢ € I'} is bounded
for any bounded I C C. (v) Show that if D C C is any dense set, ¢(z) = sup.cp ¢.(x) for every = € C.

(1) Let (X,%,u) be a probability space and T a o-subalgebra of ¥. Let P : LL(u) — L&(ul'T) be
the conditional expectation operator. Show that if ¢ : C — R is any convex function, and we define

B(f*) = (¢f)* for every f € LL(11), then ¢(Pu) < P(¢(u)) whenever u € LE(u) is such that ¢(u) € L ().
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242 Notes and comments Of course L'-spaces compose one of the most important classes of Riesz space,
and accordingly their properties have great prominence in the general theory; 242Xe, 242Xf, 242Ya and
242Y1{-242Y1i outline some of the interrelations between these properties. I will return to these questions in
Chapter 35 in the next volume. I have mentioned in passing (242Dd) the additivity of the norm of L! on the
positive elements. This elementary fact actually characterizes L' spaces among Banach lattices; see 369E
in the next volume.

Just as L%(u) can be regarded as a quotient of a linear space £%, so can L'(u1) be regarded as a quotient
of a linear space £} (242Yc). I have discussed this question in the notes to §241; all I try to do here is to
be consistent.

We now have a language in which we can speak of ‘the’ conditional expectation of a function f, the
equivalence class in L'(u|T) consisting precisely of all the conditional expections of f on T. If we think
of L'(u]T) as identified with its image in L'(u), then the conditional expectation operator P : L'(u) —
L'(u]'T) becomes a projection (242Jh). We therefore have re-statements of 233J-233K, as in 242K, 242L
and 242Y]j.

I give 2420 in a fairly general form; but its importance already appears if we take X to be [0, 1] with one-
dimensional Lebesgue measure. In this case, we have a natural norm on C(]0, 1]), the space of all continuous
real-valued functions on [0, 1], given by setting

Iflh = [ 1£()lde

for every f € C([0,1]). The integral here can, of course, be taken to be the Riemann integral, we do not
need the Lebesgue theory to show that || |1 is a norm on C([0,1]). It is easy to check that C([0,1]) is not
complete for this norm (if we set f,,(x) = min(1,2"z") for x € [0,1], then (f,)nen is a || ||1-Cauchy sequence
with no || ||;-limit in C([0,1])). We can use the abstract theory of normed spaces to construct a completion
of C([0,1]); but it is much more satisfactory if this completion can be given a relatively concrete form, and
this is what the identification of L' with the completion of C([0,1]) can do. (Note that the remark that
[I'll1 is a norm on C([0, 1]), that is, that || f||1 # 0 for every non-zero f € C(]0,1]), means just that the map
f— f*:C([0,1]) — L' is injective, so that C([0,1]) can be identified, as ordered normed space, with its
image in L'.) It would be even better if we could find a realization of the completion of C([0,1]) as a space
of functions on some set Z, rather than as a space of equivalence classes of functions on [0, 1]. Unfortunately
this is not practical; such realizations do exist, but necessarily involve either a thoroughly unfamiliar base
set Z, or an intolerably arbitrary embedding map from C([0,1]) into RZ.

You can get an idea of the obstacle to realizing the completion of C([0,1]) as a space of functions on
[0, 1] itself by considering f,(z) = 22" for n > 1. An easy calculation shows that > >, [|f,[[1 < oo, so that
>0 | fn must exist in the completion of C([0,1]); but there is no natural value to assign to it at the point
1. Adaptations of this idea can give rise to indefinitely complicated phenomena — indeed, 2420 shows that
every integrable function is associated with some appropriate sequence from C([0,1]). In §245 I shall have
more to say about what || ||1-convergent sequences look like.

From the point of view of measure theory, narrowly conceived, most of the interesting ideas appear most
clearly with real functions and real linearspaces. But some of the most important applications of measure
theory — important not only as mathematics in general, but also for the measure-theoretic questions they
inspire — deal with complex functions and complex linear spaces. I therefore continue to offer sketches of
the complex theory, as in 242P. I note that at irregular intervals we need ideas not already spelt out in the
real theory, as in 242Pb and 242Y1.

Version of 30.4.04
243 L

The second of the classical Banach spaces of measure theory which I treat is the space L>°. As will appear
below, L™ is the polar companion of L!, the linked opposite; for ‘ordinary’ measure spaces it is actually the
dual of L' (243F-243G).

243A Definitions Let (X,3, u) be any measure space. Let £ = L£°(u) be the set of functions
f € £ = £%u) which are essentially bounded, that is, such that there is some M > 0 such that
{z:z €domf, |f(x)] < M} is conegligible, and write
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L =L (p) = {f*: f e L=(n)} C LO(p).
Note that if f € £, g € L% and g =, f, then g € £; thus L = {f: f € L0, f* € L>=}.

243B Theorem Let (X, X, 1) be any measure space. Then

(a) L™ = L>®(y) is a linear subspace of L° = L%(p).

(b) If u € L, v € LY and |v| < |u| then v € L. Consequently |u|, u Vv, u A v, vt =u V0 and
u” = (—u) V0 belong to L for all u, v € L.

(c) Writing e = xX*, the equivalence class in L° of the constant function with value 1, then an element
u of L belongs to L iff there is an M > 0 such that |u| < Me.

(d) If u, v € L* then u X v € L.

(e) If u e L>® and v € L' = L*(p) then u x v € L.

proof (a) If f, g € £L>° = L>®(u) and ¢ € R, then f + g, ¢f € L. I We have My, My > 0 such that
|f| < M ae. and |g| < M3 a.e. Now

[f+gl <IfI+1gl < My+ M ae.,  |ef| < |c|[Mi] ae.,
so f+g, cf € L. Q 1t follows at once that u + v, cu € L*> whenever u, v € L* and ¢ € R.

(b)(i) Take f € £, g € L° = L) such that u = f* and v = g*. Then |g| <... |f|. Let M > 0 be
such that |f| < M a.e.; then |g| < M a.e.,s0 g € L and v € L.

(ii) Now | |u|| = |u| so |u| € L> whenever u € L>. Also uVv = §(utv+|u—v|), urv = 3 (ut+v—|u—vl)
belong to L*> for all u, v € L.

(c)(d) If u € L™, take f € £ such that f* = u. Then there is an M > 0 such that |f| < M a.e., so
that |f]| <ae MxX and |u| < Me. (i) Of course xX € £, so e € L™, and if u € LY and |u| < Me then
u € L™ by (b).

(d) f x g € £ whenever f, g € L. P If |f| < M; a.e. and [g] < M3 a.e., then
|f x gl =f] x[g] < MiM> ae. Q
Souxve L™ for all u, v e L*>.

(e) If f € L= and g € L1 = L1(u), then there is an M > 0 such that |f| < M a.e., so |f x g| <a.e. M|g|;
because M]|g| is integrable and f x g is virtually measurable, f x g is integrable and u x v € L*.

243C The order structure of L*> Let (X,3, ) be any measure space. Then L™ = L*°(u), being
a linear subspace of L° = L%(u), inherits a partial order which renders it a partially ordered linear space
(compare 242Ca). Because |u| € L> whenever u € L> (243Bb), u A v and u V v belong to L whenever u,
v € L™, and L* is a Riesz space (compare 242Cd).

The behaviour of L*>° as a Riesz space is dominated by the fact that it has an order unit e with the
property that

for every u € L there is an M > 0 such that |u| < Me
(243Bc).

243D The norm of L> Let (X,Y, 1) be any measure space.

(a) For f € £ = L£>(p), say that the essential supremum of |f| is
ess sup |f| =inf{M : M >0, {z : x € dom f, |f(z)| < M} is conegligible}.

Then |f| < ess sup|f| a.e. P Set M = ess sup |f|. For each n € N, there is an M,, < M + 27" such that
|f| < M, a.e. Now

{z:[f(2)] < M} = Npenfa - [f(2)] < M}
is conegligible, so |f| < M a.e. Q
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(b) If f, g € £ and f =,.. ¢, then ess sup|f| = ess sup|g|. Accordingly we may define a functional
[ loo on L% = L>°(u) by setting ||ul/co = ess sup |f| whenever u = f*.

(c) From (a), we see that, for any u € L™, ||u|lcc = min{~y : |u| < e}, where, as before, e = xX* € L.

Consequently || || is @ norm on L. PP(i) If u, v € L*™ then
u+ o] < ful +[o] < ([lulleo + [[v]lcc)e
50 |u 4+ v]lco < ||ttflco + [|V]|oo- (ii) If w € L and ¢ € R then
|eul = lellul < f[[u]|ce,

50 |lculloo < |e|ljulloo- (iil) If ||ulleoc = O, there is an f € £ such that f* = u and |f| < ||ul|e a.e.; now
f=0aesou=0 Q

(d) Note also that if u € L°, v € L* and |u| < |v| then |u] < |[v|leoe s0 u € L% and ||ullco < ||[0]0o;
similarly,

[u X v]loo < [ullscllvlloos [V v]loo < max([luloo, [v]l0)

for all u, v € L*°. Thus L™ is a commutative Banach algebra (2A4J).

(e) Moreover,
|Juxo < [luxo]=luxovll <lulli][v]e
whenever v € L' and v € L, because

| x v] = |ul X o] < ful X [v]lsce = [[v]|oo|ul-

(f) Observe that if u, v are non-negative members of L> then
[uV 0l = max(f[ulloo, [v]lo);
this is because, for any v > 0,

uVv<ye < u<veandv < e.

243E Theorem For any measure space (X, %, i), L™ = L*(u) is a Banach lattice under || ||oo-

proof (a) We already know that ||u|lecc < [|v]|e Whenever |u| < |v| (243Dd); so we have just to check
that L* is complete under |||oo. Let (un)nen be a Cauchy sequence in L. For each n € N choose
fn € £° = L(u) such that f2 = uy, in L. For all m, n € N, (fm — fn)® = tm — up. Consequently

Emn = {2 |fm(2) = fa(@)] > |tm — tnlloo}
is negligible, by 243Da. This means that
E= ﬂnGN{x cx € dom fi, [ fn(2)] < [Jtnllso} \ Um,neNEmn

is conegligible. But for every © € E, | [ (2) — fu(2)| < ||um — tnllco for all m, n € N, so that (f,,(z))nen is
a Cauchy sequence, with a limit in R. Thus f = lim, . fn is defined almost everywhere. Also, at least for
reF,

|f(@)] < suppe [[unloe < 00,
so felL>®and u= f*e€ L>®. If meN, then, for every z € F,
[f (@) = fm(@)| < supysp, [fn(@) = frn ()] < SUDp >y [[Un — tm [l
SO
[ = tmloc < SUP,>p [[tn — Umlloo — O

as m — 00, and u = limy,—y00 U, i L. As (un)nen is arbitrary, L is complete.
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243F The duality between L>° and L' Let (X,Y, 1) be any measure space.

(a) I have already remarked that if u € L' = Ll(u) and v € L® = L>®(u), then u x v € L' and
| [ux v <|lul1]jv]l (243Bd, 243De).

(b) Consequently we have a bounded linear operator T from L* to the normed space dual (L!)* of L*,
given by writing

(TU)(u):fuxvforallueLl,UEL‘X’.
P (i) By (a), (Tv)(u) is well-defined for u € L', v € L*. (ii) If v € L™, u, u1, ug € L' and ¢ € R, then

(Tv)(u1 +ug) = /(u1 +ug) X v = /(u1 x v) + (uz2 X v)
= /u1 X v+ /’LL2 x v = (Tv)(u1) + (Tv)(u2),

(Tw)(cu) = fcu XU = fc(u X v) = cfu x v =c(Tv)(u).
This shows that Tw : L' — R is a linear functional for each v € L. (iii) Next, for any v € L' and v € L,
(To) ()] = | [ ux o < Jluxvli < Julilv]lo,

as remarked in (a). This means that Tv € (L*)* and ||Tv|| < ||v]| for every v € L. (iv) If v, vy, vy € L™,
u € L' and ¢ € R, then

T(v1 4+ ve)(u) = /(vl +vg) X u= /(v1 X u) + (v2 X u)

_ /Ul 14 /Uz x 1= (Tvy)(u) + (Tva)(u)
= (Tvy + Tvs)(u),

T(cv)(u) = fcv X u = cfv x u = c(Tv)(u) = (cTw)(u).

As u is arbitrary, T'(vy + v2) = Ty + T and T(cv) = ¢(Tv); thus T : L — (LY)* is linear. (v) Recalling
from (iii) that | Tv|| < ||v]|e for every v € L™, we see that |T]| < 1. Q

(c) Exactly the same arguments show that we have a linear operator T” : L' — (L>°)*, given by writing
(T'u)(v) = fu x v forallu € L', v € L™,
and that | 7”7|| also is at most 1.

243G Theorem Let (X,X, ) be a measure space, and T : L>(u) — (L'(u))* the canonical map
described in 243F. Then

(a) T is injective iff (X, X, ) is semi-finite, and in this case is norm-preserving;

(b) T is bijective iff (X, X, u) is localizable, and in this case is a normed space isomorphism.

proof (a)(i) Suppose that T is injective, and that E € ¥ has uF = oco. Then xE is not equal almost
everywhere to 0, so (YE)* # 0 in L, and T(xE)* # 0; let u € L' be such that T(xE)*(u) # 0, that is,
Jux (xE)* # 0. Express u as f* where f is integrable; then [, f # 0 so [ |f] # 0. Let g be a simple
function such that 0 < g <. |f| and [g > [|f] — [, |f]; then [, g # 0. Express g as Y. a;xE; where
pE; < oo for each i; then 0 % Y7  a;u(E; N E), so there is an ¢ < n such that u(E N E;) # 0, and now
E N E; is a measurable subset of E of non-zero finite measure.

As FE is arbitrary, this shows that (X, X, 1) must be semi-finite if T is injective.

(ii) Now suppose that (X,X, ) is semi-finite, and that v € L* is non-zero. Express v as g* where
g : X — R is measurable; then g € £>°. Take any a € ]0,||v]|[; then E = {x : |g(z)| > a} has non-zero
measure. Let F' C E be a measurable set of non-zero finite measure, and set f(z) = |g(z)|/g(z) if x € F, 0
otherwise; then f € £! and (f x g)(x) > a for x € F, so, setting u = f* € L, we have
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(To)() = [uxv=[fxg>auF =af|fl =aluls > 0.

This shows that ||Tv|| > a; as a is arbitrary, |[Tv]| > ||v||cc. We know already from 243F that [|Tv] < ||v]|cc,
so [|[Tv| = ||v]|eo for every non-zero v € L*; the same is surely true for v = 0, so T is norm-preserving and
injective.

(b)(i) Using (a) and the definition of ‘localizable’, we see that under either of the conditions proposed
(X,X, u) is semi-finite and T is injective and norm-preserving. I therefore have to show just that it is
surjective iff (X, ¥, p) is localizable.

(ii) Suppose that T is surjective and that &€ C . Let F be the family of finite unions of members of
£, counting @ as the union of no members of £, so that F is closed under finite unions and, for any G € X,
E\ G is negligible for every E € £ iff E\ G is negligible for every E € F.
If w € L', then h(u) = limger gt fE u exists in R. I If u is non-negative, then
h(u):sup{fEu:Eef}Sfu<oo.

For other u, we can express u as uj — ug, where uy and ug are non-negative, and now h(u) = h(uy) — h(uz).

Q

Evidently h : L' — R is linear, being a limit of the linear functionals u — i) g U, and also

|h(u)| < supger |fEU\ < f |ul

for every u, so h € (L')*. Since we are supposing that T is surjective, there is a v € L™ such that Tv = h.
Express v as g* where g : X — R is measurable and essentially bounded. Set G = {z : g(x) > 0} € %.
If F e and puF < oo, then

[r9=[(XF)* x g* = (Tv)(xF)* = h(xF)* = suppcr p(ENF).
? If E € & and F\ G is not negligible, then there is a set F' C E \ G such that 0 < uF < 0o; now
pF =pENF) < [,g9<0,

as g(z) <0 for x € F. X Thus E'\ G is negligible for every E € £.
Let H € ¥ be such that E'\ H is negligible for every E € £. 7 If G\ H is not negligible, there is a set
F C G\ H of non-zero finite measure. Now

pENF)<pHNEF)=0

for every E € £, so p(ENF) =0 for every E € F, and [, g = 0; but g(z) > 0 for every x € F, so uF =0,
which is impossible. X Thus G \ H is negligible.
Accordingly G is an essential supremum of £ in . As &£ is arbitrary, (X, X, 1) is localizable.

(iii) For the rest of this proof, I will suppose that (X, X, ) is localizable and seek to show that T is
surjective.

Take h € (L')* such that ||| = 1. Write ©f = {F : F € ¥, uF < oo}, and for F € %/ define vp : ¥ — R
by setting

vrE = h(x(ENF)*)
for every F € ¥.. Then vp) = h(0) =0, and if E, E' € 3 are disjoint
vrE +vpE = h((E N F)") + h(x(E' 0 F)*) = h((E 1 F) + x(E' 0 F))*)
=h(x(EUE)YNF)*)=vrp(EUE).
Thus v is additive. Also
vrE| < [IX(ENF)* |1 = m(ENF)

for every E € 3, so vg is truly continuous in the sense of 232Ab. By the Radon-Nikodym theorem (232E),
there is an integrable function gr such that fE gr = vpFE for every E € ¥; we may take it that gp is
measurable and has domain X (232He).

(iv) It is worth noting that |gr| <1 a.e. P If G = {z : gp(z) > 1}, then
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Jo 97 = vrG < p(FNG) < pG;
but this is possible only if uG = 0. Similarly, if G’ = {z : gr(z) < —1}, then
S 98 = veG > —p@',
so again uG' = 0. Q
(v) If F, F’ € ©f, then g = gp almost everywhere in FNEF'. P If E€ ¥ and E C FNF’, then
[ 9r =h(X(ENF)*) =h(x(ENF)*) = [ gr.

So 131Hb gives the result. @ 213N (applied to {gr[F : F € /1) now tells us that, because p is localizable,
there is a measurable function g : X — R such that g = gr almost everywhere in F, for every F € ¥/,

(vi) For any F € %7/, the set

{z:zeF lg(x)] > 1} C{a:lgr(2)| > 1} U{z:z € F, g(x) # gr(x)}

is negligible; because p is semi-finite, {x : |g(z)| > 1} is negligible, and g € £, with ess sup|g| < 1.
Accordingly v = ¢g* € L*, and we may speak of Tv € (L!')*.

(vii) If F € £/, then
[o9=[o9r =veX = h(xF*).

It follows at once that

(To)(f*) = [ fxg=h(f)
for every simple function f: X — R. Consequently Tv = h, because both Twv and h are continuous and the

equivalence classes of simple functions form a dense subset of L (242Mb, 2A3Uc). Thus h = T is a value
of T.

(viii) The argument as written above has assumed that ||k|| = 1. But of course any non-zero member
of (L')* is a scalar multiple of an element of norm 1, so is a value of T. So T : L™ — (L)* is indeed
surjective, and is therefore an isometric isomorphism, as claimed.

243H Recall that L? is always Dedekind o-complete and sometimes Dedekind complete (241G), while
L' is always Dedekind complete (242H). In this respect L> follows L°.

Theorem Let (X, Y, 1) be a measure space.
(a) L*°(p) is Dedekind o-complete.
(b) If w is localizable, L*>°(u) is Dedekind complete.

proof These are both consequences of 241G. If A C L = L*°(u) is bounded above in L™, fix ug € A and
an upper bound wg of A in L®. If B is the set of upper bounds for A in L° = L°(u), then B N L™ is the
set of upper bounds for A in L. Moreover, if B has a least member vy, then we must have ug < vy < wp,
so that

0<wvyg—ug <wy—ug € L*®

and vy — ug, vg belong to L. (Compare part (a) of the proof of 242H.) Thus vy = sup A in L.

Now we know that L° is Dedekind o-complete; if A C L® is a non-empty countable set which is bounded
above in L™, it is surely bounded above in L°, so has a supremum in L® which is also its supremum in L.
As A is arbitrary, L*° is Dedekind o-complete. While if y is localizable, we can argue in the same way with
arbitrary non-empty subsets of L> to see that L™ is Dedekind complete because LV is.

2431 A dense subspace of L™ In 242M and 2420 I described a couple of important dense linear
subspaces of L! spaces. The position concerning L™ is a little different. However I can describe one
important dense subspace.

Proposition Let (X, X, 1) be a measure space.
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(a) Write 8 for the space of ‘¥-simple’ functions on X, that is, the space of functions from X to R
expressible as Y., arxE) where a; € R and Ej, € ¥ for every k < n. Then for every f € £ = L>(u)
and every € > 0, there is a g € § such that ess sup |f — g| < e.

(b) S={f*:f €8} isal|c-dense linear subspace of L™ = L ().

(c) If (X, X%, p) is totally finite, then 8 is the space of p-simple functions, so S becomes just the space of
equivalence classes of simple functions, as in 242Mb.

proof (a) Let f : X — R be a bounded measurable function such that f =,. f Let n € N be such that
|f(z)] < ne for every z € X. For —n < k < n set

Ep={z:ke< f(z) <k+1e
Set
9=k kexEr € 8;
then 0 < f(z) — g(x) < ¢ for every z € X, so

ess sup |f —g| = esssup |f —g| <e.

(b) This follows immediately, as in 242Mb.

(c) also is elementary.

243J Conditional expectations Conditional expectations are so important that it is worth considering
their interaction with every new concept.

(a) If (X,X%,p) is any measure space, and T is a o-subalgebra of X, then the canonical embedding
S LO%(u]T) — LOp) (242Ja) embeds L (u|T) as a subspace of L (u), and [|Sul|e = ||ulleo for every
w € L™ (u|T). As in 242Jb, we can identify L>(u|T) with its image in L (u).

(b) Now suppose that uX = 1, and let P : L*(u) — L'(u]T) be the conditional expectation operator
(242Jd). Then L°°(p) is actually a linear subspace of L'(u). Setting e = xX* € L°(u), we see that
Jre = (ulT)(F) for every F € T, so

Pe=xX* e L*(ulT).

If w € L>(u), then setting M = |ju|loc we have —Me < u < Me, so —MPe < Pu < MPe, because P is
order-preserving (242Je); accordingly ||Pullcc < M = |Jul|oc. Thus P[L>(p) : L®(u) — L=(p[T) is an
operator of norm 1.

If w e L=°(u|T), then Pu = u; so P[L*] is the whole of L>®(u|T).

243K Complex L All the ideas needed to adapt the work above to complex L spaces have already
appeared in 241J and 242P. Let £&° be

{f:feLl esssup|f] <oo}={f:Re(f)€L® Im(f)eL>}.
Then
L ={f:felP}={u:ue L, Re(u) € L, Im(u) € L>}.
Setting
llt|loo = |[|te]]|co= ess sup |f| whenever f* = u,

we have a norm on L rendering it a Banach space. We still have u x v € L and ||u X v||so < [|t]|oo]|V]/o0
for all u, v € L.

We now have a duality between Lé and Lg giving rise to a linear operator T': L — (L%:)* of norm at
most 1, defined by the formula

(Tw)(u) = fu x v for every u € L', v € L°°.
T is injective iff the underlying measure space is semi-finite, and is a bijection iff the underlying measure

space is localizable. (This can of course be proved by re-working the arguments of 243G; but it is perhaps
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easier to note that T'(Re(v)) = Re(Tv), T(Zm(v)) = Zm(Tw) for every v, so that the result for complex
spaces can be deduced from the result for real spaces.) To check that T' is norm-preserving when it is
injective, the quickest route seems to be to imitate the argument of (a-ii) of the proof of 243G.

243X Basic exercises (a) Let (X, X, 1) be any measure space, and fi the completion of p (212C, 241XDb).
Show that £°°(i1) = £>°(u) and L () = L= ().

>(b) Let (X,%, ) be a non-empty measure space. Write £ for the space of bounded ¥-measurable
real-valued functions with domain X. (i) Show that L>°(u) = {f*: f € £L¥} C L° = L%(y). (ii) Show that
L% is a Dedekind o-complete Banach lattice if we give it the norm
[flloc = sup,ex [f(2)] for every f € L5
(iii) Show that for every u € L = L (u), ||ulloo = min{||flleo : f € L%, f* = u}.

>(c) Let (X, X, ) be any measure space, and A a subset of L>°(u). Show that A is bounded for the
norm || || iff it is bounded above and below for the ordering of L°°.

(d) Let (X, X, 1) be any measure space, and A C L°(u) a non-empty set with a least upper bound w in
L5(12). Show that [w]se < sup,e 4 [[u]c-

(e) Let ((Xi, %4, iti))ier be a family of measure spaces, and (X, %, u) their direct sum (214L). Show that
the canonical isomorphism between L°(u) and ;. ; L°(1;) (241Xd) induces an isomorphism between L (1)
and the subspace

{u:wellie L2 (i), llull = supies [u(i)joo < oo}
of [Lier L (a)-
(f) Let (X,%, ) be any measure space, and u € L'(u). Show that there is a v € L°(u) such that
[v]loo <1 and [uxv=ul;.
(g) Let (X, X, ) be a semi-finite measure space and v € L*(u). Show that
Iv]loo = sup{fu xviu€ LY |lully <1} =sup{|ju x v||; :u € LY, |lul; < 1}.

(h) Give an example of a probability space (X,%,u) and a v € L*(u) such that ||u X v[j1 < ||v|leo
whenever u € L'(x) and ||ul; < 1.

(i) Write out proofs of 243G adapted to the special cases (i) pX =1 (ii) (X, X, ) is o-finite.

(j) Let (X, %, u) be any measure space. Show that L°(u) is Dedekind complete iff L>°(u) is Dedekind
complete.

(k) Let (X,X, 1) be a totally finite measure space and v : ¥ — R a functional. Show that the following
are equiveridical: (i) there is a continuous linear functional h : L'(u) — R such that h((xE)*) = vE for
every E € ¥ (ii) v is additive and there is an M > 0 such that |[vE| < MuFE for every E € X.

>(1) Let X be any set, and let 4 be counting measure on X. In this case it is customary to write £°°(X)
for £°(u), and to identify it with L°°(u). Write out statements and proofs of the results of this chapter
adapted to this special case — if you like, with X = N. In particular, write out a direct proof that (¢1)* can
be identified with £°°. What happens when X has just two members? or three?

(m) Show that if (X, X, 1) is any measure space and u € L (1), then
[ulloo = sup{]| Re(Cu)loc : ¢ € C, [¢] = 1}

(n) Let (X, %, 1) and (Y, T, v) be measure spaces, and ¢ : X — Y an inverse-measure-preserving function.
Show that g € £L>°(u) for every g € £°°(v), and that the map g — g¢ induces a linear operator T' : L*°(v) —
L*>(u) defined by setting T'(g°*) = (g¢)* for every g € £L>°(v). (Compare 241Xg.) Show that || 70|/ = ||v] oo
for every v € L™ (v).
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(o) For f, g € C = C([0,1]), the space of continuous real-valued functions on the unit interval [0, 1], say

J < giff f(2) < g(a) for every @ € [0,1],

| flloo = SUPze0,1] |f(@)].

Show that C' is a Banach lattice, and that moreover

11V glloe = max(||fllo; l9lloc) whenever f, g >0,
1f % glloe < [[fllccllglloc for all f, g € C,

[lflloc = min{y : [f] < yx X} for every f € C.

243Y Further exercises (a) Let (X, X, 1) be a measure space, and Y a subset of X; write uy for the
subspace measure on Y. Show that the canonical map from L°(u) onto L°(uy) (241Yg) induces a canonical
map from L>(u) onto L (uy ), which is norm-preserving iff it is injective iff Y has full outer measure.

243 Notes and comments I mention the formula
|tV vloo = max(||t]|co, ||]|oo) for u, v >0

(243Df) because while it does not characterize L™ spaces among Banach lattices (see 243Xo), it is in a sense
dual to the characteristic property

lu+vlly = Jlully + [v[ly for w, v >0

of the norm of L!. (I will return to this in Chapter 35 in the next volume.)

The particular set £°° I have chosen (243A) is somewhat arbitrary. The space L can very well be
described entirely as a subspace of L, without going back to functions at all; see 243Bc, 243Dc. Just as
with £% and £, there are occasions when it would be simpler to work with the linear space of essentially
bounded measurable functions from X to R; and we now have a third obvious candidate, the linear space
L of measurable functions from X to R which are literally, rather than essentially, bounded, which is itself
a Banach lattice (243XDb).

I suppose the most important theorem of this section is 243G, identifying L° with (L')*. This identifi-
cation is the chief reason for setting ‘localizable’ measure spaces apart. The proof of 243Gb is long because
it depends on two separate ideas. The Radon-Nikodym theorem deals, in effect, with the totally finite case,
and then in parts (b-v) and (b-vi) of the proof localizability is used to link the partial solutions gr together.
Exercise 243X is supposed to help you to distinguish the two operations. The map 7" : L* — (L>°)* (243Fc)
is also very interesting in its way, but I shall leave it for Chapter 36.

243G gives another way of looking at conditional expectation operators. If (X,X,u) is a probability
space and T is a o-subalgebra of 3, of course both p and u|T are localizable, so L>°(u) can be identified
with (L'(u))* and L*(u[T) can be identified with (L'(x[T))*. Now we have the canonical embedding
S LY(ul'T) — L'(u) (242Jb) which is a norm-preserving linear operator, so gives rise to an adjoint
operator S” : L'(u)* — L'(u] T)* defined by the formula

(S"h)(v) = h(Sv) for all v € LY (u]T), h € L(u)*.
Writing 7), : L>(u) — L*(u)* and Tyr : L°(p]'T) — L'(u|T)* for the canonical maps, we get a map
Q =T, ST, : L®(u) = L°*(u] T), defined by saying that
fQu x v = (TyrQu)(v) = (S'T,u)(v) = (T,v)(Su) = fSu X v = fu X v
whenever v € L' (u|T) and u € L>(u). But this agrees with the formula of 242L: we have
fquv:fuxv:fP(uxv):fPuxv.

Because v is arbitrary, we must have Qu = Pu for every u € L*°(u). Thus a conditional expectation
operator is, in a sense, the adjoint of the appropriate embedding operator.

The discussion in the last paragraph applies, of course, only to the restriction P[L>(u) of the conditional
expectation operator to the L space. Because p is totally finite, L°°(u) is a subspace of L!(x), and the
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real qualities of the operator P are related to its behaviour on the whole space L. P : L'(u) — L'(u[T)
can also be expressed as an adjoint operator, but the expression needs more of the theory of Riesz spaces
than I have space for here. I will return to this topic in Chapter 36.

Version of 6.3.09
244 [P

Continuing with our tour of the classical Banach spaces, we come to the L? spaces for 1 < p < co. The
case p = 2 is more important than all the others put together, and it would be reasonable, perhaps even
advisable, to read this section first with this case alone in mind. But the other spaces provide instructive
examples and remain a basic part of the education of any functional analyst.

244 A Definitions Let (X, X, 1) be any measure space, and p € |1, 00[. Write LP = LP(u) for the set of
functions f € £% = £%(u) such that |f|P is integrable, and LP = LP(u) for {f*: f € LP} C L® = L(p).

Note that if f € £P, g € L% and f =, g, then |f|P =... |g|P so |g|P is integrable and g € L£P; thus
Lr={f:fel’ f*elLr}

Alternatively, we can define u? whenever u € L°, u > 0 by writing (f*)? = (f?)* for every f € £° such
that f(x) > 0 for every z € dom f (compare 2411), and say that LP = {u: u € L°, |ulP € L'(u)}.

244B Theorem Let (X, X, 1) be any measure space, and p € [1, 00].

(a) LP = LP(u) is a linear subspace of L® = L%(y).

(b) If u € LP, v € L and |v| < |ul, then v € LP. Consequently |u|, uV v and u A v belong to L? for all u,
v e LP.

proof The cases p =1, p = oo are covered by 242B, 242C and 243B; so I suppose that 1 < p < oc.

(a)(i) Suppose that f, g € LP = LP(u). If a, b € R then |a + b]P? < 2P max(|al?, [b?), so |f + 9P <ae.
22(1£P V |g|P); now |f +g|P € L% and 2P(|f|P V |g|P) € L' so |f+g|P € L. Thus f+g € LP for all f, g € LP;
it follows at once that u + v € LP for all u, v € LP.

(ii) If f € £P and ¢ € R then |cf|P = [c[P|f|P € L, so c¢f € LP. Accordingly cu € LP whenever u € LP
and c € R.

(b)(i) Express u as f* and v as g°, where f € £P and g € £°. Then |g| <... |f], 50 |g]|? <ae. |f|P and
|g|P is integrable; accordingly g € £P and v € LP.

(ii) Now ||u|| = |u| so |u| € LP whenever u € L. Finally uVv = (u+v+ |u—v|) and u Av =
1(u+v — |u—v|) belong to L? for all u, v € LP.

244C The order structure of L? Let (X,X, 1) be any measure space, and p € [1,00]. Then 244B is
enough to ensure that the partial order inherited from LY(u) makes LP(u) a Riesz space (compare 242C,
243C).

244D The norm of L? Let (X,X, u) be a measure space, and p € |1, 00].

(a) For f € L = LP(n), set || fll, = (JIfIP)"/P. If f, g € L7 and f =, g then [fP =q.. |gI? so
[flly = llgllp- Accordingly we may define [|[|, : L” = LP(u) — [0,00[ by writing [[f*|[, = [/, for every
feLr.

Alternatively, we can say just that ||lull, = ([ |u|P)}/P for every u € LP = LP(y).

(b) The notation || ||, carries a promise that it is a norm on LP; this is indeed so, but I hold the proof
over to 244F below. For the moment, however, let us note just that ||cull, = |c|||ul|, for all v € L? and
¢ € R, and that if |jul|, =0 then [ |u|? =0 so |u|? =0 and u = 0.

(© 1995 D. H. Fremlin
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(c) If |u] < |v] in L? then |ul|, < ||v|p; this is because |u? < |v[P.
244E I now work through the lemmas required to show that || ||, is a norm on L? and, eventually, that

the normed space dual of LP? may be identified with a suitable L.

Lemma Suppose (X, ¥, i) is a measure space, and that p, ¢ € |1, c0[ are such that % + % =1.
(a) ab < %ap + %bq for all real a, b > 0.
(b)(i) f x g is integrable and
[ Fxal < [1Fxgl <l flnlglle

for all f € LP = LP(u), g € L9 = LI(p);
(i) u x v € L' = L*(u) and

[ uxol < Jlux ol < Jlullplvllg
for all w € LP = LP(u), v € LY = L9(u).

proof (a) If either a or b is 0, this is trivial. If both are non-zero, we may argue as follows. The function
x— zl/P [0,00] — R is concave, with second derivative strictly less than 0, so lies entirely below any of its
tangents; in particular, below its tangent at the point (1, 1), which has equation y = 1+ %(m —1). Thus we
have
ml/l)glx_t'_l_l:lm_Fl
P P P q
for every = € [0,00[. So if ¢, d > 0, then

yi/p < 1e 1.
Q=g+
multiplying both sides by d,
cregi/a < Loy g
P q

setting ¢ = aP and d = b?, we get

ab < lap + lbq7

p q

as claimed.

(b)(i)(«) Suppose first that || f]|, = |lg|l; = 1. For every = € dom f Ndom g we have
F@)g(@)] < SIf@) + g
by (a). So
[ % gl Sae LA+ 2lal" € £1(n)
and f x g is integrable; also
S gl < U+ [ gl =215+ Clalld =2 +
(B) I [[fllp =0, then [|f|P =050 [f[P =ae. 0, f =ac. 0, f X g =ae 0and

J1f < gl=0=1fl,llglls-
Similarly, if ||g|l; = 0, then g =,.. 0 and again

J1f < gl=0=1fl,llglls-
(v) Finally, for general f € LP, g € L7 such that ¢ = | f]|, and d = ||g||, are both non-zero, we have
e £y = lI59llq =1 s0

11

LS

fxg=cdifx39)

MEASURE THEORY



244G Lr 31

is integrable, and

1 1
= —_ —_— <
S xgl=cdf |2f x 29l < cd,
as required.

(ii) Now if uw € LP, v € L9 take f € LP, g € L7 such that v = f* and v = ¢°*; f X g is integrable, so
uxv €L and

|Juxol <lluxovli= [1fxgl < flplglly = lullplolly.

Remark Part (b) is ‘Holder’s inequality’. In the case p = ¢ = 2 it is ‘Cauchy’s inequality’.

244F Proposition Let (X, X, i) be a measure space and p € |1, 00[. Set ¢ = p/(p—1), so that %Jr% =1.
(a) For every u € LP = LP(p), ||lull, = max{[u x v:v e Li(u), |[v|, < 1}.
(b) || |lp is a norm on LP.

proof (a) For u € LP, set
rw) = sup{ [ ux v v € La), [olly < 1},
By 244E(b-ii), [Ju|l, > 7(u). If ||Ju|l, = 0 then surely
0= fJull, = 7(u) = max{ [ u x v:v e Li(n), Jv]l, < 13}.
If ||ul|, = ¢ > 0, consider
v=c"Plsgnu x |ulP/9,

where for a € R I write sgna = |a|/a if @ # 0, 0 if @ = 0, so that sgn : R — R is a Borel measurable
function; for f € £° T write (sgn f)(z) = sgn(f(z)) for x € dom f, so that sgn f € £°; and for f € £° T write
sgn(f*) = (sgn f)* to define a function sgn : L® — LO (cf. 2411). Then v € LY = L9(u) and

vl = (f lv|0)1/a = C*p/q(f |u[P)V/1 = ¢—Placp/a =1,
So

T(u) > /ux vzc_p/q/sgnu X |u) x sgnu x |u[P/?

= Cfp/q/|u|1+§ - C*P/Q/|U|P =P 7 =g,

recalling that 1+ 2 =p, p— & =1. Thus 7(u) = [Jul[, and
T(u) = JJull, = fu X V.
(b) In view of the remarks in 244Db, I have only to check that ||u + v||, < |lull, + ||v]|, for all u, v € LP.
But given u and v, let w € L? be such that ||w|y =1 and [(u+v) x w = ||u+ v||,. Then
lutolp= [(utv)xw= fuxw+ [vxw<|ul, -+,
as required.

Remark The triangle inequality ‘||u + v, < |lull, + ||v]l,” is Minkowski’s inequality.

244G Theorem Let (X, 1) be any measure space, and p € [1,00]. Then LP = LP(u) is a Banach
lattice under its norm || ||,.

proof The cases p =1, p = oo are covered by 242F and 243E, so let us suppose that 1 < p < co. We know
already that |ju||, < ||v||, whenever |u| < |v|, so it remains only to show that L? is complete.
Let (un)nen be a sequence in L such that ||up41 — unll, < 47" for every n € N. Note that

1 _
lunllp < lluollp + 3250 lunsr — welly < lluolly + 32720 47% < Jluoll, +2
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for every n. For each n € N, choose f,, € L such that f§ = uo, fn = u, — up—1 for n > 1; do this in such a

way that dom f,, = X and f, is X-measurable (241Bk). Then ||f,[, <47 "*! for n > 1.
For m, n € N, set

Epn ={x: |fm(x)]| >27"} € X.
Then |fm(2)|P > 27"P for © € Epp, SO
27 By < [ |finlP < o0
and pFE,,, < o0o. So xEn, € L9 = L9(u) and
Jo. 1l = [ 15l % xEmn < fllplIxXErmnllq
for each k, by 244E(b-i). Accordingly

S0 fo Ul < Bl 5 el < o0,

and >~ fr(z) exists for almost every @ € E,,,, by 242E. This is true for all m, n € N. But if z €
X\ Upm.nen Emn, fn(z) = 0 for every n, so > neo fe(z) certainly exists. Thus g(z) = > po , fe(x) is defined
in R for almost every x € X.

Set g, = ZZ:O fx; then g° = u,, € LP for each n, and g(z) = lim,, o gn(z) is defined for almost every
x. Now consider |g|P =, .. im0 |gn|P. We know that

liminf,, e f |gn|P = liminf,, oo [Junllh < (2 + |luollp)? < oo,
so by Fatou’s Lemma
f lg|P < liminfkﬁoof lgi|P < oo.

Thus u = ¢g* € LP. Moreover, for any m € N,

/ lg — gm|P < liminf/ |gn — gm|P = liminf ||u, — umHg

n—1 oo
< limi —kp _ —kp _ g—mp _ 4P
_hnrglorolf;zx ];4 472 /(1 — 47P),

So
[ = tmllp = ([ lg = gml?)/? < 47™ /(1 —47P)1/P -0

as m — oco. Thus u = lim,—ye0 U, in LP. As (uy)pnen is arbitrary, LP is complete.

244H Following 242M and 2420, I note that LP behaves like L! in respect of certain dense subspaces.

Proposition (a) Let (X, %, 1) be any measure space, and p € [1,00[. Then the space S of equivalence
classes of p-simple functions is a dense linear subspace of LP = LP(u).

(b) Let X be any subset of R”, where r > 1, and let i be the subspace measure on X induced by Lebesgue
measure on R”. Write Cj, for the set of (bounded) continuous functions g : R"” — R such that {z : g(z) # 0}
is bounded, and Sy for the space of linear combinations of functions of the form yI, where I C R” is a
bounded half-open interval. Then {(¢[X)* : g € C} and {(h[X)* : h € Sy} are dense in LP(u).

proof (a) I repeat the argument of 242M with a tiny modification.

(i) Suppose that u € LP(u), u > 0 and € > 0. Express u as f* where f : X — [0,00[ is a measurable
function. Let g : X — R be a simple function such that 0 < g < fP and [g > [ f? — €P. Set h = g'/7.
Then h is a simple function and h < f. Because p > 1, (f — h)? + h? < fP and

Jf=np<[fr—g<er,

SO
lu—hellp = ([ If = RIP)/? <e
while h* € S.
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(ii) For general u € LP, ¢ > 0, u can be expressed as u™ —u~ where ™ =4V 0, u~ = (—u) V 0 belong
to L? and are non-negative. By (i), we can find v, v3 € S such that |[u™ —v|[, < 3e and |[[u™ —va|, < e,
so that v =v; — vy € S and ||u —v||, <e. Asu and € are arbitrary, S is dense.

(b) Again, all the ideas are to be found in 2420; the changes needed are in the formulae, not in the
method. They will go more easily if I note at the outset that whenever fi, fo € LP(u) and [|f1[P < €P,
[ 1f2|P < 6P (where €, § > 0), then [ |f1 + f2|P < (e+0)P; this is just the triangle inequality for || ||, (244Fb).
Also I will regularly express the target relationships in the form ‘fX |f—g|P <e€”, ‘fX |f — g|P < €P’. Now
let me run through the argument of 2420a, rather more briskly than before.

(i) Suppose first that f = xI|X where I C R" is a bounded half-open interval. As before, we can set
h = xI and get [ + |f = h|P = 0. This time, use the same construction to find an interval .J and a function
g € Cy such that xI < g < xJ and p,.(J \ I) < €P; this will ensure that fX |f—g|P < €P.

(ii) Now suppose that f = x(XNE) where E C R" is a set of finite measure. Then, for the same reasons

as before, there is a disjoint family Io,... I, of half-open intervals such that pu,.(EAU;, 1) < (3e)P.
Accordingly h = Z?:o xIj € So and [y |f — AP < (3€)P. And (i) tells us that there is for each j < n a

gj € Cy, such that [ |g; — xI;|” < (e/2(n + 1)), so that g = 37 g; € Cy and [ |f —g|P < €.
(iii) The move to simple functions, and thence to arbitrary members of L£P(u), is just as before, but

using || f||, in place of [, |f|. Finally, the translation from £P to L? is again direct — remembering, as before,
to check that gl X, h{X belong to LP(u) whenever g € Cj, and h € S.

*2441 Corollary In the context of 244Hb, LP(u) is separable.
proof Let A be the set
{(Zyz()qu([aj’bj[mX)). ine Na qo,--- ,qn S Qa ag, . - - 7an7b0,- .. ,bn S QT}

Then A is a countable subset of LP(u), and its closure must contain (Z?:o ¢;ix([a;,b;[ N X))* whenever

co,..- ¢y € Rand ag,...,an,bo,...,b, €R"; that is, A is a closed set including {(h[X)* : h € Sy}, and is
the whole of LP(u), by 244Hb.

244J Duality in LP spaces Let (X, X, u) be any measure space, and p € |1,00[. Set ¢ = p/(p — 1);
note that % + % =1 and that p = ¢/(q — 1); the relation between p and ¢ is symmetric. Now u x v € L' (1)
and |lu x v|l1 < |Ju|lp||lv|lq whenever u € LP = LP(u) and v € L? = L9(u) (244E). Consequently we have a
bounded linear operator T' from L? to the normed space dual (LP)* of L?, given by writing

(Tv)(u) = fu X v

for all u € LP and v € LY, exactly as in 243F.

244K Theorem Let (X, ¥, i) be a measure space, and p € |1, 00[; set ¢ = p/(p —1). Then the canonical
map T : LY (u) — LP(p)*, described in 244J, is a normed space isomorphism.

Remark I should perhaps remind anyone who is reading this section to learn about L? that the basic
theory of Hilbert spaces yields this theorem in the case p = ¢ = 2 without any need for the more generally
applicable argument given below (see 244N, 244Yk).

proof We know that T is a bounded linear operator of norm at most 1; I need to show (i) that T is actually
an isometry (that is, that ||Tv|| = ||v||, for every v € L?), which will show incidentally that T' is injective
(ii) that T is surjective, which is the really substantial part of the theorem.

(a) If v € L9, then by 244Fa (recalling that p = g/(¢ — 1)) there is a v € L such that |ju|, < 1 and
Juxv=1|uv|g thus [|[Tv]| > (Tv)(u) = ||lv]|4. As we know already that ||Tv|| < |lv|l4, we have ||Tv|| = ||jv|,
for every v, and T is an isometry.

(b) The rest of the proof, therefore, will be devoted to showing that 7' : LY — (LP)* is surjective. Fix
h € (LP)* with ||h]| = 1.
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I need to show that h ‘lives on’ a countable union of sets of finite measure in X, in the following sense:
there is a non-decreasing sequence (E,)nen of sets of finite measure such that h(f*) = 0 whenever f € LP
and f(x) = 0 for € J,,cpy En. PP Choose a sequence (un)nen in LP such that |u,|, < 1 for every n and
lim;, 00 h(upn) = ||h|| = 1. For each n, express u, as f2, where f,, : X — R is a measurable function. Set

Ep={z: 3 o lfe(@)P 227"}
for n € N; because | f|P is measurable and integrable and has domain X for every k, E,, € ¥ and pE,, < o0
for each n.
Now suppose that f € LP(X) and that f(z) = 0 for x € {J,cy En; set u = f* € LP. T Suppose, if
possible, that h(u) # 0, and consider h(cu), where

sgnc=sgnh(u), 0<|c| < (plh(w)]|ul?)"E=1.
(Of course ||ul|, # 0 if h(u) # 0.) For each n, we have
{z: fu(e) # 0} © Upen Bm € {2 : f(2) =0},
80 [fn + cfIP = [ful” + |cf|P and
h(un + cu) < |lun + cullp = (Junllf + llewl2)? < 1+ [ef?[[ullp) /P,
Letting n — oo,
L+ ch(u) < (1+ [ef?||ul|B)"/?.
Because sgn ¢ = sgn h(u), ch(u) = |c||h(u)| and we have
L+ plef|h(u)] < (14 ch(u))? <1+ [cfP[lul]p,
so that
plh(u)] < [elP~Hull} < plh(u)|

by the choice of ¢; which is impossible. X
This means that hA(f*) = 0 whenever f : X — R is measurable, belongs to £9, and is zero on | J E

neN -—n:
Q

(c) Set Hy, = E, \ Uy, Ex for each n € N; then (H,),en is a disjoint sequence of sets of finite measure.
Now h(u) = Y7 h(ux (xH,)*) for every u € LP. P Express u as f*, where f : X — R is measurable. Set

fn=/fXxHp Tflo:roeach n, g = [ x x(X \ Upen Hn); then h(g*) = 0, by (a), because J,,cy Hn = U, en En-
Consider
gn =9+ Do fr € LP
for each n. Then lim,, ,o, f — g, = 0, and
|f = gul? < |fIP € £}
for every n, so by either Fatou’s Lemma or Lebesgue’s Dominated Convergence Theorem

and
Jim [|u—g* — ];)u x OcHi)llp = lim [lu — g5,
o _p 1/p:
—nlggo(/lf gnl?) 0,
that is,

u=g"+ Y pooux xHp
in LP. Because h : LP — R is linear and continuous, it follows that

h(u) = h(g®) + Y opeo h(u x xHp) = 32020 h(u x xH}),
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as claimed. Q
(d) For each n € N, define v, : ¥ — R by setting

vnF = h(x(FNH,)*)

for every F' € ¥. (Note that v, F' is always defined because u(F N Hy,) < 00, so that
IX(F 0 Hy)llp = p(F 0 Hp) VP < 00.)
Then v, = h(0) = 0, and if (F})ren is a disjoint sequence in X,
X (Upen Hn N Fr) = 330 X(Ho 0 F)lp = p(H 0 U0 Fi)P =0
as m — 0o, SO
Vn(UkeN Fy) = ZZO:O Vn F.

So v, is countably additive. Further, |v,, F| < u(H, N F)Y/? for every F € %, so v, is truly continuous in
the sense of 232Ab.

There is therefore an integrable function g,, such that v, F = [ = gn for every F' € 33; let us suppose that
gn is measurable and defined on the whole of X. Set g(z) = gn(z) whenever n € N and « € H,, g(z) =0
for x € X\ U, en Hn-

(e) 9 =220 gn x xH, is measurable and has the property that fF g = h(xF*) whenever n € N and F
is a measurable subset of H,,; consequently || 9 = h(xF*) whenever n € N and F is a measurable subset of
Ep =Ug<, Hi- Set G ={x:g(z) >0} CU, ey En- If F'C G and pF < oo, then

limy oo [ 9% X(F N Ey) < sup,en h(x(F N Ep)*) < supen [X(F N Ey)|lp = (uF)'7,
so by B.Levi’s theorem
ng: fg xxF:limn_wofg x x(FNE,)

exists. Similarly, | g exists if ¥ C {x : g(xr) < 0} has finite measure; while obviously / g exists if
F C {x : g(z) = 0}. Accordingly [, g exists for every set F' of finite measure. Moreover, by Lebesgue’s
Dominated Convergence Theorem,

ng =lim, 00 fFﬁEn g = lim,, 00 h(X(F n En).) = ZZO:O h(X(F N Hn).) = h(XF.)
for such F, by (c) above. It follows at once that
[gxf=n(f)
for every simple function f: X — R.

(f) Now g € L. P (i) We already know that |g|? : X — R is measurable, because ¢ is measurable and
a — |a|? is continuous. (ii) Suppose that f is a non-negative simple function and f <, .. |g|?. Then f/? is

a simple function, and sgn ¢ is measurable and takes only the values 0, 1 and —1, so f; = fY/? x sgng is
simple. We see that [ |f1|P = [ f, so [|fi]l, = (J £)¥/P. Accordingly

([ nr=nisn= [ax = [lax

> /fl/q x f1/p

- [+

sup{f f: f is a non-negative simple function, f <,. |g|?} <1 < 0.

(because 0 < f1/7 <, . |g|)

and we must have [ f < 1. (iii) Thus

But now observe that if € > 0 then
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{23191 2 €} = Upen{z : 2 € En, lg@)]? > e,
and for each n € N
plz :w € By, g(x)] > e} < L,

because f = ex{z : x € E,, |g(x)|? > €} is a simple function less than or equal to |g|?, so has integral at
most 1. Accordingly

i < 9@ > €} = Sup ey iz £ 7 € B, Jg@)]? > e} < L < o0,
Thus |g|? is integrable, by the criterion in 122Ja. Q

(g) We may therefore speak of hy = T'(g°) € (L?)*, and we know that it agrees with h on members of L?
of the form f* where f is a simple function. But these form a dense subset of L?, by 244Ha, and both h and
hy are continuous, so h = hy, by 2A3Uc, and h is a value of T. The argument as written so far has assumed
that ||h|| = 1. But of course any non-zero member of (LP)* is a scalar multiple of an element of norm 1, so is
avalue of T. So T : LY — (LP)* is indeed surjective, and is therefore an isometric isomorphism, as claimed.

2441 Continuing with the same topics as in §§242 and 243, I turn to the order-completeness of LP.
Theorem Let (X, X, 1) be any measure space, and p € [1,00[. Then LP = LP(u) is Dedekind complete.
proof I use 242H. Let A C LP be a non-empty set which is bounded above in L?. Fix uy € A and set

A ={upVu:ue A},

so that A’ has the same upper bounds as A and is bounded below by wug. Fixing an upper bound wqy of A
in LP, then ug < u < wq for every u € A’. Set

B={(u—wug)?P:ue A'}.
Then
0<wv< (wg—up)? € L' = L(u)

for every v € B, so B is a non-empty subset of L' which is bounded above in L', and therefore has a

least upper bound v; in L'. Now vi/p € LP; consider wy = ug + vi/p. If u € A’ then (u — up)? < vy so
u—ug < vi/p and u < wy; thus wy is an upper bound for A’. If w € LP is an upper bound for A’, then
u—ug < w—1up and (u—ug)? < (w — ug)? for every u € A’ so (w — up)? is an upper bound for B and

1/p
1

vy < (w—ug)?, v/’ < w—up and w; < w. Thus w = sup A’ = sup A in LP. As A is arbitrary, L? is

Dedekind complete.

244M As in the last two sections, the theory of conditional expectations is worth revisiting.

Theorem Let (X,3, ) be a probability space, and T a o-subalgebra of 3. Take p € [1,00]. Regard
L°(u]T) as a subspace of L° = L%(u), as in 242Jh, so that LP(u[T) becomes LP(u) N L°(u]T). Let
P : LY(u) — LY(u|T) be the conditional expectation operator, as described in 242Jd. Then whenever
u € LP = LP(u), |Pul? < P(|u?), so Pu € LP(p|T) and || Pul|p < |lullp,. Moreover, P[LP] = LP(u|T).

proof For p = oo, this is 243Jb, so I assume henceforth that p < oco. Concerning the identification of
LP(u]'T) with LP N LO(u] T), if S : L%(u]T) — L is the canonical embedding described in 242J, we have
|SulP = S(|u|P) for every u € LO(u]T), so that Su € LP iff |ulP € L*(u] T) iff u € LP(u|T).

Set ¢(t) = [t|P for t € R; then ¢ is a convex function (because it is absolutely continuous on any bounded
interval, and its derivative is non-decreasing), and |u[P = ¢(u) for every u € L° = L°(u), where ¢ is defined
as in 2411. Now if u € LP = LP(u), we surely have u € L' (because |u| < |ulP V (xX)*, or otherwise); so
242K tells us that |Pu|P < P|u|P. But this means that Pu € LP N LY (u|T) = LP(u|T), and

1Pully, = ([ [Pul)/? < ([ PlulP)/? = ([ [ul?)'/? = |ull,,
as claimed. If u € LP(u[T), then Pu = u, so P[LP] is the whole of LP(u|T).

244N The space L? (a) As I have already remarked, the really important function spaces are L°, L!,
L? and L. L? has the special property of being an inner product space; if (X, 3, u) is any measure space
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and u, v € L? = L?(u) then u x v € L'(u), by 244Eb, and we may write (u[v) = [ x v. This makes L? a
real inner product space (because

(ur +uglv) = (ur|v) + (uglv),  (culv) = c(ulv),  (ulv) = (v|u),
(ulu) >0, wu =0 whenever (ulu) =0

for all u, ui, uz, v € L? and ¢ € R) and its norm || ||z is the associated norm (because |lullz = \/(u|u)
whenever u € L?). Because L? is complete (244G), it is a real Hilbert space. The fact that it may be
identified with its own dual (244K) can of course be deduced from this.

I will use the phrase ‘square-integrable’ to describe functions in £2(u).

(b) Conditional expectations take a special form in the case of L?. Let (X, %, u) be a probability space,
T a o-subalgebra of ¥, and P : L' = L'(u) — L'(u]T) C L' the corresponding conditional expectation
operator. Then P[L?] C L?, where L? = L?(u) (244M), so we have an operator P, = P|L? from L? to itself.
Now P; is an orthogonal projection and its kernel is {u : u € L?, [,,u =0 for every F € T}. P (i) If u € L'
then Pu = 0 iff [.u = 0 for every F' € T (cf. 242Je); so surely the kernel of P, is the set described. (ii)
Since P? = P, P, also is a projection; because P has norm at most 1 (244M), and is therefore continuous,

U=DB[L=L*uT)={u:ue Ll? Pu=u}, V={u:Pu=0}

are closed linear subspaces of L? such that U & V = L?. (iii) Now suppose that u € U and v € V. Then
Plv| € L% so u x Plv| € L* and P(u x v) = u x Pv, by 242L. Accordingly

(u|v):fuxv:fP(uxv):fuva:O.

Thus U and V are orthogonal subspaces of L?, which is what we mean by saying that P, is an orthogonal
projection. (Some readers will know that every projection of norm at most 1 on an inner product space is
orthogonal.) Q

*2440 This is not the place for a detailed discussion of the geometry of LP spaces. However there is a
particularly important fact about the shape of the unit ball which is accessible by the methods available to
us here.

Theorem (CLARKSON 1936) Suppose that p € |1, 00[ and (X, ¥, ) is a measure space. Then LP = LP(u)
is uniformly convex (definition: 2A4K).

proof (HANNER 56, NAOR 04)
(a)(i) For0<t <1 anda,beR,set
¢o(t) = (L+ )P~ + (1 —t)P~ 1,

br(t) = CHOZ0" (L gyt (L e

bab(t) = lalPgo(t) + [b]PPr(2),
$2(b) = (1 +b)P + |1 — b|P.

(ii) We have

op(t) = (p—1)((1 +t)P~2 — (1 — t)P~2), which has the same sign as p — 2,

(of course it is zero if p = 2),

o1t = -2 (G - P2 = (; - 1))

= (4772 = (1= 1)) = —— (1)

for every ¢ € ]0,1[. Accordingly ¢f, — ¢} has the same sign as p — 2 everywhere on |0, 1[. Also
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do(1) =271 = ¢y (1),
S0 ¢o — ¢1 has the same sign as 2 — p everywhere on |0, 1].
(iii) ¢ is strictly increasing on [0, c0[. B For b > 0,
Ph(b) =p((L+b)P ' —(1-bP ) >0ifb< 1,
=p(1+b)P '+ (b-1)P)>0ifb>1. Q

(iv) If 0 < b < a, then

Yar(2) = AP (2) + b n (2)

e e G e R Vi

=a(a+ b)p_1 +a(a— b)p_1 +b(a+ b)p_1 —bla — b)p_1
= (@ + B+ (0 D) = (a+ b +la b (M

Also ¢/, (t) = (a? — i—:)q’){)(t) has the sign of 2—p if 0 < t < 2 and the sign of p — 2 ifg <t < 1. Accordingly
—if1< p < 27 1pab(t) < ¢ab(§) = (a‘ + b)p + |a - b|p for every t € ]07 1]3
i > 2, Gan(®) > Yan(2) = (a+ B+ a — b for every ¢ € 10,1].

(v) Now consider the case 0 <a <b. If 1 <p < 2,

VYap(t) = aPpo(t) + 6P P1(t) < aPdo(t) + P d1(t) + (BP — aP)(po(t) — ¢1(t))
(by (ii))
=W¢o(t) + aPe1(t) < (b+a)’ + (b—a)’ = (a + b)? + |a —d]P

for every ¢t € ]0,1]. If p > 2, on the other hand,

Poo(t) + 01 (t) + (07 — a”)(do(t) — ¢1(1))

Yap(t) = aPo(t) + Vo1 (t) > a
Z (a+b)" +[a—bff

= b0"¢o(t) + a’ ¢ (t)
for every t.
(vi) Thus we have the inequalities
Yap(t) < la+b" +]a—b" if p € ]1,2],
> Ja+ b +|a— b if p € [2,00]

(%)

whenever ¢t € ]0,1] and a, b € ]0,00[. Since (a,b) — 1 (t) is continuous for every ¢, the same inequalities
are valid for all a, b € [0, 00[. And since

Yav(t) = Yjap ol (1), la+ P +Ja— b = [la| + [b]]" + [la] —[b]|"
for all a, b € R and ¢ € ]0, 1], the inequalities (*) are valid for all a, b € R and ¢ € ]0, 1.
(b) Suppose that p > 2.
(i)
[+ 0l + [lu = vl < (lullp + [[0]lp)" + [llull, = [0l

MEASURE THEORY



*2440 Lp 39

for all u, v € LP. PP First consider the case 0 < ||v||, < |lul|p. Let f, g : X — R be X-measurable functions
such that f* = u and g* = v. Then for any ¢ € ]0, 1],

IIU+vII§+IIU*UIIZ:/If(fv)+g(z)lp+\f(l’)*g(l’)lpu(da?)

< / 1Z)f(azc),g(alc) (t)u(dm)

(by the second inequality in (*))
:/|f(x)|p¢)0(t)—|— lg(x)[Por () plda) = |lullFdo(t) + [[v]Fo1(t).

In particular, taking t = ||v||,/|lu|lp, and applying (T) from (a-iv),
o2+l — oll2 < (lullp + [0])? + el — [o]17-
Of course the result will also be true if 0 < ||u||, < ||v||p, and the case in which either u or v is zero is trivial.
Q
(ii) Let € €]0,2]. Set § =2 — (2P — eP)V/P > 0. If u, v € LP, |jull, = ||v|, = 1 and ||u — v||, > €, then
[u+llf + € < lutollf + lu=ollf < (lully + 0]lp)” + [llull, = lv]l[" =27,
s0 |[u+ |, < (2P —€?)/P =2 —§. As u, v and € are arbitrary, LP is uniformly convex.
(c) Next suppose that p € ]1,2].
(i)
(el + lellp)? + el — ellpl? < 1+ ol + flu — o2

for all u, v € LP. P We can repeat all the ideas, and most of the formulae, of (b-i). As before, start with
the case 0 < ||v||, < |lullp. Let f, g : X — R be X-measurable functions such that f* = v and ¢g* = v.
Taking ¢ = [[v]lp/[lullp,

[+ ol + llu— o[l :/|f(:z:) +9(@)|" +[f(2) — g(2)["p(de)

(by the first inequality in (*))
= [lullpoo(t) + lvlFe1 () = (lullp + [[vllp)” + [llull, = [[vllp]*
Similarly if 0 < ||u||, < ||v|lp, and the case in which either w or v is zero is trivial. Q
(ii) Let € > 0. Set v = ¢2(5) > 2 (see (a-iii) above) and § = 2(1 — (%)1/1’) > 0. Now suppose that

lull, = lvllp =1 and ||lu —v||, > €. Then |lu+v|, <2—46. P If u+ v =0 this is trivial. Otherwise, set
a=|u+ovl,and b= |ju—wv|,. Then a <2 and b > ¢, so

@'y = aPs(5) < 0’6o (2)
(by (a-iii) again)
= (a+b)P +la=b" = (Ju+ vl +[[u = vl[p)" + llu+vllp = [Ju = vl[["
< [12ullf + 12013

(by (i) here)
— 9p+l

and a < 2(%)1“) =2—6. Q As u, v and € are arbitrary, LP is uniformly convex.
Remark The inequalities in (b-1) and (c-1) of the proof are called Hanner’s inequalities.
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244P Complex LP Let (X, X, 1) be any measure space.

(a) For any p € ]1, 00], set
L8 = £8(0) = {f + ] € £2(u), | P is integrable},

LE = Lg(p) = {f* : f € L2}
={u:ue LL(u), Re(u) € LP () and Zm(u) € LP(u)}
— {u:ue L9, [ul € IP(n)}.

Then L% is a linear subspace of L2 (). Set |[ull, = |[|ulll, = ([ |u|P)}/P for u € LE.

(b) The proof of 244E(b-1) applies unchanged to complex-valued functions, so taking ¢ = p/(p — 1) we
get

[l x oy < Jlullp[vllq

for all uw € LY, v € L{. 244Fa becomes
for every u € L. there is a v € L{ such that ||v]|, <1 and

fuxv:\fuxv\:Hqu;

the same proof works, if you omit all mention of the functional 7, and allow me to write sgna = |a|/a for
all non-zero complex numbers — it would perhaps be more natural to write Sgna in place of sgna. So, just
as before, we find that |||, is a norm. We can use the argument of 244G to show that L% is complete.
(Alternatively, note that a sequence (u,)nen in L2 is Cauchy, or convergent, iff its real and imaginary parts
are.) The space Sc of equivalence classes of ‘complex-valued simple functions’ is dense in Lf.. If X is a subset
of R” and p is Lebesgue measure on X, then the space of equivalence classes of continuous complex-valued
functions on X with bounded support is dense in L.

(c) The canonical map T : LE — (LP)*, defined by writing (Tw)(u) = [u x v, is surjective because
TILY: L% — (LP)* is surjective; and it is an isometry by the remarks in (b) just above. Thus we can still
identify L% with (L2)".

(d) When we come to the complex form of Jensen’s inequality, it seems that a new idea is needed. I
have relegated this to 242Yk-242Y1. But for the complex form of 244M a simpler argument will suffice. If
(X, X, ) is a probability space, T is a o-subalgebra of ¥ and P : L{.(u) — L&(u]T) is the corresponding
conditional expectation operator, then for any u € Lf. we shall have

|PulP < (Plul)? < P(|ul?),
applying 242Pc and 244M. So || Pu||, < ||u|lp, as before.

(e) There is a special point arising with L(%. We now have to define

(ulv) = fu X D
for u, v € LZ, so that (u|u) = [ |u|*> = |lu||3 for every u; this means that (v|u) is the complex conjugate of

(ufv).

244X Basic exercises >(a) Let (X,%, 1) be a measure space, and (X, ¥, 1) its completion. Show that
LP(f1) = LP(p) and LP(f) = LP(u) for every p € [1, 00].

(b) Let (X,X, 1) be a measure space, and 1 < p < g < r < oo. Show that LP(u) N L"(n) C L(u) C
LP(p) + L™ (1) C LO(p). (See also 244Yh.)

(c) Let (X,X, 1) be a measure space. Suppose that p, ¢, r € [1,00] and that % + % = 1, setting é =0
as usual. Show that v x v € L"(p) and ||u x v||, < ||ul|pl|v]lq whenever uw € LP(u) and v € L(u). (Hint: if
r < 0o apply Hélder’s inequality to |u|” € LP/", |v|" € L9/T.)
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>(d)(i) Let (X,X, u) be a probability space. Show that if 1 < p < r < oo then ||f|, < || fl|» for every
f € L7(p). (Hint: use Holder’s inequality to show that [ |f[* < |||f|?[l;/p-) In particular, LP(p) 2 L7 ().
(ii) Let (X,%,u) be a measure space such that £ > 1 whenever £ € ¥ and pF > 0. (This happens,
for instance, when p is ‘counting measure’ on X.) Show that if 1 < p < r < oo then LP(u) C L"(u) and

lullp > |lull, for every w € LP(u). (Hint: look first at the case |jull, = 1.)

>(e) Let (X,X, ) be a semi-finite measure space, and p, ¢ € [1,00] such that % + % = 1. Show that if
w € LO(u) \ LP(p) then there is a v € L?(p) such that u x v ¢ L'(u). (Hint: reduce to the case u > 0.
Show that in this case there is for each n € N a w,, < u such that 4" < ||u,||, < oo; take v, € L9 such that
lvnllg <27™ and [, X v, > 2", and set v =Y vp.)

(f) Let ((X;, %, i))ier be a family of measure spaces, and (X, X, ) their direct sum (214L). Take any
p € [1,00[. Show that the canonical isomorphism between L°(u) and [, L°(u;) (241Xd) induces an
isomorphism between LP(u) and the subspace

{u:uw € Tlier L (i), llull = (ies lu(D5)? < oo}
of [Ties L7 (p)-

(g) Let (X, X, ) be a measure space. Set M = L1(1) N L (u). Show that for u € M°! the function
p = Jlullp @ [1,00[ — [0,00] is continuous, and that ||ul|e = limy_ oo ||ullp. (Hint: consider first the case in
which u is the equivalence class of a simple function.)

(h) Let p be counting measure on X = {1,2}, so that £%(u) = R? and LP(u) = L°(u) can be identified
with R? for every p € [1,00]. Sketch the unit balls {u : [|ull, <1} in R? for p=1, 2, 2, 3 and oo.

(i) Let p be counting measure on X = {1,2,3}, so that £%(u) = R? and LP(u) = L°(p) can be identified
with R? for every p € [1, 00]. Describe the unit balls {u : [|uf, < 1} in R for p =1, 2 and oc.

(j) At which points does the argument of 244Hb break down if we try to apply it to L with || ||oo?

(k) Let p € [1,00[. (i) Show that |a? — bP| > |a — b|P for all a, b > 0. (Hint: for a > b, differentiate both
sides with respect to a.) (ii) Let (X,X, u) be a measure space and U a linear subspace of L°(uz) such that
(@) |u| € U for every u € U () u'/P € U for every u € U (y) UN L' is dense in L' = L*(u). Show that
U N LP is dense in LP = LP(u). (Hint: check first that {u : w € U N L', u > 0} is dense in {u : u € L,
u > 0}.) (iii) Use this to prove 244H from 242M and 2420.

(1) For any measure space (X, ¥, u) write M1°° = M1°(u) for {v+w : v € LY (), w € L>®(u)} C LO(u).
Show that M1 is a linear subspace of LY including L? for every p € [1, 00|, and that if u € L°, v € M1
and |u| < |v| then uw € M. (Hint: u = v x w where |w| < yX*.)

(m) Let (X,3, ) and (Y, T,v) be two measure spaces, and let 7+ be the set of linear operators 7T :
MY () — MY°(v) such that (o) Tu > 0 whenever u > 0 in M1°°(u) (8) Tu € LY (v) and ||Tully < ||ullx
whenever v € L'(11) (7) Tu € L*°(v) and || Tu|| s < ||t|loc whenever v € L% (p). (i) Show that if ¢ : R — R
is a convex function such that ¢(0) = 0, and u € M (y) is such that ¢(u) € M1>°(u) (interpreting
¢ : LO(u) — LO(p) as in 2411), then ¢(Tu) € M1 (v) and ¢(Tu) < T(¢p(u)) for every T € T+. (ii) Hence
show that if p € [1,00] and u € LP(p), Tu € LP(v) and ||Tu||, < |Jull, for every T € T+.

>(n) Let X be any set, and let u be counting measure on X. In this case it is customary to write ¢7(X)
for £P(u), and to identify it with LP(u). In particular, L?(p) becomes identified with ¢2(X), the space of
square-summable functions on X. Write out statements and proofs of the results of this section adapted to
this special case.

(o) Let (X, %, 1) and (Y, T, v) be measure spaces and ¢ : X — Y an inverse-measure-preserving function.
Show that the map g — g¢ : LO(v) — £°(u) (241Xg) induces a norm-preserving map from LP(v) to LP (i)
for every p € [1,00], and also a map from M (v) to M1>°(u) which belongs to the class T+ of 244Xm.
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244Y Further exercises (a) Let (X,X, ) be a measure space, and (X, i) its c.l.d. version. Show
that LP(u) C LP(f) and that this embedding induces a Banach lattice isomorphism between LP(u) and
L?(f1), for every p € [1,00].

(b) Let (X, X, 1) be any measure space, and p € [1,00[. Show that L”(u) has the countable sup property
in the sense of 241Ye. (Hint: 242Yh.)

(c) Suppose that (X, X, ) is a measure space, and that p € ]0,1[, ¢ < 0 are such that % + % =1. (i)
Show that ab > %ap + ébq for all real @ > 0, b > 0. (Hint: set p’ = %, q = - (ab)?, d = b7P and

p'—1’
apply 244Ea.) (ii) Show that if f, g € £%(u) are non-negative and E = {x : x € dom g, g(x) > 0}, then

(o IOVP([pa)Ve< [ £xg.
(iii) Show that if f, g € £%(u) are non-negative, then

(4274 (f )17 < ([ (F + gy

(d) Let (X,X, ) be a measure space, and Y a subset of X; write puy for the subspace measure on Y.
Show that the canonical map T from L°(u) onto L°(uy) (241Yg) includes a surjection from LP (i) onto
LP(py) for every p € [1,00], and also a map from M1 (u) to M1°°(uy) which belongs to the class 7+
of 244Xm. Show that the following are equiveridical: (i) there is some p € [1,00[ such that T[LP(u) is
injective; (ii) T : LP(u) — LP(uy) is norm-preserving for every p € [1,00[; (iii) F NY # () whenever F € 2
and 0 < puF < oo.

(e) Let (X,X, ) be any measure space, and p € [1,00[. Show that the norm || |, on LP(x) is order-
continuous in the sense of 242Yg.

(f) Let (X, X, u) be any measure space, and p € [1,00]. Show that if A C LP(u) is upwards-directed and
norm-bounded, then it is bounded above. (Hint: 242YT.)

(g) Let (X,X, ) be any measure space, and p € [1,00]. Show that if a non-empty set A C LP(u) is
upwards-directed and has a supremum in LP(u), then ||sup A||, < sup,cy ||ullp. (Hint: consider first the
case 0 € A.)

(h) Let (X,3, ) be a measure space and u € L°(u). (i) Show that I = {p:p € [1,00[, u € LP(u)} is
an interval. Give examples to show that it may be open, closed or half-open. (ii) Show that p — pln|ull, :
I — R is convex. (Hint: if p < q and t € ]0,1[, observe that [ [u[P+1=99 < |[jufP!||y /|| |u|1C ||y /1—).)
(iii) Show that if p < ¢ < rin I, then ||ull; < max(||ulp, [[u|l,).

(i) Let [a,b] be a non-trivial closed interval in R and F' : [a,b] — R a function; take p € |1, 00[. Show
that the following are equiveridical: (i) F is absolutely continuous and its derivative F” belongs to L£P(u),
where p is Lebesgue measure on [a, b] (ii)

n  |F(ai)—F(ai-1)|?
c = Sup{zizl W

is finite, and that in this case ¢ = || F’||,. (Hint: (i) if F is absolutely continuous and F’ € LP, use Holder’s
inequality to show that |F(V') — F(a')|P < (' —a’)P~! fj, |F'|P whenever a < a’ <V <b. (ii) If F satisfies
the condition, show that (Y . |F(b;) — F(a;)])? < (37 o(bi —a;))P~! whenever a < ag < by < a3 <...<

b, <b, so that F' is absolutely continuous. Take a sequence (F},),en of polygonal functions approximating
F; use 223Xj to show that F), — F' a.e., so that [ |F'|P <sup,cy [ |FA|P < cP.)

ca<ap<a; <...<a, <b}

(j) Let G be an open set in R” and write p for Lebesgue measure on G. Let Cj(G) be the set of continuous
functions f : G — R such that inf{|jz —y|| : 2 € G, f(z) #0, y € R"\ G} > 0 (counting inf ) as 0o). Show
that for any p € [1, 00 the set {f*: f € Cx(G)} is a dense linear subspace of LP(u).

(k) Let U be any Hilbert space. (i) Show that if C' C U is convex (that is, tu + (1 — t)v € C' whenever
u, v € C and t € [0,1]; see 233Xd), closed and not empty, and u € U, then there is a unique v € C such
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that ||u — v|| = inf,ec ||u — w||, and (v — v|v —w) > 0 for every w € C. (ii) Show that if h € U* there is a
unique v € U such that h(w) = (w|v) for every w € U. (Hint: apply (i) with C = {w : h(w) = 1}, v = 0.)
(iii) Show that if V' C U is a closed linear subspace then there is a unique linear projection P on U such
that P[U] =V and (u— Pulv) =0 for all u € U, v € V (P is ‘orthogonal’). (Hint: take Pu to be the point
of V nearest to u.)

(1) Let (X,%, ) be a probability space, and T a o-subalgebra of ¥. Use part (iii) of 244Yk to show
that there is an orthogonal projection P : L?(u) — L?(u]T) such that JmPu = [, u for every u € L?(u)
and F € T. Show that Pu > 0 whenever u > 0 and that [ Pu = [wu for every u, so that P has a unique
extension to a continuous operator from L!(u) onto L' (u[T). Use this to develop the theory of conditional
expectations without using the Radon-Nikodym theorem.

(m) (ROSELLI & WILLEM 02) (i) Set C' = [0,00[> C R2. Let ¢ : C — R be a continuous function such
that ¢(tz) = t¢(z) for all z € C. Show that ¢ is convex (definition: 233Xd) iff ¢ — ¢(1,t) : [0,00] — R is
convex. (ii) Show that if p € ]1,00[ and ¢ = ;25 then (s,t) —s/Ptt/a (s,t) s —(s¥/P £ t1/PY . C S R
are convex. (iii) Show that if p € [1,2] then (s,t) — |s'/P + t*/P|P 4 |s'/P — t1/P|P is convex. (iv) Show that
if p € [2,00[ then (s,t) = —|s'/P - ¢1/P|P — |s1/P —1/P|P is convex. (v) Use (ii) and 233Yj to prove Holder’s
and Minkowski’s inequalities. (vi) Use (iii) and (iv) to prove Hanner’s inequalities. (vii) Adapt the method
to answer (ii) and (iii) of 244Yc.

(n)(i) Show that any inner product space is uniformly convex. (ii) Let U be a uniformly convex Banach
space, C' C U a non-empty closed convex set, and u € U. Show that there is a unique vy € C such that
|lu—wo|| = infyec ||lu—v||. (iii) Let U be a uniformly convex Banach space, and A C U a non-empty bounded
set. Set dp = inf{J : there is some u € U such that A C B(u,d) = {v: ||Jv — u|| < }}. Show that there is a
unique ug € U such that A C B(ug, do).

(o) Let (X, %, 1) be a measure space, and u € L°(u). Suppose that (p,)nen is a sequence in [1, 00] with
limit p € [1, 00]. Show that if limsup,,_, . ||u||p, is finite then lim,, o ||u||p, is defined and is equal to ||u||,.

244 Notes and comments At this point I feel we must leave the investigation of further function spaces.
The next stage would have to be a systematic abstract analysis of general Banach lattices. The LP spaces
give a solid foundation for such an analysis, since they introduce the basic themes of norm-completeness,
order-completeness and identification of dual spaces. I have tried in the exercises to suggest the importance
of the next layer of concepts: order-continuity of norms and the relationship between norm-boundedness and
order-boundedness. What I have not had space to discuss is the subject of order-preserving linear operators
between Riesz spaces, which is the key to understanding the order structure of the dual spaces here. (But
you can make a start by re-reading the theory of conditional expectation operators in 242J-242L, 243J and
244M.) All these topics are treated in FREMLIN 74 and in Chapters 35 and 36 of the next volume.

I remember that one of my early teachers of analysis said that the LP spaces (for p # 1, 2, oo) had
somehow got into the syllabus and had never been got out again. I would myself call them classics, in the
sense that they have been part of the common experience of all functional analysts since functional analysis
began; and while you are at liberty to dislike them, you can no more ignore them than you can ignore Milton
if you are studying English poetry. Holder’s inequality, in particular, has a wealth of applications; not only
244F and 244K, but also 244Xc-244Xd and 244Yh-244Yi, for instance.

The L? spaces, for 1 < p < oo, form a kind of continuum. In terms of the concepts dealt with here, there is
no distinction to be drawn between different LP spaces for 1 < p < oo except the observation that the norm
of L? is an inner product norm, corresponding to a Euclidean geometry on its finite-dimensional subspaces.
To discriminate between the other LP spaces we need much more refined concepts in the geometry of normed
spaces.

In terms of the theorems given here, L' seems closer to the middle range of L? for 1 < p < oo than
L does; thus, for all 1 < p < oo, we have LP Dedekind complete (independent of the measure space
involved), the space S of equivalence classes of simple functions is dense in LP (again, for every measure
space), and the dual (L?)* is (almost) identifiable as another function space. All of these should be regarded
as consequences in one way or another of the order-continuity of the norm of LP for p < oo. The chief
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obstacle to the universal identification of (L')* with L> is that for non-o-finite measure spaces the space
L can be inadequate, rather than any pathology in the L' space itself. (This point, at least, I mean to
return to in Volume 3.) There is also the point that for a non-semi-finite measure space the purely infinite
sets can contribute to L> without any corresponding contribution to L'. For 1 < p < oo, neither of these
problems can arise. Any member of any such LP is supported entirely by a o-finite part of the measure
space, and the same applies to the dual — see part (c¢) of the proof of 244K.

Of course L' does have a markedly different geometry from the other LP spaces. The first sign of this
is that it is not reflexive as a Banach space (except when it is finite-dimensional), whereas for 1 < p < o0
the identifications of (LP)* with L? and of (L%)* with L?, where ¢ = p/(p — 1), show that the canonical
embedding of LP in (LP)** is surjective, that is, that L” is reflexive. But even when L' is finite-dimensional
the unit balls of L' and L> are clearly different in kind from the unit balls of LP for 1 < p < oo; they
have corners instead of being smoothly rounded (244Xh-244Xi). A direct expression of the difference is in
2440. As usual, the case p = 2 is both much more important than the general case and enormously easier
(244Yn(i)); and note how Hanner’s inequalities reverse at p = 2. (See 244Yc for the reversal of Holder’s and
Minkowski’s inequalities at p = 1.) There are occasions on which it is useful to know that || ||; and || || can
be approximated, in an exactly describable way, by uniformly convex norms (244Yo). I have written out a
proof of 2440 based on ingenuity and advanced calculus, like that of 244E. With a bit more about convex
sets and functions, sketched in 233Yf-233Y], there is a striking alternative proof (244Ym). Of course the
proof of 244Ea also uses convexity, upside down.

The proof of 244K, identifying (LP)*, is a fairly long haul, and it is natural to ask whether we really have
to work so hard, especially since in the case of L? we have a much easier argument (244Yk). Of course
we can go faster if we know a bit more about Banach lattices (§369 in Volume 3 has the relevant facts),
though this route uses some theorems quite as hard as 244K as given. There are alternative routes using
the geometry of the LP spaces, following the ideas of 244Yk, but I do not think they are any easier, and the
argument I have presented here at least has the virtue of using some of the same ideas as the identification
of (L')* in 243G. The difference is that whereas in 243G we may have to piece together a large family of
functions g (part (b-v) of the proof), in 244K there are only countably many g,,; consequently we can make
the argument work for arbitrary measure spaces, not just localizable ones.

The geometry of Hilbert space gives us an approach to conditional expectations which does not depend
on the Radon-Nikodym theorem (244Y1). To turn these ideas into a proof of the Radon-Nikodym theorem
itself, however, requires qualities of determination and ingenuity which can be better employed elsewhere.

The convexity arguments of 233J /242K can be used on many operators besides conditional expectations
(see 244Xm). The class “T " described there is not in fact the largest for which these arguments work; I
take the ideas farther in Chapter 37. There is also a great deal more to be said if you put an arbitrary pair
of LP spaces in place of L' and L> in 244XI1. 244Yh is a start, but for the real thing (the ‘Riesz convexity
theorem’) I refer you to ZyGMUND 59, XII.1.11 or DUNFORD & SCHWARTZ 57, VI.10.11.

Version of 25.3.06

245 Convergence in measure

I come now to an important and interesting topology on the spaces £° and L. I start with the definition
(245A) and with properties which echo those of the LP spaces for p > 1 (245D-245E). In 245G-245J 1
describe the most useful relationships between this topology and the norm topologies of the LP spaces. For
o-finite spaces, it is metrizable (245Eb) and sequential convergence can be described in terms of pointwise
convergence of sequences of functions (245K-245L).

245A Definitions Let (X, 3, 1) be a measure space.

(a) For any measurable set F' C X of finite measure, we have a functional 77 on £° = £°(y) defined by
setting

o(f) = [IfI AXF

for every f € £L°. (The integral exists in R because | f| A xF belongs to £ and is dominated by the integrable
function xF). Now 7(f + g) < 77 (f) + 7r(g) whenever f, g € £L°. PP We need only observe that
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min(|(f + g)(@)|, xF(x)) < min([f ()], xF () + min(|g(z)|, x F'(x))

for every x € dom f N dom g, which is almost every x € X. Q Consequently, setting pr(f,9) = 77 (f — g),
we have

pr(fh) =1r((f —9)+(9—n) <7r(f —g) +7r(9 — k) = pr(f,9) + pr(g,h),
pF(f7g):TF(fig) 207

pr(f,9) =1r(f —9) =Tr(g— f) = pr(g, f)

for all f, g, h € £°; that is, pr is a pseudometric on £°.

(b) The family
{pr: F €X, uF < oo}

now defines a topology on £° (2A3F); I will call it the topology of convergence in measure on £°.

() If f, g € LY and f =, g, then |f| A XF =aec. |g| A XF and 7r(f) = 7#(g), for every set F' of finite
measure. Consequently we have functionals 7z on L% = LY(u) defined by writing

= (f*) = e (f)

whenever f € L% F € ¥ and uF < oo. Corresponding to these we have pseudometrics pr defined by either
of the formulae

pF(uav):’T__F(u_v)v ﬁF(f.ag.):pF(fag)
for u, v € LY, f, g € £° and F of finite measure. The family of these pseudometrics defines the topology
of convergence in measure on L°.

(d) I shall allow myself to say that a sequence (in £° or L) converges in measure if it converges for
the topology of convergence in measure (in the sense of 2A3M).

245B Remarks (a) Of course the topologies of £°, LY are about as closely related as it is possible for
them to be. Not only is the topology of L° the quotient of the topology on £° (that is, a set G C L is open
iff {f: f* € G} is open in £LY), but every open set in £ is the inverse image under the quotient map of an
open set in LO.

(b) It is convenient to note that if Fp,... , F, are measurable sets of finite measure with union F, then,
in the notation of 245A, 7, < 7 for every i; this means that a set G C £° is open for the topology of
convergence in measure iff for every f € G we can find a single set F' of finite measure and a § > 0 such that

pr(9,f) <d=geG.

Similarly, a set G C LY is open for the topology of convergence in measure iff for every u € G we can find a
set F' of finite measure and a § > 0 such that

pr(v,u) <6 =veq.

(¢) The phrase ‘topology of convergence in measure’ agrees well enough with standard usage when
(X,X, u) is totally finite. But a warning! the phrase ‘topology of convergence in measure’ is also used
for the topology defined by the metric of 245Ye below, even when uX = oco. I have seen the phrase local
convergence in measure used for the topology of 245A. Most authors ignore non-o-finite spaces in this
context. However I hold that 245D-245E below are of sufficient interest to make the extension worth while.

245C Pointwise convergence The topology of convergence in measure is almost definable in terms
of ‘pointwise convergence’, which is one of the roots of measure theory. The correspondence is closest in
o-finite measure spaces (see 245K), but there is still a very important relationship in the general case, as
follows. Let (X, 3, ) be a measure space, and write £° = £°(u), L° = LO().
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() If {fn)nen is a sequence in £ converging almost everywhere to f € £°, then (f,,)neny — f in measure.
P By 2A3Me, I have only to show that lim,, o pr(fn, f) = 0 whenever uF < oco. But {|fn — f| A XF)nen
converges to 0 a.e. and is dominated by the integrable function y F', so by Lebesgue’s Dominated Convergence
Theorem

(b) To formulate a corresponding result applicable to L, we need the following concept. If {f,)nen,
(gn)nen are sequences in L0 such that f2 = g2 for every n, and f, g € LY are such that f* = g¢*, and
(fn)nen — [ a.e., then (gn)nen — g a.e., because

{z:x € dom fNdomgnN ﬂ dom f,, N ﬂ ns
neN neN

9(2) = () = T fu(@), fale) = gn(x) ¥ 0 € N}

is conegligible. Consequently we have a definition applicable to sequences in L%; we can say that, for f,
fn € L9 (f2)nen is order*-convergent, or order*-converges, to f* iff f =, lim, o f,. In this case,
of course, (fn)nen — f in measure. Thus, in L, a sequence (u,,)nen which order*-converges to u € LY also
converges to u in measure.

Remark I suggest alternative descriptions of order-convergence in 245Xc; the conditions (iii)-(vi) there are
in forms adapted to more general structures.

(c) For a typical example of a sequence which is convergent in measure without being order-convergent,
consider the following. Take 1 to be Lebesgue measure on [0, 1], and set f,(z) = 2™ if x € [27™k,27™(k+1)],
0 otherwise, where k = k(n) € N, m = m(n) € N are defined by saying that n + 1 = 2™ + k and
0 < k < 2™ Then {fn)nen — 0 for the topology of convergence in measure (since pp(f,,0) < 27™ if
F C[0,1] is measurable and 2™ — 1 < n), though (f,)nen is not convergent to 0 almost everywhere (indeed,
limsup,,_, . fn = oo everywhere).

245D Proposition Let (X, X, 1) be any measure space.

(a) The topology of convergence in measure is a linear space topology on L® = L(y).

(b) The maps V, A : L® x L® — L% and u ~ |u|, u — ut, u+ u~ : L® — L are all continuous.

(c) The map x : L° x L% — LY is continuous.

(d) For any continuous function h : R — R, the corresponding function A : L® — L° (241I) is continuous.

proof (a) The point is that the functionals 7r, as defined in 245Ac, are F-seminorms in the sense of 2A5B.
P Fix a set F' € ¥ of finite measure. I noted in 245Aa that

r(f +9) < 7r(f) +7r(g) for all f, g € L,
S0

Tr(u+v) < 7r(u) + 77 (v) for all u, v € L.
Next,

7r(cu) < 7p(u) whenever v € L° and |¢| < 1 *)

because |cf| A XF <ae. |f| A XF whenever f € £° and |c| < 1. Finally, given v € L? and € > 0, let f € £°
be such that f* = u. Then
limy, 00 27" f| A XEF =0 a.e.,
so by Lebesgue’s Dominated Convergence Theorem
iy, o0 77(27"0) = limy, o0 [ 27" f] A XF =0,
and there is an n such that 7r(27"u) < e. It follows (by (*) just above) that 7r(cu) < e whenever |c| < 27"

As € is arbitrary, lim,_,o 7r(u) = 0 for every u € L% which is the third condition in 2A5B. Q
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Now 2A5B tells us that the topology defined by the 7p is a linear space topology.
(b) For any u, v € LY, ||u| — |v|| < |[u—v]|, so pr(|ul, |v]) < pr(u,v) for every set F of finite measure. By
2A3H, | | : L° — LY is continuous. Now

u\/v:%(u+v+|u—v|), u/\vz%(u+v—\u—v|),

ut =uAN0, u = (—u)AO0.
As addition and subtraction are continuous, so are V, A, T and ~

(c) Take ug, vg € LY, F € ¥ a set of finite measure and € > 0. Represent ug and vg as fg, g§ respectively,
where fo, go : X — R are X-measurable (241Bk). If we set

Fn ={z:z € F, [fo(x)] + [go(x)] < m},
then (F,)men is a non-decreasing sequence of sets with union F, so there is an m € N such that u(F\ F,,) <
ée. Let § > 0 be such that (2m + uF)§? + 25 < %e.
Now suppose that u, v € L? are such that pg(u,ug) < 6% and pr(v,v0) < §%. Let f, g: X — R be
measurable functions such that f* = wu and v* = v. Then

oo € F|f(2) - fol0) 28} <6, pfa:€F |g@) - golw)] > 8} <6,

so that
plea e F,|f(@) — fo(@)llg(e) - golw)] = 62} <26
and
Jpmin(L,|f = fol x g — gol) < 62k + 26
Also
[f % g = foxgol <[f = fol x|g—gol +|fol x g —gol + [f = fol % |g0l,
so that

pr(u X v,ug X vo) =/ min(1, [f x g — fo X go|)
F

IA

1 .
§€+/ min(1, [f x g — fo X gol)
F’f’l

IN

1 .
5e+/ min(1, |f — fol X |g — gol +m|g — go| +m|f — fol)
Fm,

IN

%H/Fmin(l,lf—fol X |g — gol)
+m/Fmin(1,|g—go|)+m/Fmin(1,|f—fO|)

< %e+(52uF+25—|—2m52 <e.

As F and € are arbitrary, x is continuous at (ug,vo); as ug and vy are arbitrary, X is continuous.

(d) Take v € L°, F € ¥ of finite measure and € > 0. Then there is a § > 0 such that pp(h(v), h(u)) < €
whenever pp(v,u) < §. PP? Otherwise, we can find, for each n € N, a v,, such that pp(v,,u) <47 b
pr(h(vy), h(u)) > €. Express u as f* and v, as g5, where f, g, : X — R are measurable. Set

En={z:zeF |gn(z) - f(z)] > 27"}
for each n. Then pr(vn,u) > 27" uE,, so pE, < 27" for each n, and E = (), cx Upsn

But limy, o0 gn(z) = f(z) for every x € F'\ E, so (because h is continuous) lim,, oo h(gn(x

E,, is negligible.
)
every © € F'\ E. Consequently (by Lebesgue’s Dominated Convergence Theorem, as always

) = h(f(x)) for
)
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limy oo o (v, A(w)) = iy [, min(L, [A(ga(2)) — h(f(2))|u(de) = 0,

which is impossible. XQ
By 2A3H, h is continuous.

Remark I cannot say that the topology of convergence in measure on £° is a linear space topology solely
because (on the definitions I have chosen) £° is not in general a linear space.

245E 1 turn now to the principal theorem relating the properties of the topological linear space L°(u)
to the classification of measure spaces in Chapter 21.

Theorem Let (X, 3, i) be a measure space. Let T be the topology of convergence in measure on L = L%(p),
as described in 245A.

(a) (X, %, p) is semi-finite iff ¥ is Hausdorff.

(b) (X, X, ) is o-finite iff T is metrizable.

(c) (X, %, p) is localizable iff T is Hausdorff and L is complete under ¥.

proof I use the pseudometrics pr on L0 = £9(u), pr on L° described in 245A.

(a)(i) Suppose that (X, 3, i) is semi-finite and that u, v are distinct members of L°. Express them as
f* and ¢g* where f and g are measurable functions from X to R. Then u{z : f(z) # g(z)} > 0 so, because
(X, 3, p) is semi-finite, there is a set F' € ¥ of finite measure such that u{x : x € F, f(z) # g(x)} > 0. Now

pr(u,v) = [, min(|f(z) - g(z)],1)dz >0
(see 122Rc). As w and v are arbitrary, T is Hausdorff (2A3L).
(ii) Suppose that ¥ is Hausdorff and that F € ¥, uF > 0. Then u = xE* # 0 so there is an F' € ¥

such that pF < oo and pp(u,0) # 0, that is, u(E N F) > 0. Now E N F is a non-negligible set of finite
measure included in E. As F is arbitrary, (X, X, 1) is semi-finite.

(b)(i) Suppose that (X, %, ) is o-finite. Let (E,)neny be a non-decreasing sequence of sets of finite
measure covering X. Set
_ _ N PE., (U,U)
p(’LL,'U) - ~ 1 4 2”//’1En

for u, v € L°. Then p is a metric on L°. P Because every pg, is a pseudometric, so is p. If p(u,v) = 0,
express u as f*, v as g* where f, g € £%(u); then

f |f =gl A XxEn = pE, (u,v) =0,
so f = g almost everywhere in E,, for every n. Because X = |J,,cy En, f =ac. g and u=1v. Q

If F € ¥ and uF < oo and € > 0, take n such that u(F \ E,) < e. If u, v € L° and p(u,v) <
€/2(1 4 2"uE,), then pr(u,v) <e. P Express u as f*, v = g* where f, g € L% Then

[ lu—= vl AXE, = pi, (u,0) < (142" pEy)plu,v) < 3,
while
JIf =gl AX(F\ Ep) < l(F\ Ey) <2,
50
pr(u) = [1f =gl AXF < [If =gl AXBa+ [If =gl AX(F\E)) S5 +5 =€ Q

In the other direction, given € > 0, take n € N such that 27" < i¢; then p(u, v) < € whenever pg, (u,v) <
e/2(n+1).

These show that p defines the same topology as the pr (2A3Ib), so that T, the topology defined by the
pr, is metrizable.
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(ii) Suppose that ¥ is metrizable. Let p be a metric defining T. For each n € N there must be a
measurable set F), of finite measure and a ¢,, > 0 such that

pr, (u,0) < §, = p(u,0) < 27"
Set £ = X\ U,en Fn- 7 If E is not negligible, then v = yE* # 0; because p is a metric, there is an n € N
such that p(u,0) > 27"; now
wWENE,) =pr, (u,0) > §,.

But ENF,=0.X

So pE =0 < 00. Now X = EUJ, .y Fn is a countable union of sets of finite measure, so u is o-finite.

neN
(c) By (a), either hypothesis ensures that u is semi-finite and that ¥ is Hausdorff.

(i) Suppose that (X, X, ) is localizable. Let F be a Cauchy filter on L° (2A5F). For each measurable
set F' of finite measure, choose a sequence (A, (F))nen of members of F such that pp(u,v) < 4~ for every
u, v € Ap(F) and every n (2A5G). Choose upy, € (<, An(F) for each n; then pp(uppi1, upy) < 27" for
each n. Express each upy,, as f}., where fp, is a measurable function from X to R. Then

ez € Fy | frnei(x) = frn(@)| 2 27"} < 2"pp (uppgr, upn) <277
for each n. It follows that (fr.,)nen must converge almost everywhere in F'. B Set
Hy={x:z€F [frnt1(z) — fra(z)] = 27"}
Then pH, < 27" for each n, so

(MNnen UmZn H,,) <inf,end o, 27™ =0.
If x € F\N,en Umsn Hm, then there is some k such that € F\U,,,~), Hm, so that |frmi1(z) = frm(z)| <
27™ for every m >k, and (fpn(z))nen is Cauchy, therefore convergent. Q
Set fr(x) =lim, o frn(z) for every x € F such that the limit is defined in R, so that fr is measurable
and defined almost everywhere in F'.
If E, F are two sets of finite measure and E C F, then pg(ugn, up,) < 2-47" for each n. P A, (F) and
A, (F) both belong to F, so must have a point w in common; now

PE(UER, UFn) < PE(UER, W) + pE(W, upy)
< pe(Upn, w) + pr(w,up,) <4 " +47". Q
Consequently

M{Z‘ 1T E E7 ‘an(l') - fEn(x)| Z 2—n} S 2n[)E(uF’ruUfEn) S 2—n+1

for each n, and lim,, .o frn — fEn = 0 almost everywhere in E; so that fg = fr a.e. on E.

Consequently, if F and F are any two sets of finite measure, fg = fr a.e. on E N F, because both are
equal almost everywhere on ENF to fryp.

Because p is localizable, it follows that there is an f € £° such that f = fg a.e. on E for every measurable
set E of finite measure (213N). Consider u = f* € L°. For any set E of finite measure,

pe(uupa) = [pmin(L,|f(2) = fea(@))de = [, min(1,|fe(@) — fea(2)])dz — 0

as n — 0o, using Lebesgue’s Dominated Convergence Theorem. Now

inf sup pg(v,u) < inf sup pgr(v,u
Juf supp (v, u) Inf sup p (v, u)

< inf sup (pr(v,urn)+ pe(U, UEN))
neNyeAg,

< inf (47" + pp(u, upn)) = 0.

As FE is arbitrary, F — u. As F is arbitrary, L? is complete under %.

(ii) Now suppose that L° is complete under ¥ and let £ be any family of sets in . Let & be
{U&o : & is a finite subset of £}.
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Then the union of any two members of £ belongs to £’. Let F be the set
{A: ACL® AD Ag for some E € &'},
where for E € &' T write
Ag={xF*:Fe& F2OE}
Then F is a filter on L°, because Ap N Ap = Apup for all E, F € £'.
In fact F is a Cauchy filter. B* Let H be any set of finite measure and € > 0. Set v = supgce p(H N E)
and take E € & such that u(HNE) >~y —e€. Consider Ag € F. f F,Ge€ & and F D E, G D E then
51 (0F*,XG*) = u(H 1 (FAG)) = u(H 1 (FUG)) — u(H 0 F 1 G)
Sy-—wHNE) <e
Thus pgy(u,v) < e for all u, v € Ag. As H and € are arbitrary, F is Cauchy. Q
Because L is complete under T, F has a limit w say. Express w as h*, where h : X — R is measurable,
and consider G = {z : h(z) > 1}.
? IfE € £and u(E\G) > 0,let F C E\G be a set of non-zero finite measure. Then {u : pr(u, w) < 1uF}
belongs to F, so meets Ag; let H € £’ be such that E C H and pp(xH*,w) < $puF. Then

. _ 1
fF min(1, |1 — h(z)|) = pr(xH*,w) < ShES

but because FNG =0, 1 — h(x) > % for every x € F, so this is impossible. X

Thus E \ G is negligible for every E € €.

Now suppose that H € ¥ and p(G \ H) > 0. Then there is an E € & such that u(E\ H) > 0. P Let
F C G\ H be a set of non-zero finite measure. Let u € Ay be such that pp(u,w) < uF. Then u is of the
form xC* for some C € &' and

S min(1, [xC(x) — h(z)]) < 1P

As h(z) > 3 for every x € F, u(C N F) > 0. But C is a finite union of members of &, so there is an E € £
such that u(ENF) >0, and now u(E\ H) > 0. Q
As H is arbitrary, G is an essential supremum of £ in 3. As £ is arbitrary, (X, X, p) is localizable.

245F Alternative description of the topology of convergence in measure Let us return to
arbitrary measure spaces (X, X, u).

(a) For any F € X of finite measure and € > 0 define 7. : £% — [0, oo[ by

Tr(f) = p*{z :z € FNdom f, |f(x)| > €}
for f € £°, taking u* to be the outer measure defined from p (132B). If f, g € LY and f =, .. g, then
{z:ze Fndom f, |f(x)] > e}AN{z :x € FNdomy, |g(z)| > €}
is negligible, so 7rc(f) = Tre(g); accordingly we have a functional from L° to [0, oo], given by
Tre(u) = Tre(f)

whenever f € L% and u = f* € LY.

(b) Now 75 is not (except in trivial cases) subadditive, so does not define a pseudometric on £° or L°.
But we can say that, for f € £°,

7r(f) < emin(l,€) = 7p(f) < e = 7r(f) < e(1 + uF).
(The point is that if E C dom f is a measurable conegligible set such that f[FE is measurable, then
Tr(f) = fEr‘]F min(f(x),)dz, 7r(f)=p{z:zc ENF, f(x) > €}.)
This means that a set G C £° is open for the topology of convergence in measure iff for every f € G we

can find a set F' of finite measure and ¢, § > 0 such that
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TFs(Q*f)§5:>g€G.

Of course 7ps(f) > Trc(f) whenever § < €, so we can equally say: G C L0 is open for the topology of
convergence in measure iff for every f € G we can find a set F' of finite measure and € > 0 such that

Tr(g— f) <e= g €G.

Similarly, G C LY is open for the topology of convergence in measure on L? iff for every u € G we can find
a set F' of finite measure and € > 0 such that

Tre(v—u) <e=v€q.

(c) It follows at once that a sequence (f,)nen in L2 = £%(u) converges in measure to f € £0 iff
limy, oo p*{z : x € FNdom f Ndom f,, |fn(z) — f(z)] > €} =0

whenever F' € ¥, uF < oo and € > 0. Similarly, a sequence (uy,)nen in L? converges in measure to u iff
lim,, 00 Tre(u — uy,) = 0 whenever uF < 0o and € > 0.

(d) In particular, if (X, %, u) is totally finite, (f,)neny — f in L0 iff
limy, 00 p*{z : © € dom f Ndom fp, |f(x) — fu(x)] > €} =0
for every € > 0, and (up)neny — u in LO iff
limy, 00 Txe(u —uy) =0

for every € > 0.

245G Embedding L? in L°: Proposition Let (X, Y, ) be any measure space. Then for any p € [1, o],
the embedding of LP = LP(u) in L° = L%(p) is continuous for the norm topology of L? and the topology of
convergence in measure on L°.

proof Suppose that v, v € LP and that uF < co. Then (xF)* belongs to L%, where ¢ = p/(p — 1) (taking
g=1if p=o00,¢=o0if p=1 as usual), and

pr(u,0) < [ fu—uv]x (XF)* < [Ju—vll,[IxF*lq
(244ED). By 2A3H, this is enough to ensure that the embedding L? S L° is continuous.

245H The case of L' is so important that I go farther with it.

Proposition Let (X, X, 1) be a measure space.
(a)(i) If f € L' = LY(u) and € > 0, there are a § > 0 and a set F' € ¥ of finite measure such that
J1f =gl < e whenever g € L', ['|g| < [|f| + ¢ and pr(f, g) < 4.
(ii) For any sequence (f,)nen in £ and any f € L1, lim, o0 [ |f = fn| = 0 iff (fn)neny — f in measure
and limsup,, ., [ [fn] < [[f].
(b)(i) If w € L' = L'(u) and € > 0, there are a § > 0 and a set F € ¥ of finite measure such that
lu— |1 < e whenever v € L1, |[v]l1 < ||lull1 + 6 and pr(u,v) < 6.
(ii) For any sequence (u,)ney in L' and any u € LY, (up)neny — u for || [|1 iff (up)neny — w in measure
and limsup, ., s < Jull.

proof (a)(i) We know that there are a set F of finite measure and an 5 > 0 such that [, |f| < te whenever
w(E N F) < n (225A). Take § > 0 such that §(e + 5uF) < en and § < fe. Then if [|g| < [|f] + 6 and
pr(f,g) <9, let G C dom f Ndomg be a conegligible measurable set such that f[G and ¢g[G are both
measurable. Set

E={r:x € FNG,|f(z)—g(r)] > e+5€uF};

then

€

e+5uF

6> pr(f,g) > LE,
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so pE <mn. Set H=F \ E, so that u(F'\ H) <n and fX\H |f| < e. On the other hand, for almost every
z € H, |f(2) - g(2)] < =5, 50 [y |f — 9| < be and

1 1 2
Jlol = [ 1f1=ce= [1fl= [ g1l —5e= [1fl—ze
Since [|g] < [|f]+ e, Jxvm 9l < 3¢. Now this means that

3 1 1
as required.

(ii) If lim, o0 [ |f — fn| = 0, that is, lim,_,o f = f* in L', then by 245G we must have (f5)n,en — f*
in LY, that is, (f,)nen — f for the topology of convergence in measure. Also, of course, lim, o0 [ |f0n| =
JIfl.

In the other direction, if imsup, . [ |fn] < [|f] and (fn)nenw — [ for the topology of convergence
in measure, then whenever § > 0 and puF < oo there must be an m € N such that [|f,] < [|f] + 4,
pr(f, fn) <0 for every n > m; so (i) tells us that lim,, f |fn—fl=0.

(b) This now follows immediately if we express u as f*, v as g* and u,, as fn.

2451 Remarks (a) I think the phenomenon here is so important that it is worth looking at some
elementary examples.

(i) If p is counting measure on N, and we set f,(n) =1, f,,(i) = 0 for ¢ # n, then (f,)nen — 0 in measure,
while [ |f,| =1 for every n.

(ii) If u is Lebesgue measure on [0,1], and we set f,(x) = 2" for 0 < 2 < 27", 0 for other z, then again
(fn)nen — 0 in measure, while [ |f,| =1 for every n.

(iii) In 245Cc we have another sequence (f,)nen converging to 0 in measure, while [ |f,| =1 for every n.
In all these cases (as required by Fatou’s Lemma, at least in (i) and (ii)) we have [|f]| <liminf, o [|fn]-
(The next proposition shows that this applies to any sequence which is convergent in measure.)

The common feature of these examples is the way in which somehow the f,, escape to infinity, either
laterally (in (i)) or vertically (in (iii)) or both (in (ii)). Note that in all three examples we can set f/ = 2"f,
to obtain a sequence still converging to 0 in measure, but with lim,_,~ [ |f}| = cc.

(b) In 245H, I have used the explicit formulations ‘lim, . [ |fn — f| = 07 (for sequences of functions),
“(tun)nen — u for || ||1” (for sequences in L'). These are often expressed by saying that (f,)nen, (Un)nen are
convergent in mean to f, u respectively.

245J For semi-finite spaces we have a further relationship.

Proposition Let (X, Y, 1) be a semi-finite measure space. Write £° = £%(p), etc.
(a)(i) For any a > 0, the set {f : f € L', [ |f| < a} is closed in £ for the topology of convergence in
measure.
(i) If {f)nen is a sequence in £! which is convergent in measure to f € £°, and lim inf,,_, J 1 fn] < o0,
then f is integrable and [ |f| < liminf, . [ |fal-
(b)(i) For any a > 0, the set {u : u € L', ||ul|; < a} is closed in L° for the topology of convergence in
measure.
(ii) If {(uy)nen is a sequence in L' which is convergent in measure to u € L°, and lim inf,, o ||un|/1 < oo,
then u € L' and ||ul|y < liminf, o [Jun]]1-

proof (a)(i) Set A = {f : f € L', [|f| < a}, and let g be any member of the closure of A in £°.
Let h be any simple function such that 0 < h <, |g|, and € > 0. If h = 0 then of course fh < a.
Otherwise, setting F' = {x : h(z) > 0} and M = sup,cx h(x), there is an f € A such that p*{z : = €
FndomfNndomg, |[f(x) —g(x)] > €} <€ (245F);let E D {x: 2 € FNdom f Ndomg, |f(z) — g(x)| > €}
be a measurable set of measure at most e. Then h <, |f|+exF +MxE,so [h<a+e(M+pF). As e is
arbitrary, [ h < a. But we are supposing that p is semi-finite, so this is enough to ensure that g is integrable
and that [ |g| < a (213B), that is, that g € A. As g is arbitrary, A is closed.
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(ii) Now if (f,)nen is convergent in measure to f, and liminf, .~ [ |fn| = a, then for any € > 0 there
is a subsequence (f,(k))xen such that [ |f, )| < a+ € for every k; since (f,,())ren still converges in measure
to f, [|fl <a+e Aseis arbitrary, [|f| < a.

(b) As in 245H, this is just a translation of part (a) into the language of L' and L°.

245K For o-finite measure spaces, the topology of convergence in measure on L is metrizable, so can be
described effectively in terms of convergent sequences; it is therefore important that we have, in this case,
a sharp characterization of sequential convergence in measure.

Proposition Let (X, X, 1) be a o-finite measure space. Then

(a) a sequence (f,)nen in L0 converges in measure to f € LY iff every subsequence of (f,)nen has a
sub-subsequence converging to f almost everywhere;

(b) a sequence {(u,)nen in LY converges in measure to u € L iff every subsequence of (u,),en has a
sub-subsequence which order*-converges to u.

proof (a)(i) Suppose that (fn)nen — f, that is, that lim, o [ |f — fu| A XF = 0 for every set F of
finite measure. Let (Fj)nen be a non-decreasing sequence of sets of finite measure covering X, and let
(n(k))ren be a strictly increasing sequence in N such that [[f — fnioyl A xEx < 47% for every k € N.
Then Y02 o |f — fagy)| A XEr is finite almost everywhere (242E); but limg_o frk)(z) = f(x) whenever
Zziio min(1, |f(z) — fn(k)($)|) < 00, 80 <fn(k)>keN — f ae.

(ii) The same applies to every subsequence of (f,)nen, so that every subsequence of (f,)nen has a
sub-subsequence converging to f almost everywhere.

(iii) Now suppose that (f,,)nen does not converge to f. Then there is an open set U containing f such
that {n : f, ¢ U} is infinite, that is, (f,,)nen has a subsequence (f})nen with f) ¢ U for every n. But now
no sub-subsequence of (f/),cn converges to f in measure, so no such sub-subsequence can converge almost
everywhere, by 245Ca.

(b) This follows immediately from (a) if we express u as f*, u, as f;.

245L Corollary Let (X, X, 1) be a o-finite measure space.

(a) A subset A of L% = £%(u) is closed for the topology of convergence in measure iff f € A whenever
f € £° and there is a sequence (f,)nen in A such that f =, lim, o fn-

(b) A subset A of L% = L9(p) is closed for the topology of convergence in measure iff u € A whenever
u € LY and there is a sequence (u,)nen in A order*-converging to u.

proof (a)(i) If A is closed for the topology of convergence in measure, and (f,)ncn IS a sequence in
A converging to f almost everywhere, then (f,)ncn converges to f in measure, so surely f € A (since
otherwise all but finitely many of the f,, would have to belong to the open set £°\ A).

(ii) If A is not closed, there is an f € A\ A. The topology can be defined by a metric p (245Eb),
and we can choose a sequence (fy,)nen in A such that p(fy, f) < 27" for every n, so that (f,)neny — f in
measure. By 245K, (f,)nen has a subsequence (f)),en converging a.e. to f, and this witnesses that A fails
to satisfy the condition.

(b) This follows immediately, because A C L is closed iff {f : f* € A} is closed in £°.
245M Complex L° In 241J I briefly discussed the adaptations needed to construct the complex linear
space L?C. The formulae of 245A may be used unchanged to define topologies of convergence in measure on
L?C and L((O:. I think that every word of 245B-245L still applies if we replace each L° or £° with L(% or L(%.
Alternatively, to relate the ‘real’ and ‘complex’ forms of 245E, for instance, we can observe that because
max(pr (Re(u), Re(v)), pr(Tm(u), Tm(v))) < pr (u,v)
< pr(Re(u), Re(v)) + pr(Zm(u), Zm(v))

for all u, v € L? and all sets F of finite measure, L(% can be identified, as uniform space, with L x L, so is
Hausdorff, or metrizable, or complete iff L? is.
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245X Basic exercises >(a) Let X be any set, and p counting measure on X. Show that the topology
of convergence in measure on £%(u) = R¥ is just the product topology on R¥X regarded as a product of
copies of R.

>(b) Let (X,3, ) be any measure space, and (X,i],/l) its completion. Show that the topologies of
convergence in measure on £°%(u) = £°(j1) (241Xb), corresponding to the families {pr : F € X, uF < oo},
{pr: F € X, iF < co} are the same.

>(c) Let (X,3, 1) be any measure space; set LY = LO(u). Let u, u, € L° for n € N. Show that the
following are equiveridical:
(i) (un)nen order*-converges to u in the sense of 245C;
(ii) there are measurable functions f, f, : X — R such that f* = u, f2 = w, for every n € N, and
f(z) =limy, o0 fn(z) for every z € X;
u = inf,en sup,, >, Um = SUP, ey infy>n U, the infima and suprema being taken in LY;

(i)
(iv) inf,en SUP,, >y |U — Um| = 0 in LY;

(v) there is a noﬁ—increasing sequence (v, )nen in LP such that inf,eyv, = 0in L° and u — v, < u, <
u + vy, for every n € N;

(vi) there are sequences (v, )nen, (Wn)nen in L2 such that (v, )nen is non-decreasing, (w,)nen is non-

increasing, sup,,cy vn = % = infpenyw, and v, < u, < w, for every n € N.

(d) Let (X, %, 1) be a semi-finite measure space. Show that a sequence (uy,)nen in L% = LO(u) is order*-
convergent to u € L iff {|u,| : n € N} is bounded above in L° and (sup,,>,, [tm — u|)nen — 0 for the
topology of convergence in measure.

(e) Write out proofs that L°(u) is complete (as linear topological space) adapted to the special cases (i)
uX =1 (ii) p is o-finite, taking advantage of any simplifications you can find.

(f) Let (X,X, u) be a measure space and r > 1; let & : R™ — R be a continuous function. (i) Suppose
that for 1 < k < r we are given a sequence (fin)nen in £% = £L%(u) converging in measure to f, € £°. Show
that (A(fin,---, fkn))nen converges in measure to h(f1,..., fr). (ii) Generally, show that (f1,...,f.) —
h(fi,.-. fr) + (L9 — L9 is continuous for the topology of convergence in measure. (iii) Show that the
corresponding function h : (L°)" — L° (241Xh) is continuous for the topology of convergence in measure.

(g) Let (X, X, 1) be a measure space and u € L'(x). Show that v — [u x v: L — R is continuous for
the topology of convergence in measure on the unit ball of L>°, but not, as a rule, on the whole of L.

(h) Let (X,¥, 1) be a measure space and v a non-negative member of L' = L!(u). Show that on the
set A={u:u € L', |u] <v} the subspace topologies (2A3C) induced by the norm topology of L' and the
topology of convergence in measure are the same. (Hint: given € > 0, take F' € ¥ of finite measure and
M > 0 such that [(Jv] — MxF*)* <e. Show that ||u — u|1 < e+ Mpp(u,u’) for all u, v’ € A.)

(i) Let (X, 3, 1) be a measure space and F a filter on L' = L' (x) which is convergent, for the topology of
convergence in measure, to u € L'. Show that F — u for the norm topology of L' iff inf ac 7 sup,¢ 4 [|v]j1 <
[l -

(j) Let (X, X, 1) be a measure space and p € [1,00[. Suppose that (u,)nen is a sequence in LP (1) which
converges for || ||, to u € LP(p). Show that (|u,|P)neny — |ul? for || |[1. (Hint: 245G, 245Dd, 245H.)

> (k) Let (X, X, ) be a semi-finite measure space and p € [1,00], a > 0. Show that {u : u € LP(p), |lull, <
a} is closed in L°(u) for the topology of convergence in measure.

(1) Let (X,%, 1) be a measure space, and (u,)nen a sequence in LP? = LP(u), where 1 < p < co. Let
u € LP. Show that the following are equiveridical: (i) v = lim,,— o u, for the norm topology of LP (ii)
(tun)nen — u for the topology of convergence in measure and lim, oo |[unllp = ||ullp (iil) (un)nen — u for
the topology of convergence in measure and limsup,,_, o, [[tunllp < ||©]lp-
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(m) Let X be a set and p, v two measures on X with the same measurable sets and the same negligible
sets. (i) Show that £9(u) = £°(v) and L°(u) = LO(v). (ii) Show that if both p and v are semi-finite, then
they define the same topology of convergence in measure on £° and LY. (Hint: use 215A to show that if
uE < 0o then pE = sup{pF : F C E, vF < co}.)

245Y Further exercises (a) Let (X, 3, ) be a measure space and give ¥ the topology of convergence
in measure (232Ya). Show that y : ¥ — £%(u1) is a homeomorphism between ¥ and its image x[¥] in £°, if
L0 is given the topology of convergence in measure and y[%] the subspace topology.

(b) Let (X, 3, u) be a measure space and Y any subset of X; let uy be the subspace measure on Y. Let
T : L°(u) — L°(uy) be the canonical map defined by setting T'(f*) = (f]Y)* for every f € £%(u) (241Yg).
Show that T is continuous for the topologies of convergence in measure on L%(u) and L°(uy ).

(c) Let (X, 3, ) be a measure space, and fi the c.l.d. version of y. Show that the map T : L°(u) — L°(f1)
induced by the inclusion £°(u) C £%(f1) (241Yf) is continuous for the topologies of convergence in measure.

(d) Let (X, 3, 1) be a measure space, and give L% = L%(u) the topology of convergence in measure. Let
A C L° be a non-empty downwards-directed set, and suppose that inf A = 0 in L°. (i) Let F' € ¥ be any
set of finite measure, and define 77 as in 245A; show that inf,c4 Tr(u) = 0. (Hint: set v = infy,eca Tr(u);
find a non-increasing sequence (u,)nen in A such that lim, . Tr(u,) = 7v; set v = (xF)* A inf, ey u,, and
show that u A v = v for every u € A, so that v = 0.) (ii) Show that if U is any open set containing 0, there
is a u € A such that v € U whenever 0 < v < u.

(e) Let (X,3, ) be a measure space. (i) Show that for u € L° = L%(u) we may define v, (u), for a > 0,
by setting ¥, (u) = p{x : |f(z)| > a} whenever f: X — R is a measurable function and f* = u. (ii) Define
p: L% x LY — [0,1] by setting p(u,v) = min({1} U{a : a > 0, ¥o(u —v) < a}. Show that p is a metric on
L%, that LY is complete under p, and that +, —, A, V : LY x L% — L% are continuous for p. (iii) Show that
c+s cu: R — L is continuous for every u € LY iff (X, X, 1) is totally finite, and that in this case p defines
the topology of convergence in measure on L°.

(f) Let (X, %, i) be a localizable measure space and A C L° = L%(u) a non-empty upwards-directed set
which is bounded in the linear topological space sense (i.e., such that for every neighbourhood U of 0 in L°
there is a k € N such that A C kU). Show that A is bounded above in L°, and that its supremum belongs
to its closure.

(g) Let (X, 3, 1) be a measure space, p € [1,00[ and v a non-negative member of LP = LP(u). Show that
on the set A = {u:u € LP, |u| < v} the subspace topologies induced by the norm topology of L? and the
topology of convergence in measure are the same.

(h) Let S be the set of all sequences s : N — N such that lim, . s(n) = co. For every s € S, let
(Xs, s, its) be [0, 1] with Lebesgue measure, and let (X, X, i) be the direct sum of (X, X, p1s))ses (214L).
For s € S, t € [0,1], n € N set h,(s,t) = fon)(t), where (fn)nen is the sequence of 245Cc. Show that
(hp)nen — 0 for the topology of convergence in measure on £%(u), but that (h,)nen has no subsequence
which is convergent to 0 almost everywhere.

(i) Let X be a set, and suppose we are given a relation — between sequences in X and members of X
such that () if z,, = x for every n then (2, )neny — z (8) (@), )nen — = whenever (z,)neny — = and (2, )nen
is a subsequence of (z,)nen. Show that we have a topology T on X defined by saying that a subset G
of X belongs to T iff whenever (x,,)nen is a sequence in X and (x,)neny — = € G then some z,, belongs
to G. Show that a sequence (x,)ney in X is T-convergent to z iff every subsequence of (z,)nen has a
sub-subsequence (z7),cn such that (z!),ecy — 2.

(j) Let u be Lebesgue measure on R”. Show that L°(yu) is separable for the topology of convergence in
measure. (Hint: 2441.)
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245 Notes and comments In this section I am inviting you to regard the topology of (local) convergence
in measure as the standard topology on L°, just as the norms define the standard topologies on LP spaces
for p > 1. The definition I have chosen is designed to make addition and scalar multiplication and the
operations V, A and X continuous (245D); see also 245Xf. From the point of view of functional analysis
these properties are more important than metrizability or even completeness.

Just as the algebraic and order structure of L° can be described in terms of the general theory of Riesz
spaces, the more advanced results 241G and 245E also have interpretations in the general theory. It is not
an accident that (for semi-finite measure spaces) L° is Dedekind complete iff it is complete as uniform space;
you may find the relevant generalizations in 23K and 24E of FREMLIN 74. Of course it is exactly because the
two kinds of completeness are interrelated that I feel it necessary to use the phrase ‘Dedekind completeness’
to distinguish this particular kind of order-completeness from the more familiar uniformity-completeness
described in 2A5F.

The usefulness of the topology of convergence in measure derives in large part from 245G-245J and the
LP versions 245Xk and 245X1. Some of the ideas here can be related to a question arising out of the basic
convergence theorems. If (f,,),en is a sequence of integrable functions converging (pointwise) to a function f,
in what ways can f f fail to be lim,, f fn? In the language of this section, this translates into: if we have
a sequence (or filter) in L' converging for the topology of convergence in measure, in what ways can it fail
to converge for the norm topology of L'? The first answer is Lebesgue’s Dominated Convergence Theorem:
this cannot happen if the sequence is dominated, that is, lies within some set of the form {u : |u| < v}
where v € L. (See 245Xh and 245Yg.) I will return to this in the next section. For the moment, though,
245H tells us that if (u,)nen converges in measure to u € L, but not for the topology of L!, it is because
lim sup,,_, . ||un||1 is too big; some of its weight is being lost at infinity, as in the examples of 2451. If (up,)nen
actually order*-converges to u, then Fatou’s Lemma tells us that liminf, . ||un|l1 > |Ju]l1, that is, that
the limit cannot have greater weight (as measured by || ||1) than the sequence provides. 245J and 245Xk are
generalizations of this to convergence in measure. If you want a generalization of B.Levi’s theorem, then
242Yf remains the best expression in the language of this chapter; but 245Yf is a version in terms of the
concepts of the present section.

In the case of o-finite spaces, we have an alternative description of the topology of convergence in measure
(245L) which makes no use of any of the functionals or pseudo-metrics in 245A. This can be expressed, at
least in the context of L, in terms of a standard result from general topology (245Yi). You will see that that
result gives a recipe for a topology on L° which could be applied in any measure space. What is remarkable
is that for o-finite spaces we get a linear space topology.

Version of 17.11.06

246 Uniform integrability

The next topic is a fairly specialized one, but it is of great importance, for different reasons, in both
probability theory and functional analysis, and it therefore seems worth while giving a proper treatment
straight away.

246 A Definition Let (X, X, 1) be a measure space.

(a) A set A C L£(p) is uniformly integrable if for every € > 0 we can find a set E € ¥, of finite
measure, and an M > 0 such that

f(|f| — MxE)T < ¢ for every f € A.

(b) A set A C L'(u) is uniformly integrable if for every ¢ > 0 we can find a set E € %, of finite
measure, and an M > 0 such that

[ (Ju] = MyxE*)* < e for every u € A.

246B Remarks (a) Recall the formulae from 241Ef: u™ =4V 0, s0 (u —v)t =u—uAw.
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(b) The phrase ‘uniformly integrable’ is not particularly helpful. But of course we can observe that for
any particular integrable function f, there are simple functions approximating f for || |1 (242M), and such
functions will be bounded (in modulus) by functions of the form My E, with pFE < oo; thus singleton subsets
of L' and L' are uniformly integrable. A general uniformly integrable set of functions is one in which M
and F can be chosen uniformly over the set.

(c) Tt will T hope be clear from the definitions that A C £ is uniformly integrable iff {f*: f € A} C L!
is uniformly integrable.

(d) There is a useful simplification in the definition if uX < co (in particular, if (X, ¥, 1) is a probability
space). In this case a set A C L(u) is uniformly integrable iff

infar>0supyeca f(|u| — Me)t =0

iff

limpt o0 S0 [ (ful — M) =0,
writing e = xX* € L' (). (For if sup,c 4 [(Ju| — MxE*)* <e, then [(Ju] — M'e)* < e for every M’ > M.)
Similarly, A C £(u) is uniformly integrable iff

limps 00 SUP fe 4 f(|f| - MxX)t=0
iff

infar>osuppea [(1f| — MxX)* =0.

Warning! Some authors use the phrase ‘uniformly integrable’ for sets satisfying the conditions in (d) even
when g is not totally finite.

246C We have the following wide-ranging stability properties of the class of uniformly integrable sets in
L' or L.

Proposition Let (X, Y, 1) be a measure space and A a uniformly integrable subset of L*(u).

(a) A is bounded for the norm || ||;.

(b) Any subset of A is uniformly integrable.

(c) For any a € R, aA = {au : u € A} is uniformly integrable.

(d) There is a uniformly integrable C' O A such that C' is convex and ||||;-closed and v € C' whenever
u € C and |v| < |ul.

(e) If B is another uniformly integrable subset of L, then AUB and A+ B ={u+v:u € A, v € B}
are uniformly integrable.

proof Write ©f for {F: E € %, uE < oo}.
(a) There must be E € £/, M > 0 such that [(|Ju| — MxE*)* <1 for every u € A; now
lully < [(Jul = MxE*)* + [ MxE* <1+ MuE
for every u € A, so A is bounded.
(b) This is immediate from the definition 246Ab.

(c) Given € > 0, we can find E € £/, M > 0 such that |a| [, (Ju| — MxE*)" < € for every u € A; now
Ji([v] = |a|MxE*)* < € for every v € aA.

(d) If A is empty, take C = A. Otherwise, try
C={v:vell f(\v\ —w)" <sup,ca f(\u| —w) T for every w € L' (u)}.

Evidently A C C, and C satisfies the definition 246Ab because A does, considering w of the form MyxFE*
where E € ¥/ and M > 0. The functionals

U'—>f(|v\ —w)t: LY (p) - R
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are all continuous for || [|; (because the operators v — [v|, v+ v — w, v — v+, v~ [v are continuous), so
C is closed. If |[v/| < |v| and v € C, then

S =w)t < [(jo] =)t <supyea [(Jul —w)*

for every w, and v' € C. If v = avy + bve where v1, v2 € C, a € [0,1] and b =1 — q, then |v| < alvy| + b|va|,
S0

[v] —w < (alv1]| — aw) + (blvg| — bw) < (a|vi] — aw)™ + (blvg| — bw)™
and
(Jo] =w)® < a(lvr] —w) ™ +b(|vz| — w)*

for every w; accordingly

[l =0 <a [ ol =)t +5 [(ual = w)*

< (a+b) sup/<|u| —w)t =323/<|u| —w)t

u€cA

for every w, and v € C.
Thus C has all the required properties.

(e) I show first that A U B is uniformly integrable. P Given ¢ > 0, let M;, My > 0 and Ey, Es € %7 be
such that

f(|u| — MyxE3})"T < e for every u € A,

f(|u| — MyxE$)" < e for every u € B.
Set M = max(M;, Ms), E = E1 U Ey; then uE < oo and
f(\u| — MyE*)" < ¢ for every u € AU B.

As € is arbitrary, AU B is uniformly integrable. Q
Now (d) tells us that there is a convex uniformly integrable set C' including A U B, and in this case
A+ B C2C, so A+ B is also uniformly integrable, using (b) and (c).

246D Proposition Let (X, 3, i) be a probability space and A C L*(u) a uniformly integrable set. Then
there is a convex, ||[|1-closed uniformly integrable set C' C L' such that A C C, w € C whenever v € C
and |w| < |v|, and Pv € C whenever v € C and P is the conditional expectation operator associated with a
o-subalgebra of X.

proof Set
C={v:ve L), f(|v| — Me)t < sup,ea f(|u| — Me)* for every M > 0},

writing e = xX* as usual. The arguments in the proof of 246Cd make it plain that C' O A is uniformly
integrable, convex and closed, and that w € C whenever v € C and |w| < |v]. As for the conditional
expectation operators, if v € C, T is a o-subalgebra of ¥, P is the associated conditional expectation
operator, and M > 0, then

|Po| < Plv| = P((Jo] A Me) + (Jo] = Me)™) < Me + P((Jo| — Me) ™),
SO
(1Pv| = Me)™ < P((Jo] — Me)*)
and
J(Pol = Me)t < [ P(jo] = Me)* = [(ju] = Me)* <sup,eq [(lu] — Me)*;
as M is arbitrary, Pv € C.
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246E Remarks (a) Of course 246D has an expression in terms of £! rather than L1: if (X, ¥, u) is a
probability space and A C £!(u) is uniformly integrable, then there is a uniformly integrable set C 2 A
such that (i) af + (1 — a)g € C whenever f, g € C and a € [0,1] (ii) g € C whenever f € C, g € L%(p)
and [g] <ae |f| (iii) f € C whenever there is a sequence (f,)nen in C' such that lim, oo [ |f — fu] =0
(iv) g € C whenever there is an f € C such that g is a conditional expectation of f with respect to some
o-subalgebra of X.

(b) In fact, there are obvious extensions of 246D; the proof there already shows that T[C] C C whenever
T : L'(u) — L'(p) is an order-preserving linear operator such that ||Tul|; < ||ul|; for every u € L*(u) and
1 Tulloo < ||ulleo for every u € L (1) N L () (246Yc). If we had done a bit more of the theory of operators
on Riesz spaces I should be able to take you a good deal farther along this road; for instance, it is not in
fact necessary to assume that the operators T' of the last sentence are order-preserving. I will return to this
in Chapter 37 in the next volume.

(¢) Moreover, the main theorem of the next section will show that for any measure spaces (X, X, u),
(Y, T,v), T[A] will be uniformly integrable in L!(v) whenever A C L'(u) is uniformly integrable and
T : LY(u) — L'(v) is a continuous linear operator (247D).

246F We shall need an elementary lemma which I have not so far spelt out.
Lemma Let (X, ¥, 1) be a measure space. Then for any u € L'(u),

lull < 2suppes | [, ul-

proof Express u as f* where f: X — R is measurable. Set F = {« : f(z) > 0}. Then
full = [ 11 = 1y 14 [y /1 < 280055 | f, £ = 250 s | [ ul

246G Now we come to some of the remarkable alternative descriptions of uniform integrability.

Theorem Let (X, ¥, 1) be any measure space and A a non-empty subset of L'(u). Then the following are
equiveridical:

(i) A is uniformly integrable;

(ii) supyea | [ ul < oo for every p-atom F' € X, and for every € > 0 there are E € X, § > 0 such that
pE < 0o and | [, u| < e whenever u € A, F € ¥ and u(F NE) < 6;

(iii) supyea | [pul < oo for every p-atom F € ¥, and limy, 00 Sup,e 4 | [ ul = 0 whenever (Fj,) ey is
a disjoint sequence in ¥;

(iv) supye | [z u| < oo for every p-atom F € X, and limy, o0 SUp,¢ 4 | an u| = 0 whenever (F),)nen is
a non-increasing sequence in X with empty intersection.

Remark I use the phrase ‘u-atom’ to emphasize that I mean an atom in the measure space sense (2111).
proof (a)(i)=-(iv) Suppose that A is uniformly integrable. Then surely if F' € ¥ is a p-atom,
SUPyea |fF u| < SUPye A ||U’H1 < o9,

by 246Ca. Now suppose that (F),),cn is a non-increasing sequence in ¥ with empty intersection, and that
€ >0. Take E € X, M > 0 such that uF < oo and [(Ju| — MxE*)" < e whenever u € A. Then for all n
large enough, Mu(F, N E) < %e, so that

e, ul < [o lul < [(jul = MxBE*)* + [, MxE* <+ Mu(F,NE) <e

for every u € A. As € is arbitrary, lim, o sup,c4 | [ u| =0, and (iv) is true.

(b)(iv)=(iii) Suppose that (iv) is true. Then of course sup,c 4 | [ u| < oo for every p-atom F € X. 2
Suppose, if possible, that (F),),en is a disjoint sequence in ¥ such that

€ = limsup,,_, , sup, ¢ 4 min(1, %MF ul) > 0.

D.H.FREMLIN



60 Function spaces 246G

Set H, =

as n — oo for every u € L'(u). Choose (n;)ien, (mi)ien, (u;)ien inductively, as follows. ng = 0. Given

n; € N, take m; > n;, u; € A such that | [, u;| > 2e. Take n;1y > m; such that [} |u;| < e. Continue.
m; iyl

i>n Fi for each n, so that (H,),en is non-increasing and has empty intersection, and | o, U 0

Set G = ;> Fm, for each k. Then (Gj)ren is a non-increasing sequence in ¥ with empty intersection.
But F,,, CG, CF,,,UH SO

MNi41

‘fG u| > |mei u;| — |fGi\Fm,i ui| > 2e — aniH lui| > €

for every i, contradicting the hypothesis (iv). X
This means that lim, e sup,e 4 | [ u| must be zero, and (iii) is true.

(c)(iii)=(ii) We still have sup,¢ 4 | [ u| < co for every p-atom F. 2 Suppose, if possible, that there is
an € > 0 such that for every measurable set E of finite measure and every § > 0 there are u € A, F' € 3 such
that u(FNE) < ¢ and | [ u| > e. Choose a sequence (Ey,)nen of sets of finite measure, a sequence (Gy,)nen
in ¥, a sequence (6, )nen of strictly positive real numbers and a sequence (uy,)nen in A as follows. Given wuy,
Ey, oy for k < n, choose u, € A and G, € ¥ such that (G, N, Bx) < 27" min({1} U{dx : k < n}) and
| [, un| > € then choose a set E, of finite measure and a d, > 0 such that [, Ju,| < 3¢ whenever F € ¥
and p(F N E,) < 8, (see 225A). Continue.

On completing the induction, set F;, = E, NG, \ Uy, Gk for each n; then (F,)nen is a disjoint sequence
in ¥. By the choice of Gy,

(B MU jpon Gi) < D1 27560 < 60,

so p(En N (G \ Fp)) < 6, and [, \F, [unl < €. This means that | [, un| > | [ un| — 3€ > Je. But this
is contrary to the hypothesis (iii). X

(d)(ii)=(i)(a) Assume (ii). Let € > 0. Then there are E € X, § > 0 such that puF < oo and
| [pul < e whenever u € A, F € ¥ and u(FNE) < 6. Now sup,c4 [, |u| < co. B Write Z for the
family of those F' € ¥ such that F© C E and sup,c4 [, |u| is finite. If F C E is an atom for p, then
supyea [p ul = supyea | [pul < 0o, so F e Z. (The point is that if f : X — R is a measurable function
such that f* = u, then one of F/ ={z: 2 € F, f(z) >0}, F” ={x :z € F, f(x) < 0} must be negligible,
so that [, |ul is either [, u= [puor — [, u=— [pu) If FeX FCE and uF <§ then

SUD,,e A fF lu| < 28up,ea ges.acr |fG u| < 2e

(by 246F), so F € I. Next, if F, G € T then sup,c 4 [ o [ul < sup,ea [5 [ul +sup,ca [ |ul is finite, so
FUG € Z. Finally, if (F,,)nen is any sequence in Z, and F' = J,, oy Fn, there is some n € N such that
w(F\ U<, Fi) < 6; now |J,,, Fi and F \ |J,,, F; both belong to Z, so F € Z.

By 215Ab, there is an F' € 7 such that H\ F is negligible for every H € Z. Now observe that E'\ F' cannot
include any non-negligible member of Z; in particular, cannot include either an atom or a non-negligible
set of measure less than §. But this means that the subspace measure on E \ F is atomless, totally finite
and has no non-negligible measurable sets of measure less than J; by 215D, u(E\ F') =0 and E\ F and E
belong to Z, as required. Q

Since fX\E |u| < & for every u € A, v = sup,¢c4 [ |u| is finite.

(B) Set M =~/6. If u € A, express u as f*, where f : X — R is measurable, and consider
F={: f(z) > MxE(@)}.
Then
Mu(FNE) < [ f=[u<n,

so W(FNE) < v/M = 4. Accordingly [,u < e. Similarly, [.,(-u) < €, writing F' = {z : —f(z) >
MxE(z)}. But this means that

J(ul = MxE)* = [(1fl = MxE)Y < [, o 1l = [ g lul <2

for every u € A. As € is arbitrary, A is uniformly integrable.
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246H Remarks (a) Of course conditions (ii)-(iv) of this theorem, like (i), have direct translations in
terms of members of £'. Thus a non-empty set A C £! is uniformly integrable iff sup real / 7 [l 1is finite for
every atom F' € ¥ and

either for every € > 0 we can find £ € X, § > 0 such that uF < oo and | [, f| < e whenever
feA FeXand u(FNE)<4d

or limy, oo supsea | [ f| = 0 for every disjoint sequence (Fy,)nen in X

or limy, ;oo SUpP e 4 | fF f] = 0 for every non-increasing sequence (F,)necn in ¥ with empty
intersection.

(b) There are innumerable further equivalent expressions characterizing uniform integrability; every
author has his own favourite. Many of them are variants on (i)-(iv) of this theorem, as in 2461 and 246Yd-
246Yf. For a condition of a quite different kind, see Theorem 247C.

2461 Corollary Let (X,Y, ) be a probability space. For f € £L%(u), M > 0 set F(f,M) = {x : x €
dom f, |f(x)| > M}. Then a non-empty set A C £L1(u) is uniformly integrable iff

liIn]\/f—><>o SupfeA fF(f,M) ‘f| =0.

proof (a) If A satisfies the condition, then
infarsosuprea [ (1] = MxX)T <infarsosupse s fF(va) |/l =0,
so A is uniformly integrable.
(b) If A is uniformly integrable, and € > 0, there is an My > 0 such that [(|f| — MoxX)* < € for every
f € A; also, v = supsc 4 [ |f| is finite (246Ca). Take any M > Mymax(1, (14 7)/e). If f € A, then

7l

v+

[f1 % xF(f, M) < (|f] = MoxX)™ + MoxF(f, M) < (If| = MoxX)™ +

everywhere on dom f, so

Jocran 1= J UL = MoxX)* 4 = [ 1] < 2e.

As € is arbitrary, limas oo SUp e 4 fF(f ay lf1=0.

246J The next step is to set out some remarkable connexions between uniform integrability and the
topology of convergence in measure discussed in the last section.

Theorem Let (X, X, 1) be a measure space.
(a) If (fn)nen is a uniformly integrable sequence of real-valued functions on X, and f(x) = lim,— 00 frn(x)
for almost every « € X, then f is integrable and lim,, o [ |fn — f| = 0; consequently [ f = lim, o0 [ fn.
(b) If A C L' = L'(u) is uniformly integrable, then the norm topology of L! and the topology of
convergence in measure of L% = L%(u) agree on A.
(c) For any u € L' and any sequence (u,)nen in L', the following are equiveridical:
(i) v = lim,— 00 uy, for || [1;
(ii) {un : n € N} is uniformly integrable and (u,)nen converges to w in measure.
(d) If (X, X, ) is semi-finite, and A C L' is uniformly integrable, then the closure A of A in L for the
topology of convergence in measure is still a uniformly integrable subset of L!.

proof (a) Note first that because sup,cy [ |fn] < 00 (246Ca) and |f| = liminf,_, |f,|, Fatou’s Lemma
assures us that | f| is integrable, with [*|f| <limsup,,_,, [ |fn|. It follows immediately that {f,—f : n € N}
is uniformly integrable, being the sum of two uniformly integrable sets (246Cc, 246Ce).

Given € > 0, there are M > 0, E € ¥ such that uE < oo and [(|f, — f| — MxE)" < € for every n € N.
Also |fn — fIANMxE — 0 a.e., so
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timsup [ 1, — f1 < tmsup [ (1f, - 11— M)

n— oo

+limsup/|fn — fINMxE

n— oo
<g,
by Lebesgue’s Dominated Convergence Theorem. As € is arbitrary, lim,, s f |frn—f] = 0and lim, f fn—
f=0.
(b) Let T4, &4 be the topologies on A induced by the norm topology of L' and the topology of
convergence in measure on L respectively.

(i) Given € > 0, let F € ¥, M > 0 be such that uF < oo and [(Jv] — MxF*)* < e for every v € A,
and consider pg, defined as in 245A. Then for any f, g € £°,

If =gl < (If| = MxF)* + (lg| = MxF)™ + M(|f = g| A xF)
everywhere on dom f N dom g, so
lu— ] < (Jul = MXF*)" + (Jo] = MxF*)" + M(ju—v| AXF*)
for all u, v € LY. Consequently
lu— olls < 2+ Mpr(u,0)

for all u, v € A.
This means that, given € > 0, we can find F', M such that, for u, v € A,

— €
pr(u,v) < o [lu —v]|1 < 3e.

It follows that every subset of A which is open for ¥4 is open for G4 (2A3Ib).

(ii) In the other direction, we have pr(u,v) < |lu — v||; for every u € L' and every set F' of finite
measure, so every subset of A which is open for & 4 is open for ¥ 4.

(c) If (unyneny — u for || |1, A = {un : n € N} is uniformly integrable. I Given € > 0, let m be such that
|l — ull1 < € whenever n > m. Set v = |u| + Y |u;| € L', and let M > 0, E € ¥ be such that pE is
finite and [ (v — MxE*)* <e. Then, for w € A,

(lw| = MxE*)* < (Jw| = 0)* + (v = MxE*)*,

i<m

SO
Jollwl = MxE)T < |[(jw] —0) [+ [ (v = MxE*)* <2 Q

Thus on either hypothesis we can be sure that {u, : n € N} and A = {u} U {u,, : n € N} are uniformly
integrable, so that the two topologies agree on A (by (b)) and (u,)nen converges to u in one topology iff it
converges to v in the other.

(d) Because A is || |l;-bounded (246Ca) and p is semi-finite, A C L' (245J(b-i)). Given € > 0, let
M >0, E € ¥ be such that pE < co and [(Ju| — MxE*)* < e for every u € A. Now the maps u — |ul,
u—r u— MyE*, uw ut : L° — LY are all continuous for the topology of convergence in measure (245D),
while {u : [|ul|l; < €} is closed for the same topology (245J again), so {u:u € L% [(lu| — MxE*)* <€} is
closed and must include A. Thus [(Ju| — MxE*)* < e for every u € A. As € is arbitrary, A is uniformly
integrable.

246K Complex £' and L' The definitions and theorems above can be repeated without difficulty
for spaces of (equivalence classes of) complex-valued functions, with just one variation: in the complex
equivalent of 246F, the constant must be changed. It is easy to see that, for u € L}C(u),

[ully < [Re(w)lly + [| Zm(w) 2

< 2sup | Re(u)|+28up|/Im(u)| <4sup| [ ul
Fes JF res Jr rFex JF
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(In fact, |ully < wsuppes | [5ul; see 246Y1 and 252Yt.) Consequently some of the arguments of 246G need
to be written out with different constants, but the results, as stated, are unaffected.

246X Basic exercises (a) Let (X, Y, 1) be a measure space and A a subset of L' = L'(x). Show that
the following are equiveridical: (i) A is uniformly integrable; (ii) for every ¢ > 0 there is a w > 0 in L!
such that [(Ju| —w)* < e for every u € A; (iii) ((Junt1| — sup;<p, |wil) )nen — 0 in Lt for every sequence
(tn)nen in A. (Hint: for (ii)=(iii), set v, = sup,<,, |us| and note that (v, A w)neny is convergent in L' for
every w > 0.) -

>(b) Let (X,X,u) be a totally finite measure space. Show that for any p > 1 and M > 0 the set
{f:felr(p),|fl, <M} is uniformly integrable. (Hint: [(|f| — MxX)"™ < M*? [|f[r.)

>(c) Let p be counting measure on N. Show that a set A C £L1(u) = ¢! is uniformly integrable iff (i)
sup e 4 | f(n)| < oo for every n € N (ii) for every € > 0 there is an m € N such that Y >° |f(n)| < € for
every f € A.

(d) Let X be a set, and let 41 be counting measure on X. Show that a set A C £L!(u) = £*(X) is uniformly
integrable iff (i) sup ¢4 |f(z)| < oo for every x € X (ii) for every € > 0 there is a finite set I C X such that
Zl_ex\] |f(x)] < € for every f € A. Show that in this case A is relatively compact for the norm topology of

01(X).

(e) Let (X, X, u) be a measure space, § > 0, and Z C ¥ a family such that (i) every atom belongs to Z
(ii) £ € Z whenever E € ¥ and pE < § (iii) EUF € Z whenever E, F € Z and ENF = (). Show that every
set of finite measure belongs to Z.

(f) Let (X, %, 1) and (Y, T, v) be measure spaces and ¢ : X — Y an inverse-measure-preserving function.
Show that a set A C £!(v) is uniformly integrable iff {g¢ : g € A} is uniformly integrable in £(p). (Hint:
use 246G for ‘if’, 246A for ‘only if’.)

>(g) Let (X,3, u) be a measure space and p € [1,00[. Let (fn)nen be a sequence in LP = LP(u) such
that {|f,|? : n € N} is uniformly integrable and f, — f a.e. Show that f € £ and lim,, o [ |fn — f|F = 0.

(h) Let (X, X, 1) be a semi-finite measure space and p € [1,00[. Let (uy)nen be a sequence in LP = LP(u)
and u € L(n). Show that the following are equiveridical: (i) u € LP and (u,)nen converges to u for || ||,
(ii) (un)nen converges in measure to u and {|u,|? : n € N} is uniformly integrable. (Hint: 245X1.)

(i) Let (X, X, u) be a totally finite measure space, and 1 < p < r < co. Let (uy)nen be a || ||--bounded
sequence in L"(u) which converges in measure to u € L°(u). Show that (u,)nen converges to u for | ||,.
(Hint: show that {|u,|P : n € N} is uniformly integrable.)

246Y Further exercises (a) Let (X,Y, ) be a totally finite measure space. Show that A C £1(u)
is uniformly integrable iff there is a convex function ¢ : [0,00] — R such that lim,, ¢(a)/a = oo and

supsea [ ¢(|f]) < oo.

(b) For any metric space (Z, p), let Cz be the family of closed subsets of Z, and for F', F' € Cz \ {0} set
p(F, F'") = min(1, max(sup,cpinf. cpr p(z, 2'),8up,/c g inf.cp p(2, 2"))). Show that p is a metric on Cz \ {0}
(it is the Hausdorff metric). Show that if (Z, p) is complete then the family Kz \ {0} of non-empty
compact subsets of Z is closed for p. Now let (X,X, 1) be any measure space and take Z = L' = L(p),
p(z,2") = ||z — #'|]1 for z, 2/ € Z. Show that the family of non-empty closed uniformly integrable subsets of
L' is a closed subset of Cz \ {0} including Kz \ {0}.

(c) Let (X, X, ) be a totally finite measure space and A C L'(p1) a uniformly integrable set. Show that
there is a uniformly integrable set C' O A such that (i) C is convex and closed in L°(u) for the topology of
convergence in measure (ii) if v € C and |v| < |u| then v € C (iii) if T belongs to the set 7 of operators
from L'(p) = MY (u) to itself, as described in 244Xm, then T[C] C C.
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(d) Let p be Lebesgue measure on R. Show that a set A C £'(p) is uniformly integrable iff lim,, fF fn
= 0 for every disjoint sequence (F),),en of compact sets in R and every sequence (f,,)nen in A.

(e) Let pu be Lebesgue measure on R. Show that a set A C £*(x) is uniformly integrable iff lim, oo [, fn
= 0 for every disjoint sequence (G, )nen of open sets in R and every sequence (f,)nen in A.

(f) Repeat 246Yd and 246Ye for Lebesgue measure on arbitrary subsets of R”.

(g) Let X be a set and ¥ a o-algebra of subsets of X. Let (v,)nen be a sequence of countably additive
functionals on ¥ such that vE = lim,,_, o, v, F is defined for every E € ¥. Show that lim,, ., v, F, = 0
whenever (F,),en is a disjoint sequence in 3. (Hint: suppose otherwise. By taking suitable subsequences
reduce to the case in which |v,F; — vF;| < 27" for i < n, |unFy| > 3¢, [V, F;| < 27% for i > n. Set
F = J;en Frip1 and show that |va, 1 F — va, F| > € for every n.)

(h) Let (X, %, 1) be a measure space and (u,)nen a sequence in L' = L(u) such that lim,, o S um s
defined for every F' € X. Show that {u,, : n € N} is uniformly integrable. (Hint: suppose not. Then there are
a disjoint sequence (F),)nen in ¥ and a subsequence (u),)nen of (un)nen such that inf, ey | an ul| =¢e>0.
But this contradicts 246Yg.)

(i) In 246Yg, show that v is countably additive. (Hint: Set p = Y. anvy, for a suitable sequence
{(an)nen of strictly positive numbers. For each n choose a Radon-Nikodym derivative f,, of v,, with respect
to p. Show that {f, : n € N} is uniformly integrable, so that v is truly continuous.)(This is the Vitali-
Hahn-Saks theorem.)

(§) Let (X,X, 1) be any measure space, and A C L*(u). Show that the following are equiveridical: (i)
Ais || [[1-bounded; (i) sup, 4 | [ u| < oo for every p-atom F € ¥ and limsup,, ., Sup,e | fF u| < o0
for every disjoint sequence (F,)nen of measurable sets of finite measure; (iii) sup, ¢4 | [ u| < oo for every
E € X. (Hint: show that (anup)nen is uniformly integrable whenever lim,, ;o a, = 0 in R and (uy,)nen is
a sequence in A.)

(k) Let (X, u) be a measure space and A C L'(u) a non-empty set. Show that the following are
equiveridical: (i) A is uniformly integrable; (ii) whenever B C L°°(u) is non-empty and downwards-directed
and has infimum 0 in L*°(p) then inf,ep sup,c 4 | [ uxv| = 0. (Hint: for (i)=(ii), note that inf,e g wxv =0
for every w > 0 in LY. For (ii)=(i), use 246G (iv).)

(1) Set f(z) = e for x € [—m,7|. Show that | [}, f| <2 for every E C [—m, ).

246 Notes and comments I am holding over to the next section the most striking property of uniformly
integrable sets (they are the relatively weakly compact sets in L) because this demands some non-trivial
ideas from functional analysis and general topology. In this section I give the results which can be regarded
as essentially measure-theoretic in inspiration. The most important new concept, or technique, is that of
‘disjoint-sequence theorem’. A typical example is in condition (iii) of 246G, relating uniform integrability
to the behaviour of functionals on disjoint sequences of sets. I give variants of this in 246Yd-246Yf, and
246Yg-246Y]j are further results in which similar methods can be used. The central result of the next section
(247C) will also use disjoint sequences in the proof, and they will appear more than once in Chapter 35 in
the next volume.

The phrase ‘uniformly integrable’ ought to mean something like ‘uniformly approximable by simple func-
tions’, and the definition 246A can be forced into such a form, but I do not think it very useful to do so.
However condition (ii) of 246G amounts to something like ‘uniformly truly continuous’, if we think of mem-
bers of L as truly continuous functionals on ¥, as in 2421. (See 246Yi.) Note that in each of the statements
(ii)-(iv) of 246G we need to take special note of any atoms for the measure, since they are not controlled by
the main condition imposed. In an atomless measure space, of course, we have a simplification here, as in
246Yd-246Yf.

Another way of justifying the ‘uniformly’ in ‘uniformly integrable’ is by considering functionals 6,, where
w > 0in L', setting 0, (u) = [(lu| — w)™ for u € L'; then A C L' is uniformly integrable iff 6,, — 0
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uniformly on A as w rises in L' (246Xa). It is sometimes useful to know that if this is true at all then it is
necessarily witnessed by elements w which can be built directly from materials at hand (see (iii) of 246Xa).
Furthermore, the sets Ay,e = {u : 0, (u) < €} are always convex, ||||i-closed and ‘solid’ (if u € A, and
[v] < |u| then v € Ay)(246Cd); they are closed under pointwise convergence of sequences (246Ja) and in
semi-finite measure spaces they are closed for the topology of convergence in measure (246Jd); in probability
spaces, for level w, they are closed under conditional expectations (246D) and similar operators (246Yc).
Consequently we can expect that any uniformly integrable set will be included in a uniformly integrable set
which is closed under operations of several different types.

Yet another ‘uniform’ property of uniformly integrable sets is in 246Yk. The norm || || is never (in
interesting cases) order-continuous in the way that other |||, are (244Ye); but the uniformly integrable
subsets of L' provide interesting order-continuous seminorms on L.

246J supplements results from §245. In the notes to that section I mentioned the question: if (f,)neny — f
a.e., in what ways can ([ f,)nen fail to converge to [ f? Here we find that ([ |f,— f|)nen — 0iff {f,, : n € N}
is uniformly integrable; this is a way of making precise the expression ‘none of the weight of the sequence is
lost at infinity’. Generally, for sequences, convergence in || ||,, for p € [1,00], is convergence in measure for
pth-power-uniformly-integrable sequences (246Xh).

Version of 26.8.13

247 Weak compactness in L'

I now come to the most striking feature of uniform integrability: it provides a description of the relatively
weakly compact subsets of L' (247C). T have put this into a separate section because it demands some
knowledge of functional analysis — in particular, of course, of weak topologies on Banach spaces. I will try
to give an account in terms which are accessible to novices in the theory of normed spaces because the result
is essentially measure-theoretic, as well as being of vital importance to applications in probability theory. I
have written out the essential definitions in §§2A3-2A5.

247A Part of the argument of the main theorem below will run more smoothly if I separate out an idea
which is, in effect, a simple special case of a theme which has been running through the exercises of this
chapter (241Yg, 242Yb, 243Ya, 244Yd).

Lemma Let (X, X, 1) be a measure space, and G any member of ¥. Let pg be the subspace measure on
G, so that ugE = puF when £ C G and E € 3. Set

U={u:ueLYpn), uxxG* =u} C L (u).
Then we have an isomorphism S between the ordered normed spaces U and L'(ug), given by writing
S(fe) = (f16)
for every f € £1(u) such that f* € U.

proof Of course I should remark explicitly that U is a linear subspace of L (). I have discussed integration
over subspaces in §§131 and 214; in particular, I noted that f[G is integrable, and that

J1F1Gldpe = [ [l x xGdp < [ |fldu

for every f € £1(u) (131Fa). If f, g € L1(u) and f = g p-a.e., then f|G = g|G pg-a.e.; so the proposed
formula for S does indeed define a map from U to L!(ug).
Because

(f+91G=(f1G)+ (91G), (cf)IG =c(fIG)
for all f, g € £1(u) and all ¢ € R, S is linear. Because
[ <gpae= fIG<glG pc-ae.,

S is order-preserving. Because [ |fG|duc < [|f|du for every f € L (p), ||Sullr < |Julls for every u € U.
To see that S is surjective, take any v € L' (ug). Express v as g* where g € £ (ug). By 131E, f € £(p),
where f(z) = g(z) for € domg, 0 for z € X \ G; so that f* € U and f|G = g and v = S(f*) € S[U].
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To see that S is norm-preserving, note that, for any f € £!(u),

J171Gldue = [ 111 % xG dp,
so that if u = f* € U we shall have

ISulls = [1£1Gldnc = [ |f] x XGdp = u x XG*||ly = |[ulls.

247B Corollary Let (X, X, ) be any measure space, and let G € ¥ be a measurable set expressible as
a countable union of sets of finite measure. Define U as in 247A, and let h : L'(u) — R be any continuous
linear functional. Then there is a v € L°(u) such that h(u) = [u x vdu for every u € U.

proof Let S:U — L'(ug) be the isomorphism described in 247A. Then S~ : L' (ug) — U is linear and
continuous, so h; = hS~! belongs to the normed space dual (L'(ug))* of L'(ug). Now of course pg is
o-finite, therefore localizable (211L), so 243Gb tells us that there is a v; € L (ug) such that

hi(u) = fu x vidpg

for every u € L' (ug).

Express vy as g} where g; : G — R is a bounded measurable function. Set g(x) = ¢1(x) for z € G, 0 for
x € X \ G; then g : X — R is a bounded measurable function, and v = g* € L (p). If u € U, express u as
f* where f € £(p); then

h(w) = h(S™'5w) = 1 (16)) = [ (£16) x gud
~ [(rxaiGdua= [1xgxxGdu= [ 1xgdu= [uxe
As u is arbitrary, this proves the result.
247C Theorem Let (X, Y, 1) be any measure space and A a subset of L' = L*(x). Then A is uniformly

integrable iff it is relatively compact in L! for the weak topology of L!.

proof (a) Suppose that A is relatively compact for the weak topology. I seek to show that it satisfies the
condition (iii) of 246G.

(i) If F € X, then surely sup,,c 4 | [, u| < o0, because u — [, u belongs to (L')*, and if h € (L')* then
the image of any relatively weakly compact set under h must be bounded (2A51e).

(ii) Now suppose that (F},),en is a disjoint sequence in . ? Suppose, if possible, that
<SupueA |an ul)nen

does not converge to 0. Then there is a strictly increasing sequence (n(k))ren in N such that

1.
v = 5 Hlfk;eN SupueA |an(k) U/| > 0.

For each k, choose uj, € A such that | [ Froo ug| > 7. Because A is relatively compact for the weak topology,

there is a cluster point u of (uy)ren in L' for the weak topology (2A30b). Set n; = 277+/6 > 0 for each
jEN.
We can now choose a strictly increasing sequence (k(7));en inductively so that, for each j,

) —1
an(W))(M + 30120 lur@l) < ny

Jj—1 _ NPy
2o |an(W>> “ an(k(i» k)| < 1

for every j, interpreting Zi;lo as 0. P Given (k(i));<;, set v* = \u|+zg;& |ur(s)|; then limy o0 [}, " v* =0,
by Lebesgue’s Dominated Convergence Theorem or otherwise, so there is a k* such that k* > k(i) for every
i<jand [, " v* < n; for every k > k*. Next,
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Jj—1 .71
we Zi:o |an(lc(i)) v an(k(i)) wi: L7 =R

is continuous for the weak topology of L' and zero at u, and u belongs to every weakly open set containing
) . . j—1 . .
{ug : k Z.k*}, so there is a k(j) > k* such that > 7_; |an(k(7~,>) u— an(w)) ug(jy| < m;, which continues the
construction. Q
Let v be any cluster point in L!, for the weak topology, of (ur(s))jen. Setting Gy = Fy(k(i)), we have
|fGi u— fG up(jy| < 1; whenever i < j, so lim;_, fG Up(j) exists = fG u for each i, and fG v= fGi u for
every i; setting G = |,y G4,

va:Z;’iofGiv:ZfiofGiuzqu,

by 232D, because (G;)ien is disjoint.
For each j € N,

j—1 0
|/ukl|+ |/uk'|
; G, () Z G, ()

i=j+1

Jj—1 j—1 -
<;/Gi|u+;|/G’iu_/&uk<j>|+i§1/&|uk.(j)|
-1 oo -
<Smitni+ Y m=y m=1.
1=0 i—0

i=j+1

On the other hand, | [, wug(;)| > 7. So

oo 2
|fg upl =120 fGi Up(jy| > 37

This is true for every j; because every weakly open set containing v meets {uy;) : j € N}, | [, v > %7
and | [, u| > 2v. On the other hand,

which is absurd. X
This contradiction shows that lim, o sup,ea| [ ul = 0. As (Fp)nen is arbitrary, A satisfies the
condition 246G(iii) and is uniformly integrable.

(b) Now assume that A is uniformly integrable. I seek a weakly compact set C' O A.

(i) For each n € N, choose E,, € ¥, M,, > 0 such that uE, < oo and [(Ju] — M, xEs)" < 27" for
every u € A. Set

C={v:ivel',[[ o] <Mu(FNE,)+2"VneN, Fex},
and note that A C C, because if u € A and F € %,
| [oul < [o(ul = MuxER)T + [ MuxEy < 27" + Myu(F 0 Ey)
for every n. Observe also that C' is || ||;-bounded, because
[ully < 2suppes | [, ul < 2suppex(1+ Mop(F N Ey)) < 2(1+ MopEy)
for every u € C (using 246F).

(i) Because I am seeking to prove this theorem for arbitrary measure spaces (X, X, u), I cannot use
243G to identify the dual of L'. Nevertheless, 247B above shows that 243Gb it is ‘nearly’ valid, in the
following sense: if h € (L')*, there is a v € L* such that h(u) = [u x v for every u € C. P Set
G =U,en En € B, and define U C L' as in 247A-247B. By 247B, there is a v € L™ such that h(u) = [uxv
for every u € U. But if u € C, we can express u as f* where f : X — R is measurable. If FF € ¥ and
FNG =0, then
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[ fl =1 ul <277+ Myp(F N E,) =277

for every n € N, so [ f = 0; it follows that f = 0 a.e. on X \ G (131Fc), so that f x xG =, [ and
uw=ux xG*, that is, u € U, and h(u) = [u x v, as required. Q

(iii) So we may proceed, having an adequate description, not of (L!(u))* itself, but of its action on C.
Let F be any ultrafilter on L! containing C' (see 2A3R). For each F € ¥, set

vF =lim, ., r fF u;
because
SUPyec |fF u| < SuPyec ||UH1 < o0,

this is well-defined in R (2A3S(e-ii)). If E, F are disjoint members of X, then [, ,u = [, u+ [, u for
every u € C, so

v(EUF) :limuqffEuFu:limuﬁffEqulimu_ﬁfFu: vE+vF

(2A3Sf). Thus v : ¥ — R is additive. Next, it is truly continuous with respect to p. B Given € > 0, take
n € N such that 27" < Le, set § = ¢/2(M,, + 1) > 0 and observe that

[VF| < sup,cc |fF ul <27+ Mou(FNE,) <e

whenever pu(F N E,) < §. Q By the Radon-Nikodym theorem (232E), there is an f; € L' such that
[ fo=VF for every F € ¥. Set ug = f§ € L'. If n € N, F € ¥ then

|fF ug| = [VF| < supyco |fFu| < 27"+ Muu(FNE,),
so ug € C.

(iv) Of course the point is that F converges to ug. ¥ Let h € (L')*. Then there is a v € L such
that h(u) = [u x v for every u € C. Express v as ¢g*, where g : X — R is bounded and ¥-measurable. Let
€ > 0. Take ag < ay < ... < a, such that a;41 — a; < € for each ¢ while ag < g(x) < a, for each x € X. Set
Fy={xz:a;-1 <g(z) <a;} for 1 <i<n,andset g =31, a;xF;, o = g*; then [0 — v| <e. We have

n

n
/uoxﬁzg ai/uzg a;VF;
B i=1

i=1

n n

= E a; lim u = lim E a; u= lim [ ux07.

— u—F F, u—F 4 1 F; u—F
i= i=

Consequently

lim sup | uxv—/uoxv|§|/u0xv—/u0xf}|+sup| uxv—/uxﬂ
u—F ueC

< fluoll1/[v = ?lloo + sup [ufl1]lv — ¥l
ueC

< 2e sup |Jully-
ueC
As € is arbitrary,

limsup |h(u) — h(up)| = limsup| [ u x v — /uo x v| =0.

u—F u—F

As h is arbitrary, ug is a limit of F in C for the weak topology of L!. Q
As F is arbitrary, C is weakly compact in L', and the proof is complete.

247D Corollary Let (X, %, ) and (Y, T,v) be any two measure spaces, and T : L'(u) — L'(v) a
continuous linear operator. Then T'[A] is a uniformly integrable subset of L!(v) whenever A is a uniformly
integrable subset of L!(1).
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proof The point is that T is continuous for the respective weak topologies (2A5If). If A C L' (u) is uniformly
integrable, then there is a weakly compact C' O A, by 247C; T[C], being the image of a compact set under
a continuous map, must be weakly compact (2A3N(b-ii)); so T[C] and T[A] are uniformly integrable by the
other half of 247C.

247E Complex L' There are no difficulties, and no surprises, in proving 247C for L{. If we follow the
same proof, everything works, but of course we must remember to change the constant when applying 246F,
or rather 246K, in part (b-i) of the proof.

247X Basic exercises >(a) Let (X,%, ) be any measure space. Show that if A C L' = L(u) is
relatively weakly compact, then {v:v € L', |v| < |u for some u € A} is relatively weakly compact.

(b) Let (X, 3, 1) be a measure space. On L' = L (1) define pseudometrics pg, pl, for F € ¥, w € L™ (p)
by setting pp(u, v) = | [ u— [ v|, pl,(u,v) = | [ uxw—[vxw| foru, v € L'. Show that on any | ||;-bounded
subset of L', the topology defined by {pr : F € ¥} agrees with the topology generated by {p/, : w € L>}.

>(c) Show that for any set X a subset of £} = ¢*(X) is compact for the weak topology of ¢! iff it is
compact for the norm topology of ¢'. (Hint: 246Xd.)

(d) Use the argument of (a-ii) in the proof of 247C to show directly that if A C ¢*(N) is weakly compact
then inf, ey |u,(n)| = 0 for any sequence (up)nen in A.

(e) Let (X,¥%, ) and (Y, T,v) be measure spaces, and T : L?(v) — L*(u) any bounded linear operator.
Show that {Tu : u € L*(v), |jullz < 1} is uniformly integrable in L(u). (Hint: use 244K to see that
{u: [Julls < 1} is weakly compact in L?(v).)

247Y Further exercises (a) Let (X,X, ) be a measure space. Take 1 < p < oo and M > 0 and set
A={u:ueLP=LP(u), ||ull, <M} Write G4 for the topology of convergence in measure on A, that is,
the subspace topology induced by the topology of convergence in measure on L°(x). Show that if h € (LP)*
then Al A is continuous for & 4; so that if ¥ is the weak topology on LP, then the subspace topology ¥ 4 is
included in & 4.

(b) Let (X, X, 1) be a measure space and (up)nen a sequence in L' = L' () such that limy, e [f ty 18
defined for every F' € ¥. Show that {u, : n € N} is weakly convergent. (Hint: 246Yh.)

247 Notes and comments In 247D and 247Xa I try to suggest the power of the identification between
weak compactness and uniform integrability. That a continuous image of a weakly compact set should be
weakly compact is a commonplace of functional analysis; that the solid hull of a uniformly integrable set
should be uniformly integrable is immediate from the definition. But I see no simple arguments to show
that a continuous image of a uniformly integrable set should be uniformly integrable, or that the solid hull
of a weakly compact set should be relatively weakly compact. (Concerning the former, an alternative route
does exist; see 371Xf in the next volume.)

I can distinguish two important ideas in the proof of 247C. The first, in (a-ii) of the proof, is a careful
manipulation of sequences; it is the argument needed to show that a weakly compact subset of ¢! is norm-
compact. (You may find it helpful to write out a solution to 247Xd.) The F, ) and uy are chosen to mimic
the situation in which we have a sequence in ¢! such that uy (k) = 1 for each k. The k(i) are chosen so that
the ‘hump’ moves sufficiently rapidly along for wu(;y(k(i)) to be very small whenever i # j. But this means
that Y7 up(jy(k(i)) (corresponding to [, ug(j) in the proof) is always substantial, while Y. v(k(i)) will
be small for any proposed cluster point v of (uy(;y) en. I used similar techniques in §246; compare 246Yg.

In the other half of the proof of 247C, the strategy is clearer. Members of L' correspond to truly continuous
functionals on ¥; the uniform integrability of C' makes the corresponding set of functionals ‘uniformly truly
continuous’, so that any limit functional will also be truly continuous and will give us a member of L' via
the Radon-Nikodym theorem. A straightforward approximation argument ((b-iv) in the proof, and 247Xb)
shows that lim,er [uxw = [vxw for every w € L>. For localizable measures j, this would complete the
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proof. For the general case, we need another step, here done in 247A-247B; a uniformly integrable subset
of L' effectively lives on a o-finite part of the measure space, so that we can ignore the rest of the measure
and suppose that we have a localizable measure space.

The conditions (ii)-(iv) of 246G make it plain that weak compactness in L' can be effectively discussed
in terms of sequences; see also 246Yh. I should remark that this is a general feature of weak compactness
in Banach spaces (2A5J). Of course the disjoint-sequence formulations in 246G are characteristic of L! —
I mean that while there are similar results applicable elsewhere (see FREMLIN 74, chap. 8), the ideas are
clearest and most dramatically expressed in their application to L®.
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Version of 6.3.09

Concordance

I list here the section and paragraph numbers which have (to my knowledge) appeared in print in references
to this chapter, and which have since been changed.

241Yd Countable sup property This exercise, referred to in the 2002 edition of Volume 3, has been
moved to 241Ye.

241Yh Quotient Riesz spaces This exercise, referred to in the 2002 edition of Volume 3, has been
moved to 241Yc.

242Xf Inverse-measure-preserving functions This exercise, referred to in the 2002 edition of Volume
3, has been moved to 242Xd.

242Yc Order-continuous norms This exercise, referred to in the 2002 edition of Volume 3, has been
moved to 242Yg.

2440 Complex L? This paragraph, referred to in the 2002 and 2004 editions of Volume 3, and the 2003
and 2006 editions of Volume 4, is now 244P.

244Xf LP and L? This exercise, referred to in the 2003 edition of Volume 4, has been moved to 244Xe.

244Yd-244Yf [P as Banach lattice These exercises, referred to in the 2002 and 2004 editions of
Volume 3, are now 244Ye-244Yg.

(© 2009 D. H. Fremlin
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