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In this introductory volume I set out, at a level which I hope will be suitable for students with no prior
knowledge of the Lebesgue (or even Riemann) integral and with only a basic (but thorough) preparation in
the techniques of e-¢ analysis, the theory of measure and integration up to the convergence theorems (§123).
I add a third chapter (Chapter 13) of miscellaneous additional results, mostly chosen as being relatively
elementary material necessary for topics treated in Volume 2 which does not have a natural place there.

The title of this volume is a little more emphatic than I should care to try to justify au pied de la lettre. 1
would certainly characterize the construction of Lebesgue measure on R (§114), the definition of the integral
on an abstract measure space (§122) and the convergence theorems (§123) as indispensable. But a teacher
who wishes to press on to further topics will find that much of Chapter 13 can be set aside for a while. I say
‘teacher’ rather than ‘student’ here, because if you are studying on your own I think you should aim to go
slower than the text requires rather than faster; in my view, these ideas are genuinely difficult, and I think
you should take the time to get as much practice at relatively elementary levels as you can.

Perhaps this is a suitable moment at which to set down some general thoughts on the teaching of measure
theory. I have been teaching analysis for over thirty years now, and one of the few constants over that
period has been the feeling, almost universal among teachers of analysis, that we are not serving most
of our students well. We have all encountered students who are not stupid — who are indeed quite good
at mathematics — but who seem to have a disproportionate difficulty with rigorous analysis. They are
so exhausted and demoralised by the technical problems that they cannot make sense or use even of the
knowledge they achieve. The natural reaction to this is to try to make courses shorter and easier. But I
think that this makes it even more likely that at the end of the semester your students will be stranded in
thorn-bushes half way up the mountain. Specifically, with Lebesgue measure, you are in danger of spending
twenty hours teaching them how to integrate the indicator function of the rationals. This is not what the
subject is for. Lebesgue’s own presentations of the subject (LEBESGUE 1904, LEBESGUE 1918) emphasize
the convergence theorems and the Fundamental Theorem of Calculus. I have put the former in Volume 1
and the latter in Volume 2, but it does seem to me that unless your students themselves want to know when
one can expect to be able to interchange a limit and an integral, or which functions are indefinite integrals,
or what the completions of C([0,1]) under the norms || |1, || ||2 look like, then it is going to be very difficult
for them to make anything of this material; and if you really cannot reach the point of explaining at least
a couple of these matters in terms which they can appreciate, then it may not be worth starting. I would
myself choose rather to omit a good many proofs than to come to the theorems for which the subject was
created so late in the course that two thirds of my class have already given up before they are covered.

Of course I and others have followed that road too, with no better results (though usually with happier
students) than we obtain by dotting every i and crossing every t in the proofs. Nearly every time I am
consulted by a non-specialist who wants to be told a theorem which will solve his problem, I am reminded
that pure mathematics in general, and analysis in particular, does not lie in the theorems but in the proofs.
In so far as I have been successful in answering such questions, it has usually been by making a trifling
adjustment to a standard argument to produce a non-standard theorem. The ideas are in the details. You
have not understood Carathéodory’s construction (§113) until you can, at the very least, reliably reproduce
the argument which shows that it works. In the end, there is no alternative to going over every step of the
ground, and while I have occasionally been ruthless in cutting out topics which seem to me to be marginal,
I have tried to make sure — at the expense, frequently, of pedantry — that every necessary idea is signalled.

Faced, therefore, with any particular class, I believe that a teacher must compromise between scope and
completeness. Exactly which compromises are most appropriate will depend on factors which it would be
a waste of time for me to guess at. This volume is supposed to be a possible text on which to base a
course; but I hope that no lecturer will set her class to read it at so many pages a week. My primary
aim is to provide a concise and coherent basis on which to erect the structure of the later volumes. This
involves me in pursuing, at more than one point, approaches which take slightly more difficult paths for the
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sake of developing a more refined technique. (Perhaps the most salient of these is my insistence that an
integrable function need not be defined everywhere on the underlying measure space; see §§121-122.) It is
the responsibility of the individual teacher to decide for herself whether such refinements are appropriate to
the needs of her students, and, if not, to show them what translations are needed.

The above paragraphs are directed at teachers who are, supposedly, competent in the subject — certainly
past the level treated in this volume — and who have access to some of the many excellent books already
available, so that if they take the trouble to think out their aims, they should be able to choose which
elements of my presentation are suitable. But I must also consider the position of a student who is setting
out to learn this material on his own. I trust that you have understood from what I have already written
that you should not be afraid to look ahead. You could, indeed, do worse than go to Volume 2, and take one
of the wonderful theorems there — the Fundamental Theorem of Calculus (§222), for instance, or, if you are
very ambitious, the strong law of large numbers (§273) — and use the index and the cross-references to try to
extract a proof from first principles. If you are successful you will have every right to congratulate yourself.
In the periods in which success seems elusive, however, you should be working systematically through the
‘basic exercises’ in the sections which seem to be relevant; and if all else fails, start again at the beginning.
Mathematics is a difficult subject, that is why it is worth doing, and almost every section here contains
some essential idea which you could not expect to find alone.
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Version of 4.1.04
Chapter 11
Measure spaces

In this chapter I set out the fundamental concept of ‘measure space’, that is, a set in which some (not, as a
rule, all) subsets may be assigned a ‘measure’, which you may wish to interpret as area, or mass, or volume,
or thermal capacity, or indeed almost anything which you would expect to be additive — I mean, that the
measure of the union of two disjoint sets should be the sum of their measures. The actual definition (in 112A)
is not obvious, and depends essentially on certain technical features which make a preparatory section (§111)
advisable. Furthermore, even with the definition well in hand, the original and most important examples
of measures, Lebesgue measure on Euclidean space, remain elusive. I therefore devote a section (§113) to
a method of constructing measures, before turning to the details of the arguments needed for Lebesgue
measure in §§114-115. Thus the structure of the chapter is three sections of general theory followed by two
(which are closely similar) on particular examples. I should say that the general theory is essentially easier;
but it does rely on facility with certain manipulations of families of sets which may be new to you.

At some point I ought to comment on my arrangement of the material, and it may be helpful if I do
so before you start work on this chapter. One of the many fundamental questions which any author on
the subject must decide, is whether to begin with ‘general’ measure theory or with ‘Lebesgue’ measure and
integration. The point is that Lebesgue measure is rather more than just the most important example of a
measure space. It is so close to the heart of the subject that the great majority of the ideas of the elementary
theory can be fully realised in theorems about Lebesgue measure. Looking ahead to Volume 2, I find that,
with the exception of Chapter 21 — which is specifically devoted to extending your ideas of what measure
spaces can be — only Chapter 27 and the second half of Chapter 25 really need the general theory to make
sense, while Chapters 22, 26 and 28 are specifically about Lebesgue measure. Volume 3 is another matter,
but even there more than half the mathematical content can be expressed in terms of Lebesgue measure. If
you take the view, as I certainly do when it suits my argument, that the business of pure mathematics is to
express and extend the logical capacity of the human mind, and that the actual theorems we work through
are merely vehicles for the ideas, then you can correctly point out that all the really important things in
the present volume can be done without going to the trouble of formulating a general theory of abstract
measure spaces; and that by studying the relatively concrete example of Lebesgue measure on r-dimensional
Euclidean space you can avoid a variety of irrelevant distractions.

If you are quite sure, as a teacher, that none of your pupils will wish to go beyond the elementary theory,
there is something to be said for this view. I believe, however, that it becomes untenable if you wish to
prepare any of your students for more advanced ideas. The difficulty is that, with the best will in the
world, anyone who has worked through the full theory of Lebesgue measure, and then comes to the theory
of abstract measure spaces, is likely to go through it too fast, and at the end find himself uncertain about
just which ninety per cent of the facts he knows are generally applicable. I believe it is safer to keep the
special properties of Lebesgue measure clearly labelled as such from the beginning.

It is of course the besetting sin of mathematics teachers at this level, to teach a class of twenty in a manner
appropriate to perhaps two of them. But in the present case my own judgement is that very few students
who are ready for the course at all will have any difficulty with the extra level of abstraction involved in ‘Let
(X, X%, 1) be a measure space, ... . I do assume knowledge of elementary linear algebra, and the grammar,
at least, of arbitrary measure spaces is no worse than the grammar of arbitrary linear spaces. Moreover,
the Lebesgue theory already involves statements of the form ‘if E is a Lebesgue measurable set, ...’ and
in my experience students who can cope with quantification over subsets of the reals are not deterred by
quantification over sets of sets (which anyway is necessary for any elementary description of the o-algebra
of Borel sets). So I believe that here, at least, the extra generality of the ‘professional’ approach is not an
obstacle to the amateur.

I have written all this here, rather than later in the chapter, because I do wish to give you the choice.
And if your choice is to learn the Lebesgue theory first, and leave the general theory to later, this is how to
do it. You should read

paragraphs 114A-114C
114D, with 113A-113B and 112Ba, 112Bc
114E, with 113C-113D, 111A, 112A, 112Bb
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114F

114G, with 111G and 111C-111F,
and then continue with Chapter 12. At some point, of course, you should look at the exercises for §§112-113;
but, as in Chapters 12-13, you will do so by translating ‘Let (X, X, u) be a measure space’ into ‘Let u be
Lebesgue measure on R, and ¥ the o-algebra of Lebesgue measurable sets’. Similarly, when you look at
111X-111Y, you will take ¥ to be either the o-algebra of Lebesgue measurable sets or the o-algebra of Borel
subsets of R.

Version of 26.1.05

111 o-algebras

In the introduction to this chapter I remarked that a measure space is ‘a set in which some (not, as a rule,
all) subsets may be assigned a measure’. All ordinary concepts of ‘length’ or ‘area’ or ‘volume’ apply only
to reasonably regular sets. Modern measure theory is remarkably powerful in that an extraordinary variety
of sets are regular enough to be measured; but we must still expect some limitation, and when studying
any measure a proper understanding of the class of sets which it measures will be central to our work. The
basic definition here is that of ‘o-algebra of sets’; all measures in the standard theory are defined on such
collections. I therefore begin with a statement of the definition, and a brief discussion of the properties, of
these classes.

111A Definition Let X be a set. A o-algebra of subsets of X (sometimes called a o-field) is a family
> of subsets of X such that
(i) 0 € 3;
(ii) for every E € ¥, its complement X \ E in X belongs to %;

(iii) for every sequence (E,),en in ¥, its union | J,, o B\ belongs to X.

111B Remarks (a) Almost any new subject in pure mathematics is likely to begin with definitions. At
this point there is no substitute for rote learning. These definitions encapsulate years, sometimes centuries,
of thought by many people; you cannot expect that they will always correspond to familiar ideas.

(b) Nevertheless, you should always seek immediately to find ways of making new definitions more
concrete by finding examples within your previous mathematical experience. In the case of ‘o-algebra’, the
really important examples, to be described below, are going to be essentially new — supposing, that is, that
you need to read this chapter at all. However, two examples should be immediately accessible to you, and
you should bear these in mind henceforth:

(i) for any X, ¥ = {0}, X} is a o-algebra of subsets of X;

(ii) for any X, PX, the set of all subsets of X is a g-algebra of subsets of X.
These are of course the smallest and largest o-algebras of subsets of X, and while we shall spend little time
with them, both are in fact significant.

*(c) The phrase measurable space is often used to mean a pair (X,X), where X is a set and ¥ is a
o-algebra of subsets of X; but I myself prefer to avoid this terminology, unless greatly pressed for time, as
in fact many of the most interesting examples of such objects have no useful measures associated with them.

111C Infinite unions and intersections If you have not seen infinite unions before, it is worth pausing
over the formula [ FE,,. This is the set of points belonging to one or more of the sets F,; we may write
it as

neN

UEn:{:E:H neN,zeE,}
neN
=FyUE,UFEyU....

(I write N for the set of natural numbers {0,1,2,3,...}.) In the same way,
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111Eb o-algebras 5

ﬂEn:{x:ernVneN}
neN
=FEyNE;NEyN....
It is characteristic of the elementary theory of measure spaces that it demands greater facility with the
set-operations U, N, \ (‘set difference’: E\ F ={z: 2z € E, x ¢ F}), A (‘symmetric difference’> EAF =
(E\F)U(F\E)=(EUF)\ (ENF)) than you have probably needed before, with the added complication

of infinite unions and intersections. I strongly advise spending at least a little time with Exercise 111Xa at
some point.

111D Elementary properties of o-algebras If ¥ is a o-algebra of subsets of X, then it has the
following properties.

() FEUFeXforal E,FeX PForif E, FeX set Eg=F, E, =F forn>1; then (E,),en is a
sequence in ¥ and EUF =],y En € . Q

(b) ENF e X forall E, F € ¥. P By (ii) of the definition in 111A, X \ E and X \ F' € &; by (a) of this
paragraph, (X \ E)U(X \ F) € 3; by 111A(ii) again, X \ (X \ E)U (X \ F)) € X; but this is just ENF. Q

(c) E\FeXforal E;, FeX. PE\F=EN(X\F). Q
(d) Now suppose that (E,),en is a sequence in ¥, and consider

() En={z:2€E,VneN}
neN
=FEoNEiNEsN...

=X\ [J X\ B

neN

this also belongs to X.

111E More on infinite unions and intersections (a) So far I have considered infinite unions and
intersections only in the context of sequences (F,,)nen indexed by the set N of natural numbers itself. Many
others will arise more or less naturally in the pages ahead. Consider, for instance, sets of the form

Unss En = B UBs UEgU....,
UneZEn:{ZL'ZH TLEZ,IGEn}:...UE_QUE_lUE()UElUEQU...,

quQEq:{x:E q€Q, x € E,},

where I write Z for the set of all integers and Q for the set of rational numbers. If every E,,, E; belongs to
a o-algebra X, so will these unions. On the other hand,

Useppy B ={z:3 t€[0,1], z € E;}

may fail to belong to a o-algebra containing every E;, and it is of the greatest importance to develop an
intuition for those index sets, like N, Z and Q, which are ‘safe’ in this context, and those which are not.

(b) I rather hope that you have seen enough of Cantor’s theory of infinite sets to make the following
remarks a restatement of familiar material; but if not, I hope that they can stand as a first, and very partial,
introduction to these ideas. The point about the first three examples is that we can re-index the families of
sets involved as simple sequences of sets. For the first one, this is elementary; write E/, = E, 4 for n € N,
and see that | J,,~, En = U,en By, € X. For the other two, we need to know something about the sets Z
and Q. We can find sequences (k,)necn of integers, and (g, ),en of rational numbers, such that every integer
appears (at least once) as a k,, and every rational number appears (at least once) as a ¢,; that is, the
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6 Measure spaces 111Eb

functions n — k, : N — Z and n — ¢, : N — Q are surjective. I* There are many ways of doing this; one
is to set

n
k, = = for even n,
2

1
= —% for odd n,

n—m?2—m?

- 3 3
o ifmeNand m> <n< (m+1)°.

qn =

(You should check carefully that these formulae do indeed do what I claim they do.) @ Now, to deal with
Unez En, we can set

E =E;, €%
for n € N, so that

Unez En = Unen Bk, = Upen 7 € Z,

while for the other case we have

qu@ E, = UneN E,, €X.

Note that the first case |J,,~, En can be thought of as an application of the same principle; the map
n— n+ 4 is a surjection from N onto {4,5,6,7,...}.

111F Countable sets (a) The common feature of the sets {n : n > 4}, Z and Q which makes this
procedure possible is that they are ‘countable’. For our purposes here, the most natural definition of
countability is the following: a set K is countable if either it is empty or there is a surjection from N onto
K. In this case, if ¥ is a o-algebra of sets and (Ey)recx is a family in ¥ indexed by K, then J, ., Ex € X. P
For if n + k, : N — K is a surjection, then E] = Ej, € X for every n € N, and U, c o Ex = U,,en By € 2.
This leaves out the case K = (); but in this case the natural interpretation of | J, x Ek is

{z:3 ke, zecE}

which is itself (), and therefore belongs to ¥ by clause (i) of 111A. Q (In a sense this treatment of ) is
a conventional matter; but there are various contexts in which we shall wish to discuss |J, ¢, Ex without
checking whether K actually has any members, and we need to be clear about what we will do in such
cases.)

neN

(b) There is an extensive, and enormously important, theory concerning countable sets. The only frag-
ments which I think we must have explicit at this point are the following. (In §1A1 I add a few words to
link this presentation to conventional approaches.)

(i) If K is countable and L C K, then L is countable. P If L = (), this is immediate. Otherwise, take
any [* € L, and a surjection n — k, : N — K (of course K also is not empty, as I* € K); set l,, = kj, if
kn, € L, I* otherwise; then n +— [, : N — L is a surjection. Q

(ii) The Cartesian product N x N = {(m,n) : m, n € N} is countable. P For each n € N, let k,,
I, € N be such that n + 1 = 2%2(2l,, + 1); that is, k,, is the power of 2 in the prime factorisation of n + 1,
and 2[,, + 1 is the (necessarily odd) number (n + 1)/2%+. Now n + (k,,1,) is a surjection from N to N x N.
Q Tt will be important to us later to know that n — (k,,[,) is actually a bijection, as is readily checked.

(iii) It follows that if K and L are countable sets, so is K x L. P If either K or L is empty, so is
K x L, so in this case K x L is certainly countable. Otherwise, let ¢ : N — K and ¢ : N — L be surjections;
then we have a surjection 6 : N x N — K x L defined by setting 6(m,n) = (¢(m),¥(n)) for all m, n € N.
Now we know from (ii) just above that there is also a surjection x : N — N x N, so that 0x : N — K x L is
a surjection, and K x L must be countable. Q

(iv) An induction on r now shows us that if K, Ks,... , K, are countable sets, so is K1 X ... x K.
In particular, such sets as Q" x Q" will be countable, for any integer r > 1.
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111Gd o-algebras 7

(c) Putting 111Dd above together with these ideas, we see that if ¥ is a o-algebra of sets, K is a
non-empty countable set, and (F)rex is a family in ¥, then

Miex Ex ={z:2 € ExVkec K}

belongs to X. B Let n — k, : N — K be a surjection; then (), . Er = (), ey Bk, € X, as in 111Dd. Q

Note that there is a difficulty with the notion of (), o Ex if K = (; the natural interpretation of this
formula is to read it as the universal class. So ordinarily, when there is any possibility that K might be
empty, one needs some such formulation as X N[, o E.

(d) As an example of the way in which these ideas will be used, consider the following. Suppose that X
is a set, X is a o-algebra of subsets of X, and (Ey,)qeq,nen is a family in 3. Then

E= ﬂqu,q<\/§ UmeN ngm Eqn = ﬂq@@,q<ﬁ(UmEN(mnzm Eqn)) e
P Set Fumn = Nysm Ean = Nyen Egmin for ¢ € Q and m € N; then every Fy,, belongs to X, by 111Dd
or (c) above. Set Gy = U, ,cn Fym for ¢ € Q; then every G, belongs to X, by 111A(iii). Set K = {q:q €
Q, ¢ < V/2}; then K is countable, by 111E and (b-i) of this paragraph. So G, belongs to X, by (c).
But E = ,cx Go- Q

(e) And one final remark, which I give without proof here — though many proofs will be implicit in the
work below, and I spell one out in 1A1Ha —

qeEK

The set R of real numbers is not countable.

So you must resist any temptation to look for a list ag, a1,... running over the whole set of real numbers.

111G Borel sets I can describe here one type of non-trivial o-algebra; the formulation is rather abstract,
but the technique is important and the terminology is part of the basic vocabulary of measure theory.

(a) Let X be a set, and let & be any non-empty family of o-algebras of subsets of X. (Thus a member
of & is itself a family of sets; & C P(PX).) Then

N6 ={E:E X for every ¥ € &},

the intersection of all the o-algebras belonging to &, is a o-algebra of subsets of X. P (i) By hypothesis, &

is not empty; take X € &; then (& C Xy C PX, so every member of (& is a subset of X. (ii) ) € X for

every X € 6,500 € (NG. (iii) If E € (S then E € ¥ for every ¥ € &,s0 X \ E € X for every ¥ € & and

X\ E €eN6. (iv) Let (E,)nen be any sequence in (| &. Then for every 3 € &, (E,)nen Is a sequence in
¥, 50 Upen Bn € X as X is arbitrary, (J, oy En €(16. Q
(b) Now let A be any family of subsets of X. Consider

S ={X: X is a o-algebra of subsets of X, A C X}.

By definition, & is a family of o-algebras of subsets of X; also, it is not empty, because PX € &. So
Y4 =[G is a o-algebra of subsets of X. Because A C X for every X € &, A C X 4; thus X 4 itself belongs
to &; it is the smallest o-algebra of subsets of X including .A.

We say that ¥ 4 is the o-algebra of subsets of X generated by .A.

Examples (i) For any X, the o-algebra of subsets of X generated by 0 is {0, X'}.
(ii) The o-algebra of subsets of N generated by {{n} : n € N} is PN.
(c)(i) We say that a set G C R is open if for every « € G there is a 6 > 0 such that the open interval
Jx — d,x 4 [ is included in G.

(ii) Similarly, for any r > 1, we say that a set G C R" is open in R” if for every « € G thereisa d > 0
such that {y : [y — z|| < §} C G, where for z = ((1,...,¢) € R Lwrite ||z]| = />, [G]?; thus |ly — z||

is just the ordinary Euclidean distance from y to .

(d) Now the Borel sets of R, or of R", are just the members of the o-algebra of subsets of R or R”
generated by the family of open sets of R or R"; the o-algebra itself is called the Borel o-algebra in each
case.
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8 Measure spaces 111Ge

(e) Some readers will rightly feel that the development here gives very little idea of what a Borel set is
‘really’ like. (Open sets are much easier; see 111Ye.) In fact the importance of the concept derives largely
from the fact that there are alternative, more explicit, and in a sense more concrete, ways of describing
Borel sets. I shall return to this topic in Chapter 42 in Volume 4.

111X Basic exercises >(a) Practise the algebra of infinite unions and intersections until you can
confidently interpret such formulae as

ENUpenFn)y Unen(BEn\F), EU(Nyen Fa),
Unen(BEN ), EN(Upen £y Maen(Bn \ F),
EN(MpenFn)s - Muen(BU L), (Upen Bn) \ F,
Unen(BNEF) (Maen B \NF aen(BN\ Fr),

(Unen Bn) 0 (Unen Fn)s - Minnen(Bm \ Fn)s (Moen En) U (Moen F)

ﬂm,neN(Em U F")7 (nnEN E") \ (UnEN Fn)v Um,neN(Em N Fn)7

and, in particular, can identify the nine pairs into which these formulae naturally fall.

>(b) In R, show that all ‘open intervals’ ]a,b[, |—00,b], ]a,o0[ are open sets, and that all intervals
(bounded or unbounded, open, closed or half-open) are Borel sets.

>(c) Let X and Y be sets and ¥ a o-algebra of subsets of X. Let ¢ : X — Y be a function. Show that
{F:FCY, ¢ '[F] € £} is a o-algebra of subsets of Y. (See 1A1B for the notation here.)

>(d) Let X and Y be sets and T a o-algebra of subsets of Y. Let ¢ : X — Y be a function. Show that
{¢7[F]: F € T} is a o-algebra of subsets of X.

(e) Let X be a set, A a family of subsets of X, and ¥ the o-algebra of subsets of X generated by A.
Suppose that Y is another set and ¢ : Y — X a function. Show that {¢~![E] : E € X} is the o-algebra of
subsets of Y generated by {¢~1[A] : A € A}.

(f) Let X be a set, A a family of subsets of X, and ¥ the o-algebra of subsets of X generated by
A. Suppose that Y C X. Show that {ENY : E € X} is the o-algebra of subsets of Y generated by
{ANY : Aec A}

111Y Further exercises (a) In R", where r > 1, show that G +a = {4+ a : © € G} is open whenever
G C R" is open and a € R”. Hence show that E + a is a Borel set whenever E C R" is a Borel set and
a € R". (Hint: show that {E : F + a is a Borel set} is a o-algebra containing all open sets.)

(b) Let X be a set, ¥ a o-algebra of subsets of X and A any subset of X. Show that {(ENA)U(F\A) :
E, F € ¥} is a o-algebra of subsets of X, the o-algebra generated by ¥ U {A}.

(c) Let G € R? be an open set. Show that all the horizontal and vertical sections

{£:(Em el {€: (¢ G}

of G are open subsets of R.

(d) Let E C R? be a Borel set. Show that all the horizontal and vertical sections
{€:(&mel}, {£:(n¢ ek}

of E are Borel subsets of R. (Hint: show that the family of subsets of R? whose sections are all Borel sets
is a o-algebra of subsets of R? containing all the open sets.)
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112B Measure spaces 9

(e) Let G C R be an open set. Show that G is uniquely expressible as the union of a countable (possibly
empty) family Z of open intervals (the ‘components’ of G) no two of which have any point in common. (Hint:
for z, y € G say that x ~ y if every point between x and y belongs to G. Show that ~ is an equivalence
relation. Let Z be the set of equivalence classes.)

111 Notes and comments I suppose that the most important concept in this section is the one introduced
tangentially in 111E-111F, the idea of ‘countable’ set. While it is possible to avoid much of the formal theory
of infinite sets for the time being, I do not think it is possible to make sense of this chapter without a firm
notion of the difference between ‘finite’ and ‘infinite’, and some intuitions concerning ‘countability’. In
particular, you must remember that infinite sets are not, in general, countable, and that o-algebras are not,
in general, closed under arbitrary unions.

The next thing to be sure of is that you can cope with the set-theoretic manipulations here, so that such
formulae as (), cy En = X \ Upen(X \ Er) (111Dd) are, if not yet transparent, at least not alarming. A
large proportion of the volume will be expressed in this language, and reasonable fluency is essential.

Finally, for those who are looking for an actual idea to work on straight away, I offer the concept of o-
algebra ‘generated’ by a collection A (111G). The point of the definition here is that it involves consideration
of a family & € P(P(PX)), even though both A and ¥ 4 are subsets of PX; we need to work a layer or
two up in the hierarchy of power sets. You may have seen, for instance, the concept of ‘linear subspace
U generated by vectors uq,...,u, . This can be defined as the intersection of all the linear subspaces
containing the vectors uq, ... ,uy,, which is the method corresponding to that of 111Ga-b; but it also has
an ‘internal’” definition, as the set of vectors expressible as ayuy + ...+ a,u, for scalars a;. For o-algebras,
however, there is no such simple ‘internal’ definition available (though there is a great deal to be said in
this direction which I think we are not yet ready for; some ideas may be found in §136). This is primarily
because of (iii) in the definition 111A; a o-algebra must be closed under an infinitary operation, that is, the
operation of union applied to infinite sequences of sets. By contrast, a linear subspace of a vector space need
be closed only under the finitary operations of scalar multiplication and addition, each involving at most
two vectors at a time.

Version of 20.2.05/20.8.08

112 Measure spaces

We are now, I hope, ready for the second major definition, the definition on which all the work of this
treatise is based.

112A Definition A measure space is a triple (X, %, ) where
(i) X is a set;
(ii) ¥ is a o-algebra of subsets of X;
(iii) g : 3 — [0, 00] is a function such that
(a) 1 = 0;
(B) if (En)nen is a disjoint sequence in 3, then u(U,cn En) = Doneg i
In this context, members of 3 are called measurable sets, and p is called a measure on X.

112B Remarks (a) The use of oo In (iii) of the definition above, I declare that u is to be a function
taking values in ‘[0, co]’, that is, the set comprising the non-negative real numbers with ‘co’ adjoined. Iexpect
that you have already encountered various uses of the symbol co in analysis; I hope you have realised that
it means rather different things in different contexts, and that it is necessary to establish clear conventions
for its use each time. The ‘co of measure’ corresponds to the notion of infinite length or area or volume.
The basic operation we need to perform on it is addition: co +a = a + 0o = oo for every a € [0,00[ (that
is, every real number a > 0), and oo + 0o = oo. This renders [0, o0] a semigroup under addition. It will
be reasonably safe to declare co — a = oo for every a € R; but we must absolutely decline to interpret the
formula oo — co. As for multiplication, it turns out that it is usually right to interpret oo - 0o, a - 0o and
00 - a as oo for a > 0, while 0 - co = 0o - 0 can generally be taken as 0.

We also have a natural total ordering of [0, o], writing a < oo for every a € [0, c0[. This gives an idea of
supremum and infimum of an arbitrary (non-empty) subset of [0, c0]; and it will often be right to interpret
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10 Measure spaces 112B

inf () as oo, but I will try to signal this particular convention each time it is relevant. We also have a notion
of limit; if (un)nen is a sequence in [0, cc], then it converges to u € [0, oo] if
for every v < u there is an ng € N such that v < w,, for every n > ny,
for every v > u there is an ng € N such that v > w,, for every n > ny.
Of course if u = 0 or u = co then one of these clauses will be vacuously satisfied.
(See also §135.)

(b) I should say plainly what I mean by a ‘disjoint’ sequence: a sequence (E,),¢n is disjoint if no point
belongs to more than one E,,, that is, if E,, N E,, = () for all distinct m, n € N. Note that there is no bar
here on one, or many, of the F,, being the empty set.

Similarly, if (E;);cs is a family of sets indexed by an arbitrary set I, it is disjoint if E; N E; = () for all
distinct 4, 5 € 1.

(c) In interpreting clause (iii-3) of the definition above, we need to assign values to sums >~ u,, for ar-
bitrary sequences (uy)nen in [0, 00]. The natural way to do this is to say that > - wy, = lmy,ee Do Um,
using the definitions sketched in (a). If one of the w,, is itself infinite, say uy = oo, then Z 0 Um = 00
for every n > k, so of course > - ju, = oo. If all the u,, are finite, then, because they are all non-
negative, the sequence (3° _j Um)nen of partial sums is monotonic non-decreasing, and either has a finite
limit >°>7 ,u, € R, or diverges to co; in which case we again interpret Y u, as oc.

(d) Once again, the important examples of measure spaces will have to wait until §§114 and 115 below.
However, I can describe immediately one particular class of measure space, which should always be borne
in mind, though it does not give a good picture of the most important and interesting parts of the subject.
Let X be any set, and let h : X — [0,00] be any function. For every E C X write 8 = ) h(z). To
interpret this sum, note that there is no difficulty for finite sets £ (taking ) ., h(x) = 0), while for infinite
sets I we can take ) p h(w) = sup{}_, ., h(x) : I C Fis finite}, because every h(x) is non-negative. (You
may well prefer to think about this at first with X =N, so that }_, . ph(n) = lim, o0 >, cp ey, R(M);
but I hope that a little thought will show you that the general case, in which X may even be uncountable,
is not really more difficult.) Now (X, PX, ) is a measure space.

We are very far from being ready for the specialized vocabulary needed to describe different kinds of
measure space, but when the time comes I will call measures of this kind point-supported.

Two particular cases recur often enough to be worth giving names to. If h(x) = 1 for every z, then puF
is just the number of points of E if F is finite, and is co if F is infinite. I will call this counting measure
on X. If zy € X, we can set h(xo) =1 and h(z) =0 for z € X \ {zo}; then pE is 1 if 2y € E, and 0 for
other E. I will call this the Dirac measure on X concentrated at xy. Another simple example is with
X =N, h(n) =27""! for every n; then uX =+ 3 +... =

(e) If (X, X, ) is a measure space, then ¥ is the domain of the function p, and X is the largest member
of ¥. We can therefore recover the whole triplet (X, X, u) from its final component p. This is not a
game which is worth playing at this stage. However, it is convenient on occasion to introduce a measure
without immediately giving a name to its domain, and when I do this I may say that ‘u measures E’
or ‘E is measured by p’ to mean that puFE is defined, that is, that E belongs to the o-algebra dom .
Warning! Many authors use the phrase ‘p-measurable set’ to mean something a little different from what
I am discussing here.

112C Elementary properties of measure spaces Let (X, X, u) be a measure space.

(a) f E, Fe X and ENF = () then u(EUF) = pE + pF.

(b)If E, F €Y and E C F then uFE < uF.

(c) (EUF) < pE + uF for any E, F € X.

(d) If (Ey)nen is any sequence in X, then pu(J, e En) < Do tEn.

(e) If (Ey)nen is a non-decreasing sequence in ¥ (that is, E,, C E,; for every n € N) then

M(UnGN En) = hm’ﬂ—)oo ,LLEn = SllpneN ,LLEn

(f) If (En)nen is a non-increasing sequence in ¥ (that is, E,41 C E, for every n € N), and if some pFE,
is finite, then
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112Dc Measure spaces 11

(Npen Bn) = limy, 00 pBy = infpen p by
proof (a) Set Ey = FE, E; = F, E, = 0 for n > 2; then (F,),ecn is a disjoint sequence in ¥ and
Unen Bn = EUF, s0
WEUF) =300 pEy = pE + pF
(because pd = 0).
(b) F\ E € ¥ (111Dc) and pu(F \ E) > 0 (because all values of yu are in [0, c0]); so (using (a))
pF = pE+ p(F\ E) > pE.

(€) W(EUF) =pE + p(F\ E), by (a), and u(F\ E) < pF, by (b).

(d) Set Fy = Eo, Fry = B, \ U, Bi for n > 1; then (F,),en is a disjoint sequence in ¥, |, o Frn =
Unen En and F,, C E, for every n. By (b) just above, uF,, < ukE, for each n; so

N(UneN E,) = N(UneN F,) = Z'ZOZO pky < Z'ZOZO wEn.

(e) Set Fy = Ey, F,, = E, \ B,y for n > 1; then (Fy,)nen is a disjoint sequence in ¥ and |J,cy Fr =
Uen En- Consequently u(U,, ey En) = > p—g #Fn. But an easy induction on n, using (a) for the inductive
step, shows that pE, = Y7 _ uF,, for every n. So

ZZO:() lJ'Fn = hmn—)oo 221:0 MFm = hmn—)oo /’[’E’I’L
Finally, lim,, o pE, = sup,,cy pEy, because (by (b)) (wEy)nen is non-decreasing.
(f) Suppose that puEy < co. Set F, = Ej \ Epypn for n € N, F = |J, oy Fu; then (F,),en is a non-
decreasing sequence in X, so uF = lim,_ o uFy,, by (e) just above. Also, uF, + puFyxi, = pEy; because
wEy < oo, we may safely write uF,, = pE; — pEj1n, so that

Next, F' C Eg, so uF + u(Ex \ F') = uE), and (again because pEy is finite) uF = pEy — p(Ex \ F). Thus
we must have p(Ey \ F) = limy, ;0 pFy,. But By \ F'is just (), cyy En-
Finally, lim,,—, o, pE,, = inf, ey pE, because (uFy,)nen is non-increasing.

Remark Observe that in (f) above it is essential to have inf,cy uFE, < oo. The construction in 112Bd is
already enough to show this. Take X = N and let p be counting measure on X. Set F,, = {i:i € N, i > n}
for each n. Then E, ;1 C E, for each n, but

:u(nneN E,) = wh =0 < oo = limy, oo pFy.

112D Negligible sets Let (X, X, ) be any measure space.

(a) A set A C X is negligible (or null) if there is a set E € ¥ such that A C E and pE = 0. (If there
seems to be a possibility of doubt about which measure is involved, T will write u-negligible.)

(b) Let AV be the family of negligible subsets of X. Then (i) # € N (ii) if A C B € N then A € N (iii)
if (An)nen is any sequence in N, [, ey An € N. P (i) p(0) = 0. (ii) There is an £ € X such that pFE =0
and B C F; now A C E. (iii) For each n € N choose an E,, € ¥ such that A, C E, and puE, = 0. Now
E=U,enEn € X and U, ey An € Unen En» and (U, en En) < Doneg i, by 112Cd, so pu(U,,en En) = 0.

I will call N the null ideal of the measure u. (A family of sets satisfying the conditions (i)-(iii) here is
called a o-ideal of sets.)

(c) A set A C X is conegligible if X \ A is negligible; that is, there is a measurable set F C A such that
u(X \ E) = 0. Note that (i) X is conegligible (ii) if A C B C X and A is conegligible then B is conegligible
(iii) if (An)nen is a sequence of conegligible sets, then [, .y An is conegligible.
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12 Measure spaces 112Dd

(d) It is convenient, and customary, to use some relatively informal language concerning negligible sets.
If P(x) is some assertion applicable to members x of the set X, we say that

‘P(z) for almost every x € X’
or
‘P(x) a.e. (z)
or
‘P almost everywhere’, ‘P a.e.’
or, if it seems necessary to specify the measure involved,
‘P(z) for p-almost every ’, ‘P(z)p-a.e.(x)’, ‘P pu-a.e.’,
to mean that
{r:zeX, P(x)}
is conegligible in X, that is, that
{z:2z € X, P(z) is false}
is negligible. Thus, for instance, if f : X — R is a function, ‘f > 0 a.e.” means that {z : f(x) < 0} is
negligible.

(e) The phrases ‘almost surely’ (a.s.), ‘presque partout’ (p.p.) are also used for ‘almost everywhere’.

(f) I should call your attention to the fact that, on my definitions, a negligible set need not itself be
measurable, though it must be included in some negligible measurable set. (Measure spaces in which all
negligible sets are measurable are called complete. I will return to this question in §211.)

(g) When f and g are real-valued functions defined on conegligible subsets of a measure space, I will
write f =ae. g, [ <ae. g OF f >4 ¢ to mean, respectively,

f =g a.e, that is, {z : € dom(f) N dom(g), f(z)

g(x)} is conegligible,

f < g ae., that is, {z : € dom(f) Ndom(g), f(z)

IN

g(x)} is conegligible,

f > g ae., that is, {z : € dom(f) N dom(g), f(z)

Vv

g(z)} is conegligible.

112X Basic exercises >(a) Let (X, X, 1) be a measure space. Show that (i) y(FEUF)+u(ENF) =
pE+pF (i) f(EUFUG)+w(ENF)+w(ENG) + p(FNG) = pE + pF 4+ pG + (ENFNG) for all
E, F, G € ¥. Generalize these results to longer sequences of sets. (You may prefer to begin with the case
in which uF, uF and puG are all finite. But I hope you will be able to find arguments which deal with the
general case.)

>(b) Let (X, X, i) be a measure space and (E,)nen a sequence in X. Show that
w(Upen mmZn E,,) <liminf,, o puFEy,.
(c) Let (X,%, u) be a measure space, and E, F € X; suppose that uE < oo. Show that u(FAE) =
wF — pE+2u(E\ F).

(d) Let (X, 3, 1) be a measure space and (Ey,)nen a sequence of measurable sets such that u(J,,

co. (i) Show that limsup,, o pEn < w((Npeny Umsp Bm). (i) Show that if N, U5, Em
Unen ﬂmZn E,, then lim,,_, ., puF, exists and is equal to pFE.

E,) <

€N
:E:

>(e) Let (X, X, 1) be a measure space, and F the set of real-valued functions whose domains are conegli-
gible subsets of X. (i) Show that {(f,9): f, 9 € F, f <ae. g9} and {(f,9) : f, g € F, f >ae g} are reflexive
transitive relations on &, each the inverse of the other. (ii) Show that {(f,g): f, g € F, f =ae g} is their
intersection, and is an equivalence relation on .
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(f) Let (X,%, ) be a measure space, ¥ a set, and ¢ : X — Y a function. Set T = {F : F C Y,
¢71[F] € 2} and vF = pu¢~1[F] for F € T. Show that v is a measure on Y. (v is called the image
measure on Y, and I will generally denote it pu¢~1.)

112Y Further exercises (a) Let X be a set and ¥ a o-algebra of subsets of X. Let p; and ps be two
measures on X, both with domain Y. Set

pE =inf{p (ENF)+p(E\F): FeX}
for each E € 3. Show that p is a measure on X, and that it is the greatest measure, with domain ¥, such
that uF < min(u1 F, uoE) for every E € 3.
(b) Let X be a set and X a o-algebra of subsets of X. Let 1 and ps be two measures on X, both with
domain . Set
pE =sup{u (ENF)+ pu(E\F): F e X}
for each E € ¥. Show that u is a measure on X, and that it is the least measure, with domain >, such that
wE > max(pu1 E, poE) for every E € X.
(c) Let X be a set and X a o-algebra of subsets of X.
(i) Suppose that vy, ... ,v, are measures on X, all with domain ¥. Set
uE = 1nf{Z;L:0 vF; i Fy,...  F,eX EC Ui<n Fz}

for £ € 3. Show that p is a measure on X.
(ii) Let N be a non-empty family of measures on X, all with domain 3. Set

o0
nE = inf{z UnFy :(Un)nen 18 a sequence in N,
n=0

(Fn)nen is a sequence in X, E C U F.}
neN
for £ € 3. Show that p is a measure on X.

(iii) Let N be a non-empty family of measures on X, all with domain ¥, and suppose that there is some
v' € N such that v'X < oo. Set

ME:inf{Z?:OI/iFiZ’IIEN, voy... ,Vn €N, Fp, ... ,FRGZ,EQUKnFi}

for E € 3. Show that p is a measure on X.

(iv) Suppose, in (iii), that N is downwards-directed, that is, for any vy, v2 € N there is a v € N such
that vE < min(v1 E, 1 E) for every E € ¥. Show that uE = inf,cx vE for every F € X.

(v) Show that in all the cases (i)-(iii) the measure constructed is the greatest measure y with domain
3 such that pF < inf,cnVE for every E € X.

(d) Let X be a set and ¥ a o-algebra of subsets of X. Let N be a non-empty family of measures on X,
all with domain X. Set

n
uEzsup{Zz/iFi :ne€Nyvy, ..., v, €N,
i=0
Fy, ..., F, are disjoint subsets of E belonging to X}

for E € ¥. (i) Show that

oo
S sup{z UnFy :(Un)nen s a sequence in N,
n=0

(Fy)nen is a disjoint sequence in X, U F, CE}
neN
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14 Measure spaces 112Yd

for every E' € . (ii) Show that p is a measure on X, and that it is the least measure, with domain ¥, such
that pE > sup,cn vE for every E € . (iii) Now suppose that N is upwards-directed, that is, for any v,
vp € N there is a v € N such that vE > max(v1 E, 1»E) for every E € 3. Show that uFE = sup, cy VE for
every F € 3.

(e) Let (X,%, 1) be a measure space and (E,)nen a sequence of measurable sets. For each k € N set
Hy,={z:z e X, #({n:x € E,}) > k}, the set of points belonging to E,, for k or more values of n. (i)
Show that each Hj is measurable. (ii) Show that Y po, uHi = Y .o uE,. (Hint: start with the case in
which E,, = 0 for n > ng.) (iii) Show that if >~ %, uE,, is finite, then almost every point of X belongs to
only finitely many E,,, and Y .- uE, = > po o kG, where

Gy =Hg\ Hgy1 ={x: #{n: 2z € E,}) = k}.

(f) Let X be a set and p, v two measures on X, with domains X, T respectively. Set A = XN T and
define A : A — [0, 00] by setting AE = uE 4+ vE for every E € A. Show that (X, A, \) is a measure space.

112 Notes and comments The calculations in such results as 112Ca-112Cc, 112Xa and 112Xc, involving
only finitely many sets, are common to any additive concept of measure; you may have encountered them
in elementary probability theory, but of course I am now asking you to consider also the possibility that
one or more of the sets has measure co. I hope you will find that these results are entirely natural and
unsurprising. I recommend Venn diagrams in this context; a result of this kind involving only finitely many
measurable sets and only addition, with no subtraction, will be valid in general if and only if it is valid for
the area of simple geometric shapes in the plane. The requirement ‘uE < oo’ in 112Xc is necessary only
because we are subtracting pF; the corresponding additive result u(FAE) + pE = pF + 2u(E \ F) is true
for all measurable £ and F. Of course when sequences of sets enter the picture, we need to take a bit
more care; the results 112Cd-112Cf are the basic ones to learn. I think however that the only trap is in the
condition ‘some pFE, is finite’ in 112Cf. As noted in the remark at the end of 112C, this is essential, and for
a decreasing sequence of measurable sets it is possible for the measure of the limit to be strictly less than
the limit of the measures, though only when the latter is infinite.

Version of 6.4.05

113 Outer measures and Carathéodory’s construction

I introduce the most important method of constructing measures.

113A Outer measures I come now to the third basic definition of this chapter.

Definition Let X be a set. An outer measure on X is a function 6 : PX — [0, oo] such that
(i) 60 =0,
(ii) if AC B C X then §A < 6B,
(iii) for every sequence (Ay)nen of subsets of X, 0(U,,cn An) < D one o 0An.

113B Remarks (a) For comments on the use of ‘o0’, see 112B.

(b) Yet again, the most important outer measures must wait until §§114-115. The idea of the ‘outer’
measure of a set A is that it should be some kind of upper bound for the possible measure of A. If we are
lucky, it may actually be the measure of A; but this is likely to be true only for sets with adequately smooth

boundaries.

(c) Putting (i) and (iii) of the definition together, we see that if  is an outer measure on X, and A, B
are two subsets of X, then §(AU B) < §A + 0B; compare 112Ca and 112Cc.

(© 1999 D. H. Fremlin

MEASURE THEORY



113C Outer measures and Carathéodory’s construction 15

113C Carathéodory’s Method: Theorem Let X be a set and 6 an outer measure on X. Set
Y={E:ECX, 0A=0(ANE)+0(A\E) for every A C X}.
Then ¥ is a o-algebra of subsets of X. Define u : ¥ — [0, 00] by writing pE = 0F for E € X; then (X, X, p)
is a measure space.
proof (a) The first step is to note that for any E, A C X we have 0(ANE) +6(A\ E) > 6A, by 113Bc; so
that
YS={E:ECX, 0A>0(ANE)+0(A\E) for every A C X}.

(b) Evidently () € X, because
O(AND)+0(A\D)=00+0A=0A
for every AC X. If E € ¥, then X \ F € X, because
OAN(X\E)+0(A\(X\FE)=60(A\E)+0(ANE)=0A
for every A C X.

(c) Now suppose that E, FF € ¥ and A C X. Then

A A A A
E F E F E F E F
0]

(i) (iii) (iv)

O(AN(EUF))+6(A\(EUF)) diagram (i)
=0(AN(EUF)NE)+0(AN(EUF)\E)+60(A\ (EUF)) diag. (ii)
(because E € ¥ and AN (FUF) C X)
=0(ANE)+0((A\E)NF)+0(A\E)\ F)
=0(ANE)+60(A\E) diag. (iii)
(because F € )
=0A diag. (iv)

(again because F € ¥). Because A is arbitrary, EU F € X.

(d) Thus X is closed under simple unions and complements, and contains (). Now suppose that (E,,)nen
is a sequence in ¥, with £ = J,, o En- Set
then G,, € ¥ for each n, by induction on n. Set
FO:GOZEO; Fn:Gn\Gn—len\Gn—lfornzl;
then E' = {,cn Frn = Upen G-
Take any n > 1 and any A C X. Then

0ANG,) =0 ANG,NGp_1) +0(ANGL \ Gro1)

=0
= 0(ANGn_1) +0(ANE,).

An induction on n shows that (AN G,) =>" _ 0(ANF,,) for every n > 0.
Suppose that A C X. Then ANE = J,,.y AN Fy, so
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0(ANE) <> 0(ANF,)
n=0

n—oo

= nh—>ngo Z:OH(A NFy,) = lim 0(ANG,).
On the other hand,

O(A\E)=0(A\ | Gn)

neN

oy o
< Inf 6(A\Gy) = lim 6(A\Gy),

using 113A(ii) to see that (#(A \ Gn))nen is non-increasing and that (A \ E) < 0(A\ G,) for every n.
Accordingly
O(ANE)+0(A\E) < nlLII;O 0(ANG,) + nhirolo 0(A\ Gp)
= nler;O(G(A NG,)+0(A\G,)) =0A
because every G,, belongs to ¥, so 0(ANG,,) +0(A\ G,) = 0A for every n. But A is arbitrary, so E € X,

by the remark in (a) above.
Because (E,)ncn is arbitrary, condition (iii) of 111A is satisfied, and ¥ is a o-algebra of subsets of X.

(e) Now let us turn to p, the restriction of 6 to ¥, and Definition 112A. Of course u = 60 = 0. So let
(Ep)nen be any disjoint sequence in . Set G,, = |J E,, for each n, as in (d), and

m<n
E=U,en En = Upen Gn-
As in (d),
fGni1 = 0Gni1 = 0(Grir N Eng1) + 0(Grgr \ Engr)
=0E,11+0G, = uEni1 + uG,
for each n, so puG, =Y _, uEy, for every n.
Now
pE =0E <> (0E, =5 " puE,.
But also
uE =0FE > 0G, = uG, = Z:;:O wE,

for each n, so pE > > uE,.
Accordingly pE =" pEy. As (Ep)nen is arbitrary, 112A(iii-3) is satisfied and (X, ¥, p) is a measure
space.

113D Remark Note from (a) in the proof above that in this construction
Y={E:ECX, 0(ANE)+6(A\ FE) <0A for every A C X}.
Since (AN E) 4+ 0(A\ E) is necessarily less than or equal to #A when A4 = oo,
Y={E:ECX,0(ANE)+60(A\ E) <A whenever A C X and A < oo}.

113X Basic exercises >(a) Let X be a set and 6 an outer measure on X, and let x4 be the measure on
X defined from 6 by Carathéodory’s method. Show that if 6A = 0, then p measures A, so that a set A C X
is p-negligible iff #A = 0, and p is ‘complete’ in the sense of 112Df.

(b) Let X be a set. (i) Show that if 6, 62 are outer measures on X, so is 01 + 0o, setting (01 + 62)(A) =
01 A+ 02 A for every A C X. (ii) Show that if (6;);cs is any non-empty family of outer measures on X, so is
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0 = sup;c; 0;, setting 0A = sup;; ;A for every A C X. (iii) Show that if 61, 0, are outer measures on X
S0 is 61 A 6o, setting

(01 NO3)(A) =inf{0; B+ 05(A\ B): BC A}
for every A C X.

>(c) Let X and Y be sets, § an outer measure on X, and f : X — Y a function. Show that the functional
B~ 0(f~Y[B]): PY — [0, 00] is an outer measure on Y.

>(d) Let X be a set and 6 an outer measure on X; let Y be any subset of X. (i) Show that 6] PY,
the restriction of € to subsets of Y, is an outer measure on Y. (ii) Show that if £ C X is measured by the
measure on X defined from 6 by Carathéodory’s method, then £ NY is measured by the measure on Y
defined from 0] PY.

>(e) Let X and Y be sets, 6 an outer measure on Y, and f : X — Y a function. Show that the functional
A — 0(f[A]) : PX — [0,00] is an outer measure.

(f) Let X and Y be sets, 6 an outer measure on X, and R C X X Y a relation. Show that the map
B+ O(R7YB]) : PY — [0,00] is an outer measure on Y, where R~}[B] = {z : 3y € B, (z,y) € R}
(1A1Bc). Explain how this is a common generalization of (c¢), (d-i) and (e) above, and how it can be proved
by putting them together.

(g) Let X be a set and 0 an outer measure on X. Suppose that E C X is measured by the measure on
X defined from 6 by Carathéodory’s method. Show that (ENA)+0(EUA) =0FE + 6A for every A C X.

(h) Let X be aset and 0 : PX — [0, 00] a functional such that 0 = 0, #A < §B whenever A C B C X,
and 0(AU B) < A+ 0B whenever A, B C X. Set
Y={E:ECX, 0A=0(ANE)+0(A\E) for every A C X}.

Show that @, X \ F and F U F belong to X for all £, F € 3, so that E\ F, ENF € X forall E, F € 3.
Show that (F U F) = 0F + 0F whenever E, F € ¥ and ENF = .

113Y Further exercises (a) Let (X, X, 1) be a measure space. For A C X set p*A = inf{uFE : E €
3, A C E}. Show that for every A C X the infimum is attained, that is, there is an E' € ¥ such that A C F
and pF = p*A. Show that p* is an outer measure on X.

(b) Let (X, X, ) be a measure space and D any subset of X. Show that ¥p = {END : E € ¥} is
a og-algebra of subsets of D. Set up = p*[Xp, the function with domain ¥p such that uypB = u*B for
every B € ¥p, where p* is defined as in (a) above; show that (D,Xp, up) is a measure space. (up is the
subspace measure on D.)

(c) Let (X, 3, ) be a measure space and let u* be the associated outer measure on X, as in 113Ya. Let
be the measure on X constructed by Carathéodory’s method from p*, and ¥ its domain. Show that ¥ C %
and that i extends p.

(d) Let X be a set and 7: PX — [0, 00] any function such that 7() = 0. For A C X set
0A = inf{z 7C; : (Cj)jen is a sequence of subsets of X
j=0

such that A C U C;}.
jEN

Show that ¢ is an outer measure on X. (Hint: you will need 111F(b-ii) or something equivalent.)

(e) Let X be a set and 61, 02 two outer measures on X. Show that 6, A 0, as described in 113Xb(iii), is
the outer measure derived by the process of 113Yd from the functional 7C = min(6,C, 62C).
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(f) Let X be a set and (0;);c; any non-empty family of outer measures on X. Set 7C' = inf,;c; 6;C for
each C C X. Show that the outer measure derived from 7 by the process of 113Yd is the largest outer
measure 6 such that A4 < 6;A whenever A C X and ¢ € I.

(g) Let X be a set and ¢ : PX — [0, 00] a functional such that
P = 0;
(AU B) > ¢A+ ¢B for all disjoint A, B C X;
if (An)nen is a non-increasing sequence of subsets of X and ¢Ag < oo then (), oy An) =
limy, 00 AR;
if pA = oo and a € R there is a B C A such that a < ¢B < co.
Set
YS={E:ECX, ¢(ANE)+ ¢(A\ E) = ¢pA for every A C X}.

Show that (X, ¥, ¢[X) is a measure space.

(h) Let (X,X, ) be a measure space and for A C X set u.A = sup{uFE : E € ¥, E C A, uFE < oo}.
Show that p. : PX — [0, 0o] satisfies the conditions of 113Yg, and that if 4 X < oo then the measure defined
from p. by the method of 113Yg extends p.

(i) Let X be a set and A an algebra of subsets of X, that is, a family of subsets of X such that

0eA,
X\ E € Aforevery E € A,
EUF € A whenever E, F € A.

Let ¢ : A — [0, 00] be a function such that

0 =0,
¢(EUF) = @¢F + ¢F whenever E, F € Aand ENF =0,
oF = lim,,_, o, ¢F,, whenever (E, ) en is a non-decreasing sequence in A4 with union FE.

Show that there is a measure p on X extending ¢. (Hint: set A = oo for A € PX \ A; define 6 from ¢ as
in 113Yd, and g from 6.)

(j) (T.de Pauw) Let X be a set, T a o-algebra of subsets of X, and 6 an outer measure on X. Set
Y={E:Ee€T 0A=0(ANE)+0(A\E) for every A € T}. Show that ¥ is a o-algebra of subsets of X
and that 6]X is a measure.

(k) Let X, 7 : PX — [0,00] and 6 be as in 113Yd; let u be the measure defined by Carathéodory’s
method from 6, and ¥ the domain of p. Suppose that E C X is such that 6(C N E)+60(C \ E) < 7C
whenever C' C X is such that 0 < 7C < co. Show that F € X.

113 Notes and comments We are proceeding by the easiest stages I can devise to the construction of
a non-trivial measure space, that is, Lebesgue measure on R. There are many constructions of Lebesgue
measure, but in my view Carathéodory’s method (113C) is the right one to begin with, because it is the most
powerful and versatile single technique for constructing measures. It is, of course, abstract — it deals with
arbitrary outer measures on arbitrary sets; but I really think that the Lebesgue theory, intertwined as it is
with the rich structure of Euclidean space, is harder than the abstract theory of measure. We do at least have
here a serious theorem for you to get your teeth into, mastery of which should be both satisfying and useful.
I must say that I think it very remarkable that such a direct construction should be effective. Looking at the
proof, it is perhaps worth while distinguishing between the ‘algebraic’ or ‘finite’ parts ((a)-(c)) and the parts
involving sequences of sets ((d)-(e)); the former amount to a proof of 113Xh. Outer measures of various
kinds appear throughout measure theory, and I sketch a few of the relevant constructions in 113X-113Y.
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Version of 14.6.05

114 Lebesgue measure on R

Following the very abstract ideas of §§111-113, we have an urgent need for a non-trivial example of a
measure space. By far the most important example is the real line with Lebesgue measure, and I now
proceed to a description of this measure (114A-114E), with a few of its basic properties.

The principal ideas of this section are repeated in §115, and if you have encountered Lebesgue measure
before, or feel confident in your ability to deal with two- and three-dimensional spaces at the same time as
doing some difficult analysis, you could go directly to that section, turning back to this one only when a
specific reference is given.

114A Definitions (a) For the purposes of this section, a half-open interval in R is a set of the form
[a,b] = {z:a <z < b}, where a, b € R.
Observe that T allow b < a in this formula; in this case [a,b] = () (see 1A1A).

(b) If I C R is a half-open interval, then either I = () or I = [inf I, sup I[, so that its endpoints are well
defined. We may therefore define the length Al of a half-open interval I by setting

A =0, Aab=b—aifa<b.

114B Lemma If I C R is a half-open interval and (I;),en is a sequence of half-open intervals covering
I, then A\ < Z;io Al

proof (a) If I = () then of course \I =0 < 3772, Al;. Otherwise, take I = [a,b[, where a < b. For each
x € R let H, be the half-line |—oo, [, and consider the set

A:{x:agxgb,x—aSZ;‘;O)\(IjﬁHI)}.

(Note that if I; = [¢;,d,[ then I; N H, = [¢j, min(d;, z)[, so A(I; N H) is always defined.) We have a € A
(because a —a = 0 < Z(;io A(I; N H,)) and of course A C [a,b], so ¢ = sup A is defined, and belongs to
[a, b].

(b) We find now that ¢ € A.

Pc—a=supzxr—a

z€A
<sup Y NI NH,) <Y MLNH) Q
T€A T -
7=0 7=0

(c) ? Suppose, if possible, that ¢ < b. Then ¢ € [a, b[, so there is some k € N such that ¢ € I,. Express
It as [ck, di[; then @ = min(dy,b) > ¢. For each j, A(I; N H;) > A(I; N H.), while

MIxNHy)=ANIxNH) +x—c.
So

8

STAMLNH) =Y M NH) +z—c
=0 j

<
I
o

>c—a+x—c=x—a,
sox € A; but x > cand c=sup A. X
(d) We conclude that ¢ = b, so that b € A and
b—a <32 NI NHy) <37 M,
as claimed.

(©) 1994 D. H. Fremlin
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114C Definition Now, and for the rest of this section, define 6 : PR — [0, co] by writing

A = inf{z A : (1) en is a sequence of half-open intervals
=0

such that A C U I;}.
jEN

Observe that every A can be covered by some sequence of half-open intervals — e.g., A C [J, ¢y [-7,n[; 50
that if we interpret the sums in [0, 00|, as in 112Bc above, we always have a non-empty set to take the
infimum of, and A is always defined in [0, oc]. This function 6 is called Lebesgue outer measure on R;
the phrase is justified by (a) of the next proposition.

114D Proposition (a) 6 is an outer measure on R.

(b) 81 = M for every half-open interval I C R.
proof (a)(i) 6 takes values in [0, c0] because every 6A is the infimum of a non-empty subset of [0, cc].

(ii) 00 = 0 because (for instance) if we set I; = () for every j, then every I; is a half-open interval (on
the convention I am using) and 0cC UjeN 1, Z;’io A; = 0.

(iii) If A C B then whenever B C (J;cy I; we have A C |J;oy 1j, so 0A is the infimum of a set at least
as large as that involved in the definition of 6B, and 6A < 6B.

(iv) Now suppose that (A,)nen is a sequence of subsets of R, with union A. For any € > 0, we
can choose, for each n € N, a sequence (I,;)jen of half-open intervals such that A, C UjeN I,; and
Z;io A,; <604, +27"€e. (You should perhaps check that this formulation is valid whether 8 A,, is finite or
infinite.) Now by 111F(b-ii) there is a bijection from N to N x N; express this in the form m — (K, l;)-
Then (I, 1,,)men is a sequence of half-open intervals, and

A g UmeN Ikmylm,'

P Ifr € A=,y An there must be an n € N such that z € A, C UjeN I,,j, so there is a j € N such that
x € I,j. Now m > (km, L) is surjective, so there is an m € N such that k,, = n and l,, = j, in which case
T e Ikam. Q

Next,

P If M € N, then N = max(ko, k1,... ,ka,lo,l1,... ,lar) is finite; because every Al,; is greater than or
equal to 0, and any pair (n,j) can appear at most once as a (kn,, L),

M N N N 00 00 0o
Zm:O My b < ano ijo Alpj < ano Zj:O Alnj < ano ijo Alpj.
So
oo M, 0, = limaseo Z%:o Myt <2002 o0 Mg Q

Accordingly
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= i A, + 2e.
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Because € is arbitrary, #4 < Y7 §A,, (again, you should check that this is valid whether or not Y-, 64,
is finite). As (A, )nen is arbitrary, 6 is an outer measure.

(b) Because we can always take Ip = I, I; = () for j > 1, to obtain a sequence of half-open intervals
covering I with Z;io Al = M, we surely have 01 < AI. For the reverse inequality, use 114B: if I C UjeN 1;,
then A\ < 3777 Alj; as (I;)jen is arbitrary, 61 > A\l and 01 = M, as required.

Remark There is an ungainly shift in the argument of (a-iv) above, in the stage

‘WA < anozo My 1 < ZZO:O Z;io Al

I dare say you would have believed me if I had suppressed the k,,, l,,, altogether and simply written ‘because
A C U, enInj, 0A < 3707032720 My’ T hope that you will not find it too demoralizing if I suggest that
such a jump is not quite safe. My reasons for interpolating a name for a bijection between N and N x N, and
taking a couple of lines to say explicitly that 3°7"_ Ay, 1,, < 2070 > 72 My, are the following. To start
with, there is the formal point that the definition 114C demands a simple sequence, not a double sequence.
Is it really obvious that it doesn’t matter here? If so, why? There can be no way to justify the shift which
does not rely on the facts that N x N is countable and every AI,; is non-negative. If either of those were
untrue, the method would be in grave danger of failing.

At some point we shall certainly need to discuss sums over infinite index sets other than N, including
uncountable index sets. I have already touched on these in 112Bd, and I will return to them in 226A in
Volume 2. For the moment, I feel that we have quite enough new ideas to cope with, and that what we need
here is a reasonably honest expedient to deal with the question immediately before us.

You may have noticed, or guessed, that some of the inequalities ‘<’ here must actually be equalities; if
so, check your guess in 114Ya.

114E Definition Because Lebesgue outer measure (114C) is indeed an outer measure (114Da), we may
use it to construct a measure p, using Carathéodory’s method (113C). This measure is Lebesgue measure
on R. The sets E measured by p (that is, for which (AN E) + 0(A\ E) = 0A for every A C R) are called
Lebesgue measurable.

Sets which are negligible for u are called Lebesgue negligible; note that these are just the sets A for
which #A = 0, and are all Lebesgue measurable (113Xa).

114F Lemma Let x € R. Then H, = |—o00, z[ is Lebesgue measurable for every x € R.

proof (a) The point is that AT = A(I N H,) + A(I \ H,) for every half-open interval I C R. P If either
I C H, or INH, = (), this is trivial. Otherwise, I must be of the form [a,b[, where a < x < b. Now
INH, =a,z[ and I \ H, = [z, b] are both half-open intervals, and

AMINH)+AXI\Hy)=(z—a)+(b—2)=b—a=). Q
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(b) Now suppose that A is any subset of R, and € > 0. Then we can find a sequence (I;) ey of half-open
intervals such that A C |J;y I; and Z;io M; <0A+ e Now (I; N Hy)jen and (I; \ Hy)jen are sequences
of half-open intervals and AN H, C U,en(L; N Hy), A\ Hy €U en(L; \ Hy). So

O(ANH,) +0(A\ Hy) <Y NI NHy) + Y MI; \ Hy)
§=0 §=0

=Y M;<0A+e
j=0

Because € is arbitrary, (AN H,) + 0(A\ H,) < 0A; because A is arbitrary, H, is measurable, as remarked
in 113D.

114G Proposition All Borel subsets of R are Lebesgue measurable; in particular, all open sets, and all
sets of the following classes, together with countable unions of them:

(i) open intervals ]a, b[, | —00, [, ]a, oo[, | —00, 0o, where a < b € R;
(ii) closed intervals [a, b], where a < b € R;
(iii) half-open intervals [a, b[, ]a, b], ]—00, b], [a, oo[, where a < b in R.

We have moreover the following formula for the measures of such sets, writing p for Lebesgue measure:

wla, b = pla, bl = pla,b[ = pla,bl =b—a
whenever a < b in R, while all the unbounded intervals have infinite measure. It follows that every countable
subset of R is measurable and of zero measure.

proof (a) I show first that all open subsets of R are measurable. I Let G C R be open. Let K C Q x Q
be the set of pairs (g, ¢’) of rational numbers such that [¢,¢'| C G. Now by the remarks in 111E-111F —
specifically, 111Eb, showing that Q is countable, 111F(b-iii), showing that products of countable sets are
countable, and 111F(b-i), showing that subsets of countable sets are countable — we see that K is countable.
Also, every [q,q'[ is measurable, being H, \ H, in the language of 114F. So, by 111Fa, G’ = U(qu/)eK [q,d']
is measurable.

By the definition of K, G’ C G. On the other hand, if x € G, there is an € > 0 such that |z — e,z + ¢[ C G.
Now there are rational numbers ¢ € |z — ¢, 2] and ¢’ € |x,x + €], so that (¢,¢') € K and = € [¢,¢'[ C G'. As
z is arbitrary, G = G’ and G is measurable. Q

(b) Now the family ¥ of Lebesgue measurable sets is a o-algebra of subsets of R including the family of
open sets, so must contain every Borel set, by the definition of Borel set (111G).

(c) Of the types of interval considered, all the open intervals are actually open sets, so are surely Borel.
The complement of a closed interval is expressible as the union of at most two open intervals, so is Borel, and
the closed interval, being the complement of a Borel set, is Borel. A bounded half-open interval is expressible
as the intersection of an open interval with a closed interval, so is Borel; and finally an unbounded interval
of the form |—o0, b] or [a, o0 is the complement of an open interval, so is also Borel.

(d) To compute the measures, we already know from 114Db that
wla,b[=60a,b[=b—a

if a <b. For the other types of bounded interval, it is enough to note that u{a} = 0 for every a € R, as the
different intervals differ only by one or two points; and this is so because {a} C [a,a + €[, so u{a} < e, for
every € > 0.

As for the unbounded intervals, they include arbitrarily long half-open intervals, so must have infinite
measure.

(e) As just remarked, p{a} = 0 for every a. If A C R is countable, it is either empty or expressible
as {a, : n € N}. In the former case pA = p = 0; in the latter, A = J, cy{an} is Borel and pAd <

ZZO:() P‘{an} =0.

114X Basic exercises >(a) Let g : R — R be any non-decreasing function. For half-open intervals
I C R define AjI by setting
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A =0, Ngla,b] =limgpp, g(z) — limgq, g(2)
if a < b. For any set A C R set

0,A = inf{z Mgl : (I;)jen is a sequence of half-open intervals
j=0
such that A C U I;}.
jEN
Show that 0, is an outer measure on R. Let 11, be the measure defined from 6, by Carathéodory’s method,;
show that gl is defined and equal to Ay for every half-open interval I C R, and that every Borel subset

of R is in the domain of .
(g is the Lebesgue-Stieltjes measure associated with g.)

(b) At which point would the argument of 114Xa break down if we wrote A, [a,b] = g(b) — g(a) instead
of using the formula given?

>(c) Write 0 for Lebesgue outer measure and pu for Lebesgue measure on R. Show that A = inf{uFE : F
is Lebesgue measurable, A C E} for every A C R. (Hint: Consider sets E of the form (J;cy f;, where
(I;)jen is a sequence of half-open intervals.)

(d) Let X be a set, Z a family of subsets of X such that ) € Z, and X : T — [0, oo a function such that
AP = 0. Define 6 : PX — [0, oc] by writing

0A =inf{3>°72, M : (I;)jen is a sequence in Z such that A C ey 15},

interpreting inf () as co, so that A = oo if A is not covered by any sequence in Z. Show that € is an outer
measure on X.

(e) Let E C R be a set of finite measure for Lebesgue measure p. Show that for every e > 0 there is
a disjoint family Iy, ..., I, of half-open intervals such that p(EAU,; <, I;) < €. (Hint: let (Jj)jen be a
sequence of half-open intervals such that £ C UjeN J; and Z;O'io pd; < pk+ %e. Now take a suitably large

m and express | J J; as a disjoint union of half-open intervals.)

j<m

>(f) Write 6 for Lebesgue outer measure and p for Lebesgue measure on R. Suppose that ¢ € R. Show
that (A + ¢) = 6 A for every A C R, where A+ ¢ = {z+c:x € A}. Show that if E C R is measurable so
is E + ¢, and that in this case u(F + ¢) = uE.

(g) Write 6 for Lebesgue outer measure and u for Lebesgue measure on R. Suppose that ¢ > 0. Show
that 8(cA) = c(A) for every A C R, where cA = {cz : © € A}. Show that if £ C R is measurable so is cE,
and that in this case u(cE) = cuFE.

is actually equal

m

114Y Further exercises (a) In (a-iv) of the proof of 114D, show that Y °_ Ay,
t0 D nto Z;io AlLyj.
(b) Let g, h : R — R be two non-decreasing functions, with sum g + h; let pg, pin, fg+n be the
corresponding Lebesgue-Stieltjes measures (114Xa). Show that
dom ptgyp = dompg Ndompy,  pgrnE = pgll + pp ke for every £ € dom pgqp.

(c) Let (gn)nen be a sequence of non-decreasing functions from R to R, and suppose that g(z) =
> gn(x) is defined and finite for every 2 € R. Let p, , i, be the corresponding Lebesgue-Stieltjes
n=0 In g

measures. Show that

dom pig = ey dompg, ,  pgE = 37" pg, E for every E € dom ju.
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(d)(i) Show that if A C R and € > 0, there is an open set G D A such that 0G < 0A + ¢, where 0 is
Lebesgue outer measure. (ii) Show that if £ C R is Lebesgue measurable and e > 0, there is an open set
G 2 E such that u(G \ E) < ¢, where p is Lebesgue measure. (Hint: consider first the case of bounded FE.)
(iii) Show that if E C R is Lebesgue measurable, there are Borel sets Hy, Hy such that Hy C E C Hy and
w(H \ E) = pn(E \ Hy) = 0. (Hint: use (ii) to find Hs, and then consider the complement of E.)

(e) Write 6 for Lebesgue outer measure on R. Show that a set F C R is Lebesgue measurable iff
O([-n,n] N E) + 6([—n,n] \ E) = 2n for every n € N. (Hint: Use 114Yd to show that for each n there are
measurable sets F,, H, such that F,, C [-n,n]NE C H,, and H, \ F, is negligible.)

(f) Repeat 114Xc and 114Yd-114Ye for the Lebesgue-Stieltjes measures of 114Xa.

(g) Write B for the o-algebra of Borel subsets of R, and let v : B — [0, 00] be a measure. Let g, Ay, 04
and pg be as in 114Xa. Show that if vI = A I for every half-open interval I, then vE = uqFE for every
E € B. (Hint: first consider open sets E, and then use 114Yd(i) as extended in 114Yf.)

(h) Write B for the o-algebra of Borel subsets of R, and let v : B — [0,00] be a measure such that
v[—n,n] < oo for every n € N. Show that there is a function g : R — R which is non-decreasing, continuous
on the left and such that vE = p4E for every E € B, where 1 is defined as in 114Xa. Is g unique?

(i) Write B for the o-algebra of Borel subsets of R, and let v, vo be measures with domain B such that
1] = sl < oo for every half-open interval I C R. Show that 11 E = v, F for every E € B.

(j) Let £ be any family of half-open intervals in R. Show that (i) there is a countable C C £ such that
UE& = UC (definition: 1A1F) (ii) that [JE€ is a Borel set, so is Lebesgue measurable (iii) that there is a
disjoint sequence (I,,)nen of half-open intervals in R such that |J& = U, e In-

(k) Show that for almost every x € R (as measured by Lebesgue measure) the set
: _mc L
{(m,n):m € Z,n e N\ {0}, |x n|§n3

is finite. (Hint: estimate the outer measure of U, 5,0 Ujpmi<inl s = 75+ 4] for ng, k > 1.) Repeat with
2 + € in the place of 3.

(1) Write p for Lebesgue measure on R. Show that there is a countable family F of Lebesgue measurable
subsets of R such that whenever pF is defined and finite, and € > 0, there is an F' € F such that u(EAF) < e.
(Hint: in 114Xe, show that we can take the I; to have rational endpoints.)

114 Notes and comments My own interests are in ‘abstract’ measure theory, and from the point of view of
the structure of this treatise, the chief object of this section is the description of a non-trivial measure space
to provide a focus for the general theorems which follow. Let me enumerate the methods of constructing
measure spaces already available to us. (a) We have the point-supported measures of 112Bd; in some ways,
these are trivial; but they do occur in applications, and, just because they are generally easy to deal with,
it is often right to test any new ideas on them. (b) We have Lebesgue measure on R; a straightforward
generalization of the construction yields the Lebesgue-Stieltjes measures (114Xa). (c) Next, we have ways
of building new measures from old, starting with subspace measures (113Yb), image measures (112Xf) and
sums of measures (112Yf). Perhaps the most important of these is ‘Lebesgue measure on [0,1], T call it p;
for the moment, where the domain of py is {E : E C [0, 1] is Lebesgue measurable} = {EN[0,1]: E C R is
Lebesgue measurable}, and p; E is just the Lebesgue measure of E for each E € dom . In fact the image
measures of Lebesgue measure on [0, 1] include a very large proportion of the probability measures (that is,
measures giving measure 1 to the whole space) of importance in ordinary applications.

Of course Lebesgue measure is not only the dominant guiding example for general measure theory, but
is itself the individual measure of greatest importance for applications. For this reason it would be possible
— though in my view narrow-minded — to read chapters 12-13 of this volume, and a substantial proportion
of Volume 2, as if they applied only to Lebesgue measure on R. This is, indeed, the context in which most
of these results were first developed. I believe, however, that it is often the case in mathematics, that one’s
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understanding of a particular construction is deepened and strengthened by an acquaintance with related
objects, and that one of the ways to an appreciation of the nature of Lebesgue measure is through a study
of its properties in the more abstract context of general measure theory.

For any proper investigation of the applications of Lebesgue measure theory we must wait for Volume 2.
But I include 114Yk as a hint of one of the ways in which this theory can be used.

Version of 21.7.05

115 Lebesgue measure on R”"

Following the very abstract ideas of §§111-113, there is an urgent need for non-trivial examples of measure
spaces. By far the most important examples are the Euclidean spaces R” with Lebesgue measure, and I
now proceed to a definition of these measures (115A-115E), with a few of their basic properties. Except
at one point (in the proof of the fundamental lemma 115B) this section does not rely essentially on §114;
but nevertheless most students encountering Lebesgue measure for the first time will find it easier to work
through the one-dimensional case carefully before embarking on the multi-dimensional case.

115A Definitions (a) For practically the whole of this section (the exception is the proof of Lemma
115B) 7 will denote a fixed integer greater than or equal to 1. T will use Roman letters a, b, ¢, d, z, y to
denote members of R", and Greek letters for their coordinates, so that a = (a1,... ,a..), b = (B1,...,06:),

xr = (fl,... 7£r)~

(b) For the purposes of this section, a half-open interval in R" is a set of the form [a,b] = {z : a; <
& < Bi Vi <r}, where a, b € R". Observe that I allow 3; < a; in this formula; if this happens for any i,
then [a,b] = 0.

(c) If I =[a,b] CR" is a half-open interval, then either I = ) or

a; =inf{& :x eI}, B;=sup{& :xel}

for every ¢ < r; in the latter case, the expression of I as a half-open interval is unique. We may therefore
define the r-dimensional volume I of a half-open interval I by setting

M =0, XMab[ =TI, B —aif oy < B for every i.

115B Lemma If 7 C R” is a half-open interval and (I;),en is a sequence of half-open intervals covering
I, then X < 3°7° ) M.

proof The proof is by induction on r. For this proof only, therefore, I write A, for the function defined on
the half-open intervals of R” by the formula of 115Ac.

(a) The argument for » = 1, starting the induction, is similar to the inductive step; but rather than
establish a suitable convention to set up a trivial case r = 0, or ask you to work out the details yourself, I
refer you to 114B, which is exactly the case r = 1.

(b) For the inductive step to r + 1, where 7 > 1, take a half-open interval I C R"™! and (I;)jen a
sequence of half-open intervals covering I. If I = ) then of course A\, 111 =0 < Z?io Arg11;. Otherwise,
express I as [a,b], where a; < 8; for i < 7+ 1, and each I; as [a"), b0 [. Write ¢ = []\_, B; — a, so that
Arg1d = ¢(Br41 — ary1). Fix € > 0. For each £ € R let He be the half-space {z : {41 < £}, and consider
the set

A={&ar1 SE< B, (€= ) < (14622700 A (1; N He ) -

(Note that I; N He = [a(j),i)(j) [, where ij) = 62@ for ¢ < r and Bfi)l = min(ﬁﬁj_gl,g), 50 Apy1(I; N He) is
always defined.) We have .11 € A, because

Clarsr —ar1) =0< (1 + G)Z;‘;o )‘T+1(Ij n Har+1)v

and of course A C [ay41, Br+1], S0 v = sup A is defined, and belongs to [ay41, Bri1]-
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(c) We find now that v € A.

P ((y— arg1) =sup((§ — art1)
£eA

<(I4+6esupd AN He) < (146 Api(;NH,). Q

€e4 55 =0

(d) ? Suppose, if possible, that v < f,41. Then v € [ar41, Bri1[- Set
J={z:z eR", (z,y) eI} =[d,V],
where ' = (ay,... ,a;), b = (B1,...,Br), and for each j € N set
Ji={z:zeR", (z,7) € I;}.

Because I C (J;cy {j, we must have J C (J;cyJj. Of course both J and the J; are half-open intervals in
R”. (This is one of the places where it is helpful to count the empty set as a half-open interval.) By the
inductive hypothesis, { = \,.J < Z(;io Ardj. As ¢ > 0, there is an m € N such that ¢ < (1 +¢) Z;‘n:o Ardj.

Now for each j < m, either J; = or afﬁl <v< 57(,21; set

¢ =min({B,41} U{BY)y 15 <m, J; #0}) > .
Then
Arpr (L NV He) > N1t (I N HY) 4 (€ = 7)AeJ;

for every j < m such that J; is non-empty, and therefore for every j. Consequently
C(f - ar+1) = C(’Y - ar-l—l) + C(g - ’7)

<(+¢) Z)‘r-‘rl(lj NHy)+ (1+e)(§—7) ZATJj

=0 =0
<46 Y At NH) +(1+6 Y A ([N He)
j=m+1 7=0

<(A+6)Y Al N H),

§=0
and £ € A, which is impossible. X
(e) We conclude that v = 3,41, so that 8,41 € A and
Arpil = C(Bry1 — arp1) < (L + €357 A1 (I N Hg,yy) < (14 €)30720 A I
As € is arbitrary,
Arprd < Z;io )‘r+1Ijv
as claimed.

Remark This proof is hard work, and not everybody makes such a mouthful of it. What is perhaps a more
conventional approach is sketched in 115Ya, using the Heine-Borel theorem to reduce the problem to one
of finite covers, and then (very often) saying that it is trivial. I do not use this method, partly because we
do not need the Heine-Borel theorem elsewhere in this volume (though we shall certainly need it in Volume
2, and I write out a proof in 2A2F), and partly because I do not agree that the lemma is trivial when we
have a finite sequence Iy, ... , I, covering I. I invite you to consider this for yourself. It seems to me that
any rigorous argument must involve an induction on the dimension, which is what I provide here. Of course
dealing throughout with an infinite sequence makes it a little harder to keep track of what we are doing, and
I note that in fact there is a crucial step which necessitates truncation of the sequence; I mean the formula

¢ =min({B 1} U{BY), 1 j <m, J; #0})
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in part (d) of the proof. We certainly cannot take £ = inf{ﬁggl :j €N, J; # 0}, since this is very likely to

be equal to . Accordingly I need some excuse for truncating, which is in the sentence
As ¢ >0, there is an m € N such that ¢ < (1+¢)>72 A\ Jj.

And that step is the reason for introducing the slack € into the definition of the set A at the beginning of
the proof. Apart from this modification, the structure of the argument is supposed to reflect that of 114B;
so I hope you can use the simpler formulae of 114B as a guide here.

115C Definition Now, and for the rest of this section, define 6 : P(R") — [0, co] by writing
(o)
0A = inf{z A ¢ (I;) en is a sequence of half-open intervals
=0

such that A C U I;}.
jEN
Observe that every A can be covered by some sequence of half-open intervals — e.g., A C |J,cy [, 0],
writing n = (n,n,... ,n) € R"; so that if we interpret the sums in [0, 00|, as in 112Bc above, we always have
a non-empty set to take the infimum of, and 6A is always defined in [0, c0].
This function 6 is called Lebesgue outer measure on R"; the phrase is justified by (a) of the next
proposition.

115D Proposition (a) 6 is an outer measure on R”.
(b) 81 = A for every half-open interval I C R".

proof (a)(i) 6 takes values in [0, co] because every 6A is the infimum of a non-empty subset of [0, cc].

(ii) 00 = 0 because (for instance) if we set I; = () for every j, then every I; is a half-open interval (on
the convention I am using), ) C UjeN I; and Z;io A =0.

(iii) If A C B then whenever B C |J;cy I; we have A C (J; oy I;, so #A is the infimum of a set at least
as large as that involved in the definition of B, and A < 6B.

(iv) Now suppose that (A, )nen is a sequence of subsets of R”, with union A. For any ¢ > 0, we
can choose, for each n € N, a sequence (I,;)jen of half-open intervals such that A, C UjeN I,; and
Z;O'io My < A, +27"e. (You should perhaps check that this formulation is valid whether 8 A,, is finite or
infinite.) Now by 111F(b-ii) there is a bijection from N to N x N; express this in the form m — (kp,, ).
Then we find that

Z;jzo Myl = ZZO:O E;io Ay

(To see this, note that because every AI,; is greater than or equal to 0, and m — (km,,[,,) is a bijection,
both sums are equal to

SUP K CNxN is finite Z(n,j)eK Ay

Or look at the argument written out in 114D.) But now (I, ;. )men is a sequence of half-open intervals and

m

A= UneN Ap C UneN UjeN Inj = UmeN Tt
SO

A < i Mg, 1, = i i/\lnj

m=0 n=0 j=0

< i(@An +27 ") = i 0A, + i 27" = i 0A, + 2e.
n=0 n=0 n=0 n=0

Because € is arbitrary, #4 < > 0 A, (again, you should check that this is valid whether or not Y~ 04,
is finite). As (A, )nen is arbitrary, 0 is an outer measure.
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(b) Because we can always take Iy = I, I; = ) for j > 1, to obtain a sequence of half-open intervals
covering I with Z?io Al; = A, we surely have 61 < AI. For the reverse inequality, use 115B; if I C UjeN I;,
then A\ < E;io M;; as (I;)jen is arbitrary, 6 > X and 6I = A\, as required.

115E Definition Because Lebesgue outer measure (115C) is indeed an outer measure (115Da), we may
use it to construct a measure p, using Carathéodory’s method (113C). This measure is Lebesgue measure
on R". The sets E for which pF is defined (that is, for which (AN E) + 0(A\ E) = 6 A for every A CR")
are called Lebesgue measurable.

Sets which are negligible for u are called Lebesgue negligible; note that these are just the sets A for
which §A = 0, and are all Lebesgue measurable (113Xa).

115F Lemma If i <7 and £ € R, then H;e = {y : ; < £} is Lebesgue measurable.
proof Write H for Hie.

(a) The point is that A\I = A(I N H) + A(I \ H) for every half-open interval I C R". I If either ] C H
or I N H = (), this is trivial. Otherwise, I must be of the form [a, b[, where a;; < £ < 8;. Now I N H = [a, z]
and I\ H = [y, b[, where §; = §; for j # 1, & =&, nj = o for j # 4, n; = &, so both are half-open intervals,
and

MINH)+ AT\ H) = (€ =) [108 = ap) + (8: = O [ 185 — @)
J#i i
= Bi—a) [[B; —aj)) =2 Q
i

(b) Now suppose that A is any subset of R”, and € > 0. Then we can find a sequence (I;) e of half-open
intervals such that A C (J;cy 1 and 32720 M < 0A + e In this case, (I; N H)jen and (I; \ H)jen are
sequences of half-open intervals, ANH C J;cn(f; N H) and A\ H C J;(L; \ H). So

)\(Ij NH) +i>\(IJ\H)

Jj=0

M8

0(ANH)+0(A\H) <

<
Il
o

o

)\Ij S 9A+€

<.
I
=)

Because € is arbitrary, (AN H) + 0(A\ H) < 0A; because A is arbitrary, H is measurable, as remarked in
113D.

115G Proposition All Borel subsets of R” are Lebesgue measurable; in particular, all open sets, and
all sets of the following classes, together with countable unions of them:
open intervals Ja,b[ = {z : 2 € R", a; < & < B; Vi < r}, where oy, 8; € RU {—00, 00} for
each 7 < r;
closed intervals [a,b] = {z : 2 € R", oy; < & < 8; Vi < r}, where «;, f; € RU {—00, 00} for
each 7 <r.
We have moreover the following formula for the measures of such sets, writing p for Lebesgue measure:

M]a‘a b[ = M[CL?b] = H;:l BZ — Q4
whenever ¢ < b in R". Consequently every countable subset of R" is measurable and of zero measure.
proof (a) I show first that all open subsets of R" are measurable. I Let G C R” be open. Let K C Q" x Q"
be the set of pairs (¢, d) of r-tuples of rational numbers such that [¢, d[ C G. Now by the remarks in 111E-111F
— specifically, 111Eb, showing that Q is countable, 111F(b-iii), showing that the product of two countable

sets is countable, and 111F(b-i), showing that subsets of countable sets are countable — we see, inducing on
r, that Q" is countable, and that K is countable. Also, every [c, d[ is measurable, being

ﬂigr His, \ Hiy;,
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in the language of 115F, if ¢ = (v1,...,7) and d = (61,...,d,). So, by 111Fa, G' = U(r s)EK [r,s[ is
measurable.
By the definition of K, G’ € G. On the other hand, if z € G, there is an € > 0 such that y € G whenever

|ly — || < e. Now for each 4 there are rational numbers ~;, d; such that v; < & < 6; and §; — v; < % If

y € [e,d[ then |n; — & < % for every i so ||y —z|| < e and y € G. Accordingly (¢,d) € K and = € [¢,d] C G.
As z is arbitrary, G = G’ and G is measurable. Q

(b) Now the family 3 of Lebesgue measurable sets is a g-algebra of subsets of R” including the family of
open sets, so must contain every Borel set, by the definition of Borel set (111G).

(c) Of the types of interval considered, all the open intervals are actually open sets, so are surely Borel.
A closed interval [a,b] is expressible as the intersection (1, y]a —27"1,0427"1] of a sequence of open
intervals, so is Borel.

(d) To compute the measures, we already know from 115Db that p[a,b] = [[;_, 3 — ; if a < b in R".
For the other types of bounded interval, it is enough to note that if —co < «o; < ; < oo for every ¢, then

[a+€1,b] Cla,b[ C[a,b] C[a,b+el]
whenever € > 0 in R. So

pla, bl < pla,b] <infesopla, b+ el =infeso [T, (B — i +€) =1, Bi — .

If 5; = «; for any i, then we must have

:u’]av b[ = u[a, b] =0= szl ﬂz — Q4.

If B; > a for every %, then set ¢ = min;<, 8; — a; > 0; then

pla,b] > pla,b[ > sup pla+el,d]

0<e<eg
s T
= sup H(ﬁi —a; —€) = Hﬂi — .
O<eseo ;= i=1

So in this case

[T Bi — i < pla,b[ < pla,b] <TIi_; Bi —

and
/J]CL, b[ = /’L[a’v b] = H;:l Bi — Oy

(e) By (d), u{a} = pla,a] = 0 for every a € R". If A C R" is countable, it is either empty or
expressible as {a, : n € N}. In the former case pA = p = 0; in the latter, A = |J, n{an} is Borel and
WA Y n{an} = 0.

115X Basic exercises If you skipped §114, you should now return to 114X and assure yourself that you
can do the exercises there as well as those below.

neN

(a) Show that if I, J are half-open intervals in R", then I'\ J is expressible as the union of at most 2r
disjoint half-open intervals. Hence show that (i) any finite union of half-open intervals is expressible as a
finite union of disjoint half-open intervals (ii) any countable union of half-open intervals is expressible as the
union of a disjoint sequence of half-open intervals.

>(b) Write 6 for Lebesgue outer measure, u for Lebesgue measure on R”. Show that 0A = inf{pE : E is
Lebesgue measurable, A C E} for every A C R". (Hint: consider sets £ of the form |J;cy I, where (I;)jen
is a sequence of half-open intervals.)

(c) Let E C R” be a set of finite measure for Lebesgue measure p. Show that for every e > 0 there
is a disjoint family Iy, ..., I, of half-open intervals such that p(EAU; ., I;) < e. (Hint: let (J;)jen be a
sequence of half-open intervals such that E C UjeN J; and Z;’;O pd; < pkE A+ %6. Now take a suitably large

m and express | J i<m J; as a disjoint union of half-open intervals.)
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>(d) Suppose that ¢ € R". (i) Show that §(A+c¢) = §A for every A C R”, where A+¢={z+c:z € A}.
(ii) Show that if E C R” is measurable so is E 4 ¢, and that in this case u(F + ¢) = uE.

(e) Suppose that v > 0. (i) Show that 6(yA) = v"0A for every A C R", where vA = {vx : z € A}. (i)
Show that if E C R" is measurable so is vF, and that in this case u(yE) =~ "uF

115Y Further exercises (a) (i) Suppose that M is a strictly positive integer and k;, I; are integers for
1<i<r. Seta; =k;/M and 8; = l;/M for each ¢, and I = [a,b]. Show that \I = #(J)/M", where J is
{z:2€2", ﬁz € I}. (ii) Show that if a half-open interval I C R" is covered by a finite sequence Iy, ... , I,
of half-open intervals, and all the coordinates involved in specifying the intervals I, Iy, ... , I,, are rational,
then AT < Z;n:o Al;. (iii) Assuming the Heine-Borel theorem in the form

whenever [a,b] is a closed interval in R” which is covered by a sequence (] a?) p7) [)jen of open
intervals, there is an m € N such that [a,b] C U, ]a®), 00|,

prove 115B. (Hint: if [a,b] C U,y [a?), b [, replace [a, b by a smaller closed interval and each [a(?),b() [
by a larger open interval, changing the volumes by adequately small amounts.)

(b)(i) Show that if A C R" and € > 0, there is an open set G D A such that G < 0A + €, where 0 is
Lebesgue outer measure. (ii) Show that if E C R” is Lebesgue measurable and e > 0, there is an open set
G D E such that u(G \ E) < ¢, where p is Lebesgue measure. (Hint: consider first the case of bounded E.)
(iii) Show that if F C R" is Lebesgue measurable, there are Borel sets Hy, Hs such that H; C E C Hy and
w(Hy \ E) = u(E \ Hy) = 0. (Hint: use (ii) to find Hy, and then consider the complement of E.)

(c) Write 0 for Lebesgue outer measure on R”. Show that a set E C R” is Lebesgue measurable iff
0([-n,n] N E) 4+ 0([-n,n] \ E) = (2n)" for every n € N, writing n = (n,... ,n). (Hint: use 115Yb to show
that for each n there are measurable sets F,,, H,, such that F,, C [-n,n]NE C H, and H, \ F, is negligible.)

(d) Assuming that there is a set A C R which is not a Borel set, show that there is a family £ of half-open
intervals in R? such that [ J& is not a Borel set. (Hint: consider £ = {[,1+&[ x [-€,1 —€[: € € A})

(e) Let X be a set and A a semiring of subsets of X, that is, a family of subsets of X such that
0eA,
ENFeAforal E, F € A,
whenever E, F' € A there are disjoint Ey, ... ,E, € Asuch that E\ F=EyU...UE,.
Let A : A — [0,00] be a functional such that
AD =0,
AE =37 AE; whenever E € A and (E;);ey is a disjoint sequence in A with union E.
Show that there is a measure p on X extending A. (Hint: use the method of 113Y1i.)

115 Notes and comments In the notes to §114 I ran over the methods so far available to us for the
construction of measure spaces. To the list there we can now add Lebesgue measure on R".

If you look back at §114, you will see that I have deliberately copied the exposition there. I hope
that this duplication will help you to see the essential elements of the method, which are three: a primitive
concept of volume (114A/115A); countable subadditivity (114B/115B); and measurability of building blocks
(114F/115F).

Concerning the ‘primitive concept of volume’ there is not much to be said. The ideas of length of an
interval, area of a rectangle and volume of a cuboid go back to the beginning of mathematics. I use ‘half-
open intervals’, as defined in 114Aa/115Ab, for purely technical reasons, because they fit together neatly
(see 115Xa and 115Ye); if we started with ‘open’ or ‘closed’ intervals the method would still work. One
thing is perhaps worth mentioning: the blocks I use are all upright, with edges parallel to the coordinate
axes. It is in fact a non-trivial exercise to prove that a block in any other orientation has the right Lebesgue
measure, and I delay this until Chapter 26. For the moment we are looking for the shortest safe path to a
precise definition, and the fact that rotating a set doesn’t change its Lebesgue measure will have to wait.
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The big step is ‘countable subadditivity’: the fact that if one block is covered by a sequence of other
blocks, its volume is less than or equal to the sum of theirs. This is surely necessary if blocks are to be
measurable with the right measures, by 112Cd. (What is remarkable is that it is so nearly sufficient.) Here
we have some work to do, and in the r-dimensional case there is a substantial hill to climb. You can do the
climb in two stages if you look up the Heine-Borel theorem (115Ya); but as I try to explain in the remarks
following 115B, I do not think that this route avoids any of the real difficulties.

The third thing we must check is that blocks are measurable in the technical sense described by Carathéo-
dory’s theorem. This is because they are obtainable by the operations of intersection and union and comple-
mentation from half-spaces, and half-spaces are measurable for very straightforward reasons (114F/115F).
Now we are well away, and I do very little more, only checking that open sets, and therefore Borel sets, are
measurable, and that closed and open intervals have the right measures (114G/115G). Some more properties
of Lebesgue measure can be found in §134. But every volume, if not quite every chapter, of this treatise will
introduce further features of this extraordinary construction.
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and the 2003 and 2006 editions of Volume 4, have been moved to 234C-234D in Volume 2.

112Ya Sums of measures This material, referred to in the 2001 and 2003 editions of Volume 2, has
been moved to 234G in Volume 2.

Version of 31.5.03
References for Volume 1

In addition to those (very few) works which I have mentioned in the course of this volume, I list some
of the books from which I myself learnt measure theory, as a mark of grateful respect, and to give you an
opportunity to sample alternative approaches.

Bartle R.G. [66] The Elements of Integration. Wiley, 1966.

Cohn D.L. [80] Measure Theory. Birkh&user, 1980.

Facenda J.A. & Freniche F.J. [02] Integracion de funciones de varias variables. Ediciones Pirdmide, 2002.

Halmos P.R. [50] Measure Theory. Van Nostrand, 1950.

Lebesgue H. [1901] ‘Sur une généralisation de I'intégrale définie’, C.R.Acad.Sci. (Paris) 132 (1901) 1025-
1027. Reprinted in LEBESGUE 72, vol. 1.

Lebesgue H. [1904] Lecons sur lintégration et la recherche des fonctions primitives. Gauthier-Villars,
1904. Reprinted in LEBESGUE 72, vol. 2. [Vol. 1 intro.]

Lebesgue H. [1918] ‘Remarques sur les théories de la mesure et de 'intégration’, Ann. Sci. Ecole Norm.
Sup. 35 (1918) 191-250. Reprinted in LEBESGUE 72, vol. 2. [Vol. 1 intro.]

Lebesgue H. [72] Oeuvres Scientifiques. L’Enseignement Mathématique, Institut de Mathématiques, Univ.
de Geneve, 1972.

Munroe M.E. [53] Introduction to Measure and Integration. Addison-Wesley, 1953.

Royden H.L. [63] Real Analysis. Macmillan, 1963.

Solovay R.M. [70] ‘A model of set theory in which every set of reals is Lebesgue measurable’, Annals of
Math. 92 (1970) 1-56. [134C.]

Tao T. [11] An introduction to measure theory. Amer. Math. Soc., 2011; terrytao.files.wordpress.com/2011/01/me
book1.pdf.

Widom H. [69] Lectures on Measure and Integration. Van Nostrand Reinhold, 1969.

Williamson J.H. [62] Lebesgue Integration. Holt, Rinehart & Winston, 1962.

(©) 2000 D. H. Fremlin

MEASURE THEORY



